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RESUMEN 

En este trabajo nos propondremos esbozar algunas características inherentes a la supergravedad 

cuántica, a propósito de la existencia de supermembranas y superespacios. Para efectos de este trabajo, 

entiéndase por supermembranas, a las dimensiones múltiples creadas por una partícula estrella u oscura, 

según sea el caso, en tanto que los superespacios, son distintos niveles de realidad cuántica, en los que 

las supermembranas, alteran la materia y la energía, transformándola en distintos estados morfológicos 

y de interacción. Este trabajo, contempla en sí, un modelamiento matemático de supergravedad cuántica 

en espacios superplanckianos y modificados por gravedad extrema, y por ende, el sistema de referencia 

de toda partícula interactuante (momentum, energía, masa, momento angular, espín, etc) y los 

respectivos sistemas de supersimetría de gauge fijos o corregidos. En este trabajo también, se destaca la 

dualidad holográfica provocada por la supergravedad cuántica, es decir, dimensiones originadas de un 

mismo plano pero distintas, dimensionalmente. 
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Relativistic quantum supergravity. Dimensions in ℝ𝜼. 

 

ABSTRACT 

In this paper we will outline some characteristics inherent to quantum supergravity, regarding the 

existence of supermembranes and superspaces. For the purposes of this work, supermembranes are 

understood to be the multiple dimensions created by a star or dark particle, as the case may be, while 

superspaces are different levels of quantum reality, in which supermembranes alter matter and energy, 

transforming it into different morphological and interaction states. This work contemplates in itself, a 

mathematical modeling of quantum supergravity in superplanckian spaces and modified by extreme 

gravity, and therefore, the reference system of all interacting particles (momentum, energy, mass, 

angular momentum, spin, etc.) and the respective fixed or corrected gauge supersymmetry systems. In 

this work, the holographic duality caused by quantum supergravity is also highlighted, that is, 

dimensions originating from the same plane but different, dimensionally. 
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INTRODUCCIÓN. 

Una de las características esenciales de la supergravedad cuántica, es la formación de dimensiones 

múltiples. Y no es un fenómeno menor, pues, a diferencia de la gravedad cuántica, en la que, el espacio 

– tiempo cuántico no se despoja de su estado cuatridimensional, pues, cuando el espacio – tiempo es 

afectado por supergravedad cuántica, no solamente se desdobla, sino que además, construye 

dimensiones distintas a la de origen, en las que, las leyes de la física, no son las mismas para cada 

sistema de referencia en el superespacio. En este punto, es importante precisar que el tiempo, pasa a 

convertirse en una dimensión física perfectamente maleable debido a la gravedad, de tal suerte que 

cuanta más gravedad, más contraído se vuelve en tanto que, a mayor gravedad, más se dilata. Es 

importante destacar, que ante un escenario de supergravedad cuántica, la materia y la energía, se diluyen, 

transformándose y desplazándose de manera simultánea, entre dimensiones disímiles. Las dimensiones 

entre sí, se tienen por opuestas, en la medida en que no corresponden al mismo espacio – tiempo 

cuántico, de ahí que, una partícula supermasiva por ejemplo, no necesariamente desempeña las mismas 

propiedades fenomenológicas que en su espacio – tiempo cuántico de origen, tal es así, que en otra 

dimensión, la partícula supermasiva, se propaga sin deformar el tejido espacio – temporal en el que 

interactúa, repercutiendo o no, en las trayectorias orbitales de las partículas circundantes, o incluso, 

coexistiendo con partículas de similares características pero de distinta masa o energía, momentum, spin 

o momento angular, etc, según sea el caso o convirtiéndose en partícula ligera o en antimateria. Las 

dimensiones múltiples se producen infinitas veces, lo que supone un proceso inflacionario del espacio 

– tiempo cuántico sin límite externo, a diferencia de la gravedad cuántica, en la que la inflación temporo 

– espacial, crece sin límite interno. 
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RESULTADOS Y DISCUSIÓN. 

Multidimensiones – Supermembranas – Superespacios y Supersimetrías a propósito de la 

existencia de supergravedad cuántica. Modelo Nambu-Goto – Weyl – Neumann – Dirichlet – 

Witten – Kaluza – Klein – Hodge - Calabi - Yau – Kähler - Eguchi-Hanson. 

𝑙p = (
ℏ𝐺

𝑐3
)
1/2

= 1.6 × 10−33 cm 

𝑚p = (
ℏ𝑐

𝐺
)
1/2

= 1.2 × 1019GeV/𝑐2 

𝑆𝜎 = −
𝑇

2
∫  √−ℎℎ𝛼𝛽𝜂𝜇𝜈𝜕𝛼𝑋

𝜇𝜕𝛽𝑋
𝜈𝑑𝜎𝑑𝜏 

𝑇(𝛼) = 𝑇0 + 𝛼𝑇1 + 𝛼
2𝑇2 +⋯ 

𝑆0 = −𝛼∫  𝑑𝑠  

𝑆0 = −𝑚∫  𝑑𝑠  

𝑑𝑠2 = −𝑔𝜇𝜈(𝑋)𝑑𝑋
𝜇𝑑𝑋𝜈  

𝑆0 = −𝑚∫  √−𝑔𝜇𝜈(𝑋)�̇�
𝜇�̇�𝜈𝑑𝜏  

�̃�0 =
1

2
∫  𝑑𝜏(𝑒−1�̇�2 −𝑚2𝑒)  

𝑆𝑝 = −𝑇𝑝∫  𝑑𝜇𝑝  

𝑑𝜇𝑝 = √−det𝐺𝛼𝛽𝑑
𝑝+1𝜎,  

𝐺𝛼𝛽 = 𝑔𝜇𝜈(𝑋)𝜕𝛼𝑋
𝜇𝜕𝛽𝑋

𝜈 𝛼, 𝛽 = 0,… , 𝑝  

[𝑇𝑝] = ( length )−𝑝−1 =
 mass 

( length )𝑝
 

𝑆0 = −𝛼∫  √𝑑𝑡
2 − 𝑑�⃗�2 = −𝛼∫  𝑑𝑡√1 − �⃗�2 ≈ −𝛼∫  𝑑𝑡 (1 −

1

2
�⃗�2 +⋯) 

𝑆nr = ∫  𝑑𝑡
1

2
𝑚�⃗�2 

𝑆0 = −𝑚∫  √−
𝑑𝑋𝜇

𝑑𝜏

𝑑𝑋𝜇

𝑑𝜏
𝑑𝜏 
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𝑑𝜏′ =
𝑑𝑓(𝜏)

𝑑𝜏
𝑑𝜏 = 𝑓(𝜏)𝑑𝜏  and  

𝑑𝑋𝜇

𝑑𝜏
=
𝑑𝑋𝜇

𝑑𝜏′
𝑑𝜏′

𝑑𝜏
=
𝑑𝑋𝜇

𝑑𝜏′
⋅ 𝑓(𝜏) 

𝑆0
′ = −𝑚∫  √−

𝑑𝑋𝜇

𝑑𝜏′
𝑑𝑋𝜇

𝑑𝜏′
𝑓(𝜏) ⋅

𝑑𝜏′

𝑓(𝜏)
= −𝑚∫  √−

𝑑𝑋𝜇

𝑑𝜏′
𝑑𝑋𝜇

𝑑𝜏′
⋅ 𝑑𝜏′ 

𝜏 → 𝜏′ = 𝑓(𝜏) = 𝜏 − 𝜉(𝜏) 

𝛿𝑋𝜇 = 𝑋𝜇′(𝜏) − 𝑋𝜇(𝜏) = 𝜉(𝜏)�̇�𝜇 

𝑒′(𝜏′)𝑑𝜏′ = 𝑒(𝜏)𝑑𝜏 

𝛿𝑒 = 𝑒′(𝜏) − 𝑒(𝜏) =
𝑑

𝑑𝜏
(𝜉𝑒) 

𝛿�̃�0 =
1

2
∫  𝑑𝜏 (

2�̇�𝜇𝛿�̇�𝜇

𝑒
−
�̇�𝜇�̇�𝜇

𝑒2
𝛿𝑒 −𝑚2𝛿𝑒) 

𝛿�̇�𝜇 =
𝑑

𝑑𝜏
𝛿𝑋𝜇 = �̇��̇�𝜇 + 𝜉�̈�𝜇 

𝛿�̃�0 =
1

2
∫  𝑑𝜏 [

2�̇�𝜇

𝑒
(�̇��̇�𝜇 + 𝜉�̈�𝜇) −

�̇�𝜇�̇�𝜇

𝑒2
(�̇�𝑒 + 𝜉�̇�) −𝑚2

𝑑(𝜉𝑒)

𝑑𝜏
] 

𝛿�̃�0 =
1

2
∫  𝑑𝜏 ⋅

𝑑

𝑑𝜏
(
𝜉

𝑒
�̇�𝜇�̇�𝜇) 

𝛿�̃�0
𝛿𝑒

= −
1

2
(𝑒−2�̇�𝜇�̇�𝜇 +𝑚

2) = 0 

�̇�𝜇�̇�𝜇 +𝑚
2 = 0 

−
𝑑

𝑑𝜏
(𝑔𝜇𝜈�̇�

𝜈) +
1

2
𝜕𝜇𝑔𝜌𝜆�̇�

𝜌�̇�𝜆

= −(𝜕𝜌𝑔𝜇𝜈)�̇�
𝜌�̇�𝜈 − 𝑔𝜇𝜈�̈�

𝜈 +
1

2
𝜕𝜇𝑔𝜌𝜆�̇�

𝜌�̇�𝜆 = 0.

 

�̈�𝜇 + Γ𝜌𝜆
𝜇
�̇�𝜌�̇�𝜆 = 0  

Γ𝜌𝜆
𝜇
=
1

2
𝑔𝜇𝜈(𝜕𝜌𝑔𝜆𝜈 + 𝜕𝜆𝑔𝜌𝜈 − 𝜕𝜈𝑔𝜌𝜆) 

𝐺𝛼𝛽 =
𝜕𝑋𝜇

𝜕𝜎𝛼
𝜕𝑋𝜈

𝜕𝜎𝛽
𝑔𝜇𝜈 = (𝑓

−1)𝛼
𝛾 𝜕𝑋

𝜇

𝜕�̃�𝛾
(𝑓−1)𝛽

𝛿 𝜕𝑋
𝜈

𝜕�̃�𝛿
𝑔𝜇𝜈 

𝑓𝛽
𝛼(�̃�) =

𝜕𝜎𝛼

𝜕�̃�𝛽
 

det (𝑔𝜇𝜈
𝜕𝑋𝜇

𝜕𝜎𝛼
𝜕𝑋𝜈

𝜕𝜎𝛽
) = 𝐽−2det (𝑔𝜇𝜈

𝜕𝑋𝜇

𝜕�̃�𝛾
𝜕𝑋𝜈

𝜕�̃�𝛿
). 
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𝑑𝑝+1𝜎 = 𝐽𝑑𝑝+1�̃� 

�̃�𝑝 = −𝑇𝑝∫  𝑑
𝑝+1�̃�√−det (𝑔𝜇𝜈

𝜕𝑋𝜇

𝜕�̃�𝛾
𝜕𝑋𝜈

𝜕�̃�𝛿
) 

𝑆NG = −𝑇∫  𝑑𝜎𝑑𝜏√(�̇� ⋅ 𝑋
′)2 − �̇�2𝑋′2  

�̇�𝜇 =
𝜕𝑋𝜇

𝜕𝜏
  and  𝑋𝜇′ =

𝜕𝑋𝜇

𝜕𝜎
 

 

ℎ = detℎ𝛼𝛽  and  ℎ𝛼𝛽 = (ℎ−1)𝛼𝛽 ,  

𝑆𝜎 = −
1

2
𝑇∫  𝑑2𝜎√−ℎℎ𝛼𝛽𝜕𝛼𝑋 ⋅ 𝜕𝛽𝑋  

𝑇𝛼𝛽 = −
2

𝑇

1

√−ℎ

𝛿𝑆𝜎
𝛿ℎ𝛼𝛽

= 0 

𝛿ℎ = −ℎℎ𝛼𝛽𝛿ℎ
𝛼𝛽, 

𝛿√−ℎ = −
1

2
√−ℎℎ𝛼𝛽𝛿ℎ

𝛼𝛽  

𝑇𝛼𝛽 = 𝜕𝛼𝑋 ⋅ 𝜕𝛽𝑋 −
1

2
ℎ𝛼𝛽ℎ

𝛾𝛿𝜕𝛾𝑋 ⋅ 𝜕𝛿𝑋 = 0 

𝜕𝛼𝑋 ⋅ 𝜕𝛽𝑋 =
1

2
ℎ𝛼𝛽ℎ

𝛾𝛿𝜕𝛾𝑋 ⋅ 𝜕𝛿𝑋 

√−det(𝜕𝛼𝑋 ⋅ 𝜕𝛽𝑋) =
1

2
√−ℎℎ𝛾𝛿𝜕𝛾𝑋 ⋅ 𝜕𝛿𝑋. 

Δ𝑋𝜇 = −
1

√−ℎ
𝜕𝛼(√−ℎℎ

𝛼𝛽𝜕𝛽𝑋
𝜇) = 0 

𝑆NG = −𝑇∫  𝑑𝜏𝑑𝜎√−det𝐺𝛼𝛽 , 𝐺𝛼𝛽 = 𝜕𝛼𝑋
𝜇𝜕𝛽𝑋𝜇 

det𝐺𝛼𝛽 = det (
𝜕𝜏𝑋

𝜇𝜕𝜏𝑋𝜇 𝜕𝜏𝑋
𝜇𝜕𝜎𝑋𝜇

𝜕𝜎𝑋
𝜇𝜕𝜏𝑋𝜇 𝜕𝜎𝑋

𝜇𝜕𝜎𝑋𝜇
)

 = det (
−1 + 𝜕𝜏𝑋

𝑖𝜕𝜏𝑋𝑖 𝜕𝜏𝑋
𝑖𝜕𝜎𝑋𝑖

𝜕𝜎𝑋
𝑖𝜕𝜏𝑋𝑖 1 + 𝜕𝜎𝑋

𝑖𝜕𝜎𝑋𝑖
)

 

det𝐺𝛼𝛽 ≈ −1+ 𝜕𝜏𝑋
𝑖𝜕𝜏𝑋𝑖 − 𝜕𝜎𝑋

𝑖𝜕𝜎𝑋𝑖 +⋯ 
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𝑆NG = −𝑇∫  𝑑𝜏𝑑𝜎√|−1 + 𝜕𝜏𝑋
𝑖𝜕𝜏𝑋𝑖 − 𝜕𝜎𝑋

𝑖𝜕𝜎𝑋𝑖|

 ≈ 𝑇∫  𝑑𝜏𝑑𝜎 (−1 +
1

2
𝜕𝜏𝑋

𝑖𝜕𝜏𝑋𝑖 −
1

2
𝜕𝜎𝑋

𝑖𝜕𝜎𝑋𝑖)

 

𝑆𝜎 = −
𝑇

2
∫  𝑑2𝜎√−ℎℎ𝛼𝛽𝜕𝛼𝑋

𝜇𝜕𝛽𝑋𝜇 + Λ∫  𝑑
2𝜎√−ℎ 

2

√−ℎ

𝛿𝑆𝜎
𝛿ℎ𝛾𝛿

= −𝑇 [𝜕𝛾𝑋
𝜇𝜕𝛿𝑋𝜇 −

1

2
ℎ𝛾𝛿(ℎ

𝛼𝛽𝜕𝛼𝑋
𝜇𝜕𝛽𝑋𝜇)] − Λℎ𝛾𝛿 = 0 

ℎ𝛾𝛿ℎ
𝛾𝛿Λ = 𝑇 (

1

2
ℎ𝛾𝛿ℎ

𝛾𝛿 − 1)ℎ𝛼𝛽𝜕𝛼𝑋
𝜇𝜕𝛽𝑋𝜇 . 

𝑆𝜎 = −
𝑇𝑝

2
∫  𝑑𝑝+1𝜎√−ℎℎ𝛼𝛽𝜕𝛼𝑋 ⋅ 𝜕𝛽𝑋 + Λ𝑝∫  𝑑

𝑝+1𝜎√−ℎ  

𝑇𝑝 [𝜕𝛾𝑋 ⋅ 𝜕𝛿𝑋 −
1

2
ℎ𝛾𝛿(ℎ

𝛼𝛽𝜕𝛼𝑋 ⋅ 𝜕𝛽𝑋)] + Λ𝑝ℎ𝛾𝛿 = 0. 

ℎ𝛼𝛽 = 𝜕𝛼𝑋 ⋅ 𝜕𝛽𝑋  

𝑇𝑝 (1 −
1

2
ℎ𝛼𝛽ℎ𝛼𝛽) + Λ𝑝 = 0 

Λ𝑝 =
1

2
(𝑝 − 1)𝑇𝑝  

𝛿𝑋𝜇 = 𝑎𝜇 𝜈𝑋
𝜈 + 𝑏𝜇  and  𝛿ℎ𝛼𝛽 = 0.  

𝜎𝛼 → 𝑓𝛼(𝜎) = 𝜎′𝛼   and  ℎ𝛼𝛽(𝜎) =
𝜕𝑓𝛾

𝜕𝜎𝛼
𝜕𝑓𝛿

𝜕𝜎𝛽
ℎ𝛾𝛿(𝜎

′)  

ℎ𝛼𝛽 → 𝑒𝜙(𝜎,𝜏)ℎ𝛼𝛽  and  𝛿𝑋𝜇 = 0  

ℎ𝛼𝛽 = (
ℎ00 ℎ01
ℎ10 ℎ11

) ,  

ℎ𝛼𝛽 = 𝜂𝛼𝛽 = (
−1 0
0 1

)  

𝑆 =
𝑇

2
∫  𝑑2𝜎(�̇�2 − 𝑋′2)  

𝑆1 = 𝜆1∫  𝑑
2𝜎√−ℎ  and  𝑆2 = 𝜆2∫  𝑑

2𝜎√−ℎ𝑅(2)(ℎ)  

𝜕𝛼𝜕
𝛼𝑋𝜇 = 0  or  (

𝜕2

𝜕𝜎2
−
𝜕2

𝜕𝜏2
)𝑋𝜇 = 0.  

𝑇01 = 𝑇10 = �̇� ⋅ 𝑋
′  and  𝑇00 = 𝑇11 =

1

2
(�̇�2 + 𝑋′2).  
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𝑋𝜇 → 𝑋𝜇 + 𝛿𝑋𝜇  

−𝑇∫  𝑑𝜏 [𝑋𝜇
′𝛿𝑋𝜇|

𝜎=𝜋
− 𝑋𝜇

′𝛿𝑋𝜇|
𝜎=0

]  

𝑋𝜇(𝜎, 𝜏) = 𝑋𝜇(𝜎 + 𝜋, 𝜏).  

𝑋𝜇
′ = 0  at  𝜎 = 0, 𝜋  

𝑋𝜇|𝜎=0 = 𝑋0
𝜇
  and  𝑋𝜇|𝜎=𝜋 = 𝑋𝜋

𝜇
,  

𝜎± = 𝜏 ± 𝜎.  

𝜕± =
1

2
(𝜕𝜏 ± 𝜕𝜎)  and  (

𝜂++ 𝜂+−
𝜂−+ 𝜂−−

) = −
1

2
(
0 1
1 0

)  

𝜕+𝜕−𝑋
𝜇 = 0  

𝑇++ = 𝜕+𝑋
𝜇𝜕+𝑋𝜇 = 0

𝑇−− = 𝜕−𝑋
𝜇𝜕−𝑋𝜇 = 0

 

𝑋𝜇(𝜎, 𝜏) = 𝑋R
𝜇
(𝜏 − 𝜎) + 𝑋L

𝜇
(𝜏 + 𝜎),  

(𝜕−𝑋R)
2 = (𝜕+𝑋L)

2 = 0  

𝑋R
𝜇
=
1

2
𝑥𝜇 +

1

2
𝑙s
2𝑝𝜇(𝜏 − 𝜎) +

𝑖

2
𝑙s∑  

𝑛≠0

 
1

𝑛
𝛼𝑛
𝜇
𝑒−2𝑖𝑛(𝜏−𝜎)

𝑋L
𝜇
=
1

2
𝑥𝜇 +

1

2
𝑙s
2𝑝𝜇(𝜏 + 𝜎) +

𝑖

2
𝑙s∑  

𝑛≠0

 
1

𝑛
�̃�𝑛
𝜇
𝑒−2𝑖𝑛(𝜏+𝜎)

 

𝑇 =
1

2𝜋𝛼′
  and  

1

2
𝑙s
2 = 𝛼′  

𝛼−𝑛
𝜇
= (𝛼𝑛

𝜇
)
⋆
  and  �̃�−𝑛

𝜇
= (�̃�𝑛

𝜇
)
⋆

 

𝜕−𝑋R
𝜇
= 𝑙s ∑  

+∞

𝑚=−∞

 𝛼𝑚
𝜇
𝑒−2𝑖𝑚(𝜏−𝜎)

𝜕+𝑋L
𝜇
= 𝑙s ∑  

+∞

𝑚=−∞

  �̃�𝑚
𝜇
𝑒−2𝑖𝑚(𝜏+𝜎)

 

𝛼0
𝜇
= �̃�0

𝜇
=
1

2
𝑙s𝑝

𝜇  

𝑃𝜇(𝜎, 𝜏) =
𝛿𝑆

𝛿�̇�𝜇
= 𝑇�̇�𝜇  

[𝑃𝜇(𝜎, 𝜏), 𝑃𝜈(𝜎′, 𝜏)]P.B. = [𝑋
𝜇(𝜎, 𝜏), 𝑋𝜈(𝜎′, 𝜏)]P.B. = 0

[𝑃𝜇(𝜎, 𝜏), 𝑋𝜈(𝜎′, 𝜏)]P.B. = 𝜂
𝜇𝜈𝛿(𝜎 − 𝜎′)

 

[�̇�𝜇(𝜎, 𝜏), 𝑋𝜈(𝜎′, 𝜏)]P.B. = 𝑇
−1𝜂𝜇𝜈𝛿(𝜎 − 𝜎′).  
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[𝛼𝑚
𝜇
, 𝛼𝑛
𝜈]

P.B. 
= [�̃�𝑚

𝜇
, �̃�𝑛
𝜈]

P.B. 
= 𝑖𝑚𝜂𝜇𝜈𝛿𝑚+𝑛,0  

[𝛼𝑚
𝜇
, �̃�𝑛
𝜈]

P.B. 
= 0.  

𝛿(𝜎 − 𝜎′) =
1

𝜋
∑  

+∞

𝑛=−∞

𝑒2𝑖𝑛(𝜎−𝜎
′) 

[… ]P.B. → 𝑖[… ]  

[𝛼𝑚
𝜇
, 𝛼𝑛
𝜈] = [�̃�𝑚

𝜇
, �̃�𝑛
𝜈] = 𝑚𝜂𝜇𝜈𝛿𝑚+𝑛,0, [𝛼𝑚

𝜇
, �̃�𝑛
𝜈] = 0  

𝑎𝑚
𝜇
=

1

√𝑚
𝛼𝑚
𝜇
  and  𝑎𝑚

𝜇†
=

1

√𝑚
𝛼−𝑚
𝜇
  for  𝑚 > 0  

[𝑎𝑚
𝜇
, 𝑎𝑛
𝜈†] = [�̃�𝑚

𝜇
, �̃�𝑛
𝜈†] = 𝜂𝜇𝜈𝛿𝑚,𝑛  for  𝑚, 𝑛 > 0  

[𝑎𝑚
0 , 𝑎𝑚

0†] = −1  

𝑎𝑚
𝜇
|0⟩ = 0  for  𝑚 > 0  

|𝜙⟩ = 𝑎𝑚1

𝜇1†𝑎𝑚2

𝜇2†⋯𝑎𝑚𝑛

𝜇𝑛†|0; 𝑘⟩  

𝑝𝜇|𝜙⟩ = 𝑘𝜇|𝜙⟩  

𝑎𝑚
0†|0⟩  with   norm  ⟨0|𝑎𝑚

0 𝑎𝑚
0†|0⟩ = −1,  

𝑋𝜇(𝜏, 𝜎) = 𝑥𝜇 + 𝑙s
2𝑝𝜇𝜏 + 𝑖𝑙s ∑  

𝑚≠0

 
1

𝑚
𝛼𝑚
𝜇
𝑒−𝑖𝑚𝜏cos (𝑚𝜎).  

2𝜕±𝑋
𝜇 = �̇�𝜇 ± 𝑋′𝜇 = 𝑙s ∑  

∞

𝑚=−∞

 𝛼𝑚
𝜇
𝑒−𝑖𝑚(𝜏±𝜎)  

𝜙 → 𝜙 + 𝛿𝜀𝜙,  

ℒ → ℒ + 𝜀𝜕𝛼𝒥
𝛼.  

𝛿𝑋𝜇 = 𝑎𝜇 𝜈𝑋
𝜈 + 𝑏𝜇 ,  

𝑃𝛼
𝜇
= 𝑇𝜕𝛼𝑋

𝜇

𝐽𝛼
𝜇𝜈
= 𝑇(𝑋𝜇𝜕𝛼𝑋

𝜈 − 𝑋𝜈𝜕𝛼𝑋
𝜇)

 

𝐻 = ∫  
𝜋

0

  (�̇�𝜇𝑃0
𝜇
− ℒ)𝑑𝜎 =

𝑇

2
∫  
𝜋

0

  (�̇�2 + 𝑋′2)𝑑𝜎  

𝑃0
𝜇
=
𝛿𝑆

𝛿�̇�𝜇
= 𝑇�̇�𝜇  
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𝐻 = ∑  

+∞

𝑛=−∞

  (𝛼−𝑛 ⋅ 𝛼𝑛 + �̃�−𝑛 ⋅ �̃�𝑛)  

𝐻 =
1

2
∑  

+∞

𝑛=−∞

 𝛼−𝑛 ⋅ 𝛼𝑛  

𝑇−− = 2𝑙s
2 ∑  

+∞

𝑚=−∞

 𝐿𝑚𝑒
−2𝑖𝑚(𝜏−𝜎)  and  𝑇++ = 2𝑙s

2 ∑  

+∞

𝑚=−∞

  �̃�𝑚𝑒
−2𝑖𝑚(𝜏+𝜎),  

𝐿𝑚 =
1

2
∑  

+∞

𝑛=−∞

 𝛼𝑚−𝑛 ⋅ 𝛼𝑛  and  �̃�𝑚 =
1

2
∑  

+∞

𝑛=−∞

  �̃�𝑚−𝑛 ⋅ �̃�𝑛.  

1

2
𝐻 = 𝐿0 + �̃�0 =

1

2
∑  

+∞

𝑛=−∞

  (𝛼−𝑛 ⋅ 𝛼𝑛 + �̃�−𝑛 ⋅ �̃�𝑛)  

𝐻 = 𝐿0 =
1

2
∑  

+∞

𝑛=−∞

 𝛼−𝑛 ⋅ 𝛼𝑛.  

𝐿𝑚 = 0  for  𝑚 = 0,±1,±2,…  

𝐿0 = �̃�0 = 0  

𝑀2 = −𝑝𝜇𝑝
𝜇  

𝑝𝜇 = 𝑇∫  
𝜋

0

 𝑑𝜎�̇�𝜇(𝜎)  

𝐿0 = ∑  

∞

𝑛=1

 𝛼−𝑛 ⋅ 𝛼𝑛 +
1

2
𝛼0
2 = ∑  

∞

𝑛=1

 𝛼−𝑛 ⋅ 𝛼𝑛 + 𝛼
′𝑝2 = 0  

𝑀2 =
1

𝛼′
∑  

∞

𝑛=1

 𝛼−𝑛 ⋅ 𝛼𝑛  

𝑀2 =
2

𝛼′
∑  

∞

𝑛=1

  (𝛼−𝑛 ⋅ 𝛼𝑛 + �̃�−𝑛 ⋅ �̃�𝑛)  

[𝐿𝑚, 𝐿𝑛]P.B. = 𝑖(𝑚 − 𝑛)𝐿𝑚+𝑛  

𝜕𝛼𝜉𝛽 + 𝜕𝛽𝜉𝛼 = Λ𝜂𝛼𝛽  

𝜉+ = 𝜉+(𝜎+)  and  𝜉− = 𝜉−(𝜎−).  

𝑉± =
1

2
𝜉±(𝜎±)

𝜕

𝜕𝜎±
 

𝜉𝑛
±(𝜎±) = 𝑒2𝑖𝑛𝜎

±
 𝑛 ∈ ℤ  
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𝑉𝑛 = 𝑒
𝑖𝑛𝜎+

𝜕

𝜕𝜎+
+ 𝑒𝑖𝑛𝜎

− 𝜕

𝜕𝜎−
 𝑛 ∈ ℤ  

𝐿𝑚 =
1

2
∑  

+∞

𝑛=−∞

 𝛼𝑚−𝑛 ⋅ 𝛼𝑛 = 0  for  𝑚 ∈ ℤ  

𝐿𝑚 =
1

2
∑  

∞

𝑛=−∞

  : 𝛼𝑚−𝑛 ⋅ 𝛼𝑛: .  

𝐿0 =
1

2
𝛼0
2 +∑  

∞

𝑛=1

 𝛼−𝑛 ⋅ 𝛼𝑛  

[𝐿𝑚, 𝐿𝑛] = (𝑚 − 𝑛)𝐿𝑚+𝑛 +
𝑐

12
𝑚(𝑚2 − 1)𝛿𝑚+𝑛,0   

(𝐿0 − 𝑎)|𝜙⟩ = 0  

(𝐿0 − 𝑎)|𝜙⟩ = (�̃�0 − 𝑎)|𝜙⟩ = 0  

𝛼′𝑀2 = ∑  

∞

𝑛=1

 𝛼−𝑛 ⋅ 𝛼𝑛 − 𝑎 = 𝑁 − 𝑎  

𝑁 = ∑  

∞

𝑛=1

 𝛼−𝑛 ⋅ 𝛼𝑛 = ∑  

∞

𝑛=1

 𝑛𝑎𝑛
† ⋅ 𝑎𝑛,  

1

4
𝛼′𝑀2 = ∑  

∞

𝑛=1

 𝛼−𝑛 ⋅ 𝛼𝑛 − 𝑎 = ∑  

∞

𝑛=1

  �̃�−𝑛 ⋅ �̃�𝑛 − 𝑎 = 𝑁 − 𝑎 = �̃� − 𝑎.  

(𝐿0 − �̃�0)|𝜙⟩ = 0,  

𝐿𝑚|𝜙⟩ = 0 𝑚 > 0.  

(𝐿0 − 𝑎)|𝜙⟩ = 0,  

𝐿−𝑚 = 𝐿𝑚
† ,  

⟨𝜙|𝐿𝑚 = 0 𝑚 < 0.  

𝐽𝜇𝜈 = 𝑥𝜇𝑝𝜈 − 𝑥𝜈𝑝𝜇 − 𝑖∑  

∞

𝑛=1

 
1

𝑛
(𝛼−𝑛

𝜇
𝛼𝑛
𝜈 − 𝛼−𝑛

𝜈 𝛼𝑛
𝜇
)  

[𝐿𝑚, 𝐽
𝜇𝜈] = 0  

(𝐿0 − 𝑎)|𝜓⟩ = 0  and  ⟨𝜙 ∣ 𝜓⟩ = 0  

|𝜓⟩ = ∑  

∞

𝑛=1

 𝐿−𝑛|𝜒𝑛⟩  with  (𝐿0 − 𝑎 + 𝑛)|𝜒𝑛⟩ = 0  
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|𝜓⟩ = 𝐿−1|𝜒1⟩ + 𝐿−2|𝜒2⟩  

⟨𝜙 ∣ 𝜓⟩ = ∑  

∞

𝑛=1

  ⟨𝜙|𝐿−𝑛|𝜒𝑛⟩ = ∑  

∞

𝑛=1

  ⟨𝜒𝑛|𝐿𝑛|𝜙⟩
⋆ = 0.  

⟨𝜓 ∣ 𝜓⟩ = ∑  

∞

𝑛=1

  ⟨𝜒𝑛|𝐿𝑛|𝜓⟩ = 0  

|𝜓⟩ = 𝐿−1|𝜒1⟩  

(𝐿0 − 𝑎 + 1)|𝜒1⟩ = 0  and  𝐿𝑚|𝜒1⟩ = 0 𝑚 > 0.  

𝐿𝑚|𝜓⟩ = (𝐿0 − 𝑎)|𝜓⟩ = 0  for  𝑚 = 1,2,…  

𝐿1𝐿−1 = 2𝐿0 + 𝐿−1𝐿1  

𝐿1|𝜓⟩ = 𝐿1𝐿−1|𝜒1⟩ = (2𝐿0 + 𝐿−1𝐿1)|𝜒1⟩ = 2(𝑎 − 1)|𝜒1⟩ = 0  

|𝜓⟩ = (𝐿−2 + 𝛾𝐿−1
2 )|�̃�⟩.  

(𝐿0 + 1)|�̃�⟩ = 𝐿𝑚|�̃�⟩ = 0  for  𝑚 = 1,2,…  

[𝐿1, 𝐿−2 + 𝛾𝐿−1
2 ] = 3𝐿−1 + 2𝛾𝐿0𝐿−1 + 2𝛾𝐿−1𝐿0

= (3 − 2𝛾)𝐿−1 + 4𝛾𝐿0𝐿−1
 

𝐿1|𝜓⟩ = 𝐿1(𝐿−2 + 𝛾𝐿−1
2 )|�̃�⟩ = [(3 − 2𝛾)𝐿−1 + 4𝛾𝐿0𝐿−1]|�̃�⟩  

𝐿0𝐿−1|�̃�⟩ = 𝐿−1(𝐿0 + 1)|�̃�⟩ = 0.  

[𝐿2, 𝐿−2 +
3

2
𝐿−1
2 ] = 13𝐿0 + 9𝐿−1𝐿1 +

𝐷

2
 

𝐿2|𝜓⟩ = 𝐿2 (𝐿−2 +
3

2
𝐿−1
2 ) |�̃�⟩ = (−13 +

𝐷

2
) |�̃�⟩.  

𝐽𝜇𝜈 = ∫  
𝜋

0

𝐽0
𝜇𝜈
𝑑𝜎 = 𝑇∫  

𝜋

0

(𝑋𝜇�̇�𝜈 − 𝑋𝜈�̇�𝜇)𝑑𝜎 

𝑋𝜇(𝜏, 𝜎) = 𝑥𝜇 + 𝑙s
2𝑝𝜇𝜏 + 𝑖𝑙s ∑  

𝑚≠0

 
1

𝑚
𝛼𝑚
𝜇
𝑒−𝑖𝑚𝜏cos (𝑚𝜎),

�̇�𝜇(𝜏, 𝜎) = 𝑙s
2𝑝𝜇 + 𝑙s ∑  

𝑚≠0

 𝛼𝑚
𝜇
𝑒−𝑖𝑚𝜏cos (𝑚𝜎),

 

𝐽𝜇𝜈 = 𝑥𝜇𝑝𝜈 − 𝑥𝜈𝑝𝜇 − 𝑖 ∑  

∞

𝑚=1

1

𝑚
(𝛼−𝑚

𝜇
𝛼𝑚
𝜈 − 𝛼−𝑚

𝜈 𝛼𝑚
𝜇
). 

𝑋± =
1

√2
(𝑋0 ± 𝑋𝐷−1)  
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𝑣 ⋅ 𝑤 = 𝑣𝜇𝑤
𝜇 = −𝑣+𝑤− − 𝑣−𝑤+ +∑ 

𝑖

 𝑣𝑖𝑤𝑖  

𝑣− = −𝑣+, 𝑣
+ = −𝑣−,  and  𝑣𝑖 = 𝑣𝑖 .  

𝜎± → 𝜉±(𝜎±)  

�̃�  =
1

2
[𝜉+(𝜎+) + 𝜉−(𝜎−)],

�̃�  =
1

2
[𝜉+(𝜎+) − 𝜉−(𝜎−)].

 

(
𝜕2

𝜕𝜎2
−
𝜕2

𝜕𝜏2
) �̃� = 0  

𝑋+(�̃�, �̃�) = 𝑥+ + 𝑙s
2𝑝+�̃�  

𝛼𝑛
+ = 0  for  𝑛 ≠ 0  

�̇�− ± 𝑋−′ =
1

2𝑝+𝑙s
2 (�̇�

𝑖 ± 𝑋𝑖′)
2
.  

𝑋− = 𝑥− + 𝑙s
2𝑝−𝜏 + 𝑖𝑙s∑  

𝑛≠0

 
1

𝑛
𝛼𝑛
−𝑒−𝑖𝑛𝜏cos 𝑛𝜎  

𝛼𝑛
− =

1

𝑝+𝑙s
(
1

2
∑  

𝐷−2

𝑖=1

  ∑  

+∞

𝑚=−∞

  : 𝛼𝑛−𝑚
𝑖 𝛼𝑚

𝑖 :−𝑎𝛿𝑛,0)  

𝑀2 = −𝑝𝜇𝑝
𝜇 = 2𝑝+𝑝− −∑  

𝐷−2

𝑖=1

 𝑝𝑖
2 = 2(𝑁 − 𝑎)/𝑙s

2  

𝑁 = ∑  

𝐷−2

𝑖=1

 ∑  

∞

𝑛=1

 𝛼−𝑛
𝑖 𝛼𝑛

𝑖  

1

2
∑  

𝐷−2

𝑖=1

  ∑  

+∞

𝑛=−∞

 𝛼−𝑛
𝑖 𝛼𝑛

𝑖 =
1

2
∑  

𝐷−2

𝑖=1

  ∑  

+∞

𝑛=−∞

  : 𝛼−𝑛
𝑖 𝛼𝑛

𝑖 :+
1

2
(𝐷 − 2)∑  

∞

𝑛=1

 𝑛.  

𝜁(𝑠) = ∑  

∞

𝑛=1

 𝑛−𝑠  

1

2
(𝐷 − 2)∑  

∞

𝑛=1

 𝑛 = −
𝐷 − 2

24
 

𝐷 − 2

24
= 1  

[𝐽𝑖−, 𝐽𝑗−] = 0  
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𝛼−2
𝑖 |0; 𝑘⟩  and  𝛼−1

𝑖 𝛼−1
𝑗
|0; 𝑘⟩,  

tr𝑤𝑁 =∏ 

∞

𝑛=1

 ∏  

24

𝑖=1

 tr𝑤𝛼−𝑛
𝑖 𝛼𝑛

𝑖
=∏ 

∞

𝑛=1

  (1 − 𝑤𝑛)−24  

𝑑𝑛 =
1

2𝜋𝑖
∮   
tr𝑤𝑁

𝑤𝑛+1
𝑑𝑤  

tr𝑤𝑁 =∏ 

∞

𝑛=1

  (1 − 𝑤𝑛)−24 ∼ exp (
4𝜋2

1 − 𝑤
)  

𝜂(−1/𝜏) = (−𝑖𝜏)1/2𝜂(𝜏)  

𝜂(𝜏) = 𝑒𝑖𝜋𝜏/12∏ 

∞

𝑛=1

  (1 − 𝑒2𝜋𝑖𝑛𝜏)  

𝑑𝑛 ∼  const. 𝑛−27/4exp (4𝜋√𝑛)  

𝑀0 = (4𝜋√𝛼
′)
−1

 

𝛼′𝑀2 = 4(𝑁 − 1) = 4(�̃� − 1)  

𝛼′𝑀2 = −4  

|Ω𝑖𝑗⟩ = 𝛼−1
𝑖 �̃�−1

𝑗
|0; 𝑘⟩,  

𝑋0 = 𝐵𝜏,

𝑋1 = 𝐵cos (𝜏)cos (𝜎),

𝑋2 = 𝐵sin (𝜏)cos (𝜎),

𝑋𝑖 = 0, 𝑖 > 2,

 

𝐸2

|𝐽|
= 2𝜋𝑇 =

1

𝛼′
. 

(𝜕𝜏𝑋)
2 + (𝜕𝜎𝑋)

2 = 0, 𝜕𝜏𝑋
𝜇𝜕𝜎𝑋𝜇 = 0 

𝑋0 = 3𝐴𝜏
𝑋1 = 𝐴cos (3𝜏)cos (3𝜎)

𝑋2 = 𝐴sin (𝑎𝜏)cos (𝑏𝜎)

 

𝑋𝜇 = 𝑋𝐿
𝜇(𝜎−) + 𝑋𝑅

𝜇(𝜎+). 

𝑋25(0, 𝜏) = 𝑋0
25  and  𝑋25(𝜋, 𝜏) = 𝑋𝜋

25. 

𝑋25(0, 𝜏) = 𝑋0
25  and  𝜕𝜎𝑋

25(𝜋, 𝜏) = 0 

|𝜙1⟩ = 𝛼−1
𝑖 |0; 𝑘⟩,         |𝜙2⟩ = 𝛼−1

𝑖 𝛼−1
𝑗
|0; 𝑘⟩

|𝜙3⟩ = 𝛼−3
𝑖 |0; 𝑘⟩,        |𝜙4⟩ = 𝛼−1

𝑖 𝛼−1
𝑗
𝛼−2
𝑘 |0; 𝑘⟩
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|𝜙1⟩ = 𝛼−1
𝑖 �̃�−1

𝑗
|0; 𝑘⟩, |𝜙2⟩ = 𝛼−1

𝑖 𝛼−1
𝑗
�̃�−2
𝑘 |0; 𝑘⟩. 

|𝜙3⟩ = 𝛼−1
𝑖 �̃�−2

𝑗
|0; 𝑘⟩ 

[𝑋𝜇(𝜎, 𝜏), 𝑋𝜈(𝜎′, 𝜏)] = [𝑃𝜇(𝜎, 𝜏), 𝑃𝜈(𝜎′, 𝜏)] = 0 

[𝑋𝜇(𝜎, 𝜏), 𝑃𝜈(𝜎′, 𝜏)] = 𝑖𝜂𝜇𝜈𝛿(𝜎 − 𝜎′) 

𝐽𝜇𝜈 = 𝑥𝜇𝑝𝜈 − 𝑥𝜈𝑝𝜇 − 𝑖∑  

∞

𝑛=1

1

𝑛
(𝛼−𝑛

𝜇
𝛼𝑛
𝜈 − 𝛼−𝑛

𝜈 𝛼𝑛
𝜇
) 

[𝑝𝜇 , 𝑝𝜈] = 0
[𝑝𝜇 , 𝐽𝜈𝜎] = −𝑖𝜂𝜇𝜈𝑝𝜎 + 𝑖𝜂𝜇𝜎𝑝𝜈

[𝐽𝜇𝜈 , 𝐽𝜎𝜆] = −𝑖𝜂𝜈𝜎𝐽𝜇𝜆 + 𝑖𝜂𝜇𝜎𝐽𝜈𝜆 + 𝑖𝜂𝜈𝜆𝐽𝜇𝜎 − 𝑖𝜂𝜇𝜆𝐽𝜈𝜎
 

[𝐿𝑚, 𝐽
𝜇𝜈] = 0. 

|𝜙⟩ = (𝐴𝛼−1 ⋅ 𝛼−1 +𝐵𝛼0 ⋅ 𝛼−2 + 𝐶(𝛼0 ⋅ 𝛼−1)
2)|0; 𝑘⟩, 

[𝐿𝑚, 𝐿𝑛] = (𝑚 − 𝑛)𝐿𝑚+𝑛 + 𝐴(𝑚)𝛿𝑚+𝑛,0 

[[𝐿𝑚, 𝐿𝑛], 𝐿𝑝] + [[𝐿𝑝, 𝐿𝑚], 𝐿𝑛] + [[𝐿𝑛, 𝐿𝑝], 𝐿𝑚] = 0 

𝑧 = 𝑒2(𝜏−𝑖𝜎)  and  𝑧‾ = 𝑒2(𝜏+𝑖𝜎)  

𝑑𝑠2 = 𝑒𝜔(𝑥)𝑑𝑥 ⋅ 𝑑𝑥  

𝑥𝜇 →
𝑥𝜇

𝑥2
 

𝑑𝑥 ⋅ 𝑑𝑥 →
𝑑𝑥 ⋅ 𝑑𝑥

(𝑥2)2
 

𝑥𝜇 →
𝑥𝜇 + 𝑏𝜇𝑥2

1 + 2𝑏 ⋅ 𝑥 + 𝑏2𝑥2
 

𝛿𝑥𝜇 = 𝑏𝜇𝑥2 − 2𝑥𝜇𝑏 ⋅ 𝑥  

𝛿𝑥𝜇 = 𝑎𝜇 +𝜔𝜇 𝜈𝑥
𝜈 + 𝜆𝑥𝜇 + 𝑏𝜇𝑥2 − 2𝑥𝜇(𝑏 ⋅ 𝑥).  

𝐷 +
1

2
𝐷(𝐷 − 1) + 1 + 𝐷 =

1

2
(𝐷 + 2)(𝐷 + 1)  

𝑧 → 𝑓(𝑧)  and  𝑧‾ → 𝑓‾(𝑧‾)  

𝑧 → 𝑧′ = 𝑧 − 𝜀𝑛𝑧
𝑛+1  and  𝑧‾ → 𝑧‾′ = 𝑧‾ − 𝜀‾𝑛𝑧‾

𝑛+1, 𝑛 ∈ ℤ  

ℓ𝑛 = −𝑧
𝑛+1𝜕  and  ℓ‾𝑛 = −𝑧‾

𝑛+1𝜕‾  

[ℓ𝑚, ℓ𝑛] = (𝑚 − 𝑛)ℓ𝑚+𝑛  and  [ℓ‾𝑚, ℓ‾𝑛] = (𝑚 − 𝑛)ℓ‾𝑚+𝑛  
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[𝐿𝑚, 𝐿𝑛] = (𝑚 − 𝑛)𝐿𝑚+𝑛 +
𝑐

12
𝑚(𝑚2 − 1)𝛿𝑚+𝑛,0  

ℓ−1: 𝑧 → 𝑧 − 𝜀,
ℓ0: 𝑧 → 𝑧 − 𝜀𝑧,

ℓ1: 𝑧 → 𝑧 − 𝜀𝑧2.
 

𝑧 →
𝑎𝑧 + 𝑏

𝑐𝑧 + 𝑑
  with  𝑎, 𝑏, 𝑐, 𝑑 ∈ ℂ, 𝑎𝑑 − 𝑏𝑐 = 1  

𝜕𝛼𝑇𝛼𝛽 = 0  

𝜕‾𝑇𝑧𝑧 = 0  and  𝜕𝑇𝑧‾𝑧‾ = 0.  

𝑇𝑧𝑧 = 𝑇(𝑧)  and  𝑇𝑧‾𝑧‾ = �̃�(𝑧‾).  

𝑋R
𝜇
(𝜎, 𝜏) → 𝑋R

𝜇
(𝑧) =

1

2
𝑥𝜇 −

𝑖

4
𝑝𝜇ln 𝑧 +

𝑖

2
∑  

𝑛≠0

 
1

𝑛
𝛼𝑛
𝜇
𝑧−𝑛  

𝑋L
𝜇
(𝜎, 𝜏) → 𝑋L

𝜇
(𝑧‾) =

1

2
𝑥𝜇 −

𝑖

4
𝑝𝜇ln 𝑧‾ +

𝑖

2
∑  

𝑛≠0

 
1

𝑛
�̃�𝑛
𝜇
𝑧‾−𝑛.  

𝜕𝑋𝜇(𝑧, 𝑧‾) = −
𝑖

2
∑  

∞

𝑛=−∞

 𝛼𝑛
𝜇
𝑧−𝑛−1  

𝜕‾𝑋𝜇(𝑧, 𝑧‾) = −
𝑖

2
∑  

∞

𝑛=−∞

  �̃�𝑛
𝜇
𝑧‾−𝑛−1  

𝑇𝑋(𝑧) = −2: 𝜕𝑋 ⋅ 𝜕𝑋:= ∑  

+∞

𝑛=−∞

 
𝐿𝑛
𝑧𝑛+2

 

�̃�𝑋(𝑧‾) = −2: 𝜕‾𝑋 ⋅ 𝜕‾𝑋:= ∑  

+∞

𝑛=−∞

 
�̃�𝑛
𝑧‾𝑛+2

 

𝛿𝑧 = 𝜀(𝑧)  and  𝛿𝑧‾ = 𝜀̃(𝑧‾),  

𝑄 = 𝑄𝜀 + 𝑄�̃� =
1

2𝜋𝑖
∮   [𝑇(𝑧)𝜀(𝑧)𝑑𝑧 + �̃�(𝑧‾)𝜀̃(𝑧‾)𝑑𝑧‾]  

𝛿𝜀Φ(𝑧, 𝑧‾) = [𝑄𝜀 , Φ(𝑧, 𝑧‾)]  and  𝛿�̃�Φ(𝑧, 𝑧‾) = [𝑄�̃� , Φ(𝑧, 𝑧‾)]  

Φ(𝑧, 𝑧‾) → (
𝜕𝑤

𝜕𝑧
)
ℎ

(
𝜕𝑤‾

𝜕𝑧‾
)
ℎ̃

Φ(𝑤,𝑤‾ )  

Φ(𝑧, 𝑧‾)(𝑑𝑧)ℎ(𝑑𝑧‾)ℎ̃  

𝛿𝜀Φ(𝑤,𝑤‾ ) =
1

2𝜋𝑖
∮   𝑑𝑧𝜀(𝑧)[𝑇(𝑧),Φ(𝑤,𝑤‾ )]  
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𝛿𝜀Φ(𝑤,𝑤‾ ) = ℎ𝜕𝜀(𝑤)Φ(𝑤,𝑤‾ ) + 𝜀(𝑤)𝜕Φ(𝑤,𝑤‾ ),

𝛿�̃�Φ(𝑤,𝑤‾ ) = ℎ̃𝜕‾𝜀̃(𝑤‾ )Φ(𝑤, 𝑤‾ ) + 𝜀̃(𝑤‾ )𝜕‾Φ(𝑤,𝑤‾ ).
 

𝑇(𝑧)Φ(𝑤,𝑤‾ ) =
ℎ

(𝑧 − 𝑤)2
Φ(𝑤,𝑤‾ ) +

1

𝑧 − 𝑤
𝜕Φ(𝑤,𝑤‾ ) +⋯

�̃�(𝑧‾)Φ(𝑤,𝑤‾ ) =
ℎ̃

(𝑧‾ − 𝑤‾ )2
Φ(𝑤,𝑤‾ ) +

1

𝑧‾ − 𝑤‾
𝜕‾Φ(𝑤,𝑤‾ ) + ⋯

 

𝑋𝜇(𝑧)𝑋𝜈(𝑤) = −
1

4
𝜂𝜇𝜈ln (𝑧 − 𝑤) +⋯  

: 𝜕𝑋𝜇(𝑧)𝜕𝑋𝜈(𝑧):= lim
𝑤→𝑧

 (𝜕𝑧𝑋
𝜇(𝑧)𝜕𝑤𝑋

𝜈(𝑤) +
𝜂𝜇𝜈

4(𝑧 − 𝑤)2
)  

𝑇(𝑧)𝑇(𝑤) =
𝑐/2

(𝑧 − 𝑤)4
+

2

(𝑧 − 𝑤)2
𝑇(𝑤) +

1

𝑧 − 𝑤
𝜕𝑇(𝑤) +⋯  

(𝜕𝑤)2𝑇′(𝑤) = 𝑇(𝑧) −
𝑐

12
𝑆(𝑤, 𝑧)  

𝑆(𝑤, 𝑧) =
2(𝜕𝑤)(𝜕3𝑤) − 3(𝜕2𝑤)2

2(𝜕𝑤)2
 

𝜓(𝑧)𝜓(𝑤) =
1

𝑧 − 𝑤
 

𝑇(𝑧) = −
1

2
: 𝜓(𝑧)𝜕𝜓(𝑧):  

𝜓± =: exp (±𝑖𝜙): .  

𝐿0|Φ⟩ = ℎ|Φ⟩  and  𝐿𝑛|Φ⟩ = 0, 𝑛 > 0.  

|Φ⟩ = lim
𝑧→0
 Φ(𝑧)|0⟩  

Φ(𝑧) = ∑  

∞

𝑛=−∞

 
Φ𝑛
𝑧𝑛+ℎ

 

Φ𝑛|0⟩ = 0  for  𝑛 > −ℎ  and  Φ−ℎ|0⟩ = |Φ⟩.  

𝐿−𝑛1𝐿−𝑛2 …𝐿−𝑛𝑘|Φ⟩  

(𝐿0 − 1)|𝜙⟩ = 0  

𝐿𝑛|𝜙⟩ = 0  with  𝑛 > 0.  

(𝐿0 − ℎ)|Φ⟩ = (�̃�0 − ℎ̃)|Φ⟩ = 0  

𝐿𝑛|Φ⟩ = �̃�𝑛|Φ⟩ = 0  with  𝑛 > 0  

[𝐽0
𝐴, 𝐽0

𝐵] = 𝑖𝑓𝐴𝐵 𝐶𝐽0
𝐶  
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𝐽𝐴(𝑧) = ∑  

∞

𝑛=−∞

 
𝐽𝑛
𝐴

𝑧𝑛+1
 𝐴 = 1,2,… , dim𝐺  

𝐽𝐴(𝑧)𝐽𝐵(𝑤) ∼
𝑘𝛿𝐴𝐵

2(𝑧 − 𝑤)2
+
𝑖𝑓𝐶
𝐴𝐵𝐽𝐶(𝑤)

𝑧 − 𝑤
+⋯  

[𝐽𝑚
𝐴 , 𝐽𝑛

𝐵] =
1

2
𝑘𝑚𝛿𝐴𝐵𝛿𝑚+𝑛,0 + 𝑖𝑓

𝐴𝐵 𝐶𝐽𝑚+𝑛
𝐶  

𝑇(𝑧) =
1

𝑘 + ℎ̃𝐺
∑  

dim𝐺

𝐴=1

  : 𝐽𝐴(𝑧)𝐽𝐴(𝑧): ,  

𝑓𝐵𝐶  𝐷𝑓
𝐵′𝐷 𝐶 = 𝑐𝐴𝛿

𝐵𝐵′  

𝑐 =
𝑘dim𝐺

𝑘 + ℎ̃𝐺
.  

𝑇(𝑧) = 𝑇𝐺(𝑧) − 𝑇𝐻(𝑧)  

𝑇𝐺(𝑧)𝐽
𝑎(𝑤) ∼

𝐽𝑎(𝑤)

(𝑧 − 𝑤)2
+
𝜕𝐽𝑎(𝑤)

𝑧 − 𝑤
+⋯  

𝑇𝐻(𝑧)𝐽
𝑎(𝑤) ∼

𝐽𝑎(𝑤)

(𝑧 − 𝑤)2
+
𝜕𝐽𝑎(𝑤)

𝑧 − 𝑤
+⋯  

𝑇(𝑧)𝐽𝑎(𝑤) ∼ 𝑂(1)  

𝑇(𝑧)𝑇𝐻(𝑤) ∼ 𝑂(1)  

[𝐿𝑚, 𝐿𝑛
𝐻] = [𝐿𝑚

𝐺 − 𝐿𝑚
𝐻 , 𝐿𝑛

𝐻] = 0  

[𝐿𝑚, 𝐿𝑛] = [𝐿𝑚
𝐺 , 𝐿𝑛

𝐺 ] − [𝐿𝑚
𝐻 , 𝐿𝑛

𝐻] − [𝐿𝑚
𝐻 , 𝐿𝑛] − [𝐿𝑚, 𝐿𝑛

𝐻],  

[𝐿𝑚, 𝐿𝑛] = (𝑚 − 𝑛)𝐿𝑚+𝑛 +
𝑐

12
(𝑚3 −𝑚)𝛿𝑚+𝑛,0  

𝑐 = 𝑐𝐺 − 𝑐𝐻 .  

(�̂�1)𝑘1
× (𝐺2)𝑘2

× …× (𝐺𝑛)𝑘𝑛  

𝑆�̂�(2)𝑘 × 𝑆�̂�(2)𝑙

𝑆�̂�(2)𝑘+𝑙
 

𝑐 =
3𝑘

𝑘 + 2
+

3𝑙

𝑙 + 2
−
3(𝑘 + 𝑙)

𝑘 + 𝑙 + 2
.  

𝑐 = 1 −
6(𝑝′ − 𝑝)2

𝑝𝑝′
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𝑐 = 1 −
6

(𝑚 + 2)(𝑚 + 3)
 𝑚 = 1,2, …  

𝑆�̂�(2)1⊗𝑆�̂�(2)𝑚

𝑆�̂�(2)𝑚+1
 

𝑐 = 1 +
3𝑚

𝑚 + 2
−
3(𝑚 + 1)

𝑚 + 3
= 1 −

6

(𝑚 + 2)(𝑚 + 3)
,  

ℎ𝑝𝑞 =
[(𝑚 + 3)𝑝 − (𝑚 + 2)𝑞]2 − 1

4(𝑚 + 2)(𝑚 + 3)
, 1 ≤ 𝑝 ≤ 𝑚 + 1  and  1 ≤ 𝑞 ≤ 𝑝.  

𝜕𝑋𝜇(𝑧)𝜕𝑋𝜈(𝑤) = −
1

4

𝜂𝜇𝜈

(𝑧 − 𝑤)2
+⋯ 

⟨𝜕𝑋𝜇(𝑧)𝜕𝑋𝜈(𝑤)⟩ = −
1

4
∑  

+∞

𝑚=−∞

∑  

+∞

𝑛=−∞

⟨0|𝛼𝑚
𝜇
𝛼𝑛
𝜈|0⟩𝑧−𝑚−1𝑤−𝑛−1 

−
1

4
∑  

+∞

𝑚,𝑛=1

  ⟨0|𝛼𝑚
𝜇
𝛼−𝑛
𝜈 |0⟩𝑧−𝑚−1𝑤𝑛−1 = −

𝜂𝜇𝜈

4
∑  

+∞

𝑚,𝑛=1

 𝑚𝛿𝑚,𝑛𝑧
−𝑚−1𝑤𝑛−1

= −
1

4

𝜂𝜇𝜈

(𝑧 − 𝑤)2

 

𝑇(𝑧) = ∑  

+∞

𝑛=−∞

𝐿𝑛
𝑧𝑛+2

  or  𝐿𝑛 = ∮   
𝑑𝑧

2𝜋𝑖
𝑧𝑛+1𝑇(𝑧) 

[𝐿𝑚, 𝐿𝑛] = [∮   
𝑑𝑧

2𝜋𝑖
𝑧𝑚+1𝑇(𝑧),∮   

𝑑𝑤

2𝜋𝑖
𝑤𝑛+1𝑇(𝑤)]. 

∮   
𝑑𝑤

2𝜋𝑖
𝑤𝑛+1∮   C

𝑑𝑧

2𝜋𝑖
𝑧𝑚+1 [

𝑐/2

(𝑧 − 𝑤)4
+

2

(𝑧 − 𝑤)2
𝑇(𝑤) +

1

𝑧 − 𝑤
𝜕𝑇(𝑤) +⋯] 

= ∮  
𝑑𝑤

2𝜋𝑖
[
𝑐

12
(𝑚3 −𝑚)𝑤𝑚+𝑛−1 + 2(𝑚 + 1)𝑤𝑛+𝑚+1𝑇(𝑤) + 𝑤𝑚+𝑛+2𝜕𝑇(𝑤)] 

[𝐿𝑚, 𝐿𝑛] = (𝑚 − 𝑛)𝐿𝑚+𝑛 +
𝑐

12
(𝑚3 −𝑚)𝛿𝑚+𝑛,0 

𝛿𝜀𝑇(𝑧) = −2𝜕𝜀(𝑧)𝑇(𝑧) − 𝜀(𝑧)𝜕𝑇(𝑧) −
𝑐

12
𝜕3𝜀(𝑧). 

𝛿𝜀𝑇(𝑤) = ∮   
𝑑𝑧

2𝜋𝑖
𝜀(𝑧)[𝑇(𝑧), 𝑇(𝑤)] = ∮   C

𝑑𝑧

2𝜋𝑖
𝜀(𝑧)𝑇(𝑧)𝑇(𝑤), 

∮   C
𝑑𝑧

2𝜋𝑖
𝜀(𝑧) [

𝑐/2

(𝑧 − 𝑤)4
+
2𝑇(𝑤)

(𝑧 − 𝑤)2
+
𝜕𝑇(𝑤)

𝑧 − 𝑤
]

 = 2𝜕𝜀(𝑤)𝑇(𝑤) + 𝜀(𝑤)𝜕𝑇(𝑤) +
𝑐

12
𝜕3𝜀(𝑤)

 

(𝜕𝑤)2𝑇(𝑤) = 𝑇(𝑧) −
𝑐

12
𝑆(𝑢, 𝑧) −

𝑐

12
(𝜕𝑢)2𝑆(𝑤, 𝑢), 
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𝑆(𝑤, 𝑧) = 𝑆(𝑢, 𝑧) + (𝜕𝑢)2𝑆(𝑤, 𝑢) 

𝑑𝑤

𝑑𝑢
= (

𝑑𝑢

𝑑𝑧
)
−1 𝑑𝑤

𝑑𝑧
=
𝑤′

𝑢′
 

𝑑2𝑤

𝑑𝑢2
=
𝑤′′𝑢′ −𝑤′𝑢′′

(𝑢′)3

𝑑3𝑤

𝑑𝑢3
=
𝑤′′′(𝑢′)2 − 3𝑤′′𝑢′′𝑢′ −𝑤′𝑢′′′𝑢′ + 3𝑤′(𝑢′′)2

(𝑢′)5

 

𝑐(𝑧)𝑏(𝑤) =
1

𝑧 − 𝑤
+⋯   and  𝑏(𝑧)𝑐(𝑤) =

𝜀

𝑧 − 𝑤
+⋯  

𝑇𝑏𝑐(𝑧) = −𝜆: 𝑏(𝑧)𝜕𝑐(𝑧) + 𝜀(𝜆 − 1): 𝑐(𝑧)𝜕𝑏(𝑧): .  

𝑐(𝜀, 𝜆) = −2𝜀(6𝜆2 − 6𝜆 + 1)  

𝑆q =
1

2𝜋
∫  (2𝜕𝑋𝜇𝜕‾𝑋𝜇 + 𝑏𝜕‾𝑐 + �̃�𝜕�̃�)𝑑

2𝑧  

𝑇(𝑧) = 𝑇𝑋(𝑧) + 𝑇𝑏𝑐(𝑧)  

𝑇𝑏𝑐(𝑧) = −2: 𝑏(𝑧)𝜕𝑐(𝑧):+: 𝑐(𝑧)𝜕𝑏(𝑧): .  

𝛿𝑋𝜇 = 𝜂𝑐𝜕𝑋𝜇

𝛿𝑐 = 𝜂𝑐𝜕𝑐
𝛿𝑏 = 𝜂𝑇

 

𝑄B =
1

2𝜋𝑖
∮   (𝑐𝑇𝑋+: 𝑏𝑐𝜕𝑐: )𝑑𝑧  

{𝑄B, 𝑏(𝑧)} = 𝑇(𝑧)  

𝑄B = ∑  

∞

𝑚=−∞

 (𝐿−𝑚
(𝑋)

− 𝛿𝑚,0) 𝑐𝑚 −
1

2
∑  

∞

𝑚,𝑛=−∞

  (𝑚 − 𝑛): 𝑐−𝑚𝑐−𝑛𝑏𝑚+𝑛: .  

𝑄B
2 = 0  

{[𝑄B, 𝐿𝑚], 𝑏𝑛} = {[𝐿𝑚, 𝑏𝑛], 𝑄B} + [{𝑏𝑛, 𝑄B}, 𝐿𝑚].  

[𝑄B
2, 𝑏𝑛] = [𝑄B, {𝑄B, 𝑏𝑛}] = [𝑄B, 𝐿𝑛].  

𝑈 =
1

2𝜋𝑖
∮  ∶ 𝑐(𝑧)𝑏(𝑧): 𝑑𝑧 =

1

2
(𝑐0𝑏0 − 𝑏0𝑐0) +∑  

∞

𝑛=1

  (𝑐−𝑛𝑏𝑛 − 𝑏−𝑛𝑐𝑛)  

−
1

2
(𝜕𝜙)2 +

3𝑖

2
𝜕2𝜙 = 𝑐(𝑧)𝜕𝑏(𝑧) − 2𝑏(𝑧)𝜕𝑐(𝑧),  

1

2
𝜙0
2 +∑  

∞

𝑛=1

 𝜙−𝑛𝜙𝑛 − 1/8 = ∑  

∞

𝑛=1

 𝑛(𝑏−𝑛𝑐𝑛 + 𝑐−𝑛𝑏𝑛).  
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Ψ(𝜙(𝜎) + 2𝜋) = −Ψ(𝜙(𝜎))  

𝛿ℒ = 2𝜕𝛿𝑋 ⋅ 𝜕‾𝑋 + 2𝜕𝑋 ⋅ 𝜕‾𝛿𝑋 + 𝛿𝑏𝜕‾𝑐 + 𝑏𝜕‾𝛿𝑐 = 𝛿ℒ1 + 𝛿ℒ3 

𝛿ℒ1 = 2𝜂𝜕(𝑐𝜕𝑋) ⋅ 𝜕‾𝑋 + 2𝜂𝜕𝑋 ⋅ 𝜕‾(𝑐𝜕𝑋) + 𝜂𝑇𝑋𝜕‾𝑐 = 2𝜂𝜕(𝑐𝜕𝑋
𝜇𝜕‾𝑋𝜇) 

𝛿ℒ3 = 𝜂𝑇𝑏𝑐𝜕‾𝑐 − 𝜂𝑏𝜕‾(𝑐𝜕𝑐) = −𝜂𝜕(𝑏𝑐𝜕‾𝑐) 

𝑆𝑔 =
1

4𝜋𝛼′
∫  
𝑀

 √ℎℎ𝛼𝛽𝑔𝜇𝜈(𝑋)𝜕𝛼𝑋
𝜇𝜕𝛽𝑋

𝜈𝑑2𝑧  

𝑆𝐵 =
1

4𝜋𝛼′
∫  
𝑀

 𝜀𝛼𝛽𝐵𝜇𝜈(𝑋)𝜕𝛼𝑋
𝜇𝜕𝛽𝑋

𝜈𝑑2𝑧  

𝑆𝐴 = 𝑞∫  𝐴𝜇�̇�
𝜇𝑑𝜏  

𝑆Φ =
1

4𝜋
∫  
𝑀

 √ℎΦ(𝑋)𝑅(2)(ℎ)𝑑2𝑧  

𝜒(𝑀) =
1

4𝜋
∫  
𝑀

 √ℎ𝑅(2)(ℎ)𝑑2𝑧  

𝜒(𝑀) = 2 − 2𝑛h − 𝑛b − 𝑛c  

|𝜙⟩ =∏ 

𝑖

 𝛼−𝑚𝑖

𝜇𝑖 ∏ 

𝑗

  �̃�−𝑛𝑗
𝜈𝑗 |0; 𝑘⟩,  

𝛼−𝑚
𝜇

=
1

𝜋
∮   𝑧−𝑚𝜕𝑋𝜇𝑑𝑧  

𝛼−𝑚
𝜇

→
2𝑖

(𝑚 − 1)!
𝜕𝑚𝑋𝜇 ,𝑚 > 0.  

𝑉𝜙(𝑧, 𝑧‾) =:∏  

𝑖

 𝜕𝑚𝑖𝑋𝜇𝑖(𝑧)∏  

𝑗

 𝜕‾𝑛𝑗𝑋𝜈𝑗(𝑧‾)𝑒𝑖𝑘⋅𝑋(𝑧,𝑧‾):  

𝑘2

8
= 1 −∑ 

𝑖

 𝑚𝑖 = 1 −∑ 

𝑗

 𝑛𝑗.  

𝑏−𝑚 →
1

(𝑚 − 2)!
𝜕𝑚−1𝑏,𝑚 ≥ 2  

𝑐−𝑚 →
1

(𝑚 + 1)!
𝜕𝑚+1𝑐,𝑚 ≥ −1  

𝑉t(𝑧, 𝑧‾) =: 𝑐(𝑧)�̃�(𝑧‾)𝑒
𝑖𝑘⋅𝑋(𝑧,𝑧‾): .  

𝑇(𝑧): 𝑒𝑖𝑘⋅𝑋(𝑤,𝑤‾ ): = −2: 𝜕𝑋𝜇(𝑧)𝜕𝑋𝜇(𝑧): : 𝑒
𝑖𝑘⋅𝑋(𝑤,𝑤‾ ):. 



pág. 143 

⟨𝜕𝑋𝜇(𝑧)𝑋𝜈(𝑤)⟩ = −
1

4

𝜂𝜇𝜈

𝑧 − 𝑤
 

𝜕𝑋𝜇(𝑧): 𝑒𝑖𝑘⋅𝑋(𝑤,𝑤‾ ): ∼ ⟨𝜕𝑋𝜇(𝑧)𝑖𝑘 ⋅ 𝑋(𝑤)⟩: 𝑒𝑖𝑘⋅𝑋(𝑤,𝑤‾ ):

 ∼ −
𝑖

4

𝑘𝜇

𝑧 − 𝑤
: 𝑒𝑖𝑘⋅𝑋(𝑤,𝑤‾ ):

 

𝑇(𝑧): 𝑒𝑖𝑘⋅𝑋(𝑤,𝑤‾ ): ∼
𝑘2/8

(𝑧 − 𝑤)2
: 𝑒𝑖𝑘⋅𝑋(𝑤,𝑤‾ ):+⋯ 

𝑉 = 𝑓𝜇𝜈: 𝜕𝑋
𝜇(𝑤)𝜕‾𝑋𝜈(𝑤‾ )𝑒𝑖𝑘⋅𝑋(𝑤,𝑤‾ ):. 

−2𝑓𝜇𝜈: 𝜕𝑋
𝜌(𝑧)𝜕𝑋𝜌(𝑧): : 𝜕𝑋

𝜇(𝑤)𝜕‾𝑋𝜈(𝑤‾ )𝑒𝑖𝑘⋅𝑋(𝑤,𝑤‾ ):. 

𝒦3 = −
𝑖

4
𝑘𝜇𝑓𝜇𝜈

𝜕‾𝑋𝜈(𝑤‾ )

(𝑧 − 𝑤)3
 

𝑘𝜇𝑓𝜇𝜈 = 0 

𝒦2 =
1 + 𝑘2/8

(𝑧 − 𝑤)2
𝑉 

𝑆WS = ∫  
𝑀

 ℒ(ℎ𝛼𝛽; 𝑋
𝜇;  background fields )𝑑2𝑧  

𝑍 ∼ ∫  𝐷ℎ𝛼𝛽∫  𝐷𝑋
𝜇⋯𝑒−𝑆[ℎ,𝑋,… ]  

ℎ𝛼𝛽 = 𝑒
𝜓𝛿𝛼𝛽 .  

𝜓 = 0 ⇒ 𝑅(ℎ) = 0 ⇒ 𝜒(𝑀) = 0.  

𝑍 = ∑  

∞

𝑛h=0

 𝑍𝑛h  

𝑆dil = Φ0𝜒(𝑀) = Φ0(2 − 2𝑛h)  

exp (−𝑆dil) = exp (Φ0(2𝑛h − 2)) = 𝑔s
2𝑛h−2  

𝑔s = 𝑒
Φ0  

dimℂℳ𝑛h,𝑁 = 3𝑛h − 3 + 𝑁  

𝐴𝑁(𝑘1, 𝑘2, … , 𝑘𝑁) = 𝑔s
𝑁−2∫  𝑑𝜇𝑁(𝑧)∏  

𝑖<𝑗

  |𝑧𝑖 − 𝑧𝑗|
𝑘𝑖⋅𝑘𝑗/2

 

𝑑𝜇𝑁(𝑧) = |(𝑧𝐴 − 𝑧𝐵)(𝑧𝐵 − 𝑧𝐶)(𝑧𝐶 − 𝑧𝐴)|
2 

× 𝛿2(𝑧𝐴 − 𝑧𝐴
0)𝛿2(𝑧𝐵 − 𝑧𝐵

0)𝛿2(𝑧𝐶 − 𝑧𝐶
0)∏  

𝑁

𝑖=1

 𝑑2𝑧𝑖  
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𝑧 ∼ 𝑧 + 𝑤1, 𝑧 ∼ 𝑧 + 𝑤2  

𝑇2 = ℂ/Λ(𝑤1,𝑤2)  

 

𝑤1
′ = 𝑎𝑤1 + 𝑏𝑤2  and  𝑤2

′ = 𝑐𝑤1 + 𝑑𝑤2  

(
𝑎 𝑏
𝑐 𝑑

) ∈ 𝑆𝐿(2, ℤ)  

𝜏′ =
𝜔1
′

𝜔2
′ =

𝑎𝜏 + 𝑏

𝑐𝜏 + 𝑑
 

ℳ𝑛h=1 = ℋ/𝑃𝑆𝐿(2, ℤ)  

|Re𝜏| ≤ 1/2, Im𝜏 > 0, |𝜏| ≥ 1,  

∫  
ℱ

 
𝑑2𝜏

(Im𝜏)2
∫  
𝑇2
 𝜇(𝜏, 𝑧)⟨𝑉1(0)𝑉2(𝑧2)…𝑉𝑁(𝑧𝑁)⟩𝑑

2𝑧2…𝑑
2𝑧𝑁  

𝜏 →
𝑎𝜏 + 𝑏

𝑐𝜏 + 𝑑
, 𝑧𝑖 →

𝑧𝑖
𝑐𝜏 + 𝑑

 

 

 

∮   𝑎𝑖𝜔𝑗 = 𝛿𝑖𝑗  

∮   𝑏𝑖𝜔𝑗 = Ω𝑖𝑗  

Ω → Ω′ = (𝐴Ω + 𝐵)(𝐶Ω + 𝐷)−1  

(
𝐴 𝐵
𝐶 𝐷

) ∈ 𝑆𝑝(𝑛h, ℤ)  

(
𝐴 𝐵
𝐶 𝐷

) (
0 1
−1 0

) (𝐴
𝑇 𝐶𝑇

𝐵𝑇 𝐷𝑇
) = (

0 1
−1 0

)  

 

𝑑2𝜏 → |𝑐𝜏 + 𝑑|−4𝑑2𝜏  and  Im𝜏 → |𝑐𝜏 + 𝑑|−2Im𝜏, 

ℐ = ∫  
ℱ

𝑑2𝜏

(Im𝜏)2
, 
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ℐ = ∫  
+1/2

−1/2

𝑑𝑥∫  
∞

√1−𝑥2

𝑑𝑦

𝑦2
= ∫  

+1/2

−1/2

𝑑𝑥

√1 − 𝑥2
=
𝜋

3
 

Φ(𝑋𝜇 , 𝑌) = 𝑘𝑌(𝑧, 𝑧‾),  

𝑇(𝑧) = −2(𝜕𝑋𝜇𝜕𝑋𝜇 + 𝜕𝑌𝜕𝑌) + 𝑘𝜕
2𝑌.  

𝑐 = �̃� = 𝐷 + 3𝑘2.  

𝑘 = √
26 − 𝐷

3
.  

𝑡′′(𝑦) − 2𝑘𝑡′(𝑦) + 8𝑡(𝑦) = 0  

𝑞 = 𝑞± = 𝑘 ± √(2 − 𝐷)/3  

𝑇(𝑧) = 𝑇0(𝑧) + 𝑎𝜇𝜕
2𝑋𝜇(𝑧), 

𝑇(𝑧)𝑇(𝑤) = 𝑇0(𝑧)𝑇0(𝑤) + 𝑎𝜇𝑎𝜈𝜕
2𝑋𝜇(𝑧)𝜕2𝑋𝜈(𝑤) +⋯ 

𝑇0(𝑧)𝑇0(𝑤) =
𝐷/2

(𝑧 − 𝑤)4
  and  𝜕2𝑋𝜇(𝑧)𝜕2𝑋𝜈(𝑤) =

3

2

𝜂𝜇𝜈

(𝑧 − 𝑤)4
 

𝑇(𝑧)𝑇(𝑤) =
(𝐷 + 3𝑎2)/2

(𝑧 − 𝑤)4
+⋯ 

𝑐 = 𝐷 + 3𝑘2. 

𝐴𝑖𝑗(𝑥
𝜌) =∑  

𝑎,𝜇

  (𝜆𝑎)𝑖𝑗𝐴𝜇
𝑎(𝑥𝜌)𝑑𝑥𝜇  

𝐴[𝑥𝜌(𝜎), 𝑐(𝜎)].  

• Yang – Mills. 

∑ 

𝑘

 𝐴𝑖𝑘 ∧ 𝐵𝑘𝑗 = 𝐶𝑖𝑗  

𝐴 ∗ 𝐵 = 𝐶  

𝑑𝐴 =
1

2
(𝜕𝜇𝐴𝜈 − 𝜕𝜈𝐴𝜇)𝑑𝑥

𝜇 ∧ 𝑑𝑥𝜈  

𝐹 = 𝑑𝐴 + 𝐴 ∧ 𝐴  

𝐹𝜇𝜈 = 𝜕𝜇𝐴𝜈 − 𝜕𝜈𝐴𝜇 + [𝐴𝜇 , 𝐴𝜈]  

𝐹 = 𝑄B𝐴 + 𝐴 ∗ 𝐴  

𝛿𝐴 = 𝑑Λ + [𝐴, Λ]  
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𝛿𝐹 = [𝐹, Λ].  

𝛿𝐴 = 𝑄BΛ + [𝐴, Λ]  

𝛿𝐹 = [𝐹, Λ].  

𝑆 ∼ ∫  𝑔𝜇𝜌𝑔𝜈𝜆𝐹𝜇𝜈𝐹𝜌𝜆  

∫  𝑌 = ∫  𝐷26𝑋𝜇(𝜎)𝐷𝜙(𝜎)exp (−
3𝑖

2
𝜙(𝜋/2))𝑌[𝑋𝜇(𝜎), 𝜙(𝜎)] 

 × ∏  

𝜎<𝜋/2

 𝛿26(𝑋𝜇(𝜎) − 𝑋𝜇(𝜋 − 𝜎))𝛿(𝜙(𝜎) − 𝜙(𝜋 − 𝜎))
 

∫  𝑄B𝑌 = 0  and  ∫  [𝑌1, 𝑌2] = 0  

𝑆 ∼ ∫  (𝐴 ∗ 𝑄B𝐴 +
2

3
𝐴 ∗ 𝐴 ∗ 𝐴)  

𝑇(𝑧)𝑋𝜇(𝑤,𝑤‾ ) ∼
1

𝑧 − 𝑤
𝜕𝑋𝜇(𝑤,𝑤‾ ) +⋯ 

𝜕𝑋𝜇(𝑤,𝑤‾ ) 𝜕‾𝑋𝜇(𝑤,𝑤‾ ), 𝜕2𝑋𝜇(𝑤,𝑤‾ ). 

[𝛼𝑚
𝜇
, 𝛼𝑛
𝜈] = [�̃�𝑚

𝜇
, �̃�𝑛
𝜈] = 𝑚𝜂𝜇𝜈𝛿𝑚+𝑛,0, [𝛼𝑚

𝜇
, �̃�𝑛
𝜈] = 0 

Φ(𝑧) = ∑  

+∞

𝑛=−∞

Φ𝑛
𝑧𝑛+ℎ

 

(𝐿𝑛 − 𝛿𝑛,0)|𝜙⟩ = 0, (�̃�𝑛 − 𝛿𝑛,0)|𝜙⟩ = 0 𝑛 ≥ 0. 

• Ramond-Neveu-Schwarz: 

𝑆 = −
1

2𝜋
∫  𝑑2𝜎𝜕𝛼𝑋𝜇𝜕

𝛼𝑋𝜇  

𝑆 = −
1

2𝜋
∫  𝑑2𝜎(𝜕𝛼𝑋𝜇𝜕

𝛼𝑋𝜇 + 𝜓‾𝜇𝜌𝛼𝜕𝛼𝜓𝜇)  

{𝜌𝛼, 𝜌𝛽} = 2𝜂𝛼𝛽  

𝜌0 = (
0 −1
1 0

)   and  𝜌1 = (
0 1
1 0

)  

{𝜓𝜇 , 𝜓𝜈} = 0  

𝜓𝜇 = (
𝜓−
𝜇

𝜓+
𝜇)  

𝜓‾ = 𝜓†𝛽, 𝛽 = 𝑖𝜌0  
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𝜓+
⋆ = 𝜓+  and  𝜓−

⋆ = 𝜓−  

𝑆f =
𝑖

𝜋
∫  𝑑2𝜎(𝜓−𝜕+𝜓− + 𝜓+𝜕−𝜓+)  

𝜕+𝜓− = 0  and  𝜕−𝜓+ = 0  

𝜌𝛼𝜕𝛼 = (
0 𝜕1 − 𝜕0

𝜕1 + 𝜕0 0
) = 2 (

0 −𝜕−
𝜕+ 0

) 

𝛿𝑋𝜇 = 𝜀‾𝜓𝜇

𝛿𝜓𝜇 = 𝜌𝛼𝜕𝛼𝑋
𝜇𝜀

 

𝜀 = (
𝜀−
𝜀+
)  

𝛿𝑋𝜇 = 𝑖(𝜀+𝜓−
𝜇 − 𝜀−𝜓+

𝜇
)

𝛿𝜓−
𝜇 = −2𝜕−𝑋

𝜇𝜀+
𝛿𝜓+

𝜇
= 2𝜕+𝑋

𝜇𝜀−

 

𝜃𝐴 = (
𝜃−
𝜃+
)  

• Grassmann: 

{𝜃𝐴, 𝜃𝐵} = 0  

𝑌𝜇(𝜎𝛼 , 𝜃) = 𝑋𝜇(𝜎𝛼) + 𝜃‾𝜓𝜇(𝜎𝛼) +
1

2
𝜃‾𝜃𝐵𝜇(𝜎𝛼)  

𝑄𝐴 =
𝜕

𝜕𝜃‾𝐴
− (𝜌𝛼𝜃)𝐴𝜕𝛼  

𝛿𝜃𝐴 = [𝜀‾𝑄, 𝜃𝐴] = 𝜀𝐴,

𝛿𝜎𝛼 = [𝜀‾𝑄, 𝜎𝛼] = −𝜀‾𝜌𝛼𝜃 = 𝜃‾𝜌𝛼𝜀,
 

𝛿𝑌𝜇 = [𝜀‾𝑄, 𝑌𝜇] = 𝜀‾𝑄𝑌𝜇  

𝜃𝐴𝜃‾𝐵 = −
1

2
𝛿𝐴𝐵𝜃‾𝐶𝜃𝐶  

𝛿𝑋𝜇 = 𝜀‾𝜓𝜇

𝛿𝜓𝜇 = 𝜌𝛼𝜕𝛼𝑋
𝜇𝜀 + 𝐵𝜇𝜀

𝛿𝐵𝜇 = 𝜀‾𝜌𝛼𝜕𝛼𝜓
𝜇

 

𝐷𝐴 =
𝜕

𝜕𝜃‾𝐴
+ (𝜌𝛼𝜃)𝐴𝜕𝛼  

𝑆 =
𝑖

4𝜋
∫  𝑑2𝜎𝑑2𝜃𝐷‾𝑌𝜇𝐷𝑌𝜇  

𝛿𝑆 =
𝑖

4𝜋
∫  𝑑2𝜎𝑑2𝜃𝜀‾𝑄(𝐷‾𝑌𝜇𝐷𝑌𝜇)  
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∫  𝑑𝜃(𝑎 + 𝜃𝑏) = 𝑏  

∫  𝑑2𝜃𝜃‾𝜃 = −2𝑖  

𝐷𝑌𝜇 = 𝜓𝜇 + 𝜃𝐵𝜇 + 𝜌𝛼𝜃𝜕𝛼𝑋
𝜇 −

1

2
𝜃‾𝜃𝜌𝛼𝜕𝛼𝜓

𝜇 ,

𝐷‾ 𝑌𝜇 = 𝜓‾𝜇 + 𝐵𝜇𝜃‾ − 𝜃‾𝜕𝛼𝑋
𝜇𝜌𝛼 +

1

2
𝜃‾𝜃𝜕𝛼𝜓‾

𝜇𝜌𝛼.

 

𝑆 = −
1

2𝜋
∫  𝑑2𝜎(𝜕𝛼𝑋𝜇𝜕

𝛼𝑋𝜇 + 𝜓‾𝜇𝜌𝛼𝜕𝛼𝜓𝜇 − 𝐵𝜇𝐵
𝜇)  

𝑆 =
1

𝜋
∫  𝑑2𝜎(2𝜕+𝑋𝜕−𝑋 + 𝑖𝜓−𝜕+𝜓− + 𝑖𝜓+𝜕−𝜓+) 

𝛿𝑋𝜇 = 𝜀‾𝜓𝜇 , 𝛿𝜓𝜇 = 𝜌𝛼𝜕𝛼𝑋
𝜇𝜀 

[𝛿𝜀1 , 𝛿𝜀2]𝜓
𝜇 = 𝛿𝜀1(𝛿𝜀2𝜓

𝜇) − 𝛿𝜀2(𝛿𝜀1𝜓
𝜇) = 𝛿𝜀1(𝜌

𝛼𝜕𝛼𝑋
𝜇𝜀2) − 𝛿𝜀2(𝜌

𝛼𝜕𝛼𝑋
𝜇𝜀1)

= 𝜌𝛼𝜀2𝜕𝛼𝛿𝜀1𝑋
𝜇 − 𝜌𝛼𝜀1𝜕𝛼𝛿𝜀2𝑋

𝜇 = 𝜌𝛼(𝜀2𝜀‾1 − 𝜀1𝜀‾2)𝜕𝛼𝜓
𝜇  

−𝜀‾1𝜌𝛽𝜀2𝜌
𝛼𝜌𝛽𝜕𝛼𝜓

𝜇 = −2𝜀‾1𝜌
𝛼𝜀2𝜕𝛼𝜓

𝜇 + 𝜀‾1𝜌𝛽𝜀2𝜌
𝛽𝜌𝛼𝜕𝛼𝜓

𝜇 

𝑎𝛼 = −2𝜀‾1𝜌
𝛼𝜀2 

[𝛿𝜀1 , 𝛿𝜀2]𝑋
𝜇 = 𝜀‾2𝛿𝜀1𝜓

𝜇 − 𝜀‾1𝛿𝜀2𝜓
𝜇 = −2𝜀‾1𝜌

𝛼𝜀2𝜕𝛼𝑋
𝜇 

𝛿𝑌𝜇 = [𝜀‾𝑄, 𝑌𝜇(𝜎, 𝜃)] = 𝜀‾𝑄𝑌𝜇(𝜎, 𝜃), 

𝑄𝐴 =
𝜕

𝜕𝜃‾𝐴
− (𝜌𝛼𝜃)𝐴𝜕𝛼 

𝛿𝑌𝜇(𝜎, 𝜃) = 𝜀‾𝐴𝑄𝐴 (𝑋
𝜇(𝜎) + 𝜃‾𝜓𝜇(𝜎) +

1

2
𝜃‾𝜃𝐵𝜇(𝜎))

= 𝜀‾𝐴𝜓𝐴
𝜇
(𝜎) − 𝜀‾𝐴(𝜌𝛼𝜃)𝐴𝜕𝛼𝑋

𝜇(𝜎) + 𝜀‾𝐴𝜃𝐴𝐵
𝜇(𝜎) − 𝜀‾𝐴(𝜌𝛼𝜃)𝐴𝜃‾

𝐵𝜕𝛼𝜓𝐵
𝜇
(𝜎)

= 𝜀‾𝜓𝜇(𝜎) + 𝜃‾𝜌𝛼𝜀𝜕𝛼𝑋
𝜇(𝜎) + 𝜃‾𝜀𝐵𝜇(𝜎) +

1

2
𝜃‾𝜃𝜀‾𝜌𝛼𝜕𝛼𝜓

𝜇(𝜎)

 

𝑆 =
𝑖

4𝜋
∫  𝑑2𝜎𝑑2𝜃(−𝜓‾𝜇𝜌𝛼𝜕𝛼𝜓𝜇𝜃‾𝜃 + 𝐵

𝜇𝐵𝜇𝜃‾𝜃 − 𝜃‾𝜌
𝛼𝜕𝛼𝑋

𝜇𝜌𝛽𝜃𝜕𝛽𝑋𝜇) 

𝜃‾𝜌𝛼𝜕𝛼𝑋
𝜇𝜌𝛽𝜃𝜕𝛽𝑋𝜇 = 𝜕

𝛼𝑋𝜇𝜕𝛼𝑋𝜇𝜃‾𝜃 

𝑇𝛼𝛽 = 𝜕𝛼𝑋
𝜇𝜕𝛽𝑋𝜇 +

1

4
𝜓‾𝜇𝜌𝛼𝜕𝛽𝜓𝜇 +

1

4
𝜓‾𝜇𝜌𝛽𝜕𝛼𝜓𝜇 − ( trace )  

𝛿𝑆 ∼ ∫  𝑑2𝜎(𝜕𝛼𝜀‾)𝐽
𝛼  

𝐽𝐴
𝛼 = −

1

2
(𝜌𝛽𝜌𝛼𝜓𝜇)𝐴𝜕𝛽𝑋

𝜇  
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(𝜌𝛼)𝐴𝐵𝐽𝐵
𝛼 = 0  

𝑇++ = 𝜕+𝑋𝜇𝜕+𝑋
𝜇 +

𝑖

2
𝜓+
𝜇
𝜕+𝜓+𝜇

𝑇−− = 𝜕−𝑋𝜇𝜕−𝑋
𝜇 +

𝑖

2
𝜓−
𝜇𝜕−𝜓−𝜇

 

𝐽+ = 𝜓+
𝜇
𝜕+𝑋𝜇  and  𝐽− = 𝜓−

𝜇𝜕−𝑋𝜇  

𝜕−𝐽+ = 𝜕+𝐽− = 0  

𝜕−𝑇++ = 𝜕+𝑇−− = 0  

{𝜓𝐴
𝜇
(𝜎, 𝜏), 𝜓𝐵

𝜈(𝜎′, 𝜏)} = 𝜋𝜂𝜇𝜈𝛿𝐴𝐵𝛿(𝜎 − 𝜎
′)  

𝐽+ = 𝐽− = 𝑇++ = 𝑇−− = 0  

𝑆 =
1

𝜋
∫  𝑑2𝜎(2𝜕+𝑋 ⋅ 𝜕−𝑋 + 𝑖𝜓− ⋅ 𝜕+𝜓− + 𝑖𝜓+ ⋅ 𝜕−𝜓+) 

𝛿+(2𝜕+𝑋 ⋅ 𝜕−𝑋 + 𝑖𝜓− ⋅ 𝜕+𝜓− + 𝑖𝜓+ ⋅ 𝜕−𝜓+)

= 𝑎+(−2𝜕−(𝜕+𝑋 ⋅ 𝜕+𝑋) + 𝑖𝜕+(𝜓+ ⋅ 𝜕−𝜓+) − 𝑖𝜕−(𝜓+ ⋅ 𝜕+𝜓+))
 

−2𝑎+(𝜕−𝑇++ + 𝜕+𝑇−+) 

𝑇++ = 𝜕+𝑋 ⋅ 𝜕+𝑋 +
𝑖

2
𝜓+ ⋅ 𝜕+𝜓+. 

𝑇−− = 𝜕−𝑋 ⋅ 𝜕−𝑋 +
𝑖

2
𝜓− ⋅ 𝜕−𝜓−. 

𝛿−𝑋
𝜇 = 𝑖𝜀−𝜓+

𝜇

𝛿−𝜓+
𝜇
= −2𝜕+𝑋

𝜇𝜀−  and  𝛿−𝜓−
𝜇 = 0.

 

𝛿−(2𝜕+𝑋 ⋅ 𝜕−𝑋 + 𝑖𝜓− ⋅ 𝜕+𝜓− + 𝑖𝜓+ ⋅ 𝜕−𝜓+) = −4𝑖𝜀−𝜕−(𝜓+ ⋅ 𝜕+𝑋) 

𝑆f ∼ ∫  𝑑
2𝜎(𝜓−𝜕+𝜓− + 𝜓+𝜕−𝜓+)  

𝛿𝑆 ∼ ∫  𝑑𝜏(𝜓+𝛿𝜓+ − 𝜓−𝛿𝜓−)|
𝜎=𝜋

− (𝜓+𝛿𝜓+ −𝜓−𝛿𝜓−)|𝜎=0  

𝜓+
𝜇
= ±𝜓−

𝜇  

𝜓+
𝜇
|
𝜎=0

= 𝜓−
𝜇|𝜎=0.  

𝜓+
𝜇
|
𝜎=𝜋

= 𝜓−
𝜇|𝜎=𝜋  
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𝜓−
𝜇(𝜎, 𝜏)  =

1

√2
∑  

𝑛∈ℤ

 𝑑𝑛
𝜇
𝑒−𝑖𝑛(𝜏−𝜎),

𝜓+
𝜇
(𝜎, 𝜏)  =

1

√2
∑  

𝑛∈ℤ

 𝑑𝑛
𝜇
𝑒−𝑖𝑛(𝜏+𝜎).

 

• Majorana:  

𝜓+
𝜇
|
𝜎=𝜋

= −𝜓−
𝜇|𝜎=𝜋  

𝜓−
𝜇(𝜎, 𝜏)  =

1

√2
∑  

𝑟∈ℤ+1/2

 𝑏𝑟
𝜇
𝑒−𝑖𝑟(𝜏−𝜎)

𝜓+
𝜇
(𝜎, 𝜏)  =

1

√2
∑  

𝑟∈ℤ+1/2

 𝑏𝑟
𝜇
𝑒−𝑖𝑟(𝜏+𝜎)

 

𝑚, 𝑛 ∈ ℤ  while  𝑟, 𝑠 ∈ ℤ +
1

2
 

𝜓±(𝜎) = ±𝜓±(𝜎 + 𝜋)  

𝜓−
𝜇(𝜎, 𝜏) = ∑  

𝑛∈ℤ

 𝑑𝑛
𝜇
𝑒−2𝑖𝑛(𝜏−𝜎)  or  𝜓−

𝜇(𝜎, 𝜏) = ∑  

𝑟∈ℤ+1/2

 𝑏𝑟
𝜇
𝑒−2𝑖𝑟(𝜏−𝜎)  

𝜓+
𝜇
(𝜎, 𝜏) = ∑  

𝑛∈ℤ

  �̃�𝑛
𝜇
𝑒−2𝑖𝑛(𝜏+𝜎)  or  𝜓+

𝜇
(𝜎, 𝜏) = ∑  

𝑟∈ℤ+1/2

  �̃�𝑟
𝜇
𝑒−2𝑖𝑟(𝜏+𝜎)  

[𝛼𝑚
𝜇
, 𝛼𝑛
𝜈] = 𝑚𝛿𝑚+𝑛,0𝜂

𝜇𝜈  

{𝑏𝑟
𝜇
, 𝑏𝑠
𝜈} = 𝜂𝜇𝜈𝛿𝑟+𝑠,0  and  {𝑑𝑚

𝜇
, 𝑑𝑛
𝜈} = 𝜂𝜇𝜈𝛿𝑚+𝑛,0  

𝛼𝑚
𝜇
|0⟩R = 𝑑𝑚

𝜇
|0⟩R = 0  for  𝑚 > 0  

𝛼𝑚
𝜇
|0⟩NS = 𝑏𝑟

𝜇
|0⟩NS = 0  for  𝑚, 𝑟 > 0.  

{𝑑0
𝜇
, 𝑑0
𝜈} = 𝜂𝜇𝜈  

{Γ𝜇, Γ𝜈} = 2𝜂𝜇𝜈 .  

𝑑0
𝜇
|𝑎⟩ =

1

√2
Γ𝑏𝑎
𝜇
|𝑏⟩.  

𝐿𝑚 =
1

𝜋
∫  
𝜋

−𝜋

 𝑑𝜎𝑒𝑖𝑚𝜎𝑇++ = 𝐿𝑚
(b)
+ 𝐿𝑚

(f)
 

𝐿𝑚
(b)
=
1

2
∑  

𝑛∈ℤ

  : 𝛼−𝑛 ⋅ 𝛼𝑚+𝑛: 𝑚 ∈ ℤ  

𝐿𝑚
(f)
=
1

2
∑  

𝑟∈ℤ+1/2

 (𝑟 +
𝑚

2
) : 𝑏−𝑟 ⋅ 𝑏𝑚+𝑟: 𝑚 ∈ ℤ  
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𝐺𝑟 =
√2

𝜋
∫  
𝜋

−𝜋

 𝑑𝜎𝑒𝑖𝑟𝜎𝐽+ =∑  

𝑛∈ℤ

 𝛼−𝑛 ⋅ 𝑏𝑟+𝑛 𝑟 ∈ ℤ +
1

2
 

𝐿0 =
1

2
𝛼0
2 +𝑁  

𝑁 = ∑  

∞

𝑛=1

 𝛼−𝑛 ⋅ 𝛼𝑛 + ∑  

∞

𝑟=1/2

 𝑟𝑏−𝑟 ⋅ 𝑏𝑟  

𝐿𝑚
(𝑓)
=
1

2
∑  

𝑛∈ℤ

  (𝑛 +
𝑚

2
) : 𝑑−𝑛 ⋅ 𝑑𝑚+𝑛: 𝑚 ∈ ℤ  

𝐹𝑚 =
√2

𝜋
∫  
𝜋

−𝜋

 𝑑𝜎𝑒𝑖𝑚𝜎𝐽+ =∑  

𝑛∈ℤ

 𝛼−𝑛 ⋅ 𝑑𝑚+𝑛 𝑚 ∈ ℤ  

[𝐿𝑚, 𝐿𝑛] = (𝑚 − 𝑛)𝐿𝑚+𝑛 +
𝐷

8
𝑚3𝛿𝑚+𝑛,0

[𝐿𝑚, 𝐹𝑛] = (
𝑚

2
− 𝑛)𝐹𝑚+𝑛

{𝐹𝑚, 𝐹𝑛} = 2𝐿𝑚+𝑛 +
𝐷

2
𝑚2𝛿𝑚+𝑛,0

 

[𝐿𝑚, 𝐿𝑛] = (𝑚 − 𝑛)𝐿𝑚+𝑛 +
𝐷

8
𝑚(𝑚2 − 1)𝛿𝑚+𝑛,0

[𝐿𝑚, 𝐺𝑟] = (
𝑚

2
− 𝑟)𝐺𝑚+𝑟

{𝐺𝑟, 𝐺𝑠} = 2𝐿𝑟+𝑠 +
𝐷

2
(𝑟2 −

1

4
)𝛿𝑟+𝑠,0

 

𝐺𝑟|𝜙⟩ = 0 𝑟 > 0,
𝐿𝑚|𝜙⟩ = 0 𝑚 > 0,
(𝐿0 − 𝑎NS)|𝜙⟩ = 0.

 

𝐹𝑛|𝜙⟩ = 0 𝑛 ≥ 0,
𝐿𝑚|𝜙⟩ = 0 𝑚 > 0,
(𝐿0 − 𝑎R)|𝜙⟩ = 0.

 

(𝑝 ⋅ Γ +
2√2

𝑙s
∑  

∞

𝑛=1

  (𝛼−𝑛 ⋅ 𝑑𝑛 + 𝑑−𝑛 ⋅ 𝛼𝑛)) |𝜙⟩ = 0  

𝛼0
𝜇
=
1

2
𝑙s𝑝

𝜇 , 𝑑0
𝜇
=
1

√2
Γ𝜇 

𝐹0 = ∑  

∞

𝑛=−∞

𝛼−𝑛 ⋅ 𝑑𝑛 = 𝛼0 ⋅ 𝑑0 +∑  

∞

𝑛=1

(𝛼−𝑛 ⋅ 𝑑𝑛 + 𝑑−𝑛 ⋅ 𝛼𝑛) 

𝑎NS =
1

2
  and  𝑎R = 0.  
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|𝜓⟩ = 𝐺−1/2|𝜒⟩,  

𝐺1/2|𝜒⟩ = 𝐺3/2|𝜒⟩ = (𝐿0 − 𝑎NS +
1

2
) |𝜒⟩ = 0.  

𝐺1/2|𝜓⟩ = 𝐺1/2𝐺−1/2|𝜒⟩ = (2𝐿0 − 𝐺−1/2𝐺1/2)|𝜒⟩ = (2𝑎NS − 1)|𝜒⟩.  

⟨𝛼 ∣ 𝜓⟩ = ⟨𝛼|𝐺−1/2|𝜒⟩ = ⟨𝜒|𝐺1/2|𝛼⟩
⋆ = 0,  

|𝜓⟩ = (𝐺−3/2 + 𝜆𝐺−1/2𝐿−1)|𝜒⟩.  

𝐺1/2|𝜒⟩ = 𝐺3/2|𝜒⟩ = (𝐿0 + 1)|𝜒⟩ = 0.  

𝐺1/2|𝜓⟩  = (2 − 𝜆)𝐿−1|𝜒⟩

𝐺3/2|𝜓⟩  = (𝐷 − 2 − 4𝜆)|𝜒⟩
 

|𝜓⟩ = 𝐹0𝐹−1|𝜒⟩,  

𝐹1|𝜒⟩ = (𝐿0 + 1)|𝜒⟩ = 0  

𝐿1|𝜓⟩ = (
1

2
𝐹1 + 𝐹0𝐿1)𝐹−1|𝜒⟩ =

1

4
(𝐷 − 10)|𝜒⟩.  

𝑋+(𝜎, 𝜏) = 𝑥+ + 𝑝+𝜏  

𝜓+(𝜎, 𝜏) = 0  

𝛼′𝑀2 = ∑  

∞

𝑛=1

 𝛼−𝑛
𝑖 𝛼𝑛

𝑖 + ∑  

∞

𝑟=1/2

 𝑟𝑏−𝑟
𝑖 𝑏𝑟

𝑖 −
1

2
.  

𝛼𝑛
𝑖 |0; 𝑘⟩NS = 𝑏𝑟

𝑖 |0; 𝑘⟩NS = 0  for  𝑛, 𝑟 > 0  

𝛼0
𝜇
|0; 𝑘⟩NS = √2𝛼

′𝑘𝜇|0; 𝑘⟩NS.  

𝛼′𝑀2 = −
1

2
.  

𝑏−1/2
𝑖 |0; 𝑘⟩NS.  

𝛼′𝑀2 =
1

2
− 𝑎NS  

𝛼′𝑀2 = ∑  

∞

𝑛=1

 𝛼−𝑛
𝑖 𝛼𝑛

𝑖 +∑  

∞

𝑛=1

 𝑛𝑑−𝑛
𝑖 𝑑𝑛

𝑖  

𝛼𝑛
𝑖 |0; 𝑘⟩R = 𝑑𝑛

𝑖 |0; 𝑘⟩R = 0  for  𝑛 > 0  

𝐺 = (−1)𝐹+1 = (−1)∑  ∞
𝑟=1/2  𝑏−𝑟

𝑖 𝑏𝑟
𝑖+1 (NS)  

𝐺 = Γ11(−1)
∑  ∞
𝑛=1  𝑑−𝑛

𝑖 𝑑𝑛
𝑖
 (R)  



pág. 153 

Γ11 = Γ0Γ1…Γ9  

(Γ11)
2 = 1  and  {Γ11, Γ

𝜇} = 0  

Γ11𝜓 = ±𝜓  

𝑃± =
1

2
(1 ± Γ11)  

(−1)𝐹NS = −1,  

𝐺|0⟩NS = −|0⟩NS.  

𝛼−1
𝑖 𝑏−1/2

𝑗
|0⟩, 𝑏−1/2

𝑖 𝑏−1/2
𝑗

𝑏−1/2
𝑘 |0⟩, 𝑏−3/2

𝑖 |0⟩, 

𝛼−1
𝑖 |𝜓0⟩, 𝑑−1

𝑖 |𝜓0
′ ⟩ 

𝑓NS(𝑤) = ∑  

∞

𝑛=0

𝑑NS(𝑛)𝑤
𝑛  and  𝑓R(𝑤) = ∑  

∞

𝑛=0

𝑑R(𝑛)𝑤
𝑛. 

tr𝑤𝑎
†𝑎 = 1 + 𝑤 +𝑤2 +⋯ =

1

1 − 𝑤
 

tr𝑤𝑏
†𝑏 = 1 + 𝑤. 

tr𝑤𝑁−1/2 =
1

√𝑤
∏  

∞

𝑚=1

(
1 + 𝑤𝑚−1/2

1 − 𝑤𝑚
)

8

. 

𝑓NS(𝑤) =
1

2√𝑤
[∏  

∞

𝑚=1

 (
1 + 𝑤𝑚−1/2

1 − 𝑤𝑚
)

8

−∏  

∞

𝑚=1

 (
1 − 𝑤𝑚−1/2

1 − 𝑤𝑚
)

8

]. 

𝑓R(𝑤) = 8∏  

∞

𝑚=1

(
1 + 𝑤𝑚

1 − 𝑤𝑚
)

8

 

𝑆 =
1

𝜋
∫  𝜕𝑋𝜇𝜕‾𝑋𝜇𝑑

2𝑧  

𝑇 = −2: 𝜕𝑋𝜇𝜕𝑋𝜇: = ∑  

∞

𝑛=−∞

 
𝐿𝑛
𝑧𝑛+2

 

𝑇(𝑧)𝑇(𝑤) =
𝑐/2

(𝑧 − 𝑤)4
+

2

(𝑧 − 𝑤)2
𝑇(𝑤) +

1

𝑧 − 𝑤
𝜕𝑇(𝑤)  

𝑆matter =
1

2𝜋
∫  (2𝜕𝑋𝜇𝜕‾𝑋𝜇 +

1

2
𝜓𝜇𝜕‾𝜓𝜇 +

1

2
�̃�𝜇𝜕�̃�𝜇)𝑑

2𝑧  

𝑇B(𝑧) = −2𝜕𝑋
𝜇(𝑧)𝜕𝑋𝜇(𝑧) −

1

2
𝜓𝜇(𝑧)𝜕𝜓𝜇(𝑧) = ∑  

∞

𝑛=−∞

 
𝐿𝑛
𝑧𝑛+2
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𝜓𝜇(𝑧)𝜓𝜈(𝑤) ∼
𝜂𝜇𝜈

𝑧 − 𝑤
 

𝑇F(𝑧) = 2𝑖𝜓
𝜇(𝑧)𝜕𝑋𝜇(𝑧) = ∑  

∞

𝑟=−∞

 
𝐺𝑟

𝑧𝑟+3/2
 

𝑇F(𝑧)𝑇F(𝑤) ∼
�̂�

4(𝑧 − 𝑤)3
+

𝑇B(𝑤)

2(𝑧 − 𝑤)
+⋯  

𝑇(𝑧, 𝜃) = 𝑇F(𝑧) + 𝜃𝑇B(𝑧)  

𝑇(𝑧1, 𝜃1)𝑇(𝑧2, 𝜃2) ∼
�̂�

4𝑧12
3 +

3𝜃12

2𝑧12
2 𝑇(𝑧2, 𝜃2) +

𝐷2𝑇(𝑧2, 𝜃2)

2𝑧12
+
𝜃12
𝑧12

𝜕2𝑇(𝑧2, 𝜃2) + ⋯ 

𝐷 =
𝜕

𝜕𝜃
+ 𝜃

𝜕

𝜕𝑧
 

𝑇(𝑧1, 𝜃1)Φ(𝑧2, 𝜃2) ∼ ℎ
𝜃12

𝑧12
2 Φ(𝑧2, 𝜃2) +

1

2𝑧12
𝐷2Φ+

𝜃12
𝑧12

𝜕2Φ+⋯  

𝛾(𝑧)𝛽(𝑤) ∼
1

𝑧 − 𝑤
 

𝛽(𝑧)𝛾(𝑤) ∼ −
1

𝑧 − 𝑤
 

𝑆ghost =
1

2𝜋
∫  (𝑏𝜕‾𝑐 + 𝑏‾𝜕𝑐‾ + 𝛽𝜕‾𝛾 + 𝛽‾𝜕𝛾‾)𝑑2𝑧  

𝑇B
ghost 

= −2𝑏𝜕𝑐 + 𝑐𝜕𝑏 −
3

2
𝛽𝜕𝛾 −

1

2
𝛾𝜕𝛽

𝑇F
ghost 

= −2𝑏𝛾 + 𝑐𝜕𝛽 +
3

2
𝛽𝜕𝑐

 

𝛿𝑋𝜇 = 𝜂 (𝑐𝜕𝑋𝜇 −
𝑖

2
𝛾𝜓𝜇)

𝛿𝜓𝜇 = 𝜂 (𝑐𝜕𝜓𝜇 −
1

2
𝜓𝜇𝜕𝑐 + 2𝑖𝛾𝜕𝑋𝜇)

𝛿𝑐 = 𝜂(𝑐𝜕𝑐 − 𝛾2)

𝛿𝑏 = 𝜂𝑇B

𝛿𝛾 = 𝜂 (𝑐𝜕𝛾 −
1

2
𝛾𝜕𝑐)

𝛿𝛽 = 𝜂𝑇F

 

𝑄B =
1

2𝜋𝑖
∮   (𝑐𝑇B

matter + 𝛾𝑇F
matter + 𝑏𝑐𝜕𝑐 −

1

2
𝑐𝛾𝜕𝛽 −

3

2
𝑐𝛽𝜕𝛾 − 𝑏𝛾2) 𝑑𝑧  

{𝑄B, 𝑏(𝑧)} = 𝑇B(𝑧)  

[𝑄B, 𝛽(𝑧)] = 𝑇F(𝑧).  
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𝑆0 = ∫  𝑑𝜏 (
1

2
�̇�𝜇�̇�𝜇 − 𝑖𝜓

𝜇�̇�𝜇) 

𝛿𝑋𝜇 = 𝑖𝜀𝜓𝜇 , 𝛿𝜓𝜇 =
1

2
𝜀�̇�𝜇 , 

�̃�0 = ∫  𝑑𝜏 (
�̇�𝜇�̇�𝜇

2𝑒
+
𝑖�̇�𝜇𝜓𝜇𝜒

𝑒
− 𝑖𝜓𝜇�̇�𝜇) 

𝛿𝑋𝜇 = 𝜉�̇�𝜇 , 𝛿𝜓𝜇 = 𝜉�̇�𝜇

𝛿𝑒 =
𝑑

𝑑𝜏
(𝜉𝑒), 𝛿𝜒 =

𝑑

𝑑𝜏
(𝜉𝜒)

 

𝛿𝑋𝜇 = 𝑖𝜀𝜓𝜇 , 𝛿𝜓𝜇 =
1

2𝑒
(�̇�𝜇 − 𝑖𝜒𝜓𝜇)𝜀,

𝛿𝜒 = 𝜀, 𝛿𝑒 = −𝑖𝜒𝜀.
 

[𝑋𝜇 , �̇�𝜈] = 𝑖𝜂𝜇𝜈   and  {𝜓𝜇 , 𝜓𝜈} = 𝜂𝜇𝜈 

𝜓𝐴𝜒‾𝐵 = −
1

2
(𝜒‾𝜓𝛿𝐴𝐵 + 𝜒‾𝜌𝛼𝜓𝜌𝐴𝐵

𝛼 + 𝜒‾𝜌3𝜓(𝜌3)𝐴𝐵), 

𝑋𝜇(𝜎, 𝜏)  and  Θ𝑎(𝜎, 𝜏).  

𝑆 = −𝑚∫  √−�̇�𝜇�̇�
𝜇𝑑𝜏.  

𝛿Θ𝐴𝑎 = 𝜀𝐴𝑎 ,

𝛿𝑋𝜇 = 𝜀‾𝐴Γ𝜇Θ𝐴.
 

[𝛿1, 𝛿2]Θ
𝐴 = 0  and  [𝛿1, 𝛿2]𝑋

𝜇 = −2𝜀‾1
𝐴Γ𝜇𝜀2

𝐴 = 𝑎𝜇 .  

Π0
𝜇
= �̇�𝜇 − Θ‾ 𝐴Γ𝜇Θ̇𝐴  

Π𝛼
𝜇
= 𝜕𝛼𝑋

𝜇 − Θ‾ 𝐴Γ𝜇𝜕𝛼Θ
𝐴, 𝛼 = 0,1, … , 𝑝  

�̇�𝜇 → Π0
𝜇

 

𝑆1 = −𝑚∫  √−Π0 ⋅ Π0𝑑𝜏  

Θ = Θ1 + Θ2  

Θ1 =
1

2
(1 + Γ11)Θ  and  Θ2 =

1

2
(1 − Γ11)Θ  

Γ11 = Γ0Γ1…Γ9  

Π0
𝜇
= �̇�𝜇 − Θ‾Γ𝜇Θ̇  

𝑃𝜇 =
𝛿𝑆1

𝛿�̇�𝜇
=

𝑚

√−Π0 ⋅ Π0
(�̇�𝜇 − Θ‾Γ𝜇Θ̇).  
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�̇�𝜇 = 0.  

𝑃2 = −𝑚2.  

𝑃 ⋅ ΓΘ̇ = 0  

(𝑃 ⋅ Γ +𝑚Γ11)Θ̇ = 0  

(𝑃 ⋅ Γ + 𝑚Γ11)
2 = (𝑃 ⋅ Γ)2 +𝑚{𝑃 ⋅ Γ, Γ11} + (𝑚Γ11)

2 = 𝑃2 +𝑚2 = 0.  

