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RESUMEN

En este trabajo, abordaremos los agujeros negros causados a escala microscopica. El modelamiento
matematico, si bien es cierto que parte de la métrica cosmoldgica, pues, refleja una demostracion
cuantitativamente significa. Asimismo, se abordara al agujero negro cudntico masivo y supermasivo
respectivamente, los cuales tienen algunas diferencias esenciales, muy especialmente, en el aspecto
morfoldgico. El agujero negro cudntico, es el resultado de la aniquilacion o colapso de una particula
supermasiva, en el caso de una particula supermasiva, o de la aniquilacion o colapso de una particula de
tipo estrella u oscura, a la luz de la Teoria Cuantica de Campos Relativistas o Curvos formulada por este
investigador en trabajos anteriores. Se abordaran escenarios perturbativos y no perturbativos en relacién
a los agujeros negros cuanticos, incluyendo aquellos que superan dimensiones multiples o distintas. Los

agujeros negros cuanticos, surgen en entornos de gravedad o supergravedad cuanticas.
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Massive or Supermassive Quantum-Relativistic Black Holes

ABSTRACT

In this paper, we will address caused black holes on a microscopic scale. Mathematical modeling,
although it is true that it is based on cosmological metrics, therefore, reflects a quantitative
demonstration. Likewise, the massive and supermassive quantum black holes respectively will be
addressed, which have some essential differences, especially in the morphological aspect. The quantum
black hole is the result of the annihilation or collapse of a supermassive particle, in the case of a
supermassive particle, or the annihilation or collapse of a star or dark particle, in the light of the Quantum
Theory of Relativistic or Curved Fields formulated by this researcher in previous works. Perturbative
and non-perturbative scenarios in relation to quantum black holes will be addressed, including those that
overcome multiple or different dimensions. Quantum black holes arise in environments of quantum

gravity or supergravity.
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INTRODUCCION

Los agujeros negros cuanticos, ocurren a escala microscopica, muy al contrario del agujero negro
cosmologico, aunque gozan de similares caracteristicas fisicas. El agujero negro cuantico, surge a
proposito de la aniquilacion o en su defecto, de la interaccion de una particula supermasiva, respecto de
un espacio — tiempo cuantico especifico. Surge por aniquilacion o colapso, en tratandose de una particula
supermasiva, de tipo estrella u oscura, en cuyo caso, se forma un agujero negro cuantico supermasivo,
esto es, exponencialmente denso, dotado de radiacion, de un radio orbital creciente y con horizonte de
eventos relativamente pequefio, lo que implica, que cualquier particula que supere dicho horizonte,
entrard al punto de no retorno y en consecuencia, sera engullida por el agujero negro hasta fundirse con
la singularidad. Surge por interaccion de una particula supermasiva, esto es, cuando una particula
supermasiva, dotada de gravedad enddgena o exdgena, sufre de aniquilacion, deformando asi, el espacio
— tiempo cuantico, y por ende, provocando un agujero negro masivo, dotado de radiacién menor, de un
radio orbital creciente y con un horizonte de eventos relativamente extenso, lo que implica que cualquier
particula, puede propagarse en cuanto a sus orbitales, alrededor del agujero negro cuantico, sin que sea
engullida, a menos que supere el horizonte de eventos. En ambos casos, las hiperparticulas, no escapan
al didmetro de absorcion del agujero negro, sea masivo o supermasivo, segun sea el caso. Es importante
precisar en este punto que, un agujero negro masivo, es susceptible de convertirse en un agujero negro
supermasivo, muy especialmente cuando engulle una particula de tipo estrella u oscura. En tratandose
del agujero negro masivo o en su defecto, del agujero negro supermasivo, la singularidad, esta
constituida, en primer término, por un cimulo contraido de materia oscura, es decir, de masa negra,
ultramente pesada y densa, generadora de energia oscura y capaz de estirar el espacio — tiempo cuantico,
en el que, el tiempo, es una dimension fisica mas, susceptible de alteracion, hacia adelante y hacia atras.
Llegado a esta singularidad primaria, la materia y la energia entrantes se licuan en el nticleo duro del
agujero negro cuantico, aumentando su capacidad gravitacional. Como se notara, la materia y la energia,
se transforman, mas sin embargo, su informacion se destruye, pues pasa a configurarse a la morfologia
propia del agujero negro. Superada esta fase de singularidad primaria, existe una singularidad secundaria

o final, en la que, si un objeto dotado de materia y energia lo atraviesa, conservara su informacion y por

ende, se transformara en la medida en que, conservara su estado inicial, pero interactuante en una nueva




dimension, en la que, su naturaleza morfoldgica y fenomenologica es arbitraria, y por ende, engranada
en la nueva dimension, cuyas leyes son en contrario o no, a la dimension de origen. En este trabajo, se
desarrolla un modelo matematico que explica tanto al agujero negro masivo como al agujero negro
cuantico supermasivo, desde su formacion. El agujero negro cuéntico, no es susceptible de extincion,
mas si de mutacion, incluso en agujero blanco cuantico, que es todo lo opuesto al aqui teorizado. Es
preciso indicar, que el agujero negro cuantico, en cuanto a su tamario, es directamente proporcional al
espacio — tiempo cuantico en el que se ha originado.

RESULTADOS Y DISCUSION.

Agujeros negros cuanticos masivos. Modelo Matematico aplicable a Campos Cudnticos

Relativistas o Curvos. Modelo Ramond - Eddington-Finkelstein.
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Agujero negro cuantico supermasivo. Modelo Matematico aplicable a un campo cuintico

relativista o curvo. Métrica Bekenstein-Hawking.

S . AhC3
PR ARGy
6 = A
bh = 44,

1 .
S = {)—gf dadt(aaX“G“Xu — u/;“p“aalpﬂ)
SXH = eYH, syYH* = —ip%d, X e.

Glf,lo) = 8n%¢8g2

h Ap
Ax > —+ 02—
x = Ap + 5 5
chln| ch|m|R
E, =

R 2




Rs

E + cP)R E —cP)R
In O(E, P) = 2,/Q:0s ( j( LeRL j( ) 5>+0(J0105)

S =2m\/Q:1Qsn

AhC3

5= 4yn

9%n 1/3
Ap =203, = (9019‘25 ?>
5

_ 2mRs(2m)*
- 8mg?

-1
N




1
Pans(i = =5 K11 )
Lf

1
Piceay (0 > ) = > K181 ]
Lf

aabs(w) d4k
e®/Tn — 1 (2m)*

FH=

ds?= H™Y2(—dt? + d% - dX) + HY?(dr? + r2dQ})

R*\ /R\*
H:(1+T_4>'(-€_S) =41TgsN

E. T U
OB, 42
2 2
ds? = 2 v (—dt? + dx - dx) + 4\/4nldi + VanAdO?
S |Wama Uz >

RZ
ds? = = (—dt? + dx% - dX + du?) + R?dQ2

1472\? 4
ds? = R? —(1 —T2> dte? +m(d7‘2 +T‘2dﬂz)

Area R8573 R8573 b ers
S = = ~——= ~N?§
4Gy 4Gy gsts

RZ
ds? = 5z (—dt? + dx - dx)
S, = f dxdtp(x,t,z = 86)O(%, t)54~*

(exp i | didts® 0 000(%,0) = Zuing (B8 0) = Bo(E0)
SCFT

W(C) =Tr [Pexp (43 (iA# dd—’f + y,cb’\/ﬁ> dr)]

42 \22

E(L) = -

r@) b

4
Rij+ 2295 =0




ds? = =V (r)dt? + V-i(r)dr? + r2dQ3
r? u
V(T') =1+ ﬁ - T_Z
1 2nRry
TR 2r? + R2

m?r3(R? —r?)

I(Xy) —1(X,) = —465(27‘_5 + R2)

i 1 5
1(Xy) — 1(X;) = ——(TR)3 = ——N?(RT)3
2 1 8 R-3G; 8

B
P(%,B) =Tr [Pexp <f dtAy (%, T))]
0

i2mk
fu = e T k=1 0]

P'(X,p) = gP(X,B), g € Zy.

F ~ N2(RT)3
_ 3
¢ 2mR
F(T.) = N? on’
7 64

7[5

F(T) = lezg(m)3

1
TH = (e + P)utu + Pp*v — 7 (P”“P"B (0qup + Opug) — §P’“‘V6au"‘) +

9,TH =0
ds? = —2u,dx*dv — r*f(br)u,u,dx*dx? + r?P,, dx"dx"
1
fr)y =1-=
u’ = ! ul = E

P = (nT)* and n = 2(nT)3

n_l
s 4m

11

Ng*(LA) =~

Gan L' P = Zam2




Agujero negro cuantico cromodinamico. Modelo Matematico aplicable al espacio — tiempo

cuantico relativista o curvo
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radiacion.
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Figuras 5 y 6. Diagramas de Feynman relativos a la formacion de agujeros negros cuanticos.
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CONCLUSIONES

Queda claro, que un agujero negro cuantico, es una fisura producida en el espacio — tiempo cuantico,

sea por aniquilacion o colapso de una particula supermasiva, tipo estrella u oscura o en su defecto por

aniquilacion pura de una particula supermasiva, esto Gltimo, habitualmente por colision con otra

particula de similares o distintas caracteristicas de masa y energia, incluso de momento angular. La

relatividad general, sugiere la existencia de este fenomeno, a nivel cosmolodgico, volviéndose las




ecuaciones de campo de Einstein, esenciales para su descifrado, sin embargo, al existir un modelo

matematico, como es el caso, en el que, se describe la existencia y comportamiento de un agujero negro

a escala cuantica, es un intento no despreciable de unificacion, que amerita ser estudiado mas a detalle.
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Anexo A
Agujeros negros cuanticos y espacio — tiempo cuantico — relativista. Modelo Matematico Unitario.
Métrica de Baker-Campbell-Hausdorff-Majorana-Grassmann-Nielsen-Ninomiya-Ginsparg-
Wilson-Becchi-Stora-Tyutin-Aharonov-Bohm-Goldstone-Mermin-Wagner-Coleman-Polyakov-
Cabibbo-Kobayashi-Maskawa-Pontecorvo-Maki-Nakagawa-Sakata-Wess-Zumino-Novikov-
Witten-Nambu.
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Z=f Dl/;RDIPReXP (—f d4XLM(1/5R'1/JR)>
_ 1 _
= f DYrDYrexp | —= (YR, Pr)Ar (l/i$> = Pf(4r)
2 YR

A = ic?mé(x —y) -wy T—_a
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YR = Agpr(A~'x"), PR(x") = Pr(Ax)A], Ag € SUQ)R
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Ay = EReTr(ALaﬂARav) =
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Aoy AR = N0y, = 0y Ay, ARG AL = Ay Gy = G,A5,

Ay = lReTr(AT aihya) = 0
=5 v@ivyj
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!

! ! ! -_ ! ax
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Pr(x)0, 01k ()= PrOAL G ARA L Oy PR(X) = PR(X)THALEA L, By PR (X)
= YL OOARG AL Oy () = P TNy Ay Oy th ()
lﬁi(x’)gyaﬁlpi(x’): l/;R(x)O'pSpvavl/}R(x) = l/;R(x)O_vavl/)R(x)
= lﬁL(x)O_-pSpvavlpL(x) = l/;L(x)O_-vavlpL(x)

' (x") = App(A1x"), ' (x') = P(A1x )AL, Ap = (/BL AOR>

Al 0\/0 G,/ O 0 o,

(5 2)@ D m)=m(s, §)=mbmto =
P Y () = PA )AL ARP(AT ) = POP(x).

'y () = A %ALY, App (A1) = A, PO (),

P (o (x')= W_l AL, %[ywn]ADw(A-lx')
=P 5 [ADnAD ALy Aplih ()
phvath () o [yp Yo l$(x) = AyuphyoP () 9pe P (x).
i) = AL (A x") = —Apio?Pr(A1x)T = —ALio?ATPR(x)T = —ioZPr(x")T
P1(x") = LA )AL = Pr(A7x)Tio?AL = Yr(x)TARIC? AL = Pr(x')Tio?

Pr(x)Tio*Pr(x") = YPr(A %) TARio*ARPRr(A™x") = Yr(x) Tio*Pgr (1),
Pr(Dio?Pr(x)T = Pr(A )AL A PR (A2 T = Yr(0)ic?Pr(x)T,
PN Y (x') = Y (AT X ) TALio 2 AL (A1x) = P (x) Tio 2y (%),
P (iotPr(x)T = P (A x)Akio? A (A1) T = P (0)io 2Py (1)

Cyr(x) = iazlﬁ}(x)T: CllZR(x) = -, (x)Tio?
Cpr(x) = —io2Pr()T,  “YPp(x) = Pr(x)Tio?

Sal S, Unl= [ 0000, a0 = [ @) (000,010

=f d*xipL(x) "6 9, PL(x) " =f d*xtpy, (x)6, 0,91 (x)
= Splr, Y1

PIIJR(X) = lpL(_J—él X4), PIIER(x) = ll__)L(_f' x4);
PYL(x) = Yr(=%,xy), PPL(x) = Pr(—%, x,).




SR[PII;Rr PlPR]: J. d*x Pl/;R(x)O'uau P‘/)R(x)
- ] A0y (— 3,4 (=i, + 0g)Pr(—F, xg)
- ] 0Py (7, x4) (i0:0; + 0)y (7, %)

=J. d*x Py, (x)6, 0,1 (x) = Sp[PL, Pl

CPI/JR(x) = Cl/)L(—f' X4) = —1021/312(—55; x4)T.
Phr(x) = “PL(=%,x4) = Pr(—%,x,)Ti0?,
CPI/JL(x) = Cl/}R(_’_C)' X4) = iUZII;L(—J_C). X4)T.
PhL(x) = CPr(=%,x4) = =P (=% x4)Tio?.

