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RESUMEN 

En este trabajo, abordaremos los agujeros negros causados a escala microscópica. El modelamiento 

matemático, si bien es cierto que parte de la métrica cosmológica, pues, refleja una demostración 

cuantitativamente significa. Asimismo, se abordará al agujero negro cuántico masivo y supermasivo 

respectivamente, los cuales tienen algunas diferencias esenciales, muy especialmente, en el aspecto 

morfológico. El agujero negro cuántico, es el resultado de la aniquilación o colapso de una partícula 

supermasiva, en el caso de una partícula supermasiva, o de la aniquilación o colapso de una partícula de 

tipo estrella u oscura, a la luz de la Teoría Cuántica de Campos Relativistas o Curvos formulada por este 

investigador en trabajos anteriores. Se abordarán escenarios perturbativos y no perturbativos en relación 

a los agujeros negros cuánticos, incluyendo aquellos que superan dimensiones múltiples o distintas. Los 

agujeros negros cuánticos, surgen en entornos de gravedad o supergravedad cuánticas. 

 

Palabras clave: agujero negro cuántico, agujero negro cuántico supermasivo, agujero negro cuántico 

masivo, supergravedad cuántic2 
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Massive or Supermassive Quantum-Relativistic Black Holes 

ABSTRACT 

In this paper, we will address caused black holes on a microscopic scale. Mathematical modeling, 

although it is true that it is based on cosmological metrics, therefore, reflects a quantitative 

demonstration. Likewise, the massive and supermassive quantum black holes respectively will be 

addressed, which have some essential differences, especially in the morphological aspect. The quantum 

black hole is the result of the annihilation or collapse of a supermassive particle, in the case of a 

supermassive particle, or the annihilation or collapse of a star or dark particle, in the light of the Quantum 

Theory of Relativistic or Curved Fields formulated by this researcher in previous works. Perturbative 

and non-perturbative scenarios in relation to quantum black holes will be addressed, including those that 

overcome multiple or different dimensions. Quantum black holes arise in environments of quantum 

gravity or supergravity. 

 

Keywords: quantum black hole, supermassive quantum black hole, massive quantum black hole, 

quantum supergravity 
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INTRODUCCIÓN 

Los agujeros negros cuánticos, ocurren a escala microscópica, muy al contrario del agujero negro 

cosmológico, aunque gozan de similares características físicas. El agujero negro cuántico, surge a 

propósito de la aniquilación o en su defecto, de la interacción de una partícula supermasiva, respecto de 

un espacio – tiempo cuántico específico. Surge por aniquilación o colapso, en tratándose de una partícula 

supermasiva, de tipo estrella u oscura, en cuyo caso, se forma un agujero negro cuántico supermasivo, 

esto es, exponencialmente denso, dotado de radiación, de un radio orbital creciente y con horizonte de 

eventos relativamente pequeño, lo que implica, que cualquier partícula que supere dicho horizonte, 

entrará al punto de no retorno y en consecuencia, será engullida por el agujero negro hasta fundirse con 

la singularidad. Surge por interacción de una partícula supermasiva, esto es, cuando una partícula 

supermasiva, dotada de gravedad endógena o exógena, sufre de aniquilación, deformando así, el espacio 

– tiempo cuántico, y por ende, provocando un agujero negro masivo, dotado de radiación menor, de un 

radio orbital creciente y con un horizonte de eventos relativamente extenso, lo que implica que cualquier 

partícula, puede propagarse en cuanto a sus orbitales, alrededor del agujero negro cuántico, sin que sea 

engullida, a menos que supere el horizonte de eventos. En ambos casos, las hiperpartículas, no escapan 

al diámetro de absorción del agujero negro, sea masivo o supermasivo, según sea el caso. Es importante 

precisar en este punto que, un agujero negro masivo, es susceptible de convertirse en un agujero negro 

supermasivo, muy especialmente cuando engulle una partícula de tipo estrella u oscura. En tratándose 

del agujero negro masivo o en su defecto, del agujero negro supermasivo, la singularidad, está 

constituida, en primer término, por un cúmulo contraído de materia oscura, es decir, de masa negra, 

ultramente pesada y densa, generadora de energía oscura y capaz de estirar el espacio – tiempo cuántico, 

en el que, el tiempo, es una dimensión física más, susceptible de alteración, hacia adelante y hacia atrás. 

Llegado a esta singularidad primaria, la materia y la energía entrantes se licúan en el núcleo duro del 

agujero negro cuántico, aumentando su capacidad gravitacional. Como se notará, la materia y la energía, 

se transforman, más sin embargo, su información se destruye, pues pasa a configurarse a la morfología 

propia del agujero negro. Superada esta fase de singularidad primaria, existe una singularidad secundaria 

o final, en la que, si un objeto dotado de materia y energía lo atraviesa, conservará su información y por 

ende, se transformará en la medida en que, conservará su estado inicial, pero interactuante en una nueva 



pág. 685 

dimensión, en la que, su naturaleza morfológica y fenomenológica es arbitraria, y por ende, engranada 

en la nueva dimensión, cuyas leyes son en contrario o no, a la dimensión de origen. En este trabajo, se 

desarrolla un modelo matemático que explica tanto al agujero negro masivo como al agujero negro 

cuántico supermasivo, desde su formación. El agujero negro cuántico, no es susceptible de extinción, 

más si de mutación, incluso en agujero blanco cuántico, que es todo lo opuesto al aquí teorizado. Es 

preciso indicar, que el agujero negro cuántico, en cuanto a su tamaño, es directamente proporcional al 

espacio – tiempo cuántico en el que se ha originado. 

RESULTADOS Y DISCUSIÓN. 

Agujeros negros cuánticos masivos. Modelo Matemático aplicable a Campos Cuánticos 

Relativistas o Curvos. Modelo Ramond - Eddington-Finkelstein. 

𝐼𝑁𝑆 =
1

2
∫  𝑑10𝑥√𝑔𝑒−2𝜙 (𝑅 + 4(∇𝜙)2 −

1

12
𝐻2)  

𝐼𝑅 = −∫  𝑑
10𝑥√𝑔 (

1

2 ⋅ 2!
𝐹2 +

1

2 ⋅ 4!
𝐹4
′2) −

1

4
∫  𝐹4 ∧ 𝐹4 ∧ 𝐵  

{𝑄𝛼 , 𝑄�̇�
′ } ∼ 𝛿𝛼�̇�𝑊  

𝑀 ≥ 𝑐0|𝑊|,  

𝑀 ≥
𝑐1
𝜆
|𝑊|  

1

4𝑒2
∫  𝑑𝑛𝑥√𝑔𝐹2  

1

4
∫  𝑑𝑛𝑥√𝑔𝑒𝛾𝜙𝐹2  

𝑀 =
𝑐|𝑛|

𝜆
 

𝐼 =
1

2
∫  𝑑11𝑥√𝐺(𝑅 + |𝑑𝐴3|

2) + ∫  𝐴3 ∧ 𝑑𝐴3 ∧ 𝑑𝐴3  

𝐼 =
1

2
∫  𝑑10𝑥√𝐺10(𝑒𝛾(𝑅 + |∇𝛾|2 + |𝑑𝐴3|

2) + 𝑒3𝛾|𝑑𝐴|2 + 𝑒−𝛾|𝑑𝐵|2) + ⋯  

𝐼 =
1

2
∫  𝑑10𝑥√𝑔(𝑒−3𝛾(𝑅 + |∇𝛾|2 + |𝑑𝐵|2) + |𝑑𝐴|2 + |𝑑𝐴3|

2 +⋯)  

𝑒−2𝜙 = 𝑒−3𝛾  

𝑟(𝜆) = 𝑒
2𝜙
3 = 𝜆2/3  
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𝑒−𝛾/2

𝑟(𝜆)
∼ 𝜆−1  

∫  𝑑𝑑𝑥√𝑔𝑒−2𝜙𝑅  

𝑤𝑑 = 𝜆
2/(𝑑−2)  

 

(
0 1
1 0

)  

(𝑒
𝜆𝑖 0
0 𝑒−𝜆𝑖

)  

(12,2) ⊕ (32,1)  

{𝑄𝛼
𝑖 , 𝑄𝛽

𝑗
} = 𝜖𝛼𝛽𝑍

𝑖𝑗  

𝑇𝑔 = 𝑇𝑔
−1  

𝜓 → 𝑍(𝜓) = 𝑇𝑔𝜓  

𝜓 → 𝑔′𝜓

𝑔 → 𝑔′𝑔.
 

𝑔𝑡 = (
𝑒𝑡 0
0 𝑒−𝑡

)  

 

𝑔𝑡 =

(

 
 

𝑒𝑎1𝑡 0 0 0 0
0 𝑒𝑎2𝑡 0 0 0
0 0 𝑒𝑎3𝑡 0 0
0 0 0 𝑒𝑎4𝑡 0
0 0 0 0 𝑒𝑎5𝑡)

 
 

 

𝑎1 ≥ 𝑎2 ≥ ⋯ ≥ 𝑎5  

𝑀(𝜓𝑖𝑗) ∼ 𝑒
−𝑡(𝑎𝑖+𝑎𝑗)  

𝑔𝑡 =

(

 
 

𝑒𝑡 0 0 0 0
0 𝑒𝑡 0 0 0
0 0 𝑒𝑡 0 0
0 0 0 𝑒𝑡 0
0 0 0 0 𝑒−4𝑡)

 
 

 

𝑔𝑡 =

(

 
 

𝑒4𝑡 0 0 0 0
0 𝑒−𝑡 0 0 0
0 0 𝑒−𝑡 0 0
0 0 0 𝑒−𝑡 0
0 0 0 0 𝑒−𝑡)
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𝑔𝑡 =

(

 
 

𝑒3𝑡 0 0 0 0
0 𝑒3𝑡 0 0 0
0 0 𝑒−2𝑡 0 0
0 0 0 𝑒−2𝑡 0
0 0 0 0 𝑒−2𝑡)

 
 

 

𝑔𝑡 =

(

 
 

𝑒2𝑡 0 0 0 0
0 𝑒2𝑡 0 0 0
0 0 𝑒2𝑡 0 0
0 0 0 𝑒−3𝑡 0
0 0 0 0 𝑒−3𝑡)

 
 

 

(𝜓, 𝜓) = 2𝜓12𝜓34  

(𝑝, 𝑝) = |𝑝𝐿|
2 − |𝑝𝑅|

2  

𝑥𝑖 → 𝑒𝑐𝑖𝑡𝑥𝑖  

𝑀𝜌 ∼ exp (−∑  

𝑖

  𝑐𝑖𝑒𝑖𝑡)  

𝑀𝜌′ ∼ exp (−∑  

𝑖

  𝑐𝑖𝑓𝑖𝑡)  

𝑐𝑖 = 0 whenever 𝑓𝑖 < 𝑒𝑖.  

(𝑒
𝑡 0
0 𝑒−𝑡

)  

𝑑𝐻 = tr𝐹 ∧ 𝐹 − tr𝑅 ∧ 𝑅  

𝐽 =∗ tr𝐹 ∧ 𝐹 −∗ tr𝑅 ∧ 𝑅  

𝐷𝑚𝐺𝑚𝑛 = 𝐽𝑛  

𝑀 =
16𝜋2|𝑛|

𝜆2
 

𝐼 = ∫  𝑑6𝑥√𝑔𝑒−2𝜙(𝑅 + |∇𝜙|2 + |𝑑𝐵|2 + |𝑑𝐶|2)  

𝐼′ = ∫  𝑑6𝑥√𝑔
′
(𝑒−2𝜙

′
(𝑅′ + |∇𝜙′|2 + |𝑑𝐵′|2) + |𝑑𝐶′|2)  

𝐼′ = ∫  𝑑6𝑥√𝑔
′′
(𝑒2𝜙

′
(𝑅′′ + |∇𝜙′|2) + 𝑒−2𝜙

′
|𝑑𝐵′|2 + 𝑒2𝜙

′
|𝑑𝐶′|2)  

𝑒−2𝜙
′
𝑑𝐵′ =∗ 𝑑𝐵′′  

𝐼′ = ∫  𝑑6𝑥√𝑔
′′
𝑒2𝜙

′
(𝑅′′ + |∇𝜙′|2 + |𝑑𝐵′′|2 + |𝑑𝐶′|2)  
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𝜙= −𝜙′  

𝑔= 𝑒2𝜙𝑔′ = 𝑒−2𝜙
′
𝑔′ 

𝑑𝐵 = 𝑒−2𝜙
′
∗ 𝑑𝐵′

𝐶 = 𝐶′

 

𝜆′= 𝜆−1  
𝑟′ = 𝜆−1𝑟.

 

𝑟′′ =
1

𝑟′
=
𝜆

𝑟
 

𝜆′′ =
𝜆′

𝑟′
 

𝑟′

(𝜆′)2
=

𝑟′′

(𝜆′′)2
 

𝜆′′= 𝑟−1 

𝑟′′ =
𝜆

𝑟

 

𝒩 = 𝑆𝑂(21,5; 𝐙) ∖ 𝑆𝑂(21,5;𝐑)/(𝑆𝑂(21) × 𝑆𝑂(5))  

ℳ =𝒩 ×𝐑+  

𝑔𝑚6∶
𝜆

𝑟
𝐵𝑚6∶ 𝜆𝑟

𝐴𝑚∶
𝑟

𝜆

 

𝑔𝑚6
′ ∶

1

𝑟′

𝐵𝑚6
′ ∶ 𝑟′

𝐴𝑚
′ ∶

𝑟′

(𝜆′)2

 

𝜆4 = 𝜆𝜌
−1/2  

ℳ = 𝑆𝑂(20,4; 𝐙) ∖ 𝑆𝑂(20,4; 𝐑)/(𝑆𝑂(20) × 𝑆𝑂(4))  

ℳ =ℳ1 × 𝐑
+  

ℳ1 = 𝑆𝑂(19,3; 𝐙) ∖ 𝑆𝑂(19,3;𝐑)/𝑆𝑂(19) × 𝑆𝑂(3)  

𝐼 =
1

2
∫  𝑑11𝑥√𝐺(𝑅 + |𝑑𝐴3|

2) + ∫  𝐴3 ∧ 𝑑𝐴3 ∧ 𝑑𝐴3  

∫  𝑑7𝑥√�̃�(𝑒4𝛾(�̃� + |𝑑𝛾|2 + |𝑑𝑎3|
2) + |𝑑𝐴|2)  

∫  𝑑7𝑥√𝑔𝑒−6𝛾(𝑅 + |𝑑𝛾|2 + |𝑑𝐵|2 + |𝑑𝐴|2)  
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𝑒𝛾 = 𝑒𝜙/3 = 𝜆1/3  

1

𝜆6
2 =

𝑟1

𝜆7
2  

𝜆6
′ =

1

𝜆6
=
𝑟1
1/2

𝜆7
 

𝑔 = 𝑒2𝜙𝑔′ = 𝜆6
2𝑔′ =

𝜆7
2

𝑟1
𝑔′  

𝑀 ∼
1

𝑟1
.  

∫  𝑑10𝑥√𝑔10
′ (𝑒−2𝜙10

′
𝑅10
′ + |𝑑𝐴|2 + |𝑑𝐴3|

2 +⋯)  

∫  𝑑6𝑥√𝑔′ (
1

(𝜆6
′ )2

𝑅′ + 𝑉|𝑑𝑎|2 + 𝑉|𝑑𝑎3|
2 + |𝑑𝐶𝐼|

2)  

∫  𝑑6𝑥√𝑔′ (
1

(𝜆6
′ )2

𝑅′ + 𝑉|𝑑𝑎|2 +
1

𝑉
|𝑑𝑏|2 + |𝑑𝐶𝐼|

2)  

∫  𝑑6𝑥
1

4𝑒eff
2 |𝑑𝐴|

2  

𝑀′ =
1

𝑉1/2𝜆6
′  

𝑉 = 𝑟1
2  

𝑉

(𝜆10
′ )2

=
1

(𝜆6
′ )2

 

𝜆10
′ =

𝑟1
3/2

𝜆7
 

𝑟11 = (𝜆10
′ )2/3 =

𝑟1

𝜆7
2/3  

𝑔′ = (𝜆10
′ )2/3𝐺10  

𝑉11 = (𝜆10
′ )−4/3𝑉 = 𝜆7

4/3
𝑟1
−2𝑉 = 𝜆7

4/3  

∫  𝑑10𝑥√𝑔𝑒−2𝜙(𝑅 + |∇𝜙|2 + 𝐹2 + |𝑑𝐵|2)  

∫  𝑑10𝑥√𝑔
′
(𝑒−2𝜙

′
(𝑅′ + |∇𝜙′|2) + 𝑒−𝜙

′
𝐹2 + |𝑑𝐵|2)  
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(𝑟′)10−𝑑

(𝜆′)2
=
(𝑟′′)10−𝑑

(𝜆′′)2
 

𝜆′′ = 𝜆′ (
𝑟′′

𝑟′
)

(10−𝑑)/2

=
𝜆(8−𝑑)/2

𝑟10−𝑑
 

Φ =∑ 

𝑠

 𝜙𝑠|𝑠⟩ +∑  

𝑠

 𝜙𝑠
∗|�̂�⟩.  

⟨⟨∣ 𝑠⟩, ∣ �̂�⟩⟩⟩ = 𝛿𝑟𝑠 ,  

𝑆(𝜙𝑠, 𝜙𝑠
∗) = 𝑆[Φ] = −

1

𝑔𝑠
2(
1

2
⟨⟨Φ, 𝑄Φ⟩⟩ +∑  

∞

𝑔=0

 𝑔𝑠
2𝑔
𝒱(𝑔)(Φ))  

𝒱(𝑔)(Φ) = ∑  

∞

𝑘=1

 𝒱𝑘
(𝑔)
(Φ,⋯ ,Φ⏟    
𝑘 times 

)  

1

2
{𝑆[Φ], 𝑆[Φ]}BV + ΔBV𝑆[Φ] = 0  

{𝑆, 𝑆}BV  = ∑  

𝑠

 𝑆 (
𝜕←

𝜕𝜙𝑠

𝜕

𝜕𝜙𝑠
∗ −

𝜕←

𝜕𝜙𝑠
∗

𝜕

𝜕𝜙𝑠
)𝑆

ΔBV𝑆 =∑  

𝑠

  (−1)𝑑(𝜙𝑠)
𝜕

𝜕𝜙𝑠

𝜕

𝜕𝜙𝑠
∗ 𝑆

 

𝑏0 + 𝑏‾0

𝐿0 + 𝐿‾0
= (𝑏0 + 𝑏‾0)∫  

∞

0

 𝑑𝑡𝑒−𝑡(𝐿0+𝐿‾0)  

𝜕𝒱 +
1

2
{𝒱, 𝒱} + Δ𝒱 = 0  

𝒱 =∑  

𝑔

 𝑔𝑠
2𝑔
𝒱(𝑔),

𝒱(𝑔) =∑  

𝑘

 𝒱𝑘
(𝑔)
.

 

𝜕𝒱 +
1

2
{𝒱, 𝒱} + Δ𝒱 = 0 →  

1

2
{𝑆[Φ], 𝑆[Φ]}BV + ΔBV𝑆[Φ] = 0  

⟨⋅,⋅⟩:ℋo⊗ℋo → ℂ,  

𝑆free [Ψ] = −
1

2𝑔𝑠
⟨Ψ,𝑄𝐵Ψ⟩,  

𝑄𝐵Ψ = 0  

Ψ ∼ Ψ +𝑄𝐵Λ  
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𝑆[Ψ] = −
1

𝑔𝑠
(
1

2
⟨Ψ, 𝑄𝐵Ψ⟩ +∑  

∞

𝑛=2

 
1

𝑛 + 1
⟨Ψ,𝑚𝑛(Ψ,⋯ ,Ψ⏟    

𝑛 times 

)⟩)  

𝑚𝑛:ℋo
⊗𝑛 → ℋo  

{𝑆[Ψ], 𝑆[Ψ]}BV = 0  

∑  

𝑛−1

𝑘=1

 𝑚𝑘𝑚𝑛−𝑘 = 0  

𝑚𝑘𝑚𝑝:ℋo
⊗𝑘+𝑝−1

→ ℋo

𝑚𝑘𝑚𝑝(Ψ1,⋯ ,Ψ𝑘+𝑝−1):= 𝑚𝑘(𝑚𝑝(Ψ1,⋯ ,Ψ𝑝),Ψ𝑝+1,⋯Ψ𝑘+𝑝−1)

+(−1)𝑑1𝑚𝑘(Ψ1,𝑚𝑝(Ψ2⋯ ,Ψ𝑝+1),Ψ𝑝+2⋯Ψ𝑘+𝑝−1)

⋮

+(−1)𝑑1+⋯𝑑𝑘−1𝑚𝑘 (Ψ1,⋯Ψ𝑘−1,𝑚𝑝(Ψ𝑘⋯ ,Ψ𝑘+𝑝−1))

 

𝑆Witten [Ψ] = −
1

𝑔𝑠
(
1

2
⟨Ψ,𝑄𝐵Ψ⟩ +

1

3
⟨Ψ,𝑚2(Ψ,Ψ)⟩)  

𝑆Witten 

(𝜇)
[Ψ] = −

1

𝑔𝑠
(
1

2
⟨Ψ, 𝑄𝐵Ψ⟩ +

1

3
⟨Ψ,𝑚2(Ψ,Ψ)⟩) +∑ 

𝑘

 𝜇𝑘⟨𝑉
𝑘(𝑖, −𝑖), Ψ̃⟩,  

(𝑏0 − 𝑏‾0)Φ ∶= 𝑏0
−Φ = 0

(𝐿0 − 𝐿‾0)Φ ∶= 𝐿0
−Φ = 0

 

𝑆free[Φ] = −
1

2𝑔𝑠
2
⟨Φ, 𝑐0

−𝑄𝐵Φ⟩  

𝑄𝐵Φ = 0  

Φ ∼ Φ + 𝑄𝐵Λ  

𝑆class [Φ] = −
1

𝑔𝑠
2 (
1

2
⟨Φ, 𝑐0

−𝑄𝐵Φ⟩ +∑  

∞

𝑘=2

 
1

(𝑘 + 1)!
⟨Φ, 𝑐0

−𝑙𝑘(Φ
∧𝑘)⟩)  

𝑙𝑛:ℋc
∧𝑛 → ℋc  

{𝑆class [Φ], 𝑆class [Φ]}BV = 0  

∑  

𝑛−1

𝑘=1

  𝑙𝑘𝑙𝑛−𝑘 = 0  

𝑙𝑛 → 𝑙𝑛
(𝑔)
, 𝑔 = 0,1,⋯  

𝑆quant [Φ] = −∑  

∞

𝑔=0

 𝑔𝑠
−2+2𝑔

∑  

∞

𝑘=0

 
1

(𝑘 + 1)!
⟨Φ, 𝑐0

−𝑙𝑘
(𝑔)
(Φ∧𝑘)⟩  
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1

2
{𝑆quant [Φ], 𝑆quant [Φ]}BV

+ ΔBV𝑆quant [Φ] = 0  

𝑆free
𝑜𝑐 [Φ,Ψ] = −

1

2𝑔𝑠
2
⟨Φ, 𝑐0

−𝑄𝐵Φ⟩ −
1

2𝑔𝑠
⟨Ψ, 𝑄𝐵Ψ⟩.  

𝑆quant 
𝑜𝑐 [Φ,Ψ] = ∑  

∞

𝑔,𝑏=0

 𝑔𝑠
2𝑔+𝑏−2

∑  

∞

𝑘=0

  ∑  

∞

{𝑙1,…,𝑙𝑏}=0

 𝒜𝑘;{𝑙1,…,𝑙𝑏}
𝑔,𝑏

(Φ∧𝑘⊗′ Ψ⊙𝑙1 ∧′ …∧′ Ψ⊙𝑙𝑏)  

{𝑆quant 
𝑜𝑐 , 𝑆quant 

𝑜𝑐 }
c
+ {𝑆quant 

𝑜𝑐 , 𝑆quant 
𝑜𝑐 }

o
+ 2Δc𝑆quant 

𝑜𝑐 + 2Δo𝑆quant 
𝑜𝑐 = 0  

Φv = 0 →  Φv = Φv(𝑔𝑠)  

𝑙𝑘
(1𝑃𝐼)

= ∑  

∞

𝑔=0

 𝑔𝑠 
2𝑔𝑙𝑘

(1𝑃𝐼,𝑔)
 

𝑆(1𝑃𝐼)(Φ) =
1

𝑔𝑠
2∑ 

∞

𝑘=0

 
1

(𝑘 + 1)!
⟨Φ, 𝑐0

−𝑙𝑘
(1𝑃𝐼)

(Φ,⋯ ,Φ)⟩ ,  

{𝑆(1𝑃𝐼)(Φ)), 𝑆(1𝑃𝐼)(Φ)}
BV
= 0  

𝑙0
(1𝑃𝐼)

= ∑  

∞

𝑔=1

 𝑔𝑠
2𝑔
𝑙0
(1𝑃𝐼,𝑔)

 

∑ 

𝑛

𝑘=0

  𝑙𝑘
(1𝑃𝐼)

𝑙𝑛−𝑘
(1𝑃𝐼)

= 0  

(𝑙1
(1𝑃𝐼)

)
2
= −𝑙2

(1𝑃𝐼)
𝑙0
(1𝑃𝐼)

≠ 0  

∑ 

∞

𝑘=1

 
1

𝑘!
𝑙𝑘
(1𝑃𝐼)

(Φ∧𝑘) = −𝑙0
(1𝑃𝐼)

 

Φv(𝑔𝑠) = ∑  

∞

𝑔=1

  (𝑔𝑠)
2𝑔Φ𝑔  

𝑂(𝑔2
2): 𝑄Φ1  = −𝑙0

(1𝑃𝐼,1)

𝑂(𝑔2
4): 𝑄Φ2  = −𝑙0

(1𝑃𝐼,2)
− 𝑙1

(1𝑃𝐼,1)(Φ1) −
1

2
𝑙2
(1𝑃𝐼,0)(Φ1, Φ1)

 ⋮

 

Φ = Φv + Φ̂  

𝑆2[Φ̂] =
1

2𝑔𝑠
2 ⟨Φ̂, 𝑙1(𝑔𝑠)Φ̂⟩  
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𝑃:ℋ → 𝑃ℋ
[𝑄𝐵, 𝑃] = 0.

 

𝑙𝑘
(𝑔)
→ 𝑙𝑘

(𝑔)
 

𝑆eff[𝜙] = −∑  

∞

𝑔=0

 𝑔𝑠
−2+2𝑔

∑  

∞

𝑘=0

 
1

(𝑘 + 1)!
⟨𝜙, 𝑐0

−𝑙𝑘
(𝑔)
(𝜙,⋯ , 𝜙)⟩ .  

ℎ:=
𝑏0
+

𝐿0
+ 𝑃‾  

1

2
{𝑆eff(𝜙), 𝑆eff(𝜙)}BV + ΔBV𝑆eff(𝜙) = 0  

𝑄Φ +∑  

∞

𝑘=1

 
1

𝑘!
𝑙𝑘(Φ

∧𝑘) = 0  

𝑄Ψ+Ψ ∗ Ψ = 0  

|𝑇⟩ = 𝑡𝑐1|0⟩𝑆𝐿(2.ℝ)  

𝑆[Ψtv] =
1

2𝜋2𝑔𝑠
𝑍disk
BCFT0  

𝑄tv ≡ 𝑄 + [Ψtv,⋅]  

𝑄tv𝐴 = 1  

Ψ∗ = Ψtv
(0)
− ΣΨtv

(∗)
Σ‾  

𝑄tvΣ = 0

𝑄tvΣ‾  = 0

Σ‾Σ = 1.

 

𝜎‾(𝑥)𝜎(0) = 𝑥−2ℎ𝟏BCFT∗ +  less singular  

𝑆[Ψ∗] =
1

2𝜋2𝑔𝑠
(𝑍disk

BCFT0 − 𝑍disk
BCFT∗)  

𝑓:ℋBCFT∗  → ℋBCFT0

𝑓(𝜙) ∶= Σ𝜙Σ‾
 

𝑆[Ψ∗ + Σ𝜙Σ‾] =
1

2𝜋2𝑔𝑠
(𝑍disk 

BCFT0 − 𝑍disk 

BCFT∗) + 𝑆(∗)[𝜙]  

Λ =
1

2𝜋2
(
1

𝑔𝑠
(0)
𝑍disk
BCFT0 −

1

𝑔𝑠
(∗)
𝑍disk
BCFT∗)  
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Agujero negro cuántico supermasivo. Modelo Matemático aplicable a un campo cuántico 

relativista o curvo. Métrica Bekenstein-Hawking. 

𝑆𝑏ℎ =
𝐴ℎ𝑐

3

4ℏ𝐺𝑁
 

𝑆𝑏ℎ =
𝐴

4𝐴𝑃𝑙
 

𝑆 =
1

ℓ𝑠
2∫  𝑑𝜎𝑑𝑡(𝜕𝛼𝑋

𝜇𝜕𝛼𝑋𝜇 − 𝑖𝜓‾
𝜇𝜌𝛼𝜕𝛼𝜓𝜇)  

𝛿𝑋𝜇 = 𝜖‾𝜓𝜇 , 𝛿𝜓𝜇 = −𝑖𝜌𝛼𝜕𝛼𝑋
𝜇𝜖.  

𝐺𝑁
(10)

= 8𝜋6ℓ𝑠
8𝑔𝑠

2  

Δ𝑥 ≥
ℏ

Δ𝑝
+ ℓ𝑠

2
Δ𝑝

ℏ
 

𝐸𝑛 =
𝑐ℏ|𝑛|

𝑅
+
𝑐ℏ|𝑚|𝑅

ℓ𝑠
2  
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ln Ω(𝐸, 𝑃) = 2𝜋√𝑄1𝑄5(√
(𝐸 + 𝑐𝑃)𝑅5

2ℏ𝑐
+ √

(𝐸 − 𝑐𝑃)𝑅5
2ℏ𝑐

) + 𝑜(√𝑄1𝑄5)  

𝑆 = 2𝜋√𝑄1𝑄5𝑛  

𝑆 =
𝐴ℎ𝑐

3

4𝐺𝑁ℏ
 

𝐴ℎ = 2𝜋
2𝑟ℎ
3, 𝑟ℎ

2 = (𝑔𝑄1𝑔𝑄5
𝑔2𝑛

𝑅5
2 )

1/3

 

𝐺𝑁
−1 =

2𝜋𝑅5(2𝜋)
4

8𝜋6𝑔𝑠
2
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𝑃𝑎𝑏𝑠(𝑖 → 𝑓) =
1

Ω
∑ 

𝑖,𝑓

  |⟨𝑓|𝑆|𝑖⟩ |
2

 

𝑃decay (𝑖 → 𝑓) =
1

Ω′
∑ 

𝑖,𝑓

  |⟨𝑓|𝑆|𝑖⟩ |
2

 

Γ𝐻 =
𝜎𝑎𝑏𝑠(𝜔)

𝑒𝜔/𝑇𝐻 − 1

𝑑4𝑘

(2𝜋)4
 

𝑑𝑠2= 𝐻−1/2(−𝑑𝑡2 + 𝑑�⃗� ⋅ 𝑑�⃗�) + 𝐻1/2(𝑑𝑟2 + 𝑟2𝑑Ω5
2) 

𝐻 = (1 +
𝑅4

𝑟4
) , (

𝑅

ℓ𝑠
)
4

= 4𝜋𝑔𝑠𝑁
 

𝐸∞
ℓ𝑠𝐸𝑟

≅
𝑟

ℓ𝑠
2 = 𝑈  

𝑑𝑠2 = ℓ𝑠
2 [

𝑈2

√4𝜋𝜆
(−𝑑𝑡2 + 𝑑�⃗� ⋅ 𝑑�⃗�) + 4√4𝜋𝜆

𝑑𝑈2

𝑈2
+ √4𝜋𝜆𝑑Ω5

2]  

𝑑𝑠2 =
𝑅2

𝑢2
(−𝑑𝑡2 + 𝑑�⃗� ⋅ 𝑑�⃗� + 𝑑𝑢2) + 𝑅2𝑑Ω5

2  

𝑑𝑠2 = 𝑅2 [−(
1 + 𝑟2

1 − 𝑟2
)

2

𝑑𝑡2 +
4

(1 − 𝑟2)2
(𝑑𝑟2 + 𝑟2𝑑Ω2)]  

𝑆 =
 Area 

4𝐺𝑁
≅
𝑅8𝛿−3

4𝐺𝑁
∼
𝑅8𝛿−3

𝑔𝑠
2ℓ𝑠
8 ∼ 𝑁2𝛿−3  

𝑑𝑠2 =
𝑅2

𝛿2
(−𝑑𝑡2 + 𝑑�⃗� ⋅ 𝑑�⃗�)  

𝑆𝐼 = ∫  𝑑�⃗�𝑑𝑡𝜙(�⃗�, 𝑡, 𝑧 = 𝛿)𝒪(�⃗�, 𝑡)𝛿
Δ−4  

⟨exp 𝑖 ∫  𝑑�⃗�𝑑𝑡𝛿Δ−4𝒪(�⃗�, 𝑡)𝜙0(�⃗�, 𝑡)⟩
SCFT

= 𝒵string (𝜙(�⃗�, 𝑡, 𝛿 → 0) = 𝜙0(�⃗�, 𝑡))  

𝑊(𝐶) = Tr [𝑃exp (∮   (𝑖𝐴𝜇
𝑑𝑥𝜇

𝑑𝜏
+ 𝑦𝐼Φ

𝐼√�̇�2)𝑑𝜏)]  

𝐸(𝐿) = −
4𝜋2

Γ (
1
4)
4

√2𝜆

𝐿  

𝑅𝑖𝑗 +
4

𝑅2
𝑔𝑖𝑗 = 0  
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𝑑𝑠2  = −𝑉(𝑟)𝑑𝑡2 + 𝑉−1(𝑟)𝑑𝑟2 + 𝑟2𝑑Ω3
2

𝑉(𝑟)  = 1 +
𝑟2

𝑅2
−
𝜇

𝑟2
 

1

𝑇𝑅
=

2𝜋𝑅𝑟+

2𝑟+
2 + 𝑅2

 

𝐼(𝑋2) − 𝐼(𝑋1) =
𝜋2𝑟+

3(𝑅2 − 𝑟+
2)

4𝐺5(2𝑟+
2 + 𝑅2)

 

𝐼(𝑋2) − 𝐼(𝑋1) = −
𝜋5

8
(𝑇𝑅)3

1

𝑅−3𝐺5
= −

𝜋5

8
𝑁2(𝑅𝑇)3  

𝑃(�⃗�, 𝛽) = Tr [𝑃exp (∫  
𝛽

0

 𝑑𝜏𝐴0(�⃗�, 𝜏))]  

𝑍𝑁 = {𝑒
𝑖2𝜋𝑘
𝑁 , 𝑘 = 1,⋯ ,𝑁} 

𝑃′(�⃗�, 𝛽) = 𝑔𝑃(�⃗�, 𝛽), 𝑔 ∈ 𝑍𝑁 .  

𝐹 ∼ 𝑁2(𝑅𝑇)3  

𝑇𝑐 =
3

2𝜋𝑅
 

𝐹(𝑇𝑐) = 𝑁
2
9𝜋2

64
 

𝐹(𝑇) = 𝑁2
𝜋5

8
(𝑅𝑇)3 

𝑇𝜇𝜈 = (𝜖 + 𝑃)𝑢𝜇𝑢𝜈 + 𝑃𝜂𝜇𝜈 − 𝜂 (𝑃𝜇𝛼𝑃𝜈𝛽(𝜕𝛼𝑢𝛽 + 𝜕𝛽𝑢𝛼) −
1

3
𝑃𝜇𝜈𝜕𝛼𝑢

𝛼) +⋯  

𝜕𝜇𝑇
𝜇𝜈 = 0  

𝑑𝑠2 = −2𝑢𝜇𝑑𝑥
𝜇𝑑𝑣 − 𝑟2𝑓(𝑏𝑟)𝑢𝜇𝑢𝜈𝑑𝑥

𝜇𝑑𝑥𝜈 + 𝑟2𝑃𝜇𝜈𝑑𝑥
𝜇𝑑𝑥𝜈  

𝑓(𝑟)  = 1 −
1

𝑟4

𝑢𝑣  =
1

√1 − 𝛽𝑖
2

, 𝑢𝑖 =
𝛽𝑖

√1 − 𝛽𝑖
2

 

𝑃 = (𝜋𝑇)4 and 𝜂 = 2(𝜋𝑇)3  

𝜂

𝑠
=
1

4𝜋
 

𝑁𝑔2(𝐿 ∧) = −
1

𝛽0ln 𝐿 ∧
, 𝛽0 =

11

24𝜋2
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Agujero negro cuántico cromodinámico. Modelo Matemático aplicable al espacio – tiempo 

cuántico relativista o curvo 

ℒferm =∑ 

𝑛

𝑖

 𝑓‾𝑖(𝑖 ∂̸ − 𝑚𝑖)𝑓𝑖,  

{𝛾𝜇 , 𝛾𝜈} = 2𝑔𝜇𝜈  

𝑓𝑖 → 𝑓𝑖
′ = exp (𝑖𝑒𝑖𝜃)𝑓𝑖  

𝑓𝑖(𝑥) → 𝑓𝑖
′(𝑥) = exp (𝑖𝑒𝑖𝜃(𝑥))𝑓𝑖(𝑥)  

𝐴𝜇(𝑥) → 𝐴𝜇
′ (𝑥) = 𝐴𝜇(𝑥) +

𝑖

𝑒
(𝜕𝜇exp (𝑖𝜃(𝑥)))exp (−𝑖𝜃(𝑥)),  

𝐷𝜇 = 𝜕𝜇 + 𝑖𝑒�̂�𝐴𝜇  

�̂�𝑓𝑖 = 𝑒𝑖𝑓𝑖  

ℒkin = −
1

4
𝐹𝜇𝜈𝐹

𝜇𝜈  

𝐹𝜇𝜈 = 𝜕𝜇𝐴𝜈 − 𝜕𝜈𝐴𝜇  

ℒclassical = −
1

4
𝐹𝜇𝜈𝐹

𝜇𝜈 +∑ 

𝑛

𝑖

 𝑓‾𝑖(𝑖D̸ − 𝑚𝑖)𝑓𝑖  

𝑆 = 𝑖 ∫  𝑑4𝑥ℒ  

Δ𝛾,𝜇𝜈(𝑝) × 𝑖[𝑝
2𝑔𝜈𝜎 − 𝑝𝜈𝑝𝜎] = 𝛿𝜇

𝜎  

𝜕𝜇𝐴𝜇 = 0  

ℒgauge-fixing = −
1

2𝜆
(𝜕𝜇𝐴𝜇)

2
 

Δ𝛾,𝜇𝜈(𝑝) × 𝑖 [𝑝
2𝑔𝜈𝜎 − (1 −

1

𝜆
) 𝑝𝜈𝑝𝜎] = 𝛿𝜇

𝜎  

Δ𝛾,𝜇𝜈 =
𝑖

𝑝2
(−𝑔𝜇𝜈 + (1 − 𝜆)

𝑝𝜇𝑝𝜈

𝑝2
)  

ℒgauge-fixing = −
1

2𝜆
(𝑛𝜇𝐴𝜇)

2
 

Δ𝛾,𝜇𝜈 =
𝑖

𝑝2
(−𝑔𝜇𝜈 +

𝑛𝜇𝑝𝜈 + 𝑝𝜇𝑛𝜈

𝑛 ⋅ 𝑝
−
(𝑛2 + 𝜆𝑝2)𝑝𝜇𝑝𝜈

(𝑛 ⋅ 𝑝)2
)  



pág. 699 

Δ𝑖  =
𝑖

p̸ − 𝑚𝑖
= 𝑖

p̸ + 𝑚𝑖

𝑝2 −𝑚𝑖
2

Δ𝛾,𝜇𝜈  = 𝑖
−𝑔𝜇𝜈

𝑝2

Γ
𝛾𝑓𝑖𝑓‾𝑖

𝜇
 = −𝑖𝑒𝑖𝑒𝛾

𝜇

 

𝜎 =
1

𝑆

1

2𝑠
∫  𝑑Γ∑ |ℳ|2  

𝑑Γ =∏ 

𝑛

𝑖=1

 (
𝑑4𝑝𝑖
(2𝜋)4

(2𝜋)𝛿(𝑝𝑖
2 −𝑚𝑖

2)) (2𝜋)4𝛿4 (𝑝tot −∑  

𝑛

𝑖

 𝑝𝑖)

 =∏ 

𝑛

𝑖=1

 (
𝑑3𝑝𝑖

(2𝜋)32𝐸𝑖
) (2𝜋)4𝛿4 (𝑝tot −∑ 

𝑛

𝑖

 𝑝𝑖)

 

𝑖ℳ = 𝑣‾(𝑝𝑒+)(𝑖𝑒)𝛾
𝜇𝑢(𝑝𝑒−)𝑖

−𝑔𝜇𝜈
(𝑝𝑒+ + 𝑝𝑒−)

2
𝑢‾(𝑝𝜇−)(𝑖𝑒)𝛾

𝜈𝑣(𝑝𝜇+)

 =
−𝑖𝑒2

(𝑝𝑒+ + 𝑝𝑒−)
2
𝑣‾(𝑝𝑒+)𝛾

𝜇𝑢(𝑝𝑒−)𝑢‾(𝑝𝜇−)𝛾𝜇𝑣(𝑝𝜇+)

 

∑ |ℳ|2 =
(4𝜋𝛼)2

𝑠2
Tr{p̸𝑒+𝛾

𝜇p̸𝑒−𝛾
𝜈}Tr {p̸𝜇−𝛾𝜇p̸𝜇+𝛾𝜈} ,

 

∑ |ℳ|2 =
16(4𝜋𝛼)2

𝑠2
(𝑝
𝑒+
𝜇
𝑝𝑒−
𝜈 + 𝑝𝑒−

𝜇
𝑝𝑒+
𝜈 − 𝑝𝑒+ ⋅ 𝑝𝑒−𝑔

𝜇𝜈)(𝑝𝜇−,𝜇𝑝𝜇+,𝜈 + 𝑝𝜇+,𝜇𝑝𝜇−,𝜈 − 𝑝𝜇+

⋅ 𝑝𝜇−𝑔𝜇𝜈) = 8(4𝜋𝛼)
2
𝑡2 + 𝑢2

𝑠2
 

𝜎 =
1

4

1

2𝑠
∫  
0

−𝑠

 
𝑑𝑡

8𝜋𝑠
8(4𝜋𝛼)2

𝑡2 + 𝑢2

𝑠2
=
4𝜋𝛼2

3𝑠
 

 

𝑈 = 1 + 𝑖𝐺,  

𝐺 = ∑  

𝑁2−1

𝐴

 𝜖𝐴𝑡𝐴  

[𝑡𝐴, 𝑡𝐵] ≡ 𝑖𝑓𝐴𝐵𝐶𝑡𝐶  

(𝑇𝐴)𝐵𝐶  ≡ −𝑖𝑓
𝐴𝐵𝐶

[𝑇𝐴, 𝑇𝐵]  = 𝑖𝑓𝐴𝐵𝐶𝑇𝐶
 

𝑈 = lim
𝑁→∞

 (1 + 𝑖𝜃𝐴𝑡𝐴/𝑁)𝑁 = exp (𝑖𝜃𝐴𝑡𝐴) ≡ exp (𝑖𝑡 ⋅ 𝜃)  

𝑈−1 = exp (−𝑖𝑡 ⋅ 𝜃)  
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Tr(𝑡𝐴𝑡𝐵)  =
1

2
𝛿𝐴𝐵 ≡ 𝑇𝑅𝛿

𝐴𝐵

∑ 

𝐴

  𝑡𝑎𝑏
𝐴 𝑡𝑏𝑐

𝐴  =
𝑁2 − 1

2𝑁
𝛿𝑎𝑐 ≡ 𝐶𝐹𝛿𝑎𝑐

Tr(𝑇𝐶𝑇𝐷)  =∑  

𝐴,𝐵

 𝑓𝐴𝐵𝐶𝑓𝐴𝐵𝐷 = 𝑁𝛿𝐶𝐷 ≡ 𝐶𝐴𝛿
𝐶𝐷

 

𝑇𝑅  =
1

2
,

𝐶𝐹  =
4

3
,

 

𝐶𝐴 = 3,  

ℒquarks =∑ 

𝑛

𝑖

 𝑞‾𝑖
𝑎(𝑖 ∂̸ − 𝑚𝑖)𝑎𝑏𝑞𝑖

𝑏 ,  

𝑞𝑎 → 𝑞𝑎
′ = exp (𝑖𝑡 ⋅ 𝜃)𝑎𝑏𝑞𝑏  

𝑞𝑎(𝑥) → 𝑞𝑎
′ (𝑥) = exp (𝑖𝑡 ⋅ 𝜃(𝑥))𝑎𝑏𝑞𝑏(𝑥)  

𝐷𝜇,𝑎𝑏 = 𝜕𝜇1𝑎𝑏 + 𝑖𝑔𝑠(𝑡 ⋅ 𝐴𝜇)𝑎𝑏  

𝐷𝜇,𝑎𝑏
′ 𝑞𝑏

′ (𝑥) = exp (𝑖𝑡 ⋅ 𝜃(𝑥))𝑎𝑏𝐷𝜇,𝑏𝑐𝑞𝑐(𝑥)  

𝑡 ⋅ 𝐴𝜇
′ = exp (𝑖𝑡 ⋅ 𝜃(𝑥))𝑡 ⋅ 𝐴𝜇exp (−𝑖𝑡 ⋅ 𝜃(𝑥)) +

𝑖

𝑔𝑠
(𝜕𝜇exp (𝑖𝑡 ⋅ 𝜃(𝑥)))exp (−𝑖𝑡 ⋅ 𝜃(𝑥)).  

ℒkin = −
1

4
𝐹𝜇𝜈
𝐴𝐹𝐴

𝜇𝜈  

𝐹𝜇𝜈
𝐴 = 𝜕𝜇𝐴𝜈

𝐴 − 𝜕𝜈𝐴𝜇
𝐴 − 𝑔𝑠𝑓

𝐴𝐵𝐶𝐴𝜇
𝐵𝐴𝜈

𝐶 ,  

ℒgauge-fixing = −
1

2𝜆
(𝜕𝜇𝐴𝜇

𝐴)
2

 

ℒQCD = −
1

4
𝐹𝜇𝜈
𝐴𝐹𝐴

𝜇𝜈
+∑ 

𝑛

𝑖

 𝑞‾𝑖
𝑎(𝑖D̸ − 𝑚𝑖)𝑎𝑏𝑞𝑖

𝑏 −
1

2𝜆
(𝜕𝜇𝐴𝜇

𝐴)
2
+ ℒghost  

Δ𝑖
𝑎𝑏  = 𝛿𝑎𝑏

𝑖

p̸ − 𝑚𝑖
= 𝛿𝑎𝑏𝑖

p̸ + 𝑚𝑖

𝑝2 −𝑚𝑖
2

Δ𝑔,𝜇𝜈
𝐴𝐵  = 𝛿𝐴𝐵𝑖

−𝑔𝜇𝜈

𝑝2

Γ𝑔𝑞𝑞‾
𝜇
 = −𝑖𝑔𝑠𝑡

𝐴𝛾𝜇

Γ𝑔𝑔𝑔  = −𝑔𝑠𝑓
𝐴𝐵𝐶[(𝑝 − 𝑞)𝜆𝑔𝜇𝜈 + (𝑞 − 𝑟)𝜇𝑔𝜈𝜆 + (𝑟 − 𝑝)𝜈𝑔𝜆𝜇]

 

𝛼S ≡
𝑔𝑠
2

4𝜋
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𝜎(𝑒+𝑒− → 𝑞𝑞‾) = 𝜎(𝑒+𝑒− → 𝜇+𝜇−) × 𝑒𝑞
2 ×∑  

𝑎,𝑏

 𝛿𝑎𝑏𝛿𝑏𝑎  

 

∑ 

𝑎,𝑏

 𝛿𝑎𝑏𝛿𝑏𝑎 =∑ 

𝑎

 𝛿𝑎𝑎 = 𝑁𝑐 ,  

𝑅had ≡
𝜎(𝑒+𝑒− →  hadrons )

𝜎(𝑒+𝑒− → 𝜇+𝜇−)
=∑  

𝑞

  𝑒𝑞
2𝑁𝑐  

𝑖ℳ = 𝑣‾(𝑝+)(𝑖𝑒)𝛾
𝜇𝑢(𝑝−)𝑖

−𝑔𝜇𝜈

𝑠
𝜀𝐴
∗𝜆

𝑢‾𝑎(𝑝1) {(−𝑖𝑔𝑠)𝑡𝑎𝑏
𝐴 𝛾𝜆

p̸1 + p̸3
(𝑝1 + 𝑝3)

2 (−𝑖𝑒𝑒𝑞)𝛾
𝜈 + (−𝑖𝑒𝑒𝑞)𝛾

𝜈
−p̸2 − p̸3
(𝑝2 + 𝑝3)

2
(−𝑖𝑔𝑠)𝑡𝑎𝑏

𝐴 𝛾𝜆} 𝑣𝑏(𝑝2)
 

∑  

spin

  𝜀𝐴
∗𝜇
𝜀𝐵
𝜈 = −𝑔𝜇𝜈𝛿𝐴𝐵  

∑ |ℳ|2 ∝ ∑  

𝑎,𝑏,𝐴

  𝑡𝑏𝑎
𝐴 (𝑡𝑏𝑎

𝐴 )
∗
= ∑  

𝑎,𝑏,𝐴

  𝑡𝑏𝑎
𝐴 𝑡𝑎𝑏

𝐴 =∑ 

𝐴

 Tr(𝑡𝐴𝑡𝐴) = 𝐶𝐹Tr(1) = 𝐶𝐹𝑁𝑐 ,  

∑ |ℳ|2 =
16𝐶𝐹𝑁𝑐𝑒

4𝑒𝑞
2𝑔𝑠

2

𝑠𝑝1 ⋅ 𝑝3𝑝2 ⋅ 𝑝3
((𝑝1 ⋅ 𝑝+)

2 + (𝑝2 ⋅ 𝑝+)
2 + (𝑝1 ⋅ 𝑝−)

2 + (𝑝2 ⋅ 𝑝−)
2)  
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Figuras 1 y 2. Modalidades de Aniquilación de una partícula, tipo estrella u oscura y emisión de 

radiación. 

 

𝑅 = 𝑅[𝑄2/𝜇2, 𝛼S(𝜇
2)].  

𝜇2
𝑑

𝑑𝜇2
𝑅(𝑄2/𝜇2, 𝛼S) = 0 = [𝜇

2
𝜕

𝜕𝜇2
+ 𝜇2

𝜕𝛼S
𝜕𝜇2

𝜕

𝜕𝛼S
] 𝑅

 ≡ [𝜇2
𝜕

𝜕𝜇2
+ 𝛽(𝛼S)

𝜕

𝜕𝛼S
] 𝑅

 

𝛽(𝛼S) = −
𝜇2
𝜕𝑅
𝜕𝜇2

𝜕𝑅
𝜕𝛼S

 

𝛽(𝛼S) = −𝛼S
2(𝛽0 + 𝛽1𝛼S + 𝛽2𝛼S

2 + 𝛽3𝛼S
2 +⋯)  

𝛽0 =
11𝐶𝐴 − 4𝑇𝑅𝑁𝑓

12𝜋
 

𝛼𝑠(𝑄
2) =

𝛼𝑠(𝜇
2)

1 + 𝛼𝑠(𝜇
2)𝛽0ln 

𝑄2

𝜇2

.
 

𝑅 = 𝑅1𝛼s +⋯ ,  

𝑅 ≈ 𝑅1𝛼S  
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𝑅(1, 𝛼S(𝑄
2))  ≈ 𝑅1𝛼S(𝑄

2)

 = 𝑅1𝛼S(𝜇
2) [1 − 𝛽0𝛼S(𝜇

2)ln 
𝑄2

𝜇2
+ 𝛽0

2𝛼S
2(𝜇2)ln2 

𝑄2

𝜇2
+⋯]

 

Λ2 = 𝜇2exp ∫  
∞

𝛼S(𝜇
2)

 
𝑑𝑥

𝛽(𝑥)
≈ 𝜇2e−1/𝛽0𝛼S(𝜇

2)  

𝛼S
(𝑑)
= 𝛼S𝜇

2𝜖  

𝛼S(𝜇𝑅) = 𝛼S + 𝛽0𝐹(𝜖)𝑆𝑃𝑝, (
𝜇2

𝜇𝑅
2)

𝜖
1

𝜖
𝛼S
2.  