𝑆2 = −𝑚∫  Θ‾Γ11Θ̇𝑑𝜏  

𝑆 = 𝑆1 + 𝑆2 = −𝑚∫  √−Π0 ⋅ Π0𝑑𝜏 −𝑚∫  Θ‾Γ11Θ̇𝑑𝜏  

𝛿𝑋𝜇 = Θ‾Γ𝜇𝛿Θ = −𝛿Θ‾Γ𝜇Θ  

𝛿Π0
𝜇
= −2𝛿Θ‾Γ𝜇Θ̇  

𝛿𝑆1 = 𝑚∫  
Π0 ⋅ 𝛿Π0

√−Π0
2
𝑑𝜏  

𝛿𝑆1 = −2𝑚∫  
Π0
𝜇
𝛿Θ‾Γ𝜇Θ̇

√−Π0
2
𝑑𝜏 = −2𝑚∫  𝛿Θ‾𝛾Γ11Θ̇𝑑𝜏  

𝛾 =
Γ ⋅ Π0

√−Π0
2
Γ11  

𝛾2 =
(Γ ⋅ Π0)

2

Π0
2 = 1  

𝑃± =
1

2
(1 ± 𝛾)  

𝛿𝑆2 = −2𝑚∫  𝛿Θ‾Γ11Θ̇𝑑𝜏  

𝛿(𝑆1 + 𝑆2) = −2𝑚∫  𝛿Θ‾ (1 + 𝛾)Γ11Θ̇𝑑𝜏 = −4𝑚∫  𝛿Θ‾𝑃+Γ11Θ̇𝑑𝜏  

𝛿Θ‾ = 𝜅‾𝑃−,  

𝛿Θ‾ = 𝜅‾𝑃−  and  𝛿𝑋𝜇 = −𝜅‾𝑃−Γ
𝜇Θ.  

Θ‾1Γ𝜇Θ2 = −Θ‾ 2Γ𝜇Θ1 

𝒞Γ𝜇𝒞
−1 = −Γ𝜇

𝑇 

Θ‾1Γ𝜇Θ2 = Θ1
†Γ0Γ𝜇Θ2 = Θ1

𝑇𝒞Γ𝜇Θ2 
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−Θ2
𝑇Γ𝜇

𝑇𝒞𝑇Θ1 = −Θ2
𝑇𝒞Γ𝜇Θ1 = −Θ‾ 2Γ𝜇Θ1 

Θ‾1Γ𝜇1⋯𝜇𝑛Θ2 = (−1)
𝑛(𝑛+1)/2Θ‾ 2Γ𝜇1⋯𝜇𝑛Θ1, 

Γ𝜇1𝜇2⋯𝜇𝑛 = Γ[𝜇1Γ𝜇2⋯Γ𝜇𝑛] 

𝛿1𝛿2𝑋
𝜇 = 𝛿1(𝜀‾2

𝐴Γ𝜇Θ𝐴) = 𝜀‾2
𝐴Γ𝜇𝜀1

𝐴. 

[𝛿1, 𝛿2]𝑋
𝜇 = 𝜀‾2

𝐴Γ𝜇𝜀1
𝐴 − 𝜀‾1

𝐴Γ𝜇𝜀2
𝐴 = −2𝜀‾1

𝐴Γ𝜇𝜀2
𝐴, 

𝛿(�̇�𝜇 − Θ‾ 𝐴Γ𝜇Θ̇𝐴) =
𝑑

𝑑𝜏
(𝜀‾𝐴Γ𝜇Θ𝐴) − 𝜀‾𝐴Γ𝜇Θ̇𝐴 − Θ‾ 𝐴Γ𝜇𝜀𝐴

= 𝜀‾𝐴Γ𝜇Θ̇𝐴 − 𝜀‾𝐴Γ𝜇Θ̇𝐴 = 0

 

𝑃𝜇 =
𝛿ℒ

𝛿�̇�𝜇
= 𝑚

Π𝜇

√−Π2
 

�̇�𝜇 = 0 

𝑑

𝑑𝜏

𝛿ℒ

𝛿Θ‾̇ 𝐴
−
𝛿ℒ

𝛿Θ‾ 𝐴
= 0 

𝑑

𝑑𝜏
(𝑃𝜇Γ

𝜇Θ𝐴) + 𝑃𝜇Γ
𝜇Θ̇𝐴 = 0 

𝑃 ⋅ ΓΘ̇𝐴 = 0 

Γ11Θ
𝐴 = (−1)𝐴+1Θ𝐴   

Γ11Θ
𝐴 = Θ𝐴   

 

𝑆NG = −
1

𝜋
∫  𝑑2𝜎√−det(𝜕𝛼𝑋

𝜇𝜕𝛽𝑋𝜇)  

𝑆1 = −
1

𝜋
∫  𝑑2𝜎√−𝐺  

Π𝛼
𝜇
= 𝜕𝛼𝑋

𝜇 − Θ‾ 𝐴Γ𝜇𝜕𝛼Θ
𝐴  

𝛿𝑋𝜇 = Θ‾ 𝐴Γ𝜇𝛿Θ𝐴 = −𝛿Θ‾ 𝐴Γ𝜇Θ𝐴  

𝛿Π𝛼
𝜇
= −2𝛿Θ‾ 𝐴Γ𝜇𝜕𝛼Θ

𝐴  

𝛿𝑆1 =
2

𝜋
∫  𝑑2𝜎√−𝐺𝐺𝛼𝛽Π𝛼

𝜇
𝛿Θ‾ 𝐴Γ𝜇𝜕𝛽Θ

𝐴  

𝑆2 = ∫  Ω2 =
1

2
∫  𝑑2𝜎𝜖𝛼𝛽Ω𝛼𝛽  

∫  
𝐷

 Ω3 = ∫  
𝑀

 Ω2  

Γ𝜇𝑑Θ𝑑Θ‾Γ𝜇𝑑Θ = 0  
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Ω3 = 𝑐(𝑑Θ‾
1Γ𝜇𝑑Θ

1 − 𝑑Θ‾ 2Γ𝜇𝑑Θ
2)Π𝜇  

𝑑Ω3 = 𝑐(𝑑Θ‾
1Γ𝜇𝑑Θ

1 − 𝑑Θ‾ 2Γ𝜇𝑑Θ
2)𝑑Π𝜇  

𝛿Ω3 = 2𝑐(𝑑𝛿Θ‾
1Γ𝜇𝑑Θ

1 − 𝑑𝛿Θ‾ 2Γ𝜇𝑑Θ
2)Π𝜇

−2𝑐(𝑑Θ‾1Γ𝜇𝑑Θ
1 − 𝑑Θ‾ 2Γ𝜇𝑑Θ

2)𝛿Θ‾ 𝐴Γ𝜇𝑑Θ𝐴
 

−2𝑐(𝛿Θ‾1Γ𝜇𝑑Θ
1 − 𝛿Θ‾ 2Γ𝜇𝑑Θ

2)𝑑Π𝜇  

𝛿Ω3 = 𝑑[2𝑐(𝛿Θ‾
1Γ𝜇𝑑Θ

1 − 𝛿Θ‾ 2Γ𝜇𝑑Θ
2)Π𝜇]  

𝛿Ω2 = 2𝑐(𝛿Θ‾
1Γ𝜇𝑑Θ

1 − 𝛿Θ‾ 2Γ𝜇𝑑Θ
2)Π𝜇  

𝛿𝑆2 =
2

𝜋
∫  𝑑2𝜎𝜀𝛼𝛽(𝛿Θ‾1Γ𝜇𝜕𝛼Θ

1 − 𝛿Θ‾ 2Γ𝜇𝜕𝛼Θ
2)Π𝛽

𝜇
 

𝛿𝑆 =
4

𝜋
∫  𝑑2𝜎𝜀𝛼𝛽(𝛿Θ‾1𝑃+Γ𝜇𝜕𝛼Θ

1 − 𝛿Θ‾ 2𝑃−Γ𝜇𝜕𝛼Θ
2)Π𝛽

𝜇
 

𝑃± =
1

2
(1 ± 𝛾)  

𝛾 = −
𝜀𝛼𝛽Π𝛼

𝜇
Π𝛽
𝜈Γ𝜇𝜈

2√−𝐺
 

𝛿Θ‾1 = 𝜅‾1𝑃−  and  𝛿Θ‾ 2 = 𝜅‾2𝑃+  

Ω2 = 𝑐(Θ‾
1Γ𝜇𝑑Θ

1 − Θ‾ 2Γ𝜇𝑑Θ
2)𝑑𝑋𝜇 − 𝑐Θ‾1Γ𝜇𝑑Θ

1Θ‾ 2Γ𝜇𝑑Θ2  

𝑆 = 𝑆1 + 𝑆2  

𝛾2 = −
1

4𝐺
(𝜀𝛼𝛽Π𝛼

𝜇
Π𝛽
𝜈Γ𝜇𝜈)

2
= −

1

8𝐺
𝜀𝛼1𝛽1𝜀𝛼2𝛽2Π𝛼1

𝜇1Π𝛽1
𝜈1Π𝛼2

𝜇2Π𝛽2
𝜈2{Γ𝜇1𝜈1 , Γ𝜇2𝜈2} 

 

{Γ𝜇1𝜈1 , Γ𝜇2𝜈2} = −2𝜂𝜇1𝜇2𝜂𝜈1𝜈2 + 2𝜂𝜇1𝜈2𝜂𝜈1𝜇2 + 2Γ𝜇1𝜈1𝜇2𝜈2 

𝛾2 =
1

4𝐺
𝜀𝛼1𝛽1𝜀𝛼2𝛽2(𝐺𝛼1𝛼2𝐺𝛽1𝛽2 − 𝐺𝛼1𝛽2𝐺𝛽1𝛼2) = 1 

ℎ𝛼𝛽 = 𝑒
𝜙𝜂𝛼𝛽  

𝑋+ = 𝑥+ + 𝑝+𝜏  

Γ+Θ𝐴 = 0,  where  Γ± =
1

√2
(Γ0 ± Γ9).  

𝑆 = 𝑆1 + 𝑆2  

𝑆1 = −
1

2𝜋
∫  𝑑2𝜎√−ℎℎ𝛼𝛽Π𝛼 ⋅ Π𝛽  
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𝑆2 =
1

𝜋
∫  𝑑2𝜎𝜀𝛼𝛽[−𝜕𝛼𝑋

𝜇(Θ‾1Γ𝜇𝜕𝛽Θ
1 − Θ‾ 2Γ𝜇𝜕𝛽Θ

2) − Θ‾1Γ𝜇𝜕𝛼Θ
1Θ‾ 2Γ𝜇𝜕𝛽Θ

2]  

Π𝛼 ⋅ Π𝛽 =
1

2
ℎ𝛼𝛽ℎ

𝛾𝛿Π𝛾 ⋅ Π𝛿

Γ ⋅ Π𝛼𝑃−
𝛼𝛽𝜕𝛽Θ

1 = Γ ⋅ Π𝛼𝑃+
𝛼𝛽
𝜕𝛽Θ

2 = 0

𝜕𝛼 [√−ℎ (ℎ
𝛼𝛽𝜕𝛽𝑋

𝜇 − 2𝑃−
𝛼𝛽Θ‾1Γ𝜇𝜕𝛽Θ

1 − 2𝑃+
𝛼𝛽
Θ‾ 2Γ𝜇𝜕𝛽Θ

2)] = 0

 

𝑃±
𝛼𝛽
=
1

2
(ℎ𝛼𝛽 ±

𝜀𝛼𝛽

√−ℎ
) .  

Θ‾ 𝐴Γ𝜇𝜕𝛼Θ
𝐴  

(Γ𝜇Π𝛼
𝜇
)𝑃−

𝛼𝛽𝜕𝛽Θ
1 = (Γ+Π𝛼

+ + Γ𝑖Π𝛼
𝑖 )𝑃−

𝛼𝛽𝜕𝛽Θ
1 = 0  

Γ+(Γ+Π𝛼
+ + Γ𝑖Π𝛼

𝑖 )𝑃−
𝛼𝛽𝜕𝛽Θ

1 = 2Π𝛼
+𝑃−

𝛼𝛽𝜕𝛽Θ
1 = 0  

𝑃−
0𝛽𝜕𝛽Θ

1 = 0  

(
𝜕

𝜕𝜏
+
𝜕

𝜕𝜎
)Θ1 = 0  

 IIA :√𝑝+Θ𝐴 → 𝟖𝐬 + 𝟖𝐜 = (𝑆1
𝑎, 𝑆2

�̇�)

 IIB :√𝑝+Θ𝐴 → 𝟖𝐬 + 𝟖𝐬 = (𝑆1
𝑎, 𝑆2

𝑎)
 

𝜕+𝜕−𝑋
𝑖 = 0, 𝜕+𝑆1

𝑎 = 0  and  𝜕−𝑆2
𝑎 or �̇� = 0.  

𝑆 = −
1

2𝜋
∫  𝑑2𝜎𝜕𝛼𝑋𝑖𝜕

𝛼𝑋𝑖 +
𝑖

𝜋
∫  𝑑2𝜎(𝑆1

𝑎𝜕+𝑆1
𝑎 + 𝑆2

𝑎𝜕−𝑆2
𝑎)  

𝑆 = −
1

2𝜋
∫  𝑑2𝜎(𝜕𝛼𝑋𝑖𝜕

𝛼𝑋𝑖 + 𝑆‾𝑎𝜌𝛼𝜕𝛼𝑆
𝑎)  

{𝑆𝐴𝑎(𝜎, 𝜏), 𝑆𝐵𝑏(𝜎′, 𝜏)} = 𝜋𝛿𝑎𝑏𝛿𝐴𝐵𝛿(𝜎 − 𝜎′)  

𝑆1𝑎|𝜎=0 = 𝑆
2𝑎|𝜎=0  and  𝑆1𝑎|𝜎=𝜋 = 𝑆

2𝑎|𝜎=𝜋  

𝑆1𝑎 =
1

√2
∑  

∞

𝑛=−∞

 𝑆𝑛
𝑎𝑒−𝑖𝑛(𝜏−𝜎)

𝑆2𝑎 =
1

√2
∑  

∞

𝑛=−∞

 𝑆𝑛
𝑎𝑒−𝑖𝑛(𝜏+𝜎)

 

{𝑆𝑚
𝑎 , 𝑆𝑛

𝑏} = 𝛿𝑚+𝑛,0𝛿
𝑎𝑏  

𝑆𝐴𝑎(𝜎, 𝜏) = 𝑆𝐴𝑎(𝜎 + 𝜋, 𝜏)  
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𝑆1𝑎 =∑ 

∞

−∞

 𝑆𝑛
𝑎𝑒−2𝑖𝑛(𝜏−𝜎),

𝑆2𝑎 =∑ 

∞

−∞

  �̃�𝑛
𝑎𝑒−2𝑖𝑛(𝜏+𝜎).

 

𝛼′𝑀2 = ∑  

∞

𝑛=1

  (𝛼−𝑛
𝑖 𝛼𝑛

𝑖 + 𝑛𝑆−𝑛
𝑎 𝑆𝑛

𝑎)  

{𝑆0
𝑎, 𝑆0

𝑏} = 𝛿𝑎𝑏 𝑎, 𝑏 = 1,… ,8  

|�̇�⟩ = Γ�̇�𝑏
𝑖 𝑆0

𝑏|𝑖⟩  and  |𝑖⟩ = Γ�̇�𝑏
𝑖 𝑆0

𝑏|�̇�⟩.  

(8𝑣 + 8𝑐) ⊗ (8𝑣 + 8𝑠)  

8𝐯⊗8𝐯 = 1 + 28 + 35  and  8𝐬⊗8𝐜 = 8𝐯 + 56𝐭  

𝜁‾Γ𝑖𝜒  and  𝜁‾Γ𝑖𝑗𝑘𝜒  

(8𝑣 + 8𝑐) ⊗ (8𝑣 + 8𝑐)  

8v⊗8v = 1 + 28 + 35  and  8c⊗8c = 1 + 28 + 35+  

𝟖𝐯⊗𝟖𝐯 = 𝜙⊕𝐵𝜇𝜈⊕𝐺𝜇𝜈  

(𝜕𝜏 + 𝜕𝜎)Θ
1 = (𝜕𝜏 − 𝜕𝜎)Θ

2 = 0 

8𝑣⊗8𝑣 = 1 + 28 + 35 

8s⊗8s = 1 + 28 + 35− 

𝑡𝑖𝑗𝑘𝑙 = ±
1

4!
𝜀𝑖𝑗𝑘𝑙𝑖

′𝑗′𝑘′𝑙′𝑡𝑖′𝑗′𝑘′𝑙′ 

𝜕𝜇𝐽
𝜇 = 𝑎𝜖𝜇1𝜇2…𝜇2𝑛𝐹𝜇1𝜇2⋯𝐹𝜇2𝑛−1𝜇2𝑛  

 

(⟨𝐵| + ⟨𝐶|) × (|𝐵⟩ + |𝐶⟩).  

𝐴 =∑  

𝜇,𝑎

 𝐴𝜇
𝑎(𝑥)𝜆𝑎𝑑𝑥𝜇  

𝐹 =
1

2
∑  

𝜇𝜈

 𝐹𝜇𝜈𝑑𝑥
𝜇 ∧ 𝑑𝑥𝜈 = 𝑑𝐴 + 𝐴 ∧ 𝐴  

𝛿Λ𝐴 = 𝑑Λ + [𝐴, Λ]  and  𝛿Λ𝐹 = [𝐹, Λ]  

𝜔 =∑  

𝜇,𝑎

 𝜔𝜇
𝑎(𝑥)𝜆𝑎𝑑𝑥𝜇  
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𝑅 = 𝑑𝜔 + 𝜔 ∧ 𝜔  

𝛿Θ𝜔 = 𝑑Θ + [𝜔, Θ]  and  𝛿Θ𝑅 = [𝑅, Θ].  

𝑑𝑋(𝑅, 𝐹) = 0  and  𝛿Λ𝑋(𝑅, 𝐹) = 𝛿Θ𝑋(𝑅, 𝐹) = 0.  

tr(𝐹 ∧ …∧ 𝐹) ≡ tr(𝐹𝑘)

tr(𝑅 ∧ …∧ 𝑅) ≡ tr(𝑅𝑘)
 

𝛿𝑆eff = ∫  𝐺2𝑛  

𝐼2𝑛+2 = 𝑑𝜔2𝑛+1  

𝛿𝜔2𝑛+1 = 𝑑𝐺2𝑛  

𝐼2𝑛+2 =∑  

𝛼

  𝐼2𝑛+2
(𝛼)

 

𝐼1/2(𝑅, 𝐹) = [�̂�(𝑅)tr𝜌𝑒
𝑖𝐹]

2𝑛+2
 

�̂�(𝑅) =∏ 

𝑛

𝑖=1

 
𝜆𝑖/2

sinh 𝜆𝑖/2
,  

𝑅 ∼

(

 
 
 
 
 
 

0 𝜆1
−𝜆1 0

0 𝜆2
−𝜆2 0

0 𝜆𝑛
−𝜆𝑛
0 )

 
 
 
 
 
 

.  

�̂�(𝑅) = 1 +
1

48
tr𝑅2 +

1

16
[
1

288
(tr𝑅2)2 +

1

360
tr𝑅4] + ⋯  

𝐼3/2(𝑅) = (∑  

𝑗

 2cosh 𝜆𝑗 − 1)∏ 

𝑖

 
𝜆𝑖/2

sinh 𝜆𝑖/2
.  

𝐼𝐴(𝑅) = −
1

8
𝐿(𝑅)  

𝐿(𝑅) =∏ 

𝑛

𝑖=1

 
𝜆𝑖

tanh 𝜆𝑖
 

�̂�(𝑅/2) = √𝐿(𝑅/4)�̂�(𝑅),  

𝐼(𝑅) = 𝐼3/2(𝑅) − 𝐼1/2(𝑅) + 𝐼𝐴(𝑅)  
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(2∑  

5

𝑗=1

 cosh 𝜆𝑗 − 2)∏ 

5

𝑖=1

 
𝜆𝑖/2

sinh 𝜆𝑖/2
−
1

8
∏  

5

𝑖=1

 
𝜆𝑖

tanh 𝜆𝑖
 

𝐼sugra =
1

2
[𝐼3/2(𝑅) − 𝐼1/2(𝑅)]12

= −
1

2
[𝐼𝐴(𝑅)]12 =

1

16
[𝐿(𝑅)]12.  

𝐼 = [
1

2
�̂�(𝑅)Tr𝑒𝑖𝐹 +

1

16
𝐿(𝑅)]

12
 

tr𝜌1×𝜌2𝑒
𝑖𝐹 = (tr𝜌1𝑒

𝑖𝐹)(tr𝜌2𝑒
𝑖𝐹)  

Tr𝑒𝑖𝐹 =
1

2
(tr𝑒𝑖𝐹)

2
−
1

2
tr𝑒2𝑖𝐹 =

1

2
(trcos 𝐹)2 −

1

2
trcos 2𝐹.  

𝐼 =
1

4
�̂�(𝑅)(trcos 𝐹)2 −

1

4
�̂�(𝑅)trcos 2𝐹 +

1

16
𝐿(𝑅)  

𝐼′ =
1

4
�̂�(𝑅)(trcos 𝐹)2 − 16�̂�(𝑅/2)trcos 𝐹 + 256𝐿(𝑅/4)  

𝐼′ = 𝑌2  where  𝑌 =
1

2
√�̂�(𝑅)trcos 𝐹 − 16√𝐿(𝑅/4)  

[𝐼]12 = [(𝑌4 + 𝑌8 +⋯)
2]12 = 2𝑌4𝑌8  

𝑌0 =
𝑁 − 32

2
 

𝑌B =
1

2
√�̂�(𝑅)trcos 𝐹  

𝑌C = −16√𝐿(𝑅/4)  

𝐼′ = 𝑌2 = 𝑌B
2 + 2𝑌B𝑌C + 𝑌C

2  

𝛿𝑆ct = −∫  𝐺10  

𝐺10 = 2𝐺2𝑌8  

𝑌4 =
1

4
(tr𝑅2 − tr𝐹2)  

𝑑𝜔3 L = tr𝑅
2  and  𝑑𝜔3Y = tr𝐹

2  

𝑆ct = 𝜇∫  𝐶2𝑌8  

𝜇𝛿𝐶2 = −2𝐺2  

�̃�3 = 𝑑𝐶2 + 2𝜇
−1𝜔3  
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 The case of 𝐸8 × 𝐸8 

Tr𝐹6 =
1

48
Tr𝐹2Tr𝐹4 −

1

14,400
(Tr𝐹2)3  

Tr𝐹2 = 30tr𝐹2

Tr𝐹4 = 24tr𝐹4 + 3(tr𝐹2)2

Tr𝐹6 = 15tr𝐹2tr𝐹4
 

𝑋4 = tr𝑅
2 −

1

30
Tr𝐹2  

𝑋8 =
1

8
tr𝑅4 +

1

32
(tr𝑅2)2 −

1

240
tr𝑅2Tr𝐹2 +

1

24
Tr𝐹4 −

1

7200
(Tr𝐹2)2.  

Tr𝐹2𝑛 = Tr𝐹1
2𝑛 + Tr𝐹2

2𝑛,  

𝐹 = (
𝐹1 0
0 𝐹2

)  

Tr𝐹𝑖
4 =

1

100
(Tr𝐹𝑖

2)
2
  and  Tr𝐹𝑖

6 =
1

7200
(Tr𝐹𝑖

2)
3
 𝑖 = 1,2.  

𝑋4𝑋8 = 𝑋4
(1)
𝑋8
(1)
+ 𝑋4

(2)
𝑋8
(2)  

𝑋4
(𝑖)
=
1

2
tr𝑅2 −

1

30
Tr𝐹𝑖

2 𝑖 = 1,2  

𝑋8
(𝑖)
=
1

8
tr𝑅4 +

1

32
(tr𝑅2)2 −

1

120
tr𝑅2Tr𝐹𝑖

2 +
1

3600
(Tr𝐹𝑖

2)
2
 𝑖 = 1,2.  

𝑛𝐻 − 𝑛𝑉 = 244. 

𝐼3/2(𝑅) + (𝑛𝑉 − 𝑛𝐻 − 1)𝐼1/2(𝑅) 

𝐼1/2
(8)
(𝑅) =

1

128 ⋅ 180
(4tr𝑅4 + 5(tr𝑅2)2)

𝐼3/2
(8)
(𝑅) =

1

128 ⋅ 180
(980tr𝑅4 − 215(tr𝑅2)2)

 

𝑝(𝑅) = det (1 +
𝑅

2𝜋
) =∏ 

𝑛

𝑖=1

(1 + (𝜆𝑖/2𝜋)
2). 

𝑝1 = −
1

2

1

(2𝜋)2
tr𝑅2  and  𝑝2 =

1

8

1

(2𝜋)4
((tr𝑅2)2 − 2tr𝑅4) 

𝐼1/2
(8)
=

1

5760
(7𝑝1

2 − 4𝑝2)  and  𝐼𝐴
(8)
=

1

5760
(16𝑝1

2 − 112𝑝2) 

𝐼8 = 2𝐼1/2
(8)
+ 𝐼𝐴

(8)
=

1

192
(𝑝1
2 − 4𝑝2) =

1

192

1

(2𝜋)4
(tr𝑅4 −

1

4
(tr𝑅2)2). 
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∫  𝐻3 ∧ 𝜔7 

𝛿 ∫  𝐻3 ∧ 𝜔7 = ∫  𝐻3 ∧ 𝑑𝐺6 = −∫  𝑑𝐻3 ∧ 𝐺6 

𝑑𝐻3 = 𝛿𝑊 

∫  𝐹4 ∧ 𝜔7 

Θ‾1Γ𝜇1⋯𝜇𝑛Θ2 = (−1)
𝑛(𝑛+1)/2Θ‾ 2Γ𝜇1⋯𝜇𝑛Θ1 

Γ𝜇𝑑Θ𝑑Θ‾Γ𝜇𝑑Θ = 0 

{Γ𝜇1𝜈1 , Γ𝜇2𝜈2} = −2𝜂𝜇1𝜇2𝜂𝜈1𝜈2 + 2𝜂𝜇1𝜈2𝜂𝜈1𝜇2 + 2Γ𝜇1𝜈1𝜇2𝜈2 

𝜔3 = tr (𝐴 ∧ 𝑑𝐴 +
2

3
𝐴 ∧ 𝐴 ∧ 𝐴) 

𝑋25(𝜎 + 𝜋, 𝜏) = 𝑋25(𝜎, 𝜏) + 2𝜋𝑅𝑊,𝑊 ∈ ℤ  

𝑋25(𝜎, 𝜏) = 𝑥25 + 2𝛼′𝑝25𝜏 + 2𝑅𝑊𝜎 +⋯ ,  

𝑝25 =
𝐾

𝑅
,𝐾 ∈ ℤ  

𝑋25(𝜎, 𝜏) = 𝑋L
25(𝜏 + 𝜎) + 𝑋R

25(𝜏 − 𝜎),  

𝑋R
25(𝜏 − 𝜎) =

1

2
(𝑥25 − �̃�25) + (𝛼′

𝐾

𝑅
−𝑊𝑅) (𝜏 − 𝜎) +⋯ ,

𝑋L
25(𝜏 + 𝜎) =

1

2
(𝑥25 + �̃�25) + (𝛼′

𝐾

𝑅
+𝑊𝑅) (𝜏 + 𝜎) +⋯ ,

 

𝑋R
25(𝜏 − 𝜎) =

1

2
(𝑥25 − �̃�25) + √2𝛼′𝛼0

25(𝜏 − 𝜎) +⋯

𝑋L
25(𝜏 + 𝜎) =

1

2
(𝑥25 + �̃�25) + √2𝛼′�̃�0

25(𝜏 + 𝜎) +⋯

 

√2𝛼′𝛼0
25 = 𝛼′

𝐾

𝑅
−𝑊𝑅

√2𝛼′�̃�0
25 = 𝛼′

𝐾

𝑅
+𝑊𝑅

 

𝑀2 = −∑  

24

𝜇=0

 𝑝𝜇𝑝
𝜇  

1

2
𝛼′𝑀2 = (�̃�0

25)
2
+ 2𝑁L − 2 = (𝛼0

25)
2
+ 2𝑁R − 2  

𝑁R −𝑁L = 𝑊𝐾  
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𝛼′𝑀2 = 𝛼′ [(
𝐾

𝑅
)
2

+ (
𝑊𝑅

𝛼′
)
2

] + 2𝑁L + 2𝑁R − 4  

𝛼0 → −𝛼0  and  �̃�0 → �̃�0  

𝑋R → −𝑋R  and  𝑋L → 𝑋L  

�̃�(𝜎, 𝜏) = 𝑋L(𝜏 + 𝜎) − 𝑋R(𝜏 − 𝜎),  

�̃�(𝜎, 𝜏) = �̃� + 2𝛼′
𝐾

𝑅
𝜎 + 2𝑅𝑊𝜏 +⋯  

∫  (
1

2
𝑉𝛼𝑉𝛼 − 𝜖

𝛼𝛽𝑋𝜕𝛽𝑉𝛼)𝑑
2𝜎  

1

2
∫  𝜕𝛼�̃�𝜕𝛼�̃�𝑑

2𝜎  

𝜖𝛼𝛽𝜖𝛼
𝛾
= −𝜂𝛽𝛾  

1

2
∫  𝜕𝛼𝑋𝜕𝛼𝑋𝑑

2𝜎  

𝜕𝛼�̃� = −𝜖𝛼  
𝛽𝜕𝛽𝑋  

𝑆 = −
1

4𝜋𝛼′
∫  𝑑𝜏𝑑𝜎𝜂𝛼𝛽𝜕𝛼𝑋

𝜇𝜕𝛽𝑋𝜇  

𝛿𝑆 = −
1

2𝜋𝛼′
∫  𝑑𝜏𝜕𝜎𝑋𝜇𝛿𝑋

𝜇|
𝜎=0

𝜎=𝜋

 

𝜕

𝜕𝜎
𝑋𝜇(𝜎, 𝜏) = 0,  for  𝜎 = 0, 𝜋  

𝑋(𝜏, 𝜎) = 𝑥 + 𝑝𝜏 + 𝑖∑  

𝑛≠0

 
1

𝑛
𝛼𝑛𝑒

−𝑖𝑛𝜏cos (𝑛𝜎)  

𝑋R(𝜏 − 𝜎) =
𝑥 − �̃�

2
+
1

2
𝑝(𝜏 − 𝜎) +

𝑖

2
∑  

𝑛≠0

 
1

𝑛
𝛼𝑛𝑒

−𝑖𝑛(𝜏−𝜎)

𝑋L(𝜏 + 𝜎) =
𝑥 + �̃�

2
+
1

2
𝑝(𝜏 + 𝜎) +

𝑖

2
∑  

𝑛≠0

 
1

𝑛
𝛼𝑛𝑒

−𝑖𝑛(𝜏+𝜎)

 

𝑋R → −𝑋R  and  𝑋L → 𝑋L  

�̃�(𝜏, 𝜎) = 𝑋L − 𝑋R = �̃� + 𝑝𝜎 +∑  

𝑛≠0

 
1

𝑛
𝛼𝑛𝑒

−𝑖𝑛𝜏sin (𝑛𝜎)  

�̃�(𝜏, 0) = �̃�  and  �̃�(𝜏, 𝜋) = �̃� +
𝜋𝐾

𝑅
= �̃� + 2𝜋𝐾�̃�  

𝛿𝑖𝑖
′
𝛿𝑗𝑗

′
𝛿𝑘𝑘

′
𝜆𝑖𝑗
1 𝜆𝑗′𝑘

2 𝜆𝑘′𝑖′
3 = Tr𝜆1𝜆2𝜆3  
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|𝜙, 𝑘, 𝑖𝑗⟩.  

|𝜙, 𝑘, 𝜆⟩ = ∑  

𝑁

𝑖,𝑗=1

  |𝜙, 𝑘, 𝑖𝑗⟩𝜆𝑖𝑗  

𝑈 = exp 𝑖 ∫  
2𝜋𝑅

0

 𝐴𝑑𝑥  

𝐴 = −
1

2𝜋𝑅
diag(𝜃1, 𝜃2, … , 𝜃𝑁)  

𝑒𝑖𝑝2𝜋𝑅 = 𝑒−𝑖(𝜃𝑖−𝜃𝑗)  

𝑝 =
𝐾

𝑅
−
𝜃𝑖 − 𝜃𝑗

2𝜋𝑅
,𝐾 ∈ ℤ  

�̃�𝑖𝑗
25 = �̃�0 + 𝜃𝑖�̃� + 2�̃�𝜎 (𝐾 +

𝜃𝑗 − 𝜃𝑖

2𝜋
) +⋯  

𝑀𝑖𝑗
2 = (

𝐾

𝑅
+
𝜃𝑗 − 𝜃𝑖

2𝜋𝑅
)

2

+
1

𝛼′
(𝑁 − 1).  

𝛼−1
25 |0, 𝑘⟩,  

𝛼−1
𝜇
|0, 𝑘⟩  with  𝜇 = 0,… ,24  

𝑋𝐿
𝜇
=
𝑥𝜇 + �̃�𝜇

2
+
1

2
𝑙s
2𝑝𝜇(𝜏 + 𝜎) +

𝑖

2
𝑙s ∑  

𝑚≠0

1

𝑚
𝛼𝑚
𝜇
𝑒−𝑖𝑚(𝜏+𝜎) 

𝑋𝑅
𝜇
=
𝑥𝜇 − �̃�𝜇

2
+
1

2
𝑙s
2𝑝𝜇(𝜏 − 𝜎) +

𝑖

2
𝑙s ∑  

𝑚≠0

1

𝑚
𝛼𝑚
𝜇
𝑒−𝑖𝑚(𝜏−𝜎). 

𝑋𝑖 = 𝑋𝐿
𝑖 + 𝑋𝑅

𝑖   and  𝑋𝐼 = 𝑋𝐿
𝐼 − 𝑋𝑅

𝐼 , 

𝑋𝐼(0, 𝜏) = 𝑋𝐼(𝜋, 𝜏) = �̃�𝐼 

𝑇++ = 𝜕+𝑋
𝑖𝜕+𝑋𝑖 + 𝜕+𝑋

𝐼𝜕+𝑋𝐼 = 𝜕+𝑋𝐿
𝜇
𝜕+𝑋𝐿𝜇 

𝑀2 = 2(𝑁 − 1)/𝑙s
2 

𝑀2 = −2/𝑙s
2 = −1/𝛼′ 

𝑆 = ∫  (−𝑚√−�̇�𝜇�̇�𝜇 − 𝑒�̇�
𝜇𝐴𝜇)𝑑𝜏 

𝐴 = −
𝜃

2𝜋𝑅
 

𝑝 =
𝐾

𝑅
+
𝑒𝜃

2𝜋𝑅
, 
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𝑆 = ∫  (−𝑚√1 − 𝑣2 − 𝑒(𝐴0 + 𝐴 ⋅ �⃗�)) 𝑑𝑡 

𝑃 =
𝛿𝑆

𝛿�̇�
= 𝑝 − 𝑒𝐴 = 𝑝 +

𝑒𝜃

2𝜋𝑅
 

𝑝 =
𝑚�̇�

√1 − 𝑣2
 

Ψ(𝑥) ∼ 𝑒𝑖𝑃𝑋 

𝑝 =
𝐾

𝑅
−
𝑒𝜃

2𝜋𝑅
 

𝐴𝑛 =
1

𝑛!
𝐴𝜇1𝜇2⋯𝜇𝑛𝑑𝑥

𝜇1 ∧ 𝑑𝑥𝜇2 ∧ ⋯∧ 𝑑𝑥𝜇𝑛  

𝐹𝑛+1 =
1

(𝑛 + 1)!
𝐹𝜇1𝜇2⋯𝜇𝑛+1𝑑𝑥

𝜇1 ∧ 𝑑𝑥𝜇2 ∧⋯∧ 𝑑𝑥𝜇𝑛+1  

𝑑𝐹 = 0  and  𝑑 ⋆ 𝐹 = 0  

𝑑𝐹 =⋆ 𝐽𝑚  and  𝑑 ⋆ 𝐹 =⋆ 𝐽𝑒 .  

𝐽𝜇 = (𝜌, 𝑗),  

𝑒 = ∫  
𝑆2
  ⋆ 𝐹  and  𝑔 = ∫  

𝑆2
 𝐹,  

𝑒 ⋅ 𝑔 ∈ 2𝜋ℤ  

𝑆int = 𝑒∫  𝐴 = 𝑒∫  𝑑𝜏𝐴𝜇
𝑑𝑥𝜇

𝑑𝜏
 

(⋆ 𝐹)𝜇1𝜇2⋯𝜇𝐷−2 =
𝜀𝜇1𝜇2⋯𝜇𝐷

2√−𝑔
𝐹𝜇𝐷−1𝜇𝐷  

𝑆int = 𝜇𝑝∫  𝐴𝑝+1  

∫  𝐴𝑝+1 =
1

(𝑝 + 1)!
∫  𝐴𝜇1⋯𝜇𝑝+1

𝜕𝑥𝜇1

𝜕𝜎0
⋯
𝜕𝑥𝜇𝑝+1

𝜕𝜎𝑝
𝑑𝑝+1𝜎.  

𝜇𝑝𝜇6−𝑝 ∈ 2𝜋ℤ  

𝑄 = 𝑄1 + Γ
01⋯𝑝𝑄2  

𝑋L
9 → 𝑋L

9  and  𝑋R
9 → −𝑋R

9  

𝜓L
9 → 𝜓L

9  and  𝜓R
9 → −𝜓R

9  

𝜕𝜎𝑋
𝜇|𝜎=0 = 𝜕𝜎𝑋

𝜇|𝜎=𝜋 = 0, 𝜇 = 0,… , 𝑝,  
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𝑋𝑖|
𝜎=0

= 𝑑1
𝑖   and  𝑋𝑖|

𝜎=𝜋
= 𝑑2

𝑖 , 𝑖 = 𝑝 + 1,… ,9,  

𝑋𝜇(𝜏, 𝜎) = 𝑥𝜇 + 𝑝𝜇𝜏 + 𝑖∑  

𝑛≠0

 
1

𝑛
𝛼𝑛
𝜇
cos 𝑛𝜎𝑒−𝑖𝑛𝜏,

𝑋𝑖(𝜏, 𝜎) = 𝑑1
𝑖 + (𝑑2

𝑖 − 𝑑1
𝑖 )
𝜎

𝜋
+∑  

𝑛≠0

 
1

𝑛
𝛼𝑛
𝑖 sin 𝑛𝜎𝑒−𝑖𝑛𝜏.

 

1

𝑔s
2∫  𝑑

10𝑥ℒNS  

2𝜋𝑅

𝑔s
2 ∫  𝑑

9𝑥ℒNS  

2𝜋�̃�

�̃�s
2 ∫  𝑑

9𝑥ℒNS  

�̃�s =
√𝛼′

𝑅
𝑔s  

𝒜 = (
𝐴 𝑇
𝑇‾ 𝐴′

) ,  

𝑉(𝑇0) + 2𝑁𝑇D𝑝 = 0.  

(𝐸, 𝐸′) ∼ 0 ⇔ 𝐸 ∼ 𝐸′  

(𝐸 ⊕𝐻,𝐸′⊕𝐻) ∼ (𝐸, 𝐸′)  

ℝ9,1 = ℝ𝑝,1 ×ℝ9−𝑝  

�̃�(𝑆9−𝑝) = {
ℤ 𝑝 =  odd 

0 𝑝 =  even 
 

𝐾(𝑋 × 𝑆1, 𝑆1) = 𝐾−1(𝑋)⊕ �̃�(𝑋)  

𝐾−1(𝑆8−𝑝) ≅ 𝐾(𝑆9−𝑝)  

𝐾−1(𝑆9−𝑝) = {
ℤ  for 𝑝 = even
0  for 𝑝 = odd

 

𝐾−1(𝑋 × 𝑆1, 𝑆1) = �̃�(𝑋)⊕ 𝐾−1(𝑋).  

𝜓(𝑥) = exp (𝑖𝑒∫  
𝑥

𝑥0

 𝐴1)𝜓0(𝑥), 

𝜓(𝑥) → 𝑈(𝛾)𝜓(𝑥), 𝑈(𝛾) = 𝑒𝑖𝑒∮  𝛾𝐴1 , 

∮   𝛾𝐴1 = ∫  
𝐷

𝐹2 
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∫  
𝐷

𝐹2 −∫  
𝐷′
𝐹2 = ∫  

𝐷−𝐷′
𝐹2 = 𝑔 

𝑒𝑔 ∈ 2𝜋ℤ 

�̃�𝐷−𝑝−2 =⋆ 𝐹𝑝+2 

𝜇𝑝 = ∫  
𝑆𝐷−𝑝−2

�̃�𝐷−𝑝−2 

𝜇𝐷−𝑝−4 = ∫  
𝑆𝑝+2

𝐹𝑝+2 

𝜓(𝛽) = exp (𝑖𝜇𝑝∫  
𝛽

𝛽0

 𝐴𝑝+1)𝜓0(𝛽) 

𝜓(𝛽) → 𝑈(𝛾)𝜓(𝛽), 𝑈(𝛾) = exp (𝑖𝜇𝑝∫ 
𝛾

 𝐴𝑝+1) 

∮   𝛾𝐴𝑝+1 = ∫  
𝐷

𝐹𝑝+2. 

∫  
𝐷

𝐹𝑝+2 −∫  
𝐷′
𝐹𝑝+2 = ∫  

𝐷−𝐷′
𝐹𝑝+2 = 𝜇𝐷−𝑝−4 

𝜇𝑝𝜇𝐷−𝑝−4 ∈ 2𝜋ℤ 

𝑋𝑅
9 → −𝑋𝑅

9 

𝜓𝑅
9 → −𝜓𝑅

9  

𝑑0
9 → −𝑑0

9 

Γ𝜇 = √2𝑑0
𝜇

 

Γ𝜇 → Γ𝜇( for 𝜇 ≠ 9)  and  Γ9 → −Γ9 

Γ11 = Γ0Γ1⋯Γ9 → −Γ11 

𝑆2
�̇� → Γ𝑏�̇�

𝑗
𝑆2
𝑏( for IIA )  and  𝑆2

𝑎 → Γ
𝑎�̇�
𝑗
𝑆2
�̇� 

Ω: 𝜎 → −𝜎  

𝑃 =
1

2
(1 + Ω)  

𝑏−1/2
𝜇

|0; 𝑎⟩  and  �̃�−1/2
𝜇

|𝑎; 0⟩.  

Ω𝑏−1/2
𝜇

|0, 𝑖𝑗⟩ = ±𝑏−1/2
𝜇

|0, 𝑗𝑖⟩,  

𝑋𝑅 → −𝑋𝑅 , 𝜓𝑅 → −𝜓𝑅  
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𝑋 = 𝑋𝐿 + 𝑋𝑅 → �̃� = 𝑋𝐿 − 𝑋𝑅  

�̃� → −�̃�  

(ℝ8,1 × 𝑆1)/Ω  

(ℝ8,1 × 𝑆1)/Ω ⋅ ℐ,  

�̃�𝐼 = 𝜃𝐼�̃�, 𝐼 = 1,2,… ,16  

𝜃𝐼 = 0 for 𝐼 = 1,… ,8 + 𝑁  and  𝜃𝐼 = 𝜋 for 𝐼 = 9 + 𝑁,… ,16.  

𝑆𝑂(16 + 2𝑁) × 𝑆𝑂(16 − 2𝑁) × 𝑈(1)2.  

𝑆𝑂(16 − 2𝑁) × 𝑈(1) → 𝐸9−𝑁  

𝑇9Ω𝑇9 = 𝐼9Ω 

𝑇9Ω𝑇9: (𝑋𝐿
9, 𝑋𝑅

9) → (𝑋𝐿
9, −𝑋𝑅

9) → (−𝑋𝑅
9, 𝑋𝐿

9) → (−𝑋𝑅
9, −𝑋𝐿

9) 

𝐼9Ω: (𝑋𝐿
9, 𝑋𝑅

9) → (𝑋𝑅
9, 𝑋𝐿

9) → (−𝑋𝑅
9, −𝑋𝐿

9) 

𝑆 = 𝑆𝑔 + 𝑆𝐵 + 𝑆Φ,  

𝑆𝑔 = −
1

4𝜋𝛼′
∫  𝑑2𝜎√−ℎℎ𝛼𝛽𝑔𝜇𝜈𝜕𝛼𝑋

𝜇𝜕𝛽𝑋
𝜈

𝑆𝐵 =
1

4𝜋𝛼′
∫  𝑑2𝜎𝜀𝛼𝛽𝐵𝜇𝜈𝜕𝛼𝑋

𝜇𝜕𝛽𝑋
𝜈

𝑆Φ =
1

4𝜋
∫  𝑑2𝜎√−ℎΦ𝑅(2)

 

4𝜋𝛼′𝑆 = ∫  𝑑2𝜎[√−ℎℎ𝛼𝛽(−𝑔99𝑉𝛼𝑉𝛽 − 2𝑔9𝜇𝑉𝛼𝜕𝛽𝑋
𝜇 − 𝑔𝜇𝜈𝜕𝛼𝑋

𝜇𝜕𝛽𝑋
𝜈) +

𝜀𝛼𝛽(𝐵9𝜇𝑉𝛼𝜕𝛽𝑋
𝜇 + 𝐵𝜇𝜈𝜕𝛼𝑋

𝜇𝜕𝛽𝑋
𝜈) + �̃�9𝜀𝛼𝛽𝜕𝛼𝑉𝛽 + 𝛼

′√−ℎ𝑅(2)Φ(𝑋)]

 

𝜀𝛼𝛽𝜕𝛼𝑉𝛽 = 0  

�̃� = 𝑆�̃� + 𝑆�̃� + 𝑆Φ̃  

�̃�99 =
1

𝑔99
, �̃�9𝜇 =

𝐵9𝜇

𝑔99
, �̃�𝜇𝜈 = 𝑔𝜇𝜈 +

𝐵9𝜇𝐵9𝜈 − 𝑔9𝜇𝑔9𝜈

𝑔99

�̃�9𝜇 = −�̃�𝜇9 =
𝑔9𝜇

𝑔99
, �̃�𝜇𝜈 = 𝐵𝜇𝜈 +

𝑔9𝜇𝐵9𝜈 − 𝐵9𝜇𝑔9𝜈

𝑔99

 

Φ̃ = Φ −
1

2
log 𝑔99  

�̃�9 = 𝐶, �̃�𝜇 = 𝐶𝜇9, �̃�𝜇𝜈9 = 𝐶𝜇𝜈 , �̃�𝜇𝜈𝜆 = 𝐶𝜇𝜈𝜆9  

𝑋𝜇(𝜎) 

Θ1𝑎(𝜎)  and  Θ2𝑎(𝜎) 
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𝑆BI ∼ ∫  √−det(𝜂𝛼𝛽 + 𝑘𝐹𝛼𝛽)𝑑
4𝜎  

∫  √1 − 𝑘2𝐹01
2 𝑑2𝜎  

𝐴1 = −
1

2𝜋𝛼′
�̃�1  

𝐹01 = −
1

2𝜋𝛼′
𝑣  where  𝑣 = �̇̃�1  

−𝑚∫  √1 − 𝑣2𝑑𝑡  

𝑘 = 2𝜋𝛼′  

𝑆1 = −𝑇D𝑝∫  𝑑
𝑝+1𝜎√−det(𝐺𝛼𝛽 + 𝑘ℱ𝛼𝛽)  

𝐺𝛼𝛽 = 𝜂𝜇𝜈Π𝛼
𝜇
Π𝛽
𝜈

 

Π𝛼
𝜇
= 𝜕𝛼𝑋

𝜇 − Θ‾ 𝐴Γ𝜇𝜕𝛼Θ
𝐴  

ℱ𝛼𝛽 = 𝐹𝛼𝛽 + 𝑏𝛼𝛽  

𝑏 = (Θ‾1Γ𝜇𝑑Θ
1 − Θ‾ 2Γ𝜇𝑑Θ

2) (𝑑𝑋𝜇 −
1

2
Θ‾ 𝐴Γ𝜇𝑑Θ𝐴)  

𝑆Maxwell = −
1

4𝑔2
∫  𝐹𝛼𝛽𝐹

𝛼𝛽𝑑𝑝+1𝜎  

𝑇D𝑝 =
𝑐𝑝
𝑔s

 

2𝜋𝑅𝑐𝑝
𝑔s

=
𝑐𝑝−1
�̃�s

 

𝑐𝑝 =
1

2𝜋√𝛼′
𝑐𝑝−1  

𝑇D𝑝 =
1

𝑔s(2𝜋)
𝑝(𝛼′)(𝑝+1)/2

 

𝑆2 = ∫  Ω𝑝+1  

𝑑Ω𝑝+1 = 𝑑Θ‾
𝐴𝒯𝑝

𝐴𝐵𝑑Θ𝐵  

Ω1 = −𝑚Θ‾Γ11𝑑Θ = 𝑚(Θ‾
1𝑑Θ2 − Θ‾ 2𝑑Θ1)  

𝒯0 = 𝑚(
0 1
−1 0

)  
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𝑚 = 𝑇D0 =
1

𝑔s√𝛼
′

 

𝒯𝐴𝐵 = ∑  

∞

𝑝=0

 𝒯𝑝
𝐴𝐵  

𝒯𝐴𝐵 = 𝑚𝑒2𝜋𝛼
′ℱ𝑓𝐴𝐵(𝜓)  

𝜓 =
1

√2𝜋𝛼′
Γ𝜇Π𝛼

𝜇
𝑑𝜎𝛼  

𝑓(𝜓) = (
0 cos 𝜓

−cosh 𝜓 0
)  

𝑓(𝜓) = (
0 sin 𝜓

sinh 𝜓 0
)  

𝑆DBI = −𝑇D𝑝∫  𝑑
𝑝+1𝜎√−det(𝜂𝛼𝛽 + 𝑘

2𝜕𝛼Φ
𝑖𝜕𝛽Φ

𝑖 + 𝑘𝐹𝛼𝛽)  

𝑇D9∫  𝑑
10𝜎√−det(𝜂𝛼𝛽 + 𝑘𝐹𝛼𝛽 − 2𝑘

2𝜆‾Γ𝛼𝜕𝛽𝜆 + 𝑘
3𝜆‾Γ𝛾𝜕𝛼𝜆𝜆‾Γ𝛾𝜕𝛽𝜆)  

𝑃[𝑔 + 𝐵]𝛼𝛽 = (𝑔𝜇𝜈 + 𝐵𝜇𝜈)𝜕𝛼𝑋
𝜇𝜕𝛽𝑋

𝜈  

𝑆D𝑝 = −𝑇D𝑝∫  𝑑
𝑝+1𝜎𝑒−Φ0√−det(𝑔𝛼𝛽 + 𝐵𝛼𝛽 + 𝑘

2𝜕𝛼Φ
𝑖𝜕𝛽Φ

𝑖 + 𝑘𝐹𝛼𝛽)  

𝛿𝐵 = 𝑑Λ  

⋆ 𝐹𝑛+1 = 𝐹9−𝑛.  

𝜇𝑝∫  𝐶𝑝+1  

𝐶 = ∑  

8

𝑛=0

 𝐶𝑛.  

𝑆CS = 𝜇𝑝∫  (𝐶𝑒
𝐵+𝑘𝐹)

𝑝+1
 

[𝐷𝛼, 𝐷𝛽] ∼ 𝐹𝛼𝛽  

𝐴𝛼 =∑ 

𝑛

 𝐴𝛼
(𝑛)
𝑇𝑛  and  Φ𝑖 =∑ 

𝑛

 Φ𝑖(𝑛)𝑇𝑛  

𝐹𝛼𝛽 = 𝜕𝛼𝐴𝛽 − 𝜕𝛽𝐴𝛼 + 𝑖[𝐴𝛼 , 𝐴𝛽]

𝐷𝛼Φ
𝑖 = 𝜕𝛼Φ

𝑖 + 𝑖[𝐴𝛼 , Φ
𝑖]
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𝑆1 = −𝑇D9∫  𝑑
10𝜎𝑒−Φ0Tr(√−det(𝑔𝛼𝛽 + 𝐵𝛼𝛽 + 𝑘𝐹𝛼𝛽))  

• Chern-Simons - Meyers: 

𝑆2 = 𝜇9∫  Tr(𝐶𝑒
𝐵+𝑘𝐹)

10
 

𝑉(Φ) ∼ −
1

4
Tr([Φ𝑖, Φ𝑗][Φ𝑖, Φ𝑗]) −

𝑖

3
𝑓𝜖𝑖𝑗𝑘Tr(Φ

𝑖Φ𝑗Φ𝑘)  

[[Φ𝑖, Φ𝑗],Φ𝑗] + 𝑖𝑓𝜖𝑖𝑗𝑘[Φ
𝑗, Φ𝑘] = 0  

[𝛼𝑖, 𝛼𝑗] = 2𝑖𝜖𝑖𝑗𝑘𝛼
𝑘  

Tr(𝛼𝑖𝛼𝑗) =
1

3
𝑁(𝑁2 − 1)𝛿𝑖𝑗  

⟨(𝑋𝑖)
2
⟩ =

1

𝑁
(2𝜋𝛼′)2Tr [(Φ𝑖)

2
]  

𝑅2 = (𝜋𝛼′𝑓)2(𝑁2 − 1)  

det(𝐺𝛼𝛽 + 𝑘𝐹𝛼𝛽) = det(𝐺𝛼𝛽 + 𝑘𝐹𝛼𝛽)
𝑇
= det(𝐺𝛼𝛽 − 𝑘𝐹𝛼𝛽) 

𝑀 = 𝑘𝐺−1𝐹 

√−det(𝐺 + 𝑘𝐹) = √−det𝐺√det(1 +𝑀)

= √−det𝐺[det(1 − 𝑀2)]1/4
 

log det(1 − 𝑀2) = trlog (1 − 𝑀2) = −tr (𝑀2 +
1

2
𝑀4 +⋯) 

[det(1 −𝑀2)]1/4 = exp (−
1

4
tr𝑀2 −

1

8
tr𝑀4 +⋯)

 = 1 −
1

4
tr𝑀2 −

1

8
tr𝑀4 +

1

32
(tr𝑀2)2 +⋯

 

𝑆1 = −𝑇D𝑝∫  𝑑
𝑝+1𝜎√−det(𝐺𝛼𝛽 + 𝑘𝐹𝛼𝛽)

 = −𝑇D𝑝∫  𝑑
𝑝+1𝜎√−det𝐺 (1 +

𝑘2

4
𝐹𝛼𝛽𝐹

𝛼𝛽

−
𝑘4

8
(𝐹𝛼𝛽𝐹

𝛼𝛽)
2
+
𝑘4

32
𝐹𝛼𝛽𝐹

𝛽𝛾𝐹𝛾𝛿𝐹
𝛿𝛼 +⋯)

 

𝑆DBI = −𝑇D𝑝∫  𝑑
𝑝+1𝜎√−det(𝜂𝛼𝛽 + 𝑘

2𝜕𝛼Φ
𝑖𝜕𝛽Φ

𝑖 + 𝑘𝐹𝛼𝛽) 

𝐴 = −
1

2𝜋𝑅
diag(𝜃1, 𝜃2, … , 𝜃𝑁) 
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𝐹𝜇1…𝜇𝑛 = 𝜓
‾
LΓ𝜇1…𝜇𝑛𝜓R. 

𝜕[𝜇𝐹𝜇1…𝜇𝑛] = 0, 𝜕
𝜇𝐹𝜇𝜇2…𝜇𝑛 = 0 

𝐸𝑟 = 𝐹𝑟𝑡 =
𝑒

√(𝑟4 + 𝑟0
4)
, 𝑟0
2 = 2𝜋𝛼′𝑒 

𝑆 = −
1

2𝜋
∫  𝑑2𝜎𝜕𝛼𝑋𝜇𝜕

𝛼𝑋𝜇  

𝑆 = −
1

2𝜋
∫  𝑑2𝜎(𝜕𝛼𝑋𝜇𝜕

𝛼𝑋𝜇 + 𝜓‾𝜇𝜌𝛼𝜕𝛼𝜓𝜇)  

𝑆 = −
1

2𝜋
∫  𝑑2𝜎(𝜕𝛼𝑋𝜇𝜕

𝛼𝑋𝜇 + 𝜆‾𝐴𝜌𝛼𝜕𝛼𝜆
𝐴)  

𝑆 =
1

𝜋
∫  𝑑2𝜎(2𝜕+𝑋𝜇𝜕−𝑋

𝜇 + 𝑖𝜆−
𝐴𝜕+𝜆−

𝐴 + 𝑖𝜆+
𝐴𝜕−𝜆+

𝐴)  

𝑆 =
1

𝜋
∫  𝑑2𝜎(2𝜕+𝑋𝜇𝜕−𝑋

𝜇 + 𝑖𝜓𝜇𝜕+𝜓𝜇 + 𝑖∑  

32

𝐴=1

 𝜆𝐴𝜕−𝜆
𝐴)  

𝛿𝑋𝜇 = 𝑖𝜀𝜓𝜇  and  𝛿𝜓𝜇 = −2𝜀𝜕−𝑋
𝜇  

𝐺𝑟|𝜙⟩ = 𝐿𝑚|𝜙⟩ = (𝐿0 −
1

2
) |𝜙⟩ = 0, 𝑟,𝑚 > 0  

(𝐿0 −
1

2
) |𝜙⟩ = (

𝑝2

8
+ 𝑁R −

1

2
) |𝜙⟩ = 0  

𝑁R = ∑  

∞

𝑛=1

 𝛼−𝑛 ⋅ 𝛼𝑛 + ∑  

∞

𝑟=1/2

 𝑟𝑏−𝑟 ⋅ 𝑏𝑟  

𝐹𝑚|𝜙⟩ = 𝐿𝑚|𝜙⟩ = 0,𝑚 ≥ 0  

𝐿0|𝜙⟩ = (
𝑝2

8
+ 𝑁R) |𝜙⟩ = 0  

𝑁R = ∑  

∞

𝑛=1

  (𝛼−𝑛 ⋅ 𝛼𝑛 + 𝑛𝑑−𝑛 ⋅ 𝑑𝑛)  

𝐿0|𝜙⟩ = (
𝑝2

8
+ 𝑁R) |𝜙⟩ = 0  

𝑁R = ∑  

∞

𝑛=1

  (𝛼−𝑛
𝑖 𝛼𝑛

𝑖 + 𝑛𝑆−𝑛
𝑎 𝑆𝑛

𝑎)  

𝑀2 = 8𝑁R  
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𝜆𝐴(𝜏 + 𝜎) = ∑  

𝑛∈ℤ

 𝜆𝑛
𝐴𝑒−2𝑖𝑛(𝜏+𝜎)  

{𝜆𝑚
𝐴 , 𝜆𝑛

𝐵} = 𝛿𝐴𝐵𝛿𝑚+𝑛,0  

𝜆𝐴(𝜏 + 𝜎) = ∑  

𝑟∈ℤ+1/2

 𝜆𝑟
𝐴𝑒−2𝑖𝑟(𝜏+𝜎)  

{𝜆𝑟
𝐴, 𝜆𝑠

𝐵} = 𝛿𝐴𝐵𝛿𝑟+𝑠,0  

�̃�𝑚|𝜙⟩ = (�̃�0 − �̃�)|𝜙⟩ = 0,𝑚 > 0  

(�̃�0 − �̃�P)|𝜙⟩ = (
𝑝2

8
+ 𝑁L − �̃�P) |𝜙⟩ = 0,  

𝑁L = ∑  

∞

𝑛=1

  (�̃�−𝑛 ⋅ �̃�𝑛 + 𝑛𝜆−𝑛
𝐴 𝜆𝑛

𝐴)  

(�̃�0 − �̃�A)|𝜙⟩ = (
𝑝2

8
+ 𝑁L − �̃�A) |𝜙⟩ = 0  

𝑁L = ∑  

∞

𝑛=1

  �̃�−𝑛 ⋅ �̃�𝑛 + ∑  

∞

𝑟=1/2

 𝑟𝜆−𝑟
𝐴 𝜆𝑟

𝐴  

�̃�A =
8

24
+
32

48
= 1,

�̃�P =
8

24
−
32

24
= −1.

 

1

8
𝑀2 = 𝑁R = 𝑁L − 1  

1

8
𝑀2 = 𝑁R = 𝑁L + 1  

|𝑖⟩R  and  |�̇�⟩R,  

�̃�−1
𝑖 |0⟩L  

𝜆−1/2
𝐴 𝜆−1/2

𝐵 |0⟩L  

|𝑖⟩R⊗ �̃�−1
𝑗
|0⟩L  

|�̇�⟩R⊗ �̃�−1
𝑗
|0⟩L  

(−1)𝐹 = 𝜆‾0(−1)
∑  ∞
1  𝜆−𝑛

𝐴 𝜆𝑛
𝐴

 

𝜆‾0 = 𝜆0
1𝜆0
2…𝜆0

32  

𝑆𝑈(3) × 𝑆𝑈(2) × 𝑈(1) ⊂ 𝑆𝑈(5) ⊂ 𝑆𝑂(10) ⊂ 𝐸6 ⊂ 𝐸7 ⊂ 𝐸8  
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�̃�AA =
8

24
+
𝑛

48
+
32 − 𝑛

48
= 1,

�̃�AP =
8

24
+
𝑛

48
−
32 − 𝑛

24
=
𝑛

16
− 1,

�̃�PA =
8

24
−
𝑛

24
+
32 − 𝑛

48
= 1 −

𝑛

16
,

�̃�PP =
8

24
−
𝑛

24
−
32 − 𝑛

24
= −1.

 

�̃�−1
𝑖 |0⟩L  

𝜆−1/2
𝐴 𝜆−1/2

𝐵 |0⟩L  

(𝟏𝟐𝟎, 𝟏)  if 𝐴, 𝐵 = 1,… ,16
(𝟏, 𝟏𝟐𝟎)  if 𝐴, 𝐵 = 17,… ,32
(𝟏𝟔, 𝟏𝟔)  if 𝐴 = 1,… ,16, 𝐵 = 17,… ,32

 

PA: (𝟏𝟐𝟖, 𝟏)⊕ (𝟏𝟐𝟖 ′, 𝟏),

AP: (𝟏, 𝟏𝟐𝟖)⊕ (𝟏, 𝟏𝟐𝟖)′.
 

(−1)𝐹1 = 𝜆‾0
(1)
(−1)∑  ∞

𝑛=1  ∑  16
𝐴=1  𝜆−𝑛

𝐴 𝜆𝑛
𝐴

 

𝜆‾0
(1)
= 𝜆0

1𝜆0
2…𝜆0

16  

(−1)𝐹2 = 𝜆‾0
(2)
(−1)∑  ∞

𝑛=1  ∑  32
𝐴=17  𝜆−𝑛

𝐴 𝜆𝑛
𝐴

 

𝜆‾0
(2)
= 𝜆0

17𝜆0
18…𝜆0

32  

(128,1)⊕ (1,128)  

𝐽𝑎(𝑧) =
1

2
𝑇𝐴𝐵
𝑎 𝜆𝐴(𝑧)𝜆𝐵(𝑧) 

[𝑇𝑎 , 𝑇𝑏] = 𝑖𝑓𝑎𝑏𝑐𝑇𝑐 

𝐽𝑎(𝑧)𝐽𝑏(𝑤) =
𝑘𝛿𝑎𝑏

2(𝑧 − 𝑤)2
+ 𝑖

𝑓𝑎𝑏𝑐

𝑧 − 𝑤
𝐽𝑐(𝑤) +⋯ 

tr(𝑇𝑎𝑇𝑏) = 𝑘𝛿𝑎𝑏 

𝜆𝐴(𝑧)𝜆𝐵(𝑤) =
𝛿𝐴𝐵

𝑧 − 𝑤
 

⟨
1

2
𝑇𝐴𝐵
𝑎 𝜆𝐴(𝑧)𝜆𝐵(𝑧)

1

2
𝑇𝐶𝐷
𝑏 𝜆𝐶(𝑤)𝜆𝐷(𝑤)⟩ =

1

2

tr(𝑇𝑎𝑇𝑏)

(𝑧 − 𝑤)2
=

𝑘𝛿𝑎𝑏

2(𝑧 − 𝑤)2
 

𝑐 =
𝑘dim𝐺

𝑘 + ℎ̃𝐺
 

1

8
𝑀2 = 𝑁R. 
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�̃�0 − 1 = 0 →
1

8
𝑀2 = 𝑁L − 1. 

1

8
𝑀2 = 𝑁R = 𝑁L − 1. 

1

8
𝑀2 = 𝑁R = 𝑁L + 1. 

𝑑𝑠2 = ∑  

𝑑−1

𝜇,𝜈=0

 𝜂𝜇𝜈𝑑𝑋
𝜇𝑑𝑋𝜈 + ∑  

𝑛

𝐼,𝐽=1

 𝐺𝐼𝐽𝑑𝑌
𝐼𝑑𝑌𝐽  

𝐺𝐼𝐽 = 𝑅𝐼
2𝛿𝐼𝐽  

𝑋𝜇(𝜎 + 𝜋, 𝜏) = 𝑋𝜇(𝜎, 𝜏)

𝑌𝐼(𝜎 + 𝜋, 𝜏) = 𝑌𝐼(𝜎, 𝜏) + 2𝜋𝑊𝐼  with  𝑊𝐼 ∈ ℤ
 

𝑋𝜇(𝜎, 𝜏)= 𝑋L
𝜇
(𝜏 + 𝜎) + 𝑋R

𝜇
(𝜏 − 𝜎)  

𝑋L
𝜇
(𝜏 + 𝜎) =

1

2
𝑥𝜇 + 𝑝L

𝜇
(𝜏 + 𝜎) +

𝑖

2
∑  

𝑛≠0

 
1

𝑛
�̃�𝑛
𝜇
𝑒−2𝑖𝑛(𝜏+𝜎)

𝑋R
𝜇
(𝜏 − 𝜎) =

1

2
𝑥𝜇 + 𝑝R

𝜇
(𝜏 − 𝜎) +

𝑖

2
∑  

𝑛≠0

 
1

𝑛
𝛼𝑛
𝜇
𝑒−2𝑖𝑛(𝜏−𝜎)

 

𝑝L
𝜇
= 𝑝R

𝜇
=
1

2
𝑝𝜇  

𝑌𝐼(𝜎, 𝜏) = 𝑌L
𝐼(𝜏 + 𝜎) + 𝑌R

𝐼(𝜏 − 𝜎),

𝑌L
𝐼(𝜏 + 𝜎) =

1

2
𝑦𝐼 + 𝑝L

𝐼 (𝜏 + 𝜎) +
𝑖

2
∑  

𝑛≠0

 
1

𝑛
�̃�𝑛
𝐼 𝑒−2𝑖𝑛(𝜏+𝜎),

𝑌R
𝐼(𝜏 − 𝜎) =

1

2
𝑦𝐼 + 𝑝R

𝐼 (𝜏 − 𝜎) +
𝑖

2
∑  

𝑛≠0

 
1

𝑛
𝛼𝑛
𝐼 𝑒−2𝑖𝑛(𝜏−𝜎).

 

𝑌𝐼(𝜎, 𝜏) = 𝑌L
𝐼(𝜏 + 𝜎) + 𝑌R

𝐼(𝜏 − 𝜎) = 𝑦𝐼 + (𝑝L
𝐼 + 𝑝R

𝐼 )𝜏 + (𝑝L
𝐼 − 𝑝R

𝐼 )𝜎 +⋯ ,  

𝑝L
𝐼 − 𝑝R

𝐼 = 2𝑊𝐼  with  𝑊𝐼 ∈ ℤ.  

𝑝L
𝐼 + 𝑝R

𝐼 = 𝐾𝐼  with  𝐾𝐼 ∈ ℤ  

𝑆 = −
1

2𝜋
∫  𝑑2𝜎(𝐺𝐼𝐽𝜂

𝛼𝛽 − 𝐵𝐼𝐽𝜀
𝛼𝛽)𝜕𝛼𝑌

𝐼𝜕𝛽𝑌
𝐽  

𝑝𝐼 =
𝛿𝑆

𝛿�̇�𝐼
=
1

𝜋
(𝐺𝐼𝐽�̇�

𝐽 + 𝐵𝐼𝐽𝑌
′𝐽).  

𝐾𝐼 = ∫  
𝜋

0

 𝑝𝐼𝑑𝜎 = 𝐺𝐼𝐽(𝑝L
𝐽 + 𝑝R

𝐽
) + 𝐵𝐼𝐽(𝑝L

𝐽 − 𝑝R
𝐽
)  with  𝐾𝐼 ∈ ℤ  
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𝑝L
𝐼 = 𝑊𝐼 + 𝐺𝐼𝐽 (

1

2
𝐾𝐽 − 𝐵𝐽𝐾𝑊

𝐾)

𝑝R
𝐼 = −𝑊𝐼 + 𝐺𝐼𝐽 (

1

2
𝐾𝐽 − 𝐵𝐽𝐾𝑊

𝐾)

 

(𝐿0 − 1)|Φ⟩ = (�̃�0 − 1)|Φ⟩ = 0  

1

8
𝑀2 =

1

2
𝐺𝐼𝐽𝑝L

𝐼𝑝L
𝐽
+𝑁L − 1 =

1

2
𝐺𝐼𝐽𝑝R

𝐼 𝑝R
𝐽
+𝑁R − 1  

𝑁R = ∑  

∞

𝑚=1

 𝛼−𝑚 ⋅ 𝛼𝑚  and  𝑁L = ∑  

∞

𝑚=1

  �̃�−𝑚 ⋅ �̃�𝑚  

𝑁R −𝑁L =
1

2
𝐺𝐼𝐽(𝑝L

𝐼𝑝L
𝐽 − 𝑝R

𝐼 𝑝R
𝐽
) = 𝑊𝐼𝐾𝐼  

𝑀2 = 𝑀0
2 + 4(𝑁R +𝑁L − 2)  with  𝑀0

2 = 2𝐺𝐼𝐽(𝑝L
𝐼𝑝L
𝐽
+ 𝑝R

𝐼 𝑝R
𝐽
)  

1

2
𝑀0
2 = (𝑊 𝐾)𝒢−1 (

𝑊

𝐾
)  

𝒢−1 = (
2(𝐺 − 𝐵𝐺−1𝐵) 𝐵𝐺−1

−𝐺−1𝐵
1

2
𝐺−1

)  

𝒢 = (

1

2
𝐺−1 −𝐺−1𝐵

𝐵𝐺−1 2(𝐺 − 𝐵𝐺−1𝐵)
)  

𝑊𝐼 ↔ 𝐾𝐼 , 𝒢 ↔ 𝒢−1.  

𝐵𝐼𝐽 → 𝐵𝐼𝐽 +
1

2
𝑁𝐼𝐽  with  𝑊𝐼 → 𝑊𝐼 , 𝐾𝐼 → 𝐾𝐼 +𝑁𝐼𝐽𝑊

𝐽  

𝐴𝑇 (
0 1𝑛
1𝑛 0

)𝐴 = (
0 1𝑛
1𝑛 0

)  

𝒢 → 𝐴𝒢𝐴𝑇  and  (
𝑊

𝐾
) → (

𝑊′

𝐾′
) = 𝐴 (

𝑊

𝐾
) .  

𝑊𝐼𝐾𝐼 =
1

2
(𝑊 𝐾) (

0 1𝑛
1𝑛 0

)(
𝑊

𝐾
)  

 inversion :  𝐴 = (
0 1𝑛
1𝑛 0

) ,  

 shift :  𝐴 = (
1𝑛 0
𝑁𝐼𝐽 1𝑛

)  

ℳ𝑛,𝑛
0 = 𝑂(𝑛, 𝑛; ℝ)/[𝑂(𝑛;ℝ) × 𝑂(𝑛;ℝ)]  

ℳ𝑛,𝑛 =ℳ𝑛,𝑛
0 /𝑂(𝑛, 𝑛; ℤ)  
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𝑀2 =
𝐾2

𝑅2
+ 4𝑅2𝑊2 + 4(𝑁L +𝑁R − 2)  

𝑁R −𝑁L = 𝐾𝑊  

𝛼−1
𝜇
�̃�−1
𝜈 |0⟩  

|𝑉1
𝜇
⟩ = 𝛼−1

𝜇
�̃�−1|0⟩,

|𝑉2
𝜇
⟩ = 𝛼−1�̃�−1

𝜇
|0⟩,

 

|𝜙⟩ = 𝛼−1�̃�−1|0⟩  

|𝑉++
𝜇
⟩ = 𝛼−1

𝜇
| + 1,+1⟩  and  |𝑉−−

𝜇 ⟩ = 𝛼−1
𝜇
| − 1,−1⟩,  

|𝜙++⟩ = 𝛼−1| + 1,+1⟩  and  |𝜙−−⟩ = 𝛼−1| − 1,−1⟩.  

𝑀2 =
1

𝑅2
+ 4𝑅2 − 4 = (

1

𝑅
− 2𝑅)

2

 

|𝑉+−
𝜇
⟩ = �̃�−1

𝜇
| + 1,−1⟩  and  |𝑉−+

𝜇
⟩ = �̃�−1

𝜇
| − 1,+1⟩,  

|𝜙+−⟩ = �̃�−1| + 1,−1⟩  and  |𝜙−+⟩ = �̃�−1| − 1,+1⟩.  

∫  
ℱ

 
𝑑2𝜏

(Im𝜏)2
𝐼(𝜏, … )  

𝜏 → 𝜏′ =
𝑎𝜏 + 𝑏

𝑐𝜏 + 𝑑
 

Tr(𝑞𝐿0𝑞‾ �̃�0),  

𝑞 = 𝑒2𝜋𝑖𝜏  

Tr (𝑞
1
2
𝑝R
2

𝑞‾
1
2
𝑝L
2

) = ∑  

𝑊𝐼,𝐾𝐼

  𝑒𝜋𝑖𝜏1(𝑝R
2−𝑝L

2)𝑒−𝜋𝜏2(𝑝L
2+𝑝R

2),  

∫  exp (−𝜋𝜏2𝑝
2)𝑑𝑛𝑝 = (𝜏2)

−𝑛/2  

𝐹(𝜏; 𝐺, 𝐵) = (𝜏2)
𝑛/2Tr (𝑞

1
2
𝑝R
2

𝑞‾
1
2
𝑝L
2

)  

𝑝R
2 − 𝑝L

2 = 2(𝑁L −𝑁R) = −2𝑊
𝐼𝐾𝐼  

𝑓(𝐴) =∑ 

{𝑀}

 exp (−𝜋𝑀𝑇𝐴𝑀),  

𝑓(𝐴) =
1

√det𝐴
𝑓(𝐴−1).  

𝐹(𝜏, 𝐺, 𝐵) = (𝜏2)
𝑛/2𝑓(𝐴)  
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𝐴 = 𝜏2 (
2(𝐺 − 𝐵𝐺−1𝐵) 𝐵𝐺−1

−𝐺−1𝐵
1

2
𝐺−1

)+ 𝑖𝜏1 (
0 1𝑛
1𝑛 0

) .  

det𝐴 = |𝜏|2𝑛  

𝐴−1 = �̃�2 (

1

2
𝐺−1 −𝐺−1𝐵

𝐵𝐺−1 2(𝐺 − 𝐵𝐺−1𝐵)
) + 𝑖�̃�1 (

0 1𝑛
1𝑛 0

) ,  

�̃� = −
1

𝜏
=
−𝜏1 + 𝑖𝜏2
|𝜏|2

.  

𝐹(𝜏; 𝐺, 𝐵) = 𝐹 (−
1

𝜏
; 𝐺, 𝐵) ,  

Λ = {∑  

𝑚

𝑖=1

 𝑛𝑖𝑒𝑖 , 𝑛𝑖 ∈ ℤ} ,  

𝑔𝑖𝑗 = 𝑒𝑖 ⋅ 𝑒𝑗  

Λ⋆ = {𝑤 ∈ 𝑉 such that 𝑤 ⋅ 𝑣 ∈ ℤ, for all 𝑣 ∈ Λ}.  

Λ⋆ = {∑  

𝑚

𝑖=1

 𝑛𝑖𝑒𝑖
⋆, 𝑛𝑖 ∈ ℤ}  

𝑒𝑖
⋆ ⋅ 𝑒𝑗 = 𝛿𝑖𝑗 .  

𝑔𝑖𝑗
⋆ = 𝑒𝑖

⋆ ⋅ 𝑒𝑗
⋆

 

𝑝2 = 𝑝L
2 − 𝑝R

2  

𝑝2 = 2𝑊𝐼𝐾𝐼 ∈ 2ℤ  

𝑀2 = 2(𝑊𝐼 𝐾𝐼)𝒢
−1 (

𝑊𝐼

𝐾𝐼
) + 4(𝑁R +𝑁L − 2).  

𝑊𝐼 ↔ 𝐾𝐼 , 𝒢 ↔ 𝒢−1.  

• Kaluza – Klein: 

𝐽±(𝑧) = 𝑒±2𝑖𝑋
25(𝑧)/√𝛼′ 

𝐽3(𝑧) = 𝑖√2/𝛼′𝜕𝑋25(𝑧) 

𝐽𝑖(𝑧)𝐽𝑗(𝑤) ∼
𝛿𝑖𝑗

(𝑧 − 𝑤)2
+ 𝑖𝜀𝑖𝑗𝑘

𝐽𝑘(𝑤)

𝑧 − 𝑤
+⋯ 

𝐽𝑖(𝑧) = ∑  

𝑛∈ℤ

𝐽𝑛
𝑖 𝑧−𝑛−1  or  𝐽𝑛

𝑖 = ∮   
𝑑𝑧

2𝜋𝑖
𝑧𝑛𝐽𝑖(𝑧) 



pág. 181 

[𝐽𝑚
𝑖 , 𝐽𝑛

𝑗
] = 𝑖𝜀𝑖𝑗𝑘𝐽𝑚+𝑛

𝑘 +𝑚𝛿𝑖𝑗𝛿𝑚+𝑛,0 

�̃� + �̃� =
1

4
(𝐺 + 𝐵)−1 

�̃� =
1

8
[(𝐺 + 𝐵)−1 + (𝐺 − 𝐵)−1] 

�̃� =
1

8
[(𝐺 + 𝐵)−1 − (𝐺 − 𝐵)−1] 

�̃� =
1

4
(𝐺 − 𝐵𝐺−1𝐵)−1  and  �̃� = −𝐺−1𝐵�̃� 

�̃� = 𝒢−1 

Tr (𝑞
1
2
𝑝R
2

𝑞‾
1
2
𝑝L
2

) = ∑  

{𝑊𝐼,𝐾𝐼}

𝑒𝜋𝑖𝜏1(𝑝R
2−𝑝L

2)𝑒−𝜋𝜏2(𝑝L
2+𝑝R

2) 

𝑝R
2 − 𝑝L

2 = −2𝑊𝐼𝐾𝐼  and  𝑝R
2 + 𝑝L

2 = (𝑊 𝐾)𝒢−1 (
𝑊

𝐾
) 

∑ 

{𝑀}

exp (−𝜋𝑀𝑇𝐴𝑀), 

𝐴 = (
2𝜏2(𝐺 − 𝐵𝐺

−1𝐵) 𝑖𝜏11𝑛 + 𝜏2𝐵𝐺
−1

𝑖𝜏11𝑛 − 𝜏2𝐺
−1𝐵

1

2
𝜏2𝐺

−1
)   and  𝑀 = (

𝑊

𝐾
) 

(
𝑀1 𝑀2
𝑀3 𝑀4

) = (
1𝑛 𝑀2𝑀4

−1

0 1𝑛
) (
𝑀1 −𝑀2𝑀4

−1𝑀3 0
𝑀3 1𝑛

) (
1𝑛 0
0 𝑀4

) 

det(𝑀1 −𝑀2𝑀4
−1𝑀3)det𝑀4 

det𝐴 = |𝜏|2𝑛 

𝑝L
2 − 𝑝R

2 ∈ 2ℤ 

𝑀2 = 2(𝑝L
2 + 𝑝R

2) − 8 +  oscillators  

𝑂(𝑛, 𝑛;ℝ)/𝑂(𝑛;ℝ) × 𝑂(𝑛,ℝ). 

𝒢 = (
1/(2𝑅2) 0

0 2𝑅2
), 

𝑀0
2 = (2𝑊𝑅)2 + (𝐾/𝑅)2, 

𝐺 = (
𝐺11 𝐺12
𝐺12 𝐺22

)   and  𝐵 = 𝐵12 (
0 1
−1 0

). 

𝜏 = 𝜏1 + 𝑖𝜏2 =
𝐺12
𝐺22

+ 𝑖
√det𝐺

𝐺22
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𝜌 = 𝜌1 + 𝑖𝜌2 = 𝐵12 + 𝑖√det𝐺 

𝑆𝑂(2,2; ℤ) = 𝑆𝐿(2, ℤ) × 𝑆𝐿(2, ℤ) 

𝐺 + 𝐵 =
𝜌2
𝜏2
(
𝜏1
2 + 𝜏2

2 𝜏1
𝜏1 1

) + 𝜌1 (
0 1
−1 0

). 

 

𝐺 = (
𝜌2𝜏2 0
0 𝜌2/𝜏2

). 

(𝜏, 𝜌) = (𝑖, 𝑖) 

(𝜏, 𝜌) = (−
1

2
+ 𝑖

√3

2
, 𝑖) 

𝐺 =
1

√3
(
2 −1
−1 2

) 

𝐩L ∈ Γ16, 𝑝L
𝐼 =∑  

𝑖

 𝑛𝑖𝑒𝑖
𝐼 , 𝑛𝑖 ∈ ℤ  

ΘΓ(𝜏) =∑  

𝑝∈Γ

  𝑒𝑖𝜋𝜏𝑝
2

 

ΘΓ(𝜏
′) = (𝑐𝜏 + 𝑑)8ΘΓ(𝜏)  

ℳ16+𝑛,𝑛 =ℳ16+𝑛,𝑛
0 /𝑂(16 + 𝑛, 𝑛; ℤ),  

ℳ16+𝑛,𝑛
0 =

𝑂(16 + 𝑛, 𝑛; ℝ)

𝑂(16 + 𝑛,ℝ) × 𝑂(𝑛,ℝ)
 

𝜏 → 𝜏 + 1  and  𝜏 → −
1

𝜏
 

ΘΓ16(𝜏) = ∑  

𝑝∈Γ16

exp (𝑖𝜋𝜏𝑝2) 

𝐴𝑖𝑗 = −𝑖𝜏𝐺𝑖𝑗 , 

𝐺𝑖𝑗 = 𝑒
𝐼 𝑖𝑒𝐼𝑗 

ΘΓ16(𝜏) = ∑  

𝑝∈Γ16

exp (−𝜋𝑁𝑇𝐴𝑁). 

1

√det𝐴
∑  

𝑝∈Γ16

exp (−𝜋𝑁𝑇𝐴−1𝑁). 
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𝜏−8 ∑  

𝑝∈Γ16

exp (−𝜋𝑁𝑇𝐴−1𝑁) = 𝜏−8 ∑  

𝑝∈Γ16

exp (−
𝑖𝜋

𝜏
𝑝2), 

1

8
𝑀2 = 𝑁R = 𝑁L − 1 +

1

2
∑  

16

𝐼=1

(𝑝𝐼)2. 

𝑁R = 1,𝑁L = 2,∑  

16

𝐼=1

(𝑝𝐼)2 = 0 

�̃�−1
𝐼 �̃�−1

𝐽 |0⟩L, �̃�−2
𝐼 |0⟩L, �̃�−1

𝑖 �̃�1
𝑗
|0⟩L, �̃�−2

𝑖 |0⟩L, �̃�−1
𝑖 �̃�−1

𝐼 |0⟩L 

𝑁R = 1,𝑁L = 1,∑  

16

𝐼=1

(𝑝𝐼)2 = 2 

�̃�−1
𝐼 |𝑝𝐽,∑  

16

𝐽=1

  (𝑝𝐽)2 = 2⟩

L

, �̃�−1
𝑖 |𝑝𝐼 ,∑  

16

𝐼=1

  (𝑝𝐽)2 = 2⟩

L

 

𝑁R = 1,𝑁L = 0,∑  

16

𝐼=1

(𝑝𝐼)2 = 4 

|𝑝𝐼 ,∑  

16

𝐼=1

  (𝑝𝐼)2 = 4⟩

L

 

𝛼−1
𝑖 |𝑗⟩R, 𝛼−1

𝑖 |𝑎⟩R, ; 𝑆−1
𝑎 |𝑖⟩R, 𝑆−1

𝑎 |𝑏⟩R. 

𝑓(𝐴) =∑  

{𝑀}

 exp (−𝜋𝑀𝑇𝐴𝑀)  

𝑓(𝐴) =
1

√det𝐴
𝑓(𝐴−1)  

𝑓(𝐴, 𝑥) =∑  

{𝑀}

 exp (−𝜋(𝑀 + 𝑥)𝑇𝐴(𝑀 + 𝑥))  

𝑓(𝐴, 𝑥) =∑  

{𝑁}

 𝐶𝑁(𝐴)exp (2𝜋𝑖𝑁
𝑇𝑥)  

𝐶𝑁(𝐴) = ∫  
1

0

 𝑓(𝐴, 𝑥)𝑒−2𝜋𝑖𝑁
𝑇𝑥𝑑𝑚𝑥  

𝐶𝑁(𝐴) = ∫  
∞

−∞

 exp (−𝜋𝑥𝑇𝐴𝑥 − 2𝜋𝑖𝑁𝑇𝑥)𝑑𝑚𝑥 =
exp (−𝜋𝑁𝑇𝐴−1𝑁)

√det𝐴
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𝑓(𝐴) =∑  

{𝑁}

 𝐶𝑁(𝐴) =
1

√det𝐴
𝑓(𝐴−1)  

𝑒1 = (1,1)  and  𝑒2 = (1,−1) 

𝑆[𝑋] =
1

𝜋
∫  
𝑀

𝜕𝑋𝜕‾𝑋𝑑2𝑧 

𝑋(𝑧 + 1, 𝑧‾ + 1) = 𝑋(𝑧, 𝑧‾) + 2𝜋𝑅𝑊1
𝑋(𝑧 + 𝜏, 𝑧‾ + 𝜏‾) = 𝑋(𝑧, 𝑧‾) + 2𝜋𝑅𝑊2

 

𝑍cl = ∑  

𝑊1,𝑊2

𝑒−𝑆cl(𝑊1,𝑊2) 

(

 
 
 
 
 

2 −1 0 0 0 0 0 0
−1 2 −1 0 0 0 0 0
0 −1 2 −1 0 0 0 0
0 0 −1 2 −1 0 0 0
0 0 0 −1 2 −1 0 −1
0 0 0 0 −1 2 −1 0
0 0 0 0 0 −1 2 0
0 0 0 0 −1 0 0 2 )

 
 
 
 
 

 

𝜏 → 𝜏 + 1 𝜌 → 𝜌 + 1
𝜏 → −1/𝜏 𝜌 → −1/𝜌

 

𝑈: (𝜏, 𝜌) → (𝜌, 𝜏)  and  𝑉: (𝜎, 𝜏) → (−𝜎‾,−𝜏‾). 

𝑑𝑠2 = 𝑅2(𝑑𝑥2 + 𝑑𝑦2 + 𝑑𝑧2) 

{𝑄𝛼
𝐼 , 𝑄𝛽

†𝐽
} = 2𝑀𝛿𝐼𝐽𝛿𝛼𝛽 + 2𝑖𝑍

𝐼𝐽Γ𝛼𝛽
0  

𝑍𝐼𝐽 =

(

 
 

0 𝑍1 0 0
−𝑍1 0 0 0 …

0 0 0 𝑍2
0 0 −𝑍2 0

⋮ ⋱)

 
 

 

(
𝑀 𝑍
𝑍† 𝑀

)  

𝑀 ≥ |𝑍1|.  

{𝑄𝛼 , 𝑄‾�̇�} = 2𝜎𝛼�̇�
𝜇
𝑃𝜇 ,  and  {𝑄𝛼, 𝑄𝛽} = {𝑄‾�̇�, 𝑄‾�̇�} = 0. 

{𝑄𝛼 , 𝑄‾�̇�} = 2𝑀𝛿𝛼�̇� = 2𝑀(
1 0
0 1

). 

𝑏𝛼 =
1

√2𝑀
𝑄𝛼   and  𝑏𝛼

† =
1

√2𝑀
𝑄‾�̇� 

{𝑏𝛼, 𝑏𝛽
†} = 𝛿𝛼𝛽 , {𝑏𝛼, 𝑏𝛽} = {𝑏𝛼

†, 𝑏𝛽
†} = 0 
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{𝑄𝛼
𝐼 , 𝑄‾

�̇�

𝐽
} = 2𝑀𝛿𝛼�̇�𝛿

𝐼𝐽

{𝑄𝛼
𝐼 , 𝑄𝛽

𝐽
} = 2𝑍𝜀𝛼𝛽𝜀

𝐼𝐽

{𝑄‾�̇�
𝐼 , 𝑄‾

�̇�

𝐽
} = 2𝑍𝜀�̇��̇�𝜀𝜀

𝐼𝐽

 

𝑏𝛼
± = 𝑄𝛼

1 ± 𝜀𝛼𝛽𝑄‾𝛽
2   and  (𝑏𝛼

±)
†
= 𝑄‾𝛼

1 ± 𝜀𝛼𝛽𝑄𝛽
2 . 

{𝑏𝛼
+, (𝑏𝛽

+)
†
} = 4𝛿𝛼𝛽(𝑀 + 𝑍)  and  {𝑏𝛼

−, (𝑏𝛽
−)
†
} = 4𝛿𝛼𝛽(𝑀 − 𝑍) 

𝑀 ≥ 𝑍 

𝑆 =
1

16𝜋𝐺𝐷
∫  √−𝑔𝑅𝑑𝐷𝑥  

1

2
(𝐷 − 1)(𝐷 − 2) − 1 =

1

2
𝐷(𝐷 − 3) = 44  

𝑆Ψ ∼ ∫  Ψ‾𝑀Γ
𝑀𝑁𝑃𝜕𝑁Ψ𝑃𝑑

𝐷𝑥 

𝐴3 → 𝐴3 + 𝑑Λ2  

 

2𝜅11
2 𝑆 = ∫  𝑑11𝑥√−𝐺 (𝑅 −

1

2
|𝐹4|

2) −
1

6
∫  𝐴3 ∧ 𝐹4 ∧ 𝐹4  

16𝜋𝐺11 = 2𝜅11
2 =

1

2𝜋
(2𝜋ℓp)

9
 

𝐺𝑀𝑁 = 𝜂𝐴𝐵𝐸𝑀
𝐴𝐸𝑁

𝐵  

|𝐹𝑛|
2 =

1

𝑛!
𝐺𝑀1𝑁1𝐺𝑀2𝑁2⋯𝐺𝑀𝑛𝑁𝑛𝐹𝑀1𝑀2⋯𝑀𝑛𝐹𝑁1𝑁2⋯𝑁𝑛  

𝛿𝐸𝑀
𝐴 = 𝜀‾Γ𝐴Ψ𝑀

𝛿𝐴𝑀𝑁𝑃 = −3𝜀‾Γ[𝑀𝑁Ψ𝑃]

𝛿Ψ𝑀 = ∇𝑀𝜀 +
1

12
(Γ𝑀𝐅

(4) − 3𝐅𝑀
(4)
) 𝜀

 

𝐅(4) =
1

4!
𝐹𝑀𝑁𝑃𝑄Γ

𝑀𝑁𝑃𝑄  

𝐅𝑀
(4)
=
1

2
[Γ𝑀 , 𝐅

(4)] =
1

3!
𝐹𝑀𝑁𝑃𝑄Γ

𝑁𝑃𝑄  

Γ𝑀 = 𝐸𝑀
𝐴Γ𝐴,  

Γ[𝑀𝑁Ψ𝑃] =
1

3
(Γ𝑀𝑁Ψ𝑃 + Γ𝑁𝑃Ψ𝑀 + Γ𝑃𝑀Ψ𝑁)  

Γ𝑀1𝑀2⋯𝑀𝑛 = Γ[𝑀1Γ𝑀2⋯Γ𝑀𝑛]  
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∇𝑀𝜀 = 𝜕𝑀𝜀 +
1

4
𝜔𝑀𝐴𝐵Γ

𝐴𝐵𝜀  

𝜔𝑀𝐴𝐵 =
1

2
(−Ω𝑀𝐴𝐵 + Ω𝐴𝐵𝑀 − Ω𝐵𝑀𝐴),  

Ω𝑀𝑁  
𝐴 = 2𝜕[𝑁𝐸𝑀]

𝐴
 

𝛿Ψ𝑀 = ∇𝑀𝜀 +
1

12
(Γ𝑀𝐅

(4) − 3𝐅𝑀
(4)
) 𝜀 = 0  

𝑇M2 = 2𝜋(2𝜋ℓp)
−3
  and  𝑇M5 = 2𝜋(2𝜋ℓp)

−6
 

𝐺𝑀𝑁 = 𝑒
−2Φ/3 (

𝑔𝜇𝜈 + 𝑒
2Φ𝐴𝜇𝐴𝜈 𝑒2Φ𝐴𝜇

𝑒2Φ𝐴𝜈 𝑒2Φ
)  

𝑑𝑠2 = 𝐺𝑀𝑁𝑑𝑥
𝑀𝑑𝑥𝑁 = 𝑒−2Φ/3𝑔𝜇𝜈𝑑𝑥

𝜇𝑑𝑥𝜈 + 𝑒4Φ/3(𝑑𝑥11 + 𝐴𝜇𝑑𝑥
𝜇)
2
.  

𝐸𝑀
𝐴 = (

𝑒−Φ/3𝑒𝜇
𝑎 0

𝑒2Φ/3𝐴𝜇 𝑒2Φ/3
)  

𝐸𝐴
𝑀 = (

𝑒Φ/3𝑒𝑎
𝜇

0

−𝑒Φ/3𝐴𝑎 𝑒−2Φ/3
)  

𝐴𝜇𝜈𝜌
(11)

= 𝐴𝜇𝜈𝜌  and  𝐴𝜇𝜈11
(11)

= 𝐵𝜇𝜈  

𝐹𝜇𝜈𝜌𝜆
(11)

= 𝐹𝜇𝜈𝜌𝜆  and  𝐹𝜇𝜈𝜌11
(11)

= 𝐻𝜇𝜈𝜌  

𝐹𝐴𝐵𝐶𝐷
(11)

= 𝐸𝐴
𝑀𝐸𝐵

𝑁𝐸𝐶
𝑃𝐸𝐷

𝑄
𝐹𝑀𝑁𝑃𝑄
(11)

 

𝐹𝑎𝑏𝑐𝑑
(11)

= 𝑒4Φ/3(𝐹𝑎𝑏𝑐𝑑 + 4𝐴[𝑎𝐻𝑏𝑐𝑑]) = 𝑒
4Φ/3�̃�𝑎𝑏𝑐𝑑

𝐹𝑎𝑏𝑐11
(11)

= 𝑒Φ/3𝐻𝑎𝑏𝑐
 

𝐅(4) = 𝑒4Φ/3�̃�(4) + 𝑒Φ/3𝐇(3)Γ11  

�̃�4 = 𝑑𝐴3 + 𝐴1 ∧ 𝐻3  

𝛿�̃�4 = 𝑑(𝑑Λ ∧ 𝐵) + 𝑑Λ ∧ 𝐻3 = 0  

ℓp = 𝑔s
1/3
ℓs  with  ℓ𝑠 = √𝛼

′  

16𝜋𝐺10 = 2𝜅10
2 =

1

2𝜋
(2𝜋ℓs)

8𝑔s
2  

𝐺11 = 2𝜋𝑅11𝐺10  

𝑅11 = 𝑔s
2/3
ℓp = 𝑔sℓs  
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2𝜅2 =
1

2𝜋
(2𝜋ℓs)

8  

𝑆 = 𝑆NS + 𝑆R + 𝑆CS  

𝑆NS =
1

2𝜅2
∫  𝑑10𝑥√−𝑔𝑒−2Φ (𝑅 + 4𝜕𝜇Φ𝜕

𝜇Φ−
1

2
|𝐻3|

2)  

𝑆R = −
1

4𝜅2
∫  𝑑10𝑥√−𝑔(|𝐹2|

2 + |�̃�4|
2
)

𝑆CS = −
1

4𝜅2
∫  𝐵2 ∧ 𝐹4 ∧ 𝐹4

 

𝛿Ψ𝐴 = 𝐸𝐴
𝜇
𝜕𝜇𝜀 +

1

4
𝜔𝐴𝐵𝐶Γ

𝐵𝐶𝜀 +
1

24
(3𝐅(4)Γ𝐴 − Γ𝐴𝐅

(4))𝜀  

𝜔𝑎𝐵𝐶
(11)

Γ𝐵𝐶 = 𝑒Φ/3 (𝜔𝑎𝑏𝑐Γ
𝑏𝑐 −

2

3
Γ𝑎
𝜇
𝜕𝜇Φ) + 𝑒

4Φ/3𝐹𝑎𝑏Γ
𝑏Γ11  

𝜔11𝐵𝐶
(11)

Γ𝐵𝐶 = −
1

2
𝑒4Φ/3𝐹𝑏𝑐Γ

𝑏𝑐 −
4

3
𝑒Φ/3Γ𝜇Γ11𝜕𝜇Φ  

𝑒−Φ/3𝛿Ψ11 = −
1

4
𝑒Φ𝐅(2)𝜀 −

1

3
𝜕𝜇ΦΓ

𝜇Γ11𝜀 +
1

12
𝑒Φ�̃�(4)Γ11𝜀 +

1

6
𝐇(3)𝜀  

𝑒−Φ/3𝛿Ψ𝑎 = 𝑒𝑎
𝜇
∇𝜇𝜀 −

1

6
Γ𝑎
𝜇
𝜕𝜇Φ𝜀 +

1

4
𝑒Φ𝐹𝑎𝑏Γ

𝑏Γ11𝜀

+
1

24
𝑒Φ(3�̃�(4)Γ𝑎 − Γ𝑎�̃�

(4))𝜀 −
1

24
(3𝐇(3)Γ𝑎 + Γ𝑎𝐇

(3))Γ11𝜀.

 

�̃� = 𝑒−Φ/6Ψ11

Ψ̃𝜇 = 𝑒
−Φ/6 (Ψ𝜇 +

1

2
Γ𝜇Γ11Ψ11)

 

𝛿𝜆 = (−
1

3
Γ𝜇𝜕𝜇ΦΓ11 +

1

6
𝐇(3) −

1

4
𝑒Φ𝐅(2) +

1

12
𝑒Φ�̃�(4)Γ11) 𝜀  

𝛿Ψ𝜇 = (∇𝜇 −
1

4
𝐇𝜇
(3)
Γ11 −

1

8
𝑒Φ𝐹𝜈𝜌Γ𝜇 

𝜈𝜌Γ11 +
1

8
𝑒Φ𝐅(4)Γ𝜇) 𝜀.  

∫  |𝐹5|
2𝑑10𝑥  

𝑆 = 𝑆NS + 𝑆R + 𝑆CS  

𝑆R = −
1

4𝜅2
∫  𝑑10𝑥√−𝑔(|𝐹1|

2 + |�̃�3|
2
+
1

2
|�̃�5|

2
)  

𝑆CS = −
1

4𝜅2
∫  𝐶4 ∧ 𝐻3 ∧ 𝐹3  

�̃�3 = 𝐹3 − 𝐶0𝐻3,

�̃�5 = 𝐹5 −
1

2
𝐶2 ∧ 𝐻3 +

1

2
𝐵2 ∧ 𝐹3.
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�̃�5 =⋆ �̃�5  

𝛿𝜆 =
1

2
(𝜕𝜇Φ− 𝑖𝑒

Φ𝜕𝜇𝐶0)Γ
𝜇𝜀 +

1

4
(𝑖𝑒Φ�̃�(3) −𝐇(3))𝜀⋆  

𝛿Ψ𝜇 = (∇𝜇 +
𝑖

8
𝑒Φ𝐅(1)Γ𝜇 +

𝑖

16
𝑒Φ�̃�(5)Γ𝜇) 𝜀 −

1

8
(2𝐇𝜇

(3)
+ 𝑖𝑒Φ�̃�(3)Γ𝜇) 𝜀

⋆  

𝐵2 = (
𝐵2
(1)

𝐵2
(2)) .  

Λ = (
𝑑 𝑐
𝑏 𝑎

) ∈ 𝑆𝐿(2,ℝ)  

𝐵2 → Λ𝐵2  

𝜏 = 𝐶0 + 𝑖𝑒
−Φ  

𝜏 →
𝑎𝜏 + 𝑏

𝑐𝜏 + 𝑑
.  

ℳ = 𝑒Φ (
|𝜏|2 −𝐶0
−𝐶0 1

)  

ℳ → (Λ−1)𝑇ℳΛ−1  

𝑔𝜇𝜈 = 𝑒
Φ/2𝑔𝜇𝜈

E  

1

2𝜅2
∫  𝑑10𝑥√−𝑔𝑒−2Φ𝑅 →

1

2𝜅2
∫  𝑑10𝑥√−𝑔(𝑅 −

9

2
𝜕𝜇Φ𝜕𝜇Φ)  

𝑆 =
1

2𝜅2
∫  𝑑10𝑥√−𝑔(𝑅 −

1

12
𝐻𝜇𝜈𝜌
𝑇 ℳ𝐻𝜇𝜈𝜌 +

1

4
tr(𝜕𝜇ℳ𝜕𝜇ℳ

−1))

−
1

8𝜅2
(∫  𝑑10𝑥√−𝑔|�̃�5|

2
+∫  𝜀𝑖𝑗𝐶4 ∧ 𝐻3

(𝑖)
∧ 𝐻3

(𝑗)
)

 

�̃�5 = 𝐹5 +
1

2
𝜀𝑖𝑗𝐵2

(𝑖)
∧ 𝐻3

(𝑗)  

𝑔𝜇𝜈 , Φ, 𝐶2  and 𝐴𝜇  

𝑆 =
1

2𝜅2
∫  𝑑10𝑥√−𝑔 [𝑒−2Φ(𝑅 + 4𝜕𝜇Φ𝜕

𝜇Φ) −
1

2
|�̃�3|

2
−
𝜅2

𝑔2
𝑒−Φtr(|𝐹2|

2)]  

�̃�3 = 𝑑𝐶2 +
ℓs
2

4
𝜔3  

𝜔3 = 𝜔L − 𝜔YM  

𝜔L = tr (𝜔 ∧ 𝑑𝜔 +
2

3
𝜔 ∧ 𝜔 ∧ 𝜔)  
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𝜔YM = tr (𝐴 ∧ 𝑑𝐴 +
2

3
𝐴 ∧ 𝐴 ∧ 𝐴)  

𝑔YM
2

4𝜋
=
𝑔2

4𝜋
𝑔s = (2𝜋ℓs)

6𝑔s  

∫  𝐶2 ∧ 𝑌8  

𝛿Ψ𝜇= ∇𝜇𝜀 −
1

8
𝑒Φ�̃�(3)Γ𝜇𝜀  

𝛿𝜆 =
1

2
∂̸Φ𝜀 +

1

4
𝑒Φ�̃�(3)𝜀

𝛿𝜒 = −
1

2
𝐅(2)𝜀

 

𝑆 =
1

2𝜅2
∫  𝑑10𝑥√−𝑔𝑒−2Φ [𝑅 + 4𝜕𝜇Φ𝜕

𝜇Φ−
1

2
|�̃�3|

2
−

𝜅2

30𝑔2
Tr(|𝐹2|

2)]  

�̃�3 = 𝑑𝐵2 +
ℓs
2

4
𝜔3  

𝑑�̃�3 =
ℓs
2

4
(tr𝑅 ∧ 𝑅 −

1

30
Tr𝐹 ∧ 𝐹)  

tr𝐹 ∧ 𝐹 =
1

30
Tr𝐹 ∧ 𝐹  

𝛿Ψ𝜇= ∇𝜇𝜀 −
1

4
�̃�𝜇
(3)
𝜀

𝛿𝜆 = −
1

2
Γ𝜇𝜕𝜇Φ𝜀 +

1

4
�̃�(3)𝜀,

𝛿𝜒 = −
1

2
𝐅(2)𝜀.

 

1

4
tr(𝜕𝜇ℳ𝜕𝜇ℳ

−1) = −
𝜕𝜇𝜏𝜕𝜇𝜏‾

2(Im𝜏)2
= −

1

2
(𝜕𝜇Φ𝜕𝜇Φ+ 𝑒

2Φ𝜕𝜇𝐶0𝜕𝜇𝐶0) 

ℳ = 𝑒Φ (
|𝜏|2 −𝐶0
−𝐶0 1

) 

ℳ−1 = 𝑒Φ (
1 𝐶0
𝐶0 |𝜏|2

). 

1

4
tr(𝜕𝜇ℳ𝜕𝜇ℳ

−1) =
1

2
𝜕𝜇(𝑒

Φ|𝜏|2)𝜕𝜇(𝑒Φ) −
1

2
𝜕𝜇(𝐶0𝑒

Φ)𝜕𝜇(𝐶0𝑒
Φ)

= −
1

2
(𝜕𝜇Φ𝜕𝜇Φ+ 𝑒

2Φ𝜕𝜇𝐶0𝜕𝜇𝐶0)

 

−
𝜕𝜇𝜏𝜕𝜇𝜏‾

2(Im𝜏)2
= −

1

2
𝑒2Φ𝜕𝜇(𝐶0 + 𝑖𝑒

−Φ)𝜕𝜇(𝐶0 − 𝑖𝑒
−Φ)

= −
1

2
(𝜕𝜇Φ𝜕𝜇Φ+ 𝑒

2Φ𝜕𝜇𝐶0𝜕𝜇𝐶0)
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𝑆NS =
1

2𝜅2
∫  𝑑10𝑥√−𝑔(𝑅 −

1

2
𝜕𝜇Φ𝜕

𝜇Φ−
1

2
𝑒−Φ|𝐻3|

3)

𝑆R = −
1

4𝜅2
∫  𝑑10𝑥√−𝑔(𝑒2Φ|𝐹1|

2 + 𝑒Φ|�̃�3|
2
+
1

2
|�̃�5|

2
)

𝑆CS = −
1

4𝜅2
∫  𝐶4 ∧ 𝐻3 ∧ 𝐹3

 

 −
1

12
𝐻𝜇𝜈𝜌
𝑇 ℳ𝐻𝜇𝜈𝜌 +

1

4
tr(𝜕𝜇ℳ𝜕𝜇ℳ

−1)

= −
1

2
𝑒Φ(|𝜏|2|𝐻3|

2 + |𝐹3|
2 − 2𝐶0𝐹 ⋅ 𝐻) −

1

2
(𝜕𝜇Φ𝜕𝜇Φ+ 𝑒

2Φ𝜕𝜇𝐶0𝜕𝜇𝐶0)

= −
1

2
(𝑒−Φ|𝐻3|

2 + 𝑒Φ(𝐹3 − 𝐶0𝐻3)
2) −

1

2
(𝜕𝜇Φ𝜕𝜇Φ+ 𝑒

2Φ𝜕𝜇𝐶0𝜕𝜇𝐶0)

 

𝑆𝜃 =
𝜃

16𝜋2
∫  𝐹𝑎 ∧ 𝐹𝑎  

𝜏 =
𝜃

2𝜋
+ 𝑖

4𝜋

𝑔YM
2  

Φ → −Φ  

𝑔𝜇𝜈 → 𝑒−Φ𝑔𝜇𝜈  

𝑔s
I𝑔s
H = 1.  

𝑇D1 =
1

𝑔s

1

2𝜋ℓs
2  

𝑇F1 =
1

2𝜋ℓs
2 ,  

ℓs → ℓs√𝑔s  

𝑇D5 =
1

𝑔s(2𝜋)
5ℓs
6  

𝑇NS5 =
1

(𝑔s)
2(2𝜋)5ℓs

6  

𝜏 = 𝐶0 + 𝑖𝑒
−Φ  

𝑇(𝑝,𝑞) = |𝑝 − 𝑞𝜏B|𝑇F1 = 𝑇F1√(𝑝 − 𝑞
𝜃0
2𝜋
)
2

+
𝑞2

𝑔𝑠
2

 

𝜏B = ⟨𝜏⟩ =
𝜃0
2𝜋
+
𝑖

𝑔s
 

𝑇F1 = 𝑇(1,0) =
1

2𝜋ℓs
2  
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𝑇D1 = 𝑇(0,1) =
𝑇F1
𝑔s

 

𝑇(𝑝1+𝑝2,𝑞1+𝑞2) ≤ 𝑇(𝑝1,𝑞1) + 𝑇(𝑝2,𝑞2)  

∑ 

𝑖

 𝑝(𝑖) =∑ 

𝑖

 𝑞(𝑖) = 0  

𝑀11
2 = −𝑝𝑀𝑝

𝑀 = 0,𝑀 = 0,1,… ,9,11  

𝑀10
2 = −𝑝𝜇𝑝

𝜇 = 𝑝11
2 , 𝜇 = 0,1,… ,9  

(𝑀𝑁)
2 = (𝑁/𝑅11)

2  with  𝑁 ∈ ℤ  

𝑅11 = ℓs𝑔s  

𝑇F1 = 2𝜋𝑅11𝑇M2  

𝑇F1 =
1

2𝜋ℓs
2   and  𝑇M2 =

2𝜋

(2𝜋ℓp)
3  

𝑑𝑠5
2 = −𝑑𝑡2 + 𝑑𝑠TN

2  

𝑑𝑠TN
2 = 𝑉(𝑟)(𝑑𝑟2 + 𝑟2𝑑Ω2

2) +
1

𝑉(𝑟)
(𝑑𝑦 + 𝑅sin2 (𝜃/2)𝑑𝜙)2  

𝑉(𝑟) = 1 +
𝑅

2𝑟
 

�⃗⃗� = −∇⃗⃗⃗𝑉 = ∇⃗⃗⃗ × 𝐴  with  𝐴𝜙 = 𝑅sin
2 (𝜃/2),  

�̃�(𝑟) = 𝑉(𝑟)−1/2𝑅,  

𝑇D6 =
2𝜋𝑅

16𝜋𝐺11
∫  𝑑3𝑥∇2𝑉  

𝑇D6 =
(2𝜋𝑅)2

16𝜋𝐺11
=

2𝜋𝑅

16𝜋𝐺10
=

2𝜋

(2𝜋ℓs)
7𝑔s

 

𝑑𝑠2 = 𝑉(�⃗�)𝑑�⃗� ⋅ 𝑑�⃗� +
1

𝑉(�⃗�)
(𝑑𝑦 + 𝐴 ⋅ 𝑑�⃗�)2  

�⃗⃗� = −∇⃗⃗⃗𝑉 = ∇⃗⃗⃗ × 𝐴  and  𝑉(�⃗�) = 1 +
𝑅

2
∑  

𝑁

𝛼=1

 
1

|�⃗� − �⃗�𝛼|
 

𝑥11 → −𝑥11  and  𝐴3 → −𝐴3.  

𝐵𝜇𝜈 = 𝐴𝜇𝜈11  

𝑔s = 𝑅11/ℓs  
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𝑇H = 2𝜋𝑅11𝑇M2 = (2𝜋ℓs
2)−1  

𝑇NS5

𝑇D2
2 =

1

2𝜋
 

𝑇NS5 → 𝑇KK5  and  𝑇D2 → 2𝜋𝑅9𝑇D3. 

𝑇KK5 =
1

2𝜋
(2𝜋𝑅9𝑇D3)

2 =
𝑅9
2

𝑔s
2(2𝜋)5ℓs

8
 

𝑅9
′ = ℓs

2/𝑅9 

𝑔s
′ = ℓs𝑔s/𝑅9 

𝑔s
′′ =

1

𝑔s
′ =

𝑅9
ℓs𝑔s

 

𝑅9
′′ = 𝑅9

′√𝑔s
′′ = 𝑅9

′/√𝑔s
′ = (ℓs)

3/2/√𝑅9𝑔s. 

𝑅9
′′′ = ℓs

2/𝑅9
′′ = √𝑅9ℓs𝑔s 

𝑔s
′′′ = ℓs𝑔s

′′/𝑅9
′′ = (𝑅9/ℓs)

3/2𝑔s
−1/2

 

𝑅9
′′′/ℓp = (𝑔s)

2/3 

𝑅11 =
𝑅9
2

𝑅9
′′′ 

𝑀B
2 = (

𝐾

𝑅B
)
2

+ (2𝜋𝑅B𝑊𝑇(𝑝,𝑞))
2
+ 4𝜋𝑇(𝑝,𝑞)(𝑁L +𝑁R)  

𝑁R −𝑁L = 𝐾𝑊.  

|𝑊|𝑇(𝑝,𝑞) = |𝑛1 − 𝑛2𝜏B|𝑇F1  

𝐴M = (2𝜋𝑅11)
2Im𝜏M  

𝜓𝑛1,𝑛2 ∼ exp {
𝑖

𝑅11
[𝑛2𝑥 −

𝑛2Re𝜏M − 𝑛1
Im𝜏M

𝑦]}  

𝑀KK
2 =

1

𝑅11
2 [𝑛2

2 +
(𝑛2Re𝜏M − 𝑛1)

2

(Im𝜏M)
2

] =
|𝑛1 − 𝑛2𝜏M|

2

(𝑅11Im𝜏M)
2

 

𝜏M = 𝜏B  

𝑔(M) = 𝛽2𝑔(B)  

𝛽2 =
2𝜋𝑅11𝑇M2
𝑇F1

,  
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𝑔s
2

𝑇F1𝑅B
2 = 𝑇M2(2𝜋𝑅11)

3 = 𝑇M2 (
𝐴𝑀
Im𝜏𝑀

)
3/2

.  