Yr.(x) = exp (x)YL(),  Pilx) = Pr()exp (—ixy)
Yr(0) = exp (YR)Yr(X), Pr(x) = PYr(x)exp (—ixr)

—io?Pr(0)T = —exp (—ixr)io?Pr(x)" = exp (—ixp)(x) = exp (=ixg — iy )PL ()
Yr(x)Tio? = Yr(x)Tio%exp (ixr) = Pr(x)exp (ixr) = Pr(x)exp (ixr +ixL)

PUr(x) = iy (=%, x4), P Pr(x) = —ihy (=7, x,),
PL(x) = ipp(=%, x4), P PL(x) = —ihr (=%, x,),

~i02P Pr(0)T = —02P(~Z, x4)T = —02(i02) "Pr(—%, x4) = WPp(—% x4) = T PL(x),

PIIPR(x)TiUZ = =P (—=%,x4)T0% = —Pr(—%,x,) " (=io?) To? = —ipr(—%,x,) " = PllﬁL(x)-

Pyr(0)Tio* P (x) — Pr(x)ic? PyPr(0)T =
I»ER(_)-E' x4)iO'21ﬁR(—)-C), x4)T - lpR(_f' x4)Ti0-2¢R(_5C)I X4_).

Tyr(x) = 1021.?1{(55' —x)7, TllzR(x) = Pr(#, —x,)Tio?,
TL(x) = i02PL(F —x)T,  TPL(x) = Yu (&, —x4)Tio?.

Sal T, = [ AT TRC060, TR ()
- f d*xPr(F, —x)Tio? (—i0;0; + 0,)io?Pr(F, —x4)T
- f d*xipr ()T (~io] 8 + 0, ) Pr(2)T
- f d*xihg (x) (—i0:0; + 0,)Pr (%)

_ f d*x g (x)0, 8, PR (X)
= Sgl[r YRl

P2=C*=T?=1,

PC=-CP,CT=-TC, TP=PT.
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V= (Cwm) ) ( i02L ()" > = e

Pe0)= (P, Pr0) = (—pr)Tio% Yr(0)Tio?) = —p0TC

P -

P _ lpL(x)>=(lpR(_x'x4)>= s

00 (o) = (ot ) = P50

PPe)= (FPr(0), () = ($1(—F, %), Pr(=%,x3) ) = (%, x,)P7,

(YL@ _ (1P —x)T

= (T%(x)) - (iazlﬁR(f. —x4)T> = TP ="

Th@) = ("Pr@), TPL00) = (Pr(E —x0)Tio? YL, —x4)Tio?)
= _lp(f' _x4-)TT_1-

a1 (—ig%? 0 _ .2 - _
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P=P1=(n o)=01®11=y4.P lyiP = -y, P~lyP =y,

P2
T=-T7"= (if,’z 2 ) =0 ®io? =5y, Ty T = = T 0T = y]

CPTyr(x) = io? FPr(X, —x,)T = i62(i0%) TPYr(—%, —x4) = Pr(—x)

CPThr(x) = PyYr(¥, —x4)Tio? = Pr(—%, —x,) (—icH) Tio? = —Pr(—x)
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T\ (=)

00 = crryrog) = (gniny ) =15V

FTP) = (FTPr(x), PTPL(0)) = (—Pr(=2), PL(—%)) = P(—x)s

1 ) 1 ~ A 0
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T (x) = D), PTA, () = ~Au(~x), PTG, () = ~Gu(~x)
Pr(x") = Agpr(A™1x")
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1
EarPREIPRE) = Br () Ti0%Pr () = (40O, 03(0) () 1) <¢R(x)>

PE(x)
Pr(x") = Pr(A1x")AT,

SL(Pr, PR)
80pr(X)

L oo o OL(Pr PR) _
My, (X)= = Pr(x¥), Mg, (X) = NGO 0=

H (Pr, Pr)= 0o Pr () (X) + 0o Pr(®)M 5, (X) — L(PR, PR)
= ¢ (¥)(—id - Vpr(X) =
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Z = Trexp (—B(I:IL - MFL)) = 1_[ Z(p)
P

z= | DihDexp (Sl p))
Sl ] = | " ax, | x50 - i G 0)
PL()GDsp () = P, ()AL () — i (P, ()
YL x5 + B) =~y G xa), B 2 + ) = —Pu(E %)
WG = | dayGxsexp (i 1)
PG = | duGxep (7 )
2G9) = Trexp (~B(A — ) = | DFDYexp (S5, ¥1)
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lezd
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= Dperfect (p)_l

lezd
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lezd
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(P (5, 0¥ x0)) = ] dpa(P(~p)¥(P))exp (iPaxa)
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+a|exp (ipgxq)
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D+ Dt =aDtD
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onerlap = AW(A;I-NAW) $ szerlap onerlap =1L
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1
[T%T°] = ifape T, TrTT’] = 5 8ap
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L(G) = _ZGEvGaﬂv = ngz uv v]’ Guv(x) lgsG v(x)Ta
Ei(x) =GP(x) =9'G°(x) — 0°G'(x) + [G'(x), G°(x)] = —98°G'(x).

Mf(x) = =0°G'(x) = —E{'(x)

509G (x)
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Bi(x) = _EeijkG}k(x) = igsB{' ()T

=f DGexp (—S[G]),S[G] f dd Tr[Gquuv]

Qx) = exp (lw?*(X)T*) = 1+ w(x), w(x) =iw*(x)TY,
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Q%G ()= i[c(x), G,(x)] —i9,c(x)}
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Qa, = Tia, + ¥, = 5 2N =§(ﬁc_ 1)

5 1/1
QuR= TLuR + YuR =0 +E(ﬁc+ 1)

5 1/1
QdRzTLdR-I_YdR =O+_<__1>

2\N,
_1(1+1)NC_=32 _1(1 1)Nc_=3 1
@ =3\x = 3% =3\, -3

3 3 3 1

Qp=20u+Qu=25-3=1

w

=0

1
3
2 1
anQu+2Qd=§_ §




Ne+1_  N.—1_ N.+1/1 N.—1/1

O =5t 5= (EH)J’ 4 (E_l)zl
No—1_  N.+1_ N.—1/1 Ne+1/1

On =5 Qut——0u=—5 (E+1> 4 (E_1>:0

Q,,R=TL3pR+YpR=0+1=1,
QnR:TEnR+YnR=O+0:0.
3

1 3
444 _ 3 3 3 _ 3 3 —
A% —ZYNL—YPR—YTLR—Z(E> —1P-0% =2

1
BY ‘Sab

A%b‘l- = 6abYNL = 2

Vr(x) = exp (iX)vr(x), Tr(x) = Tr(x)exp (—ix),
1
T2, = 0, TRy, = 7
3 1 3
YVR = TRVR - E = 0' QVR = TLVR + YVR = O
4LL 2 2 1
AL = 2[Tr L2Y — Trgl?Y] = 22V, — Y, — Y | = 2|2 -3)-0- (-D[=0

2

1
A= 2[Tr Y2L — TrrY?L] = 22V — YA —YA] =2 [2 (— E) — 02— (-1)?|=-1

AWL="Tr [(TT? + TPT*)L] — Trg[(TT? + T°T%)L]

1 1
=Try I:Z (Ta'l'b + TbTa)L] = E ap ITLL = 6ab

1
A*E=2[Tr Y?B — TrrY?B] = 2N, [2Y2 — Y2 — Y7 ]| N.
C

o) 3]

AWB=Tr [(TeT? + T®T*)B] — Trg[(T*T? + T?T%)B]

1 a.b ba 1 1
= TI'L I:Z (T "+ 17 )B] = E abTrLB = Nc5ab ﬁ = 6ab
c




AXB = A44L’AabB — AabL’a’b €{1,2,3},
2Yy, = Yy, + Yo,
Yo, =0
2Yy =Yg, + Y5,
Yo =0,Yy, +Yp, =0

1 1

QUL = ErQDL = _E;QUR = YUR.QDR = Yp,

YU - _YDR = =

2

R
L(ey, e, eg,er) = me[egrey, + épegl.
L(IL, I, g e, )= fol Peg + freg Tl

+

b
= fe(vy, eL) <¢0> er + fer(@*, ®%) (::)

1 1
—Y1L+Y¢+Y6R=E+E—1=0

S[CPL,, CPL,, ey, Peg, P
= f d*x [—j;lL(—J'c’, x3)TPTCTIO(—%,x,) CPER (%, )T —f e (=%, x4) TPTCT10(—%,x,) "CPI (=%, x,)"]
= f d4x[ﬁ:e_R(_5é: X)) P (=%, %) 1L (=%, %) + [ I (%, x3) P (=%, x4) er (=X, x4)]

IJ- d4x[ﬁ:e_R(5é:x4)¢(£:x4)TlL(ffx4) +fe*l_L(f,x4)¢(£:x4)eR(£rx4)]

er(x) = er(x)exp (i6), €r(x) = ér(x)exp (i)

— _ _ 0 _ vy, _ _
L(lL' I, e, er, V) =fe [(VL' eL) (v) er +ér(0,v) (eL)] = fevleLer + érey].
m, = fpv
Y +Yp+Y, = L +1+1<1 1)—0
a TP TR T N T2 T 2\N, B

L(qL, qu, dg, dr, ®)= f4]qLPdRr + dr®Tqy
oM - Uu
= fa [(ﬁL' di,) (cpo) dg + dg(®*, %) ( L)]

B(x) = (50(@)

d

D~ (x)




Bx) = Y%
=)
L(qL, qu, g, ur, ®)= fu[qLPug + ug®Tqy |
_ [ D° -
=f, [(aL, dy) <5_> Uug + g (P, &~ (Zt)]

1 1/1 1
_YqL+Y€IS+YuR :W+Y&)+E(F+1> =0 = Y;f, = _E
- ®0 ®0(x)*
o ()-(25) e

(9 o'
2= 550 o)

— - u - u
L(qu qL, ﬁR: UR, dRP de q)) = (ﬂLl dL)(pT (di> + (aRl dR)TTq)T (dL>

L
(5 )=
wemare O 2)-C5 )

£(0,0,8) = S [(LF)(E) + (LF)(@ )]

VZ

L(ly, 1, v) = o [ Vv + 7, Svi ]

mv=x

m, = f,v= 2MeV,m,; = f;v = 5MeV,m, = f,v = 0.5MeV

0, = Eabc(dl% Cﬁﬁ)(uf{ ‘er), 0= eabc(dlg{ Cag)(QEiTzl_L)u

03 = Eabc(qgiTZQE)(uf{ ‘er), O, = Eabc(qfiTqu)(qfiTzl_L).
2Yy = Yo + No(2Yg, — Yy — Yg,) = 0

NC(ZYQL Y — YdR) =0

2YlL=YeR
1
}’le_E,YeRz 1
1
me;tO = YlL_E YeR




V==Y = —1(1+1>Y = —1(1 1)
qL_ZNC'uR_Qu_ZNC vdR—Qd—ZNC

1
Yo +E = Yup Yo, o= Yag

= ~ - - 1
LIy, 1, VR, vr, ®)= flLPvg + £ rPL, + 5 (M“vrvg + M*vg “vg)
« =\ (VL
- fv(vL' eL) ( )vR + fv VR(q)O (I) (eL)

+ E (MCﬁR'UR + M*ﬁR C'UR)

_ _ 1 0 £V v 1 0 f*V)(vL) 1 ‘v 1 (VL)
J— c v _(c v — o} _(c *
L(I, 1, Vg, VR, V) > (U, “VR) <va M ) ( R + 2 (v, V) ( v M) \ev) T2 (VL V)M, R + 2 (v, VR My cvg

My = (f,?v ];1\1/1‘/)

vy, UL  oe— e
=N( ) vi, “vg) = (9, “Dr)NT,
(5) w2 ).t 0 5 e

CUﬁ " CUL csl = cs = T
, |=N v , (v, vRr) = (v, Ur)N 7,
R

VR

T * *ar T — mv O
NM,NT = N*M;N —(o Mu)'

N= (Aexp (ip) Bexp (i(p))
—B* A*

: Al |B —i 0
(el s Qe o)

exp (ix) = exp (i(a + B)), exp (i0) = exp (Zia).

(exp (—iB) 0 )( 0 fvv) (exp (—iB) 0 _ )T _ ( 0 ||];1\,/I|;/)

0 exp (—ia)/\f,Lv M 0 exp (—ia) Ify v
Al IBI\( O Ifslv\( IAl |B] -m, 0
(5 )G ) iy ) =5 )

M, (\/IM|2+4vaI2v2+IM|) = 2 (VM AT — m))

it o oo )
\/IMI2 + 4|ﬁ7|2V2 i VIM|? + 4|f,|2v?
+ + 0 v 0

)exp (i(a+p+9)) ) ("(1) Mv)

(exp (i(a+ B + ¢)) 0 (_mv ", .

0
|f,|?v?

M, ~Mm, =

M|




|fol?v?
IM|?

1PV

A2 =1- B|? =~

ZY[i Y Y3 + NC(ZYq3L -Y3 - Yd3R) =0
2Y, +2N.Y, =0=Y, =—-NY,

1
NC(ZYQL — Y — YdR) =0=Y, = E(YHR + YdR)
2 2 3 3 3
(YuR - YdR) = ﬁ (YVR + YeR - 2YlL
L

2, =Yy, = Yo + Ne(2Yg, — Yy —Yap) =0 = 2V, =Y, =Y, =0

R

1
meio = YlL_§=Ye

R

2 2
(YuR - YdR)2= W(YER + Y€3R - Zyli) 3y ((YVR + Y6R)3 - 3YVRY€R(YVR + YeR) - Zyli)
Iy, L
2

2 2
=37 (8Y2 — 6Y, Yo ¥y — 2Y2) = 4Y2 —4Y,, Vo, = (Vg + Vop) — 4V Yo = (B — Vo) =1
L

PARTE III.