𝐹MS(𝜖) = 1  

𝐹MS(𝜖) =
(4𝜋)𝜖

Γ(1 − 𝜖)
= 1 + (ln 4𝜋 − 𝛾𝐸)𝜖  

𝑚(𝜇2) = 𝑀[𝛼S(𝜇
2)]

1
𝜋𝛽0 ,  

ℳ = {𝑣‾(𝑞2)𝑒𝛾𝜇𝑢(𝑞1)}
−𝑔𝜇𝜈

𝑞2
𝑇𝜈(𝑛, 𝑞, {𝑝1…𝑝𝑛})  

𝜎 =
1

2𝑠

1

4

𝑒2

𝑠2
Tr(q̸2𝛾

𝜇q̸1𝛾
𝜈)

 ×∑  

𝑛

 ∫  𝑑𝑃𝑆𝑛𝑇𝜇(𝑛, 𝑞, {𝑝1…𝑝𝑛})𝑇𝜈
∗(𝑛, 𝑞, {𝑝1…𝑝𝑛})

 

𝐻𝜇𝜈(𝑞) ≡∑ 

𝑛

 ∫  𝑑𝑃𝑆𝑛𝑇𝜇𝑇𝜈
∗

 

𝐻𝜇𝜈 = 𝐴(𝑞
2)𝑔𝜇𝜈 + 𝐵(𝑞

2)𝑞𝜇𝑞𝜈  

𝑞𝜇𝐻𝜇𝜈 = 𝑞
𝜈𝐻𝜇𝜈 = 0  

𝐴 = −𝑞2𝐵  

𝑅(𝑒+𝑒−) ≡
𝜎(𝑒+𝑒− →  hadrons )

𝜎(𝑒+𝑒− → 𝜇+𝜇−)
= constant  

𝜎(𝑒+𝑒− →  hadrons ) ≈ 𝜎(𝑒+𝑒− →  quarks ),  

𝜎(𝑒+𝑒− →  hadrons ) = 𝜎(𝑒+𝑒− →  quarks ) × (1 + 𝒪 (
𝑚had

√𝑠
)
𝑛

) .  

𝑅𝑒+𝑒− ≡
𝜎( hadrons )

𝜎( muons )
= 𝑁𝑐∑ 

𝑞

  𝑒𝑞
2,  

𝑅 ≡
𝜎(𝑒+𝑒− →  hadrons )

𝜎(𝑒+𝑒− → 𝜇+𝜇−)
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𝑅 ≡
𝜎(𝑒+𝑒− →  hadrons )

4𝜋𝛼2

3𝑠

 

𝑅ℎ𝑎𝑑 = 𝑁𝑐
∑  𝑞  𝑣𝑞

2 + 𝑎𝑞
2

𝑣𝜇
2 + 𝑎𝜇

2
= 20.095,  

 

Figura 3. Emisión de radicación de un agujero negro supermasivo. 

𝑅𝜏 ≡
ℬ(𝜏 →  hadrons )

ℬ(𝜏 → 𝜇)
= 𝑁𝑐∑ 

𝑖,𝑗

  |𝑉𝑖𝑗|
2
≈ 𝑁𝑐  

𝑠 = (𝑘 + 𝑝)2,

𝑄2  = −𝑞2,

𝑥 =
𝑄2

2𝑝 ⋅ 𝑞
,

 

𝑊2 = (𝑝 + 𝑞)2 = 𝑄2
1 − 𝑥

𝑥
, and 𝑦 =

𝑝 ⋅ 𝑞

𝑝 ⋅ 𝑘
=
𝑄2

𝑥𝑠
.  

𝑄2 < 𝑠, and 𝑥 >
𝑄2

𝑠
 

𝑒𝑇𝜇(𝑝, 𝑞; {𝑝𝑋})  

1

4
|ℳ|2 =

1

4

𝑒4

𝑄4
Tr{k̸𝛾𝜇k̸′𝛾𝜈}𝑇𝜇(𝑝, 𝑞; {𝑝𝑋})𝑇𝜈

∗(𝑝, 𝑞; {𝑝𝑋})  

𝐿𝜇𝜈 = Tr{k̸𝛾𝜇k̸′𝛾𝜈}  
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𝑑𝑃𝑆 =
𝑄2

16𝜋2𝑠𝑥2
𝑑𝑄2𝑑𝑥𝑑𝑃𝑆𝑋  

∑ 

𝑋

 ∫  𝑑𝑃𝑆𝑋
1

4
|ℳ|2 ≡

𝑒4

𝑄4
𝐿𝜇𝜈𝐻𝜇𝜈  

∑ 

𝑋

 ∫  𝑑𝑃𝑆𝑋𝑇𝜇(𝑝, 𝑞; {𝑝𝑋})𝑇𝜈
∗(𝑝, 𝑞; {𝑝𝑋}) = 𝐻𝜇𝜈  

𝐻𝜇𝜈 = −𝐻1𝑔𝜇𝜈 +𝐻2
𝑝𝜇𝑝𝜈

𝑄2
+𝐻4

𝑞𝜇𝑞𝜈

𝑄2
+𝐻5

𝑝𝜇𝑞𝜈 + 𝑞𝜇𝑝𝜈

𝑄2
,  

𝐿𝜇𝜈𝐻𝜇𝜈 = 4𝑘 ⋅ 𝑘
′𝐻1 + 4

𝑝 ⋅ 𝑘𝑝 ⋅ 𝑘′

𝑄2
𝐻2.  

𝑑2𝜎

𝑑𝑥𝑑𝑄2
=
4𝜋𝛼2

𝑥𝑄4
[𝑦2𝑥𝐹1(𝑥, 𝑄

2) + (1 − 𝑦)𝐹2(𝑥, 𝑄
2)].  

𝐹𝑇(𝑥, 𝑄
2) = 2𝑥𝐹1(𝑥, 𝑄

2)

𝐹𝐿(𝑥, 𝑄
2) = 𝐹2(𝑥, 𝑄

2) − 2𝑥𝐹1(𝑥, 𝑄
2)

 

𝑑2𝜎

𝑑𝑥𝑑𝑄2
=
2𝜋𝛼2

𝑥𝑄4
[(1 + (1 − 𝑦)2)𝐹𝑇(𝑥, 𝑄

2) + 2(1 − 𝑦)𝐹𝐿(𝑥, 𝑄
2)].  

 

Figura 4. Morfología de un agujero negro cuántico. 

𝑑2𝜎

𝑑𝑥𝑑𝑄2
=
2𝜋𝛼2

𝑥𝑄4
[(1 + (1 − 𝑦)2)𝐹2(𝑥, 𝑄

2) − 𝑦2𝐹𝐿(𝑥, 𝑄
2)]  

𝑑2𝜎

𝑑𝑥𝑑𝑄2
=
2𝜋𝛼2

𝑥𝑄4
[(1 + (1 − 𝑦)2)𝐹2(𝑥) − 𝑦

2𝐹𝐿(𝑥)]  

𝑑2𝜎(𝑒 + 𝑝(𝑝))

𝑑𝑥𝑑𝑄2
=∑ 

𝑞

 ∫  
1

0

 𝑑𝜂𝑓𝑞(𝜂)
𝑑2𝜎(𝑒 + 𝑞(𝜂𝑝))

𝑑𝑥𝑑𝑄2  

(𝑞 + 𝜂𝑝)2 = 2𝜂𝑝 ⋅ 𝑞 − 𝑄2 = 0  

𝜂 = 𝑥  

∑ |ℳ|2 = 8(4𝜋𝛼)2𝑒𝑞
2𝑁𝑐

(𝑝𝑒 ⋅ 𝑝𝑞)
2
+ (𝑝𝑒 ⋅ 𝑝𝑞

′ )
2

(𝑝𝑒 ⋅ 𝑝𝑒
′ )2
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∑ |ℳ|2 = 8(4𝜋𝛼)2𝑒𝑞
2𝑁𝑐

1 + (1 − 𝑦)2

𝑦2
.  

𝑑𝑃𝑆 =
𝑄2

16𝜋2𝑠𝑥2
𝑑𝑄2𝑑𝑥𝑑𝑃𝑆𝑋  

𝑑𝑃𝑆𝑋  =
𝑑4𝑝𝑋
(2𝜋)3

𝛿(𝑝𝑋
2)(2𝜋)4𝛿4(𝜂𝑝 + 𝑞 − 𝑝𝑋)

 = (2𝜋)𝛿((𝜂𝑝 + 𝑞)2)

 =
2𝜋𝑥

𝑄2
𝛿(𝜂 − 𝑥)

 

𝑑𝜎

𝑑𝑥𝑑𝑄2
 =

1

4𝑁𝑐

1

2�̂�

𝑄2

16𝜋2𝑠𝑥2
2𝜋𝑥

𝑄2
𝛿(𝑥 − 𝜂)∑ |ℳ|2

 =
1

4𝑁𝑐

𝑦2

16𝜋𝑄4
𝛿(𝑥 − 𝜂)∑ |ℳ|2

 

𝑑𝜎(𝑒 + 𝑞)

𝑑𝑥𝑑𝑄2
=
2𝜋𝛼2

𝑄4
𝛿(𝑥 − 𝜂)𝑒𝑞

2(1 + (1 − 𝑦)2)  

𝑑𝜎(𝑒 + 𝑝)

𝑑𝑥𝑑𝑄2
=
2𝜋𝛼2

𝑥𝑄4
(1 + (1 − 𝑦)2)∑  

𝑞

  𝑒𝑞
2𝑥𝑓𝑞(𝑥)  

𝐹2(𝑥, 𝑄
2) =∑  

𝑞

  𝑒𝑞
2𝑥𝑓𝑞(𝑥)

𝐹𝐿(𝑥, 𝑄
2) = 0

 

𝐿𝜇𝜈
𝜈‾
𝜈

 = 𝐿𝜇𝜈
𝑒 ± 2𝑖𝜖𝜇𝜈𝜌𝜎𝑘

𝜌𝑘′𝜎

𝐻𝜇𝜈  = −𝐻1𝑔
𝜇𝜈 +𝐻2

𝑝𝜇𝑝𝜈

𝑄2
−
𝑖

𝑄2
𝜖𝜇𝜈𝜌𝜎𝑝𝜌𝑞𝜎𝐻3

⇒ 𝐿𝜇𝜈
𝜈 𝐻𝜇𝜈  = 2𝑄2𝐻1 +𝑄

2
1 − 𝑦

𝑥2𝑦2
𝐻2 ±

𝑄2

𝑥𝑦
𝐻3(1 − 𝑦/2).

 

𝑑2𝜎( 𝜈‾
𝜈 + 𝑝)

𝑑𝑥𝑑𝑄2
=
𝐺F
2

4𝜋𝑥
(

𝑀𝑤
2

𝑄2 +𝑀𝑤
2)

2

[(1 + (1 − 𝑦)2)𝐹2
𝜈 − 𝑦2𝐹𝐿

𝜈 ± (1 − (1 − 𝑦)2)𝑥𝐹3
𝜈]  

𝐹2
𝜈(𝑥, 𝑄2)  =∑  

𝑞

 2𝑥𝑓𝑞(𝑥) +∑  

𝑞‾

 2𝑥𝑓𝑞‾(𝑥)

𝑥𝐹3
𝜈(𝑥, 𝑄2)  =∑  

𝑞

 2𝑥𝑓𝑞(𝑥) −∑  

𝑞‾

 2𝑥𝑓𝑞‾(𝑥)
 

𝑓𝑢/𝑛(𝑥)  = 𝑓𝑑/𝑝(𝑥)

𝑓𝑢‾/𝑛(𝑥)  = 𝑓𝑑‾/𝑝(𝑥)

𝑓𝑑/𝑛(𝑥)  = 𝑓𝑢/𝑝(𝑥)

𝑓𝑠/𝑛(𝑥)  = 𝑓𝑠/𝑝(𝑥)
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𝐹2
𝑒𝑝
 =
1

9
𝑥𝑓𝑑 +

4

9
𝑥𝑓𝑢 +

1

9
𝑥𝑓𝑑‾ +

4

9
𝑥𝑓𝑢‾ +

1

9
𝑥𝑓𝑠 +

1

9
𝑥𝑓𝑠‾ +

4

9
𝑥𝑓𝑐 +

4

9
𝑥𝑓𝑐‾

𝐹2
𝑒𝑛  =

4

9
𝑥𝑓𝑑 +

1

9
𝑥𝑓𝑢 +

4

9
𝑥𝑓𝑑‾ +

1

9
𝑥𝑓𝑢‾ +

1

9
𝑥𝑓𝑠 +

1

9
𝑥𝑓𝑠‾ +

4

9
𝑥𝑓𝑐 +

4

9
𝑥𝑓𝑐‾

𝐹2
𝜈𝑝
 = 2𝑥𝑓

𝑑
+ 2𝑥𝑓𝑢‾ + 2𝑥𝑓𝑠 + 2𝑥𝑓𝑐‾

𝑥𝐹3
𝜈𝑝
 = 2𝑥𝑓𝑑 − 2𝑥𝑓𝑢‾ + 2𝑥𝑓𝑠 − 2𝑥𝑓𝑐‾

𝐹2
𝜈‾𝑝
 = 2𝑥𝑓𝑢 + 2𝑥𝑓𝑑‾ + 2𝑥𝑓𝑐 + 2𝑥𝑓𝑠‾

𝑥𝐹3
𝜈‾𝑝
 = 2𝑥𝑓𝑢 − 2𝑥𝑓𝑑‾ + 2𝑥𝑓𝑐 − 2𝑥𝑓𝑠‾

 

𝑓𝑢𝑣  ≡ 𝑓𝑢 − 𝑓𝑢‾
𝑓𝑑𝑣  ≡ 𝑓𝑑 − 𝑓𝑑‾

 

∫  
1

0

 𝑑𝑥𝑓𝑢𝑣(𝑥) = 2  

∫  
1

0

 𝑑𝑥𝑓𝑑𝑣(𝑥) = 1  

1

2
∫  
1

0

 𝑑𝑥(𝐹3
𝜈𝑝
+ 𝐹3

𝜈‾𝑝
) = 3  

1

2
∫  
1

0

 
𝑑𝑥

𝑥
(𝐹2

𝜈‾𝑝
− 𝐹2

𝜈𝑝
) = 1  

∫  
1

0

 
𝑑𝑥

𝑥
(𝐹2

𝑒𝑝
− 𝐹2

𝑒𝑛) ≈ 0.23  

1

2
∫  
1

0

 𝑑𝑥(𝐹2
𝜈𝑝
+ 𝐹2

𝜈‾𝑝
) ≈ 0.5  

ℎ1 + ℎ2 → 𝜇+ + 𝜇− + 𝑋  

𝑞 + 𝑞‾ → 𝜇+ + 𝜇−  

𝑑𝜎(ℎ1(𝑝1) + ℎ2(𝑝2) → 𝜇+𝜇−)

𝑑𝑀2

=∑  

𝑞

 ∫  
1

0

 𝑑𝜂1𝑓𝑞/ℎ1(𝜂1)∫  
1

0

 𝑑𝜂2𝑓𝑞‾/ℎ2(𝜂2)
𝑑𝜎(𝑞(𝜂1𝑝1) + 𝑞‾(𝜂2𝑝2) → 𝜇+𝜇−)

𝑑𝑀2
 

𝑦 ≡
1

2
ln 
𝐸𝜇+𝜇− + 𝑝𝑧,𝜇+𝜇−

𝐸𝜇+𝜇− − 𝑝𝑧,𝜇+𝜇−
 

𝑑2𝜎

𝑑𝑀2𝑑𝑦
=

4𝜋𝛼2

3𝑁𝑐𝑀
2𝑠
∑  

𝑞

  𝑒𝑞
2𝑓𝑞/ℎ1 (𝑒

𝑦𝑀/√ 𝑠) 𝑓𝑞‾/ℎ2 (𝑒
−𝑦𝑀/√ 𝑠)  

ℎ1 + ℎ2 → 𝛾 + 𝑋  
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ℎ1 + ℎ2  →  𝑞 + 𝑞 + 𝑋
ℎ1 + ℎ2  →  𝑞 + 𝑞‾ + 𝑋
ℎ1 + ℎ2  →  𝑞 + 𝑔 + 𝑋

ℎ1 + ℎ2  →  𝑔 + 𝑔 + 𝑋, etc. 

 

𝑞 + 𝑞‾ → 𝛾 + 𝑔
𝑞 + 𝑔 → 𝛾 + 𝑞

 

𝜎 = 𝜎0𝐶𝐹
𝛼𝑠
2𝜋
∫  𝑑𝑥1𝑑𝑥2

𝑥1
2 + 𝑥2

2

(1 − 𝑥1)(1 − 𝑥2)
,  

1

(𝑝 + 𝑘)2
=

1

2𝑝 ⋅ 𝑘
=

1

2𝐸𝜔(1 − cos 𝜃)
≈

1

𝐸𝜔𝜃2
,  

|ℳ|2 ∼
1

𝜃2
 

|ℳ|2 ∼
𝑝1 ⋅ 𝑝2

𝑝1 ⋅ 𝑘𝑝2 ⋅ 𝑘
∼
1

𝜔2
.  

𝑑3𝑘

2𝜔
=
1

2
𝜔𝑑𝜔sin 𝜃𝑑𝜃𝑑𝜙 ∼ 𝜔𝑑𝜔𝜃𝑑𝜃  

𝜎𝑞𝑞‾𝑔 = 𝜎0𝐶𝐹
𝛼𝑠
2𝜋
(log2 

1

𝜖
− 3log 

1

𝜖
+ 7 −

𝜋2

3
+ 𝒪(𝜖)) .  

𝑑𝑑𝑘𝛿+(𝑘
2) =

𝑑𝑑−1𝑘

2𝜔
=
1

2
𝜔𝑑−3𝑑𝜔𝑑Ω𝑑−2  

𝑘 = 𝜔(1; sin 𝜙sin 𝜃, cos 𝜙sin 𝜃, cos 𝜃) (4 dimensions )  

𝑘 = 𝜔(1; sin 𝜓sin 𝜙sin 𝜃, cos 𝜓sin 𝜙sin 𝜃, cos 𝜙sin 𝜃, cos 𝜃) (5 dimensions )  

𝑘 = 𝜔(1;… , cos 𝜙sin 𝜃, cos 𝜃) (𝑑 dimensions )  

𝑘 = 𝜔(1;… , cos 𝜃) (𝑑 dimensions )  

∫  𝑑Ω1 = ∫  𝑑𝜙 = 2𝜋  

∫  𝑑Ω2  = ∫  𝑑𝜙sin 𝜃𝑑𝜃 = 4𝜋

∫  𝑑Ω3  = ∫  𝑑𝜓sin 𝜙𝑑𝜙sin
2 𝜃𝑑𝜃 = 2𝜋2

 

∫  𝑑Ω𝑛 = ∫  𝑑Ω𝑛−1sin
𝑛−1 𝜃𝑑𝜃  

Ω𝑛 ≡ ∫  𝑑Ω𝑛 =
2𝜋(𝑛+1)/2

Γ[(𝑛 + 1)/2]
 

∫ 
0

 𝜔1−2𝜖𝑑𝜔
1

𝜔2
= ∫ 

0

 
𝑑𝜔

𝜔1+2𝜖
∼ −

1

2𝜖
, 𝜖 < 0  
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∫ 
0

  sin1−2𝜖  𝜃𝑑𝜃
1

𝜃2
∼ ∫ 

0

 
𝑑𝜃

𝜃1−2𝜖
∼ −

1

2𝜖
, 𝜖 < 0  

𝜎𝑞𝑞‾𝑔 = 𝜎0𝐶𝐹
𝛼𝑠
2𝜋
𝐻(𝜖) (

2

𝜖2
+
3

𝜖
+
19

2
+ 𝒪(𝜖)) ,  

 

 

Figuras 5 y 6. Diagramas de Feynman relativos a la formación de agujeros negros cuánticos. 

ℳ1 ∝ 𝛼𝑆ℳ0  

∫  𝑑𝑑𝑘  

𝜎𝑞𝑞‾ = 𝜎0𝐶𝐹
𝛼𝑠
2𝜋
𝐻(𝜖) (−

2

𝜖2
−
3

𝜖
− 8 + 𝒪(𝜖))  

𝜎𝑞𝑞‾  = 𝜎0𝐶𝐹
𝛼𝑠
2𝜋
𝐻(𝜖) (−

2

𝜖2
−
3

𝜖
− 8 + 𝒪(𝜖))

𝜎𝑞𝑞‾𝑔  = 𝜎0𝐶𝐹
𝛼𝑠
2𝜋
𝐻(𝜖) (

2

𝜖2
+
3

𝜖
+
19

2
+ 𝒪(𝜖))
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𝜎𝑒+𝑒−→ hadrons  = 𝜎0 (1 + 𝐶𝐹
𝛼S
2𝜋

3

2
)

 = 𝜎0 (1 +
𝛼S
𝜋
)

 

𝜎𝑞𝑞‾  = 𝜎0𝐶𝐹
𝛼S
2𝜋
[−log2 

1

𝜖
+ 3log 

1

𝜖
−
11

2
+
𝜋2

3
+ 𝒪(𝜖)] ,

𝜎𝑞𝑞‾𝑔  = 𝜎0𝐶𝐹
𝛼S
2𝜋
[log2 

1

𝜖
− 3log 

1

𝜖
+ 7 −

𝜋2

3
+ 𝒪(𝜖)] ,

𝜎had  = 𝜎0 [1 +
𝛼S
𝜋
] .

 

𝜎𝑒+𝑒−→ hadrons = 𝜎0 (1 +
𝛼S(𝜇)

𝜋
+ 𝐶2 (

𝜇2

𝑠
) (
𝛼S(𝜇)

𝜋
)
2

+ 𝐶3 (
𝜇2

𝑠
) (
𝛼S(𝜇)

𝜋
)
3

) .  

𝑅(LEP) = 20.767 ± 0.025,  

𝑅0(𝑀𝑧) = 19.984  

𝛼S(𝑀𝑧) = 0.124 ± 0.004  

𝑅(PETRA) = 3.88 ± 0.03  

𝑅0(34GeV) = 3.69  

𝛼S(34GeV) = 0.162 ± 0.026  

𝛼S(𝑀𝑧) = 0.134 ± 0.018.  

𝛼S(𝑀𝜏 = 1.77GeV) = 0.33 ± 0.3.  

𝛼S
(one-loop )

(𝑀𝑧) = 0.126 ± 0.004,  

𝛼S(𝑀𝑧) = 0.118 ± 0.004,  

𝛼S
(world average )(𝑀𝑧) = 0.1183 ± 0.0027.  

𝑒(𝑘) + 𝑞(𝜂𝑝) → 𝑒(𝑘′) + 𝑞(𝑝1) + 𝑔(𝑝2),  

 

∑ |ℳ|2 =
8𝐶𝐹𝑁𝑐𝑒

4𝑒𝑞
2𝑔𝑠

2

𝑘 ⋅ 𝑘′𝑝1 ⋅ 𝑝2𝜂𝑝 ⋅ 𝑝2
((𝑝1 ⋅ 𝑘)

2 + (𝜂𝑝 ⋅ 𝑘)2 + (𝑝1 ⋅ 𝑘
′)2 + (𝜂𝑝 ⋅ 𝑘′)2)  

𝑑𝑃𝑆 =
𝑄2

16𝜋2𝑠𝑥2
𝑑𝑄2𝑑𝑥𝑑𝑃𝑆𝑋  

𝑑𝑃𝑆𝑋 =
𝑑cos 𝜃𝑑𝜙

32𝜋2
 

𝑧 ≡
𝑝1 ⋅ 𝑝

𝑞 ⋅ 𝑝
=
1

2
(1 − cos 𝜃)  
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𝑑𝑃𝑆𝑋 =
𝑑𝑧𝑑𝜙

16𝜋2
 

𝑘⊥
2 = 𝑄2 (

𝜂

𝑥
− 1) 𝑧(1 − 𝑧)  

𝑑𝜎2(𝑒 + 𝑞)

𝑑𝑥𝑑𝑄2
=

1

4𝑁𝑐

1

2�̂�

𝑄2

16𝜋2𝑠𝑥2
∫  
𝑑𝑧𝑑𝜙

16𝜋2
8𝐶𝐹𝑁𝑐𝑒

4𝑒𝑞
2𝑔𝑠

2

𝑘 ⋅ 𝑘′𝑝1 ⋅ 𝑝2𝜂𝑝 ⋅ 𝑝2
((𝑝1 ⋅ 𝑘)

2 + (𝜂𝑝 ⋅ 𝑘)2 + (𝑝1 ⋅ 𝑘
′)2

+ (𝜂𝑝 ⋅ 𝑘′)2) 

⟨
(𝑝1 ⋅ 𝑘)

2 + (𝜂𝑝 ⋅ 𝑘)2 + (𝑝1 ⋅ 𝑘
′)2 + (𝜂𝑝 ⋅ 𝑘′)2

𝑘 ⋅ 𝑘′𝑝1 ⋅ 𝑝2𝜂𝑝 ⋅ 𝑝2
⟩

𝜙

=
1

𝑦2𝑄2
((1 + (1 − 𝑦)2) [

1 + 𝑥𝑝
2

1 − 𝑥𝑝

1 + 𝑧2

1 − 𝑧
+ 3 − 𝑧 − 𝑥𝑝 + 11𝑥𝑝𝑧] − 𝑦

2[8𝑧𝑥𝑝]) 

𝑑𝜎2(𝑒 + 𝑞)

𝑑𝑥𝑑𝑄2
=
𝐶𝐹𝛼

2𝑒𝑞
2𝛼S

2𝜂𝑥2𝑦2𝑠2
∫  
1

0

 𝑑𝑧 ((1 + (1 − 𝑦)2) [
1 + 𝑥𝑝

2

1 − 𝑥𝑝

1 + 𝑧2

1 − 𝑧
+ 3 − 𝑧 − 𝑥𝑝 + 11𝑥𝑝𝑧]

− 𝑦2[8𝑧𝑥𝑝]) 

𝐹2(𝑥, 𝑄
2) =∑  

𝑞

 ∫  
1

𝑥

 𝑑𝑥𝑝𝑒𝑞
2
𝑥

𝑥𝑝
𝑓𝑞 (

𝑥

𝑥𝑝
)
𝐶𝐹𝛼𝑆
2𝜋

∫  
1

0

 𝑑𝑧 (
1 + 𝑥𝑝

2

1 − 𝑥𝑝

1 + 𝑧2

1 − 𝑧
+ 3 − 𝑧 − 𝑥𝑝 + 11𝑥𝑝𝑧)  

𝐹2(𝑥, 𝑄
2) =∑  

𝑞

 ∫  
1

𝑥

 𝑑𝑥𝑝𝑒𝑞
2
𝑥

𝑥𝑝
𝑓𝑞 (

𝑥

𝑥𝑝
)
𝛼S
2𝜋
(�̂�(𝑥𝑝)log 

𝑄2

𝜇2
+ 𝑅(𝑥𝑝))  

�̂�(𝑥) = 𝐶𝐹
1 + 𝑥2

1 − 𝑥
 

𝑃(𝑥) = �̂�(𝑥) + 𝑃virtual (𝑥)  

𝑓(𝑥)+ = 𝑓(𝑥) − 𝛿(1 − 𝑥)∫  
1

0

 𝑑𝑥′𝑓(𝑥′)  

∫  
1

0

 𝑑𝑥𝑓(𝑥)+𝑔(𝑥) = ∫  
1

0

 𝑑𝑥𝑓(𝑥)(𝑔(𝑥) − 𝑔(1))  

𝑃(𝑥) = 𝐶𝐹 [
1 + 𝑥2

(1 − 𝑥)+
+
3

2
𝛿(1 − 𝑥)]  

𝒫(𝑥) ≡ 𝛿(1 − 𝑥) +
𝛼S
2𝜋
log 

𝑄2

𝑄0
2 𝑃(𝑥) + 𝒪(𝛼S

2log2)  
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𝐹2(𝑥, 𝑄
2) =∑  

𝑞

  𝑒𝑞
2∫  

1

𝑥

 𝑑𝑥𝑝
𝑥

𝑥𝑝
𝑓𝑞 (

𝑥

𝑥𝑝
, 𝜇2) {𝛿(1 − 𝑥𝑝) +

𝛼S
2𝜋
(𝑃(𝑥𝑝)log 

𝑄2

𝜇2
+ 𝑅(𝑥𝑝)) + 𝒪(𝛼S

2)}  

𝜎ℎ(𝑝ℎ) =∑  

𝑞

 ∫  𝑑𝜂𝑓𝑞(𝜂, 𝜇
2) {𝜎𝑞(𝜂𝑝ℎ) +

𝛼S
2𝜋
log 

𝑄2

𝜇2
∫  𝑑𝑧𝑃(𝑧)𝜎𝑞(𝑧𝜂𝑝ℎ)}  

𝜇2
𝑑𝐹2(𝑥, 𝑄

2)

𝑑𝜇2
= 0,  

𝜇2
𝑑𝐹2(𝑥, 𝑄

2)

𝑑𝜇2
= 𝒪(𝛼S

2).  

𝜇2
𝑑

𝑑𝜇2
𝑓𝑞(𝑥, 𝜇

2) =
𝛼S
2𝜋
∫  
1

𝑥

 
𝑑𝑥𝑝
𝑥𝑝

𝑓𝑞 (
𝑥

𝑥𝑝
, 𝜇2)𝑃(𝑥𝑝) + 𝒪(𝛼S

2).  

𝑃(𝑥) = 𝐶𝐹 [
1 + 𝑥2

(1 − 𝑥)+
+
3

2
𝛿(1 − 𝑥)] = 𝐶𝐹 (

1 + 𝑥2

1 − 𝑥
)
+

 

𝜇2
𝑑

𝑑𝜇2
𝑓𝑞(𝑥, 𝜇

2) = 𝐶𝐹
𝛼S
2𝜋
∫  
1

𝑥

 
𝑑𝑥𝑝

𝑥𝑝
𝑓𝑞 (

𝑥

𝑥𝑝
, 𝜇2)

1 + 𝑥𝑝
2

1 − 𝑥𝑝
− 𝐶𝐹

𝛼S
2𝜋
𝑓𝑞(𝑥, 𝜇

2)∫  
1

0

 𝑑𝑥𝑝
1 + 𝑥𝑝

2

1 − 𝑥𝑝
 

𝑓𝑁 = ∫  
1

0

 𝑑𝑥𝑥𝑁−1𝑓(𝑥)  

𝜇2
𝑑

𝑑𝜇2
𝑓𝑞𝑁(𝜇

2)  =
𝛼S
2𝜋
∫  
1

0

 𝑑𝑥𝑥𝑁−1∫  
1

𝑥

 
𝑑𝑥𝑝

𝑥𝑝
𝑓𝑞 (

𝑥

𝑥𝑝
, 𝜇2)𝑃(𝑥𝑝) + 𝒪(𝛼S

2)

 =
𝛼S
2𝜋
𝑃𝑁𝑓𝑞𝑁(𝜇

2)

 

𝛾𝑁(𝛼S) =
𝛼S
2𝜋
𝑃𝑁 + 𝒪(𝛼S

2)  

𝑓𝑞𝑁(𝜇
2) = 𝑓𝑞𝑁(𝜇0

2) (
𝜇2

𝜇0
2)

𝛾𝑁(𝛼S)

 

𝜇2
𝑑

𝑑𝜇2
𝛼S(𝜇

2) = 𝛽(𝛼S(𝜇
2)) = −

𝛽0
2𝜋
𝛼S
2(𝜇2) + 𝒪(𝛼S

3)  

𝑓𝑞𝑁(𝜇
2) = 𝑓𝑞𝑁(𝜇0

2) (
𝛼S(𝜇0)

𝛼S(𝜇)
)

𝑃𝑁
𝛽0

 

𝑓𝑞(𝑥) =
1

2𝜋𝑖
∫ 
𝐶

 𝑑𝑁𝑓𝑞𝑁𝑥
−𝑁  

𝐹2(𝑥, 𝑄
2) =∑  

𝑞

 𝑒𝑞
2∫  

1

𝑥

 𝑑𝑥𝑝
𝑥

𝑥𝑝
𝑓‾𝑞 (

𝑥

𝑥𝑝
){𝛿(1 − 𝑥𝑝) +

𝛼S
2𝜋
((
4𝜋𝜇2

𝑄2
)

𝜖
−1

𝜖
𝑃(𝑥𝑝) + 𝑅(𝑥𝑝)) + 𝒪(𝜖)}  
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𝑥𝑓‾𝑞(𝑥) ≡ ∫  
1

𝑥

 𝑑𝑥𝑝
𝑥

𝑥𝑝
𝑓𝑞 (

𝑥

𝑥𝑝
, 𝜇𝐹
2){𝛿(1 − 𝑥𝑝) −

𝛼S
2𝜋
((
4𝜋𝜇2

𝜇𝐹
2 )

𝜖
−1

𝜖
𝑃(𝑥𝑝) + 𝐾(𝑥𝑝))}  

𝐹2(𝑥, 𝑄
2) =∑  

𝑞

  𝑒𝑞
2∫  

1

𝑥

 𝑑𝑥𝑝
𝑥

𝑥𝑝
𝑓𝑞 (

𝑥

𝑥𝑝
, 𝜇𝐹
2) {𝛿(1 − 𝑥𝑝) +

𝛼S
2𝜋
(𝑃(𝑥𝑝)log 

𝑄2

𝜇𝐹
2 + 𝑅(𝑥𝑝) − 𝐾(𝑥𝑝)) + 𝒪(𝛼S

2)}
 

𝐹2(𝑥, 𝑄
2) =∑  

𝑞

𝑒𝑞
2∫  

1

𝑥

𝑑𝑥𝑝
𝑥

𝑥𝑝
𝑓𝑔 (

𝑥

𝑥𝑝
, 𝜇2) {

𝛼S
2𝜋
(𝑃𝑞𝑔(𝑥𝑝)log 

𝑄2

𝜇2
+ 𝑅𝑔(𝑥𝑝) − 𝐾𝑞𝑔(𝑥𝑝)) + 𝒪(𝛼S

2)} 

𝜇2
𝑑

𝑑𝜇2
𝑓𝑎(𝑥, 𝜇

2) =∑  

𝑏

 
𝛼S
2𝜋
∫  
1

𝑥

 
𝑑𝑥𝑝
𝑥𝑝

𝑓𝑏 (
𝑥

𝑥𝑝
, 𝜇2)𝑃𝑎𝑏(𝑥𝑝) + 𝒪(𝛼S

2).  

𝜇2
𝑑

𝑑𝜇2
(

𝑓𝑞𝑁
𝑓𝑞‾𝑁
𝑓𝑔𝑁

) = (

𝛾𝑞𝑞𝑁(𝛼S(𝜇)) 0 𝛾𝑞𝑔𝑁(𝛼S(𝜇))

0 𝛾𝑞𝑞𝑁(𝛼S(𝜇)) 𝛾𝑞𝑔𝑁(𝛼S(𝜇))

𝛾𝑔𝑞𝑁(𝛼S(𝜇)) 𝛾𝑔𝑞𝑁(𝛼S(𝜇)) 𝛾𝑔𝑔𝑁(𝛼S(𝜇))

)(

𝑓𝑞𝑁
𝑓𝑞‾𝑁
𝑓𝑔𝑁

) .  

(

𝑓𝑞𝑁(𝜇
2)

𝑓𝑞‾𝑁(𝜇
2)

𝑓𝑔𝑁(𝜇
2)

) = exp ∫  
𝜇2

𝜇0
2
 
𝑑𝜇′2

𝜇′2
(

𝛾𝑞𝑞𝑁(𝛼S(𝜇
′)) 0 𝛾𝑞𝑔𝑁(𝛼S(𝜇

′))

0 𝛾𝑞𝑞𝑁(𝛼S(𝜇
′)) 𝛾𝑞𝑔𝑁(𝛼S(𝜇

′))

𝛾𝑔𝑞𝑁(𝛼S(𝜇
′)) 𝛾𝑔𝑞𝑁(𝛼S(𝜇

′)) 𝛾𝑔𝑔𝑁(𝛼S(𝜇
′))

)(

𝑓𝑞𝑁(𝜇0
2)

𝑓𝑞‾𝑁(𝜇0
2)

𝑓𝑔𝑁(𝜇0
2)

)  

 

 

CONCLUSIONES 

Queda claro, que un agujero negro cuántico, es una fisura producida en el espacio – tiempo cuántico, 

sea por aniquilación o colapso de una partícula supermasiva, tipo estrella u oscura o en su defecto por 

aniquilación pura de una partícula supermasiva, esto último, habitualmente por colisión con otra 

partícula de similares o distintas características de masa y energía, incluso de momento angular. La 

relatividad general, sugiere la existencia de este fenómeno, a nivel cosmológico, volviéndose las 
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ecuaciones de campo de Einstein, esenciales para su descifrado, sin embargo, al existir un modelo 

matemático, como es el caso, en el que, se describe la existencia y comportamiento de un agujero negro 

a escala cuántica, es un intento no despreciable de unificación, que amerita ser estudiado más a detalle. 
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Anexo A 

Agujeros negros cuánticos y espacio – tiempo cuántico – relativista. Modelo Matemático Unitario. 

Métrica de Baker-Campbell-Hausdorff-Majorana-Grassmann-Nielsen-Ninomiya-Ginsparg-

Wilson-Becchi-Stora-Tyutin-Aharonov-Bohm-Goldstone-Mermin-Wagner-Coleman-Polyakov-

Cabibbo-Kobayashi-Maskawa-Pontecorvo-Maki-Nakagawa-Sakata-Wess-Zumino-Novikov-

Witten-Nambu. 

𝑔𝜇𝜈 = 𝑔
𝜇𝜈 = diag(1,−1,−1,−1) 

𝑥𝜇 = (𝑥0, �⃗�), 𝑥𝜇 = 𝑔𝜇𝜈𝑥
𝜈 = (𝑥0, −�⃗�), 𝑥

0 = 𝑥0 = 𝑐𝑡 

𝜕𝜇 = (
𝜕

𝜕𝑥0
,
𝜕

𝜕𝑥1
,
𝜕

𝜕𝑥2
,
𝜕

𝜕𝑥3
) = (

1

𝑐
𝜕𝑡 , ∇⃗⃗⃗) , 𝜕

𝜇 = (
1

𝑐
𝜕𝑡, −∇⃗⃗⃗). 

[𝑇𝑎, 𝑇𝑏] = i𝑓𝑎𝑏𝑐𝑇
𝑐, Tr[𝑇𝑎𝑇𝑏] =

1

2
𝛿𝑎𝑏 

𝜏 = (𝜏1, 𝜏2, 𝜏3) = ((
0 1
1 0

) , (
0 −i
i 0

) , (
1 0
0 −1

)), 

𝜙(�⃗�) =
𝑒

4𝜋|�⃗�|
 

𝐴𝜇
′ (𝑥) = 𝐴𝜇(𝑥) − 𝜕𝜇𝛼(𝑥),Φ

′(𝑥) = exp (i𝑄𝑒𝛼(𝑥))Φ(𝑥) 

𝐵𝜇
′(𝑥) = 𝐵𝜇(𝑥) − 𝜕𝜇𝜑(𝑥),Φ

′(𝑥) = exp (i𝑌𝑔′𝜑(𝑥))Φ(𝑥) 

𝑊𝜇(𝑥) = i𝑔𝑊𝜇
𝑎(𝑥)

𝜏𝑎

2
, 𝑊𝜇

𝑎(𝑥) ∈ ℝ, 𝑊𝜇
′(𝑥) = 𝐿(𝑥)(𝑊𝜇(𝑥) + 𝜕𝜇)𝐿(𝑥)

†

𝐺𝜇(𝑥) = i𝑔s𝐺𝜇
𝑎(𝑥)

𝜆𝑎

2
, 𝐺𝜇

𝑎(𝑥) ∈ ℝ, 𝐺𝜇
′(𝑥) = Ω(𝑥)(𝐺𝜇(𝑥) + 𝜕𝜇)Ω(𝑥)

†

 

𝑋𝜇(𝑥) = i𝑔
′𝑋𝜇
𝑎(𝑥)

𝜏𝑎

2
, 𝑋𝜇

3(𝑥) = 𝐵𝜇(𝑥), 𝑋𝜇
′ (𝑥) = 𝑅(𝑥)(𝑋𝜇(𝑥) + 𝜕𝜇)𝑅(𝑥)

†,

𝑉𝜇(𝑥) = i𝑔5𝑉𝜇
𝑎(𝑥)

𝜂𝑎

2
, 𝑉𝜇

𝑎(𝑥) ∈ ℝ, 𝑉𝜇
′(𝑥) = Υ(𝑥)(𝑉𝜇(𝑥) + 𝜕𝜇)Υ(𝑥)

†.

 

�⃗� = (𝜎1, 𝜎2, 𝜎3) = ((
0 1
1 0

) , (
0 −i
i 0

) , (
1 0
0 −1

)). 

{𝛾𝜇 , 𝛾𝜈} = 2𝑔𝜇𝜈 , 𝛾5 = i𝛾0𝛾1𝛾2𝛾3, {𝛾𝜇 , 𝛾5} = 0 

𝛾0 = (
0 𝟙
𝟙 0

) , 𝛾𝑖 = ( 0 𝜎𝑖

−𝜎𝑖 0
) , 𝛾5 = (

−𝟙 0
0 𝟙

). 
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𝜓(𝑥) = (
𝜓L(𝑥)

𝜓R(𝑥)
) , 𝜓‾(𝑥) = (𝜓‾R(𝑥), 𝜓‾L(𝑥)), 𝑃L =

1

2
(1 − 𝛾5), 𝑃R =

1

2
(1 + 𝛾5)

(
𝜓L(𝑥)

0
) = 𝑃𝐿𝜓(𝑥), (

0

𝜓R(𝑥)
) = 𝑃𝑅𝜓(𝑥)

 

𝛾𝜇 = (
0 𝜎𝜇

𝜎‾𝜇 0
) , 𝜎𝜇 = (𝟙, �⃗�), 𝜎‾𝜇 = (𝟙,−�⃗�). 

𝜓L(𝑥) = −i𝜎
2𝜓‾R(𝑥)

⊤, 𝜓‾L(𝑥) = 𝜓R(𝑥)
⊤i𝜎2 

{𝛾𝜇 , 𝛾𝜈} = 2𝛿𝜇𝜈 , 𝛾5 = −𝛾1𝛾2𝛾3𝛾4, {𝛾𝜇 , 𝛾5} = 0. 

𝛾𝑖 = (
0 −i𝜎𝑖

i𝜎𝑖 0
) , 𝛾4 = (

0 𝟙
𝟙 0

) , 𝛾5 = (
−𝟙 0
0 𝟙

). 

𝛾𝜇 = (
0 𝜎𝜇
𝜎‾𝜇 0

) , 𝜎𝜇 = (−i�⃗�, 𝟙), 𝜎‾𝜇 = (i�⃗�, 𝟙) 

 C𝜓R(𝑥) = i𝜎
2𝜓‾L(𝑥)

T =  c𝜓L(𝑥),  
C𝜓‾R(𝑥) = −𝜓L(𝑥)

Ti𝜎2 =  c𝜓‾L(𝑥),

 C𝜓L(𝑥) = −i𝜎
2𝜓‾R(𝑥)

T =  c𝜓R(𝑥),  
C𝜓‾L(𝑥) = 𝜓R(𝑥)

Ti𝜎2 =  c𝜓‾R(𝑥),

 P𝜓R(𝑥) = 𝜓L(−�⃗�, 𝑥4),  
P𝜓‾R(𝑥) = 𝜓‾L(−�⃗�, 𝑥4),

 P𝜓L(𝑥) = 𝜓R(−�⃗�, 𝑥4),  
P𝜓‾L(𝑥) = 𝜓‾R(−�⃗�, 𝑥4),

 T𝜓R(𝑥) = i𝜎
2𝜓‾R(�⃗�, −𝑥4)

T,  T𝜓‾R(𝑥) = 𝜓R(�⃗�, −𝑥4)
Ti𝜎2,

 T𝜓L(𝑥) = i𝜎
2𝜓‾L(�⃗�, −𝑥4)

T,  T𝜓‾L(𝑥) = 𝜓L(�⃗�, −𝑥4)
Ti𝜎2.

 

 C𝜓(𝑥) = 𝐶𝜓‾(𝑥)⊤,  C𝜓‾(𝑥) = −𝜓(𝑥)⊤𝐶−1, 𝐶 = (−i𝜎
2 0

0 i𝜎2
) ,

 P𝜓(𝑥) = 𝑃𝜓(−�⃗�, 𝑥4),  
P𝜓‾(𝑥) = 𝜓‾(−�⃗�, 𝑥4)𝑃

−1, 𝑃 = (
0 𝟙
𝟙 0

) ,

 T𝜓(𝑥) = 𝑇𝜓‾(�⃗�,−𝑥4)
⊤,  T𝜓‾(𝑥) = −𝜓(�⃗�, −𝑥4)

⊤𝑇−1, 𝑇 = ( 0 i𝜎2

i𝜎2 0
) .

 

Φ(𝑥) = (
Φ+(𝑥)

Φ0(𝑥)
) ,Φ+(𝑥), Φ0(𝑥) ∈ ℂ 

�⃗⃗�(𝑥) = (𝜙1(𝑥), 𝜙2(𝑥), 𝜙3(𝑥), 𝜙4(𝑥)) ∈ ℝ
4

Φ+(𝑥) = 𝜙2(𝑥) + i𝜙1(𝑥),Φ
0(𝑥) = 𝜙4(𝑥) − i𝜙3(𝑥)

 

𝚽(𝑥) = (
Φ0(𝑥)∗ Φ+(𝑥)

−Φ+(𝑥)∗ Φ0(𝑥)
)

 = 𝜙4(𝑥)𝟙 + i[𝜙1(𝑥)𝜏
1 + 𝜙2(𝑥)𝜏

2 + 𝜙3(𝑥)𝜏
3]

 

𝑀𝜕𝑡
2𝑥 = 𝐹(𝑥) = −

𝑑𝑉(𝑥)

𝑑𝑥
 

𝑆[𝑥] = ∫  𝑑𝑡𝐿(𝑥, 𝜕𝑡𝑥)  

𝐿(𝑥, 𝜕𝑡𝑥) =
𝑀

2
(𝜕𝑡𝑥)

2 − 𝑉(𝑥)  
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𝜕𝑡
𝛿𝐿

𝛿𝜕𝑡𝑥
−
𝛿𝐿

𝛿𝑥
= 0  

◻𝜙 = 𝜕𝜇𝜕
𝜇𝜙 = −

𝑑𝑉(𝜙)

𝑑𝜙
 

𝑆[𝜙] = ∫  𝑑4𝑥ℒ(𝜙, 𝜕𝜇𝜙), 𝑑
4𝑥 = 𝑑(𝑐𝑡)𝑑3𝑥 = 𝑐𝑑𝑡𝑑3𝑥  

ℒ(𝜙, 𝜕𝜇𝜙) =
1

2
𝜕𝜇𝜙𝜕

𝜇𝜙 − 𝑉(𝜙)  

𝑉(𝜙) =
𝑚2

2
𝜙2 +

𝜆

4!
𝜙4  

𝜕𝜇
𝛿ℒ

𝛿(𝜕𝜇𝜙)
−
𝛿ℒ

𝛿𝜙
= 0  

Ψ(𝑥, 𝑡) = ⟨𝑥 ∣ Ψ(𝑡)⟩, Ψ(𝑝, 𝑡) = ⟨𝑝 ∣ Ψ(𝑡)⟩,  

∫  𝑑𝑥|𝑥⟩⟨𝑥| =
1

2𝜋ℏ
∫  𝑑𝑝|𝑝⟩⟨𝑝| =∑  

𝑛

  |𝑛⟩⟨𝑛| = �̂�  

⟨Ψ′ ∣ Ψ⟩ = ∫  𝑑𝑥⟨Ψ′ ∣ 𝑥⟩⟨𝑥 ∣ Ψ⟩ = ∫  𝑑𝑥Ψ′(𝑥)∗Ψ(𝑥)  

Ψ(𝑝, 𝑡) = ∫  𝑑𝑥⟨𝑝 ∣ 𝑥⟩⟨𝑥 ∣ Ψ(𝑡)⟩ = ∫  𝑑𝑥exp (−i𝑝𝑥/ℏ)Ψ(𝑥, 𝑡)

Ψ(𝑥, 𝑡) =
1

2𝜋ℏ
∫  𝑑𝑝⟨𝑥 ∣ 𝑝⟩⟨𝑝 ∣ Ψ(𝑡)⟩ =

1

2𝜋ℏ
∫  𝑑𝑝exp (i𝑝𝑥/ℏ)Ψ(𝑝, 𝑡)

 

⟨Ψ|�̂�|Ψ⟩ = ∫  𝑑𝑥Ψ(𝑥)∗�̂�Ψ(𝑥)  

iℏ𝜕𝑡|Ψ(𝑡)⟩ = �̂�|Ψ(𝑡)⟩.  

|Ψ(𝑡′)⟩ = �̂�(𝑡′, 𝑡)|Ψ(𝑡)⟩, 𝑡′ ≥ 𝑡  

�̂�(𝑡′, 𝑡) = exp (−
i

ℏ
�̂�(𝑡′ − 𝑡))  

Ψ(𝑥′, 𝑡′) = ∫  𝑑𝑥⟨𝑥′|�̂�(𝑡′, 𝑡)|𝑥⟩Ψ(𝑥, 𝑡)  

⟨𝑥|�̂�(𝑡′, 𝑡)|𝑥⟩ = ⟨𝑥|exp (−
i

ℏ
�̂�(𝑡′ − 𝑡)) |𝑥⟩ =∑  

𝑛

  |⟨𝑥 ∣ 𝑛⟩|2exp (−
i

ℏ
𝐸𝑛(𝑡

′ − 𝑡))  



pág. 719 

⟨𝑥′|�̂�(𝑡′, 𝑡)|𝑥⟩ = ⟨𝑥′|exp (−
i

ℏ
�̂�(𝑡′ − 𝑡1)) exp (−

i

ℏ
�̂�(𝑡1 − 𝑡)) |𝑥⟩  

= ∫  𝑑𝑥1⟨𝑥
′|exp (−

i

ℏ
�̂�(𝑡′ − 𝑡1)) |𝑥1⟩⟨𝑥1|exp (−

i

ℏ
�̂�(𝑡1 − 𝑡)) |𝑥⟩

= ∫  𝑑𝑥1⟨𝑥
′|�̂�(𝑡′, 𝑡1)|𝑥1⟩⟨𝑥1|�̂�(𝑡1, 𝑡)|𝑥⟩ 

𝑡′ − 𝑡 = 𝑁𝜀.  

⟨𝑥′|�̂�(𝑡′, 𝑡)|𝑥⟩ = ∫  𝑑𝑥1∫  𝑑𝑥2…∫  𝑑𝑥𝑁−1⟨𝑥
′|�̂�(𝑡′, 𝑡𝑁−1)|𝑥𝑁−1⟩…× … ⟨𝑥2|�̂�(𝑡2, 𝑡1)|𝑥1⟩⟨𝑥1|�̂�(𝑡1, 𝑡)|𝑥⟩  

 

 

�̂� =
�̂�2

2𝑀
+ �̂�(�̂�)  

⟨𝑥𝑛+1|�̂�(𝑡𝑛+1, 𝑡𝑛)|𝑥𝑛⟩ = ⟨𝑥𝑛+1| exp (−
i𝜀

2ℏ
�̂�(�̂�)) exp (−

i𝜀

ℏ

�̂�2

2𝑀
)exp(−

i𝜀

2ℏ
�̂�(�̂�)) |𝑥𝑛⟩

=
1

2𝜋ℏ
∫  𝑑𝑝⟨𝑥𝑛+1|exp (−

i𝜀

2ℏ
�̂�(�̂�))

× exp (−
i𝜀

ℏ

�̂�2

2𝑀
) |𝑝⟩⟨𝑝| exp (−

i𝜀

2ℏ
�̂�(�̂�)) |𝑥𝑛⟩

=
1

2𝜋ℏ
∫  𝑑𝑝exp (−

i𝜀

ℏ

𝑝2

2𝑀
)exp (−

i

ℏ
𝑝(𝑥𝑛+1 − 𝑥𝑛))

× exp (−
i𝜀

2ℏ
[𝑉(𝑥𝑛+1) + 𝑉(𝑥𝑛)]) 

 

⟨𝑥𝑛+1|�̂�(𝑡𝑛+1, 𝑡𝑛)|𝑥𝑖⟩ = (
𝑀

2𝜋iℏ𝜀
)
1/2

exp (
i

ℏ
𝜀 [
𝑀

2
(
𝑥𝑛+1 − 𝑥𝑛

𝜀
)
2

−
1

2
(𝑉(𝑥𝑛) + 𝑉(𝑥𝑛+1))]) 

⟨𝑥′|�̂�(𝑡′, 𝑡)|𝑥⟩ = ∫  𝒟𝑥exp (
i

ℏ
𝑆[𝑥])  

𝑆[𝑥] = lim
𝜀→0
 𝜀∑  

𝑛

  [
𝑀

2
(
𝑥𝑛+1 − 𝑥𝑛

𝜀
)
2

−
1

2
(𝑉(𝑥𝑛+1) + 𝑉(𝑥𝑛))] = ∫  𝑑𝑡 [

𝑀

2
(𝜕𝑡𝑥)

2 − 𝑉(𝑥)]  

 

 

∫  𝒟𝑥 = lim
𝜀→0

 (
𝑀

2𝜋iℏ𝜀
)
𝑁/2

∫  𝑑𝑥1∫  𝑑𝑥2…∫  𝑑𝑥𝑁−1  

𝑍 = Trexp (−𝛽�̂�),  
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𝛽 =
i

ℏ
(𝑡′ − 𝑡).  

𝑡E = i𝑡.  