𝐿(𝑝,𝑞) = 2𝜋𝑅11|𝑝 − 𝑞𝜏M|.  

𝑇(𝑝,𝑞)
(11)

= 𝐿(𝑝,𝑞)𝑇M2  

𝑇(𝑝,𝑞) = 𝛽
−2𝑇(𝑝,𝑞)

(11)
 

𝑇M2 = 2𝜋𝑅B𝛽
3𝑇D3  

𝑇D3 =
(𝑇F1)

2

2𝜋𝑔s
,  

𝑇M5𝐴M = 𝛽
4𝑇D3  

𝑇M5 =
1

2𝜋
(𝑇M2)

2.  

𝑔s
(HO)

=
𝐿1
𝐿2

 

𝐿1𝐿2
2𝑇M2 = (

𝑇1
(HO)

𝐿O
2

2𝜋
)

−1

 

𝑇5
(HO)

=
1

(2𝜋)2
(
𝐿2
𝐿1
)
2

(𝑇1
(HO)

)
3

 

𝑇5
(HO)

∼ (𝑔s
(HO)

)
−2

 

𝑇D1 ∼ 1/𝑔s
(I)
  and  𝑇D5 ∼ 1/𝑔s

(I)
,  

𝐸5,5 = 𝑆𝑂(5,5), 𝐸4,4 = 𝑆𝐿(5,ℝ), 𝐸3,3 = 𝑆𝐿(3,ℝ) × 𝑆𝐿(2,ℝ)  

𝐸3(ℤ) = 𝑆𝐿(3, ℤ) × 𝑆𝐿(2, ℤ)  

𝑆𝑂(2,2; ℤ) = 𝑆𝐿(2, ℤ) × 𝑆𝐿(2, ℤ)  

ℳ𝑛
0 = 𝐸𝑛,𝑛/𝐻𝑛  

𝑑3 = dim𝐸8 − dimSpin(16) = 248 − 120 = 128
𝑑4 = dim𝐸7 − dim𝑆𝑈(8) = 133 − 63 = 70

 

𝑑5 = dim𝐸6 − dim𝑈𝑆𝑝(8) = 78 − 36 = 42.  

ℳ𝑛 =ℳ𝑛
0/𝐸𝑛(ℤ)  

𝑅𝑖 → 𝑅𝑖
′ =

ℓs
2

𝑅𝑖
=

ℓp
3

𝑅3𝑅𝑖
 𝑖 = 1,2  
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1

𝑔8
2 = 4𝜋

2
𝑅1𝑅2

𝑔s
2 = 4𝜋2

𝑅1
′𝑅2
′

(𝑔s
′)2

 

𝑔s
′ =

𝑔sℓs
2

𝑅1𝑅2
 

𝑅3
′ =

𝑔sℓs
3

𝑅1𝑅2
=

ℓp
3

𝑅1𝑅2
 

ℓp
3 = 𝑔sℓs

3 → (ℓ𝑝
′ )
3
= 𝑔s

′ℓs
3  

(ℓ𝑝
′ )
3
=
𝑔sℓs

5

𝑅1𝑅2
=

ℓp
6

𝑅1𝑅2𝑅3
 

𝑅1 →
ℓp
3

𝑅2𝑅3
 

ℓp
3 →

ℓp
6

𝑅1𝑅2𝑅3
 

𝑔(M) = 𝛽2𝑔(B), 

𝑀11 = 𝛽𝑀B. 

𝐴M𝑇M2 = 𝛽
1

𝑅B
. 

1

𝑅11Im𝜏M
= 𝛽(2𝜋𝑅B𝑇F1). 

𝛽2 =
𝑅B𝐴M𝑇M2

2𝜋𝑅B𝑇F1𝑅11Im𝜏M
=
2𝜋𝑅11𝑇M2
𝑇F1

, 

𝑔s
2

𝑅B
2𝑇F1

= 𝑇M2(2𝜋𝑅11)
3, 

2𝜋𝑅B𝛽
5𝑇(𝑝,𝑞) = 𝐿(𝑝,𝑞)𝑇M5, 

𝑇D5 =
𝑅11
𝑅B

𝛽−5𝑇M5 =
𝑇F1
3

(2𝜋)2𝑔s
=

1

(2𝜋)5ℓs
6𝑔s
, 

𝑇(𝑝,𝑞) = |𝑝 − 𝑞𝜏M|𝑇D5 

𝑇NS5 = |𝜏M|𝑇D5 

1

𝑅1
→ (2𝜋𝑅2)(2𝜋𝑅3)𝑇M2 

𝑇M2 → (2𝜋𝑅1)(2𝜋𝑅2)(2𝜋𝑅3)𝑇M5 

𝐹4 = 𝑀𝜀4, 
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𝑅𝜇𝜈 = −(𝑀4)
2𝑔𝜇𝜈  𝜇, 𝜈 = 0,1,2,3. 

𝑅𝑖𝑗 = (𝑀7)
2𝑔𝑖𝑗 𝑖, 𝑗 = 4,5, … ,10 

𝑑𝑠2 = 𝑑𝜌2 +
𝜌2

4
(𝑑𝜃2 + 𝑑𝜙2 + 𝑑𝜓2 − 2cos 𝜃𝑑𝜙𝑑𝜓) 

𝑑𝑠 = −𝑑𝑡2 +∑ 

5

𝑖=1

𝑑𝑥𝑖
2 + 𝑑𝑠TN

2  

𝑑𝐹4 = 𝛿𝑊 

𝑋𝜇(𝜎 + 2𝜋) = 𝑔𝑋𝜇(𝜎)  

𝑔: 𝑧𝑎 → 𝑒𝑖𝜙
𝑎
𝑧𝑎 , 𝑎 = 1,… , 𝑛  

𝑔: 𝑄𝛼 → exp (𝑖∑  

𝑛

𝑎=1

  𝜀𝛼
𝑎𝜙𝑎)𝑄𝛼  

1

2𝜋
∑  

𝑛

𝑎=1

 𝜙𝑎 = 0 mod𝑁  

• Calabi - Yau – Kähler: 

𝑐1 =
1

2𝜋
[ℛ] = 0  

Ω(𝑧1, 𝑧2, … , 𝑧𝑛) = 𝑓(𝑧1, 𝑧2, … , 𝑧𝑛)𝑑𝑧1 ∧ 𝑑𝑧2⋯∧ 𝑑𝑧𝑛  

𝑏𝑘 = ∑  

𝑘

𝑝=0

 ℎ𝑝,𝑘−𝑝  

ℎ𝑝,0 = ℎ𝑛−𝑝,0  

ℎ𝑝,𝑞 = ℎ𝑞,𝑝  

ℎ𝑝,𝑞 = ℎ𝑛−𝑞,𝑛−𝑝  

ℎ1,0 = ℎ0,1 = 0  

ℎ3,3 1
ℎ3,2ℎ2,3 0 0

ℎ3,0ℎ2,2ℎ2,1ℎ1,3ℎ1,2ℎ0,3 = 1 0 ℎ2,1ℎ1,1

ℎ2,0ℎ1,1ℎ0,2 0 ℎ1,1 0
ℎ1,0ℎ0,1 0 0
ℎ0,0 1

 

𝜒 = ∑  

6

𝑝=0

  (−1)𝑝𝑏𝑝 = 2(ℎ
1,1 − ℎ2,1).  
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1
0 0 0

0 ℎ1,1 0
1 ℎ2,1ℎ3,1ℎ2,1 0

0 ℎ2,1ℎ3,1 1
0 ℎ2,1 0

0 0
ℎ1,1 0
1

 

ℎ2,2 = 2(22 + 2ℎ1,1 + 2ℎ1,3 − ℎ1,2).  

𝜒 = ∑  

8

𝑝=0

  (−1)𝑝𝑏𝑝 = 6(8 + ℎ
1,1 + ℎ3,1 − ℎ2,1).  

𝑑𝑠2 = |𝑑𝑧|2  

Ω = 𝑑𝑧  

𝑧𝑎 ∼ 𝑧𝑎 + 1 𝑧𝑎 ∼ 𝑧𝑎 + 𝑖, 𝑎 = 1,2  

ℐ: (𝑧1, 𝑧2) → (−𝑧1, −𝑧2)  

0,
1

2
,
𝑖

2
,
1 + 𝑖

2
 

𝑑𝑠2 = Δ−1𝑑𝑟2 +
1

4
𝑟2Δ(𝑑𝜓 + cos 𝜃𝑑𝜙)2 +

1

4
𝑟2𝑑Ω2

2  

• Eguchi-Hanson: 

𝐽 =
1

2
𝑟𝑑𝑟 ∧ (𝑑𝜓 + cos 𝜃𝑑𝜙) −

1

4
𝑟2sin 𝜃𝑑𝜃 ∧ 𝑑𝜙  

𝑧1 = 𝑟cos (𝜃/2)exp [
𝑖

2
(𝜓 + 𝜙)]   and  𝑧2 = 𝑟sin (𝜃/2)exp [

𝑖

2
(𝜓 − 𝜙)]  

𝒦 = log [
𝑟2exp (𝑟4 + 𝑎4)1/2

𝑎2 + (𝑟4 + 𝑎4)1/2
]  

𝑑𝑧1 ∧ 𝑑𝑧‾1, 𝑑𝑧2 ∧ 𝑑𝑧‾2, 𝑑𝑧1 ∧ 𝑑𝑧‾2, 𝑑𝑧2 ∧ 𝑑𝑧‾1  

(𝑧1, 𝑧2, … , 𝑧𝑛+1) ∼ (𝜆𝑧1, 𝜆𝑧2, … , 𝜆𝑧𝑛+1)  

𝐾 = log (1 +∑  

𝑛

𝑎=1

  |𝑤𝑎|2)  

𝐺(𝜆𝑧1, … , 𝜆𝑧𝑛+2) = 𝜆𝑘𝐺(𝑧1, … , 𝑧𝑛+2).  

𝐺(𝑧1, … , 𝑧𝑛+2) = 0  

𝑐1(𝑋) ∼ [𝑘 − (𝑛 + 2)]𝑐1(ℂ𝑃
𝑛+1).  
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∑ 

4

𝑎=1

  (𝑧𝑎)4 = 0  

∑ 

5

𝑎=1

  (𝑧𝑎)5 = 0  

ℎ1,1 = 1  and  ℎ2,1 = 101  

∑  

5

𝑎=2

  (𝑤𝑎)4𝑑𝑤𝑎 = 0  

Ω =
𝑑𝑤2 ∧ 𝑑𝑤3 ∧ 𝑑𝑤4

(𝑤5)4
 

(𝜆𝑘1𝑧1, 𝜆𝑘2𝑧2, … , 𝜆𝑘𝑛+1𝑧𝑛+1) ∼ 𝜆𝑁(𝑧1, 𝑧2, … , 𝑧𝑛+1)  

𝑔𝑥𝑥 = 𝑔𝑦𝑦 = 2𝑔𝑧𝑧‾ , 𝑔𝑥𝑦 = 0 

𝐽 = 𝑖𝑔𝑧𝑧‾𝑑𝑧 ∧ 𝑑𝑧‾ = 2𝑔𝑧𝑧‾𝑑𝑥 ∧ 𝑑𝑦 = √𝑔𝑑𝑥 ∧ 𝑑𝑦 

1

6
𝐽 ∧ 𝐽 ∧ 𝐽 = √𝑔𝑑𝑥1 ∧⋯∧ 𝑑𝑦3 

𝑉 =
1

6
∫  𝐽 ∧ 𝐽 ∧ 𝐽 

𝑧𝑎 ∼ 𝑧𝑎 + 1 ∼ 𝑧𝑎 + 𝑒𝜋𝑖/3 𝑎 = 1,2 

0,
1

√3
𝑒𝜋𝑖/6,

2

√3
𝑒𝜋𝑖/6 

 1,  𝑑𝑧1 ∧ 𝑑𝑧2, 𝑑𝑧‾1 ∧ 𝑑𝑧‾2, 𝑑𝑧1 ∧ 𝑑𝑧‾1, 𝑑𝑧2 ∧ 𝑑𝑧‾2, 𝑑𝑧1 ∧ 𝑑𝑧2 ∧ 𝑑𝑧‾1 ∧ 𝑑𝑧‾2. 

ℎ2,2 = ℎ0,0 = ℎ2,0 = ℎ0,2 = 1, ℎ1,1 = 2 + 9 × 2 = 20, 

𝑥𝑛+1 + 𝑥𝑦2 + 𝑧2 = 0. 

𝑥 = (𝑧1𝑧2)2, 𝑦 =
𝑖

2
((𝑧1)2𝑛 + (𝑧2)2𝑛), 𝑧 =

1

2
((𝑧1)2𝑛 − (𝑧2)2𝑛)𝑧1𝑧2 

𝑥𝑛+1 = (𝑧1𝑧2)2𝑛+2

𝑥𝑦2 = −
1

4
((𝑧1)4𝑛 + (𝑧2)4𝑛 + 2(𝑧1𝑧2)2𝑛)(𝑧1𝑧2)2

𝑧2 =
1

4
((𝑧1)4𝑛 + (𝑧2)4𝑛 − 2(𝑧1𝑧2)2𝑛)(𝑧1𝑧2)2

 

𝑥𝑛+1 + 𝑥𝑦2 + 𝑧2 = 0 

𝑀10 = 𝑀4 ×𝑀  
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𝑅𝜇𝜈𝜌𝜆 =
𝑅

12
(𝑔𝜇𝜌𝑔𝜈𝜆 − 𝑔𝜇𝜆𝑔𝜈𝜌)  

𝐻𝜇𝜈𝜌 = 𝐻𝜇𝜈𝑝 = 𝐻𝜇𝑛𝑝 = 0  and  𝐹𝜇𝜈 = 𝐹𝜇𝑛 = 0.  

𝛿Ψ𝑀= ∇𝑀𝜀 −
1

4
𝐇𝑀𝜀  

𝛿𝜆 = −
1

2
∂̸Φ𝜀 +

1

4
𝐇𝜀

𝛿𝜒 = −
1

2
𝐅𝜀

 

𝑑𝐻 =
𝛼′

4
[tr(𝑅 ∧ 𝑅) − tr(𝐹 ∧ 𝐹)]  

𝛿Ψ𝑀 = ∇𝑀𝜀  

∇𝑀𝜀 = 0  

𝜀(𝑥, 𝑦) = 𝜁(𝑥) ⊗ 𝜂(𝑦)  

• Grassmann: 

∇𝜇𝜁 = 0  

[∇𝜇 , ∇𝜈]𝜁 =
1

4
𝑅𝜇𝜈𝜌𝜎Γ

𝜌𝜎𝜁 = 0  

∇𝑚𝜂 = 0  

[∇𝑚, ∇𝑛]𝜂 =
1

4
𝑅𝑚𝑛𝑝𝑞Γ

𝑝𝑞𝜂 = 0  

𝑅𝑚𝑛 = 0  

8 = 4⊕ 4  

𝟒 = 𝟑⊕ 𝟏  

𝟏𝟔 = (𝟐, 𝟒) ⊕ (𝟐, 𝟒)  

𝜀(𝑥, 𝑦) = 𝜁+⊗𝜂+(𝑦) + 𝜁−⊗𝜂−(𝑦),  

𝜂− = 𝜂+
∗   and  𝜁− = 𝜁+

∗  

Γ𝜇 = 𝛾𝜇⊗1  and  Γ𝑚 = 𝛾5⊗𝛾𝑚  

𝛾5 = −𝑖𝛾0𝛾1𝛾2𝛾3  

• Dirac – Fierz - Nijenhuis. 

𝜎2⊗1⊗𝜎1,3 𝜎1,3⊗𝜎2⊗1 1⊗ 𝜎1,3⊗𝜎2  

𝛾7 = 𝜎2⊗𝜎2⊗𝜎2  
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𝑃± = (1 ± 𝛾7)/2.  

𝜂+
†𝜂+ = 𝜂−

†𝜂− = 1  

𝐽𝑚
𝑛 = 𝑖𝜂+

†𝛾𝑚
𝑛𝜂+ = −𝑖𝜂−

†𝛾𝑚
𝑛𝜂−  

𝐽𝑚 
𝑛𝐽𝑛 

𝑝 = −𝛿𝑚 
𝑝  

∇𝑚𝐽𝑛
𝑝
= 0  

𝑁𝑝 𝑚𝑛 = 0  

𝐽𝑎
𝑏 = 𝑖𝛿𝑎

𝑏 , 𝐽𝑎‾
𝑏‾ = −𝑖𝛿𝑎‾

𝑏‾   and  𝐽𝑎
𝑏‾ = 𝐽𝑎‾

𝑏 = 0  

𝑔𝑚𝑛 = 𝐽𝑚
𝑘 𝐽𝑛

𝑙 𝑔𝑘𝑛  

𝐽𝑚𝑛 = 𝐽𝑚 
𝑘𝑔𝑘𝑛  

𝐽 =
1

2
𝐽𝑚𝑛𝑑𝑥

𝑚 ∧ 𝑑𝑥𝑛  

𝐽𝑎𝑏‾ = 𝑖𝑔𝑎𝑏‾  

𝑑𝐽 = 𝜕𝐽 + 𝜕‾𝐽 = 𝑖𝜕𝑎𝑔𝑏𝑐‾𝑑𝑧
𝑎 ∧ 𝑑𝑧𝑏 ∧ 𝑑𝑧𝑐‾ + 𝑖𝜕𝑎‾𝑔𝑏𝑐‾𝑑𝑧

𝑎‾ ∧ 𝑑𝑧𝑏 ∧ 𝑑𝑧𝑐‾ = 0  

Ω𝑎𝑏𝑐 = 𝜂−
𝑇𝛾𝑎𝑏𝑐𝜂−  

Ω =
1

6
Ω𝑎𝑏𝑐𝑑𝑧

𝑎 ∧ 𝑑𝑧𝑏 ∧ 𝑑𝑧𝑐  

Ω𝑎𝑏𝑐 = 𝑓(𝑧)𝜀𝑎𝑏𝑐  

‖Ω‖2 =
1

3!
Ω𝑎𝑏𝑐Ω‾

𝑎𝑏𝑐 ,  

√𝑔 =
|𝑓|2

‖Ω‖2
 

ℛ = 𝑖𝜕𝜕‾log √𝑔 = −𝑖𝜕𝜕‾log ‖Ω‖2  

𝑄|Ψ⟩ = 0 

𝐻 = 𝑄†𝑄 

𝐻|Ψ⟩ = 0 

𝛾7 = (1 − 𝛾1𝛾1)(1 − 𝛾2𝛾2)(1 − 𝛾3𝛾3) = −(1 − 𝛾1𝛾1)(1 − 𝛾2𝛾2)(1 − 𝛾3𝛾3) 

[∇𝑚, ∇𝑛]𝜂 =
1

4
𝑅𝑚𝑛𝑝𝑞Γ

𝑝𝑞𝜂 

∇𝑛𝜂 = 𝜕𝑛𝜂 +
1

4
𝜔𝑛𝑝𝑞𝛾

𝑝𝑞𝜂 



pág. 200 

[∇𝑚, ∇𝑛]𝜂 = [𝜕𝑚 +
1

4
𝜔𝑚𝑝𝑞𝛾

𝑝𝑞 , 𝜕𝑛 +
1

4
𝜔𝑛𝑟𝑠𝛾

𝑟𝑠] 𝜂. 

1

4
(𝜕𝑚𝜔𝑛𝑟𝑠 − 𝜕𝑛𝜔𝑚𝑟𝑠)𝛾

𝑟𝑠𝜂 +
1

16
𝜔𝑚𝑝𝑞𝜔𝑛𝑟𝑠[𝛾

𝑝𝑞 , 𝛾𝑟𝑠]𝜂 

1

4
(𝜕𝑚𝜔𝑛𝑟𝑠 − 𝜕𝑛𝜔𝑚𝑟𝑠 +𝜔𝑚𝑟𝑝𝜔𝑛 

𝑝 𝑠 −𝜔𝑛𝑟𝑝𝜔𝑚 
𝑝 𝑠)𝛾

𝑟𝑠𝜂 =
1

4
𝑅𝑚𝑛𝑟𝑠𝛾

𝑟𝑠𝜂 

[𝛾𝑟𝑠, 𝛾
𝑝𝑞] = −8𝛿[𝑟

[𝑝
𝛾𝑠]
𝑞]

 

𝛾𝑛𝛾𝑝𝑞𝑅𝑚𝑛𝑝𝑞𝜂 = 0 

𝛾𝑛𝛾𝑝𝑞 = 𝛾𝑛𝑝𝑞 + 𝑔𝑛𝑝𝛾𝑞 − 𝑔𝑛𝑞𝛾𝑝 

𝛾𝑛𝑝𝑞𝑅𝑚𝑛𝑝𝑞 = 𝛾
𝑛𝑝𝑞𝑅𝑚[𝑛𝑝𝑞] = 0 

2𝑔𝑛𝑞𝛾𝑝𝑅𝑚𝑛𝑝𝑞𝜂 = 0 

𝑖𝜂−
𝑇𝛾𝑞𝛾

𝑝𝜂+𝑅𝑚𝑝 = 𝐽𝑞
𝑝
𝑅𝑚𝑝 = 0 

Ω =
1

6
Ω𝑎1𝑎2𝑎3𝑑𝑧

𝑎1 ∧ 𝑑𝑧𝑎2 ∧ 𝑑𝑧𝑎3 

1

36
𝑑𝑧𝑎1 ∧ 𝑑𝑧𝑎2 ∧ 𝑑𝑧𝑎3 ∧ 𝑑𝑧‾𝑏

‾
1 ∧ 𝑑𝑧‾𝑏

‾
2 ∧ 𝑑𝑧‾𝑏

‾
3Ω𝑎1𝑎2𝑎3Ω

‾
𝑏‾1𝑏‾2𝑏‾3

 = −
𝑖

36
𝐽 ∧ 𝐽 ∧ 𝐽(Ω𝑎1𝑎2𝑎3Ω

‾
𝑏‾1𝑏‾2𝑏‾3

𝑔𝑎1𝑏
‾1𝑔𝑎2𝑏

‾2𝑔𝑎3𝑏
‾3)

 

∇𝑚‖Ω‖
2 = 0 

‖Ω‖2 =
1

6
𝑔𝑎1𝑏

‾1𝑔𝑎2𝑏
‾2𝑔𝑎3𝑏

‾3Ω𝑎1𝑎2𝑎3Ω
‾
𝑏‾1𝑏‾2𝑏‾3

. 

∫  𝑑10𝑥√−𝑔|𝐹𝑝|
2

 

Δ𝐵𝑝−1 = 𝑑 ⋆ 𝑑𝐵𝑝−1 = 0  

Δ = Δ4 + Δ6  

 

 

𝑔𝑚𝑛 → 𝑔𝑚𝑛 + 𝛿𝑔𝑚𝑛  

𝑅𝑚𝑛(𝑔 + 𝛿𝑔) = 0.  

𝜏 = 𝑖
𝑅2
𝑅1
  and  𝜌 = 𝑖𝑅1𝑅2  

Ω = 𝑑𝑧  
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𝜏 =
∫  𝐴  Ω

∫  𝐵  Ω
,  

𝑅𝑚𝑛(𝑔) = 0  and  𝑅𝑚𝑛(𝑔 + 𝛿𝑔) = 0.  

∇𝑚𝛿𝑔𝑚𝑛 =
1

2
∇𝑛𝛿𝑔𝑚

𝑚  

∇𝑘∇𝑘𝛿𝑔𝑚𝑛 + 2𝑅𝑚 
𝑝 𝑛 

𝑞𝛿𝑔𝑝𝑞 = 0  

𝛿𝑔𝑎𝑏‾𝑑𝑧
𝑎 ∧ 𝑑𝑧‾𝑏

‾  

∫  
𝑀𝑟

  𝐽 ∧ ⋯∧ 𝐽⏟      
𝑟− times 

> 0, 𝑟 = 1,2,3  

𝒥 = 𝐵 + 𝑖𝐽.  

Ω𝑎𝑏𝑐𝑔
𝑐𝑑‾𝛿𝑔𝑑‾𝑒‾𝑑𝑧

𝑎 ∧ 𝑑𝑧𝑏 ∧ 𝑑𝑧‾𝑒‾  

𝑑𝑠2 =
1

2𝑉
∫  𝑔𝑎𝑏

‾
𝑔𝑐𝑑

‾ [𝛿𝑔𝑎𝑐𝛿𝑔𝑏‾𝑑‾ + (𝛿𝑔𝑎𝑑‾𝛿𝑔𝑐𝑏‾ − 𝛿𝐵𝑎𝑑‾𝛿𝐵𝑐𝑏‾)]√𝑔𝑑
6𝑥  

ℳ(𝑀) = ℳ2,1(𝑀) ×ℳ1,1(𝑀)  

𝜒𝛼 =
1

2
(𝜒𝛼)𝑎𝑏𝑐‾𝑑𝑧

𝑎 ∧ 𝑑𝑧𝑏 ∧ 𝑑𝑧‾𝑐‾  with  (𝜒𝛼)𝑎𝑏𝑐‾ = −
1

2
Ω𝑎𝑏

𝑑‾

𝜕𝑡𝛼
 

𝛿𝑔𝑎‾𝑏‾ = −
1

‖Ω‖2
Ω‾ 𝑎‾
𝑐𝑑(𝜒𝛼)𝑐𝑑𝑏‾𝛿𝑡

𝛼 ,  where  ‖Ω‖2 =
1

6
Ω𝑎𝑏𝑐Ω‾

𝑎𝑏𝑐  

𝑑𝑠2 = 2𝐺𝛼𝛽‾ 𝛿𝑡
𝛼𝛿𝑡‾𝛽

‾
 

𝐺𝛼𝛽‾ 𝛿𝑡
𝛼𝛿𝑡‾𝛽

‾
= −(

𝑖 ∫  𝜒𝛼 ∧ 𝜒‾𝛽‾

𝑖 ∫  Ω ∧ Ω‾
) 𝛿𝑡𝛼𝛿𝑡‾𝛽

‾
 

𝜕𝛼Ω = 𝐾𝛼Ω + 𝜒𝛼  

𝒦2,1 = −log (𝑖 ∫  Ω ∧ Ω‾ )  

𝐴𝐼 ∩ 𝐵𝐽 = −𝐵𝐽 ∩ 𝐴
𝐼 = 𝛿𝐽

𝐼  and  𝐴𝐼 ∩ 𝐴𝐽 = 𝐵𝐼 ∩ 𝐵𝐽 = 0.  

∫  
𝐴𝐽
 𝛼𝐼 = ∫  𝛼𝐼 ∧ 𝛽

𝐽 = 𝛿𝐼
𝐽  and  ∫  

𝐵𝐽

 𝛽𝐼 = ∫  𝛽𝐼 ∧ 𝛼𝐽 = −𝛿𝐽
𝐼

 

𝑋𝐼 = ∫  
𝐴𝐼
 Ω  with  𝐼 = 0,… , ℎ2,1  

𝑡𝛼 =
𝑋𝛼

𝑋0
  with  𝛼 = 1,… , ℎ2,1  
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𝐹𝐼 = ∫  
𝐵𝐼

 Ω  

Ω = 𝑋𝐼𝛼𝐼 − 𝐹𝐼(𝑋)𝛽
𝐼  

∫  Ω ∧ 𝜕𝐼Ω = 0  

𝐹𝐼 = 𝑋
𝐽
𝜕𝐹𝐽
𝜕𝑋𝐼

=
1

2

𝜕

𝜕𝑋𝐼
(𝑋𝐽𝐹𝐽)  

𝐹𝐼 =
𝜕𝐹

𝜕𝑋𝐼
  where  𝐹 =

1

2
𝑋𝐼𝐹𝐼  

2𝐹 = 𝑋𝐼
𝜕𝐹

𝜕𝑋𝐼
 

𝐹(𝜆𝑋) = 𝜆2𝐹(𝑋)  

∫  
𝑀

 𝛼 ∧ 𝛽 = −∑ 

𝐼

 (∫  
𝐴𝐼
 𝛼 ∫  

𝐵𝐼

 𝛽 − ∫  
𝐴𝐼
 𝛽 ∫  

𝐵𝐼

 𝛼)  

𝑒−𝒦
2,1
= −𝑖∑  

ℎ2,1

𝐼=0

  (𝑋𝐼𝐹‾𝐼 − 𝑋‾
𝐼𝐹𝐼)  

Ω → 𝑒𝑓(𝑋)Ω  

𝒦2,1 → 𝒦2,1 − 𝑓(𝑋) − 𝑓‾(𝑋‾)  

𝐾𝛼 = −𝜕𝛼𝒦
2,1  

𝒟𝛼 = 𝜕𝛼 + 𝜕𝛼𝒦
2,1  

𝜒𝛼 = 𝒟𝛼Ω  

𝐺(𝜌, 𝜎) =
1

2𝑉
∫  
𝑀

 𝜌𝑎𝑑‾𝜎𝑏‾𝑐𝑔
𝑎𝑏‾𝑔𝑐𝑑

‾
√𝑔𝑑6𝑥 =

1

2𝑉
∫  
𝑀

 𝜌 ∧⋆ 𝜎,  

𝜅(𝜌, 𝜎, 𝜏) = ∫  
𝑀

 𝜌 ∧ 𝜎 ∧ 𝜏,  

⋆ 𝜎 = −𝐽 ∧ 𝜎 +
1

4𝑉
𝜅(𝜎, 𝐽, 𝐽)𝐽 ∧ 𝐽  

𝐺(𝜌, 𝜎) = −
1

2𝑉
𝜅(𝜌, 𝜎, 𝐽) +

1

8𝑉2
𝜅(𝜌, 𝐽, 𝐽)𝜅(𝜎, 𝐽, 𝐽).  

𝒥 = 𝐵 + 𝑖𝐽 = 𝑤𝛼𝑒𝛼   with  𝛼 = 1,… , ℎ1,1  

𝐺𝛼𝛽‾ =
1

2
𝐺(𝑒𝛼 , 𝑒𝛽) =

𝜕

𝜕𝑤𝛼
𝜕

𝜕𝑤‾ 𝛽‾
𝒦1,1,  



pág. 203 

𝑒−𝒦
1,1
=
4

3
∫  𝐽 ∧ 𝐽 ∧ 𝐽 = 8𝑉  

𝜅𝛼𝛽𝛾 = 𝜅(𝑒𝛼 , 𝑒𝛽 , 𝑒𝛾) = ∫  𝑒𝛼 ∧ 𝑒𝛽 ∧ 𝑒𝛾  

𝐺(𝑤) =
1

6

𝜅𝛼𝛽𝛾𝑤
𝛼𝑤𝛽𝑤𝛾

𝑤0
=

1

6𝑤0
∫  𝒥 ∧ 𝒥 ∧ 𝒥,  

𝑒−𝒦
1,1
= 𝑖∑  

ℎ1,1

𝐴=0

 (𝑤𝐴
𝜕𝐺‾

𝜕𝑤‾ 𝐴
−𝑤‾ 𝐴

𝜕𝐺

𝜕𝑤𝐴
)  

𝛿𝑤𝛼 = 𝜀𝛼 .  

𝐺(𝑤) =
𝜅𝐴𝐵𝐶𝑤

𝐴𝑤𝐵𝑤𝐶

𝑤0
+ 𝑖𝒴(𝑤0)2  

𝒴 =
𝜁(3)

2(2𝜋)3
𝜒(𝑀)  

• Peccei-Quinn: 

exp (−
𝑐𝛼𝑤

𝛼

𝛼′𝑤0
) ,  

𝒦 = −log (𝑖 ∫  Ω ∧ Ω‾ )   and  Ω = 𝑑𝑧  

𝑔 =
1

𝜏2
(
𝜏1
2 + 𝜏2

2 𝜏1
𝜏1 1

) 

𝑑𝑠2 =
1

𝜏2
[(𝜏1

2 + 𝜏2
2)𝑑𝑥2 + 2𝜏1𝑑𝑥𝑑𝑦 + 𝑑𝑦

2] = 2𝑔𝑧𝑧‾𝑑𝑧𝑑𝑧‾ 

𝑑𝑧 = 𝑑𝑦 + 𝜏𝑑𝑥  and  𝑔𝑧𝑧‾ =
1

2𝜏2
 

𝒦 = −log (𝑖 ∫  𝑑𝑧 ∧ 𝑑𝑧‾) = −log (2𝜏2) 

𝐺𝜏𝜏‾ = 𝜕𝜏𝜕𝜏‾𝒦 =
1

4𝜏2
2 

𝛿𝑔𝑧𝑧 =
𝑑𝜏

2𝜏2
2   and  𝛿𝑔𝑧‾𝑧‾ =

𝑑𝜏‾

2𝜏2
2 

𝑑𝑠2 = 2𝐺𝜏𝜏‾𝑑𝜏𝑑𝜏‾ =
1

2𝑉
∫  (𝑔𝑧𝑧‾)2𝛿𝑔𝑧𝑧𝛿𝑔𝑧‾𝑧‾√𝑔𝑑

2𝑥 =
𝑑𝜏𝑑𝜏‾

2𝜏2
2  

Ω =
1

6
Ω𝑎𝑏𝑐𝑑𝑧

𝑎 ∧ 𝑑𝑧𝑏 ∧ 𝑑𝑧𝑐 
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𝜕𝑎Ω =
1

6

𝜕Ω𝑎𝑏𝑐
𝜕𝑡𝛼

𝑑𝑧𝑎 ∧ 𝑑𝑧𝑏 ∧ 𝑑𝑧𝑐 +
1

2
Ω𝑎𝑏𝑐𝑑𝑧

𝑎 ∧ 𝑑𝑧𝑏 ∧
𝜕(𝑑𝑧𝑐)

𝜕𝑡𝛼
 

𝜕Ω/𝜕𝑡𝛼 ∈ 𝐻(3,0)⊕𝐻(2,1) 

𝑧𝑐(𝑡𝛼 + 𝛿𝑡𝛼) = 𝑧𝑐(𝑡𝛼) + 𝑀𝛼
𝑐𝛿𝑡𝛼 

𝜕(𝑑𝑧𝑐)

𝜕𝑡𝛼
= 𝑑𝑀𝛼

𝑐 =
𝜕𝑀𝛼

𝑐

𝜕𝑧𝑑
𝑑𝑧𝑑 +

𝜕𝑀𝛼
𝑐

𝜕𝑧‾𝑑‾
𝑑𝑧‾𝑑

‾
 

1

2
Ω𝑎𝑏𝑐

𝜕𝑀𝛼
𝑐

𝜕𝑧‾𝑑‾
𝑑𝑧𝑎 ∧ 𝑑𝑧𝑏 ∧ 𝑑𝑧‾𝑑

‾
 

𝜒𝛼 = −
1

4
Ω𝑎𝑏𝑐𝑔

𝑐𝑒‾ (
𝜕𝑔𝑑‾𝑒‾
𝜕𝑡𝛼

)𝑑𝑧𝑎 ∧ 𝑑𝑧𝑏 ∧ 𝑑𝑧‾𝑑
‾
 

𝜕𝑀𝛼
𝑐

𝜕𝑧‾𝑑‾
= −

1

2
𝑔𝑐𝑒‾ (

𝜕𝑔𝑑‾𝑒‾
𝜕𝑡𝛼

). 

𝜕𝑔𝑑‾𝑒‾
𝜕𝑡𝛼

= −2𝑔𝑐𝑒‾
𝜕𝑀𝛼

𝑐

𝜕𝑧‾𝑑‾
 

ℳ1,1(𝑀) ×ℳ2,1(𝑀).  

ℳ1,1(𝑊) ×ℳ2,1(𝑊)  

{𝐺𝑀𝑁, 𝐴𝑀𝑁𝑃 , Ψ𝑀} 

 gravity multiplet : 𝐺𝜇𝜈, 𝐴𝑖𝑗𝑘 , 𝐴𝜇𝜈𝜌, fermions 

ℎ1,1 vector multiplets : 𝐴𝜇𝑗𝑘‾ , 𝐺𝑗𝑘‾ , fermions 

ℎ2,1 hypermultiplets : 𝐴𝑖𝑗𝑘‾ , 𝐺𝑗𝑘 , fermions. 

 

4ℎ2,1 + ℎ1,1 + 3 

{𝐺𝑀𝑁, 𝐵𝑀𝑁 , Φ, 𝐶𝑀, 𝐶𝑀𝑁𝑃, Ψ𝑀
(+)
, Ψ𝑀

(−)
, Ψ(+), Ψ(−)} 

  gravity multiplet : 𝐺𝜇𝜈 , Ψ𝜇 , Ψ̃𝜇 , 𝐶𝜇

ℎ1,1 vector multiplets : 𝐶𝜇𝑖𝑗‾, 𝐺𝑖𝑗‾, 𝐵𝑖𝑗‾, fermions 

ℎ2,1 hypermultiplets : 𝐶𝑖𝑗𝑘‾ , 𝐺𝑖𝑗, fermions 

 universal hypermultiplet : 𝐶𝑖𝑗𝑘, Φ, 𝐵𝜇𝜈, fermions. 

 

{𝐺𝑀𝑁, 𝐵𝑀𝑁 , Φ, 𝐶, 𝐶𝑀𝑁, 𝐶𝑀𝑁𝑃𝑄, Ψ𝑀
(+)
, Ψ̃𝑀

(+)
, Ψ(−), Ψ̃(−)} 

  gravity multiplet : 𝐺𝜇𝜈 , Ψ𝜇 , Ψ̃𝜇 , 𝐶𝜇𝑖𝑗𝑘

ℎ2,1 vector supermultiplets : 𝐶𝜇𝑖𝑗𝑘‾ , 𝐺𝑖𝑗, fermions 

ℎ1,1 hypermultiplets : 𝐶𝜇𝜈𝑖𝑗‾ , 𝐺𝑖𝑗‾, 𝐵𝑖𝑗‾, 𝐶𝑖𝑗‾, fermions 

 universal hypermultiplet : Φ,𝐶, 𝐵𝜇𝜈 , 𝐶𝜇𝜈, fermions. 

 

𝑋1 = ∫  
𝐴1
 Ω  
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𝑋1 → 𝑋1  and  𝐹1 → 𝐹1 + 𝑋
1.  

𝐹1(𝑋
1) =  const +

1

2𝜋𝑖
𝑋1log 𝑋1  

𝒦2,1 ∼ log (|𝑋1|2log |𝑋1|2)  

𝛿𝜀Θ = 𝜀  and  𝛿𝜀𝑋
𝑀 = 𝑖𝜀‾Γ𝑀Θ  

𝛿𝜅Θ = 2𝑃+𝜅(𝜎)  and  𝛿𝜅𝑋
𝑀 = 2𝑖Θ‾Γ𝑀𝑃+𝜅(𝜎)  

𝑃± =
1

2
(1 ±

𝑖

6
𝜀𝛼𝛽𝛾𝜕𝛼𝑋

𝑀𝜕𝛽𝑋
𝑁𝜕𝛾𝑋

𝑃Γ𝑀𝑁𝑃)  

𝛿𝜀Θ + 𝛿𝜅Θ = 𝜀 + 2𝑃+𝜅(𝜎) = 0  

𝑃−𝜀 = 0  

𝜕[𝛼𝑋
𝑎𝜕𝛽]𝑋

𝑏‾ 𝐽𝑎𝑏‾ = 0  

𝜕𝛼𝑋
𝑎𝜕𝛽𝑋

𝑏𝜕𝛾𝑋
𝑐Ω𝑎𝑏𝑐 = 𝑒

−𝑖𝜑𝑒𝒦𝜀𝛼𝛽𝛾  

𝒦 =
1

2
(𝒦1,1 −𝒦2,1),  

∫ 
Σ

  𝜀†𝑃−
†𝑃−𝜀𝑑

3𝜎 ≥ 0  

𝑃−
†𝑃− = 𝑃−𝑃− = 𝑃−  

2𝒱 ≥ 𝑒−𝒦 (𝑒𝑖𝜑∫ 
Σ

 Ω + 𝑒−𝑖𝜑∫ 
Σ

 Ω‾ ) ,  

𝒱 ≥ 𝑒−𝒦 |∫ 
Σ

 Ω| .  

𝒱 = 𝑒−𝒦 |∫  
𝒞

 Ω|  

𝑀 ≥ 𝑒𝒦
2,1/2 |∫  

𝒞

 Ω| = 𝑒𝒦
2,1/2 |∫  

𝑀

 Ω ∧ Γ| ,  

Γ = 𝑞𝐼𝛼𝐼 − 𝑝𝐼𝛽
𝐼  

𝑀 ≥ 𝑒𝒦
2,1/2|𝑝𝐼𝑋

𝐼 − 𝑞𝐼𝐹𝐼|.  

𝜕‾𝑋𝑎 = 0  and  𝜕𝑋𝑎‾ = 0  

∑  

5

𝑚=1

(𝑋𝑚)5 = 0 
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Ω =
𝑑𝑌1 ∧ 𝑑𝑌2 ∧ 𝑑𝑌3

(𝑌4)4
 

‖Ω‖2 =
1

6
Ω𝑎𝑏𝑐Ω‾

𝑎𝑏𝑐 =
1

�̂�|𝑌4|8
, 

𝑒−𝒦
2,1
= 𝑖∫  Ω ∧ Ω‾ = 𝑉‖Ω‖2 =

1

8
𝑒−𝒦

1,1
‖Ω‖2 

‖Ω‖2 = 8𝑒2𝒦 , 

�̂� =
𝑒−2𝒦

8|𝑌4|8
 

ℎ𝛼𝛽 = 2𝜕𝛼𝑌
𝑎𝑔𝑎𝑏‾𝜕𝛽𝑌

𝑏‾  

√ℎ = √8�̂�|det(𝜕𝑌)| = |det(𝜕𝑌)|
𝑒−𝒦

|𝑌4|4
 

𝜕𝛼𝑌
𝑎𝜕𝛽𝑌

𝑏𝜕𝛾𝑌
𝑐Ω𝑎𝑏𝑐 =

𝜀𝑎𝑏𝑐𝜕𝛼𝑌
𝑎𝜕𝛽𝑌

𝑏𝜕𝛾𝑌
𝑐

(𝑌4)4
= 𝑒−𝑖𝜙𝑒𝒦√ℎ𝜀𝛼𝛽𝛾 

𝜀 = 𝜆⊗ 𝜂+ + 𝜆
∗⊗𝜂− 

(1 −
𝑖

6
𝜀𝛼𝛽𝛾𝜕𝛼𝑋

𝑚𝜕𝛽𝑋
𝑛𝜕𝛾𝑋

𝑝𝛾𝑚𝑛𝑝) (𝑒
−𝑖𝜃𝜂+ + c.c. ) = 0 

𝛾𝑎𝑏‾𝑐‾𝜂+ = −2𝑖𝐽𝑎[𝑏‾𝛾𝑐‾]𝜂+ 

𝛾𝑎‾𝑏‾𝑐‾𝜂+ = 𝑒
−𝒦Ω‾ 𝑎‾𝑏‾𝑐‾𝜂− 

𝑒−𝑖𝜃𝜂+ +
𝑖

6
𝑒𝑖𝜃𝜀𝛼𝛽𝛾𝜕𝛼𝑋

𝑎𝜕𝛽𝑋
𝑏𝜕𝛾𝑋

𝑐𝑒−𝒦Ω𝑎𝑏𝑐𝜂+

 −𝑒−𝑖𝜃𝜀𝛼𝛽𝛾𝜕𝛼𝑋
𝑎𝜕𝛽𝑋

𝑏‾𝜕𝛾𝑋
𝑐‾𝐽𝑎𝑏‾𝛾𝑐‾𝜂+ + c.c. = 0

 

𝜀𝛼𝛽𝛾𝜕𝛼𝑋
𝑎𝜕𝛽𝑋

𝑏‾𝜕𝛾𝑋
𝑐‾𝐽𝑎𝑏‾ = 0 

𝑒−𝑖𝜃 +
𝑖

6
𝑒𝑖𝜃𝜀𝛼𝛽𝛾𝜕𝛼𝑋

𝑎𝜕𝛽𝑋
𝑏𝜕𝛾𝑋

𝑐𝑒−𝒦Ω𝑎𝑏𝑐 = 0 

𝜕[𝛼𝑋
𝑎𝜕𝛽]𝑋

𝑏‾ 𝐽𝑎𝑏‾ = 0 

𝜕𝛼𝑋
𝑎𝜕𝛽𝑋

𝑏𝜕𝛾𝑋
𝑐Ω𝑎𝑏𝑐 = −𝑖𝑒

−2𝑖𝜃𝑒𝒦𝜀𝛼𝛽𝛾 

𝐻𝑝,𝑞(𝑀) = 𝐻3−𝑝,𝑞(𝑊)  

ℳ1,1(𝑀) = ℳ2,1(𝑊)  and  ℳ1,1(𝑊) = ℳ2,1(𝑀).  

𝜒(𝑀) = −𝜒(𝑊).  
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𝛼′𝑀2 = 𝛼′ [(
𝐾

𝑅
)
2

+ (
𝑊𝑅

𝛼′
)
2

] + 2𝑁L + 2𝑁R − 4,  

𝑁R −𝑁L = 𝑊𝐾.  

𝜏 = 𝑖
𝑅2
𝑅1
  and  𝜌 = 𝑖𝑅1𝑅2  

�̃� = 𝑖𝑅1𝑅2  and  �̃� = 𝑖
𝑅2
𝑅1

 

𝟐𝟒𝟖 = (𝟕𝟖, 𝟏) + (𝟏, 𝟖) + (𝟐𝟕, 𝟑) + (𝟐𝟕, 𝟑)  

𝐴𝑀 = (𝐴𝜇 , 𝐴𝑎 , 𝐴𝑎‾)  

𝐴𝑎𝑑‾𝑒‾𝑠 = 𝐴𝑎,𝑠𝑏𝑔
𝑏𝑐‾Ω‾ 𝑐‾𝑑‾𝑒‾  

248 = (45,1) + (1,15) + (10,6) + (16,4) + (16, 4).  

𝛿𝑔𝑎𝑏 ∼ Ω𝑎𝑐𝑔
𝑐𝑑‾𝜔𝑏𝑑‾ + (𝑎 ↔ 𝑏),  

ℳ19,3 =ℳ19,3
0 /𝑂(19,3; ℤ)  

ℳ19,3
0 =

𝑂(19,3;ℝ)

𝑂(19,ℝ) × 𝑂(3,ℝ)
 

ℳ16+𝑛,𝑛 =ℳ16+𝑛,𝑛
0 /𝑂(16 + 𝑛, 𝑛; ℤ)  

ℳ16+𝑛,𝑛
0 =

𝑂(16 + 𝑛, 𝑛; ℝ)

𝑂(16 + 𝑛,ℝ) × 𝑂(𝑛,ℝ)
 

𝐹3 =∑ 

3

𝑖=1

 𝜕−𝑋
𝑖𝜔+
𝑖 +∑ 

19

𝑖=1

 𝜕+𝑋
𝑖𝜔−
𝑖  

𝑝 + 𝑝′ = 𝐷 − 4  

𝑇F1 = 𝑇M5𝑉K3  and  𝑇NS5𝑉𝑇3 = 𝑇M2  

1

ℓs
2 ∼

𝑉K3

ℓp
6   and  

𝑉𝑇3

𝑔s
2ℓs
6 ∼

1

ℓp
3 ,  

𝑔s(𝑉𝑇3/ℓs
3)−1/2 ∼ (𝑉K3/ℓp

4)
3/4

 

ℝ+ ×ℳ20,4  

1

ℓH
2 ∼

𝑉K3

𝑔𝐴
2ℓA
6   and  

𝑉𝑇4

𝑔H
2ℓH
6 ∼

1

ℓA
2 .  

𝑔6H
2 = 𝑔H

2(𝑉𝑇4/ℓH
4 )
−1
  and  𝑔6 A

2 = 𝑔A
2(𝑉K3/ℓA

4)
−1
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𝑔6H
2 ∼ 𝑔6 A

−2 .  

ℝ+ ×ℳ21,5  

𝜏 = 𝐶0 + 𝑖𝑒
−Φ  

𝜏 →
𝑎𝜏 + 𝑏

𝑐𝜏 + 𝑑
 

1

2
∫  √−𝑔(𝑅 − 𝑔𝜇𝜈

𝜕𝜇𝜏𝜕𝜈𝜏‾

(Im𝜏)2
)𝑑10𝑥  

𝑑𝑠2 = 𝑒𝐴(𝑟,𝜃)(𝑑𝑟2 + 𝑟2𝑑𝜃2) − (𝑑𝑥0)2 + (𝑑𝑥1)2 +⋯+ (𝑑𝑥7)2.  

𝑗(𝜏) = ∑  

∞

𝑛=−1

  𝑐𝑛𝑒
2𝜋𝑖𝑛𝜏  

𝑗(𝜏) ∼ 𝑒−2𝜋𝑖𝜏  

𝑗(𝜏(𝑧)) = 𝐶𝑧,  

𝜏(𝑧) ∼ −
1

2𝜋𝑖
log 𝑧  

𝑇7 =
1

2
∫  𝑑2𝑥

𝜕𝜏 ⋅ 𝜕𝜏‾

(Im𝜏)2
=
1

2
∫  𝑑2𝑥

𝜕𝜏𝜕‾𝜏‾ + 𝜕‾𝜏𝜕𝜏‾

(Im𝜏)2
 

𝑇7 =
1

2
∫  𝑑2𝑥

𝜕𝜏𝜕‾𝜏‾

(Im𝜏)2
=
1

2
∫  
ℱ

 
𝑑2𝜏

(Im𝜏)2
=
𝜋

6
 

𝑅00 −
1

2
𝑔00𝑅 = −

1

2
𝑔00𝑒

−𝐴
𝜕𝜏𝜕‾𝜏‾

(Im𝜏)2
 

𝜕𝜕‾𝐴 = −
1

2

𝜕𝜏𝜕‾𝜏‾

(𝜏 − 𝜏‾)2
= 𝜕𝜕‾log Im𝜏  

𝐴 ∼ −
1

6
log 𝑟.  

𝑑𝑠2 ∼ 𝑑𝜌2 + 𝜌2 (
11

12
𝑑𝜃)

2

 

𝑒𝐴 = |𝑓(𝑧)|2Im𝜏  

𝑓(𝑧) = [𝜂(𝜏)]2∏ 

𝑁

𝑖=1

  (𝑧 − 𝑧𝑖)
−1/12  

• Dedekind: 
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𝜂(𝜏) = 𝑞1/24∏ 

∞

𝑛=1

  (1 − 𝑞𝑛)  

𝑞 = 𝑒2𝜋𝑖𝜏  

𝜂(−1/𝜏) = √−𝑖𝜏𝜂(𝜏)  

∑ 𝜙𝑖 = 4𝜋  

𝑦2 = 𝑥3 + 𝑎𝑥 + 𝑏  

27𝑎3 − 4𝑏2 = 0  

ℝ+ ×ℳ18,2  

𝑀11 = 𝑀4 ×𝑀7  

𝛿𝜓𝑀 = ∇𝑀𝜀 = 0  

𝜑 = 𝑑𝑦123 + 𝑑𝑦145 + 𝑑𝑦167 + 𝑑𝑦246 − 𝑑𝑦257 − 𝑑𝑦347 − 𝑑𝑦356,  

𝑑𝑦𝑖𝑗𝑘 = 𝑑𝑦𝑖 ∧ 𝑑𝑦𝑗 ∧ 𝑑𝑦𝑘  

Φ =
1

6
Φ𝑎𝑏𝑐𝑒

𝑎 ∧ 𝑒𝑏 ∧ 𝑒𝑐  

𝛼: (𝑦1, … , 𝑦7) → (𝑦1, 𝑦2, 𝑦3, −𝑦4, −𝑦5, −𝑦6, −𝑦7),

𝛽: (𝑦1, … , 𝑦7) → (𝑦1, −𝑦2, −𝑦3, 𝑦4, 𝑦5, 1/2 − 𝑦6, −𝑦7),

𝛾: (𝑦1, … , 𝑦7) → (−𝑦1, 𝑦2, −𝑦3, 𝑦4, 1/2 − 𝑦5, 𝑦6, 1/2 − 𝑦7).

 

𝑃−𝜖 =
1

2
(1 −

𝑖

6
𝜀𝛼𝛽𝛾𝜕𝛼𝑋

𝑀𝜕𝛽𝑋
𝑁𝜕𝛾𝑋

𝑃Γ𝑀𝑁𝑃) 𝜖 = 0  

𝜕[𝛼𝑋
𝑎𝜕𝛽𝑋

𝑏𝜕𝛾]𝑋
𝑐Φ𝑎𝑏𝑐 = 𝜀𝛼𝛽𝛾  

𝑃−𝜖 =
1

2
(1 −

𝑖

4!
𝜀𝛼𝛽𝛾𝜎𝜕𝛼𝑋

𝑀𝜕𝛽𝑋
𝑁𝜕𝛾𝑋

𝑄𝜕𝜎𝑋
𝑃Γ𝑀𝑁𝑃𝑄) 𝜖 = 0.  

𝑑𝑠2 = 𝑑𝑟2 + 𝑟2𝑑Ω𝑛−1
2  

(𝑒
2𝜋𝑖/𝑛 0
0 𝑒−2𝜋𝑖/𝑛

)  

(𝑒
𝜋𝑖/(𝑘−2) 0
0 𝑒−𝜋𝑖/(𝑘−2)

)   and  (
0 𝑖
𝑖 0

)  

Ω = 𝑑𝑦1234 + 𝑑𝑦1256 + 𝑑𝑦1278 + 𝑑𝑦1357 − 𝑑𝑦1368 − 𝑑𝑦1458 − 𝑑𝑦1467 −

𝑑𝑦2358 − 𝑑𝑦2367 − 𝑑𝑦2457 + 𝑑𝑦2468 + 𝑑𝑦3456 + 𝑑𝑦3478 + 𝑑𝑦5678
 

𝑑𝑦𝑖𝑗𝑘𝑙 = 𝑑𝑦𝑖 ∧ 𝑑𝑦𝑗 ∧ 𝑑𝑦𝑘 ∧ 𝑑𝑦𝑙  
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𝑎14 + 𝑎36 + 𝑎27 = 0, 𝑎15 + 𝑎73 + 𝑎26 = 0,
𝑎16 + 𝑎43 + 𝑎52 = 0, 𝑎17 + 𝑎35 + 𝑎42 = 0,
𝑎76 + 𝑎54 + 𝑎32 = 0, 𝑎12 + 𝑎74 + 𝑎65 = 0,

𝑎13 + 𝑎57 + 𝑎64 = 0.

 

𝐴𝑝 =
1

𝑝!
𝐴𝜇1⋯𝜇𝑝𝑑𝑥

𝜇1 ∧ ⋯∧ 𝑑𝑥𝜇𝑝  

𝑑𝐴𝑝 =
1

𝑝!
𝜕𝜇1𝐴𝜇2⋯𝜇𝑝+1𝑑𝑥

𝜇1 ∧⋯∧ 𝑑𝑥𝜇𝑝+1  

𝑑𝑑𝐴0 = 𝑑 (
𝜕𝐴0
𝜕𝑥𝜇

𝑑𝑥𝜇) =
𝜕2𝐴0
𝜕𝑥𝜇𝜕𝑥𝜈

𝑑𝑥𝜇 ∧ 𝑑𝑥𝜈  

𝑑𝐴𝑝 = 0  

𝐴𝑝 = 𝑑𝐴𝑝−1  

𝐻𝑝(𝑀) = 𝐶𝑝(𝑀)/𝑍𝑝(𝑀)  

𝜒(𝑀) =∑  

𝑑

𝑖=0

  (−1)𝑖𝑏𝑖(𝑀)  

𝛿𝑧𝑝 = 0.  

• Poincaré – Stokes – Laplace – Ricci – Lorentz – Riemann – Hodge – Levi – Civita – 

Nijenhuis – Dolbeault – Kähler. 

∫  
𝑁

 𝑑𝐴 = ∫  
𝛿𝑁

 𝐴.  

∫  
𝑀

 𝐴 ∧ 𝐵 = ∫  
𝑁

 𝐵,  

𝑑𝑠2 = 𝑔𝜇𝜈(𝑥)𝑑𝑥
𝜇𝑑𝑥𝜈  

𝑒𝛼 = 𝑒𝜇
𝛼𝑑𝑥𝜇  

𝑔 = 𝜂𝛼𝛽𝑒
𝛼⊗𝑒𝛽  

𝑔𝜇𝜈 = 𝜂𝛼𝛽𝑒𝜇
𝛼𝑒𝜈

𝛽
 

Δ𝑝 = 𝑑
†𝑑 + 𝑑𝑑† = (𝑑 + 𝑑†)

2
 

𝑑† = (−1)𝑑𝑝+𝑑+1 ⋆ 𝑑 ⋆  

⋆ (𝑑𝑥𝜇1 ∧ ⋯∧ 𝑑𝑥𝜇𝑝) =
𝜀𝜇1⋯𝜇𝑝𝜇𝑝+1⋯𝜇𝑑

(𝑑 − 𝑝)! |𝑔|1/2
𝑔𝜇𝑝+1𝜈𝑝+1⋯𝑔𝜇𝑑𝜈𝑑𝑑𝑥

𝜈𝑝+1 ∧⋯∧ 𝑑𝑥𝜈𝑑  

Δ𝑝𝐴 = 0  
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(𝑑𝑑† + 𝑑†𝑑)𝐴𝑝 = 0  

(𝐴𝑝, (𝑑𝑑
† + 𝑑†𝑑)𝐴𝑝) = 0 ⇒ (𝑑†𝐴𝑝, 𝑑

†𝐴𝑝) + (𝑑𝐴𝑝, 𝑑𝐴𝑝) = 0  

𝐴𝑝 = 𝐴𝑝
h + 𝑑𝐴𝑝−1

e. + 𝑑†𝐴𝑝−1
c.e.  

𝐴𝑝 = 𝐴𝑝
h + 𝑑𝐴𝑝−1

e  

𝑏𝑝 = 𝑏𝑑−𝑝  

∇𝜇𝑒𝜈
𝛼 = 𝜕𝜇𝑒𝜈

𝛼 − Γ𝜇𝜈
𝜌
𝑒𝜌
𝛼 +𝜔𝜇

𝛼  𝛽𝑒𝜈
𝛽
= 0  

Γ𝜇𝜈
𝜌
= {

𝜌
𝜇𝜈} + 𝐾𝜇𝜈

𝜌
 

{
𝜌
𝜇𝜈} =

1

2
𝑔𝜌𝜆(𝜕𝜇𝑔𝜈𝜆 + 𝜕𝜈𝑔𝜇𝜆 − 𝜕𝜆𝑔𝜇𝜈)  

𝜔𝜇
𝛼  𝛽 = −𝑒𝛽

𝜈(𝜕𝜇𝑒𝜈
𝛼 − Γ𝜇𝜈

𝜆 𝑒𝜆
𝛼)  

𝑅𝛽
𝛼 = 𝑑𝜔𝛽

𝛼 +𝜔𝛾
𝛼 ∧ 𝜔𝛽

𝛾
,  

𝑅 = 𝑑𝜔 + 𝜔 ∧ 𝜔  

𝑅𝜈𝜆 = 𝑅𝜈𝜇𝜆
𝜇

 

𝑅 = 𝑔𝜇𝜈𝑅𝜇𝜈  

𝜀 → 𝑈𝜀  

𝜀 → 𝑈1𝑈2𝜀 = 𝑈3𝜀.  

𝐽𝑎
𝑏 = 𝑖𝛿𝑎

𝑏 , 𝐽𝑎‾
𝑏‾ = −𝑖𝛿𝑎‾

𝑏‾ , 𝐽𝑎
𝑏‾ = 𝐽𝑎‾

𝑏 = 0  

𝐽𝑚 
𝑛𝐽𝑛 

𝑝 = −𝛿𝑚 
𝑝  

𝑁𝑝 𝑚𝑛 = 𝐽𝑚 
𝑞𝜕[𝑞𝐽𝑛] 

𝑝 − 𝐽𝑛 
𝑞𝜕[𝑞𝐽𝑚] 

𝑝
 

𝐴𝑝,𝑞 =
1

𝑝! 𝑞!
𝐴𝑎1⋯𝑎𝑝𝑏‾1⋯𝑏‾𝑞𝑑𝑧

𝑎1 ∧ ⋯∧ 𝑑𝑧𝑎𝑝 ∧ 𝑑𝑧‾𝑏
‾1 ∧ ⋯∧ 𝑑𝑧‾𝑏

‾
𝑞  

𝑑 = 𝜕 + 𝜕‾  

𝜕 = 𝑑𝑧𝑎
𝜕

𝜕𝑧𝑎
  and  𝜕‾ = 𝑑𝑧‾𝑎‾

𝜕

𝜕𝑧‾𝑎‾
 

𝜕2 = 𝜕‾2 = 0  

𝜕𝜕‾ + 𝜕‾𝜕 = 0.  

𝑑𝑠2 = 𝑔𝑎𝑏𝑑𝑧
𝑎𝑑𝑧𝑏 + 𝑔𝑎𝑏‾𝑑𝑧

𝑎𝑑𝑧‾𝑏
‾
+ 𝑔𝑎‾𝑏𝑑𝑧‾

𝑎‾𝑑𝑧𝑏 + 𝑔𝑎‾𝑏‾𝑑𝑧‾
𝑎‾𝑑𝑧‾𝑏

‾
.  
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𝑔𝑎𝑏 = 𝑔𝑎‾𝑏‾ = 0  

Δ𝜕 = 𝜕𝜕
† + 𝜕†𝜕  and  Δ𝜕‾ = 𝜕‾𝜕‾

† + 𝜕‾†𝜕‾  

𝐽 = 𝑖𝑔𝑎𝑏‾𝑑𝑧
𝑎 ∧ 𝑑𝑧‾𝑏

‾  

𝑑𝐽 = 0  

𝑔𝑎𝑏‾ =
𝜕

𝜕𝑧𝑎
𝜕

𝜕𝑧‾𝑏‾
𝒦(𝑧, 𝑧‾),  

𝐽 = 𝑖𝜕𝜕‾𝐾 

�̃�(𝑧, 𝑧‾) = 𝒦(𝑧, 𝑧‾) + 𝑓(𝑧) + 𝑓‾(𝑧‾)  

Δ𝑑 = 2Δ𝜕‾ = 2Δ𝜕.  

𝐻
𝜕‾
𝑝,𝑞
(𝑀) = 𝐻𝜕

𝑝,𝑞
(𝑀) = 𝐻𝑝,𝑞(𝑀).  

𝑏𝑘 = ∑  

𝑘

𝑝=0

 ℎ𝑝,𝑘−𝑝  

ℎ𝑝,𝑞 = ℎ𝑞,𝑝.  

ℎ𝑛−𝑝,𝑛−𝑞 = ℎ𝑝,𝑞 .  

ℛ = 𝑖𝑅𝑎𝑏‾𝑑𝑧
𝑎 ∧ 𝑑𝑧‾𝑏

‾  

𝑐1 =
1

2𝜋
[ℛ].  

∫  
𝑀

𝐴 ∧ 𝐵 = 𝛼𝑖𝛽𝑗∫  
𝑀

𝑤𝑖 ∧ 𝑣𝑗 ≡ 𝛼𝑖𝛽𝑗𝑚
𝑖𝑗. 

∫  
𝑍𝑗

𝑣𝑖 = 𝛿𝑗
𝑖 

∫  
𝑁

𝐵 = ∫  
𝛼𝑖𝑚

𝑖𝑗𝑍𝑗

𝛽𝛾𝑣
𝛾 = 𝛼𝑖𝛽𝛾𝑚

𝑖𝑗𝛿𝑗
𝛾
= 𝛼𝑖𝛽𝑗𝑚

𝑖𝑗 = ∫  
𝑀

𝐴 ∧ 𝐵 

𝐻𝑝(𝑀) ≈ 𝐻𝑑−𝑝(𝑀) 

⋆ 𝑑𝑥 = 𝑑𝑦  and  ⋆ 𝑑𝑦 = −𝑑𝑥 

⋆ 𝑑𝑧 = −𝑖𝑑𝑧  and  ⋆ 𝑑𝑧‾ = 𝑖𝑑𝑧‾ 

𝑁𝑝 𝑚𝑛 = 𝐽
𝑞 𝑚∇𝑞𝐽

𝑝 𝑛 − 𝐽
𝑞 𝑛∇𝑞𝐽

𝑝 𝑚 − 𝐽
𝑝 𝑞∇𝑚𝐽

𝑞 𝑛 + 𝐽
𝑝 𝑞∇𝑛𝐽

𝑞 𝑚. 
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𝐽𝑞  𝑚∇𝑞𝐽
𝑝 𝑛 + 𝐽

𝑝 𝑞∇𝑛𝐽
𝑞 𝑚 − 𝐽

𝑞 𝑛∇𝑞𝐽
𝑝 𝑚 − 𝐽

𝑝 𝑞∇𝑚𝐽
𝑞 𝑛

= 𝐽𝑞 𝑚(𝜕𝑞𝐽
𝑝 𝑛 + Γ𝑞𝜆 

𝑝𝐽𝜆 𝑛 − Γ𝑞𝑛 
𝜆𝐽𝑝 𝜆)

+𝐽𝑝 𝑞(𝜕𝑛𝐽
𝑞 𝑚 + Γ𝑛𝜆 

𝑞𝐽𝜆 𝑚 − Γ𝑛𝑚 
𝜆𝐽𝑞 𝜆) − (𝑛 ↔ 𝑚).

 

𝐽𝑝 𝑞Γ𝑛𝜆 
𝑞𝐽𝜆 𝑚 − 𝐽

𝑞 𝑚Γ𝑞𝑛 
𝜆𝐽𝑝 𝜆 

𝑁𝑝 𝑚𝑛 = 𝐽
𝑞 𝑚𝜕𝑞𝐽

𝑝 𝑛 + 𝐽
𝑝 𝑞𝜕𝑛𝐽

𝑞 𝑚 − (𝑛 ↔ 𝑚), 

𝑅 = −2
𝑑𝑧 ∧ 𝑑𝑧‾

(1 + 𝑧𝑧‾)2
 

• Lichnerowicz: 

∇𝑘∇𝑘𝛿𝑔𝑚𝑛 + 2𝑅𝑚 
𝑝 𝑛 

𝑞𝛿𝑔𝑝𝑞 = 0. 

𝑇2 × 𝑇2 × 𝑇2

ℤ4
, 

𝑦2 = 𝑥3 + 𝑓(𝑧1, 𝑧2)𝑥 + 𝑔(𝑧1, 𝑧2), 

∫  
𝛾𝑛+1

 𝐹  

∫  
𝛾𝐷−𝑛−1

  ⋆ 𝐹  

2𝜅11
2 𝑆 = ∫  𝑑11𝑥√−𝐺 (𝑅 −

1

2
|𝐹4|

2) −
1

6
∫  𝐴3 ∧ 𝐹4 ∧ 𝐹4  

𝛿Ψ𝑀 = ∇𝑀𝜀 +
1

12
(Γ𝑀𝐅

(4) − 3𝐅𝑀
(4)
) 𝜀 = 0  

𝑑𝑠2 = Δ(𝑦)−1 𝜂𝜇𝜈𝑑𝑥
𝜇𝑑𝑥𝜈⏟      

 3D flat 

 space-time 

+ Δ(𝑦)1/2 𝑔𝑚𝑛(𝑦)𝑑𝑦
𝑚𝑑𝑦𝑛⏟          

 8D internal 

 manifold 

 

𝑑𝑠2 = 𝑑𝜃2 + 𝑑𝜑2  with  0 ≤ 𝜃 ≤ 𝜋, 0 ≤ 𝜑 ≤ 2𝜋  

𝑑𝑠2 = 𝑑𝜃2 + sin2 𝜃𝑑𝜑2  

Γ𝜇 = Δ
−1/2(𝛾𝜇⊗𝛾9)  and  Γ𝑚 = Δ

1/4(1⊗ 𝛾𝑚)  

𝛾0 = 𝑖𝜎1, 𝛾1 = 𝜎2  and  𝛾2 = 𝜎3  

𝜎1 = (
0 1
1 0

) , 𝜎2 = (
0 −𝑖
𝑖 0

)   and  𝜎3 = (
1 0
0 −1

) .  

𝜎2⊗𝜎2⊗1⊗ 𝜎1,3, 𝜎2⊗𝜎1,3⊗𝜎2⊗1,

𝜎2⊗1⊗𝜎1,3⊗𝜎2, 𝜎1,3⊗1⊗ 1⊗ 1.
 

𝛾9 = 𝛾1…𝛾8 = 𝜎2⊗𝜎2⊗𝜎2⊗𝜎2  
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𝑃± = (1 ± 𝛾9)/2  

𝜀(𝑥, 𝑦) = 𝜁(𝑥)⊗ 𝜂(𝑦) + 𝜁∗(𝑥) ⊗ 𝜂∗(𝑦)  

𝜂 = 𝜂1 + 𝑖𝜂2  with  (𝛾9 − 1)𝜂 = 0  

𝟖𝑐 → 𝟔⊕ 𝟏⊕ 𝟏.  

𝑣𝑎 = 𝜂1
†𝛾𝑎𝜂2  

∇𝜇𝜀 → ∇𝜇𝜀 −
1

4
Δ−7/4(𝛾𝜇⊗𝛾9𝛾

𝑚)𝜕𝑚Δ𝜀,

∇𝑚𝜀 → ∇𝑚𝜀 +
1

8
Δ−1𝜕𝑛Δ(1⊗ 𝛾𝑚

𝑛)𝜀.

 

𝐹𝑚𝑛𝑝𝑞(𝑦)  and  𝐹𝜇𝜈𝜌𝑚 = 𝜀𝜇𝜈𝜌𝑓𝑚(𝑦)  

𝐅(4) = Δ−1(1⊗ 𝐅) + Δ5/4(1⊗ 𝛾9𝐟)

𝐅𝜇
(4)
= Δ3/4(𝛾𝜇⊗ 𝐟)

𝐅𝑚
(4)
= −Δ3/2𝑓𝑚(𝑦)(1⊗ 𝛾9) + Δ

−3/4(1⊗ 𝐅𝑚)

 

𝐅 =
1

24
𝐹𝑚𝑛𝑝𝑞𝛾

𝑚𝑛𝑝𝑞 , 𝐅𝑚 =
1

6
𝐹𝑚𝑛𝑝𝑞𝛾

𝑛𝑝𝑞  and  𝐟 = 𝛾𝑚𝑓𝑚  

∇𝜇𝜁 = 0  

∂̸Δ−3/2𝜂 + 𝐟𝜂 +
1

2
Δ−9/4𝐅𝜂 = 0  

𝐅𝜂 = 0  

𝑓𝑚(𝑦) = −𝜕𝑚Δ
−3/2  

∇𝑚𝜂 +
1

4
Δ−1𝜕𝑚Δ𝜂 −

1

4
Δ−3/4𝐅𝑚𝜂 = 0  

𝐅𝑚𝜉 = 0  and  ∇𝑚𝜉 = 0  

𝜉 = Δ1/4𝜂  

𝐽𝑎  
𝑏 = −𝑖𝜉†𝛾𝑎  

𝑏𝜉  

{𝛾𝑎 , 𝛾𝑏} = 0, {𝛾𝑎‾ , 𝛾𝑏
‾
} = 0, {𝛾𝑎 , 𝛾𝑏

‾
} = 2𝑔𝑎𝑏

‾
,  

𝐽𝑎𝑏‾ = 𝑖𝑔𝑎𝑏‾ = −𝑖𝜉
†𝛾𝑎𝑏‾𝜉 = −𝑖𝜉

†(𝛾𝑎𝛾𝑏‾ − 𝑔𝑎𝑏‾)𝜉  

0 = 𝜉†𝛾𝑎𝛾𝑏‾𝜉 = (𝛾𝑎‾𝜉)
†(𝛾𝑏‾𝜉)  

𝛾𝑎‾𝜉 = 𝛾
𝑎𝜉 = 0  

𝐹4,0 = 𝐹0,4 = 𝐹1,3 = 𝐹3,1 = 0  
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𝐹𝑎𝑏‾𝑐𝑑‾𝑔
𝑐𝑑‾ = 0  

𝐹2,2 ∧ 𝐽 = 0  

𝐹 ∈ 𝐻primitive 

(2,2)
(𝑀)  

𝐽3 ∶  𝐺 →
1

2
(𝑑 − 𝑛)𝐺

𝐽− ∶  𝐺 → 𝐽 ∧ 𝐺

𝐽+ ∶  𝐺 →
1

2(𝑛 − 2)!
𝐽𝑝1𝑝2𝐺𝑝1𝑝2…𝑝𝑛𝑑𝑥

𝑝3 ∧⋯∧ 𝑑𝑥𝑝𝑛

 

 

|𝑗,𝑚⟩  with  𝑚 = −𝑗,−𝑗 + 1,… , 𝑗 − 1, 𝑗.  

𝐽+𝐺primitive = 0,  

𝐽−
2𝑗+1𝐺primitive = 0  where  𝑗 =

𝑑 − 𝑛

2
.  

𝐽+𝐺 = 0  or  𝐽−𝐺 = 0.  

𝐻𝑛(𝑀) =⨁ 

𝑘

  𝐽−
𝑘𝐻primitive 

𝑛−2𝑘 (𝑀)  

𝐻(𝑝,𝑞)(𝑀) =⨁ 

𝑘

  𝐽−
𝑘𝐻primitive 

(𝑝−𝑘,𝑞−𝑘)
(𝑀)  

𝐽 ∧ ⋯∧ 𝐽⏟      
5−𝑝−𝑞 times 

∧ 𝐹primitive 
𝑝,𝑞

= 0
 

𝛿𝑆 = −𝑇M2∫  
𝑀

 𝐴3 ∧ 𝑋8  

𝑋8 =
1

(2𝜋)4
[
1

192
tr𝑅4 −

1

768
(tr𝑅2)2]  

𝑑𝐹 = 0  

𝑑 ⋆ 𝐹4 = −
1

2
𝐹4 ∧ 𝐹4 − 2𝜅11

2 𝑇M2𝑋8  

𝑑 ⋆8 𝑑log Δ =
1

3
𝐹 ∧ 𝐹 +

4

3
𝜅11
2 𝑇M2𝑋8  

𝑃1 =
1

(2𝜋)2
(−
1

2
tr𝑅2)   and  𝑃2 =

1

(2𝜋)4
[−
1

4
tr𝑅4 +

1

8
(tr𝑅2)2]  

𝑋8 =
1

192
(𝑃1
2 − 4𝑃2)  
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𝑃1 = 𝑐1
2 − 2𝑐2  and  𝑃2 = 𝑐2

2 − 2𝑐1𝑐3 + 2𝑐4  

𝑋8 =
1

192
(𝑐1
4 − 4𝑐1

2𝑐2 + 8𝑐1𝑐3 − 8𝑐4)  

∫  
𝑀

 𝑋8 = −
1

24
∫  
𝑀

  𝑐4 = −
𝜒

24
 

1

4𝜅11
2 𝑇M2

∫  
𝑀

 𝐹 ∧ 𝐹 =
𝜒

24
 

4𝜅11
2 𝑇M2 = 2(2𝜋ℓp)

6
 

𝐹𝑚𝑛𝑝𝑞 ≃ 𝑂 (
ℓp
3

√𝑣
)  

Δ ≃ 1 + 𝑂(
ℓp
6

𝑣3/4
)  

𝑁 +
1

4𝜅11
2 𝑇M2

∫  
𝑀

 𝐹 ∧ 𝐹 =
𝜒

24
 

𝐽 = ∑  

ℎ1,1

𝐴=1

 𝐾𝐴𝑒𝐴  

 

𝑊3,1(𝑇) =
1

2𝜋
∫  
𝑀

 Ω ∧ 𝐹  

𝑊3,1 = 𝒟𝐼𝑊
3,1 = 0  with  𝐼 = 1,… , ℎ3,1  

𝒦3,1 = −log (∫  
𝑀

 Ω ∧ Ω‾ )  

𝐹4,0 = 𝐹0,4 = 0  

𝐹2,2 ∧ 𝐽 = 0  

𝑊1,1(𝐾) = ∫  
𝑀

 𝐽 ∧ 𝐽 ∧ 𝐹  

𝑊1,1 = 𝜕𝐴𝑊
1,1 = 0  with  𝐴 = 1,… , ℎ1,1  

𝐹4 =
1

𝜏 − 𝜏‾
(𝐺3

⋆ ∧ 𝑑𝑧 − 𝐺3 ∧ 𝑑𝑧‾)  

𝑑𝑧 = 𝑑𝜎1 + 𝜏𝑑𝜎2.  
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𝐹1,3 =
1

𝜏 − 𝜏‾
[(𝐺3

⋆)0,3 ∧ 𝑑𝑧 − (𝐺3)
1,2 ∧ 𝑑𝑧‾]

𝐹0,4 = −
1

𝜏 − 𝜏‾
(𝐺3)

0,3 ∧ 𝑑𝑧‾

 

𝐺3 ∈ 𝐻
(2,1),  

𝐅𝑚𝐅
𝑚𝜉 = −2𝐅2𝜉 −

1

12
𝐹𝑚𝑛𝑝𝑞(𝐹

𝑚𝑛𝑝𝑞 ∓⋆ 𝐹𝑚𝑛𝑝𝑞)𝜉 

(𝐹 ∓⋆ 𝐹)2 = 0 

𝐹 = ± ⋆ 𝐹  for  𝛾9𝜉 = ±𝜉 

𝐹𝑚𝑎‾𝑏‾𝑐‾𝛾
𝑎‾𝑏‾𝑐‾𝜉 + 3𝐹𝑚𝑎‾𝑏‾𝛾

𝑎‾𝑏‾𝑐𝜉 = 0 

𝐹𝑚𝑎‾𝑏‾𝑐‾{𝛾𝑑‾ , 𝛾
𝑎‾𝑏‾𝑐‾}𝜉 = 6𝐹𝑚𝑑‾𝑏‾𝑐‾𝛾

𝑏‾𝑐‾𝜉 = 0 

𝐹𝑚𝑑‾𝑏𝑐‾[𝛾𝑒‾ , 𝛾
𝑏‾𝑐‾]𝜉 = 4𝐹𝑚𝑑‾𝑒‾𝑐‾𝛾

𝑐‾𝜉 = 0 

𝐹𝑚𝑑‾𝑒‾𝑐‾{𝛾𝑓‾, 𝛾
𝑐‾}𝜉 = 2𝐹𝑚𝑑‾𝑒‾𝑓‾𝜉 = 0 

𝐹4,0 = 𝐹3,1 = 𝐹1,3 = 𝐹0,4 = 0 

𝐹𝑎𝑏‾𝑐𝑑‾𝑔
𝑐𝑑‾ = 0 

𝐹 ∧ 𝐽 = 0 

𝐹3,1 =
1

6
𝐹𝑎𝑏𝑐𝑑‾𝑑𝑧

𝑎 ∧ 𝑑𝑧𝑏 ∧ 𝑑𝑧𝑐 ∧ 𝑑𝑧𝑑
‾
 

𝐹𝑎𝑏𝑐𝑑‾𝐽
𝑐𝑑‾ = 0 

𝜀𝑎𝑏𝑐𝑑𝑝‾𝑞‾𝑟‾𝑠‾ = (𝑔𝑎𝑝‾𝑔𝑏𝑞‾𝑔𝑐𝑟‾𝑔𝑑𝑠‾ ±  permutations ) 

⋆ 𝐹(𝑝,4−𝑝) = (−1)𝑝𝐹(𝑝,4−𝑝) 

𝜕𝐼Ω = 𝐾𝐼Ω+ 𝜒𝐼 , 𝐼 = 1,… , ℎ
3,1 

𝐽 = 𝐾𝐴𝑒𝐴, 𝐴 = 1,… , ℎ
1,1 

∫  
𝑀

Ω ∧ 𝐹0,4 = 0  and  ∫  
𝑀

𝜒𝐼 ∧ 𝐹
1,3 = 0 

∫  
𝑀

⋆ 𝐹3,1 ∧ 𝐹1,3 = ∫  
𝑀

⋆ (𝐹1,3)∗ ∧ 𝐹1,3 = ∫  
𝑀

|𝐹1,3|2√𝑔𝑑8𝑥 = 0 

𝐹1,3 = 𝐹3,1 = 𝐹0,4 = 𝐹4,0 = 0. 

∫  𝑒𝐴 ∧ 𝐽 ∧ 𝐹
2,2 = 0 
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⋆ (𝐽 ∧ 𝐹2,2) = ∑  

ℎ1,1

𝐴=1

𝑈𝐴𝑒𝐴 

∫  
𝑀

⋆ (𝐽 ∧ 𝐹2,2) ∧ (𝐽 ∧ 𝐹2,2) = ∫  
𝑀

|𝐽 ∧ 𝐹2,2|2√𝑔𝑑8𝑥 = 0 

𝑆 =
1

2𝜅2
∫  𝑑10𝑥√−𝐺 [𝑅 −

|𝜕𝜏|2

2(Im𝜏)2
−
|𝐺3|

2

2Im𝜏
−
|�̃�5|

2

4
]

+
1

8𝑖𝜅2
∫  
𝐶4 ∧ 𝐺3 ∧ 𝐺3

⋆

Im𝜏

 

𝐺3 = 𝐹3 − 𝜏𝐻3  

𝜏 = 𝐶0 + 𝑖𝑒
−Φ  

�̃�5 =⋆10 �̃�5  

|𝐺3|
2 =

1

3!
𝐺𝑀1𝑁1𝐺𝑀2𝑁2𝐺𝑀3𝑁3𝐺𝑀1𝑀2𝑀3𝐺𝑁1𝑁2𝑁3

⋆  

𝑑𝑠10
2 = ∑  

9

𝑀,𝑁=0

 𝐺𝑀𝑁𝑑𝑥
𝑀𝑑𝑥𝑁 = 𝑒2𝐴(𝑦) 𝜂𝜇𝜈𝑑𝑥

𝜇𝑑𝑥𝜈⏟      
4D

+ 𝑒−2𝐴(𝑦) 𝑔𝑚𝑛(𝑦)𝑑𝑦
𝑚𝑑𝑦𝑛⏟          

6D

 

�̃�5 = (1 +⋆10)𝑑𝛼 ∧ 𝑑𝑥
0 ∧ 𝑑𝑥1 ∧ 𝑑𝑥2 ∧ 𝑑𝑥3  

𝑅𝑀𝑁 = 𝜅
2 (𝑇𝑀𝑁 −

1

8
𝐺𝑀𝑁𝑇)  

𝑇𝑀𝑁 = −
2

√−𝐺

𝛿𝑆

𝛿𝐺𝑀𝑁
 

𝑅𝑀𝑁 = −
1

4
𝐺𝑀𝑁 (

1

2Im𝜏
|𝐺3|

2 + 𝑒−8𝐴|𝜕𝛼|2)  𝑀,𝑁 = 0,1,2,3  

Δ𝐴 =
𝑒4𝐴

8Im𝜏
|𝐺3|

2 +
1

4
𝑒−8𝐴|𝜕𝛼|2  

Δ𝑒4𝐴 =
𝑒8𝐴

2Im𝜏
|𝐺3|

2 + 𝑒−4𝐴(|𝜕𝛼|2 + |𝜕𝑒4𝐴|2)  

2𝜅2𝑒2𝐴𝒥loc  

𝒥loc =
1

4
(∑  

9

𝑀=5

 𝑇𝑀
𝑀 − ∑  

3

𝑀=0

 𝑇𝑀
𝑀)

loc

 

𝑇𝑀𝑁
loc = −

2

√−𝐺

𝛿𝑆loc
𝛿𝐺𝑀𝑁
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𝑆loc = −∫  
ℝ4×Σ

 𝑑𝑝+1𝜉𝑇𝑝√−𝑔 + 𝜇𝑝∫  
ℝ4×Σ

 𝐶𝑝+1  

−𝜇3∫  
ℝ4×Σ

 𝐶4 ∧
𝑝1(𝑅)

48
 

𝑑�̃�5 = 𝐻3 ∧ 𝐹3 + 2𝜅
2𝑇3𝜌3.  

1

2𝜅2𝑇3
∫  
𝑀

 𝐻3 ∧ 𝐹3 +𝑄3 = 0  

𝜒(𝑋)

24
= 𝑁𝐷3 +

1

2𝜅2𝑇3
∫  
𝑀

 𝐻3 ∧ 𝐹3,  

Δ(𝑒4𝐴 − 𝛼) =
1

6Im𝜏
𝑒8𝐴|𝑖𝐺3 −⋆ 𝐺3|

2 + 𝑒−4𝐴|𝜕(𝑒4𝐴 − 𝛼)|2

 +2𝜅2𝑒2𝐴(𝒥loc − 𝑇3𝜌3
loc )

 

𝒥loc ≥ 𝑇3𝜌3
loc  

⋆ 𝐺3 = 𝑖𝐺3  

𝑒4𝐴 = 𝛼  

𝒥loc = 𝑇3𝜌3
loc  

𝑇0
0 = 𝑇1

1 = 𝑇2
2 = 𝑇3

3 = −𝑇3𝜌3  and  𝑇𝑚
𝑚 = 0.  

𝑊 = ∫  
𝑀

 Ω ∧ 𝐺3  

𝒦(𝜌) = −3log [−𝑖(𝜌 − 𝜌‾)].  

𝒦(𝜏) = −log [−𝑖(𝜏 − 𝜏‾)]  and  𝒦(𝑧𝛼) = −log (𝑖 ∫  
𝑀

 Ω ∧ Ω‾ )  

𝒦 = 𝒦(𝜌) +𝒦(𝜏) +𝒦(𝑧𝛼).  

𝒟𝑎𝑊 = 𝜕𝑎𝑊+𝜕𝑎𝒦𝑊 = 0  

𝒟𝜌𝑊 = 𝜕𝜌𝒦𝑊 = −(
3

𝜌 − 𝜌‾
)𝑊 = 0  

𝑊 = 0  

𝒟𝜏𝑊 =
1

𝜏 − 𝜏‾
∫  
𝑀

 Ω ∧ 𝐺‾3 = 0  

𝒟𝛼𝑊 = ∫  
𝑀

 𝜒𝛼 ∧ 𝐺3 = 0  

𝐺3 ∈ 𝐻
(2,1)(𝑀).  
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𝜒 =
1

2
𝜒𝑎𝑏𝑐‾𝑑𝑧

𝑎 ∧ 𝑑𝑧𝑏 ∧ 𝑑𝑧‾𝑐‾  

𝜒 = 𝑣 ∧ 𝐽 + (𝜒 − 𝑣 ∧ 𝐽) = 𝜒‖ + 𝜒⊥  

𝑣 =
3

2
𝜒𝑎𝑝𝑞‾𝐽

𝑝𝑞‾𝑑𝑧𝑎  

𝜒⊥ ∧ 𝐽 = 0  

𝐺3 ∈ 𝐻primitive 

(2,1)
 

𝜀𝑎𝑏𝑐𝑝‾𝑞‾𝑟‾ = −𝑖(𝑔𝑎𝑝‾𝑔𝑏𝑞‾𝑔𝑐𝑟‾ ±  permutations )  

∑  

4

𝐴=1

  (𝑤𝐴)2 = 0  for  𝑤𝐴 ∈ ℂ4  

�⃗� ⋅ �⃗� −
1

2
𝜌2 = 0, �⃗� ⋅ �⃗� −

1

2
𝜌2 = 0, �⃗� ⋅ �⃗� = 0  

𝑑𝑠2 = 𝑑𝑟2 + 𝑟2𝑑Σ2,  

𝑑Σ2 =
1

9
(2𝑑𝛽 +∑  

2

𝑖=1

 cos 𝜃𝑖𝑑𝜙𝑖)

2

+
1

6
∑  

2

𝑖=1

  (𝑑𝜃𝑖
2 + sin2 𝜃𝑖𝑑𝜙𝑖

2).  

0 ≤ 𝛽 ≤ 2𝜋, 0 ≤ 𝜃𝑖 ≤ 𝜋  and  0 ≤ 𝜙𝑖 ≤ 2𝜋,  

𝑔1 =
1

√2
(𝑒1 − 𝑒3),         𝑔2 =

1

√2
(𝑒2 − 𝑒4),

𝑔3 =
1

√2
(𝑒1 + 𝑒3)        , 𝑔4 =

1

√2
(𝑒2 + 𝑒4),

𝑔5 = 𝑒5,         

 

𝑒1 = −sin 𝜃1𝑑𝜙1, 𝑒
2 = 𝑑𝜃1

𝑒3 = cos 2𝛽sin 𝜃2𝑑𝜙2 − sin 2𝛽𝑑𝜃2
𝑒4 = sin 2𝛽sin 𝜃2𝑑𝜙2 + cos 2𝛽𝑑𝜃2
𝑒5 = 2𝑑𝛽 + cos 𝜃1𝑑𝜙1 + cos 𝜃2𝑑𝜙2

 

𝑑Σ2 =
1

9
(𝑔5)2 +

1

6
∑  

4

𝑖=1

  (𝑔𝑖)
2

 

∑  

4

𝐴=1

  (𝑤𝐴)2 = 𝑧  

𝑧 = �⃗� ⋅ �⃗� − �⃗� ⋅ �⃗�  

𝜌2 = �⃗� ⋅ �⃗� + �⃗� ⋅ �⃗�  

𝑧 ≤ 𝜌2 < ∞  
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det (
𝑋 𝑈
𝑉 𝑌

) = 0  

(
𝑋 𝑈
𝑉 𝑌

) (
𝜆1
𝜆2
) = 0  

(𝜆1, 𝜆2) ≃ 𝜆(𝜆1, 𝜆2)  with  𝜆 ∈ ℂ⋆  

∫  
𝑆3
 𝐹3 = 4𝜋

2𝛼′𝑀  

𝐹3 =
𝑀𝛼′

2
𝜔3  where  𝜔3 = 𝑔

5 ∧ 𝜔2  

𝜔2 =
1

2
(sin 𝜃1𝑑𝜃1 ∧ 𝑑𝜙1 − sin 𝜃2𝑑𝜃2 ∧ 𝑑𝜙2)  

𝐻3 =
3

2𝑟
𝑔s𝑀𝛼

′𝑑𝑟 ∧ 𝜔2  

𝑑�̃�5 = 𝐻3 ∧ 𝐹3 + 2𝜅
2𝑇3𝜌3  

�̃�5 = (1 +⋆10)ℱ,  

ℱ =
1

2
𝜋(𝛼′)2𝑁eff(𝑟)𝜔2 ∧ 𝜔3  

𝑁eff(𝑟) = 𝑁 +
3

2𝜋
𝑔s𝑀

2log (
𝑟

𝑟0
) .  

∫ 
Σ

  �̃�5 =
1

2
(𝛼′)2𝜋𝑁eff(𝑟)  

𝑑𝑠10
2 = 𝑒2𝐴(𝑟)𝜂𝜇𝜈𝑑𝑥

𝜇𝑑𝑥𝜈 + 𝑒−2𝐴(𝑟)(𝑑𝑟2 + 𝑟2𝑑Σ2)  

√−𝑔 =
1

54
𝑒−2𝐴𝑟5sin 𝜃1sin 𝜃2  

𝜔2 ∧ 𝜔3 = −𝑑𝛽 ∧ sin 𝜃1𝑑𝜃1 ∧ 𝑑𝜙1 ∧ sin 𝜃2𝑑𝜃2 ∧ 𝑑𝜙2  

⋆ (𝜔2 ∧ 𝜔3) = 54𝑟
−5𝑒8𝐴𝑑𝑟 ∧ 𝑑𝑥0 ∧ 𝑑𝑥1 ∧ 𝑑𝑥2 ∧ 𝑑𝑥3  

⋆10 ℱ = 𝑑𝛼 ∧ 𝑑𝑥
0 ∧ 𝑑𝑥1 ∧ 𝑑𝑥2 ∧ 𝑑𝑥3  

𝑑𝛼 = 27𝜋(𝛼′)2𝛼2𝑟−5𝑁eff(𝑟)𝑑𝑟  

𝑒−4𝐴(𝑟) =
27𝜋(𝛼′)2

4𝑟4
[𝑔s𝑁 +

3

2𝜋
(𝑔s𝑀)

2log (
𝑟

𝑟0
) +

3

8𝜋
(𝑔s𝑀)

2] ,  

𝑆 ∼ ∫  𝑑5𝑥√−𝐺(𝑅 − 12Λ) − 𝑇∫  𝑑4𝑥√−𝑔  

𝑑𝑠2 = 𝑒−2𝐴(𝑥5)𝜂𝜇𝜈𝑑𝑥
𝜇𝑑𝑥𝜈 + 𝑑𝑥5

2  
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𝐴(𝑥5) = √−Λ|𝑥5|.  

𝑇 = 12√−Λ,  

𝑀4
2 = 𝑀5

3∫  𝑑𝑥5𝑒
−2√−Λ|𝑥5|  

𝐺4 = 𝐺5 (∫  𝑑𝑥5𝑒
−2√−Λ|𝑥5|)

−1

 

𝑆 = ∫  𝑑5𝑥√−𝐺(𝑅 − 12Λ) − 𝑇SM∫  𝑑
4𝑥√−𝑔SM − 𝑇P∫  𝑑

4𝑥√−𝑔𝑃  

𝑑𝑠2 = 𝑒−2𝐴(𝑥5)𝜂𝜇𝜈𝑑𝑥
𝜇𝑑𝑥𝜈 + 𝑑𝑥5

2  

𝐴(𝑥5) = √−Λ|𝑥5|,  

𝑇P = −𝑇SM = 12√−Λ  

𝑔𝜇𝜈
P = 𝜂𝜇𝜈  

𝑔𝜇𝜈
SM = 𝑒−2𝜋𝑟√−Λ𝜂𝜇𝜈  

1

2𝜋𝛼′
∫ 
𝐴

 𝐹3 = 2𝜋𝑀  and  
1

2𝜋𝛼′
∫  
𝐵

 𝐻3 = −2𝜋𝐾.  

𝑊 = ∫  𝐺3 ∧ Ω = (2𝜋)
2𝛼′ (𝑀∫  

𝐵

 Ω − 𝐾𝜏∫  
𝐴

 Ω) ,  

𝑧 = ∫  
𝐴

 Ω  

∫  
𝐵

 Ω =
𝑧

2𝜋𝑖
log 𝑧 +  ℍholomorphic  

𝒟𝑧𝑊 ≃ (2𝜋)2𝛼′ (
𝑀

2𝜋𝑖
log 𝑧 − 𝑖

𝐾

𝑔s
+⋯)  

𝑧 ≃ 𝑒−2𝜋𝐾/𝑀𝑔s .  

𝑑𝑠2 = (
𝑟

𝑅
)
2

|𝑑�⃗�|2 + (
𝑅

𝑟
)
2

(𝑑𝑟2 + 𝑟2𝑑Ω5
2)  with  𝑅4 = 4𝜋𝑔s𝑁(𝛼

′)2  

𝑟min ≃ 𝜌min
2/3

= 𝑧1/3 ≃ 𝑒−2𝜋𝐾/3𝑀𝑔s ,  

𝒦 = −3log [−𝑖(𝜌 − 𝜌‾)] − log [−𝑖(𝜏 − 𝜏‾)] − log (𝑖 ∫  
𝑀

 Ω ∧ Ω‾) 

𝑑𝑠2 = 𝑒−6𝑢(𝑥) 𝑔𝜇𝜈𝑑𝑥
𝜇𝑑𝑥𝜈⏟      

4𝐷

+ 𝑒2𝑢(𝑥) 𝑔𝑚𝑛𝑑𝑦
𝑚𝑑𝑦𝑛⏟        

CY3
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𝐶𝜇𝜈𝑝𝑞 = 𝑎𝜇𝜈𝐽𝑝𝑞 , 

𝑑𝑎 = 𝑒−8𝑢(𝑥) ⋆ 𝑑𝑏. 

𝜌 =
𝑏

√2
+ 𝑖𝑒4𝑢, 

𝑆 =
1

2𝜅4
2∫  𝑑

4𝑥√−𝑔(𝑅 −
1

2

𝜕𝜇𝜏𝜕
𝜇𝜏‾

(Im𝜏)2
−
3

2

𝜕𝜇𝜌𝜕
𝜇𝜌‾

(Im𝜌)2
) 

𝑉(𝑇, 𝐾) =
1

4𝒱3
(∫  
𝑀

 𝐹 ∧⋆ 𝐹 −
1

6
𝑇M2𝜒)  

𝐹2,2 = 𝐹o
2,2 + 𝐽 ∧ 𝐹o

1,1 + 𝐽 ∧ 𝐽𝐹o
0,0  

⋆ 𝐹2,2 = 𝐹2,2 − 2𝐽 ∧ 𝐹o
1,1,  

⋆ 𝐹4,0 = 𝐹4,0  and  ⋆ 𝐹3,1 = −𝐹3,1,  

⋆ 𝐹 = 𝐹 − 2𝐹3,1 − 2𝐹1,3 − 2𝐽 ∧ 𝐹o
1,1  

∫  
𝑀

 𝐹 ∧⋆ 𝐹 = ∫  
𝑀

 𝐹 ∧ 𝐹 − 4∫  
𝑀

 𝐹3,1 ∧ 𝐹1,3 − 2∫  
𝑀

 𝐽 ∧ 𝐹o
1,1 ∧ 𝐽 ∧ 𝐹o

1,1
 

𝐹 =⋆ 𝐹  and  𝐹 ∉ 𝐻primitive 

(2,2)
 

𝐹 ∼ Ω  or  𝐹 ∼ 𝐽 ∧ 𝐽  

∫  
𝑀

 𝐹3,1 ∧ 𝐹1,3 = −𝑒𝒦
3,1
𝐺𝐼𝐽‾𝒟𝐼𝑊

3,1𝒟𝐽‾𝑊‾
3,1  

∫  
𝑀

 𝐽 ∧ 𝐹o
1,1 ∧ 𝐽 ∧ 𝐹o

1,1 = −𝒱−1𝐺𝐴𝐵𝒟𝐴𝑊
1,1𝒟𝐵𝑊

1,1  

𝒟𝐴 = 𝜕𝐴 −
1

2
𝜕𝐴𝒦

1,1  with  𝒦1,1 = −3log 𝒱,  

𝐺𝐴𝐵 = −
1

2
𝜕𝐴𝜕𝐵log 𝒱  

𝑉(𝑇, 𝐾) = 𝑒𝒦𝐺𝐼𝐽‾𝒟𝐼𝑊
3,1𝒟𝐽‾𝑊‾

3,1 +
1

2
𝒱−4𝐺𝐴𝐵𝒟𝐴𝑊

1,1𝒟𝐵𝑊
1,1,  

𝑉 = 𝑒𝒦(𝐺𝑎𝑏
‾
𝒟𝑎𝑊𝒟𝑏‾𝑊‾ − 3|𝑊|

2)  

𝒦(𝑧, 𝑧‾) → 𝒦(𝑧, 𝑧‾) − 𝑓(𝑧) − 𝑓‾(𝑧‾)  

𝑊(𝑧) → 𝑒𝑓(𝑧)𝑊(𝑧).  

𝐺𝜌𝜌‾𝒟𝜌𝑊𝒟𝜌‾𝑊‾ − 3|𝑊|
2 = 0.  
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𝑉 = 𝑒𝒦 ∑  

𝑖,𝑗≠𝜌

 𝐺𝑖𝑗‾𝒟𝑖𝑊𝒟𝑗‾𝑊‾ ,  

𝒟𝑖𝑊 = 0,  

𝒟𝜌𝑊 ≠ 0.  

𝑊 = 𝑊0 + 𝐴𝑒
𝑖𝑎𝜌  

𝑊inst = 𝑇(𝑧
𝛼)𝑒2𝜋𝑖𝜌  

𝑉 = 𝑒𝒦(𝐺𝜌𝜌‾𝒟𝜌𝑊𝒟𝜌‾𝑊‾ − 3|𝑊|
2)  

𝑉0 = −
𝑎2𝐴2

6𝜎0
𝑒−2𝑎𝜎0  

𝛿𝑉 =
𝐷

𝜎2
,  

𝑉(𝜎) =
𝑎𝐴𝑒−𝑎𝜎

2𝜎2
(
1

3
𝜎𝑎𝐴𝑒−𝑎𝜎 +𝑊0 + 𝐴𝑒

−𝑎𝜎) +
𝐷

𝜎2
.  

 

𝑊 = 𝑊0 + 𝐴𝑒
𝑖𝑎𝜌 

𝒟𝜌𝑊 = 𝜕𝜌𝑊 + 𝜕𝜌𝒦𝑊 = 0  with  𝒦 = −3log [−𝑖(𝜌 − 𝜌‾)] 

𝑊0 = −𝐴(
2

3
𝑎𝜎0 + 1) 𝑒

−𝑎𝜎0 

𝑊 = −
2

3
𝐴𝑎𝜎0𝑒

−𝑎𝜎0 

𝑉 = 𝑒𝒦(𝐺𝜌𝜌‾𝒟𝜌𝑊𝒟𝜌‾𝑊‾ − 3|𝑊|
2) 

𝑉0 = −
𝑎2𝐴2

6𝜎0
𝑒−2𝑎𝜎0 , 

�̃� = 𝒦 + log |𝑊|2. 

𝑉 = 𝑒�̃� (𝐺𝑎𝑏
‾ 𝒟𝑎𝑊

𝑊

𝒟𝑏‾𝑊‾

𝑊‾
− 3). 

𝐺𝑎𝑏‾ = 𝜕𝑎𝜕𝑏‾𝒦 = 𝜕𝑎𝜕𝑏‾�̃�, 

𝒟𝑎𝑊

𝑊
= 𝜕𝑎log 𝑊 + 𝜕𝑎𝒦 = 𝜕𝑎�̃� 

𝑉 = 𝑒�̃�(𝐺𝑎𝑏
‾
𝜕𝑎�̃�𝜕𝑏‾�̃� − 3) 

𝜅4
4𝑉 = 𝑒𝜅4

2𝒦(𝜅4
4𝐺𝑎𝑏

‾
𝒟𝑎𝑊𝒟𝑏‾𝑊‾ − 3𝜅4

6|𝑊|2) 
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𝑉 = 𝑒𝜅4
2𝒦(𝐺𝑎𝑏

‾
𝒟𝑎𝑊𝒟𝑏‾𝑊‾ − 3𝜅4

2|𝑊|2) 

𝑉 = 𝐺𝑎𝑏
‾
𝜕𝑎𝑊𝜕𝑏‾𝑊‾ + 𝒪(𝜅4

2) 

𝑑𝑠2 = 𝑒2𝐷(𝑦)(𝑔𝜇𝜈(𝑥)𝑑𝑥
𝜇𝑑𝑥𝜈⏟          

4D

+ 𝑔𝑚𝑛(𝑦)𝑑𝑦
𝑚𝑑𝑦𝑛⏟          

6D

)
 

𝐷(𝑦) = Φ(𝑦)  

𝑇𝛼 = 𝑑𝑒𝛼 +𝜔𝛼  𝛾 ∧ 𝑒
𝛾

 

𝑇𝛼 = Γ𝑚𝑛
𝑟 𝑒𝑟

𝛼𝑑𝑥𝑚 ∧ 𝑑𝑥𝑛  

𝜔𝛼𝛽 = ℎ𝜀𝛼𝛽 ,  

 

𝛿Ψ𝑀= ∇𝑀𝜀 −
1

4
𝐇𝑀𝜀 = 0  

𝛿𝜆 = −
1

2
∂̸Φ𝜀 +

1

4
𝐇𝜀 = 0

𝛿𝜒 = −
1

2
𝐅𝜀 = 0

 

𝑑𝐻 =
𝛼′

4
[tr(𝑅 ∧ 𝑅) − tr(𝐹 ∧ 𝐹)]  

𝐻𝜇𝜈𝜌 = 𝐻𝜇𝜈𝑝 = 𝐻𝜇𝑛𝑝 = 0  and  𝐹𝜇𝜈 = 𝐹𝜇𝑛 = 0.  

𝐻𝑚𝑛𝑝 ≠ 0  and  𝜕𝑚Φ ≠ 0  

∇𝑀𝜀 = 𝜕𝑀𝜀 +
1

4
𝜔𝑀𝐴𝐵Γ

𝐴𝐵𝜀  

∇̃𝑀𝜀 = (∇𝑀 −
1

8
𝐻𝑀𝐴𝐵Γ

𝐴𝐵) 𝜀  

�̃�𝐵
𝐴 = 𝜔𝐴 𝐵 −

1

2
𝐻𝑀 𝐵

𝐴𝑑𝑥𝑀  

�̃�𝐴 = 𝑇𝐴 +
1

2
𝐻𝑀𝑁
𝐴 𝑑𝑥𝑀 ∧ 𝑑𝑥𝑁  

𝜀(𝑥, 𝑦) = 𝜁+(𝑥)⊗ 𝜂+(𝑦) + 𝜁−(𝑥) ⊗ 𝜂−(𝑦),  

𝜁− = 𝜁+
⋆   and  𝜂− = 𝜂+

⋆  

Γ𝜇 = 𝛾𝜇⊗1  and  Γ𝑚 = 𝛾5⊗𝛾𝑚  

𝛿𝜓𝜇 = ∇𝜇𝜁+ = 0  

∇̃𝑚𝜂± = (∇𝑚 −
1

8
𝐻𝑚𝑛𝑝𝛾

𝑛𝑝)𝜂± = 0  
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𝐽𝑚 
𝑛 = 𝑖𝜂+

†𝛾𝑚 
𝑛𝜂+ = −𝑖𝜂−

†𝛾𝑚 
𝑛𝜂−  

𝐽𝑚 
𝑛𝐽𝑛 

𝑝 = −𝛿𝑚 
𝑝  

𝑔𝑚𝑛 = 𝐽𝑚 
𝑘𝐽𝑛 

𝑙𝑔𝑘𝑙,  

𝐽𝑚𝑛 = 𝐽𝑚 
𝑘𝑔𝑘𝑛  

𝐽 =
1

2
𝐽𝑚𝑛𝑑𝑥

𝑚 ∧ 𝑑𝑥𝑛  

∇̃𝑚𝐽𝑛
𝑝
= ∇𝑚𝐽𝑛

𝑝
−
1

2
𝐻𝑠𝑚
𝑝
𝐽𝑛
𝑠 −

1

2
𝐻𝑚𝑛
𝑠 𝐽𝑠

𝑝
= 0.  

𝐽𝑎
𝑏 = 𝑖𝛿𝑎

𝑏 , 𝐽𝑎‾
𝑏‾ = −𝑖𝛿𝑎‾

𝑏‾   and  𝐽𝑎
𝑏‾ = 𝐽𝑎‾

𝑏 = 0.  

𝐽𝑎𝑏‾ = 𝑖𝑔𝑎𝑏‾  

𝐻 = 𝑖(𝜕 − 𝜕‾)𝐽  

𝜕𝑎Φ = −
1

2
𝐻𝑎𝑏𝑐‾𝑔

𝑏𝑐‾  

Ω = 𝑒−2Φ𝜂−
𝑇𝛾𝑎𝑏𝑐𝜂−𝑑𝑧

𝑎 ∧ 𝑑𝑧𝑏 ∧ 𝑑𝑧𝑐  

𝜕‾Ω = 0  

‖Ω‖2 = Ω𝑎1𝑎2𝑎3Ω
‾
𝑏‾1𝑏‾2𝑏‾3

𝑔𝑎1𝑏
‾1𝑔𝑎2𝑏

‾2𝑔𝑎3𝑏
‾3  

‖Ω‖2 = 𝑒−4(Φ+Φ0)  

𝑑(𝑒−2Φ𝐽 ∧ 𝐽) = 0  

(𝐹𝑎𝑏𝛾
𝑎𝑏 + 𝐹𝑎‾𝑏‾𝛾

𝑎‾𝑏‾ + 2𝐹𝑎𝑏‾𝛾
𝑎𝑏‾)𝜂 = 0  

𝑔𝑎𝑏
‾
𝐹𝑎𝑏‾ = 𝐹𝑎𝑏 = 𝐹𝑎‾𝑏‾ = 0  

𝑖𝜕𝜕‾𝐽 =
𝛼′

8
[tr(𝑅 ∧ 𝑅) − tr(𝐹 ∧ 𝐹)],  

𝑑(‖Ω‖𝐽 ∧ 𝐽) = 0  

𝐻 = 𝑖(𝜕 − 𝜕‾)𝐽  and  Φ = Φ0 −
1

2
log ‖Ω‖  

𝑔𝑚𝑛(𝑦) = 𝑒
2𝐷(𝑦)𝑔𝑚𝑛

K3 (𝑦)  

(𝜕𝑚Φ+
1

2
𝜕𝑚ℎ)𝛾

𝑚𝜂 = 0  

∇𝑚𝜂 +
1

4
𝜕𝑛ℎ𝛾𝑚 

𝑛𝜂 = 0  
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Φ(𝑦) = −
1

2
ℎ(𝑦) +  const.  

∇̃𝑚𝜂 +
1

2
𝜕𝑛𝐷𝛾𝑚 

𝑛𝜂 +
1

4
𝜕𝑛ℎ𝛾𝑚 

𝑛𝜂 = 0  

𝐷(𝑦) = Φ(𝑦)  

𝑑 ⋆ 𝑑Φ = −
𝛼′

8
[tr(𝑅 ∧ 𝑅) − tr(𝐹 ∧ 𝐹)]  

𝐹𝑎‾𝑏‾ = 𝐹𝑎𝑏 = 𝑔
𝑎𝑏‾𝐹𝑎𝑏‾ = 0  

𝑁𝑚𝑛 
𝑝 = 𝐽𝑚 

𝑞𝐽[𝑛 
𝑝 ,𝑞] − 𝐽𝑛 

𝑞𝐽[𝑚 
𝑝 ,𝑞]. 

𝑁𝑚𝑛𝑝 =
1

2
(𝐻𝑚𝑛𝑝 − 3𝐽[𝑚 

𝑞𝐽𝑛 
𝑠𝐻𝑝]𝑞𝑠) 

𝐽[𝑚 
𝑝𝐽𝑛] 

𝑞 =
1

4
𝑔𝑝𝑟𝑔𝑞𝑠(𝐽 ∧ 𝐽)𝑚𝑟𝑛𝑠 +

1

2
𝐽𝑚𝑛𝐽

𝑝𝑞

 =
1

2
𝜂†𝛾𝑝𝑞 𝑚𝑛𝜂 −

1

2
𝜂†𝛾𝑝𝑞𝜂𝜂†𝛾𝑚𝑛𝜂

 

1

2
(𝐽 ∧ 𝐽) =∗ 𝐽 

𝑁𝑚𝑛𝑝 = −
1

12
𝜂+
† {𝐻, 𝛾𝑚𝑛𝑝 + 3𝑖𝛾[𝑚𝐽𝑛𝑝]}𝜂+

 = −
1

12
𝜂+
† [∂̸Φ, 𝛾𝑚𝑛𝑝 + 3𝑖𝛾[𝑚𝐽𝑛𝑝]]𝜂+

 = 0.

 

∇𝑘‾Ω𝑎𝑏𝑐 = 𝜕𝑘‾Ω𝑎𝑏𝑐 − 3Γ𝑘‾ [𝑎
𝑝
Ω𝑏𝑐]𝑝 = 𝜕𝑘‾Ω𝑎𝑏𝑐 − Γ𝑘‾ 𝑝

𝑝
Ω𝑎𝑏𝑐 

Γ
𝑘‾ 𝑝
𝑝
= 𝑔𝑝𝑞‾𝜕[𝑘‾𝑔𝑞‾]𝑝 =

1

2
𝐻𝑘‾ 𝑝𝑞‾𝑔

𝑝𝑞‾ = 𝜕𝑘‾Φ 

∇𝑘‾Ω𝑎𝑏𝑐 = 𝜕𝑘‾Ω𝑎𝑏𝑐 − 𝜕𝑘‾ΦΩ𝑎𝑏𝑐 

∇𝑘‾Ω𝑎𝑏𝑐 = −𝜕𝑘‾ΦΩ𝑎𝑏𝑐 

∇𝑘‾Ω𝑎𝑏𝑐 = ∇𝑘‾ (𝑒
−2Φ𝜂−

𝑇𝛾𝑎𝑏𝑐𝜂−) = −2𝜕𝑘‾ΦΩ𝑎𝑏𝑐 + 2𝑒
−2Φ𝜂−

𝑇𝛾𝑎𝑏𝑐∇𝑘‾ 𝜂− 

−2𝜕𝑘‾ΦΩ𝑎𝑏𝑐 +
1

2
𝐻𝑘‾ 𝑛𝑝‾𝑔

𝑛𝑝‾Ω𝑎𝑏𝑐 = −𝜕𝑘‾ΦΩ𝑎𝑏𝑐 

𝐿eff = ∫  𝑑
10𝑥√−𝐺𝑒−2Φ (

4

𝛼′4
𝑅 −

1

𝛼′3
tr|𝐹|2) +⋯  

𝐿eff = ∫  𝑑
4𝑥𝒱√−𝐺𝑒−2Φ (

4

𝛼′4
𝑅 −

1

𝛼′3
tr|𝐹|2) +⋯  

𝐺4 =
𝑒2Φ𝛼′4

64𝜋𝒱
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𝛼U =
𝑒2Φ𝛼′3

16𝜋𝒱
 

𝐺4 =
1

4
𝛼U𝛼

′  

𝒱 ≪
𝛼′3

16𝜋𝛼U
 

𝐺4 >
𝛼U
4/3

𝑀U
2

 

𝐿 =
1

2𝜅11
2 ∫  

𝑀11

 𝑑11𝑥√𝑔𝑅 −∑ 

𝑖

 
1

8𝜋(4𝜋𝜅11
2 )2/3

∫  
𝑀𝑖
10
 𝑑10𝑥√𝑔|𝐹𝑖|

2
 

𝐺4 =
𝜅11
2

8𝜋2𝒱𝑑
  and  𝛼U =

(4𝜋𝜅11
2 )2/3

2𝒱
 

(𝑑𝐹)11𝐼𝐽𝐾𝐿 = −
3√2

2𝜋
(
𝜅11
4𝜋
)
2/3

[tr𝐹[𝐼𝐽𝐹𝐾𝐿] −
1

2
tr𝑅[𝐼𝐽𝑅𝐾𝐿]] 𝛿(𝑥

11)  

[𝐹4/2𝜋] = 𝜆(𝐹) − 𝜆(𝑅)/2  

𝐺4 ≥
𝛼U
2

𝑀U
2

 

𝑁RR
𝛼 = 𝜂𝛼𝛽∫  

Σ𝛽

 𝐹3  and  𝑁NS
𝛼 = 𝜂𝛼𝛽∫  

Σ𝛽

 𝐻3  

0 ≤ 𝜂𝛼𝛽𝑁RR
𝛼 𝑁NS

𝛽
≤ 𝐿  

𝐿 = 𝜒/24 − 𝑁𝐷3.  