1
QV=TI,3‘UL+Y1L:E+Y1L:YVR

Qe=‘%+Y1L=—1+Qu.Qu=%(Nlc+1>—%:,Qd=%(Nlc—1)—%’:_
Qp=1-0y =00 =-0y

M#0=1Y, =0

= (o) romect= () ¢
qL n y PR RS L e ) R

C Cy C 2
nRNR, “Prer, “qL1T4)1,

L(e, e, v,v,p,p,1,n )= fl,Pep + f'er Pl + f,q.Ppr + f;PrPTqL
+Mpg “prer + Mpeg “pr + MUl (it Sy, + M g, (iT2)1;,

_ o M, _
+uqL®ng + fir® gy + Tn (‘ngng + g ‘ng)

d(x) =

<¢+(x)

0 (x)” )

>,El3(x) =ir?d(x)* = (—Cb’f(x)*

®0(x)




L(e e v,v,p,p n,n,V)

Cm i ()5 ()
1 0 -M;, 0 Sy,
+5 (T, 1, “7iR) (_ML 0 fnv) ( an)
0 fav My nr

1 0 —M]t 0 %8
+ E ( CVL, CT_lL,T_lR) —ME 0 fer ( ZlL )
0 v M, ng

C

VL
e er e e 1 _
= (éL, “PrRIM¢ ( ch) + (Er, pLIM] ( CPR) t3 (v, i, “ARIMy ( an)

nr

1 VL
+ E ( CvL’ Cﬁ'Lﬁ ﬁ'R)MIG < ny )

CnR

= ( o =
‘v, n VL VL m, 0 0
(cn£>=NR(nL>'<n£>=NL(nL),NRMNNLT:(O m, O)_
nk R\ enk ‘ngr 0 0 M
(veL(x)) (
eL(x)

E %) ug(x), dgr(x)
(UuL(x)) Ur(X), ( E i) cr(x), sr(x)

L(x)

o)

pL(x)
(ZTLL(SC))) (), (

Ve L (%) eLr(X)
NL(x) = | V(X)) |, Epr(x) = | HLr(X)

tr(x), br(x)

V(%) TLR(X)
uLr(x) dpr(x)
Ur(x) = (CL,R(x)>'DL,R(x) = <SL,R(x)>
tLr(*) by, r(x)




N{(x) = UNLNy(x), Ef g(x) = UFLRE p(x)
Ui r(x) = ULRU g(x), D] g(x) = UPLRD g(x)

L(Ly, Ly, Ex, Er, B,W) = Ly6,D, Ly, + Ero, D Ex

!

D,Ly(x) = (au — i%Bﬂ(x) + m(x)) L(x), DyEg(x) = (8, —ig'B,(x))Eg(x)

L(L, Ly, Eh, Ef, ®) = L OFEf + ExFl oL,
L(EL, LL' E_R' ER, V) = E_LMEER + E_RMEEL
UELYVFLUER = My

L(Ly, Ly, Eg, Eg, B,W)= L UG, D, UL L, + ERUERtg, D, UFRE,
= LLﬁuDuLL + ERO-MDMER

V67V/.LaVT

De 7DM aDT
L(Q1, Q1, Uy, Ug, Dg, Dg, B,W, G) = Q1,6,D,Q1, + Ugo,D, Ug + Dga, D, Dy

gl

o, B, (x) + W, (x) + Gu(x)> QL(x),

D,Qy(x)= <6M +i

1
D, Uh(x)= <aﬂ + i% (Vc + 1) B, (x) + Gu(x)> UL (),

!

1
D, Di(x) = <a,t + i%(ﬁc _ 1) B,(x) + Gu(x)> Di(x).

L(Q1, Q1, Uy, Uy, Dy, Dg, ®) = Q[ DFyUg + UrF B1Q], + Q1. 0F, Dj + DrF) 0t Qf
L(Qr, Qu, U, Ur, D, Dg,v) = U, MyUg + UrMy Uy, + D MpDg + DrMp Dy,

UULtyvF,UYR = My, UPLTVFLUPR = M,

_ _ ut _
UL r ()Y, UL r(x) = ULr(x)U LRy, UVLRU} p(x) = Up,r (%)Y, ULr (%),
— _ T —
D{r(X)y,Di,r(x) = DL r(x)U DL'RTVuUDL'RDL,R(x) = Dy, r(X) ¥y Dpr (X).

V2ji (/g = U},(0)6,D{ (x) = U, (x)U"L6,UP-Dy (x) = U (x)G,V D (x)
V2ji (0)/g = D (0)G,U{ (x) = D) UPLG, U UL (x) = D ()G, VT UL(x)




V =UYLtyPL e U(Ny)
UUL = UULDUL’UDL = yPLpDL
y' = yUi'yPl = pUlypou
Ng2 - (ZNg - 1) = (Ng - 1)2

V= (Aexp (ip) Bexp (i<p)) _ (|A|exp (ile + ) |Blexp (i(B + (P)))
“\ _p A/ \ —|Blexp (-if) |Alexp (=ia) /"

V' = pULtypbL = ( cos O¢c sin 9c>_

—sin 6¢c cos O¢

DY = diag(exp (i(¢ + B)), exp (—ia)), D"t = diag(exp (i(8 — a)).1),

2 Ng(Ng B 1) _ (Ng — 1)(Ng — 2)
(Ng—1)" - 5 = > > 0.
TGt
i, 5, t

V= (Vud Vus) _ ( cos B¢ sin HC)
Vea Vi —sin 6 cos O¢/’

VduVustuVuS + VduVustchs + VchchsuVus + Vchchchcs = 0;

) = = 1K+ [KT)] 1oy =

ﬁ[lKG) B |ﬁ>]

) = s [+ 1K) + (1= &) [K0)]
1 _
|Ks) = NeEArD) [(1 -&)IK% —(1+e) |K°>]

U B o
(I, Ly, ®@) = 5o [(CLL®7)Gn (DT1L) + (LL)Gu (BT L]

2
— \% _ _
£(E, 1, v) = 5[ FLGRNL + NLGEN]]

Ni(x) = UNLNy (), Ni (x) = Ny, (x)uMe T
°N/(x) = io?N/(x)T = iaZ[IVL(x)UNLT]T = UNt*ig? Ny (x)T = UMY N (%)
°N/ (x) = —=N{ (x)Tic? = —[UNtN(x)]Tio? = =N (x) Tic?UM-T = N (x)UNL. T




2
_ % _ B
L(Ly, Ly, v) = oA [ CNLUNL TGN UNLN, + NLUNEQI’\‘,UNL*CNL]

Gy = UM TGy UM

1 T ’
Gy = UM GyUM = Gy

2
\ .
UNL T_gN UNL = My = dlag(mvl.mvzﬂnv3)

VZji(@)/g = N ()G, (x) = N ()UM 5, U B (x) = N (0)G,UEL(x)
V2ji (x)/g = EL()G,N.(x) = EL()UPTG,UNeN (x) = EL(x)3,U TN (x)

U = UMTUEL € U(Ny)

Ve, (X) ;
vuL(¥) | = UPLN{(x)
UTL(x)
v1 (%) . , Ve (%) Ve L(X)
vy L (%) | = N (x) = UNLN{ (x) = UNLUBL | v (%) | = U [ v (x)
vz L(X) Ve (X) V(%)
UE{‘ — UELDEL

U' = yMtyEL = yDEL,

lv;(t)) = exp (—iE;t)|v;) = exp (—imy,t)|v;)

Ng Ng

|lve) = Z U;ilvi) = Z Uirlvi),
i=1 i=1

Ng Ng

WD) = ) Uiplv(®) = ) Uipexp (~im, ) v
i=1 i=1

Ng
(vfr | W(t)) = Z UirU;prexp (—im,,it)
i=1
2
= Vs 2| U, |* + 1Uze 12|Un,|” +2Re[Uso U3, Use Usyexp (i(my,, —m, )t)]

2
|(Uu | lP(t))l2 = Z Ui Ui exp (—im,,it)
i=1

_ (Ule Ul,l) _ ( cos 6 sin Bexp (ip)
U2e UZ[l

N —sin fexp (—i¢) cos 6 ) €SU(2).

(v, | LP(t))|2 = sin? (20)sin? (% (my, — m,,z)t)




24 Ny + 2Ny + (Ng — 1)* = Ny(Ng + 1) +3

3+2+Ng(Ng+1)+3=Ng(Ng+1)+8

a

Gu(x) = igSG;}(x)%,a €{1,2,..,8}
G (x) = Q) (G, (x) + 9,)(x)T,
Guv(x) = aqu(x) - avGu(x) + [Gu(x)r Gv(x)]

Gav (%) = Q(x) Gy () QT

1
Lqcn(4,9,6) = z q'[vu (0, + Gu) + melq" — Z_gZTr[GquW]
3 S

VA =f DGDqDGexp (—f d*xLqcp (G, 9, G))
q(x) = Zg(e)V/2q" (%), Gu(x) = Zs(e)/* G (x),

Z(e) r

gs = Z—q(g)ZG(E)l/z Is

Frgq,ng (kir pj) = ‘lsi_r)%zq (S)nq/ZZG (S)nc/zrnq,ng (kir pjr 5)

l-‘(;«,2 (», —P)%|pz=uz = (pvpp - 6vpp2)5abr

l—‘21‘,0 (k, k)|k2=1.t2 = Yoky
a

A
Fzr;l (k: k, k)‘?? |k2=l"2 = 1g£)’v 7 '
gs = g5(gs, & 1),

9
ry — 15 T
plgs) =limu~ 95 (gs & 1)

B (95)3(

B(gs) = Ten?

11 2N>
3 f

2
11—§Nf>0 = NfS16

0 (g8)° 2
N — j— o7 — _ N
B(gs) = Hon9s Ten? (11 3Nf) =
2
dgs 1 10(gH* 1 11—§Nf1=>
ou (g3 2 ou (gH* 16m% u

O(gh?  33—2Nedu 1 33-2N; u

1

D* ~ 24n? u  (@?  24n? % Agep




61 1
33 = 2N¢log (#/Aqcep)

as(w) =

L(q,q9,6) = 67[)/#(6# + Gu) + M]q
1- 1
w0 =400, @@ =540, 400 = () +ar(0)

1 1-
L0 = 40—, G =q0 2, 400 = @) + ()

L(q1, 91 G, 9r, G) = §1.6,(0, + G,)qL + qro, (9, + G, )qr+qLM qR + GrM 4L,

qL(*) = Lqy(x), qL(x) = gL, LeUWp,
ar(x) = Rqr(¥), qr(x) = Gr(¥)RT, R € U(Npg
SU(Np), X SU(Np)g X U(1) =g = SU(Np), X SUNp)g X U(1)5.
QLM (x) = G (x)RTmILgr(x) = GL(x)RTLM qr (x)
SU(NE) = X U(1) ;=g = SU(Np¢ X U(1)p

1_[ UL = U(L)y X U(L)g X U(L); X -+ X U(D)y,.
f

a a

iLa = -t .Ra — T
Jitx) = CIL(x)O'u7QL(x):]u x) = qR(x)auqu(x).

a

T
Ji ) = jE00) + jgt (x) = a5 a0

a

5a — sRa _ siLa — T_
Jp% ) = ju () = jpt () = G(x)vuys > q(x)

(@1 (f5? MDY = (@ ()" )| P) = 0 =
(@1 ()2 OIP) = (DL (0)j5" 0| P)

0= | exa@ a0 = [ @xahy T aw
Q%) = Q**|®) =0
05210y # 0

[Aqcp, 0%4] = 0 = Hoep0%410) = Q%4 Hqgcp|0) = 0

(qq) = (01g(x)q(x)]0) = (0](gL.(X)qr(x) + Gr(*¥)q1(x))|0).




_ 1, _ _ _
Saeol@.Q.U) = a* D o= (QuetuUuQes = Qeri?ulUfu@s) + a* ) QMO

XU

+atS (20,0, - 0.U 2 — Qe Ul
a Za( QxQx Qx x,uQx+u Qx+u x,ny)

X

1
—at Z - TH{Us uUninUd g u Uiy + Uy Ut Uy U
S
XU,V

7 = 1:[ f dede 13;[ J;U(g) de’ﬂexp (_SQCD [Q) 0, U])
S[0.0.U1 = *0DIWIQ = a* Y. G:DIU1y0y

{D[U]%,¥s} = D[U] 'ys + ysD[U]™" = ays.

¥sD[U] + D[Ulys = aD[U]ysD[U].

onerlap [U]= AW[U]/1 IAW [U]TAW [U]

1
Doverlap [U]= a (onerlap [U] + ﬂ)

1
= (DwlU] - 1/0)/ [ (@Dw (U] — 1)(@Dw[U] — 1) + 1.

Q Q+6Q = (1 +ieT%;5)Q

Q+6Q =0Q(1+i%T%s)

Ql
Il ||

Q'=Q+8Q = <]1 +ig%T s (1 - ED[U])>

Q'=Q+8Q = Q(]l+18aTa( ) )
'D[U]Q" = q (1+ie°T (1 - ED[U]) ¥s)DIU] (n +igT s (1- ;D[U])> 0
= QD[U]Q + Q(ie®T*[ysD[U] + D[U]ys — aD[U]ysD[U]DQ + O(e*)
= QD[U]Q + 0(e?)
DO'DQ'= D (11 +ig?T®@ (11 - %D[U]) y5) (11 + Ty (11 - ;D[U]) DQ

= DQDQ(1 + ie®Tr[T*ys(21 — aD[U])] + O0(e?))
= DQDQ(1 - ieaTr[ysD[U]] + 0(£?))

R0 = d@nsa' @ = ) G0k - a5 w)
f f




(9,7 (X)) = 2NgP(x)
1
P(x) = _meuvpaTr[Guv(x)Gpa(x)]

B =) Tna'@ =) (G@0ahE + a5 w)
f

f

(0,8 (X)) = NgP(x).

P(x) = EuvpaTr[m/uv (x)m/pa (x)]

1
32 2
P(x) = 9,00 (x),

00 () = — o Tr [Gv(x) (a G, (x) + ZG (x)Ga(x))]

8 2
5 (%) = jE () — 2N (x)
]ux ]/,tx f34u X)

ufu(x) = BHJM (x) — 2NfP(x) = 0.