𝑍 = Trexp (−𝛽�̂�) = ∫  𝒟𝑥exp (−
1

ℏ
𝑆E[𝑥])  

𝑆E[𝑥] = lim
𝑎→0

 ∑  

𝑛

 𝑎 [
𝑀

2
(
𝑥𝑛+1 − 𝑥𝑛

𝑎
)
2

+ 𝑉(𝑥𝑛)] = ∫  
𝛽

0

 𝑑𝑡E [
𝑀

2
(𝜕𝑡E𝑥)

2
+ 𝑉(𝑥)]  

∫  𝒟𝑥 = lim
𝑎→0

  (
𝑀

2𝜋ℏ𝑎
)
𝑁/2

∫  𝑑𝑥1∫  𝑑𝑥2…∫  𝑑𝑥𝑁  

⟨�̂�(�̂�)⟩ =
1

𝑍
Tr[�̂�(�̂�)exp (−𝛽�̂�)] =

1

𝑍
∫  𝒟𝑥𝒪(𝑥(0))exp (−

1

ℏ
𝑆E[𝑥])  

⟨0|�̂�(�̂�)|0⟩ = lim
𝛽→∞

 
1

𝑍
∫  𝒟𝑥𝒪(𝑥(0))exp (−

1

ℏ
𝑆E[𝑥])  

⟨�̂�(�̂�(0))�̂�(�̂�(𝑡E))⟩ =
1

𝑍
Tr[exp (𝑡E�̂�/ℏ)�̂�(�̂�(0))exp (−𝑡E�̂�/ℏ)�̂�(�̂�(0))exp (−𝛽�̂�)]

=
1

𝑍
∑  

𝑛,𝑚

  ⟨𝑛|exp (𝑡E�̂�/ℏ)�̂�(�̂�(0))exp (−𝑡E�̂�/ℏ)|𝑚⟩⟨𝑚|�̂�(�̂�(0))exp (−𝛽�̂�)|𝑛⟩  

=
1

𝑍
∑  

𝑛,𝑚

  |⟨𝑛|�̂�(�̂�(0))|𝑚⟩ |2exp (−𝐸𝑛𝛽

− 𝑡E[𝐸𝑚 − 𝐸𝑛]/ℏ) =
! 1

𝑍
∫  𝒟𝑥𝒪(𝑥(𝑡E))𝒪(𝑥(0))exp (−

1

ℏ
𝑆E[𝑥]) 

lim
𝛽,𝑡E→∞

 ⟨�̂�(𝑥(𝑡E))�̂�(𝑥(0))⟩ − |⟨�̂�(𝑥)⟩|
2|
𝛽≫𝑡E

= |⟨1|�̂�(𝑥)|0⟩ |2exp (−𝑡E[𝐸1 − 𝐸0]/ℏ)  

ℋ[𝑠] = −𝐽∑  

⟨𝑥𝑦⟩

 𝑠𝑥 ⋅ 𝑠𝑦 − �⃗⃗� ⋅∑  

𝑥

  𝑠𝑥  

𝑍 =∏ 

𝑥

  ∑  

𝑠𝑥=±1

 exp (−ℋ[𝑠]/𝑇) = ∫  𝒟𝑠exp (−ℋ[𝑠]/𝑇)  

𝒟𝑠 =∏ 

𝑥

 ∫  
𝑆𝑁−1

 𝑑𝑁−1𝑠𝑥 =∏ 

𝑥

 ∫  
1

−1

 𝑑𝑠𝑥
1…∫  

1

−1

 𝑑𝑠𝑥
𝑁𝛿(|𝑠𝑥| − 1)  

⟨𝑠𝑥⟩ =
1

𝑍
∫  𝒟𝑠𝑠𝑥exp (−ℋ[𝑠]/𝑇)  

⟨𝑠𝑥 ⋅ 𝑠𝑦⟩ =
1

𝑍
∫  𝒟𝑠𝑠𝑥 ⋅ 𝑠𝑦exp (−ℋ[𝑠]/𝑇)  
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⟨𝑠𝑥 ⋅ 𝑠𝑦⟩c
= ⟨𝑠𝑥 ⋅ 𝑠𝑦⟩ − ⟨𝑠𝑥⟩ ⋅ ⟨𝑠𝑦⟩ = ⟨𝑠𝑥 ⋅ 𝑠𝑦⟩ − ⟨𝑠⟩

2 ∼ exp (−
|𝑥 − 𝑦|

𝜉
) ,  

𝑀 =∑ 

𝑥

  𝑠𝑥  

⟨𝑀⟩ = −
𝜕𝐹

𝜕𝐵
|
𝑇=const

 

𝐹 = −𝑇log 𝑍  

lim
𝑇↗𝑇c

 ⟨𝑀⟩ ∝ (𝑇c − 𝑇)
𝛽

 

𝜒 =
1

𝑉

𝜕⟨𝑀⟩

𝜕𝐵
|
𝐵=0

= −
1

𝑉

𝜕2𝐹

𝜕𝐵2
|
𝐵=0

=
1

𝑉
(⟨𝑀2⟩ − ⟨𝑀⟩2) ∝ |𝑇 − 𝑇c|

−𝛾 

 

𝐶 =
𝑇

𝑉

𝜕𝑆

𝜕𝑇
|
𝐵= const. 

= −
𝑇

𝑉

𝜕2𝐹

𝜕𝑇2
|
𝐵= const. 

=
1

𝑉𝑇2
(⟨ℋ2⟩ − ⟨ℋ⟩2) ∝ |𝑇 − 𝑇c|

−𝛼  

�̂� = exp (−𝑎�̂�)  ⇒  𝑍 = Trexp (−𝛽�̂�) = Tr�̂�𝑁, 𝛽 = 𝑁𝑎  

 

𝑍 =∏ 

𝑥

 ∫  
𝑆𝑁−1

 𝑑𝑁−1𝑠𝑥exp (−ℋ[𝑠]/𝑇) = Tr�̂�
𝑁

 

⟨𝑠|�̂�|𝑠′⟩ = exp (−
1

2
ℋ𝑥𝑑[𝑠]/𝑇) exp (−ℋ𝑥𝑑,𝑥𝑑

′ [𝑠, 𝑠′]/𝑇) exp (−
1

2
ℋ𝑥𝑑

′ [𝑠′]/𝑇) 

ℋ𝑥𝑑[𝑠] = −𝐽 ∑  

⟨𝑥𝑦⟩,𝑥,𝑦∈Λ𝑥𝑑

  𝑠𝑥 ⋅ 𝑠𝑦,ℋ𝑥𝑑
′ [𝑠′] = −𝐽 ∑  

⟨𝑥𝑦⟩,𝑥,𝑦∈Λ
𝑥𝑑
′

 𝑠𝑥
′ ⋅ 𝑠𝑦

′  

 
 

ℋ𝑥𝑑,𝑥𝑑
′ [𝑠, 𝑠′] = −𝐽 ∑  

⟨𝑥𝑦⟩,𝑥∈Λ𝑥𝑑 ,𝑦∈Λ𝑥𝑑
′

  𝑠𝑥 ⋅ 𝑠𝑦
′  

 

⟨𝑠|�̂�2|𝑠′′⟩ = ∏  

𝑥∈Λ
𝑥𝑑
′

 ∫  
𝑆𝑁−1

 𝑑𝑁−1𝑠𝑥
′ ⟨𝑠|�̂�|𝑠′⟩⟨𝑠′|�̂�|𝑠′′⟩

 

𝑆E[𝜙] = ∫  𝑑
4𝑥ℒE(𝜙, 𝜕𝜇𝜙), ℒE(𝜙, 𝜕𝜇𝜙) =

1

2
𝜕𝜇𝜙(𝑥)𝜕𝜇𝜙(𝑥) +

𝑚2

2
𝜙(𝑥)2  

𝑍 = ∫  𝒟𝜙exp (−𝑆E[𝜙])  
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ℏ = 𝑐 = 1,  

𝑆E[𝜙] =
1

2
𝑎𝑑∑ 

𝑥

  [∑  

𝑑

𝜇=1

 (
𝜙𝑥+�̂� − 𝜙𝑥

𝑎
)

2

+𝑚2𝜙𝑥
2]  

𝑍 =∏ 

𝑥

 √
𝑎𝑑−2

2𝜋
∫  
∞

−∞

 𝑑𝜙𝑥exp (−𝑆E[𝜙])  

𝑆E[𝜙] =
1

2
𝑎𝑑∑ 

𝑥,𝑦

 𝜙𝑥Δ𝑥𝑦𝜙𝑦  

Δ𝑥𝑦 =
1

𝑎2
[∑  

𝜇

  (2𝛿𝑥𝑦 − 𝛿𝑥,𝑦−�̂� − 𝛿𝑥,𝑦+�̂�) + (𝑚𝑎)
2𝛿𝑥𝑦] ,  

Δ =
1

𝑎2

(

 
 
 
 
 

2 + (𝑚𝑎)2 −1 0 ⋅ ⋅ 0 −1

−1 2 + (𝑚𝑎)2 −1 ⋅ ⋅ 0 0

0 −1 2 + (𝑚𝑎)2 ⋅ ⋅ 0 0
⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅
⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅
0 0 0 ⋅ ⋅ 2 + (𝑚𝑎)2 −1

−1 0 0 ⋅ ⋅ −1 2 + (𝑚𝑎)2)

 
 
 
 
 

 

Δ = Ω⊤𝐷Ω,𝐷 = diag(𝐷1, 𝐷2, … , 𝐷𝑁)  

𝜙𝑥
′ = Ω𝑥𝑦𝜙𝑦  

𝑍 =∏ 

𝑥

 √
𝑎𝑑−2

2𝜋
∫  
∞

−∞

 𝑑𝜙𝑥
′ exp (−

𝑎𝑑

2
∑  

𝑥

 𝜙𝑥
′𝐷𝑥𝑥𝜙𝑥

′) =∏ 

𝑥

  (𝑎2𝐷𝑥𝑥)
−1/2 =

1

√det(𝑎2𝐷)

=
1

√det(𝑎2Δ)
 

⟨𝜙𝑥𝜙𝑦⟩ =
1

𝑍
∫  𝒟𝜙𝜙𝑥𝜙𝑦exp (−𝑆E[𝜙])  

𝑍[𝑗] = ∫  𝒟𝜙exp (−𝑆E[𝜙] + 𝑎
𝑑𝑗⊤𝜙)  

⟨𝜙𝑥𝜙𝑦⟩  =
1

𝑍

𝛿2

𝛿𝑗𝑥𝛿𝑗𝑦
𝑍[𝑗]|

𝑗=0

⟨𝜙𝑥𝜙𝑦⟩c = ⟨𝜙𝑥𝜙𝑦⟩ −
⟨𝜙𝑥⟩⟨𝜙𝑦⟩ =

𝛿2

𝛿𝑗𝑥𝛿𝑗𝑦
log 𝑍[𝑗]|

𝑗=0

 

𝛿

𝛿𝑗𝑥
=
1

𝑎𝑑
𝜕

𝜕𝑗𝑥
.  
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𝜙′ = 𝜙 − Δ−1𝑗,  

−
1

2
𝜙⊤Δ𝜙 + 𝑗⊤𝜙 = −

1

2
𝜙′⊤Δ𝜙′ +

1

2
𝑗⊤Δ−1𝑗,  

𝑍[𝑗] =
1

√det(𝑎2Δ)
exp (

𝑎𝑑

2
𝑗⊤Δ−1𝑗)  

⟨𝜙𝑥𝜙𝑦⟩c
=
𝛿

𝛿𝑗𝑥

𝛿

𝛿𝑗𝑦

𝑎𝑑

2
𝑗𝑢(Δ

−1)𝑢𝑣𝑗𝑣 =
1

2

𝛿

𝛿𝑗𝑥
[𝛿𝑦𝑢(Δ

−1)𝑢𝑣𝑗𝑣 + 𝑗𝑢(Δ
−1)𝑢𝑣𝛿𝑣𝑦] 

 =
𝑎−𝑑

2
[(Δ−1)𝑦𝑣𝛿𝑣𝑥 + 𝛿𝑥𝑢(Δ

−1)𝑢𝑦] = 𝑎
−𝑑(Δ−1)𝑥𝑦

 

𝜙(𝑝) = 𝑎𝑑∑ 

𝑥

 𝜙𝑥exp (−i𝑝𝑥), 𝜙𝑥 =
1

(2𝜋)𝑑
∫  
𝐵

 𝑑𝑑𝑝𝜙(𝑝)exp (i𝑝𝑥)  

𝐵 =] −
𝜋

𝑎
,
𝜋

𝑎
]
𝑑

.  

𝑆E[𝜙]=
1

2

1

(2𝜋)𝑑
∫  
𝐵

 𝑑𝑑𝑝𝜙(−𝑝)Δ(𝑝)𝜙(𝑝) 

Δ(𝑝) = ∑  

𝑑

𝜇=1

 (
2

𝑎
sin (

𝑝𝜇𝑎

2
))

2

+𝑚2

 

⟨𝜙(𝑘)𝜙(𝑝)⟩c =
𝛿2

𝛿𝑗(𝑘)𝛿𝑗(𝑝)

1

2

1

(2𝜋)𝑑
∫  
𝐵2
 𝑑𝑑𝑞𝑑𝑑𝑠𝑗(𝑞)Δ(𝑠)−1𝑗(𝑠)𝛿(𝑞 + 𝑠)

=
𝛿

𝛿𝑗(𝑘)

1

2
[∫  
𝐵

 𝑑𝑑𝑠Δ(𝑠)−1𝑗(𝑠)𝛿(𝑝 + 𝑠) + ∫  
𝐵

 𝑑𝑑𝑞𝑗(𝑞)Δ(𝑝)−1𝛿(𝑝 + 𝑞)]

= Δ(𝑝)−1(2𝜋)𝑑𝛿(𝑘 + 𝑝)  ⇒
1

(2𝜋)𝑑
∫  𝑑𝑑𝑘⟨𝜙(𝑘)𝜙(𝑝)⟩c

= [∑  

𝜇

 (
2

𝑎
sin (𝑝𝜇𝑎/2))

2

+𝑚2]

−1

𝑟
𝑝2+𝑚2

𝑎→0
 

⟨𝜙(𝑥)𝜙(𝑦)⟩c =
1

(2𝜋)𝑑
∫  𝑑𝑑𝑝

exp (i𝑝(𝑥 − 𝑦))

𝑝2 +𝑚2
 

(−𝜕2 +𝑚2)⟨𝜙(0)𝜙(𝑥)⟩c = 𝛿(𝑥).  

𝜙(𝑝)𝑥𝑑 = 𝑎
𝑑−1∑ 

𝑥

 𝜙𝑥,𝑥𝑑exp (−i�⃗� ⋅ �⃗�) =
1

2𝜋
∫  
𝜋/𝑎

−𝜋/𝑎

 𝑑𝑝𝑑𝜙(𝑝)exp (i𝑝𝑑𝑥𝑑)  

⟨𝜙(−𝑝)0𝜙(𝑝)𝑥𝑑⟩c
=
1

2𝜋
∫  
𝜋/𝑎

−𝜋/𝑎

 𝑑𝑝𝑑⟨𝜙(−𝑝)𝜙(𝑝)⟩exp (i𝑝𝑑𝑥𝑑)  
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[
2

𝑎
sinh (

𝐸𝑎

2
)]
2

= ∑  

𝑑−1

𝑖=1

 (
2

𝑎
sin (

𝑝𝑖𝑎

2
))

2

+𝑚2  

⟨𝜙(−𝑝)0𝜙(𝑝)𝑥𝑑⟩c
∝ exp (−𝐸𝑥𝑑)  

𝐸 = √𝑝2 +𝑚2.  

⟨𝜙𝑥𝜙𝑦𝜙𝑧𝜙𝑤⟩ =
1

𝑍[𝑗]

𝛿4

𝛿𝑗𝑥𝛿𝑗𝑦𝛿𝑗𝑧𝛿𝑗𝑤
𝑍[𝑗]|

𝑗=0

=
𝛿

𝛿𝑗𝑥

𝛿

𝛿𝑗𝑦

𝛿

𝛿𝑗𝑧

𝛿

𝛿𝑗𝑤
exp (

𝑎𝑑

2
𝑗TΔ−1𝑗)|

𝑗=0

= 𝑎−2𝑑[(Δ−1)𝑥𝑦(Δ
−1)𝑧𝑤 + (Δ

−1)𝑥𝑧(Δ
−1)𝑦𝑤 + (Δ

−1)𝑥𝑤(Δ
−1)𝑦𝑧] 

exp (i𝑝(𝑦 − 𝑥))

𝑝2 +𝑚2
→ exp (i𝑝(𝑦 − 𝑥)) [

1

𝑝2 +𝑚2
−

1

𝑝2 +𝑀PV
2 ]  

ℒ(𝜙, 𝜕𝜇𝜙) =
1

2
𝜕𝜇𝜙(𝑥)𝜕

𝜇𝜙(𝑥) −
𝑚2

2
𝜙2(𝑥) −

𝜆

4!
𝜙4(𝑥) 

exp (𝜀�̂�)exp (𝜀�̂�) = exp (𝜀�̂� + 𝜀2�̂� + 𝜀3�̂� + 𝒪(𝜀4)) 

∫  
∞

−∞

exp (−i𝛼𝑥2)𝑑𝑥, 𝛼 > 0 

∑ 

𝑛∈ℤ

𝛿(𝑥 − 𝑛) = ∑  

𝑛∈ℤ

exp (2𝜋i𝑛𝑥) 

ℋ[𝑠] = −𝐽∑  

⟨𝑥𝑦⟩

𝑠𝑥𝑠𝑦. 

𝑍 = ∫  𝒟𝑠exp (−ℋ[𝑠]/𝑇) 

⟨𝑠|�̂�|𝑠′⟩ = exp (𝐽𝑠𝑠′/𝑇) 

ℋ[𝑠] = −𝐽∑  

⟨𝑥𝑦⟩

𝑠𝑥 ⋅ 𝑠𝑦 

⟨𝑠|�̂�|𝑠′⟩ = exp (𝐽𝑠 ⋅ 𝑠′/𝑇) 

⟨𝜙𝑥⟩c = ⟨𝜙𝑥⟩

⟨𝜙𝑥𝜙𝑦⟩c = ⟨𝜙𝑥𝜙𝑦⟩ −
⟨𝜙𝑥⟩⟨𝜙𝑦⟩

⟨𝜙𝑥𝜙𝑦𝜙𝑧⟩c = ⟨𝜙𝑥𝜙𝑦𝜙𝑧⟩ − ⟨𝜙𝑥𝜙𝑦⟩c
⟨𝜙𝑧⟩ − ⟨𝜙𝑥𝜙𝑧⟩c⟨𝜙𝑦⟩ − ⟨𝜙𝑦𝜙𝑧⟩c

⟨𝜙𝑥⟩ − ⟨𝜙𝑥⟩⟨𝜙𝑦⟩⟨𝜙𝑧⟩

 

𝑍[𝑗] = ∫  𝒟𝜙exp (−𝑆[𝜙] + 𝑎𝑑𝑗⊤𝜙) 

⟨𝜙𝑥𝜙𝑦𝜙𝑧⟩c =
𝛿

𝛿𝑗𝑥

𝛿

𝛿𝑗𝑦

𝛿

𝛿𝑗𝑧
log 𝑍[𝑗]|

𝑗=0
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𝑍[𝑗] = ∫  𝐷𝜙exp (−
𝑎𝑑

2
𝜙⊤Δ𝜙 + 𝑎𝑑𝑗⊤𝜙) = ∫  𝐷𝜙′exp (−

𝑎𝑑

2
𝜙⊤Δ𝜙′ +

𝑎𝑑

2
𝑗⊤Δ−1𝑗) 

( 𝜙′ = 𝜙 − Δ−1𝑗 ) 

⟨𝜙𝑥1𝜙𝑥2 …𝜙𝑥𝑛⟩ =
1

𝑍[𝑗]

𝛿𝑛

𝛿𝑗𝑥1𝛿𝑗𝑥2 …𝛿𝑗𝑥𝑛
𝑍[𝑗]|

𝑗=0

 

𝜙′(𝑥′) = 𝜙(𝑥) = 𝜙(Λ−1𝑥′), Λ𝜇
𝜌
Λ𝜈
𝜎𝑔𝜌𝜎 = 𝑔𝜇𝜈  

�⃗⃗�(𝑥) = (𝜙1(𝑥), 𝜙2(𝑥), … , 𝜙𝑁(𝑥)) ∈ ℝ
𝑁  

ℒ(�⃗⃗�, 𝜕𝜇�⃗⃗�) =
1

2
𝜕𝜇�⃗⃗� ⋅ 𝜕

𝜇�⃗⃗� − 𝑉(�⃗⃗�)  

𝑉(�⃗⃗�) =
𝑚2

2
�⃗⃗� ⋅ �⃗⃗� +

𝜆

4!
(�⃗⃗� ⋅ �⃗⃗�)2  

𝜕𝜇
𝛿ℒ

𝛿𝜕𝜇𝜙𝑖
−
𝛿ℒ

𝛿𝜙𝑖
= 𝜕𝜇𝜕

𝜇𝜙𝑖 +
𝜕𝑉(�⃗⃗�)

𝜕𝜙𝑖
= [𝜕𝜇𝜕

𝜇 +𝑚2 +
𝜆

3!
𝜙2]𝜙𝑖 = 0, 𝑖 ∈ {1,2,… ,𝑁}.  

𝜕𝜇𝜕
𝜇𝜙𝑖 +𝑚

2𝜙𝑖 = 0  

�⃗⃗�(𝑥) = �⃗⃗�0cos (�⃗⃗� ⋅ �⃗� − 𝜔𝑡 + 𝜑)  

 

𝜔2 = �⃗⃗�2 +𝑚2  

𝐸2 = 𝑝2𝑐2 + (𝑚𝑐2)2  

�⃗⃗�′(𝑥) = Ω�⃗⃗�(𝑥), Ω ∈ O(𝑁)  

�⃗⃗�′(𝑥) = Ω(𝑥)�⃗⃗�(𝑥)  

|�⃗⃗�′(𝑥)|
2
= �⃗⃗�(𝑥)Ω(𝑥)⊤ ⋅ Ω(𝑥)�⃗⃗�(𝑥) = |�⃗⃗�(𝑥)|2  

Ω(𝑥) = exp (i𝜔(𝑥)) ≈ 𝟙 + i𝜔(𝑥)  

𝟙 = Ω(𝑥)⊤Ω(𝑥) ≈ [𝟙 + i𝜔(𝑥)⊤][𝟙 + i𝜔(𝑥)] ≈ 𝟙 + i[𝜔(𝑥) + 𝜔(𝑥)⊤] ⇒

𝜔(𝑥)⊤ = −𝜔(𝑥)
 

�⃗⃗�′(𝑥) ≈ [𝟙 + i𝜔(𝑥)]�⃗⃗�(𝑥)  

𝜕𝜇�⃗⃗�′(𝑥) ≈ 𝜕𝜇�⃗⃗�(𝑥) + i𝜕𝜇𝜔(𝑥)�⃗⃗�(𝑥) + i𝜔(𝑥)𝜕𝜇�⃗⃗�(𝑥)  

𝜕𝜇�⃗⃗�
′ ⋅ 𝜕𝜇�⃗⃗�′≈ (𝜕𝜇�⃗⃗� − i�⃗⃗�𝜕𝜇𝜔 − i𝜕𝜇�⃗⃗�𝜔) ⋅ (𝜕

𝜇�⃗⃗� + i𝜕𝜇𝜔�⃗⃗� + i𝜔𝜕𝜇�⃗⃗�(𝑥)) 

 = 𝜕𝜇�⃗⃗� ⋅ 𝜕
𝜇�⃗⃗� + i𝜕𝜇�⃗⃗� ⋅ 𝜕

𝜇𝜔�⃗⃗� − i�⃗⃗�𝜕𝜇𝜔 ⋅ 𝜕
𝜇�⃗⃗�
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𝑆[𝜙′] − 𝑆[𝜙]= ∫  𝑑4𝑥[ℒ(𝜙′, 𝜕𝜇𝜙
′) − ℒ(𝜙, 𝜕𝜇𝜙)] = −i∫  𝑑

4𝑥𝜕𝜇𝜔𝑖𝑗𝑗𝑖𝑗
𝜇
 

 = i∫  𝑑4𝑥𝜔𝑖𝑗𝜕𝜇𝑗𝑖𝑗
𝜇

 

 

𝑗𝑖𝑗
𝜇
(𝑥) = 𝜙𝑖(𝑥)𝜕

𝜇𝜙𝑗(𝑥) − 𝜙𝑗(𝑥)𝜕
𝜇𝜙𝑖(𝑥)  

𝜕𝜇𝑗𝑖𝑗
𝜇
= 𝜕𝜇[𝜙𝑖𝜕

𝜇𝜙𝑗 − 𝜙𝑗𝜕
𝜇𝜙𝑖] = 𝜙𝑖𝜕𝜇𝜕

𝜇𝜙𝑗 − 𝜙𝑗𝜕𝜇𝜕
𝜇𝜙𝑖  

= −𝜙𝑖
𝜕𝑉(�⃗⃗�)

𝜕𝜙𝑗
+ 𝜙𝑗

𝜕𝑉(�⃗⃗�)

𝜕𝜙𝑖
 

 = 𝜙𝑖 [𝑚
2𝜙𝑗 +

𝜆

3!
𝜙2𝜙𝑗] − 𝜙𝑗 [𝑚

2𝜙𝑖 +
𝜆

3!
𝜙2𝜙𝑖] = 0

 

ℒ(𝜙, 𝜕𝜇𝜙) =
1

2
𝜕𝜇𝜙(𝑥)𝜕

𝜇𝜙(𝑥) −
𝑚2

2
𝜙(𝑥)2  

Π(𝑥) =
𝛿ℒ

𝛿𝜕0𝜙(𝑥)
= 𝜕0𝜙(𝑥)  

ℋ(𝜙,Π) = Π(𝑥)𝜕0𝜙(𝑥) − ℒ =
1

2
Π(𝑥)2 +

1

2
𝜕𝑖𝜙(𝑥)𝜕𝑖𝜙(𝑥) +

𝑚2

2
𝜙(𝑥)2  

𝐻[𝜙, Π] = ∫  𝑑3𝑥ℋ(𝜙, Π) = ∫  𝑑3𝑥
1

2
[Π(�⃗�)2 + 𝜕𝑖𝜙(�⃗�)𝜕𝑖𝜙(�⃗�) + 𝑚

2𝜙(�⃗�)2]  

[�̂�𝑖, �̂�𝑗] = i𝛿𝑖𝑗 , [�̂�𝑖, �̂�𝑗] = [�̂�𝑖, �̂�𝑗] = 0  

[�̂�(�⃗�), Π̂(�⃗�)] = i𝛿(�⃗� − �⃗�), [�̂�(�⃗�), �̂�(�⃗�)] = [Π̂(�⃗�), Π̂(�⃗�)] = 0.  

�̂�𝑖 = −i
𝜕

𝜕𝑥𝑖
 

Π̂(�⃗�) = −i
𝛿

𝛿𝜙(�⃗�)
,  

�̂� = ∫  𝑑3𝑥
1

2
[Π̂(�⃗�)2 + 𝜕𝑖�̂�(�⃗�)𝜕𝑖�̂�(�⃗�) + 𝑚

2�̂�(�⃗�)2]  

�̂�(𝑝) = ∫  𝑑3𝑥�̂�(�⃗�)exp (−i�⃗� ⋅ �⃗�), Π̂(𝑝) = ∫  𝑑3𝑥Π̂(�⃗�)exp (−i𝑝 ⋅ �⃗�)  

�̂�(𝑝)† = �̂�(−�⃗�), Π̂(𝑝)† = Π̂(−𝑝).  

[�̂�(𝑝), Π̂(�⃗�)] = i(2𝜋)3𝛿(𝑝 + �⃗�), [�̂�(𝑝), �̂�(�⃗�)] = [Π̂(𝑝), Π̂(�⃗�)] = 0  

�̂� =
1

(2𝜋)3
∫  𝑑3𝑝

1

2
[Π̂(𝑝)†Π̂(𝑝) + (𝑝2 +𝑚2)�̂�(�⃗�)†�̂�(�⃗�)]  
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�̂�(𝑝) =
1

√2
[√𝜔�̂�(�⃗�) +

i

√𝜔
Π̂(𝑝)] , �̂�(𝑝)† =

1

√2
[√𝜔�̂�(−�⃗�) −

i

√𝜔
Π̂(−𝑝)] ,  

[�̂�(𝑝), �̂�(�⃗�)†]=
i

2
[Π̂(𝑝), �̂�(−�⃗�)] −

i

2
[�̂�(𝑝), Π̂(−�⃗�)] = (2𝜋)3𝛿(𝑝 − �⃗�), 

[�̂�(𝑝), �̂�(�⃗�)] = [�̂�(𝑝)†, �̂�(�⃗�)†] = 0.
 

�̂� =
1

(2𝜋)3
∫  𝑑3𝑝√𝑝2 +𝑚2 (�̂�(𝑝)†�̂�(𝑝) +

𝑉

2
)  

𝛿(𝑝) =
1

(2𝜋)3
∫  𝑑3𝑥exp (−i𝑝 ⋅ �⃗�)  ⇒  (2𝜋)3𝛿(0⃗⃗) = ∫  𝑑3𝑥1 = 𝑉  

�̂�(𝑝)|0⟩ = 0,  

𝐸0 =
1

(2𝜋)3
𝑉

2
∫  𝑑3𝑝√𝑝2 +𝑚2  

𝜌 =
𝐸0
𝑉
=

1

(2𝜋)3
1

2
∫  𝑑3𝑝√𝑝2 +𝑚2 =

1

4𝜋2
∫  
∞

0

 𝑑|𝑝|𝑝2√�⃗�2 +𝑚2  

𝜌 =
1

4𝜋2
∫  
Λ

0

 𝑑|𝑝|𝑝2√�⃗�2 +𝑚2 ∼ 𝒪(Λ4)  

𝐺𝜇𝜈 = 8𝜋𝐺𝑇𝜇𝜈 + Λ𝑐𝑔𝜇𝜈  

𝑀Planck =
1

√𝐺
≈ 1.2 × 1019GeV  

𝜌naive ≈ 𝑀Planck 
4 .  

𝜌observation ≈ (2 × 10
−3eV)4  

𝜌naive 

𝜌observation 

≈ 𝒪(10120).  

|𝑝⟩ = �̂�(𝑝)†|0⟩,  

𝐸(𝑝) − 𝐸0 = 𝜔 = √𝑝
2 +𝑚2.  

|𝑝1; 𝑝2⟩ = �̂�(𝑝1)
†�̂�(�⃗�2)

†|0⟩.  

|𝑝2; 𝑝1⟩ = |𝑝1; 𝑝2⟩,  

𝒯𝜇𝜈(𝑥) = 𝜕𝜇𝜙(𝑥)𝜕𝜈𝜙(𝑥) − 𝑔𝜇𝜈ℒ.  

𝜕𝜇𝒯𝜇𝜈(𝑥) = 0  

ℋ(𝑥) = 𝒯00(𝑥) = 𝜕0𝜙(𝑥)𝜕0𝜙(𝑥) − 𝑔00ℒ = Π(𝑥)
2 − ℒ  

𝒫𝑖(𝑥) = 𝒯0𝑖(𝑥) = 𝜕0𝜙(𝑥)𝜕𝑖𝜙(𝑥) − 𝑔0𝑖ℒ = Π(𝑥)𝜕𝑖𝜙(𝑥)  



pág. 728 

�̂�𝑖= ∫  𝑑
3𝑥
1

2
[Π̂(�⃗�)𝜕𝑖�̂�(�⃗�) + 𝜕𝑖�̂�(�⃗�)Π̂(�⃗�)]  

=
1

(2𝜋)3
∫  𝑑3𝑝

i𝑝𝑖
2
[Π̂(𝑝)�̂�(−𝑝) + �̂�(−𝑝)Π̂(𝑝)] 

 =
1

(2𝜋)3
∫  𝑑3𝑝𝑝𝑖�̂�(𝑝)

†�̂�(𝑝)

 

�̂�𝑖|𝑝⟩ = 𝑝𝑖|𝑝⟩  

𝑉(Φ) =
𝑚2

2
|Φ|2 +

𝜆

4!
|Φ|4 

 

�̂� = ∑  

𝑁

𝑛=1

  [
�̂�𝑛
2

2𝑀
+
𝑀𝜔0

2

2
(�̂�𝑛+1 − �̂�𝑛 − 𝑎)

2]  

�̂�𝑁+1 = �̂�1 +𝑁𝑎 = �̂�1 + 𝐿  

�̂�𝑛 = �̂�𝑛 − 𝑛𝑎  

�̂� = ∑  

𝑁

𝑛=1

  [
�̂�𝑛
2

2𝑀
+
𝑀𝜔0

2

2
(�̂�𝑛+1 − �̂�𝑛)

2]  

𝑘 =
2𝜋𝑙

𝐿
=
2𝜋𝑙

𝑁𝑎
∈ 𝐵 =] −

𝜋

𝑎
,
𝜋

𝑎
]  

�̂�(𝑘) = ∑  

𝑁

𝑛=1

  �̂�𝑛exp (−i𝑘𝑛𝑎).  

�̂�𝑛 =
1

𝑁
∑  

𝑘∈𝐵

  �̂�(𝑘)exp (i𝑘𝑛𝑎)  

�̂� = ∑  

𝑁

𝑛=1

  �̂�𝑛  

�̂� =
𝑀𝜔0

2

2
∑  

𝑁

𝑛=1

  (�̂�𝑛+1 − �̂�𝑛)
2 =

𝑀𝜔0
2

2

1

𝑁2
∑  

𝑘,𝑘′∈𝐵

  �̂�(𝑘′)†�̂�(𝑘)

×∑  

𝑁

𝑛=1

  [exp (−i𝑘′(𝑛 + 1)𝑎) − exp (−i𝑘′𝑛𝑎)][exp (i𝑘(𝑛 + 1)𝑎) − exp(i𝑘𝑛𝑎)]  

=
1

𝑁

𝑀

2
∑  

𝑘∈𝐵

 𝜔(𝑘)2�̂�(𝑘)†�̂�(𝑘)

 

𝜔(𝑘) = 2𝜔0 |sin 
𝑘𝑎

2
|  
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1

𝑁
∑  

𝑁

𝑛=1

 exp (i(𝑘 − 𝑘′)𝑛𝑎) = 𝛿𝑘𝑘′ ,  

2 − exp (i𝑘𝑎) − exp (−i𝑘𝑎) = 2(1 − cos (𝑘𝑎)) = (2sin 
𝑘𝑎

2
)
2

,  

�̂�(𝑘) = ∑  

𝑁

𝑛=1

  �̂�𝑛exp (−i𝑘𝑛𝑎), �̂�(𝑘)
† = �̂�(−𝑘),  

�̂�𝑛 =
1

𝑁
∑  

𝑘∈𝐵

  �̂�(𝑘)exp (i𝑘𝑛𝑎)  

�̂�= ∑  

𝑁

𝑛=1

 
�̂�𝑛
2

2𝑀
=
1

𝑁2
∑  

𝑘,𝑘′∈𝐵

 
�̂�(𝑘′)�̂�(𝑘)

2𝑀
∑  

𝑁

𝑛=1

 exp (i(𝑘′ + 𝑘)𝑛𝑎) 

 =
1

𝑁
∑  

𝑘∈𝐵

 
�̂�(𝑘)†�̂�(𝑘)

2𝑀

 

�̂�= �̂� + �̂� =
1

𝑁
∑  

𝑘∈𝐵

  [
�̂�(𝑘)†�̂�(𝑘)

2𝑀
+
𝑀𝜔(𝑘)2

2
�̂�(𝑘)†�̂�(𝑘)]  

 =
�̂�2

2𝑁𝑀
+
1

𝑁
∑  

𝑘∈𝐵,𝑘≠0

  [
�̂�(𝑘)†�̂�(𝑘)

2𝑀
+
𝑀𝜔(𝑘)2

2
�̂�(𝑘)†�̂�(𝑘)]

 

�̂� = ∑  

𝑁

𝑛=1

  �̂�𝑛 = �̂�(𝑘 = 0)  

�̂�(𝑘)=
1

√2𝑁
(𝛼(𝑘)�̂�(𝑘) +

i�̂�(𝑘)

𝛼(𝑘)ℏ
)  

�̂�(𝑘)† =
1

√2𝑁
(𝛼(𝑘)�̂�(𝑘)† −

i�̂�(𝑘)†

𝛼(𝑘)ℏ
)

 

𝛼(𝑘) = √
𝑀𝜔(𝑘)

ℏ
 

[�̂�(𝑘), �̂�(𝑘′)†] = −
i𝛼(𝑘)

2𝑁𝛼(𝑘′)ℏ
[�̂�(𝑘), �̂�(−𝑘′)] +

i𝛼(𝑘′)

2𝑁𝛼(𝑘)ℏ
[�̂�(𝑘), �̂�(−𝑘′)]  

[�̂�𝑛, �̂�𝑛′] = 0, [�̂�𝑛, �̂�𝑛′] = 0, [�̂�𝑛, �̂�𝑛′] = iℏ𝛿𝑛𝑛′  

[�̂�(𝑘), �̂�(−𝑘′)]= ∑  

𝑁

𝑛,𝑛′=1

  [�̂�𝑛, �̂�𝑛′]exp (−i𝑘𝑛𝑎 + i𝑘
′𝑛′𝑎) 

 = iℏ∑  

𝑁

𝑛=1

 exp (i(𝑘′ − 𝑘)𝑛𝑎) = iℏ𝑁𝛿𝑘𝑘′
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[�̂�(𝑘), �̂�(𝑘′)†] = 𝛿𝑘𝑘′ .  

[�̂�(𝑘), �̂�(𝑘′)] = 0, [�̂�(𝑘)†, �̂�(𝑘′)†] = 0  

�̂�(𝑘)†�̂�(𝑘)=
1

2𝑁
(𝛼(𝑘)�̂�(𝑘)† −

i�̂�(𝑘)†

𝛼(𝑘)ℏ
) (𝛼(𝑘)�̂�(𝑘) +

i�̂�(𝑘)

𝛼(𝑘)ℏ
)  

 =
1

2𝑁
(𝛼(𝑘)2�̂�(𝑘)†�̂�(𝑘) +

�̂�(𝑘)†�̂�(𝑘)

𝛼(𝑘)2ℏ2
) +

i

2𝑁ℏ
[�̂�(−𝑘)�̂�(𝑘) − �̂�(−𝑘)�̂�(𝑘)]

 

�̂�=
�̂�2

2𝑁𝑀
+ ∑  

𝑘∈𝐵,𝑘≠0

 ℏ𝜔(𝑘) (�̂�(𝑘)†�̂�(𝑘) −
i

2𝑁ℏ
[�̂�(𝑘), �̂�(−𝑘)]) 

 =
�̂�2

2𝑁𝑀
+ ∑  

𝑘∈𝐵,𝑘≠0

 ℏ𝜔(𝑘) (�̂�(𝑘) +
1

2
) .

 

�̂�(𝑘) = �̂�(𝑘)†�̂�(𝑘),  

�̂�|0⟩ = 0, �̂�(𝑘)|0⟩ = 0  

𝐸0 = ⟨0|�̂�|0⟩ = ∑  

𝑘∈𝐵

 
1

2
ℏ𝜔(𝑘)  

𝜌0 =
𝐸0
𝐿
=
1

2𝜋
∫  
𝐵

 𝑑𝑘
ℏ𝜔(𝑘)

2
=
ℏ

𝜋
∫  
𝜋/𝑎

0

 𝑑𝑘𝜔0sin 
𝑘𝑎

2
=
2ℏ𝜔0
𝜋𝑎

 

|𝑘⟩ = �̂�(𝑘)†|0⟩  

𝐸(𝑘) = ℏ𝜔(𝑘) = 2ℏ𝜔0 |sin 
𝑘𝑎

2
|  

𝑐 = 𝜔0𝑎  

𝑐(𝑘) = |
𝑑𝐸

𝑑𝑝
| = 𝜔0𝑎cos 

𝑘𝑎

2
 

|𝑘1; 𝑘2⟩ = �̂�(𝑘1)
†�̂�(𝑘2)

†|0⟩.  

|𝑘1; 𝑘2⟩ = |𝑘2; 𝑘1⟩  

|𝑛⟩ =
𝑎

2𝜋
∫  
𝐵

 𝑑𝑘|𝑘⟩exp (i𝑘𝑛𝑎)  

�̂�𝑛
† =

𝑎

2𝜋
∫  
𝐵

 𝑑𝑘�̂�(𝑘)†exp (i𝑘𝑛𝑎)  

|𝑛⟩ = �̂�𝑛
†|0⟩  

�̂�𝑛 =
𝑎

2𝜋
∫  
𝐵

 𝑑𝑘�̂�(𝑘)exp (−i𝑘𝑛𝑎)  
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[�̂�𝑛, �̂�𝑛′
†
]= (

𝑎

2𝜋
)
2

∫  
𝐵

 𝑑𝑘 ∫  
𝐵

 𝑑𝑘′[�̂�(𝑘), �̂�(𝑘′)†]exp (i(𝑘′𝑛′ − 𝑘𝑛)𝑎) 

 =
𝑎

2𝜋
∫  
𝐵

 𝑑𝑘exp (i𝑘(𝑛′ − 𝑛)𝑎) = 𝛿𝑛𝑛′

 

[�̂�𝑛, �̂�𝑛′] = 0, [�̂�𝑛
† , �̂�

𝑛′
†
] = 0  

�̂�𝑛
† =

𝑎

2𝜋
∫  
𝐵

 𝑑𝑘
1

√2𝑁
(𝛼(𝑘)�̂�(𝑘)† −

i�̂�(𝑘)†

𝛼(𝑘)ℏ
) exp (i𝑘𝑛𝑎)  

�̂�𝑛
† =

1

√𝑁
∑  

𝑛′∈ℤ

  (𝑓𝑛−𝑛′�̂�𝑛′ − 𝑔𝑛−𝑛′
i

ℏ
�̂�𝑛′)  

 

𝑓𝑛 = 𝑓−𝑛 =
𝑎

2𝜋
∫  
𝐵

 𝑑𝑘
𝛼(𝑘)

√2
exp (i𝑘𝑛𝑎) =

𝑎

𝜋
√
𝑀𝜔0
2ℏ

∫  
𝜋/𝑎

0

 𝑑𝑘√sin (𝑘𝑎/2)cos (𝑘𝑛𝑎)

𝑔𝑛 = 𝑔−𝑛 =
𝑎

2𝜋
∫  
𝐵

 𝑑𝑘
1

√2𝛼(𝑘)
exp (i𝑘𝑛𝑎) =

𝑎

𝜋
√

ℏ

2𝑀𝜔0
∫  
𝜋/𝑎

0

 𝑑𝑘
cos (𝑘𝑛𝑎)

√sin (𝑘𝑎/2)

 

𝑓𝑛 ∼
1

√|𝑛|
3 , 𝑔𝑛 ∼

1

√|𝑛|
,  

�̂�′ = ∑  

𝑁

𝑛=1

 
𝑀𝜔0

′2

2
(�̂�𝑛 − 𝑛𝑎)

2 = ∑  

𝑁

𝑛=1

 
𝑀𝜔0

′2

2
�̂�𝑛
2 =

1

𝑁
∑  

𝑘∈𝐵

 
𝑀𝜔0

′2

2
�̂�(𝑘)†�̂�(𝑘)  

�̂�= �̂� + �̂� + �̂�′ =
1

𝑁
∑  

𝑘∈𝐵

  [
�̂�(𝑘)†�̂�(𝑘)

2𝑀
+
𝑀

2
((2𝜔0sin 

𝑘𝑎

2
)
2

+𝜔0
′2) �̂�(𝑘)†�̂�(𝑘)] 

 = ∑  

𝑘∈𝐵

 ℏ𝜔(𝑘) (�̂�(𝑘) +
1

2
)

 

𝜔(𝑘) = √(2𝜔0sin 
𝑘𝑎

2
)
2

+𝜔0
′2  

𝐸(𝑘) = ℏ𝜔(𝑘) = √(ℏ𝑘𝑐)2 + (ℏ𝜔0
′ )2 = √(𝑝dB𝑐)

2 + (𝑚𝑐2)2,  

𝑚 =
ℏ𝜔0

′

𝑐2
=
ℏ𝜔0

′

𝜔0
2𝑎2

 

𝑓𝑛, 𝑔𝑛 ∼ exp (−
𝑚𝑐|𝑛|𝑎

ℏ
) = exp (−

|𝑥|

𝜆𝜙
) .  

𝜆𝜙 =
ℏ

𝑚𝑐
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�̂�(𝑥 = 𝑛𝑎)= √𝑀𝜔0
2𝑎�̂�𝑛  

Π̂(𝑥 = 𝑛𝑎) =
�̂�𝑛

√𝑀𝑐2𝑎
= −

iℏ

𝑎√𝑀𝜔0
2𝑎

𝜕

𝜕𝑦𝑛
= −

iℏ

𝑎

𝛿

𝛿𝜙(𝑥)

 

[�̂�(𝑥), Π̂(𝑥′)] =
iℏ

𝑎
𝛿𝑛𝑛′ ⟶ iℏ𝛿(𝑥 − 𝑥′)  

�̂�= ∑  

𝑁

𝑛=1

  [
�̂�𝑛
2

2𝑀
+
𝑀𝜔0

2

2
(�̂�𝑛+1 − �̂�𝑛)

2 +
𝑀𝜔0

′2

2
�̂�𝑛
2]  

= 𝑎∑  

𝑥

 
1

2
[𝑐2Π̂(𝑥)2 + (

�̂�(𝑥 + 𝑎) − �̂�(𝑥)

𝑎
)

2

+ (
𝑚𝑐

ℏ
)
2

�̂�(𝑥)2] 

 → ∫  
𝐿

0

 𝑑𝑥
1

2
[𝑐2Π̂(𝑥)2 + 𝜕𝑥�̂�(𝑥)𝜕𝑥�̂�(𝑥) + (

𝑚𝑐

ℏ
)
2

�̂�(𝑥)2]

 

ℒ(𝜙, 𝜕𝜇𝜙) =
1

2
[
1

𝑐2
𝜕𝑡𝜙(𝑥)𝜕𝑡𝜙(𝑥) − 𝜕𝑥𝜙(𝑥)𝜕𝑥𝜙(𝑥) − (

𝑚𝑐

ℏ
)
2

𝜙(𝑥)2]  

𝜆𝑒 =
ℏ

𝑚𝑒𝑐
≃ 3.9 × 10−13 m,  

𝑟B =
4𝜋ℏ2

𝑒2𝑚𝑒
=

ℏ

𝛼𝑚𝑒𝑐
=
𝜆𝑒
𝛼
≃ 5.3 ⋅ 10−11 m = 0.53Å, 𝛼 =

𝑒2

4𝜋ℏ𝑐
≃

1

137.036
 

𝐸(𝑘) = ℏ𝜔(𝑘) = √(
2ℏ𝑐

𝑎
sin 

𝑘𝑎

2
)
2

+ (𝑚𝑐2)2  

Φ𝑛(𝑘) = 𝐴exp (i𝑘𝑛𝑎)  

�̂�Φ𝑛(𝑘) = 𝐸(𝑘)Φ𝑛(𝑘)  

Ψ𝑛(𝑡 = 0) =
1

2𝜋
∫  
𝐵

 𝑑𝑘𝐴(𝑘)exp (i𝑘𝑛𝑎)  

iℏ𝜕𝑡Ψ𝑛(𝑡) = �̂�Ψ𝑛(𝑡)  

Ψ𝑛(𝑡) =
1

2𝜋
∫  
𝐵

 𝑑𝑘𝐴(𝑘)exp (i𝑘𝑛𝑎 − i𝜔(𝑘)𝑡)  

𝜆dB =
2𝜋

𝑘
=
2𝜋ℏ

𝑝dB
 

𝜆dB ≫ 𝜆𝜙  ⇒  
2𝜋ℏ

𝑝dB
≫

ℏ

𝑚𝑐
 ⇒  𝑝dB ≪ 𝑚𝑐  

�̂� =
�̂�1
2

2𝑀
+
�̂�2
2

2𝑀
+
1

2
𝑀𝜔0

2(�̂�2 − �̂�1 − 𝑎)
2 
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ℒM(𝜙, 𝜕𝜇𝜙) =
1

2
𝜕𝜇𝜙𝜕

𝜇𝜙 − 𝑉(𝜙) =
1

2
(𝜕𝑡𝜙𝜕𝑡𝜙 − 𝜕𝑖𝜙𝜕𝑖𝜙) − 𝑉(𝜙),  

𝑆M[𝜙] = ∫  𝑑𝑡𝑑
3𝑥ℒM(𝜙, 𝜕𝜇𝜙)  

𝑍M = ∫  𝒟𝜙exp (i𝑆M[𝜙])  

𝑥4 = i𝑡  

−[
1

2
(𝜕4𝜙𝜕4𝜙 + 𝜕𝑖𝜙𝜕𝑖𝜙) + 𝑉(𝜙)] = − [

1

2
𝜕𝜇𝜙𝜕𝜇𝜙 + 𝑉(𝜙)] = −ℒ(𝜙, 𝜕𝜇𝜙)  

𝑑𝑡𝑑3𝑥 = −i𝑑3𝑥𝑑𝑥4 = −i𝑑
4𝑥  

𝑍 = ∫  𝒟𝜙exp (−𝑆[𝜙])  

𝑆[𝜙] = ∫  𝑑4𝑥ℒ(𝜙, 𝜕𝜇𝜙) = ∫  𝑑
3𝑥∫  

𝛽

0

 𝑑𝑥4 [
1

2
𝜕𝜇𝜙𝜕𝜇𝜙 + 𝑉(𝜙)]  

𝑆[𝜙] = ∫  𝑑𝑑𝑥 [
1

2
𝜕𝜇𝜙𝜕𝜇𝜙 + 𝑉(𝜙)]  

𝑍[𝑗] = ∫  𝒟𝜙exp (−𝑆[𝜙] + ∫  𝑑𝑑𝑥𝑗𝜙)  

⟨𝜙(𝑥1)𝜙(𝑥2)…𝜙(𝑥𝑛)⟩ =
1

𝑍
∫  𝒟𝜙𝜙(𝑥1)𝜙(𝑥2)…𝜙(𝑥𝑛)exp (−𝑆[𝜙])  

1

𝑍
∫  𝒟𝜙𝜙(𝑥1)𝜙(𝑥2)exp (−𝑆[𝜙]) =

1

𝑍

𝛿2𝑍[𝑗]

𝛿𝑗(𝑥1)𝛿𝑗(𝑥2)
|
𝑗=0

 

𝑍[𝑗] = 𝑍exp [
1

2
∫  𝑑𝑑𝑥𝑑𝑑𝑦𝑗(𝑥)𝐺(𝑥 − 𝑦)𝑗(𝑦)]  

�̃�(𝑝) = ∫  𝑑𝑑𝑥𝐺(𝑥)exp (−i𝑝𝑥) =
1

𝑝2 +𝑚2  

𝐺(𝑥) =
1

(2𝜋)𝑑
∫  𝑑𝑑𝑝

exp (i𝑝𝑥)

𝑝2 +𝑚2
 

(−𝜕𝜇𝜕𝜇 +𝑚
2)𝐺(𝑥) = 𝛿𝑑(𝑥)  
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Figura 1. Interacciones entre una partícula supermasiva y varias partículas repercutidas en D – 

Dimensiones. 

⟨𝜙(𝑥1)𝜙(𝑥2)𝜙(𝑥3)𝜙(𝑥4)⟩=
1

𝑍
∫  𝒟𝜙𝜙(𝑥1)𝜙(𝑥2)𝜙(𝑥3)𝜙(𝑥4)exp (−𝑆[𝜙]) 

 =
1

𝑍

𝛿4𝑍[𝑗]

𝛿𝑗(𝑥1)𝛿𝑗(𝑥2)𝛿𝑗(𝑥3)𝛿𝑗(𝑥4)
|
𝑗=0

 

⟨𝜙(𝑥1)𝜙(𝑥2)𝜙(𝑥3)𝜙(𝑥4)⟩ = 𝐺(𝑥1 − 𝑥2)𝐺(𝑥3 − 𝑥4) + 𝐺(𝑥1 − 𝑥3)𝐺(𝑥2 − 𝑥4) + 𝐺(𝑥1 − 𝑥4)𝐺(𝑥2 − 𝑥3)  

⟨𝜙(𝑥1)𝜙(𝑥2)…𝜙(𝑥𝑛)⟩ = ∑  

contractions 

 𝐺(𝑥𝑖1 − 𝑥𝑖2)𝐺(𝑥𝑖3 − 𝑥𝑖4)…𝐺(𝑥𝑖𝑛−1 − 𝑥𝑖𝑛).  

 

 

Figura 2. Interacciones entre una partícula supermasiva y varias partículas repercutidas en D – 

Dimensiones. 