Π𝛼 = ∫  
Σ𝛼

 Ω  

𝑊 = (𝑁RR
𝛼 − 𝜏𝑁NS

𝛼 )Π𝛼 = 𝑁 ⋅ Π.  

𝒟𝑖𝑊 = 0  

𝑊 = 𝑁 ⋅ Π = 𝐴𝜏 + 𝐵  

𝐴 = −(𝑁NS
1 + 𝑖𝑁NS

2 ) = 𝑎1 + 𝑖𝑎2

𝐵 = 𝑁RR
1 + 𝑖𝑁RR

2 = 𝑏1 + 𝑖𝑏2
 

𝒟𝜏𝑊 = 𝜕𝜏𝑊 + 𝜕𝜏𝐾𝑊 = 𝜕𝜏𝑊 −
1

𝜏 − 𝜏‾
𝑊 = −

𝐴𝜏‾ + 𝐵

𝜏 − 𝜏‾
= 0  

𝜏 = −𝐵‾/𝐴‾  

𝑇00 = 𝜌, 𝑇𝑖𝑗 = 𝑝𝑔𝑖𝑗  
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𝑝 = 𝑤𝜌  

• Friedmann-Robertson-Walker: 

𝑑𝑠2 = −𝑑𝑡2 + 𝑎2(𝑡) (
𝑑𝑟2

1 − 𝑘𝑟2
+ 𝑟2(𝑑𝜃2 + sin2 𝜃𝑑𝜙2))  

𝐺𝜇𝜈 = 𝑅𝜇𝜈 −
1

2
𝑔𝜇𝜈𝑅 = 8𝜋𝐺𝑇𝜇𝜈 − Λ𝑔𝜇𝜈  

𝑅curv = 𝑎|𝑘|
−1/2  

𝐻2 =
1

3𝑀P
2 𝜌tot −

𝑘

𝑎2
+
Λ

3
,

�̈�

𝑎
= −

1

6𝑀P
2
(𝜌tot + 3𝑝tot) +

Λ

3
,

 

𝐻(𝑡) = �̇�(𝑡)/𝑎(𝑡)  

𝜌tot =∑ 

𝑖

 𝜌𝑖, 𝑝tot =∑ 

𝑖

 𝑝𝑖  

𝜌c = 3𝐻
2𝑀P

2  

Ω − 1 =
𝑘

𝑎2𝐻2
−

Λ

3𝐻2
.  

�̇�tot + 3𝐻(𝜌tot + 𝑝tot ) = 0.  

𝜌 ∼
1

𝑎3(𝑤+1)
 

�̈�(𝑡) > 0.  

𝑑

𝑑𝑡
(
1

𝑎𝐻
) < 0  

𝜌tot + 3𝑝tot < 0  

ℒ = −
1

2
𝑔𝜇𝜈𝜕𝜇𝜙𝜕𝜈𝜙 − 𝑉(𝜙),  

𝜌𝜙  =
1

2
�̇�2 + 𝑉(𝜙)

𝑝𝜙  =
1

2
�̇�2 − 𝑉(𝜙)

 

𝐻2 =
1

3𝑀P
2 [𝑉(𝜙) +

1

2
�̇�2]  

�̈� + 3𝐻�̇� = −
𝑑𝑉

𝑑𝜙
.  
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𝑉(𝜙) = 𝑉0exp (−√
2

𝑝

𝜙

𝑀P
) ,  

𝑎(𝑡) = 𝑎0𝑡
𝑝

𝜙(𝑡) = √2𝑝𝑀Plog (√
𝑉0

𝑝(3𝑝 − 1)

𝑡

𝑀P
) .

 

𝐻2  ≈
𝑉(𝜙)

3𝑀P
2 ,

3𝐻�̇�  ≈ −𝑉′(𝜙),

 

𝜀(𝜙) =
1

2
𝑀P
2(𝑉′/𝑉)2 ≪ 1,

 |𝜂(𝜙)| = 𝑀P
2|𝑉′′/𝑉| ≪ 1.

 

�̈�

𝑎
= �̇� + 𝐻2 > 0,  

−
�̇�

𝐻2
< 1  

−
�̇�

𝐻2
≈
𝑀P
2

2
(
𝑉′

𝑉
)

2

= 𝜀.  

𝜀 = 𝜂/2 = 1/𝑝  

𝑉(𝜙,𝜓) = 𝑎(𝜓2 − 1)𝜙2 + 𝑏𝜙4 + 𝑐  

𝑁(𝑡) = log (
𝑎(𝑡end)

𝑎(𝑡)
) ,  

𝑁(𝑡) = ∫  
𝑡end

𝑡

 
�̇�

𝑎
𝑑𝑡 = ∫  

𝑡end

𝑡

 𝐻𝑑𝑡 ≈
1

𝑀P
2∫  

𝜙

𝜙end

 
𝑉

𝑉′
𝑑𝜙  

𝛿𝐻(𝑘) = √
512𝜋

75

𝑉2/3

𝑀P
3𝑉′
|

𝑘=𝑎𝐻

,

𝐴𝐺(𝑘) = √
32

75

𝑉1/2

𝑀P
2 |

𝑘=𝑎𝐻

.

 

𝛿𝐻(𝑘) ≈ 𝑘
𝑛−1, 𝐴𝐺

2 (𝑘) ≈ 𝑘𝑛𝐺  

𝑛 − 1 =
𝑑ln 𝛿𝐻

2

𝑑ln 𝑘
, 𝑛𝐺 =

𝑑ln 𝐴𝐺
2

𝑑ln 𝑘
 

𝑛 = 1 − 6𝜀 + 2𝜂
𝑛𝐺 = −2𝜀
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𝑉(𝑟) = 2𝑇3 (1 −
1

2𝜋3
𝑇3

𝑀10
8 𝑟4

) ,  

𝑉(𝜙) = 2𝑇3 (1 −
1

2𝜋3
𝑇3
3

𝑀10
8 𝜙4

)  

𝜖 =
1

2
𝑀P
2(𝑉′/𝑉)2 ∼

𝐿6

𝑟10

𝜂 = 𝑀P
2(𝑉′′/𝑉) ∼

𝐿6

𝑟6

 

𝑉(𝜙, 𝐿) ≈
2𝑇3
𝐿12

 

𝒦(𝜌, 𝜌‾, 𝜙, 𝜙‾) = −3log [𝜌 + 𝜌‾ − 𝑘(𝜙, 𝜙‾)]  

2𝐿 = 𝜌 + 𝜌‾ − 𝑘(𝜙, 𝜙‾)  

𝑊(𝜌) = 𝑊0 + 𝐴𝑒
−𝑎𝜌.  

𝑊0 = ∫  𝐺3 ∧ Ω  

𝑉 = 𝑒𝒦(𝐺𝑎𝑏
‾
𝐷𝑎𝑊𝐷𝑏‾𝑊‾ − 3|𝑊|

2)  

𝑉 =
1

6𝐿
(|𝜕𝜌𝑊|

2
−
3

2𝐿
(𝑊‾ 𝜕𝜌𝑊 +𝑊𝜕𝜌‾𝑊‾ )) + (

|𝜕𝜌𝑊|
2

12𝐿2
)𝜙𝜙‾  

𝑉 =
1

6𝐿
(|𝜕𝜌𝑊|

2
−
3

2𝐿
(𝑊‾ 𝜕𝜌𝑊+𝑊𝜕𝜌‾𝑊‾ )) + (

|𝜕𝜌𝑊|
2

12𝐿2
)𝜙𝜙‾ +

𝐷

(2𝐿)2
 

𝑉 =
𝑉0(𝜌c)

(1 − 𝜑𝜑‾/3)2
≈ 𝑉0(𝜌c) (1 +

2

3
𝜑𝜑‾)  

𝑉(𝜙, 𝑇) = 𝑎((𝜙/ℓs)
2 − 𝑏)𝑇2 + 𝑐𝑇4 + 𝑉(𝜙)  

[𝛾𝑚, 𝛾
𝑟] = 2𝛾𝑚 

𝑟 {𝛾𝑚, 𝛾
𝑟} = 2𝛿𝑚 

𝑟

[𝛾𝑚𝑛, 𝛾
𝑟] = −4𝛿[𝑚 

𝑟𝛾𝑛] {𝛾𝑚𝑛, 𝛾
𝑟} = 2𝛾𝑚𝑛 

𝑟

[𝛾𝑚𝑛𝑝, 𝛾
𝑟] = 2𝛾𝑚𝑛𝑝 

𝑟 {𝛾𝑚𝑛𝑝, 𝛾
𝑟} = 6𝛿[𝑚 

𝑟𝛾𝑛𝑝]

[𝛾𝑚𝑛𝑝𝑞 , 𝛾
𝑟] = −8𝛿[𝑚 

𝑟𝛾𝑛𝑝𝑞] {𝛾𝑚𝑛𝑝𝑞 , 𝛾
𝑟} = 2𝛾𝑚𝑛𝑝𝑞 

𝑟

[𝛾𝑚𝑛𝑝𝑞𝑘 , 𝛾
𝑟] = 2𝛾𝑚𝑛𝑝𝑞𝑘 

𝑟 {𝛾𝑚𝑛𝑝𝑞𝑘 , 𝛾
𝑟} = 10𝛿[𝑚 

𝑟𝛾𝑛𝑝𝑞𝑘]
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[𝛾𝑚𝑛, 𝛾
𝑟𝑠] = −8𝛿[𝑚 

[𝑟𝛾𝑛] 
𝑠] {𝛾𝑚𝑛, 𝛾

𝑟𝑠} = 2𝛾𝑚𝑛 
𝑟𝑠 − 4𝛿[𝑚𝑛] 

𝑟𝑠

[𝛾𝑚𝑛𝑝, 𝛾
𝑟𝑠] = 12𝛿[𝑚 

[𝑟𝛾𝑛𝑝] 
𝑠] {𝛾𝑚𝑛𝑝, 𝛾

𝑟𝑠} = 2𝛾𝑚𝑛𝑝 
𝑟𝑠 − 12𝛿[𝑚𝑛 

𝑟𝑠𝛾𝑝]

[𝛾𝑚𝑛𝑝𝑞 , 𝛾
𝑟𝑠] = −16𝛿[𝑚 

[𝑟𝛾𝑛𝑝𝑞] 
𝑠] {𝛾𝑚𝑛𝑝𝑞, 𝛾

𝑟𝑠} = 2𝛾𝑚𝑛𝑝𝑞 
𝑟𝑠 − 24𝛿[𝑚𝑛 

𝑟𝑠𝛾𝑝𝑞]

[𝛾𝑚𝑛𝑝𝑞𝑘, 𝛾
𝑟𝑠] = 20𝛿[𝑚 

[𝑟𝛾𝑛𝑝𝑞𝑘] 
𝑠] {𝛾𝑚𝑛𝑝𝑞𝑘, 𝛾

𝑟𝑠} = 2𝛾𝑚𝑛𝑝𝑞𝑘 
𝑟𝑠 − 40𝛿[𝑚𝑛 

𝑟𝑠𝛾𝑝𝑞𝑘]

[𝛾𝑚𝑛𝑝, 𝛾
𝑟𝑠𝑡] = 2𝛾𝑚𝑛𝑝 

𝑟𝑠𝑡 − 36𝛿[𝑚𝑛 
[𝑟𝑠𝛾𝑝] 

𝑡]

[𝛾𝑚𝑛𝑝𝑞 , 𝛾
𝑟𝑠𝑡] = −24𝛿[𝑚 

[𝑟𝛾𝑛𝑝𝑞] 
𝑠𝑡] + 48𝛿[𝑚𝑛𝑝 

𝑟𝑠𝑡𝛾𝑞]

[𝛾𝑚𝑛𝑝𝑞𝑘, 𝛾
𝑟𝑠𝑡] = 2𝛾𝑚𝑛𝑝𝑞𝑘 

𝑟𝑠𝑡 − 120𝛿[𝑚𝑛 
[𝑟𝑠𝛾𝑝𝑞𝑘] 

𝑡]

{𝛾𝑚𝑛𝑝, 𝛾
𝑟𝑠𝑡} = 18𝛿[𝑚 

[𝑟𝛾𝑛𝑝] 
𝑠𝑡] − 12𝛿[𝑚𝑛𝑝] 

𝑟𝑠𝑡

{𝛾𝑚𝑛𝑝𝑞 , 𝛾
𝑟𝑠𝑡} = 2𝛾𝑚𝑛𝑝𝑞 

𝑟𝑠𝑡 − 72𝛿[𝑚𝑛 
[𝑟𝑠𝛾𝑝𝑞] 

𝑡]

{𝛾𝑚𝑛𝑝𝑞𝑘, 𝛾
𝑟𝑠𝑡} = 30𝛿[𝑚 

[𝑟𝛾𝑛𝑝𝑞𝑘] 
𝑠𝑡] − 120𝛿[𝑚𝑛𝑝 

𝑟𝑠𝑡𝛾𝑞𝑘]

[𝛾𝑚𝑛𝑝𝑞 , 𝛾
𝑟𝑠𝑡𝑢] = −32𝛿[𝑚 

[𝑟𝛾𝑛𝑝𝑞] 
𝑠𝑡𝑢] + 192𝛿[𝑚𝑛𝑝 

[𝑟𝑠𝑡𝛾𝑞] 
𝑢]

[𝛾𝑚𝑛𝑝𝑞𝑘, 𝛾
𝑟𝑠𝑡𝑢] = 40𝛿[𝑚 

[𝑟𝛾𝑛𝑝𝑞𝑘] 
𝑠𝑡𝑢] − 480𝛿[𝑚𝑛𝑝 

[𝑟𝑠𝑡𝛾𝑞𝑘]𝑢]

{𝛾𝑚𝑛𝑝𝑞 , 𝛾
𝑟𝑠𝑡𝑢} = 2𝛾𝑚𝑛𝑝𝑞 

𝑟𝑠𝑡𝑢 − 144𝛿[𝑚𝑛 
[𝑟𝑠𝛾𝑝𝑞] 

𝑡𝑢] + 48𝛿[𝑚𝑛𝑝𝑞] 
𝑟𝑠𝑡𝑢

{𝛾𝑚𝑛𝑝𝑞𝑘, 𝛾
𝑟𝑠𝑡𝑢} = 2𝛾𝑚𝑛𝑝𝑞𝑘 

𝑟𝑠𝑡𝑢 − 240𝛿[𝑚𝑛 
[𝑟𝑠𝛾𝑝𝑞𝑘] 

𝑡𝑢] + 240𝛿[𝑚𝑛𝑝𝑞 
𝑟𝑠𝑡𝑢𝛾𝑘]

[𝛾𝑚𝑛𝑝𝑞𝑘, 𝛾
𝑟𝑠𝑡𝑢𝑣] = 2𝛾𝑚𝑛𝑝𝑞𝑘 

𝑟𝑠𝑡𝑢𝑣 − 400𝛿[𝑚𝑛 
[𝑟𝑠𝛾𝑝𝑞𝑘] 

𝑡𝑢𝑣] + 1200𝛿[𝑚𝑛𝑝𝑞  
[𝑟𝑠𝑡𝑢𝛾𝑘] 

𝑣]

{𝛾𝑚𝑛𝑝𝑞𝑘, 𝛾
𝑟𝑠𝑡𝑢𝑣} = 50𝛿[𝑚 

[𝑟𝛾𝑛𝑝𝑞𝑘] 
𝑠𝑡𝑢𝑣] − 1200𝛿[𝑚𝑛𝑝 

[𝑟𝑠𝑡𝛾𝑞𝑘] 
𝑢𝑣] + 240𝛿[𝑚𝑛𝑝𝑞𝑘] 

𝑟𝑠𝑡𝑢𝑣

 

[𝛾𝑚1…𝑚𝑝
, 𝛾𝑛1…𝑛𝑞]

{𝛾𝑚1…𝑚𝑝
, 𝛾𝑛1…𝑛𝑞}

𝑝𝑞 odd 𝑝𝑞 even } =2𝛾𝑚1…𝑚𝑝
 𝑛1…𝑛𝑞

 −
2𝑝! 𝑞!

2! (𝑝 − 2)! (𝑞 − 2)!
𝛿[𝑚1𝑚2

 [𝑛1𝑛2𝛾𝑚3…𝑚𝑝]
 𝑛3…𝑛𝑞]

 +
2𝑝! 𝑞!

4! (𝑝 − 4)! (𝑞 − 4)!
𝛿[𝑚1…𝑚4

 [𝑛1…𝑛4𝛾𝑚5…𝑚𝑝]
 𝑛5…𝑛𝑞]

 −⋯

 

[𝛾𝑚1…𝑚𝑝
, 𝛾𝑛1…𝑛𝑞] 𝑝𝑞 even 

{𝛾𝑚1…𝑚𝑝
, 𝛾𝑛1…𝑛𝑞} 𝑝𝑞 odd } =

(−1)𝑝−12𝑝! 𝑞!

1! (𝑝 − 1)! (𝑞 − 1)!
𝛿[𝑚1

 [𝑛1𝛾𝑚2…𝑚𝑝]
 𝑛2…𝑛𝑞]

 −
(−1)𝑝−12𝑝! 𝑞!

3! (𝑝 − 3)! (𝑞 − 3)!
𝛿[𝑚1𝑚2𝑚3

 [𝑛1𝑛2𝑛3𝛾𝑚4…𝑚𝑝]
 𝑛4…𝑛𝑞]

 +⋯

 

𝜒𝜓‾ =
1

2[𝑑/2]
∑ 

𝑑

𝑝=0

 
1

𝑝!
𝛾𝑚𝑝…𝑚1𝜓‾𝛾𝑚1…𝑚𝑝

𝜒  

∇̂𝑀𝜂 = ∇𝑀𝜂 +
1

2
Ω−1∇𝑁ΩΓ𝑀

𝑁𝜂 

∇𝑝𝐽𝑚 
𝑛 = 0 

𝑃±𝜉 =
1

2
(1 ± 𝛾9)𝜉 = 𝜉± 

∇𝑚𝜉+ −
1

4
Δ−3/4𝐅𝑚𝜉− = 0, ∇𝑚𝜉− = 0 
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𝜂1 = 𝑣
𝑎𝛾𝑎𝜂2. 

𝐹 ∧ 𝐽 +⋆ 𝑑𝑣 = 0 

𝑉 = 𝑒𝒦(𝐺𝑎𝑏
‾
𝒟𝑎𝑊𝒟𝑏‾𝑊‾ − 3|𝑊|

2), 

𝑊 = ∫  
𝑀

Ω ∧ 𝐺3 

|𝑍(𝛾)|2 =
|∫  𝛾  Ω|

2

∫  Ω ∧ Ω‾
 

𝐽 =
2

3
𝑑𝑟 ∧ 𝑔5 +

1

3
(𝑒2 ∧ 𝑒1 + 𝑒3 ∧ 𝑒4) 

⋆6 𝐻 = −𝑒
−𝑎Φ𝑑(𝑒𝑎Φ𝐽). 

• Agujeros negros cuánticos. 

𝑆 =
1

16𝜋𝐺𝐷
∫  𝑑𝐷𝑥√−𝑔𝑅  

𝐺𝜇𝜈 = 𝑅𝜇𝜈 −
1

2
𝑔𝜇𝜈𝑅 = 0  

𝑅𝜇𝜈 = 0  

𝑑𝑠2 = 𝑔𝜇𝜈𝑑𝑥
𝜇𝑑𝑥𝜈 = −(1 −

𝑟H
𝑟
)𝑑𝑡2 + (1 −

𝑟H
𝑟
)
−1

𝑑𝑟2 + 𝑟2𝑑Ω2
2  

𝑟H = 2𝐺4𝑀  

𝑑Ω2
2 = 𝑑𝜃2 + sin2 𝜃𝑑𝜙2  

𝑔𝑡𝑡 ∼ −(1 + 2Φ)  

Φ = −
𝑀𝐺4
𝑟

 

𝑑𝑠2 = −ℎ𝑑𝑡2 + ℎ−1𝑑𝑟2 + 𝑟2𝑑Ω𝐷−2
2  

ℎ = 1 − (
𝑟H
𝑟
)
𝐷−3

 

𝑟H
𝐷−3 =

16𝜋𝑀𝐺𝐷
(𝐷 − 2)Ω𝐷−2

 

Ω𝑛 =
2𝜋(𝑛+1)/2

Γ (
𝑛 + 1
2 )
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𝑅𝜇𝜈𝜌𝜎𝑅𝜇𝜈𝜌𝜎 =
12𝑟H

2

𝑟6
 

𝑢 = (
𝑟

𝑟H
− 1)

1/2

𝑒𝑟/2𝑟Hcosh (
𝑡

2𝑟H
)

𝑣 = (
𝑟

𝑟H
− 1)

1/2

𝑒𝑟/2𝑟Hsinh (
𝑡

2𝑟H
)

 

𝑑𝑠2 =
4𝑟H

3

𝑟
𝑒−𝑟/𝑟H(−𝑑𝑣2 + 𝑑𝑢2) + 𝑟2𝑑Ω2

2  

𝑢2 − 𝑣2 = (
𝑟

𝑟H
− 1)𝑒𝑟/𝑟H  

−∞ < 𝑢 < +∞  and  𝑣2 < 𝑢2 + 1.  

𝑡 = 𝑟Hlog (
𝑢 + 𝑣

𝑢 − 𝑣
)  

𝐴 = 4𝜋𝑟H
2 = 16𝜋(𝑀𝐺4)

2  

𝑑𝑠2 = −Δ𝑑𝑡2 + Δ−1𝑑𝑟2 + 𝑟2𝑑Ω2
2  

Δ = 1 −
2𝑀𝐺4
𝑟

+
𝑄2𝐺4
𝑟2

 

𝐺𝜇𝜈 = 𝑅𝜇𝜈 −
1

2
𝑅𝑔𝜇𝜈 = 8𝜋𝐺4𝑇𝜇𝜈  

𝑇𝜇𝜈 = 𝐹𝜇𝜌𝐹𝜈
𝜌
−
1

4
𝑔𝜇𝜈𝐹𝜌𝜎𝐹

𝜌𝜎  

𝐹𝑡𝑟 = 𝐸𝑟 =
𝑄

𝑟2
 

𝑟 = 𝑟± = 𝑀𝐺4 ±√(𝑀𝐺4)
2 − 𝑄2𝐺4,  

𝑟−
𝐺4𝑀

 1 
𝑟+
𝐺4𝑀

 

𝑄 > 𝐺4𝑀
2 

𝑄 = 𝐺4𝑀
2 

𝑄 < 𝐺4𝑀
2 

𝑄2 = 0 

𝑀√𝐺4 ≥ |𝑄|  

𝑟± = 𝑀𝐺4  or  𝑀√𝐺4 = |𝑄|  
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𝑑𝑠2 = −(1 −
𝑟0
𝑟
)
2

𝑑𝑡2 + (1 −
𝑟0
𝑟
)
−2

𝑑𝑟2 + 𝑟2𝑑Ω2
2  

𝑑𝑠2 = −(1 +
𝑟0
𝑟
)
−2

𝑑𝑡2 + (1 +
𝑟0
𝑟
)
2

(𝑑𝑟2 + 𝑟2𝑑Ω2
2)  

𝑑𝑠2 = −[1 − (
𝑟0
𝑟
)
2

]
2

𝑑𝑡2 + [1 − (
𝑟0
𝑟
)
2

]
−2

𝑑𝑟2 + 𝑟2𝑑Ω3
2  

𝑑𝑠5
2 = −[1 + (

𝑟0
𝑟
)
2

]
−2

𝑑𝑡2 + [1 + (
𝑟0
𝑟
)
2

] (𝑑𝑟2 + 𝑟2𝑑Ω3
2)  

𝐴 = Ω3𝑟0
3 = 2𝜋2𝑟0

3  

𝑀 =
𝑄

√𝐺5
=
3𝜋𝑟0

2

4𝐺5
 

𝑆 = ∫  𝑑4𝑥√−𝑔(
1

2𝜅2
𝑅 −

1

4
𝐹𝜇𝜈𝐹

𝜇𝜈) 

∇𝜇𝐹
𝜇𝜈 =

1

√−𝑔
𝜕𝜇(√−𝑔𝐹

𝜇𝜈) = 0

𝜖𝜇𝜈𝜌𝜎𝜕𝜈𝐹𝜌𝜎 = 0

 

𝑑𝑠2 = −𝑒2𝐴(𝑟)𝑑𝑡2 + 𝑒2𝐵(𝑟)𝑑𝑟2 + 𝑟2𝑑Ω2
2 

√−𝑔 = 𝑒𝐴+𝐵𝑟2sin 𝜃 

𝜕𝑟(√−𝑔𝐹
𝑟𝑡) = 𝜕𝑟(𝑒

𝐴+𝐵𝑟2sin 𝜃 ⋅ (−𝑒−2𝐴−2𝐵𝐹𝑟𝑡))

= 𝜕𝑟(𝑒
−𝐴−𝐵𝑟2sin 𝜃𝐹𝑡𝑟) = 0

 

𝐹𝑡𝑟 = 𝑒
𝐴+𝐵

𝑞(𝜃, 𝜙)

𝑟2
 

𝐹𝑡𝑟 = 𝑒
𝐴+𝐵

𝑞

𝑟2
 

𝜕𝜃(𝑒
𝐴+𝐵𝑟2sin 𝜃𝐹𝜃𝜙) = 0

𝜕𝜙(𝑒
𝐴+𝐵𝑟2sin 𝜃𝐹𝜙𝜃) = 0

 

𝐹𝜃𝜙 = 𝑝(𝑟, 𝑡)sin 𝜃 

𝐹𝜃𝜙 = 𝑝sin 𝜃 

𝑄mag =
1

4𝜋
∫  𝐹 =

1

4𝜋
∫  
𝜋

0

𝑑𝜃∫  
2𝜋

0

𝑑𝜙𝐹𝜃𝜙 

𝑄el =
1

4𝜋
∫  ⋆ 𝐹 =

1

4𝜋
∫  
𝜋

0

𝑑𝜃∫  
2𝜋

0

𝑑𝜙(⋆ 𝐹)𝜃𝜙 
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(⋆ 𝐹)𝜃𝜙 = √−𝑔𝐹
𝑟𝑡 = 𝑒𝐴+𝐵𝑟2sin 𝜃𝑒−2(𝐴+𝐵)𝐹𝑡𝑟 = 𝑞sin 𝜃. 

𝑑𝑠2 = −(
𝑟0
𝑟
)
−2

𝑑𝑡2 + (
𝑟0
𝑟
)
2

𝑑𝑟2 + 𝑟0
2𝑑Ω2

2 

𝑑𝑠2 = (
𝑟0
𝑟
)
2

(−𝑑𝑡2 + 𝑑𝑟2) + 𝑟0
2𝑑Ω2

2 

𝑍 = Tr(𝑒−𝛽𝐻) 

𝑟 = 𝑟H(1 + 𝜌
2)  

𝑑𝑠2 ≈ 4𝑟H
2 (𝑑𝜌2 + 𝜌2 (

𝑑𝜏

2𝑟H
)
2

+
1

4
𝑑Ω2

2)  

𝛽 = 4𝜋𝑟H = 8𝜋𝑀𝐺4.  

𝑑𝑀 = 𝑇𝑑𝑆  

𝑑𝑆/𝑑𝑡 ≥ 0  

𝑆 = 4𝜋𝑀2𝐺4  

𝐴 = 4𝜋𝑟H
2 = 16𝜋(𝑀𝐺4)

2  

𝑆 =
𝐴

4𝐺4
 

𝑆 =
𝐴

4𝐺𝐷
 

𝑆 = 𝜋𝑟+
2/𝐺4  

𝑇 =
√(𝑀𝐺4)

2 − 𝑄2𝐺4

2𝜋𝑟+
2  

𝑑𝑠2 =
4𝑟+

3

𝑟+ − 𝑟−
[𝑑𝜌2 + 𝜌2 (

(𝑟+ − 𝑟−)𝑑𝜏

2𝑟+
2 )

2

+
𝑟+ − 𝑟−
4𝑟+

𝑑Ω2] 

𝛽 =
4𝜋𝑟+

2

𝑟+ − 𝑟−
 

𝑇 =
𝑟+ − 𝑟−

4𝜋𝑟+
2 =

√(𝑀𝐺4)
2 − 𝑄2𝐺4

2𝜋𝑟+
2  

𝑟𝐻 =
2𝐺4𝑀

𝑐2
∼ 3.0 × 103 m,𝑇 =

ℏ𝑐3

8𝜋𝑀𝐺4𝑘B
∼ 6.0 × 10−8 K

𝑆 =
𝐴

4𝐺4
=
𝜋𝑅2𝑐3

𝐺4ℏ
∼ 1.0 × 1077, Δ𝑡 ∼

𝐺4
2𝑀3

𝛼ℏ𝑐4
∼ 1066 years. 
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𝑔𝑟𝑟 = (1 + (𝑟0/𝑟)
𝐷−3)

2
𝐷−3  

𝑑𝑠2 = −𝜆−2/3𝑑𝑡2 + 𝜆1/3(𝑑𝑟2 + 𝑟2𝑑Ω3
2)  

𝜆 =∏ 

3

𝑖=1

  [1 + (
𝑟𝑖
𝑟
)
2

]  

𝐴 = 2𝜋2𝑟1𝑟2𝑟3  

𝑀 = 𝑀1 +𝑀2 +𝑀3  where,  𝑀𝑖 =
𝜋𝑟𝑖

2

4𝐺5
 

𝐺5 =
𝐺10

(2𝜋)5𝑅𝑉
 

𝑟𝑖
2 =

𝑔s
2ℓs
8

𝑅𝑉
𝑀𝑖  

𝑀1= 2𝜋𝑅𝑇D1𝑄1 =
𝑄1𝑅

𝑔sℓs
2  

𝑀2 = (2𝜋)
5𝑅𝑉𝑇D5𝑄5 =

𝑄5𝑅𝑉

𝑔sℓs
6 ,

𝑀3 =
𝑛

𝑅
.

 

𝑔s𝑄1 ≫
𝑉

ℓs
4 , 𝑔s𝑄5 ≫ 1, 𝑔s

2𝑛 ≫
𝑅2𝑉

ℓs
6 .  

𝑆 =
𝐴

4𝐺5
=
2𝜋𝑔sℓs

4

√𝑅𝑉
√𝑀1𝑀2𝑀3  

𝑆 = 2𝜋√𝑄1𝑄5𝑛  

𝑆 = 2𝜋√Δ  

Δ = −
1

48
tr(Ω𝑍Ω𝑍Ω𝑍),  

𝑥1 = 𝑄1 − 𝑄2 − 𝑄3, 𝑥2 = −𝑄1 + 𝑄2 − 𝑄3
𝑥3 = −𝑄1 − 𝑄2 + 𝑄3, 𝑥4 = 𝑄1 + 𝑄2 + 𝑄3

 

Δ =
1

24
∑ 𝑥𝑖

3 = 𝑄1𝑄2𝑄3  

𝑑𝑠2 = −ℎ𝜆−2/3𝑑𝑡2 + 𝜆1/3 (
𝑑𝑟2

ℎ
+ 𝑟2𝑑Ω3

2)  

ℎ = 1 −
𝑟0
2

𝑟2
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𝜆 =∏ 

3

𝑖=1

  [1 + (
𝑟𝑖
𝑟
)
2

]   with  𝑟𝑖
2 = 𝑟0

2sinh2 𝛼𝑖 , 𝑖 = 1,2,3  

𝑀 =
𝜋𝑟0

2

8𝐺5
(cosh 2𝛼1 + cosh 2𝛼2 + cosh 2𝛼3)  

𝜆(𝑟0) =∏ 

3

𝑖=1

  cosh2 𝛼𝑖  

𝑟H = 𝑟0[𝜆(𝑟0)]
1/6  

𝐴 = 2𝜋2𝑟H
3 = 2𝜋2𝑟0

3cosh 𝛼1cosh 𝛼2cosh 𝛼3.  

𝑆 =
𝐴

4𝐺5
=
2𝜋𝑟0

3𝑉6

ℓp
9 cosh 𝛼1cosh 𝛼2cosh 𝛼3  

�̂�𝑖 = 𝑄𝑖 − 𝑄‾𝑖  𝑖 = 1,2,3.  

𝑆 =
𝐴

4𝐺5
= 2𝜋∏ 

3

𝑖=1

 (√𝑄𝑖 +√𝑄‾𝑖)  

𝑥1 = 𝑟cos 𝜃cos 𝜓, 𝑥2 = 𝑟cos 𝜃sin 𝜓

𝑥3 = 𝑟sin 𝜃cos 𝜙, 𝑥4 = 𝑟sin 𝜃sin 𝜙
 

𝑑𝑥𝑖𝑑𝑥𝑖 = 𝑑𝑟2 + 𝑟2𝑑Ω3
2  

𝑑Ω3
2 = 𝑑𝜃2 + sin2 𝜃𝑑𝜙2 + cos2 𝜃𝑑𝜓2, 0 ≤ 𝜃 ≤ 𝜋/2, 0 ≤ 𝜙,𝜓 ≤ 2𝜋  

𝑑𝑠2 = −𝜆−2/3 (𝑑𝑡 −
𝑎

𝑟2
sin2 𝜃𝑑𝜙 +

𝑎

𝑟2
cos2 𝜃𝑑𝜓)

2

+ 𝜆1/3(𝑑𝑟2 + 𝑟2𝑑Ω3
2)  

𝐽 =
𝜋𝑎

4𝐺5
 

𝑆 =
𝐴

4𝐺5
= 2𝜋√𝑄1𝑄5𝑛 − 𝐽

2  

𝑑𝑠2 = −𝜆−1/2𝑑𝑡2 + 𝜆1/2(𝑑𝑟2 + 𝑟2𝑑Ω2
2),  

𝜆 =∏ 

4

𝑖=1

  (1 +
𝑟𝑖
𝑟
) .  

𝑀 =∑ 

4

𝑖=1

 𝑀𝑖  with  𝑀𝑖 =
𝑟𝑖
4𝐺4

.  

𝐴 = 4𝜋√𝑟1𝑟2𝑟3𝑟4.  
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𝑆 =
𝐴

4𝐺4
= 16𝜋𝐺4√𝑀1𝑀2𝑀3𝑀4.  

𝑀1= (2𝜋𝑅1)(2𝜋𝑅6)𝑇D2𝑄1 =
1

𝑔sℓs
3
(𝑅1𝑅6)𝑄1  

𝑀2 = (2𝜋𝑅1)⋯ (2𝜋𝑅6)𝑇D6𝑄2 =
1

𝑔sℓs
7
(𝑅1⋯𝑅6)𝑄2

𝑀3 = (2𝜋𝑅1)⋯ (2𝜋𝑅5)𝑇NS5𝑄3 =
1

𝑔s
2ℓs
6
(𝑅1⋯𝑅5)𝑄3

𝑀4 =
1

𝑅1
𝑄4

 

𝐺4 =
𝐺10

(2𝜋𝑅1)⋯(2𝜋𝑅6)
=

𝑔s
2ℓs
8

8𝑅1⋯𝑅6
 

𝑆 = 2𝜋√𝑄1𝑄2𝑄3𝑄4  

𝑍𝐴𝐵 = 𝑞𝐴𝐵 + 𝑖𝑝𝐴𝐵  

Δ = tr(𝑍𝑍‾𝑍𝑍‾) −
1

4
(tr𝑍𝑍‾)2 + 4(Pf𝑍 + Pf𝑍‾),  

Pf𝑍 =
1

24 ⋅ 4!
𝜀𝐴𝐵𝐶𝐷𝐸𝐹𝐺𝐻𝑍𝐴𝐵𝑍𝐶𝐷𝑍𝐸𝐹𝑍𝐺𝐻  

Δ = 2∑ |𝑧𝑖|
4 − (∑ |𝑧𝑖|

2)
2

+ 8Re(𝑧1𝑧2𝑧3𝑧4).  

𝑧1 =
1

4
(𝑄1 + 𝑄2 + 𝑄3 + 𝑄4), 𝑧2 =

1

4
(𝑄1 + 𝑄2 −𝑄3 − 𝑄4),

𝑧3 =
1

4
(𝑄1 − 𝑄2 + 𝑄3 − 𝑄4), 𝑧4 =

1

4
(𝑄1 − 𝑄2 −𝑄3 + 𝑄4),

 

Δ = 𝑄1𝑄2𝑄3𝑄4 −
1

4
𝑃1
2𝑄1

2  

𝑆 = 2𝜋√𝑄1𝑄2𝑄3𝑄4 −
1

4
𝑃1
2𝑄1

2  

𝑆 = 2𝜋√𝑃0𝑄2𝑄3𝑄4 −
1

4
𝑃0
2𝑄0

2  

𝑑𝑠TN
2 = (1 +

𝑅

2𝑟
) (𝑑𝑟2 + 𝑟2𝑑Ω2

2)

+(1 +
𝑅

2𝑟
)
−1

(𝑑𝑦 + 𝑅sin2 (𝜃/2)𝑑𝜙)2
 

𝑀1 =
𝑄0
𝑔𝑠ℓ𝑠

, 𝑀2 =
𝑄4

(2𝜋)4𝑔𝑠ℓ𝑠
5 (2𝜋)

4𝑉,𝑀3 =
𝑄1

2𝜋ℓ𝑠
2 2𝜋𝑅 
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𝑆 =
𝐴

4𝐺5
=
2𝜋𝑔𝑠ℓ𝑠

4

√𝑅𝑉
√𝑀1𝑀2𝑀3 = 2𝜋√𝑄0𝑄4𝑄1 

𝑑𝑠2 = 𝑅2𝑑Ω3
2 − (𝑎/𝑅2)2(cos2 𝜃𝑑𝜓 − sin2 𝜃𝑑𝜙)2

= 𝑅2𝑑𝜃2 + 𝑅2(cos 𝜃sin 𝜃)2(𝑑𝜙 + 𝑑𝜓)2 + (𝑅2 − (𝑎/𝑅2)2)(cos2 𝜃𝑑𝜓 − sin2 𝜃𝑑𝜙)2
 

𝑅2 = (𝑟1𝑟2𝑟3)
2/3 

𝑒1 = 𝑅𝑑𝜃
𝑒2 = 𝑅cos 𝜃sin 𝜃(𝑑𝜙 + 𝑑𝜓)

𝑒3 = √𝑅
2 − (𝑎/𝑅2)2(cos2 𝜃𝑑𝜓 − sin2 𝜃𝑑𝜙)

 

𝐴 = ∫  𝑒1 ∧ 𝑒2 ∧ 𝑒3 =𝑅
2√𝑅2 − (𝑎/𝑅2)2∫  cos 𝜃sin 𝜃𝑑𝜃 ∧ 𝑑𝜙 ∧ 𝑑𝜓

 = 2𝜋2√(𝑟1𝑟2𝑟3)
2 − 𝑎2

 

𝑆 =
𝐴

4𝐺5
= 2𝜋√𝑄1𝑄5𝑛 − 𝐽

2 

𝐽 =
𝜋𝑎

4𝐺5
 

𝑀1 = (2𝜋𝑅2)(2𝜋𝑅3)𝑇𝐷2 =
𝑅2𝑅3

𝑔𝑠ℓ𝑠
3 𝑄1,𝑀2 =

𝑅4𝑅5

𝑔𝑠ℓ𝑠
3 𝑄2

𝑀3 =
𝑅1𝑅6

𝑔𝑠ℓ𝑠
3 𝑄3, 𝑀4 = (2𝜋)

6(𝑅1⋯𝑅6)𝑇𝐷6𝑃0 =
𝑅1⋯𝑅6

𝑔𝑠ℓ𝑠
7 𝑃0

 

𝑆 =
𝐴

4𝐺4
= 16𝜋

𝑔𝑠
2ℓ𝑠
8

8𝑅1⋯𝑅6
√𝑀1𝑀2𝑀3𝑀4 = 2𝜋√𝑄1𝑄2𝑄3𝑃0 

𝑑𝑠2 = −𝜆−1/2 (1 −
𝑟0
𝑟
) 𝑑𝑡2 + 𝜆1/2 ((1 −

𝑟0
𝑟
)
−1

𝑑𝑟2 + 𝑟2𝑑Ω2
2)

𝜆 =∏ 

4

𝑖=1

 (1 +
𝑟0sinh

2 𝛼𝑖
𝑟

)

 

𝑀 =
𝑟0
4𝐺4

∑ 

4

𝑖=1

sinh2 𝛼𝑖 +
𝑟0
2𝐺4

=
𝑟0
8𝐺4

∑ 

4

𝑖=1

cosh 2𝛼𝑖 

𝑀𝑖 =
𝑟0cosh 2𝛼𝑖

8𝐺4
 

𝐴 = 4𝜋𝑟0
2∏ 

4

𝑖=1

cosh 𝛼𝑖 

�̂�𝑖 = 𝑄𝑖 − 𝑄‾𝑖 

𝑆 =
𝐴

4𝐺4
= 2𝜋∏ 

4

𝑖=1

(√𝑄
𝑖
+√𝑄‾𝑖) 
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𝑊 = 𝑄1𝑄5  

|𝑛𝑊| =∑  

4

𝑖=1

  ∑  

∞

𝑚=1

 𝑚(𝑁𝑚
𝑖 + 𝑛𝑚

𝑖 )  

𝐺(𝑤) = 𝑁0∏ 

∞

𝑚=1

 (
1 + 𝑤𝑚

1 − 𝑤𝑚
)

4

 

𝜃4(0 ∣ 𝜏) =
1

√−𝑖𝜏
𝜃2(0 ∣ −1/𝜏)  

𝜃4(0 ∣ 𝜏) = ∏  

∞

𝑚=1

 (
1 − 𝑤𝑚

1 + 𝑤𝑚
)

𝜃2(0 ∣ 𝜏) = ∑  

∞

𝑛=−∞

 𝑤(𝑛−1/2)
2

 

𝐺(𝑤) → (−
log 𝑤

𝜋
)
2

exp (−
𝜋2

log 𝑤
)  

𝑑(𝑄1, 𝑄5, 𝑛) =
1

2𝜋𝑖
∮   
𝐺(𝑤)𝑑𝑤

𝑤𝑁+1
 

𝑑(𝑄1, 𝑄5, 𝑛) ∼ (𝑄1𝑄5𝑛)
−7/4exp (2𝜋√𝑄1𝑄5𝑛)  

𝑆 = log 𝑑 ∼ 2𝜋√𝑄1𝑄5𝑛 −
7

4
log (𝑄1𝑄5𝑛) +⋯  

𝑆 = 2𝜋(√𝑄1𝑄5𝑛 + √𝑄1𝑄5𝑛‾)  

𝑁𝐿 = 𝑛𝑄1𝑄5  and  𝑁𝑅 = 𝑛‾𝑄1𝑄5  

𝑑 ∼ exp (2𝜋√𝑁𝐿 + 2𝜋√𝑁𝑅)  

𝑆 = 2𝜋(√𝑁𝐿 +√𝑁𝑅)  

𝑑Γ(𝜔) =
𝐴

𝑒𝜔/𝑇 − 1

𝑑4𝑘

(2𝜋)4
 

𝑇 =
2√𝑛‾

𝜋𝑅
 

𝒦 = −log (𝑖 ∫  
𝑀

 Ω ∧ Ω‾ ) ,  

𝐴𝐼 ∩ 𝐵𝐽 = −𝐵𝐽 ∩ 𝐴
𝐼 = 𝛿𝐽

𝐼  and  𝐴𝐼 ∩ 𝐴𝐽 = 𝐵𝐼 ∩ 𝐵𝐽 = 0.  

𝑋𝐼 = 𝑒𝒦/2∫  
𝐴𝐼
 Ω  and  𝐹𝐼 = 𝑒

𝒦/2∫  
𝐵𝐼

 Ω  



pág. 242 

∫  
𝐴𝐼
 Γ = ∫  

𝑀

 Γ ∧ 𝛽𝐼 = 𝑝𝐼  and  ∫  
𝐵𝐼

 Γ = ∫  
𝑀

 Γ ∧ 𝛼𝐼 = 𝑞𝐼  

𝑍(Γ) = 𝑒𝑖𝛼|𝑍| = 𝑒𝒦/2∫  
𝑀

 Γ ∧ Ω = 𝑒𝒦/2∫ 
𝒞

 Ω  

𝑍(Γ) = 𝑒𝒦/2∑ 

𝐼

 (∫  
𝐴𝐼
 Γ∫  

𝐵𝐼

 Ω − ∫  
𝐵𝐼

 Γ∫  
𝐴𝐼
 Ω) = 𝑝𝐼𝐹𝐼 − 𝑞𝐼𝑋

𝐼
 

𝑑𝑠2 = −𝑒2𝑈(𝑟)𝑑𝑡2 + 𝑒−2𝑈(𝑟)𝑑�⃗� ⋅ 𝑑�⃗�  

𝛿𝜓𝜇 = 𝛿𝜆
𝛼 = 0  

𝑑𝑈(𝜏)

𝑑𝜏
= −𝑒𝑈(𝜏)|𝑍|

𝑑𝑡𝛼(𝜏)

𝑑𝜏
= −2𝑒𝑈(𝜏)𝐺𝛼𝛽

‾
𝜕𝛽‾ |𝑍|

 

2
𝑑

𝑑𝜏
[𝑒−𝑈(𝜏)+𝒦/2Im(𝑒−𝑖𝛼Ω)] ∼ −Γ  

2
𝑑

𝑑𝜏
[𝑒−𝑈(𝜏)Im(𝑒−𝑖𝛼𝑋𝐼)] = −𝑝𝐼  

2
𝑑

𝑑𝜏
[𝑒−𝑈(𝜏)Im(𝑒−𝑖𝛼𝐹𝐼)] = −𝑞𝐼  

2
𝑑

𝑑𝜏
[𝑒−𝑈(𝜏)Im(𝑒−𝑖𝛼(𝑞𝐼𝑋

𝐼 − 𝑝𝐼𝐹𝐼))] = 0  

𝑒−𝑖𝛼(𝑞𝐼𝑋
𝐼 − 𝑝𝐼𝐹𝐼) = −|𝑍|  

2𝑒−𝑈(𝜏)+𝒦/2Im(𝑒−𝑖𝛼Ω) ∼ −Γ𝜏 + 2[𝑒−𝑈(𝜏)+𝒦/2Im(𝑒−𝑖𝛼Ω)]
𝜏=0

 

𝑑|𝑍|

𝑑𝜏
=
𝑑𝑡𝛼(𝜏)

𝑑𝜏
𝜕𝛼|𝑍| +

𝑑𝑡‾𝛼‾ (𝜏)

𝑑𝜏
𝜕𝛼‾ |𝑍| = −4𝑒

𝑈𝐺𝛼𝛽
‾
𝜕𝛼|𝑍|𝜕𝛽‾ |𝑍| ≤ 0.  

𝑑|𝑍|

𝑑𝜏
→ 0  as  𝜏 → ∞.  

𝜏−1𝑒−𝑈(𝜏) → |𝑍⋆|.  

𝑑𝑠2 → −
𝑟2

|𝑍⋆|
2
𝑑𝑡2 + |𝑍⋆|

2
𝑑𝑟2

𝑟2
+ |𝑍⋆|

2(𝑑𝜃2 + sin2 𝜃𝑑𝜙2)  

𝐴 = 4𝜋|𝑍⋆|
2.  

2𝑒𝒦/2Im(𝑍‾⋆Ω) ∼ −Γ  

Γ = Γ(3,0) + Γ(0,3)  

𝑝𝐼 = −2Im(𝑍‾𝑋𝐼)  and  𝑞𝐼 = −2Im(𝑍‾𝐹𝐼)  
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𝜏 =∑  

𝑝

 
1

|�⃗� − �⃗�𝑝|
.  

𝑑𝑠2 = −𝑒2𝑈(𝑑𝑡 + 𝜔𝑖𝑑𝑥
𝑖)
2
+ 𝑒−2𝑈𝑑�⃗� ⋅ 𝑑�⃗�  

𝐻 = 2𝑒−𝑈Im(𝑒−𝑖𝛼𝑒𝒦/2Ω)

⋆ 𝑑𝜔 = ∫  
𝑀

 𝑑𝐻 ∧ 𝐻
 

𝐻 = −∑  

𝑁

𝑝=1

 Γ𝑝
1

|�⃗� − �⃗�𝑝|
+ 2Im(𝑒−𝑖𝛼𝑒𝒦/2Ω)

𝑟=∞
 

∫  
𝑀

 Δ𝐻 ∧ 𝐻 = 0  

Δ
1

|�⃗� − �⃗�𝑝|
= −4𝜋𝛿(3)(�⃗� − �⃗�𝑝)  

∑ 

𝑁

𝑞=1

 
1

|�⃗�𝑝 − �⃗�𝑞|
∫  
𝑀

 Γ𝑝 ∧ Γ𝑞 = 2Im[𝑒
−𝑖𝛼𝑍(Γ𝑝)]𝑟=∞  

|�⃗�1 − �⃗�2| =
∫  
𝑀
 Γ1 ∧ Γ2

2Im[𝑒−𝑖𝛼𝑍(Γ1)]𝑟=∞
 

𝑑𝑠5
2 = −𝑓−2(𝑑𝑡 + 𝜔)2 + 𝑓𝑑𝑠𝑋

2  

𝑑𝑠𝑋
2 = ∑  

4

𝑚,𝑛=1

 ℎ𝑚𝑛𝑑𝑥
𝑚𝑑𝑥𝑛  

𝐹𝐴 = 𝑑[𝑓−1𝑌𝐴(𝑑𝑡 + 𝜔)] + Θ𝐴  

Θ𝐴 =⋆4 Θ
𝐴.  

𝑑𝜔 +⋆4 𝑑𝜔 = −𝑓𝑌𝐴Θ
𝐴  

∇2(𝑓𝑌𝐴) = 3𝐷𝐴𝐵𝐶Θ
𝐵Θ𝐶  

𝑑𝑠𝑋
2 = 𝐻0𝑑�⃗� ⋅ 𝑑�⃗� +

1

𝐻0
(𝑑𝑥5 + 𝜔0)2  and  𝑑𝜔0 =⋆3 𝑑𝐻

0  

𝐻0 =
4

𝑅TN
2 +

1

|�⃗�|
 𝐻0 = −

𝑞0
𝐿
+

𝑞0
|�⃗� − �⃗�0|

,  

𝐻1 =
𝑝1

|�⃗� − �⃗�0|
, 𝐻1 = 1 +

𝑞1
|�⃗� − �⃗�0|

 

Θ1 = 𝑑 [
𝐻1

𝐻0
(𝑑𝑥5 +𝜔0)] +⋆3 𝑑𝐻

1  
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𝑓 = 𝐻1 + 3
(𝐻1)2

𝐻0
 

𝜔 = −[𝐻0 + 2
(𝐻1)3

(𝐻0)2
+
𝐻1𝐻

1

𝐻0
] (𝑑𝑥5 +𝜔0) + 𝜔(4)  

𝑑𝜔(4) = 𝐻𝐼 ⋆3 𝑑𝐻
𝐼 −𝐻𝐼 ⋆3 𝑑𝐻

𝐼 .  

𝑑𝑠5
2 = 𝐺𝜇𝜈

(4)
𝑑𝑥𝜇𝑑𝑥𝜈 + 𝜆(𝑑𝑥5 − 𝐴𝜇𝑑𝑥

𝜇)
2
,  

𝑑

𝑑𝜏
[𝑒−𝑈(𝑒−𝑖𝛼+𝒦/2Ω− 𝑒𝑖𝛼+𝒦/2Ω‾ )] ∼ −𝑖Γ 

−
𝑑

𝑑𝜏
(𝑒−𝑈)𝑒𝒦Ω ∧ Ω‾ − 𝑒−𝑈𝑒−𝑖𝛼+𝒦/2Ω ∧

𝑑

𝑑𝜏
(𝑒𝑖𝛼+𝒦/2Ω‾ )

 ∼ −𝑖𝑒−𝑖𝛼+𝒦/2Ω ∧ Γ

 

∫  𝑒𝑖𝛼+𝒦/2Ω‾ ∧
𝑑

𝑑𝜏
(𝑒−𝑖𝛼+𝒦/2Ω) = ∫  𝑒−𝑖𝛼+𝒦/2Ω ∧

𝑑

𝑑𝜏
(𝑒𝑖𝛼+𝒦/2Ω‾ ) 

∫  (𝑒−𝑖𝛼+𝒦/2Ω) ∧ (𝑒𝑖𝛼+𝒦/2Ω‾ ) = −𝑖 

𝑖
𝑑

𝑑𝜏
(𝑒−𝑈)𝑒𝒦∫  Ω ∧ Ω‾ = −

1

2
𝑒𝒦/2∫  (𝑒−𝑖𝛼Ω+ 𝑒𝑖𝛼Ω‾ ) ∧ Γ 

𝑑

𝑑𝜏
(𝑒−𝑈) = |𝑍| 

𝑝R
2 − 𝑝L

2 = 2𝑁  

1

4
𝛼′𝑀2 =

1

2
𝑝R
2 +𝑁R =

1

2
𝑝L
2 +𝑁L − 1  

𝛼′𝑀2 = 2𝑝R
2  

𝑁L − 1 = 𝑁  

𝑑𝑁 ≈ exp (4𝜋√𝑁)  

𝑆 = log 𝑑𝑁 ≈ 4𝜋√𝑁  

𝑍(𝛽) =∑ 𝑑𝑁𝑒
−𝛽𝑁 =

16

Δ(𝑞)
 

𝑞 = 𝑒−𝛽 = 𝑒2𝜋𝑖𝜏  

Δ(𝑞) = 𝜂(𝜏)24 = 𝑞∏ 

∞

𝑛=1

  (1 − 𝑞𝑛)24  

𝜂(−1/𝜏) = √−𝑖𝜏𝜂(𝜏)  
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Δ(𝑒−𝛽) = (
𝛽

2𝜋
)
−12

Δ(𝑒−4𝜋
2/𝛽)  

Δ(𝑒−𝛽) ≈ (
𝛽

2𝜋
)
−12

𝑒−4𝜋
2/𝛽  

𝑑𝑁 =
1

2𝜋𝑖
∮   𝑍(𝛽)

𝑑𝑞

𝑞𝑁+1
=

1

2𝜋𝑖
∮   

16

Δ(𝑞)

𝑑𝑞

𝑞𝑁+1
 

𝑑𝑁 ≈ 16𝐼13(4𝜋√𝑁)  

𝐼𝜈(𝑧) =
1

2𝜋𝑖
∫  
𝜀+𝑖∞

𝜀−𝑖∞

  (𝑡/2𝜋)−𝜈−1𝑒𝑡+𝑧
2/4𝑡𝑑𝑡  

𝑆 = log 𝑑𝑁 ≈ 4𝜋√𝑁 −
27

2
log √𝑁 +

15

2
log 2 +⋯  

𝐹(𝑋𝐼 ,𝑊2) = ∑  

∞

ℎ=0

 𝐹ℎ(𝑋
𝐼)𝑊2ℎ  

𝑋𝐼𝜕𝐼𝐹(𝑋
𝐼 ,𝑊2) +𝑊𝜕𝑊𝐹(𝑋

𝐼 ,𝑊2) = 2𝐹(𝑋𝐼 ,𝑊2)  

∫  𝑑4𝑥𝑑4𝜃𝑊2ℎ𝐹ℎ(𝑋
𝐼)  

𝑝𝐼= Re(𝐶𝑋𝐼) 

𝑞𝐼 = Re(𝐶𝐹𝐼)
 

𝐶2𝑊2 = 256  

𝑆 =
𝜋𝑖

2
(𝑞𝐼𝐶𝑋

𝐼
− 𝑝𝐼𝐶𝐹𝐼) +

𝜋

2
Im(𝐶3𝜕𝐶𝐹)  

𝐶𝑋𝐼 = 𝑝𝐼 +
𝑖

𝜋
𝜙𝐼  

ℱ(𝜙, 𝑝) = −𝜋Im𝐹 (𝑝𝐼 +
𝑖

𝜋
𝜙𝐼 , 256)  

𝑞𝐼 =
1

2
(𝐶𝐹𝐼 + 𝐶𝐹𝐼) = −

𝜕

𝜕𝜙𝐼
ℱ(𝜙, 𝑝)  

𝜕

𝜕𝜙𝐼
=
𝑖

𝜋𝐶

𝜕

𝜕𝑋𝐼
−
𝑖

𝜋𝐶‾

𝜕

𝜕𝑋‾𝐼
 

𝐶𝜕𝐶𝐹 (𝑋
𝐼 ,
256

𝐶2
) = 𝑋𝐼

𝜕

𝜕𝑋𝐼
𝐹 − 2𝐹  

𝑆(𝑝, 𝑞) = ℱ(𝜙, 𝑝) − 𝜙𝐼
𝜕

𝜕𝜙𝐼
ℱ(𝜙, 𝑝)  



pág. 246 

𝒵(𝜙𝐼 , 𝑝𝐼) = 𝑒ℱ(𝜙
𝐼,𝑝𝐼) =∑  

𝑞𝐼

 Ω(𝑞𝐼 , 𝑝
𝐼)𝑒−𝜙

𝐼𝑞𝐼
 

𝑆(𝑞, 𝑝) = log Ω(𝑞, 𝑝)  

Ω(𝑞𝐼 , 𝑝
𝐼) = ∫  𝑒ℱ(𝜙

𝐼,𝑝𝐼)+𝜙𝐼𝑞𝐼∏ 𝑑𝜙𝐼  

𝐹0 = −
1

2
𝐶𝑎𝑏𝑋

𝑎𝑋𝑏 (
𝑋1

𝑋0
) , 𝑎, 𝑏 = 2,… ,23  

𝜏 = 𝜏1 + 𝑖𝜏2 = 𝑋
1/𝑋0  

1

8𝜋
∫  𝜏1(tr𝑅 ∧ 𝑅 − tr𝐹 ∧ 𝐹)  

𝜏 =
1

2𝜋𝑖
log 𝑞 →

24

2𝜋𝑖
log 𝜂(𝜏) =

1

2𝜋𝑖
log Δ(𝑞)  

1

16𝜋2
Im∫  log Δ(𝑞)tr[(𝑅 − 𝑖𝑅⋆) ∧ (𝑅 − 𝑖𝑅⋆)]  

𝐹1 =
𝑖

128𝜋
log Δ(𝑞)  

𝐹(𝑋,𝑊2) = −
1

2
𝐶𝑎𝑏𝑋

𝑎𝑋𝑏 (
𝑋1

𝑋0
) −

𝑊2

128𝜋𝑖
log Δ(𝑞).  

𝜙0 = −2𝜋√
𝑝1

𝑞0
 

𝑆 ∼ log (16𝐼13 (4𝜋√𝑝
1𝑞0)) .  

𝒦 = −log [2Im(𝑋‾ 𝐼𝐹𝐼)]. 

𝜂(𝜏) = 𝑞1/24∏ 

∞

𝑛=1

(1 − 𝑞𝑛) = ∑  

∞

𝑛=−∞

(−1)𝑛𝑞
3
2
(𝑛−1/6)2

 

𝑆 = 2𝜋∫  
𝑆2
𝜀𝜇𝜈𝜀𝜌𝜆

𝜕ℒ

𝜕𝑅𝜇𝜈𝜌𝜆
𝑑2Ω 

𝑆𝑂(𝑑, 1) → 𝑆𝑂(𝑑 − 𝑝) × 𝑆𝑂(𝑝, 1)  

2𝜅11
2 𝑆 = ∫  𝑑11𝑥√−𝐺 (𝑅 −

1

2
|𝐹4|

2) −
1

6
∫  𝐴3 ∧ 𝐹4 ∧ 𝐹4  

𝛿Ψ𝑀 = ∇𝑀𝜀 +
1

12
(Γ𝑀𝐅

(4) − 3𝐅𝑀
(4)
) 𝜀 = 0  

𝑑𝑠2 = 𝐻−2/3𝑑𝑥 ⋅ 𝑑𝑥 + 𝐻1/3𝑑𝑦 ⋅ 𝑑𝑦  
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𝐹4 = 𝑑𝑥
0 ∧ 𝑑𝑥1 ∧ 𝑑𝑥2 ∧ 𝑑𝐻−1  

𝐻 = 1 +
𝑟2
6

𝑟6
,  

𝑟2
6 = 32𝜋2𝑁2ℓ𝑝

6  

𝑑𝑠2 = 𝐻−1/3𝑑𝑥 ⋅ 𝑑𝑥 + 𝐻2/3𝑑𝑦 ⋅ 𝑑𝑦  

𝐻 = 1 +
𝑟5
3

𝑟3
 

𝑟5
3 = 𝜋𝑁5ℓ𝑝

3 .  

𝐹4 =⋆ (𝑑𝑥
0 ∧ 𝑑𝑥1 ∧ …∧ 𝑑𝑥5 ∧ 𝑑𝐻−1)  

𝑑𝑦 ⋅ 𝑑𝑦 = 𝑑𝑟2 + 𝑟2𝑑Ω7
2  

𝑟2𝐻1/3 → 𝑟2
2  

𝑑𝑠2 ∼ (𝑟/𝑟2)
4𝑑𝑥 ⋅ 𝑑𝑥 + (𝑟2/𝑟)

2𝑑𝑟2 + 𝑟2
2𝑑Ω7

2  

𝑑𝑠2 = 𝑅2
𝑑𝑥 ⋅ 𝑑𝑥 + 𝑑𝑧2

𝑧2
 

𝑧 =
𝑟2
3

2𝑟2
 

𝑑𝑠2 ∼ (𝑟/𝑟5)𝑑𝑥 ⋅ 𝑑𝑥 + (𝑟5/𝑟)
2𝑑𝑟2 + 𝑟5

2𝑑Ω4
2  

𝑆(𝑝) =
1

2𝜅2
∫  √−𝑔 [𝑒−2Φ(𝑅 + 4(𝜕Φ)2) −

1

2
|𝐹𝑝+2|

2
] 𝑑10𝑥  

𝑑𝑠2 = 𝐻𝑝
−1/2

𝑑𝑥 ⋅ 𝑑𝑥 + 𝐻𝑝
1/2
𝑑𝑦 ⋅ 𝑑𝑦  

𝐻𝑝(𝑟) = 1 + (
𝑟𝑝

𝑟
)
7−𝑝

 

𝑒Φ = 𝑔s𝐻𝑝
(3−𝑝)/4

 

𝐹𝑝+2 = 𝑑𝐻𝑝
−1 ∧ 𝑑𝑥0 ∧ 𝑑𝑥1 ∧ …∧ 𝑑𝑥𝑝  

𝐶01…𝑝 = 𝐻𝑝(𝑟)
−1 − 1  

𝐹𝑝+2 = 𝑄 ⋆ 𝜔8−𝑝  

𝐹5 = 𝑄(𝜔5 +⋆ 𝜔5)  

𝑇𝐷𝑝 = (2𝜋)
−𝑝ℓs

−(𝑝+1)
𝑔s
−1,  

(𝑟𝑝/ℓS)
7−𝑝

= (2√𝜋)5−𝑝Γ (
7 − 𝑝

2
)𝑔s𝑁  
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𝑅4 = 4𝜋𝑔s𝑁𝛼
′2  

𝑑𝑠2 ∼ (𝑟/𝑅)2𝑑𝑥 ⋅ 𝑑𝑥 + (𝑅/𝑟)2𝑑𝑟2 + 𝑅2𝑑Ω5
2  

𝑑𝑠2 ∼ 𝑅2
𝑑𝑥 ⋅ 𝑑𝑥 + 𝑑𝑧2

𝑧2
+ 𝑅2𝑑Ω5

2  

𝑑𝑠2= −Δ+(𝑟)Δ−(𝑟)
−1/2𝑑𝑡2 + Δ−(𝑟)

1/2𝑑𝑥𝑖𝑑𝑥𝑖 

 +Δ+(𝑟)
−1Δ−(𝑟)

𝛾𝑑𝑟2 + 𝑟2Δ−(𝑟)
𝛾+1𝑑Ω8−𝑝

2  

𝛾 = −
1

2
−
5 − 𝑝

7 − 𝑝
 

Δ±(𝑟) = 1 − (
𝑟±
𝑟
)
7−𝑝

 

𝑒Φ = 𝑔sΔ−(𝑟)
(𝑝−3)/4  

⋆ 𝐹𝑝+2 = 𝑄𝜔8−𝑝  

𝐹5 = 𝑄(𝜔5 +⋆ 𝜔5)  

�̃�7−𝑝 = 𝑟7−𝑝 − 𝑟+
7−𝑝

 

𝑇 =
Ω8−𝑝

2𝜅10
2 [(8 − 𝑝)𝑟+

7−𝑝
− 𝑟−

7−𝑝]  

𝑄 =
(7 − 𝑝)

2
(𝑟+𝑟−)

(7−𝑝)/2  

𝑇 ≥ 𝑁𝑇D𝑝  

𝑆1
𝑆0
= 𝑘

𝑟0
𝑅

 

𝑉(𝜙) = (𝜙2 − 𝑎2)2,  

𝜙 = 𝜙± = ±𝑎.  

𝜙(�⃗�, 0) = 0  and  �̇�(�⃗�, 0) = 𝑣.  

𝑑𝐹 = 0  and  𝑑†𝐹 = 𝑑𝑧𝛿(𝑡)𝛿(𝑥)𝛿(𝑦)  

𝐹 = Re(𝑑𝑧 ∧ 𝑑
1

√𝑡2 − 𝑥2 − 𝑦2 − 𝑖𝜖
)  

𝑑𝑠2 = −(1 −
2𝑀

𝑟
)𝑑𝑡2 + (1 −

2𝑀

𝑟
)
−1

𝑑𝑟2 + 𝑟2(sin2 𝜃𝑑𝜙2 + 𝑑𝜃2)  

𝑑𝑠2 = −(1 −
2𝑃

𝑡
)
−1

𝑑𝑡2 + (1 −
2𝑃

𝑡
) 𝑑𝑟2 + 𝑡2𝑑Σ2  
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𝑑Σ2 = sinh2 𝜃𝑑𝜙2 + 𝑑𝜃2  

𝑡 = 2𝑃cosh2 (𝜂/2)  

𝑑𝑠2 = 𝐶2(𝜂)(−𝑑𝜂2 + 𝑑Σ2) + 𝐷2(𝜂)𝑑𝑟2  

𝐶(𝜂) = 𝑡(𝜂)  and  𝐷(𝜂) = tanh (
𝜂

2
)  

𝑔00 ∼ −1 +
2

3
(𝑟2/𝑟)

6 = −1 +
16𝜋𝐺11𝑁2𝑇𝑀2

9Ω7𝑟
6

 

𝑟2
6 = 32𝜋2𝑁2ℓ𝑝

6 . 

𝑑𝑠2 = −Δ+(𝑟)𝑑𝑡
2 + 𝑑𝑥𝑖𝑑𝑥𝑖 + Δ+(𝑟)

−1𝑑𝑟2 + 𝑟2𝑑Ω8−𝑝
2  

𝑝11 =
𝑁

𝑅
 

ℒ =
1

2𝑅
Tr (−(𝐷𝜏𝑋

𝑖)
2
+
1

2
[𝑋𝑖 , 𝑋𝑗]

2
) ,  

ℒ = Tr(
1

2𝑔
𝐹𝜇𝜈
2 − 𝑖𝜓‾𝐷𝜓 +

1

𝑔
(𝐷‾ 𝜇𝐴𝜇)

2
) + ℒ𝒢  

𝐷‾ 𝜇𝐴𝜇 = 𝜕
𝜇𝐴𝜇 + [𝐵

𝜇 , 𝐴𝜇]  

𝐹0𝑖= 𝜕𝜏𝑋𝑖 + [𝐴, 𝑋𝑖] 

𝐹𝑖𝑗= [𝑋𝑖, 𝑋𝑗]  

𝐷𝜏𝜓 = 𝜕𝜏𝜓 + [𝐴,𝜓]

𝐷𝑖𝜓 = [𝑋𝑖 , 𝜓]

 

𝑋𝑖 = 𝐵𝑖 +√𝑔𝑌𝑖,  

𝐵1 = 𝑖
𝑣𝜏

2
𝜎3  and  𝐵2 = 𝑖

𝑏

2
𝜎3  

𝐴 =
𝑖

2
(𝐴0𝟙 + 𝐴𝑎𝜎

𝑎)  

ℒ = ℒ𝑌 + ℒ𝐴 + ℒ𝒢 + ℒfermi  

𝑟2 = 𝑏2 + (𝑣𝜏)2  

(−𝜕𝜏
2 + 𝜇2 + (𝑣𝜏)2)Δℬ(𝜏, 𝜏

′ ∣ 𝜇2 + (𝑣𝜏)2) = 𝛿(𝜏 − 𝜏′)  

Δℬ(𝜏, 𝜏
′ ∣ 𝜇2 + (𝑣𝜏)2) = ∫  

∞

0

 𝑑𝑠𝑒−𝜇
2𝑠√

𝑣

2𝜋sinh 2𝑠𝑣
exp [−

𝑣

2
(
(𝜏2 + 𝜏′2)cosh 2𝑠𝑣 − 2𝜏𝜏′)

sinh 2𝑠𝑣
)]

 

(−𝜕𝜏 +𝑚ℱ)Δℱ(𝜏, 𝜏
′ ∣ 𝑚ℱ) = 𝛿(𝜏 − 𝜏

′)  

Δℱ(𝜏, 𝜏
′ ∣ 𝑚ℱ) = (𝜕𝜏 +𝑚ℱ)Δℬ(𝜏, 𝜏

′ ∣ 𝑟2 − 𝑣𝛾1).  
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𝛿(𝑏, 𝑣) = −∫  𝑑𝜏𝑉(𝑏2 + 𝑣2𝜏2)  

det4(−𝜕𝜏
2 + 𝑟2 + 𝑣)det4(−𝜕𝜏

2 + 𝑟2 − 𝑣)

det−1(−𝜕𝜏
2 + 𝑟2 + 2𝑣)det−1(−𝜕𝜏

2 + 𝑟2 − 2𝑣)det−6(−𝜕𝜏
2 + 𝑟2)

 

𝛿 = ∫  
∞

0

 
𝑑𝑠

𝑠

𝑒−𝑠𝑏
2

sinh 𝑠𝑣
(3 − 4cosh 𝑠𝑣 + cosh 2𝑠𝑣)  

𝑉(𝑟) =
15

16

𝑣4

𝑟7
 

∫  𝑑𝜏𝜆4Δ1(𝜏, 𝜏 ∣ 𝑚1)Δ2(𝜏, 𝜏 ∣ 𝑚2)  

∫  𝑑𝜏𝑑𝜏′𝜆3
(1)
𝜆3
(2)
Δ1(𝜏, 𝜏

′ ∣ 𝑚1)Δ2(𝜏, 𝜏
′ ∣ 𝑚2)Δ3(𝜏, 𝜏

′ ∣ 𝑚3)  

∫  
𝑑𝑝

𝑝2
 

ℒ2 = 𝛼0
1

𝑟2
+ 𝛼2

𝑣2

𝑟6
+ 𝛼4

𝑣4

𝑟10
+⋯  

𝑔ℒ = ∑  

∞

𝑚=0

 𝑔𝑚ℒ𝑚 = 𝑐00𝑣
2 + ∑  

∞

𝑚,𝑛=1

  𝑐𝑚𝑛𝑔
𝑚
𝑣2𝑛+2

𝑟3𝑚+4𝑛
 

ℒ0= 𝑐00𝑣
2  

ℒ1= 𝑐11
𝑣4

𝑟7
+ 𝑐12

𝑣6

𝑟11
+ 𝑐13

𝑣8

𝑟15
+⋯  

ℒ2 = 𝑐21
𝑣4

𝑟10
+ 𝑐22

𝑣6

𝑟14
+ 𝑐23

𝑣8

𝑟18
+⋯

ℒ3 = 𝑐31
𝑣4

𝑟13
+ 𝑐32

𝑣6

𝑟17
+ 𝑐33

𝑣8

𝑟21
+⋯

 

𝐺𝜇𝜈 = 𝜂𝜇𝜈 + ℎ𝜇𝜈  

ℎ−− =
2𝜅11

2 𝑝−
7Ω8𝑟

7
𝛿(𝑥−) =

15𝜋𝑁1

𝑅𝑀p
9𝑟7

𝛿(𝑥−)  

ℎ−− =
15𝑁1

2𝑅2𝑀p
9𝑟7

 

𝑆 = −𝑚∫  𝑑𝜏(−𝐺𝜇𝜈�̇�
𝜇�̇�𝜈)

1/2

 = −𝑚∫  𝑑𝜏(−2�̇�− − 𝑣2 − ℎ−−�̇�
−�̇�−)1/2

 

𝑝− = 𝑚
1 + ℎ−−�̇�

−

(−2�̇�− − 𝑣2 − ℎ−−�̇�
−�̇�−)1/2

.  
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ℒ′(𝑝−) = −ℛ(𝑝−) = ℒ − 𝑝−�̇�
−(𝑝−)  

�̇�− =
√1 − ℎ−−𝑣

2 − 1

ℎ−−
 

−𝑝−�̇�
−(𝑝−) = 𝑝− {

𝑣2

2
+
ℎ−−𝑣

4

8
+
ℎ−−
2 𝑣6

16
+⋯}

=
𝑁2
2𝑅
𝑣2 +

15

16

𝑁1𝑁2

𝑅3𝑀p
9

𝑣4

𝑟7
+
225

64

𝑁1
2𝑁2

𝑅5𝑀p
18

𝑣6

𝑟14
+⋯

 

𝑁1𝑁2
2 +𝑁1

2𝑁2
2

,  

𝐸2(ℤ) = 𝑆𝐿(2, ℤ), 𝐸3(ℤ) = 𝑆𝐿(3, ℤ) × 𝑆𝐿(2, ℤ), 𝐸4(ℤ) = 𝑆𝐿(5, ℤ)  

(𝜕𝜏 − 𝑣𝜏𝛾1 − 𝑏𝛾2)(𝜕𝜏 + 𝑣𝜏𝛾1 + 𝑏𝛾2) = 𝜕𝜏
2 − 𝑟2 + 𝑣𝛾1 

𝑔eff
2 (𝐸) ∼ 𝑔YM

2 𝑁𝐸𝑝−3  

𝜆 = 𝑔YM
2 𝑁  

𝑔YM
2 = 4𝜋𝑔s  

𝑅 = 𝜆1/4ℓs  

∫  
𝑆5
 𝐹5 = 𝑁  

𝜒 = 𝑉 − 𝐸 + 𝐹  

ℓp = 𝑔s
1/4
ℓs  

𝑁 =
1

4𝜋
(𝑅/ℓp)

4
.  

𝑆𝑂(3,2) × 𝑆𝑂(8) ≈ 𝑆𝑝(4) × 𝑆𝑝𝑖𝑛(8).  

𝑆𝑂(6,2) × 𝑆𝑂(5) ≈ Spin(6,2) × 𝑈Sp(4)  

𝑑𝑠2 =
𝑅2

𝑧2
((𝑑𝑥2)𝑑+1 + 𝑑𝑧

2), 𝑧 ≥ 0  
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𝑦1
2 +⋯+ 𝑦𝑑

2 − 𝑡1
2 − 𝑡2

2 = −𝑅2 = −1  

(𝑧, 𝑥0, 𝑥𝑖) = ((𝑡1 + 𝑦𝑑)
−1, 𝑡2𝑧, 𝑦𝑖(𝑡1 + 𝑦𝑑)

−1).  

(𝑦1, … , 𝑦𝑑) → (𝑣, Ω𝑝)  and  (𝑡1, 𝑡2) → (𝜏, 𝜃)  

𝑑𝑠2 =∑ 𝑑𝑦𝑖
2 −∑ 𝑑𝑡𝑗

2 =
𝑑𝑣2

1 + 𝑣2
+ 𝑣2𝑑Ω𝑝

2 − (1 + 𝑣2)𝑑𝜃2  

𝑑𝑠2 =
1

cos2 𝜌
(𝑑𝜌2 + sin2 𝜌𝑑Ω𝑝

2 − 𝑑𝑡2)  

𝐻 =
1

2
(𝑃0 +𝐾0),  

𝑦1
2 +⋯+ 𝑦𝑑

2 − 𝑡1
2 + 𝑡2

2 = −1  

𝑑𝑠2 =
1

𝑧2
(𝑑𝑧2 + (𝑑𝑥2)𝑑)  

𝑑𝑠2 = 𝑑𝜌2 + sinh2 𝜌𝑑Ω𝑑
2  

𝑑𝑠2 =
4∑  𝑑𝑢𝑖

2

(1 − ∑  𝑢𝑖
2)
2  

𝐸 ∼ 1/𝑧 ∼ 𝑟  

𝐸 = 𝑘𝑟ℓs
−2,  

𝜏𝐼𝐼𝐵 = 𝐶0 + 𝑖𝑒
−Φ  
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𝜏YM =
𝜃

2𝜋
+
4𝜋𝑖

𝑔YM
2  

𝜏YM = 𝜏𝐼𝐼𝐵 ,  

𝑍spacetime dimensions(𝜙0) = ∫  
𝜙0

 𝐷𝜙𝑒−𝑆spacetime dimensions  

⟨exp ∫  
𝑆𝑑
 𝜙0𝒪⟩

𝐶𝐹𝑇

 

𝑆 ∼ ∫  𝑑4𝑦𝑑𝑧 [𝑧2(𝜕𝑦𝜙)
2
+ 𝑧2(𝜕𝑧𝜙)

2 +𝑚2𝑅2𝜙2] /𝑧5  

𝛼(𝛼 − 4) = 𝑚2𝑅2,  

𝛼± = 2 ± √4 +𝑚
2𝑅2.  

𝜙0(𝑥) = lim
𝑧→0
 𝑧−𝛼−𝜙(𝑥, 𝑧).  

Δ = 4 − 𝛼− = 2 + √4 +𝑚
2𝑅2.  

𝑚2𝑅2 > −𝑑2/4  

1 − 𝑑2/4 > 𝑚2𝑅2 > −𝑑2/4  

𝒪𝐼1𝐼2⋯𝐼𝑛 = Tr(𝜙𝐼1𝜙𝐼2⋯𝜙𝐼𝑛)  

(∇𝜇𝐽𝜇)
𝑎
=
𝑁2 − 1

384𝜋2
𝑖𝑑𝑎𝑏𝑐𝜖𝜇𝜈𝜌𝜆𝐹𝜇𝜈

𝑏 𝐹𝜌𝜆
𝑐  

𝑆CS =
𝑖𝑁2

96𝜋2
∫  
AdS5

 𝑑5𝑥(𝑑𝑎𝑏𝑐𝜖𝜇𝜈𝜌𝜆𝜎𝐴𝜇
𝑎𝜕𝜈𝐴𝜌

𝑏𝜕𝜆𝐴𝜎
𝑐 +⋯)  

−
𝑖𝑁2

384𝜋2
∫  𝑑4𝑥𝑑𝑎𝑏𝑐𝜖𝜇𝜈𝜌𝜆Λ𝑎𝐹𝜇𝜈

𝑏 𝐹𝜌𝜆
𝑐  

𝑑𝑠2 =
𝑅2

𝑧2
(−𝑓(𝑧)𝑑𝑡2 + 𝑑�⃗� ⋅ 𝑑�⃗� + 𝑓−1(𝑧)𝑑𝑧2) + 𝑅2𝑑Ω5

2  

𝑓(𝑧) = 1 − (𝑧/𝑧0)
4.  

𝑑𝑠2 =
𝑅2

𝑧0
2 (
4𝜀

𝑧0
𝑑𝜏2 + 𝑑𝑥𝑖𝑑𝑥𝑖 +

𝑧0
4𝜖
𝑑𝜀2) + 𝑅2𝑑Ω5

2  

𝑆

𝑉
=

1

4𝐺10
(
𝑅

𝑧0
)
3

⋅ 𝑅5Ω5 =
𝜋2

2
𝑁2𝑇3  

𝑆

𝑉
=
2𝜋2

3
𝑁2𝑇3  
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𝑆

𝑉
= 𝑐(𝜆)

𝜋2

2
𝑁2𝑇3  

𝑐(𝜆) =
4

3
−
2𝜆

𝜋2
+⋯   for small 𝜆

𝑐(𝜆) = 1 +
15𝜁(3)

8𝜆3/2
+⋯   for large 𝜆

 

𝑊(𝒞) = Tr(𝑃exp ∮   𝒞𝐴)  

⟨𝑊⟩ ∼ exp (−𝑇 ⋅  Area )  

𝑑𝑠2 =
𝑅2

𝑧2
(−𝑑𝑡2 + 𝑓(𝑧)𝑑𝑦2 + 𝑑𝑥1

2 + 𝑑𝑥2
2 + 𝑓−1(𝑧)𝑑𝑧2)  

𝑓(𝑧) = 1 − (𝑧/𝑧0)
4  

𝑍spacetime dimensions ∼ 𝑒
−𝑆1 + 𝑒−𝑆2 ,  

ℒ = ℒ𝐾 + ℒ𝑉 + ℒ𝑊, 

ℒ𝑊 = ∫  𝑑
2𝜃𝑊 +∫  𝑑2𝜃‾𝑊‾  

[𝑅, 𝑄𝛼] = 𝑄𝛼   and  [𝑅, 𝑄‾�̇�] = −𝑄‾�̇� 

ℒ𝐾 = ∫  𝑑
4𝜃∑  

3

𝑖=1

tr(Φ𝑖
†𝑒𝑉Φ𝑖) 

ℒ𝑉 =
1

4𝑔2
∫  𝑑2𝜃tr(𝑊𝛼𝑊𝛼) +  h.c.  

ℒ𝑊 = ∫  𝑑
2𝜃𝑊 +  h.c..  

𝑊 ∼ 𝜖𝑖𝑗𝑘tr(Φ𝑖Φ𝑗Φ𝑘) ∼ tr(Φ1[Φ2, Φ3]) 

𝑊 = √2tr(Φ1[Φ2, Φ3]).  

(𝑔2)𝐸−𝑉𝑁𝐹 = (𝜆/𝑁)𝐸−𝑉𝑁𝐹 = 𝑁𝜒𝜆𝐸−𝑉 . 

[𝐷,𝑀𝜇𝜈] = 0, [𝐷, 𝑃𝜇] = −𝑖𝑃𝜇 , [𝐷, 𝐾𝜇] = 𝑖𝐾𝜇 

[𝑃𝜇 , 𝐾𝜈] = 2𝑖𝑀𝜇𝜈 − 2𝑖𝜂𝜇𝜈𝐷 

{𝑄𝛼
𝐴, 𝑆𝛽𝐵} = 𝑐1𝜎𝛼𝛽

𝜇𝜈
𝛿𝐵
𝐴𝑀𝜇𝜈 + 𝑐2𝜀𝛼𝛽𝑅𝐵

𝐴 + 𝑐3𝜀𝛼𝛽𝛿𝐵
𝐴𝐷 

𝑋 = (
𝐴 𝐵
𝐶 𝐷

) 

Str𝑋 = tr𝐴 − tr𝐷 = 0 
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𝑋 =

(

  
 

1

2
𝑀𝜇𝜈(𝜎

𝜇𝜈)𝛼 𝛽 + 𝐷𝛿
𝛼  𝛽 𝐾𝜇(𝜎

𝜇)𝛼  �̇� 𝑆𝛼  𝐵

𝑃𝜇(𝜎
𝜇)�̇�  𝛽

1

2
𝑀𝜇𝜈(𝜎

𝜇𝜈)�̇� �̇� − 𝐷𝛿
�̇�  �̇� 𝑄�̇� 𝐵

𝑄𝐴 𝛽 𝑆𝐴 �̇� 𝑅𝐴 𝐵)

  
 
. 

𝒪𝐼1𝐼2⋯𝐼𝑛 = Tr(𝜙𝐼1𝜙𝐼2⋯𝜙𝐼𝑛) + ⋯ 

𝒪𝐼𝐽 = Tr(𝜙𝐼𝜙𝐽) −
1

6
𝛿𝐼𝐽(𝜙𝐾𝜙𝐾) 

𝑑𝑠2 = 𝐻3
−1/2

𝑑𝑥 ⋅ 𝑑𝑥 + 𝐻3
1/2
(𝑑𝑟2 + 𝑟2𝑑Ω5

2)  

𝑅4 = 𝜆ℓs
4  

𝑑𝑠2 = 𝐻3
−1/2

𝑑𝑥 ⋅ 𝑑𝑥 + 𝐻3
1/2
(𝑑𝑟2 + 𝑟2𝑑𝑠5

2)  

𝑅4 = 4𝜋𝜆ℓs
4
Vol(𝑆5)

Vol(𝑋5)
 

Δ ≥ 3𝑅/2  

𝑊 ∼ tr(𝐴1𝐵1𝐴2𝐵2 − 𝐴1𝐵2𝐴2𝐵1).  

𝒪𝑘 = tr(𝐴𝑖1𝐵𝑗1 …𝐴𝑖𝑘𝐵𝑗𝑘)  

𝑆𝑈(𝑀 +𝑁) × 𝑆𝑈(𝑁).  

𝑒−4𝐴(𝑟) =
𝐿4

𝑟4
log (𝑟/𝑟𝑠), 𝐿

2 =
9𝑔𝑠𝑀𝛼

′

2√2
 

𝜕𝜇𝐽
𝜇 =

𝑀

16𝜋2
(𝐹𝜇𝜈

𝑎 �̃�𝑎𝜇𝜈 − 𝐺𝜇𝜈
𝑏 �̃�𝑏𝜇𝜈)  

1

𝛼1(𝜇)
+

1

𝛼2(𝜇)
=
1

𝑔s
 

1

𝛼1(𝜇)
−

1

𝛼2(𝜇)
=
3𝑀

𝜋
log (𝜇/Λ) +  const.  

𝜕𝜇𝐽
𝜇 =

𝐾

32𝜋2
𝐹𝜇𝜈
𝑎 �̃�𝑎𝜇𝜈 

𝐾 = 4𝑁 ⋅ (−1/2) + 2(𝑀 + 𝑁) ⋅ 1 = 2𝑀 

𝐾 = 4(𝑀 +𝑁) ⋅ (−1/2) + 2𝑁 ⋅ 1 = −2𝑀 

𝑑𝑠2(𝐴𝑑𝑆5)  = 𝑅
2(−cosh2 𝜌𝑑𝑡2 + 𝑑𝜌2 + sinh2 𝜌𝑑Ω3

2)

𝑑𝑠2(𝑆5)  = 𝑅2(cos2 𝜃𝑑𝜙2 + 𝑑𝜃2 + sin2 𝜃𝑑Ω̃3
2)

 

𝑟 = 𝑅sinh 𝜌, 𝑦 = 𝑅sin 𝜃,

𝑥+ = 𝑡/𝜇, 𝑥− = 𝜇𝑅2(𝜙 − 𝑡).
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𝑑𝑠2 = 2𝑑𝑥+𝑑𝑥− + 𝑔++(𝑥
𝐼)(𝑑𝑥+)2 +∑ 

8

𝐼=1

 𝑑𝑥𝐼𝑑𝑥𝐼  

𝑔++(𝑥
𝐼) = −𝜇2(𝑟2 + 𝑦2)  

𝑟2 =∑ 

4

1

  (𝑥𝐼)2  and  𝑦2 =∑ 

8

5

  (𝑥𝐼)2.  

𝐹5 ∼ 𝜇𝑑𝑥
+ ∧ (𝑑𝑥1 ∧ 𝑑𝑥2 ∧ 𝑑𝑥3 ∧ 𝑑𝑥4 + 𝑑𝑥5 ∧ 𝑑𝑥6 ∧ 𝑑𝑥7 ∧ 𝑑𝑥8)  

𝑆 =
1

2𝜋𝛼′
∫  𝑑2𝜎 (

1

2
(�̇�2 − 𝑥′2 − 𝜇2𝑥2) + 𝑖𝑆‾(𝜌 ⋅ 𝜕 + 𝜇Γ∗)𝑆)  

[𝑎𝑚
𝐼 , 𝑎𝑛

𝐽†
] = 𝛿𝐼𝐽𝛿𝑚𝑛 𝑚, 𝑛 ∈ ℤ, 𝐼, 𝐽 = 1,2, … ,8.  

𝜔𝑛 = √1 + (𝑛/𝜇𝛼)
2  

𝐻ℓ𝑐 = 𝜇 ∑  

∞

𝑛=−∞

 ∑  

8

𝐼=1

 𝜔𝑛𝑎𝑛
𝐼†𝑎𝑛

𝐼 +  fermions.  

∑  

∞

𝑛=−∞

 ∑  

8

𝐼=1

 𝑛𝑎𝑛
𝐼†𝑎𝑛

𝐼 +  fermions = 0  

𝜆′ = 𝑔YM
2 𝑁/𝐽2,  

Δa = Δ − 𝐽 ↔  𝑃+ = 𝐻ℓ𝑐  

𝜆′  ↔  1/(𝜇𝛼′𝑃−)
2

𝑔2 = 𝐽
2/𝑁 ↔  4𝜋𝑔s(𝜇𝛼

′𝑃−)
2

1/𝐽 ↔  1/(𝜇𝑅2𝑃−)

 

Δa = 2√1 + 𝜆
′𝑛2  

𝑑𝑠2 = 2𝑑𝑥+𝑑𝑥− + 𝑔++(𝑥
𝐼)(𝑑𝑥+)2 +∑ 

9

𝐼=1

 𝑑𝑥𝐼𝑑𝑥𝐼  

𝑔++(𝑥
𝐼) = −𝜇2((𝑟3/3)

2 + (𝑟6/6)
2).  

𝐹4 ∼ 𝜇𝑑𝑥
+ ∧ 𝑑𝑥1 ∧ 𝑑𝑥2 ∧ 𝑑𝑥3  

(−𝜕𝜏
2 + 𝜕𝜎

2)𝑋𝐼 − 𝑋𝐼 = 0 

𝑋𝐼(𝜎, 𝜏) = 𝑖 ∑  

∞

𝑛=−∞

1

√2𝜔𝑛𝑃−
(𝑒−𝑖𝜔𝑛𝜏𝑎𝑛

𝐼 − 𝑒𝑖𝜔𝑛𝜏𝑎𝑛
†𝐼)𝑒−𝑖𝑘𝑛𝜎, 

𝜔𝑛 = √𝑘𝑛
2 + 1  and  𝑘𝑛 =

𝑛

𝛼′𝑃−
. 
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[𝑋𝐼(𝜎), 𝑃𝐽(𝜎′)] = 𝑖𝛿𝐼𝐽𝛿(𝜎 − 𝜎′), 

𝑃𝐼(𝜎, 𝜏) = �̇�𝐼(𝜎, 𝜏)/(2𝜋𝛼′), 

𝑖(�̇� + 𝑆′†) + Γ∗𝑆 = 0 

𝑆𝑎(𝜎, 𝜏) = ∑  

∞

𝑛=−∞

 
1

√4𝜔𝑛𝑃−
([Γ∗ +𝜔𝑛 − 𝑘𝑛]𝑆𝑛

𝑎𝑒−𝑖𝜔𝑛𝜏

+[1 − (𝜔𝑛 − 𝑘𝑛)Γ∗]𝑆𝑛
†𝑎𝑒𝑖𝜔𝑛𝜏)𝑒−𝑖𝑘𝑛𝜎

 

{𝑆𝑎(𝜎, 𝜏), 𝑆𝑏†(𝜎′, 𝜏)} = 2𝜋𝛼′𝛿(𝜎 − 𝜎′) 

{𝑆𝑚
𝑎 , 𝑆𝑛

𝑏†} = 𝛿𝑚,𝑛𝛿
𝑎𝑏 𝑚, 𝑛 ∈ ℤ 

𝑋 = (
𝐴 𝐵
𝐶 𝐷

), 

(𝑧1, 𝑧2) → (𝜔𝑧1, 𝜔
−1𝑧2) 

ℒ = ℒ𝑌 + ℒ𝐴 + ℒ𝒢 + ℒfermi , 

𝒮𝑌 =𝑖∫  𝑑𝜏 (
1

2
𝑌1
𝑖(𝜕𝜏

2 − 𝑟2)𝑌1
𝑖 +

1

2
𝑌2
𝑖(𝜕𝜏

2 − 𝑟2)𝑌2
𝑖 +

1

2
𝑌3
𝑖𝜕𝜏
2𝑌3

𝑖

−√𝑔𝜖𝑎3𝑑𝜖𝑐𝑏𝑑𝐵3
𝑖𝑌𝑎
𝑗
𝑌𝑏
𝑖𝑌𝑐
𝑗
−
𝑔

4
𝜖𝑎𝑏𝑒𝜖𝑐𝑑𝑒𝑌𝑎

𝑖𝑌𝑏
𝑗
𝑌𝑐
𝑖𝑌𝑑
𝑗
)

 

𝒮𝐴 =𝑖 ∫  𝑑𝜏 (
1

2
𝐴1(𝜕𝜏

2 − 𝑟2)𝐴1 +
1

2
𝐴2(𝜕𝜏

2 − 𝑟2)𝐴2 +
1

2
𝐴3𝜕𝜏

2𝐴3

 +2𝜖𝑎𝑏3𝜕𝜏𝐵3
𝑖𝐴𝑎𝑌𝑏

𝑖 +√𝑔𝜖𝑎𝑏𝑐𝜕𝜏𝑌𝑎
𝑖𝐴𝑏𝑌𝑐

𝑖

−√𝑔𝜖𝑎3𝑑𝜖𝑏𝑐𝑑𝐵3
𝑖𝐴𝑎𝐴𝑏𝑌𝑐

𝑖 −
𝑔

2
𝜖𝑎𝑏𝑒𝜖𝑐𝑑𝑒𝐴𝑎𝑌𝑏

𝑖𝐴𝑐𝑌𝑑
𝑖)

 

𝒮𝒢 =𝑖∫  𝑑𝜏(𝐶1
∗(−𝜕𝜏

2 + 𝑟2)𝐶1 + 𝐶2
∗(−𝜕𝜏

2 + 𝑟2)𝐶2 − 𝐶3
∗𝜕𝜏
2𝐶3

+√𝑔𝜖𝑎𝑏𝑐𝜕𝜏𝐶𝑎
∗𝐶𝑏𝐴𝑐 −√𝑔𝜖

𝑎3𝑑𝜖𝑐𝑏𝑑𝐵3
𝑖𝐶𝑎
∗𝐶𝑏𝑌𝑐

𝑖)
 

𝒮fermi =𝑖 ∫  𝑑𝜏 (𝜓+
𝑇(𝜕𝜏 − 𝑣𝜏𝛾1 − 𝑏𝛾2)𝜓− +√

𝑔

2
(𝑌1

𝑖 − 𝑖𝑌2
𝑖)𝜓+

𝑇𝛾𝑖𝜓3

 +
1

2
𝜓3
𝑇𝜕𝜏𝜓3 +√

𝑔

2
(𝑌1

𝑖 + 𝑖𝑌2
𝑖)𝜓3

𝑇𝛾𝑖𝜓− − 𝑖√
𝑔

2
(𝐴1 − 𝑖𝐴2)𝜓+

𝑇𝜓3

+𝑖√
𝑔

2
(𝐴1 + 𝑖𝐴2)𝜓−

𝑇𝜓3 −√𝑔𝑌3
𝑖𝜓+
𝑇𝛾𝑖𝜓− + 𝑖√𝑔𝐴3𝜓+

𝑇𝜓−)

 

𝜓+ =
1

√2
(𝜓1 + 𝑖𝜓2) 𝜓− =

1

√2
(𝜓1 − 𝑖𝜓2). 

Γ0 = 𝜎3⊗ 𝟙16×16, Γ
𝑖 = 𝑖𝜎1⊗𝛾𝑖 
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Apéndice A. 

Multidimensiones – Supermembranas – Superespacios y Supersimetrías a propósito de la 

existencia de supergravedad cuántica. Modelo Sugawara Landau-Ginzburg. 

𝑑2𝑧 ≡ 2𝑑𝑥𝑑𝑦, 𝛿2(𝑧, 𝑧‾) ≡
1

2
𝛿(𝑥)𝛿(𝑦) 

𝑝𝜇𝑝
𝜇 +𝑚2 = 0  

𝐿0|𝜓⟩ = 0  

𝑖𝑝𝜇Γ
𝜇 +𝑚 = 0  

{Γ𝜇 , Γ𝑣} = 2𝜂𝜇𝑣 ,  

𝑆 =
1

4𝜋
∫  𝑑2𝑧 (

2

𝛼′
𝜕𝑋𝜇𝜕‾𝑋𝜇 + 𝜓

𝜇𝜕‾𝜓𝜇 + �̃�
𝜇𝜕�̃�𝜇)  

𝑋𝜇(𝑧, 𝑧‾)𝑋𝑣(0,0) ∼ −
𝛼′

2
𝜂𝜇𝑣ln |𝑧|2.  

𝜓𝜇(𝑧)𝜓𝑣(0) ∼
𝜂𝜇𝑣

𝑧
, �̃�𝜇(𝑧‾)�̃�𝑣(0) ∼

𝜂𝜇𝑣

𝑧‾
.  

𝑇𝐹(𝑧) = 𝑖(2/𝛼
′)1/2𝜓𝜇(𝑧)𝜕𝑋𝜇(𝑧), �̃�𝐹(𝑧‾) = 𝑖(2/𝛼

′)1/2�̃�𝜇(𝑧‾)𝜕‾𝑋𝜇(𝑧‾)  

𝑗𝜂(𝑧) = 𝜂(𝑧)𝑇𝐹(𝑧), 𝐽
𝜂(𝑧‾) = 𝜂(𝑧)∗�̃�𝐹(𝑧‾)  

𝜖−1(2/𝛼′)1/2𝛿𝑋𝜇(𝑧, 𝑧‾)  = +𝜂(𝑧)𝜓𝜇(𝑧) + 𝜂(𝑧)∗�̃�𝜇(𝑧‾)

𝜖−1(𝛼′/2)1/2𝛿𝜓𝜇(𝑧)  = −𝜂(𝑧)𝜕𝑋𝜇(𝑧)

𝜖−1(𝛼′/2)1/2𝛿�̃�𝜇(𝑧‾)  = −𝜂(𝑧)∗𝜕‾𝑋𝜇(𝑧‾)

 

𝛿𝜂1𝛿𝜂2 − 𝛿𝜂2𝛿𝜂1 = 𝛿𝑣 , 𝑣(𝑧) = −2𝜂1(𝑧)𝜂2(𝑧)  

𝑇𝐵 = −
1

𝛼′
𝜕𝑋𝜇𝜕𝑋𝜇 −

1

2
𝜓𝜇𝜕𝜓𝜇  

𝑇𝐵(𝑧)𝑇𝐵(0)  ∼
3𝐷

4𝑧4
+
2

𝑧2
𝑇𝐵(0) +

1

𝑧
𝜕𝑇𝐵(0),

𝑇𝐵(𝑧)𝑇𝐹(0)  ∼
3

2𝑧2
𝑇𝐹(0) +

1

𝑧
𝜕𝑇𝐹(0),

𝑇𝐹(𝑧)𝑇𝐹(0)  ∼
𝐷

𝑧3
+
2

𝑧
𝑇𝐵(0),

 

𝑐 = (1 +
1

2
)𝐷 =

3

2
𝐷.  
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𝑇𝐵(𝑧)𝑇𝐵(0)  ∼
𝑐

2𝑧4
+
2

𝑧2
𝑇𝐵(0) +

1

𝑧
𝜕𝑇𝐵(0)

𝑇𝐵(𝑧)𝑇𝐹(0)  ∼
3

2𝑧2
𝑇𝐹(0) +

1

𝑧
𝜕𝑇𝐹(0)

𝑇𝐹(𝑧)𝑇𝐹(0)  ∼
2𝑐

3𝑧3
+
2

𝑧
𝑇𝐵(0)

 

ℎ𝑏 = 𝜆, ℎ𝑐 = 1 − 𝜆

ℎ𝛽 = 𝜆 −
1

2
, ℎ𝛾 =

3

2
− 𝜆

 

𝑆𝐵𝐶 =
1

2𝜋
∫  𝑑2𝑧(𝑏𝜕‾𝑐 + 𝛽𝜕‾𝛾)  

𝑇𝐵 = (𝜕𝑏)𝑐 − 𝜆𝜕(𝑏𝑐) + (𝜕𝛽)𝛾 −
1

2
(2𝜆 − 1)𝜕(𝛽𝛾)

𝑇𝐹 = −
1

2
(𝜕𝛽)𝑐 +

2𝜆 − 1

2
𝜕(𝛽𝑐) − 2𝑏𝛾

 

[−3(2𝜆 − 1)2 + 1] + [3(2𝜆 − 2)2 − 1] = 9 − 12𝜆  

0 =
3

2
𝐷 − 15 ⇒ 𝐷 = 10  

𝑇𝐵 = −(𝜕𝑏)𝑐 − 2𝑏𝜕𝑐 −
1

2
(𝜕𝛽)𝛾 −

3

2
𝛽𝜕𝛾

𝑇𝐹 = (𝜕𝛽)𝑐 +
3

2
𝛽𝜕𝑐 − 2𝑏𝛾

 

𝑇𝐵(𝑧) = −
1

𝛼′
𝜕𝑋𝜇𝜕𝑋𝜇 + 𝑉𝜇𝜕

2𝑋𝜇 −
1

2
𝜓𝜇𝜕𝜓𝜇

𝑇𝐹(𝑧) = 𝑖(2/𝛼
′)1/2𝜓𝜇𝜕𝑋𝜇 − 𝑖(2𝛼

′)1/2𝑉𝜇𝜕𝜓
𝜇

 

𝑐 =
3

2
𝐷 + 6𝛼′𝑉𝜇𝑉𝜇 .  

1

4𝜋
∫  𝑑2𝑤(𝜓𝜇𝜕𝑤‾𝜓𝜇 + �̃�

𝜇𝜕𝑤�̃�𝜇)  

 𝜓𝜇(𝑤 + 2𝜋) = +𝜓𝜇(𝑤),

 𝜓𝜇(𝑤 + 2𝜋) = −𝜓𝜇(𝑤),
 

𝜓𝜇(𝑤 + 2𝜋) = exp (2𝜋𝑖𝑣)𝜓𝜇(𝑤)

�̃�𝜇(𝑤‾ + 2𝜋) = exp (−2𝜋𝑖�̃�)�̃�𝜇(𝑤‾ )
 

𝑇𝐹(𝑤 + 2𝜋) = exp (2𝜋𝑖𝑣)𝑇𝐹(𝑤)

�̃�𝐹(𝑤‾ + 2𝜋) = exp (−2𝜋𝑖�̃�)�̃�𝐹(𝑤‾ )
 

𝜓𝜇(𝑤) = 𝑖−1/2 ∑  

𝑟∈𝐙+𝑣

 𝜓𝑟
𝜇
exp (𝑖𝑟𝑤), �̃�𝜇(𝑤‾ ) = 𝑖1/2 ∑  

𝑟∈𝐙+�̃�

  �̃�𝑟
𝜇
exp (−𝑖𝑟𝑤‾ ),  

𝜓
𝑧1/2
𝜇
(𝑧) = (𝜕𝑧𝑤)

1/2𝜓
𝑤1/2
𝜇

(𝑤) = 𝑖1/2𝑧−1/2𝜓
𝑤1/2
𝜇

(𝑤)  
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𝜓𝜇(𝑧) = ∑  

𝑟∈𝐙+𝑣

 
𝜓𝑟
𝜇

𝑧𝑟+1/2
, �̃�𝜇(𝑧‾) = ∑  

𝑟∈𝐙+�̃�

 
�̃�𝑟
𝜇

𝑧‾𝑟+1/2
 

𝜕𝑋𝜇(𝑧) = −𝑖 (
𝛼′

2
)

1/2

∑  

∞

𝑚=−∞

 
𝛼𝑚
𝜇

𝑧𝑚+1
, 𝜕‾𝑋𝜇(𝑧‾) = −𝑖 (

𝛼′

2
)

1/2

∑  

∞

𝑚=−∞

 
�̃�𝑚
𝜇

𝑧‾𝑚+1
,  

{𝜓𝑟
𝜇
, 𝜓𝑠

𝑣}  = {�̃�𝑟
𝜇
, �̃�𝑠

𝑣} = 𝜂𝜇𝑣𝛿𝑟,−𝑠

[𝛼𝑚
𝜇
, 𝛼𝑛
𝑣]  = [�̃�𝑚

𝜇
, �̃�𝑛
𝑣] = 𝑚𝜂𝜇𝑣𝛿𝑚,−𝑛

 

𝑇𝐹(𝑧) = ∑  

𝑟∈𝐙+𝑣

 
𝐺𝑟

𝑧𝑟+3/2
, �̃�𝐹(𝑧‾) = ∑  

𝑟∈𝐙+�̃�

 
�̃�𝑟

𝑧‾𝑟+3/2

𝑇𝐵(𝑧) = ∑  

∞

𝑚=−∞

 
𝐿𝑚
𝑧𝑚+2

, �̃�𝐵(𝑧‾) = ∑  

∞

𝑚=−∞

 
�̃�𝑚
𝑧‾𝑚+2

 

[𝐿𝑚, 𝐿𝑛]  = (𝑚 − 𝑛)𝐿𝑚+𝑛 +
𝑐

12
(𝑚3 −𝑚)𝛿𝑚,−𝑛

{𝐺𝑟, 𝐺𝑠}  = 2𝐿𝑟+𝑠 +
𝑐

12
(4𝑟2 − 1)𝛿𝑟,−𝑠

[𝐿𝑚, 𝐺𝑟]  =
𝑚 − 2𝑟

2
𝐺𝑚+𝑟

 

𝐿𝑚  =
1

2
∑  

𝑛∈𝐙

   ∘𝛼𝑚−𝑛
𝜇

𝛼𝜇𝑛∘
∘ +

1

4
∑  

𝑟∈𝐙+𝑣

  (2𝑟 − 𝑚) ∘
∘
𝜓𝑚−𝑟
𝜇

𝜓𝜇𝑟∘
∘ + 𝑎m𝛿𝑚,0

𝐺𝑟  = ∑  

𝑛∈𝐙

 𝛼𝑛
𝜇
𝜓𝜇𝑟−𝑛

 

R: 𝑎m =
1

16
𝐷,NS: 𝑎m = 0.  

𝜓𝜇(0, 𝜎2) = exp (2𝜋𝑖𝑣)�̃�𝜇(0, 𝜎2), 𝜓𝜇(𝜋, 𝜎2) = exp (2𝜋𝑖𝑣′)�̃�𝜇(𝜋, 𝜎2).  

𝜓𝜇(𝜎1, 𝜎2) = �̃�𝜇(2𝜋 − 𝜎1, 𝜎2)  

𝜓𝑟
𝜇
|0⟩NS = 0, 𝑟 > 0.  

Γ𝜇 ≅ 21/2𝜓0
𝜇

 

|𝑠0, 𝑠1, … , 𝑠4⟩R ≡ |𝐬⟩R, 𝑠𝑎 = ±
1

2
 

exp (𝜋𝑖𝐹)  

Σ𝜇𝜆 = −
𝑖

2
∑  

𝑟∈𝐙+𝑣

  [𝜓𝑟
𝜇
, 𝜓−𝑟

𝜆 ]  

𝑆𝑎 = 𝑖
𝛿𝑎,0Σ2𝑎,2𝑎+1  
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𝐹 = ∑  

4

𝑎=0

 𝑆𝑎  

𝑆1(𝜓𝑟
2 ± 𝑖𝜓𝑟

3) = (𝜓𝑟
2 ± 𝑖𝜓𝑟

3)(𝑆1 ± 1)  

exp (𝜋𝑖𝐹)|0⟩NS  = −|0⟩NS
exp (𝜋𝑖𝐹)|𝐬⟩R  = |𝐬

′⟩RΓ𝐬′𝐬
 

𝟑𝟐Dirac × 𝟑𝟐Dirac = [0] + [1] + [2] + ⋯+ [10]  

 = [0]2 + [1]2 +⋯+ [4]2 + [5]
 

𝜓𝑟
𝜇
|1⟩ = 0, 𝑟 =

1

2
,
3

2
, … ,  

|1⟩ = |0⟩  

𝜓−𝑟
𝜇
→

1

(𝑟 − 1/2)!
𝜕𝑟−1/2𝜓𝜇(0)  

𝛿𝜂𝒜(𝑧, 𝑧‾) = −𝜖∑  

∞

𝑛=0

 
1

𝑛!
[𝜕𝑛𝜂(𝑧)𝐺𝑛−1/2 + (𝜕

𝑛𝜂(𝑧))∗�̃�𝑛−1/2] ⋅ 𝒜(𝑧, 𝑧‾)  

𝐻(𝑧)𝐻(0) ∼ −ln 𝑧.  

𝑒𝑖𝐻(𝑧)𝑒−𝑖𝐻(0)  ∼
1

𝑧
𝑒𝑖𝐻(𝑧)𝑒𝑖𝐻(0)  = 𝑂(𝑧)

𝑒−𝑖𝐻(𝑧)𝑒−𝑖𝐻(0)  = 𝑂(𝑧)

 

⟨∏  

𝑖

  𝑒𝑖𝜖𝑖𝐻(𝑧𝑖)⟩

𝑆2

=∏ 

𝑖<𝑗

  𝑧
𝑖𝑗

𝜖𝑖𝜖𝑗 ,∑  

𝑖

 𝜖𝑖 = 0.  

𝜓 = 2−1/2(𝜓1 + 𝑖𝜓2), 𝜓‾ = 2−1/2(𝜓1 − 𝑖𝜓2).  

𝜓(𝑧)𝜓‾(0) ∼
1

𝑧
,

𝜓(𝑧)𝜓(0) = 𝑂(𝑧),

𝜓‾(𝑧)𝜓‾(0) = 𝑂(𝑧).

 

𝜓(𝑧) ≅ 𝑒𝑖𝐻(𝑧), 𝜓‾(𝑧) ≅ 𝑒−𝑖𝐻(𝑧)  

�̃�(𝑧‾) ≅ 𝑒𝑖�̃�(𝑧‾), 𝜓‾̃(𝑧‾) ≅ 𝑒−𝑖�̃�(𝑧‾)  

𝑒𝑖𝐻(𝑧)𝑒−𝑖𝐻(−𝑧)  =
1

2𝑧
+ 𝑖𝜕𝐻(0) + 2𝑧𝑇𝐵

𝐻(0) + 𝑂(𝑧2)

𝜓(𝑧)𝜓‾(−𝑧)  =
1

2𝑧
+ 𝜓𝜓‾(0) + 2𝑧𝑇𝐵

𝜓
(0) + 𝑂(𝑧2)

 

𝜓𝜓‾ ≅ 𝑖𝜕𝐻, 𝑇𝐵
𝜓
≅ 𝑇𝐵

𝐻  
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𝜓(𝑧) ≅  ∘
∘𝑒𝑖𝐻(𝑧) ∘

∘
.  

∘
∘
𝑒𝑖𝐻(𝑧)∘ ∘ 𝑒𝑖𝐻(𝑧

′)∘= exp {−[𝐻(𝑧), 𝐻(𝑧′)]} ∘ 𝑒𝑖𝐻(𝑧
′)∘𝑒𝑖𝐻(𝑧)∘= −𝑒𝑖𝐻(𝑧

′)∘𝑒𝑖𝐻(𝑧)∘ 

 
 

𝐻(𝑧) ∘ 𝑒𝑖𝐻(𝑧
′)∘=∘ 𝑒𝑖𝐻(𝑧

′)∘(𝐻(𝑧) + 𝑖[𝐻(𝑧), 𝐻(𝑧′)]) =∘ 𝑒𝑖𝐻(𝑧
′)∘(𝐻(𝑧) − 𝜋sign(𝜎1 − 𝜎1

′)) 

 
 

Tr(𝑞𝐿0) = (∑  

𝑘𝐿∈𝐙

 𝑞𝑘𝐿
2/2)∏ 

∞

𝑛=1

  (1 − 𝑞𝑛)−1.  