1
_ _ _ ) _ (0)
Q=-73— f A*%€,ypo Tr[ Gy G o] = f d*xP = f d*x9,0,” = fs da,0,
G, (x) = Q(x)3,0(x)T, A(x) € SUN)

Q= 8n2 f d30,€40p0TT [(na QT){ ,(920,07) + = (na at) (o, QT)}]

=87 f d30, €050 Tr[—(Q0,01)(Q0,01) (0, m)+ (29,0%)(q0,0")(Q0, m)]

[ @ a6y Tr[(00,00 (00,0 (00,07

~24m2 )
Q:53 - SU(N).
M3[SU(N)] =
1 0 0 0
0 -0-11 -0-12 'QlN—l

a=vww=| " :




X Q3:(1+Qqq) On1(1+Qq9)
Q44 -3 I — —_——

1+0Q7, 1+05,
Q 1405, — Q[ 03109 Qi
21 1+ Q44 1+Q5, 1+Q5,
v=|q 05105 1407, —105/° Q1054 € SU(N)
31 1+0Q, 1+0;5, 1+05,
qQ ~05:0p4 ~03:0p 1+ 07 — 1Qy/°
N1 1+ Q44 1+Q5, 1+Q5,

€vpo TT[ (VW) 0, VW)Y (VIW)3, VW) T (VW) 0, (VW) T] = €4y ps Tr[(VO,VT)(VE,VT)(VE,VT)]
+eupe TT[(Wo,WT)(Wa, W) (W, WT)] + 3€4p650, Tr[(VO,VT)(Wo,WT)]

1

" 24m?
1
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Bf, = =5 6(2peq + q?) ( Guv + ”ZV) - ) +2 (pm - —zqﬂ) (pfv - —qu)
pf q q q

20, +q* =0 = pf =p =(pr+9)? =0

2

==& M 2;/1(1,1]
f p _ ! Q¢ 5
EN(E)PL fo AN E) 58201 + )

te{f.f} te{f,f}
Wi\ ( 9° Pq rq
X (—g,w + ?) <— 7) + 262 (pu - Fqu) (pv - ?‘h})] =

f AEN(O) EPZI 5 - x)x[( T + qu”)(—q;)HeZ(pu—’;—Zqﬂ)(m—’;—‘qu)]=

te{ff}
0udv Q2 pq pq_\_2x*
Nt(x)Qt _guv + 2 4Xqu + p# q2 u N qZ v Zxqu
te{f,f}
L9 Q Pq pq xQ
z Ne(x)Q¢ [( G T~ )ZMNV + (p# q2 ”)( e qv) (My V)z]
te{f,f}

q

M qudv\ @ pq pq Q
_NVV#V = (_g;w + I‘_Z")_WleN(V, QZ) + (pu - _qui> (p 2 qv) vM2 erN(V Q )
p q v q N




1
WEN©,07)= g5 ) M(eE,
te{f.f}
X
W09 =2 ) NQE.
te{f,f}

FENGO = lim 2MyWEY(,0) = ) M(0Q?

te{f,f}
FSNGO = | lim oW (0,01 = x > N0e?
' te(ff)

FEN (x) = xF{V (x)

FEN () — xFfV (x)
FN (%)

> =-0.01+0.11
X

v ¥ Vv v

j+ﬂ = %(ﬁLG_HCOS ech + 'IILO'_#Sin BCSL)

d’c _ GRE"™
dE'dQ~  2m?

0 6 E+E' 0
2WYN (v, Q)sin? =+ WM (v,Q%)cos? - — WM (v,Q%) sin? -
2 2 My 2

FPN(x) = ) (lzizrr_1m2MNW1"N (v,Q?) = 2cos? O:Ny(x) + 2sin? O-Ny(x) + 2Nz (x),

F7N (x) = v(lzizr[lmvwz”” (v, Q%) = xF{" (x),

FN(x) = véizn_lmvwg”v(v, Q?) = —2cos? O:Ny(x) — 2sin? 6:Ns(x) + 2Nz (x).




o o 4 1 1 4 1 1
E7 ()= §Pu(x) + gpd(x) + §Ps(x) + §Pa(x) + §P&(x) + §Ps-(x)

4 1 1 4 1 1
Ff™ (%)= §nu(x) + §nd(x) + §ns(x) + §na(x) tgna () + 5"5-(95)
FP(x)= 2cos? Ocpy(x) + 2sin? Ocpg(x) + 2py(x)
F/™(x) = 2cos? Ocng(x) + 2sin? Geng(x) + 2ng(x).

Pu (%) = ng(x),pa(x) = 1y (%), pa(x) = ng(x),pa(x) = nz(x).

5
P (x) + F{™ (0= 5 (ou(x) + pa(®) + pa(x) + pa(x))
FP () + F{™(x) = 2c05? Oc(Pa(x) + pu(®)) + 2(pa(x) + pa(x))

EP () +F"(x)  FP(x)+F"(x) 18

EP(x) +F§"(x)  EP()+F(x) 5

O = f dx Y () — Qe))

f=u,d,s

1= f dx z Nf(x) . f(x)>

f=u,d,s
1
1 =f dxxz N;(x)
0 7

I —f dxx (Nf(x)+N?(x))

f=u,d,s

4 1 1 4 1 1
Fio ()= §Nu(x) + §Nd(x) + §Ns(x) + §Na(x) + §N(;(x) + §N§(x)
FPN(x) = 2Ng(x) + 2Ny (x)
o 4 1 1 4 1 1
E (0= §Pu(x) + §Pd(x) + §Ps(x) + 52911(95) + §Pa(x) + 52’5(’0
4 1 1 4 1 1
F™(x) = g™ +g5na(®) + gns(x) + gna(x) + gna(x) +g5ns(x)

_ 4 1 1 4 1 1
= §Pd(x) + gpu(x) + §Ps(x) + §P&(x) + gpa(x) + §Ps'(x)

FP ()= 2pa(x) + 2py(x)
F{™(x) = 2ng(x) + 2ng(x) = 2p, (%) + 2pg(x)

9 3
(BP0 + Fen0) = S (FP () + F(0) =

5 5 5 5
Epu(x) +5Pa (x) + ps(x) + —pa(x) + —pa(x) + ps(x)

—3 pu(x) - —pd(x) > pu(x) > pd(x) =
Pu(X) + pa (x) + ps(x) + pa(x) + pa(x) + ps(x)




19 3
I, = fo dx [E (EP )+ F () = 2 (B () + an(x))]

G = SU(Ng), X SU(Np)g x U(1)p
H = SU(Ng) =g X U(1)p

G/H = SU(Ny)
U'(x) = LU(x)RT,L,R € SU(Ny)

0,U’'(x) = Ld,U(x)RT

2

F
L) = Z”Tr[a#UTa#U]

1A FT? I ! FTL?
L") = - Tr[9,U""8,U"] = - Tr[RG,UTLTLO,URT] = L(U)

L(q,q9,6)= CTLO-_M(au + GM)QL + qRau(au + G,u)qR

1
+qLMQR + CTRMTqL - z_ngr[G;wG;w]
s

ug, (%) ug, (%)
qr(x) = di(x) | =L dL(®) | = Lqu(x),q1.(x) = qL(x)LT, L € SU(3)y,
sp,(x) s.(x)
ug(x) ug(x)
qr(®) = | dr(®) | = R| dr(x) | = Rqr(x), Gr(x) = qr(*)RT,R € SU(3)R,
sr(x) sr(x)
M' = LMR?

F? b
L) = T”Tr[auufauu] — S Tr[M U+ Utwm]

Tr[M U’ + U'T ™| = Tr[M(LURT + RUTLY))]
(01m,£].._.10) = (01(dlak + ahal)I0) = =(7)
me~lr—o LAR T 4rRAL Ne
X . _ . {4qq)
(0|ame|M=O|0) = —ETr[dlag(l,O, LA+ D]=-2 = 2= N
L(q, 91, Gr, Gr P) = L PFqr + GrF T 1qy,
U(x) = exp (in*(x)A*/F;),a € {1,2, o, NE — 1}

U(x) = 1+in%(x)A%/Fy, 0,U(x) = i9,m%(x)A*/Fy,

1 aja b9b X 1 a a
L(m) =ZTr[6”T[ 299, b2 ]—ETr[M(]l+]l)] =§6u1r 9,m* — ETrM




U(x) =1+ in*(x)A*/E, + % (imr®(x)A%/E,)?

Tr[M (U + UT)]= mTr[U + UT]

1 1
~ 2mN; — mF—nznaﬂbTr[AaAb] = 2mN¢ — ZmF—nznana

1 1
L(m) = Ea”naaﬂna - (me — m—n“n“)

Fz?
5 2mX
T — FT[2
M2 = MZo = MZ- = %
w3 (x) /N2 + n8(x) V6 mt(x) K*(x)
A% = /2 T~ (x) -3 (x) /N2 + 8 (x)/V6 K°(x) |
K~ (x) KO(x) —2m8(x)/\6

mi(x) = %
K°(x) = % (m®(x) — in? (x)), KO(x) = % (* (x) F in> (x)),

(m* (x) F im? (X)),

Tr[MUT + UM T|= Tr[m (U + UT)]

1 21an2 7%\ *
= 2TH{M] — 5 TrIM (%) )]+0 ( 7 >

1 _
ETr[M(na/la)Z]= (my + my)ntn™ + (my, + m)KYK™ + (my + m)K°K©

(7.[3)2 1 s g 1 (ns)z
+(my + my) — + —=(my —my)n’n® + 3 (my + my + 4my)

V3 2
(my + my)Z
M7.2[+=M7-2[—=uT
Vs
2 r2 _(mu+ms)2 2 o _(md+ms)2
MK+_MK__T'MKO_MRO_T
T T

, 2 1 _ _
Mn.o =_[§(mu+md+ms)_§\/(2ms_mu_md) +3(mu_md) ]r

Et
2 _ 2 [2 1 2 2
M; =F—n2[§(mu+md+ms)+§\/(2ms—mu—md) + 3(my —my) ]
. (my+my)r . (my +mg +4m,)X
T gz T 3F?

M2 +3M} = 2M%: + 2Mz,




£(q,9,6,,A)= q.6,(8, + G, +ieQrA,)qr. + Gro, (9, + G, +ieQrA,)qr
_ _ 1 1
+qLMqR + GrM TqL — Z_gZTr[GquuV] + ZF"‘VF"“’
S
. 2101
Q1 = 0x = Q = diag(Qu, 0, Q) = diag(5,~ 5.~ 3)
Qi = LQLLT,Qf = RQ_RT

E? D)
LU)= —Tr[D utp,U] - —Tr[MTU +UTM]
—Ce?Tr[QLUQRUT] + FuwEpy
D#U(x) = auU(x) + ieAM(x)QLU(x) — ieAﬂ(x)U(x)QR.

W,/ ()= L(x)(Wu(x) + aﬂ)L(x)T,X[l(x) = R(x)(Xu(x) + OH)R(x)T,
U'(x)=L(x)U@)R(X)T =
D, U (x)= 0,U"(x) + W, (x)U" (x) — U (x) X, (x)
= L(x) [aﬂU(x) + Wu(x)U(x) — U(x)Xﬂ(x)]R(x)T
= L(x)D,U(x)R(x)*.

L(x) = R(x) = diag(exp (ig'p(x)/2), exp (—ig'¢(x)/2)),
B, (x) = B, — 0,9 (x).

g'Au(x) + gZ,(x) gA,(x) — g'Z,(x)
’Bﬂ(x) = =
/gz+g12 [g2+g12

a3
g'W; (x) + gBu(x)’AL(x) = A, (x) — d,a(x)

Ay(x) =
K /gz_l_gIZ

W2 (x) =

!

99

ea(X)=g,(p(X),e=W
99'Au(x) T3 9'94,(x) 3
D, U(x)= aU()+ﬁ2U() U()—+g,22

= 0,U(x) + [ied,(x)Q", U(x)| = 9,U(x) + [ied, (x)Q, U(x)].
_(2/3 0\ _(1/2 0 11 o0 R
Q‘( 0 —1/3)_( 0 _1/2>+ (b 1)=¢ oL
L(x) = R(x) = diag(exp (i2ea(x)/3),exp (—iea(x)/3), exp (—iea(x)/3))

¥ () = exp (xiea(InE (@), 7' () =@, 7'()=nx)
K* (x) = exp (Hiea(x)K*(x), K (x) = K°(x), F,(x) = K%(x)

Tr[QLUQrUT]= Tr[QUQU*]
aja 3
= Tr[Q?] +—Tr [Qn“/la Q, nbAb]] + 0((” A ) )




Tr [Qn“la[Q,nb/lb]] =2(ntn"+K*K™)

,  (my+my)x 2Ce* ., (m,+myI 2Ce?
M+ = = +

F? BT R R
2 2 2 2 L 4ce? 2 2 2 2
Mn"" +M,T——Mno+3Mn=2(mu+md+2ms)ﬁ+T=MK++MK—+MK0 +MF
3 3

M+ = 139.6MeV, M o =135.0MeV, M, = 547.9MeV
Mg+ = 493.7MeV, Myo = M5 = 497.6MeV

AM = M,, — M,, = 939.56MeV — 938.27MeV = 1.29MeV = AMqcp+AMggp
AMqcp = 1.87(16)MeV, AMggp = —0.58(16)MeV

2mg M,f,o -|-M12(i —M;J_r mg —my M;J_, - M2,

¢ =259, T =123,
m, +my M, m, +my M,
Mo MM gy (M= ME) - (ME—ME)
my, +my - Mﬁ,o B ' 'mu + my B M7210 o
2 2 2 2 2 2 2
mu_ZMﬂO_Mni+MKi_MKO_056 mg _MKi_Mni+MK0_192
my Mﬁ,i—MIZ(i‘l'MIZ(o | ’md Mrzti—MIz(i‘l'Mlz(o .

my, = 2.167332MeV, my = 4.677318MeV, m; = 93.4785MeV.

m m 2m
—* = 0.47410938, — = 19.5%3%, ——— = 27.3313¢7,
mgy Timy Tmy +my '

P'(x) = V), ¥’ (x) = p(x)V ()T
V() = R[RILU@)]*[u)v?]" = L[LTRU )T 2 U (x) 112
u(x) = U(x)Y/?
u(x) = Lu(x)V(x)t = Vx)u(x)RT

1
V#(x) = > [u(x)*@uu(x) + u(x)auu(x)f]

V;l(x)= % [V(x)u(x)*LTau(Lu(x)V(x)T) + V(x)u(x)RJfau(Ru(x)TV(x)T)]
= V(x)(vu(x) + 6u)V(x)T

a#(x) = %[u(x)fauu(x) — u(x)auu(x)T]

a, (x)= % [V()u@) Lo, (Lu@)V ()T = V(x)u@)RT,(Ru@) TV ()]
= V(x)a,()V ()T




L(U l/} 1/)) Ml/}l/} + l/}yu(a + Vu)l/} + lgAlptuSaul/}
F—Tr[a uto,U] - —Tr[Jvr(UT +UT)]
IunnFr = gaM
D, U(x) = (9, + W, (x))U(x)

U'(x) = LU (x), W, (x) = L(x)(W,(x) + 9,)L(x)*

LU, W) —F—Tr[D utp,U] - ; Tr[W Wy |
E? RN
LAWY = 2 Tr[W W] = 55 Tr[Wia W]