 

𝑆[𝜙] = 𝑆f[𝜙] + 𝑆i[𝜙]

𝑆f[𝜙] = ∫  𝑑
𝑑𝑥
1

2
(𝜕𝜇𝜙𝜕𝜇𝜙 +𝑚

2𝜙2), 𝑆i[𝜙] = ∫  𝑑
𝑑𝑥
𝜆

4!
𝜙4

 

exp (−𝑆[𝜙]) = exp (−𝑆f[𝜙]) (1 − 𝑆i[𝜙] +
1

2
𝑆i[𝜙]

2 +⋯)  
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⟨𝜙(𝑥1)𝜙(𝑥2)…𝜙(𝑥𝑛)⟩

=
1

𝑍
∫  𝒟𝜙𝜙(𝑥1)𝜙(𝑥2)…𝜙(𝑥𝑛)

× [∑  

∞

𝑘=0

 
(−𝜆)𝑘

(4!)𝑘𝑘!
∫  𝑑𝑑v1𝑑

𝑑v2…𝑑
𝑑v𝑘𝜙(v1)

4𝜙(v2)
4…𝜙(v𝑘)

4] exp (−𝑆f[𝜙]) 

𝐺(𝑥) =
1

(2𝜋)𝑑
∫  𝑑𝑑𝑝

exp (i𝑝𝑥)

𝑝2 +𝑚2
 

1

𝑝2 +𝑚2
= ∫  

∞

0

 𝑑𝑡exp (−𝑡(𝑝2 +𝑚2))  

𝐺(𝑥)=
1

(2𝜋)𝑑
∫  
∞

0

 𝑑𝑡exp (−𝑡𝑚2)∫  𝑑𝑑𝑝exp (i𝑝𝑥 − 𝑡𝑝2)  

=
1

(2𝜋)𝑑
∫  
∞

0

 𝑑𝑡exp (−𝑡𝑚2 −
𝑥2

4𝑡
)∫  𝑑𝑑𝑞exp (−𝑡𝑞2) 

 =
1

(4𝜋)𝑑/2
∫  
∞

0

 𝑑𝑡𝑡−𝑑/2exp (−𝑡𝑚2 −
𝑥2

4𝑡
)

 =
1

(2𝜋)𝑑/2
𝑚𝑑−2(𝑚|𝑥|)1−𝑑/2𝐾1−𝑑/2(𝑚|𝑥|)

 

𝐺(0) =
1

(4𝜋)𝑑/2
∫  
∞

0

 𝑑𝑡𝑡−𝑑/2exp (−𝑡𝑚2) =
1

(4𝜋)𝑑/2
𝑚𝑑−2Γ(1 −

𝑑

2
)  

Γ (1 −
𝑑

2
) =

2

𝑑 − 4
+ 𝛾 − 1 + 𝒪(𝑑 − 4)  

⟨𝜙(𝑥1)𝜙(𝑥2)⟩ =
1

𝑍
∫  𝒟𝜙𝜙(𝑥1)𝜙(𝑥2) [1 −

𝜆

4!
∫  𝑑𝑑v𝜙(v)4] exp (−𝑆f[𝜙])  

𝑍 = ∫  𝒟𝜙 [1 −
𝜆

4!
∫  𝑑𝑑v𝜙(v)4] exp (−𝑆f[𝜙]),  

⟨𝜙(𝑥1)𝜙(𝑥2)⟩=
1

𝑍f
∫  𝒟𝜙𝜙(𝑥1)𝜙(𝑥2)exp (−𝑆f[𝜙])  

−
1

𝑍f
∫  𝒟𝜙𝜙(𝑥1)𝜙(𝑥2)

𝜆

4!
∫  𝑑𝑑v𝜙(v)4exp (−𝑆f[𝜙]) 

+
1

𝑍f
∫  𝒟𝜙

𝜆

4!
∫  𝑑𝑑v𝜙(v)4exp (−𝑆f[𝜙])  

 ×
1

𝑍f
∫  𝒟𝜙𝜙(𝑥1)𝜙(𝑥2)exp (−𝑆f[𝜙])

 

𝑍f = ∫  𝒟𝜙exp (−𝑆f[𝜙])  
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∫  𝒟𝜙𝜙(𝑥1)𝜙(𝑥2)∫  𝑑
𝑑v𝜙(v)4exp (−𝑆f[𝜙])  

= 𝐺(𝑥1 − 𝑥2)∫  𝒟𝜙∫  𝑑
𝑑v𝜙(v)4exp (−𝑆f[𝜙])  

 +4∫  𝑑𝑑v𝐺(𝑥1 − v)∫  𝒟𝜙𝜙(𝑥2)𝜙(v)
3exp (−𝑆f[𝜙])

 

1

𝑍f
∫  𝒟𝜙𝜙(𝑥2)𝜙(v)

3exp (−𝑆f[𝜙]) = 3𝐺(v − 𝑥2)𝐺(0)  

1

𝑍f
∫  𝒟𝜙𝜙(v)4exp (−𝑆f[𝜙]) = 3𝐺(0)

2  

1

𝑍f
∫  𝒟𝜙𝜙(𝑥1)𝜙(𝑥2)∫  𝑑

𝑑v𝜙(v)4 exp(−𝑆f[𝜙]) =

3𝐺(𝑥1 − 𝑥2)𝐺(0)
2∫  𝑑𝑑v1 + 12𝐺(0)∫  𝑑𝑑v𝐺(𝑥1 − v)𝐺(v − 𝑥2)

 

1

𝑍f
∫  𝒟𝜙∫  𝑑𝑑v𝜙(v)4exp (−𝑆f[𝜙])

1

𝑍f
∫  𝒟𝜙𝜙(𝑥1)𝜙(𝑥2)exp (−𝑆f[𝜙])

 = 3𝐺(𝑥1 − 𝑥2)𝐺(0)
2∫  𝑑𝑑v1

 

⟨𝜙(𝑥1)𝜙(𝑥2)⟩ = 𝐺(𝑥1 − 𝑥2) −
𝜆

2
𝐺(0)∫  𝑑𝑑v𝐺(𝑥1 − v)𝐺(v − 𝑥2)  

�̃�r(𝑝) =
1

𝑝2 +𝑚2
−
𝜆

2
𝐺(0)

1

(𝑝2 +𝑚2)2
+ 𝒪(𝜆2) =

1

𝑝2 +𝑚r
2 + 𝒪(𝜆

2)  

𝑚r
2 = 𝑚2 +

𝜆

2
𝐺(0) + 𝒪(𝜆2) = 𝑚2 +

𝜆

2

1

(4𝜋)𝑑/2
𝑚𝑑−2Γ (1 −

𝑑

2
) + 𝒪(𝜆2)  

𝑚2= 𝑚r
2 −

𝜆

2
𝐺(0) = 𝑚r

2 −
𝜆

2

1

(4𝜋)𝑑/2
𝑚r
𝑑−2Γ(1 −

𝑑

2
) + 𝒪(𝜆2)  

 = 𝑚r
2 −

𝜆

2

1

(4𝜋)𝑑/2
𝑚r
𝑑−2 [

2

𝑑 − 4
+ 𝛾 − 1 + 𝒪(𝑑 − 4)] + 𝒪(𝜆2)
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�̃�r(𝑝)=
1

𝑝2 +𝑚2
−

1

𝑝2 +𝑚2
Σ(𝑝2)

1

𝑝2 +𝑚2
 

+
1

𝑝2 +𝑚2
Σ(𝑝2)

1

𝑝2 +𝑚2
Σ(𝑝2)

1

𝑝2 +𝑚2
−⋯  

 =
1

𝑝2 +𝑚2

1

1 + Σ(𝑝2)/(𝑝2 +𝑚2)
=

1

𝑝2 +𝑚2 + Σ(𝑝2)

 

𝑚r
2 = 𝑚2 + Σ(−𝑚r

2)  

Σ(𝑝2) =
𝜆

2

1

(4𝜋)𝑑/2
𝑚𝑑−2Γ (1 −

𝑑

2
) + 𝒪(𝜆2)  

�̃�r(𝑝) =
𝑍𝜙

𝑝2 +𝑚r
2 ,  

Σ(𝑝2) = Σ(−𝑚r
2) + (𝑝2 +𝑚r

2)Σ′(−𝑚r
2) + ⋯  

𝑍𝜙 =
1

1 + Σ′(−𝑚r
2)

 

∫  𝑑𝑑𝑥1𝑑
𝑑𝑥2…𝑑

𝑑𝑥𝑛⟨𝜙(𝑥1)𝜙(𝑥2)…𝜙(𝑥𝑛)⟩exp [−i(𝑝1𝑥1 + 𝑝2𝑥2 +⋯+ 𝑝𝑛𝑥𝑛)] 

 = (2𝜋)𝑑𝛿(𝑝1 + 𝑝2 +⋯+ 𝑝𝑛)Γ(𝑝1, 𝑝2, … , 𝑝𝑛)
 

(2𝜋)𝑑𝛿(𝑝1 + 𝑝2 +⋯+ 𝑝𝑛)Γ(𝑝1, 𝑝2, … , 𝑝𝑛) =  
1

𝑍f
∫  𝒟𝜙�̃�(𝑝1)�̃�(𝑝2)… �̃�(𝑝𝑛)exp (−𝑆f[𝜙]) ×

 ∑  

∞

𝑘=0

 
(−𝜆)𝑘

(4!)𝑘𝑘!
∫  𝑑𝑑v1𝑑

𝑑v2…𝑑
𝑑v𝑘𝜙(v1)

4𝜙(v2)
4…𝜙(v𝑘)

4

 

1

𝑍f
∫  𝒟𝜙�̃�(𝑝𝑖)𝜙(v𝑗)exp (−𝑆f[𝜙]) =

exp (−i𝑝𝑖v𝑗)

𝑝𝑖
2 +𝑚2

 

1

𝑍f
∫  𝒟𝜙𝜙(v𝑖)𝜙(v𝑗)exp (−𝑆f[𝜙]) =

1

(2𝜋)𝑑
∫  𝑑𝑑𝑞

exp (−i𝑞(v𝑖 − v𝑗))

𝑞2 +𝑚2
 

�̃�(𝑝1)�̃�(𝑝2)… �̃�(𝑝𝑛)𝜙(v1)
4𝜙(v2)

4…𝜙(v𝑘)
4 
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∫  𝑑𝑑𝑞1…𝑑
𝑑𝑞𝐼/(2𝜋)

𝐼𝑑 

𝐼 =
1

2
(4𝑘 − 𝑛)  

𝑙 = 𝐼 − (𝑘 − 1) = 𝑘 + 1 −
𝑛

2
 

 

(2𝜋)𝑑𝛿(𝑝1 + 𝑝2 + 𝑝3 + 𝑝4)Γ(𝑝1, 𝑝2, 𝑝3, 𝑝4) =  

4!
1

(𝑝1
2 +𝑚2)(𝑝2

2 +𝑚2)(𝑝3
2 +𝑚2)(𝑝4

2 +𝑚2)

(−𝜆)

4!
(2𝜋)𝑑𝛿(𝑝1 + 𝑝2 + 𝑝3 + 𝑝4)

 

Γ(𝑝1, 𝑝2, 𝑝3, 𝑝4) = −
𝜆

(𝑝1
2 +𝑚2)(𝑝2

2 +𝑚2)(𝑝3
2 +𝑚2)(𝑝4

2 +𝑚2)
.  

1

(2𝜋)2𝑑
∫  𝑑𝑑𝑞1𝑑

𝑑𝑞2(4!)
2
1

2!

1

(𝑝1
2 +𝑚2)(𝑝2

2 +𝑚2)(𝑝3
2 +𝑚2)(𝑝4

2 +𝑚2)

×
1

(𝑞1
2 +𝑚2)(𝑞2

2 +𝑚2)
(
−𝜆

4!
)
2

(2𝜋)2𝑑𝛿(𝑝1 − 𝑞1)𝛿(𝑞1 + 𝑝2 + 𝑝3 + 𝑝4)  

 =
𝜆2𝐺(0)/2

(𝑝1
2 +𝑚2)2(𝑝2

2 +𝑚2)(𝑝3
2 +𝑚2)(𝑝4

2 +𝑚2)
(2𝜋)𝑑𝛿(𝑝1 + 𝑝2 + 𝑝3 + 𝑝4)

 

Γ(𝑝1, 𝑝2, 𝑝3, 𝑝4) = −
𝜆

(𝑝1
2 +𝑚r

2)(𝑝2
2 +𝑚r

2)(𝑝3
2 +𝑚r

2)(𝑝4
2 +𝑚r

2)
,  

𝑠 = (𝑝1 + 𝑝2)
2, 𝑡 = (𝑝1 + 𝑝3)

2, 𝑢 = (𝑝1 + 𝑝4)
2.  

1

(2𝜋)2𝑑
∫  𝑑𝑑𝑞1𝑑

𝑑𝑞2(4!)
2
1

2!

1

(𝑝1
2 +𝑚2)(𝑝2

2 +𝑚2)(𝑝3
2 +𝑚2)(𝑝4

2 +𝑚2)

×
1

(𝑞1
2 +𝑚2)(𝑞2

2 +𝑚2)
(
−𝜆

4!
)
2

(2𝜋)2𝑑𝛿(𝑝1 + 𝑝2 − 𝑞1 − 𝑞2)𝛿(𝑞1 + 𝑞2 + 𝑝3 + 𝑝4)

=
𝜆2𝐽(𝑠)/2

(𝑝1
2 +𝑚2)(𝑝2

2 +𝑚2)(𝑝3
2 +𝑚2)(𝑝4

2 +𝑚2)
(2𝜋)𝑑𝛿(𝑝1 + 𝑝2 + 𝑝3 + 𝑝4) 

𝐽(𝑝2) =
1

(2𝜋)𝑑
∫  𝑑𝑑𝑞

1

(𝑞2 +𝑚2)((𝑝 − 𝑞)2 +𝑚2)
 

Γ(𝑝1, 𝑝2, 𝑝3, 𝑝4) = −
𝜆 − 𝜆2[𝐽(𝑠) + 𝐽(𝑡) + 𝐽(𝑢)]/2

(𝑝1
2 +𝑚r

2)(𝑝2
2 +𝑚r

2)(𝑝3
2 +𝑚r

2)(𝑝4
2 +𝑚r

2)
.  

1

𝐴𝐵
= ∫  

1

0

 𝑑𝜏
1

[(1 − 𝜏)𝐴 + 𝜏𝐵]2
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𝐽(𝑝2)=
1

(2𝜋)𝑑
∫  
1

0

 𝑑𝜏 ∫  𝑑𝑑𝑞
1

[(1 − 𝜏)(𝑞2 +𝑚2) + 𝜏((𝑝 − 𝑞)2 +𝑚2)]2
 

 =
1

(2𝜋)𝑑
∫  
1

0

 𝑑𝜏 ∫  𝑑𝑑𝑞‾
1

(𝑞‾2 +𝑚‾ 2)2

 

1

(𝑞‾2 +𝑚‾ 2)2
= ∫  

∞

0

 𝑑𝑡𝑡exp (−𝑡(𝑞‾2 +𝑚‾ 2))  

1

(2𝜋)𝑑
∫  𝑑𝑑𝑞‾exp (−𝑡𝑞‾2) = (4𝜋𝑡)−𝑑/2  

𝐽(𝑝2)= ∫  
1

0

 𝑑𝜏 ∫  
∞

0

 𝑑𝑡(4𝜋𝑡)−𝑑/2𝑡exp (−𝑡𝑚‾ 2)  

 =
Γ (2 −

𝑑
2
)

(4𝜋)𝑑/2
∫  
1

0

 𝑑𝜏𝑚‾ 𝑑−4 = −
1

8𝜋2(𝑑 − 4)
+⋯

 

𝑠 = 𝑡 = 𝑢 =
4

3
𝑚r
2  

𝐽‾(𝑝2) = 𝐽(𝑝2) − 𝐽(4𝑚r
2/3),  

Γ(𝑝1, 𝑝2, 𝑝3, 𝑝4) = −
𝜆r − 𝜆r

2[𝐽‾(𝑠) + 𝐽‾(𝑡) + 𝐽‾(𝑢)]/2

(𝑝1
2 +𝑚r

2)(𝑝2
2 +𝑚r

2)(𝑝3
2 +𝑚r

2)(𝑝4
2 +𝑚r

2)
,  

𝜆r = 𝜆 −
3

2
𝐽(4𝑚r

2/3)𝜆2 + 𝒪(𝜆3)  

𝑉(𝜙) =∑  

𝜈

 𝑔𝜈𝜙
𝜈

 

𝑆[𝜙] = ∫  𝑑𝑑𝑥 [
1

2
𝜕𝜇𝜙𝜕𝜇𝜙 + 𝑉(𝜙)]  

𝑑𝜙 =
𝑑 − 2

2
 

𝑑𝑔𝑣 = 𝑑 − 𝑣𝑑𝜙 = 𝑑 (1 −
𝑣

2
) + 𝑣  

𝑑 (1 −
𝑣

2
) + 𝑣 ≥ 0 ⇒  𝑣 ≤

2𝑑

𝑑 − 2
 

𝐼 =
1

2
(∑  

𝑣

 𝑘𝑣𝑣 − 𝑛)  

𝑙 = 𝐼 − 𝑘 + 1  

𝛿 = 𝑑𝑙 − 2𝐼 =
𝑑 − 2

2
(∑  

𝑣

 𝑘𝑣𝑣 − 𝑛) − 𝑑∑  

𝑣

 𝑘𝑣 + 𝑑  
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∑ 

𝑣

  [𝑘𝑣 (
𝑑 − 2

2
𝑣 − 𝑑)] <

𝑑 − 2

2
𝑛 − 𝑑  

𝑑 − 2

2
𝑣 − 𝑑 ≤ 0 ⇒  𝑣 ≤

2𝑑

𝑑 − 2
 

𝑛 ≤
2𝑑

𝑑 − 2
 

Γ(𝜀) =
1

𝜀
− 𝛾 + 𝒪(𝜀), 

⟨�̃�(𝑝𝑖)𝜙(v𝑗)⟩ =
exp (−i𝑝𝑖v𝑗)

𝑝𝑖
2 +𝑚2

 

𝐽(𝑞) = ∫  𝑑𝑑𝑥exp (i𝑞𝑥)𝐺(𝑥)2 = ∫  
𝑑𝑑𝑝

(2𝜋)𝑑
1

𝑝2 +𝑚2

1

(𝑝 − 𝑞)2 +𝑚2
 

𝐽(𝑞) = −
1

8𝜋2(𝑑 − 4)
+ ℵfinite terms   

1

𝐴1𝐴2…𝐴𝑛
= (𝑛 − 1)!∫  

1

0

𝑑𝜏1…∫  
1

0

𝑑𝜏𝑛𝛿 (1 −∑  

𝑛

𝑘=1

  𝜏𝑘) [∑  

𝑛

𝑘=1

  𝜏𝑘𝐴𝑘]

−𝑛

 

ℒ(𝜙, 𝜕𝜇𝜙) =
1

2
𝜕𝜇𝜙𝜕𝜇𝜙 +

𝑚2

2
𝜙2 + 𝑔𝜙3 

ℒ(𝜙, 𝜕𝜇𝜙) =
1

2
𝜕𝜇𝜙𝜕𝜇𝜙 +

𝑚2

2
𝜙2 +

𝜆

6!
𝜙6. 

𝑍 = ∫  𝒟Φexp (−𝑆[Φ]) =∏ 

𝑥∈Λ

 ∏  

𝑁

𝑎=1

 √
𝑎𝑑−2

2𝜋
∫  
∞

−∞

 𝑑Φ𝑥
𝑎exp (−𝑆[Φ])  

𝑆[Φ] = ∑  

𝑥∈Λ

  𝑐𝑥
𝑎Φ𝑥

𝑎 + ∑  

𝑥,𝑦∈Λ

  𝑐𝑥𝑦
𝑎𝑏Φ𝑥

𝑎Φ𝑦
𝑏 + ∑  

𝑥,𝑦,𝑧∈Λ

 𝑐𝑥𝑦𝑧
𝑎𝑏𝑐Φ𝑥

𝑎Φ𝑦
𝑏Φ𝑧

𝑐 + ∑  

𝑥,𝑦,𝑧,𝑤∈Λ

  𝑐𝑥𝑦𝑧𝑤
𝑎𝑏𝑐𝑑Φ𝑥

𝑎Φ𝑦
𝑏Φ𝑧

𝑐Φ𝑤
𝑑 +⋯  

⟨Φ𝑥
𝑎Φ𝑦

𝑏⟩ =
1

𝑍
∫  𝒟ΦΦ𝑥

𝑎Φ𝑦
𝑏exp (−𝑆[Φ])  

exp (−𝑇[Φ′, Φ]) = ∏  

𝑥′∈Λ′

 
𝑎′

√𝛼2
exp (−

𝑎′𝑑

2𝛼2
(Φ𝑥′

′𝑎 −
𝛽2
2𝑑

∑  

𝑥∈𝑐𝑥′

 Φ𝑥
𝑎)

2

)  

exp (−𝑆′[Φ′]) = ∫  𝒟Φexp (−𝑇[Φ′, Φ])exp (−𝑆[Φ])  
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∫  𝒟Φ′exp (−𝑇[Φ′, Φ]) =  

 ∏  

𝑥′∈Λ′

 ∏  

𝑁

𝑎=1

 √
𝑎′𝑑−2

2𝜋
∫  
∞

−∞

 𝑑Φ𝑥′
′𝑎 𝑎′

√𝛼2
exp (−

𝑎′𝑑

2𝛼2
(Φ𝑥′

′𝑎 −
𝛽2
2𝑑

∑  

𝑥∈𝑐𝑥′

 Φ𝑥
𝑎)

2

)
 

𝑍′= ∫  𝒟Φ′exp (−𝑆′[Φ′]) = ∫  𝒟Φ∫  𝒟Φ′exp (−𝑇[Φ′, Φ])exp (−𝑆[Φ]) 

 = ∫  𝒟Φexp (−𝑆[Φ]) = 𝑍
 

𝑆[Φ] → 𝑆′[Φ′] → ⋯ → 𝑆(𝜈)[Φ(𝜈)] → ⋯ → 𝑆∗[Φ∗].  

𝑆[Φ] = 𝑆∗[Φ] + 𝛿𝑆[Φ]  ⇒  𝑆′[Φ′] = 𝑆∗[Φ′] + 2Δ𝛿𝑆[Φ′].  

𝑆[Φ] = 𝑎𝑑∑ 

𝑥,𝜇

 
1

2𝑎2
(Φ𝑥+�̂� −Φ𝑥)

2

 

𝑆[Φ] =
𝑎𝑑

2
∑  

𝑥,𝑦

 Φ𝑥Δ(𝑥 − 𝑦)Φ𝑦  

Δ(𝑧) =
1

𝑎2
∑  

𝑑

𝜇=1

  (𝛿𝑧−�̂�,0 − 2𝛿𝑧,0 + 𝛿𝑧+�̂�,0)  

Φ(𝑝) = 𝑎𝑑∑ 

𝑥

 Φ𝑥exp (−i𝑝𝑥),Φ𝑥 =
1

(2𝜋)𝑑
∫  
𝐵

 𝑑𝑑𝑝Φ(𝑝)exp (i𝑝𝑥)

𝑆[Φ] =
1

(2𝜋)𝑑
∫  
𝐵

 𝑑𝑑𝑝Φ(−𝑝)Δ(𝑝)Φ(𝑝), Δ(𝑝) = ∑  

𝑑

𝜇=1

  (
2

𝑎
sin 

𝑝𝜇𝑎

2
)
2  

Π2(𝑝𝑎) =∏ 

𝑑

𝜇=1

 
sin (𝑝𝜇𝑎)

2sin (𝑝𝜇𝑎/2)
=∏ 

𝑑

𝜇=1

 cos (𝑝𝜇𝑎/2)  

exp (−𝑆′[Φ′]) = ∫  𝒟Φ𝒟Ω′exp {−
1

(2𝜋)𝑑
∫  
𝐵

 𝑑𝑑𝑝
1

2
Φ(−𝑝)Δ(𝑝)Φ(𝑝)

−
1

(2𝜋)𝑑
∫  
𝐵′
 𝑑𝑑𝑝′ [iΩ′(−𝑝′) (Φ′(𝑝′) − 𝛽2∑ 

𝑙

 Φ (𝑝′ +
2𝜋𝑙

𝑎′
)Π2(𝑝

′𝑎 + 𝜋𝑙))+
𝛼2
2
Ω′(−𝑝′)Ω′(𝑝′)]} 

= ∫  𝒟Φ𝒟Ω′exp {−
1

(2𝜋)𝑑
∫ 
𝐵

 𝑑𝑑𝑝 [
1

2
Φ(−𝑝)Δ(𝑝)Φ(𝑝) − iΩ′(−𝑝)𝛽2Φ(𝑝)Π2(𝑝𝑎)]

 

−
1

(2𝜋)𝑑
∫  
𝐵′
 𝑑𝑑𝑝′ [

𝛼2
2
Ω′(−𝑝′)Ω′(𝑝′) + iΩ′(−𝑝′)Φ′(𝑝′)]}

 

Φc(𝑝) = i𝛽2Δ(𝑝)
−1Π2(𝑝𝑎)Ω

′(𝑝)  
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exp (−𝑆′[Φ′])= ∫  𝒟Ω′exp {−
1

(2𝜋)𝑑
∫  
𝐵′
 𝑑𝑑𝑝′[iΩ′(−𝑝′)Φ′(𝑝′)  

+
1

2
Ω′(−𝑝′) (𝛽2

2∑ 

𝑙

 Δ (𝑝′ +
2𝜋𝑙

𝑎′
)
−1

Π2(𝑝
′𝑎 + 𝜋𝑙)2 + 𝛼2)Ω

′(𝑝′)]}

 

Ωc
′ (𝑝′) = −iΔ′(𝑝′)Φ′(𝑝′), Δ′(𝑝′)−1 = 𝛽2

2∑ 

𝑙

 Δ (𝑝′ +
2𝜋𝑙

𝑎′
)
−1

Π2(𝑝
′𝑎 + 𝜋𝑙)2 + 𝛼2.  

𝑆′[Φ′] =
1

(2𝜋)𝑑
∫  
𝐵′
 𝑑𝑑𝑝′

1

2
Φ′(−𝑝′)Δ′(𝑝′)Φ′(𝑝′)  

Δ(𝑣)(𝑝)−1= (
𝛽2
2

2𝑑
)

𝑣

∑ 

𝑙

 Δ (
𝑝 + 2𝜋𝑙/𝑎

2𝑣
)
−1

∏ 

𝑑

𝜇=1

 (
sin (𝑝𝜇𝑎/2)

2𝑣sin ((𝑝𝜇𝑎 + 2𝜋𝑙𝜇)/2
𝑣+1)

)

2

 

 +𝛼2
1 − (𝛽2

2/2𝑑)
𝑣

1 − 𝛽2
2/2𝑑

 

Δ∗(𝑝)−1 = lim
𝑣→∞

 (
𝛽2
2

2𝑑
)

𝑣

∑ 

𝑙

 
22𝑣

(𝑝 + 2𝜋𝑙/𝑎)2
∏ 

𝑑

𝜇=1

 (
sin (𝑝𝜇𝑎/2)

𝑝𝜇𝑎/2 + 𝜋𝑙𝜇
)

2

+ 𝛼2
1 − (𝛽2

2/2𝑑)
𝑣

1 − 𝛽2
2/2𝑑

 

(
𝛽2
2

2𝑑
)

𝑣

22𝑣 = 1 ⇒  𝛽2 = 2
(𝑑−2)/2  

Δ∗(𝑝)−1 = ∑  

𝑙∈ℤ𝑑

 
1

(𝑝 + 2𝜋𝑙/𝑎)2
∏ 

𝑑

𝜇=1

 (
sin (𝑝𝜇𝑎/2)

𝑝𝜇𝑎/2 + 𝜋𝑙𝜇
)

2

+
4𝛼2
3
.  

Φ𝑥 =
1

𝑎𝑑
∫  
𝑐𝑥

 𝑑𝑑𝑦𝜙(𝑦)  

Φ(𝑝) = ∑  

𝑙∈ℤ𝑑

 𝜙(𝑝 + 2𝜋𝑙/𝑎)Π(𝑝𝑎 + 2𝜋𝑙), Π(𝑝𝑎) =∏ 

𝑑

𝜇=1

 
2sin (𝑝𝜇𝑎/2)

𝑝𝜇𝑎
.  

⟨Φ(−𝑝)Φ(𝑝)⟩= ∑  

𝑙∈ℤ𝑑

  ⟨𝜙(−𝑝 − 2𝜋𝑙/𝑎)𝜙(𝑝 + 2𝜋𝑙/𝑎)⟩Π(𝑝𝑎 + 2𝜋𝑙)2 

 = ∑  

𝑙∈ℤ𝑑

 
Π(𝑝𝑎 + 2𝜋𝑙)2

(𝑝 + 2𝜋𝑙/𝑎)2
= Δ∗(𝑝)−1
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exp (−𝑆perfect [Φ])= ∫  𝒟𝜙𝒟Ωexp {−
1

(2𝜋)𝑑
∫  𝑑𝑑𝑝

1

2
𝜙(−𝑝)(𝑝2 +𝑚2)𝜙(𝑝)}  

× exp {−
1

(2𝜋)𝑑
∫ 
𝐵

 𝑑𝑑𝑝 [iΩ(−𝑝)(Φ(𝑝) − ∑  

𝑙∈ℤ𝑑

 𝜙(𝑝 + 2𝜋𝑙/𝑎)Π(𝑝𝑎 + 2𝜋𝑙))+
𝛼

2
Ω(−𝑝)Ω(𝑝)]} 

= ∫  𝒟𝜙𝒟Ωexp {−
1

(2𝜋)𝑑
∫  𝑑𝑑𝑝 [

1

2
𝜙(−𝑝)(𝑝2 +𝑚2)𝜙(𝑝) − iΩ(−𝑝)𝜙(𝑝)Π(𝑝𝑎)]}  

 

 × exp {−
1

(2𝜋)𝑑
∫  
𝐵

 𝑑𝑑𝑝 [
𝛼

2
Ω(−𝑝)Ω(𝑝) + iΩ(−𝑝)Φ(𝑝)]}

 

𝜙c(𝑝) = i(𝑝
2 +𝑚2)−1Π(𝑝𝑎)Ω(𝑝),  

exp (−𝑆perfect [Φ])= ∫  𝒟Ωexp {−
1

(2𝜋)𝑑
∫  𝑑𝑑𝑝[iΩ(−𝑝)Φ(𝑝)  

+
1

2
Ω(−𝑝)(∑  

𝑙∈ℤ𝑑

 
Π(𝑝𝑎 + 2𝜋𝑙)2

(𝑝 + 2𝜋𝑙/𝑎)2 +𝑚2
+ 𝛼)Ω(𝑝)]}

 

Ωc(𝑝) = −iΔperfect (𝑝)Φ(𝑝).  

𝑆perfect[Φ] =
1

(2𝜋)𝑑
∫  𝑑𝑑𝑝

1

2
Φ(−𝑝)Δperfect(𝑝)Φ(𝑝)  

Δperfect (𝑝)
−1 = ⟨Φ(−𝑝)Φ(𝑝)⟩ = ∑  

𝑙∈ℤ𝑑

 
Π(𝑝𝑎 + 2𝜋𝑙)2

(𝑝 + 2𝜋𝑙/𝑎)2 +𝑚2
+ 𝛼  

Φ(𝑝)𝑥𝑑 =
1

2𝜋
∫  
𝜋/𝑎

−𝜋/𝑎

 𝑑𝑝𝑑Φ(𝑝)exp (i𝑝𝑑𝑥𝑑)  

⟨Φ𝑥,0Φ(�⃗�)𝑥𝑑⟩=
1

2𝜋
∫  
𝜋/𝑎

−𝜋/𝑎

 𝑑𝑝𝑑Δperfect (𝑝)
−1exp (i𝑝𝑑𝑥𝑑)  

=
1

2𝜋
∫  
𝜋/𝑎

−𝜋/𝑎

 𝑑𝑝𝑑 [∑  

𝑙∈ℤ𝑑

 
Π(𝑝𝑎 + 2𝜋𝑙)2

(𝑝 + 2𝜋𝑙/𝑎)2 +𝑚2
+ 𝛼] exp (i𝑝𝑑𝑥𝑑)  

=
1

2𝜋
∫  
∞

−∞

 𝑑𝑝𝑑 ∑  

𝑙∈ℤ𝑑−1

 
1

(𝑝 + 2𝜋𝑙/𝑎)2 + 𝑝𝑑
2 +𝑚2

 

 ×∏ 

𝑑−1

𝑗=1

 (
2sin (𝑝𝑗𝑎/2)

𝑝𝑗𝑎 + 2𝜋𝑙𝑗
)

2

(
2sin (𝑝𝑑𝑎/2)

𝑝𝑑𝑎
)

2

exp (i𝑝𝑑𝑥𝑑) + 𝛼
𝛿𝑥𝑑,0

𝑎

 = ∑  

𝑙∈ℤ𝑑−1

 𝐶(𝑝 + 2𝜋𝑙/𝑎)exp (−𝐸(𝑝 + 2𝜋𝑙/𝑎)𝑥𝑑) + 𝛼
𝛿𝑥𝑑,0

𝑎

 

𝐸(𝑝 + 2𝜋𝑙/𝑎)2 = −𝑝𝑑
2 = (𝑝 + 2𝜋𝑙/𝑎)2 +𝑚2  

Δperfect(𝑝)
−1=∑ 

𝑙∈ℤ

 
Π(𝑝𝑎 + 2𝜋𝑙)2

(𝑝 + 2𝜋𝑙/𝑎)2 +𝑚2
+ 𝛼  

 =
1

𝑚2
−

2

𝑚3𝑎

coth(𝑚𝑎/2)

cot2 (𝑝𝑎/2) + coth2(𝑚𝑎/2)
+ 𝛼
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𝛼 =
�̃� −𝑚

𝑚3
, �̃� =

1

𝑎
sinh (𝑚𝑎), �̃� =

2

𝑎
sinh (𝑚𝑎/2)  

Δperfect (𝑝) =
𝑚3

�̃��̃�2
[(
2

𝑎
sin (𝑝𝑎/2))

2

+ �̃�2]  

ℒ(𝜙, 𝜕𝜇𝜙) =
1

2
𝜕𝜇𝜙𝜕𝜇𝜙 +

𝑚2

2
𝜙2 +

𝜆

4!
𝜙4  

�̃�(𝑝) =
1

𝑝2 +𝑚2
,  

�̃�r(𝑝) =
1

𝑝2 +𝑚2
−
𝜆

2
𝐺(0)

1

(𝑝2 +𝑚2)2
+ 𝒪(𝜆2) =

1

𝑝2 +𝑚r
2 + 𝒪(𝜆

2)

𝑚r
2 = 𝑚2 +

𝜆

2
𝐺(0) + 𝒪(𝜆2)

 

𝐺(0)=
1

(2𝜋)4
∫  𝑑4𝑝

1

𝑝2 +𝑚2
 

 =
1

8𝜋2
∫  
Λ

0

 𝑑𝑝
𝑝3

𝑝2 +𝑚2
=

1

16𝜋2
(Λ2 −𝑚2log (1 +

Λ2

𝑚2))

 

𝑚r
2 = 𝑚2 +

𝜆

2

1

16𝜋2
(Λ2 −𝑚2log (1 +

Λ2

𝑚2)) = 0 ⇒  𝑚
2 = −

𝜆

32𝜋2
Λ2 + 𝒪(𝜆2)  

Γ(𝑝1, 𝑝2, 𝑝3, 𝑝4) = −
𝜆

(𝑝1
2 +𝑚2)(𝑝2

2 +𝑚2)(𝑝3
2 +𝑚2)(𝑝4

2 +𝑚2)
 

Γ′(𝑝1, 𝑝2, 𝑝3, 𝑝4) = −
𝜆

(𝑝1
2 +𝑚r

2)(𝑝2
2 +𝑚r

2)(𝑝3
2 +𝑚r

2)(𝑝4
2 +𝑚r

2)
= −

𝜆

𝑝1
2𝑝2
2𝑝3
2𝑝4
2  

Γ(𝑝1, 𝑝2, 𝑝3, 𝑝4) = −
𝜆 − 𝜆2(𝐽(𝑠) + 𝐽(𝑡) + 𝐽(𝑢))/2

𝑝1
2𝑝2
2𝑝3
2𝑝4
2

𝑠 = (𝑝1 + 𝑝2)
2, 𝑡 = (𝑝1 + 𝑝3)

2, 𝑢 = (𝑝1 + 𝑝4)
2

 

𝜙r(𝑥) = √𝑍𝜙𝜙(𝑥), 𝜆 = 𝑍𝜆𝜆r.  

�̃�r(𝑝)|𝑝2=𝜇2 =
1

𝜇2
 

𝑘𝑖𝑘𝑗 = 𝜇
2 (𝛿𝑖𝑗 −

1

4
) ⇒ 𝑘𝑖

2 =
3

4
𝜇2, 𝑘𝑖𝑘𝑗 = −

1

4
𝜇2, 𝑖 ≠ 𝑗  

Γ(𝑘1, 𝑘2, 𝑘3, 𝑘4) = −
𝜆r

𝑘1
2𝑘2
2𝑘3
2𝑘4
2  

Γr
(𝑛)(𝑝1, 𝑝2, … , 𝑝𝑛; 𝜆𝑟, 𝜇) = 𝑍𝜙

𝑛/2
(𝜆, Λ/𝜇)Γ(𝑛)(𝑝1, 𝑝2, … , 𝑝𝑛; 𝜆, Λ).  
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𝜇
𝑑

𝑑𝜇
Γ(𝑛)(𝑝1, 𝑝2, … , 𝑝𝑛; 𝜆, Λ) = 0 ⇒

𝜇
𝑑

𝑑𝜇
[𝑍𝜙
−𝑛/2

(𝜆, Λ/𝜇)Γr
(𝑛)
(𝑝1, 𝑝2, … , 𝑝𝑛; 𝜆r, 𝜇)] = 0

 

[𝜇
𝜕

𝜕𝜇
+ 𝛽(𝜆r)

𝜕

𝜕𝜆r
− 𝑛𝛾(𝜆r)] Γr

(𝑛)(𝑝1, 𝑝2, … , 𝑝𝑛; 𝜆r, 𝜇) = 0,

𝛽(𝜆r) = 𝜇
𝜕

𝜕𝜇
𝜆r(𝜇),

𝛾(𝜆r) =
1

2
𝜇
𝜕

𝜕𝜇
log 𝑍𝜙(𝜆, Λ/𝜇),

 

𝜇
𝑑

𝑑𝜇
𝑍𝜙
−𝑛/2

(𝜆, Λ/𝜇)= −𝜇
𝑛

2
𝑍𝜙
−𝑛/2−1

(𝜆, Λ/𝜇)
𝜕

𝜕𝜇
𝑍𝜙(𝜆, Λ/𝜇)  

 = −𝑛𝑍𝜙
−𝑛/2

(𝜆, Λ/𝜇)
1

2
𝜇
𝜕

𝜕𝜇
log 𝑍𝜙(𝜆, Λ/𝜇)

 

𝜆r = 𝜆 −
𝜆2

2
(𝐽(𝑠) + 𝐽(𝑡) + 𝐽(𝑢))  

𝑠 = (𝑘1 + 𝑘2)
2 = 𝑡 = (𝑘1 + 𝑘3)

2 = 𝑢 = (𝑘1 + 𝑘4)
2 = 𝜇2 ⇒ 𝜆r = 𝜆 −

3𝜆2

2
𝐽(𝜇2)  

𝐽(𝜇2) =
1

(2𝜋)4
∫  
1

0

 𝑑𝜏 ∫  𝑑4𝑞‾
1

(𝑞‾2 + 𝜇‾2)2
, 𝜇‾2 = 𝜏(1 − 𝜏)𝜇2, 𝑞‾ = 𝑞 − 𝜏𝜇  

1

(2𝜋)4
∫  𝑑4𝑞‾

1

(𝑞‾2 + 𝜇‾2)2
=
2𝜋2

(2𝜋)4
∫  
Λ

0

 𝑑𝑞‾
𝑞‾3

(𝑞‾2 + 𝜇‾2)2
∼

1

16𝜋2
log (

Λ2

𝜇‾2
)  

𝐽(𝜇2) = ∫  
1

0

 𝑑𝜏
1

16𝜋2
log (

Λ2

𝜏(1 − 𝜏)𝜇2
) ∼

1

8𝜋2
log (

Λ

𝜇
)  

𝜆r = 𝜆 +
3𝜆2

16𝜋2
log (

𝜇

Λ
)  

𝛽(𝜆r) = 𝜇
𝜕

𝜕𝜇
𝜆r =

3

16𝜋2
𝜆2 =

3

16𝜋2
𝜆r
2 + 𝒪(𝜆r

3)  

𝛽(𝜆r) = 𝛽0𝜆r
2 + 𝛽1𝜆r

3 + 𝒪(𝜆r
4), 𝛽0 =

3

(4𝜋)2
, 𝛽1 = −

17

3(4𝜋)4
 

𝜇
𝜕

𝜕𝜇
𝜆r = 𝛽(𝜆r) = 𝛽0𝜆r

2 + 𝒪(𝜆r
3) ⇒ ∫  

𝜆r(𝜇)

𝜆r(𝜇0)

 
𝑑𝜆r

𝛽0𝜆r
2 = ∫  

𝜇

𝜇0

 
𝑑𝜇

𝜇
+ 𝒪(𝜆r

3) ⇒

𝜆r(𝜇) =
𝜆r(𝜇0)

1 − 𝜆r(𝜇0)𝛽0log (𝜇/𝜇0)
+ 𝒪(𝜆r

3)

 

𝜆r(𝜇) = 𝜆r(𝜇0) + 𝜆r(𝜇0)
2𝛽0log (𝜇/𝜇0) + 𝒪(𝜆r

3).  
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∫  
𝜆r(𝜇)

𝜆r(𝜇0)

 
𝑑𝜆r

𝛽0𝜆r
2 + 𝛽1𝜆r

3 + 𝒪(𝜆r
4) = ∫  

𝜇

𝜇0

 
𝑑𝜇

𝜇
⇒

𝜆r(𝜇)=
𝜆r(𝜇0)

1 − 𝜆r(𝜇0)𝛽0log (𝜇/𝜇0) + 𝜆r(𝜇0)(𝛽1/𝛽0)log [1 − 𝜆r(𝜇0)𝛽0log (𝜇/𝜇0)]
 +𝒪(𝜆r

4)

 

 

𝜆r(𝜇) →
1

−𝛽0log (𝜇/𝜇0) + (𝛽1/𝛽0)log [−𝜆r(𝜇0)𝛽0log (𝜇/𝜇0)]
.  

𝛽(𝑔r) = 𝛽0𝑔r
3 + 𝛽1𝑔r

5 + 𝒪(𝑔r
6), 𝛽0 = −

11𝑁

3(4𝜋)2
, 𝛽1 = −

34𝑁2

3(4𝜋)4
 

∇⃗⃗⃗ × �⃗⃗�(�⃗�, 𝑡) +
1

𝑐
𝜕𝑡 �⃗⃗�(�⃗�, 𝑡) = 0⃗⃗, ∇⃗⃗⃗ ⋅ �⃗⃗�(�⃗�) = 0  

�⃗⃗�(�⃗�, 𝑡) = −∇⃗⃗⃗𝜙(�⃗�, 𝑡) −
1

𝑐
𝜕𝑡𝐴(�⃗�, 𝑡), �⃗⃗�(�⃗�, 𝑡) = ∇⃗⃗⃗ × 𝐴(�⃗�, 𝑡)  

𝜙′(�⃗�, 𝑡) = 𝜙(�⃗�, 𝑡) −
1

𝑐
𝜕𝑡𝛼(�⃗�, 𝑡), 𝐴

′(�⃗�, 𝑡) = 𝐴(�⃗�, 𝑡) + ∇⃗⃗⃗𝛼(�⃗�, 𝑡),  

�⃗⃗�′(�⃗�, 𝑡)= −∇⃗⃗⃗𝜙′(�⃗�, 𝑡) −
1

𝑐
𝜕𝑡𝐴

′(�⃗�, 𝑡)  

= −∇⃗⃗⃗𝜙(�⃗�, 𝑡) −
1

𝑐
∇⃗⃗⃗𝜕𝑡𝛼(�⃗�, 𝑡) −

1

𝑐
𝜕𝑡𝐴(�⃗�, 𝑡) +

1

𝑐
𝜕𝑡 ∇⃗⃗⃗𝛼(�⃗�, 𝑡) = �⃗⃗�(�⃗�, 𝑡), 

 

�⃗⃗�′(�⃗�, 𝑡)= ∇⃗⃗⃗ × 𝐴′(�⃗�, 𝑡) = ∇⃗⃗⃗ × 𝐴(�⃗�, 𝑡) + ∇⃗⃗⃗ × ∇⃗⃗⃗𝛼(�⃗�, 𝑡) = �⃗⃗�(�⃗�, 𝑡)  

 

 

𝑥0 = 𝑐𝑡, 𝑥𝜇 = (𝑥0, �⃗�), 𝜕𝜇 = (
1

𝑐
𝜕𝑡 , ∇⃗⃗⃗) , 𝐴

𝜇(𝑥) = (𝜙(�⃗�, 𝑡), 𝐴(𝑥, 𝑡)).  

𝐹𝜇𝑣(𝑥) = 𝜕𝜇𝐴𝑣(𝑥) − 𝜕𝑣𝐴𝜇(𝑥) =

(

 
 

0 −𝐸𝑥(�⃗�, 𝑡) −𝐸𝑦(�⃗�, 𝑡) −𝐸𝑧(�⃗�, 𝑡)

𝐸𝑥(�⃗�, 𝑡) 0 −𝐵𝑧(�⃗�, 𝑡) 𝐵𝑦(�⃗�, 𝑡)

𝐸𝑦(�⃗�, 𝑡) 𝐵𝑧(�⃗�, 𝑡) 0 −𝐵𝑥(�⃗�, 𝑡)

𝐸𝑧(�⃗�, 𝑡) −𝐵𝑦(�⃗�, 𝑡) 𝐵𝑥(�⃗�, 𝑡) 0 )

 
 
.  

𝐴′𝜇(𝑥) = 𝐴𝜇(𝑥) − 𝜕𝜇𝛼(𝑥), 𝐹′𝜇𝜈(𝑥) = 𝐹𝜇𝜈(𝑥).  

ℒ(𝜕𝜇𝐴𝜈) = −
1

4
𝐹𝜇𝜈(𝑥)𝐹

𝜇𝜈(𝑥) =
1

2
(�⃗⃗�(𝑥)2 − �⃗⃗�(𝑥)2)  

𝐴0(𝑥) = 𝜙(�⃗�, 𝑡) = 0.  

𝐴′0(𝑥) = 𝐴0(𝑥) − 𝜕0𝛼(𝑥) = 𝐴0(𝑥) − 𝜕0𝛼(�⃗�) = 𝐴0(𝑥) = 0  

Π𝑖(𝑥) =
𝛿ℒ

𝛿𝜕0𝐴𝑖(𝑥)
= 𝜕0𝐴𝑖(𝑥) = −𝐸𝑖(𝑥)  

𝐴(�⃗�, 𝑡) = (𝐴𝑥(�⃗�, 𝑡), 𝐴𝑦(�⃗�, 𝑡), 𝐴𝑧(�⃗�, 𝑡)) = (𝐴
1(𝑥), 𝐴2(𝑥), 𝐴3(𝑥)) = −(𝐴1(𝑥), 𝐴2(𝑥), 𝐴3(𝑥)).  
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∇⃗⃗⃗= (𝜕𝑥 , 𝜕𝑦, 𝜕𝑧) = (𝜕1, 𝜕2, 𝜕3) = −(𝜕
1, 𝜕2, 𝜕3)  

ℋ(𝐴𝑖 , Π𝑖)= Π𝑖(𝑥)𝜕
0𝐴𝑖(𝑥) − ℒ =

1

2
(Π𝑖(𝑥)Π𝑖(𝑥) + 𝐵𝑖(𝑥)𝐵𝑖(𝑥)) 

 =
1

2
(𝐸𝑖(𝑥)𝐸𝑖(𝑥) + 𝐵𝑖(𝑥)𝐵𝑖(𝑥))

 

𝐻[𝐴𝑖, Π𝑖] = ∫  𝑑
3𝑥ℋ = ∫  𝑑3𝑥

1

2
[Π𝑖(�⃗�)Π𝑖(�⃗�) + 𝜖𝑖𝑗𝑘𝜕𝑗𝐴

𝑘(�⃗�)𝜖𝑖𝑙𝑚𝜕𝑙𝐴
𝑚(�⃗�)]  

[�̂�𝑖(�⃗�), Π̂𝑗(�⃗�)] = i𝛿𝑖𝑗𝛿(�⃗� − �⃗�)

[�̂�𝑖(�⃗�), �̂�𝑗(�⃗�)] = [Π̂𝑖(�⃗�), Π̂𝑗(�⃗�)] = 0.
 

Π̂𝑖(�⃗�) = −i
𝛿

𝛿𝐴𝑖(�⃗�)
 

�̂� = ∫  𝑑3𝑥
1

2
[Π̂𝑖(�⃗�)Π̂𝑖(�⃗�) + 𝜖𝑖𝑗𝑘𝜕𝑗�̂�

𝑘(�⃗�)𝜖𝑖𝑙𝑚𝜕𝑙�̂�
𝑚(�⃗�)]  

�̂�𝑖(𝑝) = ∫  𝑑3𝑥�̂�𝑖(�⃗�)exp (−i𝑝 ⋅ �⃗�), Π̂𝑖(𝑝) = ∫  𝑑
3𝑥Π̂𝑖(�⃗�)exp (−i�⃗� ⋅ �⃗�)  

�̂�𝑖(𝑝)† = �̂�𝑖(−𝑝), Π̂𝑖(𝑝)
† = Π̂𝑖(−�⃗�).  

[�̂�𝑖(𝑝), Π̂𝑗(�⃗�)] = i(2𝜋)
3𝛿𝑖𝑗𝛿(𝑝 + �⃗�), [�̂�

𝑖(𝑝), �̂�𝑗(�⃗�)] = [Π̂𝑖(𝑝), Π̂𝑗(�⃗�)] = 0,  

�̂� =
1

(2𝜋)3
∫  𝑑3𝑝

1

2
[Π̂𝑖(𝑝)

†Π̂𝑖(𝑝) + 𝜖𝑖𝑗𝑘𝑝𝑗�̂�
𝑘(�⃗�)†𝜖𝑖𝑙𝑚𝑝𝑙�̂�

𝑚(�⃗�)]  

∇⃗⃗⃗ ⋅ �̂⃗⃗�(�⃗�)|Ψ⟩ = 0 ⇒  𝑝𝑖Π̂𝑖(𝑝)|Ψ⟩ = 0  

𝜖𝑖𝑗𝑘𝑝𝑗�̂�
𝑘(�⃗�)†𝜖𝑖𝑙𝑚𝑝𝑙�̂�

𝑚(�⃗�) = �̂�𝑖(𝑝)†ℳ(𝑝)𝑖𝑗�̂�
𝑗(𝑝) =

(�̂�1(𝑝)†, �̂�2(𝑝)†, �̂�3(𝑝)†)(

𝑝2 − 𝑝1
2 −𝑝1𝑝2 −𝑝1𝑝3

−𝑝2𝑝1 𝑝2 − 𝑝2
2 −𝑝2𝑝3

−𝑝3𝑝1 −𝑝3𝑝2 𝑝2 − 𝑝3
2

)(

�̂�1(𝑝)

�̂�2(𝑝)

�̂�3(𝑝)

)
 

ℳ(𝑝)𝑖𝑗 = 𝑝
2 (𝛿𝑖𝑗 − 𝑒𝑝𝑖𝑒𝑝𝑗) , 𝑒𝑝 =

𝑝

|𝑝|
 

𝑒1 ⋅ 𝑒𝑝 = 𝑒2 ⋅ 𝑒𝑝 = 0, 𝑒1 ⋅ 𝑒2 = 0, 𝑒1 × 𝑒2 = 𝑒𝑝  

𝑒± =
1

√2
(𝑒1 ± i𝑒2), 𝑒±

∗ ⋅ 𝑒± = 1, 𝑒± ⋅ 𝑒𝑝 = 0, 𝑒−
∗ ⋅ 𝑒+ = 0, 𝑒− × 𝑒+ = i𝑒𝑝  

𝑈(𝑝) = (

𝑒+1 𝑒+2 𝑒+3
𝑒𝑝1 𝑒𝑝2 𝑒𝑝3
𝑒−1 𝑒−2 𝑒−3

) , 𝑈(𝑝)ℳ(𝑝)𝑈(𝑝)† = 𝑝2 (
1 0 0
0 0 0
0 0 1

) ,  

(

�̂�+(𝑝)

�̂�𝑝(𝑝)

�̂�−(𝑝)

) = 𝑈(𝑝)(

�̂�1(𝑝)

�̂�2(𝑝)

�̂�3(𝑝)

) , (

Π̂+(�⃗�)

Π̂𝑝(𝑝)

Π̂−(�⃗�)

) = 𝑈(𝑝)(

Π̂1(�⃗�)

Π̂2(𝑝)

Π̂3(𝑝)

)  
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�̂�=
1

(2𝜋)3
∫  𝑑3𝑝

1

2
[Π̂+(�⃗�)

†Π̂+(�⃗�) + 𝑝
2�̂�+(𝑝)

†�̂�+(�⃗�)  

+Π̂−(𝑝)
†Π̂−(𝑝) + 𝑝

2�̂�−(�⃗�)
†�̂�−(𝑝) + Π̂𝑝(𝑝)

†Π̂𝑝(�⃗�)].