Tr(𝑞𝐿0) =∏ 

∞

𝑛=1

  (1 + 𝑞𝑛−1/2)
2

 

1 + 2𝑞1/2 + 𝑞 + 2𝑞3/2 + 4𝑞2 + 4𝑞5/2 +⋯  

𝜓(𝑤 + 2𝜋) = exp (2𝜋𝑖𝑣)𝜓(𝑤)  

𝜓(𝑧) = ∑  

𝑟∈𝐙+𝑣

 
𝜓𝑟

𝑧𝑟+1/2
, 𝜓‾(𝑧) = ∑  

𝑠∈𝐙−𝑣

 
𝜓‾𝑠

𝑧𝑠+1/2
,  

{𝜓𝑟, 𝜓‾𝑠} = 𝛿𝑟,−𝑠  

𝜓𝑛+𝑣|0⟩𝑣 = 𝜓‾𝑛+1−𝑣|0⟩𝑣 = 0, 𝑛 = 0,1,…  

𝜓(𝑧)𝒜𝑣(0) = 𝑂(𝑧
−𝑣+1/2),𝜓‾(𝑧)𝒜𝑣(0) = 𝑂(𝑧

𝑣−1/2)  

exp [𝑖(−𝑣 + 1/2)𝐻] ≅ 𝒜𝑣  

|0⟩𝑣+1 = 𝜓‾−𝑣|0⟩𝑣  

|𝑠⟩ ≅ 𝑒𝑖𝑠𝐻 , 𝑠 = ±
1

2
 

2−1/2(±𝜓0 + 𝜓1)  ≅ 𝑒±𝑖𝐻
0

2−1/2(𝜓2𝑎 ± 𝑖𝜓2𝑎+1)  ≅ 𝑒±𝑖𝐻
𝑎
, 𝑎 = 1,… ,4

 

Θ𝐬 ≅ exp [𝑖∑  

𝑎

 𝑠𝑎𝐻
𝑎]  

𝑇𝐵
(𝜆)
= 𝑇𝐵

(1/2)
− (𝜆 −

1

2
)𝜕(𝑏𝑐)  

𝑇𝐵
(𝜆)
≅ 𝑇𝐵

𝐻 − 𝑖 (𝜆 −
1

2
)𝜕2𝐻  

𝑏 ≅ 𝑒𝑖𝐻 , 𝑐 ≅ 𝑒−𝑖𝐻  

𝑐 = 1 − 3(2𝜆 − 1)2 = 1 + 12𝑉2  
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𝐻 → 𝑖𝜌;  𝑐 ≅ 𝑒𝜌, 𝑏 ≅ 𝑒−𝜌.  

𝛽(𝑧) = ∑  

𝑟∈𝐙+𝑣

 
𝛽𝑟

𝑧𝑟+3/2
, 𝛾(𝑧) = ∑  

𝑟∈𝐙+𝑣

 
𝛾𝑟

𝑧𝑟−1/2

𝑏(𝑧) = ∑  

∞

𝑚=−∞

 
𝑏𝑚
𝑧𝑚+2

, 𝑐(𝑧) = ∑  

∞

𝑚=−∞

 
𝑐𝑚
𝑧𝑚−1

 

[𝛾𝑟, 𝛽𝑠] = 𝛿𝑟,−𝑠, {𝑏𝑚, 𝑐𝑛} = 𝛿𝑛,−𝑚  

𝛽𝑟|0⟩NS  = 0, 𝑟 ≥
1

2
, 𝛾𝑟|0⟩NS = 0, 𝑟 ≥

1

2
𝛽𝑟|0⟩R  = 0, 𝑟 ≥ 0, 𝛾𝑟|0⟩R = 0, 𝑟 ≥ 1,

𝑏𝑚|0⟩NS,R  = 0,𝑚 ≥ 0, 𝑐𝑚|0⟩NS,R = 0,𝑚 ≥ 1.

 

𝐿𝑚
g
=∑  

𝑛∈𝐙

  (𝑚 + 𝑛)∘
∘𝑏𝑚−𝑛𝑐𝑛

∘ + ∑  

𝑟∈𝐙+𝑣

 
1

2
(𝑚 + 2𝑟)∘

∘𝛽𝑚−𝑟𝛾𝑟∘
∘ + 𝑎g𝛿𝑚,0

𝐺𝑟
g
= −∑  

𝑛∈𝐙

  [
1

2
(2𝑟 + 𝑛)𝛽𝑟−𝑛𝑐𝑛 + 2𝑏𝑛𝛾𝑟−𝑛]

 

R: 𝑎g = −
5

8
, NS: 𝑎g = −

1

2
 

𝛽𝑟|1⟩ = 0, 𝑟 ≥ −
1

2
, 𝛾𝑟|1⟩ = 0, 𝑟 ≥

3

2
.  

𝛾(𝑧)𝛿(𝛾(0)) = 𝑂(𝑧), 𝛽(𝑧)𝛿(𝛾(0)) = 𝑂(𝑧−1)  

𝛽𝛾(𝑧)𝛽𝛾(0) ∼ −
1

𝑧2
 

𝛽𝛾(𝑧) ≅ 𝜕𝜙(𝑧)  

𝛽(𝑧) ≅
?
𝑒−𝜙(𝑧), 𝛾(𝑧) ≅

?
𝑒𝜙(𝑧).  

𝛽(𝑧)𝛽(0) =
?
𝑂(𝑧−1), 𝛽(𝑧)𝛾(0) =

?
𝑂(𝑧1), 𝛾(𝑧)𝛾(0) =

?
𝑂(𝑧−1)  

𝛽(𝑧)𝛽(0) = 𝑂(𝑧0), 𝛽(𝑧)𝛾(0) = 𝑂(𝑧−1), 𝛾(𝑧)𝛾(0) = 𝑂(𝑧0)  

𝛽(𝑧) ≅ 𝑒−𝜙(𝑧)𝜕𝜉(𝑧), 𝛾 ≅ 𝑒𝜙(𝑧)𝜂(𝑧)  

𝜂(𝑧)𝜉(0) ∼
1

𝑧
, 𝜂(𝑧)𝜂(0) = 𝑂(𝑧), 𝜕𝜉(𝑧)𝜕𝜉(0) = 𝑂(𝑧).  

𝑇(𝑧)𝛽𝛾(0) =
1 − 2𝜆′

𝑧3
+⋯  

𝑇𝐵
𝜙
= −

1

2
𝜕𝜙𝜕𝜙 +

1

2
(1 − 2𝜆′)𝜕2𝜙.  

𝑇𝐵
𝜂𝜉
= −𝜂𝜕𝜉  
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𝑇𝐵
𝛽𝛾
≅ 𝑇𝐵

𝜙
+ 𝑇𝐵

𝜂𝜉  

𝜂 ≅ 𝑒−𝜒, 𝜉 ≅ 𝑒𝜒,

𝛽 ≅ 𝑒−𝜙+𝜒𝜕𝜒, 𝛾 ≅ 𝑒𝜙−𝜒.
 

𝑇𝐵 = −
1

2
𝜕𝜙𝜕𝜙 +

1

2
𝜕𝜒𝜕𝜒 +

1

2
(1 − 2𝜆′)𝜕2𝜙 +

1

2
𝜕2𝜒  

𝛿(𝛾) ≅ 𝑒−𝜙, ℎ =
1

2
 

𝑒−𝜙, 𝑒−𝜙𝑒±𝑖𝐻
𝑎

 

𝛽(𝑧)Σ(0) = 𝑂(𝑧−1/2), 𝛾(𝑧)Σ(0) = 𝑂(𝑧1/2)  

Σ = 𝑒−𝜙/2, ℎ =
3

8
 

𝒱𝐬 = 𝑒
−𝜙/2Θ𝐬  

exp (𝑖𝑘𝐿 ⋅ 𝐻𝐿 + 𝑖𝑘𝑅 ⋅ 𝐻𝑅),  

𝐶𝑘(𝛼0)∘
∘exp (𝑖𝑘𝐿 ⋅ 𝐻𝐿 + 𝑖𝑘𝑅 ⋅ 𝐻𝑅)

∘  

𝐶𝑘(𝛼0) = exp (𝜋𝑖 ∑  

𝛼>𝛽

 𝑛𝛼𝛼0𝛽𝑘𝛼 ∘ 𝑘𝛽)  

𝐿𝑛
m|𝜓⟩ = 0, 𝑛 > 0, 𝐺𝑟

m|𝜓⟩ = 0, 𝑟 ≥ 0  

𝐿𝑛
m|𝜒⟩ ≅ 0, 𝑛 < 0, 𝐺𝑟

m|𝜒⟩ ≅ 0, 𝑟 < 0.  

𝐿0|𝜓⟩ = 𝐻|𝜓⟩ = 0  

𝐻 = {
𝛼′𝑝2 +𝑁 −

1

2
 (NS)

𝛼′𝑝2 +𝑁 (R)
 

 NS: 8 (−
1

24
−
1

48
) = −

1

2
, 𝑅: 8 (−

1

24
+
1

24
) = 0.  

𝐺0
m  = (2𝛼′)1/2𝑝𝜇𝜓0

𝜇
+⋯

𝐺±1/2
m  = (2𝛼′)1/2𝑝𝜇𝜓±1/2

𝜇
+⋯

 

𝑚2 = −𝑘2 = −
1

2𝛼′
.  

|𝑒; 𝑘⟩NS = 𝑒 ⋅ 𝜓−1/2|0; 𝑘⟩NS.  

0 = 𝐿0|𝑒; 𝑘⟩NS = 𝛼
′𝑘2|𝑒; 𝑘⟩NS

0 = 𝐺1/2
m |𝑒; 𝑘⟩NS = (2𝛼

′)1/2𝑘 ⋅ 𝑒|0; 𝑘⟩NS
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𝐺−1/2
m |0; 𝑘⟩NS = (2𝛼

′)1/2𝑘 ⋅ 𝜓−1/2|0; 𝑘⟩NS  

𝑘2 = 0, 𝑒 ⋅ 𝑘 = 0, 𝑒𝜇 ≅ 𝑒𝜇 + 𝜆𝑘𝜇 .  

|𝑢; 𝑘⟩R = |𝐬; 𝑘⟩R𝑢𝐬.  

0 = 𝐿0|𝑢; 𝑘⟩R = 𝛼
′𝑘2|𝑢; 𝑘⟩R

0 = 𝐺0
m|𝑢; 𝑘⟩R = 𝛼

′1/2|𝐬′; 𝑘⟩R𝑘 ⋅ Γ𝐬′𝐬𝑢𝐬.
 

𝑘 ⋅ Γ𝐬′𝐬𝑢𝐬 = 0  

𝑘0Γ
0 + 𝑘1Γ

1 = −𝑘1Γ
0(Γ0Γ1 − 1) = −2𝑘1Γ

0 (𝑆0 −
1

2
)  

(𝑆0 −
1

2
) |𝐬, 0; 𝑘⟩R𝑢𝐬 = 0  

𝟏𝟔 → (+
1

2
, 𝟖) + (−

1

2
, 𝟖′)

𝟏𝟔 → (+
1

2
, 𝟖′) + (−

1

2
, 𝟖)

 

𝛼′

4
𝑚2 = 𝑁 − 𝑣 = �̃� − �̃�  

|𝑖, 𝐬⟩Γ𝐬𝐬′
𝑖  

𝑄B =
1

2𝜋𝑖
∮   (𝑑𝑧𝑗B − 𝑑𝑧‾𝑗B)  

𝑗B= 𝑐𝑇𝐵
m + 𝛾𝑇𝐹

m +
1

2
(𝑐𝑇𝐵

g
+ 𝛾𝑇𝐹

g
)  

 = 𝑐𝑇𝐵
m + 𝛾𝑇𝐹

m + 𝑏𝑐𝜕𝑐 +
3

4
(𝜕𝑐)𝛽𝛾 +

1

4
𝑐(𝜕𝛽)𝛾 −

3

4
𝑐𝛽𝜕𝛾 − 𝑏𝛾2

 

𝑗B(𝑧)𝑏(0) ∼ ⋯+
1

𝑧
𝑇𝐵(0), 𝑗B(𝑧)𝛽(0) ∼ ⋯+

1

𝑧
𝑇𝐹(0),  

{𝑄B, 𝑏𝑛} = 𝐿𝑛, [𝑄B, 𝛽𝑟] = 𝐺𝑟  

𝑄B =∑ 

𝑚

  𝑐−𝑚𝐿𝑚
m+∑ 

𝑟

 𝛾−𝑟𝐺𝑟
m −∑ 

𝑚,𝑛

 
1

2
(𝑛 − 𝑚)∘

∘𝑏−𝑚−𝑛𝑐𝑚𝑐𝑛
∘  

 +∑  

𝑚,𝑟

  [
1

2
(2𝑟 −𝑚)∘𝛽−𝑚−𝑟𝑐𝑚𝛾𝑟

∘ −  ∘
∘𝑏−𝑚𝛾𝑚−𝑟𝛾𝑟

∘] + 𝑎g𝑐0

 

𝑏0|𝜓⟩ = 𝐿0|𝜓⟩ = 0  

𝛽0|𝜓⟩ = 𝐺0|𝜓⟩ = 0  

(𝛼, 𝐹),  

𝛼 = 1 − 2𝑣  
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(𝛼, 𝐹, �̃�, �̃�).  

exp 𝜋𝑖(𝐹1𝛼2 − 𝐹2𝛼1 − �̃�1�̃�2 + �̃�2�̃�1)  

𝐹1𝛼2 − 𝐹2𝛼1 − �̃�1�̃�2 + �̃�2�̃�1 ∈ 2𝐙  

(𝛼1 + 𝛼2, 𝐹1 + 𝐹2, �̃�1 + �̃�2, �̃�1 + �̃�2).  

𝑋2 → −𝑋2, 𝜓2 → −𝜓2, �̃�2 → −�̃�2,  

0 A: (NS+,NS+) (NS−,NS−) (R+, R−) (R−,R+),
0 B: (NS+,NS+) (NS−,NS−) (R+, R+) (R−,R−).

 

 IIA : [0] + [1] + [2] + [3] + (2) + 𝟖 + 𝟖′ + 𝟓𝟔 + 𝟓𝟔′,

 IIB : [0]2 + [2]2 + [4]+ + (2) + 𝟖
′2 + 𝟓𝟔2.

 

exp (𝜋𝑖𝐹) = exp (𝜋𝑖�̃�) = +1,  

exp (𝜋𝑖𝐹) = +1, exp (𝜋𝑖�̃�) = (−1)�̃� .  

𝛼 = �̃�, exp (𝜋𝑖𝐹) = exp (𝜋𝑖�̃�)  

𝜓−1/2
𝜇

|0; 𝐬; 𝑘⟩NS-R 𝑢𝜇𝐬.  

𝑘2 = 𝑘𝜇𝑢𝜇𝐬 = 𝑘 ⋅ Γ𝐬𝐬′𝑢𝜇𝐬′ = 0  

𝑢𝜇𝐬 ≅ 𝑢𝜇𝐬 + 𝑘𝜇𝜁𝐬  

𝒱𝐬𝑒
−�̃��̃�𝜇𝑒𝑖𝑘⋅𝑋, 𝑒−𝜙𝜓𝜇�̃�𝐬𝑒

𝑖𝑘⋅𝑋.  

𝒱𝐬�̃�𝐬′  

�̃�𝐬𝒱𝐬′ = −𝒱𝐬′�̃�𝐬  

[0] + [2] + (2) + 𝟖′ + 𝟓𝟔 = 𝟏 + 𝟐𝟖 + 𝟑𝟓 + 𝟖′ + 𝟓𝟔.  

I: NS+,R+= 𝟖𝑣 + 𝟖,

I: NS+,R−= 𝟖𝑣 + 𝟖
′.

 

[0] + [2] + (2) + 𝟖′ + 𝟓𝟔 + (𝟖𝑣 + 𝟖)𝑆𝑂(𝑛) or 𝑆𝑝(𝑘).  

𝒁𝑇2 = 𝑉10∫ 
𝐹

 
𝑑2𝜏

4𝜏2
∫  

𝑑10𝑘

(2𝜋)10
∑  

𝑖∈ℋ⊥

  (−1)𝐅𝑖𝑞𝛼
′(𝑘2+𝑚𝑖

2)/4𝑞‾𝛼
′(𝑘2+�̃�𝑖

2)/4,  

𝑚2 = 4𝐻⊥/𝛼′, �̃�2 = 4�̃�⊥/𝛼′.  

𝑍𝑋(𝜏) = (4𝜋
2𝛼′𝜏2)

−1/2(𝑞𝑞‾)−1/24∏ 

∞

𝑛=1

 ( ∑  

∞

𝑁𝑛,�̃�𝑛=1

 𝑞𝑛𝑁𝑛𝑞‾𝑛�̃�𝑛)= (4𝜋2𝛼′𝜏2)
−1/2|𝜂(𝜏)|−2 
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𝜓(𝑤 + 2𝜋) = exp [𝜋𝑖(1 − 𝛼)]𝜓(𝑤)  

𝜓−𝑚+(1−𝛼)/2, 𝜓‾−𝑚+(1+𝛼)/2,𝑚 = 1,2,…  

Tr𝛼(𝑞
𝐻) = 𝑞(3𝛼

2−1)/24∏ 

∞

𝑚=1

  [1 + 𝑞𝑚−(1−𝛼)/2][1 + 𝑞𝑚−(1+𝛼)/2]  

𝑍𝛽
𝛼(𝜏) = Tr𝛼[𝑞

𝐻exp (𝜋𝑖𝛽𝑄)]

= 𝑞(3𝛼
2−1)/24exp (𝜋𝑖𝛼𝛽/2)

 ×∏  

∞

𝑚=1

  [1 + exp (𝜋𝑖𝛽)𝑞𝑚−(1−𝛼)/2][1 + exp (−𝜋𝑖𝛽)𝑞𝑚−(1+𝛼)/2]

=
1

𝜂(𝜏)
𝜗 [
𝛼/2
𝛽/2

] (0, 𝜏)

 

𝑍0
0(𝜏) = TrNS[𝑞

𝐻],

𝑍1
0(𝜏) = TrNS[exp (𝜋𝑖𝐹)𝑞

𝐻],

𝑍0
1(𝜏) = TrR[𝑞

𝐻],

𝑍1
1(𝜏) = TrR[exp (𝜋𝑖𝐹)𝑞

𝐻].

 

𝑍𝜓
±(𝜏) =

1

2
[𝑍0
0(𝜏)4 − 𝑍1

0(𝜏)4 − 𝑍0
1(𝜏)4 ∓ 𝑍1

1(𝜏)4].  

𝑍𝑇2 = 𝑖𝑉10∫ 
𝐹

 
𝑑2𝜏

16𝜋2𝛼′𝜏2
2 𝑍𝑋

8𝑍𝜓
+(𝜏)𝑍𝜓

±(𝜏)∗  

𝜓(𝑤 + 2𝜋)  = −exp (−𝜋𝑖𝛼)𝜓(𝑤)
𝜓(𝑤 + 2𝜋𝜏)  = −exp (−𝜋𝑖𝛽)𝜓(𝑤)

 

𝜓[𝑤 + 2𝜋(𝜏 + 1)] = exp [−𝜋𝑖(𝛼 + 𝛽)]𝜓(𝑤).  

𝜓′(𝑤′ + 2𝜋)  = −exp (−𝜋𝑖𝛽)𝜓′(𝑤′)

𝜓′(𝑤′ − 2𝜋/𝜏)  = −exp (𝜋𝑖𝛼)𝜓′(𝑤′)
 

𝑍𝛽
𝛼(𝜏) = 𝑍−𝛼

𝛽
(−1/𝜏) = exp [−𝜋𝑖(3𝛼2 − 1)/12]𝑍𝛼+𝛽−1

𝛼 (𝜏 + 1)

 
 

1

2
[|𝑍0 0(𝜏)|

𝑁 + |𝑍0 1(𝜏)|
𝑁 + |𝑍1 0(𝜏)|

𝑁 ∓ |𝑍1 1(𝜏)|
𝑁]  

𝑍0 0(𝜏)
4 − 𝑍0 1(𝜏)

4 − 𝑍1 0(𝜏)
4 = 0.  

 𝛼 = �̃�, exp (𝜋𝑖𝐹) = exp (𝜋𝑖�̃�)  

(𝑘𝑅 , 𝑘𝐿) = (𝑛1, 𝑛2) or (𝑛1 +
1

2
, 𝑛2 +

1

2
)  

𝜕𝐻𝜕‾𝐻 ≅ −𝜓‾𝜓𝜓‾̃�̃�  

𝑘𝑅 = 𝑚/3
1/2, 𝑘𝐿 = 𝑛/3

1/2,𝑚 − 𝑛 ∈ 3𝐙  
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exp [±𝑖31/2𝐻(𝑧)], exp [±𝑖31/2�̃�(𝑧‾)]  

(𝐻, �̃�) → (𝐻, �̃�) +
2𝜋

2 × 31/2
(1, −1).  

𝑍𝐶2 = 𝑍𝐶2,0 + 𝑍𝐶2,1,  

𝑍𝐶2,0 = 𝑖𝑉10𝑛
2∫  

∞

0

 
𝑑𝑡

8𝑡
(8𝜋2𝛼′𝑡)−5𝜂(𝑖𝑡)−8[𝑍0

0(𝑖𝑡)4 − 𝑍0
1(𝑖𝑡)4]

𝑍𝐶2,1 = 𝑖𝑉10𝑛
2∫  

∞

0

 
𝑑𝑡

8𝑡
(8𝜋2𝛼′𝑡)−5𝜂(𝑖𝑡)−8[−𝑍1

0 1(𝑖𝑡)
4 − 𝑍1

1(𝑖𝑡)4]

 

𝜂(𝑖𝑡) = 𝑡−1/2𝜂(𝑖/𝑡), 𝑍𝛽
𝛼(𝑖𝑡) = 𝑍−𝛼

𝛽
(𝑖/𝑡)  

𝑍𝐶2,0= 𝑖
𝑉10𝑛

2

8𝜋(8𝜋2𝛼′)5
∫  
∞

0

 𝑑𝑠𝜂(𝑖𝑠/𝜋)−8[𝑍0
0(𝑖𝑠/𝜋)4 − 𝑍1

0(𝑖𝑠/𝜋)4] 

 = 𝑖
𝑉10𝑛

2

8𝜋(8𝜋2𝛼′)5
∫  
∞

0

 𝑑𝑠[16 + 𝑂(exp (−2𝑠))]

 

𝜇10∫  𝐶10  

𝜇10
2

0
 

1 + exp (𝜋𝑖𝐹)

2
⋅
1 + exp (𝜋𝑖�̃�)

2
 

𝜓(𝑤 + 2𝜋𝑖𝑡) = −𝑅𝜓(𝑤)𝑅−1 = −exp (𝜋𝑖𝛽)�̃�(𝑤‾ )

�̃�(𝑤‾ + 2𝜋𝑖𝑡) = −𝑅�̃�(𝑤‾ )𝑅−1 = −exp (𝜋𝑖�̃�)𝜓(𝑤)
 

𝜓(𝑤 + 4𝜋𝑖𝑡) = exp [𝜋𝑖(𝛽 + �̃�)]𝜓(𝑤).  

 NS-NS: 𝑞−1/3∏ 

∞

𝑚=1

  (1 + 𝑞2𝑚−1)8 = 𝑍0
0(2𝑖𝑡)4

R − R: − 16𝑞2/3∏ 

∞

𝑚=1

  (1 + 𝑞2𝑚)8 = −𝑍0
1(2𝑖𝑡)4

 

𝑍𝐾2,0 = 𝑖𝑉10∫  
∞

0

 
𝑑𝑡

8𝑡
(4𝜋2𝛼′𝑡)−5𝜂(2𝑖𝑡)−8[𝑍0

0(2𝑖𝑡)4 − 𝑍0
1(2𝑖𝑡)4]

= 𝑖
210𝑉10

8𝜋(8𝜋2𝛼′)5
∫  
∞

0

 𝑑𝑠𝜂(𝑖𝑠/𝜋)−8[𝑍0
0(𝑖𝑠/𝜋)4 − 𝑍1

0(𝑖𝑠/𝜋)4]

= 𝑖
210𝑉10

8𝜋(8𝜋2𝛼′)5
∫  
∞

0

 𝑑𝑠[16 + 𝑂(exp (−2𝑠))] 

Ω𝜓𝜇(𝑤)Ω−1 = �̃�𝜇(𝜋 − 𝑤‾ ) = 𝜓𝜇(𝑤 − 𝜋),  
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Ω𝜓𝑟
𝜇
Ω−1 = exp (−𝜋𝑖𝑟)𝜓𝑟

𝜇
.  

Ω2 = exp (𝜋𝑖𝐹).  

 

1 + Ω + Ω2 + Ω3

4
.  

𝜓𝜇(𝑤 + 4𝜋𝑖𝑡) = −exp (𝜋𝑖𝛽)𝜓𝜇(𝑤 + 2𝜋𝑖𝑡 − 𝜋) = 𝜓𝜇(𝑤 − 2𝜋).  

−16𝑞1/3∏ 

∞

𝑚=1

  [1 + (−1)𝑚𝑞𝑚]8 − (1 − 1)4𝑞1/3∏ 

∞

𝑚=1

  [1 − (−1)𝑚𝑞𝑚]8 

 = 𝑍0 1(2𝑖𝑡)
4𝑍1 0(2𝑖𝑡)

4

 

𝑍𝑀2,1 = ±𝑖𝑛𝑉10∫  
∞

0

 
𝑑𝑡

8𝑡
(8𝜋2𝛼′𝑡)−5

𝑍1
0(2𝑖𝑡)4𝑍1

1(2𝑖𝑡)4

𝜂(2𝑖𝑡)8𝑍0
0(2𝑖𝑡)4

= ±2𝑖𝑛
25𝑉10

8𝜋(8𝜋2𝛼′)5
∫  
∞

0

 𝑑𝑠
𝑍1
0(2𝑖𝑠/𝜋)4𝑍0

1(2𝑖𝑠/𝜋)4

𝜂(2𝑖𝑠/𝜋)8𝑍0
0(2𝑖𝑠/𝜋)4

= ±2𝑖𝑛
25𝑉10

8𝜋(8𝜋2𝛼′)5
∫  
∞

0

 𝑑𝑠[16 + 𝑂(exp (−2𝑠))] 

𝑍1 = −𝑖(𝑛 ∓ 32)
2

𝑉10
8𝜋(8𝜋2𝛼′)5

∫  
∞

0

 𝑑𝑠[16 + 𝑂(exp (−2𝑠))]  

𝑗(𝑧)𝑗(0) ∼ 𝑧−2ℎ  

𝑐ℎ = (−1)
2ℎ+1[3(2ℎ − 1)2 − 1]

𝑐2 = −26, 𝑐3/2 = +11, 𝑐1 = −2, 𝑐1/2 = −1, 𝑐0 = −2
 

𝑇𝐹
± = 2−1/2(𝑇𝐹1 ± 𝑖𝑇𝐹2)  

𝑇𝐵(𝑧)𝑇𝐹
±(0)  ∼

3

2𝑧2
𝑇𝐹
±(0) +

1

𝑧
𝜕𝑇𝐹

±(0),

𝑇𝐵(𝑧)𝑗(0)  ∼
1

𝑧2
𝑗(0) +

1

𝑧
𝜕𝑗(0),

𝑇𝐹
+(𝑧)𝑇𝐹

−(0)  ∼
2𝑐

3𝑧3
+
2

𝑧2
𝑗(0) +

2

𝑧
𝑇𝐵(0) +

1

𝑧
𝜕𝑗(0),

𝑇𝐹
+(𝑧)𝑇𝐹

+(0)  ∼ 𝑇𝐹
−(𝑧)𝑇𝐹

−(0) ∼ 0,

𝑗(𝑧)𝑇𝐹
±(0)  ∼ ±

1

𝑧
𝑇𝐹
±(0),

𝑗(𝑧)𝑗(0)  ∼
𝑐

3𝑧2
.

 

𝑆 =
1

2𝜋
∫  𝑑2𝑧(𝜕𝑍‾𝜕‾𝑍 + 𝜓‾𝜕‾𝜓 + 𝜓‾̃𝜕�̃�)  
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𝑇𝐵 = −𝜕𝑍‾𝜕𝑍 −
1

2
(𝜓‾𝜕𝜓 + 𝜓𝜕𝜓‾), 𝑗 = −𝜓‾𝜓

𝑇𝐹
+ = 21/2𝑖𝜓𝜕𝑍‾, 𝑇𝐹

− = 21/2𝑖𝜓‾𝜕𝑍
 

𝑋𝜇(𝑧, 𝑧‾), �̃�𝜇(𝑧‾), 𝜇 = 0,… ,9,  

𝜆𝐴(𝑧), 𝐴 = 1,… ,32.  

𝑆 =
1

4𝜋
∫  𝑑2𝑧 (

2

𝛼′
𝜕𝑋𝜇𝜕‾𝑋𝜇 + 𝜆

𝐴𝜕‾𝜆𝐴 + �̃�𝜇𝜕�̃�𝜇)  

𝑋𝜇(𝑧, 𝑧‾)𝑋𝑣(0,0)  ∼ −𝜂𝜇𝑣
𝛼′

2
ln |𝑧|2

𝜆𝐴(𝑧)𝜆𝐵(0)  ∼ 𝛿𝐴𝐵
1

𝑧

�̃�𝜇(𝑧‾)�̃�𝑣(0)  ∼ 𝜂𝜇𝑣
1

𝑧‾

 

𝑇𝐵 = −
1

𝛼′
𝜕𝑋𝜇𝜕𝑋𝜇 −

1

2
𝜆𝐴𝜕𝜆𝐴

�̃�𝐵 = −
1

𝛼′
𝜕‾𝑋𝜇𝜕‾𝑋𝜇 −

1

2
�̃�𝜇𝜕‾�̃�𝜇

�̃�𝐹 = 𝑖(2/𝛼
′)1/2�̃�𝜇𝜕‾𝑋𝜇

 

𝜆𝐴(𝑤 + 2𝜋) = 𝑂𝐴𝐵𝜆𝐵(𝑤).  

𝐬 ⋅ 𝐬′ +
𝑙

2
∈ 𝐙  

exp (𝜋𝑖�̃�) = 1;  

𝜆𝐴(𝑤 + 2𝜋) = ±𝜆𝐴(𝑤)  

exp (𝜋𝑖𝐹) = 1  

𝜆𝐾± = 2−1/2(𝜆2𝐾−1 ± 𝑖𝜆2𝐾), 𝐾 = 1,… ,16.  

𝐹 = ∑  

16

𝐾=1

 𝑞𝐾 ,  

𝑍16(𝜏) =
1

2
[𝑍0
0(𝜏)16 + 𝑍1

0(𝜏)16 + 𝑍0
1(𝜏)16 + 𝑍1

1(𝜏)16].  

NS:−
8

24
−
32

48
= −1, R:−

8

24
+
32

24
= +1.  

𝜆−1/2
𝐴 |0⟩NS  

𝛼−1
𝑖 |0⟩NS, 𝜆−1/2

𝐴 𝜆−1/2
𝐵 |0⟩NS.  

(𝟖𝑣 , 𝟏) × (𝟖𝑣 + 𝟖) = (𝟏, 𝟏) + (𝟐𝟖, 𝟏) + (𝟑𝟓, 𝟏) + (𝟓𝟔, 𝟏) + (𝟖
′, 𝟏)  
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(1,496) × (8𝑣 + 8) = (8𝑣 , 496) + (8,496)  

𝜆𝐴(𝑤 + 2𝜋) = {
𝜂𝜆𝐴(𝑤), 𝐴 = 1,… ,16

𝜂′𝜆𝐴(𝑤), 𝐴 = 17,… ,32
 

exp (𝜋𝑖𝐹1), exp (𝜋𝑖𝐹1
′)  

exp (𝜋𝑖𝐹1) = exp (𝜋𝑖𝐹1
′) = exp (𝜋𝑖�̃�) = 1.  

𝑍8(𝜏)
2 =

1

4
[𝑍0
0(𝜏)8 + 𝑍1

0(𝜏)8 + 𝑍0
1(𝜏)8 + 𝑍1

1(𝜏)8]2  

𝛼−1
𝑖 |0⟩NSNS

′ 𝜆−1/2
𝐴 𝜆−1/2

𝐵 |0⟩NS
,NS′

 1 ≤ 𝐴, 𝐵 ≤ 16 or 17 ≤ 𝐴, 𝐵 ≤ 32
 

−
8

24
+
16

24
−
16

48
= 0  

(8𝑣 , 1,1) + (1,120,1) + (1,1,120) + (1,128,1) + (1,1,128).  

exp [𝑖 ∑  

16

𝐾=1

 𝑞𝐾𝐻
𝐾(𝑧)]  

𝑞𝐾 = {
±
1

2
, 𝐾 = 1,…8

0, 𝐾 = 9,…16
,∑  

16

𝐾=1

 𝑞𝐾 ∈ 2𝐙  

(1,1,1) + (28,1,1) + (35,1,1) + (56,1,1) + (8′, 1,1) 

+(8𝑣 , 248,1) + (8,248,1) + (8𝑣 , 1,248) + (8,1,248)
 

1

2
[𝑍0 0(𝜏)

16𝑍0 0(𝜏)
∗4 − 𝑍0 1(𝜏)

16𝑍0 1(𝜏)
∗4

 −𝑍1 0(𝜏)
16𝑍1 0(𝜏)

∗4 − 𝑍1 1(𝜏)
16𝑍1 1(𝜏)

∗4]
 

exp [𝜋𝑖(𝐹 + �̃�)] = 1.  

𝜆−1/2
𝐴 |0⟩NS,NS,𝑚

2 = −
2

𝛼′
, exp (𝜋𝑖𝐹) = exp (𝜋𝑖�̃�) = −1  

𝛼−1
𝑖 �̃�−1/2

𝑗
|0⟩NS,NS, 𝜆−1/2

𝐴 𝜆−1/2
𝐵 �̃�−1/2

𝑗
|0⟩NS,NS  

1 + exp [𝜋𝑖(𝐹 + �̃�)]

2
⋅
1 + exp (𝜋𝑖�̃�)

2
=
1 + exp (𝜋𝑖𝐹)

2
⋅
1 + exp (𝜋𝑖�̃�)

2
 

−
8

24
+
𝑘

24
−
(32 − 𝑘)

48
= −1 +

𝑘

16
.  

𝑍 =
1

order(𝐻)
∑  

ℎ1,ℎ2∈𝐻
[ℎ1,ℎ2]=0

 𝑍ℎ1,ℎ2 ,  
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𝑍 =
1

order(𝐻)
∑  

ℎ1,ℎ2∈𝐻
[ℎ1,ℎ2]=0

 𝜖(ℎ1, ℎ2)𝑍ℎ1,ℎ2  

𝜖(ℎ1, ℎ2)  = 𝜖(ℎ2, ℎ1)
−1

𝜖(ℎ1, ℎ2)𝜖(ℎ1, ℎ3)  = 𝜖(ℎ1, ℎ2ℎ3)

𝜖(ℎ, ℎ)  = 1

 

ℎ̂2|𝜓⟩ℎ1 = 𝜖(ℎ1, ℎ2)
−1|𝜓⟩ℎ1  

ℎ̂ → 𝜖(ℎ1, ℎ)ℎ̂.  

(ℎ1, ℎ2) = (exp [𝜋𝑖(𝑘1𝐹1 + 𝑙1�̃�)], exp [𝜋𝑖(𝑘2𝐹1 + 𝑙2�̃�)])  

𝜖(ℎ1, ℎ2) = (−1)
𝑘1𝑙2+𝑘2𝑙1  

exp (𝜋𝑖𝐹1) = exp (𝜋𝑖𝐹1
′) = exp (𝜋𝑖�̃�) = 1,  

exp [𝜋𝑖(𝐹1 + 𝛼1
′ + �̃�)] = exp [𝜋𝑖(𝐹1

′ + 𝛼1 + �̃�)] = exp [𝜋𝑖(�̃� + 𝛼1 + 𝛼1
′)] = 1  

 (NS+,NS+,NS+)

 (NS−,NS−, R+), (NS−, R+,NS−), (NS+,R−,R−)

 (R+,NS−,NS−), (R−, R−,NS+), (R−,NS+, R−)

 (R+,R+, R+)

 

 (NS+,NS+,NS+): (𝟏, 𝟏, 𝟏) + (𝟐𝟖, 𝟏, 𝟏) + (𝟑𝟓, 𝟏, 𝟏)

 +(𝟖𝑣 , 𝟏𝟐𝟎, 𝟏) + (𝟖𝑣 , 𝟏, 𝟏𝟐𝟎),

 (R+, NS−,NS−): (𝟖, 𝟏𝟔, 𝟏𝟔),

 (R−, R−,NS+): (𝟖′, 𝟏𝟐𝟖′, 𝟏),

 (R−, NS+,R−): (𝟖′, 𝟏, 𝟏𝟐𝟖′).

 

[𝑇𝑎 , 𝑇𝑏] = 𝑖𝑓𝑎𝑏 𝑐𝑇
𝑐  

[𝑇𝑎, [𝑇𝑏 , 𝑇𝑐]] + [𝑇𝑏 , [𝑇𝑐 , 𝑇𝑎]] + [𝑇𝑐 , [𝑇𝑎 , 𝑇𝑏]] = 0.  

exp (𝑖𝜃𝑎𝑇
𝑎),  

(𝑇𝑎 , 𝑇𝑏) = 𝑑𝑎𝑏  

([𝑇, 𝑇′], 𝑇′′) + (𝑇′, [𝑇, 𝑇′′]) = 0.  

Tr(𝑡𝑟
𝑎𝑡𝑟
𝑏) = 𝑇𝑟𝑑

𝑎𝑏  

𝑡𝑟
𝑎𝑡𝑟
𝑏𝑑𝑎𝑏 = 𝑄𝑟  

𝑀𝑇𝑀−1 = −𝑇𝑇 .  

𝑀 = 𝑖 [
0 𝐼𝑘
−𝐼𝑘 0

]  

𝑀𝑈𝑀−1 = (𝑈𝑇)−1  
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[𝐻𝑖, 𝐸𝛼] = 𝛼𝑖𝐸𝛼 .  

[𝐸𝛼 , 𝐸𝛽] = {
𝜖(𝛼, 𝛽)𝐸𝛼+𝛽  if 𝛼 + 𝛽 is a root ,

2𝛼 ⋅ 𝐻/𝛼2  if 𝛼 + 𝛽 = 0,
0  otherwise .

 

(𝑤1, … , 𝑤rank(𝑔)),  

[
0 𝑖
−𝑖 0

]  

(±1, 0𝑘−1)  

(+1,+1, 0𝑘−2), (+1,−1, 0𝑘−2), (−1,−1, 0𝑘−2)  

(±1, 0𝑘−1)  

(±2, 0𝑘−1)  

(+1,−1, 0𝑛−2).  

(+
1

2
,+
1

2
, +
1

2
,+
1

2
,+
1

2
,+
1

2
,+
1

2
,+
1

2
)  

𝛼𝑖 ∈ 𝐙 for all 𝑖, or 𝛼𝑖 ∈ 𝐙 +
1

2
 for all 𝑖,  

∑ 

8

𝑖=1

 𝛼𝑖 ∈ 2𝐙,∑  

8

𝑖=1

  (𝛼𝑖)
2
= 2.  

−∑ 

𝑐,𝑑

 𝑓𝑎𝑐  𝑑𝑓
𝑏𝑑  𝑐 = ℎ(𝑔)𝜓

2𝑑𝑎𝑏 .  

𝐸8 → 𝑆𝑈(3) × 𝐸6.  

248 → (8,1) + (1,78) + (3,27) + (3, 27).  

𝟐𝟕 →(𝟑, 𝟐)1 + (𝟑, 𝟏)−4 + (𝟏, 𝟏)6 + (𝟑, 𝟏)2 + (𝟏, 𝟐)−3 + [𝟏0] 

 

 +[(𝟑, 𝟏)2 + (𝟑, 𝟏)−2] + [(𝟏, 𝟐)−3 + (𝟏, 𝟐)3] + [𝟏0]

 

𝑗𝑎(𝑧)𝑗𝑏(0) ∼
𝑘𝑎𝑏

𝑧2
+
𝑖𝑐𝑐
𝑎𝑏

𝑧
𝑗𝑐(0)  

𝑗𝑎(𝑧) = ∑  

∞

𝑚=−∞

 
𝑗𝑚
𝑎

𝑧𝑚+1
 

[𝑗𝑚
𝑎 , 𝑗𝑛

𝑏] = 𝑚𝑘𝑎𝑏𝛿𝑚,−𝑛 + 𝑖𝑐
𝑎𝑏 𝑐𝑗𝑚+𝑛

𝑐  

[𝑗0
𝑎, 𝑗0

𝑏] = 𝑖𝑐𝑎𝑏 𝑐𝑗0
𝑐  
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𝑐𝑎𝑏 𝑐 = 𝑓
𝑎𝑏 𝑐 .  

𝑓𝑏𝑐  𝑑𝑘
𝑎𝑑 + 𝑓𝑏𝑎 𝑑𝑘

𝑑𝑐 = 0.  

𝑘𝑎𝑏 = �̂�𝑑𝑎𝑏  

[𝐿𝑚, 𝑗𝑛
𝑎] = −𝑛𝑗𝑚+𝑛

𝑎  

�̂�𝑑𝑎𝑎 = ⟨1|[𝑗1
𝑎, 𝑗−1

𝑎 ]|1⟩ = ‖𝑗−1
𝑎 |1⟩‖2  

𝐽3 =
𝛼 ⋅ 𝐻

𝛼2
, 𝐽± = 𝐸±𝛼  

[𝐽3, 𝐽±] = ±𝐽±, [𝐽+, 𝐽−] = 2𝐽3  

𝛼 ⋅ 𝐻0
𝛼2

, 𝐸0
𝛼 , 𝐸0

−𝛼,

𝛼 ⋅ 𝐻0 + �̂�

𝛼2
, 𝐸1
𝛼 , 𝐸−1

−𝛼

 

𝑘 =
2�̂�

𝜓2
 

𝑗𝑎(𝑧)𝑗𝑏(0) ∼
𝛿𝑎𝑏

𝑧2
 

𝑗𝑎 = 𝑖𝜕𝐻𝑎  

𝑖𝜆𝐴𝜆𝐵  

1

2
𝜆𝐴𝜆𝐵𝑡𝑟,𝐴𝐵

𝑎  

: 𝑗𝑗(𝑧1):= lim
𝑧2→𝑧1

 (𝑗𝑎(𝑧1)𝑗
𝑎(𝑧2) −

�̂�dim(𝑔)

𝑧12
2 ) ,  

𝑗𝑎(𝑧1)𝑗
𝑎(𝑧2)𝑗

𝑐(𝑧3)

=
�̂�

𝑧31
2 𝑗

𝑐(𝑧2) +
𝑖𝑓𝑐𝑎𝑑

𝑧31
𝑗𝑑(𝑧1)𝑗

𝑎(𝑧2) +
�̂�

𝑧32
2 𝑗

𝑐(𝑧1) +
𝑖𝑓𝑐𝑎𝑑

𝑧32
𝑗𝑎(𝑧1)𝑗

𝑑(𝑧2)

+  ℌterms holomorphic in 𝑧3 

: 𝑗𝑗(𝑧1): 𝑗
𝑐(𝑧3) ∼

2�̂�

𝑧13
2 𝑗

𝑐(𝑧1) +
𝑓𝑐𝑎𝑑𝑓𝑒𝑎𝑑

𝑧13
2 𝑗𝑒(𝑧1) =

2�̂� + ℎ(𝑔)𝜓2

𝑧13
2 𝑗𝑐(𝑧1)

= (𝑘 + ℎ(𝑔))𝜓2 [
1

𝑧13
2 𝑗

𝑐(𝑧3) +
1

𝑧13
𝜕𝑗𝑐(𝑧3)] 

𝑇𝐵
s(𝑧) =

1

(𝑘 + ℎ(𝑔))𝜓2
: 𝑗𝑗(𝑧):  
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𝑇𝐵
s(𝑧)𝑗𝑐(0) ∼ 𝑇𝐵(𝑧)𝑗

𝑐(0)  

𝑗𝑎(𝑧1)𝑗
𝑎(𝑧2)𝑇𝐵

s(𝑧3)

=
1

𝑧31
2 𝑗

𝑎(𝑧1)𝑗
𝑎(𝑧2) +

1

𝑧31
𝜕𝑗𝑎(𝑧1)𝑗

𝑎(𝑧2) +
1

𝑧32
2 𝑗

𝑎(𝑧1)𝑗
𝑎(𝑧2) +

1

𝑧32
𝑗𝑎(𝑧1)𝜕𝑗

𝑎(𝑧2)

+ ℌterms holomorphic in 𝑧3  

𝑇𝐵
s(𝑧1)𝑇𝐵

s(𝑧3) ∼
𝑐𝑔,𝑘

2𝑧13
4 +

2

𝑧13
2 𝑇𝐵

s(𝑧3) +
1

𝑧13
𝜕𝑇𝐵

s(𝑧3)  

𝑐𝑔,𝑘 =
𝑘dim(𝑔)

𝑘 + ℎ(𝑔)
 

𝐿0
s  =

1

(𝑘 + ℎ(𝑔))𝜓2
(𝑗0
𝑎𝑗0
𝑎 + 2∑  

∞

𝑛=1

  𝑗−𝑛
𝑎 𝑗𝑛

𝑎)

𝐿𝑚
s  =

1

(𝑘 + ℎ(𝑔))𝜓2
∑  

∞

𝑛=−∞

  𝑗𝑛
𝑎𝑗𝑚−𝑛
𝑎 ,𝑚 ≠ 0

 

𝑇𝐵
s =

1

2
: 𝑗𝑗:  

𝑇𝐵
′ = 𝑇𝐵 − 𝑇𝐵

s  

𝑇𝐵
′ (𝑧1)𝑗

𝑎(𝑧2) ∼ 0  

𝑇𝐵
′ (𝑧)𝑇𝐵

′ (0)= 𝑇𝐵(𝑧)𝑇𝐵(0) − 𝑇𝐵
s(𝑧)𝑇𝐵

s(0) − 𝑇𝐵
′ (𝑧)𝑇𝐵

s(0) − 𝑇𝐵
s(𝑧)𝑇𝐵

′ (0) ∼
𝑐′

2𝑧4
+
2

𝑧2
𝑇𝐵
′ (0) +

1

𝑧
𝜕𝑇𝐵

′ (0) 

 

 

𝑐′ = 𝑐 − 𝑐𝑔,𝑘.  

𝑐𝑔,𝑘 ≤ 𝑐,  

𝑐𝑔,𝑘 = 𝑐,  

𝑐𝑔,𝑘 =
𝑘dim(𝑔)rank(𝑔)

dim(𝑔) + (𝑘 − 1)rank(𝑔)
.  

𝑐𝑔,1 = rank(𝑔)  

𝑐𝑔,𝑘 =
3𝑘

2 + 𝑘
= 1,

3

2
,
9

5
, 2,
15

7
,… → 3.  

rank(𝑔) ≤ 𝑐𝑔,𝑘 ≤ dim(𝑔)  

𝑗0
𝑎|𝑟, 𝑖⟩ = |𝑟, 𝑗⟩𝑡𝑟,𝑗𝑖

𝑎
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𝐿0
s |𝑟, 𝑖⟩=

1

(𝑘 + ℎ(𝑔))𝜓2
|𝑟, 𝑘⟩𝑡𝑟,𝑘𝑗

𝑎 𝑡𝑟,𝑗𝑖
𝑎  =

𝑄𝑟
(𝑘 + ℎ(𝑔))𝜓2

|𝑟, 𝑖⟩

 

 

ℎ𝑟 =
𝑄𝑟

(𝑘 + ℎ(𝑔))𝜓2
=

𝑄𝑟

2�̂� + 𝑄𝑔
,  

ℎ𝑗 =
𝑗(𝑗 + 1)

𝑘 + 2
 

⟨𝑟, 𝜆|[𝐸1
𝛼 , 𝐸−1

−𝛼]|𝑟, 𝜆⟩= 2⟨𝑟, 𝜆|(𝛼 ⋅ 𝐻0 + �̂�)|𝑟, 𝜆⟩/𝛼
2= 2(𝛼 ⋅ 𝜆 + �̂�)/𝛼2 

 
 

�̂� ≥ |𝛼 ⋅ 𝜆|  

𝑘 ≥
2|𝜓 ⋅ 𝜆|

𝜓2
= 2|𝐽3|,  

�̇�𝜇𝜆𝑎𝑒𝑖𝑘⋅𝑋  

𝜆𝑎(𝑦1)𝜆
𝑏(𝑦2) = [𝜃(𝑦1 − 𝑦2)𝑑𝑐

𝑎𝑏 + 𝜃(𝑦2 − 𝑦1)𝑑𝑐
𝑏𝑎]𝜆𝑐(𝑦2)  

𝑙𝐿,𝑅 = (𝛼
′/2)1/2𝑘𝐿,𝑅  

(𝑙𝐿
𝑚, 𝑙𝑅

𝑛), 𝑑 ≤ 𝑚 ≤ 25, 𝑑 ≤ 𝑛 ≤ 9,  

𝑙 ∘ 𝑙′ = 𝑙𝐿 ⋅ 𝑙𝐿
′ − 𝑙𝑅 ⋅ 𝑙𝑅

′ ,  

𝑙 ∘ 𝑙 ∈ 2𝐙  for all 𝑙 ∈ Γ,
Γ = Γ∗.

 

(𝑛1, … , 𝑛16) or (𝑛1 +
1

2
,… , 𝑛16 +

1

2
)

 ∑  

𝑖

 𝑛𝑖 ∈ 2𝐙
 

(𝑛1, … , 𝑛8) or (𝑛1 +
1

2
,… , 𝑛8 +

1

2
)

 ∑  

𝑖

 𝑛𝑖 ∈ 2𝐙
 

Γ𝑟 ⊂ Γ𝑔
∗.  

Γ𝑤 = Γ𝑔
∗.  

(0) ∶ 0 + 𝔸any root  ;

(𝑣) ∶ (1,0,0,… ,0) +  𝔸any root;

(𝑠) ∶ (
1

2
,
1

2
,
1

2
, … ,

1

2
) +  𝔸any root;

(𝑐) ∶ (−
1

2
,
1

2
,
1

2
,… ,

1

2
) +  𝔸any root .
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Γ =∑  

𝑟

 Γ𝑟 × Γ̃𝑟.  

Γ = ΛΓ0, Λ ∈ 𝑂(26 − 𝑑, 10 − 𝑑, 𝐑)  

Λ1ΛΛ2Γ0 ≅ ΛΓ0  

Λ1 ∈ 𝑂(26 − 𝑑, 𝐑) × 𝑂(10 − 𝑑, 𝐑), Λ2 ∈ 𝑂(26 − 𝑑, 10 − 𝑑, 𝐙)  

𝑂(26 − 𝑑, 10 − 𝑑, 𝐑)

𝑂(26 − 𝑑, 𝐑) × 𝑂(10 − 𝑑, 𝐑) × 𝑂(26 − 𝑑, 10 − 𝑑, 𝐙)
.  

𝑙𝐿
2 = 2, 𝑙𝑅 = 0  

1

2
[(36 − 2𝑑)(35 − 2𝑑) − (26 − 𝑑)(25 − 𝑑) − (10 − 𝑑)(9 − 𝑑)] = (26 − 𝑑)(10 − 𝑑)  

𝑘𝐿𝑚  =
𝑛𝑚
𝑅
+
𝑤𝑛𝑅

𝛼′
(𝐺𝑚𝑛 + 𝐵𝑚𝑛) − 𝑞

𝐼𝐴𝑚
𝐼 −

𝑤𝑛𝑅

2
𝐴𝑛
𝐼 𝐴𝑚

𝐼 ,

𝑘𝐿
𝐼  = (𝑞𝐼 +𝑤𝑚𝑅𝐴𝑚

𝐼 )(2/𝛼′)1/2,

𝑘𝑅𝑚  =
𝑛𝑚
𝑅
+
𝑤𝑛𝑅

𝛼′
(−𝐺𝑚𝑛 + 𝐵𝑚𝑛) − 𝑞

𝐼𝐴𝑚
𝐼 −

𝑤𝑛𝑅

2
𝐴𝑛
𝐼 𝐴𝑚

𝐼 ,

 

𝑅𝐴9
𝐼 = diag (

1

2

8

, 08)  

𝑅′𝐴9
𝐼 = diag(1, 07, 1, 07)  

𝑘𝐿,𝑅 =
�̃�

𝑅
±
2𝑚𝑅

𝛼′
, 𝑘𝐿,𝑅
′ =

�̃�′

𝑅′
±
2𝑚′𝑅′

𝛼′
,  

𝟖𝑣  → +1, 06, −1,

𝟖 → +
1

2

4

, −
1

2

4

,
 

𝟖𝑣 × 𝟖𝑣  → +2,+112, 038, −112, −2,

𝟖 × 𝟖𝑣  →
3

2

4

,
1

2

28

, −
1

2

28

, −
3

2

4

.
 

{𝑄𝛼 , 𝑄𝛽
†} = 2𝑃𝜇(Γ

𝜇Γ0)𝛼𝛽 + 2𝑃𝑅𝑚(Γ
𝑚Γ0)𝛼𝛽 .  

2(𝑀 + 𝑘𝑅𝑚Γ
𝑚Γ0)𝛼𝛽  

2(𝑀 ± |𝑘𝑅|),  

𝑀2 = {
𝑘𝑅
2 + 4(�̃� −

1

2
) /𝛼′ (NS)

𝑘𝑅
2 + 4�̃�/𝛼′ (R)

 

𝑀2 = 𝑘𝐿
2 + 4(𝑁 − 1)/𝛼′  



pág. 278 

𝑁 = 1 + 𝛼′(𝑘𝑅
2 − 𝑘𝐿

2)/4 = 1 − 𝑛𝑚𝑤
𝑚 − 𝑞𝐼𝑞𝐼/2.  

{𝑄𝛼 , 𝑄𝛽
†} = 2𝑃𝑀(Γ

𝑀Γ0)𝛼𝛽 − 2
Δ𝑋𝑚
2𝜋𝛼′

(Γ𝑚Γ0)𝛼𝛽 ,  

1

2𝜋𝛼′
∫  
𝑀

 𝐵 =
1

2
∫  𝑑10𝑥𝑗𝑀𝑁(𝑥)𝐵𝑀𝑁(𝑥)

𝑗𝑀𝑁(𝑥)  =
1

2𝜋𝛼′
∫  
𝑀

 𝑑2𝜎(𝜕1𝑋
𝑀𝜕2𝑋

𝑁 − 𝜕1𝑋
𝑁𝜕2𝑋

𝑀)𝛿10(𝑥 − 𝑋(𝜎))

 

𝑄𝑀 = ∫  𝑑9𝑥𝑗𝑀0 =
1

2𝜋𝛼′
∫  𝑑𝑋𝑀  

{𝑄𝛼 , 𝑄𝛽
†} = 2(𝑃𝑀 − 𝑄𝑀)(Γ

𝑀Γ0)𝛼𝛽  

Γ =∑  

𝑟

Γ𝑟 × Γ̃𝑟 

𝑘 ∘ 𝑘 = 𝑘𝐿
𝐼𝑘𝐿
′ + 𝐺𝑚𝑛(𝑘𝐿𝑚𝑘𝐿𝑛

′ − 𝑘𝑅𝑚𝑘𝑅𝑛
′ ) 

2𝜅11
2 𝑺11 = ∫  𝑑

11𝑥(−𝐺)1/2 (𝑅 −
1

2
|𝐹4|

2) −
1

6
∫  𝐴3 ∧ 𝐹4 ∧ 𝐹4.  

∫  𝑑𝑑𝑥(−𝐺)1/2|𝐹𝑝|
2
= ∫  𝑑𝑑𝑥

(−𝐺)1/2

𝑝!
𝐺𝑀1𝑁1 …𝐺𝑀𝑝𝑁𝑝𝐹𝑀1…𝑀𝑝𝐹𝑁1…𝑁𝑝  

𝑑𝑠2 = 𝐺𝑀𝑁
11 (𝑥𝜇)𝑑𝑥𝑀𝑑𝑥𝑁= 𝐺𝜇𝑣

10(𝑥𝜇)𝑑𝑥𝜇𝑑𝑥𝑣 + exp (2𝜎(𝑥𝜇))[𝑑𝑥10 + 𝐴𝑣(𝑥
𝜇)𝑑𝑥𝑣]2 

 
 

𝑺1 =
1

2𝜅10
2 ∫  𝑑

10𝑥(−𝐺)1/2 (𝑒𝜎𝑅 −
1

2
𝑒3𝜎|𝐹2|

2)

𝑺2 = −
1

4𝜅10
2 ∫  𝑑

10𝑥(−𝐺)1/2 (𝑒−𝜎|𝐹3|
2 + 𝑒𝜎|�̃�4|

2
)

𝑺3 = −
1

4𝜅10
2 ∫  𝐴2 ∧ 𝐹4 ∧ 𝐹4 = −

1

4𝜅10
2 ∫  𝐴3 ∧ 𝐹3 ∧ 𝐹4

 

�̃�4 = 𝑑𝐴3 − 𝐴1 ∧ 𝐹3  

−𝑑𝜆0 ∧ 𝐹3 = −𝑑(𝜆0 ∧ 𝐹3)  

𝛿′𝐴3 = 𝜆0 ∧ 𝐹3  

𝑑�̃�4 = −𝐹2 ∧ 𝐹3  

𝐺𝜇𝑣 = 𝑒
−𝜎𝐺𝜇𝑣( new ), 𝜎 =

2Φ

3
.  
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𝑺IIA  = 𝑺NS + 𝑺R + 𝑺CS

𝑺NS  =
1

2𝜅10
2 ∫  𝑑

10𝑥(−𝐺)1/2𝑒−2Φ (𝑅 + 4𝜕𝜇Φ𝜕
𝜇Φ−

1

2
|𝐻3|

2)

𝑺R  = −
1

4𝜅10
2 ∫  𝑑

10𝑥(−𝐺)1/2 (|𝐹2|
2 + |�̃�4|

2
)

𝑺CS  = −
1

4𝜅10
2 ∫  𝐵2 ∧ 𝐹4 ∧ 𝐹4

 

𝐶1 = 𝑒
−Φ𝐶1

′ ,  

∫  𝑑10𝑥(−𝐺)1/2|𝐹2|
2  = ∫  𝑑10𝑥(−𝐺)1/2𝑒−2Φ|𝐹2

′|2

𝐹2
′  ≡ 𝑑𝐶1

′ − 𝑑Φ ∧ 𝐶1
′

 

𝑑𝐹2
′ = 𝑑Φ ∧ 𝐹2

′, 𝛿𝐶1
′ = 𝑑𝜆0

′ − 𝜆0
′ 𝑑Φ  

𝒱𝛼�̃�𝛽(𝐶Γ
𝜇1…𝜇𝑝)𝛼𝛽𝑒𝜇1…𝜇𝑝(𝑋).  

Γ𝑣Γ𝜇1…𝜇𝑝𝜕𝑣𝑒𝜇1…𝜇𝑝(𝑋) = Γ
𝜇1…𝜇𝑝Γ𝑣𝜕𝑣𝑒𝜇1…𝜇𝑝(𝑋) = 0  

Γ𝑣Γ𝜇1…𝜇𝑝 = Γ𝑣𝜇1…𝜇𝑝 + 𝑝𝜂𝑣[𝜇1Γ𝜇2…𝜇𝑝]

Γ𝜇1…𝜇𝑝Γ𝑣 = (−1)𝑝Γ𝑣𝜇1…𝜇𝑝 + (−1)𝑝+1𝑝𝜂𝑣[𝜇1Γ𝜇2…𝜇𝑝]
 

𝑑𝑒𝑝 = 𝑑 ∗ 𝑒𝑝 = 0  

𝑇𝐹 = 𝑖(2/𝛼
′)1/2𝜓𝜇𝜕𝑋𝜇 − 2𝑖(𝛼

′/2)1/2Φ,𝜇𝜕𝜓
𝜇

𝐺0 ∼ (𝛼
′/2)1/2𝜓0

𝜇
(𝑝𝜇 + 𝑖Φ,𝜇)

 

(𝑑 − 𝑑Φ ∧)𝑒𝑝 = (𝑑 − 𝑑Φ ∧) ∗ 𝑒𝑝 = 0.  

1

2𝜋𝛼′
∫  
𝑀

 𝐵2  

�̃�6 =∗ �̃�4, �̃�8 =∗ 𝐹2;  

𝑑 ∗ 𝐹10 = 0  

∗ 𝐹10 = constant  

𝑺IIA
′ = �̃�IIA −

1

4𝜅10
2 ∫  𝑑

10𝑥(−𝐺)1/2𝑀2 +
1

2𝜅10
2 ∫  𝑀𝐹10  

𝑺IIB  = 𝑺NS + 𝑺R + 𝑺CS

𝑺NS  =
1

2𝜅10
2 ∫  𝑑

10𝑥(−𝐺)1/2𝑒−2Φ (𝑅 + 4𝜕𝜇Φ𝜕
𝜇Φ−

1

2
|𝐻3|

2)

𝑺R  = −
1

4𝜅10
2 ∫  𝑑

10𝑥(−𝐺)1/2 (|𝐹1|
2 + |�̃�3|

2
+
1

2
|�̃�5|

2
)

𝑺CS  = −
1

4𝜅10
2 ∫  𝐶4 ∧ 𝐻3 ∧ 𝐹3
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�̃�3 = 𝐹3 − 𝐶0 ∧ 𝐻3,

�̃�5 = 𝐹5 −
1

2
𝐶2 ∧ 𝐻3 +

1

2
𝐵2 ∧ 𝐹3.

 

𝑑 ∗ �̃�5 = 𝑑�̃�5 = 𝐻3 ∧ 𝐹3  

∗ �̃�5 = �̃�5  

𝐺E𝜇𝜈  = 𝑒
−Φ/2𝐺𝜇𝜈, 𝜏 = 𝐶0 + 𝑖𝑒

−Φ

ℳ𝑖𝑗  =
1

Im𝜏
[ |𝜏|

2 −Re𝜏
−Re𝜏 1

] , 𝐹3
𝑖 = [

𝐻3
𝐹3
] .

 

𝑺IIB =
1

2𝜅10
2 ∫  𝑑

10 𝑥(−𝐺E)
1/2 (𝑅E −

𝜕𝜇𝜏‾𝜕
𝜇𝜏

2(Im𝜏)2

 −
ℳ𝑖𝑗

2
𝐹3
𝑖 ⋅ 𝐹3

𝑗
−
1

4
|�̃�5|

2
) −

𝜖𝑖𝑗

8𝜅10
2 ∫  𝐶4 ∧ 𝐹3

𝑖 ∧ 𝐹3
𝑗

 

𝜏′  =
𝑎𝜏 + 𝑏

𝑐𝜏 + 𝑑

𝐹3
𝑖′  = Λ𝑗

𝑖𝐹3
𝑗
, Λ𝑗
𝑖 = [

𝑑 𝑐
𝑏 𝑎

] ,

�̃�5
′  = �̃�5, 𝐺E𝜇𝜈

′ = 𝐺E𝜇𝜈 ,

 

ℳ ′ = (Λ−1)𝑇ℳΛ−1  

𝑺I = 𝑺c + 𝑺o

𝑺c =
1

2𝜅10
2 ∫  𝑑

10𝑥(−𝐺)1/2 [𝑒−2Φ(𝑅 + 4𝜕𝜇Φ𝜕
𝜇Φ) −

1

2
|�̃�3|

2
]

𝑺o = −
1

2𝑔10
2 ∫  𝑑

10𝑥(−𝐺)1/2𝑒−ΦTrv(|𝐹2|
2)

 

�̃�3 = 𝑑𝐶2 −
𝜅10
2

𝑔10
2 𝜔3,  

𝜔3 = Trv (𝐴1 ∧ 𝑑𝐴1 −
2𝑖

3
𝐴1 ∧ 𝐴1 ∧ 𝐴1) .  

𝛿𝜔3 = 𝑑Trv(𝜆𝑑𝐴1).  

𝛿𝐶2 =
𝜅10
2

𝑔10
2 Trv(𝜆𝑑𝐴1)  

𝑆het =
1

2𝜅10
2 ∫  𝑑

10𝑥(−𝐺)1/2𝑒−2Φ [𝑅 + 4𝜕𝜇Φ𝜕
𝜇Φ−

1

2
|�̃�3|

2
−
𝜅10
2

𝑔10
2 Trv(|𝐹2|

2)] 

�̃�3 = 𝑑𝐵2 −
𝜅10
2

𝑔10
2 𝜔3, 𝛿𝐵2 =

𝜅10
2

𝑔10
2 Trv(𝜆𝑑𝐴1)  

𝐺I𝜇𝑣  = 𝑒
−Φh𝐺h𝜇𝑣 , ΦI = −Φh

�̃�I3  = �̃�h3, 𝐴I1 = 𝐴h1
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𝑆int = ∫  𝑑
2𝑧(𝑗𝑧

𝑎𝐴𝑧‾
𝑎 + 𝑗𝑧‾

𝑎𝐴𝑧
𝑎)  

𝑍[𝐴] =
1

2
∫  𝑑2𝑧1𝑑

2𝑧2 [
�̂�𝐿

𝑧12
2 𝐴𝑧‾

𝑎(𝑧1, 𝑧‾1)𝐴𝑧‾
𝑎(𝑧2, 𝑧‾2) +

�̂�𝑅

𝑧‾12
2 𝐴𝑧

𝑎(𝑧1, 𝑧‾1)𝐴𝑧
𝑎(𝑧2, 𝑧‾2)]  

𝛿𝑍[𝐴] = 2𝜋∫  𝑑2𝑧𝜆𝑎(𝑧, 𝑧‾)[�̂�𝐿𝜕𝑧𝐴𝑧‾
𝑎(𝑧, 𝑧‾) + �̂�𝑅𝜕𝑧‾𝐴𝑧

𝑎(𝑧, 𝑧‾)]  

𝛿𝑍[𝐴] = −2𝜋�̂�𝛿 ∫  𝑑2𝑧𝐴𝑧
𝑎(𝑧, 𝑧‾)𝐴𝑧‾

𝑎(𝑧, 𝑧‾)  

𝑍′[𝐴]= 𝑍[𝐴] + 2𝜋�̂� ∫  𝑑2𝑧𝐴𝑧
𝑎(𝑧, 𝑧‾)𝐴𝑧‾

𝑎(𝑧, 𝑧‾)  

 =
�̂�

2
∫  𝑑2𝑧1𝑑

2𝑧2ln |𝑧12
2 |𝐹𝑧𝑧‾

𝑎 (𝑧1, 𝑧‾1)𝐹𝑧𝑧‾
𝑎 (𝑧2, 𝑧‾2)

 

 gauge anomaly:  ∑  

𝐿

 𝑞2 −∑ 

𝑅

 𝑞2 = 0,

 gravitational anomaly:  ∑  

𝐿

 1 −∑  

𝑅

 1 = 0,

 mixed anomaly:  ∑  

𝐿

 𝑞 −∑  

𝑅

 𝑞 = 0.

 

 gauge anomaly: ∑ 

𝐿

 𝑞3 = 0

 mixed anomaly: ∑ 

𝐿

 𝑞 = 0
 

𝑒𝜇 
𝑝(𝑥)′ = 𝑒𝜇 

𝑞(𝑥)Θ𝑞 
𝑝(𝑥)  

𝐼𝑑+2 = 𝑑𝐼𝑑+1, 𝛿𝐼𝑑+1 = 𝑑𝐼𝑑  

𝛿ln 𝑍 =
−𝑖

(2𝜋)5
∫  𝐼𝑑(𝐹2, 𝑅2)  

𝐼𝟖(𝐹2, 𝑅2) = −
Tr(𝐹2

6)

1440
+
Tr(𝐹2

4)tr(𝑅2
2)

2304
−
Tr(𝐹2

2)tr(𝑅2
4)

23040
−
Tr(𝐹2

2)[tr(𝑅2
2)]2

18432
+
𝑛tr(𝑅2

6)

725760

+
𝑛tr(𝑅2

4)tr(𝑅2
2)

552960
+
𝑛[tr(𝑅2

2)]3

1327104
 

𝐼56(𝐹2, 𝑅2) = −495
tr(𝑅2

6)

725760
+ 225

tr(𝑅2
4)tr(𝑅2

2)

552960
− 63

[tr(𝑅2
2)]3

1327104
.  

𝐼SD(𝑅2) = 992
tr(𝑅2

6)

725760
− 448

tr(𝑅2
4)tr(𝑅2

2)

552960
+ 128

[tr(𝑅2
2)]3

1327104
.  

𝐼IIB(𝑅2) = −2𝐼𝟖(𝑅2) + 2𝐼𝟓𝟔(𝑅2) + 𝐼SD(𝑅2) = 0.  
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𝑺′ = ∫  𝐵2Tr(𝐹2
4)  

𝛿𝑺′ ∝ ∫  Tr(𝜆𝑑𝐴1)Tr(𝐹2
4)  

𝐼𝑑  ∝ Tr(𝜆𝑑𝐴1)Tr(𝐹2
4), 𝐼𝑑+1 ∝ Tr(𝐴1𝐹2)Tr(𝐹2

4),

𝐼𝑑+2  ∝ Tr(𝐹2
2)Tr(𝐹2

4).
 

𝑺′′ = ∫  𝐵2[Tr(𝐹2
2)]2  

Tra(𝑡
2) = (𝑛 − 2)Trv(𝑡

2)

Tra(𝑡
4) = (𝑛 − 8)Trv(𝑡

4) + 3Trv(𝑡
2)Trv(𝑡

2)

Tra(𝑡
6) = (𝑛 − 32)Trv(𝑡

6) + 15Trv(𝑡
2)Trv(𝑡

4)

 

Tra(𝑡
4) =

1

100
[Tra(𝑡

2)]2, Tra(𝑡
6) =

1

7200
[Tra(𝑡

2)]3  

∫  𝐵2𝑋8(𝐹2, 𝑅2)  

�̃�3 = 𝑑𝐵2 − 𝑐𝜔3𝑌 − 𝑐
′𝜔3𝐿  

𝜔3𝐿 = 𝜔1𝑑𝜔1 +
2

3
𝜔1
3  

𝛿𝜔3𝐿 = 𝑑tr(Θ𝑑𝜔1)  

𝛿𝐴1 = 𝑑𝜆
𝛿𝜔1 = 𝑑Θ

𝛿𝐵2 = 𝑐Tr(𝜆𝑑𝐴1) + 𝑐
′tr(Θ𝑑𝜔1)

 

[𝑐Tr(𝐹2
2) + 𝑐′Tr(𝑅2

2)]𝑋8(𝐹2, 𝑅2).  

𝐼I = 𝐼𝟓𝟔(𝑅2) − 𝐼𝟖(𝑅2) + 𝐼𝟖(𝐹2, 𝑅2)

=
1

1440
{−Tra(𝐹2

6) +
1

48
Tra(𝐹2

2)Tra(𝐹2
4) −

[Tra(𝐹2
2)]3

14400
} + (𝑛

− 496) {
tr(𝑅2

6)

725760
+
tr(𝑅2

4)tr(𝑅2
2)

552960
+
[tr(𝑅2

2)]3

1327104
} +

𝑌4𝑋8
768

 

𝑌4 = tr(𝑅2
2) −

1

30
Tra(𝐹2

2)

𝑋8 = tr(𝑅2
4) +

[tr(𝑅2
2)]2

4
−
Tra(𝐹2

2)tr(𝑅2
2)

30
+
Tra(𝐹2

4)

3
−
[Tra(𝐹2

2)]2

900

 

𝑌4𝑋8
768

.  

𝜃2 = 𝜃‾2 = {𝜃, 𝜃‾} = 0.  
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𝜕𝑧 =
𝜕𝑧′

𝜕𝑧
𝜕𝑧′ +

𝜕𝑧‾′

𝜕𝑧
𝜕𝑧‾′ .  

𝐷𝜃 = 𝜕𝜃 + 𝜃𝜕𝑧, 𝐷𝜃‾ = 𝜕𝜃‾ + 𝜃‾𝜕𝑧‾ ,  

𝐷𝜃
2 = 𝜕𝑧, 𝐷𝜃‾

2 = 𝜕𝑧‾ , {𝐷𝜃, 𝐷𝜃‾ } = 0.  

𝐷𝜃 = 𝐷𝜃𝜃
′𝜕𝜃′ +𝐷𝜃𝑧

′𝜕𝑧′ + 𝐷𝜃𝜃‾
′𝜕𝜃‾ ′ + 𝐷𝜃𝑧‾

′𝜕𝑧‾′ ,  

𝐷𝜃𝜃‾
′ = 𝐷𝜃𝑧‾

′ = 0,𝐷𝜃𝑧
′ = 𝜃′𝐷𝜃𝜃

′  

𝐷𝜃 = (𝐷𝜃𝜃
′)𝐷𝜃′  

𝜕𝑧‾𝑧
′ = 𝜕𝜃‾ 𝑧

′ = 𝜕𝑧‾𝜃
′ = 𝜕𝜃‾𝜃

′ = 0  

𝑧′(𝑧, 𝜃)  = 𝑓(𝑧) + 𝜃𝑔(𝑧)ℎ(𝑧), 𝜃′(𝑧, 𝜃) = 𝑔(𝑧) + 𝜃ℎ(𝑧)

ℎ(𝑧)  = ±[𝜕𝑧𝑓(𝑧) + 𝑔(𝑧)𝜕𝑧𝑔(𝑧)]
1/2  

𝛿𝑧 = 𝜖[𝑣(𝑧) − 𝑖𝜃𝜂(𝑧)], 𝛿𝜃 = 𝜖 [−𝑖𝜂(𝑧) +
1

2
𝜃𝜕𝑣(𝑧)]  

(𝐷𝜃𝜃
′)2ℎ(𝐷𝜃‾𝜃‾

′)2ℎ̃𝝓′(𝒛′, 𝒛
′
) = 𝝓(𝒛, 𝒛),  

𝛿𝝓(𝒛, 𝒛) = −𝜖[2ℎ𝜃𝜕𝜂(𝑧) + 𝜂(𝑧)𝑄𝜃 + 2ℎ̃𝜃‾𝜕‾𝜂‾(𝑧‾) + 𝜂‾(𝑧‾)𝑄𝜃‾ ]𝝓(𝒛, 𝒛),  

𝜙(𝑧) = 𝒪(𝑧) + 𝜃Ψ(𝑧)  

𝛿𝒪 = −𝜖𝜂Ψ, 𝛿Ψ = −𝜖[2ℎ𝜕𝜂𝒪 + 𝜂𝜕𝒪].  

𝐺−1/2 ⋅ 𝒪 = Ψ, 𝐺𝑟 ⋅ 𝒪 = 0, 𝑟 ≥
1

2
,

𝐺−1/2 ⋅ Ψ = 𝜕𝒪, 𝐺1/2 ⋅ Ψ = 2ℎ𝒪, 𝐺𝑟 ⋅ Ψ = 0, 𝑟 ≥
3

2
.

 

𝐺−1/2 ∗ −𝑖𝑄𝜃 = −𝑖(𝜕𝜃 − 𝜃𝜕𝑧)  

𝑑𝑧′𝑑𝜃′ = 𝑑𝑧𝑑𝜃𝐷𝜃𝜃
′.  

𝑆 =
1

4𝜋
∫  𝑑2𝑧𝑑2𝜃𝐷𝜃‾𝑿

𝜇𝐷𝜃𝑿𝜇 .  

𝑿𝜇(𝒛, 𝒛) = 𝑋𝜇 + 𝑖𝜃𝜓𝜇 + 𝑖𝜃‾�̃�𝜇 + 𝜃𝜃‾𝐹𝜇 .  

𝑆 =
1

4𝜋
∫  𝑑2𝑧(𝜕𝑧‾𝑋

𝜇𝜕𝑧𝑋𝜇 + 𝜓
𝜇𝜕𝑧‾𝜓𝜇 + �̃�

𝜇𝜕𝑧�̃�𝜇 + 𝐹
𝜇𝐹𝜇).  

𝐷𝜃𝐷𝜃‾𝑿
𝜇(𝒛, 𝒛) = 0.  

𝑿𝜇(𝒛1, 𝑧‾1)𝑿
𝑣(𝒛2, 𝑧‾2) ∼ −𝜂

𝜇𝑣ln |𝑧1 − 𝑧2 − 𝜃1𝜃2|
2  

𝑆𝐵𝐶 =
1

2𝜋
∫  𝑑2𝑧𝑑2𝜃𝐵𝐷𝜃‾𝐶  
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𝐷𝜃‾𝐵 = 𝐷𝜃‾𝐶 = 0  

𝐵(𝑧) = 𝛽(𝑧) + 𝜃𝑏(𝑧), 𝐶(𝑧) = 𝑐(𝑧) + 𝜃𝛾(𝑧)  

𝐵(𝑧1)𝐶(𝑧2) ∼
𝜃1 − 𝜃2

𝑧1 − 𝑧2 − 𝜃1𝜃2
=
𝜃1 − 𝜃2
𝑧1 − 𝑧2

.  

𝑆 =
1

4𝜋
∫  𝑑2𝑧𝑑2𝜃[𝐺𝜇𝑣(𝑿) + 𝐵𝜇𝑣(𝑿)]𝐷𝜃‾𝑿

𝑣𝐷𝜃𝑿
𝜇

=
1

4𝜋
∫  𝑑2𝑧{[𝐺𝜇𝑣(𝑋) + 𝐵𝜇𝑣(𝑋)]𝜕𝑧𝑋

𝜇𝜕𝑧‾𝑋
𝑣  +𝐺𝜇𝑣(𝑋)(𝜓

𝜇𝒟𝑧‾𝜓
𝑣 + �̃�𝜇𝒟𝑧�̃�

𝑣)

+
1

2
𝑅𝜇𝑣𝜌𝜎(𝑋)𝜓

𝜇𝜓𝑣�̃�𝜌�̃�𝜎} 

𝒟𝑧‾𝜓
𝑣 = 𝜕𝑧‾𝜓

𝑣 + [Γ𝑣 𝜌𝜎(𝑋) +
1

2
𝐻𝑣 𝜌𝜎(𝑋)] 𝜕𝑧‾𝑋

𝜌𝜓𝜎 ,

𝒟𝑧�̃�
𝑣 = 𝜕𝑧�̃�

𝑣 + [Γ𝑣 𝜌𝜎(𝑋) −
1

2
𝐻𝑣 𝜌𝜎(𝑋)] 𝜕𝑧𝑋

𝜌�̃�𝜎 .

 

𝑋𝜇  = 𝑋𝜇 + 𝑖𝜃‾�̃�𝜇

𝜆𝐴  = 𝜆𝐴 + 𝜃‾𝐺𝐴
 

𝑆 =
1

4𝜋
∫  𝑑2𝑧𝑑𝜃‾{[𝐺𝜇𝑣(𝑿) + 𝐵𝜇𝑣(𝑿)]𝜕𝑧𝑿

𝜇𝐷𝜃‾𝑿
𝑣 − 𝜆𝐴𝒟𝜃‾ 𝜆

𝐴}

=
1

4𝜋
∫  𝑑2𝑧{[𝐺𝜇𝑣(𝑋) + 𝐵𝜇𝑣(𝑋)]𝜕𝑧𝑋

𝜇𝜕𝑧‾𝑋
𝑣 + 𝐺𝜇𝑣(𝑋)�̃�

𝜇𝒟𝑧�̃�
𝑣+𝜆𝐴𝒟𝑧‾𝜆

𝐴

+
𝑖

2
𝐹𝜌𝜎
𝐴𝐵(𝑋)𝜆𝐴𝜆𝐵�̃�𝜌�̃�𝜎} 

𝒟𝜃‾ 𝜆
𝐴 = 𝐷𝜃‾ 𝜆

𝐴 − 𝑖𝐴𝜇
𝐴𝐵(𝑿)𝐷𝜃‾𝑿

𝜇𝜆𝐵

𝒟𝑧‾𝜆
𝐴 = 𝜕𝑧‾𝜆

𝐴 − 𝑖𝐴𝜇
𝐴𝐵(𝑋)𝜕𝑧‾𝑋

𝜇𝜆𝐵
 

𝛿𝐴𝜇
𝐴𝐵 = 𝐷𝜇𝜒

𝐴𝐵, 𝛿𝜆𝐴 = 𝑖𝜒𝐴𝐵𝜆𝐵  

𝐴𝑧‾
𝐴𝐵(𝑧, 𝑧‾) =

1

2𝜋
𝐴𝜇
𝐴𝐵(𝑋)𝜕𝑧‾𝑋

𝜇  

𝛿𝑍[𝐴] =
1

8𝜋
∫  𝑑2𝑧Tr𝑣[𝜒(𝑋)𝐹𝜇𝑣(𝑋)]𝜕𝑧𝑋

𝜇𝜕𝑧‾𝑋
𝑣  

𝛿𝐵𝜇𝑣 =
1

2
Tr𝑣(𝜒𝐹𝜇𝑣)  

𝜅10
2

𝑔10
2 =

1

2
→
𝛼′

4
 

𝜅2

𝑔YM
2 ≡

𝑒2Φ𝜅10
2

𝑒2Φ𝑔10
2 =

𝛼′

4
.  
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𝛿(𝛾)𝛿(�̃�) = 𝑒−𝜙−�̃�  

𝒱0,0 = 𝐺−1/2�̃�−1/2 ⋅ 𝒪  

𝒱−1,−1 = 𝑒−𝜙−�̃�𝕆  

𝜓−1/2
𝜇

�̃�−1/2
𝑣 |0; 𝑘⟩NS  

𝒱−1,−1 = 𝑔𝑐𝑒
−𝜙−�̃�𝜓𝜇�̃�𝑣𝑒𝑖𝑘⋅𝑋  

𝐺−1/2�̃�−1/2𝜓−1/2
𝜇

�̃�−1/2
𝑣 |0; 𝑘⟩NS = −(𝛼−1

𝜇
+ 𝛼0 ⋅ 𝜓−1/2𝜓−1/2

𝜇
) (�̃�−1

𝑣 + �̃�0 ⋅ �̃�−1/2�̃�−1/2
𝑣 )|0; 𝑘⟩NS 

𝒱0,0 = −
2𝑔𝑐
𝛼′
(𝑖𝜕𝑧𝑋

𝜇 +
1

2
𝛼′𝑘 ⋅ 𝜓𝜓𝜇) (𝑖𝜕𝑧‾𝑋

𝑣 +
1

2
𝛼′𝑘 ⋅ �̃��̃�𝑣) 𝑒𝑖𝑘⋅𝑋,  

𝒱−1  = 𝑔𝑜𝑒
−𝜙𝑡𝑎𝜓𝜇𝑒𝑖𝑘⋅𝑋

𝒱0  = 𝑔𝑜(2𝛼
′)−1/2𝑡𝑎(𝑖�̇�𝜇 + 2𝛼′𝑘 ⋅ 𝜓𝜓𝜇)𝑒𝑖𝑘⋅𝑋

 

𝒱−1  = 𝑔c�̂�
−1/2𝑒−�̃�𝑗𝑎�̃�𝜇𝑒𝑖𝑘⋅𝑋

𝒱0  = 𝑔c(2/𝛼
′)1/2�̂�−1/2𝑗𝑎 (𝑖𝜕‾𝑋𝜇 +

1

2
𝛼′𝑘 ⋅ �̃��̃�𝜇) 𝑒𝑖𝑘⋅𝑋

 

 type I: 𝑔𝑜 = 𝑔YM(2𝛼
′)1/2;  𝑔YM ≡ 𝑔10𝑒

Φ/2

 heterotic: 𝑔c =
𝜅

2𝜋
=
𝛼′1/2𝑔YM
4𝜋

;  𝜅 ≡ 𝜅10𝑒
Φ, 𝑔YM ≡ 𝑔10𝑒

Φ

 type I /II: 𝑔c =
𝜅

2𝜋
;  𝜅 ≡ 𝜅10𝑒

Φ

 

1

𝛼′𝑔0
2 ⟨𝑐𝒱1

−1(𝑥1)𝑐𝒱2
−1(𝑥2)𝑐𝒱3

0(𝑥3)⟩ + (𝒱1 ↔ 𝒱2),  

⟨𝑐(𝑥1)𝑐(𝑥2)𝑐(𝑥3)⟩  = 𝑥12𝑥13𝑥23
⟨𝑒−𝜙(𝑥1)𝑒

−𝜙(𝑥2)⟩  = 𝑥12
−1

⟨𝜓𝜇(𝑥1)𝜓
𝑣(𝑥2)⟩  = 𝜂

𝜇𝑣𝑥12
−1

 

⟨𝜓𝜇𝑒
𝑖𝑘1⋅𝑋(𝑥1)𝜓

𝑣𝑒
𝑖𝑘2⋅𝑋(𝑥2)(𝑖�̇�

𝜌+2𝛼′𝑘3⋅𝜓𝜓
𝜌)𝑒

𝑖𝑘3⋅𝑋(𝑥3)⟩

= 2𝑖𝛼′(2𝜋)10𝛿10 (∑ 

𝑖

 𝑘𝑖)(−
𝜂𝜇𝑣𝑘1

𝜌

𝑥12𝑥13
−
𝜂𝜇𝑣𝑘2

𝜌

𝑥12𝑥23
+
𝜂𝜇𝜌𝑘3

𝑣 − 𝜂𝑣𝜌𝑘3
𝜇

𝑥13𝑥23
) 

𝑖𝑔YM(2𝜋)
10𝛿10 (∑  

𝑖

 𝑘𝑖)𝑒1𝜇𝑒2𝑣𝑒3𝜌𝑉
𝜇𝑣𝜌Trv([𝑡

𝑎1 , 𝑡𝑎2]𝑡𝑎3)  

𝑉𝜇𝑣𝜌 = 𝜂𝜇𝑣𝑘12
𝜌
+ 𝜂𝑣𝜌𝑘23

𝜇
+ 𝜂𝜌𝜇𝑘31

𝑣 ,  
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⟨𝑒−𝜙/2(𝑥1)𝑒
−𝜙/2(𝑥2)𝑒

−𝜙(𝑥3)⟩ = 𝑥12
−1/4

𝑥13
−1/2

𝑥23
−1/2

,

⟨Θ𝛼(𝑥1)Θ𝛽(𝑥2)⟩ = 𝑥12
−5/4

𝐶𝛼𝛽,

⟨Θ𝛼(𝑥1)Θ𝛽(𝑥2)𝜓
𝜇(𝑥3)⟩ = 2

−1/2(𝐶Γ𝜇)𝛼𝛽𝑥12
−3/4

𝑥13
−1/2

𝑥23
−1/2

.

 

𝜓𝜇(𝑥)Θ𝛼(0) = (2𝑥)
−1/2Θ𝛽(0)Γ𝛽𝛼

𝜇
+ 𝑂(𝑥1/2)  

𝑖𝑔YM(2𝜋)
10𝛿10 (∑  

𝑖

 𝑘𝑖) 𝑒𝜇𝑢‾1Γ
𝜇𝑢2Trv([𝑡

𝑎1 , 𝑡𝑎2]𝑡𝑎3).  

⟨𝑗𝑎(𝑧1)𝑗
𝑏(𝑧2)⟩  =

�̂�𝛿𝑎𝑏

𝑧12
2

⟨𝑗𝑎(𝑧1)𝑗
𝑏(𝑧2)𝑗

𝑐(𝑧3)⟩  =
𝑖�̂�𝑓𝑎𝑏𝑐

𝑧12𝑧13𝑧23

 

𝑖�̂�−1/2𝑓𝑎𝑏𝑐 = 21/2Trv([𝑡
𝑎, 𝑡𝑏]𝑡𝑐)  

 

⟨∏  

3

𝑖=1

 𝑖𝑒𝑖 ⋅ 𝜕𝑋𝑒
𝑖𝑘𝑖⋅𝑋(𝑧𝑖, 𝑧‾𝑖)⟩ =

𝛼′2𝑒1𝜇𝑒2𝑣𝑒3𝜌𝑇
𝜇𝑣𝜌

8𝑖𝑧12𝑧13𝑧23
 

𝑇𝜇𝑣𝜌 = 𝑘23
𝜇
𝜂𝑣𝜌 + 𝑘31

𝑣 𝜂𝜌𝜇 + 𝑘12
𝜌
𝜂𝜇𝑣 +

𝛼′

8
𝑘23
𝜇
𝑘31
𝑣 𝑘12

𝜌  

4𝜋𝑔c𝛼
′−1/2(2𝜋)10𝛿10 (∑  

𝑖

 𝑘𝑖)𝑒1𝜇𝑒2𝑣𝑒3𝜌𝑉
𝜇𝑣𝜌Trv([𝑡

𝑎 , 𝑡𝑏]𝑡𝑐)  

𝜋𝑖𝑔c(2𝜋)
10𝛿10 (∑  

𝑖

 𝑘𝑖)𝑒1𝜇𝜎𝑒2𝑣𝜔𝑒3𝜌𝜆𝑇
𝜇𝑣𝜌𝑉𝜎𝜔𝜆.  

𝜋𝑖𝑔c(2𝜋)
10𝛿10 (∑ 

𝑖

 𝑘𝑖)𝑒1𝜇𝑣𝑒2𝜌𝑒3𝜎𝑘23
𝑣 𝑉𝜇𝜌𝜎𝛿𝑎𝑏  

𝜋𝑖𝑔c(2𝜋)
10𝛿10 (∑  

𝑖

 𝑘𝑖)𝑒1𝜇𝜎𝑒2𝑣𝜔𝑒3𝜌𝜆𝑉
𝜇𝑣𝜌𝑉𝜎𝜔𝜆.  

(−𝐺h)
1/2𝑒−2Φh𝑅h

2 → (−𝐺I)
1/2𝑒−ΦI𝑅I

2  

𝒱𝛼(𝑧)𝒱𝛽(0) ∼
(𝐶Γ𝜇)𝛼𝛽

21/2𝑧
𝑒−𝜙𝜓𝜇  

⟨𝒱𝛼(𝑧1)𝒱𝛽(𝑧2)𝒱𝛾(𝑧3)𝒱𝛿(𝑧4)⟩ =
(𝐶Γ𝜇)𝛼𝛽(𝐶Γ𝜇)𝛾𝛿

2𝑧12𝑧23𝑧24𝑧34
+
(𝐶Γ𝜇)𝛼𝛾(𝐶Γ𝜇)𝛿𝛽

2𝑧13𝑧34𝑧32𝑧42
+
(𝐶Γ𝜇)𝛼𝛿(𝐶Γ𝜇)𝛽𝛾

2𝑧14𝑧42𝑧43𝑧23
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Γ𝛼𝛽
𝜇
Γ𝜇𝛾𝛿 + Γ𝛼𝛾

𝜇
Γ𝜇𝛿𝛽 + Γ𝛼𝛿

𝜇
Γ𝜇𝛽𝛾 = 0  

𝑖

2
𝑔o
2(2𝜋)10𝛿10 (∑ 

𝑖

 𝑘𝑖)Trv(𝑡
𝑎1𝑡𝑎2𝑡𝑎3𝑡𝑎4)∫  

1

0

 𝑑𝑥𝑥−𝛼
′𝑠−1(1

− 𝑥)−𝛼
′𝑢−1 × (𝑢‾1Γ

𝜇𝑢2𝑢‾3Γ
𝜇𝑢4 + 𝑥𝑢‾1Γ

𝜇𝑢3𝑢‾2Γ
𝜇𝑢4) 

−16𝑖𝑔YM
2 𝛼′2(2𝜋)10𝛿10 (∑  

𝑖

 𝑘𝑖)𝐾(𝑢1, 𝑢2, 𝑢3, 𝑢4)  

× [Trv(𝑡
𝑎1𝑡𝑎2𝑡𝑎3𝑡𝑎4)

Γ(−𝛼′𝑠)Γ(−𝛼′𝑢)

Γ(1 − 𝛼′𝑠 − 𝛼′𝑢)
+ 2 permutations ] 

𝐾(𝑢1, 𝑢2, 𝑢3, 𝑢4) =
1

8
(𝑢𝑢‾1Γ

𝜇𝑢2𝑢‾3Γ𝜇𝑢4 − 𝑠𝑢‾1Γ
𝜇𝑢4𝑢‾3Γ𝜇𝑢2)  

𝑠 = −(𝑘1 + 𝑘2)
2, 𝑡 = −(𝑘1 + 𝑘3)

2, 𝑢 = −(𝑘1 + 𝑘4)
2.  

𝐾(𝑒1, 𝑒2, 𝑒3, 𝑒4) =
1

8
(4𝑀𝜇𝑣

1 𝑀𝑣𝜎
2 𝑀𝜎𝜌

3 𝑀𝜌𝜇
4 −𝑀𝜇𝑣

1 𝑀𝑣𝜇
2 𝑀𝜎𝜌

3 𝑀𝜌𝜎
4 ) + 2 permutations

≡ 𝑡𝜇𝑣𝜎𝜌𝛼𝛽𝛾𝛿𝑘1𝜇𝑒1𝑣𝑘2𝜎𝑒2𝜌𝑘3𝛼𝑒3𝛽𝑘4𝛾𝑒4𝛿  

𝐾(𝑒1, 𝑒2, 𝑒3, 𝑒4) = −
1

4
(𝑠𝑡𝑒1 ⋅ 𝑒4𝑒2 ⋅ 𝑒3 + 2 permutations )

+
1

2
(𝑠𝑒1 ⋅ 𝑘4𝑒3 ⋅ 𝑘2𝑒2 ⋅ 𝑒4 + 11 permutations )

 

1

𝛼′2𝑠𝑢
−
𝜋2

6
+ 𝑂(𝛼′)  

𝜋2𝛼′2

2 × 4! 𝑔YM
2 𝑡𝜇𝑣𝜎𝜌𝛼𝛽𝛾𝛿Trv(𝐹𝜇𝑣𝐹𝜎𝜌𝐹𝛼𝛽𝐹𝛾𝛿)  

𝐴c(𝑠, 𝑡, 𝑢, 𝛼
′, 𝑔c) = −

𝜋𝑖𝑔c
2𝛼′

𝑔o
4 𝐴o (𝑠, 𝑡,

1

4
𝛼′, 𝑔o)𝐴o (𝑡, 𝑢,

1

4
𝛼′, 𝑔o)

∗

sin 
𝜋𝛼′𝑡

4
 

−
𝑖𝜅2𝛼′3

4

Γ (−
1
4𝛼

′𝑠) Γ (−
1
4𝛼

′𝑡) Γ (−
1
4𝛼

′𝑢)

Γ (1 +
1
4𝛼

′𝑠) Γ (1 +
1
4𝛼

′𝑡) Γ (1 +
1
4𝛼

′𝑢)
𝐾c(𝑒1, 𝑒2, 𝑒3, 𝑒4)  

𝐾c(𝑒1, 𝑒2, 𝑒3, 𝑒4) = 𝑡
𝜇1𝑣1…𝜇4𝑣4𝑡𝜌1𝜎1…𝜌4𝜎4∏ 

4

𝑗=1

 𝑒𝑗𝜇𝑗𝜌𝑗𝑘𝑗𝑣𝑗𝑘𝑗𝜎𝑗  

−
64

𝛼′3𝑠𝑡𝑢
− 2𝜁(3) + 𝑂(𝛼′)  

𝜁(𝑘) = ∑  

∞

𝑚=1

 
1

𝑚𝑘
.  
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𝜁(3)𝛼′3

29 × 4! 𝜅2
𝑡𝜇1𝑣1…𝜇4𝑣4𝑡𝜌1𝜎1…𝜌4𝜎4𝑅𝜇1𝑣1𝜌1𝜎1𝑅𝜇2𝑣2𝜌2𝜎2𝑅𝜇3𝑣3𝜌3𝜎3𝑅𝜇4𝑣4𝜌4𝜎4

 

�̂�−2⟨𝑗𝑎1(𝑧1)𝑗
𝑎2(𝑧2)𝑗

𝑎3(𝑧3)𝑗
𝑎4(𝑧4)⟩=

𝛿𝑎1𝑎2𝛿𝑎3𝑎4

𝑧12
2 𝑧34

2 −
𝑓𝑎1𝑎2𝑏𝑓𝑏𝑎3𝑎4

�̂�𝑧12𝑧23𝑧24𝑧34
  +(2 ↔ 3) + (2 ↔ 4)

 

−�̂�−1𝑓𝑎1𝑎2𝑏𝑓𝑏𝑎3𝑎4= 2Trv([𝑡
𝑎1 , 𝑡𝑎2]𝑡𝑏)Trv(𝑡

𝑏[𝑡𝑎3 , 𝑡𝑎4]) = 2Trv([𝑡
𝑎1 , 𝑡𝑎2][𝑡𝑎3 , 𝑡𝑎4]) 

 
 

∫  𝑑2𝑧4…𝑑
2𝑧𝑛 ⟨⟨𝒱1

−1|T[𝒱3
0𝒱4

0…𝒱𝑛
0] ∣ 𝒱2

−1⟩
matter 

 

|𝒱2
−1⟩ = 2𝐿0

m|𝒱2
−1⟩ = {𝐺1/2

m , 𝐺−1/2
m }|𝒱2

−1⟩ = 𝐺1/2
m 𝐺−1/2

m |𝒱2
−1⟩,  

∫  𝑑2𝑧4…𝑑
2𝑧𝑛⟨𝒱1

0|T[𝒱3
0𝒱4

0…𝒱𝑛
0]|𝒱2

0⟩
matter 

 

𝑋(𝑧) ≡ 𝑄B ⋅ 𝜉(𝑧) = 𝑇𝐹(𝑧)𝛿(𝛽(𝑧)) − 𝜕𝑏(𝑧)𝛿
′(𝛽(𝑧))  

𝛿(𝛽) ≅ 𝑒𝜙.  

𝛾(𝑧)𝑓(𝛽(0), 𝛾(0)) ∼
1

𝑧
𝜕𝛽𝑓(𝛽(0), 𝛾(0)),  

𝜃(𝛽) ≅ 𝜉  

𝑗B(𝑧)𝜃(𝛽(0)) ∼ −
1

𝑧2
𝑏(0)𝛿′(𝛽(0)) +

1

𝑧
𝑇𝐹(0)𝛿(𝛽(0)).  

⟨𝜉(𝑧)⟩ = 1  

𝑋(𝑧1)𝜉(𝑧2) = 𝑄B ⋅ 𝜉(𝑧1)𝜉(𝑧2) = 𝜉(𝑧1)𝑄B ⋅ 𝜉(𝑧2) = 𝜉(𝑧1)𝑋(𝑧2)  

lim
𝑧→0
 𝑋(𝑧)𝒱−1(0),  

𝑒𝜙𝑇𝐹
m(𝑧)𝑒−𝜙𝒪(0) = 𝑧𝑇𝐹

m(𝑧)𝒪(0) + 𝑂(𝑧2).  

lim
𝑧→0
 𝑋(𝑧)𝒱−1(0) = 𝒱0(0).  

𝑛𝑋 = 2𝑔 − 2 + 𝑛𝐵 +
𝑛𝐹
2
,  

𝑧𝑚  = 𝑓𝑚𝑛(𝑧𝑛) + 𝜃𝑛𝑔𝑚𝑛(𝑧𝑛)ℎ𝑚𝑛(𝑧𝑛)

𝜃𝑚  = 𝑔𝑚𝑛(𝑧𝑛) + 𝜃𝑛ℎ𝑚𝑛(𝑧𝑛)

ℎ𝑚𝑛
2 (𝑧𝑛)  = 𝜕𝑧𝑓𝑚𝑛(𝑧𝑛) + 𝑔𝑚𝑛(𝑧𝑛)𝜕𝑧𝑔𝑚𝑛(𝑧𝑛)

 

𝑧𝑚 = 𝑓𝑚𝑛(𝑧𝑛)

𝜃𝑚 = 𝜃𝑛ℎ𝑚𝑛(𝑧𝑛), ℎ𝑚𝑛
2 (𝑧𝑛) = 𝜕𝑧𝑓𝑚𝑛(𝑧𝑛).

 

ℎ𝑚𝑛ℎ𝑛𝑝ℎ𝑝𝑚 = 1  
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𝑢 = 1/𝑧, 𝜙 = 𝑖𝜃/𝑧  

𝑓(𝑧) =
𝛼𝑧 + 𝛽

𝛾𝑧 + 𝛿
, 𝑔(𝑧) = 𝜖1 + 𝜖2𝑧  

(𝑧, 𝜃) ≅ (𝑧 + 2𝜋, 𝜂1𝜃) ≅ (𝑧 + 2𝜋𝜏, 𝜂2𝜃).  

(𝑧, 𝜃) ≅ (𝑧 + 2𝜋, 𝜃) ≅ (𝑧 + 2𝜋𝜏 + 𝜃𝑣, 𝜃 + 𝑣)  

(𝑧, 𝜃) → (𝑧 + 𝜃𝜖, 𝜃 + 𝜖).  

𝑛𝑣 = 2𝑔 − 2 + 𝑛𝐵 +
𝑛𝐹
2
.  

𝑆(1;… ; 𝑛) =∑  

𝜒,𝛾

 
𝑒−𝜆𝜒

𝑛𝑅
∫  
𝜒,𝛾

 𝑑𝑛e𝑡𝑑𝑛o𝑣 ⟨∏ 

𝑛e

𝑗=1

 𝐵𝑗∏ 

𝑛o

𝑎=1

 𝛿(𝐵𝑎)∏  

𝑛

𝑖=1

  �̂�𝑖⟩ .  

𝐵𝑗 = ∑  

(𝑚𝑛)

 ∫  
𝐶𝑚𝑛

 
𝑑𝑧𝑚𝑑𝜃𝑚
2𝜋𝑖

𝐵(𝑧𝑚, 𝜃𝑚) [
𝜕𝑧𝑚
𝜕𝑡𝑗

−
𝜕𝜃𝑚
𝜕𝑡𝑗

𝜃𝑚]
𝑧𝑛,𝜃𝑛

 

𝑄B ⋅ 𝐵(𝑧) = 𝑇(𝑧) = 𝑇𝐹(𝑧) + 𝜃𝑇𝐵(𝑧)  

𝑓12(𝑧2) = 𝑧2, 𝑔12(𝑧2) = 𝑣𝛼(𝑧2)  

𝐵[𝛼] = ∮   
𝑑𝑧1
2𝜋𝑖

𝛼(𝑧1)𝛽(𝑧1, 𝜃)  

𝑣𝑇[𝛼],  

𝑇[𝛼]𝛿(𝐵[𝛼]) = 𝑄B ⋅ 𝜃(𝐵[𝛼]).  

𝛼(𝑧1) =
1

𝑧1 − 𝑧0
 

∫  𝐵2Trv(𝐹2
4).  

(
2

𝛼′
)
5/2

𝑔c
5∫ 
𝐹

 
𝑑𝜏𝑑𝜏‾

8𝜏2
[∏  

5

𝑖=1

 ∫  𝑑2𝑤𝑖] ⟨𝑏(0)�̃�(0)�̃�(0)𝑐(0)𝑋(0)  

× [∏ 

4

𝑖=1

  �̂�−1/2𝑗𝑎𝑖 (𝑖𝑒𝑖 ⋅ 𝜕‾𝑋 +
1

2
𝛼′𝑘𝑖 ⋅ �̃�𝑒𝑖

⋅ �̃�) 𝑒𝑖𝑘𝑖⋅𝑋(𝑤𝑖, 𝑤‾ 𝑖)]  × 𝑖𝑒5𝜇𝜈𝜕𝑋
𝜇𝛿(�̃�)�̃�𝑣𝑒𝑖𝑘5⋅𝑋(𝑤5, 𝑤‾ 5)⟩(P,P) 

𝛿(�̃�)𝑖(2/𝛼′)1/2�̃�𝜌𝜕‾𝑋𝜌  
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⟨∏  

10

𝑖=1

  �̃�𝜇𝑖⟩

�̃�(P,P)

= 𝜖𝜇1…𝜇10𝑞‾10/24∏ 

∞

𝑛=1

  (1 − 𝑞‾𝑛)10 = 𝜖𝜇1…𝜇10[𝜂(𝜏)10]∗  

 

 

⟨𝜕𝑋𝜇(𝑤5)𝜕‾𝑋
𝜌(0)∏  

5

𝑖=1

  𝑒𝑖𝑘𝑖⋅𝑋(𝑤𝑖,𝑤‾ 𝑖)⟩

𝑋

 

−𝑖(2𝜋)10𝛿10 (∑ 

𝑖

 𝑘𝑖)
𝜂𝜇𝜌𝛼′

8𝜋𝜏2(4𝜋
2𝛼′𝜏2)

5|𝜂(𝜏)|20
.  

⟨𝑏(0)�̃�(0)�̃�(0)𝑐(0)⟩𝑏𝑐 = |𝜂(𝜏)|
4,  

⟨𝛿(�̃�(0))𝛿(�̃�(𝑤‾ 5))⟩𝛽𝛾 =
[𝜂(𝜏)−2]∗.  

�̂�−2⟨𝑗𝑎1(𝑤1)𝑗
𝑎2(𝑤2)𝑗

𝑎3(𝑤3)𝑗
𝑎4(𝑤4)⟩𝑔  

𝑗𝑎(𝑤)𝑗𝑏(0) → T[�̂�𝑎(𝑤)�̂�𝑏(0)] − 𝜋𝛿2(𝑤,𝑤‾ )𝛿𝑎𝑏  

𝛿𝑎𝑏

2
∫  
|𝜎2|<𝛿

 𝑑2𝑤
1

𝑤2
(𝑤𝑤‾ )𝑘⋅𝑘

′
 

(−1 + 𝑘 ⋅ 𝑘′)−1𝜕𝑤(𝑤
−1+𝑘⋅𝑘′𝑤‾ 𝑘⋅𝑘

′
)  

⟨𝑗𝑎1(𝑤1)𝑗
𝑎2(𝑤2)⟩ → Tr{exp (2𝜋𝑖𝜏𝐻)T[�̂�𝑎1(𝑤1)�̂�

𝑎2(𝑤2)]} − 𝛿
𝑎𝑏𝜋𝛿2(𝑤12, 𝑤‾12)

→ Tr{exp (2𝜋𝑖𝜏𝐻)�̂�(𝑎1�̂�𝑎2)} −
𝛿𝑎𝑏

8𝜋𝜏2
 

𝑓(𝑞, 𝑧)≡ ⟨exp (𝑧 ⋅ 𝐽‾)⟩ = exp (−
𝑧 ⋅ 𝑧

16𝜋𝜏2
)Tr[exp (2𝜋𝑖𝜏𝐻)exp (𝑧 ⋅ �̂�)] 

 

 

𝑓(𝑞, 𝑧) = 𝜂(𝜏)−16exp (−
𝑧 ⋅ 𝑧

16𝜋𝜏2
)∑  

𝑙∈Γ

 𝑞𝑙
2/2exp (2−1/2𝑧 ⋅ 𝑙)  

−
𝑖𝑔c
5

𝜋𝛼′3
(2𝜋)10𝛿10 (∑  

𝑖

 𝑘𝑖) 𝜖
𝜇1…𝜇10𝑘1𝜇1𝑒1𝜇2 …𝑘4𝜇7𝑒4𝜇8𝑒5𝜇9𝜇10 ×∫ 

𝐹

 
𝑑2𝜏

𝜏2
2

𝜕4𝑓(𝑞, 𝑧)

𝜕𝑧𝑎1⋯𝜕𝑧𝑎4
|
𝑧=0

 

𝑓(𝑞, 𝑧) = 𝜂(𝜏)−8𝑓(𝑞, 𝑧).  

−
1

29𝜋6𝛼′
∫  𝐵2∫ 

𝐹

 
𝑑2𝜏

𝜏2
2 𝑓(𝑞, 𝐹2)  

𝑓(𝑞, 𝐹2)

𝜏2
2 = −

32𝜋𝑖

𝐹2 ⋅ 𝐹2

𝜕𝑓(𝑞, 𝐹2)

𝜕𝜏‾
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−
1

24𝜋5𝛼′
∫  

𝐵2
𝐹2 ⋅ 𝐹2

𝑓(𝑞, 𝐹2)|
𝑞0 term 

 

−
1

24𝜋56! 𝛼′
∫  
𝐵2Tra(𝐹2

6)

𝐹2 ⋅ 𝐹2
= −

1

24𝜋54! 𝛼′
∫  𝐵2

Tra(𝐹2
6)

Tra(𝐹2
2)
.  

1

7200
{[Tra1(𝐹2

2)]2 + [Tra2(𝐹2
2)]2 − Tra1(𝐹2

2)Tra2(𝐹2
2)}.  

4𝑔c
4

𝛼′2
∫ 
𝐹

 
𝑑𝜏𝑑𝜏‾

8𝜏2
[∏  

4

𝑖=1

 ∫  𝑑2𝑤𝑖] ∑  

𝛾≠(P,P)

  ⟨𝑏(0)�̃�(0)�̃�(0)𝑐(0)  

× [∏ 

4

𝑖=1

  �̂�−1/2𝑗𝑎𝑖 (𝑖𝑒𝑖 ⋅ 𝜕‾𝑋 +
1

2
𝛼′𝑘𝑖 ⋅ �̃�𝑒𝑖 ⋅ �̃�) 𝑒

𝑖𝑘𝑖⋅𝑋(𝑤𝑖 , 𝑤‾ 𝑖)]⟩

𝛾

 

Θ̃𝛼 →

{
 
 
 
 

 
 
 
 exp [

1

2
𝑖(�̃�1 + �̃�2 + �̃�3 + �̃�4)] = exp (𝑖�̃�1

′)

exp [
1

2
𝑖(�̃�1 + �̃�2 − �̃�3 − �̃�4)] = exp (𝑖�̃�2

′)

exp [
1

2
𝑖(�̃�1 − �̃�2 + �̃�3 − �̃�4)] = exp (𝑖�̃�3

′)

exp [
1

2
𝑖(�̃�1 − �̃�2 − �̃�3 + �̃�4)] = exp (𝑖�̃�4

′)}
 
 
 
 

 
 
 
 

→ �̃�𝛼 .  

�̃�𝑖
′(𝑧‾)�̃�𝑗

′(0) ∼ −𝛿𝑖𝑗ln 𝑧‾.  

1

2
∑  

𝛾

  ⟨⟩�̃�,𝛾 = ⟨⟩�̃�(P,P)  

𝑘𝑖𝑒𝑗�̃�
[𝑖�̃�𝑗]  

�̃�[𝑖�̃�𝑗] →
1

4
�̃�𝑇Γ𝑖𝑗�̃�  

⟨∏  

4

𝑎=1

 
1

4
�̃�𝑇Γ𝑖𝑎𝑗𝑎�̃�⟩

�̃�(P,P)

=
1

28
𝜖𝛼1…𝛼8Γ𝛼1𝛼2

𝑖1𝑗1 ⋯Γ𝛼7𝛼8
𝑖4𝑗4  = 𝑡𝑖1𝑗1…𝑖4𝑗4 + 𝜖𝑖1𝑗1…𝑖4𝑗4

 

 

1

28𝜋54! 𝛼′
𝑡𝜇𝑣𝜎𝜌𝛼𝛽𝛾𝛿Trv(𝐹𝜇𝑣𝐹𝜎𝜌𝐹𝛼𝛽𝐹𝛾𝛿)  

𝐺𝜇𝑣(𝑥) = 𝜂𝜇𝑣 , Φ(𝑥) = Φ0  

∫  𝑑10𝑥(−𝐺)1/2𝑉(Φ)  

𝑋𝑅
′′(𝑧‾) = −𝑋𝑅

9(𝑧‾)  

�̃�′9(𝑧‾) = −�̃�9(𝑧‾).  
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𝒱𝛼
′(𝑧) = 𝒱𝛼(𝑧), �̃�𝛼

′(𝑧‾) = 𝛽𝛼𝛽
9 �̃�𝛽(𝑧‾),  

𝒱Γ𝜇1…𝜇𝑝�̃�.  

𝐶9  → 𝐶,
𝐶𝜇 , 𝐶𝜇𝑣9  → 𝐶𝜇9, 𝐶𝜇𝑣 ,

𝐶𝜇𝑣𝜆  → 𝐶𝜇𝑣𝜆9,
 

∏ 

𝑚

 𝛽𝑚,  

𝛽𝑚𝛽𝑛 = exp (𝜋𝑖�̃�)𝛽𝑛𝛽𝑚  

𝜓−1/2
𝜇

|𝑘⟩NS, 𝜓−1/2
9 |𝑘⟩NS, |𝛼; 𝑘⟩R.  

𝑄𝛼
′ + (𝛽9�̃�′)

𝛼
.  

1

2𝜋𝛼′
∫  
𝜕𝑀

 𝑑𝑠𝜕𝑛𝑋
′9  

∫  
𝜕𝑀

 𝑑𝑠𝒱𝛼
′ = −∫  

𝜕𝑀

 𝑑𝑠(𝛽9�̃�′)
𝛼

 

𝑄𝛼
′ + (𝛽⊥�̃�′)

𝛼
 

𝛽⊥ =∏ 

𝑚

 𝛽𝑚  

∫  𝐶𝑝+1  

𝐹2  = 𝑑𝐶1, 𝑑 ∧∗ 𝑑𝐶1 = 0
∗ 𝐹2  = (∗ 𝐹)8 = 𝑑𝐶7, 𝑑 ∧∗ 𝑑𝐶7 = 0.