" 1
LA

9F
D, U(x) = 9,U(x) + W, (x)U(x) — U(x)X,(x)

F? 1 1
LU,W,X) ——Tr[D utp,U] - 25 — Tr[W, W] — 257 —= Tr[ XX,

E?
LAW,B) = - Tr[(W, — X, ) (W, — X,)] - Tr[ W] = Tr[ X
1
Mz =5V9* +9"F,
ﬂ = g = cos Oy
M, /gz +g7?
ug,(x) dy(x)
aw =, ).t - (cL(x)>,DL(x) - (chx)>
- tL(x) by, (x)
ug(x) dr(x)
Ur(x) =| cr(®) |, Dr(x) =| sr(®) |,
tr(x) bgr(x)
( ) 17eL(x) eL(x)
16 = () M = a | B = (w00
(x) e e

er(x)
Er(x) = | tr(x)
TR(X)

QL(x) = VQL(x), Ur(x) = VURUR(x), Dg(x) = VPRDg(x)
Li,(x) = VI Ly (x), Eg(x) = VERER(x)




L(L}, Ly, ER, Ek, Qf,0Q1, Uk, Uk, Dk, Dk, ®) = Ly ®FEf + EI’{TET CI>’fL’L
+Q ®FpDg + DRFdtQf + Q| ®F, UL + UpF i &TQf

Fp = VILFLVER, F)) = VAF, VPR, F = VAT, VUR

U(x) € SU(Ng);, X SU(Ng)g/SU(Ng) =g = SU(Np)

- 241112] d*xeyp Tr[(UT0,U)(UT0;U) (U0, U)] € M5 [SUND] = Z

1
jﬁ(x) = WeuvaTr[(U(x)TavU(x))(U(x)TapU(x))(U(x)TaaU(x))]
aﬂjﬁ(x) =0
B = f d3xjy
9,B = f d3x0,j3 = —f d3x0;j} = —f d?c;j? =0
i) = exp (117D 57
Sign[U] =
= f DUexp (—S[U])Sign[U]Ne
Sign[U']Ne = Sign[LU]Ne = Sign[L]VcSign[U]Ne
1
au]ﬁ(x) = ey zeuvpoTr[ v(x)VVpa(x)]-
D, U(x) = (8, + W, (x))U (x), (DHU(x))Jr = 0,U()" — U)W, (x).
1
JeW ()= me,wp(,Tr[(U(x)TDvU(x))(U(x)TDpU(x))(U(x)*DGU(x))]
1
~Tom ZewpaTr[va(x)(D U(x)U(x)T)]
1
aujpct;w(x) = T 391 zeuvpaTr[ v(x)M/pa(x)]-

B(xy = ) — Bxy = —o0) = f SV (xy = o0) — f xSV (x4 = —oo)

1
f a0, = — 35— f A*X€,1p0 TT[ Wy Wy |
QW] =1




- [exp (ig'YqL<P(x)) >
L(x) = < 0 exp (1g L‘P(x))

. (exp (ig'Yu,0(x))

R(x) = < 0 exp (ig’ Ydch(x))>

U6 = UGORGT, RGE) = (exp (ig (f)P(x)/ 2) exp (—ig (p(x)/Z))

DﬂU(x)= 6uU(x) + %(x)U(x) — U(x)Xu(x)
a 3

= ,U(x) + igW&(x) %U(x) - ig’U(x)Bﬂ(x)%

1
JeW ()= T €uvpo TT[(U) D, U () (U () TD,U(x))(U(x) D, U (x))]

1
~Tom 2ew,l,,,,Tr[l/I/vl,,(x)(D U(x)U(x)T)]

1
~Ten —— €uvpo TT[Xyp () (U () TD, U (x))]

5,Jﬁw(x)=— euvpaTr[ v(x) a(x)]+ fuvpaTr[ v(x)Xpa(x)]

32m?
2

1
32m?

1
= euvpaTr[M//.w (x)mlpa(x)]

32 2 €uvpo uv(x) o(x)

g
64n?
SowlU,W,B] =% f d*xB,jSW

, , g . g .
SewlU',W,B') = SqwlU, W, B] = —= f d*x0, )" = = f d*xpd,ji"

=9 gt e w1+ B g
=77 XP\32502 Cuveo r[ uv pcf]+64nz €uvpoBuvPpo
F?
S[U,W,B] = f d4xZTr[DuUTDuU]

Z[W,B] = f DUexp (—S[U, W, B])Sign[U]exp (iSqw[U, W, B])

S e _ (exp (ieQua(x)) 0
L(x) =R(x) = ( 0 exp (ieQda’(x))>
_ (exp (iea(x)/2) 0
V(x) = ( 0 exp (—iea(x)/2)>

3
DU = 0,U(x) +ied, (x) [% U(x)]

1
JeW ()= mem,pgTr[(U(x)TDvU(x))(U(x)’poU(x))(U(x)JfDJU(x))]

ie 73 +
- @ Euva'vaTr ? (DO-U(X)U(X) )




e .
SGw[U,A] = EJ d4XAu]EW

CUMX) =U@)T,U(x) = exp (in®(x)t?/Fp), m¢ (x)7¢ = < 0 (x) \/E”Jr(x)):

V2m~(x) —m0(x)

Crt(x) =n*(x), ‘n°(x) = n°(x)

CU@) =it?U) (> ) =U@)* T=U)" = Sn%kx) = —n%(x)

YAVAVAVAVAVARY/

VWV 7

U(x) = exp (it®°(x)13/E,) = 1 +in°(x)13/E,
3
D, U(x) = 0,U(x) + ieA,(x) [%, U(x)] ~ i0,m°(x)T3/Fy

2

e
Lo

— 0
yy = —lmﬂ EuvpaF E

uvlipor

2
. e
eroyy = _INC(QIZL - chl) 3212F, noeuvpaF;tvF;)a

0 2 2112 €4M,?;
13
N.+1 N.—1
p = 2 u t ) Qs =1,

N.—1_ N, +1
n= 2 u 2 d= )

N.(Q2-Q3) = %[(Nlc + 1>2 3 (Nic_ 1)2] =1,

1

SwanwlU] = 25— f ] d®xeupeaTr[(UT0,U)(UT0,U)(UT0,U)(UT0,U) (U0 V)]
H




1
480m3i
€ M5[SUND)] = Z

wlU]= L 5 d®x€,paa Tr[(UT0,U)(UT0,U)(Ue,U)(UTa,U)(UTa,U)]

Swznw[U®P] = Swznw[UP] = 2nw([U]
z= | DUexp (=STUDexp (nSwanwlV)

exp (inSwznw|[U®P]) = exp (inSwznw[U@])exp (2rinw[U])

exp 2rinw[U]) =1 = n€Z

o050 3.

exp (inSwznw[U]) = Sign[0]"
PPIe(2 x,) = —m (=7, x,)
Po@(X,x,) = -4 (%, x4)
PU@, x,) = U(—%,x4)T, PyU(X, x4) = U(X, x4) 7.
Swanwl FoUT = Swznw[UT] = —Swznwl(U],

Sign[ PoU| = Sign[UT] = Sign[T].
A : A ! ! : 2 1 1
Q" = diag(Qy, Qq, Qs) = diag (§' 3 —g)-

e
SwznwlU, A]= Swznw[U] + 48712_[ d*x€p0Ay

x Tr[Q’ (8,U0")(0,UU)(0,UU") + @' (U, V) (U 9,U) (U0, V)]
0 !
- 418€n2 f d*x€uypo AFypTr [Q '(9,UUT) (Q’ +5 UQ'U+>

+Q'(Uta,U) (Q' + %U*Q’U)] .

n =N,

Q= diag(Qu, Qu,Qs) = diag (% (Ni +1),5(7-1)5

= ’+(1 NC>IB
=0 3/2

. . 1/1 1/1 ) 1 1 1
dlag(Qu» Qd) = diag E(F + 1) 'E (F — 1) = diag (E' — E) + EB'
C C




e
482
ie?
3272

SewlU, A]=

f d*x€,,p0A,Tr[(UT,U)(U0,U)(UT0,U)]

f d*x€,yp5AuFyp Tr[Q' (0,UUT + UTa,U)]
2141 = | DUexp (=510, ADexp (NeSwzmw U, ADexp (1 = Ne/3)SeulU, D

it -asy =l - ()] %

Ny —Nu) 1

N /2

Q=0 +(1-N

Z141= | DUexp (=S[U, AD)exp (NeSwanwl, A1

N; —N
X exp (l (1 — NC %) Scw[U,A])
f

1/1 N;—N, Ny
e )=
L VAV N¢ N¢
1/1 Ny;—N, N,
e 03 - -
R AV N N
N. 12 72 _NN(,%_N‘lf_NNd_Nu
C(Qu _Qd)_ cN—fZ_ [« Nf
_ (U O)
U(x —(
(x) o 1
0 Qg4 2N¢ 2
1 2 2
0 Q4 2N¢ 2N¢

—N, _
—L =) SowlU, 4] = SowlT, 4]

Ny
Nc(SwznwlU, A] = Swznwl[UD) + (1 — N, N

U(x) = exp (in°(0)A°/Fy),

N (SwznwlU, A] — Swznw[UD) + (1 = Ne/3)Sewl(U, A]

- d*xneupo B,
© 32V3n?F, 1 Cuvpatiavipo
T

eN.

4 o =€, -A,0,n80 mt0, T
ntnTy 4\/§7T2F713 uvpo Aoyl 0p o

Ly

Tr(%@) =%(Q§+2Q§) =4%(NC+NLC—§),




1
Ji(x) = Tnzem,paTr[(U(x)TavU(x))(U(x)*apU(x))(U(x)*aaU(x))]

Cni(f' X4) = T[;(f' X4), CT[O()-C)' X4) = T[O(J-ér X4),
Pra(¥,x,) = —m4(=%,x,), Pom®(X,x,) = —m%(%, x4).

1
JeW (x) = Wem,paTr[(U(x)TDvU(x))(U(x)TDpU(x))(U(x)TDJU(x))]
+C6WpaTr[va (x) (D,,U(x)U(x)T)].

0 GW

1
M x) = _meuvpaTr[%v(x)%a(x)]-

ewpor Tr[(UT0,U) (U0, U)(UT0,U) (U0, U)(UT,U)] =
ewpor Tr[(VTO,V) (V) to, V) (VTa,V)(VTa,V)(Via, V)] +
ewpar Tr[((WHo,W)(Wto,w)(wto,w)(wto,w)(wto,w)] + 9,K,,

1 4
Q[G] = — 3272 f d*x€4ypo TT Gy Gpor |

qf (x) = exp (i0/2Np)qf (x)
qf (x) = exp (—i6/2Np) gk (x)

0 0
8a0=—Nim——Ny=—=—0 = 0'=0+8,0=0
f
M' = diag (muexp (i6/Ng), mgexp (18/Np), ..., my exp (iB/Nf));
F? z
S[U] =f d*x ZTr[auUT(’)uU] —ETr[M’TU +Utm]

Z(0) =f DUexp (—S[U])

z = exp (2mi/Np)1 € Z(N¢)

M' = diag(myexp (i0/2), mgzexp (16/2)).

0 0
Tr[M'TU + UTM'] = my,cos (E + (p) + mgycos (E - go)

_mg—my 0
tan @ = T tan >
u mgy
2 ZNth
n' F?

U(Ng), X U(Np)g/U(Ng) =g = U(Ng)

detl (x) = exp (i\/2Nim' (x)/Fy)




5 E? PSR L N
S[0] = f d*x {Tﬂ Tr[0,0%9,0] - ETr[M'TU +Utm'] + % (ilog detU)Z}
¢

5 EZ e X L 3
S[U] = f d*x {T"Tr[auufauu] - ETr[Jvm/ +0tm] + % (ilog detl — 9)2}

_ _ CD+ B u
£(q, qu, dr, dr, @) = fa [(ab d.) <¢o> dg + dr(®*", @) (dt)]

_ /0 L
L£(au v ar ur, @) = fu [(aL' dy) <5_> ug + g (%, 7 (di)] :

- PO Dy (x)*
wo=(1)=(3%)

P(x)" PT(x)

oty q)o(x)) = (3(),®(x))

d(x) = <

L(qu qL, aR' Ug, dR' dR' q)) = (aL' dL)(I)T (di) + (ﬁR, dR)TTq)T (di) )

W\ ey (@) up()
(d’L(x)> = e 60/ (4 ) <da(x>> = e (i0/9) (" )

F' = diag(fyexp (i6/2), faexp (160/2))

F? z
S[U, ®] = f d*x {Tﬂ Tr[0,U%0,U] - ETr[f’fcbfu + Ufcbf']}

F? z
S[U, ®'] =f d*x {T”Tr[auufauu] —ETr[chb'TU + Ufcb':P]}

a

1 .
L(Cl, G) = Eaﬂaaﬂa - IA_PQWEPWPG

Tr[Guy Gy |

®'(x) = vdiag (exp (ia(x)/ApQ), exp (ia(x)/ApQ)) ,
U(x) = diag(exp (in°(x)/Fy), exp (—in°(x)/Fy))
Tr[FT®'TU + UT®'F| = my,cos (a/Apq + n°/F;) + mycos (a/Apg — °/Fy)

M = ( (my, +mg)/EZ (my, — md)/(FnAPQ)>
(my —mg)/(FrApq)  (my +mg)/Apq

M2 = Z((mu +(7)nd)/FnZ g)

_ (mu + md)z
= Fn? i

Mz




z:2 (mu + md)z _ (mu - md)z _ z:2 4mumd _ MZMZ
F2A3 F2A3 T RN, T
T ApQ wAPQ TPQ

2 4mumd2
a

C (my + mg)Apq

M AmymgF?
Mz (my, +my)2A%,

M, F, 01GeV 1 0.14GeV

= ~ = :}M ~ —
M, V 250GeV 2500 . 2500

~ 50keV

1
32m2

QW] =— f d*x€,40po Tr[ W Wy | € TI3[SU(2)] = Z

QL(x) = exp (ip/N)QL(x),
Ur(x) = exp (ip/N)Ug(x),
Dr(x) = exp (ip/N:)Dg(x),

8p0, = _Nchp/Nc = _ngr
Hé :92+6392 :92—ng:0

1
32m2

2
g
Q[B] = — f d4xem,paTr[Xlepa] = Wf d*x€1ypeBuvBpo

8p01= —NgN.2[2Y} — Y7, — Y3 |p/N,
—wzlet 2 () L0 -
R TRV 2\N, p="Nep
9{ =91+6391 =91+ng=91+92
0;+6,=06,+6,

QL(x)= exp (ip/N:)Qy(x),
Ur(x)= exp (ip/N)Ur (%),
Dr(x)= exp (ip/N.)Dg(x),
L(0)=exp (ip)L(x),
Er(x) = exp (ip)Er (%),
1 2
5,0, = —Ng2[2V2 — V2 ]p = —Ng2 [2 (— 5) —(~D?|p =Ny
6.0, = — gP

9{ = 91 + 6391 + 6L61 = 91 + Zng
Hé == 92 + 6392 + 6L92 == 92 - 2ng =




W3 (x) = gA)+92,(x) g AM)

gAu(x) - g’Zu(x) gAu(x)
ﬁ
gZ + gIZ gz + gIZ

Bu(x) =

12 1
191 W e;wpoBuvaa — 192 W EuvaTr[VVquVpa] 4
2,12 1 eZ

. 9 g .
i(6; + 6,) Wmeuvpoﬂwﬂm = 16qep Weuvpaﬁwﬁ)a

99’

E(x) = E,(0)n% a € {1,2,...,24}, Tr(n®nP) = 284

QQED = 91 + 92,6 =

E'(x) = YO)E@)Y(x)?
2
V(E) = MTTr(EZ) + %Tr(?) + % Tr(Z*) + % (TrE»)”.