 

Π̂𝑝(𝑝) = 𝑈(𝑝)𝑝𝑖Π̂𝑖(𝑝) = −𝑒𝑝𝑖�̂�𝑖(𝑝) = −
𝑝

|𝑝|
⋅ �̂⃗⃗�(𝑝)  

�̂�±(𝑝)=
1

√2
[√𝜔�̂�±(�⃗�) +

i

√𝜔
Π̂±(𝑝)]  

�̂�±(𝑝)
† =

1

√2
[√𝜔�̂�±(−𝑝) −

i

√𝜔
Π̂±(−�⃗�)](6.32)

 

[�̂�±(𝑝), �̂�±(�⃗�)
†] =

i

2
[Π̂±(�⃗�), �̂�±(−�⃗�)] −

i

2
[�̂�±(𝑝), Π̂±(−�⃗�)] = (2𝜋)

3𝛿(𝑝 − �⃗�)

[�̂�+(𝑝), �̂�−(�⃗�)
†] = [�̂�−(�⃗�), �̂�+(�⃗�)

†] = 0

[�̂�±(𝑝), �̂�±(�⃗�)] = [�̂�±(𝑝), �̂�∓(�⃗�)] = [�̂�±(𝑝)
†, �̂�±(�⃗�)

†] = [�̂�±(𝑝)
†, �̂�∓(�⃗�)

†] = 0.

 

�̂� =
1

(2𝜋)3
∫  𝑑3𝑝|𝑝|(�̂�+(�⃗�)

†�̂�+(�⃗�) + �̂�−(𝑝)
†�̂�−(�⃗�) + 𝑉)  

�̂�±(𝑝)|0⟩ = 0  

𝐸0 =
𝑉

(2𝜋)3
∫  𝑑3𝑝|𝑝|  

𝜌 =
𝐸0
𝑉
=

1

(2𝜋)3
∫  𝑑3𝑝|𝑝| =

1

2𝜋2
∫  
∞

0

 𝑑𝑝𝑝3  

|𝑝, ±⟩ = �̂�±(𝑝)
†|0⟩  

𝐸(𝑝) − 𝐸0 = 𝜔 = |𝑝|.  

|𝑝1, ±; 𝑝2, ±⟩ = �̂�±(𝑝1)
†�̂�±(𝑝2)

†|0⟩  

|𝑝2, ±; 𝑝1, ±⟩ = |𝑝1, ±; 𝑝2, ±⟩  

𝒯𝜇𝜈(𝑥) = −𝐹𝜇 
𝜌(𝑥)𝐹𝜈𝜌(𝑥) − 𝑔𝜇𝜈ℒ  

ℋ= 𝒯00(𝑥) = −𝐹0 
𝑖(𝑥)𝐹0𝑖(𝑥) − 𝑔00ℒ = 𝐸𝑖(𝑥)𝐸𝑖(𝑥) − ℒ 

 =
1

2
(𝐸𝑖(𝑥)𝐸𝑖(𝑥) + 𝐵𝑖(𝑥)𝐵𝑖(𝑥))

 

𝒫𝑖(𝑥) = 𝒯0𝑖(𝑥) = −𝐹0 
𝜌(𝑥)𝐹𝑖𝜌(𝑥) − 𝑔0𝑖ℒ = −𝐹0 

𝑗(𝑥)𝐹𝑖𝑗(𝑥) = 𝜖𝑖𝑗𝑘𝐸𝑗(𝑥)𝐵𝑘(𝑥)  

�̂�𝑖= ∫  𝑑
3𝑥𝜖𝑖𝑗𝑘

1

2
(�̂�𝑗(�⃗�)�̂�𝑘(�⃗�) + �̂�𝑘(�⃗�)�̂�𝑗(�⃗�))  

 =
1

(2𝜋)3
∫  𝑑3𝑝𝑝𝑖(�̂�+(𝑝)

†�̂�+(�⃗�) + �̂�−(𝑝)
†�̂�−(�⃗�))

 

[�̂�𝑖, �̂�±(𝑝)
†] = 𝑝𝑖�̂�±(𝑝)

†  
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�̂�𝑖|𝑝, ±⟩ = 𝑝𝑖|𝑝, ±⟩  

𝐽 = ∫  𝑑3𝑥�⃗� × (�⃗⃗�(�⃗�) × �⃗⃗�(�⃗�))  

𝐽 = ∫  𝑑3𝑥�⃗� ×
1

2
(�̂⃗⃗�(�⃗�) × �̂⃗⃗�(�⃗�) − �̂⃗⃗�(�⃗�) × �̂⃗⃗�(�⃗�))  

[�̂�𝑖, �̂�𝑗] = 0, [�̂�𝑖, 𝐽𝑗] = i𝜖𝑖𝑗𝑘�̂�𝑘, [𝐽𝑖, 𝐽𝑗] = i𝜖𝑖𝑗𝑘𝐽𝑘  

[�̂�𝑖, �̂�𝑗𝐽𝑗] = i𝜖𝑖𝑗𝑘�̂�𝑗�̂�𝑘 = 0  

[𝐽 ⋅ 𝑒𝑝, �̂�±(𝑝)
†] = ±�̂�±(�⃗�)

†.  

𝐽 ⋅ 𝑒𝑝|𝑝, ±⟩ = 𝐽 ⋅ 𝑒𝑝�̂�±(�⃗�)
†|0⟩ = [𝐽 ⋅ 𝑒𝑝, �̂�±(𝑝)

†] |0⟩ = ±�̂�±(𝑝)
†|0⟩ = ±|𝑝,±⟩  

𝑝 =
2𝜋

𝐿
�⃗⃗⃗�,𝑚𝑖 ∈ ℤ  

𝑍±(𝑝) = ∑  

∞

𝑛±(�⃗�)=0

 exp (−𝛽𝑛±(𝑝)|𝑝|) =
1

1 − exp (−𝛽|𝑝|)
 

⟨𝑛±(�⃗�)|𝑝⟩=
1

𝑍±(𝑝)
∑  

∞

𝑛±(�⃗�)=0

 𝑛±(�⃗�)|𝑝|exp (−𝛽𝑛±(𝑝)|𝑝|)  

 = −
1

𝑍±(𝑝)

𝜕𝑍±(𝑝)

𝜕𝛽
= −

𝜕log 𝑍±(𝑝)

𝜕𝛽
=

|𝑝|

exp (𝛽|𝑝|) − 1

 

⟨�̂�⟩ =∑  

�⃗�,±

  ⟨𝑛±(�⃗�)|𝑝|⟩ → 2 (
𝐿

2𝜋
)
3

∫  𝑑3𝑝⟨𝑛±(�⃗�)|𝑝|⟩.  

𝑢 =
1

𝜋2
∫  
∞

0

 𝑑𝜔
𝜔3

exp (𝛽𝜔) − 1
 

𝑑𝑢(𝜔)

𝑑𝜔
=
1

𝜋2
𝜔3

exp (𝛽𝜔) − 1
.  

𝑑𝑢(𝜔)

𝑑𝜔
=
𝜔2

𝜋2𝛽
 

𝑢 =
𝜋2

15𝛽4
 

𝑆[𝐴] = ∫  𝑑𝑑𝑥
1

4
𝐹𝜇𝜈𝐹𝜇𝜈  

 𝛼𝐴𝜇(𝑥) = 𝐴𝜇(𝑥) − 𝜕𝜇𝛼(𝑥),  
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𝑍 = ∫  𝒟𝐴exp (−𝑆[𝐴])  

ℒ(𝐴)=
1

2
𝐴𝜇(𝑥)[−𝜕𝜌𝜕𝜌𝛿𝜇𝜈 + 𝜕𝜇𝜕𝜈]𝐴𝜈(𝑥) 

𝐺𝜇𝜈(𝑝) =
1

𝑝2𝛿𝜇𝜈 − 𝑝𝜇𝑝𝜈

 

(𝑝2𝛿𝜇𝜈 − 𝑝𝜇𝑝𝜈)𝑝𝜇 = 0  

𝜕𝜇 
𝛼𝐴𝜇(𝑥) = 𝜕𝜇(𝐴𝜇(𝑥) − 𝜕𝜇𝛼(𝑥)) = 0 ⇒  𝛼(𝑥) =◻−1 𝜕𝜇𝐴𝜇(𝑥),◻= 𝜕𝜇𝜕𝜇  

𝐶(𝑥) = 𝜕𝜇 
𝛼𝐴𝜇(𝑥),  

∫  𝒟𝐶exp (−𝑆gf[𝐶]) = ∫  𝒟𝐶exp (−∫  𝑑
𝑑𝑥

1

2𝜉
𝐶2) , 𝑆gf[𝐶] = ∫  𝑑

𝑑𝑥
1

2𝜉
(𝜕𝜇 

𝛼𝐴𝜇)
2

 

𝒟𝐶 = 𝒟𝛼det (
𝛿𝐶

𝛿𝛼
) = 𝒟𝛼det(

𝛿𝜕𝜇 
𝛼𝐴𝜇

𝛿𝛼
)  

𝛿𝐶(𝑥) = 𝛿𝜕𝜇 
𝛼𝐴𝜇(𝑥) = 𝜕𝜇 

𝛼𝐴𝜇(𝑥) − 𝜕𝜇𝐴𝜇(𝑥) = −𝜕𝜇𝜕𝜇𝛼(𝑥)  

det (
𝛿𝐶

𝛿𝛼
) = det (

𝛿𝜕𝜇 
𝛼𝐴𝜇

𝛿𝛼
) = det(−𝜕𝜇𝜕𝜇)  

𝑍= ∫  𝒟𝐶∫  𝒟𝐴exp (−𝑆[𝐴] − 𝑆gf[ 
𝛼𝐴])  

= ∫  𝒟𝛼det(−𝜕𝜇𝜕𝜇)∫  𝒟𝐴exp (−𝑆[𝐴] − 𝑆gf[ 
𝛼𝐴])  

= ∫  𝒟𝛼det(−𝜕𝜇𝜕𝜇)∫  𝒟
𝛼𝐴exp (−𝑆[ 𝛼𝐴] − 𝑆gf[ 

𝛼𝐴]) 

= ∫  𝒟𝛼det(−𝜕𝜇𝜕𝜇)∫  𝒟𝐴exp (−𝑆[𝐴] − 𝑆gf[𝐴])  

 ∝ ∫  𝒟𝐴exp (−𝑆[𝐴] − 𝑆gf[𝐴])

 

𝑆[𝐴] + 𝑆gf[𝐴] = ∫  𝑑
𝑑𝑥 [

1

4
𝐹𝜇𝜈𝐹𝜇𝜈 +

1

2𝜉
(𝜕𝜇𝐴𝜇)

2
]  

𝑆[𝐴] + 𝑆gf[𝐴]=
1

(2𝜋)𝑑
∫  𝑑𝑑𝑝

1

2
𝐴𝜇(−𝑝)𝐺𝜇𝜈(𝑝)

−1𝐴𝜈(𝑝) 

𝐺𝜇𝜈(𝑝) =
1

𝑝2𝛿𝜇𝜈 − 𝑝𝜇𝑝𝜈(1 − 1/𝜉)

 

�̂⃗⃗� = ∫  𝑑3𝑥
1

2
(�̂⃗⃗�(�⃗�) × �̂⃗⃗�(�⃗�) − �̂⃗⃗�(�⃗�) × �̂⃗⃗�(�⃗�))

𝐽 = ∫  𝑑3𝑥�⃗� ×
1

2
(�̂⃗⃗�(�⃗�) × �̂⃗⃗�(�⃗�) − �̂⃗⃗�(�⃗�) × �̂⃗⃗�(�⃗�))

 

[�̂�𝑖, �̂�𝑗] = 0, [�̂�𝑖, 𝐽𝑗] = 𝑖𝜖𝑖𝑗𝑘�̂�𝑘, [𝐽𝑖, 𝐽𝑗] = 𝑖𝜖𝑖𝑗𝑘𝐽𝑘 
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𝑍 = ∫  𝒟Φexp (−𝑆[Φ]), 𝑆[Φ] = ∫  𝑑4𝑥ℒ(Φ, 𝜕𝜇Φ)  

ℒ(Φ, 𝜕𝜇Φ) =
1

2
𝜕𝜇Φ

∗𝜕𝜇Φ+ 𝑉(Φ) =
1

2
𝜕𝜇𝜙1𝜕𝜇𝜙1 +

1

2
𝜕𝜇𝜙2𝜕𝜇𝜙2 + 𝑉(𝜙1, 𝜙2)  

𝑉(Φ) =
𝑚2

2
|Φ|2 +

𝜆

4!
|Φ|4, |Φ|2 = Φ∗Φ = 𝜙1

2 + 𝜙2
2  

𝜕𝜇
𝛿ℒ

𝛿𝜕𝜇Φ
−
𝛿ℒ

𝛿Φ
= (𝜕𝜇𝜕𝜇 −𝑚

2)Φ = 0  

Φ′(𝑥) = exp (i𝑒𝛼)Φ(𝑥)  ⇔ Φ′(𝑥)∗ = exp (−i𝑒𝛼)Φ(𝑥)∗,  

 CΦ(𝑥) = Φ(𝑥)∗, 𝑆[ CΦ] = 𝑆[Φ].  

Φ(𝑝, 𝑥4) = ∫  𝑑
3𝑥Φ(�⃗�, 𝑥4)exp (−i𝑝 ⋅ �⃗�)

⟨Φ(𝑝, 0)Φ(𝑝, 𝑥4)
∗⟩ ∼ exp (−𝐸(𝑝)𝑥4)

 

Φ′(𝑥) = exp (i𝑒𝛼(𝑥))Φ(𝑥)  

𝜕𝜇Φ
′(𝑥) = exp (i𝑒𝛼(𝑥))[𝜕𝜇Φ(𝑥) + i𝑒𝜕𝜇𝛼(𝑥)Φ(𝑥)]  

𝐷𝜇Φ(𝑥) = [𝜕𝜇 + i𝑒𝐴𝜇(𝑥)]Φ(𝑥)  

𝐴𝜇
′ (𝑥)= 𝐴𝜇(𝑥) − 𝜕𝜇𝛼(𝑥) ⇒  

(𝐷𝜇Φ)
′
(𝑥) = [𝜕𝜇 + i𝑒𝐴𝜇

′ (𝑥)]Φ′(𝑥) = exp (i𝑒𝛼(𝑥))𝐷𝜇Φ(𝑥)
 

ℒ(Φ, 𝜕𝜇Φ,𝐴𝜇) =
1

2
(𝐷𝜇Φ)

∗
𝐷𝜇Φ+ 𝑉(Φ)  

(𝐷𝜇Φ)
∗′
(𝑥) = exp (−i𝑒𝛼(𝑥))𝐷𝜇Φ

∗(𝑥)  

𝐹𝜇𝜈(𝑥) = 𝜕𝜇𝐴𝜈(𝑥) − 𝜕𝜈𝐴𝜇(𝑥)  

𝐹𝜇𝜈
′ (𝑥)= 𝜕𝜇𝐴𝜈

′ (𝑥) − 𝜕𝜈𝐴𝜇
′ (𝑥) = 𝜕𝜇𝐴𝜈(𝑥) − 𝜕𝜇𝜕𝜈𝛼(𝑥) − 𝜕𝜈𝐴𝜇(𝑥) + 𝜕𝜈𝜕𝜇𝛼(𝑥) = 𝐹𝜇𝜈(𝑥)

 
 

ℒ(Φ, 𝜕𝜇Φ,𝐴𝜇 , 𝜕𝜇𝐴𝜈) =
1

2
(𝐷𝜇Φ)

∗
𝐷𝜇Φ+ 𝑉(Φ) +

1

4
𝐹𝜇𝜈𝐹𝜇𝜈  

 CΦ(𝑥)= Φ(𝑥)∗,  C𝐴𝜇(𝑥) = −𝐴𝜇(𝑥) ⇒  

 C(𝐷𝜇Φ(𝑥)) = [𝜕𝜇 + i𝑒
C𝐴𝜇(𝑥)]

C
Φ(𝑥) = [𝜕𝜇 − i𝑒𝐴𝜇(𝑥)]Φ(𝑥)

∗ = (𝐷𝜇Φ(𝑥))
∗  

𝜕𝜇𝐹𝜇𝜈(𝑥) = 𝑗𝜈(𝑥) =
i𝑒

2
(𝐷𝜈Φ

∗(𝑥)Φ(𝑥) − Φ∗(𝑥)𝐷𝜈Φ(𝑥))  

1

2
𝜖𝜇𝜈𝜌𝜎𝜕𝜈𝐹𝜌𝜎(𝑥) = 𝜖𝜇𝜈𝜌𝜎𝜕𝜈𝜕𝜌𝐴𝜎(𝑥) = 0  

𝜕𝑖𝐴𝑖
′(�⃗�) = 𝜕𝑖(𝐴𝑖(�⃗�) − 𝜕𝑖𝛼C(�⃗�)) = 0 ⇒  𝛼C(�⃗�) = Δ

−1𝜕𝑖𝐴𝑖(�⃗�)  
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𝛼C
′ (�⃗�) = Δ−1𝜕𝑖𝐴𝑖

′(�⃗�) = Δ−1𝜕𝑖(𝐴𝑖(�⃗�) − 𝜕𝑖𝛼(�⃗�)) = 𝛼C(�⃗�) − 𝛼(�⃗�)  

ΦC(�⃗�) = exp (i𝑒𝛼C(�⃗�))Φ(�⃗�) = exp (i𝑒Δ
−1𝜕𝑖𝐴𝑖(�⃗�))Φ(𝑥)  

Φ′(�⃗�) = exp (i𝑒𝛼)Φ(�⃗�), 𝐴𝑖
′(�⃗�) = 𝐴𝑖(�⃗�)  ⇒  ΦC

′ (�⃗�) = exp (i𝑒𝛼)ΦC(�⃗�)  

ΦC(𝑝, 𝑥4) = ∫  𝑑
3𝑥ΦC(�⃗�, 𝑥4)exp (−i�⃗� ⋅ �⃗�)

⟨ΦC(𝑝, 0)ΦC(𝑝, 𝑥4)
∗⟩ ∼ exp (−𝐸(𝑝)𝑥4)

 

𝑄 = ∫  
𝑇3
 𝑑3𝑥𝜕𝑖𝐸𝑖 = ∫  

𝜕𝑇3
 𝑑2𝜎𝑖𝐸𝑖 = 0  

𝛼(�⃗�) =
2𝜋

𝑒𝐿
�⃗⃗� ⋅ �⃗�, 𝑛𝑖 ∈ ℤ  

𝐴𝑖
′(�⃗�) = 𝐴𝑖(�⃗�) − 𝜕𝑖𝛼(�⃗�) = 𝐴𝑖(�⃗�) −

2𝜋

𝑒𝐿
𝑛𝑖  

∏ 

𝑁

𝑎=1

 ΦC(�⃗�𝑎)ΦC(�⃗�𝑎)
∗ =∏ 

𝑁

𝑎=1

 exp (i𝑒Δ−1𝜕𝑖𝐴𝑖(�⃗�𝑎))Φ(�⃗�𝑎)exp (−i𝑒Δ
−1𝜕𝑖𝐴𝑖(�⃗�𝑎))Φ(�⃗�𝑎)

∗  

∏ 

𝑁

𝑎=1

 ΦC
′ (�⃗�𝑎)ΦC

′ (�⃗�𝑎)
∗ =∏ 

𝑁

𝑎=1

 exp (i
2𝜋

𝐿
�⃗⃗� ⋅ (�⃗�𝑎 − �⃗�𝑎))ΦC(�⃗�𝑎)ΦC(�⃗�𝑎)

∗  

𝜃 =
2𝜋

𝐿
∑  

𝑁

𝑎=1

  (�⃗�𝑎 − �⃗�𝑎)  

𝑊𝒞 = exp (i∫ 
𝒞

 𝑑𝑙𝑖𝐴𝑖(�⃗�))  

𝑊𝒞
′ = exp (i

2𝜋

𝑒
�⃗⃗⃗� ⋅ �⃗⃗�)𝑊𝒞  

Φ(�⃗� + 𝐿𝑒𝑖) =  
CΦ(�⃗�) = Φ(𝑥)∗

𝐴𝜇(�⃗� + 𝐿𝑒𝑖) =  
C𝐴𝜇(�⃗�) = −𝐴𝜇(�⃗�), 𝛼(�⃗� + 𝐿𝑒𝑖) = −𝛼(�⃗�)

 

�⃗� = (𝜎1, 𝜎2, 𝜎3) = ((
0 1
1 0

) , (
0 −i
i 0

) , (
1 0
0 −1

)) .  

�̂�R = ∫  𝑑
3𝑥�̂�R

†(𝑥)(−i�⃗� ⋅ ∇⃗⃗⃗)�̂�R(�⃗�)  

�̂�R(�⃗�) = (
�̂�R
1(�⃗�)

�̂�R
2(�⃗�)

) , �̂�R
†(�⃗�) = (�̂�R

1†(�⃗�), �̂�R
2†(�⃗�))  

{�̂�R
𝑎(�⃗�), �̂�R

𝑏†(�⃗�)}= 𝛿𝑎𝑏𝛿(�⃗� − �⃗�)  

{�̂�R
𝑎(�⃗�), �̂�R

𝑏(�⃗�)} = {�̂�R
𝑎†(�⃗�), �̂�R

𝑏†(�⃗�)} = 0
 



pág. 753 

�̂�R(𝑝) = ∫  𝑑
3𝑥�̂�R(�⃗�)exp (−i�⃗� ⋅ �⃗�), �̂�R

†(𝑝) = ∫  𝑑3𝑥�̂�R
†(�⃗�)exp (i�⃗� ⋅ �⃗�)  

{�̂�R
𝑎(𝑝), �̂�R

𝑏†(�⃗�)}= (2𝜋)3𝛿𝑎𝑏𝛿(𝑝 − �⃗�)  

{�̂�R
𝑎(𝑝), �̂�R

𝑏(�⃗�)} = {�̂�R
𝑎†(𝑝), �̂�R

𝑏†(�⃗�)} = 0
 

�̂�R =
1

(2𝜋)3
∫  𝑑3𝑝�̂�R

†(𝑝)�⃗� ⋅ 𝑝�̂�R(�⃗�)  

𝑈(𝑝)(�⃗� ⋅ 𝑝)𝑈(𝑝)† = |𝑝|𝜎3  

𝑝 = |𝑝|𝑒𝑝, 𝑒𝑝 = (sin 𝜃cos 𝜑, sin 𝜃sin 𝜑, cos 𝜃),  

𝑈(𝑝) = (
cos (𝜃/2) sin (𝜃/2)exp (−i𝜑)

−sin (𝜃/2)exp (i𝜑) cos (𝜃/2)
)  

�̂�R(𝑝) = (
�̂�R
1(�⃗�)

�̂�R
2(�⃗�)

) = 𝑈(𝑝)† (
�̂�R(𝑝)

�̂�R
†(−𝑝)

)  

{�̂�R(�⃗�), �̂�R
†(�⃗�)} = (2𝜋)3𝛿(𝑝 − �⃗�), {�̂�R(𝑝), �̂�R

†(�⃗�)} = (2𝜋)3𝛿(𝑝 − �⃗�)

{�̂�R(�⃗�), �̂�R(�⃗�)} = {�̂�R
†(𝑝), �̂�R

†(�⃗�)} = 0, {�̂�R(𝑝), �̂�R(�⃗�)} = {�̂�R
†(𝑝), �̂�R

†(�⃗�)} = 0

{�̂�R(�⃗�), �̂�R(�⃗�)} = {�̂�R(𝑝), �̂�R
†(�⃗�)} = {�̂�R

†(�⃗�), �̂�R(�⃗�)} = {�̂�R
†(𝑝), �̂�R

†(�⃗�)} = 0

 

�̂�R=
1

(2𝜋)3
∫  𝑑3𝑝|𝑝|[�̂�R

†(𝑝)𝑐R(𝑝) − �̂�R(𝑝)�̂�R
†(𝑝)]  

 =
1

(2𝜋)3
∫  𝑑3𝑝|𝑝|[�̂�R

†(𝑝)�̂�R(𝑝) + �̂�R
†(𝑝)�̂�R(𝑝) − 𝑉]

 

�̂�R(𝑝)|0⟩R = �̂�R(𝑝)|0⟩R = 0  

�̂�R
†(𝑝)|0⟩R = |𝑝, �⃗� ⋅ 𝑒𝑝 = 1⟩R, �̂�R

†(𝑝)|0⟩R = |𝑝, �⃗� ⋅ 𝑒𝑝 = −1⟩R  

|𝑝1, �⃗� ⋅ 𝑒𝑝1 = 1; 𝑝2, �⃗� ⋅ 𝑒𝑝2 = 1⟩R
= 𝑐R

†(𝑝1)𝑐R
†(�⃗�2)|0⟩R = −𝑐R

†(𝑝2)𝑐R
†(�⃗�1)|0⟩R 

 = −|𝑝2, �⃗� ⋅ 𝑒𝑝2 = 1; 𝑝1, �⃗� ⋅ 𝑒𝑝1 = 1⟩R

 

𝜌 =
𝐸0
𝑉
= −

1

(2𝜋)3
∫  𝑑3𝑝|𝑝|  

�̂�L = ∫  𝑑
3𝑥�̂�L

†(�⃗�)(i�⃗� ⋅ ∇⃗⃗⃗)�̂�L(�⃗�) =
1

(2𝜋)3
∫  𝑑3𝑝|𝑝|[�̂�L

†(�⃗�)�̂�L(𝑝) + �̂�L
†(𝑝)�̂�L(𝑝) − 𝑉]  

�̂�L(𝑝) = (
�̂�L
1(𝑝)

�̂�L
2(𝑝)

) = 𝑈(−𝑝)† (
�̂�L(𝑝)

�̂�L
†(−�⃗�)

) , 𝑈(−𝑝)(−�⃗� ⋅ 𝑝)𝑈(−𝑝)† = |𝑝|𝜎3,  

�̂�L(�⃗�)|0⟩L = �̂�L(𝑝)|0⟩L = 0  

�̂�L
†(𝑝)|0⟩L = |𝑝, �⃗� ⋅ 𝑒𝑝 = −1⟩L

, �̂�L
†(𝑝)|0⟩L = |𝑝, �⃗� ⋅ 𝑒𝑝 = 1⟩L  
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�̂⃗⃗�R = ∫  𝑑
3𝑥�̂�R

†(�⃗�)(−i∇⃗⃗⃗)�̂�R(�⃗�)

𝐽R = ∫  𝑑
3𝑥�̂�R

†(�⃗�) (�⃗� × (−i∇⃗⃗⃗) +
1

2
�⃗�) �̂�R(�⃗�)

�̂⃗⃗⃗�R = ∫  𝑑
3𝑥�̂�R

†(�⃗�)
1

2
(�⃗�(−i∇⃗⃗⃗ ⋅ �⃗�) + (−i∇⃗⃗⃗ ⋅ �⃗�)�⃗�)�̂�R(�⃗�)

 

�̂⃗⃗�R =
1

(2𝜋)3
∫  𝑑3𝑝𝑝[�̂�R

†(𝑝)�̂�R(𝑝) + �̂�R
†(𝑝)�̂�R(𝑝)]  

[�̂⃗⃗�R, �̂�R
†(𝑝)] = 𝑝�̂�R

†(𝑝), [�̂⃗⃗�R, �̂�R
†(𝑝)] = 𝑝�̂�R

†(𝑝)  

�̂⃗⃗�R|𝑝, �⃗� ⋅ 𝑒𝑝 = 1⟩R
= �̂⃗⃗�R�̂�R

†(𝑝)|0⟩R = ([�̂⃗⃗�R, �̂�R
†(𝑝)] + �̂�R

†(𝑝)�̂⃗⃗�R) |0⟩R 

 = 𝑝�̂�R
†(𝑝)|0⟩R = 𝑝|𝑝, �⃗� ⋅ 𝑒𝑝 = 1⟩R

 

[𝐽R ⋅ 𝑒𝑝, �̂�R
†(𝑝)] =

1

2
�̂�R
†(𝑝), [𝐽R ⋅ 𝑒𝑝, �̂�R

†(𝑝)] = −
1

2
�̂�R
†(𝑝)  

𝐽R ⋅ 𝑒𝑝|𝑝, �⃗� ⋅ 𝑒𝑝 = 1⟩R = [𝐽R ⋅ 𝑒𝑝, �̂�R
†(𝑝)] |0⟩R =

1

2
�̂�R
†(𝑝)|0⟩R =

1

2
|𝑝, �⃗� ⋅ 𝑒𝑝 = 1⟩R

𝐽R ⋅ 𝑒𝑝|𝑝, �⃗� ⋅ 𝑒𝑝 = −1⟩R = [𝐽R ⋅ 𝑒𝑝, �̂�R
†(𝑝)] |0⟩R = −

1

2
�̂�R
†(𝑝)|0⟩R = −

1

2
|𝑝, �⃗� ⋅ 𝑒𝑝 = −1⟩R

 

[𝐽L ⋅ 𝑒𝑝, �̂�L
†(𝑝)] = −

1

2
�̂�L
†(�⃗�), [𝐽L ⋅ 𝑒𝑝, �̂�L

†(𝑝)] =
1

2
�̂�L
†(𝑝)

𝐽L ⋅ 𝑒𝑝|𝑝, �⃗� ⋅ 𝑒𝑝 = −1⟩L = [𝐽L ⋅ 𝑒𝑝, �̂�L
†(�⃗�)] |0⟩L = −

1

2
�̂�L
†(�⃗�)|0⟩L = −

1

2
|𝑝, �⃗� ⋅ 𝑒𝑝 = −1⟩L

𝐽L ⋅ 𝑒𝑝|𝑝, �⃗� ⋅ 𝑒𝑝 = 1⟩L
= [𝐽L ⋅ 𝑒𝑝, �̂�L

†(𝑝)] |0⟩L =
1

2
�̂�L
†(𝑝)|0⟩L =

1

2
|𝑝, �⃗� ⋅ 𝑒𝑝 = 1⟩L

 

 

�̂�R =
1

(2𝜋)3
∫  𝑑3𝑝[�̂�R

†(�⃗�)�̂�R(�⃗�) − �̂�R
†(𝑝)�̂�R(𝑝)]  

�̂�R(𝜒R) = exp (i𝜒R�̂�R), 𝜒R ∈ ℝ  

�̂�R(𝜒R)�̂�R(�⃗�)�̂�R(𝜒R)
† = exp (i𝜒R)�̂�R(�⃗�)

�̂�R(𝜒R)�̂�R
†(�⃗�)�̂�R(𝜒R)

† = �̂�R
†(�⃗�)exp (−i𝜒R)

 

�̂�L =
1

(2𝜋)3
∫  𝑑3𝑝[�̂�L

†(𝑝)�̂�L(�⃗�) − �̂�L
†(𝑝)�̂�L(𝑝)]  

�̂�R|𝑝, �⃗� ⋅ 𝑒𝑝 = 1⟩R = |𝑝, �⃗� ⋅ 𝑒𝑝 = 1⟩R�̂�R|𝑝, �⃗� ⋅ 𝑒𝑝 = −1⟩R = −|𝑝, �⃗� ⋅ 𝑒𝑝 = −1⟩R 

�̂�L|�⃗�, �⃗� ⋅ 𝑒𝑝 = −1⟩L = |𝑝, �⃗� ⋅ 𝑒𝑝 = −1⟩L, �̂�L|𝑝, �⃗� ⋅ 𝑒𝑝 = 1⟩L = −|𝑝, �⃗� ⋅ 𝑒𝑝 = 1⟩L

 

 P�̂�R(�⃗�) = �̂�P�̂�R(�⃗�)�̂�P
† = �̂�L(−�⃗�)

 P�̂�L(�⃗�) = �̂�P�̂�L(�⃗�)�̂�P
† = �̂�R(−�⃗�)
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 P�̂�R= �̂�P�̂�R�̂�P
† = ∫  𝑑3𝑥P�̂�R

†(�⃗�)(−i�⃗� ⋅ ∇⃗⃗⃗)P�̂�R(�⃗�)  

 = ∫  𝑑3𝑥�̂�L
†(−�⃗�)(−i�⃗� ⋅ ∇⃗⃗⃗)�̂�L(−�⃗�) = ∫  𝑑

3𝑥�̂�L
†(�⃗�)(i�⃗� ⋅ ∇⃗⃗⃗)�̂�L(�⃗�) = �̂�L

 

[�̂�R + �̂�L, �̂�P] = 0  

 C�̂�R(�⃗�) = �̂�C�̂�R(�⃗�)�̂�C
† = i𝜎2�̂�L

†(�⃗�)⊤

 C�̂�L(�⃗�) = �̂�C�̂�L(�⃗�)�̂�C
† = −i𝜎2�̂�R

†(�⃗�)T
 

 C�̂�R= �̂�C�̂�R�̂�C
† = ∫  𝑑3𝑥C�̂�R

†(�⃗�)(−i�⃗� ⋅ ∇⃗⃗⃗)C�̂�R(�⃗�)  

= ∫  𝑑3𝑥�̂�L(�⃗�)
⊤(i𝜎2)†(−i�⃗� ⋅ ∇⃗⃗⃗)i𝜎2�̂�L

†(�⃗�)⊤  

= ∫  𝑑3𝑥�̂�L(�⃗�)
⊤(i�⃗�⊤ ⋅ ∇⃗⃗⃗)�̂�L

†(�⃗�)⊤ = ∫  𝑑3𝑥(−∇⃗⃗⃗�̂�L
†(�⃗�) ⋅ i�⃗�)�̂�L(�⃗�) 

 = ∫  𝑑3𝑥�̂�L
†(�⃗�)(i�⃗� ⋅ ∇⃗⃗⃗)�̂�L(�⃗�) = �̂�L

 

�̂�L(�⃗�)
⊤(i�⃗�⊤ ⋅ ∇⃗⃗⃗)�̂�L

†(�⃗�)⊤ = −(∇⃗⃗⃗�̂�L
†(�⃗�) ⋅ i�⃗�)�̂�L(�⃗�)  

(
 e�̂�R(�⃗�)

 P�̂�L(�⃗�)
) = 𝜎1 (

�̂�R(−�⃗�)

�̂�L(−�⃗�)
) ,(

 P�̂�R(�⃗�)

 P�̂�L(𝑝)
) = 𝜎1 (

�̂�R(−�⃗�)

�̂�L(−𝑝)
)

(
 C�̂�R(�⃗�)

 C�̂�L(�⃗�)
) = i𝜎2 (

�̂�R(𝑝)

�̂�L(𝑝)
) ,(

 C�̂�R(𝑝)

 C�̂�L(�⃗�)
) = −i𝜎2 (

�̂�R(𝑝)

�̂�L(𝑝)
)

(
 CP�̂�R(𝑝)

 CP�̂�L(𝑝)
) = −𝜎3 (

�̂�R(−�⃗�)

�̂�L(−�⃗�)
) ,(

 CP�̂�R(�⃗�)

 CP�̂�L(𝑝)
) = 𝜎3 (

�̂�R(−𝑝)

�̂�L(−�⃗�)
)

 

�̂�CP|𝑝, �⃗� ⋅ 𝑒𝑝 = 1⟩R= �̂�CP�̂�R
†(𝑝)|0⟩R =  

CP�̂�R
†(�⃗�)�̂�CP|0⟩R = −�̂�R

†(−�⃗�)|0⟩R = −|−𝑝,−�⃗� ⋅ 𝑒𝑝 = −1⟩R
 .

 

�̂�CP|𝑝, �⃗� ⋅ 𝑒𝑝 = ±1⟩R = ∓|−𝑝,−�⃗� ⋅ 𝑒𝑝 = ∓1⟩R ,

�̂�CP|𝑝, �⃗� ⋅ 𝑒𝑝 = ±1⟩L = ∓|−�⃗�,−�⃗� ⋅ 𝑒𝑝 = ∓1⟩L.
 

𝑍 = Trexp (−𝛽(�̂�L − 𝜇�̂�L))  

𝑍±(𝑝) = ∑  

1

𝑛=0

 exp (−𝛽𝑛(|𝑝| ± 𝜇)) = 1 + exp (−𝛽(|𝑝| ± 𝜇))  

⟨�̂�L⟩±(𝑝) = −
𝜕log 𝑍±(𝑝)

𝜕𝛽
=

|𝑝|

exp (𝛽(|𝑝| ± 𝜇)) + 1
 

𝜌=
1

𝐿3
⟨�̂�L⟩ =

1

𝐿3
∑ 

�⃗�

  (⟨�̂�L⟩+(�⃗�) + ⟨�̂�L⟩−(𝑝))  

 →
1

(2𝜋)3
∫  𝑑3𝑝(

|𝑝|

exp (𝛽(|𝑝| + 𝜇)) + 1
+

|𝑝|

exp (𝛽(|𝑝| − 𝜇)) + 1
)

 



pág. 756 

𝑑𝜌(𝜔)

𝑑𝜔
=
𝜔3

2𝜋2
(

1

exp (𝛽(𝜔 + 𝜇)) + 1
+

1

exp (𝛽(𝜔 − 𝜇)) + 1
)  

𝜌 = ∫  
∞

0

 𝑑𝜔
𝑑𝜌(𝜔)

𝑑𝜔
=
1

𝜋2
∫  
∞

0

 𝑑𝜔
𝜔3

exp (𝛽𝜔) + 1
=

7𝜋2

120𝛽4
=
7𝜋2𝑇4

120
 

⟨�̂�L⟩±(�⃗�) =
𝜕log 𝑍±(𝑝)

𝜕(𝛽𝜇)
= ∓

1

exp (𝛽(|𝑝| ± 𝜇)) + 1
 

𝑓L =
1

𝐿3
⟨�̂�L⟩ →

1

2𝜋2
∫  
∞

0

 𝑑𝜔 (
𝜔2

exp (𝛽(|𝑝| − 𝜇)) + 1
−

𝜔2

exp (𝛽(|𝑝| + 𝜇)) + 1
)  

�̂�(�⃗�) = (
�̂�L(�⃗�)

�̂�R(�⃗�)
) =

(

 
 

�̂�L
1(�⃗�)

�̂�L
2(�⃗�)

�̂�R
1(�⃗�)

�̂�R
2(�⃗�))

 
 

�̂�†(�⃗�) = (�̂�L
†(�⃗�), �̂�R

†(�⃗�)) = (�̂�L
1†(�⃗�), �̂�L

2†(�⃗�), �̂�R
1†(�⃗�), �̂�R

2†(�⃗�)).

 

𝑃L =
1

2
(1 − 𝛾5) = (

𝟙 0
0 0

) , 𝑃R =
1

2
(1 + 𝛾5) = (

0 0
0 𝟙

) , 𝛾5 = (
−𝟙 0
0 𝟙

)  

 P�̂�(�⃗�) = (
 P�̂�L(�⃗�)

 P�̂�R(�⃗�)
) = (

�̂�R(−�⃗�)

�̂�L(−�⃗�)
) = 𝛾0�̂�(−�⃗�)  

𝛾0 = (
0 𝟙
𝟙 0

) , �⃗� = (𝛾1, 𝛾2, 𝛾3) = ( 0 �⃗�
−�⃗� 0

) ,  

{𝛾𝜇 , 𝛾𝜈} = 2𝑔𝜇𝜈 , 𝛾5 = i𝛾0𝛾1𝛾2𝛾3, {𝛾𝜇 , 𝛾5} = 0  

 C�̂�(�⃗�) = (
 C�̂�L(�⃗�)

 C�̂�R(�⃗�)
) = (

−i𝜎2�̂�R
†(�⃗�)⊤

i𝜎2�̂�L
†(�⃗�)⊤

) = 𝐶𝛾0�̂�†(�⃗�)⊤, 𝐶 = (−i𝜎
2 0

0 i𝜎2
)  

�̂�D= ∫  𝑑
3𝑥[�̂�R

†(�⃗�)(−i�⃗� ⋅ ∇⃗⃗⃗)�̂�R(�⃗�) + �̂�L
†(�⃗�)(i�⃗� ⋅ ∇⃗⃗⃗)�̂�L(�⃗�) +𝑚(�̂�R

†(�⃗�)�̂�L(�⃗�) + �̂�L
†(�⃗�)�̂�R(�⃗�))] = ∫  𝑑

3𝑥�̂�†(�⃗�)(−i�⃗� ⋅ ∇⃗⃗⃗ + 𝛽𝑚)�̂�(�⃗�)

 

 

�⃗� = 𝛾0�⃗� = (−�⃗� 0
0 �⃗�

) , 𝛽 = 𝛾0 = (
0 𝟙
𝟙 0

) ,  

�̂�D=
1

(2𝜋)3
∫  𝑑3𝑝 [(�̂�R

†(𝑝), �̂�L(−�⃗�)) (
|𝑝| 𝑚exp (−i𝜑)

𝑚exp (i𝜑) −|𝑝|
) (

�̂�R(�⃗�)

�̂�L
†(−�⃗�)

) 

+(�̂�L
†(�⃗�), �̂�R(−𝑝)) (

|𝑝| −𝑚exp (−i𝜑)

−𝑚exp (i𝜑) −|𝑝|
) (

�̂�L(�⃗�)

�̂�R
†(−�⃗�)

)]

=
1

(2𝜋)3
∫  𝑑3𝑝√𝑝2 +𝑚2[�̂�+

†(𝑝)�̂�+(�⃗�) + �̂�+
† (�⃗�)�̂�+(�⃗�)  

+�̂�−
†(𝑝)�̂�−(�⃗�) + �̂�−

†(�⃗�)�̂�−(�⃗�) − 2𝑉]
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(
�̂�R(𝑝)

�̂�L
†(−𝑝)

) = 𝑉(𝑝)† (
�̂�+(�⃗�)

�̂�+
†(−�⃗�)

) , (
�̂�L(�⃗�)

�̂�R
†(−�⃗�)

) = 𝑉(−𝑝)† (
�̂�−(�⃗�)

�̂�−
†(−�⃗�)

)

𝑉(𝑝) (
|𝑝| 𝑚exp (−i𝜑)

𝑚exp (i𝜑) −|𝑝|
) 𝑉(𝑝)† = (

√𝑝2 +𝑚2 0

0 −√𝑝2 +𝑚2
)

𝑉(𝑝) = (
cos (𝜒/2) sin (𝜒/2)exp (−i𝜑)

−sin (𝜒/2)exp (i𝜑) cos (𝜒/2)
) , cos 𝜒 =

|𝑝|

√𝑝2 +𝑚2

𝑉(−𝑝) (
|𝑝| −𝑚exp (−i𝜑)

−𝑚exp (i𝜑) −|𝑝|
) 𝑉(−𝑝)† = (

√𝑝2 +𝑚2 0

0 −√𝑝2 +𝑚2
)

𝑉(−𝑝) = (
cos (𝜒/2) −sin (𝜒/2)exp (−i𝜑)

sin (𝜒/2)exp (i𝜑) cos (𝜒/2)
)

 

�̂�±(𝑝)|0⟩D = �̂�±(𝑝)|0⟩D = 0  

�̂�±
†(𝑝)|0⟩D = |𝐹 = 1, 𝑝, �⃗� ⋅ 𝑒𝑝 = ±1⟩D

�̂�±
† (𝑝)|0⟩D = |𝐹 = −1, 𝑝, �⃗� ⋅ 𝑒𝑝 = ±1⟩D

 

�̂⃗⃗�D= �̂⃗⃗�R + �̂⃗⃗�L =
1

(2𝜋)3
∫  𝑑3𝑝𝑝[�̂�R

†(𝑝)�̂�R(𝑝) + �̂�R
†(𝑝)�̂�R(𝑝) + �̂�L

†(�⃗�)�̂�L(�⃗�) + �̂�L
†(𝑝)�̂�L(𝑝)] 

 =
1

(2𝜋)3
∫  𝑑3𝑝𝑝[�̂�+

†(𝑝)�̂�+(�⃗�) + �̂�+
†(�⃗�)�̂�+(�⃗�) + �̂�−

†(𝑝)�̂�−(�⃗�) + �̂�−
†(�⃗�)�̂�−(�⃗�)]

 

[�̂⃗⃗�D, �̂�±
†(�⃗�)] = 𝑝�̂�±

†(�⃗�), [�̂⃗⃗�D, �̂�±
† (𝑝)] = 𝑝�̂�±

† (𝑝)  

�̂⃗⃗�D|𝐹, 𝑝, �⃗� ⋅ 𝑒𝑝 = ±1⟩D = 𝑝|𝐹, 𝑝, �⃗� ⋅ 𝑒𝑝 = ±1⟩D
 

[𝐽D ⋅ 𝑒𝑝, �̂�±
†(𝑝)] = ±

1

2
�̂�±
†(�⃗�), [𝐽D ⋅ 𝑒𝑝, �̂�±

† (𝑝)] = ±
1

2
�̂�±
† (𝑝)  

𝐽D ⋅ 𝑒𝑝|𝐹, 𝑝, �⃗� ⋅ 𝑒𝑝 = ±1⟩D = ±
1

2
|𝐹, 𝑝, �⃗� ⋅ 𝑒𝑝 = ±1⟩D

 

 P�̂�±(𝑝) = �̂�∓(−�⃗�),  P�̂�±(�⃗�) = �̂�∓(−�⃗�),

 C�̂�±(�⃗�) = ±�̂�±(�⃗�),  C�̂�±(𝑝) = ±�̂�±(�⃗�).
 

�̂�P|𝐹 = 1, 𝑝, �⃗� ⋅ 𝑒𝑝 = ±1⟩D= �̂�P�̂�±
†(𝑝)|0⟩D =  

P�̂�±
†(�⃗�)�̂�P|0⟩D = �̂�∓

†(−�⃗�)|0⟩D 

 = |𝐹 = 1,−𝑝,−�⃗� ⋅ 𝑒𝑝 = ∓1⟩D

 

�̂�P|𝐹, 𝑝, �⃗� ⋅ 𝑒𝑝 = ±1⟩D = |𝐹,−𝑝,−�⃗� ⋅ 𝑒𝑝 = ∓1⟩D  

�̂�C|𝐹, 𝑝, �⃗� ⋅ 𝑒𝑝 = ±1⟩D = ±|−𝐹, 𝑝, �⃗� ⋅ 𝑒𝑝 = ±1⟩D  

�̂�CP|𝐹, 𝑝, �⃗� ⋅ 𝑒𝑝 = ±1⟩D = ∓|−𝐹,−𝑝,−�⃗� ⋅ 𝑒𝑝 = ∓1⟩D  

 C�̂�(�⃗�) = �̂�(�⃗�)  ⇒   C�̂�R(�⃗�) = i𝜎
2�̂�L

†(�⃗�)⊤ = �̂�R(�⃗�)  ⇒  �̂�R
𝑎(�⃗�) = 𝜖𝑎𝑏�̂�L

𝑏†(�⃗�) 

�̂�L(�⃗�)
′ = exp (i𝜒L)�̂�L(�⃗�), �̂�R(�⃗�)

′ = exp (i𝜒R)�̂�R(�⃗�)  
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i𝜎2�̂�L
†(�⃗�)′⊤ = exp (−i𝜒L)i𝜎

2�̂�L
†(�⃗�)⊤ = exp (−i𝜒L)�̂�R(�⃗�) = exp (−i𝜒L − i𝜒R)�̂�R(�⃗�)

′  

i𝜎2P�̂�L
†(�⃗�)T = i𝜎2�̂�R

†(−�⃗�)T = i𝜎2(−i𝜎2)T�̂�L(−�⃗�) = − 
P�̂�R(�⃗�)  

 P�̂�L(�⃗�)
′= exp (i𝜒L)

P�̂�L(�⃗�) = exp (i𝜒L)�̂�R(−�⃗�)  

 P�̂�R(�⃗�)
′= exp (i𝜒R)

P�̂�R(�⃗�) = exp (i𝜒R)�̂�L(−�⃗�)  

i𝜎2P�̂�L
†(�⃗�)′⊤= exp (−i𝜒L)i𝜎

2�̂�R
†(−�⃗�)T = −exp (−i𝜒L)�̂�L(−�⃗�) 

 = −exp (−i𝜒L − i𝜒R)
P�̂�R(�⃗�)

′

 

�̂�L
P′ (�⃗�) = i�̂�R(−�⃗�), �̂�R

P′ (�⃗�) = i�̂�L(−�⃗�)  

�̂�M= ∫  𝑑
3𝑥 [�̂�R

†(�⃗�)(−i�⃗� ⋅ ∇⃗⃗⃗)�̂�R(�⃗�) +
𝑚

2
(�̂�R(�⃗�)

⊤i𝜎2�̂�R(�⃗�) − �̂�R
†(�⃗�)i𝜎2�̂�R

†(�⃗�)⊤)] 

 = ∫  𝑑3𝑥 [�̂�L
†(�⃗�)(i�⃗� ⋅ ∇⃗⃗⃗)�̂�L(�⃗�) +

𝑚

2
(−�̂�L(�⃗�)

⊤i𝜎2�̂�L(�⃗�) + �̂�L
†(�⃗�)i𝜎2�̂�L

†(�⃗�)⊤)]
 

�̂�R(𝑝)
⊤i𝜎2�̂�R(−𝑝)= (�̂�R(𝑝), �̂�R

†(−�⃗�))𝑈(𝑝)∗i𝜎2𝑈(−�⃗�)† (
�̂�R(−𝑝)

�̂�R
†(𝑝)

)  

 = −exp (i𝜑)�̂�R(𝑝)�̂�R(−�⃗�) − exp (−i𝜑)�̂�R
†(−𝑝)�̂�R

†(𝑝)

 

�̂�M=
1

(2𝜋)3
∫  
ℝ3/2

 𝑑3𝑝 [(�̂�R
†(𝑝), �̂�R(−𝑝)) (

|𝑝| 𝑚exp (−i𝜑)

𝑚exp (i𝜑) −|𝑝|
) (

�̂�R(𝑝)

�̂�R
†(−𝑝)

) 

+(−�̂�R
†(�⃗�), �̂�R(−𝑝)) (

|𝑝| −𝑚exp (−i𝜑)

−𝑚exp (i𝜑) −|𝑝|
) (
−�̂�R(�⃗�)

�̂�R
†(−�⃗�)

)] .

 

(
�̂�R(𝑝)

�̂�R
†(−�⃗�)

) = 𝑉(𝑝)† (
�̂�+(�⃗�)

�̂�+
†(−�⃗�)

) , (
−�̂�R(𝑝)

�̂�R
†(−𝑝)

) = 𝑉(−𝑝)† (
�̂�−(�⃗�)

−�̂�−
†(−𝑝)

)  

�̂�R(𝑝)= cos (𝜒/2)�̂�+(�⃗�) − sin (𝜒/2)exp (−i𝜑)�̂�+
†(−𝑝) 

�̂�R
†(−𝑝) = sin (𝜒/2)exp (i𝜑)�̂�+(𝑝) + cos (𝜒/2)�̂�+

†(−�⃗�)
 

�̂�M =
1

(2𝜋)3
∫  
ℝ3/2

 𝑑3𝑝√𝑝2 +𝑚2[�̂�+
†(𝑝)�̂�+(�⃗�) − �̂�+(−𝑝)�̂�+

†(−𝑝)

+�̂�−
†(�⃗�)�̂�−(𝑝) − �̂�−(−�⃗�)�̂�−

†(−�⃗�)]

=
1

(2𝜋)3
∫  𝑑3𝑝√𝑝2 +𝑚2[�̂�+

†(𝑝)�̂�+(�⃗�) + �̂�−
†(�⃗�)�̂�−(𝑝) − 𝑉]

 

�̂�±
†(𝑝)|0⟩M = |(−1)

𝐹 = −1, 𝑝, �⃗� ⋅ 𝑒𝑝 = ±1⟩M  

�̂�P′|(−1)
𝐹 = −1, 𝑝, �⃗� ⋅ 𝑒𝑝 = ±1⟩M= �̂�±

†P′ (�⃗�)|0⟩M = �̂�∓
†(−𝑝)|0⟩M  

 = |(−1)𝐹 = −1,−�⃗�,−�⃗� ⋅ 𝑒𝑝 = ∓1⟩M

 

�̂�C|(−1)
𝐹 = −1, 𝑝, �⃗� ⋅ 𝑒𝑝 = ±1⟩M = |(−1)

𝐹 = −1, 𝑝, �⃗� ⋅ 𝑒𝑝 = ±1⟩M  

�̂�W = ∫  𝑑3𝑥 [�̂�R
†(�⃗�)(−i�⃗� ⋅ ∇⃗⃗⃗)�̂�R(�⃗�) +

𝑚

2
(�̂�R(�⃗�)

⊤i𝜎2�̂�R(�⃗�) − �̂�R
†(𝑥)i𝜎2�̂�R

†(�⃗�)⊤)]  
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(
�̂�R(𝑝)

𝑐R
†(−𝑝)

) = 𝑉(𝑝)† (
�̂�+(𝑝)

�̂�+
†(−�⃗�)

) , (
−�̂�R(�⃗�)

�̂�R
†(−�⃗�)

) = 𝑉(−𝑝)† (
−�̂�−(�⃗�)

�̂�−
†(−�⃗�)

)  

�̂�W =
1

(2𝜋)3
∫  𝑑3𝑝√𝑝2 +𝑚2[𝑐+

†(𝑝)�̂�+(�⃗�) + �̂�−
†(�⃗�)�̂�−(�⃗�) − 𝑉]  

𝜌 =
𝐸0
𝑉
= −

1

(2𝜋)3
∫  𝑑3𝑝√𝑝2 +𝑚2  

�̂�+
†|0⟩R= |(−1)

𝐹R = −1, 𝑝, �⃗� ⋅ 𝑒𝑝 = 1⟩R
 

�̂�−
† |0⟩R = |(−1)

𝐹R = −1, 𝑝, �⃗� ⋅ 𝑒𝑝 = −1⟩R

 

�̂�CP′|(−1)
𝐹R = −1, 𝑝, �⃗� ⋅ 𝑒𝑝 = ±1⟩R

= ∓|(−1)𝐹R = −1,−𝑝,−�⃗� ⋅ 𝑒𝑝 = ∓1⟩R
;  

�̂� = ∑  

𝑁

𝑎=1

�̂�𝑎  
2/2𝑚 +∑  

𝑎<𝑏

�̂�(|�̂⃗�𝑎 − �̂⃗�𝑏|) 

�̂�12Ψ(�⃗�1, �⃗�2, … , �⃗�𝑁, 𝑆1
3, 𝑆2

3, … , 𝑆𝑁
3) = Ψ(�⃗�2, �⃗�1, … , �⃗�𝑁 , 𝑆2

3, 𝑆1
3, … , 𝑆𝑁

3).  