 

{𝑄𝛼 , 𝑄‾𝛽} = −2[𝑃𝑀 + (2𝜋𝛼
′)−1𝑄𝑀

NS]Γ𝛼𝛽
𝑀

{�̃�𝛼 , 𝑄‾̃𝛽} = −2[𝑃𝑀 − (2𝜋𝛼
′)−1𝑄𝑀

NS]Γ𝛼𝛽
𝑀

{𝑄𝛼 , 𝑄‾̃𝛽} = −2∑  

𝑝

 
𝜏𝑝
𝑝!
𝑄𝑀1…𝑀𝑝
R (𝛽𝑀1⋯𝛽𝑀𝑝)𝛼𝛽

 

𝛽𝜇1⋯𝛽𝜇𝑝 = 𝛽⊥Γ0,  

𝒜NS−NS ≈
𝑖𝑉𝑝+14 × 16

8𝜋(8𝜋2𝛼′)5
∫  
∞

0

 
𝜋𝑑𝑡

𝑡2
(8𝜋2𝛼′𝑡)(9−𝑝)/2exp (−

𝑡𝑦2

2𝜋𝛼′
) = 𝑖𝑉𝑝+12𝜋(4𝜋

2𝛼′)3−𝑝𝐺9−𝑝(𝑦)  

 

 

𝐺𝑑(𝑦) = 2
−2𝜋−𝑑/2Γ (

1

2
𝑑 − 1) 𝑦2−𝑑 

𝒜R−R = −𝒜NS−NS  
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2𝑖𝜅2𝜏𝑝
2𝐺9−𝑝(𝑦)  

𝜏𝑝
2 =

𝜋

𝜅2
(4𝜋2𝛼′)3−𝑝  

−
1

4𝜅10
2 ∫  𝑑

10𝑥(−𝐺)1/2|𝐹𝑝+2|
2
+ 𝜇𝑝∫  𝐶𝑝+1  

−2𝜅10
2 𝑖𝜇𝑝

2𝐺9−𝑝(𝑦).  

𝜇𝑝
2 =

𝜋

𝜅10
2
(4𝜋2𝛼′)3−𝑝 = 𝑒2Φ0𝜏𝑝

2 = 𝑇𝑝
2

 

∫  
𝑆2

 𝐹2 = 𝜇m  

exp (𝑖𝜇e∮   𝑃𝐴1) = exp (𝑖𝜇e∫  
𝐷

 𝐹2)  

exp (𝑖𝜇e∫  
𝑆2

 𝐹2) = exp (𝑖𝜇e𝜇m)  

𝜇e𝜇m = 2𝜋𝑛  

∫  
𝑆𝑝+2

 𝐹𝑝+2 = 𝜇6−𝑝/2𝜅10
2

 

𝜇𝑝𝜇6−𝑝 = 𝜋𝑛/𝜅10
2  

𝑺D𝑝 = −𝜇𝑝∫  𝑑
𝑝+1𝜉Tr{𝑒−Φ[−det(𝐺𝑎𝑏 + 𝐵𝑎𝑏 + 2𝜋𝛼

′𝐹𝑎𝑏)]
1/2},  

𝑂([𝑋𝑚, 𝑋𝑛]2)  

∫  𝐶2 = ∫  𝑑𝑥
0(𝑑𝑥1𝐶01 + 𝑑𝑥

2𝐶02) = ∫  𝑑𝑥
0𝑑𝑥1(𝐶01 + 𝜕1𝑋

2𝐶02)  

∫  𝑑𝑥0𝑑𝑥1𝑑𝑥2(𝐶012 + 2𝜋𝛼
′𝐹12𝐶0)  

𝑖𝜇𝑝∫  
𝑝+1

 Tr [exp (2𝜋𝛼′𝐹2 + 𝐵2) ∧∑  

𝑞

 𝐶𝑞]  

−𝑖∫  𝑑𝑝+1𝜉Tr(𝜆‾Γ𝑎𝐷𝑎𝜆)  

𝜏F1
𝜏D1

=
1

2𝜋𝛼′
𝜅

4𝜋5/2𝛼′
=

𝜅

8𝜋7/2𝛼′2
.  

𝑔 =
𝜏F1
𝜏D1
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𝜅2 =
1

2
(2𝜋)7𝑔2𝛼′4  

𝜏𝑝 =
1

𝑔(2𝜋)𝑝𝛼′(𝑝+1)/2
= (2𝜅2)−1/2(2𝜋)(7−2𝑝)/2𝛼′(3−𝑝)/2.  

𝜅10
2 =

1

2
(2𝜋)7𝛼′4  

𝑔D𝑝
2 =

1

(2𝜋𝛼′)2𝜏𝑝
= (2𝜋)𝑝−2𝑔𝛼(𝑝−3)/2  

1

4𝑔D𝑝
2 Trf  

�̃� = [
𝑡 0
0 −𝑡𝑇

]  

1

4𝑔D𝑝
2 Trf(𝑡

2) =
1

4𝑔D𝑝,𝑆𝑂(2𝑛)
2 Trv(�̃�

2)  

𝜅10−𝑘
2 = (2𝜋𝑅)−𝑘𝜅2( type I ), 𝑔10−𝑘,YM

2 = (2𝜋𝑅)−𝑘𝑔YM
2 .  

𝜅10−𝑘
2 = 2(2𝜋𝑅′)−𝑘𝜅2, 𝑔10−𝑘,YM

2 = 𝑔D(9−𝑘),SO(32)
2

 

𝑔YM
2

𝜅
= 2(2𝜋)7/2𝛼′  

𝑺 = −
1

(2𝜋𝛼′)2𝑔YM
2 ∫  𝑑10𝑥Tr {[−det(𝜂𝜇𝑣 + 2𝜋𝛼

′𝐹𝜇𝑣)]
1/2
}  

(2𝜋𝛼′)2

32𝑔YM
2 Trv(4𝐹𝜇𝜈𝐹

𝑣𝜎𝐹𝜎𝜌𝐹
𝜌𝜇 − 𝐹𝜇𝜈𝐹

𝑣𝜇𝐹𝜎𝜌𝐹
𝜌𝜎).  

det1/2(1 + 𝑀) = exp [
1

2
tr (𝑀 −

1

2
𝑀2 +

1

3
𝑀3 −

1

4
𝑀4 +⋯)]  

𝑄𝛼 + (𝛽
⊥�̃�)

𝛼
, 𝛽⊥ = ∏  

𝑚∈𝑆D

 𝛽𝑚  

𝑄𝛼 + (𝛽
⊥′�̃�)

𝛼
= 𝑄𝛼 + [𝛽

⊥(𝛽⊥−1𝛽⊥
′
)�̃�]

𝛼
, 𝛽⊥

′
= ∏  

𝑚∈𝑆D
′

 𝛽𝑚
 

𝛽 ≡ (𝛽⊥)−1𝛽⊥′ = exp [𝜋𝑖(𝐽1 +⋯+ 𝐽𝑗)]  

𝑋𝜇(𝑤,𝑤‾ ) = 𝑋𝜇(𝑤) + �̃�𝜇(𝑤‾ )  
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𝑋𝜇(𝑤) = 𝑥𝜇 + (
𝛼′

2
)

1/2

[
 
 
 
−𝛼0

𝜇
𝑤 + 𝑖 ∑  

𝑚∈𝐙
𝑚≠0

 
𝛼𝑚
𝜇

𝑚
exp (𝑖𝑚𝑤)

]
 
 
 
,

𝑋𝜇(𝑤) = 𝑖 (
𝛼′

2
)

1/2

∑  

𝑟∈𝐙+1/2

 
𝛼𝑟
𝜇

𝑟
exp (𝑖𝑟𝑤).

 

�̃�𝜇(𝑤‾ ) = 𝑋𝜇(2𝜋 − 𝑤‾ )  

�̃�𝜇(𝑤‾ ) = −𝑋𝜇(2𝜋 − 𝑤‾ )  

(8 − #ND) (−
1

24
−
1

48
) + #ND (

1

48
+
1

24
) = −

1

2
+
#ND
8
.  

𝑄𝛼 + (𝜌
−1𝛽⊥𝜌�̃�)

𝛼
 

(𝛽⊥)−1𝜌−1𝛽⊥𝜌 = (𝛽⊥)−1𝛽⊥𝜌2 = 𝜌2  

exp (2𝑖∑  

4

𝑎=1

  𝑠𝑎𝜙𝑎)  

diag[exp (𝑖𝜙1), exp (𝑖𝜙2), exp (𝑖𝜙3), exp (𝑖𝜙4)].  

𝜎1 = 0: 𝜕1Re(𝑍
𝑎) = Im(𝑍𝑎) = 0

𝜎1 = 𝜋: 𝜕1Re[exp (−𝑖𝜙𝑎)𝑍
𝑎] = Im[exp (−𝑖𝜙𝑎)𝑍

𝑎] = 0
 

𝑍𝑎(𝑤,𝑤‾ )= 𝒵𝑎(𝑤) + 𝒵𝑎(−𝑤‾ ) = exp (−2𝑖𝜙𝑎)𝒵
𝑎(𝑤 + 2𝜋) + 𝒵𝑎(−𝑤‾ ) 

 
 

𝒵𝑎(𝑤) = 𝑖 (
𝛼′

2
)

1/2

∑  

𝑟∈𝐙+𝑣𝑎

 
𝛼𝑟
𝑎

𝑟
exp (𝑖𝑟𝑤),  

𝑞𝐸0 ∏ 

∞

𝑚=0

  [1 − 𝑞𝑚+(𝜙/𝜋)]
−1
[1 − 𝑞𝑚+1−(𝜙/𝜋)]

−1
= −𝑖

exp (𝜙2𝑡/𝜋)𝜂(𝑖𝑡)

𝜗11(𝑖𝜙𝑡/𝜋, 𝑖𝑡)
 

𝐸0 =
1

24
−
1

2
(
𝜙

𝜋
−
1

2
)
2

.  

𝜗11(𝑣, 𝑖𝑡)  = −2𝑞
1/8sin 𝜋𝑣∏  

∞

𝑚=1

  (1 − 𝑞𝑚)(1 − 𝑧𝑞𝑚)(1 − 𝑧−1𝑞𝑚)

𝜗11(−𝑖𝑣/𝑡, 𝑖/𝑡)  = −𝑖𝑡
1/2exp (𝜋𝑣2/𝑡)𝜗11(𝑣, 𝑖𝑡)

 

𝑍𝛼  𝛽(𝜙, 𝑖𝑡) =
𝜗𝛼𝛽(𝑖𝜙𝑡/𝜋, 𝑖𝑡)

exp (𝜙2𝑡/𝜋)𝜂(𝑖𝑡)
 

1

2
[∏ 

4

𝑎=1

 𝑍0
0(𝜙𝑎 , 𝑖𝑡) −∏ 

4

𝑎=1

 𝑍1
0(𝜙𝑎, 𝑖𝑡) −∏  

4

𝑎=1

 𝑍0
1(𝜙𝑎 , 𝑖𝑡) −∏ 

4

𝑎=1

 𝑍1
1(𝜙𝑎, 𝑖𝑡)]  
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∏ 

4

𝑎=1

 𝑍1 1(𝜙𝑎
′ , 𝑖𝑡)  

𝜙1
′ =

1

2
(𝜙1 + 𝜙2 + 𝜙3 + 𝜙4), 𝜙2

′ =
1

2
(𝜙1 +𝜙2 − 𝜙3 − 𝜙4)

𝜙3
′ =

1

2
(𝜙1 −𝜙2 + 𝜙3 − 𝜙4), 𝜙4

′ =
1

2
(𝜙1 − 𝜙2 − 𝜙3 + 𝜙4)

 

𝑉 = −∫  
∞

0

 
𝑑𝑡

𝑡
(8𝜋2𝛼′𝑡)−1/2exp (−

𝑡𝑦1
2

2𝜋𝛼′
)∏  

4

𝑎=1

 
𝜗11(𝑖𝜙𝑎

′ 𝑡/𝜋, 𝑖𝑡)

𝜗11(𝑖𝜙𝑎𝑡/𝜋, 𝑖𝑡)
.  

𝜗11(𝑖𝜙𝑎𝑡/𝜋, 𝑖𝑡)
−1 → 𝑖𝐿𝜂(𝑖𝑡)−3(8𝜋2𝛼′𝑡)−1/2  

𝑖𝜂(𝑖𝑡)−3exp [−
𝑡(𝑦8

2 + 𝑦9
2)

2𝜋𝛼′
] ,  

∏ 

4

𝑎=1

 
𝜗11(𝑖𝜙𝑎

′ 𝑡/𝜋, 𝑖𝑡)

𝜗11(𝑖𝜙𝑎𝑡/𝜋, 𝑖𝑡)
→∏ 

4

𝑎=1

 
sin 𝜙𝑎

′

sin 𝜙𝑎
 

𝑚2 =
𝑦1
2

4𝜋2𝛼′2
−

𝜙1
2𝜋𝛼′

, 0 ≤ 𝜙1 ≤ 𝜋  

𝑋3 = 𝑋′0tanh 𝑢,  

𝒜 = −𝑖𝑉𝑝∫  
∞

0

 
𝑑𝑡

𝑡
(8𝜋2𝛼′𝑡)−𝑝/2exp (−

𝑡𝑦2

2𝜋𝛼′
)

𝜗11(𝑢𝑡/2𝜋, 𝑖𝑡)
4

𝜂(𝑖𝑡)9𝜗11(𝑢𝑡/𝜋, 𝑖𝑡)
,  

𝒜 =
𝑉𝑝

(8𝜋2𝛼′)𝑝/2
∫  
∞

0

 
𝑑𝑡

𝑡
𝑡(6−𝑝)/2exp (−

𝑡𝑦2

2𝜋𝛼′
)

𝜗11(𝑖𝑢/2𝜋, 𝑖/𝑡)
4

𝜂(𝑖/𝑡)9𝜗11(𝑖𝑢/𝜋, 𝑖/𝑡)
.  

𝒜 = −𝑖∫  
∞

−∞

 𝑑𝜏𝑉(𝑟(𝜏), 𝑣)  

𝑟(𝜏)2 = 𝑦2 + 𝑣2𝜏2, 𝑣 = tanh 𝑢,  

𝑉(𝑟, 𝑣) = 𝑖
2𝑉𝑝

(8𝜋2𝛼′)(𝑝+1)/2
∫  
∞

0

 𝑑𝑡𝑡(5−𝑝)/2 × exp (−
𝑡𝑟2

2𝜋𝛼′
)
(tanh 𝑢)𝜗11(𝑖𝑢/2𝜋, 𝑖/𝑡)

4

𝜂(𝑖/𝑡)9𝜗11(𝑖𝑢/𝜋, 𝑖/𝑡)
 

𝑉(𝑟, 𝑣)= −𝑣4
𝑉𝑝

(8𝜋2𝛼′)(𝑝+1)/2
∫  
∞

0

 𝑑𝑡𝑡(5−𝑝)/2exp (−
𝑡𝑟2

2𝜋𝛼′
) + 𝑂(𝑣6) 

 = −
𝑣4

𝑟7−𝑝
𝑉𝑝

𝛼′𝑝−3
22−2𝑝𝜋(5−3𝑝)/2Γ(

7 − 𝑝

2
) + 𝑂(𝑣6)

 

𝑉(𝑟, 𝑣) ≈ −2𝑉𝑝∫  
∞

0

 
𝑑𝑡

(8𝜋2𝛼′𝑡)(𝑝+1)/2
exp (−

𝑡𝑟2

2𝜋𝛼′
)
tanh 𝑢sin4 𝑢𝑡/2

sin 𝑢𝑡
.  

𝑟 ≈ 𝛼1/2𝑣1/2  

𝛿𝑥𝛿𝑡 ≳ 𝛼′  
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𝛿𝑥 ≳
1

𝑚𝛿𝑣
=
𝑔𝛼′1/2

𝛿𝑣
 

𝛿𝑥 ≳ 𝑔1/3𝛼1/2  

𝐿 = Tr {
1

2𝑔𝛼′1/2
𝐷0𝑋

𝑖𝐷0𝑋
𝑖 +

1

4𝑔𝛼′1/2(2𝜋𝛼′)2
[𝑋𝑖, 𝑋𝑗]

2

−
𝑖

2
𝜆𝐷0𝜆 +

1

4𝜋𝛼′
𝜆Γ0Γ𝑖[𝑋𝑖, 𝜆]} .

 

𝐻 = Tr {
𝑔𝛼′1/2

2
𝑝𝑖𝑝𝑖 −

1

16𝜋2𝑔𝛼′5/2
[𝑋𝑖 , 𝑋𝑗]

2
−

1

4𝜋𝛼′
𝜆Γ0Γ𝑖[𝑋𝑖, 𝜆]}  

[𝑝𝑖𝑎𝑏 , 𝑋𝑐𝑑
𝑗
] = −𝑖𝛿𝑙

𝑗
𝛿𝑎𝑑𝛿𝑏𝑐  

𝑋𝑖 = 𝑔1/3𝛼1/2𝑌𝑖  

𝐻 =
𝑔1/3

𝛼′1/2
Tr {

1

2
𝑝𝑌𝑖𝑝𝑌𝑖 −

1

16𝜋2
[𝑌𝑖, 𝑌𝑗]

2
−
1

4𝜋
𝜆Γ0Γ𝑖[𝑌𝑖, 𝜆]}  

 |𝑠3, 𝑠4⟩NS  

−exp [𝜋𝑖(𝑠3 + 𝑠4)] = +1 ⇒ 𝑠3 = 𝑠4  

|𝑠1, 𝑠2⟩R.  

𝑺 = −
1

4𝑔D9
2 ∫  𝑑10𝑥𝐹𝑀𝑁𝐹

𝑀𝑁 −
1

4𝑔D5
2 ∫  𝑑6𝑥𝐹𝑀𝑁

′ 𝐹′𝑀𝑁 −∫  𝑑6𝑥 [𝐷𝜇𝜒
†𝐷𝜇𝜒 +

𝑔D5
2

2
∑  

3

𝐴=1

  (𝜒𝑖
†𝜎𝑖𝑗

𝐴𝜒𝑗)
2
] 

𝐴𝑀
′ → 𝐴𝜇

′ , 𝑋𝑚
′ /2𝜋𝛼′  

𝐴𝑖 → 𝑋𝑖/2𝜋𝛼
′, 𝐴𝑖

′ → 𝑋𝑖
′/2𝜋𝛼′.  

(
𝑋𝑖 − 𝑋𝑖

′

2𝜋𝛼′
)

2

𝜒†𝜒  

1

2
{[
𝑄𝛼
�̃�𝛼
] , [𝑄𝛽

†�̃�𝛽
†]} = 𝑀𝛿𝛼𝛽 [

1 0
0 1

] +
𝐿1
2𝜋𝛼′

(Γ0Γ1)𝛼𝛽 [
𝑝 𝑞/𝑔
𝑞/𝑔 −𝑝

]  

𝑀± 𝐿1
(𝑝2 + 𝑞2/𝑔2)1/2

2𝜋𝛼′
 

𝑀

𝐿1
≥
(𝑝2 + 𝑞2/𝑔2)1/2

2𝜋𝛼′
 

𝜏(0,1) + 𝜏(1,0) =
𝑔−1 + 1

2𝜋𝛼′
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𝜏(1,1) =
(𝑔−2 + 1)1/2

2𝜋𝛼′
 

 left-moving: Γ0Γ1𝑄 = 𝑄,  right-moving: Γ0Γ1�̃� = −�̃�,  

𝑺1 = −𝑇1∫  𝑑
2𝜉𝑒−Φ[−det(𝐺𝑎𝑏 + 𝐵𝑎𝑏 + 2𝜋𝛼

′𝐹𝑎𝑏)]
1/2  

𝜏(1,0) + 𝜏(0,1) − 𝜏(1,1) =
1 − 𝑂(𝑔)

2𝜋𝛼′
 

∮   𝜕𝑀𝑑𝑠𝛿𝑋
𝜇 (

1

2𝜋𝛼′
𝜕𝑛𝑋𝜇 + 𝑖𝐹𝜇𝜈𝜕𝑡𝑋

𝑣)  

𝜕𝑛𝑋𝜇 + 2𝜋𝛼
′𝑖𝐹𝜇𝑣𝜕𝑡𝑋

𝑣 = 0  

𝜏(1,1) + 𝜏(0,1) =
(𝑔−2 + 1)1/2 + 𝑔−1

2𝜋𝛼′
=
2𝑔−1 + 𝑔/2 + 𝑂(𝑔3)

2𝜋𝛼′
 

𝜏(1,2) =
(4𝑔−2 + 1)1/2

2𝜋𝛼′
=
2𝑔−1 + 𝑔/4 + 𝑂(𝑔3)

2𝜋𝛼′
.  

[
1 0
0 0

] =
1

2
[
1 0
0 1

] +
1

2
[
1 0
0 −1

] .  

𝑊(Φ) = Tr(Φ1[Φ2, Φ3]) + 𝑚Tr(Φ𝑖Φ𝑖).  

1

2
{[
𝑄𝛼
�̃�𝛼
] , [𝑄𝛽

†�̃�𝛽
†]} = 𝑀 [

1 0
0 1

] 𝛿𝛼𝛽 + [
0 𝑍𝛼𝛾

−𝑍𝛼𝛾
† 0

]Γ𝛾𝛽
0  

𝑍 = 𝜏0 + 𝜏𝑝𝑉𝑝𝛽, 𝛽 = 𝛽
1⋯𝛽𝑝  

𝑀2 [
1 0
0 1

] ≥ [
0 𝑍
−𝑍† 0

] Γ0 [
0 𝑍
−𝑍† 0

] Γ0 = [𝑍𝑍
† 0
0 𝑍†𝑍

]  

𝑍𝑍† = 𝜏0
2 + 𝜏0𝜏𝑝𝑉𝑝(𝛽 + 𝛽

†) + 𝜏𝑝
2𝑉𝑝

2𝛽𝛽†
 

𝑀 ≥ 𝜏0 + 𝜏𝑝𝑉𝑝  

𝑀 ≥ (𝜏0
2 + 𝜏𝑝

2𝑉𝑝
2)
1/2

 

𝜏0 + (𝜏0 +
𝑝9
2

2𝜏0
)  

2𝜏0 +
𝑝9
2

4𝜏0
 

∫  
D2

 𝐹2 = 2𝜋  

𝑖𝜇2∫  (𝐶3 + 2𝜋𝛼
′𝐹2 ∧ 𝐶1)  
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∑  

∞

𝑛=0

 𝑞𝑛𝐷𝑛 = 2
8∏ 

∞

𝑘=1

 (
1 + 𝑞𝑘

1 − 𝑞𝑘
)

8

.  

𝑔D0
2

4
∑  

3

𝐴=1

  (𝜒𝑖
†𝜎𝑖𝑗

𝐴𝜒𝑗)
2
+∑ 

5

𝑖=1

 
(𝑋𝑖 − 𝑋𝑖

′)2

(2𝜋𝛼′)2
𝜒†𝜒  

𝑋𝑖 − 𝑋𝑖
′ = 0, 𝜒 ≠ 0  

𝑋𝑖 − 𝑋𝑖
′ ≠ 0, 𝜒 = 0  

𝐷𝐴 ≡ 𝜒𝑖
†𝜎𝑖𝑗

𝐴𝜒𝑗 = 0  

𝜒𝑖𝑎
† 𝜎𝑖𝑗

𝐴𝜒𝑗𝑎 = 0  

𝜒𝑖𝑎 = 𝑣𝛿𝑖𝑎  

𝜒𝑖𝑎 = 𝑣𝑈𝑖𝑎  

∗ 𝐹2 = ±𝐹2,  

𝛿𝜆 ∝ 𝐹𝑀𝑁Γ
𝑀𝑁𝜁 .  

(𝟒, 𝟐, 𝟏) + (𝟒′, 𝟏, 𝟐)  

1

2
(2𝜋𝛼′)2𝜇4∫  𝐶1 ∧ Tr(𝐹2 ∧ 𝐹2)  

∫  
D4

 Tr(𝐹2 ∧ 𝐹2) = 8𝜋
2  

(Γ0𝜕0 + Γ
1𝜕1)𝑢 = 0  

𝟏𝟔 → (
1

2
, 𝟖) + (−

1

2
, 𝟖′)  

𝜏F1
𝜏D1

= 𝑔 = 𝑒Φ  

𝑙0 = (4𝜋
3)−1/8𝜅1/4  

𝜏F1
−1/2

: 𝑙0: 𝜏D1
−1/2

= 𝑔−1/4: 1: 𝑔1/4.  

Φ′  = −Φ,𝐺𝜇𝑣
′ = 𝑒−Φ𝐺𝜇𝑣

𝐵2
′  = 𝐶2, 𝐶2

′ = −𝐵2
𝐶4
′  = 𝐶4

 

𝐺E𝜇𝜈 = 𝑒
−Φ/2𝐺𝜇𝜈 = 𝑒

−Φ′/2𝐺𝜇𝜈
′  

∫  
𝑀

 𝐵2
′ = ∫  

𝑀

  (𝐵2𝑑 + 𝐶2𝑐)  
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𝜏(𝑝,𝑞)
2 = 𝑙0

−4(ℳ−1)𝑖𝑗𝑞𝑖𝑞𝑗 = 𝑙0
−4[𝑒Φ(𝑝 + 𝐶0𝑞)

2 + 𝑒−Φ𝑞2]  

𝐶0 → 𝐶0 + 𝑏  

∫  𝑑10𝑥(−𝐺)1/2𝑒−2Φ(𝑅 + 4𝜕𝜇Φ𝜕
𝜇Φ) −

1

2
∫  𝑒2𝛼Φ|𝐹𝑞|

2
,  

∫  
𝑆𝑞

 𝐹𝑞 = 𝑄  

𝑑 ∗ (𝑒2𝛼Φ𝐹𝑞) = 0  

∫  
𝑆10−𝑞

  ∗ 𝑒2𝛼Φ𝐹𝑞 = 𝑄
′

 

𝐺𝑚𝑛  = 𝑒
2Φ𝛿𝑚𝑛, 𝐺𝜇𝑣 = 𝜂𝜇𝑣

𝐻𝑚𝑛𝑝  = −𝜖𝑚𝑛𝑝 
𝑞𝜕𝑞Φ

𝑒2Φ  = 𝑒2Φ(∞) +
𝑄

2𝜋2𝑟2

 

𝜏NS5 =
2𝜋2𝛼′

𝜅2
=

1

(2𝜋)5𝑔2𝛼′3
 

𝑒2Φ = 𝑒2Φ(∞) +
1

2𝜋2
∑ 

𝑁

𝑖=1

 
𝑄𝑖

(𝑥 − 𝑥𝑖)
2

 

𝑔D3
2 = 2𝜋𝑔  

𝑔D3
2 →

4𝜋2

𝑔D3
2  

1

4𝜋
∫  𝐶0Tr(𝐹2 ∧ 𝐹2)  

−
1

2𝑔D3
2 ∫  𝑑4𝑥Tr(|𝐹2|

2) +
𝜃

8𝜋2
∫  Tr(𝐹2 ∧ 𝐹2)  

𝟐𝟕 → 𝟏𝟎 + 𝟏𝟔 + 𝟏.  

(D9,  F9) →
𝑇78 

(D789,  F9) →
𝑆 
(D789, D9) →

𝑇9 
(D78, D∅).  

(D6789, D∅) →
𝑇6 
(D789, D6) →

𝑆 
(D789,  F6) →

𝑇6789 
(D6, 𝑝6) →

𝑆 
( F6, 𝑝6).  

(𝑁, �̃�) = {
(𝑛𝑚, 0), 𝑛𝑚 > 0
(0,−𝑛𝑚), 𝑛𝑚 < 0

 

Tr𝑞𝑁 = 28∏ 

∞

𝑘=1

 (
1 + 𝑞𝑘

1 − 𝑞𝑘
)

8
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−𝛽 = −exp [𝜋𝑖(𝑠1 + 𝑠2 + 𝑠3 + 𝑠4)],  

|𝑠0; 𝑖⟩,  

exp (𝜋𝑖𝐹) = −𝑖exp [𝜋𝑖(𝑠0 +⋯+ 𝑠4)]  

𝐺I𝜇𝑣  = 𝑒
−Φh𝐺h𝜇𝑣 , ΦI = −Φh

�̃�I3  = �̃�h3, 𝐴I1 = 𝐴h1
 

Λ0
𝑖 = 𝐿−1/2∫  

𝐿

0

 𝑑𝑥1Λ𝑖(𝑥1)  

{Λ0
𝑖 , Λ0

𝑗
} = 𝛿𝑖𝑗  

𝜏D1( type I) =
𝜋1/2

21/2𝜅
(4𝜋2𝛼′) =

𝑔YM
2

8𝜋𝜅2
 

𝜋2𝛼′2

2 × 4! 𝑔YM
2
(𝑡𝐹4) =

𝑔YM
2

210𝜋54! 𝜅2
(𝑡𝐹4),  

1

28𝜋54!𝛼′
(𝑡𝐹4) =

𝑔YM
2

210𝜋54! 𝜅2
(𝑡𝐹4)  

𝜓−1/2
𝜇

|0, 𝑘; 𝑖𝑗⟩𝜆𝑖𝑗, 𝜓−1/2
𝑚 |0, 𝑘; 𝑖𝑗⟩𝜆𝑖𝑗

′ ,  

𝑀𝜆𝑀−1 = −𝜆𝑇 ,𝑀𝜆′𝑀−1 = 𝜆′𝑇 ,  

𝜆 = 𝜎𝑎 , 𝜆′ = 𝐼.  

Ω̂|𝜓; 𝑖𝑗⟩ = 𝛾𝑗𝑗′|Ω𝜓; 𝑗
′𝑖′⟩𝛾𝑖′𝑖

−1.  

𝑉 = 𝑒𝑖(𝐻3+𝐻4)/2,  

(𝜓6 + 𝑖𝜓7)−1/2(𝜓
8 + 𝑖𝜓9)−1/2|0⟩.  

𝛾9
𝑇𝛾9

−1 = Ω5−9
2 𝛾5

𝑇𝛾5
−1.  

(𝜏𝑝)
1/(𝑝+1)

≈ 𝑔−1/(𝑝+1)𝛼′−1/2  

𝜏0 =
1

𝑔𝛼′1/2
 

𝑛𝜏0 =
𝑛

𝑔𝛼′1/2
 

𝑅10 = 𝑔𝛼
′1/2  

𝜅11
2 = 2𝜋𝑅10𝜅

2 =
1

2
(2𝜋)8𝑔3𝛼′9/2  

𝑀11 = 𝑔
−1/3𝛼′−1/2  
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𝑔 = (𝑀11𝑅10)
3/2, 𝛼′ = 𝑀11

−3𝑅10
−1  

𝑑 = 9: 𝑈 = 𝑆𝐿(2, 𝐙)  

𝑑 = 8: 𝑈 = 𝑆𝐿(3, 𝐙) × 𝑆𝐿(2, 𝐙)  

𝑑 = 6: 𝑈 = 𝑆𝑂(5,5, 𝐙)  

𝜏D2 =
1

(2𝜋)2𝑔𝛼′3/2
=
𝑀11
3

(2𝜋)2
 

𝜏F1 =
1

2𝜋𝛼′
= 2𝜋𝑅10𝜏D2  

𝑆[𝐹, 𝜆, 𝑋] = −𝜏2∫  𝑑
3𝑥 {[−det(𝜂𝜇𝑣 + 𝜕𝜇𝑋

𝑚𝜕𝑣𝑋
𝑚 + 2𝜋𝛼′𝐹𝜇𝑣)]

1/2
+
𝜖𝜇𝑣𝜌

2
𝜆𝜕𝜇𝐹𝑣𝜌}  

𝑆[𝜆, 𝑋] = −𝜏2∫  𝑑
3𝑥{−det[𝜂𝜇𝑣 + 𝜕𝜇𝑋

𝑚𝜕𝑣𝑋
𝑚 + (2𝜋𝛼′)−2𝜕𝜇𝜆𝜕𝑣𝜆]}

1/2
 

𝛿𝜓𝑀 = 𝐷𝑀
−𝜁, 𝛿�̃�𝑀 = 𝐷𝑀

+𝜁.  

𝑆𝑂(9,1) → 𝑆𝑂(5,1) × 𝑆𝑂(4)  

16 → (4,2) + (4′, 2′)

16′  → (4, 2′) + (4′, 2)
 

𝜏NS5 =
1

(2𝜋)5𝑔2𝛼′3
=
𝜏D2
2

2𝜋
=
𝑀11
6

(2𝜋)5
.  

𝜏D2 = 𝜏M2, 𝜏NS5 = 𝜏M5  

𝜏D4 = 2𝜋𝑅10𝜏M5  

𝜏1 = 𝑟𝜏M2.  

𝑅9
′ ∝ 𝑅9

−1, 𝑔′ ∝ 𝑔𝑅9
−1.  

1

𝑔2
∫  𝑑10𝑥 =

2𝜋𝑅9
𝑔2

∫  𝑑9𝑥  

𝑔I ∝ 𝑔
′−1 ∝ 𝑔−1𝑅9, 𝑅9I ∝ 𝑔

′−1/2𝑅9
′ ∝ 𝑔−1/2𝑅9

−1/2
.  

𝑔𝐼′ ∝ 𝑔𝐼𝑅9𝐼
−1 ∝ 𝑔−1/2𝑅9

3/2
, 𝑅9𝐼′ ∝ 𝑅9𝐼

−1 ∝ 𝑔1/2𝑅9
1/2
.  

𝑅10M ∝ 𝑔I′
2/3

∝ 𝑔−1/3𝑅9, 𝑅9M ∝ 𝑔I′
−1/3

𝑅9I′ ∝ 𝑔
2/3.  

F8 →
𝑇9 

 F8 →
𝑆 
D8 →

𝑇9 
D89 →

𝑆 
M8,10′ .  

p9 →
𝑇9 

 F9 →
𝑆 
D9 →

𝑇9 
D∅ →

𝑆 
p10 = p9′ .  
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𝐸 ≳
1

𝑔2𝛼′1/2
 

𝐸 = (𝑝10
2 + 𝑞2 +𝑚2)1/2 ≈ 𝑝10 +

𝑞2 +𝑚2

2𝑝10
=

𝑛

𝑅10
+
𝑅10
2𝑛

(𝑞2 +𝑚2).  

𝐸 − 𝑛/𝑅10 = 𝑂(𝑅10/𝑛)  

𝐻 = 𝑅10Tr {
1

2
𝑝𝑖𝑝𝑖 −

𝑀11
6

16𝜋2
[𝑋𝑖 , 𝑋𝑗]

2
−
𝑀11
3

4𝜋
𝜆Γ0Γ𝑖[𝑋𝑖, 𝜆]} .  

𝐸 =
𝑅10
2
Tr(𝑝𝑖𝑝𝑖) =

𝑞2

2𝑝10
,  

𝑋𝑖 = 𝑋0
𝑖 + 𝑥𝑖

𝑋0
𝑖 = 𝑌1

𝑖𝐼1 + 𝑌2
𝑖𝐼2, 𝑥

𝑖 = 𝑥11
𝑖 + 𝑥22

𝑖 + 𝑥12
𝑖 + 𝑥21

𝑖 .
 

𝜓(𝑥11, 𝑥22) = 𝜓0(𝑥11)𝜓0(𝑥22).  

[𝑋0
𝑖 , 𝑥12

𝑗
] = (𝑌1

𝑖 − 𝑌2
𝑖)𝑥12

𝑗  

𝐿eff = −𝑉(𝑟, 𝑣) = 4𝜋
5/2Γ(7/2)𝛼′3𝑛1𝑛2

𝑣4

𝑟7
=
15𝜋3

2

𝑝10𝑝10
′

𝑀11
9 𝑅10

𝑣4

𝑟7
 

 

 

𝑈 =

[
 
 
 
 
1 0 0 0
0 𝛼 0 0 ⋯
0 0 𝛼2 0
0 0 0 𝛼3

⋮ ⋱ ]
 
 
 
 

, 𝑉 =

[
 
 
 
 
0 0 0 1
1 0 0 ⋯ 0
0 1 0 0
0 0 1 0

⋮ ⋱ ]
 
 
 
 

 

𝑈𝑛 = 𝑉𝑛 = 1,𝑈𝑉 = 𝛼𝑉𝑈,  

𝑋𝑖 = ∑  

[𝑛/2]

𝑟,𝑠=[1−𝑛/2]

 𝑋𝑟𝑠
𝑖 𝑈𝑟𝑉𝑠,  

𝑋𝑖 → 𝑋𝑖(𝑝, 𝑞) = ∑  

[𝑛/2]

𝑟,𝑠=[1−𝑛/2]

 𝑋𝑟𝑠
𝑖 exp (𝑖𝑝𝑟 + 𝑖𝑞𝑠)  

[𝑋𝑖 , 𝑋𝑗]→
2𝜋𝑖

𝑛
(𝜕𝑞𝑋

𝑖𝜕𝑝𝑋
𝑗 − 𝜕𝑝𝑋

𝑖𝜕𝑞𝑋
𝑗) + 𝑂(𝑛−2) 

 ≡
2𝜋𝑖

𝑛
{𝑋𝑖 , 𝑋𝑗}

PB
+ 𝑂(𝑛−2)

 

Tr = 𝑛∫  
𝑑𝑞𝑑𝑝

(2𝜋)2
 

𝑅10∫  𝑑𝑞𝑑𝑝 (
𝑛

8𝜋2
Π𝑖Π𝑖 +

𝑀11
6

16𝜋2𝑛
{𝑋𝑖, 𝑋𝑗}

PB

2
− 𝑖

𝑀11
3

8𝜋2
𝜆Γ0Γ𝑖{𝑋𝑖, 𝜆}

PB
)  
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𝑋1 = 𝑎𝑞, 𝑋2 = 𝑏𝑝;  

𝑀11
6 𝑅10𝑎

2𝑏2

2𝑛
=

𝑀11
6 𝐴2

2(2𝜋)4𝑝10
=
𝜏M2
2 𝐴2

2𝑝10
.  

𝑋𝑖 = 𝑌1
𝑖𝐼1 + 𝑌2

𝑖𝐼2  

(𝑥0, 𝑥10) ≅ (𝑥0 − 𝜋�̃�10, 𝑥
10 + 𝜋�̃�10)  

(𝑥0, 𝑥10) ≅ (𝑥0 − 𝜋�̃�10, 𝑥
10 + 𝜋�̃�10 + 2𝜋𝜖

2�̃�10)  

(𝑥′0, 𝑥′10) ≅ (𝑥′0, 𝑥′10 + 2𝜋𝜖�̃�10),  

𝑥′0 ± 𝑥′10 = 𝜖∓1(𝑥0 ± 𝑥10)  

𝐸′, 𝑝10
′ ∝ 𝑂(𝜖−1), 𝐸′ − 𝑝10

′ ∝ 𝑂(𝜖)  

𝑅10 = 𝜖�̃�10  

𝑅10
𝛼′1/2

∏ 

𝑚

 
𝛼′1/2

𝑅𝑚
= 𝑅10

(3−𝑘)/2(𝑀11
3 )(1−𝑘)/2∏ 

𝑚

 𝑅𝑚
−1,  

• Agujeros negros cuánticos.  

𝑑𝑠2 = 𝑍(𝑟)−1/2𝜂𝜇𝑣𝑑𝑥
𝜇𝑑𝑥𝑣 + 𝑍(𝑟)1/2𝑑𝑥𝑚𝑑𝑥𝑚

𝑒2Φ = 𝑔2𝑍(𝑟)(3−𝑝)/2
 

𝑍(𝑟) = 1 +
𝜌7−𝑝

𝑟7−𝑝
, 𝑟2 = 𝑥𝑚𝑥𝑚

𝜌7−𝑝 = 𝛼(7−𝑝)/2𝑔𝑄(4𝜋)(5−𝑝)/2Γ (
7 − 𝑝

2
)

 

𝑑𝑠2 =𝑍1
−1/2

𝑍5
−1/2

[𝜂𝜇𝜈𝑑𝑥
𝜇𝑑𝑥𝜈 + (𝑍𝑛 − 1)(𝑑𝑡 + 𝑑𝑥5)

2]

 +𝑍1
1/2
𝑍5
1/2
𝑑𝑥𝑖𝑑𝑥𝑖 + 𝑍1

1/2
𝑍5
−1/2

𝑑𝑥𝑚𝑑𝑥𝑚

𝑒−2Φ =𝑍5/𝑍1

 

𝑍1 = 1 +
𝑟1
2

𝑟2
, 𝑟1

2 =
(2𝜋)4𝑔𝑄1𝛼

′3

𝑉4

𝑍5 = 1 +
𝑟5
2

𝑟2
, 𝑟5

2 = 𝑔𝑄5𝛼
′

𝑍𝑛 = 1 +
𝑟𝑛
2

𝑟2
, 𝑟𝑛

2 =
(2𝜋)5𝑔2𝑝5𝛼

′4

𝐿𝑉4

 

𝑑𝑠E
2 = 𝑍1

−3/4
𝑍5
−1/4

[𝜂𝜇𝑣𝑑𝑥
𝜇𝑑𝑥𝑣 + (𝑍𝑛 − 1)(𝑑𝑡 + 𝑑𝑥5)

2]

+𝑍1
1/4
𝑍5
3/4
𝑑𝑥𝑖𝑑𝑥𝑖 + 𝑍1

1/4
𝑍5
−1/4

𝑑𝑥𝑚𝑑𝑥𝑚
 

(
𝑟1
2

𝑟2
)

1/4

(
𝑟5
2

𝑟2
)

3/4

𝑟2𝑑Ω2 = 𝑟1
1/2
𝑟5
3/2
𝑑Ω2  
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𝐴 = 2𝜋2𝐿𝑉4𝑟1𝑟5𝑟𝑛 = 2
6𝜋7𝑔2𝛼′4(𝑄1𝑄5𝑛5)

1/2 = 𝜅2(𝑄1𝑄5𝑛5)
1/2.  

𝑆 =
2𝜋𝐴

𝜅2
= 2𝜋(𝑄1𝑄5𝑛5)

1/2  

𝑉 =
1

(2𝜋𝛼′)2
|𝑋𝑖𝜒 − 𝜒𝑌𝑖|

2 +
𝑔1
2

4
𝐷1
𝐴𝐷1

𝐴 +
𝑔5
2

4𝑉4
𝐷5
𝐴𝐷5

𝐴  

𝑋𝑖 = 𝑥𝑖𝐼𝑄1 , 𝑌
𝑖 = 𝑥𝑖𝐼𝑄5  

Tr[exp (−𝛽𝐻)] ≈ exp (𝜋𝑐𝐿/12𝛽)  

∫  
∞

0

 𝑑𝐸𝑛(𝐸)exp (−𝛽𝐸) = Tr[exp (−𝛽𝐻)]  

𝑛(𝐸) ≈ exp [(𝜋𝑐𝐸𝐿/3)1/2]  

𝑛(𝐸) ≈ exp [2𝜋(𝑄1𝑄5𝑛5)
1/2]  

𝑑𝑠2 =
𝑟2

𝑟1𝑟5
𝜂𝜇𝑣𝑑𝑥

𝜇𝑑𝑥𝑣 +
𝑟1𝑟5
𝑟2

𝑑𝑟2 + 𝑟1𝑟5𝑑Ω
2 +

𝑟1
𝑟5
𝑑𝑥𝑚𝑑𝑥𝑚  

𝐴𝑑𝑆3 × 𝑆
3 × 𝑇4  

𝐴𝑑𝑆5 × 𝑆
5  

𝑅 ≈ 𝐺N𝑀

𝑆bh  ≈
𝑅2

𝐺N
≈ 𝐺N𝑀

2.
 

𝐺N ≈ 𝑔
2𝛼′.  

𝑅

𝛼′1/2
≈ 𝑔𝑆bh

1/2
.  

exp {𝜋𝑀[(𝑐 + �̃�)𝛼′/3]1/2}.  

𝑆s ≈ 𝑀𝛼
1/2 ≈ 𝑔−1𝑀𝐺N

1/2  

𝑔𝑆bh
1/2

≈ 1,  

Multidimensiones – Supermembranas – Superespacios y Supersimetrías a propósito de la 

existencia de supergravedad cuántica. Modelo Sugawara Landau-Ginzburg. 

𝐿0|ℎ⟩  = ℎ|ℎ⟩
𝐿𝑚|ℎ⟩  = 0,𝑚 > 0

 

[𝐿𝑚, 𝐿𝑛] = (𝑚 − 𝑛)𝐿𝑚+𝑛 +
𝑐

12
(𝑚3 −𝑚)𝛿𝑚,−𝑛  

𝐿−𝑘1𝐿−𝑘2 …𝐿−𝑘𝑙|ℎ⟩.  
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|𝜙⟩ → |𝜙⟩ − |𝑖⟩⟨𝑖 ∣ 𝜙⟩  

⟨𝜙|𝐿−𝑛𝐿𝑛|𝜙⟩ > 0.  

ℳ1 ≡ ⟨ℎ|𝐿1𝐿−1|ℎ⟩ = 2ℎ,  

ℳ2 = [
⟨ℎ|𝐿1

2

⟨ℎ|𝐿2
] [𝐿−1

2 |ℎ⟩𝐿−2|ℎ⟩]  

ℳ2 = (
8ℎ2 + 4ℎ 6ℎ
6ℎ 4ℎ + 𝑐/2

)  

det(ℳ2)  = 32ℎ(ℎ − ℎ+)(ℎ − ℎ−)

16ℎ±  = (5 − 𝑐) ± [(1 − 𝑐)(25 − 𝑐)]
1/2  

ℳ{𝑘},{𝑘′}
𝑁 (𝑐, ℎ) = ⟨ℎ, {𝑘} ∣ ℎ, {𝑘′}⟩,∑  

𝑖

 𝑘𝑖 = 𝑁.  

det[ℳ𝑁(𝑐, ℎ)] = 𝐾𝑁 ∏  

1≤𝑟𝑠≤𝑁

  (ℎ − ℎ𝑟,𝑆)
𝑃(𝑁−𝑟𝑠)

 

ℎ𝑟,𝑠 =
𝑐 − 1

24
+
1

4
(𝑟𝛼+ + 𝑠𝛼−)

2,  

𝛼± = (24)
−1/2[(1 − 𝑐)1/2 ± (25 − 𝑐)1/2].  

∏ 

∞

𝑛=1

 
1

1 − 𝑞𝑛
=∑  

∞

𝑘=0

 𝑃(𝑘)𝑞𝑘.  

𝑐= 1 −
6

𝑚(𝑚 + 1)
,𝑚 = 2,3,…  

 = 0,
1

2
,
7

10
,
4

5
,
6

7
,…

ℎ = ℎ𝑟,𝑠 =
[𝑟(𝑚 + 1) − 𝑠𝑚]2 − 1

4𝑚(𝑚 + 1)

 

ℎ𝑟,𝑠 =
25 − (3𝑟 + 2𝑠)2

24
 

ℎ = ℎ𝑟,𝑠 + 𝑟𝑠 =
25 − (3𝑟 − 2𝑠)2

24
 

⟨𝑇(𝑧)𝒪1(𝑧1)…𝒪𝑛(𝑧𝑛)⟩𝑆2=∑ 

𝑛

𝑖=1

  [
ℎ𝑖

(𝑧 − 𝑧𝑖)
2
+

1

(𝑧 − 𝑧𝑖)

𝜕

𝜕𝑧𝑖
] ⟨𝒪1(𝑧1)…𝒪𝑛(𝑧𝑛)⟩𝑆2

 

 

𝑇(𝑧)𝒪1(𝑧1) = ∑  

∞

𝑘=−∞

  (𝑧 − 𝑧1)
𝑘−2𝐿−𝑘 ⋅ 𝒪1(𝑧1)  

⟨[𝐿−𝑘 ⋅ 𝒪1(𝑧1)]𝒪2(𝑧2)…𝒪𝑛(𝑧𝑛)⟩𝑆2 = ℒ−𝑘⟨𝒪1(𝑧1)…𝒪𝑛(𝑧𝑛)⟩𝑆2 ,  
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ℒ−𝑘 =∑ 

𝑛

𝑖=2

  [
ℎ𝑖(𝑘 − 1)

(𝑧𝑖 − 𝑧1)
𝑘
−

1

(𝑧𝑖 − 𝑧1)
𝑘−1

𝜕

𝜕𝑧𝑖
]  

⟨[𝐿−𝑘1 …𝐿−𝑘ℓ�̃�−𝑙1 … �̃�−𝑙𝑚 ⋅ 𝒪1(𝑧1)]…𝒪𝑛(𝑧𝑛)⟩𝑆2
 = ℒ−𝑘ℓ …ℒ−𝑘1ℒ̃−𝑙𝑚 … ℒ̃−𝑙1⟨𝒪1(𝑧1)…𝒪𝑛(𝑧𝑛)⟩𝑆2

 

𝒪𝑚(𝑧, 𝑧‾)𝒪𝑛(0,0) = ∑  

𝑖,{𝑘,�̃�}

 𝑧−ℎ𝑚−ℎ𝑛+ℎ𝑖+𝑁𝑧‾−ℎ̃𝑚−ℎ̃𝑛+ℎ̃𝑖+�̃�

 × 𝑐𝑖{𝑘,�̃�} 𝑚𝑛𝐿−{𝑘}�̃�−{�̃�} ⋅ 𝒪𝑖(0,0)

 

𝑐𝑖{𝑘,�̃�}𝑚𝑛 = ∑  

{𝑘′,�̃�′}

 ℳ{𝑘},{𝑘′}
−1 ℳ{�̃�},{�̃�′}

−1 × ℒ−{𝑘′}ℒ̃−{�̃�′}⟨𝒪𝑚(∞,∞)𝒪𝑛(1,1)𝒪𝑖(𝑧1, 𝑧‾1)⟩𝑆2|𝑧1=0

 

 

𝑐𝑖{𝑘,�̃�}𝑚𝑛 = 𝛽𝑚𝑛
𝑖{𝑘}
�̃�𝑚𝑛
𝑖{�̃�}
𝑐𝑚𝑛
𝑖 .  

⟨𝒪𝑗(∞,∞)𝒪𝑙(1,1)𝒪𝑚(𝑧, 𝑧‾)𝒪𝑛(0,0)⟩𝑆2
=∑ 

𝑖

  𝑐𝑗𝑙
𝑖 𝑐𝑖𝑚𝑛ℱ𝑚𝑛

𝑗𝑙
(𝑖 ∣ 𝑧)ℱ̃𝑚𝑛

𝑗𝑙
(𝑖 ∣ 𝑧‾),  

ℱ𝑚𝑛
𝑗𝑙
(𝑖 ∣ 𝑧) = ∑  

{𝑘},{𝑘′}

  𝑧−ℎ𝑚−ℎ𝑛+ℎ𝑖+𝑁𝛽𝑗𝑙
𝑖{𝑘}
ℳ{𝑘},{𝑘′}𝛽𝑚𝑛

𝑖{𝑘′}
.  

𝑍(𝜏)= ∑  

𝑖,{𝑘,�̃�}

 𝑞−𝑐/24+ℎ𝑖+𝑁𝑞‾−𝑐/24+ℎ̃𝑖+�̃� = ∑  

𝑖

 𝜒𝑐,ℎ𝑖(𝑞)𝜒𝑐,ℎ̃𝑖(𝑞‾)

 

 

𝜒𝑐,ℎ(𝑞) = 𝑞
−𝑐/24+ℎ∑ 

{𝑘}

 𝑞𝑁  

𝜒𝑐,ℎ(𝑞) = 𝑞
−𝑐/24+ℎ∏ 

∞

𝑛=1

 
1

1 − 𝑞𝑛
 

𝑍(𝑖ℓ) ∼
ℓ→0

exp (𝜋𝑐/6ℓ)  

𝜒𝑐,ℎ(𝑞) ≤ 𝑞
ℎ+(1−𝑐)/24𝜂(𝑖ℓ)−1 ∼

ℓ→0
ℓ1/2exp (𝜋/12ℓ).  

𝑍(𝑖ℓ) ≤ 𝒩ℓexp (𝜋/6ℓ)  

ℎ = ℎ1,2 =
𝑐 − 1

24
+
(𝛼+ + 2𝛼−)

2

4
.  

𝒩1,2 = [𝐿−2 −
3

2(2ℎ1,2 + 1)
𝐿−1
2 ] ⋅ 𝒪1,2 = 0  
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0 = ⟨𝒩1,2(𝑧1)∏  

𝑛

𝑖=2

 𝒪𝑖(𝑧𝑖)⟩

𝑆2

= [ℒ−2 −
3

2(2ℎ1,2 + 1)
ℒ−1
2 ]𝒜𝑛

= [∑  

𝑛

𝑖=2

 
ℎ𝑖

(𝑧𝑖 − 𝑧1)
2
−∑ 

𝑛

𝑖=2

 
1

𝑧𝑖 − 𝑧1

𝜕

𝜕𝑧𝑖
−

3

2(2ℎ1,2 + 1)

𝜕2

𝜕𝑧1
2]𝒜𝑛 

𝒜𝑛 = ⟨𝒪1,2(𝑧1, 𝑧‾1)∏  

𝑛

𝑖=2

 𝒪𝑖(𝑧𝑖 , 𝑧‾𝑖)⟩

𝑆2

 

[∑  

4

𝑖=2

 
ℎ𝑖

(𝑧𝑖 − 𝑧1)
2
− ∑  

2≤𝑖<𝑗≤4

 
ℎ1,2 − ℎ2 − ℎ3 − ℎ4 + 2(ℎ𝑖 + ℎ𝑗)

(𝑧𝑖 − 𝑧1)(𝑧𝑗 − 𝑧1)
 +∑  

4

𝑖=2

 
1

𝑧𝑖 − 𝑧1

𝜕

𝜕𝑧1

−
3

2(2ℎ1,2 + 1)

𝜕2

𝜕𝑧1
2]𝒜4 = 0 

⟨𝒪𝑟,𝑠;�̃�,�̃�(𝑧1, 𝑧‾1)∏  

4

𝑖=2

 𝒪𝑖(𝑧𝑖, 𝑧‾𝑖)⟩

𝑆2

=∑ 

𝑟𝑠

𝑖=1

 ∑  

�̃��̃�

𝑗=1

 𝑎𝑖𝑗𝑓𝑖(𝑧)𝑓𝑗(𝑧‾),  

3

2(2ℎ1,2 + 1)
𝜅(𝜅 − 1) + 𝜅 − ℎ𝑖 = 0.  

ℎ± = ℎ1,2 + ℎ𝑖 + 𝜅±  

ℎ𝑖 =
𝑐 − 1

24
+
𝛾2

4
 

ℎ± =
𝑐 − 1

24
+
(𝛾 ± 𝛼−)

2

4
 

𝒪1,2𝒪(𝛾) = [𝒪(𝛾+𝛼−)] + [𝒪(𝛾−𝛼−)];  

𝒪2,1𝒪(𝛾) = [𝒪(𝛾+𝛼+)] + [𝒪(𝛾−𝛼+)].  

𝒪1,2𝒪𝑟,𝑠 = [𝒪𝑟,𝑠+1] + [𝒪𝑟,𝑠−1],

𝒪2,1𝒪𝑟,𝑠 = [𝒪𝑟+1,𝑠] + [𝒪𝑟−1,𝑠].
 

𝑐 = 1 − 6
(𝑝 − 𝑞)2

𝑝𝑞

ℎ𝑟,𝑠  =
(𝑟𝑞 − 𝑠𝑝)2 − (𝑝 − 𝑞)2

4𝑝𝑞

 

ℎ𝑝−𝑟,𝑞−𝑠 = ℎ𝑟,𝑠  

1 ≤ 𝑟 ≤ 𝑝 − 1, 1 ≤ 𝑠 ≤ 𝑞 − 1  

𝑝 = 𝑚, 𝑞 = 𝑚 + 1.  
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ℎ1,1 = 0, ℎ2,1 =
1

2
, ℎ1,2 =

1

16
 

𝒪𝑟1,𝑠1𝒪𝑟2,𝑠2 =∑ [𝒪𝑟,𝑠],

 𝑟 = |𝑟1 − 𝑟2| + 1, |𝑟1 − 𝑟2| + 3,… ,

 min(𝑟1 + 𝑟2 − 1,2𝑝 − 1 − 𝑟1 − 𝑟2),

 𝑠 = |𝑠1 − 𝑠2| + 1, 𝑠1 + 𝑠2 + 3,… ,

 min(𝑠1 + 𝑠2 − 1,2𝑞 − 1 − 𝑠1 − 𝑠2).

 

𝐽(𝑧)𝒪𝑖(0) = 𝑧
ℎ
𝑖′
−ℎ𝑖−ℎ[𝒪𝑖′(0)]  

2𝜋(ℎ𝑖′ − ℎ𝑖 − ℎ) = 2𝜋𝑄𝑖  

𝒪𝑝−1,1𝒪𝑝−1,1 = [𝒪1,1]  

𝑄𝑟,𝑠 =
𝑝(1 − 𝑠) + 𝑞(1 − 𝑟)

2
mod1  

𝑐 = 1 − 24𝛼0
2  

𝑇 = −
1

2
𝜕𝜙𝜕𝜙 + 21/2𝑖𝛼0𝜕

2𝜙.  

𝑉𝛼 = exp (2
1/2𝑖𝛼𝜙)  

𝛼 = 𝛼0 −
𝛾

2
 

𝑐 − 1

24
+
𝛾2

4
 

⟨𝑉𝛼1𝑉𝛼2𝑉𝛼3𝑉𝛼4⟩  

∑ 

𝑖

 𝛼𝑖 = 2𝛼0  

𝐽± = exp (2
1/2𝑖𝛼±𝜙)  

𝑄± = ∮   𝑑𝑧𝐽±  

𝑛+ =
1

2
∑ 

𝑖

  𝑟𝑖 − 2, 𝑛− =
1

2
∑  

𝑖

  𝑠𝑖 − 2.  

𝐿𝑚|𝑟, 𝑖⟩  = 𝑗𝑚
𝑎 |𝑟, 𝑖⟩,𝑚 > 0,

𝑗0
𝑎|𝑟, 𝑖⟩  = |𝑟, 𝑗⟩𝑡𝑟,𝑗𝑖

𝑎 .
 

𝑇(𝑧) =
1

(𝑘 + ℎ(𝑔))𝜓2
: 𝑗𝑗(𝑧):  

𝑐𝑔,𝑘 =
𝑘dim(𝑔)

𝑘 + ℎ(𝑔)
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ℎ𝑟 =
𝑄𝑟

(𝑘 + ℎ(𝑔))𝜓2
 

⟨(𝑗−𝑚
𝑎 ⋅ 𝒪1(𝑧1))𝒪2(𝑧2)…𝒪𝑛(𝑧𝑛)⟩𝑆2

= 𝒥−𝑚
𝑎 ⟨𝒪1(𝑧1)…𝒪𝑛(𝑧𝑛)⟩𝑆2 ,  

𝒥−𝑚
𝑎 = −∑ 

𝑛

𝑖=2

 
𝑡𝑎(𝑖)

(𝑧𝑖 − 𝑧1)
𝑚
,  

𝐿𝑚 =
1

(𝑘 + ℎ(𝑔))𝜓2
∑  

∞

𝑛=−∞

  𝑗𝑛
𝑎𝑗𝑚−𝑛
𝑎  

ℒ−1 −
2

(𝑘 + ℎ(𝑔))𝜓2
∑ 

𝑎

  𝑡𝑎(𝑖)𝒥−1
𝑎 .  

[
𝜕

𝜕𝑧1
−

2

(𝑘 + ℎ(𝑔))𝜓2
∑ 

𝑎

 ∑  

𝑛

𝑖=2

 
𝑡𝑎(1)𝑡𝑎(𝑖)

𝑧1 − 𝑧𝑖
] ⟨𝒪1(𝑧1)…𝒪𝑛(𝑧𝑛)⟩𝑆2 = 0.  

𝑗−1
+ , 𝑗0

3 −
𝑘

2
, 𝑗1
−.  

|𝑗,𝑚⟩,  

(𝑗−1
+ )𝑘−2𝑚+1|𝑗,𝑚⟩ = 0.  

0 = ⟨(𝒥−1
+ )𝑘−2𝑚1+1 ⋅ 𝒪1(𝑧1)…𝒪𝑛(𝑧𝑛)⟩𝑆2

= [−∑ 

𝑛

𝑖=2

 
𝑡+(𝑖)

𝑧𝑖 − 𝑧1
]

𝑘−2𝑚1+1

⟨𝒪1(𝑧1)…𝒪𝑛(𝑧𝑛)⟩𝑆2  

 

 

0 = ∑  

𝑚2,𝑚3

  [(𝑡+(2))
𝑙2
]
𝑚2,𝑛2

[(𝑡+(3))
𝑙3
]
𝑚3,𝑛3

⟨𝒪𝑗1,𝑚1
𝒪𝑗2,𝑚2

𝒪𝑗3,𝑚3
⟩
𝑆2  

𝑙2 + 𝑙3 ≥ 𝑘 − 2𝑚1 + 1  

⟨𝒪𝑗1,𝑗1𝒪𝑗2,𝑚2
𝒪𝑗3,𝑚3

⟩
𝑆2
= 0  if  𝑗1 + 𝑗2 + 𝑗3 > 𝑘  

[𝑗1] × [𝑗2] = [|𝑗1 − 𝑗2|] + [|𝑗1 − 𝑗2| + 1] + ⋯+ [min(𝑗1 + 𝑗2, 𝑘 − 𝑗1 − 𝑗2)].  

[𝑗1] × [𝑘/2] = [𝑘/2 − 𝑗1].  

𝑍(𝜏) =∑  

𝑟,�̃�

 𝑛𝑟�̃�𝜒𝑟(𝑞)𝜒�̃�(𝑞)
∗

 

𝜒𝑟(𝑞
′) =∑  

𝑟′

 𝑆𝑟𝑟′𝜒𝑟′(𝑞)  

𝑆†𝑛𝑆 = 𝑛  
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𝑆𝑗𝑗′ = (
2

𝑘 + 2
)
1/2

sin 
𝜋(2𝑗 + 1)(2𝑗′ + 1)

𝑘 + 2
 

𝑛𝑗�̃� = 𝛿𝑗�̃�  

𝑛𝑗�̃� = 𝛿𝑗�̃�|𝑗∈𝐙
+ 𝛿𝑘/2−𝑗,�̃�|𝑗∈𝐙+𝑘/4

.  

𝑆 =
1

2𝜋𝛼′
∫  𝑑2𝑧(𝐺𝑚𝑛 + 𝐵𝑚𝑛)𝜕𝑋

𝑚𝜕‾𝑋𝑛  

𝐻𝑚𝑛𝑝 =
𝑞

𝑟3
𝜖𝑚𝑛𝑝  

𝑅𝑚𝑛 =
2

𝑟2
𝐺𝑚𝑛  

𝛽𝑚𝑛
𝐺  = 𝛼′𝐺𝑚𝑛 (

2

𝑟2
−
𝑞2

2𝑟6
)

𝛽Φ  =
1

2
−
𝛼′𝑞2

4𝑟6

 

𝑟2 =
|𝑞|

2
+ 𝑂(𝛼′)  

𝑐 = 6𝛽Φ = 3 −
6𝛼′

𝑟2
+ 𝑂 (

𝛼′2

𝑟4
)  

𝑐 = 3 −
6

𝑘 + 2
 

exp (
𝑖

2𝜋𝛼′
∫  
𝑀

 𝐵) = exp (
𝑖

2𝜋𝛼′
∫  
𝑁

 𝐻)  

1 = exp (
𝑖

2𝜋𝛼′
∫  
𝑆3

 𝐻) = exp (
𝜋𝑖𝑞

𝛼′
)  

𝑞 = 2𝛼′𝑛, 𝑟2 = 𝛼′|𝑛|  

𝑐 = 3 −
6

|𝑛|
+ 𝑂 (

1

𝑛2
)  

𝑔 = 𝑥4 + 𝑖𝑥𝑖𝜎𝑖,∑  

4

𝑖=1

  (𝑥𝑖)
2
= 1  

𝑆 =
|𝑛|

4𝜋
∫  
𝑀

 𝑑2𝑧Tr(𝜕𝑔−1𝜕‾𝑔) +
𝑖𝑛

12𝜋
∫  
𝑁

 Tr(𝜔3)  

𝑑(𝜔3) = 0  

𝑛

12𝜋
∫  
𝑀

 Tr(𝜒)  
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𝛿𝑆 =
|𝑛|

2𝜋
∫  𝑑2𝑧Tr[𝜕‾𝑔𝑔−1𝜕(𝑔−1𝛿𝑔)] =

|𝑛|

2𝜋
∫  𝑑2𝑧Tr[𝑔−1𝜕𝑔𝜕‾(𝛿𝑔𝑔−1)]  

 

 

𝛿𝑔(𝑧, 𝑧‾) = 𝑖𝜖𝐿𝑔(𝑧, 𝑧‾) − 𝑖𝑔(𝑧, 𝑧‾)𝜖𝑅  

𝛿𝑔(𝑧, 𝑧‾) = 𝑖𝜖𝐿(𝑧)𝑔(𝑧, 𝑧‾) − 𝑖𝑔(𝑧, 𝑧‾)𝜖𝑅(𝑧‾)  

|𝑛|Tr(𝜖𝑅𝑔
−1𝜕𝑔), |𝑛|Tr(𝜖𝐿𝜕‾𝑔𝑔

−1)  

𝑔 = 1 + 𝑖(2|𝑛|)−1/2𝜙𝑎𝜎
𝑎 +⋯  

ℒ =
1

4𝜋
𝜕𝜙𝑎𝜕‾𝜙𝑎 + 𝑂(𝜙3)

𝑗𝑅
𝑎  = |𝑛|1/2𝜕𝜙𝑎 + 𝑂(𝜙2)

𝑗𝐿
𝑎  = |𝑛|1/2𝜕‾𝜙𝑎 + 𝑂(𝜙2)

 

𝐷𝑖𝑗
𝑟 (𝑔) = 𝒪𝑖

𝑟(𝑧)�̃�𝑗
𝑟(𝑧‾)  

𝑇𝐺 = 𝑇𝐻 + 𝑇𝐺/𝐻 .  

𝑐𝐺/𝐻 = 𝑐𝐺 − 𝑐𝐻 .  

𝐺 = 𝑆𝑈(2)𝑘⊕𝑆𝑈(2)1, 𝑐
𝐺 = 4 −

6

𝑘 + 2
,

𝐻 = 𝑆𝑈(2)𝑘+1, 𝑐
𝐻 = 3 −

6

𝑘 + 3
,

 

𝑐𝐺/𝐻 = 1 −
6

(𝑘 + 2)(𝑘 + 3)
 

𝜒𝑟
𝐺(𝑞) = ∑  

𝑟′,𝑟′′

 𝑛𝑟′𝑟′′
𝑟 𝜒𝑟′

𝐻 (𝑞)𝜒
𝑟′′
𝐺/𝐻

(𝑞),  

𝑆𝑟𝑠,𝑟′𝑠′ = [
8

(𝑝 + 1)(𝑞 + 1)
(−1)(𝑟+𝑠)(𝑟

′+𝑠′)]
1/2

sin 
𝜋𝑟𝑟′

𝑝
sin 

𝜋𝑠𝑠′

𝑞
 

𝑆𝑈(2)𝑘
𝑈(1)

, 𝑐 = 2 −
6

𝑘 + 2
.  

𝑗3 = 𝑖(𝑘/2)1/2𝜕𝐻, 𝑇𝐻 = −
1

2
𝜕𝐻𝜕𝐻.  

𝑗+ = exp [𝑖𝐻(2/𝑘)1/2]𝜓1, 𝑗
− = exp [−𝑖𝐻(2/𝑘)1/2]𝜓1

†,  

: (𝑗+)𝑙: = (𝑗−1
+ )𝑙 ⋅ 1 ≡ exp (𝑖𝑙𝐻(2/𝑘)1/2)𝜓𝑙  

𝒪𝑗,𝑚 = exp [𝑖𝑚𝐻(2/𝑘)
1/2]𝜓𝑚

𝑗
 

𝜓𝑙(𝑧)𝜓𝑙′(0) ≈ 𝑧
−2𝑙𝑙′/𝑘(𝜓𝑙+𝑙′ +⋯)  
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: 𝑗(1)
𝑎 𝑗(1)

𝑎 : , ∶ 𝑗(1)
𝑎 𝑗(2)

𝑎 : , ∶ 𝑗(2)
𝑎 𝑗(2)

𝑎 : .  

[𝑗(1)
𝑏 (𝑧) + 𝑗(2)

𝑏 (𝑧)]: 𝑗(𝑖)
𝑎 𝑗(𝑗)

𝑎 (0):= ∑  

∞

𝑘=0

 
1

𝑧𝑘+1
[𝑗𝑘(1)
𝑏 + 𝑗𝑘(2)

𝑏 ]𝑗−1(𝑖)
𝑎 𝑗−1(𝑗)

𝑎 ⋅ 1  

𝐺 = 𝑆𝑈(𝑛)𝑘1 ⊕𝑆𝑈(𝑛)𝑘2 , 𝑐
𝐺 = (𝑛2 − 1) [

𝑘1
𝑘1 + 𝑛

+
𝑘2

𝑘2 + 𝑛
] 

𝐻 = 𝑆𝑈(𝑛)𝑘1+𝑘2 , 𝑐
𝐻 = (𝑛2 − 1)

𝑘1 + 𝑘2
𝑘1 + 𝑘2 + 𝑛

 

𝑑𝑎𝑏𝑐 ∝ Tr(𝑡𝑎{𝑡𝑏 , 𝑡𝑐}),  

𝑊(𝑧)𝑊(0) ∼
𝑐

3𝑧6
+
2

𝑧4
𝑇(0) +

1

𝑧3
𝜕𝑇(0) +

3

10𝑧2
𝜕2𝑇(0) +

1

15𝑧
𝜕3𝑇(0)

+
16

220 + 50𝑐
(
2

𝑧2
+
1

𝑧
𝜕) [10: 𝑇2(0):−3𝜕2𝑇(0)] 

𝑐 = 2 −
24

(𝑘 + 3)(𝑘 + 4)
.  

det(ℳ𝑁)R,NS = (ℎ − 𝜖�̂�/16)𝐾𝑁 ∏  

1≤𝑟𝑠≤2𝑁

  (ℎ − ℎ𝑟,𝑆)
𝑃R,NS(𝑁−𝑟𝑠/2).  

ℎ𝑟,𝑠 =
�̂� − 1 + 𝜖

16
+
1

4
(𝑟�̂�+ + 𝑠�̂�−)

2,  

�̂�± =
1

4
[(1 − �̂�)1/2 ± (9 − �̂�)1/2].  

∏ 

∞

𝑛=1

 
1 + 𝑞𝑛−1

1 − 𝑞𝑛
 = ∑  

∞

𝑘=0

 𝑃R(𝑘)𝑞
𝑘

∏ 

∞

𝑛=1

 
1 + 𝑞𝑛−1/2

1 − 𝑞𝑛
 = ∑  

∞

𝑘=0

 𝑃NS(𝑘)𝑞
𝑘

 

�̂� ≥ 1, ℎ ≥ 𝜖
�̂�

16
,  

𝑐=
3

2
−

12

𝑚(𝑚 + 2)
,𝑚 = 2,3, …  

 = 0,
7

10
, 1,
81

70
,… ,

ℎ = ℎ𝑟,𝑠 ≡
[𝑟(𝑚 + 2) − 𝑠𝑚]2 − 4

8𝑚(𝑚 + 2)
+
𝜖

16

 

𝐺 = 𝑆𝑈(2)𝑘⊕𝑆𝑈(2)2, 𝐻 = 𝑆𝑈(2)𝑘+2.  
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𝑍(𝜏) =∑  

𝑖,�̃�

 𝑛𝑖�̃�𝜒𝑖(𝑞)𝜒�̃�(𝑞)
∗,  

𝑁𝑖𝑗𝑘𝑙 = 𝑁𝑖𝑗
𝑟𝑁𝑟𝑘𝑙 ,  

𝑁𝑖𝑗
𝑟𝑁𝑟𝑘𝑙 = 𝑁𝑖𝑘

𝑟 𝑁𝑟𝑗𝑙 = 𝑁𝑖𝑙
𝑟𝑁𝑟𝑗𝑘  

𝜏1𝜏2𝜏3𝜏4 = 𝜏12𝜏13𝜏23  

𝜏1: ℱ𝑖𝑗
𝑘𝑙(𝑟 ∣ 𝑧) → exp (2𝜋𝑖ℎ𝑖)ℱ𝑖𝑗

𝑘𝑙(𝑟 ∣ 𝑧),

𝜏12: ℱ𝑖𝑗
𝑘𝑙(𝑟 ∣ 𝑧) → exp (2𝜋𝑖ℎ𝑟)ℱ𝑖𝑗

𝑘𝑙(𝑟 ∣ 𝑧).
 

𝑁𝑖𝑗𝑘𝑙(ℎ𝑖 + ℎ𝑗 + ℎ𝑘 + ℎ𝑙) −∑  

𝑟

  (𝑁𝑖𝑗
𝑟𝑁𝑟𝑘𝑙 +𝑁𝑖𝑘

𝑟 𝑁𝑟𝑗𝑙 +𝑁𝑖𝑙
𝑟𝑁𝑟𝑗𝑘)ℎ𝑟 ∈ 𝐙.  

∑ 

𝑟

 𝑁𝑖𝑖
𝑟𝑁𝑟𝑖𝑖(4ℎ𝑖 − 3ℎ𝑟) ∈ 𝐙.  

𝑁00
0 = 𝑁1/2,1/2

0 = 𝑁1/2,1/2
1 = 𝑁11

0 = 𝑁11
1 = 𝑁3/2,3/2

0 = 1.  

8ℎ1/2 − 3ℎ1, 5ℎ1, 4ℎ3/2  

𝑆4 = (𝑆𝑇)3 = 1  

1 = [(det𝑆)4]−3[(det𝑆det𝑇)3]4 = (det𝑇)12.  

𝑇: 𝜒𝑖(𝑞) → exp [2𝜋𝑖(ℎ𝑖 − 𝑐/24)]𝜒𝑖(𝑞).  

𝒩𝑐

2
− 12∑  

𝑖

 ℎ𝑖 ∈ 𝐙,  

𝑁𝑗𝑘
𝑖 =∑ 

𝑟

 
𝑆𝑗
𝑟𝑆𝑘
𝑟𝑆𝑟
†𝑖

𝑆0
𝑟  

𝑇′ = 𝐿𝑎𝑏: 𝑗
𝑎𝑗𝑏:  

𝐿𝑎𝑏 = 2𝐿𝑎𝑐𝑘
𝑐𝑑𝐿𝑑𝑏 − 𝐿𝑐𝑑𝐿𝑒𝑓𝑓𝑎

𝑐𝑒𝑓𝑏
𝑑𝑓
− 𝐿𝑐𝑑𝑓𝑓

𝑐𝑒𝑓(𝑎
𝑑𝑓
𝐿𝑏)𝑒  

𝛿s𝑧 = 𝜖𝑧  

𝛿s𝑔𝑎𝑏 = 2𝜖𝑔𝑎𝑏  

−
𝜖

2𝜋
∫  𝑑2𝜎𝑇𝑎

𝑎(𝜎)  

𝑇𝑎
𝑎 = 𝜕𝑎𝒦

𝑎  

𝜖−1𝛿s ⟨∏  

𝑚

 𝒜𝑖𝑚
(𝜎𝑚)⟩ = −

1

2𝜋
∫  𝑑2𝜎 ⟨𝑇𝑎

𝑎(𝜎)∏  

𝑚

 𝒜𝑖𝑚
(𝜎𝑚)⟩ −∑  

𝑛

 Δ𝑖𝑛  
𝑗 ⟨𝒜𝑗(𝜎𝑛)∏  

𝑚≠𝑛

 𝒜𝑖𝑚
(𝜎𝑚)⟩ 
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𝜖−1𝛿s𝒜𝑖(𝜎) = −Δ𝑖 
𝑗𝒜𝑗(𝜎)  

∫  𝑑𝑑𝜎𝑇𝑎
𝑎 = −2𝜋∑  

′

𝑖

 ∫  𝑑𝑑𝜎𝛽𝑖(𝑔)𝒜𝑖  

𝑆 =∑  

′

𝑖

 𝑔𝑖∫  𝑑𝑑𝜎𝒜𝑖(𝜎)  

𝜖−1𝛿s ⟨∏  

𝑚

 𝒜𝑖𝑚
(𝜎𝑚)⟩ = −∑  

′

𝑖

 𝛽𝑖(𝑔)
𝜕

𝜕𝑔𝑖
⟨∏  

𝑚

 𝒜𝑖𝑚
(𝜎𝑚)⟩−∑  

𝑛

 Δ𝑖𝑛  
𝑗 ⟨𝒜𝑗(𝜎𝑛)∏  

𝑚≠𝑛

 𝒜𝑖𝑚
(𝜎𝑚)⟩ 

 .

 

𝐹(𝑟2) = 𝑧4⟨𝑇𝑧𝑧(𝑧, 𝑧‾)𝑇𝑧𝑧(0,0)⟩

𝐺(𝑟2) = 4𝑧3𝑧‾⟨𝑇𝑧𝑧(𝑧, 𝑧‾)𝑇𝑧𝑧‾(0,0)⟩

𝐻(𝑟2) = 16𝑧2𝑧‾2⟨𝑇𝑧𝑧‾(𝑧, 𝑧‾)𝑇𝑧𝑧‾(0,0)⟩

 

4�̇� + �̇� − 3𝐺 = 0, 4�̇� − 4𝐺 + �̇� − 2𝐻 = 0  

𝐶 = 2𝐹 − 𝐺 −
3

8
𝐻  

�̇� = −
3

4
𝐻  

𝑆 = 𝑆0 + 𝜆
𝑖∫  𝑑2𝑧𝒪𝑖  

−𝑇𝑧𝑧(𝑧, 𝑧‾)𝜆
𝑖∫  𝑑2𝑤𝒪𝑖(𝑤,𝑤‾ )  

𝜕𝑧‾𝑇𝑧𝑧 (𝑧)𝒪𝑖(𝑤,𝑤‾ ) = 𝜕𝑧‾[(𝑧 − 𝑤)
−2ℎ𝑖 + (𝑧 − 𝑤)

−1𝜕𝑤]𝒪𝑖(𝑤,𝑤‾ )

= −2𝜋ℎ𝑖𝜕𝑧𝛿
2(𝑧 − 𝑤)𝒪𝑖(𝑤,𝑤‾ ) + 2𝜋𝛿

2(𝑧 − 𝑤)𝜕𝑤𝒪𝑖(𝑤,𝑤‾ ) 

𝜕𝑧‾𝑇𝑧𝑧(𝑧, 𝑧‾) = 2𝜋𝜆𝑖(ℎ𝑖 − 1)𝜕𝑧𝒪𝑖(𝑧, 𝑧‾).  

𝜕𝑧‾𝑇𝑧𝑧 + 𝜕𝑧𝑇𝑧‾𝑧 = 0.  

𝑇𝑧‾𝑧 = 2𝜋𝜆
𝑖(1 − ℎ𝑖)𝑂𝑖(𝑧, 𝑧‾).  

𝛽𝑖 = 2(ℎ𝑖 − 1)𝜆
𝑖,  

𝛿𝜆𝑖 = 2𝜖(1 − ℎ𝑖)𝜆
𝑖.  

1

2
∫  𝑑2𝑧𝒪𝑖(𝑧, 𝑧‾)∫  𝑑

2𝑤𝒪𝑗(𝑤,𝑤‾ )  

𝒪𝑖(𝑧, 𝑧‾)𝒪𝑗(𝑤,𝑤‾ ) ∼
1

|𝑧 − 𝑤|2
𝑐𝑖𝑗
𝑘𝒪𝑘(𝑤,𝑤‾ ),  
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2𝜋∫  
𝑑𝑟

𝑟
𝑐𝑖𝑗
𝑘 ∫  𝑑2𝑤𝒪𝑘(𝑤,𝑤‾ ).  

𝛿𝜆𝑘 = −2𝜋𝜖𝑐𝑘 𝑖𝑗𝜆
𝑖𝜆𝑗.  

𝛽𝑘 = 2𝜋𝑐𝑖𝑗
𝑘𝜆𝑖𝜆𝑗.  

𝑐𝑖𝑗
𝑘𝜆𝑖𝜆𝑗 = 0  

𝛽𝑖 = 2(ℎ𝑖 − 1)𝜆
𝑖 + 2𝜋𝑐𝑘  𝑖𝑗𝜆

𝑖𝜆𝑗,  

�̇� = −12𝜋2𝛽𝑖𝛽𝑗𝐺𝑖𝑗,  

𝐺𝑖𝑗 = 𝑧
2𝑧‾2⟨𝒪𝑖(𝑧, 𝑧‾)𝒪𝑗(0,0)⟩  

𝛽𝑖  =
𝜕

𝜕𝜆𝑖
𝑈(𝜆),

𝑈(𝜆)  = (ℎ𝑖 − 1)𝜆
𝑖𝜆𝑖 +

2𝜋

3
𝑐𝑖𝑗𝑘𝜆

𝑖𝜆𝑗𝜆𝑘,

 

�̇� = 24𝜋2𝛽𝑗�̇�
𝑗 = 24𝜋2�̇�  

𝐶 = 𝑐 + 24𝜋2𝑈  

�̇� = (1 − ℎ)𝜆 − 𝜋𝑐111𝜆
2,  

𝜆′ =
1 − ℎ

𝜋𝑐111
.  

𝑐′ = 𝑐 − 8
(1 − ℎ)3

𝑐111
2 .  

𝑍 = ∫  [𝑑𝑞]exp (−𝛽𝐻)  

𝑍 = ∫  [𝑑𝜙]exp (−𝑆/ℏ)  

𝐻 = −∑  

links 

 𝜎𝑖𝜎𝑖′  

⟨𝜎𝑖𝜎𝑗⟩ ∼ exp [−|𝑖 − 𝑗|/𝜉(𝛽)]  

⟨𝜎𝑖𝜎𝑗⟩ ∼ 𝑣
2(𝛽) + exp [−|𝑖 − 𝑗|/𝜉′(𝛽)].  

⟨𝜎𝑖𝜎𝑗⟩ ∼ |𝑖 − 𝑗|
−𝜂 , 𝛽 = 𝛽c.  

𝒪1,1: ℎ = 0, 𝒪1,2: ℎ =
1

16
, 𝒪1,3: ℎ =

1

2
.  

𝜎𝑖 → 𝜎(𝑧, 𝑧‾) = 𝒪1,2(𝑧)�̃�1,2(𝑧‾).  
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⟨𝜎(𝑧, 𝑧‾)𝜎(0,0)⟩ ∝ (𝑧𝑧‾)−2ℎ = (𝑧𝑧‾)−1/8  

𝒪1,3(𝑧)�̃�1,3(𝑧‾)  

[𝕆1,1�̃�1,1] + [𝕆1,2�̃�1,2] + [𝕆1,3�̃�1,3].  

𝐻 = −∑  

links 

 Re(𝜎𝑖𝜎𝑖′
∗ ).  

ℒ = 𝜕𝜙𝜕‾𝜙 + 𝜆1𝜙
2 + 𝜆2𝜙

4.  

𝕆2,2𝕆2,2 = [𝕆1,1] + [𝕆3,1] + [𝕆3,3] + [𝕆1,3].  

𝜙𝑛 = 𝒪𝑛+1,𝑛+1, 0 ≤ 𝑛 ≤ 𝑚 − 2.  

𝜙𝑚−1+𝑛 = 𝒪𝑛+1,𝑛+2, 0 ≤ 𝑛 ≤ 𝑚 − 3.  

𝑚𝜆𝑚𝜙
2𝑚−3 = 𝜕𝜕‾𝜙 = 𝐿−1�̃�−1 ⋅ 𝜙,  

𝒪𝑚−1,𝑚−2 = 𝒪1,3, ℎ = 1 −
2

𝑚 + 1
 

𝕆1,3𝕆1,3 = [𝕆1,1] + [𝕆1,3] + [𝕆1,5],  

𝑐′ = 𝑐 −
12

𝑚3
 

𝐽+ = 𝑖𝑤/21/2, 𝐽3 = 𝑖𝑞𝜕𝜙/21/2 −𝑤𝜒,

𝐽− = 𝑖[𝑤𝜒2 + (2 − 𝑞2)𝜕𝜒]/21/2 + 𝑞𝜒𝜕𝜙.
 

𝑋𝑚 → 𝜃𝑚𝑛𝑋𝑛 + 𝑣𝑚  

�̃�𝑚 → 𝜃𝑚𝑛�̃�𝑛.  

𝜆𝐴 → 𝛾𝐴𝐵𝜆𝐵.  

𝐾 = 𝑅6/𝑆  

𝑇6 = 𝑅6/Λ  

(𝜃, 𝑤) ⋅ (1, 𝑣) ⋅ (𝜃, 𝑤)−1 = (1, 𝜃𝑣)  

𝑃‾ ≡ 𝑆/Λ  

𝐾 = 𝑇6/𝑃‾  

𝛾(𝜃1, 𝑣1)𝛾(𝜃2, 𝑣2) = 𝛾((𝜃1, 𝑣1) ⋅ (𝜃2, 𝑣2)).  

𝜑(𝜎1 + 2𝜋) = ℎ ⋅ 𝜑(𝜎1)  

𝜃 = exp [2𝜋𝑖(𝜙2𝐽45 + 𝜙3𝐽67 + 𝜙4𝐽89)].  



pág. 318 

𝑍𝑖 = 2−1/2(𝑋2𝑖 + 𝑖𝑋2𝑖+1), 𝑖 = 2,3,4,  

𝑍𝚤‾ ≡ 𝑍𝑖 = 2−1/2(𝑋2𝑖 − 𝑖𝑋2𝑖+1)  

𝑍𝑖(𝜎 + 2𝜋) = exp (2𝜋𝑖𝜙𝑖)𝑍
𝑖(𝜎).  

�̃�𝑖(𝜎 + 2𝜋) = exp [2𝜋𝑖(𝜙𝑖 + 𝑣)]�̃�
𝑖(𝜎)  

𝛼𝑖: 𝑛 + 𝜙𝑖, 𝛼
𝚤‾: 𝑛 − 𝜙𝑖,

�̃�𝑖: 𝑛 − 𝜙𝑖, �̃�
𝚤‾: 𝑛 + 𝜙𝑖,

�̃�𝑖: 𝑛 − 𝜙𝑖(R), 𝑛 − 𝜙𝑖 +
1

2
(NS),

�̃�𝚤‾: 𝑛 + 𝜙𝑖(R), 𝑛 + 𝜙𝑖 +
1

2
(NS).

 

𝛾 = diag[exp (2𝜋𝑖𝛽1),… , exp (2𝜋𝑖𝛽16)].  

𝜆𝐾± → exp (±2𝜋𝑖𝛽𝐾)𝜆
𝐾±.  

𝜙𝑖 =
𝑟𝑖
𝑁
, 𝛽𝐾 =

𝑆𝐾
𝑁
,  

1

2
∑  

4

𝑖=2

 𝜙𝑖,
1

2
∑  

8

𝐾=1

 𝛽𝐾 ,
1

2
∑  

16

𝐾=9

 𝛽𝐾 .  

∑ 

4

𝑖=2

  𝑟𝑖 = ∑  

8

𝐾=1

  𝑠𝐾 = ∑  

16

𝐾=9

  𝑠𝐾 = 0mod2  

1

24
−
1

8
(2𝜃 − 1)2  

𝐿0 − �̃�0 = −∑ 

4

𝑖=2

 (𝑁𝑖 + �̃�𝑖 + �̃�𝜓
𝑖 )𝜙𝑖 −∑  

16

𝐾=1

 𝑁𝐾𝛽𝐾−
1

2
∑  

4

𝑖=2

 𝜙𝑖(1 − 𝜙𝑖) +
1

2
∑  

16

𝐾=1

 𝛽𝐾(1 − 𝛽𝐾)mod1 

 

 

−
1

2
∑  

4

𝑖=2

 𝜙𝑖(1 − 𝜙𝑖) +
1

2
∑  

16

𝐾=1

 𝛽𝐾(1 − 𝛽𝐾) =
𝑚

𝑁
 

∑ 

4

𝑖=2

  (𝑁𝑖 + �̃�𝑖 + �̃�𝜓
𝑖 )𝜙𝑖 +∑  

16

𝐾=1

 𝑁𝐾𝛽𝐾 =
𝑚

𝑁
mod1  

𝛿 =
1

2
(−�̃�𝜓 − 1 +∑  

4

𝑖=2

 𝜙𝑖) ,  

𝛿 = 𝑘/𝑁  
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∑ 

4

𝑖=2

  𝑟𝑖
2 −∑  

16

𝐾=1

  𝑠𝐾
2 = 0mod2𝑁.  

�̃�𝐹 = 𝑖 ∑  

18

𝐼,𝐽,𝐾=1

  �̃�𝐼�̃�𝐽�̃�𝐾𝑐𝐼𝐽𝐾  

𝑐𝐼𝐽𝑀𝑐𝐾𝐿𝑀 + 𝑐𝐽𝐾𝑀𝑐𝐼𝐿𝑀 + 𝑐𝐾𝐼𝑀𝑐𝐽𝐿𝑀 = 0  

18𝑐𝐼𝐾𝐿𝑐𝐽𝐾𝐿 = 𝛿𝐼𝐽  

𝑒𝑖𝑘⋅𝑋𝑅 , 𝑘2 = 6/𝛼′;  𝑒𝑖𝑙⋅𝑋𝑅𝜕‾𝑋𝑅 , 𝑙
2 = 2/𝛼′.  

𝛿𝑚 ≈
𝛼

𝑙
 

𝛿𝑚 ≈ 𝛼𝑚ln 
1

𝑚𝑙
 

𝑚𝑏
𝑚𝜏

≈ 3.  

𝑄𝛼 → 𝐷(𝜙)𝛼𝛽𝑄𝛽  

𝑄𝐬 → exp (2𝜋𝑖𝐬 ⋅ 𝜙)𝑄𝐬  

𝜙2 + 𝜙3 + 𝜙4 = 0  

𝑆𝑂(9,1) → 𝑆𝑂(3,1) × 𝑆𝑂(6) → 𝑆𝑂(3,1) × 𝑆𝑈(3),  

16 → (2,4) + (2, 4) → (2,3) + (2,1) + (2, 3) + (2, 1).  

𝜙2 + 𝜙3 = 𝜙4 = 0  

𝑃 ⊂ 𝑆𝑈(2) ⊂ 𝑆𝑈(3) ⊂ 𝑆𝑂(6).  

𝑡𝑖: 𝑍
𝑖 → 𝑍𝑖 + 𝑅𝑖,

𝑢𝑖: 𝑍
𝑖 → 𝑍𝑖 + 𝛼𝑅𝑖, 𝛼 = exp (2𝜋𝑖/3)

 

𝑟: 𝑍2 → 𝛼𝑍2, 𝑍3 → 𝛼𝑍3, 𝑍4 → 𝛼−2𝑍4.  

𝜙𝑖 = (
1

3
,
1

3
, −
2

3
) ,  

𝛽𝐾 = (𝜙2, 𝜙3, 𝜙4, 0
5; 08) = (

1

3
,
1

3
,−
2

3
, 05; 08) .  

𝛼0: 𝛼−1
𝜇
|𝑎⟩, |𝑎⟩ ∈ (𝟖, 𝟏, 𝟏) + (𝟏, 𝟕𝟖, 𝟏) + (𝟏, 𝟏, 𝟐𝟒𝟖),

𝛼1: 𝛼−1
𝑖 |𝑎⟩, |𝑎⟩ ∈ (𝟑, 𝟐𝟕, 𝟏),

𝛼2: 𝛼−1
𝑙‾ |𝑎⟩, |𝑎⟩ ∈ (𝟑, 𝟐𝟕, 𝟏).

 

𝑆𝑈(3) × 𝐸6 × 𝐸8 ⊂ 𝐸8 × 𝐸8.  
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exp [2𝜋𝑖(𝑞1 + 𝑞2 − 2𝑞3)/3]  

𝛼0: �̃�−1/2
𝜇

|0⟩NS, |
1

2
, 𝟏⟩

R
 |−

1

2
, 𝟏⟩

R

𝛼1: �̃�−1/2
𝑖 |0⟩NS, |

1

2
, 𝟑⟩

R

𝛼2: �̃�−1/2
𝑙‾ |0⟩NS, |−

1

2
, 𝟑⟩

R

 

𝛼−1
𝜇
�̃�−1/2
𝑣 |0⟩NS,  

�̃�−1/2
𝜇

|𝑎⟩NS, 𝑎 ∈ (𝟖, 𝟏, 𝟏) + (𝟏, 𝟕𝟖, 𝟏) + (𝟏, 𝟏, 𝟐𝟒𝟖).  

𝛼−1
𝑖 �̃�−1/2

𝐽‾
|0,0⟩NS  

�̃�−1/2
𝑗‾

|𝑎⟩NS, 𝑎 ∈ (𝟑, 𝟐𝟕, 𝟏).  

𝐺𝑖𝐽‾𝑑𝑍
𝑖𝑑𝑍𝐽‾  

𝛼−1
2±𝑖3|𝑠1, 𝟏⟩R  

|𝑎,
1

2
, 𝟑⟩

R
, 𝑎 ∈ (𝟑, 𝟐𝟕, 𝟏)

𝛼−1
𝚤‾ |
1

2
, 𝟑⟩

R
.

 

ℎ = 𝑟𝑡2
𝑛2𝑡3

𝑛3𝑡4
𝑛4 , 𝑛𝑖 ∈ {0,1,2}.  

𝑍𝑖 =
exp (𝑖𝜋/6)

31/2
(𝑛2𝑅2, 𝑛3𝑅3, 𝑛4𝑅4).  

𝑒𝑖𝑠𝐻 , 𝑠 =
1

2
− 𝜁mod1, 𝑒𝑖�̃��̃� , �̃� = −

1

2
+ 𝜁mod1  

exp (𝑖�̃�𝑎�̃�𝑎), �̃� = (±
1

2
,−
1

6
,−
1

6
,−
1

6
) .  

exp [𝜋𝑖(�̃�1 + �̃�2 + �̃�3 + �̃�4)] = 1  

|+
1

2
⟩
ℎ,R

 

−
2

24
−
2

48
+
3

36
+
3

72
= 0.  

|0⟩ℎ,NS  

−
2

24
+
3

36
−
3

36
+
10

24
−
16

48
= 0.  
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∑  

8

𝐾=1

 𝑞𝐾 ∈ 2𝐙  

−
2

24
+
3

36
+
3

72
−
10

48
−
16

48
= −

1

2
.  

𝜆−1/6
1+ 𝜆−1/6

2+ 𝜆−1/6
3+ |0⟩NS,NS, 𝜆−1/2

𝐼 |0⟩NS,NS, 7 ≤ 𝐼 ≤ 16

𝜆−1/6
𝐾+ 𝛼−1/3

𝑗‾
|0⟩NS,NS, 𝐾 = 1,2,3

 

(𝟏, 𝟐𝟕, 𝟏) + (𝟑, 𝟏, 𝟏)3.  

ℎ1 = (𝑟, 0; 𝛾), ℎ2 = (1, 𝑡2; 𝛾2), ℎ3 = (1, 𝑡3; 𝛾3), ℎ4 = (1, 𝑡4; 𝛾4),  

ℎ1ℎ2
𝑛2ℎ3

𝑛3ℎ4
𝑛4  

𝑗𝑎 = 𝑗(1)
𝑎 + 𝑗(2)

𝑎
 

𝛾2 = (0
7,
2

3
; 0,
1

3
,
1

3
, 06)

𝛾3 = 0

𝛾4 = (
1

3
,
1

3
,
1

3
,
2

3
,
1

3
, 0,
1

3
,
1

3
;
1

3
,
1

3
, 06)

 

𝑟′: 𝑍2 → 𝑖𝑍2, 𝑍3 → 𝑖𝑍3, 𝑍4 → 𝑖−2𝑍4.  

𝑑𝑍4𝑑𝑍4  

𝑑𝑍𝑖𝑑𝑍𝑗‾  

𝑖∑  

4

𝑖=2

 𝜕‾𝑍𝑖�̃�𝚤‾, 𝑖∑  

4

𝑖=2

 𝜕‾𝑍𝚤‾�̃�𝑖  

∑ 

4

𝑖=2

  �̃�𝑖�̃�𝚤‾,  

𝑖∑  

4

𝑖=2

 𝜕𝑍𝑖𝜆(𝑖−1)−, 𝑖∑  

4

𝑖=2

 𝜕𝑍𝚤‾𝜆(𝑖−1)+.  

𝑺het =
1

2𝜅10
2 ∫  𝑑

10𝑥(−𝐺)1/2𝑒−2Φ [𝑅 + 4𝜕𝜇Φ𝜕
𝜇Φ−

1

2
|�̃�3|

2
−
𝛼′

4
Trv(|𝐹2|

2)]  

�̃�3 = 𝑑𝐵2 −
𝛼′

4
Trv(𝐴1 ∧ 𝑑𝐴1 − 2𝑖𝐴1 ∧ 𝐴1 ∧ 𝐴1/3)  

𝐺𝜇𝑣 , 𝐵𝜇𝑣 , Φ, 𝐺𝑖𝑗‾, 𝐵𝑖𝑗‾, 𝐴𝜇
𝑎 , 𝐴𝑖𝑗‾𝑥‾ , 𝐴𝚤‾𝑗𝑥  

𝑺 =
1

2𝜅4
2∫  𝑑

4𝑥(−𝐺)1/2 [𝑅 − 2𝜕𝜇Φ4𝜕
𝜇Φ4 −

1

2
𝑒−4Φ4|𝐻3|

2−
1

2
𝐺𝑖𝑗‾𝐺𝑘𝑙

‾
(𝜕𝜇𝐺𝑖𝑙‾𝜕

𝜇𝐺𝑗‾𝑘 + 𝜕𝜇𝐵𝑖𝑙‾𝜕
𝜇𝐵𝑗‾𝑘)] 
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Φ4 = Φ−
1

4
det𝐺𝑚𝑛  

𝐺𝜇𝑣 Einstein = 𝑒
−2Φ4𝐺𝜇𝑣;  

𝐺𝑖𝑗‾ = 𝐺𝑗‾𝑖 = 𝐺𝑗‾𝚤‾
∗ = 𝐺𝚤‾𝑗

∗ ,

𝐵𝑖𝑗‾ = −𝐵𝑗‾𝑖 = −𝐵𝑗‾𝚤‾
∗ = 𝐵𝚤‾𝑗

∗ .
 

−
1

2
∫  𝑑4𝑥(−𝐺)1/2𝑒−4Φ4|𝐻3|

2 +∫  𝑎𝑑𝐻3 

 → −
1

2
∫  𝑑4𝑥(−𝐺)1/2𝑒4Φ4𝜕𝜇𝑎𝜕

𝜇𝑎

 

1

2𝜅4
2∫  𝑑

4𝑥(−𝐺)1/2 [𝑅 −
2𝜕𝜇𝑆

∗𝜕𝜇𝑆

(𝑆 + 𝑆∗)2
−
1

2
𝐺𝑖𝑗‾𝐺𝑘𝑙

‾
𝜕𝜇𝑇𝑖𝑙‾𝜕

𝜇𝑇𝑗‾𝑘]  

𝑆 = 𝑒−2Φ4 + 𝑖𝑎, 𝑇𝑖𝑗‾ = 𝐺𝑖𝑗‾ + 𝐵𝑖𝑗‾  

𝜅4
2𝐾 = −ln (𝑆 + 𝑆∗) − ln det(𝑇𝑖𝑗‾ + 𝑇𝑖𝑗‾

∗ )  

−
1

2
∫  𝑑4𝑥(−𝐺)1/2𝑒−4Φ4|�̃�3|

2
+∫  𝑎 [𝑑�̃�3 +

𝛼′

4
Trv(𝐹2 ∧ 𝐹2)]  

−
1

4𝑔4
2∫  𝑒

−2Φ4Trv(|𝐹2|
2) +

1

2𝑔4
2∫  𝑎Trv(𝐹2 ∧ 𝐹2)  

𝑓𝑎𝑏 =
𝛿𝑎𝑏

𝑔4
2 𝑆  

𝜅4
2𝐾 = −ln (𝑆 + 𝑆∗) − ln det[𝑇𝑖𝑗‾ + 𝑇𝑖𝑗‾

∗ − 𝛼′Trv(𝐴𝑖𝐴𝑗
∗)]  

𝑊 = 𝜖𝑖𝑗𝑘Trv(𝐴𝑖[𝐴𝑗, 𝐴𝑘])  

𝑊 = 𝜖𝑖𝑗𝑘𝜖𝑙
‾𝑚‾ 𝑛‾𝑑𝑥‾𝑦‾𝑧‾𝐴𝑖𝑙𝑥‾𝐴𝑗𝑚‾ 𝑦‾𝐴𝑘𝑛‾𝑧‾  

𝑇𝑖𝑗‾ = 𝑇𝑖𝛿𝑖𝑗‾ ,  

𝜅4
2𝐾 = −ln (𝑆 + 𝑆∗) −∑  

𝑖

 ln (𝑇𝑖 + 𝑇𝑖
∗) + 𝛼′∑ 

𝑖

 
Trv(𝐴𝑖𝐴𝑖

∗)

𝑇𝑖 + 𝑇𝑖
∗ .  

𝑇𝑖 →
𝑎𝑖𝑇𝑖 − 𝑖𝑏𝑖
𝑖𝑐𝑖𝑇𝑖 + 𝑑𝑖

, 𝑎𝑖𝑑𝑖 − 𝑏𝑖𝑐𝑖 = 1  

𝑇𝑖 + 𝑇𝑖
∗ →

𝑇𝑖 + 𝑇𝑖
∗

|𝑖𝑐𝑖𝑇𝑖 + 𝑑𝑖|
2

 

𝜅4
2𝐾 → 𝜅4

2𝐾 + Re [∑  

𝑖

 ln (𝑖𝑐𝑖𝑇𝑖 + 𝑑𝑖)] .  
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𝐴𝑖 →
𝐴𝑖

𝑖𝑐𝑖𝑇𝑖 + 𝑑𝑖
 

𝑊 →
𝑊

∏  4
𝑖=2   (𝑖𝑐𝑖𝑇𝑖 + 𝑑𝑖)

 

𝑆𝑈(3,3)

𝑆𝑈(3) × 𝑆𝑈(3) × 𝑆𝑈(3,3, 𝐙)
.  

𝑆𝑈(1,1)

𝑈(1) × 𝑃𝑆𝐿(2, 𝐙)
.  

𝜆−1/6
𝐾+ 𝛼−1/3

𝑗‾
|0⟩NS,NS, 𝐾 = 1,2,3  

𝐷𝑎 ∝ 𝑀𝐾𝑗‾
∗ 𝑡𝐾𝐿

𝑎 𝑀𝐿𝑗‾ = Tr(𝑀
†𝑡𝑎𝑀),  

𝑀𝑀† = 𝜌2𝐼 ⇒ 𝑀 = 𝜌𝑈  

𝐶𝛼𝐶𝛼
∗∏ 

4

𝑖=2

  (𝑇𝑖 + 𝑇𝑖
∗)𝑛𝛼

𝑖
 

𝐶𝛼 → 𝐶𝛼∏ 

4

𝑖=2

  (𝑖𝑐𝑖𝑇𝑖 + 𝑑𝑖)
𝑛𝛼
𝑖

 

1

𝑔𝑎
2(𝜇)

=
𝑆𝑘𝑎

𝑔4
2 +

𝑏𝑎
16𝜋2

ln 
𝑚SU
2

𝜇2
+

1

16𝜋2
Δ̃𝑎 ,  

𝛽𝑎 =
𝑏𝑎𝑔𝑎

3

16𝜋2
 

Δ̃𝑎 = Δ𝑎 + 16𝜋
2𝑘𝑎𝑌  

Δ𝑎 = ∫ 
Γ

 
𝑑2𝜏

𝜏2
[ℬ𝑎(𝜏, 𝜏‾) − 𝑏𝑎]  

𝑚SU =
2exp [(1 − 𝛾)/2]

33/4(2𝜋𝛼′)1/2
,  

𝑟′2: 𝑍2 → −𝑍2, 𝑍3 → −𝑍3, 𝑍4 → +𝑍4.  

Δ𝑎 = 𝑐𝑎 −∑ 

𝑖

 
𝑏𝑎
𝑖 |𝑃𝑖|

|𝑃|
{ln [(𝑇𝑖 + 𝑇𝑖

∗)|𝜂(𝑇𝑖)|
4] + ln [(𝑈𝑖 + 𝑈𝑖

∗)|𝜂(𝑈𝑖)|
4]},  

ln [(𝑇𝑖 + 𝑇𝑖
∗)|𝜂(𝑇𝑖)|

4] = ln (𝑇𝑖 + 𝑇𝑖
∗) + 4Re[ln 𝜂(𝑇𝑖)]  

𝑋𝑚 → −𝑋𝑚,𝑚 = 6,7,8,9 

𝑍𝑖 → exp (2𝜋𝑖/3)𝑍𝑖 , 𝑖 = 3,4 
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𝐺𝑀𝑁 = [
𝑓(𝑦)𝜂𝜇𝑣 0

0 𝐺𝑚𝑛(𝑦)
]  

𝛿𝜓𝜇  = ∇𝜇𝜀

𝛿𝜓𝑚  = (𝜕𝑚 +
1

4
Ω𝑚𝑛𝑝
− Γ𝑛𝑝) 𝜀

𝛿𝜒 = (Γ𝑚𝜕𝑚Φ−
1

12
Γ𝑚𝑛𝑝�̃�𝑚𝑛𝑝) 𝜀

𝛿𝜆 = 𝐹𝑚𝑛Γ
𝑚𝑛𝜀

 

Ω𝑀𝑁𝑃
± = 𝜔𝑀𝑁𝑃 ±

1

2
𝐻𝑀𝑁𝑃  

16 → (2,4) + (2, 4).  

𝜀(𝑦) → 𝜀𝛼𝛽(𝑦) + 𝜀𝛼𝛽
∗ (𝑦)  

𝜀𝛼𝛽 = 𝑢𝛼𝜁𝛽(𝑦)  

�̃�𝑚𝑛𝑝 = 0.  

𝜕𝑚Φ = 0  

𝐺𝜇𝑣 = 𝜂𝜇𝑣  

∇𝑚𝜁 = 0  

[∇𝑚, ∇𝑛]𝜁 =
1

4
𝑅𝑚𝑛𝑝𝑞Γ

𝑝𝑞𝜁 = 0  

𝐹𝑖𝑗 = 𝐹𝑙‾𝑗‾ = 0, 𝐺
𝑖𝑗‾𝐹𝑖𝑗‾ = 0  

𝑑�̃�3 =
𝛼′

4
[tr(𝑅2 ∧ 𝑅2) − Tr𝑣(𝐹2 ∧ 𝐹2)]  

𝑅𝑚𝑛 = 0, ∇
𝑚𝐹𝑚𝑛 = 0.  

𝜒(𝐾) = ∑  

𝑑

𝑝=0

  (−1)𝑝𝑏𝑝.  

Δ𝑑 =∗ 𝑑 ∗ 𝑑 + 𝑑 ∗ 𝑑 ∗= (𝑑 +∗ 𝑑 ∗)
2  

𝑏𝑝 = 𝑏𝑑−𝑝  

∫  
𝐾

 𝜔𝑝 ∧ 𝛼𝑑−𝑝 = ∫  
𝑁(𝜔)

 𝛼𝑑−𝑝  

𝑧′𝑖(𝑧𝑗)  

𝐺𝑖𝑗 = 𝐺𝑙‾𝑗‾ = 0.  

𝜔𝑖1⋯𝑖𝑝𝐽‾1⋯𝐽‾𝑞  
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𝜕 = 𝑑𝑧𝑖𝜕𝑖, 𝜕‾ = 𝑑𝑧‾
𝚤‾𝜕𝚤‾.  

𝜕2 = 𝜕‾2 = 0.  

∫  𝑑𝑛𝑧𝑑𝑛𝑧‾(𝐺)1/2𝐺𝚤‾
′
⋯𝐺𝑗

′𝑗‾′⋯(𝜔𝑖⋯𝑗‾⋯)
∗
𝜔𝑖′⋯𝑗‾′⋯,  

Δ𝜕 = 𝜕𝜕
† + 𝜕†𝜕, Δ𝜕‾ = 𝜕‾𝜕‾

† + 𝜕‾†𝜕‾.  

𝐽1,1 = 𝑖𝐺𝑖𝑗‾𝑑𝑧
𝑖𝑑𝑧‾𝑗‾  

𝑑𝐽1,1 = 0  

𝐺𝑖𝐽‾ =
𝜕

𝜕𝑧𝑖
𝜕

𝜕𝑧‾𝐽‾
𝐾(𝑧, 𝑧‾).  

𝐾′(𝑧, 𝑧‾) = 𝐾(𝑧, 𝑧‾) + 𝑓(𝑧) + 𝑓(𝑧)∗  

Δ𝑑 = 2Δ𝜕‾ = 2Δ𝜕.  

𝐻𝜕
𝑝,𝑞
(𝐾) = 𝐻𝜕

𝑝,𝑞
(𝐾) ≡ 𝐻𝑝,𝑞(𝐾)  

𝑏𝑘 = ∑  

𝑘

𝑝=0

 ℎ𝑝,𝑘−𝑝  

ℎ𝑝,𝑞 = ℎ𝑞,𝑝  

ℎ𝑛−𝑝,𝑛−𝑞 = ℎ𝑝,𝑞  

𝐽1,1 =∑ 

𝐴

 𝑣𝐴𝜔1,1𝐴  

ℛ1,1 = 𝑅𝑖𝐽‾𝑑𝑧
𝑖𝑑𝑧‾𝐽‾  

ℎ𝑝,0 = ℎ3−𝑝,0.  

𝑏1 = ℎ
1,0 = ℎ0,1 = 0.  

ℎ3,3 𝑐1

ℎ3,2ℎ2,3 0
ℎ3,1ℎ2,2ℎ1,3 0

ℎ3,0ℎ2,1ℎ1,2ℎ0,3 = 1ℎ1,10
ℎ2,0ℎ1,1ℎ0,2ℎ2,11

ℎ1,0ℎ0,1 0ℎ1,10
ℎ0,0 0
ℎ0,1 00

.  

𝜒 = 2(ℎ1,1 − ℎ2,1).  

𝐺𝑖𝑗‾ = (1 +
𝜌6

𝑟6
)

1/3

[𝛿𝑖𝑗‾ −
𝜌6𝑤𝑖𝑤‾𝑗‾

𝑟2(𝜌6 + 𝑟6)
] ,  
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𝑤𝑖 ≅ exp (2𝜋𝑖/3)𝑤𝑖  

ℎ1,1 = 36, ℎ2,1 = 0, 𝜒 = 72  

(𝑧1, 𝑧2, … , 𝑧𝑛+1) ≅ (𝜆𝑧1, 𝜆𝑧2, … , 𝜆𝑧𝑛+1)  

𝐺(𝜆𝑧1, … , 𝜆𝑧𝑛+1) = 𝜆
𝑘𝐺(𝑧1, … , 𝑧𝑛+1)  

𝐺(𝑧1, … , 𝑧𝑛+1) = 0  

ℎ1,1 = 1, ℎ2,1 = 101, 𝜒 = −200  

𝑧1
5 + 𝑧2

5 + 𝑧3
5 + 𝑧4

5 + 𝑧5
5 = 0  

�̃�𝑖 → exp (𝑖𝜃)�̃�𝑖.  

𝑖𝐺𝚤‾𝑗𝜕‾𝑋
𝚤‾�̃�𝑗 + 𝑖𝐺𝑖𝑗‾𝜕‾𝑋

𝑖�̃�𝑗‾,  

∇𝑀∇
𝑀= 𝜕𝜇𝜕

𝜇 + ∇𝑚∇
𝑚

Γ𝑀∇
𝑀= Γ𝜇𝜕

𝜇 + Γ𝑚∇
𝑚  

𝐸8 × 𝐸8 → 𝑆𝑈(3) × 𝐸6 × 𝐸8  

𝑎: (𝟏, 𝟕𝟖, 𝟏) + (𝟏, 𝟏, 𝟐𝟒𝟖)

𝑖𝑥: (𝟑, 𝟐𝟕, 𝟏), 𝚤‾𝑥‾: (𝟑, 𝟐𝟕, 𝟏), 𝑖𝑗‾: (𝟖, 𝟏, 𝟏).
 

𝑎𝑖𝑙‾𝑚‾ 𝑥 = 𝑎𝑖,𝑗𝑥𝐺
𝑗𝑘‾Ω𝑘‾ 𝑙‾𝑚‾  

16 → (2,1) + (2,3) + (2, 1) + (2, 3).  

|ℎ2,1 − ℎ1,1| =
|𝜒|

2
.  

𝑔𝑖𝑙‾𝑚‾ = 𝑔𝑖𝑗𝐺
𝑗𝑘‾Ω𝑘‾ 𝑙‾𝑚‾  

𝜑(𝑥, 𝑦) =∑  

𝑚

 𝜙𝑚(𝑥)𝑓𝑚(𝑦).  