() 0 0 0
0 &) O 0
0 0 &) 0
0 0 0 & 0
0 0 0 0 &(x)

o O O

.MMERZ&=0

2
V(E)=MTZZ ) 'fiSJf%Z E‘“%(Z fiz) |

i

wvE K_, M5 A 25
3z, =M+ 580+ 5 d +§Z §jsi=C
J
1 0 0 0 0
3 01 0 0 0
E(x) =, =Vn**=v = 0 0 -2/3 0 0
00 0 -2/3 0
00 0 0 -2/3
na
V) = igsh2 (05
Vi (%) = Y() (V) + 0,)Y ()T
W C)e + BT3B, (e Ki() Ko(0) X0
gs Xy () Vi) Vi) r3 ()

X7 (x) Y2 (x)
X3 (x) Y2 (x) GA(x)A% — 2/V15B, (x)13x3




_(exp (ig'/2¢(x))L(x) O2x3
Y(x) = ( 03x2 exp (—ig’/3<p(x))Q(x))'
L(x) € SU(2),,
Q(x) € SUB).,

Gy(x) = Q(x)((}#(x) + aﬂ)ﬂ(x)f

W, (x) = L(x) (W, (x) + ,)L(x)T

B, (x) = By(x) — 9,9(x)

XY@ v Xi(x) Yi(x)

(Xﬁ’(x) Y,E’(x)>=exp( ig’ w(x))ﬂ(x) X2 Y%x))L(x)*

X3 v Xi(x) Y2(x)

(X1 ) X2 X3 (x))
5
6

509 00 KN

e P 7w (19 Z0w) 10 (z%cx) OIS

_ 4 1 5_ 1 __4 e
- _QY E g_ §'QX_§'QY_

Nlr—x

Qx = —

wl

{24} = {8,130 + {1,3}0 + {L1}o + {3,2}s/6 + {3, 2} 56

2Ix {2 =@ x (23 = 3+ (1
BIx B =+ (1)
5} x {5} = 243+ {1}

{5} =81} -1/3 + {12}z

{5} x {5}= ({3;1}—1/3 + {1:2}1/2) x ({3, 1}5 + {1;2}—1/2)
= {3,313 X {3, 13 + {1,2}12 X {3, 1}1/3 + {3,1}-1y3 X {1, 23172 + {1,2}1/2 X {1,2}-12

= {8,1} + {11} + {3,2}5/6 + {3, 2}5/6 + {1,3}o + {11},

_ 3 __ 99  _ B 3
9s=9 =99 = §95:>6_W_ ggs,sm w=3
D E(x) = 9,E(x) + [V (x), E(x)].

Viv (6) = 0,1, () = 0,V () + [V (), K ()]
L(EV,) = Tr(D ED,E) +V(E) — Tr( Vi)

1 _ _
210(D,20,2) = 1 Tr([ B0l [V Za]) = o GEVE (R, + Vo1,

2495




© ©
1 1 1 2 3
1595 Xu Yu _Yu _Yu _Yu
[V Eo] =i 5717 X v?
X3 v 0353
M M > 1%
X Y 1295

1 2 3
uL uL uL VL
1 1 2 2 3 3
(d1>iuRr de <d2>ruRi dR; <d3 IuR) dR; e ;eR-
L L L L

Z3x{23=38+{1
{3} x {3} = {6} + {3}
{5} x {5} = {15} + {10}

{5} x {5}= ({3:1}—1/3 + {1’2}1/2) X ({3:1}—1/3 + {1:2}1/2)
= {31313 X {3, 1}_1/3 + {1,2}1/2 X {3,1}_13
{31} 13 X {1,2}1)2 + {1,2}1/2 X {1,2}42
={6,1}_2/3 + {3, 1}_2/3 + {3.2}16 + {3.2}1/6
+{1,3}; + {1,1}; = {15} + {10}
{15} ={6,1}_5/3 + {3,2}1/6 + {13}
{10} = (3,1} 25 + (3.2}1/6 + (L1}

ut u? u3
{(d%) ’ (d%) ’ <dlé>} ={3.2}1/6
{ub ub ud} = 31)23 {dh dh, di} = 31} -1/
{(ZL)} = {12}_12{er} = (L1} 4
L

2 3
ur, ui,

(at)-(ap)} = 523

{culllr cuﬁ, Cul%} = {§' 1}—2/3'{ Cdflb Cdl?{' Cdl%} = {§' 1}1/3!
VL

{( L)} = {1'2}—1/2'{ ‘er} = {1,1}.

e

1 2 3
uL) fur) (uL 2
D0 1l s ) Cure CuR, CuR, Ceri= {3,236 + {3, 1}-2/3 + {1,1};= {10}
di) \dg/ \di

0 —Cer(®) ul(®) uf (x) ui (x)
‘er (%) 0 di(x) d (%) dii (x)

xC() = —ui(x) —di(x) 0 URD)  —UR() [ = —x(DT,
—uf(x) —di(x) —ui(x) 0 “ug (x)

—up(x)  —di()  uR() - ur(®) 0




X'(0) =Y x()Y(x)T, Y(x) € SU(5)
X'C)T = EXC)YE) DT =YX ()Y ()" = =Y)x()Y()T = —x'(x)

Dux(x) = 8,x(x) + V,()x(x) + x @)V, ()"
(Dux(®))" = =Dux (), Dux' (%) = Y(X)Dux ()Y ().

crrniz_ (0 — “eg(x)
- eR(x)ITZ_ (Ceﬁ(x) OR >
= exp <i%<p(x)> L(x) ( Ce;?(x) - eg(x)) exp <i%(p(x)) LT

= —exp (ig'9(x)) e () L()ir?L(x)T = —exp (ig'p(x)) er (x)ir?
(ui’(x) uf (%) ui’(x))=
di' (x) dF (x) df (x)

g ut(x) uf(x) ud(x) g B
oo (150000 (G0 G i o (1150 Jacor =

g W) e W)
P (1?"’(")>L(") (di(x) 02 (x) di(x))“(x)T

0 uf (1) —uR (2)
—UR @) 0 U (x) | =

U (x)  — “uf (x) 0

) T (O I 163
exp (~ig'5009) o) (— W) 0 Cuﬁ(x))ﬂ(xf

“U(x) — up(x) 0
O (V)€ger UL (X) Qe (%) = €qpeQer (1)UL (x) = €qpe UK ().
Edefﬂad(x)ﬂbe(x) = fabcﬂcf(x)*
cql ¢cq42 cq43) — (2 VL) _
{“dk, °dR, “d3} = (3, 1}1/3, e S {12} 1,2

{5} = {3, Byys + {1, 2}-12

.2 (VL 3 5 T

{cdl}{: Cdl%' Cdl%' 1T2 (eL)} = {3r 1}1/3 + {1’ 2}—1/2 = {5}

er,(x)

—v(x)

() =| “dr() |,9'(x) = YO P(x)
“dg(x)
“di(x)

Dy (x) = 0uh(x) + V()" P (x), Dy’ (x) = Y(x)"Dyip(x)




! !

(e“”)=emn(4%wm@>L@r(‘““))=ema(4%ww@>L@rnzczgﬁ

=1 (x) —vL(x)
= exp (—i%(p()()) it2L(x) (:1]:83)
cdk (x) g “dh(x)
cdZ (x) | = exp <i§<p(X)> Q)" | i)
“df (x) 9
F=B-1L 4Y F, = ! F, = 3
=bobogh =g =5

L()Z' XD, Vu) = Tr()Za'ﬂDﬂ)() + ‘ﬁa_ﬂDu‘p

LT ~ XTI, =
_ X _
igs {(ﬂL, dL)(iTz)ﬁu (Yﬂ> CeR + CéRO'_M(X , Yﬂ)(_iTZ) (‘ZL)}
u L
: s (X N AL
—igs€ape {(uf,d]‘f)cru ( _‘?> ‘ug + Cuﬁau(X Y ) (df)}

X _ — —
+HZ {(ﬁL, &) (T3, (Y:: > "t Bl R (zi)}

2

d+e-Xu+e->Yd+v-Yu+u-Xu+d-Y.

p~uud >Xd >dd+é->n’+eé
p~uud >u¥Y sud+v~nt+v

(- ocﬁ—gz 1031 years.
utu->X-et+dut+d->V->v,+du+d->Y>iu+e.
<M@=(¢“?)=@)wu@=o

DdO(%) v
L(R):R? - SU(2),

L(%):5%3 - S3

n[L] € M3[SU(2),] = Z




00(@) = 1, @ (), D@ = L @AL'

3.0 1 3 2
TlCS[W] = d X.Q4 = _W d XEijkTI' [Wl (a]Wk + §V|/1Wk):|

1

n[Ln] = 2472

J d3xe; i Tr[(Ln0iL}) (L0 LE) (L8 LY)] = n € T5[SU(2),] = Z

A(Bf + Lf) =0

A(Bf — Lg) = A(B; — Lj)
1
ABf = —ALf = EA(BI — Ll)

M = {@ | @ is a global minimum of V (®)}.
®(z = —00),d(z = ©) €M
O:5° > M
Mo[M] = {0}
My [M] = M, [UD)/{1}] = T, [U(D)] = T, [S"] = Z.
I, [M] = I, [SU(3) x SU(2) x U(1)/SU(3) x U(1)] = M, [SU(2)] = M, [S3] = {0}
M,[M] = [,[G/H] = [,[SU(2)/U(1)] = I,[$?] = Z.
M,[SU(3) x SU(2) x U(1)/SU(3) x U(1)] = M,[SU(2)] = M,[53] = {0}.

I1,[SU(5)/SU(3) x SU(2) x U(1)]=I1;[SU(3) x SU(2) x U(1)]
=M [U(D)] =[S =Z

E(x) = E,(x)14

_ 1 o 1
L(EV) = ZTr[D EDHE| -V (E) + FTr[lngw’]

Vaw () = Qa4 () = 0,4 ) + [VC0) Vo (O] Vo) = e () =
D, E(x) = 9,E(x) + [V,(x), E(x)].
a b

X X
Ea(r,0,9) = £ — VA (,0,9) = V(eiar 3

Y()E3 ()Y = Z3(0)73, Y (%) = (exp (ieg(x)/Z) exp (_ifa(x) /2))

1
A () = V2 (), X*(x) = NG (Vi () FiV2 (%))




AL (x) = Ay (x) — aﬂa(x),Xui’(x) = exp (+iea(x))X7 (x)

g X 2r

N S
Bi(X) =5 e () = 5.9 =
M,[SU(2)/U(1)] = ,[$3/S'] = I, [S'] = Z
1
my,(x) = Eeﬂvpaa"Fp“(x)

SV (x) = —%mu(x)Tr[ﬁ(DﬂU(x)U(x)T +UX)TDHU())]
mo(X, t) = g6(x), m;(%,t) =0

- 1—cos @ ,
AX) =g rsin 6 0%

eg —
0.B(t) = ——0,m°(0,0)
s

1 0 — 0 —
B(%) — B(—») = P [°(0,0) — °(0, —00)]
s
eg = 2nnhc,n € Z

1 - 1 -
a”FIW(x) = Ejv(x),a”]:‘liv(x) = Emv(x)r F;',w(x) = Eeuvpana(x)

<F‘“”(x)> B ( cos y sin y) (F’“’(x))

Frwv(x) ) \=siny cosy/\Fr(x)
JH )\ ( cos y sin y) (j”(x))
mi#(x)) \—siny cosy)\mHt(x))

. e e’
(co§y sin V)( 1)= ) 5 e;sin y = gycos y
—siny cosy/\g, 0

( cos y sin y) <e2> B ( e,Ccos ¥ + gpsin y ) (e
—siny cosy/\g, h —e,sin y + g,cos y B 93)

e19>= (e,cos y + gysin y)(—e,sin y + g,cos y)
€1€,C0S ysin y + e;g,cos? y — g,e,sin® y + g, g, siny cos y

= —g,e,c08? y + e;g,c0s% ¥y — gre,sin? y + e, g,sin? y
=e1g, —e,g1 = 2nnhc,n € Z

e, X—%
1 X—Xq
+_
X—x%3 4m|




_ lf d3x% x (E(%) x B())

€192 — €01 — % X — %
= d3xx x X5
16m%c J. xx <|x—x1|3 |x—x2|3)
=3192—3291J' 3 xX(XXd)
16m2c |X — %1 |3]X — %, |3
]->_§= _elgz—ezglf d3x 1% x d|? __892" €0
d 16m2c dlZ — %, 3|1% — 4,13 4mc
o UV po
Lo(V) = 32 =55 Euvpe TT[VHVVP7].

Xui’(x) = exp (iiea)X,:—’(x).