�̂�Ψ(�⃗�1, �⃗�2, … , �⃗�𝑁 , 𝑆1
3, 𝑆2

3, … , 𝑆𝑁
3) = sign(𝑃)Ψ(�⃗�1, �⃗�2, … , �⃗�𝑁 , 𝑆1

3, 𝑆2
3, … , 𝑆𝑁

3).  

𝛾0 = (
𝟙 0
0 −𝟙

) , �⃗� = (𝛾1, 𝛾2, 𝛾3) = ( 0 �⃗�
−�⃗� 0

), 

𝛾0 = (
0 𝜎2
𝜎2 0

) , 𝛾1 = (i𝜎
3 0
0 i𝜎3

) ,

𝛾2 = ( 0 −𝜎2

𝜎2 0
) , 𝛾3 = (−i𝜎

1 0
0 −i𝜎1

) .
 

Γ𝑐 ∈ {𝟙, 𝛾𝜇 , 𝛾𝜇𝛾5, 𝜎𝜇𝑣 = [𝛾𝜇 , 𝛾𝜈]/(2i), i𝛾5}. 

𝜂𝑖𝜂𝑗 = −𝜂𝑗𝜂𝑖  

𝑓(𝜂) = 𝑓 +∑  

𝑖

 𝑓𝑖𝜂𝑖 +∑ 

𝑖𝑗

 𝑓𝑖𝑗𝜂𝑖𝜂𝑗 +∑ 

𝑖𝑗𝑘

 𝑓𝑖𝑗𝑘𝜂𝑖𝜂𝑗𝜂𝑘 +⋯ .  

𝛿

𝛿𝜂𝑖
𝜂𝑗 = 𝛿𝑖𝑗 ,

𝛿

𝛿𝜂𝑖
𝜂𝑖𝜂𝑗 = 𝜂𝑗  ⇒  

𝛿

𝛿𝜂𝑖
𝜂𝑗𝜂𝑖 = −𝜂𝑗 (𝑖 ≠ 𝑗)  

∫  𝑑𝜂𝑖(𝑎 + 𝑏𝜂𝑖) = 𝑎∫  𝑑𝜂𝑖 + 𝑏∫  𝑑𝜂𝑖𝜂𝑖, 𝑎, 𝑏 ∈ ℂ  

∫  𝑑𝜂𝑖(𝑎 + 𝑏𝜂𝑖) = ∫  𝑑𝜂𝑖 (𝑎 + 𝑏(𝜂𝑖 + 𝑐 + 𝑑𝜂𝑗)) = ∫  𝑑𝜂𝑖(𝑎 + 𝑏𝜂𝑖 + 𝑏𝑐 + 𝑏𝑑𝜂𝑗) (𝑖 ≠ 𝑗)  

∫  𝑑𝜂𝑖 = 0,∫  𝑑𝜂𝑖𝜂𝑗 = 𝛿𝑖𝑗 , ∫  𝑑𝜂𝑖𝑑𝜂𝑗𝜂𝑖𝜂𝑗 = −1 (𝑖 ≠ 𝑗)  

∫  𝑑𝜂1𝑑𝜂2…𝑑𝜂𝑁𝜂𝑁…𝜂2𝜂1 = 1  
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∫  𝑑𝜂1𝑑𝜂2exp (−𝜂1𝐴12𝜂2) = ∫  𝑑𝜂1𝑑𝜂2(1 − 𝜂1𝐴12𝜂2) = 𝐴12  

∫  𝑑𝜂1𝑑𝜂2𝑑𝜂3 exp(−𝜂1𝐴12𝜂2 − 𝜂1𝐴13𝜂3 − 𝜂2𝐴23𝜂3) =

 ∫  𝑑𝜂1𝑑𝜂2𝑑𝜂3(1 − 𝜂1𝐴12𝜂2 − 𝜂1𝐴13𝜂3 − 𝜂2𝐴23𝜂3) = 0
 

∫  𝒟𝜂exp (−
1

2
𝜂𝐴𝜂) = ∫  𝑑𝜂1𝑑𝜂2…𝑑𝜂𝑁exp (−

1

2
𝜂𝑖𝐴𝑖𝑗𝜂𝑗)  

∫  𝒟𝜂exp (−
1

2
𝜂𝐴𝜂) = ∫  𝑑𝜂1𝑑𝜂2𝑑𝜂3𝑑𝜂4

1

2
(
1

2
𝜂𝑖𝐴𝑖𝑗𝜂𝑗)

2

= 𝐴12𝐴34 − 𝐴13𝐴24 + 𝐴23𝐴14  

∫  𝒟𝜂exp (−
1

2
𝜂𝐴𝜂) = Pf(𝐴)  

Pf(𝐴)2 = det(𝐴)  

Pf(𝐴) =
1

2𝑁/2(𝑁/2)!
∑  

𝑃∈𝑆𝑁

 sign(𝑃)∏  

𝑁/2

𝑖=1

 𝐴𝑃(2𝑖−1),𝑃(2𝑖).  

∫  𝑑𝜂‾1𝑑𝜂1𝑑𝜂‾2𝑑𝜂2exp (−(𝜂‾1, 𝜂‾2) (
𝑀11 𝑀12
𝑀21 𝑀22

) (
𝜂1
𝜂2
)) = 𝑀11𝑀22 −𝑀12𝑀21.  

∫  𝒟𝜂‾𝒟𝜂exp (−𝜂‾𝑀𝜂)= ∫  𝑑𝜂‾1𝑑𝜂1𝑑𝜂‾2𝑑𝜂2…𝑑𝜂‾𝑁𝑑𝜂𝑁exp (−𝜂‾𝑖𝑀𝑖𝑗𝜂𝑗) 

 = det(𝑀)
 

∫  𝒟𝜂‾𝒟𝜂exp (−𝜂‾𝑀𝜂) = ∫  𝒟𝜂‾𝒟𝜂′det(𝑀)exp(−𝜂‾𝜂′) =  

det(𝑀)∏ 

𝑖

 ∫  𝑑𝜂‾𝑖𝑑𝜂𝑖
′exp (−𝜂‾𝑖𝜂𝑖

′) = det(𝑀)∏  

𝑖

 ∫  𝑑𝜂‾𝑖𝑑𝜂𝑖
′(−𝜂‾𝑖𝜂𝑖

′) = det(𝑀)
 

det(𝑀) = ∑  

𝑃∈𝑆𝑁

 sign(𝑃)∏ 

𝑁

𝑖=1

 𝐴𝑖,𝑃(𝑖)  

∫  𝒟𝜂‾𝒟𝜂exp (−𝜂‾𝑀𝜂) = ∫  𝒟𝜂‾𝒟𝜂exp (−
1

2
𝜂‾𝑖𝑀𝑖𝑗𝜂𝑗 +

1

2
𝜂𝑗𝑀𝑗𝑖

⊤𝜂‾𝑖)

 = ∫  𝒟𝜂‾𝒟𝜂exp (−
1

2
(𝜂, 𝜂‾) ( 0 −𝑀⊤

𝑀 0
)(
𝜂

𝜂‾
)) = Pf(𝐴),

 

𝐴 = (0 −𝑀⊤

𝑀 0
) , Pf(𝐴)2 = det(𝐴) = det(𝑀)det(𝑀⊤) = det(𝑀)2  

∫  𝒟𝜙exp (−
1

2
𝜙𝐴𝜙) = ∫  

ℝ

 𝑑𝜙1∫  
ℝ

 𝑑𝜙2…∫  
ℝ

 𝑑𝜙𝑁
1

(2𝜋)𝑁/2
exp (−

1

2
𝜙𝑖𝐴𝑖𝑗𝜙𝑗)  

Ω𝐴Ω⊤ = 𝐷 = diag(𝑎1, 𝑎2, … , 𝑎𝑁),  
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∫  𝒟𝜙exp (−
1

2
𝜙𝐴𝜙) = ∫  𝒟𝜙′exp(−

1

2
𝜙′𝐷𝜙′) =   

 ∫  
ℝ

 𝑑𝜙1
′ ∫  
ℝ

 𝑑𝜙2
′ …∫  

ℝ

 𝑑𝜙𝑁
′ ∏ 

𝑁

𝑖=1

 
1

√2𝜋
exp (−

1

2
𝑎𝑖𝜙𝑖

′2) =∏ 

𝑁

𝑖=1

 
1

√𝑎𝑖
=

1

√det(𝐴)
,

 

∫  𝒟Φexp (−
1

2
Φ†𝑀Φ) = ∫ 

ℂ

 𝑑Φ1∫ 
ℂ

 𝑑Φ2⋯∫ 
ℂ

 𝑑Φ𝑁
1

(2𝜋)𝑁
exp (−

1

2
Φ𝑖
∗𝑀𝑖𝑗Φ𝑗)  

𝑈𝑀𝑈† = 𝐷 = diag(𝑚1,𝑚2, … ,𝑚𝑁),𝑚𝑖 ∈ ℝ  

∫  𝒟Φexp (−
1

2
Φ†𝑀Φ) = ∫  𝒟Φ′exp (−

1

2
Φ′†𝐷Φ′) =

 ∫ 
ℂ

 𝑑Φ1
′ ∫ 
ℂ

 𝑑Φ2
′ ⋯∫ 

ℂ

 𝑑Φ𝑁
′ ∏ 

𝑁

𝑖=1

 
1

2𝜋
exp (−

1

2
𝑚𝑖|Φ𝑖

′|2) =∏ 

𝑁

𝑖=1

 
1

𝑚𝑖
=

1

det(𝑀)

 

∫  𝑑𝜂1𝑑𝜂2𝜂1𝜂2exp (−𝜂1𝐴12𝜂2) = −1  

⟨𝜂1𝜂2⟩ =
∫  𝑑𝜂1𝑑𝜂2𝜂1𝜂2exp (−𝜂1𝐴12𝜂2)

∫  𝑑𝜂1𝑑𝜂2exp (−𝜂1𝐴12𝜂2)
= −

1

𝐴12
= (𝐴−1)12

𝐴−1 = (
0 𝐴12

−𝐴12 0
)
−1

= (
0 −1/𝐴12

1/𝐴12 0
)

 

⟨𝜂𝑖𝜂𝑗⟩ =
∫  𝒟𝜂𝜂𝑖𝜂𝑗exp (−

1
2
𝜂𝐴𝜂)

∫  𝒟𝜂exp (−
1
2
𝜂𝐴𝜂)

= (𝐴−1)𝑖𝑗  

∫  𝑑𝜂‾1𝑑𝜂1𝑑𝜂‾2𝑑𝜂2𝜂1𝜂‾2exp (−(𝜂‾1, 𝜂‾2) (
𝑀11 𝑀12
𝑀21 𝑀22

)(
𝜂1
𝜂2
)) = 

 ∫  𝑑𝜂‾1𝑑𝜂1𝑑𝜂‾2𝑑𝜂2𝜂1𝜂‾2(−𝜂‾1𝑀12𝜂2) = −𝑀12

 

⟨𝜂1𝜂‾2⟩ = (𝑀
−1)12,𝑀

−1 =
1

𝑀11𝑀22 −𝑀12𝑀21
(
𝑀22 −𝑀12
−𝑀21 𝑀11

) .  

⟨𝜂𝑖𝜂‾𝑗⟩ =
∫  𝒟𝜂‾𝒟𝜂𝜂𝑖𝜂‾𝑗exp (−𝜂‾𝑀𝜂)

∫  𝒟𝜂‾𝒟𝜂exp (−𝜂‾𝑀𝜂)
= (𝑀−1)𝑖𝑗  

𝐴−1= (0 −𝑀⊤

𝑀 0
)
−1

= (
0 𝑀−1

−(𝑀−1)⊤ 0
)  ⇒ 

(𝑀−1)𝑖𝑗 = (𝐴
−1)𝑖,𝑗+𝑁  ⇒  ⟨𝜂𝑖𝜂‾𝑗⟩ = ⟨𝜂𝑖𝜂𝑗+𝑁⟩

 

𝑍[𝜉‾, 𝜉] = ∫  𝒟𝜂‾𝒟𝜂exp (−𝜂‾𝑀𝜂 + 𝜉‾𝜂𝑖 + 𝜂‾𝑗𝜉)  
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𝛿

𝛿𝜉‾
exp (𝜉‾𝜂𝑖) =

𝛿

𝛿𝜉‾
(1 + 𝜉‾𝜂𝑖) = 𝜂𝑖 ,

𝛿

𝛿𝜉
exp (𝜂‾𝑗𝜉) =

𝛿

𝛿𝜉
(1 + 𝜂‾𝑗𝜉) = −𝜂‾𝑗 ⇒

𝛿

𝛿𝜉

𝛿

𝛿𝜉‾
𝑍[𝜉‾, 𝜉] = ∫  𝒟𝜂‾𝒟𝜂𝜂𝑖𝜂‾𝑗exp (−𝜂‾𝑀𝜂)

 

−𝜂‾𝑘𝑀𝑘𝑙𝜂𝑙 + 𝜉‾𝜂𝑖 + 𝜂‾𝑗𝜉= −(𝜂‾𝑘
′ + 𝜉‾𝑀𝑖𝑘

−1)𝑀𝑘𝑙(𝜂𝑙
′ +𝑀𝑙𝑗

−1𝜉) + 𝜉‾(𝜂𝑖
′ +𝑀𝑖𝑗

−1𝜉) + (𝜂‾𝑗
′ + 𝜉‾𝑀𝑖𝑗

−1)𝜉 

 
𝑍[𝜉‾, 𝜉]= −𝜂‾𝑘

′𝑀𝑘𝑙𝜂𝑙
′ + 𝜉‾𝑀𝑖𝑗

−1𝜉 ⇒ det(𝑀)exp (𝜉‾𝑀𝑖𝑗
−1𝜉)  

𝛿

𝛿𝜉

𝛿

𝛿𝜉‾
exp (𝜉‾𝑀𝑖𝑗

−1𝜉)=
𝛿

𝛿𝜉

𝛿

𝛿𝜉‾
(1 + 𝜉‾𝑀𝑖𝑗

−1𝜉) = 𝑀𝑖𝑗
−1 ⇒  

𝛿

𝛿𝜉

𝛿

𝛿𝜉‾
𝑍[𝜉‾, 𝜉] = det(𝑀)𝑀𝑖𝑗

−1

 

𝑍[𝜉‾, 𝜉] = ∫  𝒟𝜂‾𝒟𝜂exp (−𝑆[𝜂‾, 𝜂]), 𝑆[𝜂‾, 𝜂] = 𝜂‾𝑀𝜂 − 𝜉‾𝜂𝑖 − 𝜂‾𝑗𝜉  

𝛿𝑆[𝜂‾, 𝜂]

𝛿𝜂‾𝑘
= 𝑀𝑘𝑙𝜂𝑙 − 𝛿𝑘𝑗𝜉 = 0 ⇒  𝜂𝑙 = 𝑀𝑙𝑗

−1𝜉

𝛿𝑆[𝜂‾, 𝜂]

𝛿𝜂𝑙
= −𝜂‾𝑘𝑀𝑘𝑙 + 𝜉‾𝛿𝑖𝑙 = 0 ⇒  𝜂‾𝑘 = 𝜉‾𝑀𝑖𝑘

−1

 

𝑆0[𝜂‾, 𝜂] = 𝜉‾𝑀𝑖𝑘
−1𝑀𝑘𝑙𝑀𝑙𝑗

−1𝜉 − 𝜉‾𝑀𝑖𝑗
−1𝜉 − 𝜉‾𝑀𝑖𝑗

−1𝜉 = −𝜉‾𝑀𝑖𝑗
−1𝜉  

𝑍[𝜉‾, 𝜉]= ∫  𝒟𝜂‾𝒟𝜂exp (−𝑆[𝜂‾, 𝜂]) = det(𝑀)exp (−𝑆0[𝜂‾, 𝜂]) 

 = det(𝑀)exp (𝜉‾𝑀𝑖𝑗
−1𝜉)

 

(i𝛾𝜇𝜕𝜇 −𝑚)𝜓(𝑥) = 0,𝜓(𝑥) = (
𝜓L(𝑥)

𝜓R(𝑥)
)  

𝛾0 = (
0 𝟙
𝟙 0

) , 𝛾𝑖 = ( 0 𝜎𝑖

−𝜎𝑖 0
) , 𝛾5 = i𝛾0𝛾1𝛾2𝛾3 = (

−𝟙 0
0 𝟙

)  

i𝜕0𝜓(𝑥) = −i𝛾
0𝛾𝑖𝜕𝑖𝜓(𝑥) + 𝛾

0𝑚𝜓(𝑥) = (−i�⃗� ⋅ ∇⃗⃗⃗ + 𝛽𝑚)𝜓(𝑥)  

�̂�D = ∫  𝑑
3𝑥�̂�†(�⃗�)(−i�⃗� ⋅ ∇⃗⃗⃗ + 𝛽𝑚)�̂�(�⃗�)  

�̂�(𝑥) = �̂�(𝑥0, �⃗�) = exp (i�̂�D𝑥
0)�̂�(�⃗�)exp (−i�̂�D𝑥

0)  

i𝜕0�̂�(𝑥) = [�̂�(𝑥), �̂�D]  

[�̂�(𝑥), �̂�D]= exp (i�̂�D𝑥
0)[�̂�(�⃗�), �̂�D]exp (−i�̂�D𝑥

0)  

= exp (i�̂�D𝑥
0)(−i�⃗� ⋅ ∇⃗⃗⃗ + 𝛽𝑚)�̂�(�⃗�)exp (−i�̂�D𝑥

0) 

 = (−i�⃗� ⋅ ∇⃗⃗⃗ + 𝛽𝑚)�̂�(𝑥)

 

(i𝛾𝜇𝜕𝜇 −𝑚)�̂�(𝑥) = 0  

−i𝜕𝜇𝜓‾̂(𝑥)𝛾
𝜇 −𝑚𝜓‾̂(𝑥) = 0  
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ℒD(𝜓‾, 𝜓)  = 𝜓‾(𝑥)(i𝛾
𝜇𝜕𝜇 −𝑚)𝜓(𝑥),

𝜓(𝑥)  = (
𝜓L(𝑥)

𝜓R(𝑥)
) , 𝜓‾(𝑥) = (𝜓‾R(𝑥), 𝜓‾L(𝑥)).

 

𝛿ℒD(𝜓‾, 𝜓)

𝛿𝜓‾
− 𝜕𝜇

𝛿ℒD(𝜓‾, 𝜓)

𝛿𝜕𝜇𝜓‾
= (i𝛾𝜇𝜕𝜇 −𝑚)𝜓(𝑥) = 0,  

𝛿ℒD(𝜓‾, 𝜓)

𝛿𝜓
− 𝜕𝜇

𝛿ℒD(𝜓‾, 𝜓)

𝛿𝜕𝜇𝜓
= i𝜕𝜇𝜓‾(𝑥)𝛾

𝜇 +𝑚𝜓‾(𝑥) = 0.  

𝑗𝜇(𝑥) = 𝜓‾(𝑥)𝛾𝜇𝜓(𝑥), 𝜕𝜇𝑗
𝜇(𝑥) = 0  

Π𝜓(𝑥) =
𝛿ℒD(𝜓‾, 𝜓)

𝛿𝜕0𝜓
= −i𝜓‾(𝑥)𝛾0, Π𝜓‾ (𝑥) =

𝛿ℒD(𝜓‾, 𝜓)

𝛿𝜕0𝜓‾
= 0  

ℋD(𝜓‾, 𝜓)= 𝜕0𝜓‾(𝑥)Π𝜓‾ (𝑥) − Π𝜓(𝑥)𝜕0𝜓(𝑥) − ℒD(𝜓‾,𝜓) 

= i𝜓‾(𝑥)𝛾0𝜕0𝜓(𝑥) − 𝜓‾(𝑥)(i𝛾
𝜇𝜕𝜇 −𝑚)𝜓(𝑥)  

 = 𝜓‾(𝑥)(−i𝛾𝑖𝜕𝑖 +𝑚)𝜓(𝑥)

 

(
𝜓L(𝑥)

𝜓R(𝑥)
) ↔ (

�̂�L(�⃗�)

�̂�R(�⃗�)
) , (𝜓‾R(𝑥), 𝜓‾L(𝑥))𝛾

0 = (𝜓‾L(𝑥), 𝜓‾R(𝑥)) ↔ (�̂�L
†(�⃗�), �̂�R

†(�⃗�))  

𝛾𝜇 = (
0 𝜎𝜇

𝜎‾𝜇 0
) , 𝜎𝜇 = (𝟙, �⃗�), 𝜎‾𝜇 = (𝟙,−�⃗�).  

𝛾5 = i𝛾0𝛾1𝛾2𝛾3 = (
−𝟙 0
0 𝟙

)  

𝑃L =
1

2
(1 − 𝛾5) = 𝑃L

2, 𝑃R =
1

2
(1 + 𝛾5) = 𝑃R

2  

𝑃L𝜓 = (
𝜓L
0
) , 𝑃R𝜓 = (

0

𝜓R
) ; 𝜓‾𝑃L = (𝜓‾R, 0), 𝜓‾𝑃R = (0, 𝜓‾L)  

i𝜎𝜇𝜕𝜇𝜓R(𝑥) − 𝑚𝜓L(𝑥) = 0, i𝜕𝜇𝜓‾R(𝑥)𝜎
𝜇 +𝑚𝜓‾L(𝑥) = 0

i𝜎‾𝜇𝜕𝜇𝜓L(𝑥) − 𝑚𝜓R(𝑥) = 0, i𝜕𝜇𝜓‾L(𝑥)𝜎‾
𝜇 +𝑚𝜓‾R(𝑥) = 0

 

i𝜎𝜇𝜕𝜇𝜓R(𝑥) = 0, i𝜕𝜇𝜓‾R(𝑥)𝜎
𝜇 = 0

i𝜎‾𝜇𝜕𝜇𝜓L(𝑥) = 0, i𝜕𝜇𝜓‾L(𝑥)𝜎‾
𝜇 = 0

 

�̂�L(�⃗�) = −i𝜎
2�̂�R

†(�⃗�)⊤  ⇒  �̂�L
†(�⃗�) = �̂�R(�⃗�)

⊤i𝜎2  

𝜓L(𝑥) = −i𝜎
2𝜓‾R(𝑥)

⊤, 𝜓‾L(𝑥) = 𝜓R(𝑥)
⊤i𝜎2  

ℒM(𝜓‾R, 𝜓R)=
1

2
𝜓‾R(𝑥)i𝜎

𝜇𝜕𝜇𝜓R(𝑥) −
1

2
𝜕𝜇𝜓‾R(𝑥)i𝜎

𝜇𝜓R(𝑥) 

 −
𝑚

2
(𝜓R(𝑥)

Ti𝜎2𝜓R(𝑥) − 𝜓‾R(𝑥)i𝜎
2𝜓‾R(𝑥)

T)
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i𝜎𝜇𝜕𝜇𝜓R(𝑥) + i𝜎
2𝑚𝜓‾R(𝑥)

⊤ = 0

i𝜕𝜇𝜓‾R(𝑥)𝜎
𝜇 +𝑚𝜓R(𝑥)

⊤i𝜎2 = 0
 

Π𝜓R(𝑥) =
𝛿ℒM(𝜓‾R, 𝜓R)

𝛿𝜕0𝜓R
= −

i

2
𝜓‾R(𝑥), Π𝜓‾ R(𝑥) =

𝛿ℒM(𝜓‾R, 𝜓R)

𝛿𝜕0𝜓‾R
= −

i

2
𝜓R(𝑥),  

ℋM(𝜓‾R, 𝜓R)= 𝜕0𝜓‾R(𝑥)Π𝜓‾ R(𝑥) − Π𝜓R(𝑥)𝜕0𝜓R(𝑥) − ℒM(𝜓
‾
R, 𝜓R) 

=
1

2
𝜕𝑖𝜓‾R(𝑥)i𝜎

𝑖𝜓R(𝑥) −
1

2
𝜓‾R(𝑥)i𝜎

𝑖𝜕𝑖𝜓R(𝑥)  

 +
𝑚

2
(𝜓R(𝑥)

⊤i𝜎2𝜓R(𝑥) − 𝜓‾R(𝑥)i𝜎
2𝜓‾R(𝑥)

⊤)

 

∫  𝒟𝜓‾𝒟𝜓exp (i𝑆[𝜓‾, 𝜓]) = ∫  𝒟𝜓‾𝒟𝜓exp (i∫  𝑑𝑡𝑑3𝑥𝜓‾(i𝛾𝜇𝜕𝜇 −𝑚)𝜓)  

𝜓‾(𝑥)(i𝛾𝜇𝜕𝜇 −𝑚)𝜓(𝑥)= −𝜓‾(𝑥)(𝛾4𝜕4 − i𝛾
𝑖𝜕𝑖 +𝑚)𝜓(𝑥)  

 = −𝜓‾(𝑥)(𝛾𝜇𝜕𝜇 +𝑚)𝜓(𝑥) = −ℒD(𝜓‾, 𝜓)
 

𝛾𝑖 = −i𝛾
𝑖 = ( 0 −i𝜎𝑖

i𝜎𝑖 0
) , 𝛾4 = 𝛾

0 = (
0 𝟙
𝟙 0

),

𝛾5 = −𝛾1𝛾2𝛾3𝛾4 = (
−𝟙 0
0 𝟙

) = 𝛾5.
 

{𝛾𝜇 , 𝛾𝜈} = 2𝛿𝜇𝜈 , 𝛾𝜇
† = 𝛾𝜇 .  

𝑍= ∫  𝒟𝜓‾𝒟𝜓exp (−𝑆D[𝜓‾,𝜓]) = ∫  𝒟𝜓‾𝒟𝜓exp (−∫  𝑑
4𝑥ℒD(𝜓‾, 𝜓)) 

 = ∫  𝒟𝜓‾𝒟𝜓exp (−∫  𝑑4𝑥𝜓‾(𝛾𝜇𝜕𝜇 +𝑚)𝜓)
 

𝒟𝜓‾𝒟𝜓 =∏ 

𝑥∈Λ

 ∏  

𝑎

 𝑑𝜓‾𝑥
𝑎𝑑𝜓𝑥

𝑎
 

𝑍 = Trexp (−𝛽�̂�D)  

𝜓(�⃗�, 𝑥4 + 𝛽) = −𝜓(�⃗�, 𝑥4), 𝜓‾(�⃗�, 𝑥4 + 𝛽) = −𝜓‾(�⃗�, 𝑥4).  

𝑍 = ∫  𝒟𝜓‾𝒟𝜓exp (−∫  𝑑4𝑥𝜓‾(𝑥)(𝛾𝜇𝜕𝜇 +𝑚)𝜓(𝑥)) = ∫  𝒟𝜓‾𝒟𝜓exp (−𝜓‾𝐷𝜓)

 = det(𝐷)
 

𝜓‾𝐷𝜓 = ∫  𝑑4𝑥𝑑4𝑦𝜓‾(𝑥)𝐷(𝑥, 𝑦)𝜓(𝑦), 𝐷(𝑥, 𝑦) = 𝛿(𝑥 − 𝑦)(𝛾𝜇𝜕𝜇 +𝑚)  

PARTE II. 

𝛾𝜇 = (
0 𝜎𝜇
𝜎‾𝜇 0

) , 𝜎𝜇 = (−i�⃗�, 𝟙), 𝜎‾𝜇 = (i�⃗�, 𝟙)  

ℒR(𝜓‾R, 𝜓R) = 𝜓‾R(𝑥)𝜎𝜇𝜕𝜇𝜓R(𝑥), ℒL(𝜓‾L, 𝜓L) = 𝜓‾L(𝑥)𝜎‾𝜇𝜕𝜇𝜓L(𝑥)  

𝑊R(𝑥, 𝑦) = 𝛿(𝑥 − 𝑦)𝜎𝜇𝜕𝜇 ,𝑊L(𝑥, 𝑦) = 𝛿(𝑥 − 𝑦)𝜎‾𝜇𝜕𝜇  
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𝐷 = (
𝑚𝛿(𝑥 − 𝑦) 𝑊R

𝑊L 𝑚𝛿(𝑥 − 𝑦)
)  

ℒM(𝜓‾R, 𝜓R)=
1

2
𝜓‾R(𝑥)𝜎𝜇𝜕𝜇𝜓R(𝑥) −

1

2
𝜕𝜇𝜓‾R(𝑥)𝜎𝜇𝜓R(𝑥)  

 +
𝑚

2
(𝜓R(𝑥)

⊤i𝜎2𝜓R(𝑥) − 𝜓‾R(𝑥)i𝜎
2𝜓‾R(𝑥)

⊤)
 

𝑍= ∫  𝒟𝜓‾R𝒟𝜓Rexp (−∫  𝑑
4𝑥ℒM(𝜓‾R, 𝜓R))  

 = ∫  𝒟𝜓‾R𝒟𝜓Rexp (−
1

2
(𝜓R

⊤, 𝜓‾R)𝐴R (
𝜓R
𝜓‾R
⊤)) = Pf(𝐴R)

 

𝐴R = (
i𝜎2𝑚𝛿(𝑥 − 𝑦) −𝑊R

⊤

𝑊R −i𝜎2𝑚𝛿(𝑥 − 𝑦)
) , 𝐴R

⊤ = −𝐴R  

Spin(4) = SU(2)L × SU(2)R  

𝜎𝜇𝜈 =
1

2i
[𝛾𝜇 , 𝛾𝜈]  ⇒  𝜎4𝑖 = (

𝜎𝑖 0
0 −𝜎𝑖

) , 𝜎𝑖𝑗 = 𝜖𝑖𝑗𝑘 (
𝜎𝑘 0
0 𝜎𝑘

)  

𝐿𝑖 =
1

2
(𝜎

𝑖 0
0 0

) , 𝑅𝑖 =
1

2
(
0 0
0 𝜎𝑖

) .  

𝐽𝑖 = 𝑅𝑖 + 𝐿𝑖 =
1

2
𝜖𝑖𝑗𝑘𝜎𝑗𝑘, 𝐾𝑖 = 𝑅𝑖 − 𝐿𝑖 =

1

2
𝜎𝑖4  

𝑥𝑣 = Λ𝑣𝜌
−1𝑥𝜌

′ = Λ𝑣𝜌
⊤ 𝑥𝜌

′ = Λ𝜌𝑣𝑥𝜌
′  ⇒  𝜕𝜇

′𝑥𝑣 =
𝜕𝑥𝑣
𝜕𝑥𝜇

′
= Λ𝜌𝑣𝛿𝜇𝜌 = Λ𝜇𝑣  

𝜓R
′ (𝑥′) = ΛR𝜓R(Λ

−1𝑥′), 𝜓‾R
′ (𝑥′) = 𝜓‾R(Λ

−1𝑥′)ΛL
† , ΛR ∈ SU(2)R

𝜓L
′ (𝑥′) = ΛL𝜓L(Λ

−1𝑥′), 𝜓‾L
′ (𝑥′) = 𝜓‾L(Λ

−1𝑥′)ΛR
† , ΛL ∈ SU(2)L

 

Λ𝜇𝜈 =
1

2
ReTr(ΛL

†𝜎𝜇ΛR𝜎‾𝜈) ⇒

ΛL
†𝜎𝜇ΛR = Λ𝜇𝜈𝜎𝜈 = 𝜎𝜈Λ𝜈𝜇

−1, ΛR
† 𝜎‾𝜇ΛL = Λ𝜇𝜈𝜎‾𝜈 = 𝜎‾𝜈Λ𝜈𝜇

−1
 

Λ𝑖𝑗 =
1

2
ReTr(ΛV

†𝜎𝑖ΛV𝜎𝑗) = 𝑂𝑖𝑗 , 𝑂 ∈ SO(3),

Λ𝑖4 = 0, Λ44 = 1, ΛV
†𝜎𝑖ΛV = 𝑂𝑖𝑗𝜎𝑗.

 

𝜕𝜇
′𝜓R

′ (𝑥′) = ΛR𝜕𝜇
′𝜓R(Λ

−1𝑥′) = ΛR
𝜕𝑥𝑣
𝜕𝑥𝜇

′
𝜕𝜈𝜓R(𝑥) = ΛRΛ𝜇𝜈𝜕𝜈𝜓R(𝑥),

𝜕𝜇
′𝜓L

′ (𝑥′) = ΛL𝜕𝜇
′𝜓L(Λ

−1𝑥′) = ΛL
𝜕𝑥𝜈
𝜕𝑥𝜇

′
𝜕𝜈𝜓L(𝑥) = ΛLΛ𝜇𝜈𝜕𝜈𝜓L(𝑥).
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𝜓‾R
′ (𝑥′)𝜎𝜇𝜕𝜇

′𝜓R
′ (𝑥′)= 𝜓‾R(𝑥)ΛL

†𝜎𝜇ΛRΛ𝜇𝜈𝜕𝜈𝜓R(𝑥) = 𝜓‾R(𝑥)𝜎𝜌Λ𝜌𝜇
−1Λ𝜇𝜈𝜕𝜈𝜓R(𝑥) 

= 𝜓‾L(𝑥)ΛR
† 𝜎‾𝜇ΛLΛ𝜇𝜈𝜕𝜈𝜓L(𝑥) = 𝜓‾L(𝑥)𝜎‾𝜌Λ𝜌𝜇

−1Λ𝜇𝜈𝜕𝜈𝜓L(𝑥)  

𝜓‾L
′ (𝑥′)𝜎‾𝜇𝜕𝜇

′𝜓L
′ (𝑥′)= 𝜓‾R(𝑥)𝜎𝜌𝛿𝜌𝜈𝜕𝜈𝜓R(𝑥) = 𝜓‾R(𝑥)𝜎𝜈𝜕𝜈𝜓R(𝑥)  

 = 𝜓‾L(𝑥)𝜎‾𝜌𝛿𝜌𝜈𝜕𝜈𝜓L(𝑥) = 𝜓‾L(𝑥)𝜎‾𝜈𝜕𝜈𝜓L(𝑥)

 

𝜓′(𝑥′) = ΛD𝜓(Λ
−1𝑥′), 𝜓‾ ′(𝑥′) = 𝜓‾(Λ−1𝑥′)ΛD

† , ΛD = (
ΛL 0
0 ΛR

)  

(
ΛL
† 0

0 ΛR
† )(

0 𝜎𝜇
𝜎‾𝜇 0

) (
ΛL 0
0 ΛR

) = Λ𝜇𝜈 (
0 𝜎𝜈
𝜎‾𝜈 0

) ⇒ ΛD
† 𝛾𝜇ΛD = Λ𝜇𝜈𝛾𝜈  

𝜓‾ ′(𝑥′)𝜓′(𝑥′) = 𝜓‾(Λ−1𝑥′)ΛD
† ΛD𝜓(Λ

−1𝑥′) = 𝜓‾(𝑥)𝜓(𝑥).  

𝜓‾ ′(𝑥′)𝛾𝜇𝜓
′(𝑥′) = 𝜓‾(Λ−1𝑥′)ΛD

† 𝛾𝜇ΛD𝜓(Λ
−1𝑥′) = Λ𝜇𝜈𝜓‾(𝑥)𝛾𝜈𝜓(𝑥),  

𝜓‾ ′(𝑥′)𝜎𝜇𝜈𝜓
′(𝑥′)= 𝜓‾(Λ−1𝑥′)ΛD

† 1

2i
[𝛾𝜇 , 𝛾𝜈]ΛD𝜓(Λ

−1𝑥′)  

= 𝜓‾(𝑥)
1

2i
[ΛD
† 𝛾𝜇ΛD, ΛD

† 𝛾𝜈ΛD]𝜓(𝑥)  

 = Λ𝜇𝜌Λ𝜈𝜎𝜓‾(𝑥)
1

2i
[𝛾𝜌, 𝛾𝜎]𝜓(𝑥) = Λ𝜇𝜌Λ𝜈𝜎𝜓‾(𝑥)𝜎𝜌𝜎𝜓(𝑥).

 

𝜓L
′ (𝑥′) = ΛL𝜓L(Λ

−1𝑥′) = −ΛLi𝜎
2𝜓‾R(Λ

−1𝑥′)⊤ = −ΛLi𝜎
2ΛL
⊤𝜓‾R

′ (𝑥′)⊤ = −i𝜎2𝜓‾R
′ (𝑥′)⊤ 

𝜓‾L
′ (𝑥′) = 𝜓‾L(Λ

−1𝑥′)ΛR
† = 𝜓R(Λ

−1𝑥′)Ti𝜎2ΛR
† = 𝜓R

′ (𝑥′)TΛR
∗ i𝜎2ΛR

† = 𝜓R
′ (𝑥′)Ti𝜎2 

𝜓R
′ (𝑥′)⊤i𝜎2𝜓R

′ (𝑥′) = 𝜓R(Λ
−1𝑥′)⊤ΛR

⊤ i𝜎2ΛR𝜓R(Λ
−1𝑥′) = 𝜓R(𝑥)

⊤i𝜎2𝜓R(𝑥),

𝜓‾R
′ (𝑥′)i𝜎2𝜓‾R

′ (𝑥′)⊤ = 𝜓‾R(Λ
−1𝑥′)ΛL

† i𝜎2ΛL
∗𝜓‾R(Λ

−1𝑥′)⊤ = 𝜓‾R(𝑥)i𝜎
2𝜓‾R(𝑥)

⊤,

𝜓L
′ (𝑥′)⊤i𝜎2𝜓L

′ (𝑥′) = 𝜓L(Λ
−1𝑥′)⊤ΛL

⊤i𝜎2ΛL𝜓L(Λ
−1𝑥′) = 𝜓L(𝑥)

⊤i𝜎2𝜓L(𝑥),

𝜓‾L
′ (𝑥′)i𝜎2𝜓‾L

′ (𝑥′)⊤ = 𝜓‾L(Λ
−1𝑥′)ΛR

† i𝜎2ΛR
∗ 𝜓‾L(Λ

−1𝑥′)⊤ = 𝜓‾L(𝑥)i𝜎
2𝜓‾L(𝑥)

⊤.

 

 C𝜓R(𝑥) = i𝜎
2𝜓‾L(𝑥)

T,  C𝜓‾R(𝑥) = −𝜓L(𝑥)
Ti𝜎2

 C𝜓L(𝑥) = −i𝜎
2𝜓‾R(𝑥)

T,  C𝜓‾L(𝑥) = 𝜓R(𝑥)
Ti𝜎2

 

𝑆R[ 
C𝜓‾R,  

C𝜓R]= ∫  𝑑
4𝑥C𝜓‾R(𝑥)𝜎𝜇𝜕𝜇 

C𝜓R(𝑥) = ∫  𝑑
4𝑥𝜓L(𝑥)

⊤(−i𝜎2)𝜎𝜇𝜕𝜇i𝜎
2𝜓‾L(𝑥)

⊤ 

= ∫  𝑑4𝑥𝜓L(𝑥)
⊤𝜎‾𝜇

⊤𝜕𝜇𝜓‾L(𝑥)
⊤ = ∫  𝑑4𝑥𝜓‾L(𝑥)𝜎‾𝜇𝜕𝜇𝜓L(𝑥)  

 = 𝑆L[𝜓‾L, 𝜓L]

 

 P𝜓R(𝑥) = 𝜓L(−�⃗�, 𝑥4),  P𝜓‾R(𝑥) = 𝜓‾L(−�⃗�, 𝑥4),

 P𝜓L(𝑥) = 𝜓R(−�⃗�, 𝑥4),  P𝜓‾L(𝑥) = 𝜓‾R(−�⃗�, 𝑥4).
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𝑆R[ 
P𝜓‾R,  

P𝜓R]= ∫  𝑑
4𝑥 P𝜓‾R(𝑥)𝜎𝜇𝜕𝜇 

P𝜓R(𝑥)  

= ∫  𝑑4𝑥𝜓‾L(−�⃗�, 𝑥4)(−i𝜎𝑖𝜕𝑖 + 𝜕4)𝜓L(−�⃗�, 𝑥4) 

= ∫  𝑑4𝑥𝜓‾L(�⃗�, 𝑥4)(i𝜎𝑖𝜕𝑖 + 𝜕4)𝜓L(�⃗�, 𝑥4)  

 = ∫  𝑑4𝑥𝜓‾L(𝑥)𝜎‾𝜇𝜕𝜇𝜓L(𝑥) = 𝑆L[𝜓‾L, 𝜓L]

 

 CP𝜓R(𝑥) =  
C𝜓L(−�⃗�, 𝑥4) = −i𝜎

2𝜓‾R(−�⃗�, 𝑥4)
T,

 CP𝜓‾R(𝑥) =  
C𝜓‾L(−�⃗�, 𝑥4) = 𝜓R(−�⃗�, 𝑥4)

Ti𝜎2,

 CP𝜓L(𝑥) =  
C𝜓R(−�⃗�, 𝑥4) = i𝜎

2𝜓‾L(−�⃗�, 𝑥4)
T,

 CP𝜓‾L(𝑥) =  
C𝜓‾R(−�⃗�, 𝑥4) = −𝜓L(−�⃗�, 𝑥4)

Ti𝜎2.

 

𝜓L
′ (𝑥) = exp (i𝜒L)𝜓L(𝑥), 𝜓‾L

′ (𝑥) = 𝜓‾L(𝑥)exp (−i𝜒L)

𝜓R
′ (𝑥) = exp (i𝜒R)𝜓R(𝑥), 𝜓‾R

′ (𝑥) = 𝜓‾R(𝑥)exp (−i𝜒R)
 

−i𝜎2𝜓‾R
′ (𝑥)⊤ = −exp (−i𝜒R)i𝜎

2𝜓‾R(𝑥)
⊤ = exp (−i𝜒R)𝜓L(𝑥) = exp (−i𝜒R − i𝜒L)𝜓L

′ (𝑥) 

𝜓R
′ (𝑥)⊤i𝜎2 = 𝜓R(𝑥)

⊤i𝜎2exp (i𝜒R) = 𝜓‾L(𝑥)exp (i𝜒R) = 𝜓‾L
′ (𝑥)exp (i𝜒R + i𝜒L)

 

𝜓R
P′ (𝑥) = i𝜓L(−�⃗�, 𝑥4), �̅�R

P′ (𝑥) = −i𝜓‾L(−�⃗�, 𝑥4),

𝜓L
P′ (𝑥) = i𝜓R(−�⃗�, 𝑥4), �̅�L

P′ (𝑥) = −i𝜓‾R(−�⃗�, 𝑥4),
 

−i𝜎2 �̅�R
P′ (𝑥)⊤ = −𝜎2𝜓‾L(−�⃗�, 𝑥4)

⊤ = −𝜎2(i𝜎2)⊤𝜓R(−�⃗�, 𝑥4) = i𝜓R(−�⃗�, 𝑥4) = 𝜓L
P′ (𝑥),  

𝜓R
P′ (𝑥)⊤i𝜎2 = −𝜓L(−�⃗�, 𝑥4)

⊤𝜎2 = −𝜓‾R(−�⃗�, 𝑥4)
⊤(−i𝜎2)⊤𝜎2 = −i𝜓‾R(−�⃗�, 𝑥4)

⊤ = �̅�L
P′ (𝑥).

 

 CP𝜓R(𝑥)
Ti𝜎2 CP𝜓R(𝑥) −  

CP𝜓‾R(𝑥)i𝜎
2 CP𝜓‾R(𝑥)

T =

𝜓‾R(−�⃗�, 𝑥4)i𝜎
2𝜓‾R(−�⃗�, 𝑥4)

T − 𝜓R(−�⃗�, 𝑥4)
Ti𝜎2𝜓R(−�⃗�, 𝑥4).

 

 T𝜓R(𝑥) = i𝜎
2𝜓‾R(�⃗�, −𝑥4)

T,  T𝜓‾R(𝑥) = 𝜓R(�⃗�, −𝑥4)
Ti𝜎2,

 T𝜓L(𝑥) = i𝜎
2𝜓‾L(�⃗�, −𝑥4)

T,  T𝜓‾L(𝑥) = 𝜓L(�⃗�, −𝑥4)
Ti𝜎2.

 

𝑆R[ 
T𝜓‾R,  

T𝜓R]= ∫  𝑑
4𝑥T𝜓‾R(𝑥)𝜎𝜇𝜕𝜇 

T𝜓R(𝑥)  

= ∫  𝑑4𝑥𝜓R(�⃗�, −𝑥4)
Ti𝜎2(−i𝜎𝑖𝜕𝑖 + 𝜕4)i𝜎

2𝜓‾R(�⃗�, −𝑥4)
T 

= ∫  𝑑4𝑥𝜓R(𝑥)
T(−i𝜎𝑖

⊤𝜕𝑖 + 𝜕4)𝜓‾R(𝑥)
T  

= ∫  𝑑4𝑥𝜓‾R(𝑥)(−i𝜎𝑖𝜕𝑖 + 𝜕4)𝜓R(𝑥)  

= ∫  𝑑4𝑥𝜓‾R(𝑥)𝜎𝜇𝜕𝜇𝜓R(𝑥)  

 = 𝑆R[𝜓‾R, 𝜓R]

 

P2 = C2 = T2 = 1,  

PC = −CP, C T = −TC,  TP = P T.  
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 C𝜓(𝑥)= (
 C𝜓L(𝑥)

 C𝜓R(𝑥)
) = (

−i𝜎2𝜓‾R(𝑥)
T

i𝜎2𝜓‾L(𝑥)
T ) = 𝐶𝜓

‾(𝑥)T,  

 C𝜓‾(𝑥)= ( C𝜓‾R(𝑥),  
C𝜓‾L(𝑥)) = (−𝜓L(𝑥)

Ti𝜎2, 𝜓R(𝑥)
Ti𝜎2) = −𝜓(𝑥)T𝐶−1 ,

 P𝜓(𝑥)= (
 P𝜓L(𝑥)

 P𝜓R(𝑥)
) = (

𝜓R(−�⃗�, 𝑥4)

𝜓L(−�⃗�, 𝑥4)
) = 𝑃𝜓(−�⃗�, 𝑥4),  

 P𝜓‾(𝑥)= ( P𝜓‾R(𝑥),  
P𝜓‾L(𝑥)) = (𝜓‾L(−𝑥, 𝑥4), 𝜓‾R(−�⃗�, 𝑥4)) = 𝜓‾(−�⃗�, 𝑥4)𝑃

−1, 

 T𝜓(𝑥)= (
 T𝜓L(𝑥)

 T𝜓R(𝑥)
) = (

i𝜎2𝜓‾L(�⃗�, −𝑥4)
T

i𝜎2𝜓‾R(�⃗�, −𝑥4)
T) = 𝑇𝜓

‾(�⃗�,−𝑥4)
T,  

 T𝜓‾(𝑥) = ( T𝜓‾R(𝑥),  
T𝜓‾L(𝑥)) = (𝜓R(�⃗�, −𝑥4)

Ti𝜎2, 𝜓L(�⃗�, −𝑥4)
Ti𝜎2)

 = −𝜓(�⃗�,−𝑥4)
T𝑇−1.

 

𝐶 = −𝐶−1 = (−i𝜎
2 0

0 i𝜎2
) = −𝜎3⊗ i𝜎2 = 𝛾2𝛾4, 𝐶

−1𝛾𝜇𝐶 = −𝛾𝜇
⊤

𝑃 = 𝑃−1 = (
0 𝟙
𝟙 0

) = 𝜎1⊗ 𝟙 = 𝛾4, 𝑃
−1𝛾𝑖𝑃 = −𝛾𝑖, 𝑃

−1𝛾4𝑃 = 𝛾4  

 𝑇 = −𝑇−1 = ( 0 i𝜎2

i𝜎2 0
) = 𝜎1⊗ i𝜎2 = 𝛾5𝛾2, 𝑇

−1𝛾𝑖𝑇 = −𝛾𝑖
⊤, 𝑇−1𝛾4𝑇 = 𝛾4

⊤

 

 CPT𝜓R(𝑥) = i𝜎
2 CP𝜓‾R(�⃗�, −𝑥4)

⊤ = i𝜎2(i𝜎2)⊤𝜓R(−�⃗�,−𝑥4) = 𝜓R(−𝑥)

 CPT𝜓‾R(𝑥) =  
CP𝜓R(�⃗�, −𝑥4)

⊤i𝜎2 = 𝜓‾R(−�⃗�,−𝑥4)(−i𝜎
2)⊤i𝜎2 = −𝜓‾R(−𝑥)

 CPT𝜓L(𝑥) = i𝜎
2 CP𝜓‾L(�⃗�, −𝑥4)

⊤ = −i𝜎2(i𝜎2)⊤𝜓L(−�⃗�,−𝑥4) = −𝜓L(−𝑥)

 CPT𝜓‾L(𝑥) =  
CP𝜓L(�⃗�, −𝑥4)

⊤i𝜎2 = 𝜓‾L(−�⃗�,−𝑥4)(i𝜎
2)⊤i𝜎2 = 𝜓‾L(−𝑥)

 

 CPT𝜓(𝑥) = (
 CPT𝜓L(𝑥)

 CPT𝜓R(𝑥)
) = (

−𝜓L(−𝑥)

𝜓R(−𝑥)
) = 𝛾5𝜓(−𝑥),

 CPT𝜓‾(𝑥) = ( CPT𝜓‾R(𝑥),  
CPT𝜓‾L(𝑥)) = (−𝜓‾R(−𝑥), 𝜓‾L(−𝑥)) = 𝜓‾(−𝑥)𝛾5

 

Λ𝜇𝜈 =
1

2
ReTr(ΛL

†𝜎𝜇ΛR𝜎‾𝜈) = −
1

2
ReTr(𝜎𝜇𝜎‾𝜈) = −𝛿𝜇𝜈 , ΛD = (

ΛL 0
0 ΛR

) = 𝛾5.  

 CPTΦ(𝑥) = Φ(−𝑥),  CPT𝐴𝜇(𝑥) = −𝐴𝜇(−𝑥),  
CPT𝐺𝜇(𝑥) = −𝐺𝜇(−𝑥)  

𝜙R
′ (𝑥′) = ΛR𝜙R(Λ

−1𝑥′)  

(0,1/2) × (0,1/2) = (0,0) + (0,1)  

𝜖𝑎𝑏𝜙R
𝑎(𝑥)𝜙R

𝑏(𝑥) = 𝜙R(𝑥)
⊤i𝜎2𝜙R(𝑥) = (𝜙R

1(𝑥), 𝜙R
2(𝑥)) (

0 1
−1 0

)(
𝜙R
1(𝑥)

𝜙R
2(𝑥)

)  

𝜙‾R
′ (𝑥′) = 𝜙‾R(Λ

−1𝑥′)ΛL
†  

Π𝜙R(�⃗�)=
𝛿ℒ(𝜙‾R, 𝜙R)

𝛿𝜕0𝜙R(�⃗�)
= 𝜙‾R(�⃗�), Π𝜙‾ R(�⃗�) =

𝛿ℒ(𝜙‾R, 𝜙R)

𝛿𝜕0𝜙‾R(�⃗�)
= 0 ⇒ 

ℋ(𝜙‾R, 𝜙R)= 𝜕0𝜙R(�⃗�)Π𝜙R(�⃗�) + 𝜕0𝜙
‾
R(�⃗�)Π𝜙‾ R(�⃗�) − ℒ(𝜙

‾
R, 𝜙R)  

= 𝜙‾R(�⃗�)(−i�⃗� ⋅ ∇⃗⃗⃗)𝜙R(�⃗�)  ⇒  

�̂� = ∫  𝑑3𝑥𝜙‾̂R(�⃗�)(−i�⃗� ⋅ ∇⃗⃗⃗)�̂�R(�⃗�)
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𝑍 = Trexp (−𝛽(�̂�L − 𝜇�̂�L)) =∏ 

�⃗�

 𝑍(𝑝)  

𝑍 = ∫  𝒟𝜓‾L𝒟𝜓Lexp (−𝑆L[𝜓‾L, 𝜓L])

𝑆L[𝜓‾L, 𝜓L] = ∫  
𝛽

0

 𝑑𝑥4∫  𝑑
3𝑥(𝜓‾L(𝑥)𝜎‾𝜇𝜕𝜇𝜓L(𝑥) − 𝜇𝜓‾L(𝑥)𝜓L(𝑥))

 

𝜓‾L(𝑥)𝜎‾4𝐷4𝜓L(𝑥) = 𝜓‾L(𝑥)𝜕4𝜓L(𝑥) − 𝜇𝜓‾L(𝑥)𝜓L(𝑥)  

𝜓L(�⃗�, 𝑥4 + 𝛽) = −𝜓L(�⃗�, 𝑥4), 𝜓‾L(�⃗�, 𝑥4 + 𝛽) = −𝜓‾L(�⃗�, 𝑥4)  

𝜓L(�⃗�, 𝑥4) = ∫  𝑑
3𝑥𝜓L(�⃗�, 𝑥4)exp (−i�⃗� ⋅ �⃗�)

𝜓‾L(�⃗�, 𝑥4) = ∫  𝑑
3𝑥𝜓‾L(�⃗�, 𝑥4)exp (i𝑝 ⋅ �⃗�)

 

𝑍(𝑝) = Trexp (−𝛽(�̂� − 𝜇�̂�)) = ∫  𝒟𝜓‾𝒟𝜓exp (−𝑆[𝜓‾, 𝜓])

𝑆[𝜓‾, 𝜓] = ∫  
𝛽

0

 𝑑𝑥4𝜓‾(𝑥4)(𝜕4 + �⃗� ⋅ 𝑝 − 𝜇)𝜓(𝑥4)

 

{�̂�𝑎 , �̂�𝑏†} = 𝛿𝑎𝑏 , {�̂�
𝑎 , �̂�𝑏} = {�̂�𝑎†, �̂�𝑏†} = 0, 𝑎, 𝑏 ∈ {1,2}  

�̂�1|0⟩ = �̂�2|0⟩ = 0, �̂�1†|0⟩ = |1⟩, �̂�2†|0⟩ = |2⟩, �̂�2†�̂�1†|0⟩ = |12⟩.  