ℒ4(𝜙) = ∫  𝑑
6𝑦ℒ10(𝜑)  

𝜑 = 𝜑1 +𝜑h  

𝑚𝜑h
2 + 𝑔𝜑h𝜑1

2  

−
𝑔2

4𝑚
𝜑1
4  
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𝑎𝑖,𝑗‾𝑥‾(𝑥, 𝑦) =∑  

𝐴

 𝜙𝐴𝑥‾(𝑥)𝜔𝐴𝑖𝑗‾(𝑦),

𝜆𝑖,𝑗‾𝑥‾(𝑥, 𝑦) =∑  

𝐴

 𝜆𝐴𝑥‾(𝑥)𝜔𝐴𝑖𝑗‾(𝑦),
 

∫  𝑑6𝑦TrV(𝜆‾Γ
𝑚[𝐴𝑚, 𝜆])  

𝑑𝑥‾𝑦‾𝑧‾𝜆‾𝐴𝑥‾𝜆𝐵𝑦‾𝜙𝐶𝑧‾∫  
𝐾

 𝜔1,1𝐴 ∧ 𝜔1,1𝐵 ∧ 𝜔1,1𝐶  

𝑊(𝜙) = 𝑑𝑥‾𝑦‾𝑧‾𝜙𝐴 𝑥‾𝜙
𝐵 𝑦‾𝜙𝑧‾

𝐶∫  
𝐾

 𝜔1,1𝐴 ∧ 𝜔1,1𝐵 ∧ 𝜔1,1𝐶  

(𝑁𝐴, 𝑁𝐵 , 𝑁𝐶) = ∫  
𝐾

 𝜔1,1𝐴 ∧ 𝜔1,1𝐵 ∧ 𝜔1,1𝐶 

(𝑁𝐴, 𝑁𝐵) = ∫  
𝑁𝐴
 𝜔1,1𝐵 = 𝛿𝐵

𝐴 

(𝑔𝑖𝑗‾ + 𝑏𝑖𝑗‾)(𝑥, 𝑦) =∑  

𝐴

 𝑇𝐴(𝑥)𝜔𝐴𝑖𝑗‾(𝑦)  

𝐺𝐴𝐵‾ =
1

𝑉
∫  𝑑6𝑦(det𝐺)1/2𝐺𝑖𝑘

‾
𝐺𝑙𝑗‾𝜔𝐴𝑖𝑗‾𝜔𝐵𝑘𝑙‾

∗  

𝐽1,1 + 𝑖𝐵1,1 = 𝑇
𝐴𝜔1,1𝐴, 𝑇

𝐴 = 𝑣𝐴 + 𝑖𝑏𝐴  

𝐺𝐴𝐵‾ = −
𝜕2

𝜕𝑇𝐴𝜕𝑇𝐵∗
ln 𝑊(𝑣)  

𝑊(𝑣) = (𝑁𝐴, 𝑁𝐵, 𝑁𝐶)𝑣
𝐴𝑣𝐵𝑣𝐶 = ∫  

𝐾

  𝐽1,1 ∧ 𝐽1,1 ∧ 𝐽1,1  

𝐾1(𝑇, 𝑇
∗) = −ln 𝑊(𝑣)  

𝐺𝐴𝐵‾
′ = exp [𝜅4

2(𝐾2 − 𝐾1)/3]𝐺𝐴𝐵‾  

𝑎𝑖,𝑗𝑥(𝑥, 𝑦)  =
1

2
∑  

𝑎

 𝜒𝑥
𝑎(𝑥)𝜔𝑎𝑖𝑘‾ 𝑙‾(𝑦)Ω𝑗

𝑘‾ 𝑙‾(𝑦),

𝜆𝑖,𝑗𝑥(𝑥, 𝑦)  =
1

2
∑  

𝑎

 𝜆𝑥
𝑎(𝑥)𝜔𝑎𝑖𝑘‾ 𝑙‾(𝑦)Ω𝑗

𝑘‾ 𝑙‾(𝑦),

 

𝐺𝑎𝑏‾= −
∫  𝐾  𝜔1,2𝑎 ∧ 𝜔1,2𝑏

∗

∫  𝐾  Ω3,0 ∧ Ω3,0
∗  = −

𝜕

𝜕𝑋𝑎
𝜕

𝜕𝑋𝑏‾
𝐾2(𝑋, 𝑋

∗)

 

 

𝐾2(𝑋, 𝑋
∗) = ln (𝑖 ∫  

𝐾

 Ω3,0 ∧ Ω3,0
∗ )  
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{𝐴𝐼 , 𝐵𝐽}, 𝐼, 𝐽 = 0,…ℎ
2,1  

(𝐴𝐼 , 𝐵𝐽) = 𝛿𝐽
𝐼 , #(𝐴𝐼 , 𝐴𝐽) = #(𝐵𝐼 , 𝐵𝐽) = 0 

𝑍𝐼 = ∫  
𝐴𝐼
 Ω3,0  

(𝑍0, 𝑍1, … , 𝑍𝑛) ≅ (𝜆𝑍0, 𝜆𝑍1, … , 𝜆𝑍𝑛)  

𝒢𝐼(𝑍) = ∫  
𝐵𝐼

 Ω3,0  

𝒢𝐼 =
𝜕𝒢

𝜕𝑍𝐼
, 𝒢(𝜆𝑍) = 𝜆2𝒢(𝑍)  

𝐾2(𝑍, 𝑍
∗) = ln Im(𝑍𝐼∗𝜕𝐼𝒢(𝑍))  

𝑊(𝑍, 𝜒) =
𝜒𝑎𝜒𝑏𝜒𝑐

3!

𝜕3𝒢(𝑍)

𝜕𝑍𝑎𝜕𝑍𝑏𝜕𝑍𝑐
 

𝐺𝑎𝑏‾
′ = exp [𝜅4

2(𝐾1 − 𝐾2)/3]𝐺𝑎𝑏‾  

[
𝐴′𝐼

𝐵𝐽
′ ] = 𝑆 [

𝐴𝐼

𝐵𝐽
]  

[
𝑍′𝐼

𝒢𝐽
′ ] = 𝑆 [

𝑍𝐼

𝒢𝐽
]  

1

2𝜋𝛼′
∫  
𝑀

 𝐵1,1 =
𝑛𝐴𝑏

𝐴

2𝜋𝛼′
 

𝑇𝐴 → 𝑇𝐴 + 𝑖𝜖𝐴  

𝑇𝐴 = 𝑐𝐴𝑇  

−3ln (𝑇 + 𝑇∗),  

1

2𝜋𝛼′
∫  𝑑2𝑧𝐺𝑖𝑗‾(𝜕𝑧𝑍

𝑖𝜕𝑧‾𝑍
𝑗‾ + 𝜕𝑧𝑍

𝚤‾𝜕𝑧‾𝑍
𝑗)  

1

2𝜋𝛼′
∫  
𝑀

  𝐽1,1 =
1

2𝜋𝛼′
∫  𝑑2𝑧𝐺𝑖𝑗‾(𝜕𝑧𝑍

𝑖𝜕𝑧‾𝑍
𝑗‾ − 𝜕𝑧𝑍

𝚤‾𝜕𝑧‾𝑍
𝑗)=

𝑛𝐴𝑣
𝐴

2𝜋𝛼′
 

 

 

exp (−𝑛𝐴𝑇
𝐴/2𝜋𝛼′)  

𝑄 =
1

2𝜋𝑖
∮   (𝑑𝑧𝑗𝑧 − 𝑑𝑧‾𝑗𝑧‾)  

𝑗𝑧𝜕‾𝑋
𝜇𝑒𝑖𝑘⋅𝑋, 𝜕𝑋𝜇𝑗𝑧‾𝑒

𝑖𝑘⋅𝑋.  
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𝑄 =
1

2𝜋𝑖
∮   (𝑑𝑧𝑑𝜃𝐽 − 𝑑𝑧‾𝑑𝜃‾𝐽)  

𝑅8(2𝜋𝑅9) = 𝛼
′/𝑅8(0)  

Φ(2𝜋𝑅9) = −Φ(0), 𝑔(2𝜋𝑅9) = 1/𝑔(0)  

𝑁
+
1
2
,𝑟
−𝑁

−
1
2
,𝑟
= Tr𝑟,ker(𝐺0)[𝑖exp (𝜋𝑖�̃�𝐾)],  

𝑁
+
1
2
,𝑟
−𝑁

−
1
2
,𝑟
= Tr𝑟[𝑖exp (𝜋𝑖�̃�𝐾)]  

⟨𝛼, out ∣ 𝛽, in⟩ = ⟨𝒱𝛼𝒱𝛽⟩,  

⟨𝛼, out |𝛽, in ⟩ = ⟨𝜃 ⋅ 𝒱𝛼𝜃 ⋅ 𝒱𝛽⟩ = ⟨𝜃𝛽‾, out |𝜃𝛼‾, in ⟩.  

⟨𝐶𝑃𝑇 ⋅ 𝛽, out |𝐶𝑃𝑇 ⋅ 𝛼, in ⟩ = ⟨𝛼, out |𝛽, in ⟩,  

𝒜𝑖(𝑧, 𝑧‾)𝒜𝑖(0,0) ∼ (𝑧𝑧‾)
−2𝑧‾2(𝑞+𝑞

2−𝑠0
2)exp (2𝑞�̃� + 2𝑖𝑠0�̃�0)  

𝑺𝜃 =
𝜃

8𝜋2
∫  Tr(𝐹2 ∧ 𝐹2)  

|𝜃| < 10−9.  

1

2𝑔4
2∫  𝑎𝐹2

𝑎 ∧ 𝐹2
𝑎  

𝑎 → 𝑎 + 𝜖  

exp (−𝑛𝐴𝑇
𝐴/2𝜋𝛼′) = exp [−𝑛𝐴(𝑣

𝐴 + 𝑖𝑏𝐴)/2𝜋𝛼′].  

𝑔10
2 =

4𝜅10
2

𝛼′
 

𝑔4
2 = 𝑔10

2 /𝑉, 𝜅4
2 = 𝜅10

2 /𝑉,  

𝑔4
2 =

4𝜅4
2

𝛼′
 

𝑔YM
2 =

4𝜅2

𝛼′
 

𝑔YM
2 =

2𝜅2

�̂�𝛼′
 

−
1

4𝑔YM
2 𝐹𝜇𝑣

𝑎 𝐹𝑎𝜇𝑣  

𝑔YM
2

𝜅
= 2(2𝜋)7/2𝛼′ ( type I, 𝑑 = 10).  
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𝑔YM
2

𝜅
=
2(2𝜋)7/2𝛼′

𝑉1/2
 ( type I, 𝑑 < 10).  

𝑇𝐵 = 𝑇𝐵
s + 𝑇𝐵

′  

𝑗−1
𝑎 ⋅ 1 = 𝑗𝑎  

𝜕𝑋𝜇�̃�𝑎𝑒𝑖𝑘⋅𝑋  

�̃�−1/2 ⋅ �̃�
𝑎 = 𝑗𝑎  

�̃�1/2 ⋅ 𝑗
𝑎 = 2�̃�0 ⋅ �̃�

𝑎 = �̃�𝑎  

�̃�𝑎(𝑧‾)�̃�𝑏(0)  ∼
𝑘𝛿𝑎𝑏

𝑧‾

𝐽𝑎(𝑧‾)�̃�𝑏(0)  ∼
𝑖𝑓𝑎𝑏𝑐

𝑧‾
�̃�𝑐(0)

�̃�𝐹(𝑧‾)�̃�
𝑎(0)  ∼

1

𝑧‾
𝐽𝑎(0)

𝐽𝑎(𝑧‾)𝐽𝑏(0)  ∼
𝑘𝛿𝑎𝑏

𝑧‾2
+
𝑖𝑓𝑎𝑏𝑐

𝑧‾
𝐽𝑐(0)

�̃�𝐹(𝑧‾)𝐽
𝑎(0)  ∼

1

𝑧‾2
�̃�𝑎(0) +

1

𝑧‾
𝜕‾�̃�𝑎(0)

 

𝑗𝑎 = 𝑗𝜓
𝑎 + 𝑗′𝑎  

𝐽𝜓
𝑎 = −

𝑖

2𝑘
𝑓𝑎𝑏𝑐�̃�𝑏�̃�𝑐  

�̃�𝐹 = �̃�𝐹
s + �̃�𝐹

′′  

�̃�𝐹
s = −

𝑖

6𝑘2
𝑓𝑎𝑏𝑐�̃�𝑎�̃�𝑏�̃�𝑐 +

1

𝑘
�̃�𝑎𝑗′𝑎  

�̃�𝐵 = �̃�𝐵
𝜓
+ �̃�𝐵

′ + �̃�𝐵
′′,  

�̃�𝐵
𝜓
 = −

1

2𝑘
�̃�𝑎𝜕‾�̃�𝑎

�̃�𝐵
′  =

1

2(𝑘′ + ℎ(𝑔))
: 𝑗′𝑗′:

 

�̃�𝜓 =
dim(𝑔)

2
, �̃�′ =

𝑘′dim(𝑔)

𝑘′ + ℎ(𝑔)
, �̃�′′ = �̃� − �̃�𝜓 − �̃�′  

�̃�𝜓 + �̃�′ =
(3𝑘′ + ℎ(𝑔))dim(𝑔)

2(𝑘′ + ℎ(𝑔))
.  

dim(𝑔)

2
≤ �̃�𝜓 + �̃�′ ≤

3dim(𝑔)

2
 

�̃�𝐹
s = 𝑖�̃�𝜕‾𝐻, �̃�𝐵

𝜓
+ �̃�𝐵

′ = −
1

2
�̃�𝜕‾�̃� −

1

2
𝜕‾𝐻𝜕‾𝐻  
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𝑆𝛼𝒱𝐾𝑒
𝑖𝑘𝜇𝑋

𝜇
 

�̃�0
2 = �̃�0 −

𝑐

24
≥ 0  

�̃�0
𝑖 =

�̃�𝑖

24
 

�̃�0
𝜓
+ �̃�0

′ −
�̃�𝜓 + �̃�′

24
≥

ℎ(𝑔)dim(𝑔)

24(𝑘′ + ℎ(𝑔))
> 0  

𝜓𝑎�̃�𝜇𝑒𝑖𝑘⋅𝑋, 𝜓𝜇�̃�𝑎𝑒𝑖𝑘⋅𝑋  

�̃� ≥
8

2
+ �̃�𝑆𝑈(3),1 +

3

2
+ �̃�𝑆𝑈(2),1 + �̃�𝑈(1) = 4 + 2 +

3

2
+ 1 +

3

2
= 10  

 

𝑚s
𝑚grav

= 𝑔YM(�̂�/2)
1/2.  

𝑌

2
= diag (−

1

3
,−
1

3
,−
1

3
,
1

2
,
1

2
) .  

𝑔3 = 𝑔2 = 𝑔1 = 𝑔𝑆𝑈(5)  

1

2
𝑔′𝑌 = 𝑔𝑈(1)𝑡

𝑈(1) ⇒ 𝑔′ = (3/5)1/2𝑔1.  

(5/3)1/2𝑔′ = 𝑔2 = 𝑔3  

𝜇
𝜕

𝜕𝜇
𝑔𝑖 =

𝑏𝑖
16𝜋2

𝑔𝑖
3  

𝛼𝑖
−1(𝜇) = 𝛼𝑖

−1(𝑚GUT) +
𝑏𝑖
4𝜋
ln (𝑚GUT

2 /𝜇2)  

𝑏𝑖 = −
11

3
𝑇𝑔 +

1

3
∑  

 complex 

 scalars 

 𝑇𝑟 +
2

3
∑  

 Weyl 

 fermions 

 𝑇𝑟  

sin2 𝜃w(𝑚𝑍) = 0.212 ± 0.003  

sin2 𝜃w(𝑚𝑍) = 0.234 ± 0.003  

sin2 𝜃w(𝑚𝑍) = 0.2313 ± 0.0003  

𝑚GUT = 10
16.1±0.3GeV, 𝛼GUT

−1 ≈ 25.  

𝑚SU = 𝑘
1/2𝑔YM × 5.27 × 10

17GeV → 3.8 × 1017GeV  

𝑆𝑈(5)′ × 𝑈(1)  ⊂ 𝑆𝑂(10)
𝑆𝑈(4) × 𝑆𝑈(2)𝐿 × 𝑆𝑈(2)𝑅  ⊂ 𝑆𝑂(10)
𝑆𝑈(3)𝐶 × 𝑆𝑈(3)𝐿 × 𝑆𝑈(3)𝑅  ⊂ 𝐸6
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Δ𝑎 = 𝑐𝑎 −∑ 

𝑖

 
𝑏𝑎
𝑖 |𝐺𝑖|

|𝐺|
ln [(𝑇𝑖 + 𝑇𝑖

∗)|𝜂(𝑇𝑖)|
4(𝑈𝑖 + 𝑈𝑖

∗)|𝜂(𝑈𝑖)|
4].  

Δ𝑎 ≈∑  

𝑖

 
𝑏𝑎
𝑖 |𝐺𝑖|

|𝐺|

𝜋(𝑇𝑖 + 𝑇𝑖
∗)

6
 

𝐾 ×
𝑆1
𝐙2

 

102GeV ≲ 𝑚sp ≲ 10
3GeV  

𝛼2
𝛼3
=
�̂�3

�̂�2
=
𝑘3
𝑘2
.  

𝜕𝐻�̃�𝑒𝑖𝑘⋅𝑋  

𝑄′ = 𝑄EM +
𝑇

3
,  

𝑄′ = 𝑄EM +
1

3
𝑇 =

1

2
𝑌 + 𝐼3 +

1

3
𝑇  

diag (−
1

3
,−
1

3
,−
1

3
,
1

2
,
1

2
) + diag (0,0,0,

1

2
,−
1

2
) + diag (

1

3
,
1

3
,−
2

3
, 0,0) = diag(0,0,−1,1,0) 

𝑗′ = 𝜆6−𝜆6+ − 𝜆7−𝜆7+ = 𝑖𝜕(𝐻7 −𝐻6).  

𝜆𝐾+(𝜎1 + 2𝜋) = exp (2𝜋𝑖𝑣𝐾)𝜆
𝐾+(𝜎1)  

exp [𝑖∑  

𝐾

  (1/2 − 𝑣𝐾)𝐻𝐾]  

𝑄′ = 𝑣6 − 𝑣7  

𝑗𝑆𝑈(3)
3  =

𝑖

2
𝜕(𝐻4 −𝐻5)

𝑗𝑆𝑈(3)
8  =

𝑖

2 × 31/2
𝜕(𝐻4 +𝐻5 − 2𝐻6)

𝑗𝑆𝑈(2)
3  =

𝑖

2
𝜕(𝐻7 −𝐻8)

𝑗𝑌/2  =
𝑖

6
𝜕[−2(𝐻4 +𝐻5 + 𝐻6) + 3(𝐻7 +𝐻8)]

 

𝑗′ = 𝑗𝑌/2 + 𝑗𝑆𝑈(2)
3 +

2

31/2
𝑗𝑆𝑈(3)
8 = 𝑖𝜕(𝐻7 −𝐻6)  

exp [𝑖(𝐻6 − 𝐻7)]  

𝜏𝑃 ≈ (
𝑀𝑋

1015GeV
)
4

× 1031±1 years.  
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𝜇1𝐻1𝐿 + 𝜂1𝑈
𝑐𝐷𝑐𝐷𝑐 + 𝜂2𝑄𝐿𝐷

𝑐 + 𝜂3𝐿𝐿𝐸
𝑐 +

𝜆1
𝑀
𝑄𝑄𝑄𝐿 +

𝜆2
𝑀
𝑈𝑐𝑈𝑐𝐷𝑐𝐸𝑐 +

𝜆3
𝑀
𝐿𝐿𝐻2𝐻2 

𝐽𝛼 = 𝑒
−�̃�/2�̃�𝛼Σ̃, 𝐽�̇� = 𝑒

−�̃�/2�̃��̇�Σ‾̃  

Σ̃(𝑧‾)Σ‾̃(0) = 𝑧‾−3/4

Σ̃(𝑧‾)Σ̃(0) = 𝑧‾3/4 
 

Σ̃(𝑧‾)Σ‾̃(0) = 𝑧‾−3/4 (1 +
𝑧‾

2
𝑗 + ⋯)  

𝐽𝛼(𝑧‾)𝐽�̇�(0) ∼
1

21/2𝑧‾
(𝐶Γ𝜇)𝛼�̇�𝑒

−�̃��̃�𝜇(0).  

Σ̃(𝑧‾)Σ̃(0) = 𝑂(𝑧‾3/4).  

⟨Σ̃(𝑧‾1)Σ‾̃(𝑧‾2)Σ̃(𝑧‾3)Σ‾̃(𝑧‾4)⟩ = (
𝑧‾13𝑧‾24

𝑧‾12𝑧‾14𝑧‾23𝑧‾34
)
3/4

𝑓(𝑧‾1, 𝑧‾2, 𝑧‾3, 𝑧‾4),  

⟨𝑗(𝑧‾2)Σ̃(𝑧‾3)Σ‾̃(𝑧‾4)⟩ =
3𝑧‾34
1/4

2𝑧‾23𝑧‾24
 

𝑗(𝑧‾)Σ̃(0) ∼
3

2𝑧‾
Σ̃(0)

𝑗(𝑧‾)Σ̃(0) ∼ −
3

2𝑧‾
Σ‾̃(0)

𝑗(𝑧‾)𝑗(0) ∼
3

𝑧‾2

 

𝑗(𝑧‾) = 31/2𝑖𝜕‾�̃�(𝑧‾)  

�̃�𝐵 = −
1

2
𝜕‾�̃�𝜕‾�̃� + �̃�𝐵

′  

Σ̃ = exp (31/2𝑖�̃�/2)Σ̃′,  

Σ̃ = exp (31/2𝑖�̃�/2), Σ‾̃ = exp (−31/2𝑖�̃�/2)  

�̃�𝐹(𝑧‾)Σ̃(0) = 𝑂(𝑧‾
−1/2), �̃�𝐹(𝑧‾)Σ‾̃(0) = 𝑂(𝑧‾

−1/2)  

�̃�𝐹 = �̃�𝐹
+ + �̃�𝐹

−

�̃�𝐹
+ ∝ exp (𝑖�̃�/31/2), �̃�𝐹

− ∝ exp (−𝑖�̃�/31/2).
 

𝑗(𝑧‾)�̃�𝐹
+(0) ∼

1

𝑧‾
�̃�𝐹
+(0), 𝑗(𝑧‾)�̃�𝐹

−(0) ∼ −
1

𝑧‾
�̃�𝐹
−(0).  

𝐽1
2
1
2
= exp [

1

2
(−�̃� + 𝑖�̃�0 + 𝑖�̃�1 + 3

1/2𝑖�̃�)]  

𝑗GSO =
1

2
𝜕‾(−�̃� + 𝑖�̃�0 + 𝑖�̃�1 + 3

1/2𝑖�̃�)  
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𝑓𝑎𝑏 =
2�̂�𝑎𝛿𝑎𝑏

𝑔4
2 𝑆  

∫  𝐹2 ∧ 𝐹2  

𝑆 → 𝑆 + 𝑖𝜖  

𝑆 → 𝑡𝑆, 𝐺𝜇𝑣4E → 𝑡𝐺𝜇𝑣4E  

𝑺 → 𝑡𝑺  

𝑓𝑎𝑏 = 𝛿𝑎𝑏
𝑆

8𝜋2
.  

𝑔YM
2

8𝜋2
=

1

Re⟨𝑆⟩
 

∫  𝑑4𝑥(−𝐺4E)
1/2exp (𝜅2𝐾)(𝐾𝚤‾𝑗𝑊;𝑖

∗𝑊;𝑗 − 3𝜅
2𝑊∗𝑊)  

𝑺𝐿 → 𝑡1−𝐿𝑺𝐿  

𝒢𝑖𝑗 = ⟨⟨
𝜕ℒws
𝜕𝜙𝑖

| 
𝜕ℒws
𝜕𝜙𝑗

⟩ .  

1

2
𝒢𝑖𝑗𝜕𝜇𝜙

𝑖𝜕𝜇𝜙𝑗  

(𝜙2, 𝜙3, 𝜙4) = (0,0,
1

2
𝜋)  

(𝜕𝑡𝜕𝑡‾𝐾)
−1|𝜕𝑡𝑊+ 𝜅2𝜕𝑡𝐾𝑊|

2 = 3𝜅2|𝑊|2  

𝑊(𝜙) = 𝜕𝑖𝑊(𝜙) = 𝐷
𝑎(𝜙, 𝜙∗) = 0.  

𝑉 = Re[(𝑆/8𝜋2) + 𝑓1(𝑇)]
𝐷2

2

𝐷 =
1

Re[(𝑆/8𝜋2) + 𝑓1(𝑇)]
(2𝜉 − 𝑖𝜅2𝐾,𝑖

𝛿𝜙𝑖

𝛿𝜆
)

 

𝑆−𝐿−1  

𝛿𝑆 = 𝑖𝑞𝛿𝜆  

𝑉 ∝
𝑞2

(𝑆 + 𝑆∗)3
 

𝛿
1

4𝜋2
∫  Im(𝑆)𝐹2

𝑎 ∧ 𝐹2
𝑎 =

𝑞𝛿𝜆

4𝜋2
∫  𝐹2

𝑎 ∧ 𝐹2
𝑎 .  
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𝐷 =
𝑞

(𝑆 + 𝑆∗)
+ ∑  

𝜙𝑖≠𝑆

 𝑞𝑖𝜙
𝑖∗𝜙𝑖  

𝛿𝑇𝐴 = 𝑖𝑞𝐴𝛿𝜆  

𝑉 =
(𝑞𝐴𝜕𝐴𝐾)

2

(𝑆 + 𝑆∗)
 

𝛿𝑇𝐴 ∝ 𝑖𝛿𝜆∫  
𝑁𝐴
 𝐹2  

𝛽8 =
𝑏8
16𝜋2

𝑔𝐸8
3 , −𝑏8 ≫ 1  

𝑔𝐸8
2 (𝜇) =

8𝜋2

Re(𝑆) + 𝑏8ln (𝑚s/𝜇)
 

Λ8 = 𝑚sexp [−Re(𝑆)/|𝑏8|]  

|⟨(𝜆‾𝜆)hidden ⟩| ≈ Λ8
3 .  

𝜅𝐹𝑆(𝜆‾𝜆)hidden .  

𝜅𝐹𝑆⟨(𝜆‾𝜆)hidden ⟩ ≈ 𝐹𝑆𝜅𝑚SU
3 exp (−3𝑆/|𝑏8|).  

𝑊 ≈ 𝜅𝑚SU
3 exp (−3𝑆/|𝑏8|)  

 

𝐹𝑆 =
𝜕𝑊

𝜕𝑆
≈ 𝜅𝑚SU

3 exp (−3𝑆/|𝑏8|)  

𝑉 ≈ 𝜅2𝑚SU
6 (𝑆 + 𝑆∗)𝑘exp [−3(𝑆 + 𝑆∗)/|𝑏8|]  

𝜅⟨𝐹𝑆⟩𝜆‾𝜆 ≈ 𝜅
2𝑚SU

3 exp (−3⟨𝑆⟩/|𝑏8|)𝜆‾𝜆  

𝑚𝜆 ≈ 𝜅
2𝑚SU

3 exp (−3⟨𝑆⟩/|𝑏8|) ≈ exp (−3⟨𝑆⟩/|𝑏8|) × 10
18GeV  

𝑚ew
𝑚grav

≈ 10−16  

𝑚SUSY
2 ≈ 𝑚sp𝑚grav  

𝑚sp ≈ 𝜅𝐹𝑆  

𝑚Φ ≈ 𝑚sp  

𝐾 = −ln (𝑆 + 𝑆∗) − 3ln (𝑇 + 𝑇∗)

𝑊 = −𝑤 + 𝜅𝑚SU
3 exp (−3𝑆/|𝑏8|)
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𝑉 =
(𝑆 + 𝑆∗)|𝑊;𝑆|

2

(𝑇 + 𝑇∗)3

𝑊;𝑆  =
𝑤

𝑆 + 𝑆∗
− 𝜅𝑚SU

3 exp (−3𝑆/|𝑏8|) (
3

|𝑏8|
+

1

𝑆 + 𝑆∗
)

 

𝑊;𝑇 = −
3𝑊

𝑇 + 𝑇∗
≠ 0  

exp (𝐶𝑆1/2), exp [𝐶(𝑆 + 𝑆∗)1/2]  

𝑇𝐵(𝑧)𝑇𝐹
±(0)  ∼

3

2𝑧2
𝑇𝐹
±(0) +

1

𝑧
𝜕𝑇𝐹

±(0),

𝑇𝐵(𝑧)𝑗(0)  ∼
1

𝑧2
𝑗(0) +

1

𝑧
𝜕𝑗(0),

𝑇𝐹
+(𝑧)𝑇𝐹

−(0)  ∼
2𝑐

3𝑧3
+
2

𝑧2
𝑗(0) +

2

𝑧
𝑇𝐵(0) +

1

𝑧
𝜕𝑗(0),

𝑇𝐹
+(𝑧)𝑇𝐹

+(0)  ∼ 𝑇𝐹
−(𝑧)𝑇𝐹

−(0) ∼ 0,

𝑗(𝑧)𝑇𝐹
±(0)  ∼ ±

1

𝑧
𝑇𝐹
±(0),

𝑗(𝑧)𝑗(0)  ∼
𝑐

3𝑧2
.

 

𝑇𝐵(𝑧)  = ∑  

𝑛∈𝐙

 
𝐿𝑛
𝑧𝑛+2

, 𝑗(𝑧) =∑  

𝑛∈𝐙

 
𝐽𝑛
𝑧𝑛+1

,

𝑇𝐹
+(𝑧)  = ∑  

𝑟∈𝐙+𝑣

 
𝐺𝑟
+

𝑧𝑟+3/2
, 𝑇𝐹
−(𝑧) = ∑  

𝑟∈𝐙−𝑣

 
𝐺𝑟
−

𝑧𝑟+3/2
,

 

[𝐿𝑚, 𝐺𝑟
±]  = (

𝑚

2
− 𝑟)𝐺𝑚+𝑟

±

[𝐿𝑚, 𝐽𝑛]  = −𝑛𝐽𝑚+𝑛

{𝐺𝑟
+, 𝐺𝑠

−}  = 2𝐿𝑟+𝑠 + (𝑟 − 𝑠)𝐽𝑟+𝑠 +
𝑐

3
(𝑟2 −

1

4
) 𝛿𝑟,−𝑠

{𝐺𝑟
+, 𝐺𝑠

+}  = {𝐺𝑟
−, 𝐺𝑠

−} = 0

[𝐽𝑛, 𝐺𝑟
±]  = ±𝐺𝑟+𝑛

±

[𝐽𝑚, 𝐽𝑛]  =
𝑐

3
𝑚𝛿𝑚,−𝑛

 

�̃�𝐹 = �̃�𝐹
+ + �̃�𝐹

−.  

exp [𝑙�̃� + 𝑖𝑠0�̃�
0 + 𝑖𝑠1�̃�

1 + 𝑖�̃�(�̃�/31/2)],  

𝑙 + 𝑠0 + 𝑠1 + �̃� ∈ 2𝐙.  

𝒰exp (𝑖�̃�/31/2),𝒰exp (−𝑖�̃�/31/2),  

𝑗𝑎exp (31/2𝑖�̃�/2),𝒰exp [−𝑖�̃�/(2 × 31/2)].  

𝒰exp [𝑖�̃�/(2 × 31/2)], 𝑗𝑎exp (−31/2𝑖�̃�/2).  
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{�̃�1/2
+ , �̃�−1/2

− } = 2�̃�0 + 𝐽0

{�̃�−1/2
+ , �̃�1/2

− } = 2�̃�0 − 𝐽0
 

𝑗 = 𝑖(�̃�/3)1/2𝜕‾�̃�  

2ℎ̃ ≥ |�̃�|  

�̃�𝑟
±|𝑐⟩  = 0, 𝑟 > 0

�̃�𝑛|𝑐⟩  = 𝐽𝑛|𝑐⟩ = 0, 𝑛 > 0

�̃�−1/2
+ |𝑐⟩  = 0

 

3�̃�2

2�̃�
≤
|�̃�|

2
⇒ |�̃�| ≤

�̃�

3
 

𝐺𝜇𝑣 Einstein 
′ = exp [−2(Φ4 − ⟨Φ4⟩)]𝐺𝜇𝑣 

𝐽1 ⋅ 𝒱
0 = 𝐽1𝐺−1/2 ⋅ 𝒱

−1 = (�̃�−1/2𝐽1 + �̃�1/2
+ − �̃�1/2

− ) ⋅ 𝒱−1 = 0  

exp [𝑖(3/�̃�)1/2�̃��̃�] → exp [𝑖(3/�̃�)1/2�̃��̃� − 𝑖𝜂(�̃�/3)1/2�̃�]  

𝑣 → 𝑣 + 𝜂  

�̃�𝑛
±|𝜓⟩ = �̃�𝑛|𝜓⟩ = 𝐽𝑛|𝜓⟩ = 0, 𝑛 ≥ 0,  

𝐾 = −3ln (𝑇 + 𝑇∗).  

𝐾 = −ln Im(∑  

𝐼

 𝑋𝐼∗𝜕𝐼𝐹(𝑋)) ,  

𝐹(𝑋) =
(𝑋1)3

𝑋0
, 𝑇 =

𝑖𝑋1

𝑋0
 

𝛿𝑋1 = 𝜖𝑋0.  

𝛿𝐹 = 3𝜖(𝑋1)2.  

𝛿𝐹 = 𝑐𝐼𝐽𝑋
𝐼𝑋𝐽  

Δ𝐹 = 𝑖𝜆(𝑋0)2  

𝛿𝑋𝐼 = 𝜔𝐼𝐽𝑋𝐽  

𝑇𝐴 =
𝑖𝑋𝐴

𝑋0
, 𝐴 = 1,… , 𝑛  

𝐹 =
𝑑𝐴𝐵𝐶𝑋

𝐴𝑋𝐵𝑋𝐶

𝑋0
+ 𝑖𝜆(𝑋0)2  

|𝑐, �̃�⟩, |𝑐, �̃�⟩, |𝑎, �̃�⟩, |𝑎, �̃�⟩,  

Φ++, Φ+−, Φ−+, Φ−−  
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ℎ ≥
1

2
(𝑄Φ + 𝑄Ψ) = ℎΦ + ℎΨ  

Φ++(𝑧, 𝑧‾)Ψ++(0,0) ∼ (ΦΨ)++(0,0)  

𝑗 = 𝜓𝑖𝜓𝚤‾, 𝑗 = �̃�𝑖�̃�𝚤‾  

𝑏𝑖1…𝑖𝑝𝑗‾1…𝐽‾𝑞(𝑋)𝜓
𝑖1 …𝜓𝑖𝑝�̃�𝐽‾1 …�̃�𝐽

‾𝑞  

𝑄 = 𝑝, ℎ =
𝑝

2
, �̃� = −𝑞, ℎ̃ =

𝑞

2
 

(𝐺0
+)2 = 0.  

𝑇𝐵
top

≡ 𝑇𝐵 +
1

2
𝜕𝑗  

𝑇𝐵
top
(𝑧)𝑇𝐵

top
(0)  ∼

2

𝑧2
𝑇𝐵
top
(𝑧) +

1

𝑧
𝜕𝑇𝐵

top
(𝑧)

𝑇𝐵
top
(𝑧)𝑇𝐹

+(0)  ∼
1

𝑧2
𝑇𝐹
+ +

1

𝑧
𝜕𝑇𝐹

+

 

𝑇𝐹
+(𝑧)𝑇𝐹

−(0) = ⋯+
1

𝑧
𝑇𝐵
top
(0) + ⋯  

∑  

8

𝐾=4

 𝜆𝐾+𝜆𝐾−  

𝜆𝐴𝜆𝐵, Θ𝟏𝟔exp (3
1/2𝑖𝐻/2), Θ𝟏𝟔exp (−3

1/2𝑖𝐻/2), 𝑖𝜕𝐻.  

45 + 16 + 16 + 1  

𝒱 = 𝜆𝐴Φ++  

Θ16Φ
++ (1 → −

1

2
)  

ℎ =
𝑄

2
+
𝑄′2 − 𝑄2

6
, ℎ̃ =

�̃�

2
 

Φ++(1 → −2)  

𝐺−1/2
− ⋅ Φ++  

𝐺−1/2
− 𝐺−1/2

− ⋅ Φ+± = 0

𝐺−1/2
− 𝐺−1/2

+ ⋅ Φ−± = (2𝐿−1 − 𝐺−1/2
+ 𝐺−1/2

− ) ⋅ Φ−± = 2𝜕Φ−±
 

(𝐺−1/2
− )

2
= 0, 𝐺−1/2

− ⋅ Φ−± = 0  

𝐺𝐴𝐵‾
′  = exp [𝜅2(𝐾2 − 𝐾1)/3]𝐺𝐴𝐵‾

𝑊(𝜙)  = 𝜙𝐴 𝑥‾𝜙
𝐵 𝑦‾𝜙

𝐶  𝑧‾𝑑
𝑥‾𝑦‾𝑧‾𝜕𝐴𝜕𝐵𝜕𝐶𝐹1(𝑇)
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𝐺𝑎𝑏‾
′  = exp [𝜅2(𝐾1 − 𝐾2)/3]𝐺𝑎𝑏‾

𝑊(𝜒)  = 𝜒𝑎  𝑥𝜒
𝑏 𝑦𝜒

𝑐 𝑧𝑑
𝑥𝑦𝑧𝜕𝑎𝜕𝑏𝜕𝑐𝐹2(𝑍)

 

𝑐 = 3 −
6

𝑘 + 2
=

3𝑘

𝑘 + 2
, 𝑘 = 0,1,…  

NS: ℎ =
𝑙(𝑙 + 2) − 𝑞2

4(𝑘 + 2)
, 𝑄 =

𝑞

𝑘 + 2

R: ℎ =
𝑙(𝑙 + 2) − (𝑞 ± 1)2

4(𝑘 + 2)
+
1

8
, 𝑄 =

𝑞 ± 1

𝑘 + 2
∓
1

2

 

𝑗+ = 𝜓1exp [𝑖 (
2

𝑘
)
1/2

𝐻] , 𝑗− = 𝜓1
†exp [−𝑖 (

2

𝑘
)
1/2

𝐻] .  

𝑇𝐹
+ = 𝜓1exp [𝑖 (

𝑘 + 2

𝑘
)
1/2

𝐻] , 𝑇𝐹
− = 𝜓1

†exp [−𝑖 (
𝑘 + 2

𝑘
)
1/2

𝐻]  

1 −
1

2
(
2

𝑘
) +

1

2
(
𝑘 + 2

𝑘
) =

3

2
,  

𝒪𝑚
𝑗
= 𝜓𝑚

𝑗
exp [𝑖𝑚 (

2

𝑘
)
1/2

𝐻] .  

𝒪𝑚
′𝑗
= 𝜓𝑚

𝑗
exp [𝑖

2𝑚

𝑘1/2(𝑘 + 2)1/2
𝐻]  

ℎ =
𝑗(𝑗 + 1)

𝑘 + 2
−
𝑚2

𝑘
+

2𝑚2

𝑘(𝑘 + 2)
=
𝑗(𝑗 + 1) −𝑚2

𝑘 + 2
.  

𝑗 = 𝑖[𝑘/(𝑘 + 2)]1/2𝜕𝐻,  

𝜓𝑚
𝑗
exp [𝑖

2𝑚 ± 𝑘/2

𝑘1/2(𝑘 + 2)1/2
𝐻]  

𝑊(Φ) = Φ𝑘+2  

𝜎 → 𝜆𝜎, 𝜙 → 𝜆𝜔𝜙

𝜓 → 𝜆𝜔−1/2𝜓, 𝐹 → 𝜆𝜔−1𝐹,
 

𝜆2−1+(𝑘+2)𝜔  

ℎ𝜙 = ℎ̃𝜙 =
1

2(𝑘 + 2)
.  

𝑄𝜙 = �̃�𝜙 =
1

𝑘 + 2
 

𝜕𝜙𝑊(𝜙) = (𝑘 + 2)𝜙
𝑘+1 = 0  

𝑄 =
𝑐

3
=

𝑘

𝑘 + 2
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Φ → exp (
2𝜋𝑖

𝑘 + 2
)Φ.  

exp (2𝜋𝑖𝑄);  

∑ 

𝑖

 
𝑘𝑖

𝑘𝑖 + 2
= 3.  

𝑙 + 𝑠0 + 𝑠1 +𝑄 ∈ 2𝐙  

𝑔𝑞 = exp (𝜋𝑖𝑠 + 2𝜋𝑖𝑄) = exp (𝜋𝑖𝑠)∏  

𝑖

 exp (2𝜋𝑖𝑄𝑖)  

𝑁𝑘

𝑘 + 2
= 3  

𝑘𝑁 = 19, 26, 35, 64.  

∏ 

𝑁

𝑖=1

 𝜓𝑚𝑖

𝑗𝑖 �̃�𝑚𝑖

𝑗𝑖 exp [𝑖
2𝑚(𝐻𝑖 + �̃�𝑖)

𝑘1/2(𝑘 + 2)1/2
] .  

exp [𝑖𝑙 (
𝑘 + 2

𝑘
)
1/2

𝐻𝑖] .  

exp [𝑖𝑛 (
𝑘

𝑘 + 2
)
1/2

𝐻𝑖]  

∏ 

𝑁

𝑖=1

 𝜓𝑚𝑖

𝑗𝑖 �̃�𝑚𝑖

𝑗𝑖 exp [𝑖
(2𝑚𝑖 + 𝑛𝑘)𝐻𝑖 + 2𝑚𝑖�̃�𝑖

𝑘1/2(𝑘 + 2)1/2
]  

𝑄 =
1

𝑘 + 2
∑  

𝑁

𝑖=1

  (2𝑚𝑖 + 𝑛𝑘) = 3𝑛 +
2

𝑘 + 2
∑  

𝑁

𝑖=1

 𝑚𝑖  

𝐿0 − �̃�0=
1

2𝑘(𝑘 + 2)
∑  

𝑁

𝑖=1

  {(2𝑚𝑖 + 𝑛𝑘)
2 − (2𝑚𝑖)

2} 

 =
3𝑛2

2
+

2𝑛

𝑘 + 2
∑  

𝑁

𝑖=1

 𝑚𝑖

 

ℎ̃ −
�̃�

2
=∑  

𝑁

𝑖=1

 
𝑗𝑖(𝑗𝑖 + 1) −𝑚𝑖(𝑚𝑖 + 1)

𝑘 + 2
.  

∑ 

𝑖

  𝑗𝑖 =
𝑘 + 2

2
, |𝑗𝑖| ≤

𝑘

2  

𝑚𝑖 = −�̃�𝑖 = −𝑗𝑖, all 𝑖  
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19: (84,0), 26: (90,0), 35: (101,1), 64: (149,1).  

𝑆5 ⋉ 𝐙5
4,  

exp (2𝜋𝑖𝑄𝑖), 𝑖 = 2,3,4,5.  

𝐺(𝑧) = 𝑧1
5 + 𝑧2

5 + 𝑧3
5 + 𝑧4

5 + 𝑧5
5  

𝑧𝑖 → exp (2𝜋𝑖𝑛𝑖/5)𝑧𝑖, 𝑛1 = 0  

∑ 

5

𝑖=1

 Φ𝑖
5  

𝑊 = 𝑃𝐺(Φ)  

𝑞Φ = 1, 𝑞𝑃 = −5  

𝑈 = |𝐺(𝜙)|2 + |𝑝|2∑ 

5

𝑖=1

  |
𝜕𝐺

𝜕𝜙𝑖
|
2

+
𝑒2

2
(𝑟 + 5|𝑝|2 −∑  

5

𝑖=1

  |𝜙𝑖|
2)

2

+ (𝐴2
2 + 𝐴3

2) (25|𝑝|2 +∑ 

5

𝑖=1

  |𝜙𝑖|
2) 

𝜕𝐺

𝜕𝜙𝑖
= 0  

𝑝 = 0,∑  

5

𝑖=1

  |𝜙𝑖|
2 = 𝑟.  

𝐺(𝜙) = 0  

𝑅c
2 ∝ 𝑟  

|𝑝|2 =
𝑟

5
, 𝜙𝑖 = 0, 𝐴2 = 𝐴3 = 0  

𝑊 = ⟨𝑝⟩𝐺(Φ);  

𝑝 → 𝑝,𝜙𝑖 → exp (2𝜋𝑖/5)𝜙𝑖  

𝑖
𝜃

2𝜋
∫  𝐹2,  

𝐹12 =
𝜃

2𝜋
.  

(ℎ1,1, ℎ2,1)ℳ = (ℎ2,1, ℎ1,1)𝒱 ,  

exp {2𝜋𝑖[𝑟(𝑄2 − 𝑄3) + 𝑠(𝑄3 − 𝑄4) + 𝑡(𝑄4 −𝑄5)]}  

𝑋 → 𝑋 + 2𝜋(𝛼′/𝑛)1/2  

𝑅′ = (𝛼′/𝑛)1/2  
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(𝑧1, 𝑧2, 𝑧3, 𝑧4, 𝑧5) → (𝑧1, 𝛼
𝑟𝑧2, 𝛼

𝑠−𝑟𝑧3, 𝛼
𝑡−𝑠𝑧4, 𝛼

−𝑡𝑧5)  

𝒲 =ℳ/Γ.  

𝐺(𝑧) = 𝑧1
5 + 𝑧2

5 + 𝑧3
5 + 𝑧4

5 + 𝑧5
5 − 5𝜓𝑧1𝑧2𝑧3𝑧4𝑧5  

𝑍𝐼 = ∫  
𝐴𝐼
 Ω3,0 , 𝒢𝐼(𝑍) = ∫  

𝐵𝐼

 Ω3,0  

𝑇 ≈
5

2𝜋
ln (5𝜓)  

𝐹 = (𝑋0)2 [
5𝑖

6
𝑇3 −

25𝑖

2𝜋3
𝜁(3) +∑  

∞

𝑘=1

 𝐶𝑘exp (−2𝜋𝑘𝑇)]  

𝑛𝑘 = 2875,609250,317206375,242467530000,…  

Re(𝑇𝐴) = ∫  
𝑁𝐴
  𝐽1,1 = ∫  

𝑁𝐴
 𝑑2𝑤𝐺𝑖𝑗‾

𝜕𝑋𝑖

𝜕𝑤

𝜕𝑋𝑗‾

𝜕𝑤‾
> 0  

 

𝜙∗ ⋅ 𝜙 − 𝜌∗ ⋅ 𝜌 − 𝑟 = 0  

(𝜙𝑖 , 𝜌𝑖) ≅ (𝑒
𝑖𝜆𝜙𝑖, 𝑒

−𝑖𝜆𝜌𝑖)  

𝑧𝑖
5 = 𝜓𝑧1𝑧2𝑧3𝑧4𝑧5, 𝑖 = 1,… ,5  

𝜓5 = 1  

∑ 

𝑖

 𝑤𝑖
2 = 0,  

∑ 

𝑖

  |𝑤𝑖
2| = 2𝜌2.  

𝑥 ⋅ 𝑥 = 𝜌2, 𝑦 ⋅ 𝑦 = 𝜌2, 𝑥 ⋅ 𝑦 = 0.  

𝑆3 × 𝑆2 × 𝐑+  

∑ 

𝑖

 𝑤𝑖
2 = 𝜓 − 1.  
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𝑥 ⋅ 𝑥 = |𝜓 − 1|, 𝑦 = 0  

𝒢1 =
1

2𝜋𝑖
𝑍1ln 𝑍1 +  ℍholomorphic terms  

𝒢1 → 𝒢1 + 𝑍
1.  

𝑐𝜇𝑛𝑝𝑞(𝑥, 𝑦) = 𝑐𝜇
1(𝑥)𝜔1𝑛𝑝𝑞(𝑦)  

∫  
𝐷

  𝑐4 = ∫ 
𝑃

  𝑐1
1

 

−
1

32𝜋2
ln (Λ2/𝑀2)𝐹𝜇𝑣𝐹

𝜇𝑣  

1

8𝜋
Re(𝑖𝜕1𝒢1)  

Φ𝛼
†𝜎𝛼𝛽

𝐴 Φ𝛽 = 0, 𝐴 = 1,2,3  

𝑧1𝐻1(𝑧) + 𝑧
2𝐻2(𝑧) = 0  

𝑧1 = 𝑧2 = 𝐻1(𝑧) = 𝐻2(𝑧) = 0  

𝑞𝐼 𝑖 = 𝛿
𝐼 𝑖, 𝑖 = 1,… ,15, 𝑞

𝐼 16 = −1  

Φ𝑖𝛼
† 𝜎𝛼𝛽

𝐴 Φ𝑖𝛽 −Φ16𝛼
† 𝜎𝛼𝛽

𝐴 Φ16𝛽 = 0, 𝐴 = 1,2,3, 𝑖 = 1,… ,15.  

Φ𝑖𝛼 = Φ16𝛼, 𝑖 = 1,… ,15.  

(ℎ1,1, ℎ2,1) = (2,86)  

16 → (4,2) + (4′, 2′)

16′  → (4, 2′) + (4′, 2)
 

ℎ2,2 𝑐1

ℎ2,1ℎ1,2 01,10
ℎ1,0ℎ1,1ℎ0,2 ℎ0,1

ℎ0,0 0200

.  

∗ 𝜔2 = ±𝜔2.  

𝑔𝑖𝑗 = Ω[𝑖
𝑘‾ 𝜔𝑗]𝑘‾  

𝐻𝜇𝑣𝜎𝑝𝑞 = 𝐻𝜇𝑣𝜎𝜔𝑝𝑞  

∗10=∗4∗6  

𝑆𝑂(20,4, 𝐑)

𝑆𝑂(20,𝐑) × 𝑆𝑂(4, 𝐑)
,  

𝑇𝐹 = 𝑖𝜓𝑚𝜕𝑋
𝑚 = 𝑖𝜓𝑟𝑒𝑚

𝑟 𝜕𝑋𝑚  
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(𝟓𝟔, 𝟏)10 + (𝟏, 𝟏)65  

(𝟐𝟖, 𝟐)10 + (𝟏, 𝟏)65  

𝑛𝐻 + 29𝑛𝑇 − 𝑛𝑉 = 273.  

𝐹 =∗ 𝐹.  

∫  
K3

 tr(𝑅2 ∧ 𝑅2) = ∫  
K3

 Tr𝑣(𝐹2 ∧ 𝐹2),  

𝑛1 + 𝑛2 + 𝑛5 = 24  

𝐺I𝜇𝑣  = 𝑔h
−1𝐺h𝜇𝑣

𝑔I  = 𝑔h
−1

 

𝑅𝑚I ∝ 𝑔h
−1/2

𝑅𝑚 h  

𝑔′  ∝ 𝑉I
−1𝑔I ∝ 𝑉h

−1𝑔h
(𝑘−2)/2

𝑅𝑚
′  ∝ 𝑅𝑚I

−1 ∝ 𝑔h
1/2
𝑅𝑚 h
−1

 

𝑇𝑘/𝐙2, 𝐙2 = {1,Ω�̂�}  

𝑅10M ∝ 𝑔
′2/3 ∝ 𝑔h

1/3
𝑉h
−2/3

,

𝑅𝑚M ∝ 𝑔
′−1/3𝑅𝑚

′ ∝ 𝑔h
1/3
𝑅𝑚 h
−1 𝑉h

1/3
.

 

𝑔′′ ∝ 𝑔′−1 ∝ 𝑔h
−1𝑉h,

𝑅𝑚
′′ ∝ 𝑔′−1/2𝑅𝑚

′ ∝ 𝑅𝑚 h
−1 𝑉h

1/2
.

 

Ω�̂� = 𝛽𝑅
−1Ω𝛽𝑅 = Ω𝛽𝐿

−1𝛽𝑅  

�̂� = 𝛽𝐿
−1𝛽𝑅 = 𝛽𝐿

−2𝛽𝐿𝛽𝑅 = exp (−2𝜋𝑖𝐽𝐿)𝛽 = exp (𝜋𝑖𝑛𝐅𝐿)𝛽  

𝐺𝜇𝑣+,𝐵𝜇𝑣−,Φ+,𝐶−, 𝐶𝜇𝑣+,𝐶𝜇𝑣𝜌𝜎−.  

𝐺𝜇𝜈+,𝐵𝜇𝜈+,Φ+, 𝐶−, 𝐶𝜇𝜈−,𝐶𝜇𝜈𝜌𝜎−.  

𝑇𝑘/𝐙2, 𝐙2 = {1, exp (𝜋𝑖𝐅𝐿)𝛽}  

𝑔A  = 𝑔
′′𝑅9

′′−1 = 𝑔h
−1𝑅9 h𝑉h

1/2

𝑅9 A  = 𝑅9
′′−1 = 𝑉h

−1/2
𝑅9 h

𝑅𝑚 A  = 𝑅𝑚
′′ = 𝑉h

1/2
𝑅𝑚 h
−1 ,𝑚 = 6,7,8

 

𝑇4/𝐙2, 𝐙2 = {1, 𝛽}  

𝑒−2Φ6 = 𝑉𝑒−2Φ  

Φ6 → −Φ6, 𝐺𝜇𝑣 → 𝑒−2Φ6𝐺𝜇𝑣

�̃�3 → 𝑒−2Φ6 ∗6 �̃�3, 𝐹2
𝑎 → 𝐹2

𝑎
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𝑺het =
1

2𝜅6
2∫  𝑑

6𝑥(−𝐺6)
1/2𝑒−2Φ6 (𝑅 + 4𝜕𝜇Φ6𝜕

𝜇Φ6−
1

2
|�̃�3|

2
−
𝜅6
2

2𝑔6
2
|𝐹2|

2) 

𝑆IIA =
1

2𝜅6
2∫  𝑑

6𝑥(−𝐺6)
1/2(𝑒−2Φ6𝑅 + 4𝑒−2Φ6𝜕𝜇Φ6𝜕

𝜇Φ6−
1

2
|�̃�3|

2
−
𝜅6
2

2𝑔6
2 𝑒

−2Φ6|𝐹2|
2) 

𝑇4/𝐙2 = K3.  

𝑆𝑂(19,3, 𝐑)

𝑆𝑂(19, 𝐑) × 𝑆𝑂(3, 𝐑)
× 𝐑+.  

𝑒−2Φ4 ∝ 𝑅4𝑅5𝑒
−2Φ6  

𝑒Φ4 → (𝑅4𝑅5)
−1/2  

∗4 �̃� → 𝑒−2Φ4𝑑𝐵45,  

∗4 �̃� ∝ 𝑒
−2Φ4𝑑𝑎  

𝑆 → 𝑖𝜌∗.  

𝑆𝑈(1,1)

𝑈(1) × 𝑆𝑈(1,1, 𝐙)
×

𝑂(22,6, 𝐑)

𝑂(22, 𝐑) × 𝑂(6,𝐑) × 𝑂(22,6, 𝐙)
 

|1,−1⟩, |1,−
1

2
⟩
2

, |1,0⟩  

{Γ𝜇 , Γ𝑣} = 2𝜂𝜇𝑣  

Γ0± =
1

2
(±Γ0 + Γ1)

Γ𝑎± =
1

2
(Γ2𝑎 ± 𝑖Γ2𝑎+1), 𝑎 = 1,… , 𝑘

 

{Γ𝑎+, Γ𝑏−} = 𝛿𝑎𝑏

{Γ𝑎+, Γ𝑏+} = {Γ𝑎−, Γ𝑏−} = 0
 

Γ𝑎−𝜁 = 0 for all 𝑎  

𝜁(𝐬) ≡ (Γ𝑘+)
𝑠𝑘+1/2…(Γ0+)𝑠0+1/2𝜁.  

Γ0 = [
0 1
−1 0

] , Γ1 = [
0 1
1 0

] .  

Γ𝜇 = 𝛾𝜇⊗ [
−1 0
0 1

] , 𝜇 = 0,… , 𝑑 − 3

Γ𝑑−2 = 𝐼 ⊗ [
0 1
1 0

] , Γ𝑑−1 = 𝐼 ⊗ [
0 −𝑖
𝑖 0

]
 

Σ𝜇𝑣 = −
𝑖

4
[Γ𝜇 , Γ𝑣]  

𝑖[Σ𝜇𝑣 , Σ𝜎𝜌] = 𝜂𝑣𝜎Σ𝜇𝜌 + 𝜂𝜇𝜌Σ𝑣𝜎 − 𝜂𝑣𝜌Σ𝜇𝜎 − 𝜂𝜇𝜎Σ𝑣𝜌.  
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𝑆𝑎 ≡ 𝑖
𝛿𝑎,0Σ2𝑎,2𝑎+1 = Γ𝑎+Γ𝑎− −

1

2
 

Γ = 𝑖−𝑘Γ0Γ1…Γ𝑑−1  

(Γ)2 = 1, {Γ, Γ𝜇} = 0, [Γ, Σ𝜇𝑣] = 0.  

Γ = 2𝑘+1𝑆0𝑆1…𝑆𝑘,  

𝟒Dirac = 𝟐 + 𝟐
′  

32Dirac = 16 + 16
′.  

𝐵1 = Γ
3Γ5…Γ𝑑−1, 𝐵2 = Γ𝐵1  

𝐵1Γ
𝜇𝐵1

−1 = (−1)𝑘Γ𝜇∗, 𝐵2Γ
𝜇𝐵2

−1 = (−1)𝑘+1Γ𝜇∗.  

𝐵Σ𝜇𝑣𝐵−1 = −Σ𝜇𝑣∗  

𝐵1Γ𝐵1
−1 = 𝐵2Γ𝐵2

−1 = (−1)𝑘Γ∗,  

𝜁∗ = 𝐵𝜁  

𝐵1
∗𝐵1 = (−1)

𝑘(𝑘+1)/2, 𝐵2
∗𝐵2 = (−1)

𝑘(𝑘−1)/2.  

P± =
1 ± Γ

2
.  

𝜁 → P+𝜁, 𝜒 → 𝜒 + 𝐵∗𝜒∗  

𝐶Γ𝜇𝐶−1 = −Γ𝜇𝑇 .  

Γ𝜇† = Γ𝜇 = −Γ
0Γ𝜇(Γ0)−1  

𝐶Γ0Γ𝜇(𝐶Γ0)−1 = Γ𝜇∗.  

𝐶 = 𝐵1Γ
0, 𝑑 = 2mod4;  𝐶 = 𝐵2Γ

0, 𝑑 = 4mod4  

𝐶Σ𝜇𝑣𝐶−1 = −Σ𝜇𝑣𝑇 .  

𝜁‾𝜒 = 𝜁†Γ0𝜒.  

𝜁‾Γ𝜇1Γ𝜇2 …Γ𝜇𝑚𝜒  

𝜁𝑇𝐶Γ𝜇1Γ𝜇2 …Γ𝜇𝑚𝜒  

𝜁𝑇𝐶Γ𝜇1𝜇2…𝜇𝑚𝜒  

Γ𝜇1𝜇2…𝜇𝑚 = Γ[𝜇1Γ𝜇2 …Γ𝜇𝑚]  

Γ𝜇1…𝜇𝑠Γ = −
𝑖−𝑘+𝑠(𝑠−1)

(𝑑 − 𝑠)!
𝜖𝜇1…𝜇𝑑Γ𝜇𝑠+1…𝜇𝑑 .  
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𝟐𝐤+𝟏 × 𝟐𝐤+𝟏 = [0] + [1] + ⋯+ [𝑘 + 1],  

𝟐Dirac 
𝐤+𝟏 × 𝟐Dirac 

𝐤+𝟏 = [0] + [1] + ⋯+ [2𝑘 + 2]  

 = [0]2 + [1]2 +⋯+ [𝑘]2 + [𝑘 + 1]
 

𝜁𝑇𝐶Γ𝜇1𝜇2…𝜇𝑚Γ𝜒 = (−1)𝑘+𝑚+1(Γ𝜁)𝑇𝐶Γ𝜇1𝜇2…𝜇𝑚𝜒  

𝟐𝐤 × 𝟐𝐤 = {
[1] + [3] +⋯+ [𝑘 + 1]+, 𝑘 even 

[0] + [2] +⋯+ [𝑘 + 1]+, 𝑘 odd 

𝟐𝐤′ × 𝟐𝐤′ = {
[1] + [3] + ⋯+ [𝑘 + 1]−, 𝑘 even 

[0] + [2] + ⋯+ [𝑘 + 1]−, 𝑘 odd 

𝟐𝐤 × 𝟐𝐤′ = {
[0] + [2] +⋯+ [𝑘], 𝑘 even 

[1] + [3] +⋯+ [𝑘], 𝑘 odd 

 

𝑢𝑖𝑗
∗ = 𝜖𝑖𝑖′𝜖𝑗𝑗′𝑢𝑖′𝑗′  

Γ0 = 𝑖𝜎2, Γ1 = 𝜎1, Γ2 = 𝜎3  

𝟐𝐥−𝟏 × 𝟐𝐥−𝟏  = {
[0] + [2] + ⋯+ [𝑙]+, 𝑙 even ,
[1] + [3] + ⋯+ [𝑙]+, 𝑙 odd ,

𝟐𝐥−𝐥′ × 𝟐𝐥−𝐥′  = {
[0] + [2] + ⋯+ [𝑙]−, 𝑙 even ,
[1] + [3] + ⋯+ [𝑙]−, 𝑙 odd ,

𝟐𝐥−𝟏 × 𝟐𝐥−𝐥′  = {
[1] + [3] + ⋯+ [𝑙 − 1], 𝑙 even ,
[0] + [2] + ⋯+ [𝑙 − 1], 𝑙 odd .

 

𝑆𝑂(9,1) → 𝑆𝑂(3,1) × 𝑆𝑂(6)  

𝑆𝑂(2𝑘 + 1,1) → 𝑆𝑂(2𝑙 + 1,1) × 𝑆𝑂(2𝑘 − 2𝑙)  

2𝐤  → (2𝐥, 2𝐤−𝐥−𝟏) + (2𝐥, 2𝐤−𝐥−𝟏
′
)

2𝐤′  → (2𝐥, 2𝐤−𝐥−𝟏) + (2𝐥, 2𝐤−𝐥−𝐥
′
)

 

𝑆𝑂(2𝑛) → 𝑆𝑈(𝑛) × 𝑈(1)  

𝜁 ∈ 𝟏−𝑛 ,  

𝟐𝐧 → [0]−𝑛 + [1]2−𝑛 + [2]4−𝑛 +⋯+ [𝑛]𝑛,  

𝑆𝑂(6) → 𝑆𝑈(3) × 𝑈(1)  

𝟒 → 𝟏3 + 𝟑−1,

𝟒 → 𝟏−3 + 𝟑1.
 

𝑆𝑂(4) = 𝑆𝑈(2) × 𝑆𝑈(2).  

𝑥 = 𝑥4𝐼 + 𝑖𝑥𝑖𝜎𝑖, 𝑖 = 1,2,3;  det𝑥 = ∑  

4

𝑚=1

  (𝑥𝑚)2.  

𝑥′ = 𝑔1𝑥𝑔2
−1,  
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𝟒 = (𝟐, 𝟐),
𝟐 = (𝟐, 𝟏),

𝟐′  = (𝟏, 𝟐).
 

{𝑄𝛼 , 𝑄‾𝛽} = −2𝑃𝜇Γ𝛼𝛽
𝜇

[𝑃𝜇 , 𝑄𝛼] = 0
 

{𝑄𝛼 , 𝑄𝛽
†} = 2𝑘0(1 + Γ0Γ1)𝛼𝛽 = 2𝑘

0(1 + 2𝑆0)𝛼𝛽  

{𝑄𝑠0′𝑠1′ , 𝑄𝑠0𝑠1
† } = 4𝑘0𝛿𝑠0,1/2𝛿𝐬𝐬′  

0= ⟨𝜓|{𝑄−1/2,𝑠1 , 𝑄−1/2,𝑠1
† }|𝜓⟩  

 = ‖𝑄−1/2,𝑠1|𝜓⟩‖ 
2 +‖𝑄−1/2,𝑠1

† |𝜓⟩‖2
 

𝑏 = (4𝑘0)−1/2𝑄1/2,−1/2, 𝑏
† = (4𝑘0)−1/2𝑄1/2,1/2  

{𝑏, 𝑏†} = 1, 𝑏2 = 𝑏†2 = 0  

𝑆1|𝜆⟩ = 𝜆|𝜆⟩, 𝑏|𝜆⟩ = 0  

𝑏†|𝜆⟩ = |𝜆 +
1

2
⟩ , 𝑆1 |𝜆 +

1

2
⟩ = (𝜆 +

1

2
) |𝜆 +

1

2
⟩ .  

{𝑄𝑠0′𝑠1′ , 𝑄𝑠0𝑠1
† } = 2𝑚𝛿𝐬𝐬′  

𝑏1 = (2𝑚)
−1/2𝑄1/2,−1/2, 𝑏2 = (2𝑚)

−1/2𝑄−1/2,−1/2

{𝑏𝑖, 𝑏𝑗
†} = 𝛿𝑖𝑗 , {𝑏𝑖, 𝑏𝑗} = {𝑏𝑖

†, 𝑏𝑗
†} = 0

 

𝑆1|𝜆⟩ = 𝜆|𝜆⟩, 𝑏𝑖|𝜆⟩ = 0  

𝑏1
†|𝜆⟩, 𝑏2

†|𝜆⟩, 𝑏1
†𝑏2
†|𝜆⟩, 𝑆1 = 𝜆 +

1

2
, 𝜆 +

1

2
, 𝜆 + 1.  

Φ𝑖: 𝜙𝑖, 𝜓𝑖 , 𝐹𝑖,

𝑉𝑎: 𝐴𝜇
𝑎 , 𝜆𝑎, 𝐷𝑎.

 

𝛿𝜙𝑖/21/2  = 𝑖𝜁‾P+𝜓
𝑖 = 𝑖𝜓‾ 𝑖P+𝜁

𝛿(P+𝜓
𝑖)/21/2  = P+𝜁𝐹

𝑖 + Γ𝜇P−𝜁𝐷𝜇𝜙
𝑖,

𝛿𝐹𝑖/21/2  = −𝑖𝜁‾Γ𝜇𝐷𝜇P+𝜓
𝑖,

 

𝛿𝐴𝜇
𝑎  = −𝑖𝜁‾Γ𝜇𝜆

𝑎

𝛿𝜆𝑎  =
1

2
Γ𝜇𝑣𝜁𝐹𝜇𝑣

𝑎 + 𝑖Γ𝜁𝐷𝑎

𝛿𝐷𝑎  = −𝜁‾ΓΓ𝜇𝐷𝜇𝜆
𝑎

 

ℒ = ℒ1 + ℒ2,  
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ℒ1 = −𝐷𝜇𝜙
𝑖∗𝐷𝜇𝜙𝑖 −

𝑖

2
𝜓‾ 𝑖Γ𝜇𝐷𝜇𝜓

𝑖 −
1

4𝑔𝑎
2 𝐹𝜇𝑣

𝑎 𝐹𝑎𝜇𝑣 −
𝑖

2𝑔𝑎
2 𝜆
‾𝑎Γ𝜇𝐷𝜇𝜆

𝑎

−
1

2
[𝑖𝑊,𝑖𝑗(𝜙)𝜓‾

𝑖P+𝜓
𝑗 + 21/2𝜙𝑖∗𝑡𝑖𝑗

𝑎𝜆‾𝑎P+𝜓
𝑗] +  c.c. 

ℒ2 = 𝐹
𝑖∗𝐹𝑖 +

1

2𝑔𝑎
2𝐷

𝑎2 +𝑊,𝑖(𝜙)𝐹
𝑖 +  c.c. +

1

2
𝐷𝑎(2𝜉𝑎 + 𝜙

𝑖∗𝑡𝑖𝑗
𝑎𝜙𝑗)  

−ℒ2
′ = 𝑉 = |𝐹𝑖(𝜙)|

2
+

1

2𝑔𝑎
2
[𝐷𝑎(𝜙, 𝜙∗)]2,  

𝐹𝑖(𝜙)  = −𝑊,𝑖(𝜙)
∗

𝐷𝑎(𝜙, 𝜙∗)  = −
𝑔𝑎
2

2
(2𝜉𝑎 + 𝜙

𝑖∗𝑡𝑖𝑗
𝑎𝜙𝑗).

 

𝜙𝑖 → exp (𝑖𝑞𝑖𝛼)𝜙
𝑖, P+𝜓

𝑖 → exp [𝑖(𝑞𝑖 − 1)𝛼]P+𝜓
𝑖

𝐹𝑖 → exp [𝑖(𝑞𝑖 − 2)𝛼]𝐹
𝑖

𝐴𝜇
𝑎 → 𝐴𝜇

𝑎 , P+𝜆
𝑎 → exp (𝑖𝛼)P+𝜆

𝑎, 𝐷𝑎 → 𝐷𝑎.

 

𝑊(𝜙) → exp (2𝑖𝛼)𝑊(𝜙).  

⟨0|{𝑄𝛼, 𝜒𝛽}|0⟩,  

𝛿𝜓𝑖 = 𝛿𝜆𝑎 = 0.  

𝐹𝑖(𝜙) = 𝐷𝑎(𝜙) = 0.  

𝑊 = 𝑓𝜙1,  

𝑊 = 𝑓𝜙1 +𝑚𝜙2𝜙3 + 𝑔𝜙1𝜙2
2,  

ℒbos 

(−𝐺)1/2
=

1

2𝜅2
𝑅 − 𝐾,𝑙‾𝑗𝐷𝜇𝜙

𝑖∗𝐷𝜇𝜙𝑗 −
1

4
Re(𝑓𝑎𝑏(𝜙))𝐹𝜇𝑣

𝑎 𝐹𝑏𝜇𝑣 −
1

8
Im(𝑓𝑎𝑏(𝜙))𝜖

𝜇𝑣𝜎𝜌𝐹𝜇𝑣
𝑎 𝐹𝜎𝜌

𝑏

− 𝑉(𝜙, 𝜙∗) 

𝑉(𝜙, 𝜙∗) = exp (𝜅2𝐾)(𝐾𝚤‾𝑗𝑊;𝑖
∗𝑊;𝑗 − 3𝜅

2𝑊∗𝑊)+
1

2
𝑓𝑎𝑏𝐷

𝑎𝐷𝑏 .  

𝑊;𝑖  = 𝜕𝑖𝑊 + 𝜅2𝜕𝑖𝐾𝑊

Re(𝑓𝑎𝑏(𝜙))𝐷
𝑏  = −2𝜉𝑎 − 𝐾,𝑖𝑡𝑖𝑗

𝑎𝜙𝑗
 

𝐾,𝚤‾𝑗 =
𝜕2𝐾(𝜙, 𝜙∗)

𝜕𝜙𝑖∗𝜕𝜙𝑗
 

𝐾(𝜙, 𝜙∗) → 𝐾(𝜙, 𝜙∗) + 𝑓(𝜙) + 𝑓(𝜙)∗.  

𝑊(𝜙) → exp [−𝜅2𝑓(𝜙)]𝑊(𝜙).  
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𝛿P+𝜓
𝑖/21/2  = −𝐾𝑖𝑗‾𝑊;𝑗

∗P+𝜁 + Γ
𝜇P−𝜁𝐷𝜇𝜙

𝑖

𝛿𝜆𝑎  =
1

2
Γ𝜇𝑣𝜁𝐹𝜇𝑣

𝑎 + 𝑖Γ𝜁𝐷𝑎

𝛿𝜓𝜇  = 𝐷𝜇𝜁 +
1

2
Γ𝜇𝜁exp (𝜅

2𝐾/2)𝑊

 

{𝑄𝛼
𝐴, 𝑄‾𝛽

𝐵} = −2𝛿𝐴𝐵𝑃𝜇Γ𝛼𝛽
𝜇
, [𝑃𝜇 , 𝑄𝛼

𝐴] = 0  

 𝒽hypermultiplet: (−
1

2
, 02,

1

2
) + (−

1

2
, 02,

1

2
) ,

 𝓋vector multiplet: (−1,−
1

2

2

, 0) + (0,
1

2

2

, 1) ,

 𝔖supergravity multiplet: (−2,−
3

2

2

, −1) + (1,
3

2

2

, 2) .

 

 𝓋vector multiplet: (−1,−
1

2

4

, 06,
1

2

4

, 1)

 𝔖supergravity multiplet: (−2,−
3

2
 4, −16, −

1

2

4

, 0) + (0,
1

2

4

, 16,
3

2

4

, 2)

 

𝔖supergravity multiplet:  (−2,−
3

2

8
, −128, −

1

2

56
, 070,

1

2

56
, 128,

3

2

8
, 2) 

{𝑄𝛼
𝐴, 𝑄‾𝛽

𝐵}  = −2𝛿𝐴𝐵𝑃𝜇Γ𝛼𝛽
𝜇
− 2𝑖𝑍𝐴𝐵𝛿𝛼𝛽

[𝑃𝜇 , 𝑄𝛼
𝐴]  = [𝑍𝐴𝐵, 𝑄𝛼

𝐶] = [𝑍𝐴𝐵 , 𝑃𝜇] = [𝑍
𝐴𝐵, 𝑍𝐶𝐷] = 0

 

{𝑄𝛼
𝐴, 𝑄𝛽

𝐵†} = 2𝑚𝛿𝐴𝐵𝛿𝛼𝛽 + 2𝑖𝑍
𝐴𝐵Γ𝛼𝛽

0 .  

𝑍𝐴𝐵 =

[
 
 
 
 
0 𝑞1 0 0
−𝑞1 0 0 0 …

0 0 0 𝑞2
0 0 −𝑞2 0

⋮ ⋱ ]
 
 
 
 

,  

𝑚 ≥ 𝑞𝑖  

{𝑄𝐿
𝐴, 𝑄𝐿

𝐵} = 𝛿𝐴𝐵(𝑃0 − 𝑃1), {𝑄𝑅
𝐴, 𝑄𝑅

𝐵} = 𝛿𝐴𝐵(𝑃0 + 𝑃1)

{𝑄𝐿
𝐴, 𝑄𝑅

𝐵} = 𝑍𝐴𝐵
 

(𝐴𝑝 ∧ 𝐵𝑞)𝜇1…𝜇𝑝+𝑞
=
(𝑝 + 𝑞)!

𝑝! 𝑞!
𝐴[𝜇1…𝜇𝑝𝐵𝜇𝑝+1…𝜇𝑝+𝑞]  

𝐴𝑝 ∧ 𝐵𝑞 = (−1)
𝑝𝑞𝐵𝑞 ∧ 𝐴𝑝  

(𝑑𝐴𝑝)𝜇1…𝜇𝑝+1
= (𝑝 + 1)𝜕[𝜇1𝐴𝜇2…𝜇𝑝+1]  

∫  𝑑𝑑𝑥𝐴01…𝑑−1 ≡ ∫  𝐴𝑑  
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∫  
ℳ

 𝑑𝐴𝑝−1 = ∫  
𝜕ℳ

 𝐴𝑝−1  

∗ 𝐴𝜇1…𝜇𝑑−𝑝 =
1

𝑝!
𝜖𝜇1…𝜇𝑑−𝑝  

𝑣1…𝑣𝑝𝐴𝑣1…𝑣𝑝  

∗∗= (−1)𝑝(𝑑−𝑝)+1  

𝐴𝑝 =
1

𝑝!
𝐴𝜇1…𝜇𝑝𝑑𝑥

𝜇1 …𝑑𝑥𝜇𝑝  

𝐹2 = 𝑑𝐴1, 𝛿𝐴1 = 𝑑𝜆  

𝐹2 = 𝑑𝐴1 − 𝑖𝐴1 ∧ 𝐴1 ≡ 𝑑𝐴1 − 𝑖𝐴1
2, 𝛿𝐴1 = 𝑑𝜆 − 𝑖𝐴1𝜆 + 𝑖𝜆𝐴1  

𝐹𝑝+2 = 𝑑𝐴𝑝+1, 𝛿𝐴𝑝+1 = 𝑑𝜆𝑝  

−
1

2
∫  𝑑𝑑𝑥(−𝐺)1/2|𝐹𝑝+2|

2
= −

1

2
∫  𝑑𝑑𝑥

(−𝐺)1/2

(𝑝 + 2)!
𝐹𝜇1…𝜇𝑝+2𝐹

𝜇1…𝜇𝑝+2  

𝑑𝐹𝑝+2 = 0, 𝑑 ∗ 𝐹𝑝+2 = 0  

𝐹𝑑−𝑝−2
′ =∗ 𝐹𝑝+2  

−
1

2
∫  𝑑𝑑𝑥(−𝐺)1/2|𝑑𝐴𝑝+1|

2
→ −

1

2
∫  𝑑𝑑𝑥(−𝐺)1/2|𝐹𝑝+2|

2
+∫  𝐴𝑑−𝑝−3

′ ∧ 𝑑𝐹𝑝+2

→ −
1

2
∫  𝑑𝑑𝑥(−𝐺)1/2|𝑑𝐴𝑑−𝑝−3

′ |
2
 

𝐹𝑑/2 = ± ∗ 𝐹𝑑/2  

|𝐹𝑑/2|
2
= ±𝐹𝑑/2 ∧ 𝐹𝑑/2 = 0  

{𝑄𝛼 , 𝑄‾𝛽} = −2𝑃𝜇Γ𝛼𝛽
𝜇

 

𝑆11 =
1

2𝜅2
∫  𝑑11𝑥(−𝐺)1/2 (𝑅 −

1

2
|𝐹4|

2) −
1

12𝜅2
∫  𝐴3 ∧ 𝐹4 ∧ 𝐹4  

𝑄𝛼
1 ∈ 𝟏𝟔, 𝑄𝛼

2 ∈ 𝟏𝟔′  

{𝑄𝛼
1 , 𝑄‾𝛽

1} = −2𝑃𝜇(P+Γ
𝜇)𝛼𝛽 , {𝑄𝛼

2, 𝑄‾𝛽
2} = −2𝑃𝜇(P−Γ

𝜇)𝛼𝛽

{𝑄𝛼
1 , 𝑄‾𝛽

2} = −2𝑃10(P+Γ)𝛼𝛽
 

{𝑄𝛼
𝐴, 𝑄‾𝛽

𝐵} = −2𝛿𝐴𝐵𝑃𝜇(P+Γ
𝜇)𝛼𝛽  

1

2
𝑘(𝑘 + 1)  

1

3!
𝑘(𝑘 − 1)(𝑘 − 2)  
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{𝑄𝛼
𝐴, 𝑄‾𝛽

𝐵} = −2𝑃𝜇𝛿
𝐴𝐵Γ𝛼𝛽

𝜇
− 2𝑃𝑚Γ(7)

𝑚𝐴𝐵Γ(4)𝛼𝛽 .  

Γ(4)𝛼𝛽 = 𝑖(Γ
0Γ1Γ2Γ3)𝛼𝛽  

(𝑃𝑚Γ
𝑚𝑃𝑛Γ

𝑛)𝐴𝐵 = 𝛿𝐴𝐵𝑃𝑚𝑃
𝑚,  

{𝑄𝛼
𝐴, 𝑄‾𝛽

𝐵} = −2𝑃𝜇𝛿
𝐴𝐵Γ𝛼𝛽

𝜇
− 2𝑃𝐴𝐵𝛿𝛼𝛽 .  

𝑆𝑂(1,1, 𝐑) × 𝑆𝑂(𝑘 + 𝑟, 𝑘, 𝐑)

𝑆𝑂(𝑘 + 𝑟, 𝐑) × 𝑆𝑂(𝑘, 𝐑)
 

𝑆𝑂(8 + 𝑟, 8, 𝐑)

𝑆𝑂(8 + 𝑟, 𝐑) × 𝑆𝑂(8, 𝐑)
 

𝑑 = 6,𝑁 = 2 supersymmetry  

16 → (4,2) + (4′, 2′).  

𝟒 → (+
1

2
, 𝟐) + (−

1

2
, 𝟐′) = (+

1

2
,
1

2
, 0) + (−

1

2
, 0,
1

2
)

𝟒′  → (+
1

2
, 𝟐′) + (−

1

2
, 𝟐) = (+

1

2
, 0,
1

2
) + (−

1

2
,
1

2
, 0)

 

𝑟 = (
1

2
,
1

2
) + (

1

2
, 0)

2

+ (0,
1

2
)
2

+ (0,0)4.  

𝑟 × |𝑗1, 𝑗2⟩  

|1,1⟩ + |1,0⟩ + |0,1⟩ + |0,0⟩ + |
1

2
,
1

2
⟩
4

 

 + |1,
1

2
⟩
2

+ |
1

2
, 1⟩

2

+ |0,
1

2
⟩
2

+ |
1

2
, 0⟩

2  

|
1

2
,
1

2
⟩ + |0,0⟩4 + |

1

2
, 0⟩

2

+ |0,
1

2
⟩
2

.  

𝑟′ = (1,0) + (
1

2
, 0)

4

+ (0,0)5  

|1,1⟩ + |
1

2
, 1⟩

4

+ |0,1⟩5  

|1,0⟩ + |
1

2
, 0⟩

4

+ |0,0⟩5,  

{𝑄𝛼
𝐴, 𝑄‾𝛽

𝐵} = −2𝑃𝜇𝛿
𝐴𝐵Γ𝛼𝛽

𝜇
− 2𝑃𝑅𝑚Γ

𝑚𝐴𝐵𝛿𝛼𝛽  

−
1

4𝑔2
Tr(𝐹𝑀𝑁𝐹

𝑀𝑁) −
𝑖

2𝑔2
Tr(𝜆‾Γ𝑀𝐷𝑀𝜆)  



pág. 353 

𝛿𝐴𝑀  = −𝑖𝜁‾Γ𝑀𝜆

𝛿𝜆 =
1

2
𝐹𝑀𝑁Γ

𝑀𝑁𝜁
 

−
1

4𝑔2
Tr(𝐹𝜇𝑣𝐹

𝜇𝑣 + 2𝐷𝜇𝐴𝑚𝐷
𝜇𝐴𝑚 − [𝐴𝑚, 𝐴𝑛]

2) −
𝑖

2𝑔2
Tr(𝜆‾Γ𝜇𝐷𝜇𝜆 + 𝑖𝜆‾Γ𝑚[𝐴𝑚, 𝜆]) 

𝛿𝐴𝜇  = −𝑖𝜁‾Γ𝜇𝜆

𝛿𝐴𝑚  = −𝑖𝜁‾Γ𝑚𝜆

𝛿𝜆 = (
1

2
𝐹𝜇𝑣Γ

𝜇𝑣 +𝐷𝜇𝐴𝑛Γ
𝜇𝑛 +

𝑖

2
[𝐴𝑚, 𝐴𝑛]Γ

𝑚𝑛) 𝜁.

 

𝑉 = −
1

4𝑔2
Tr([𝐴𝑚, 𝐴𝑛]

2)  

𝑣 = (𝐴𝑚𝐴𝑚)
1/2 ≡ 𝐴,  

−
1

4𝑔2(𝐴)
𝐹𝜇𝜈𝐹

𝜇𝜈.  

𝑟′′ = (
1

2
, 0) + (0,0)2.  

|1,1⟩ + |
1

2
, 1⟩

2

+ |0,1⟩  

 ℸhalf-hypermultiplet: |
1

2
, 0⟩ , |0,0⟩2,

 ℷvector multiplet: |
1

2
,
1

2
⟩ , |0,

1

2
⟩
2

,

 ℵtensor multiplet: |1,0⟩, |
1

2
, 0⟩

2

, |0,0⟩

 

𝐷𝐴𝑎 =
𝑔2

2
Φ𝛼
𝑖∗𝜎𝛼𝛽

𝐴 𝑡𝑖𝑗
𝑎Φ𝛽

𝑗  

1

2𝑔2
𝐷𝐴𝑎𝐷𝐴𝑎  

𝑡Tr(𝐹𝜇𝑣𝐹
𝜇𝑣)  

𝐵2Tr(𝐹2 ∧ 𝐹2)  

𝐺𝑟𝑠(𝜙)𝜕𝜇𝜙
𝑟𝜕𝜇𝜙𝑠  

𝐽𝑗
𝑖 = 𝑖𝛿𝑗

𝑖 , 𝐽𝐽‾
𝚤‾ = −𝑖𝛿𝑗‾

𝚤‾, 𝐽𝐽‾
𝑖 = 𝐽𝑗

𝚤‾ = 0  

𝐽𝐴𝐽𝐵 = −𝛿𝐴𝐵 + 𝜖𝐴𝐵𝐶𝐽𝐶  

−
1

4𝑔2
Tr([𝐴4, 𝐴5]

2)  



pág. 354 

Φ𝛼
𝑖†(𝑀4

2 +𝑀5
2)
𝑖𝑗
Φ𝛼
𝑗

 

𝑀𝑚𝑖𝑗 = 𝐴𝑚
𝑎 𝑡𝑖𝑗

𝑎 + 𝑞𝑚𝑖𝑗  

𝐾(𝐴, 𝐴∗) = Im(∑ 

𝑎

 𝐴𝑎∗𝜕𝑎𝐹(𝐴))  

𝐺𝑎𝑏‾ = Im(𝜕𝑎𝜕𝑏𝐹)  

(𝑋0, 𝑋1, … , 𝑋𝑛) ≅ (𝜆𝑋0, 𝜆𝑋1, … , 𝜆𝑋𝑛)  

𝑇𝐴 =
𝑋𝐴

𝑋0
, 𝐴 = 1,… , 𝑛  

𝐹(𝜆𝑋) = 𝜆2𝐹(𝑋)  

𝐾 = −ln Im(∑  

𝐼

 𝑋𝐼∗𝜕𝐼𝐹(𝑋))  

𝐾 → 𝐾 − ln 𝜆 − ln 𝜆∗  

[
𝑋′𝐼

𝜕𝐼′𝐹
′] = 𝑆 [

𝑋𝐼

𝜕𝐼𝐹
]  

Γ𝜇 → 𝑈Γ𝜇𝑈−1 

Apéndice B. 

Supermembranas, supersimetrías, superespacios y multidimensiones a propósito de la existencia 

de supergravedad cuántica. Métrica de Yang – Mills. 

[𝑄𝛼, ℑinternal charges ] = 0.  

4𝜋

𝑔𝑖
2(𝜇)

=
𝑏𝑖
2𝜋
ln 
𝜇

Λ𝑖
 𝑖 = 1,2,3  

𝑔1(𝑀𝑍) ∼ 0.46 < 𝑔2(𝑀𝑍) ∼ 0.64 < 𝑔3(𝑀𝑍) ∼ 1.22  

𝑆𝑈(3)𝑐 × 𝑆𝑈(2)𝐿 × 𝑈(1)𝑌 ⊂ 𝑆𝑈(5) ⊂ 𝑆𝑂(10) ⊂ 𝐸6 ⊂ 𝐸8  

100GeV ≤  susy breaking scale ≤ 1000GeV.  

𝐼 = 1,⋯ ,𝒩 {
𝑄𝛼
𝐼  𝛼 = 1,2  left Weyl spinor 

𝑄‾�̇�𝐼 = (𝑄𝛼
𝐼 )†  right Weyl spinor 

 

{𝑄𝛼
𝐼 , 𝑄‾�̇�𝐽}  = 2𝜎𝛼�̇�

𝜇
𝑃𝜇𝛿𝐽

𝐼

{𝑄𝛼
𝐼 , 𝑄𝛽

𝐽
}  = 2𝜖𝛼𝛽𝑍

𝐼𝐽
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𝛾𝜇 = (
0 𝜎𝜇

𝜎‾𝜇 0
) 𝑄𝐼 = (

𝑄𝛼
𝐼

𝑄‾𝐼
�̇�)  

𝑍𝐼𝐽 = −𝑍𝐽𝐼 [𝑍𝐼𝐽, anything ] = 0  

{𝑄𝛼
𝐼 , (𝑄𝛽

𝐽
)
†
} = 2(𝜎𝜇𝑃𝜇)𝛼�̇�𝛿𝐽

𝐼 = (
4𝐸 0
0 0

)
𝛼�̇�
𝛿𝐽
𝐼  

{𝑄2
𝐼 , (𝑄2

𝐼)†} = 0 ⟹ 𝑄2
𝐼 = 0, 𝑍𝐼𝐽 = 0  

{𝑄𝛼
𝐼 , (𝑄𝛽

𝐽
)
†
} = 2𝑀𝛿𝛼

𝛽
𝛿𝐽
𝐼  

𝑍 = diag(𝜖𝑍1, ⋯ , 𝜖𝑍𝑟 , #) 𝜖
12 = −𝜖21 = 1  

{𝒬𝛼±
𝑖 , (𝒬𝛽±

𝑗
)
†
} = 𝛿𝑗

𝑖𝛿𝛼
𝛽(𝑀 ± 𝑍𝑖)  

𝑀 ≥ |𝑍𝑖| 𝑖 = 1,⋯ , 𝑟 = [
𝒩

2
]  

ℒ = −
1

2𝑔2
tr𝐹𝜇𝜈𝐹

𝜇𝜈 +
𝜃

8𝜋2
tr𝐹𝜇𝜈�̃�

𝜇𝜈 −
𝑖

2
tr𝜆‾𝜎‾𝜇𝐷𝜇𝜆  

𝛿𝜉𝐴𝜇= 𝑖𝜉‾𝜎‾𝜇𝜆 − 𝑖𝜆‾𝜎‾𝜇𝜉 

𝛿𝜉𝜆 = 𝜎
𝜇𝜈𝐹𝜇𝜈𝜉

 

ℒ = −𝜕𝜇𝜙
∗𝜕𝜇𝜙 − 𝑖𝜓‾𝜎‾𝜇𝜕𝜇𝜓 − |

𝜕𝑈

𝜕𝜙
|

2

− Re(𝜓𝜓
𝜕2𝑈

𝜕𝜙2
)  

[𝑥𝜇 , 𝜃𝛼] = [𝑥
𝜇 , 𝜃‾ �̇�] = {𝜃𝛼, 𝜃𝛽} = {𝜃𝛼 , 𝜃‾

�̇�} = {𝜃‾ �̇�, 𝜃‾�̇�} = 0  

𝐷𝛼 ≡
𝜕

𝜕𝜃𝛼
+ 𝑖𝜎𝛼�̇�

𝜇
𝜃‾ �̇�𝜕𝜇  𝐷‾ �̇� ≡ −

𝜕

𝜕𝜃‾ �̇�
− 𝑖𝜃𝛼𝜎𝛼�̇�

𝜇
𝜕𝜇  

𝜕

𝜕𝜃𝛼
(1, 𝜃𝛽 , 𝜃‾�̇�) ≡ ∫  𝑑𝜃𝛼(1, 𝜃𝛽 , 𝜃‾�̇�) ≡ (0, 𝛿𝛼  

𝛽 , 0)  

𝑑2𝜃 ≡
1

4
𝑑𝜃𝛼𝑑𝜃

𝛼, 𝑑2𝜃‾ ≡
1

4
𝑑𝜃‾ �̇�𝑑𝜃‾�̇� , 𝑑

4𝜃 ≡ 𝑑2𝜃𝑑2𝜃‾  

∫  𝑑2𝜃𝜃𝜃 = ∫  𝑑2𝜃‾𝜃‾𝜃‾ = ∫  𝑑4𝜃𝜃𝜃𝜃‾𝜃‾ = 1  

𝑆(𝑥, 𝜃, 𝜃‾) = 𝜙(𝑥) + 𝜃𝜓(𝑥) + 𝜃‾𝜒‾(𝑥) + 𝜃‾𝜎‾𝜇𝜃𝐴𝜇(𝑥) + 𝜃𝜃𝑓(𝑥) + 𝜃‾𝜃‾𝑔
∗(𝑥) + 𝑖𝜃𝜃𝜃‾𝜆‾(𝑥) − 𝑖𝜃‾𝜃‾𝜃𝜌(𝑥)

+
1

2
𝜃𝜃𝜃‾𝜃‾𝐷(𝑥) 

𝔅bosonic superfield [𝑆, 𝜃𝛼] = [𝑆, 𝜃‾�̇�] = 0 

 𝔉fermionic superfield {𝑆, 𝜃𝛼} = {𝑆, 𝜃‾�̇�} = 0.
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𝐷𝛼(𝑆1𝑆2) = (𝐷𝛼𝑆1)𝑆2 + (−)
𝑔(𝑆1)𝑔(𝑆2)𝑆1(𝐷𝛼𝑆2)

𝐷�̇�(𝑆1𝑆2) = (𝐷�̇�𝑆1)𝑆2 + (−)
𝑔(𝑆1)𝑔(𝑆2)𝑆1(𝐷�̇�𝑆2)

 

𝛿𝜉𝑆 = (𝜉𝑄 + 𝜉‾𝑄‾)𝑆  

𝑄𝛼 =
𝜕

𝜕𝜃𝛼
− 𝑖𝜎𝛼�̇�

𝜇
𝜃‾ �̇�𝜕𝜇  𝑄‾�̇� = −

𝜕

𝜕𝜃‾ �̇�
+ 𝑖𝜃𝛼𝜎𝛼�̇�

𝜇
𝜕𝜇  

{𝑄𝛼 , 𝑄‾�̇�} = 2𝜎𝛼�̇�
𝜇
𝑃𝜇 {𝐷𝛼, 𝐷‾�̇�} = −2𝜎𝛼�̇�

𝜇
𝑃𝜇  

𝐷𝛼𝐷𝛽𝐷𝛾 = 𝑄𝛼𝑄𝛽𝑄𝛾 = 0  

𝐷‾ �̇�Φ = 0  

𝑥±
𝜇
= 𝑥𝜇 ± 𝑖𝜃𝜎𝜇𝜃‾  

𝐷‾ �̇�𝑥+
𝜇
= 0,𝐷𝛼𝑥−

𝜇 = 0  

Φ(𝑥, 𝜃, 𝜃‾)= 𝜙(𝑥+) + √2𝜃𝜓(𝑥+) + 𝜃𝜃𝐹(𝑥+)  

Φ†(𝑥, 𝜃, 𝜃‾) = 𝜙∗(𝑥−) + √2𝜃‾𝜓‾(𝑥−) + 𝜃‾𝜃‾𝐹
∗(𝑥−)

 

𝑉 = 𝑉†  

𝑉(𝑥, 𝜃, 𝜃‾) = 𝑣(𝑥) + 𝜃𝜒(𝑥) + 𝜃‾𝜒‾(𝑥) + 𝜃𝜃𝑓(𝑥) + 𝜃‾𝜃‾𝑓∗(𝑥) + 𝜃‾𝜎‾𝜇𝜃𝐴𝜇(𝑥)

+ 𝑖𝜃𝜃𝜃‾ (𝜆‾(𝑥) +
1

2
𝜎‾𝜇𝜕𝜇𝜒(𝑥)) − 𝑖𝜃‾𝜃‾𝜃 (𝜆(𝑥) +

1

2
𝜎𝜇𝜕𝜇𝜒‾(𝑥))

+
1

2
𝜃𝜃𝜃‾𝜃‾ (𝐷(𝑥) +

1

2
𝜕𝜇𝜕

𝜇𝑣(𝑥)) 

𝑉 ⟶ 𝑉′ = 𝑉 + 𝑖Λ − 𝑖Λ†  

𝑣 ⟶ 𝑣′= 𝑣 + 𝑖𝜙 − 𝑖𝜙∗ 

𝜒 ⟶ 𝜒′= 𝜒 + 𝑖√2𝜓  

𝑓 ⟶ 𝑓′ = 𝑓 + 𝑖𝐹

 

𝐴𝜇 ⟶𝐴𝜇
′ = 𝐴𝜇 + 𝜕𝜇(𝜙 + 𝜙

∗).  

𝑒𝑉 ⟶ 𝑒𝑉
′
= 𝑒−𝑖Λ

†
𝑒𝑉𝑒𝑖Λ  

𝑉(𝑥, 𝜃𝜃‾) = 𝜃‾𝜎‾𝜇𝜃𝐴𝜇(𝑥) + 𝑖𝜃𝜃𝜃‾𝜆‾(𝑥) − 𝑖𝜃‾𝜃‾𝜃𝜆(𝑥) +
1

2
𝜃𝜃𝜃‾𝜃‾𝐷(𝑥)  

𝛿𝜉𝐹 = 𝑖√2𝜕𝜇(𝜉‾𝜎‾
𝜇𝜓)

𝛿𝜉𝐷 = 𝜕𝜇(𝑖𝜉‾𝜎‾
𝜇𝜆 − 𝑖𝜆‾𝜎‾𝜇𝜉)

 

F −  terms ℒ𝐹 = 𝐹 = ∫  𝑑
2𝜃Φ

D −  terms ℒ𝐷 =
1

2
𝐷 = ∫  𝑑4𝜃𝑉
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𝐷‾ �̇�Φ
𝑖 = 0 ⟹ 𝐷‾ �̇�𝑈(Φ

𝑖) = 0  

ℒ𝑈 = ∫  𝑑
2𝜃𝑈(Φ𝑖) + ℭcomplex conjugate   

ℒ𝑈 =∑ 

𝑖

 𝐹𝑖
𝜕𝑈

𝜕𝜙𝑖
−
1

2
∑  

𝑖,𝑗

 𝜓𝑖𝜓𝑗
𝜕2𝑈

𝜕𝜙𝑖𝜕𝜙𝑗
+  ℭcomplex conjugate  

𝑊𝛼 = −
1

4
𝐷‾𝐷‾ (𝑒−𝑉𝐷𝛼𝑒

+𝑉)  

𝑊𝛼(𝑥, 𝜃, 𝜃‾) = −𝑖𝜆𝛼(𝑥+) + 𝜃𝛼𝐷(𝑥+) −
𝑖

2
(𝜎𝜇𝜎‾𝜈)𝛼 

𝛽𝜃𝛽𝐹𝜇𝜈(𝑥+) + 𝜃𝜃𝜎𝛼�̇�
𝜇
𝐷𝜇𝜆‾

�̇�(𝑥+)  

𝑊𝛼𝑎𝑊𝛼
𝑏 = −𝜆𝑎𝜆𝑏 − 𝑖𝜃𝜆𝑎𝐷𝑏 − 𝑖𝜃𝜆𝑏𝐷𝑎 −

1

2
𝜃(𝜎𝜇𝜎‾𝜈)(𝜆𝑎𝐹𝜇𝜈

𝑏 + 𝜆𝑏𝐹𝜇𝜈
𝑎 )

− 𝜃𝜃 (𝑖𝜆𝑎𝜎𝜇𝜕𝜇𝜆‾
𝑏 + 𝑖𝜆𝑏𝜎𝜇𝜕𝜇𝜆‾

𝑎 +
1

4
(𝐹𝜇𝜈𝑎 + 𝑖�̃�𝜇𝜈𝑎)(𝐹𝜇𝜈

𝑏 + 𝑖�̃�𝜇𝜈
𝑏 ) − 𝐷𝑎𝐷𝑏) 

ℒ𝐺 = ∫  𝑑
2𝜃𝜏𝑎𝑏(Φ

𝑖)𝑊𝑎𝑊𝑏 + ℭcomplex conjugate   

ℒ𝐺 = −𝜆
𝑎𝜆𝑏 (𝐹𝑖

𝜕𝜏𝑎𝑏
𝜕𝜙𝑖

−
1

2
𝜓𝑖𝜓𝑗

𝜕2𝜏𝑎𝑏
𝜕𝜙𝑖𝜕𝜙𝑗

)

−
1

2√2

𝜕𝜏𝑎𝑏
𝜕𝜙𝑖

𝜓𝑖 (−𝑖𝜆𝑎𝐷𝑏 − 𝑖𝜆𝑏𝐷𝑎 −
1

2
(𝜎𝜇𝜎‾𝜈)(𝜆𝑎𝐹𝜇𝜈

𝑏 + 𝜆𝑏𝐹𝜇𝜈
𝑎 ))

− 𝜏𝑎𝑏 (𝑖𝜆
𝑎𝜎𝜇𝜕𝜇𝜆‾

𝑏 + 𝑖𝜆𝑏𝜎𝜇𝜕𝜇𝜆‾
𝑎 +

1

4
(𝐹𝜇𝜈𝑎 + 𝑖�̃�𝜇𝜈𝑎)(𝐹𝜇𝜈

𝑏 + 𝑖�̃�𝜇𝜈
𝑏 ) − 𝐷𝑎𝐷𝑏) 

Φ⟶ Φ′ = 𝑒−𝑖ΛΦ  

ℒ𝐾 = ∫  𝑑
4𝜃𝐾 (𝑒𝑉Φ𝑖, (Φ𝑖)

†
)  

ℒ𝐾 ∼ −𝐷𝜇𝜙
∗𝐷𝜇𝜙 − 𝑖𝜓‾𝜎‾𝜇𝐷𝜇𝜓  

ℒ𝐾 = −𝑔𝑖𝑖∗𝐷𝜇𝜙
𝑖𝐷𝜇𝜙𝑖

∗
− 𝑖𝑔𝑖𝑖∗𝜓‾

𝑖∗𝜎‾𝜇𝐷𝜇𝜓
𝑖 +

1

4
𝑅𝑖𝑘∗𝑗𝑙∗𝜓

𝑖𝜓𝑗𝜓‾𝑘
∗
𝜓‾ 𝑙

∗

+ 𝑔𝑖𝑖∗ (𝐹
𝑖 −

1

2
Γ𝑗𝑘
𝑖 𝜓𝑗𝜓𝑘) (𝐹𝑖

∗
−
1

2
Γ𝑗∗𝑘∗
𝑖∗ 𝜓𝑗

∗
𝜓𝑘

∗
) −

𝑖

2
𝐷𝑎(𝑇𝑎)𝑗 𝑖𝜙

𝑖
𝜕𝐾

𝜕𝜙𝑗

+ √2𝑔𝑖𝑖∗(𝑇
𝑎)𝑖 𝑘𝜙

𝑘𝜓‾ 𝑖
∗
+ ℭcomplex conjugate  

𝐷𝜇𝜙
𝑖= 𝜕𝜇𝜙

𝑖 − 𝐴𝜇
𝑎(𝑇𝑎)𝑖 𝑗𝜙

𝑗  

𝐷𝜇𝜓
𝑖 = 𝜕𝜇𝜓

𝑖 − 𝐴𝜇
𝑎(𝑇𝑎)𝑖 𝑗𝜓

𝑗 + Γ𝑗𝑘
𝑖 𝐷𝜇𝜙

𝑗𝜓𝑘
 

𝑔𝑖𝑖∗ ≡
𝜕2𝐾

𝜕𝜙𝑖𝜕𝜙𝑖
∗  
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𝒩 = 2 gauge (rep𝒢): 𝑉 ⊕Φ𝑉 ∼ (𝐴𝜇𝜆+)Φ ∼ (𝜆−𝜙) 

𝒩 = 2 hyper (repℛ): 𝐻1⊕𝐻2𝐻1 ∼ (𝐻+𝜓+)𝐻2 ∼ (𝐻−𝜓−) 

ℒ = Re∫  𝑑2𝜃 (𝜏𝑊𝑎𝑊𝑎 + 𝑈(Φ,𝐻𝑓)) + ∫  𝑑
4𝜃 (Φ†𝑒𝑉𝒢Φ+∑ 

𝑓

 𝐻𝑓
†𝑒𝑉ℛ𝐻𝑓)  

𝜏 =
𝜃

2𝜋
+
4𝜋𝑖

𝑔2
 

𝑈(Φ,𝐻𝑎) = 𝐻1
𝑇Φ𝐻2 +𝐻1𝑚𝐻2  

𝑧𝑀 = {𝑥
𝜇 , 𝜃𝛼𝑖, 𝜃‾

�̇�𝑖, 𝑖 = 1,2}  

(𝑥𝜇)† = 𝑥𝜇 (𝜃𝛼𝑖)
† = 𝜃‾ �̇�𝑖  

𝐷𝛼
𝑖 =

𝜕

𝜕𝜃𝑖
𝛼 + 𝑖𝜎𝛼�̇�

𝜇
𝜃‾ �̇�𝑖𝜕𝜇  𝐷‾ �̇�𝑖 = −

𝜕

𝜕𝜃‾ �̇�𝑖
− 𝑖𝜃𝑖

𝛼𝜎𝛼�̇�
𝜇
𝜕𝜇  

𝑄𝛼
𝑖 =

𝜕

𝜕𝜃𝑖
𝛼 − 𝑖𝜎𝛼�̇�

𝜇
𝜃‾ �̇�𝑖𝜕𝜇  𝑄‾�̇�𝑖 = −

𝜕

𝜕𝜃‾ �̇�𝑖
+ 𝑖𝜃𝑖

𝛼𝜎𝛼�̇�
𝜇
𝜕𝜇  

𝑆(𝑧𝑀) = 𝜙(𝑥) + 𝜃𝑖𝜓
𝑖(𝑥) + 𝜃‾𝑗𝜒‾𝑗(𝑥) + 𝜃‾

𝑖𝜎‾𝜇𝜃𝑗𝐴𝜇𝑖
𝑗
(𝑥) + 𝜃𝛼𝑖𝜃𝑗𝛽𝑓

𝛼𝛽𝑖𝑗(𝑥) + 𝜃‾ �̇�𝑖𝜃‾�̇�𝑗𝑔�̇��̇�𝑖𝑗
∗ (𝑥) + ⋯

+ 𝜃𝑖𝜃𝑗𝜃𝑘𝜃𝑙𝜃‾
𝑚𝜃‾𝑛𝜃‾𝑜𝜃‾𝑝𝐷𝑚𝑛𝑜𝑝

𝑖𝑗𝑘𝑙
(𝑥) 

𝛿𝜉𝑆 = (𝜉
𝑖𝑄𝑖 + 𝜉‾𝑖𝑄‾

𝑖)𝑆  

𝐷‾ �̇�𝑖Φ = 0 𝑖 = 1,2  

𝑥±
𝜇
= 𝑥𝜇 ± 𝑖𝜃𝑖𝜎

𝜇𝜃‾𝑖  

𝐷‾ �̇�𝑖𝑥+
𝜇
= 0,𝐷𝛼𝑖𝑥−

𝜇 = 0  

Φ(𝑥+, 𝜃) = 𝜙(𝑥+) + 𝜃
𝛼𝑖𝜓𝛼𝑖(𝑥+) + 𝜃

𝛼𝑖𝜃𝛽𝑗𝑓𝛼𝛽𝑖𝑗(𝑥+)  + 𝜃
𝛼𝑖𝜃𝑗𝜃𝑘𝜒𝛼𝑖𝑗𝑘(𝑥+) + 𝜃𝜃𝜃𝜃𝐷(𝑥+) 

ℒ𝐷 = 𝐷 = ∫  𝑑
4𝜃Φ  

𝐷𝛼𝑖𝐷𝛼
𝑗
𝑊 = 𝐷‾ �̇�

𝑖 𝐷‾ �̇�𝑗𝑊‾  

𝑊(𝑥+, 𝜃) = Φ(𝑥+, 𝜃
1) + √2𝜃𝛼2𝑊𝛼(𝑥+, 𝜃

1) + 𝜃2𝜃2𝐺(𝑥+, 𝜃
1).  