L(a,d)=f A3x[LE V) + Le(V)] = £a +hiea

_Sad) _ 8
Pa =5q T 1ETRLE

P = —ihd,
. h? 0 \* h%4?
Hzﬁ(_la“_ﬁe> T2
0
q = —id, —o-€

4¥n(@ = (n - %) ew, (@)

" (x)
P (x)
P(x) =| ¢'(x) |€C°,P'(x) = Y(x)P(x)
P*(x)
$°(x)
F=B-L 4YF __Z
=B-l-ghFe=—3
FE=O

53 = 8} + {131 + {1}o.

{5} x {5} = {15} + {10}
{5} x {10} = {5} + {45}
{10} x {10} = {5} + {45} + {50}




- - . e 1 _
LOGx, 0,9, @) = _fd( clpa)(abcbb + ¢aCXab¢b) + fu Z €abcde CXachche

*
EabcdeYafochhYdi = Efghinej

F¢+FX—F¢=0,2FX+F¢ =0
L()Z,X, l/;, l/), V) = de(e_LeR + e_ReL + CILdR + JRdL) + qu(ﬂLuR + ﬁRuL)

Mme =mg = fdv'mu = fuvvmv =0
_ 4 4
(54} = (24} + {15}_4/s + (T5}ass = Tr(F) = 15 (—g + §> =0

_ 4 4
{45} = {2430 + (10}_y/s + (T0}4/s + {1}o = Tr(F) = 10 (—§+§) —0

_ 2 2
{10} = {5}_ys + {5}z/s = Tr(F) = 5 (—g + g) =0

(16} = (105 + (B)ajs + (1 > Tr(F) =10 5~ 5= +1=0

Spin(10) > SU(S) —> SU)e X SU@)L X UMy 72 SUB)e X U(Dem

Spin(10) D Spin(6) X Spin(4) = SU(4) x SU(2), X SU(2)x.

{54} = {20,1,1} + {6,2,2} + {1,3,3} + {1,1,1}
{45} = {15,1,1} + {6,2,2} + {1,3,1} + {1,1,3}
{16} = {4,2,1} + {4,1,2}
{10} = {6,1,1} + {1,2,2}
Spin(lO){S—Z} Spin(6) x Spin(4) = SU(4) x SU(2), X SU(2)x
2 SU(3)e X U(1)_, X SU(2),, x SU(2)x

(45

52, SUB)e X SU), x U(D)y

i SUBeX UDem

SU(5) = E(4) c Spin(10) = E(5) c E(6) < E(7) c E(8)
27} = {1} + {10} + {16}
{16} x {16} = {10} + {120} + {126}.

PARTE 1V.

= () et = () ¢
qL n 12:00:08 e ) R

{(Zi) CPR}= {22 + {1 = 33w} = (130 = (1},
{iTz (Z]]:)' CeR} = {E}—1/2 + {1}, = (3}.




pL(x)
xx) = nu(x) |, x'(x) =Y(x)x(x),
— “pr(x)

eL(x)
Yx) = —v(®) [,P'(x) =Y@x) Px).

— “er(x)

1 2
'Fn = 1,F¢ = —§,F¢ = —§,FE =0

R

SUB) & U@L x U@y > U(Mem

{8} = (3} + {2h + {231 + (1o
B} = {1+ Lo + {1}y,
BIx (3} = @+ {6}, (3} x (3} = 3} + {6},
BIx 3B} ={1}+ (8}

{14}= {8} + {3} + {3}
={3}o +{2h +{2}1 + {1} + {2}1/5 + {1} 25 + {2} 15 + {123

G(2) 13, SU@L x UMy 2 U(Mem

7y=3+31+{1)
{7} x {7y = {1} + {7} + {14} + {27}

{(m), ‘Pr, cnR}= (3}1/s + (1)1 = {4},

n

{iTZ (Zi): ‘er, CVR} = {§}_1/3 + {1} = {4}.

{20} = {80 + (6} /3 + (6}ajs = Tr(F) = 6 (—g + %) =0

(15} = {8} + (3)—a/s + (3}ass + (1}o = Tr(F) = 3 (—g + g) =0
(6} = (3}_2/5 + (3)ay3 = Tr(F) = 3 (—% + %) =0

(4} = 3} + (1)y = Tr(F) = 3 -%— 1=0

Spin(6) {7; SU(3) {E)} SU2), xU(D)y {—6}> U(Dem-

Spin(6) O Spin(4) x Spin(2) = SU(2), X SU(2)g X U(1)5_..




{20}= {3r3}0 + {2'2}2 + {2,2}_2 + {1,1}0 + {1'1}4 + {1,1}_4
{15}={2,2}; + {2,2}, + {3,1}0 + {1,3}0 + {1,1}o

{6}= {22} + {11}, + {11},

{4}={21} + {12},

Spin(6) > Spin(4) X Spin(2) = SU(2), X SU@)x X U(D)p-,
72, SU@L X Uy = U(Dem.
{4} x {4} = {1} + {15},
{4} x {4} = {6} + {10},
{4} x {4} = {6} + {10},
{8} = {4} + {4}
{8} x {8} = {1} + {7} + {21} + {35}.
1 m = 3.33564095 x 10~ sec.

c = 2.99792458 x 108 msec™?,
h
h= == 1.054571817 x 1073% kg m?sec™?,

G = 6.67430(15) x 107 m3 kg~ !sec™2

Gh -35
Iplanck = 3= 1.61626(2) X 107> m,

Gh —aa
tplanck = == 5.39125(6) x 10~ **sec

hc _g
MPlanck = E = 217643(2) X 10 kg

M, = 1.67262 x 10727 kg = 7.6852 X 102 Mpjgci »
leV =~ 1.602176634 x 10712 kg m?sec™2
MpC2 = (0.9382720882(3)GeV
hc ~ 3.1615 x 10726 kg m3sec™2,
1fm = 107'° m ~ (0.1973GeV) !

e? 1

%= 4mhc ~ 137.03599908(2)°




Particle

type

scalar

boson

gauge

bosons

leptons

baryons

mesons

Particle

Higgs

particle

photon y

W *-bosons

Z-boson

neutrino v,

electron e

proton p

neutron n

pion 1°

pions ¥

2

_Te Fg_

= = 2= 5 =
T F, e a

M Planck

v = 246GeV =~ 2.02 X 1071 Mppanek

Electric
Mass [GeV]
charge
0 125.25(17)
0 <107%
+1 80.377(12)
0 91.1876(21)
0 <0.8x107°
0.51099895000(15)
N x 1073
1 0.93827208816(29)
0 0.9395654205(5)
0 0.1349768(5)
+1 0.13957039(18)

2
4nGMp_l( M, ) ~ 10-36

Life-time

~ 1.9(7)

x 1072%2sec
stable

3.16(6)

x 1072%%sec

2.638(2)

x 1072%%sec

expected to be

stable

> 6.6 X 1028 years

> 1031 ...103%4

years
878.4(5) sec

8.43(13)

x 1071 sec

2.6033(5)

x 10 8sec




Electric

Lepton

charge
electron-neutrino v,

0-1
electron e
muon-neutrino v,

0-1
muon §
tau-neutrino v, tau-

0-1
lepton T

Generation

Mass [GeV]

<08x107°

Life-time

> 6.6 X 1028 years

0.51099895000(15) x 1073

<0.19x 1073 2.1969811(22)

0.1056583755(23) x 107 %sec

<18.2x 1073 1.77686(12) 2.903(5) x 10~ 13sec
Quark flavor  Electric charge  Mass [GeV]

upu

down d

charm ¢

strange s

topt

bottom b

2/3

-1/3

2/3

-1/3

2/3

-1/3

Aqep = 0.332(14)GeV

as(My) = 0.1179(9)

99’

e =

0.00216X3:55942
0.004671399948
1.27(2)
0.093415:998¢
172.7(3)

4.18(3)




Sinz9w=92+,2=0.23121(4)

X = (x0 x1, x2,x3) = (ct, ), x° = ct
$2 = (102 = ()2 - ()2 — ()2
Xy = (xg, X1, X5, x3) = (ct, —%)

xg =x%x; = —xt,x; = —x%, x5 = —x°

3
Z Xt = x,xt = (x0)2 — (x1)? — (x2)? — (x3)? = 52

u=0

(xO)Z _ (x1)2 _ (x2)2 _ (x3)2 — gﬂvx#xv

1 0 0 0
[0 -1 o o
9=lo o0 -1 o

0 0 0 -1

x/t_g/wxv

1 0 0 0
-1 _ 0 -1 0 0
g 0 0 -1 0

0 0 0 -1

gg =1

3" =8}

x”:gl”'vxvl

x'* = Axv

Xy = GuvX" = GuvhpxP
s'2 = xpx't = g, AyxP A X
I N0 = Gpo
(A5 9} = Gops

ATgA = gT =d.

Xy = g,wA‘,;xP = g#vA}’)gPGxd = [gAg—l]zxd = xa([gAg'l]T),‘i — xo‘(A_l)ﬂ




[ghg™' T = g7 'ATg = A1
x, = x, Ay
As)? = (x®—y9)2 = (xt —y1)2 = (x2 —y®)2 = (x3 — y3)?,

x'* = AxV + dH y'H = ALyY + dR

6“—(60616263)—(6 2.9 a)—(la )
T T T ok 0%y 0x, " 0xg) T \e Y '

0 0x, 0
0x;,  0x;, 0x,

o 9 0 0 1
9% = 021,000 = (555 50 7 33) = (227

om

= Abgv

H 0x2 0x? 0x2 0x?
A p(E ) +V-j& t) =0.
JE) = (cp(@, 6), jx (X, ), jy (%, 1), J (£, 1)),

. 1 - . - . - . -
Oujﬂ(x) = Eatcp(x, t) + 0xjx (X, t) + 0y )y, (X, t) + 0,j, (X, t) = 0.
JHOT) = ALY (x) = AR Y (AT,

Ar(x) = (p(X, 1), Ax (%, 1), Ay (X, 1), A, (%, 1))
A'M(x") = ALAY(A™1x")

- - 1 - > N — o
Cp(x, t) = p(x,t) — Eata(x, t), *A(x,t) = A(X, t) + Va(x,t)
CA*(x) = A*(x) — 0*a(x)

a'(x") = a(A1x")
1 - - - -
E(’)tqb(x, t)+V-A(x,t) =0
0,A*(x) =0

1 - - - 1 r r 1—> -
Z0LP(0) — Ap(X, 0) = p(F, 1), 5 0FA(X, £) = DA(K, 1) = —J (%, 1),

0 44Ge) = ()

- — 1 g - — -
E(X t) = =Vp(d,t) — EatA(J'c’, t),B(X,t) = VX A(X,t).




1 — -
0,4 (x) = —3:p(%,0) +V - A%, 1)

DMV (x) = 9RAY (x) + 8 AH(x)
FHY(x) = 9HAY (x) — 8V AH (x)

ADHY(x)= 0 *AY(x) + ¥ *A*(x)

= 0HAY(x) — 0*0Va(x) + 0V A*(x) — 0Vo*a(x) = D*Y(x) — 20% 0V a(x),
AFHY (x)= 0*aAY(x) — 0V A*(x)

= 0*AV(x) — 0* 0V a(x) — VAH*(x) + dVora(x) = F*V(x),

FOl(x) = %A (x) — 1A% (x) = %atAx(ic’, £) + 0, (%, t) = —Ep(%,1),
FO2(x) = 9942 (x) — 024°(x) = %6tAy(5E, £) + 9, (% t) = —E, (& t),

FO3(x) = 9943 (x) — 93A4%(x) = %6tAZ(5c’, £) + 0,0(%,t) = —E, (%, 1),

F12(x) = 91A%(x) — 0241 (x) = —0,A, (%, 1) + 9,4,(% t) = —B,(%,1),
F23(x) = 8243 (x) — 0342 (x) = —0yA,(%,t) + 0,4, (% t) = =B, (%, 1),
F31(x) = 34 (x) — 0143 (x) = —0,A, (& t) + 0,4,(%,t) = —B, (& t).

0 —E.(X,t) —E,(%,t) —E,(Xt)
o 550w 5 e
y ) VA ) X )
E,(x,t) —B,(%,t) By(xt) 0
0 Ex(%,t) E,(%,t) E,(%¢t)
v | B D 0 —B,(%,t) By(xt)
W=\ @ B®EY 0 -B.#1t)
—E,(%,t) —By(X,t) B.(x1t) 0

—

V-E(Xt) =p(%,t),VXB(Xt) — EatE(a?, t) = Ej(a?, t)

0, FH0(x)= 0,E,(,1) + 0,Ey (%, t) + 0,E, (%, t)
=V-E@t) =p(X t)
1
6#F“1(x)= — EatEx(a?, t) + 0y B, (X, t) — 9,B, (X, 1)

— - N 1 - 1 . -
= [Fx BLE 0 =< 0B (E D) = Zje G 0)
1 N N N
0uF*2(x)= =~ 0,Ey (£,8) =~ 0:B,(%,6) + 8,B, (%, 1)
— - - 1 - 1 . -
= [Vx B, (% 0) = =8By (3, 0) = —jy (3,0)

0, FF3 ()= —=0.E,(X,t) + 05 By (¥,t) — 0, B, (%, 1)

— —. N 1 > 1 . -
= [V X B]z(x' t) — Eath(xr t) = E]z(xr t)




1
8, F1 () = <" (x)
3, F* (x) = 9, (0* Ak (x) — 3VAH(x)) =0 A¥(x) — 89, A (x) = % P

- = — - 1 -
V-B@® 1) =0VxE®0)+-0,B@F1) =0

E@t) —» —B(& t),B(% t) — E(% t).

0 B,(X,t) B,(%,t) B,(#1t)
o ) = —B, (%, t) 0 —E,(%,t) E,(%t)

—B,(%,t) E,(%t) 0 —E,. (X, t)
—B,(%,t) —E,(X,t) E.(x,t) 0
8,F*(x) =0

( 0 =By (X,t) —B,(%,t) —B,(%, t)\l

~ | B0 0 —E,(X,t) E,(%t)

FO) = B,(%,t) E,(%1) 0 —E (%) |
\Bz(a?, t) —E,(X,t) E.(x,t) 0 /

- 1
Fuv(x) = Efuvpana(x)

7 1 - 1 23 32 23 >
For(x) = §€O1pan x) = 5(60123F (x) — €0132F°%(x)) = F*°(x) = =By (X, t)
7 1 oo 1 03 30 03 >
Fip(x) = 5512paF ) = 5(612031: (%) — €1230F°" (%)) = F*°(x) = —E,(X, 1)
B 1 wppo 1 (9P AC o AP
OHE, (x) = Ee,w,,aa FPO(x) = Ee,w,,,,a (0PA% (x) —0°AP(x)) =0
OHFPO(x) + 0PFH(x) + 0°F*P(x) =0

Eny (X)FFY (x) = %(ﬁ(f, t)2 — E(%,t)?)