�̂�𝑎|𝜓⟩ = 𝜓𝑎|𝜓⟩, |𝜓⟩ = |0⟩ − 𝜓1|1⟩ − 𝜓2|2⟩ + 𝜓1𝜓2|12⟩.  

�̂�1|𝜓⟩ = �̂�1|0⟩ + 𝜓1�̂�1|1⟩ + 𝜓2�̂�1|2⟩ + 𝜓1𝜓2�̂�1|12⟩ = 𝜓1|0⟩ − 𝜓1𝜓2|2⟩ = 𝜓1|𝜓⟩.  

⟨𝜓‾|�̂�𝑎† = ⟨𝜓‾|𝜓‾𝑎 , ⟨𝜓‾| = ⟨0| − ⟨1|𝜓‾1 − ⟨2|𝜓‾2 + ⟨12|𝜓‾2𝜓‾1.  

⟨𝜓‾ ∣ 𝜓⟩ = ⟨0 ∣ 0⟩ + ⟨1 ∣ 1⟩𝜓‾1𝜓1 + ⟨2 ∣ 2⟩𝜓‾2𝜓2 + ⟨12 ∣ 12⟩𝜓‾2𝜓‾1𝜓1𝜓2 = exp (𝜓‾1𝜓1 + 𝜓‾2𝜓2) 

∫  𝑑𝜓‾1𝑑𝜓1𝑑𝜓‾2𝑑𝜓2|𝜓⟩⟨𝜓‾|exp (−𝜓‾1𝜓1 −𝜓‾2𝜓2)= |0⟩⟨0| + |1⟩⟨1| + |2⟩⟨2| + |12⟩⟨12| = 𝟙 

 

 

Tr�̂� = ∫  𝑑𝜓‾1𝑑𝜓1𝑑𝜓‾2𝑑𝜓2exp (−𝜓‾1𝜓1 −𝜓‾2𝜓2)⟨𝜓‾|�̂�| − 𝜓⟩  

�̂� = exp (�̂�†Λ�̂�)  ⇒  ⟨𝜓‾|�̂�|𝜓⟩ = exp (𝜓‾eΛ𝜓)  

𝒟𝜓‾𝒟𝜓 =∏ 

𝑁

𝑛=1

  ∏  

𝑎=1,2

 𝑑𝜓‾𝑛
𝑎𝑑𝜓𝑛

𝑎  

𝑆[𝜓‾, 𝜓] = 𝑎∑  

𝑛

 (
1

2𝑎
[𝜓‾𝑛(𝜓𝑛+1 − 𝜓𝑛) − (𝜓‾𝑛+1 − 𝜓‾𝑛)𝜓𝑛+1] − 𝜓‾𝑛(�⃗� ⋅ 𝑝 + 𝜇)𝜓𝑛)  
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𝑍(𝑝) = ∫  𝒟𝜓‾𝒟𝜓exp (−𝑆[𝜓‾, 𝜓]) = Tr�̂�𝑁, −lim
𝑎→0

 
1

𝑎
log (�̂�) = �̂� − 𝜇�̂�  

Tr�̂�𝑁 = ∫  𝑑𝜓‾𝑁
1 𝑑𝜓1

1𝑑𝜓‾𝑁
2𝑑𝜓1

2exp (−𝜓‾𝑁𝜓1)⟨𝜓‾𝑁|�̂�
𝑁|−𝜓1⟩  

∫  𝑑𝜓‾𝑛
1𝑑𝜓𝑛+1

1 𝑑𝜓‾𝑛
2𝑑𝜓𝑛+1

2 |𝜓𝑛+1⟩⟨𝜓‾𝑛|exp (−𝜓‾𝑛𝜓𝑛+1) = 𝟙  

⟨𝜓‾𝑛|�̂�|𝜓𝑛⟩ = exp (𝜓‾𝑛𝜓𝑛 + 𝑎𝜓‾𝑛(�⃗� ⋅ 𝑝 + 𝜇)𝜓𝑛)  

�̂� = exp (�̂�†Λ�̂�) = exp (�̂�†log (𝟙 + 𝑎(�⃗� ⋅ 𝑝 + 𝜇))�̂�)  ⇒

 lim
𝑎→0

 �̂� = exp (𝑎�̂�†(�⃗� ⋅ 𝑝 + 𝜇)�̂�) = exp (−𝑎(�̂� − 𝜇�̂�))
 

𝛾0 = (
𝟙 0
0 −𝟙

) , 𝛾1 = (
0 𝟙
−𝟙 0

) , 𝛾2 = ( 0 𝜎2

−𝜎2 0
) , 𝛾3 = ( 0 𝜎3

−𝜎3 0
) 

𝛾0 = ( 0 𝜎2

𝜎2 0
) , 𝛾1 = (i𝜎

3 0
0 i𝜎3

) , 𝛾2 = ( 0 −𝜎2

𝜎2 0
) , 𝛾3 = (−i𝜎

1 0
0 −i𝜎1

). 

𝑍 = ∫  𝒟𝜓‾L𝒟𝜓Lexp (−
1

2
(𝜓L

⊤, 𝜓‾L)𝐴L (
𝜓L
𝜓‾L
⊤)) = Pf(𝐴L)

𝐴L = (
0 −i𝜎2

−i𝜎2 0
)𝐴R (

0 i𝜎2

i𝜎2 0
) = (

−i𝜎2𝑚𝛿(𝑥 − 𝑦) 𝑊L
−𝑊L

⊤ i𝜎2𝑚𝛿(𝑥 − 𝑦)
)

 

𝑆[𝜓‾, 𝜓] = 𝜓‾𝑥𝜓𝑦 + 𝜓‾𝑦𝜓𝑥 +𝑚(𝜓‾𝑥𝜓𝑥 + 𝜓‾𝑦𝜓𝑦) 

𝑍 = ∫  𝒟𝜓‾𝒟𝜓exp (−𝑆[𝜓‾, 𝜓]) 

ℒ(𝜓‾, 𝜓)= 𝜓‾(𝑥)(𝛾𝜇𝜕𝜇 +𝑚)𝜓(𝑥)  

 = 𝜓‾R(𝑥)𝜎𝜇𝜕𝜇𝜓R(𝑥) + 𝜓‾L(𝑥)𝜎‾𝜇𝜕𝜇𝜓L(𝑥) + 𝑚[𝜓‾R(𝑥)𝜓L(𝑥) + 𝜓‾L(𝑥)𝜓R(𝑥)].
 

𝜓L(𝑥) → exp (i𝜒L)𝜓L(𝑥), 𝜓‾L(𝑥) → 𝜓‾L(𝑥)exp (−i𝜒L)

𝜓R(𝑥) → exp (i𝜒R)𝜓R(𝑥), 𝜓‾R(𝑥) → 𝜓‾R(𝑥)exp (−i𝜒R)
 

𝜓(𝑥) → exp (i𝜒v)𝜓(𝑥), 𝜓‾(𝑥) → 𝜓‾(𝑥)exp (−i𝜒v)

𝜓(𝑥) → exp (i𝜒a𝛾5)𝜓(𝑥), 𝜓‾(𝑥) → 𝜓‾(𝑥)exp (i𝜒a𝛾5)
 

𝑗𝜇(𝑥) = 𝜓‾(𝑥)𝛾𝜇𝜓(𝑥), 𝑗𝜇
5(𝑥) = 𝜓‾(𝑥)𝛾𝜇𝛾5𝜓(𝑥)  

𝐹(𝑥4) = ∫  𝑑
3𝑥𝑗4(�⃗�, 𝑥4), 𝜕𝜇𝑗𝜇(𝑥) = 0  

𝜕𝜇𝑗𝜇
5(𝑥) = 2𝑚𝜓‾(𝑥)𝛾5𝜓(𝑥)  

𝑆[𝜓‾,𝜓] = ∫  𝑑𝑑𝑥𝜓‾(𝛾𝜇𝜕𝜇 +𝑚)𝜓  

𝑍 = ∫  𝒟𝜓‾𝒟𝜓exp (−𝑆[𝜓‾, 𝜓])  
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𝑆[Ψ‾ ,Ψ] = 𝑎𝑑∑ 

𝑥,𝜇

 
1

2𝑎
(Ψ‾𝑥𝛾𝜇Ψ𝑥+�̂� −Ψ‾ 𝑥+�̂�𝛾𝜇Ψ𝑥) + 𝑎

𝑑∑ 

𝑥

 𝑚Ψ‾𝑥Ψ𝑥  

𝑆[Ψ‾ ,Ψ]=∑ 

𝑥𝑦

 Ψ‾𝑥𝐷𝑥𝑦Ψ𝑦 ≡ Ψ‾ 𝐷Ψ  

1

𝑎𝑑
𝐷𝑥𝑦 =

1

2𝑎
∑  

𝜇

 𝛾𝜇(𝛿𝑥+�̂�,𝑦 − 𝛿𝑥−�̂�,𝑦) + 𝑚𝛿𝑥𝑦

 

𝑍 = ∫  ∏ 

𝑥

 𝑑Ψ‾𝑥𝑑Ψ𝑥exp (−𝑆[Ψ‾ ,Ψ]) = ∫  𝒟Ψ‾ 𝒟Ψexp (−Ψ‾ 𝐷Ψ)  

⟨Ψ‾ (−𝑝)Ψ(𝑝)⟩ = [i∑  

𝜇

 𝛾𝜇
1

𝑎
sin (𝑝𝜇𝑎) + 𝑚]

−1

 

⟨Ψ‾ (−�⃗�, 0)Ψ(𝑝, 𝑥𝑑)⟩ =
1

2𝜋
∫  
𝜋/𝑎

−𝜋/𝑎

 𝑑𝑝𝑑⟨Ψ‾ (−𝑝)Ψ(𝑝)⟩exp (i𝑝𝑑𝑥𝑑) ∼ exp (−𝐸(𝑝)𝑥𝑑)  

sinh2 (𝐸(𝑝)𝑎) =∑  

𝑖

  sin2 (𝑝𝑖𝑎) + (𝑚𝑎)
2

 

𝑆[Ψ‾ ,Ψ] = 𝑎𝑑 ∑  

𝑥,𝑦,𝜇

 Ψ‾𝑥𝛾𝜇𝜌𝜇(𝑥 − 𝑦)Ψ𝑦  

⟨Ψ‾ (−𝑝)Ψ(𝑝)⟩ = [i∑  

𝜇

 𝛾𝜇𝜌𝜇(𝑝)]

−1

 

⟨Ψ‾L(−𝑝)ΨL(𝑝)⟩ = [i∑  

𝜇

 𝜎‾𝜇
1

𝑎
sin (𝑝𝜇𝑎)]

−1

 

(−i𝜎1, i𝜎2, i𝜎3, 𝟙) = (i𝜎1)(−i𝜎1, −i𝜎2, −i𝜎3, 𝟙)(−i𝜎1) = (i𝜎1)𝜎𝜇(i𝜎
1)†  

(−i𝜎1, −i𝜎2, i𝜎3, 𝟙) = (i𝜎3)(i𝜎1, i𝜎2, i𝜎3, 𝟙)(−i𝜎3) = (i𝜎3)𝜎‾𝜇(i𝜎
3)†  

𝑆[Ψ‾ ,Ψ]=∑  

𝑥,𝑦

 Ψ‾𝑥𝐷W,xyΨ𝑦 = 𝑎
𝑑∑ 

𝑥,𝜇

 
1

2𝑎
(Ψ‾𝑥𝛾𝜇Ψ𝑥+�̂� −Ψ‾ 𝑥+�̂�𝛾𝜇Ψ𝑥) + 𝑎

𝑑∑ 

𝑥

 𝑚Ψ‾𝑥Ψ𝑥 

 +𝑎𝑑∑ 

𝑥,𝜇

 
1

2𝑎
(2Ψ‾𝑥Ψ𝑥 −Ψ‾𝑥Ψ𝑥+�̂� −Ψ‾ 𝑥+�̂�Ψ𝑥)

 

Ψ𝑥 =
1

𝑎𝑑
∫  
𝑐𝑥

 𝑑𝑑𝑦𝜓(𝑦),Ψ‾𝑥 =
1

𝑎𝑑
∫  
𝑐𝑥

 𝑑𝑑𝑦𝜓‾(𝑦)  
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Ψ(𝑝)= ∑  

𝑙∈ℤ𝑑

 𝜓(𝑝 + 2𝜋𝑙/𝑎)Π(𝑝 + 2𝜋𝑙/𝑎)  

Ψ‾ (−𝑝) = ∑  

𝑛∈ℤ𝑑

 𝜓‾(−𝑝 − 2𝜋𝑛/𝑎)Π(𝑝 + 2𝜋𝑛/𝑎)
 

Π(𝑝) =∏ 

𝑑

𝜇=1

 
2sin (𝑝𝜇𝑎/2)

𝑝𝜇𝑎
 

⟨Ψ‾ (−𝑝)Ψ(𝑝)⟩= ∑  

𝑙∈ℤ𝑑

  ⟨𝜓‾(−𝑝 − 2𝜋𝑙/𝑎)𝜓(𝑝 + 2𝜋𝑙/𝑎)⟩Π(𝑝 + 2𝜋𝑙/𝑎)2 

 = ∑  

𝑙∈ℤ𝑑

 
Π(𝑝 + 2𝜋𝑙/𝑎)2

i𝛾𝜇(𝑝𝜇 + 2𝜋𝑙𝜇/𝑎) + 𝑚
= 𝐷perfect(𝑝)

−1

 

𝑆[Ψ‾ ,Ψ] = 𝑎𝑑∑ 

𝑥,𝑦

 Ψ‾𝑥𝛾𝜇𝜌𝜇(𝑥 − 𝑦)Ψ𝑦 =∑ 

𝑥,𝑦

 Ψ‾𝑥𝐷perfect ,𝑥𝑦Ψ𝑦  

|𝜌𝜇(𝑥 − 𝑦)| ∝ |𝑥 − 𝑦|
1−𝑑  

⟨Ψ‾ (−𝑝)Ψ(𝑝)⟩ =∑  

𝑙∈ℤ

 
Π(𝑝 + 2𝜋𝑙/𝑎)2

i(𝑝 + 2𝜋𝑙/𝑎)
=
𝑎

2i
cot (

𝑝𝑎

2
) ,  

𝐷perfect (𝑝) = 𝜌1(𝑝) =
2

𝑎
tan (

𝑝𝑎

2
)  

𝜌1(𝑥 − 𝑦) =
1

𝑎
(−1)(𝑥−𝑦)/𝑎  

exp (−𝑆[Ψ‾ ,Ψ])= ∫  𝒟𝜓‾𝒟𝜓exp {−
1

(2𝜋)𝑑
∫  𝑑𝑑𝑝𝜓‾(−𝑝)(i𝛾𝜇𝑝𝜇 +𝑚)𝜓(𝑝)}  

× exp {−
1

𝛼

1

(2𝜋)𝑑
∫  
𝐵

 𝑑𝑑𝑝 [Ψ‾ (−𝑝) − ∑  

𝑛∈ℤ𝑑

 𝜓‾(−𝑝 − 2𝜋𝑛/𝑎)Π(𝑝 + 2𝜋𝑛/𝑎)] 

× [Ψ(𝑝) − ∑  

𝑙∈ℤ𝑑

 𝜓(𝑝 + 2𝜋𝑙/𝑎)Π(𝑝 + 2𝜋𝑙/𝑎)]}

 

⟨Ψ‾ (−𝑝)Ψ(𝑝)⟩ = ∑  

𝑙∈ℤ𝑑

 
Π(𝑝 + 2𝜋𝑙/𝑎)2

i𝛾𝜇(𝑝𝜇 + 2𝜋𝑙𝜇/𝑎) + 𝑚
+ 𝛼  

⟨Ψ‾ (−𝑝)Ψ(𝑝)⟩ =
1

𝑚
−

2

𝑚2𝑎
[coth (

𝑚𝑎

2
) − icot (

𝑝𝑎

2
)]
−1

+ 𝛼  

𝛼 =
exp (𝑚𝑎) − 1 −𝑚𝑎

𝑚2𝑎
,  

⟨Ψ‾ (−𝑝)Ψ(𝑝)⟩ = (
exp (𝑚𝑎) − 1

𝑚𝑎
)
2

[
i

𝑎
sin (𝑝𝑎) +

exp (𝑚𝑎) − 1

𝑎
+
2

𝑎
sin2 (

𝑝𝑎

2
)]
−1

.  
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⟨Ψ‾ (−𝑝, 0)Ψ(𝑝, 𝑥𝑑)⟩ =
1

2𝜋
∫  
𝜋/𝑎

−𝜋/𝑎

 𝑑𝑝𝑑⟨Ψ‾ (−𝑝)Ψ(𝑝)⟩exp (i𝑝𝑑𝑥𝑑)

=
1

2𝜋
∫  
𝜋/𝑎

−𝜋/𝑎

 𝑑𝑝𝑑 [∑  

𝑙∈ℤ𝑑

 
Π(𝑝 + 2𝜋𝑙/𝑎)2

i𝛾𝜇(𝑝𝜇 + 2𝜋𝑙𝜇/𝑎) +𝑚
+ 𝛼] exp (i𝑝𝑑𝑥𝑑)

=
1

2𝜋
∫  
∞

−∞

 𝑑𝑝𝑑 ∑  

𝑙∈ℤ𝑑−1

 
𝑚

(𝑝 + 2𝜋𝑙/𝑎)2 + 𝑝𝑑
2 +𝑚2

×∏ 

𝑑−1

𝑖=1

 (
2sin (𝑝𝑖𝑎/2)

𝑝𝑖𝑎 + 2𝜋𝑙𝑖
)

2

(
2sin (𝑝𝑑𝑎/2)

𝑝𝑑𝑎
)

2

exp (i𝑝𝑑𝑥𝑑) + 𝛼𝛿𝑥𝑑,0 

= ∑  

𝑙∈ℤ𝑑−1

 𝐶(𝑝 + 2𝜋𝑙/𝑎)exp (−𝐸(𝑝 + 2𝜋𝑙/𝑎)𝑥𝑑) + 𝛼𝛿𝑥𝑑,0

 

 

𝐸(𝑝 + 2𝜋𝑙/𝑎)2 = −𝑝𝑑
2 = (𝑝 + 2𝜋𝑙/𝑎)2 +𝑚2  

{𝐷−1, 𝛾5} = 2𝛼𝛾5  

{𝐷, 𝛾5} = 𝑎𝐷𝛾5𝐷  

Ψ → (1 + i𝛾5𝜀 [1 −
𝑎

2
𝐷])Ψ,Ψ‾ → Ψ‾ (1 + i [1 −

𝑎

2
𝐷] 𝜀𝛾5) .  

ℒ = Ψ‾ 𝐷Ψ→ Ψ‾ (1 + i [1 −
𝑎

2
𝐷] 𝜀𝛾5)𝐷 (1 + i𝛾5𝜀 [1 −

𝑎

2
𝐷])Ψ  

 = Ψ‾ 𝐷Ψ+ i𝜀Ψ‾ ([1 −
𝑎

2
𝐷] 𝛾5𝐷 + 𝐷𝛾5 [1 −

𝑎

2
𝐷])Ψ + 𝒪(𝜀2)

 

𝐷W
† = 𝛾5𝐷W𝛾5.  

𝐷 + 𝐷† = 𝑎𝐷†𝐷  

𝐴†𝐴 = 𝑎2𝐷†𝐷 − 𝑎𝐷 − 𝑎𝐷† + 𝟙.  

𝐴overlap = 𝐴W(𝐴W
† 𝐴W)

−1/2
⇒ 𝐴overlap 

† 𝐴overlap = 𝟙.  

𝐷overlap =
1

𝑎
(𝐴overlap + 𝟙) = (𝐷W − 𝟙/𝑎)[(𝑎𝐷W

† − 𝟙)(𝑎𝐷W − 𝟙)]
−1/2

+
𝟙

𝑎
 

𝐺𝜇(𝑥) = i𝑔s𝐺𝜇
𝑎(𝑥)𝑇𝑎  

[𝑇𝑎, 𝑇𝑏] = i𝑓𝑎𝑏𝑐𝑇
𝑐, Tr[𝑇𝑎𝑇𝑏] =

1

2
𝛿𝑎𝑏  

𝐺𝜇
′(𝑥) = Ω(𝑥)(𝐺𝜇(𝑥) + 𝜕𝜇)Ω(𝑥)

†.  

𝐺𝜇𝜈(𝑥) = 𝜕𝜇𝐺𝜈(𝑥) − 𝜕𝜈𝐺𝜇(𝑥) + [𝐺𝜇(𝑥), 𝐺𝜈(𝑥)]  

𝐺𝜇𝜈
′ (𝑥) = Ω(𝑥)𝐺𝜇𝜈(𝑥)Ω(𝑥)

†.  
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ℒ(𝐺) = −
1

4
𝐺𝜇𝜈
𝑎 𝐺𝑎𝜇𝜈 =

1

2𝑔s
2 Tr[𝐺𝜇𝜈𝐺

𝜇𝜈], 𝐺𝜇𝜈(𝑥) = i𝑔s𝐺𝜇𝜈
𝑎 (𝑥)𝑇𝑎  

𝐸𝑖(𝑥) = 𝐺
𝑖0(𝑥) = 𝜕𝑖𝐺0(𝑥) − 𝜕0𝐺𝑖(𝑥) + [𝐺𝑖(𝑥), 𝐺0(𝑥)] = −𝜕0𝐺𝑖(𝑥).  

Π𝑖
𝑎(𝑥) =

𝛿ℒ

𝛿𝜕0𝐺𝑎𝑖(𝑥)
= 𝜕0𝐺𝑖(𝑥) = −𝐸𝑖

𝑎(𝑥)  

ℋ(𝐺𝑎𝑖, Π𝑖
𝑎) = Π𝑖

𝑎(𝑥)𝜕0𝐺𝑎𝑖(𝑥) − ℒ =
1

2
(𝐸𝑖

𝑎(𝑥)𝐸𝑖
𝑎(𝑥) + 𝐵𝑖

𝑎(𝑥)𝐵𝑖
𝑎(𝑥)).  

𝐵𝑖(𝑥) = −
1

2
𝜖𝑖𝑗𝑘𝐺

𝑗𝑘(𝑥) = i𝑔s𝐵𝑖
𝑎(𝑥)𝑇𝑎  

𝑍 = ∫  𝒟𝐺exp (−𝑆[𝐺]), 𝑆[𝐺] = −∫  𝑑𝑑𝑥
1

2𝑔s
2 Tr[𝐺𝜇𝜈𝐺𝜇𝜈]  

Ω(𝑥) = exp (i𝜔𝑎(𝑥)𝑇𝑎) ≈ 𝟙 + 𝜔(𝑥), 𝜔(𝑥) = i𝜔𝑎(𝑥)𝑇𝑎,  

 𝜔𝐺𝜇(𝑥)= Ω(𝑥)(𝐺𝜇(𝑥) + 𝜕𝜇)Ω(𝑥)
† ≈ (𝟙 + 𝜔(𝑥))(𝐺𝜇(𝑥) + 𝜕𝜇)(𝟙 − 𝜔(𝑥)) 

= 𝐺𝜇(𝑥) + [𝜔(𝑥), 𝐺𝜇(𝑥)] − 𝜕𝜇𝜔(𝑥) + 𝒪(𝜔
2)  

 = 𝐺𝜇(𝑥) − 𝐷𝜇𝜔(𝑥) + 𝒪(𝜔
2)

 

𝐷𝜇𝜔(𝑥) = 𝜕𝜇𝜔(𝑥) + [𝐺𝜇(𝑥), 𝜔(𝑥)].  

𝐶𝑎(𝑥) = 𝜕𝜇 
𝜔𝐺𝜇

𝑎(𝑥), 𝐶(𝑥) = 𝑔s𝐶
𝑎(𝑥)𝑇𝑎 = −i𝜕𝜇 

𝜔𝐺𝜇(𝑥),  

∫  𝒟𝐶exp (−𝑆gf[𝐶]) = ∫  𝒟𝐶exp (−∫  𝑑
𝑑𝑥

1

2𝜉
𝐶𝑎𝐶𝑎) , 𝜉 > 0  

𝑆gf[𝐶] = ∫  𝑑
𝑑𝑥

1

2𝜉
𝐶𝑎𝐶𝑎 = ∫  𝑑𝑑𝑥

1

𝜉𝑔s
2 Tr[𝐶

2] = −∫  𝑑𝑑𝑥
1

𝜉𝑔s
2 Tr [(𝜕𝜇 

𝜔𝐺𝜇)
2
] = 𝑆gf[𝐺]  

𝒟𝐶 = 𝒟𝜔det (
𝛿𝐶

𝛿𝜔
) = 𝒟𝜔det(−i

𝛿𝜕𝜇 
𝜔𝐺𝜇

𝛿𝜔
) .  

𝛿𝐶(𝑥) = −i𝛿𝜕𝜇 
𝜔𝐺𝜇(𝑥) = −i(𝜕𝜇 

𝜔𝐺𝜇(𝑥) − 𝜕𝜇𝐺𝜇(𝑥)) = −𝜕𝜇𝐷𝜇𝜔(𝑥).  

det (
𝛿𝐶

𝛿𝜔
) = det (−i

𝛿𝜕𝜇 
𝜔𝐺𝜇

𝛿𝜔
) = det(−𝜕𝜇𝐷𝜇).  

det(−𝜕𝜇𝐷𝜇) = ∫  𝒟𝑐‾𝒟𝑐exp (−𝑆gh[𝑐‾, 𝑐, 𝐺])

𝑆gh[𝑐‾, 𝑐, 𝐺] = ∫  𝑑
𝑑𝑥Tr[𝑐‾𝜕𝜇𝐷𝜇𝑐], 𝐷𝜇𝑐(𝑥) = 𝜕𝜇𝑐(𝑥) + [𝐺𝜇(𝑥), 𝑐(𝑥)]

 

𝑐(𝑥) = 𝑐𝑎(𝑥)𝑇𝑎 , 𝑐‾(𝑥) = 𝑐‾𝑎(𝑥)𝑇𝑎  



pág. 775 

𝑍= ∫  𝒟𝐶∫  𝒟𝐺exp (−𝑆[𝐺] − 𝑆gf[𝐶])  

= ∫  𝒟𝜔∫  𝒟𝐺det(−𝜕𝜇𝐷𝜇)exp (−𝑆[𝐺] − 𝑆gf[ 
𝜔𝐺])  

= ∫  𝒟𝜔∫  𝒟𝜔𝐺det(−𝜕𝜇𝐷𝜇)exp (−𝑆[ 
𝜔𝐺] − 𝑆gf[ 

𝜔𝐺]) 

= ∫  𝒟𝜔∫  𝒟𝐺det(−𝜕𝜇𝐷𝜇)exp (−𝑆[𝐺] − 𝑆gf[𝐺])  

 = ∫  𝒟𝐺𝒟𝑐‾𝒟𝑐exp (−𝑆[𝐺] − 𝑆gf[𝐺] − 𝑆gh[𝑐‾, 𝑐, 𝐺])

 

exp (i𝜃(𝑥)) = exp (i𝜀‾𝑐(𝑥)) = 𝟙 + i𝜀‾𝑐(𝑥) = 𝟙 + i𝜀‾𝑐𝑎(𝑥)𝑇𝑎 ,

 𝜃𝐺𝜇(𝑥) = exp (i𝜃(𝑥))(𝐺𝜇(𝑥) + 𝜕𝜇)exp (−i𝜃(𝑥))

= (𝟙 + i𝜃(𝑥))(𝐺𝜇(𝑥) + 𝜕𝜇)(𝟙 − i𝜃(𝑥))  

 = 𝐺𝜇(𝑥) + i[𝜃(𝑥), 𝐺𝜇(𝑥)] − i𝜕𝜇𝜃(𝑥).

 

𝛿𝐺𝜇(𝑥)=  
𝜃𝐺𝜇(𝑥) − 𝐺𝜇(𝑥) = i[𝜃(𝑥), 𝐺𝜇(𝑥)] − i𝜕𝜇𝜃(𝑥) 

 = i𝜀‾[𝑐(𝑥), 𝐺𝜇(𝑥)] − i𝜀‾𝜕𝜇𝑐(𝑥).
 

𝛿𝑐(𝑥) = i𝜀‾𝑐(𝑥)𝑐(𝑥)  

𝛿𝑐‾(𝑥) =
i

𝜉𝑔s
2 𝜀‾𝜕𝜇𝐺𝜇(𝑥)  

𝛿ℒgf = −
1

𝜉𝑔s
2 Tr[𝜕𝜇𝛿𝐺𝜇𝜕𝜈𝐺𝜈] = −

i

𝜉𝑔s
2 Tr[𝜀‾𝜕𝜇([𝑐, 𝐺𝜇] − 𝜕𝜇𝑐)𝜕𝜈𝐺𝜈].  

𝛿ℒgh =−Tr{𝛿𝑐‾𝜕𝜇(𝜕𝜇𝑐 + [𝐺𝜇 , 𝑐]) + 𝑐‾𝜕𝜇(𝜕𝜇𝛿𝑐 + [𝛿𝐺𝜇 , 𝑐] + [𝐺𝜇 , 𝛿𝑐])}  

= −Tr {
i

𝜉𝑔s
2 𝜀‾𝜕𝜈𝐺𝜈𝜕𝜇(𝜕𝜇𝑐 + [𝐺𝜇 , 𝑐])

+i𝑐‾𝜕𝜇(𝜀‾𝜕𝜇𝑐𝑐 + 𝜀‾𝑐𝜕𝜇𝑐 + [𝜀‾[𝑐, 𝐺𝜇], 𝑐] − [𝜀‾𝜕𝜇𝑐, 𝑐] + [𝐺𝜇 , 𝜀‾𝑐𝑐])}

 

𝛿(ℒgf + ℒgh) = 0  

𝛿𝐺𝜇(𝑥) = 𝜀‾
𝑄𝐺𝜇(𝑥)⇒  𝑄𝐺𝜇(𝑥) = i[𝑐(𝑥), 𝐺𝜇(𝑥)] − i𝜕𝜇𝑐(𝑥), 

𝛿𝑐(𝑥) = 𝜀‾𝑄𝑐(𝑥)⇒ 𝑄𝑐(𝑥) = i𝑐(𝑥)𝑐(𝑥),  

𝛿𝑐‾(𝑥) = 𝜀‾𝑄𝑐‾(𝑥) ⇒ 𝑄𝑐‾(𝑥) =
i

𝜉𝑔s
2 𝜕𝜇𝐺𝜇(𝑥).

 

𝑄2𝐺𝜇(𝑥)=  
𝑄{i[𝑐(𝑥), 𝐺𝜇(𝑥)] − i𝜕𝜇𝑐(𝑥)}  

= i{ 𝑄𝑐(𝑥)𝐺𝜇(𝑥) − 𝑐(𝑥)
𝑄𝐺𝜇(𝑥) −  

𝑄𝐺𝜇(𝑥)𝑐(𝑥) − 𝐺𝜇(𝑥)
𝑄𝑐(𝑥) − 𝜕𝜇 

𝑄𝑐(𝑥)} = 0  

𝑄2𝑐(𝑥)=  𝑄{i𝑐(𝑥)𝑐(𝑥)} = i𝑄𝑐(𝑥)𝑐(𝑥) − i𝑐(𝑥)𝑄𝑐(𝑥) = −𝑐(𝑥)𝑐(𝑥)𝑐(𝑥) + 𝑐(𝑥)𝑐(𝑥)𝑐(𝑥) = 0 
 

𝑄2𝑐‾(𝑥) = 𝑄 {
1

𝜉𝑔s
2 𝜕𝜇𝐺𝜇(𝑥)} =

i

𝜉𝑔s
2 𝜕𝜇{[𝑐(𝑥), 𝐺𝜇(𝑥)] − 𝜕𝜇𝑐(𝑥)} = 0  
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|𝜓⟩ = �̂�|𝜒⟩  ⇒  �̂�|𝜓⟩ = �̂�2|𝜒⟩ = 0  

|𝜓⟩ = �̂�|𝜒⟩  ⇒  ⟨𝜓 ∣ 𝜓⟩ = ⟨𝜒|�̂�2|𝜒⟩ = 0.  

⟨𝜓 ∣ 𝜓′⟩ = ⟨𝜒|�̂�2|𝜒′⟩ = 0  

ℋ = ℋ> +ℋ< +ℋ0

ℋ> = ℋ ∖ ker(�̂�),ℋ< = im(�̂�),ℋ0 = cohom(�̂�) = ker(�̂�) ∖ im(�̂�)
 

|𝜓′⟩ = |𝜓⟩ − �̂�|𝜂⟩;  

⟨𝜓′ ∣ 𝜓′⟩ = ⟨𝜓 ∣ 𝜓⟩ − ⟨𝜂|�̂�|𝜓⟩ − ⟨𝜓|�̂�|𝜂⟩ + ⟨𝜂|�̂�2|𝜂⟩ = ⟨𝜓 ∣ 𝜓⟩.  

�⃗⃗�′ = ∇⃗⃗⃗ × 𝐴′ = ∇⃗⃗⃗ × 𝐴 − ∇⃗⃗⃗ × ∇⃗⃗⃗𝛼 = �⃗⃗�  

𝐴′ = 𝐴 − 𝑑𝛼 ⇒   ⋆𝐵′ = 𝑑𝐴′ = 𝑑𝐴 − 𝑑2𝛼 =  ⋆𝐵  

𝑑⋆𝐵 = 𝑑2𝐴 = 0  

𝑈𝑥,𝑖 = exp (i𝑒∫  
𝑥+�̂�

𝑥

 𝑑𝑦𝑖𝐴𝑖(𝑦)) ∈ U(1)  

𝑈𝑥,𝑖
′ = exp (i𝑒∫  

𝑥+�̂�

𝑥

 𝑑𝑦𝑖𝐴𝑖
′(𝑦)) = exp (i𝑒∫  

𝑥+�̂�

𝑥

 𝑑𝑦𝑖[𝐴𝑖(𝑦) − 𝜕𝑖𝛼(𝑦)]) 

= exp (i𝑒 [∫  
𝑥+�̂�

𝑥

 𝑑𝑦𝑖𝐴𝑖(𝑦) + 𝛼(𝑥) − 𝛼(𝑥 + 𝑖)]) = Ω𝑥𝑈𝑥,𝑖Ω𝑥+�̂�
†  

Ω𝑥 = exp (i𝑒𝛼(𝑥)) ∈ U(1)

 

𝐽 = −i𝜕𝜑, 𝐽|𝑚⟩ = 𝑚|𝑚⟩,𝑚 ∈ ℤ, ⟨𝜑 ∣ 𝑚⟩ =
1

√2𝜋
exp (i𝑚𝜑)  

[𝐽𝑥,𝑖, �̂�𝑦,𝑗] = 𝛿𝑥𝑦𝛿𝑖𝑗�̂�𝑥,𝑖 , [𝐽𝑥,𝑖, �̂�𝑦,𝑗
† ] = −𝛿𝑥𝑦𝛿𝑖𝑗�̂�𝑥,𝑖

† ,

[𝐽𝑥,𝑖, 𝐽𝑦,𝑗] = [�̂�𝑥,𝑖, �̂�𝑦,𝑗] = [�̂�𝑥,𝑖
† , �̂�𝑦,𝑗

† ] = [�̂�𝑥,𝑖, �̂�𝑦,𝑗
† ] = 0.

 

𝑎�̂� =
𝑒2

2
∑  

𝑥,𝑖

  𝐽𝑥,𝑖
2 +

1

2𝑒2
∑  

𝑥,𝑖>𝑗

  (2 − �̂�𝑥,𝑖�̂�𝑥+�̂�,𝑗�̂�𝑥+�̂�,𝑖
† �̂�𝑥,𝑗

† − �̂�𝑥,𝑗�̂�𝑥+�̂�,𝑖�̂�𝑥+�̂�,𝑗
† �̂�𝑥,𝑖

† ).  

𝑈𝑥,𝑖𝑈𝑥+�̂�,𝑗𝑈𝑥+�̂�,𝑖
∗ 𝑈𝑥,𝑗

∗ =

exp (i𝑒𝑎[𝐴𝑖(𝑥 + 𝑖/2) + 𝐴𝑗(𝑥 + 𝑖 + 𝑗/2) − 𝐴𝑖(𝑥 + 𝑗 + 𝑖/2) − 𝐴𝑗(𝑥 + 𝑗/2)]) →

exp (i𝑒𝑎2𝐹𝑖𝑗(𝑥 + 𝑖/2 + 𝑗/2)) ⇒

1

𝑎4
(2 − 𝑈𝑥,𝑖𝑈𝑥+�̂�,𝑗𝑈𝑥+�̂�,𝑖

∗ 𝑈𝑥,𝑗
∗ − 𝑈𝑥,𝑗𝑈𝑥+�̂�,𝑖𝑈𝑥+�̂�,𝑗

∗ 𝑈𝑥,𝑖
∗ ) =

2

𝑎4
[1 − cos (𝑒𝑎2𝐹𝑖𝑗(𝑥 + 𝑖/2 + 𝑗/2))] → 𝑒2𝐹𝑖𝑗(𝑥 + 𝑖/2 + 𝑗/2)

2 ⇒

𝐻 → ∫  𝑑3𝑥
1

2
(�⃗⃗�2 + �⃗⃗�2)

 

�̂�𝑥 =∑ 

𝑖

  (𝐽𝑥,𝑖 − 𝐽𝑥−�̂�,𝑖) =
𝑎2

𝑒
∑  

𝑖

  (�̂�𝑥,𝑖 − �̂�𝑥−�̂�,𝑖), [�̂�𝑥, �̂�𝑦] = 0, [�̂�, �̂�𝑥] = 0  
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�̂��̂�𝑥,𝑖�̂�
† = Ω𝑥�̂�𝑥,𝑖Ω𝑥+𝑖

† , �̂� =∏  

𝑥

 exp (i𝑒𝛼𝑥�̂�𝑥)  

�̂�𝑥|𝜓, 𝑄⟩ = 𝑄𝑥|𝜓, 𝑄⟩  

𝑍𝑄 = Tr[exp (−𝛽�̂�)�̂�𝑄]  

𝑍𝑄
𝑍
= exp (−𝛽𝑉(𝑥 − 𝑦)), 𝑉(𝑥 − 𝑦) ∼ 𝜎|𝑥 − 𝑦|  

𝑈𝑥,𝑖= 𝒫exp (∫  
𝑥+�̂�

𝑥

 𝑑𝑦𝑖𝐺𝑖(𝑦))  

= lim
𝑁→∞

 exp (
𝑎

𝑁
𝐺𝑖(𝑥 + 𝑖/2𝑁)) exp (

𝑎

𝑁
𝐺𝑖(𝑥 + 3𝑖/2𝑁)) exp (

𝑎

𝑁
𝐺𝑖(𝑥 + 5𝑖/2𝑁))… 

 … exp (
𝑎

𝑁
𝐺𝑖(𝑥 + (2𝑁 − 3)𝑖/2𝑁)) exp (

𝑎

𝑁
𝐺𝑖(𝑥 + (2𝑁 − 1)𝑖/2𝑁))

 

𝑈𝑥,𝑖
′ = Ω𝑥𝑈𝑥,𝑖Ω𝑥+�̂�

†  

�̂� = cos 𝛼𝟙 + isin 𝛼𝑒𝛼 ⋅ 𝜏, 𝑒𝛼 = (sin 𝜃cos 𝜑, sin 𝜃sin 𝜑, cos 𝜃).  

�̂�𝑎 =
1

2
(𝐽𝑎 + �̂�𝑎), �̂�𝑎 =

1

2
(𝐽𝑎 − �̂�𝑎), 𝐽± = exp (±i𝜑)(±𝜕𝜃 + icot 𝜃𝜕𝜑), 𝐽

3 = −i𝜕𝜑

�̂�± = exp (±i𝜑) (isin 𝜃𝜕𝛼 + icot 𝛼cos 𝜃𝜕𝜃 ∓
cot 𝛼

sin 𝜃
𝜕𝜑)

�̂�3 = i(cos 𝜃𝜕𝛼 − cot 𝛼sin 𝜃𝜕𝜃)

 

[�̂�𝑎, �̂�] = �̂�
𝜏𝑎

2
, [�̂�𝑎, �̂�] = −

𝜏𝑎

2
�̂�

[�̂�𝑎, �̂�𝑏] = i𝜖𝑎𝑏𝑐�̂�
𝑐 , [�̂�𝑎, �̂�𝑏] = i𝜖𝑎𝑏𝑐�̂�

𝑐, [�̂�𝑎, �̂�𝑏] = 0
 

�̂�𝑎�̂�𝑎 + �̂�𝑎�̂�𝑎 =
1

2
(𝐽𝑎𝐽𝑎 + �̂�𝑎�̂�𝑎) =

𝑎4

2𝑔s
2 �̂�

𝑎�̂�𝑎  

[�̂�𝑥,𝑖
𝑎 , �̂�𝑦,𝑗] = 𝛿𝑥𝑦𝛿𝑖𝑗�̂�𝑥,𝑖𝑇

𝑎 , [�̂�𝑥,𝑖
𝑎 , �̂�𝑦,𝑗] = −𝛿𝑥𝑦𝛿𝑖𝑗𝑇

𝑎�̂�𝑥,𝑖, [�̂�𝑥,𝑖, �̂�𝑦,𝑗] = 0

[�̂�𝑥,𝑖
𝑎 , �̂�𝑦,𝑗

𝑏 ] = i𝛿𝑥𝑦𝛿𝑖𝑗𝑓𝑎𝑏𝑐�̂�𝑥,𝑖
𝑐 , [�̂�𝑥,𝑖

𝑎 , �̂�𝑦,𝑗
𝑏 ] = i𝛿𝑥𝑦𝛿𝑖𝑗𝑓𝑎𝑏𝑐�̂�𝑥,𝑖

𝑐 , [�̂�𝑥,𝑖
𝑎 , �̂�𝑦,𝑗

𝑏 ] = 0
 

𝑎�̂�= 𝑔s
2∑ 

𝑥,𝑖

 (�̂�𝑥,𝑖
𝑎 �̂�𝑥,𝑖

𝑎 + �̂�𝑥,𝑖
𝑎 �̂�𝑥,𝑖

𝑎 )  

 +
2

𝑔s
2 ∑  

𝑥,𝑖>𝑗

 Tr (𝟙 −
1

2
�̂�𝑥,𝑖�̂�𝑥+�̂�,𝑗�̂�𝑥+�̂�,𝑖

† �̂�𝑥,𝑗
† −

1

2
�̂�𝑥,𝑗�̂�𝑥+�̂�,𝑖�̂�𝑥+�̂�,𝑗

† �̂�𝑥,𝑖
† )

 

�̂�𝑥
𝑎 =∑ 

𝑖

 (�̂�𝑥,𝑖
𝑎 + �̂�𝑥−�̂�,𝑖

𝑎 ), [�̂�, �̂�𝑥
𝑎] = 0, [�̂�𝑥

𝑎, �̂�𝑦
𝑏] = i𝛿𝑥𝑦𝑓𝑎𝑏𝑐�̂�𝑥

𝑐
 

�̂� =∏  

𝑥

 exp (i𝜔𝑥
𝑎�̂�𝑥

𝑎), �̂��̂�𝑥,𝑖�̂�
† = Ω𝑥�̂�𝑥,𝑖Ω𝑥+�̂�

†
 

�̂�𝑥
𝑎�̂�𝑥

𝑎|Ψ,𝑄, 𝑄3⟩ = 𝑄𝑥(𝑄𝑥 + 1)|Ψ, 𝑄, 𝑄
3⟩, �̂�𝑥

3|Ψ,𝑄, 𝑄3⟩ = 𝑄𝑥
3|Ψ,𝑄, 𝑄3⟩  
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𝑍𝑄
𝑍
= exp (−𝛽𝑉(𝑥 − 𝑦)), 𝑍𝑄 = Tr[exp (−𝛽�̂�)�̂�𝑄]  

�̂� ≈ exp (−
1

2
𝑎�̂�𝐵) exp (−𝑎�̂�𝐸)exp (−

1

2
𝑎�̂�𝐵) .  

𝟙 = ∫  𝒟𝑈|𝑈⟩⟨𝑈| =∏ 

𝑥,𝑖

 ∫  
U(1)

 𝑑𝑈𝑥,𝑖|𝑈𝑥,𝑖⟩⟨𝑈𝑥,𝑖| =∏ 

𝑥,𝑖

 ∫  
𝜋

−𝜋

 𝑑𝜑𝑥,𝑖|𝜑𝑥,𝑖⟩⟨𝜑𝑥,𝑖|  

⟨𝑈|exp (−𝑎�̂�𝐵)|𝑈⟩= ∏  

𝑥,𝑖>𝑗

 exp (−
1

2𝑒2
(2 − 𝑈𝑥,𝑖𝑈𝑥+�̂�,𝑗𝑈𝑥+�̂�,𝑖

∗ 𝑈𝑥,𝑗
∗ − 𝑈𝑥,𝑗𝑈𝑥+�̂�,𝑖𝑈𝑥+�̂�,𝑗

∗ 𝑈𝑥,𝑖
∗ )) 

 = ∏  

𝑥,𝑖>𝑗

 exp (−
1

𝑒2
(1 − cos (𝜑𝑥,𝑖 + 𝜑𝑥+�̂�,𝑗 − 𝜑𝑥+�̂�,𝑖 −𝜑𝑥,𝑗)))

 

⟨𝑈|exp (−𝑎�̂�𝐸)|𝑈
′⟩=∏  

𝑥,𝑖

  ⟨𝑈𝑥,𝑖|exp (−
𝑒2

2
𝐽𝑥,𝑖
2 ) |𝑈𝑥,𝑖

′ ⟩  

=∏  

𝑥,𝑖

  ∑  

𝑚𝑥,𝑖∈ℤ

  ⟨𝜑𝑥,𝑖 ∣ 𝑚𝑥,𝑖⟩exp (−
𝑒2

2
𝑚𝑥,𝑖
2 ) ⟨𝑚𝑥,𝑖 ∣ 𝜑𝑥,𝑖

′ ⟩  

=∏  

𝑥,𝑖

  ∑  

𝑚𝑥,𝑖∈ℤ

 exp (−
𝑒2

2
𝑚𝑥,𝑖
2 )

1

2𝜋
exp (i𝑚𝑥,𝑖(𝜑𝑥,𝑖 − 𝜑𝑥,𝑖

′ )) 

 =∏  

𝑥,𝑖

 
1

√2𝜋𝑒
∑  

𝑛𝑥,𝑖∈ℤ

 exp (−
1

2𝑒2
(𝜑𝑥,𝑖 − 𝜑𝑥,𝑖

′ + 2𝜋𝑛𝑥,𝑖)
2
)

 

1

𝑎
∑  

𝑖

 (�̂�𝑥,𝑖 − �̂�𝑥−�̂�,𝑖)|Ψ, 𝑄⟩ =
𝑒

𝑎3
∑ 

𝑖

  (𝐽𝑥,𝑖 − 𝐽𝑥−�̂�,𝑖)|Ψ, 𝑄⟩ =
𝑒

𝑎3
𝑄𝑥|Ψ,𝑄⟩ = 𝜌𝑥|Ψ,𝑄⟩  

⟨𝑚|�̂�𝑄|𝑚⟩ =∏ 

𝑥

 
1

2𝜋
∫  
𝜋

−𝜋

 𝑑𝜑𝑥exp (i(𝑄𝑥 −∑ 

𝑖

  (𝑚𝑥,𝑖 −𝑚𝑥−�̂�,𝑖))𝜑𝑥)  

⟨𝑈|exp (−𝑎�̂�𝐸)�̂�𝑄|𝑈
′⟩ =∏  

𝑥

 
1

2𝜋
∫  
𝜋

−𝜋

 𝑑𝜑𝑥exp (i𝑄𝑥𝜑𝑥)∏  

𝑥,𝑖

  ∑  

𝑚𝑥,𝑖∈ℤ

   

exp (−
𝑒2

2
𝑚𝑥,𝑖
2 )

1

2𝜋
exp (i𝑚𝑥,𝑖(𝜑𝑥,𝑖 − 𝜑𝑥,𝑖

′ − 𝜑𝑥 + 𝜑𝑥+�̂�))  

 =∏  

𝑥

 
1

2𝜋
∫  
𝜋

−𝜋

 𝑑𝜑𝑥Φ𝑄𝑥∏ 

𝑥,𝑖

 
1

√2𝜋𝑒
∑  

𝑛𝑥,𝑖∈ℤ

 exp (−
1

2𝑒2
(𝜑𝑥,𝑖 − 𝜑𝑥,𝑖

′ − 𝜑𝑥 + 𝜑𝑥+�̂� + 2𝜋𝑛𝑥,𝑖)
2
)

 

Φ𝑄𝑥 =∏ 

𝑁−1

𝑛=0

 𝑈
𝑥+𝑛4̂,4′
𝑄𝑥  

𝑍𝑄 = ∫  𝒟𝑈exp (−𝑆[𝑈])∏ 

𝑥

 Φ𝑄𝑥 =∏ 

𝑥,𝜇

 ∫  
U(1)

 𝑑𝑈𝑥,𝜇exp (−𝑆[𝑈])∏  

𝑥

 Φ𝑄𝑥  
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exp (−𝑆[𝑈])= ∏  

𝑥,𝑖>𝑗

 exp (−
1

𝑒2
(1 − cos (𝜑𝑥,𝑖 + 𝜑𝑥+�̂�,𝑗 − 𝜑𝑥+�̂�,𝑖 − 𝜑𝑥,𝑗)))  

 ×∏  

𝑥,𝑖

  ∑  

𝑛𝑥,𝑖∈ℤ

 exp (−
1

2𝑒2
(𝜑𝑥,𝑖 − 𝜑𝑥,𝑖

′ − 𝜑𝑥 + 𝜑𝑥+�̂� + 2𝜋𝑛𝑥,𝑖)
2
)

 

𝑍𝑄 = ∫  𝒟𝑈exp (−𝑆[𝑈])∏ 

𝑥

 Φ𝑄𝑥 =∏ 

𝑥,𝜇

 ∫  
𝐺

 𝑑𝑈𝑥,𝜇exp (−𝑆[𝑈])∏  

𝑥

 Φ𝑄𝑥  

𝑆[𝑈] =
2

𝑔s
2 ∑  

𝑥,𝜇>𝑣

 Tr (𝟙 −
1

2
𝑈𝑥,𝜇𝑈𝑥+�̂�,𝜈𝑈𝑥+�̂�,𝜇

† 𝑈𝑥,𝜈
† −

1

2
𝑈𝑥,𝜈𝑈𝑥+�̂�,𝜇𝑈𝑥+�̂�,𝜈

† 𝑈𝑥,𝜇
† )  

⟨𝑈|�̂�|𝑈′⟩= exp (−
1

𝑔s
2 ∑  

𝑥,𝑖>𝑗

 Tr (𝟙 −
1

2
𝑈𝑥,𝑖𝑈𝑥+�̂�,𝑗𝑈𝑥+�̂�,𝑖

† 𝑈𝑥,𝑗
† −

1

2
𝑈𝑥,𝑗𝑈𝑥+�̂�,𝑖𝑈𝑥+�̂�,𝑗

† 𝑈𝑥,𝑖
† )) 

× exp (−
2

𝑔s
2∑ 

𝑥,𝑖

 Tr (𝟙 −
1

2
𝑈𝑥,𝑖𝑈𝑥,𝑖

′ +
1

2
𝑈𝑥,𝑖
′ 𝑈𝑥,𝑖

† ))  

 × exp (−
1

𝑔s
2 ∑  

𝑥,𝑖>𝑗

 Tr (𝟙 −
1

2
𝑈𝑥,𝑖
′ 𝑈𝑥+�̂�,𝑗

′ 𝑈𝑥+�̂�,𝑖
′ 𝑈𝑥,𝑗

′† −
1

2
𝑈𝑥,𝑗
′ 𝑈𝑥+�̂�,𝑖

′ 𝑈𝑥+�̂�,𝑗
′† 𝑈𝑥,𝑖

′†))

 

𝐺𝜇𝜈(𝑥) = 𝜕𝜇𝐺𝜈(𝑥) − 𝜕𝜈𝐺𝜇(𝑥) + [𝐺𝜇(𝑥), 𝐺𝜈(𝑥)] 

 ∫  
𝑏

𝑎

 𝑓(𝑥)𝑑𝑥 + ∫  
𝑐

𝑏

 𝑓(𝑥)𝑑𝑥 = ∫  
𝑐

𝑎

 𝑓(𝑥)𝑑𝑥 ↔  𝒫𝑎
𝑏𝑓(𝑥)𝑑𝑥 ⋅ 𝒫𝑏

𝑐𝑓(𝑥)𝑑𝑥 = 𝒫𝑎
𝑐𝑓(𝑥)𝑑𝑥

 ∫  
𝑎

𝑏

 𝑓(𝑥)𝑑𝑥 = −∫  
𝑏

𝑎

 𝑓(𝑥)𝑑𝑥 ↔  𝒫𝑏
𝑎𝑓(𝑥)𝑑𝑥 = [𝒫𝑎

𝑏𝑓(𝑥)𝑑𝑥]−1

𝐹(𝑏) − 𝐹(𝑎) = ∫  
𝑏

𝑎

 𝑓(𝑥)𝑑𝑥, lim
𝑑𝑥→0

 
𝐹(𝑥 + 𝑑𝑥) − 𝐹(𝑥)

𝑑𝑥
= 𝑓(𝑥)  ↔

𝐹(𝑏)

𝐹(𝑎)
= 𝒫𝑎

𝑏𝑓(𝑥)𝑑𝑥, lim
𝑑𝑥→0

  [
𝐹(𝑥 + 𝑑𝑥)

𝐹(𝑥)
]

1/𝑑𝑥

= 𝑓(𝑥)

 

 ∫  
𝑏

𝑎

  [𝑓(𝑥) + 𝑔(𝑥)]𝑑𝑥 = ∫  
𝑏

𝑎

 𝑓(𝑥)𝑑𝑥 +∫  
𝑏

𝑎

 𝑔(𝑥)𝑑𝑥

𝒫𝑎
𝑏[𝑓(𝑥)𝑔(𝑥)]𝑑𝑥 = 𝒫𝑎

𝑏𝑓(𝑥)𝑑𝑥 ⋅ 𝒫𝑎
𝑏𝑔(𝑥)𝑑𝑥

 

ℒ(Φ) =
1

2
𝜕𝜇Φ

∗𝜕𝜇Φ+ 𝑉(Φ) =
1

2
𝜕𝜇𝜙1𝜕𝜇𝜙1 +

1

2
𝜕𝜇𝜙2𝜕𝜇𝜙2 +𝑉(𝜙1, 𝜙2)

𝑉(Φ) =
𝑚2

2
|Φ|2 +

𝜆

4!
|Φ|4, |Φ|2 = Φ∗Φ = 𝜙1

2 + 𝜙2
2

 

Φ′(𝑥) = exp (i𝑄𝑒𝛼)Φ(𝑥)  ⇔  Φ′(𝑥)∗ = exp (−i𝑄𝑒𝛼)Φ∗(𝑥)  

𝜕𝑉

𝜕Φ
= 𝑚2Φ+

𝜆

3!
|Φ|2Φ = 0,Φ ≠ 0 ⇒  |Φ|2 = −

6𝑚2

𝜆
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Φ(𝑥) = vexp (i𝜑), v = √−
6𝑚2

𝜆
 

Φ(𝑥) = v + 𝜎(𝑥) + i𝜋(𝑥) ⇒Φ(𝑥)∗ = v + 𝜎(𝑥) − i𝜋(𝑥)

|Φ(𝑥)|2 = [v + 𝜎(𝑥)]2 + 𝜋(𝑥)2  

𝜕𝜇Φ(𝑥) = 𝜕𝜇𝜎(𝑥) + i𝜕𝜇𝜋(𝑥) ⇒𝜕𝜇Φ(𝑥)
∗ = 𝜕𝜇𝜎(𝑥) − i𝜕𝜇𝜋(𝑥)

 

1

2
𝜕𝜇Φ

∗𝜕𝜇Φ=
1

2
𝜕𝜇𝜎𝜕𝜇𝜎 +

1

2
𝜕𝜇𝜋𝜕𝜇𝜋  

𝑉(Φ)=
𝑚2

2
(v + 𝜎)2 +

𝑚2

2
𝜋2 +

𝜆

4!
[(v + 𝜎)2 + 𝜋2]2  

≈
𝑚2

2
v2 +𝑚2v𝜎 +

𝑚2

2
𝜎2 +

𝑚2

2
𝜋2 +

𝜆

4!
(v4 + 4v3𝜎 + 6v2𝜎2 + 2v2𝜋2) 

 =
1

2
(𝑚2 +

𝜆

2
v2)𝜎2 + 𝐶

 

𝑚𝜎
2 = 𝑚2 +

𝜆

2
v2 =

𝜆

3
v2 = −2𝑚2 > 0  

Φ(𝑥) = (
Φ+(𝑥)

Φ0(𝑥)
) ,Φ+(𝑥), Φ0(𝑥) ∈ ℂ  

ℒ(Φ)=
1

2
𝜕𝜇Φ

†𝜕𝜇Φ+ 𝑉(Φ)  

𝑉(Φ) =
𝑚2

2
|Φ|2 +

𝜆

4!
|Φ|4, |Φ|2 = Φ†Φ = Φ+∗Φ+ +Φ0∗Φ0

 

Φ′(𝑥) = 𝐿Φ(𝑥), 𝐿 ∈ SU(2)𝐿  

𝐿† = 𝐿−1, det𝐿 = 1  

𝐿= (
𝑧1 −𝑧2

∗

𝑧2 𝑧1
∗ ) ⇒  

𝐿† = (
𝑧1
∗ 𝑧2

∗

−𝑧2 𝑧1
) , 𝐿†𝐿 = 𝟙, det𝐿 = |𝑧1|

2 + |𝑧2|
2 = 1.