𝐺(𝑥+, 𝜃
1) = −

1

2
∫  𝑑2𝜃‾1Φ(𝑥+ − 𝑖𝜃1𝜎𝜃‾

1, 𝜃1, 𝜃‾1)†𝑒−2𝑉(𝑥+−𝑖𝜃1𝜎𝜃
‾ 1,𝜃1,𝜃‾ 1)  

𝒟𝛼𝑖 = 𝐷𝛼𝑖 + 𝑖𝐴𝛼𝑖  𝒟�̇�𝑖 = 𝐷‾ �̇�𝑖 + 𝑖𝐴‾�̇�𝑖  

𝒟�̇�𝑖𝑊 = 0 𝒟𝛼𝑖𝒟𝛼
𝑗
𝑊 = 𝒟�̇�

𝑖
𝒟
�̇�𝑗
𝑊‾  
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𝑆ℱ = ∫  𝑑𝑧𝑀trℱ(𝑊) +  ℭcomplex conjugate  

𝑆ℱ = −
1

2
∫  𝑑2𝜃 (

𝜕ℱ

𝜕Φ𝑎
𝐺𝑎) −∫  𝑑2𝜃

𝜕2ℱ

𝜕Φ𝑎𝜕Φ𝑏
𝑊𝛼𝑎𝑊𝛼

𝑏  

(
𝑢1
− 𝑢1

+

𝑢2
− 𝑢2

+) ∈ 𝑆𝑈(2)𝑅  {
𝑢+𝑖𝑢𝑖

− = 1

𝑢±𝑖𝑢𝑖
± = 0

 

(𝑥𝜇)† = 𝑥𝜇 (𝜃𝛼𝑖)
† = 𝜃‾ �̇�𝑖 (𝑢±𝑖)

†
= 𝑢𝑖

∓  

𝛿𝑥𝜇 = 𝑖𝜉𝑖𝜎𝜇𝜃‾𝑖 − 𝑖𝜃
𝑖𝜎𝜇𝜉‾𝑖        𝛿𝜃𝛼𝑖 = 𝜉𝛼𝑖         

𝛿𝑢𝑖
±= 0         𝛿𝜃‾�̇�

𝑖  = 𝜉‾�̇�
𝑖         

 

𝑥𝐴
𝜇
≡ 𝑥𝜇 − 𝑖𝜃+𝜎𝜇𝜃‾− − 𝑖𝜃−𝜎𝜇𝜃‾+ 𝜃𝛼

± ≡ 𝜃𝛼
𝑖 𝑢𝑖
±

𝜃‾�̇�
± ≡ 𝜃‾�̇�

𝑖 𝑢𝑖
±  

𝛿𝑥𝐴
𝜇
= −2𝑖(𝜉𝑖𝜎𝜇𝜃‾+ + 𝜃+𝜎𝜇𝜉‾𝑖)𝑢𝑖

− 𝛿𝜃𝛼
± = 𝜉𝛼

𝑖 𝑢𝑖
±

𝛿𝑢𝑖
± = 0 𝛿𝜃‾�̇�

± = 𝜉‾�̇�
𝑖 𝑢𝑖
±

 

𝐷𝛼
+ =

𝜕

𝜕𝜃𝛼−
        𝐷𝛼

− = −
𝜕

𝜕𝜃𝛼+
+ 2𝑖𝜎𝛼�̇�

𝜇
𝜃‾ �̇�−𝐷𝜇         

𝐷‾ �̇�
+=

𝜕

𝜕𝜃‾ �̇�−
         𝐷‾ �̇�

− = −
𝜕

𝜕𝜃‾ �̇�+
− 2𝑖𝜃𝛼−𝜎𝛼�̇�

𝜇
𝐷𝜇        

 

𝐷++ = 𝑢𝑖+
𝜕

𝜕𝑢𝑖−
− 2𝑖𝜃+𝜎𝜇𝜃‾+𝐷𝜇 + 𝜃

𝛼+
𝜕

𝜕𝜃𝛼−
+ 𝜃‾ �̇�+

𝜕

𝜕𝜃‾ �̇�−
 

𝑧𝐴 = {𝑥𝐴
𝜇
, 𝜃𝛼
+, 𝜃‾�̇�

+}  and  𝑢𝑖
±  

(𝑥𝐴
𝜇
)
𝑐
= 𝑥𝐴

𝜇
, (𝜃𝛼

±)
𝑐
= 𝜃‾�̇�

± (𝜃‾�̇�
±)
𝑐
= −𝜃𝛼

± (𝑢𝑖±)
𝑐
= −𝑢𝑖

±  

𝐷𝛼
+Φ = 𝐷‾ �̇�

+Φ = 0  

Φ(𝑧𝐴, 𝑢) = 𝜙(𝑥𝐴, 𝑢) + 𝜃
+𝜓(𝑥𝐴, 𝑢) + 𝜃‾

+𝜒‾(𝑥𝐴, 𝑢) + 𝜃
+𝜃+𝑓(𝑥𝐴, 𝑢) + 𝜃‾

+𝜃‾+𝑔(𝑥𝐴, 𝑢)

+ 𝜃‾+𝜎‾𝜇𝜃+𝐴𝜇(𝑥𝐴, 𝑢) + 𝑖𝜃
+𝜃+𝜃‾+𝜆‾(𝑥𝐴, 𝑢) − 𝑖𝜃‾

+𝜃‾+𝜃+𝜈(𝑥𝐴, 𝑢)

+
1

2
𝜃+𝜃+𝜃‾+𝜃‾+𝐷(𝑥𝐴, 𝑢) 

Φ(𝑞)(𝑧𝐴, 𝑢) = ∑  

∞

𝑛=0

 𝜙(𝑖1⋯𝑖𝑛+𝑞𝑗1⋯𝑗𝑛)(𝑧𝐴)𝑢(𝑖1
+ ⋯𝑢𝑖𝑛+𝑞

+ 𝑢𝑗1
−⋯𝑢𝑗𝑛)

−  

∫  𝑑𝑢𝑢(𝑖1
+ ⋯𝑢𝑖𝑚

+ 𝑢𝑗1
−⋯𝑢𝑗𝑛)

− = 𝛿𝑚+𝑛,0  

𝑆[Φ+]  = ∫  𝑑𝑧𝐴𝑑𝑢{(Φ
+)𝑐𝐷++Φ+ + 𝑈(Φ+, (Φ+)𝑐)}

𝑈(Φ+, (Φ+)𝑐)  = 𝑎(Φ+)4 + 𝑏(Φ+)𝑐(Φ+)3 + 𝑐((Φ+)𝑐)2(Φ+)2 + 𝑏∗((Φ+)𝑐)3Φ+ + 𝑎∗((Φ+)𝑐)4
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(𝑉++)′ = 𝑒𝑖Λ(𝑉++ − 𝑖𝐷++)𝑒−𝑖Λ (Φ+)′ = 𝑒𝑖ΛΦ+  

𝒟++ = 𝐷++ + 𝑖𝑉++ 𝒟𝛼
− = 𝐷𝛼

− + 𝑖𝐴𝛼
− 𝒟�̇�

− = 𝐷�̇�
− + 𝑖𝐴�̇�

−  

𝑊 = −
𝑖

4
𝑒𝑖𝑣{𝐷‾ �̇�

+𝐷‾ �̇�+(𝑒−𝑖𝑣𝐷−−𝑒𝑖𝑣)}𝑒−𝑖𝑣  

(𝐷++ + 𝑖𝑉++)𝑒𝑖𝑣 = 0  

𝑊(𝑧, 𝑢) =
𝑖

4
𝐷‾ �̇�
+𝐷‾ �̇�+∑  

∞

𝑛=1

  (−𝑖)𝑛∫  𝑑𝑢1⋯𝑑𝑢𝑛
𝑉++(𝑧, 𝑢1)⋯𝑉

++(𝑧, 𝑢𝑛)

(𝑢𝑢1)(𝑢1𝑢2)⋯(𝑢𝑛𝑢)
 

𝑆 = Re∫  𝑑𝑧𝑀𝑑𝑢trℱ(𝑊; 𝜏) + ∫  𝑑𝑧𝐴𝑑𝑢{(Φ
+)𝑐𝐷++Φ+ + 𝑈(Φ+, (Φ+)𝑐)}  

ℒbare =
1

2𝑔(Λ)2
tr𝐹(Λ)

2  

ℒeff  =
1

2𝑔(𝜇)2
tr𝐹(𝜇)

2 +
1

Λ2
𝑓 (𝑔,

𝜇

Λ
) tr𝐹(𝜇)

3 +⋯

 

𝑚Φ2 (
𝜆Φ

𝑚
)
𝑛

 

∫  𝑑2𝜃𝜏tr(𝑊𝑊)  ⟹ ∫  𝑑2𝜃𝜏efftr(𝑊𝑊)  

𝛽𝑊(𝑔) =
𝜕𝑔(𝜇)

𝜕ln 𝜇
|
Λ,𝑔(Λ)

= (−3𝐶2(𝒢) + 𝑇2(ℛ))
𝑔3

16𝜋2
 

𝑇ℛ
𝑎𝑇ℛ

𝑎 = 𝐶2(ℛ)𝐼ℛ tr(𝑇ℛ
𝑎𝑇ℛ

𝑏) = 𝑇2(ℛ)𝛿
𝑎𝑏  

𝜏(𝜇) − 𝜏(𝜇′) =
1

2𝜋𝑖
(−3𝐶2(𝒢) + 𝑇2(ℛ))ln 

𝜇′

𝜇
 

𝜏(𝜇) − 𝜏(𝜇′) =
1

𝜋𝑖
(−𝐶2(𝒢) + 𝑇2(ℛ𝐻))ln 

𝜇′

𝜇
 

ℒ = −
1

2𝑔2
tr𝐹𝐹 −

𝜃

16𝜋2
tr𝐹�̃� −

1

2𝑔2
tr𝐷𝜇𝜙

†𝐷𝜇𝜙 +
1

2𝑔2
tr[𝜙†, 𝜙]

2
−

𝑖

2𝑔2
tr𝜆‾𝜎‾𝜇𝐷𝜇𝜆

−
𝑖

2𝑔2
tr𝜓‾𝜎‾𝜇𝐷𝜇𝜓 + 𝑖

√2

𝑔2
tr([𝜙†, 𝜓]𝜆) − 𝑖

√2

𝑔2
tr([𝜆‾, 𝜙]𝜓‾) 

𝐹𝜇𝜈 = 0 𝐷𝜇𝜙 = 0 tr ([𝜙
†, 𝜙]

2
) = 0  

⟨0|𝜙|0⟩ =∑  

𝑛

𝑗=1

 𝑎𝑗ℎ𝑗  

𝒢 ⟶ 𝑈(1)𝑛/Weyl(𝒢)  
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(𝐴𝑗𝜇 , 𝜆𝑗±, 𝜙𝑗) ⟨0|𝜙𝑗|0⟩ = 𝑎𝑗  𝑗 = 1,⋯ , 𝑛  

(𝑉𝛼𝜇 , 𝜆𝛼±, 𝜙𝛼) 𝛼 =  root of 𝒢  

𝑀𝛼
𝑊 = |�⃗� ⋅ �⃗�| �⃗� = (𝑎1,⋯ , 𝑎𝑛)  

𝐸=
1

𝑔2
∫  𝑑3𝑥(tr(𝐷𝑖𝜙)

2 + tr𝐵𝑖
2)=

1

𝑔2
∫  𝑑3𝑥tr(𝐷𝑖𝜙 ± 𝐵𝑖)

2 ∓
2

𝑔2
∫  𝑑3𝑥𝜕𝑖(tr𝜙𝐵𝑖) 

 

 

𝑀𝛽
𝑀 = |𝛽 ⋅ 𝜏�⃗�| 𝜏 =

𝜃

2𝜋
+
4𝜋𝑖

𝑔2
 

𝑀
(�⃗⃗⃗�,�⃗⃗⃗�)
𝐷 = |�⃗� ⋅ �⃗� + 𝛽 ⋅ �⃗�𝐷|  

𝑊𝛼
𝑗
= −

1

4
𝐷‾𝐷‾𝐷𝛼𝑉

𝑗  

ℒ = ∫  𝑑4𝜃𝐾 (Φ𝑗, (Φ𝑗)
†
) + Re∫  𝑑2𝜃{𝑈(Φ𝑗) + 𝜏𝑖𝑗(Φ

𝑘)𝑊𝑖𝑊𝑗}  

ℒ = −𝑔𝑖𝑗‾(𝐷𝜇𝜙
𝑖𝐷𝜇𝜙‾𝑗‾ + 𝑖𝜓‾ 𝑗‾𝜎‾𝜇𝐷𝜇𝜓

𝑖) −
1

2
𝑔𝑖𝑗‾

𝜕𝑈

𝜕𝜙𝑖
𝜕𝑈‾

𝜕𝜙‾𝑗‾
+ Re {𝜓𝑖𝜓𝑗

𝜕2𝑈

𝜙𝑖𝜕𝜙𝑗
}

− Re {𝜏𝑖𝑗 (
𝑖

2
𝐹𝜇𝜈
𝑖 𝐹𝑗𝜇𝜈 −

1

2
𝐹𝜇𝜈
𝑖 �̃�𝑗𝜇𝜈 + 𝜆‾𝑖𝜎‾𝜇𝐷𝜇𝜆

𝑗)} 

𝑔𝑖𝑗‾(𝜙, 𝜙‾) =
𝜕2𝐾(𝜙, 𝜙‾)

𝜕𝜙𝑖𝜕𝜙‾𝑗‾
 

𝐷𝜇𝜙
𝑖 = 𝜕𝜇𝜙

𝑖 + Γ𝑗𝑘
𝑖 𝜙𝑗𝜕𝜇𝜙

𝑘  

1

2𝑖
(𝜏𝑖𝑗(𝜙) − 𝜏𝑖𝑗(𝜙)) =

𝜕2𝐾(𝜙, 𝜙‾)

𝜕𝜙𝑖𝜕𝜙‾𝑗
 

𝐾(𝜙, 𝜙‾) = 𝑇𝑖(𝜙)𝜙‾
𝑖 + 𝑇𝑖(𝜙)𝜙

𝑖  

1

2𝑖
𝜏𝑖𝑗(𝜙) =

𝜕𝑇𝑗(𝜙)

𝜕𝜙𝑖
=
𝜕𝑇𝑖(𝜙)

𝜕𝜙𝑗
 

𝑇𝑖(𝜙) =
1

2𝑖

𝜕ℱ(𝜙)

𝜕𝜙𝑖
 

ℒ = Im(𝜏𝑖𝑗)𝐹𝜇𝜈
𝑖 𝐹𝑗𝜇𝜈 + Re(𝜏𝑖𝑗)𝐹𝜇𝜈

𝑖 �̃�𝑗𝜇𝜈 + Im(𝜕𝜇𝜙‾
𝑗𝜕𝜇𝜙𝐷𝑗) +  fermions  

𝜙𝐷𝑗 =
𝜕ℱ(𝜙)

𝜕𝜙𝑗
 𝜏𝑖𝑗(𝜙) =

𝜕2ℱ(𝜙)

𝜕𝜙𝑖𝜕𝜙𝑗
 

𝜏𝑖𝑗 =
𝜃𝑖𝑗

2𝜋
+
4𝜋𝑖

𝑔𝑖𝑗
2 ∼

𝑖

2𝜋
ln (𝑎𝑖 − 𝑎𝑗)

2
/𝜇2  
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ℱ ∼
𝑖

8𝜋
∑  

𝑖,𝑗

  (𝑎𝑖 − 𝑎𝑗)
2
ln (𝑎𝑖 − 𝑎𝑗)

2
/𝜇2  

ℒ = Im{𝜏(𝜙)(𝐹𝜇𝜈+𝑖�̃�𝜇𝜈)
2
} + 𝜕𝜇 (

𝜙𝐷
𝜙
)
†

𝐽𝜕𝜇 (
𝜙𝐷
𝜙
) +  fermions 

𝐽 = (
0 𝑖
−𝑖 0

)

 

(
𝜙𝐷
𝜙
) ⟶ 𝑀(

𝜙𝐷
𝜙
) 𝑀†𝐽𝑀 = 𝐽  

𝑇𝛽 = (
1 𝛽
0 1

)  𝑆 = (
0 −1
1 0

)  

𝜙𝐷⟶𝜙𝐷 + 𝛽𝜙  
𝜙⟶ 𝜙  

𝜏(𝜙) ⟶ 𝜏(𝜙) + 𝛽
 

𝜙𝐷⟶−𝜙  
𝜙⟶ 𝜙𝐷  

𝜏(𝜙) ⟶ −1/𝜏(𝜙).
 

𝑆𝐺 = ∫  Im𝜏(𝜙)(𝐹 + 𝑖�̃�)
2 + 2∫  𝐴𝐷𝜇𝜕𝜈�̃�

𝜇𝜈  

𝑆𝐺 = ∫  Im [𝜏(𝜙) {𝐹 + 𝑖�̃� +
1

𝜏(𝜙)
(𝐹𝐷 + 𝑖�̃�𝐷)}

2

−
1

𝜏(𝜙)
(𝐹𝐷 + 𝑖�̃�𝐷)

2
]  

𝑆𝐺 = ∫  Im [−
1

𝜏(𝜙)
(𝐹𝐷 + 𝑖�̃�𝐷)

2
]  

𝑦2 = (𝑘 − Λ2)(𝑘 + Λ2)(𝑘 − 𝑢)  

(
𝐵

𝐴
) ⟶ 𝑀(

𝐵

𝐴
) 𝑀†𝐽𝑀 = 𝐽 𝑀 ∈ 𝑆𝐿(2, 𝐙)  

𝑧(𝑃) − 𝑧(𝑄) = ∫  
𝑃

𝑄

 
𝑑𝑘

𝑦
 

𝜔 = ∮   𝐴
𝑑𝑘

𝑦
 𝜔𝐷 = ∮   𝐵

𝑑𝑘

𝑦
 

(
𝜔𝐷
𝜔
)⟶ 𝑀(

𝜔𝐷
𝜔
) 𝑀†𝐽𝑀 = 𝐽 𝑀 ∈ 𝑆𝐿(2, 𝐙)  

𝜏 =
𝜔𝐷
𝜔
 Im𝜏 > 0  

𝜏 =
𝜔𝐷
𝜔
= 𝜏(𝑎) =

𝜕𝑎𝐷
𝜕𝑎

= (
𝜕𝑎𝐷
𝜕𝑢
) (
𝜕𝑎

𝜕𝑢
)
−1
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𝜕𝑎

𝜕𝑢
= 𝜔 = ∮   𝐴

𝑑𝑘

𝑦
 
𝜕𝑎𝐷
𝜕𝑢

= 𝜔𝐷 = ∮   𝐵
𝑑𝑘

𝑦
.  

𝑎 = ∮   𝐴𝑑𝜆 𝑎𝐷 = ∮   𝐵𝑑𝜆  

𝜕𝑑𝜆

𝜕𝑢
=
𝑑𝑘

𝑦
=

𝑑𝑘

√(𝑘2 − Λ4)(𝑘 − 𝑢)
 ⟹  𝑑𝜆 =

(𝑘 − 𝑢)𝑑𝑘

𝑦
+  𝔈exact  

𝑎𝐷(𝑢) =
√2

𝜋
∫  
𝑢

Λ2
 𝑑𝑘

√𝑘 − 𝑢

√𝑘2 − Λ4
 𝑎(𝑢) =

√2

𝜋
∫  
Λ2

Λ2
 𝑑𝑘

√𝑘 − 𝑢

√𝑘2 − Λ4
 

𝑎𝐷(𝑢)  =
√2𝑢

𝜋
∫  
1

Λ2/𝑢

 𝑑𝑦
√𝑦 − 1

√𝑦2 −
Λ4

𝑢2

∼ −𝑖
√2𝑢ln 𝑢

𝜋

𝑎(𝑢)  ∼
√2𝑢

𝜋
∫  
Λ2

−Λ2
 

𝑑𝑘

√Λ4 − 𝑘2
= √2𝑢

 

𝑀 = |𝑛2𝑎 + 𝑛𝑚𝑎𝐷|  

𝑎(𝑢)∼ √𝑢  

𝑎𝐷(𝑢) ∼ √𝑢ln 
𝑢

Λ2
∼ 𝑎ln 𝑎

 

𝑎(𝑢)∼
𝑖

𝜋
𝑎𝐷ln 

𝑎𝐷
Λ
 

𝑎𝐷(𝑢) ∼ (𝑢 − Λ
2)

 

(𝑎 − 𝑎𝐷)(𝑢)∼ (𝑢 + Λ
2)  

𝑎(𝑢) ∼
𝑖

𝜋
(𝑎𝐷 − 𝑎)ln 

𝑎𝐷 − 𝑎

Λ

 

𝐷∞ = (
1 2
0 1

) 𝐷+Λ2 = (
1 0
−2 1

) 𝐷−Λ2 = (
−1 2
−2 3

)  

(−
𝑑2

𝑑𝑧2
+ 𝑉(𝑧))𝜓(𝑧) = 0  

𝑉(𝑧) = −
1

4
(
1 − 𝜆1

2

(𝑧 + 1)2
+
1 − 𝜆2

2

(𝑧 − 1)2
−
1 − 𝜆1

2 − 𝜆2
2 + 𝜆3

2

(𝑧 + 1)(𝑧 − 1)
)  

𝜓(𝑧) = (𝑧 + 1)(1−𝜆1)/2(𝑧 − 1)(1−𝜆2)/2𝑓 (
𝑧 + 1

2
) .  

𝑓1(𝑥) = (1 − 𝑥)
𝑐−𝑎−𝑏𝐹(𝑐 − 𝑎, 𝑐 − 𝑏; 𝑐 + 1 − 𝑎 − 𝑏; 1 − 𝑥)

𝑓2(𝑥) = (−𝑥)
−𝑎𝐹 (𝑎, 𝑎 + 1 − 𝑐; 𝑎 + 1 − 𝑏;

1

𝑥
) ,

 

𝑎𝐷(𝑢)  = 𝑖
𝑢 − 1

2
𝐹 (
1

2
,
1

2
; 2;
1 − 𝑢

2
)

𝑎(𝑢)  = √2(𝑢 + 1)
1
2𝐹 (−

1

2
,
1

2
; 1;

2

𝑢 + 1
) .
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𝐹(𝑎, 𝑏; 𝑐, 𝑧) =
Γ(𝑐)

Γ(𝑏)Γ(𝑐 − 𝑏)
∫  
1

0

 𝑑𝑡𝑡𝑏−1(1 − 𝑡)𝑐−𝑏−1(1 − 𝑡𝑧)−𝑎  

𝑎𝐷(𝑢)  = 𝑖
𝑢 − 1

2

Γ(2)

Γ (
1
2
) Γ (

3
2
)
∫  
1

0

 𝑑𝑡𝑡−
1
2(1 − 𝑡)

1
2 (1 − 𝑡

𝑢 − 1

2
)
−
1
2

𝑎(𝑢)  = √2(𝑢 + 1)
1
2

Γ(1)

Γ (
1
2) Γ (

1
2)
∫  
1

0

 𝑑𝑡𝑡−
1
2(1 − 𝑡)−

1
2 (1 − 𝑡

𝑢 + 1

2𝑢
)

1
2

 

𝑎 =
1

2𝜋𝑖
∮   𝐴𝑑𝜆 𝑎𝐷 =

1

2𝜋𝑖
∮   𝐵𝑑𝜆 𝑎𝐷 =

𝜕𝐹

𝜕𝑎
 

2Im𝜕𝜇𝜙
𝑖𝜕𝜇𝜙𝐷𝑖 = 𝑖𝜕𝜇 (

𝜙𝐷𝑖
𝜙𝑖
)
†

𝐽𝑖𝑗 (
𝜙𝐷𝑖
𝜙𝑖
)  𝐽 = (

0 −𝐼
𝐼 0

)  

𝑇𝛽: (
𝜙𝐷𝑖
𝜙𝑖
) ⟶ (

𝐼 𝛽
0 𝐼

) (
𝜙𝐷𝑖
𝜙𝑖
)  

𝑇𝛽: Re(𝜏𝑖𝑗) ⟶ Re(𝜏𝑖𝑗) + 𝛽𝑖𝑗  

#(𝐴𝑖 , 𝐴𝑗) = #(𝐵𝑖, 𝐵𝑗)= 0  

#(𝐴𝑖, 𝐵𝑗) = −#(𝐵𝑗 , 𝐴𝑖) = 𝛿𝑖𝑗
 

𝜔𝑖𝑗 = ∮   𝐴𝑖Ω𝑗  𝜔𝐷𝑖𝑗 = ∮   𝐵𝑖Ω𝑗  

𝜏 ≡ 𝜔𝐷𝜔
−1 𝜏𝑖𝑗 =∑  

𝑘

 𝜔𝐷𝑖𝑘(𝜔
−1)𝑘𝑗  

Im𝜏 > 0 for non −   Γdegenerate 

 𝜏𝑖𝑗 = 𝜏𝑗𝑖. 
 

(
𝐵𝑖
𝐴𝑖
) ⟶ (

𝐵𝑖
′

𝐴𝑖
′) = 𝑀 (

𝐵𝑖
𝐴𝑖
)  𝑀 ∈ Sp(2𝑔, 𝐙).  

𝜔𝑖𝑗=
𝜕𝑎𝑖
𝜕𝑢𝑗

=
1

2𝜋𝑖
∮   𝐴𝑖

𝜕𝑑𝜆

𝜕𝑢𝑗
 

𝜔𝐷𝑖𝑗 =
𝜕𝑎𝐷𝑖
𝜕𝑢𝑗

=
1

2𝜋𝑖
∮   𝐵𝑖

𝜕𝑑𝜆

𝜕𝑢𝑗

 

𝜏 =
𝜕𝑎𝐷
𝜕𝑢

(
𝜕𝑎

𝜕𝑢
)
−1

 

𝑎𝑖 =
1

2𝜋𝑖
∮   𝐴𝑖𝑑𝜆 𝑎𝐷𝑖 =

1

2𝜋𝑖
∮   𝐵𝑖𝑑𝜆  

ℱpert (𝑎) =
𝑖

8𝜋
[ ∑  

𝛼∈ℛ(𝒢)

  (𝛼 ⋅ 𝑎)2ln 
(𝛼 ⋅ 𝑎)2

𝜇2
− ∑  

𝜆∈𝒲(𝑅)

  (𝜆 ⋅ 𝑎 + 𝑚)2ln 
(𝜆 ⋅ 𝑎 +𝑚)2

𝜇2
]  
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Γ(𝑢𝑖) = {(𝑘, 𝑦) 𝑦
2 = 𝐴(𝑘)2 − Λ‾2𝐵(𝑘)} Λ‾ ≡ Λ𝑁−

1
2
𝑁𝑓  

𝐴(𝑘) =∏ 

𝑁

𝑖=1

  (𝑘 − 𝑢𝑖) 𝐵(𝑘) =∏ 

𝑁𝑓

𝛼=1

  (𝑘 + 𝑚𝛼)  

𝑑𝜆 = 𝑘𝑑ln (𝑦 + 𝐴(𝑘))  

𝐴(𝑥𝑘
±)
2
−𝐵(𝑥𝑘

±) = 0  

𝑑𝜆 =
𝑘𝑑𝑘

𝑦
(𝐴′(𝑘) −

1

2
𝐴(𝑘)

𝐵′(𝑘)

𝐵(𝑘)
) .  

𝑑𝜆 ∼
1

2

𝑚𝛼𝑑𝑘

𝑘 +𝑚𝛼
 

𝑑𝜆 = 𝑘 (
𝐴′

𝐴
−
1

2

𝐵′

𝐵
) ∑  

∞

𝑚=0

 
Γ (𝑚 +

1
2
)

Γ (
1
2
)𝑚!

𝑘 (
𝐵

𝐴2
)
𝑚

𝑑𝑘  

𝑎𝑖 = 𝑢𝑖 + ∑  

∞

𝑚=1

 
Λ‾2𝑚

22𝑚(𝑚!)2
(
𝜕

𝜕𝑢𝑖
)
2𝑚−1

𝑆𝑖(𝑢𝑖; 𝑢)
𝑚  

𝑆𝑖(𝑘; 𝑢) = Λ‾
−2(𝑘 − 𝑢𝑖)

2
𝐵(𝑘)

𝐴(𝑘)2
=
∏  𝛼   (𝑘 +𝑚𝛼)

∏  𝑙≠𝑖   (𝑘 − 𝑢𝑙)
2

 

𝑑𝜆(𝜉) = 𝑘 (
𝐴′

𝐴
−
1

2

𝐵′

𝐵
)(1 − 𝜉2

𝐵

𝐴2
)
−
1
2
𝑑𝑘= ∑  

∞

𝑚=0

 
Γ (𝑚 +

1
2)

Γ (
1
2)𝑚!

𝑘 (
𝐴′

𝐴
−
1

2

𝐵′

𝐵
)(
𝜉2𝐵

𝐴2
)

𝑚

𝑑𝑘 

 

 

𝑑𝜆 =
1

2
∑  

𝑁𝑓

𝛼=1

 
𝑚𝛼𝑑𝑘

𝑘 +𝑚𝛼
+∑  

𝑁

𝑙=1

 𝑎𝑙
𝑑𝑘

𝑘 − 𝑢𝑙
+ 𝒪(Λ)  

∫  
𝑥𝑖
−

𝑥1
−
 𝑑𝜆 =

1

2
∑  

𝑁𝑓

𝛼=1

 𝑚𝛼ln (𝑥𝑖
− +𝑚𝛼) +∑  

𝑁

𝑙=1

 𝑎𝑙ln (𝑥𝑖
− − 𝑢𝑙) + 𝒪(Λ)  

∫  
𝑥𝑖
−

𝑥1
−
 𝑑𝜆 = 𝑎𝑖ln Λ‾ +

1

2
∑  

𝑁𝑓

𝛼=1

  (𝑎𝑖 +𝑚𝛼)ln (𝑥𝑖
− +𝑚𝛼) −∑  

𝑁

𝑙=1

  (𝑎𝑖 − 𝑎𝑙)ln (𝑥𝑖
− − 𝑢𝑙) + 𝒪(Λ)  

∏ 

𝑁

𝑙=1

  (𝑥𝑖
− − 𝑢𝑙)

2 = Λ‾2∏ 

𝑁𝑓

𝑗=1

 (𝑥𝑖
− +𝑚𝑗)  

∫  
𝑘𝑖
−

𝑘1
−
 𝑑𝜆 = 𝑎𝑖ln Λ‾ +

1

2
∑  

𝑁𝑓

𝛼=1

  (𝑎𝑖 +𝑚𝛼)ln (𝑎𝑖 +𝑚𝛼) −∑  

𝑁

𝑙=1

  (𝑎𝑖 − 𝑎𝑙)ln (𝑎𝑖 − 𝑎𝑙) + 𝑂(Λ)  
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ℱpert = −
1

8𝜋𝑖
( ∑  

𝑁

𝑙,𝑚=1

  (𝑎𝑙 − 𝑎𝑚)
2ln 

(𝑎𝑙 − 𝑎𝑚)
2

Λ2
−∑ 

𝑁

𝑙=1

 ∑  

𝑁𝑓

𝑗=1

  (𝑎𝑙 +𝑚𝑗)
2
ln 
(𝑎𝑙 +𝑚𝑗)

2

Λ2
)  

𝑥𝑘
± = 𝑢𝑘 ± Λ‾𝑆(𝑥𝑘

±)
1
2  

𝑥𝑘
± = 𝑢𝑘 + ∑  

∞

𝑚=1

 
(±)𝑚Λ‾𝑚

𝑚!
(
𝜕

𝜕𝑢𝑘
)
𝑚−1

𝑆𝑘(𝑢𝑘)
𝑚
2  

𝜕ℱ

𝜕Λ
|
𝑎𝑖

=
2𝑁 − 𝑁𝑓

2𝜋𝑖
∑  

𝑁

𝑖=1

 𝑢𝑖
2,  

ℱ = ℱ(0) + ℱ(1) +ℱ(2) + 𝒪(Λ‾6)  

2𝜋𝑖ℱ(0) =−
1

4
∑ 

𝑗≠𝑖

  (𝑎𝑖 − 𝑎𝑗)
2
ln 
(𝑎𝑖 − 𝑎𝑗)

2

Λ2
− (ln 2 − 2𝑁 + 𝑁𝑓)∑  

𝑖

 𝑎𝑖
2 

 +
1

4
∑  

𝑖,𝛼

  (𝑎𝑖 +𝑚𝛼)
2ln 

(𝑎𝑖 +𝑚𝛼)
2

Λ2
,

 

2𝜋𝑖ℱ(1) =
Λ‾2

4
∑  

𝑖

 𝑆𝑖(𝑎𝑖; 𝑎)  

2𝜋𝑖ℱ(2) =
Λ‾4

16
[∑  

𝑗≠𝑖

 
𝑆𝑖(𝑎𝑖; 𝑎)𝑆𝑗(𝑎𝑗; 𝑎)

(𝑎𝑖 − 𝑎𝑗)
2 +

1

4
∑  

𝑖

 𝑆𝑖(𝑎𝑖; 𝑎)
𝜕2𝑆𝑖(𝑎𝑖; 𝑎)

𝜕𝑎𝑖
2 ]  

𝐴(𝑘) = 𝑘𝑎∏ 

𝑛

𝑖=1

  (𝑘2 − 𝑢𝑖
2) 𝐵(𝑘) = Λ𝑐𝑘𝑏∏ 

𝑁𝑓

𝛼=1

  (𝑘2 −𝑚𝛼
2).  

ℱ𝑆𝑂(2𝑛+1);𝑁𝑓 (𝑎1,⋯ , 𝑎𝑛;𝑚1,⋯ ,𝑚𝑁𝑓; Λ)

= ℱ𝑆𝑈(2𝑛);2𝑁𝑓+2 (𝑎1,⋯ , 𝑎𝑛, −𝑎1,⋯ ,−𝑎𝑛;𝑚1,⋯ ,𝑚𝑁𝑓 , −𝑚1,⋯ , −𝑚𝑁𝑓 , 0,0; Λ)
 

ℱ𝑆𝑝(2𝑛);𝑁𝑓 (𝑎1, ⋯ , 𝑎𝑛;𝑚1,⋯ ,𝑚𝑁𝑓−2, 0,0; Λ)

= ℱ𝑆𝑈(2𝑛);2𝑁𝑓−4 (𝑎1, ⋯ , 𝑎𝑛, −𝑎1,⋯ , −𝑎𝑛;𝑚1,⋯ ,𝑚𝑁𝑓−2, −𝑚1,⋯ ,−𝑚𝑁𝑓−2; Λ)
 

ℱ𝑆𝑂(2𝑛);𝑁𝑓 (𝑎1, ⋯ , 𝑎𝑛;𝑚1,⋯ ,𝑚𝑁𝑓; Λ)

= ℱ𝑆𝑈(2𝑛);2𝑁𝑓+4 (𝑎1,⋯ , 𝑎𝑛, −𝑎1,⋯ ,−𝑎𝑛;𝑚1,⋯ ,𝑚𝑁𝑓 , −𝑚1,⋯ , −𝑚𝑁𝑓 , 0,0,0,0; Λ) 

𝐻(𝑥𝑖, 𝑝𝑖)�̇�𝑖 = {𝑥𝑖, 𝐻} =
𝜕𝐻

𝜕𝑝𝑖

{𝑥𝑖, 𝑝𝑗} = 𝛿𝑖𝑗�̇�𝑖 = {𝑝𝑖, 𝐻} = −
𝜕𝐻

𝜕𝑥𝑖
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𝐼𝑖 = {𝐼𝑖, 𝐻} = 0 {𝐼𝑖, 𝐼𝑗} = 0  

𝐼𝑖(𝑡) = 𝐼𝑖(0) 𝜓𝑖(𝑡) = 𝜓𝑖(0) + 𝑐𝑖𝐼𝑖𝑡  

�̇� = [𝐿,𝑀]  ⟺ (
�̇�𝑖 = {𝑥𝑖, 𝐻}

�̇�𝑖 = {𝑝𝑖, 𝐻}
)  

𝐿𝑆 = 𝑆−1𝐿𝑆 𝑀𝑆 = 𝑆−1𝑀𝑆 − 𝑆−1�̇�  

𝐼𝑖 ≡ tr𝐿
𝑛𝑖  ⟹ 𝐼𝑖 = 𝑛𝑖tr(𝐿

𝑛𝑖−1[𝐿,𝑀]) = 0  

�̇�(𝑧) = [𝐿(𝑧),𝑀(𝑧)]  ⟺ (
�̇�𝑖 = {𝑥𝑖, 𝐻}

�̇�𝑖 = {𝑝𝑖, 𝐻}
)  

Γ = {(𝑘, 𝑧) ∈ 𝐂 × 𝐂; det(𝑘𝐼 − 𝐿(𝑧)) = 0}  

𝑑𝜆 = 𝑘𝑑𝑧  

𝐻 =
1

2
∑  

𝑛+1

𝑖=1

 𝑝𝑖
2 −𝑀2∑ 

𝑛

𝑖=1

 𝑒𝑥𝑖+1−𝑥𝑖  

𝐻 =
1

2
∑  

𝑛+1

𝑖=1

 𝑝𝑖
2 −𝑀2∑  

𝑛+1

𝑖=1

 𝑒𝑥𝑖+1−𝑥𝑖  

𝐴𝑛 𝑒𝑖 − 𝑒𝑖+1 𝑖 = 1,⋯ , 𝑛

𝐴𝑛
(1)

𝑒𝑖 − 𝑒𝑖+1 𝑖 = 1,⋯ , 𝑛 + 1, 𝑒𝑟+2 = 𝑒1.
 

𝐻 =
1

2
𝑝2 −𝑀2 ∑  

𝛼∈ℛ∗

  𝑒−𝛼⋅𝑥  

𝐻 =
1

2
𝑝2 −𝑀2 ∑  

𝛼∈ℛ∗(𝒢)

  𝑒−𝛼⋅𝑥  

𝐿 = 𝑝 ⋅ ℎ + ∑  

𝛼∈ℛ∗

 𝑀𝑒−
1
2
𝛼⋅𝑥(𝐸𝛼 − 𝐸−𝛼) + 𝜇

2𝑒
1
2
𝛼0⋅𝑥(𝑧𝐸−𝛼0 − 𝑧

−1𝐸𝛼0)

𝑀 = −
1

2
∑  

𝛼∈ℛ∗

 𝑀𝑒−
1
2
𝛼⋅𝑥(𝐸𝛼 + 𝐸−𝛼) +

𝜇2

2
𝑒
1
2
𝛼0⋅𝑥(𝑧𝐸−𝛼0 + 𝑧

−1𝐸𝛼0)

 

det(𝑘𝐼 − 𝐿(𝑧)) = 𝐴(𝑘) −
1

2
(𝑧 +

Λ‾2

𝑧
) .  

𝐴(𝑘) = 𝑘𝑁 + 𝑘𝑁−2𝐽2 + 𝑘
𝑁−3𝐽3 +⋯+ 𝐽𝑁 =∏ 

𝑁

𝑖=1

  (𝑘 − 𝑢𝑖)  

Γ = {(𝑘, 𝑦) ∈ 𝐂 × 𝐂, 𝑦2 = 𝐴(𝑘)2 − Λ‾2}  
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𝑑𝜆 = 𝑘𝑑ln 𝑧 =
𝐴′(𝑘)𝑘𝑑𝑘

√𝐴(𝑘)2 − Λ‾2
 

𝐻 =
1

2
∑  

𝑛+1

𝑖=1

 𝑝𝑖
2 −

1

2
𝑚2∑  

𝑛+1

𝑖≠𝑗

 
1

(𝑥𝑖 − 𝑥𝑗)
2  

𝐻 =
1

2
∑  

𝑛+1

𝑖=1

 𝑝𝑖
2 −

1

2
𝑚2∑  

𝑛+1

𝑖≠𝑗

 
1

sin2 (𝑥𝑖 − 𝑥𝑗)
 

𝐻 =
1

2
∑  

𝑛+1

𝑖=1

 𝑝𝑖
2 −

1

2
𝑚2∑  

𝑛+1

𝑖≠𝑗

 ℘(𝑥𝑖 − 𝑥𝑗; 𝜔1, 𝜔2)  

℘(𝑥;𝜔1, 𝜔2) ≡
1

𝑥2
+ ∑  

(𝑚,𝑛)≠(0,0)

 (
1

(𝑥 + 2𝑚𝜔1 + 2𝑛𝜔2)
2
−

1

(2𝑚𝜔1 + 2𝑛𝜔2)
2
) .  

ℛ(𝐴𝑛) = {𝑒𝑖 − 𝑒𝑗, 𝑖 ≠ 𝑗 = 1,⋯ , 𝑛 + 1}  

𝐻 =
1

2
𝑝2 −

1

2
𝑚2∑  

𝛼∈ℛ

 ℘(𝛼 ⋅ 𝑥; 𝜔1, 𝜔2)  

𝐿𝑖𝑗(𝑧)  = 𝑝𝑖𝛿𝑖𝑗 −𝑚(1 − 𝛿𝑖𝑗)Φ(𝑥𝑖 − 𝑥𝑗; 𝑧)

𝑀𝑖𝑗(𝑧)  = 𝑑𝑖(𝑥)𝛿𝑖𝑗 +𝑚(1 − 𝛿𝑖𝑗)Φ
′(𝑥𝑖 − 𝑥𝑗; 𝑧)

 

Φ(𝑥; 𝑧) =
𝜎(𝑧 − 𝑥)

𝜎(𝑥)𝜎(𝑧)
𝑒𝑥𝜁(𝑧)  

(
𝑑2

𝑑𝑧2
−℘(𝑥))Φ(𝑥; 𝑧) = 2℘(𝑧)Φ(𝑥; 𝑧)  

Re(𝜔2) → ∞ 

{
 

 
𝑚 = 𝑀𝑒𝛿𝜔2

𝑥𝑗 = 𝑋𝑗 + 2𝜔2𝛿𝑗

𝑀, 𝑋𝑗, 0 < 𝛿 ≤
1

𝑁
 fixed 

 

℘(𝑥;−𝑖𝜋;𝜔2) =
1

2
∑  

∞

𝑘=−∞

 
1

ch(𝑥 + 2𝑘𝜔2) − 1
 

𝑚2℘(𝑥𝑖 − 𝑥𝑗; −𝑖𝜋, 2𝜔2) =
1

2
∑  

∞

𝑘=−∞

 
𝑀2𝑒2𝛿𝜔2

ch[𝑋𝑖 − 𝑋𝑗 + 2𝜔2(𝛿(𝑖 − 𝑗) + 𝑘)] − 1
 

𝑘 = 0 term ⟶ {
𝑀2exp (𝑋𝑗 − 𝑋𝑖) 𝑗 − 𝑖 = 1

0 𝑗 − 𝑖 ≠ 1
 

𝑘 = 1 term ⟶ {
𝑀2exp (𝑋𝑁 − 𝑋1) 𝛿𝑁 = 1
0 𝛿𝑁 < 1
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ℒ =
1

2
𝜕𝜇𝜙 ⋅ 𝜕

𝜇𝜙 −𝑀2 ∑  

𝛼∈ℛ∗

  𝑒𝛼⋅𝜙  

𝜕𝑡𝑢 = 6𝑢𝜕𝑥𝑢 − 𝜕𝑥
3𝑢  

𝑢(𝑡, 𝑥) = 2∑  

𝑗

 
1

(𝑥 − 𝑥𝑗(𝑡))
2  

𝜕𝑡𝑥𝑗 = {𝑥𝑗, tr𝐿
3}  

3𝜕𝑡′
2 𝑢 = 𝜕𝑥(𝜕𝑡𝑢 − 6𝑢𝜕𝑥𝑢 − 𝜕𝑥

3𝑢)  

𝑢(𝑡, 𝑡′, 𝑥) = 2∑  

𝑗

 ℘ (𝑥 − 𝑥𝑗(𝑡, 𝑡
′))  

𝜕𝑡𝑥𝑗 = {𝑥𝑗, tr𝐿
3} 𝜕𝑡′𝑥𝑗 = {𝑥𝑗, tr𝐿

2}  

𝐻(𝑥, 𝑝) =
1

2
∑  

𝑛

𝑖=1

 𝑝𝑖
2 −

1

2
∑  

𝛼∈ℛ(𝒢)

 𝑚|𝛼|
2 ℘(𝛼 ⋅ 𝑥),  

𝐻𝒢
twisted =

1

2
∑  

𝑛

𝑖=1

 𝑝𝑖
2 −

1

2
∑  

𝛼∈ℛ(𝒢)

 𝑚|𝛼|
2 ℘𝜈(𝛼)(𝛼 ⋅ 𝑥)  

℘𝜈(𝑧) = ∑  

𝜈−1

𝜎=0

 ℘ (𝑧 + 2𝜔𝑎
𝜎

𝜈
)  

𝑚 = 𝑀𝑞−
1
2
𝛿

𝑥 = 𝑋 − 2𝜔2𝛿𝜌
∨

 

𝑚2℘(𝛼 ⋅ 𝑥) =
1

2
𝑀2 ∑  

∞

𝑘=−∞

 
𝑒2𝛿𝜔2

ch(𝛼 ⋅ 𝑥 − 2𝑘𝜔2) − 1
 

𝛿 ≤ 𝛿𝛼 ⋅ 𝜌∨ ≤ 1 − 𝛿  

𝛼𝑖 ⋅ 𝜌
∨ = 1, 1 ≤ 𝑖 ≤ 𝑛  

ℎ𝒢 = 1 +max
𝛼
 (𝛼 ⋅ 𝜌∨)  

𝜏 =
𝑖

2𝜋
ℎ𝒢
∨ln 

𝑚2

𝑀2
 ⟺  𝑚 = 𝑀𝑞

−
1

2ℎ𝒢
𝑉  

ℎ𝒢
∨ = 1 +max

𝛼
 (𝛼∨ ⋅ 𝜌)  

𝜌 =
1

2
∑  

𝛼>0

 𝛼  
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𝑚2℘𝜈(𝑥) =
𝜈2

2
∑  

∞

𝑛=−∞

 
𝑚2

ch𝜈(𝑥 − 2𝑛𝜔2) − 1
 

𝑚2℘𝜈(𝑥) = 𝜈
2𝑀2 {

𝑒−2𝜔2(𝛿
∨𝛼∨⋅𝜌−𝛿∨)−𝛼∨⋅𝑋 + 𝑒−2𝜔2(1−𝛿

∨𝛼∨⋅𝜌−𝛿∨)+𝛼∨⋅𝑋,  if 𝛼 is long; 

𝑒−2𝜔2(𝛿
∨𝛼∨⋅𝜌−𝛿∨)−𝛼∨⋅𝑋,  if 𝛼 is short. 

 

𝐵𝑛 𝑚4 = 0
𝐶𝑛 𝑚1 = 0
𝐷𝑛 𝑚1 = 𝑚4 = 0

 

𝑚1(𝑚1
2 − 2𝑚2

2 + √2𝑚2𝑚4) = 0  

𝐿(𝑧) = 𝑃 + 𝑋,𝑀(𝑧) = 𝐷 + 𝑌  

𝑃 = diag(𝑝1,⋯ , 𝑝𝑛; −𝑝1,⋯ ,−𝑝𝑛; 0) 

𝐷 = diag(𝑑1,⋯ , 𝑑𝑛; +𝑑1,⋯ ,+𝑑𝑛; 0)  

𝑋 = (

𝐴 𝐵1 𝐶1
𝐵2 𝐴𝑇 𝐶2
𝐶2
𝑇 𝐶1

𝑇 0

) , 𝑌 = (

𝐴′ 𝐵1
′ 𝐶1

′

𝐵2
′ 𝐴′𝑇 𝐶2

′

𝐶2
′𝑇 𝐶1

′𝑇 0

)  

𝑑𝑖 = −2𝑚2∑ 

𝑘

 ℘(𝑥𝑘) +
𝑚1
2

𝑚2
℘(𝑥𝑖) + √2𝑚4℘(2𝑥𝑖) + 𝑚2∑ 

𝑘≠𝑖

  [℘(𝑥𝑖 − 𝑥𝑘) + ℘(𝑥𝑖 + 𝑥𝑘)]  

𝐴𝑖𝑗= 𝑚2(1 − 𝛿𝑖𝑗)Φ(𝑥𝑖 − 𝑥𝑗 , 𝑧)  

𝐵1𝑖𝑗= 𝑚2(1 − 𝛿𝑖𝑗)Φ(𝑥𝑖 + 𝑥𝑗 , 𝑧) + √2𝑚4𝛿𝑖𝑗Φ(2𝑥𝑖 , 𝑧)  

𝐵2𝑖𝑗= 𝑚2(1 − 𝛿𝑖𝑗)Φ(−𝑥𝑖 − 𝑥𝑗, 𝑧) + √2𝑚4𝛿𝑖𝑗Φ(−2𝑥𝑖, 𝑧) 

𝐶1𝑖= 𝑚1Φ(𝑥𝑖, 𝑧)  

𝐶2𝑖 = 𝑚1Φ(−𝑥𝑖, 𝑧)

 

𝜆𝑖 = 𝑒𝑖;  𝜆𝑖+𝑛 = −𝑒𝑖 1 ≤ 𝑖 ≤ 𝑛; 𝜆2𝑛+1 = 0  

√2𝑢𝐼 = 𝜆𝐼 + 𝑣𝐼  

√2(𝑢𝑖 − 𝑢𝑗)= 𝑒𝑖 − 𝑒𝑗 + 𝑣𝑖 − 𝑣𝑗  

√2(𝑢𝑛+𝑗 − 𝑢𝑛+𝑖)= 𝑒𝑖 − 𝑒𝑗 − 𝑣𝑖 + 𝑣𝑗  

√2(𝑢𝑖 − 𝑢𝑛+𝑗)= 𝑒𝑖 + 𝑒𝑗 + 𝑣𝑖 − 𝑣𝑗  

√2(𝑢𝑛+𝑖 − 𝑢𝑗) = −𝑒𝑖 − 𝑒𝑗 + 𝑣𝑖 − 𝑣𝑗, 𝑖 ≠ 𝑗,

 

√2(𝑢𝑖 − 𝑢𝑛+𝑖) = 2𝑒𝑖

√2(𝑢𝑛+𝑖 − 𝑢𝑖) = −2𝑒𝑖
 

√2(𝑢𝑖 − 𝑢𝑁)= 𝑒𝑖 + 𝑣𝑖 − 𝑣2𝑛+1  

√2(𝑢𝑁 − 𝑢𝑛+𝑖)= 𝑒𝑖 − 𝑣𝑖 + 𝑣2𝑛+1  

√2(𝑢𝑛+𝑖 − 𝑢𝑁)= −𝑒𝑖 + 𝑣𝑖 − 𝑣2𝑛+1  

√2(𝑢𝑁 − 𝑢𝑖) = −𝑒𝑖 − 𝑣𝑖 + 𝑣2𝑛+1
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𝑋 = ∑  

𝛼∈ℛ(𝐵𝐶𝑛)

 Φ(𝛼 ⋅ 𝑥)( ∑  

𝜆𝐼−𝜆𝐽=𝛼

 𝐶𝐼𝐽𝐸𝐼𝐽)

𝑌 = ∑  

𝛼∈ℛ(𝐵𝐶𝑛)

 Φ′(𝛼 ⋅ 𝑥)( ∑  

𝜆𝐼−𝜆𝐽=𝛼

 𝐶𝐼𝐽𝐸𝐼𝐽)

 

𝑠𝑢𝐼 = 𝜆𝐼 + 𝑣𝐼 , 𝜆𝐼 ⊥ 𝑣𝐽 .  

𝑠2 =
1

𝑛
∑  

𝑁

𝐼=1

 𝜆𝐼
2 = 𝐼2(Λ)  

𝛼𝐼𝐽 = 𝜆𝐼 − 𝜆𝐽  

[𝐸𝐼𝐽, 𝐸𝐾𝐿] = 𝛿𝐽𝐾𝐸𝐼𝐿 − 𝛿𝐼𝐿𝐸𝐾𝐽

[ℎ, 𝐸𝐼𝐽] = (𝜆𝐼 − 𝜆𝐽)𝐸𝐼𝐽 , [ℎ̃, 𝐸𝐼𝐽] = (𝑣𝐼 − 𝑣𝐽)𝐸𝐼𝐽
 

𝐸𝐼𝐼 =
1

𝑠2
(𝜆𝐼 ⋅ ℎ + 𝑣𝐼 ⋅ ℎ̃)  

𝐿 = 𝑃 + 𝑋,𝑀 = 𝐷 + 𝑌  

𝑋 =∑ 

𝐼≠𝐽

 𝐶𝐼𝐽Φ𝐼𝐽(𝛼𝐼𝐽 , 𝑧)𝐸𝐼𝐽, 𝑌 =∑  

𝐼≠𝑗

 𝐶𝐼𝐽Φ𝐼𝐽
′ (𝛼𝐼𝐽, 𝑧)𝐸𝐼𝐽  

𝑃 = 𝑝 ⋅ ℎ, 𝐷 = 𝑑 ⋅ (ℎ ⊕ ℎ̃) + Δ  

Φ𝐼𝐽  = Φ𝐼𝐽(𝛼𝐼𝐽 ⋅ 𝑥),Φ𝐼𝐽
′ = Φ𝐼𝐽

′ (𝛼𝐼𝐽 ⋅ 𝑥)

℘𝐼𝐽
′  = Φ𝐼𝐽(𝛼𝐼𝐽 ⋅ 𝑥, 𝑧)Φ𝐽𝐼

′ (−𝛼𝐼𝐽 ⋅ 𝑥, 𝑧) − Φ𝐼𝐽
′ (𝛼𝐼𝐽 ⋅ 𝑥, 𝑧)Φ𝐽𝐼

′ (−𝛼𝐼𝐽 ⋅ 𝑥, 𝑧)
 

∑ 

𝐼≠𝐽

 𝐶𝐼𝐽𝐶𝐽𝐼℘𝐼𝐽
′ 𝛼𝐼𝐽 = 𝑠

2 ∑  

𝛼∈ℛ(𝒢)

 𝑚|𝛼|
2 ℘𝜈(𝛼)(𝛼 ⋅ 𝑥)

∑  

𝐼≠𝐽

 𝐶𝐼𝐽𝐶𝐽𝐼℘𝐼𝐽
′ (𝑣𝐼 − 𝑣𝐽) = 0

∑  

𝐾≠𝐼,𝐽

 𝐶𝐼𝐾𝐶𝐾𝐽(Φ𝐼𝐾Φ𝐾𝐽
′ −Φ𝐼𝐾

′ Φ𝐾𝐽) = 𝑠𝐶𝐼𝐽Φ𝐼𝐽𝑑 ⋅ (𝑢𝐼 − 𝑢𝐽) + ∑  

𝐾≠𝐼,𝐽

 Δ𝐼𝐽𝐶𝐾𝐽Φ𝐾𝐽

− ∑  

𝐾≠𝐼,𝐽

 𝐶𝐼𝐾Φ𝐼𝐾Δ𝐾𝐽

 

[𝑋, 𝑌] = ∑  

𝐽∉{𝐼,𝐿}

 𝐶𝐼𝐽𝐶𝐽𝐿(Φ𝐼𝐽Φ𝐽𝐿
′ −Φ𝐼𝐽

′ Φ𝐽𝐿)𝐸𝐼𝐿  

�̇� ⋅ ℎ =
1

𝑠2
∑ 

𝐼≠𝐽

 𝐶𝐼𝐽𝐶𝐽𝐼℘𝐼𝐽
′ (𝜆𝐼 ⋅ ℎ + 𝑣𝐼 ⋅ ℎ̃)  

�̇� =
1

2
∑  

𝛼∈ℛ(𝒢)

 𝑚
|𝛼|℘𝜈(𝛼)

′
′ (𝛼 ⋅ 𝑥)  
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2𝑚2
2= 𝐶𝑖𝑗

2 + 𝐶𝑛+𝑗,𝑛+𝑖
2  

0 = 𝐶𝑖𝑗
2(𝑣𝑖 − 𝑣𝑗) + 𝐶𝑛+𝑗,𝑛+𝑖

2 (−𝑣𝑖 + 𝑣𝑗)
 

𝑚2
2= 𝐶𝑖𝑗

2 = 𝐶𝑛+𝑖,𝑛+𝑗
2 = 𝐶𝑛+𝑖,𝑗

2  

2𝑚4
2= 𝐶𝑖,𝑛+𝑖

2  

𝑚1
2 = 𝐶𝑖𝑁

2 = 𝐶𝑛+𝑖,𝑁
2

 

𝑚2= 𝐶𝑖𝑗 = 𝐶𝑛+𝑖,𝑛+𝑗 = 𝐶𝑛+𝑖,𝑗 

2𝑚4= 𝐶𝑖,𝑛+𝑖  

𝑚1 = 𝐶𝑖𝑁 = 𝐶𝑛+𝑖,𝑁

 

𝑚2𝑑 ⋅ (𝑣𝑖 − 𝑣𝑗) = ∑  

𝑘≠𝑖,𝑗

 𝑚2
2[℘(𝑥𝑖 − 𝑥𝑗) − ℘(𝑥𝑘 − 𝑥𝑗) + ℘(𝑥𝑖 + 𝑥𝑘) − ℘(𝑥𝑘 + 𝑥𝑗)]

+ 𝑚1
2[℘(𝑥𝑖) − ℘(𝑥𝑗)] + √2𝑚2𝑚4[℘(2𝑥𝑖) − ℘(2𝑥𝑗)] 

𝑚1𝑑 ⋅ (𝑣𝑖 − 𝑣𝑁) =∑  

𝑘≠𝑖

 𝑚1𝑚2[℘(𝑥𝑖 − 𝑥𝑗) + ℘(𝑥𝑖 + 𝑥𝑘) − 2℘(𝑥𝑘)] + √2𝑚1𝑚4[℘(2𝑥𝑖) − ℘(𝑥𝑖)] 

𝑑 ⋅ 𝑣𝑖 = 𝑑0 +
𝑚1
2

𝑚2
℘(𝑥𝑖) + √2𝑚4℘(2𝑥𝑖) +∑  

𝑘≠𝑖

 𝑚2[℘(𝑥𝑖 − 𝑥𝑘) + ℘(𝑥𝑖 + 𝑥𝑘)]  

𝑚1𝑑 ⋅ 𝑣𝑁 = 𝑚1𝑑0 +𝑚1 (−2𝑚2 + √2𝑚4 +
𝑚1
2

𝑚2
)℘(𝑥𝑖) + 2𝑚1𝑚2∑ 

𝑘

 ℘(𝑥𝑘)  

𝑐(𝜆, 𝜆 − 𝛿)𝑐(𝜆 − 𝛿, 𝜇) =𝑐(𝜆, 𝜇 + 𝛿)𝑐(𝜇 + 𝛿, 𝜇)

 when 𝛿 ⋅ 𝜆 = −𝛿 ⋅ 𝜇 = 1, 𝜆 ⋅ 𝜇 = 0

𝑐(𝜆, 𝜇)𝑐(𝜆 − 𝛿, 𝜇) =𝑐(𝜆, 𝜆 − 𝛿)

 when 𝛿 ⋅ 𝜆 = 𝜆 ⋅ 𝜇 = 1, 𝛿 ⋅ 𝜇 = 0

𝑐(𝜆, 𝜇)𝑐(𝜆, 𝜆 − 𝜇) = −𝑐(𝜆 − 𝜇,−𝜇)

 when 𝜆 ⋅ 𝜇 = 1

 

Δ𝑎𝑏 = ∑  
𝛿⋅𝛽𝑎=1
𝛿⋅𝛽𝑏=1

 
𝑚2
2
(𝑐(𝛽𝑎 , 𝛿)𝑐(𝛿, 𝛽𝑏) + 𝑐(𝛽𝑎 , 𝛽𝑎 − 𝛿)𝑐(𝛽𝑎 − 𝛿, 𝛽𝑏))℘(𝛿 ⋅ 𝑥)

− ∑  

𝛿⋅𝛽𝑎=1
𝛿⋅𝛽𝑏=−1

 
𝑚2
2
(𝑐(𝛽𝑎 , 𝛿)𝑐(𝛿, 𝛽𝑏) + 𝑐(𝛽𝑎, 𝛽𝑎 − 𝛿)𝑐(𝛽𝑎 − 𝛿, 𝛽𝑏))℘(𝛿 ⋅ 𝑥) 

 
 

Δ𝑎𝑎 = ∑  

𝛽𝑎⋅𝛿=1

 𝑚2℘(𝛿 ⋅ 𝑥) + 2𝑚2℘(𝛽𝑎 ⋅ 𝑥)
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𝐶𝜆𝜇  = {
𝑚2𝑐(𝜆, 𝜇) 𝜆 ⋅ 𝜇 = 1 𝑐(𝜆, 𝜇) = ±1

0  𝕆otherwise 

𝐶𝜆,𝑐  = {
∑  

8

𝑎=1

 
1

2
(𝜆 ⋅ 𝛽𝑎)𝑐(𝜆, 𝛽𝑎(𝜆 ⋅ 𝛽𝑎))𝐶𝛽𝑎,𝑐 𝜆 ≠ ±𝛽𝑏

±𝐶𝛽𝑏,𝑐 𝜆 = ±𝛽𝑏

√60𝑑 ⋅ 𝑢𝜆  = ∑  

𝛿⋅𝜆=1

 𝑚2℘(𝛿 ⋅ 𝑥) + 2𝑚2℘(𝜆 ⋅ 𝑥)

 

𝐶𝜆𝜇 = {
√
𝛼2

2
𝑚|𝛼|  when 𝛼 = 𝜆 − 𝜇 is a root 

0  𝕆otherwise 

 

𝑠𝑑 ⋅ 𝑢𝜆 = ∑  

𝜆⋅𝛿=1;𝛿2=2

 𝑚|𝛿|℘(𝛿⋅𝑥)  

𝐶𝜆,𝜇  = {
𝑚2 𝜆 ⋅ 𝜇 = ±

1

3
0  𝕆otherwise 

𝐶𝜆,7  = √2𝑚2

√2𝑑 ⋅ 𝑢𝜆  = ∑  

𝛿2=1,𝜆⋅𝛿=1

 𝑚2℘(𝛿 ⋅ 𝑥) +𝑚2℘(𝜆 ⋅ 𝑥)

√2𝑑 ⋅ 𝑢7  =
1

2
∑  

𝜅2=2/3

 𝑚2℘(𝜅 ⋅ 𝑥).

 

𝐶𝜆𝜇  = {
𝑚2 𝜆 ⋅ 𝜇 = 0,

1

2
0  𝕆otherwise

𝐶𝜆,𝑎  = 𝑚2(1 − 𝛿[𝜆],𝑎)

𝐶𝑎,𝑏  = 0

√6𝑑 ⋅ 𝑢𝜆  = 2𝑚2℘(𝜆 ⋅ 𝑥) + 𝑚2 ∑  

𝛿2=1,𝜆⋅𝛿

 ℘(𝛿 ⋅ 𝑥) −
1

2
𝑚2 ∑  

𝜅∈[𝜆]

 ℘(𝜅 ⋅ 𝑥)

√6𝑑 ⋅ 𝑢𝑎  = −𝑚2 ∑  

[𝜅]=𝑎

 ℘(𝜅 ⋅ 𝑥) +
1

2
𝑚2∑ 

𝜅

 ℘(𝜅 ⋅ 𝑥).

 

±𝑒𝑖 ± 𝑒𝑗 , 1 ≤ 𝑖 < 𝑗 ≤ 5

±
1

2
(√3𝑒6 +∑ 

5

𝑖=1

  𝜖𝑖𝑒𝑖) , ∏  

5

𝑖=1

  𝜖𝑖 = 1
 

2

√3
𝑒6

1

2√3
𝑒6 −

1

2
∑  

5

𝑖=1

  𝜖𝑖𝑒𝑖 ,∏  

5

𝑖=1

  𝜖𝑖 = 1 −
1

2√3
𝑒6 ± 𝑒𝑖, 1 ≤ 𝑖 ≤ 5

 

𝜆 ± 𝛼 =  𝓌weight ⟺ 𝜆 ⋅ 𝛼 = ∓1  
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∑  

𝛼∈ℛ(𝒢)

 ℘′(𝛼 ⋅ 𝑥) ∑  

𝜆𝐼−𝜆𝐽=𝛼

 1 = 𝑠2 ∑  

𝛼∈ℛ(𝒢)

 ℘′(𝛼 ⋅ 𝑥)  

∑  

𝜆𝐼−𝜆𝐽=𝛼

 (𝑣𝐼 − 𝑣𝐽) = 0  

∑  

𝜆𝐼−𝜆𝐽=𝛼

 (𝑣𝐼 − 𝑣𝐽) ⋅ 𝑢𝐾 = ∑  

𝜆𝐼−𝜆𝐽=𝛼

  (𝑠(𝛿𝐼𝐾 − 𝛿𝐽𝐾) −
1

𝑠
𝛼 ⋅ 𝜆𝐾)  

∑  

𝜆𝐼−𝜆𝐽=𝛼

  (𝑣𝐼 − 𝑣𝐽) ⋅ 𝑢𝐾 = √6{( ∑  

𝜆𝐼−𝜆𝐽=𝛼

 (𝛿𝐼𝐾 − 𝜆𝐽𝐾)) − 𝛼 ⋅ 𝜆𝐾}  

√6𝐶𝐼𝐽𝑑 ⋅ (𝑢𝐼 − 𝑢𝐽) = 𝑚√2
2 [∑ [℘(𝛼𝐼𝐾 ⋅ 𝑥) −∑ ℘(𝛼𝐾𝐽 ⋅ 𝑥)] ,  

∑  

𝛽⋅𝜆𝐼=−𝛽⋅𝜆𝐽=1

 ℘(𝛽 ⋅ 𝑥) − ∑  

𝛽⋅𝜆𝐼=−𝛽⋅𝜆𝐽=−1

 ℘(𝛽 ⋅ 𝑥),  

√6𝑚√2𝑑 ⋅ (𝑢𝐼 − 𝑢𝐽) = 𝑚√2
2 ( ∑  

𝛽⋅𝜆𝐼=−1,𝛽⋅𝜆𝐽=0

 ℘(𝛽 ⋅ 𝑥) − ∑  

𝛽⋅𝜆𝐽=−1,𝛽⋅𝜆𝐼=0

 ℘(𝛽 ⋅ 𝑥))  

𝑚
√2
2 ( ∑  

𝛽⋅𝜆𝐼=−1

 ℘(𝛽 ⋅ 𝑥) − ∑  

𝛽⋅𝜆𝐽=−1

 ℘(𝛽 ⋅ 𝑥))  

−𝑚√2( ∑  

𝛽⋅𝜆𝐼=−1;𝛽⋅𝜆𝐽=±1

 ℘(𝛽 ⋅ 𝑥) − ∑  

𝛽⋅𝜆𝐼=−1;𝛽⋅𝜆𝐽=±1

 ℘(𝛽 ⋅ 𝑥)) .  

Φ𝐼𝐽(𝑥, 𝑧) = {

Φ(𝑥, 𝑧),  if 𝐼 − 𝐽 ≠ 0,±𝑛

Φ2 (
1

2
𝑥, 𝑧) ,  if 𝐼 − 𝐽 = ±𝑛

 

Φ2 (
1

2
𝑥, 𝑧) =

Φ(
1
2𝑥, 𝑧)Φ(

1
2 𝑥 + 𝜔1, 𝑧)

Φ(𝜔1, 𝑧)
 

𝐶𝐼𝐽  = {
𝑚2 𝐼 − 𝐽 ≠ 0,±𝑛
𝑚1 𝐼 − 𝐽 = ±𝑛

𝑑 ⋅ 𝑣𝑖  = 𝑚2 ∑  

𝐽−𝑖≠0,𝑛

 ℘ ((𝑒𝑖 − 𝜆𝐽) ⋅ 𝑥) +
1

2
𝑚1℘2(𝑒𝑖 ⋅ 𝑥)

 

Φ𝐼𝐽(𝑥, 𝑧) = Φ2(𝑥 + 𝜔𝐼𝐽, 𝑧)  

𝜔𝐼𝐽 = {

0,  if 𝐼 ≠ 𝐽 = 1,2,⋯ ,2𝑛 + 1
𝜔2,  if 1 ≤ 𝐼 ≤ 2𝑛, 𝐽 = 2𝑛 + 2
−𝜔2,  if 1 ≤ 𝐽 ≤ 2𝑛, 𝐼 = 2𝑛 + 2
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𝐶𝐼𝐽 =

{
 

 
𝑚2 𝐼, 𝐽 = 1,⋯ ,2𝑛; 𝐼 − 𝐽 ≠ ±𝑛

1

√2
𝑚4 = √2𝑚2 𝐼 = 1,⋯ ,2𝑛; 𝐽 = 2𝑛 + 1,2𝑛 + 2; 𝐼 ↔ 𝒥

2𝑚2 𝐼 = 2𝑛 + 1, 𝐽 = 2𝑛 + 2; 𝐼 ↔ 𝐽

 

√2𝑑 ⋅ 𝑢𝐼 = ∑  

𝐽−𝐼≠0,±𝑛

 𝑚2℘2 ((𝜆𝐼 − 𝜆𝐽) ⋅ 𝑥) + 8𝑚2℘(2𝜆𝐼 ⋅ 𝑥); 𝐼 = 1,⋯ ,2𝓃 

 

√2𝑑 ⋅ 𝑢2𝑛+1 = ∑  

2𝑛

𝐽=1

 ℘2(𝜆𝐽 ⋅ 𝑥) + 2𝑚2℘2(𝜔2)

√2𝑑 ⋅ 𝑢2𝑛+2 = ∑  

2𝑛

𝐽=1

 ℘2(𝜆𝐽 ⋅ 𝑥 + 𝜔2) + 2𝑚2℘2(𝜔2)

 

Φ𝜆𝜇(𝑥, 𝑧) =

{
 
 

 
 
Φ(𝑥, 𝑧),  if 𝜆 ⋅ 𝜇 = 0

Φ1(𝑥, 𝑧),  if 𝜆 ⋅ 𝜇 =
1

2

Φ2 (
1

2
𝑥, 𝑧) ,  if 𝜆 ⋅ 𝜇 = −1

 

Φ1(𝑥, 𝑧) = Φ(𝑥, 𝑧) − 𝑒
𝜋𝑖𝜁(𝑧)+𝜂1𝑧Φ(𝑥 + 𝜔1, 𝑧)  

𝐶𝜆𝜇 =

{
  
 

  
 
𝑚2 𝜆 ⋅ 𝜇 = 0
1

√2
𝑚1 𝜆 ⋅ 𝜇 =

1

2

0 𝜆 ⋅ 𝜇 = −
1

2

√2𝑚1 𝜆 ⋅ 𝜇 = −1

 

√6𝑑 ⋅ 𝑣𝜆 = ∑  
𝛿 long 

𝛿⋅𝜆=1

 𝑚2℘(𝛿 ⋅ 𝑥) − ∑  

𝜅∈[𝜆]

 
1

2√2
𝑚1℘2(𝜅 ⋅ 𝑥) +

1

√2
𝑚1℘2(𝜆 ⋅ 𝑥)  

𝜆𝑖 = −𝜆𝑖+𝑛 = 𝑒𝑖, 1 ≤ 𝑖 ≤ 𝑛.  

√2𝑢𝑖 = 𝑒𝑖 + 𝑣𝑖, √2𝑢𝑛+𝑖 = −𝑒𝑖 + 𝑣𝑖, 1 ≤ 𝑖 ≤ 𝑛.  

√2(𝑢𝑖 − 𝑢𝑗)  = 𝑒𝑖 − 𝑒𝑗 + 𝑣𝑖 − 𝑣𝑗, 𝑖 ≠ 𝑗

√2(𝑢𝜈+𝑖 − 𝑢𝜈+𝑗)  = 𝑒𝑖 − 𝑒𝑗 + 𝑣𝑖 − 𝑣𝑗, 𝑖 ≠ 𝑗

√2(𝑢𝑖 − 𝑢𝜈+𝑗)  = 𝑒𝑖 + 𝑒𝑗 + 𝑣𝑖 − 𝑣𝑗, 𝑖 ≠ 𝑗

√2(𝑢𝜈+𝑖 − 𝑢𝑗)  = −𝑒𝑖 − 𝑒𝑗 + 𝑣𝑖 − 𝑣𝑗 , 𝑖 ≠ 𝑗

 

√2(𝑢𝑖 − 𝑢𝜈+𝑖  = 2𝑒𝑖

√2(𝑢𝜈+𝑖 − 𝑢𝑖)  = −2𝑒𝑖
 

𝐶𝐼𝐽 = {
𝑚2,  if 𝐼 − 𝐽 ≠ 0,±𝑛
𝑚1,  if 𝐼 − 𝐽 = ±𝑛
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𝑚𝐼Λ(2𝑥𝑖)𝑑 ⋅ 2𝑒𝑖 = ∑  

𝐾≠𝑖,𝑛+𝑖

 𝑚2
2{Φ(𝛼𝑖𝐾 ⋅ 𝑥)Φ

′(𝛼𝐾(𝑛+𝑖) ⋅ 𝑥) − Φ
′(𝛼𝑖𝐾 ⋅ 𝑥)Φ(𝛼𝐾(𝑛+𝑖) ⋅ 𝑥)} 

=𝑚2
2Φ(2𝑥𝑖)∑  

𝑛

𝑘≠𝑖

  {℘(𝛼𝑖𝑘 ⋅ 𝑥) − ℘(𝛼𝑘(𝑛+𝑖) ⋅ 𝑥)

+℘(𝛼𝑖(𝑛+𝑘) ⋅ 𝑥) − ℘(𝛼(𝑛+𝑘)(𝑛+𝑖) ⋅ 𝑥)}

 

= 𝑚2Φ(𝛼𝐼𝐽 ⋅ 𝑥)𝑠𝑑 ⋅ (𝑢𝐼 − 𝑢𝐽) + ∑  
𝐼−𝐾≠0,±𝑛
𝐾−𝐽≠0,±𝑛

 𝑚2
2{Φ(𝛼𝐼𝐾 ⋅ 𝑥)Φ

′(𝛼𝐾𝐽 ⋅ 𝑥) − Φ
′(𝛼𝐼𝐾 ⋅ 𝑥)Φ(𝛼𝐾𝐽 ⋅ 𝑥)}

+ ∑  
𝐼−𝐾=±𝑛
𝐾−𝐽≠0,±𝑛

 𝑚1𝑚2{Λ(𝛼𝐼𝐾 ⋅ 𝑥)Φ
′(𝛼𝐾𝐽 ⋅ 𝑥) − Λ

′(𝛼𝐼𝐾 ⋅ 𝑥)Φ(𝛼𝐾𝐽 ⋅ 𝑥)}

+ ∑  
𝐼−𝐾𝑄,±𝑛
𝐾−𝐽=±𝑛

 𝑚1𝑚2{Φ(𝛼𝐼𝐾 ⋅ 𝑥)Λ
′(𝛼𝐾𝐽 ⋅ 𝑥) − Φ

′(𝛼𝐼𝐾 ⋅ 𝑥)Λ(𝛼𝐾𝐽 ⋅ 𝑥)}

+ ∑  
𝐼−𝐾=±𝑛
𝐾−𝐽=±𝑛

 𝑚1
2{Λ(𝛼𝐼𝐾 ⋅ 𝑥)Λ

′(𝛼𝐾𝐽 ⋅ 𝑥) − Λ
′(𝛼𝐼𝐾 ⋅ 𝑥)Λ(𝛼𝐾𝐽 ⋅ 𝑥)} 

𝑚2Φ(𝛼𝐼𝐽 ⋅ 𝑥)𝑠𝑑 ⋅ (𝑢𝐼 − 𝑢𝐽)

= ∑  
𝐼−𝐾≠0,±𝑛
𝐾−𝐽≠0,±𝑛

 𝑚2
2{Φ(𝛼𝐼𝐾 ⋅ 𝑥)Φ

′(𝛼𝐾𝐽 ⋅ 𝑥) − Φ
′(𝛼𝐼𝐾 ⋅ 𝑥)Φ(𝛼𝐾𝐽 ⋅ 𝑥)}

+𝑚1𝑚2{Λ(2𝜆𝐼 ⋅ 𝑥)Φ
′(−(𝜆𝐼 + 𝜆𝐽) ⋅ 𝑥) − Λ

′(2𝜆𝐼 ⋅ 𝑥)Φ(−(𝜆𝐼 + 𝜆𝐾) ⋅ 𝑥)}

+𝑚1𝑚2 {Φ((𝜆𝐼 + 𝜆𝐽) ⋅ 𝑥) Λ
′(−2𝜆𝐽 ⋅ 𝑥) − Φ

′ ((𝜆𝐼 + 𝜆𝐽) ⋅ 𝑥) Λ(−2𝜆𝐽 ⋅ 𝑥)} 

𝑠𝑑 ⋅ (𝑢𝐼 − 𝑢𝐽) = ∑  
𝐼−𝐾≠0,±𝑛
𝐾−𝐽≠0,±𝑛

  {℘(𝛼𝐼𝐾 ⋅ 𝑥) − ℘(𝛼𝐾𝐽 ⋅ 𝑥)} +
1

2
𝑚1{℘2(𝜆𝐼 ⋅ 𝑥) − ℘2(𝜆𝐽 ⋅ 𝑥)}

 

𝑑 ⋅ 𝑣𝑖 = ∑  

𝐽−𝑖≠0,𝑛

 𝑚2℘((𝑒𝑖 − 𝜆𝑗) ⋅ 𝑥) +
1

2
𝑚1℘2(𝑒𝐼 ⋅ 𝑥)  

Φ(𝑢, 𝑧) → {
+𝑒−

1
2
𝑢(1 − 𝑍−1𝑒𝑢−𝜔2), Re(𝑢) → +∞

−𝑒
1
2
𝑢(1 − 𝑍𝑒−𝑢−𝜔2), Re(𝑢) → −∞

 

𝐶𝐼𝐽 = {
𝑀|𝛼|𝑒

𝛿𝜔2𝑐𝐼𝐽,  when 𝛼𝐼𝐽 = 𝛼 ∈ ℛ(𝒢)

0,  when 𝛼𝐼𝐽 ∉ ℛ(𝒢)
 

𝐸𝛼 = ∑  

𝛼𝐼𝐽=𝛼

  𝑐𝐼𝐽𝐸𝐼𝐽  
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𝐶𝐼𝐽 = {
𝑀|𝛼|𝑒

𝛿∨𝜔2𝑐𝐼𝐽,  when 𝛼𝐼𝐽 = 𝛼 ∈ ℛ(𝒢)

0,  when 𝛼𝐼𝐽 ∉ ℛ(𝒢)
 

𝐶𝐼𝐽Φ𝐼𝐽(𝛼 ⋅ 𝑥, 𝑧) →

{
 

 ±𝜅𝒢𝑀|𝛼|𝑐𝐼𝐽𝑒
∓
1
2
𝛼∨⋅𝑋,  if 𝑙∨(𝛼∨) = ±1

∓𝜅𝒢𝑀|𝛼|𝑐𝐼𝐽𝑒
±
1
2
𝛼0
∨⋅𝑋,  if 𝑙∨(𝛼∨) = ±𝑙0

∨

0  𝕆otherwise 

 

𝐶𝐼𝐽Φ𝐼𝐽
′ (𝛼 ⋅ 𝑥, 𝑧) →

{
 
 

 
 −

1

2
𝜅𝒢𝑀|𝛼|𝑐𝐼𝐽𝑒

∓
1
2
𝛼∨⋅𝑋,  if 𝑙∨(𝛼∨) = ±1

−
1

2
𝜅𝒢𝑀|𝛼|𝑐𝐼𝐽𝑒

±
1
2
𝛼0
∨⋅𝑋,  if 𝑙∨(𝛼∨) = ±𝑙0

∨

0  𝕆otherwise 

 

𝐶𝐼𝐽Φ𝐼𝐽(𝛼 ⋅ 𝑥, 𝑧) →

{
 
 

 
 ±2𝑀|𝛼|𝑐𝐼𝐽𝑒

∓
1
2
𝛼∨⋅𝑋,  if 𝑙∨(𝛼∨) = ±1

∓2𝑀|𝛼|𝑐𝐼𝐽𝑒
±
1
2
𝛼0
∨⋅𝑋𝑍−

1
2
∓
1
2,  if 𝑙∨(𝛼∨) = ±𝑙0, 𝐼 < 𝐽

∓2𝑀|𝛼|𝑐𝐼𝐽𝑒
±
1
2
𝛼0
∨⋅𝑋𝑍

1
2
∓
1
2,  if 𝑙∨(𝛼∨) = ±𝑙0, 𝐽 < 𝐼

0 𝕆otherwise 

 

𝐶𝐼𝐽Φ𝐼𝐽
′ (𝛼 ⋅ 𝑥, 𝑧) →

{
 
 

 
 −2𝑀|𝛼|𝑐𝐼𝐽𝑒

∓
1
2
𝛼∨⋅𝑋,  if 𝑙∨(𝛼∨) = ±1;

−2𝑀|𝛼|𝑐𝐼𝐽𝑒
±
1
2
𝛼0
∨⋅𝑋𝑍−

1
2
∓
1
2,  if 𝑙∨(𝛼∨) = ±𝑙0, 𝐼 < 𝐽;

−2𝑀|𝛼|𝑐𝐼𝐽𝑒
±
1
2
𝛼0
∨⋅𝑋𝑍

1
2
∓
1
2,  if 𝑙∨(𝛼∨) = ±𝑙0, 𝐽 < 𝐼;

0  𝕆otherwise 

 

𝜔 = 𝛿 (∑ 

𝑛

𝑖=1

 𝑑𝜆(𝑧𝑖))  

𝐿𝑖𝑗(𝑧) = 𝑝𝑖𝛿𝑖𝑗 −𝑚(1 − 𝛿𝑖𝑗)Φ(𝑥𝑖 − 𝑥𝑗, 𝑧)  

𝜏 =
𝜔2
𝜔1
=
𝜃

2𝜋
+
4𝜋𝑖

𝑔2
 

Γ = {(�̃�, 𝑧) ∈ 𝐂 × Σ, det(�̃�𝐼 − 𝐿(𝑧)) = 0}  

det(�̃� − 𝐿(𝑧)) =
𝜗1 (

1
2𝜔1

(𝑧 − 𝑚
𝜕
𝜕𝑘
)|  𝜏)

𝜗1 (
𝑧
2𝜔1

|  𝜏)
𝐻(𝑘)|

𝑘=�̃�+𝑚𝜕𝑧ln 𝜗1(
𝑧
2𝜔1

| 𝜏)

= 0  

lim
𝑞→0

 
1

2𝜋𝑖
∮   𝐴𝑖�̃�𝑑𝑧 = 𝑘𝑖 −

1

2
𝑚  

𝜗1(𝑢 ∣ 𝜏) = ∑  

𝑟∈
1
2
+𝐙

 𝑞
1
2
𝑟2𝑒

2𝜋𝑖𝑟(𝑢+
1
2
)
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𝑘 = �̃� + 𝑚𝜕𝑧ln 𝜗1 (
𝑧

2𝜔1
|  𝜏) +

1

2
𝑚  

∑ 

𝑛∈𝐙

  (−)𝑛𝑞
1
2
𝑛(𝑛−1)𝑒𝑛𝑧𝐻(𝑘 − 𝑛 ⋅ 𝑚) = 0  

𝑤 = 𝑒𝑧  

𝐻(𝑘) − 𝑤𝐻(𝑘 −𝑚) = 0  

𝑑𝜆 = �̃�𝑑ln 𝑤 = 𝑘𝑑ln 
𝐻(𝑘)

𝐻(𝑘 −𝑚)
−𝑚𝑑ln 𝜗1 (

𝑧

2𝜋𝑖
|  𝜏) −

1

2
𝑚𝑑𝑧  

1

2𝜋𝑖
∮   𝐴𝑖𝑑𝜆 |

𝑞=0
= 𝑘𝑖 −

1

2
𝑚  

𝑤 =
𝐻(𝑘)

𝐻(𝑘 −𝑚)
[1 +∑  

∞

𝑛=1

 
𝑞𝑛

𝑛!

𝜕𝑛

𝜕𝑦𝑛
𝐹𝑛(𝑦)

|
𝑦=1
]  

𝐹(𝑦)= ∑  

∞

𝑛=1

 𝑞
1
2
𝑛(𝑛+1)(−)𝑛[𝑦−𝑛𝜂𝑛

+(𝑘) − 𝑦𝑛+1𝜂𝑛
−(𝑘 − 𝑚)] 

𝜂𝑛
±(𝑘) =

𝐻(𝑘 ±𝑚𝑛)𝐻(𝑘 ∓𝑚)

𝐻(𝑘)𝑛+1

 

𝑎𝑖= 𝑘𝑖 + 𝑞𝑆‾𝑖(𝑘𝑖) +
1

4
𝑞2(𝑆‾𝑖)

′′′(𝑘𝑖) + 𝒪(𝑞
3) 

𝑆‾𝑖(𝑘) ≡
𝐻(𝑘 +𝑚)𝐻(𝑘 −𝑚)

∏  𝑗≠𝑖   (𝑘 − 𝑘𝑗)
2

 

𝑎𝑗 =
1

2𝜋𝑖
∮   𝐴𝑗𝑑𝜆 

𝜕ℱ

𝜕𝜏
|
𝑎𝑗

= 𝐻(𝑥, 𝑝) =
1

2
∑  

𝑁

𝑖=1

 𝑘𝑖
2  

𝛿𝑎𝐷𝑖 =∑ 

𝑁

𝑗=1

 ∮   𝐴𝑗�̃�Ω𝑖  

Ω𝑖 =
1

2𝜋𝑖

𝜕

𝜕𝑎𝑖
𝑑𝜆𝑖  

𝜕

𝜕𝜏
(
𝜕ℱ

𝜕𝑎𝑖
) =

1

4𝜋𝑖

𝜕

𝜕𝑎𝑖
(∑ 

𝑁

𝑗=1

 ∮   𝐴𝑗�̃�
2𝑑𝑧)  

ℱ = ℱ(pert ) +∑  

∞

𝑛=1

 𝑞𝑛ℱ(𝑛)  

ℱ (pert) =
𝜏

2
∑  

𝑖

 𝑎𝑖
2 −

1

8𝜋𝑖
∑  

𝑖,𝑗

  [(𝑎𝑖 − 𝑎𝑗)
2
ln (𝑎𝑖 − 𝑎𝑗)

2
− (𝑎𝑖 − 𝑎𝑗 −𝑚)

2
ln (𝑎𝑖 − 𝑎𝑗 −𝑚)

2
]  
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𝑆𝑖(𝑎) =
∏  𝑁
𝑗=1   [(𝑎𝑖 − 𝑎𝑗)

2
−𝑚2]

∏  𝑗≠𝑖   (𝑎 − 𝑎𝑗)
2

 

ℱ(1) =
1

2𝜋𝑖
∑  

𝑖

 𝑆𝑖(𝑎𝑖)

ℱ(2) =
1

8𝜋𝑖
[∑  

𝑖

 𝑆𝑖(𝑎𝑖)𝜕𝑖
2𝑆𝑖(𝑎𝑖) + 4∑  

𝑖≠𝑗

 
𝑆𝑖(𝑎𝑖)𝑆𝑗(𝑎𝑗)

(𝑎𝑖 − 𝑎𝑗)
2 −

𝑆𝑖(𝑎𝑖)𝑆𝑗(𝑎𝑗)

(𝑎𝑖 − 𝑎𝑗 −𝑚)
2]

 

𝑑𝑘

𝑑𝑧
= 0  

𝑘𝑖
± = 𝑘𝑖 ± 𝑞

1/2𝑘𝑖
(1)
, 𝑘𝑖
(1)
= 2

𝐻1/2(𝑘𝑖 −𝑚)𝐻
1/2(𝑘𝑖 +𝑚)

∏  𝑗≠𝑖  (𝑘𝑖 − 𝑘𝑗)
 

𝑎𝐷𝑖 =
1

2𝜋𝑖
∫  
𝑘𝑖
++𝑚

𝑘𝑖
+

 𝑑𝜆 =
1

2𝜋𝑖
∫  
𝑘𝑖
++𝑚

𝑘𝑖
+

 𝑘𝑑ln 𝑤  

𝑤 =
𝐻(𝑘)

𝐻(𝑘 −𝑚)
×

1 + √1 − 4𝑞𝜂1
+(𝑘)

1 + √1 − 4𝑞𝜂1
−(𝑘 − 𝑚)

 

𝜎𝐾(𝑘) = 𝜎𝐾(𝑝) + ∑  

[𝐾/2]

𝑙=1

 𝑚2𝑙 ∑  

|𝑆𝑖∩𝑆𝑗|=2𝛿𝑖𝑗
1≤𝑖,𝑗≤𝑙

 𝜎𝐾−2𝑙 (𝑝(∪𝑖=1
𝑙 𝑆𝑖)

∗)∏  

𝑙

𝑖=1

  [℘(𝑆𝑖) +
𝜂1
𝜔1
]

 

𝑘𝑖 = 𝑣1 + 𝑥𝑖 , 𝑘𝑁1+𝑗 = 𝑣2 + 𝑦𝑗, 1 ≤ 𝑖, 𝑗 ≤ 𝑁1  

𝐴(𝑥) − 𝑡(−)𝑁1𝐵(𝑥) − 2𝑁1Λ𝑁1 (
1

𝑡
− 𝑡2) = 0  

𝐴𝑖
𝐼 =∏ 

𝑗≠𝑖
𝑗∈𝐼

  (𝑥 − 𝑥𝑗
(𝐼)
) , 𝐵𝐼(𝑥) = ∏  

𝑗∈𝐽
|𝐼−𝐽|=1

  (𝜇 ± (𝑥 − 𝑥𝑗
(𝐽)
)) , 𝑆𝑖

𝐼(𝑥) =
𝐵𝐼(𝑥)

𝐴𝑖
𝐼(𝑥)2

,
 

ℱ𝑆𝑈(𝑁1)×𝑆𝑈(𝑁1)
(1)

=
(−2Λ)𝑁1

2𝜋𝑖
∑  

𝐼=1,2

 ∑  

𝑖∈𝐼

 𝑆𝑖
𝐼 (𝑥𝑖

(𝐼)
)

ℱ𝑆𝑈(𝑁1)×𝑆𝑈(𝑁1)
(2)

=
(−2Λ)2𝑁1

8𝜋𝑖
∑  

𝐼=1,2

 ∑  

𝑖∈𝐼

 𝑆𝑖
𝐼 (𝑥𝑖

(𝐼)
)
𝜕2𝑆𝑖

𝐼 (𝑥𝑖
(𝐼)
)

𝜕𝑥𝑖
(𝐼)2

+ ∑  
𝑖≠𝑗
𝑖,𝑗∈𝐼

 
𝑆𝑖
𝐼 (𝑥𝑖

(𝐼)
) 𝑆𝑗

𝐼 (𝑥𝑗
(𝐼)
)

(𝑥𝑖
(𝐼)
− 𝑥𝑗

(𝐼)
)
2

 

𝑎𝑖=
1

2𝜋𝑖
∮   𝐴𝑖𝑑𝜆 =

𝑘𝑖
2𝜋𝑖

∮   𝐴𝑑𝑧 =
2𝜔1
2𝜋𝑖

𝑘𝑖  

𝑎𝐷𝑖 =
1

2𝜋𝑖
∮   𝐵𝑖𝑑𝜆 =

𝑘𝑖
2𝜋𝑖

∮   𝐵𝑑𝑧 =
2𝜔1
2𝜋𝑖

𝜏𝑘𝑖
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𝑥= 𝑋 + 2𝜔2
1

ℎ𝒢
𝑉 𝜌 

𝑚 = 𝑀𝑞
−
1

2ℎ𝒢
𝑉

 

𝜕ℱ

𝜕𝜏
= 𝐻𝒢

twisted (𝑥, 𝑝),  

1

𝑍
=
1

2
coth

𝑧

2
−
1

𝑧
 

℘(𝑧)  →
1

𝑍2
−
1

6

Φ(𝑥, 𝑧)  →
1

2
coth

𝑥

2
−
1

𝑍

 

𝑥 = 𝜉𝜌∨, 𝛼 ⋅ 𝑥 = 𝜉𝑙(𝛼), 𝜉 → ∞  

Φ(𝛼 ⋅ 𝑥, 𝑧) → −
1

𝑍
+ {

+
1

2
,  if 𝛼 > 0

−
1

2
,  if 𝛼 < 0

 

𝜇𝑖𝑗
+ = {

1,  if 𝑖 < 𝑗
0,  if 𝑖 ≥ 𝑗

 𝜇𝑖𝑗
− = {

1,  if 𝑖 > 𝑗
0,  if 𝑖 ≤ 𝑗

 

𝑅(𝑘, 𝑧) = det(
𝑘𝐼 − 𝑃 +

𝑚

𝑍
𝜇 −

𝑚

2
(𝜇+ − 𝜇−) (

𝑚

𝑍
−
𝑚

2
)𝜇

(
𝑚

𝑍
+
𝑚

2
)𝜇 𝑘𝐼 + 𝑃 +

𝑚

𝑍
𝜇 +

𝑚

2
(𝜇+ − 𝜇−)

)  

𝑅(𝑘, 𝑧) = det [(𝑘𝐼 + 𝑃 −𝑚𝜇−)(𝑘𝐼 − 𝑃 −𝑚𝜇+) + 𝑘 (𝑚 + 2
𝑚

𝑍
)𝜇]  

0 = 𝐴2 +𝑚𝐴 + 2𝑘
𝑚

𝑍
− 𝑘2  

𝑅(𝑘, 𝑧) = det [(𝐴𝐼 + 𝑃 −𝑚𝜇−)(𝐴𝐼 − 𝑃 −𝑚𝜇−) + (𝑚𝐴 + 2𝑘
𝑚

𝑍
) (𝜇 + 𝐼)]  

𝑅(𝑘, 𝑧) =∏ 

𝑛

𝑗=1

 (𝐴2 − 𝑝𝑗
2) + (𝑚𝐴 + 2

𝑚

𝑍
)∑  

𝑛

𝑗=1

 ∏  

𝑗−1

𝑖=1

  ((𝐴 + 𝑚)2 − 𝑝2) ∏  

𝑛

𝑖=𝑗+1

  (𝐴2 − 𝑝𝑖
2)  

𝐻(𝐴) =∏ 

𝑛

𝑗=1

  (𝐴2 − 𝑝𝑗
2) =∑  

𝑛

𝑗=0

  (−1)𝑛−𝑗𝐴2𝑗𝑢2𝑛−2𝑗  

𝑅(𝑘, 𝑧) =
𝑚2 +𝑚𝐴 − 2𝑘

𝑚
𝑧

𝑚2 +𝑚𝐴
𝐻(𝐴) +

𝑚𝐴 + 2𝑘
𝑚
𝑍

𝑚2 + 2𝑚𝐴
𝐻(𝐴 +𝑚)  

𝑅(𝑘, 𝑧) =∑  

𝑛

𝑗=0

  (−1)𝑛−𝑗𝑃2𝑗𝑢2𝑛−2𝑗  
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0 = 𝑃2(𝑗+1) − (2𝑘
2 +𝑚2 − 4𝑘

𝑚

𝑍
)𝑃2𝑗 + 𝑘

2 (𝑘 − 2
𝑚

𝑍
)
2

𝑃2(𝑗−1)  

𝑃4 = 𝑘
4 − 4𝑘2

𝑚2

𝑍2
+𝑚2𝑘2

𝑃6 = 𝑘
6 − 12𝑘4

𝑚2

𝑍
+ 16𝑘3

𝑚3

𝑍3
− 4𝑘3

𝑚3

𝑍
− 4𝑘2

𝑚4

𝑍2
+ 3𝑘4𝑚2 + 𝑘2𝑚4

𝑃8 = 𝑘
8 − 24𝑘6

𝑚2

𝑍2
+ 6𝑘6𝑚2 + 64𝑘5

𝑚3

𝑍3
− 16𝑘5

𝑚3

𝑍
− 48𝑘4

𝑚4

𝑍4

 −8𝑘4
𝑚4

𝑍2
+ 5𝑘4𝑚4 + 32𝑘3

𝑚5

𝑍3
− 8𝑘3

𝑚5

𝑍
− 4𝑘2

𝑚6

𝑍2
+ 𝑘2𝑚6

𝑃10 = 𝑘
10 − 40𝑘8

𝑚2

𝑍2
+ 160𝑘7

𝑚3

𝑍3
− 240𝑘6

𝑚4

𝑍4
+ 128𝑘5

𝑚5

𝑍5

 +𝑚2 [10𝑘8 − 40𝑘7
𝑚

𝑍
+ 160𝑘5

𝑚3

𝑍3
− 160𝑘4

𝑚4

𝑍4
]

 +𝑚4 [15𝑘6 − 48𝑘5
𝑚

𝑍
+ 12𝑘4

𝑚2

𝑍2
+ 48𝑘3

𝑚3

𝑍3
]

 +𝑚6 [7𝑘4 − 12𝑘3
𝑚

𝑍
− 4𝑘2

𝑚2

𝑍2
] +𝑚8𝑘2

 

𝑄0 = 1

𝑄2 = 𝑘
2

𝑄4 = 𝑘
4 − 4𝑘2𝑚2℘

𝑄6 = 𝑘
6 − 12𝑘4𝑚2℘− 8𝑘3𝑚3℘′

𝑄8 = 𝑘
8 − 24𝑘6𝑚2℘− 32𝑘5𝑚3℘′ − 48𝑘4𝑚4℘2 + 64𝑔2𝑘

2𝑚6℘

𝑄10 = 𝑘
10 − 40𝑘8𝑚2℘− 80𝑘7𝑚3℘′ − 240𝑘6𝑚4℘2 − 64𝑘5𝑚5℘℘′

 +704𝑔2𝑘
4𝑚6℘+ 512𝑔2𝑘

3𝑚7℘′ − 768𝑘2𝑚8𝑔3℘.

 

𝑒𝑢 =
𝑘2 − (𝐴 +𝑚)2

𝑘2 − 𝐴2
 

𝑒𝑢 =
𝐻(𝐴 +𝑚)

𝐻(𝐴)
 

𝑒𝑧  =

2
𝑍 + 1

2
𝑍 − 1

=
(𝑘 − 𝐴)(𝑘 + 𝐴 +𝑚)

(𝑘 + 𝐴)(𝑘 − 𝐴 −𝑚)

𝑑𝜆 = −𝐴𝑑𝑢 −𝑚𝑑ln (𝑘2 − (𝐴 +𝑚)2)

 

ℱ1− loop = −
1

8𝜋𝑖
∑  

𝛼∈ℛ(𝐷𝑟)

  (𝛼 ⋅ 𝑎)2ln (𝛼 ⋅ 𝑎)2 − (𝛼 ⋅ 𝑎 + 𝑚)2ln (𝛼 ⋅ 𝑎 + 𝑚)2  

𝜖𝑖𝑗𝑘 = 𝜖
𝑖𝑗𝑘 , 𝜖123 = 1;  𝜖𝜇𝜈𝜌𝜎 = −𝜖

𝜇𝜈𝜌𝜎, 𝜖0123 = 1  

�̃�𝜇𝜈 =
1

2
𝜖𝜇𝜈𝜌𝜎𝐹

𝜌𝜎  

𝜎0 = (
−1 0
0 −1

) 𝜎1 = (
0 1
1 0

) 𝜎2 = (
0 −𝑖
𝑖 0

) 𝜎3 = (
1 0
0 −1

)  
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{𝛾𝜇 , 𝛾𝜈} = 𝛾𝜇𝛾𝜈 + 𝛾𝜈𝛾𝜇 = −2𝜂𝜇𝜈𝐼  

{𝛾5, 𝛾
𝜇} = 0 𝛾5 = 𝛾

5 = (𝛾5)
† = 𝑖𝛾0𝛾1𝛾2𝛾3 (𝛾5)

2 = 𝐼  

Σ𝜇𝜈 =
𝑖

2
[𝛾𝜇 , 𝛾𝜈]  with  [𝛾5, Σ

𝜇𝜈] = 0  

𝐶𝛾𝜇𝐶
−1 = −(𝛾𝜇)

𝑇
 

𝐶Σ𝜇𝜈𝐶
−1 = −(Σ𝜇𝜈)

𝑇
, 𝐶𝛾𝜇𝛾5𝐶

−1 = (𝛾𝜇𝛾5)
𝑇
, 𝐶𝛾5𝐶

−1 = (𝛾5)
𝑇  

𝛾𝜇 = (
0 𝜎𝜇

𝜎‾𝜇 0
) , 𝛾5 = (

1 0
0 −1

)  𝐶 = 𝑖𝛾2𝛾0  

𝛾0 = ( 0 𝑖𝜎2

𝑖𝜎2 0
) 𝛾1 = (−𝜎

3 0
0 −𝜎3

) 𝛾2 = ( 0 𝑖𝜎2

−𝑖𝜎2 0
) 𝛾3 = (𝜎

1 0
0 𝜎1

)

𝛾5 = (𝜎
2 0
0 −𝜎2

) 𝐶 = ( 0 −𝑖𝜎2

𝑖𝜎2 0
)

 

𝜒𝛼 = 𝜖𝛼𝛽𝜒𝛽 𝜒𝛼 = 𝜖𝛼𝛽𝜒
𝛽

𝜓‾ �̇� = 𝜖�̇��̇�𝜓‾�̇� 𝜓‾�̇� = 𝜖�̇��̇�𝜓‾
�̇�

 

𝜖12 = 𝜖21 = −𝜖
21 = −𝜖12 = 1, 𝜖11 = 𝜖22 = 0; 𝜖𝛼𝛽𝜖

𝛽𝛾 = 𝛿𝛼
𝛾

𝜖1̇2̇ = 𝜖2̇1̇ = −𝜖
2̇1̇ = −𝜖1̇2̇ = 1, 𝜖1̇1̇ = 𝜖 2̇2̇ = 0, 𝜖�̇��̇�𝜖

�̇��̇� = 𝛿�̇�
�̇�  

𝜓𝜒 = 𝜓𝛼𝜒𝛼 ,𝜓‾𝜒‾ = 𝜓‾�̇�𝜒‾
�̇�

𝜒𝜎𝑚𝜓‾ = 𝜒𝛼𝜎𝛼�̇�
𝑚 𝜓‾ �̇� ,𝜒‾𝜎‾𝑚𝜓 = 𝜒‾�̇�𝜎‾

𝑚�̇�𝛼𝜓𝛼
 

𝜓𝜒 = 𝜒𝜓(𝜒𝜓)† = 𝜒‾𝜓‾ = 𝜓‾𝜒‾  

𝜒𝜎𝑚𝜓‾ = −𝜓‾𝜎‾𝑚𝜒,(𝜒𝜎𝑚𝜓‾)† = 𝜓𝜎𝑚𝜒‾

𝜒𝜎𝑚𝜎‾𝑛𝜓 = 𝜓𝜎𝑛𝜎‾𝑚𝜒(𝜒𝜎𝑚𝜎‾𝑛𝜓)† = 𝜓‾𝜎‾𝑛𝜎𝑚𝜒‾

 

(𝜓𝜑)𝜒‾�̇� = −
1

2
(𝜑𝜎𝑚𝜒‾)(𝜓𝜎𝑚)�̇�  

Ψ𝐿𝒲 = (𝜒𝛼
0
)  Ψ𝐷 = (

𝜒𝛼
𝜓‾ �̇�
) 

 Ψ𝑅𝒲 = ( 0
𝜓‾ �̇�
)   Ψ𝑀 = (

𝜓𝛼
𝜓‾ �̇�
) 

𝜓‾1Γ𝜓2 = 𝜓‾2Γ̃𝜓1  with  Γ = +Γ̃ Γ = 1, 𝛾5, 𝛾
𝑚𝛾5

Γ = −Γ̃ Γ = 𝛾𝑚, 𝛾[𝜇𝛾𝜈]
 

𝛼 =∑  

𝑛

𝑖=1

  𝑙𝑖𝛼𝑖   𝛼
∨ =∑ 

𝑛

𝑖=1

  𝑙𝑖
∨𝛼𝑖

∨  

𝑙𝑖
∨ =

𝛼𝑖
2

𝛼2
𝑙𝑖, 𝑖 = 1,⋯ , 𝑛.  
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𝛼0 =∑ 

𝑛

𝑖=1

 𝑎𝑖𝛼𝑖   𝛼0
∨ =∑ 

𝑛

𝑖=1

 𝑎𝑖
∨𝛼𝑖

∨  

ℎ𝒢 = 1 +∑  

𝑛

𝑖=1

 𝑎𝑖 ℎ𝒢
∨ = 1 +∑  

𝑛

𝑖=1

 𝑎𝑖
∨  

 

 

 

𝛼𝑖
∨ ⋅ 𝜆𝑗 = 𝛿𝑖𝑗 .  

Λ ≡ (𝑞1,⋯ , 𝑞𝑛) 𝜆 =∑  

𝑛

𝑖=1

 𝑞𝑖𝜆𝑖  
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𝑙(𝜆) = 𝜆 ⋅ 𝜌∨  𝑙(𝛼𝑖) = 1        𝑖 = 1,⋯ , 𝑛         

𝑙∨(𝜆)= 𝜆 ⋅ 𝜌        𝑙∨(𝛼𝑖
∨) = 1 𝑖 = 1,⋯ , 𝑛.        

 

𝜌=∑  

𝑛

𝑖=1

 𝜆𝑖 =
1

2
∑  

𝛼∈ℛ+(𝒢)

 𝛼  

𝜌∨ = ∑  

𝑛

𝑖=1

 𝜆𝑖
∨ =

1

2
∑  

𝛼∨∈ℛ+(𝒢)
∨

 𝛼∨

 

ℎ𝒢 = 1 + 𝛼0 ⋅ 𝜌
∨ = 1 + 𝑙(𝛼0)

ℎ𝒢
∨ = 1 + 𝛼0

∨ ⋅ 𝜌 = 1 + 𝑙∨(𝛼0
∨).

 

℘(𝑧; 2𝜔1, 2𝜔2) ≡
1

𝑧2
+ ∑  
(𝑚1,𝑚2)

≠(0,0)

  {
1

(𝑧 + 2𝜔1𝑚1 + 2𝜔2𝑚2)
2
−

1

(2𝜔1𝑚1 + 2𝜔2𝑚2)
2}  

℘(𝑧; 2𝜔1, 2𝜔2) = −
𝑑

𝑑𝑧
𝜁(𝑧; 2𝜔1, 2𝜔2) = −

𝑑2

𝑑𝑧2
log 𝜎(𝑧; 2𝜔1, 2𝜔2)  

℘(−𝑧) = ℘(𝑧), ℘(𝑧 + 2𝜔𝑎) = ℘(𝑧) 𝑎 = 1,2,3

𝜁(−𝑧) = −𝜁(𝑧), 𝜁(𝑧 + 2𝜔𝑎) = 𝜁(𝑧) + 2𝜂𝑎
𝜎(−𝑧) = 𝜎(𝑧), 𝜎(𝑧 + 2𝜔𝑎) = −𝜎(𝑧)𝑒

2𝜂𝑎(𝑧+2𝜔𝑎),

 

𝜎(𝑧)= 𝑧 + 𝒪(𝑧5)  

𝜁(𝑧)=
1

𝑧
+ 𝒪(𝑧3)  

℘(𝑧) =
1

𝑧2
+ 𝒪(𝑧2)

 

𝜎(𝑧; 2𝜔1, 2𝜔2) = 2𝜔1exp (
𝜂1𝑧

2

2𝜔1
)
𝜗1 (

𝑧
2𝜔1

|  𝜏)

𝜗1
′(0 ∣ 𝜏)

 

𝑞 = 𝑒2𝜋𝑖𝜏 𝑣 =
𝑧

2𝜔1
 

𝜗1(𝑢 ∣ 𝜏) = 2𝑞
1
4sin 𝜋𝑢∏  

∞

𝑛=1

 (1 − 𝑞𝑛𝑒2𝜋𝑖𝑢)(1 − 𝑞𝑛𝑒−2𝜋𝑖𝑢)(1 − 𝑞𝑛)  

𝜗1
′(0 ∣ 𝜏) =

2𝜋

2𝜔1
𝑞1/8∏ 

∞

𝑛=1

  (1 − 𝑞𝑛)3  

℘′(𝑧)2 = 4(℘(𝑧) − ℘(𝜔1))(℘(𝑧) − ℘(𝜔2))(℘(𝑧) − ℘(𝜔3)).  

℘(𝑧; 2𝜔1, 2𝜔2) = −
𝜂1
𝜔1
+ (

𝜋

2𝜔1
)
2

∑  

∞

𝑛=−∞

 
1

sinh2 
𝑖𝜋
2𝜔1

(𝑧 − 2𝑛𝜔2)
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𝜂1
𝜔1
= −

1

12
+
1

2
∑  

∞

𝑛=1

 
1

sinh2 𝑖𝜋𝑛𝜏
 

(1 − 𝑞𝑛𝑒2𝜋𝑖𝑢)(1 − 𝑞𝑛𝑒−2𝜋𝑖𝑢) = 4𝑞2𝑛sin (𝜋𝑢 + 𝑛𝜋𝜏)sin (𝜋𝑢 − 𝑛𝜋𝜏)  

𝜗1(𝑢 ∣ 𝜏) = 2𝑞
1/8sin (𝜋𝑢)∏ 

∞

𝑛=1

  (1 − 𝑞𝑛)3∏ 

∞

𝑛=1

  (4𝑞2)𝑛∏ 

∞

𝑛=1

 sin (𝑛𝑢 + 𝑛𝜋𝜏)sin (𝑛𝑢 − 𝑛𝜋𝜏)  

ln ∏  

∞

𝑛=1

  (4𝑞2) = 2ln 2∑  

∞

𝑛=1

 1 + ln 𝑞∑  

∞

𝑛=1

 𝑛 = 2ln 2𝜁(0) + ln 𝑞𝜁(−1)  

𝜗1(𝑢 ∣ 𝜏)

𝜗1
′(0 ∣ 𝜏)

=
𝜔1
𝜋
𝑞−

1
12∏ 

∞

𝑛=0

 sin 𝜋(𝑢 − 𝑛𝜏)  

𝜎(𝑧) =
2𝜔1

2

𝜋
exp (𝜂1

𝑧2

2𝜔1
−
𝑖𝜋𝜏

6
) ∏  

∞

𝑛=−∞

 sin 𝜋 (
𝑧

2𝜔1
− 𝑛𝜏)  

𝜁(𝑧)  =
𝜂1
𝜔1
𝑧 +

𝜋

2𝜔1
∑  

∞

𝑛=−∞

 cotan𝜋 (
𝑧

2𝜔1
− 𝑛𝜏)

℘(𝑧)  = −
𝜂1
𝜔1
+
𝜋2

4𝜔1
2 ∑  

∞

𝑛=−∞

 
1

sin2 𝜋 (
𝑧
2𝜔1

− 𝑛𝜏)

 

𝜂1
𝜔1
= −

1

12
+
1

2
∑  

∞

𝑛=1

 
1

sh2𝑛𝜔1
 

℘2(𝑧) = ℘(𝑧;𝜔1, 2𝜔2) = ℘(𝑧) + ℘(𝑧 + 𝜔1) − ℘(𝜔1)

=
1

℘(𝜔1)
[℘(𝑧)℘(𝑧 + 𝜔1) − (℘(𝜔1) − ℘(𝜔2))(℘(𝜔1) − ℘(𝜔3))] 

𝜁2(𝑧) = 𝜁(𝑧; 𝜔1, 2𝜔2) = 𝜁(𝑧) + 𝜁(𝑧 + 𝜔1) + 𝑧℘(𝜔1) − 𝜂1 

𝜎2(𝑧) = 𝜎(𝑧; 𝜔1, 2𝜔2)  =
𝜎(𝑧)𝜎(𝑧 + 𝜔1)

𝜎(𝜔1)
𝑒
1
2
𝑧2℘(𝜔1)−𝑧𝜂1 

4℘(2𝑧) = ℘(𝑧) + ℘(𝑧 + 𝜔1) + ℘(𝑧 + 𝜔2) + ℘(𝑧 + 𝜔1 +𝜔2)  

℘3(𝑧) = ℘(𝑧; 2𝜔1/3,2𝜔2) = ℘(𝑧) + ℘(𝑧 + 2𝜔1/3) + ℘(𝑧 + 4𝜔1/3) 

𝜁3(𝑧) = 𝜁(𝑧; 2𝜔1/3,2𝜔2)

= −℘(2𝜔1/3) − ℘(4𝜔1/3)𝜁(𝑧) + 𝜁(𝑧 + 2𝜔1/3) + 𝜁(𝑧 + 4𝜔1/3) + 𝑧℘(2𝜔1/3)

+ 𝑧℘(4𝜔1/3) − 𝜂1 



pág. 386 

𝜎3(𝑧) = 𝜎 (𝑧;
2𝜔1
3,2𝜔2

) =
𝜎(𝑧)𝜎(𝑧 + 2𝜔1/3)𝜎(𝑧 + 4𝜔1/3)

𝜎(2𝜔1/3)𝜎(4𝜔1/3)
𝑒
1
2
𝑧2℘(𝜔1)−𝑧𝜂1 

9℘(3𝑧) = ∑  

2

𝑗,𝑘=0

 ℘ (𝑧 + 𝑗
2𝜔1
3
+ 𝑘

2𝜔2
3
)  

℘𝜈(𝑧; 2𝜔1, 2𝜔2) = −
𝑑

𝑑𝑧
𝜁𝜈(𝑧; 2𝜔1, 2𝜔2) = −

𝑑2

𝑑𝑧2
log 𝜎𝜈(𝑧; 2𝜔1, 2𝜔2)  

Φ(𝑥, 𝑧) = Φ(𝑥, 𝑧; 2𝜔1, 2𝜔2) =
𝜎(𝑧 − 𝑥)

𝜎(𝑧)𝜎(𝑥)
𝑒𝑥𝜁(𝑧)  

Φ(𝑥 + 2𝜔𝑎 , 𝑧) = Φ(𝑥, 𝑧)𝑒
2𝜔𝑎𝜁(𝑧)−2𝜂𝑎𝑧  

Φ(𝑥, 𝑧)=
1

𝑥
−
1

2
𝑥℘(𝑧) + 𝒪(𝑥2)  

Φ(𝑥, 𝑧) = {−
1

𝑧
+ 𝜁(𝑥) + 𝒪(𝑧)} 𝑒𝑥𝜁(𝑧) 𝑧 → 0

 

∏ 

𝑛

𝛼=1

 Φ(𝑥𝛼 , 𝑧) = 𝑃𝑛[℘(𝑧); 𝑥𝛼] + ℘
′(𝑧)𝑄𝑛[℘(𝑧); 𝑥𝛼]  

Φ(𝑥, 𝑧)Φ(−𝑥, 𝑧) = ℘(𝑧) − ℘(𝑥)  

Φ(𝑥, 𝑧)Φ′(𝑦, 𝑧) − Φ(𝑦, 𝑧)Φ′(𝑥, 𝑧) = (℘(𝑥) − ℘(𝑦))Φ(𝑥 + 𝑦, 𝑧)  

Λ(2𝑥, 𝑧) = Φ2(𝑥, 𝑧) =
Φ(𝑥, 𝑧)Φ(𝑥 + 𝜔1, 𝑧)

Φ(𝜔1, 𝑧)
 

Λ(2𝑥, 𝑧)Λ′(2𝑦, 𝑧) − Λ′(2𝑥, 𝑧)Λ(2𝑦, 𝑧)=
1

2
(℘2(𝑥) − ℘2(𝑦))Λ(2𝑥 + 2𝑦, 𝑧) 

Φ2(𝑥, 𝑧)Φ2
′ (𝑦, 𝑧) − Φ2(𝑦, 𝑧)Φ2

′ (𝑥, 𝑧) = (℘2(𝑥) − ℘2(𝑦))Φ2(𝑥 + 𝑦, 𝑧)
 

Λ(2𝑥, 𝑧)Φ′(−𝑥 − 𝑦, 𝑧) − Λ′(2𝑥, 𝑧)Φ(−𝑥 − 𝑦, 𝑧)

−Λ(−2𝑦, 𝑧)Φ′(𝑥 + 𝑦, 𝑧) + Λ′(−2𝑦, 𝑧)Φ(𝑥 + 𝑦, 𝑧) =
1

2
(℘2(𝑥) − ℘2(𝑦))Φ(𝑥 − 𝑦, 𝑧)

 

Λ(2𝑥, 𝑧)Λ(−2𝑥, 𝑧) = ℘2(𝑧) − ℘2(𝑥)  

Φ1(𝑥, 𝑧)  = Φ(𝑥, 𝑧) + 𝑓(𝑧)Φ(𝑥 + 𝜔1, 𝑧)

𝑓(𝑧)  = −𝑒𝜋𝑖𝜁(𝑧)+𝜂1𝑧
 

Φ1(𝑥, 𝑧)Φ1
′ (𝑦, 𝑧) − Φ1

′ (𝑥, 𝑧)Φ1(𝑦, 𝑧) = (℘2(𝑥) − ℘2(𝑦))Φ1(𝑥 + 𝑦, 𝑧)

Φ1(𝑥, 𝑧)Φ
′(𝑦, 𝑧) − Φ(𝑦, 𝑧)Φ1

′ (𝑥, 𝑧) = {℘(𝑥 + 𝜔1) − ℘(𝑦)}Φ1(𝑥 + 𝑦, 𝑧)

 +{℘(𝑥) − ℘(𝑥 + 𝜔1)}Φ(𝑥 + 𝑦, 𝑧)

 

Φ(2𝑥, 𝑧)Φ1
′ (−𝑥 − 𝑦, 𝑧)  − Φ′(2𝑥, 𝑧)Φ1(−𝑥 − 𝑦, 𝑧) − Φ(−2𝑦, 𝑧)Φ1

′ (𝑥 + 𝑦, 𝑧)

 +Φ′(−2𝑦, 𝑧)Φ1(𝑥 + 𝑦, 𝑧) = (℘(2𝑥) − ℘(2𝑦))Φ1(𝑥 − 𝑦, 𝑧)

Λ(2𝑥, 𝑧)Φ1
′ (−𝑥 − 𝑦, 𝑧)  − Λ′(2𝑥, 𝑧)Φ1(−𝑥 − 𝑦, 𝑧) − Λ(−2𝑦, 𝑧)Φ1

′ (𝑥 + 𝑦, 𝑧)

 +Λ′(−2𝑦, 𝑧)Φ1(𝑥 + 𝑦, 𝑧) =
1

2
(℘2(𝑥) − ℘2(𝑦))Φ1(𝑥 − 𝑦, 𝑧)
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CONCLUSIONES. 

Expuestos así los resultados, se concluye que, todo espacio – tiempo cuántico deformado por 

supergravedad cuántica, no solamente provoca la curvatura de Dirac, sino que además, provoca la 

formación de dimensiones múltiples llamadas supermembranas, yuxtapuestas en superespacios 

multinivel. Este escenario, ocurre cuando una partícula estrella u oscura, según sea el caso, colapsa en 

sí misma o en su defecto, sufre aniquilación, necesariamente con una partícula de equivalentes 

características, sin descartar la supergravedad cuántica residual, esto es, cuando la aniquilación ocurre 

entre una partícula estrella u oscura y su contraria o una partícula cualquiera. Como ha quedado anotado, 

estas dimensiones son infinitas y yuxtapuestas en superespacios infinitos, en los que la materia y la 

energía, se vuelven deformables y por ende, licuables, transformándose y desplazándose entre 

dimensiones, en condiciones de mutabilidad, siendo capaz, de volver a su estado inicial u originario. 

Finalmente cabe precisar, que no todas las dimensiones, son por defecto deformables, siendo 

superplanckianas en sentido estricto aunque susceptibles de corrección hipergeométrica. Es necesario 

precisar también, que de una dimensión inicial, surge dimensiones distintas, y cada una de ellas, acusa 

las mismas características de una dimensión originaria, y así, en forma superior a cero. 
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