N

En (X)FR (x) = %(E(f, t)2 — B(%,t)?)

1 ~ - — 1 ~
7 I OF () = E (%,t) - B(X,t) = 2 i COF ()
FRVY' (x') = NS AL FP? (x) = NS A, FPT (A x").

FRY' (x') = ASFPO (A" )ALY = F'(x') = AF (A" x)AT.

1 1
L(A) = _ZF;WF”V _EAvjv




3 4 1 1 uv 1 v
S[A] = | dtd3xcca) = dx;(—ZﬁwF Ay )

, oL 0L o Lo — o
50,A,(x) SAy(x) ) =2/ =0

1
0FH(x) = <" ().
T (x) = =FFP(X)FY ,(x) — Lg"Y,

9, T (x) = 0.

T2 (x)= —F° (x)F (x) + %Iim(x)F”"(x)g""
= E(# t)? +%(§(5é, t)2 —E@%,t)?) = %(E(i, )2 + B(%,t)?)
. . 1 .
TR)= —FP () (X) + 7 Fpo ()FP7 () g™
= eiEj (%, DB (E t) = [E®, 1) X BE, 0)];
9, TH(x) = 0oT°°(x) + 8;T7°(x) = 0

[P, A] = 0,[J;, H] = 0,[G;, A] = iP;, [P, B] = 0,[]i, B] = i€iju Py
[Gi, B;] = i6;;M, [[i.];] = i€ijifics i Gj] = i€ijiGr. [Gi, Gi] = 0

[0 Vi) = ieijucVie

=0,[/, H] = 0,[K;, H] =P, [P, B;] = O, [[i, ;] = i€ Py
161]H []u]]] = IEL]k]k: []L;K] = IEUkKk; [KuK] = IEl]k]k

P\IJ— = (I:I,P\l,pz,p3)

0 R R K

O I R
Muv_ A a a
K -3 0

-Ks L, /L 0

[ﬁll'pv] =0, [ uvy ] - 1(gvpﬁ;1 - upﬁv)'
[Muvs Mpo| = i(9uoMvp = GupMvo = GvoMup + GvpMuo),




Hy+H, =H,H; = w{T% H; = w5T% 0f + 0§ = 0?
[Hy,H,] = HiH, — HyHy = wfwd[T%,T?].
[T, T%] = ifupe T
Tt =T4
[Ta,Tb]t = (TaT® — TbTa)’f — rbtpat _patpbt — pbpa _papb — _[pa b,
|(re, 721, 7¢| + [(T%, 7€) 7] + [[7¢, 79, T®| = 0
[5%,52] = fupeS°
[T%,57] = ifupeS©
The = —ifapc
[T% TP ae = Tg T, — TiTfe = —faarfore + foarfase
—faaffore t foagfare = favcfeae
iT* = (iTY)* = —i(TY)" = T* = —(THT

['f'a"fb]z [(Ta)T, (Tb)T] — (Ta)T(Tb)T _ (Tb)T(Ta)T — (TbTa _ TaTb)T
= _[TarTb]T = _ifabc(Tc)T = ifabcTC

(T4, Tb] = i€qpT*

L=7Xxp=—ihAt XV

I2|im) = R2L(L + 1)|lm), £3|im) = Am|tm),1 € Nym € {=,—L + 1, .., I}.




W(O,0) = (0,01 W) = Z Z Cim(, | Im),

=0 m=-1

1/0 10 1/0 -1 0 1 0 0
1 2 3
T'=—"(1 0 1|,T2=—|i 0 =-i|,T®*=(0 0 o0
VZ\p 1 o VZ\o i o 0 0 —1
ol 1, 1 o 1,0 —j a3 1,1 o
1——:— 2:—:— 1 3:—:—
T ) 2(1 0)'T 2 Z(i 0)’T 2 2(0 -1
0 V3 0 0 0 —-iv3 0 0
iV 0 2 0 _w3 o0 21 0
210 2 o V3] 21 0 2i 0 -iv3
0 0 \/§ 0 0 0 W3 0
3 0 0
1f0 1 0
3 -
T “210 o0 0
0 0
uut=utu=1
U = exp (iw?T%) = exp (15-5)=cos (g)ﬂ+isin (9)§
2 2 2w
(A B
U_(—B* A*)

00T =070 =1,det0 =1

0 w?®  —w?
0 =exp (iw?T%) =exp | —w3 0 w!
w? —-w' 0

1
Oup = ETr[chaUTab]
1 a. b
Oqp = ETF[O' 0”] = Sap

%Tr[UTJaUab] = %Tr[UabU*aa] = Opq = Ogp

UUT =UtU =1,detU = 1,VVT =ViV=1detV =1 =
uvww)t = uvvtut =1, det(UV) = detUdetV = 1.

U =exp (iH)

-0



abc

fabc

118

abc

10 0 —i 0 1 0 0
0 0], 22=(i 0 o), 2B={0 -1 0 "
0 0 0 0 0 0 0 0/ ;8_1(,
0 1 0 0 —i 00 0 73
5 _ 7 : 0
0 0). A —(0 0 0), A —(0 0 —1),
0 0 i 00 0 i 0
1 a yb1yc 1 a )byjc
fave = 37 Tr 1A% 2212, dape = 7 Trl(2%, 23]
123 147 156 246 257 345 367 458
1 1/2 -1/2 1/2 172 172 -1/2 3/2
146 157 228 247 256 338

SU(n) = §3 x §% x - x §2n~1

1 0 0
0 Un Uiz
v=yww=|2 Un Uz
0 Up-11 Up-1z
_u _ Us1(1 + Uqq)
21 1+ U5
1+ Uy — Uy )? B U31Upq
1+U;; 1+ Uy
_ U31Us3q 1+ Ujy — |Usq)?
1+Uqq 1+ Ug;
_ U31Unq _ U31Unq
1+U;; 1+ Uy

SU(n)/SU(n —1) = §2*1

0
Uin—l
U2n—1

Un—ln—l

_ Up1(1+ Uyq)

1+Ug;

Un1Uzq

1+Ufy

_ Un1Usq
1+ Ug;

1+ Uikl - |Un1|2

1+ Uy

Z(n) = {exp 2nim/n),m =1, ...,n}

€ SU(n)

678

V3/2

344




dape 1/2 1/2 1//3 -1/2 1/2 1/3 1/2
/V3
abc 355 366 377 448 558 668 778 888
-1 -1 -1 -1 -1 -1 -1
dabc 1/2

/2 /2 /(2v/3) /(2V3) /(2V3) /(2V3) /N3

4
{Aa, /1b} = § ab]l + Zdabcllc

T, =T'+iT%Vy =T* +iT% U, =T +iT”

[T?’,Ti] =Ty, [T, T-] = 273
1 3
[T3,Vi] = iEVi, v,v.]= EY +7T3

_1 3
[T3, Ui] = +§Ui’ [U+, U_] = EY - T3

[Y,T3] = [Y, Ti] = 0, [Y, Vi] = iVi' [Y, Ui] = iUi
[T, V] = [Ty, U_]=[U,V ] =0,
[T, V_]=-U_I[T,, U] =V,,[U,V]=T_

|12 o3 fo-2og
N

T {TYYTT3) = JT(T + 1) — T3(T3 + D|{T}YTT3 + 1).
YVL{TYTT?)= ([Y,Vi] + VoY) {TIYTT?)

T3V {TYYTT3)= (Vi + ViY){TIYTT3) = (Y £ DVL{TIYTT3) = ([T3, V4] + VL T3){TIYTT?3)
= (i%Vi + ViT3) {TYYTT?3) = (T3 + %) Vo {T3YTT3)
YUL{TYYTT3)= ([Y,Us] + UL Y){TIYTT3) = (2U4 + ULY)|{TIYTT3) = (Y £ DUL|[{T}YTT3)

T3UL|{TYYTT3)= ([T3, U] + U,T3)|[{T}YTT?3)

=($%Ui+U+ )|{r}YTT3>—( %) UL {TYYTT)




VL {TYYTT3) = Z Criyprs
TI

UL |{T}YTT3) = Z Crryrrs
TI

1
(ryy+1,7,73 + §>

1
Iy +1, 7,73 %F E)

I-dimensional symmetric representation,

2-dimensional representation of mixed symmetry,

1-dimensional anti-symmetric representation.

1-dimensional,

2-dimensional,

1-dimensional.




_m [licie (i —1L)

Dy mmy, = N L li=mi+n—i

(L=l =) =l) 341
L1 51211

[ 1=1{2}.

d3’1‘1 = 5'




n n+1l|n+2|n+3 n+4|n+5 n+6

n—11|n n+1|(n+2

n—2|n—1|n n+1

SZE(ml_mZ)

on _Am - DI@tm =2 myl 1 Tliae (= 1)

mmze M (= 1) (n—2) 0N Ll
=Hi<k (m; —my —i+k)
(n—1!(n—2)!..0

2 ml_m2_1+2
Drmym, = 110! =m-—my+1=q,+1=25+1

pn s my—mye—i+k) (n—-D!(n-2)'..00
MM (= 1) (n—2)!..00  (n—1)!(n—2)!..00

112

m; =my —Mp_jyq1,q; =My — My = My — Myp_jt1 = Qi




and

and

1pé

pr _ _ —pn
mq,msy,...My mq,my,..Mp*

n _ 2
D311,.10=n"—1

{n}x{n}x---x{n}zmxl:lx---xD.
() X ) % X (1} = D dny Dty e}
r

L= x =0+ ]+ []

n(n + 12(n + 2)} +32 {(n - 1)731(n + 1)} + {(n - 2)211 - 1)n}

) x () = {

n(n+1)(n+2)+2(n—1)n(n+1)+(n—2)(n—1)n_

3
6 3 6 n

{2} x {2} X {2} = {4} + 2{2} + {0},

{3} x {3} x {3} = {10} + 2{8} + {1}

{3} x {3} = (1} + {8}




Tu=d,T,d=u,U_d=s,U;s=d,Vu=s,V,s =u.

T.d=-u, T,i=-d,U0.5=-d,0,5=—1
Vs=—-u, V,5=-d
8}011 —|3 111>|§ 111}— d
1{83011) = |{ 322 { 327 =Y

—V2|{8}010) = (T_ + T_)ud = —uii + dd = |{8}010) = %(uﬂ —dd)

V2|{8}01 — 1) = (T_ + T_)%(uﬁ —dd) =V2da = |{8}010) = du

8111>—U+U d=—-us = 8111>— S
[83155) = W + Toud = —us > |81155) = us,

11, 11, - 1 1
|{8}1E—E> = dS, |{8} — 152) = Sd, |{8} — 1E—E> = Su.
W +7) |{8}1%%> = (V. +V.)us = 55 — il = a|{8}000) + B|{8}010).

|{8}000) = % (uit + dd — 2s5)

1 s
[{1}000) = ﬁ (uu + dd + s3)

Spin(n) = S x §2 x «-x S™71
53/51 — 52157/5‘3 — 54’515/57 — 58
§3 =51 x5%57=53%x85%81° =57 x58

Spin(3) = St x §2 = §3 = SU(2)
Spin(6) = ST X 52x S3 x S* x S°=53xS°%x 57 =SU(4)

]=(—011 g)=10-2®]1

ur=just

v= w)

H* = —JHJt = JH].

=>4 2.,

ng=n’+m+1n=_2n+ Hn

Sp(n) =53 x 87 x -+ x §4M1




Sp(1) = S3 = SU(2),Sp(2) = S3 x S7 = §1 x §2 x §3 x §* = Spin(5)

Sp(3)=53x 87 xS =85t xS§2x 853 x8*xs11
# ST X 52 x53x 8% x S5 x 8% =Spin(7)

0apOac = Bpc
Tape = Tdedea Oep Ofc-

Ti27 = Tisa = T163 = T235 = T264 = T374 = T576 = 1

1 (aa 0 0)
AM=—(0 -2 0
V2\o 0 o
7}=3+ 31+ {1)

T+ = = (A 4 1A2) = [1)(2] — |S)(4], T~ = —= (A — iA2) = [2)(1] — [4)(5],

V2 V2

V= o= (A% + iA%) = [2)(3] — [6)(5, V™ = —= (A% — iA%) = [3)(2] — |5)(6|
V2 ' V2 '

Ut = i(A6 +iA7) = |1)3| — |6)(4|, U~ = i(A6 —iA7) = [3)(1] — |4X6|
Vz R '

X* = - (A% + A1) = |2)(4] — 15| = VZI7)(3] = VZI6)(7]

NG

—_i 9 _ iAl10 — _ — —

X —ﬁ(A A1) = |4)(2] — |5)(1] — V2|3)(7| — V2|7)(6],
v+ = %(Aﬂ FIN1Z) = [6)(1] — [4)(3] = VZ|2)(7| = VZI7)(5)],

Y- = %(A11 —iA12) = |16 — [3)(4] — V2|7)(2| — V2|5)7],
7+ = %(AB A1) = [3)(5] — |2)(6] — VZI7)(1] —VZ|4)(7],
Z" = %(Aﬁ —iAY™) = |5)(3| — |6)(2] — V2|1)(7| — V2|7)(4].

{14} = {8} + {3} + {3}
A 0 0
7= (0 21 0)
0 0 1

{7} x {73 = {13 + {7} + {14} + {27},

(7} x {14} = {7} + (27} + {64}
(14} x {14} = {1} + (14} + 27} + {77} + (77"}

G(2) = SU(3) X 5S¢ = §3 x §5 x §°




SO(7)=S1x852x83x5*Xx5°%x5%=G(2) xSt x852x8%=G(2)xS3x85*
=G(2) x S’

{40} X {16}= {55} + 2{30} + {154} + 3{14} + 2{81} + 3{5} + 3{35} + {105} + 2{1} + 3{10} + 2{35'}
—[{35} + {30} + {10} + 2{14} + 2{5} + {1}] — [{1} + {10} + {35'}]
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Figura 3. Ondas gravitacionales a escala cuantica.
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