 

|Φ′(𝑥)|2 = Φ′(𝑥)†Φ′(𝑥) = [𝐿Φ(𝑥)]†𝐿Φ(𝑥) = Φ(𝑥)†𝐿†𝐿Φ(𝑥) = |Φ(𝑥)|2

𝜕𝜇Φ
′(𝑥)†𝜕𝜇Φ

′(𝑥) = 𝜕𝜇Φ(𝑥)
†𝐿†𝐿𝜕𝜇Φ(𝑥) = 𝜕𝜇Φ(𝑥)

†𝜕𝜇Φ(𝑥)
 

Φ′(𝑥) = exp (i
1

2
𝑔′𝜑)Φ(𝑥)  

𝚽(𝑥) = (
Φ0(𝑥)∗ Φ+(𝑥)

−Φ+(𝑥)∗ Φ0(𝑥)
)  

ℒ(𝚽) =
1

4
Tr[𝜕𝜇𝚽

†𝜕𝜇𝚽] +
𝑚2

4
Tr[𝚽†𝚽] +

𝜆

4!
(
1

2
Tr[𝚽†𝚽])

2

 

𝚽(𝑥)′ = 𝐿𝚽(𝑥)𝑅†, 𝐿 ∈ SU(2)𝐿, 𝑅 ∈ SU(2)𝑅  
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𝑅 = (
exp (i𝑔′𝜑/2) 0

0 exp (−i𝑔′𝜑/2)
)  

�⃗⃗�(𝑥) = (𝜙1(𝑥), 𝜙2(𝑥), 𝜙3(𝑥), 𝜙4(𝑥)) ∈ ℝ
4

Φ+(𝑥) = 𝜙2(𝑥) + i𝜙1(𝑥),Φ
0(𝑥) = 𝜙4(𝑥) − i𝜙3(𝑥)

𝚽(𝑥) = 𝜙4(𝑥)𝟙 + i[𝜙1(𝑥)𝜏
1 + 𝜙2(𝑥)𝜏

2 + 𝜙3(𝑥)𝜏
3]

 

𝜏1 = (
0 1
1 0

) , 𝜏2 = (
0 −i
i 0

) , 𝜏3 = (
1 0
0 −1

) .  

[𝜏𝑎 , 𝜏𝑏] = 2i𝜖𝑎𝑏𝑐𝜏
𝑐 , {𝜏𝑎 , 𝜏𝑏} = 2𝛿𝑎𝑏𝟙  

ℒ(�⃗⃗�) =
1

2
𝜕𝜇�⃗⃗� ⋅ 𝜕𝜇�⃗⃗� +

𝑚2

2
�⃗⃗� ⋅ �⃗⃗� +

𝜆

4!
(�⃗⃗� ⋅ �⃗⃗�)2  

Φ(𝑥) = (
0

0
)  

|Φ|2 ≡ |�⃗⃗�|2 ≡
1

2
Tr[𝚽†𝚽] = −

6𝑚2

𝜆
 

Φ(𝑥) = (
0

𝑣
) , 𝑣 = √−

6𝑚2

𝜆
∈ ℝ+  

𝚽(𝑥) = v𝟙, �⃗⃗�(𝑥) = (0,0,0, v)  

Φ(𝑥) = (
𝜋1(𝑥) + i𝜋2(𝑥)

v + 𝜎(𝑥) + i𝜋3(𝑥)
) , 𝜎(𝑥), 𝜋𝑖(𝑥) ∈ ℝ  

1

2
𝜕𝜇Φ

†𝜕𝜇Φ =
1

2
𝜕𝜇𝜎𝜕𝜇𝜎 +

1

2
𝜕𝜇 �⃗⃗� ⋅ 𝜕𝜇 �⃗⃗�

𝑉(Φ)=
𝑚2

2
[(v + 𝜎)2 + �⃗⃗�2] +

𝜆

4!
[(v + 𝜎)2 + �⃗⃗�2]2  

≈
𝑚2

2
[v2 + 2v𝜎 + 𝜎2 + �⃗⃗�2] +

𝜆

4!
[v4 + 4v3𝜎 + 6v2𝜎2 + 2v2�⃗⃗�2] 

 =
1

2
(𝑚2 +

𝜆

2
v2)𝜎2 + 𝐶

 

𝑚H
2 = 𝑚2 +

𝜆

2
v2 =

𝜆

3
v2  

𝑚H = 125.18(16)GeV  

�⃗⃗�(𝑥) = (𝜙1(𝑥), 𝜙2(𝑥), … , 𝜙𝑁(𝑥))  

�⃗⃗�′(𝑥) = exp (i𝜔𝑎𝑇
𝑎)�⃗⃗�(𝑥) ≈ (𝟙 + i𝜔𝑎𝑇

𝑎)�⃗⃗�(𝑥)  

𝜕𝑉

𝜕𝜙𝑖
|
�⃗⃗⃗⃗�=v⃗⃗⃗

= 0, 𝑖 ∈ {1,2,… ,𝑁}.  
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𝑀𝑖𝑗 =
𝜕2𝑉

𝜕𝜙𝑖𝜕𝜙𝑗
|
�⃗⃗⃗⃗�=v⃗⃗⃗

 

(1 + i𝜔𝑏𝑇
𝑏)v⃗⃗ = v⃗⃗  ⇒  𝑇𝑏 v⃗⃗ = 0  

0 = 𝑉(�⃗⃗�′) − 𝑉(�⃗⃗�) = i
𝜕𝑉

𝜕𝜙𝑖
𝜔𝑎𝑇𝑖𝑗

𝑎𝜙𝑗.  

0 =
𝜕2𝑉

𝜕𝜙𝑘𝜕𝜙𝑖
|
�⃗⃗⃗⃗�=v⃗⃗⃗

𝜔𝑎𝑇𝑖𝑗
𝑎v𝑗 +

𝜕𝑉

𝜕𝜙𝑖
|
�⃗⃗⃗⃗�=v⃗⃗⃗

𝜔𝑎𝑇𝑘𝑖
𝑎  ⇒  𝑀𝑘𝑖(𝑇

𝑎 v⃗⃗)𝑖 = 0  

𝑛𝐺 − 𝑛𝐻 =
1

2
𝑁(𝑁 − 1) −

1

2
(𝑁 − 1)(𝑁 − 2) = 𝑁 − 1  

𝑆[𝑠] = 𝑎𝑑∑ 

𝑥

 ∑  

𝑑

𝜇=1

 
v2

2𝑎2
(𝑠𝑥+�̂� − 𝑠𝑥)

2
= 𝜅∑  

𝑥,𝜇

  (1 − 𝑠𝑥 ⋅ 𝑠𝑥+�̂�),  

𝑠𝑥,𝑥𝑑(�⃗⃗�) =(cos (�⃗� ⋅ �⃗�), sin (𝑝 ⋅ �⃗�),0, … ,0)  

𝑝 ⋅ �⃗� =∑  

𝑑s

𝑖=1

 𝑝𝑖𝑥𝑖, 𝑝 =
2𝜋

𝐿
�⃗⃗�, �⃗⃗� ∈ ℤ𝑑s

 

exp (−𝑆[𝑠(�⃗⃗� ≠ 0⃗⃗)])

exp (−𝑆[𝑠(�⃗⃗� = 0⃗⃗)])
= exp (−2𝜋2𝑛2𝜅𝛽𝐿𝑑s−2[1 + 𝒪(1/𝐿2)])  

𝐺/𝐻 = SU(2)𝐿 × SU(2)𝑅/SU(2)𝐿=𝑅 = SU(2) = 𝑆
3  

𝚽(𝑥) = (
Φ0(𝑥)∗ Φ+(𝑥)

−Φ+(𝑥)∗ Φ0(𝑥)
) = |Φ(𝑥)|𝑈(𝑥), 𝑈(𝑥) ∈ SU(2)

 |Φ(𝑥)|2 = |Φ+(𝑥)|2 + |Φ0(𝑥)|2 = det𝚽(𝑥)

 

𝑈′(𝑥) = 𝐿𝑈(𝑥)𝑅†, 𝐿 ∈ SU(2)𝐿, 𝑅 ∈ SU(2)𝑅  

ℒ(𝑈) =
𝐹2

4
Tr[𝜕𝜇𝑈

†𝜕𝜇𝑈]  

ℒ(�⃗⃗�) =
1

2
𝜕𝜇�⃗⃗� ⋅ 𝜕𝜇�⃗⃗� +

𝑚2

2
|�⃗⃗�|2 +

𝜆

4!
|�⃗⃗�|4 =

1

2
𝜕𝜇�⃗⃗� ⋅ 𝜕𝜇�⃗⃗� +

𝜆

4!
(|�⃗⃗�|2 − v2)

2
+ 𝐶 

ℒ(𝑠) =
V2

2
𝜕𝜇𝑠 ⋅ 𝜕𝜇𝑠, 𝑠(𝑥) = (𝑠1(𝑥), 𝑠2(𝑥), 𝑠3(𝑥), 𝑠4(𝑥)), |𝑠(𝑥)| = 1  

𝑈(𝑥) = 𝑠4(𝑥)𝟙 + i[𝑠1(𝑥)𝜏
1 + 𝑠2(𝑥)𝜏

2 + 𝑠3(𝑥)𝜏
3]  

v = √−
6𝑚2

𝜆
,  

𝑀Planck =
1

√𝐺
≃ 1.22 × 1019GeV,  
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v

𝑀Planck 

= 𝒪(10−17),  

𝑍 = ∫  𝒟�⃗⃗�exp (−𝑆[�⃗⃗�]) =∏ 

𝑥

  (
𝑎

2𝜋
)
2

∫  
ℝ4
 𝑑�⃗⃗�𝑥exp (−𝑆[�⃗⃗�])  

𝑆[�⃗⃗�] = 𝑎4∑ 

𝑥

  [
1

2
∑  

𝜇

 (
�⃗⃗�𝑥+�̂� − �⃗⃗�𝑥

𝑎
)

2

+ 𝑉(�⃗⃗�𝑥)] , �⃗⃗�𝑥 ∈ ℝ
4  

𝑉(�⃗⃗�𝑥) =
𝑚2

2
|�⃗⃗�𝑥|

2
+
𝜆

4!
|�⃗⃗�𝑥|

4
 

𝑚H𝑎 = 𝑚H
𝜋

Λ
∝ |
𝜅 − 𝜅c(𝜆)

𝜅c(𝜆)
|
𝑣

.  

𝑚H = √−2𝑚
2 = √

𝜆

3
v, v = √−

6𝑚2

𝜆
.  

Φ(𝑥) = (
Φ+(𝑥)

Φ0(𝑥)
) , Φ̃(𝑥) = (

Φ̃0(𝑥)

Φ̃−(𝑥)
)  

Φ′(𝑥) = 𝐿Φ(𝑥), Φ̃′(𝑥) = 𝐿Φ̃(𝑥), 𝐿 ∈ SU(2)𝐿  

Φ′(𝑥) = exp (i
𝑔′

2
𝜑)Φ(𝑥), Φ̃′(𝑥) = exp (−i

𝑔′

2
𝜑) Φ̃(𝑥)  

Φ′(𝑥) = exp (i𝛾)Φ(𝑥), Φ̃′(𝑥) = exp (i𝛾)Φ̃(𝑥)  

ℒ(Φ, Φ̃) =
1

2
𝜕𝜇Φ

†𝜕𝜇Φ+
1

2
𝜕𝜇Φ̃

†𝜕𝜇Φ̃ + 𝑉(Φ, Φ̃)  

𝑉(Φ, Φ̃) =
𝑚2

2
|Φ|2 +

𝜆

4!
|Φ|4 +

�̃�2

2
|Φ̃|2 +

�̃�

4!
|Φ̃|4 +

𝜘

2
|Φ|2|Φ̃|2 +

𝜘′

2
|Φ†Φ̃|

2

 |Φ|2 = Φ+∗Φ+ +Φ0∗Φ0, |Φ̃|2 = Φ̃0∗Φ̃0 + Φ̃−∗Φ̃−
 

Φ(𝑥) = (
0

v
) , v = √

�̃�𝑚2 − 6𝜘�̃�2

6𝜘2 − 𝜆�̃�/6

Φ̃(𝑥) = (
ṽ

0
) , ṽ = √

𝜆�̃�2 − 6𝜘𝑚2

6𝜘2 − 𝜆�̃�/6

 

Φ′(𝑥) = (
exp (i𝑒𝛼) 0

0 0
)Φ(𝑥), Φ̃′(𝑥) = (

0 0
0 exp (−i𝑒𝛼)

) Φ̃(𝑥)  

Φ(𝑥) = (
𝜋1(𝑥) + i𝜋2(𝑥)

v + 𝜎(𝑥) + i𝜋3(𝑥)
) , Φ̃(𝑥) = (

ṽ + �̃�(𝑥) − i�̃�3(𝑥)

−�̃�1(𝑥) − i�̃�2(𝑥)
)  
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𝑉(Φ, Φ̃) =
𝑚2

2
[(v + 𝜎)2 + 𝜋1

2 + 𝜋2
2 + 𝜋3

2] +
𝜆

4!
[(v + 𝜎)2 + 𝜋1

2 + 𝜋2
2 + 𝜋3

2]2

 +
�̃�2

2
[(ṽ + �̃�)2 + �̃�1

2 + �̃�2
2 + �̃�3

2] +
�̃�

4!
[(ṽ + �̃�)2 + �̃�1

2 + �̃�2
2 + �̃�3

2]2

 +
𝜘

2
[(v + 𝜎)2 + 𝜋1

2 + 𝜋2
2 + 𝜋3

2][(ṽ + �̃�)2 + �̃�1
2 + �̃�2

2 + �̃�3
2]

 +
𝜘′

2
|(𝜋1 − i𝜋2)(ṽ + �̃� − i�̃�3) + (v + 𝜎 − i𝜋3)(−�̃�1 + i�̃�2)|

2

 

≈
1

2
(𝑚2 +

𝜆

2
v2 + 𝜘ṽ2)𝜎2 +

1

2
(�̃�2 +

�̃�

2
ṽ2 + 𝜘v2) �̃�2 

 +
𝜘′

2
(v2 + ṽ2) [(

ṽ𝜋1 − v�̃�1

√v2 + ṽ2
)
2

+ (
ṽ𝜋2 − v�̃�2

√v2 + ṽ2
)
2

] + 𝐶

 

𝜎(𝑥), �̃�(𝑥), 𝜌1(𝑥) =
ṽ𝜋1(𝑥) − v�̃�1(𝑥)

√v2 + ṽ2
, 𝜌2(𝑥) =

ṽ𝜋2(𝑥) − v�̃�2(𝑥)

√v2 + ṽ2
 

𝑚𝜎
2 =

𝜆

3
v2,𝑚�̃�

2 =
�̃�2

3
ṽ2,𝑚𝜌1

2 = 𝑚𝜌2
2 = 𝜘′(v2 + ṽ2)  

𝜋3(𝑥) �̃�3(𝑥), 𝜁1(𝑥) =
v𝜋1(𝑥) + ṽ�̃�1(𝑥)

√v2 + ṽ2
, 𝜁2(𝑥) =

v𝜋2(𝑥) + ṽ�̃�2(𝑥)

√v2 + ṽ2
 

𝐺/𝐻 = SU(2)𝐿 × U(1)𝑌 × U(1)PQ/U(1)em = SU(2) × U(1)  

ℒ(𝑉, 𝑎)=
𝐹2

4
Tr[𝜕𝜇𝑉

†𝜕𝜇𝑉] + 𝐾Tr[𝜕𝜇𝑉
†𝜕𝜇𝑉𝜏

3] +
1

2
𝜕𝜇𝑎𝜕𝜇𝑎 

 =
𝐹2

4
Tr[𝜕𝜇𝑉

†𝜕𝜇𝑉] +
1

2
𝜕𝜇𝑎𝜕𝜇𝑎

 

𝑀 = (
𝑎 𝑏
𝑐 𝑑

) , 𝑎, 𝑏, 𝑐, 𝑑 ∈ ℂ 

𝑑 = 𝑎∗, 𝑐 = −𝑏∗, |𝑎|2 + |𝑏|2 = 1. 

𝚽 = ( Φ0∗ Φ+

−Φ+∗ Φ0
) ,Φ+, Φ0 ∈ ℂ. 

𝚽 → 𝐿𝚽  and  𝚽 → 𝚽𝑅†, 

SU(𝑁f)𝐿 × SU(𝑁f)𝑅 → SU(𝑁f). 

ℒ(�⃗⃗�) =
1

2
𝜕𝜇�⃗⃗� ⋅ 𝜕𝜇�⃗⃗� +

𝑚2

2
�⃗⃗� ⋅ �⃗⃗� +

𝜆

4!
(�⃗⃗� ⋅ �⃗⃗�)2 

Φ(𝑥) = (
Φ+(𝑥)

Φ0(𝑥)
) , Φ̃(𝑥) = (

Φ̃0(𝑥)

Φ̃−(𝑥)
) 

ℒ(Φ, 𝜕𝜇Φ, Φ̃, 𝜕𝜇Φ̃) =
1

2
𝜕𝜇Φ

†𝜕𝜇Φ+
1

2
𝜕𝜇Φ̃

†𝜕𝜇Φ̃ + 𝑉(Φ, Φ̃) 
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𝑉(Φ, Φ̃) =
𝑚2

2
|Φ|2 +

𝜆

4!
|Φ|4 +

�̃�2

2
|Φ̃|2 +

�̃�

4!
|Φ̃|4 +

𝜘

2
|Φ|2|Φ̃|2

 |Φ|2 = Φ+∗Φ+ +Φ0∗Φ0, |Φ̃|2 = Φ̃0∗Φ̃0 + Φ̃−∗Φ̃−
 

Ξ(𝑥) = Ξ𝑎(𝑥)𝜆
𝑎, Ξ𝑎(𝑥) ∈ ℝ, 𝑎 ∈ {1,2,… ,8} 

Ξ′(𝑥) = ΥΞ(𝑥)Υ† 

𝑉(Ξ) =
𝑀2

2
Tr[Ξ2] +

Λ

4!
Tr[Ξ4] 

ℒ(Φ, 𝐴) =
1

2
(𝐷𝜇Φ)

∗
𝐷𝜇Φ+ 𝑉(Φ) +

1

4
𝐹𝜇𝜈𝐹𝜇𝜈 , 𝑉(Φ) =

𝑚2

2
|Φ|2 +

𝜆

4!
|Φ|2  

Φ′(𝑥) = exp (i𝑄𝑒𝛼(𝑥))Φ(𝑥), 𝐴𝜇
′ (𝑥) = 𝐴𝜇(𝑥) − 𝜕𝜇𝛼(𝑥)  

𝐷𝜇Φ(𝑥) = [𝜕𝜇 + i𝑄𝑒𝐴𝜇(𝑥)]Φ(𝑥)  

ReΦ(𝑥) = 𝜙1(𝑥) ≥ 0, ImΦ(𝑥) = 𝜙2(𝑥) = 0  

Φ(𝑥) = v + 𝜎(𝑥);  

𝑉(Φ)=
𝑚2

2
(v + 𝜎)2 +

𝜆

4!
(v + 𝜎)4  

≈
𝑚2

2
v2 +𝑚2v𝜎 +

𝑚2

2
𝜎2 +

𝜆

4!
(v4 + 4v3𝜎 + 6v2𝜎2) 

 =
1

2
(𝑚2 +

𝜆

2
v2)𝜎2 + 𝐶 =

𝜆

6
v2𝜎2 + 𝐶 =

1

2
𝑚𝜎
2 + 𝐶

 

1

2
(𝐷𝜇Φ)

∗
𝐷𝜇Φ=

1

2
[(𝜕𝜇 − i𝑄𝑒𝐴𝜇)(v + 𝜎)][(𝜕𝜇 + i𝑄𝑒𝐴𝜇)(v + 𝜎)]  

=
1

2
(𝜕𝜇𝜎 − i𝑄𝑒𝐴𝜇v − i𝑄𝑒𝐴𝜇𝜎)(𝜕𝜇𝜎 + i𝑄𝑒𝐴𝜇v + i𝑄𝑒𝐴𝜇𝜎) 

 ≈
1

2
𝜕𝜇𝜎𝜕𝜇𝜎 +

1

2
𝑄2𝑒2v2𝐴𝜇𝐴𝜇

 

𝑀𝛾 = |𝑄|𝑒v  

Φ′(𝑥) = 𝐿(𝑥)Φ(𝑥),Φ(𝑥) = (
Φ+(𝑥)

Φ0(𝑥)
) ∈ ℂ2  

𝜕𝜇Φ
′(𝑥) = 𝐿(𝑥)𝜕𝜇Φ(𝑥) + 𝜕𝜇𝐿(𝑥)Φ(𝑥) = 𝐿(𝑥)[𝜕𝜇 + 𝐿(𝑥)

†𝜕𝜇𝐿(𝑥)]Φ(𝑥)  

𝐷𝜇Φ(𝑥) = [𝜕𝜇 +𝑊𝜇(𝑥)]Φ(𝑥)  

(𝐷𝜇Φ(𝑥))
†
= 𝜕𝜇Φ(𝑥)

† +Φ(𝑥)†𝑊𝜇(𝑥)
† = 𝜕𝜇Φ(𝑥)

† −Φ(𝑥)†𝑊𝜇(𝑥).  

𝑊𝜇(𝑥)
† = −𝑊𝜇(𝑥).  

𝑊𝜇(𝑥) = i𝑔𝑊𝜇
𝑎(𝑥)

𝜏𝑎

2
, 𝑎 = 1,2,3  
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𝑊𝜇
′(𝑥) = 𝐿(𝑥)[𝑊𝜇(𝑥) + 𝜕𝜇]𝐿(𝑥)

†, 𝐿(𝑥) ∈ SU(2)𝐿  

𝐷𝜇
′Φ′(𝑥)= [𝜕𝜇 +𝑊𝜇

′(𝑥)]Φ′(𝑥)  

= 𝐿(𝑥)[𝜕𝜇Φ(𝑥) + 𝐿(𝑥)
†𝜕𝜇𝐿(𝑥)Φ(𝑥) +𝑊𝜇(𝑥)𝐿(𝑥)

†𝐿(𝑥)Φ(𝑥) + 𝜕𝜇𝐿(𝑥)
†𝐿(𝑥)Φ(𝑥)] 

 = 𝐿(𝑥)[𝜕𝜇 +𝑊𝜇(𝑥)]Φ(𝑥) = 𝐿(𝑥)𝐷𝜇Φ(𝑥)

 

(𝐷𝜇Φ
′(𝑥))

†
= (𝐷𝜇Φ(𝑥))

†
𝐿(𝑥)†  

ℒ(Φ,𝑊) =
1

2
(𝐷𝜇Φ)

†
𝐷𝜇Φ+ 𝑉(Φ)  

𝑊𝜇𝜈(𝑥)= [𝐷𝜇 , 𝐷𝜈] = [𝜕𝜇 +𝑊𝜈(𝑥), 𝜕𝜈 +𝑊𝜈(𝑥)]  

 = 𝜕𝜇𝑊𝜈(𝑥) − 𝜕𝜈𝑊𝜇(𝑥) + [𝑊𝜇(𝑥),𝑊𝜈(𝑥)]
 

𝑊𝜇𝜈
′ (𝑥) = 𝐿(𝑥)𝑊𝜇𝜈(𝑥)𝐿(𝑥)

†  

ℒ(𝑊) =
1

4
𝑊𝜇𝜈
𝑎𝑊𝜇𝜈

𝑎 = −
1

2𝑔2
Tr[𝑊𝜇𝜈𝑊𝜇𝜈],𝑊𝜇𝜈(𝑥) = i𝑔𝑊𝜇𝜈

𝑎 (𝑥)
𝜏𝑎

2
,  

Φ′(𝑥) = exp (
1

2
i′𝜑(𝑥))Φ(𝑥)  

𝑅(𝑥) = (
exp (ig′𝜑(𝑥)/2) 0

0 exp (−i𝑔′𝜑(𝑥)/2)
) .  

𝐵𝜇
′(𝑥) = 𝐵𝜇(𝑥) − 𝜕𝜇𝜑(𝑥)  

𝐷𝜇Φ(𝑥)= [𝜕𝜇 +𝑊𝜇(𝑥) + i
𝑔′

2
𝐵𝜇(𝑥)]Φ(𝑥)  

 = [𝜕𝜇 + i𝑔𝑊𝜇
𝑎(𝑥)

𝜏𝑎

2
+ i
𝑔′

2
𝐵𝜇(𝑥)] (

Φ+(𝑥)

Φ0(𝑥)
)

 

𝑩𝜇𝜈(𝑥) = 𝜕𝜇𝑩𝜈(𝑥) − 𝜕𝜈𝑩𝜇(𝑥)  

ℒ(Φ,𝑊,𝐵) =
1

2
(𝐷𝜇Φ)

†
𝐷𝜇Φ+ 𝑉(Φ) −

1

2𝑔2
Tr[𝑊𝜇𝜈𝑊𝜇𝜈] +

1

4
𝐵𝜇𝜈𝐵𝜇𝜈  

Φ(𝑥) = (
0

v
) , v ∈ ℝ+  

Φ′(𝑥) = (
exp (i𝑒𝛼(𝑥)) 0

0 1
)Φ(𝑥)  

(
exp (i𝑒𝛼(𝑥)) 0

0 1
) =

(
exp (i𝑒𝛼(𝑥)/2) 0

0 exp (i𝑒𝛼(𝑥)/2)
) (
exp (i𝑒𝛼(𝑥)/2) 0

0 exp (−i𝑒𝛼(𝑥)/2)
)

 

Φ(𝑥) = (
0

v + 𝜎(𝑥)
) , 𝜎(𝑥) ∈ ℝ  
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𝑉(Φ) =
𝑚2

2
(v + 𝜎)2 +

𝜆

4!
(v + 𝜎)4 = −𝑚2𝜎2 + 𝐶 + 𝒪(𝜎4), v2 = −

6𝑚2

𝜆
 

𝑀H
2 = −2𝑚2 > 0  

1

2
(𝐷𝜇Φ)

†
𝐷𝜇Φ =

1

2
|(𝜕𝜇 + i𝑔𝑊𝜇

𝑎
𝜏𝑎

2
+ i
𝑔′

2
𝐵𝜇) (

0

v + 𝜎
)|

2

=
1

2
𝜕𝜇𝜎𝜕𝜇𝜎 +

(v + 𝜎)2

2
(0,1) [(𝑔𝑊𝜇

𝑎
𝜏𝑎

2
+
𝑔′

2
𝐵𝜇)(𝑔𝑊𝜇

𝑏
𝜏𝑏

2
+
𝑔′

2
𝐵𝜇)] (

0

1
)

 =
1

2
𝜕𝜇𝜎𝜕𝜇𝜎 +

1

8
(v + 𝜎)2[𝑔2𝑊𝜇

1𝑊𝜇
1 + 𝑔2𝑊𝜇

2𝑊𝜇
2 + (𝑔𝑊𝜇

3 − 𝑔′𝐵𝜇)(𝑔𝑊𝜇
3 − 𝑔′𝐵𝜇)].

 

𝑀𝑊 =
1

2
𝑔𝑣  

𝑍𝜇(𝑥) =
𝑔𝑊𝜇

3(𝑥) − 𝑔′𝐵𝜇(𝑥)

√𝑔2 + 𝑔′2
 

𝑀𝑍 =
1

2
√𝑔2 + 𝑔′2v  

𝐴𝜇(𝑥) =
𝑔′𝑊𝜇

3(𝑥) + 𝑔𝐵𝜇(𝑥)

√𝑔2 + 𝑔′2
 

(
𝐴𝜇(𝑥)

𝑍𝜇(𝑥)
) = (

cos 𝜃W sin 𝜃W
−sin 𝜃W cos 𝜃W

)(
𝐵𝜇(𝑥)

𝑊𝜇
3(𝑥)

)  

𝑔

√𝑔2 + 𝑔′2
= cos 𝜃W,

𝑔′

√𝑔2 + 𝑔′2
= sin 𝜃W  

𝑀𝑊
𝑀𝑍

=
𝑔

√𝑔2 + 𝑔′2
= cos 𝜃W  

𝑀𝑊 = 80.377(12)GeV,𝑀𝑍 = 91.1876(21)GeV  

sin2 𝜃W = 0.23119(14)  

𝐷𝜇Φ = [𝜕𝜇 + i𝑔𝑊𝜇
𝑎
𝜏𝑎

2
+ i
𝑔′

2
𝐵𝜇] (

Φ+

Φ0
)

= [𝜕𝜇 + i𝑔𝑊𝜇
1
𝜏1

2
+ i𝑔𝑊𝜇

2
𝜏2

2
+
i

2
(
𝑔𝑊𝜇

3 + 𝑔′𝐵𝜇 0

0 −𝑔𝑊𝜇
3 + 𝑔′𝐵𝜇

)](
Φ+

Φ0
)

= [𝜕𝜇 + i𝑔𝑊𝜇
1
𝜏1

2
+ i𝑔𝑊𝜇

2
𝜏2

2

+ i(
[
1

2
(𝑔2 − 𝑔′2)𝑍𝜇 + 𝑔𝑔

′𝐴𝜇] /√𝑔
2 + 𝑔′2 0

0 −
1

2
√𝑔2 + 𝑔′2𝑍𝜇

)(
Φ+

Φ0
) 
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𝑒 =
𝑔𝑔′

√𝑔2 + 𝑔′2
 

𝑊𝜇
±(𝑥) =

1

√2
(𝑊𝜇

1(𝑥) ∓ i𝑊𝜇
2(𝑥))  

𝐴𝜇
′ (𝑥) = 𝐴𝜇(𝑥) − 𝜕𝜇𝛼(𝑥), 𝑍𝜇

′ (𝑥) = 𝑍𝜇(𝑥),𝑊𝜇
±′(𝑥) = exp (±i𝑒𝛼(𝑥))𝑊𝜇

±(𝑥)  

 

𝚽(𝑥) = (
Φ0(𝑥)∗ Φ+(𝑥)

−Φ+(𝑥)∗ Φ0(𝑥)
)  

𝚽′(𝑥) = 𝐿(𝑥)𝚽(𝑥)𝑅(𝑥)†, 𝐿(𝑥) ∈ SU(2)𝐿

𝑅(𝑥) = (
exp (ig′𝜑(𝑥)/2) 0

0 exp (−i𝑔′𝜑(𝑥)/2
) ∈ U(1)𝑌

 

𝐷𝜇𝚽(𝑥) = 𝜕𝜇𝚽(𝑥) +𝑊𝜇(𝑥)𝚽(𝑥) − 𝚽(𝑥)i𝑔
′𝑩𝜇(𝑥)

𝜏3

2
 

𝜌 =
𝑀𝑊
2

𝑀𝑍
2cos2 𝜃W

= 1  

𝚽(𝑥)†𝚽(𝑥) = 𝚽(𝑥)𝚽(𝑥)† = (|Φ0(𝑥)|2 + |Φ+(𝑥)|2)𝟙  

Tr[𝚽(𝑥)†𝚽(𝑥)𝜏3𝚽(𝑥)†𝚽(𝑥)𝜏3] = 2(|Φ0(𝑥)|2 + |Φ+(𝑥)|2)2  

𝐷𝜇𝚽(𝑥) = 𝜕𝜇𝚽(𝑥) +𝑊𝜇(𝑥)𝚽(𝑥) − 𝚽(𝑥)𝑋𝜇(𝑥)  

𝑋𝜇
′ (𝑥) = 𝑅(𝑥)[𝑋𝜇(𝑥) + 𝜕𝜇]𝑅(𝑥)

†  

𝑋𝜇(𝑥) = i𝑔
′𝐵𝜇(𝑥)

𝜏3

2
.  

𝑍𝜇
𝑎(𝑥) =

𝑔𝑊𝜇
𝑎(𝑥) − 𝑔′𝑋𝜇

𝑎(𝑥)

√𝑔2 + 𝑔′2
, 𝐴𝜇
𝑎(𝑥) =

𝑔′𝑊𝜇
𝑎(𝑥) + 𝑔𝑋𝜇

𝑎(𝑥)

√𝑔2 + 𝑔′2
.  

𝑆[Φ] = 𝑎4∑ 

𝑥

 𝑉(Φ𝑥) = 𝑎
4∑ 

𝑥

 
𝜆

4!
(|Φ𝑥|

2 − v2)2  

Φ𝑥
′ = exp (i𝑄𝑒𝛼𝑥)Φ𝑥  
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𝐴𝑥,𝜇
′ = 𝐴𝑥,𝜇 −

1

𝑎
(𝛼𝑥+�̂� − 𝛼𝑥),  

𝑈𝑥,𝜇
𝑄
= exp (i𝑄𝑒𝑎𝐴𝑥,𝜇)  ⇒  𝑈𝑥,𝜇

𝑄′
= exp (i𝑄𝑒𝛼𝑥)𝑈𝑥,𝜇

𝑄
exp (−i𝑄𝑒𝛼𝑥+�̂�)  

(𝐷fΦ)
𝑥,𝜇
=
1

𝑎
(𝑈𝑥,𝜇

𝑄
Φ𝑥+�̂� −Φ𝑥) ⇒ (𝐷fΦ)

𝑥,𝜇

′
= exp (i𝑄𝑒𝛼𝑥)(𝐷

fΦ)
𝑥,𝜇

(𝐷bΦ)
𝑥,𝜇
=
1

𝑎
(Φ𝑥+�̂� − 𝑈𝑥,𝜇

𝑄∗
Φ𝑥) ⇒ (𝐷bΦ)

𝑥,𝜇

′
= exp (i𝑄𝑒𝛼𝑥+�̂�)(𝐷

bΦ)
𝑥,𝜇

 

1

2𝑎2
|(𝐷fΦ)

𝑥,𝜇
|
2
=

1

2𝑎2
|(𝐷bΦ)

𝑥,𝜇
|
2
=

1

2𝑎2
(|Φ𝑥|

2 + |Φ𝑥+�̂�|
2
−Φ𝑥

∗𝑈𝑥,𝜇
𝑄
Φ𝑥+�̂� −Φ𝑥+�̂�

∗ 𝑈𝑥,𝜇
𝑄∗
Φ𝑥)  

𝑆[Φ, 𝐴] = 𝑎4∑ 

𝑥,𝜇

 
1

2𝑎2
(|Φ𝑥|

2 + |Φ𝑥+�̂�|
2
−Φ𝑥

∗𝑈𝑥,𝜇
𝑄
Φ𝑥+�̂� −Φ𝑥+�̂�

∗ 𝑈𝑥,𝜇
𝑄∗
Φ𝑥)  

𝐹𝑥,𝜇𝜈 =
1

𝑎
(𝐴𝑥+�̂�,𝜈 − 𝐴𝑥,𝜈 − 𝐴𝑥+�̂�,𝜇 + 𝐴𝑥,𝜇),  

𝑆[𝐴] = 𝑎4 ∑  

𝑥,𝜇,𝜈

 
1

4
𝐹𝑥,𝜇𝜈
2 = 𝑎4 ∑  

𝑥,𝜇,𝜈

 
1

4𝑎2
(𝐴𝑥,𝜇 + 𝐴𝑥+�̂�,𝜈 − 𝐴𝑥+�̂�,𝜇 − 𝐴𝑥,𝜈)

2

 

∫  𝒟Φ𝒟𝐴 =∏ 

𝑥

 
𝑎

2𝜋
∫ 
ℂ

 𝑑Φ𝑥∏ 

𝑦,𝜇

 √
𝑎

2𝜋
∫  
ℝ

 𝑑𝐴𝑦,𝜇  

𝑆gf[𝐴] = 𝑎
4∑ 

𝑥

 
1

2𝜉
[∑  

𝜇

 
1

𝑎
(𝐴𝑥+�̂�,𝜇 − 𝐴𝑥,𝜇)]

2

 

𝑍 = ∫  𝒟Φ𝒟𝐴exp (−𝑆[Φ, 𝐴] − 𝑆[Φ] − 𝑆[𝐴] − 𝑆gf[𝐴])  

Φ̃𝑥 =
Φ𝑥
v
, �̃�𝑥,𝜇 = 𝑒𝑎𝐴𝑥,𝜇  

𝑆[Φ, 𝐴] + 𝑆[Φ] → 𝑆[Φ̃, �̃�] = −∑  

𝑥,𝜇

 𝜅Re[Φ̃𝑥
∗𝑈𝑥,𝜇

𝑄 Φ̃𝑥+�̂�], 𝑈𝑥,𝜇
𝑄 = exp (i𝑄�̃�𝑥,𝜇)  

𝑆[𝐴] → 𝑆[�̃�] = ∑  

𝑥,𝜇,𝜈

 
1

4𝑒2
(�̃�𝑥,𝜇 + �̃�𝑥+�̂�,𝜈 − �̃�𝑥+�̂�,𝜇 − �̃�𝑥,𝜈)

2

 

𝚽𝑥 = (
Φ𝑥
0∗ Φ𝑥

+

−Φ𝑥
+∗ Φ𝑥

0) ,𝚽𝑥
′ = 𝐿𝑥𝚽𝑥𝑅

†.  

𝑆[𝚽] = 𝑎4∑ 

𝑥

 𝑉(𝚽𝑥) = 𝑎
4∑ 

𝑥

 
𝜆

4!
((
1

2
Tr[𝚽𝑥

†𝚽𝑥])
2

− v2)

2

1

2
Tr[𝚽𝑥

†𝚽𝑥] = |Φ𝑥
+|2 + |Φ𝑥

0|2.
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𝑈𝑥,𝜇
′ = 𝐿𝑥𝑈𝑥,𝜇𝐿𝑥+�̂�

†
 

𝑆[𝑈] =
2

𝑔2
∑  

𝑥,𝜇>𝑣

 Tr [𝟙 −
1

2
𝑈𝑥,𝜇𝑈𝑥+�̂�,𝜈𝑈𝑥+�̂�,𝜇

† 𝑈𝑥,𝜈
† −

1

2
𝑈𝑥,𝜈𝑈𝑥+�̂�,𝜇𝑈𝑥+�̂�,𝜈

† 𝑈𝑥,𝜇
† ]  

(𝐷f𝚽)
𝑥,𝜇
=
1

𝑎
(𝑈𝑥,𝜇𝚽𝑥+�̂� −𝚽𝑥)  ⇒  (𝐷

f𝚽)
𝑥,𝜇

′
= 𝐿𝑥(𝐷

f𝚽)
𝑥,𝜇
𝑅†

(𝐷b𝚽)
𝑥,𝜇
=
1

𝑎
(𝚽𝑥+�̂� − 𝑈𝑥,𝜇

† 𝚽𝑥)  ⇒  (𝐷
b𝚽)

𝑥,𝜇

′
= 𝐿𝑥+�̂�(𝐷

b𝚽)
𝑥,𝜇
𝑅†

 

1

4𝑎2
Tr [(𝐷f𝚽)

𝑥,𝜇

†
(𝐷f𝚽)

𝑥,𝜇
] =

1

4𝑎2
Tr [(𝐷b𝚽)

𝑥,𝜇

†
(𝐷b𝚽)

𝑥,𝜇
]

 =
1

4𝑎2
Tr[𝚽𝑥

†𝚽𝑥 +𝚽𝑥+�̂�
† 𝚽𝑥+�̂� −𝚽𝑥

†𝑈𝑥,𝜇𝚽𝑥+�̂� −𝚽𝑥+�̂�
† 𝑈𝑥,𝜇

† 𝚽𝑥].

 

𝑆[𝚽,𝑈] = 𝑎4∑ 

𝑥,𝜇

 
1

4𝑎2
Tr[𝚽𝑥

†𝚽𝑥 +𝚽𝑥+�̂�
† 𝚽𝑥+�̂� −𝚽𝑥

†𝑈𝑥,𝜇𝚽𝑥+�̂� −𝚽𝑥+�̂�
† 𝑈𝑥,𝜇

† 𝚽𝑥].  

𝑍= ∫  𝒟Φ𝒟𝑈exp (−𝑆[𝚽,𝑈] − 𝑆[𝚽] − 𝑆[𝑈])  

 =∏ 

𝑥

  (
𝑎

2𝜋
)
2

∫  
ℂ2
 𝑑𝚽𝑥∏ 

𝑦,𝜇

 ∫  
SU(2)

 𝑑𝑈𝑦,𝜇exp (−𝑆[𝚽,𝑈] − 𝑆[𝚽] − 𝑆[𝑈])
 

𝑆[𝚽,𝑈] + 𝑆[𝚽] → 𝑆[�̃�, 𝑈] = −∑  

𝑥,𝜇

 
𝜅

2
ReTr[�̃�𝑥

†𝑈𝑥,𝜇�̃�𝑥+�̂�]  

Ξ(𝑥) = Ξ𝑎(𝑥)𝜆
𝑎, Ξ𝑎(𝑥) ∈ ℝ, 𝑎 = 1,2,… ,8  

Ξ′(𝑥) = Υ(𝑥)Ξ(𝑥)Υ(𝑥)†, Υ(𝑥) ∈ SU(3)  

𝑉(Ξ) =
𝑀2

2
Tr[Ξ2] +

𝜅

3!
Tr[Ξ3] +

Λ

4!
Tr[Ξ4]  

Ξ(𝑥) = (

𝜉1(𝑥) 0 0
0 𝜉2(𝑥) 0
0 0 −𝜉1(𝑥) − 𝜉2(𝑥)

)  

𝑉(Ξ) =
𝑀2

2
(𝜉1
2 + 𝜉2

2 + (𝜉1 + 𝜉2)
2)

 +
𝜅

3!
(𝜉1
3 + 𝜉2

3 − (𝜉1 + 𝜉2)
3) +

Λ

4!
(𝜉1
4 + 𝜉2

4 + (𝜉1 + 𝜉2)
4)

 

= 𝑀2(𝜉1
2 + 𝜉2

2 + 𝜉1𝜉2) −
𝜅

2
𝜉1𝜉2(𝜉1 + 𝜉2)  

 +
Λ

4!
(2𝜉1

4 + 4𝜉1
3𝜉2 + 6𝜉1

2𝜉2
2 + 4𝜉1𝜉2

3 + 2𝜉2
4)

 

det(Ξ) = −𝜉1𝜉2(𝜉1 + 𝜉2) =
1

3
Tr[Ξ3]  
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(Tr[Ξ2])2= 4(𝜉1
2 + 𝜉2

2 + 𝜉1𝜉2)
2  

 = 4(𝜉1
4 + 2𝜉1

3𝜉2 + 3𝜉1
2𝜉2
2 + 2𝜉1𝜉2

3 + 𝜉2
4) = 2Tr[Ξ4]

 

𝜕𝑉(Ξ)

𝜕𝜉1
= 𝑀2(2𝜉1 + 𝜉2) −

𝜅

2
(2𝜉1𝜉2 + 𝜉2

2) +
Λ

3!
(𝜉1
2 + 𝜉2

2 + 𝜉1𝜉2)(2𝜉1 + 𝜉2) = 0

𝜕𝑉(Ξ)

𝜕𝜉2
= 𝑀2(2𝜉2 + 𝜉1) −

𝜅

2
(2𝜉1𝜉2 + 𝜉1

2) +
Λ

3!
(𝜉1
2 + 𝜉2

2 + 𝜉1𝜉2)(2𝜉2 + 𝜉1) = 0

 

3𝑀2(𝜉1 + 𝜉2) −
𝜅

2
(𝜉1
2 + 𝜉2

2 + 4𝜉1𝜉2) +
Λ

2
(𝜉1
2 + 𝜉2

2 + 𝜉1𝜉2)(𝜉1 + 𝜉2) = 0  

𝑀2(𝜉1 − 𝜉2) +
𝜅

2
(𝜉1
2 − 𝜉2

2) +
Λ

3!
(𝜉1
2 + 𝜉2

2 + 𝜉1𝜉2)(𝜉1 − 𝜉2) = 0  

𝑀2 +
𝜅

2
(𝜉1 + 𝜉2) +

Λ

3!
(𝜉1
2 + 𝜉2

2 + 𝜉1𝜉2) = 0  

(𝜉1 + 𝜉2)
2 +

1

2
𝜉1𝜉2 = 0  

𝜉± =
1

2Λ
(𝜅 ± √𝜅2 − 8𝑀2Λ)  

𝑉(Ξ) = 𝜉±
2 (
3𝑀2

2
−
𝜅𝜉±
4
)  

𝜉+ =
1

2Λ
(𝜅 + √𝜅2 − 8𝑀2Λ) =

𝒱

√3
,  

Ξ(𝑥) = Ξ0 =
𝒱

√3
(
1 0 0
0 1 0
0 0 −2

) = 𝒱𝜆8.  

𝑉𝜇(𝑥) = i𝑔3𝑉𝜇
𝑎(𝑥)

𝜆𝑎

2
 

𝑉𝜇
′(𝑥) = Υ(𝑥)(𝑉𝜇(𝑥) + 𝜕𝜇)Υ(𝑥)

†, Υ(𝑥) ∈ SU(3)  

𝑊𝜇
1(𝑥) = 𝑉𝜇

1(𝑥), 𝑊𝜇
2(𝑥) = 𝑉𝜇

2(𝑥),𝑊𝜇
3(𝑥) = 𝑉𝜇

3(𝑥), 𝐵𝜇(𝑥) = 𝑉𝜇
8(𝑥),

𝑋𝜇
1(𝑥) = 𝑉𝜇

4(𝑥), 𝑋𝜇
2(𝑥) = 𝑉𝜇

5(𝑥), 𝑌𝜇
1(𝑥) = 𝑉𝜇

6(𝑥), 𝑌𝜇
2(𝑥) = 𝑉𝜇

7(𝑥).
 

𝑋𝜇(𝑥) = 𝑋𝜇
1(𝑥) + i𝑋𝜇

2(𝑥), 𝑋‾𝜇(𝑥) = 𝑋𝜇
1(𝑥) − i𝑋𝜇

2(𝑥),

𝑌𝜇(𝑥) = 𝑌𝜇
1(𝑥) + i𝑌𝜇

2(𝑥), 𝑌‾𝜇(𝑥) = 𝑌𝜇
1(𝑥) − i𝑌𝜇

2(𝑥),
 

𝑉𝜇(𝑥) = i
𝑔3
2
(

𝑊𝜇
3(𝑥) + 𝐵𝜇(𝑥)/√3 𝑊𝜇

−(𝑥) 𝑋‾𝜇(𝑥)

𝑊𝜇
+(𝑥) −𝑊𝜇

3(𝑥) + 𝐵𝜇(𝑥)/√3 𝑌‾𝜇(𝑥)

𝑋𝜇(𝑥) 𝑌𝜇(𝑥) −2𝐵𝜇(𝑥)/√3

) .  

Υ(𝑥) = (
exp (i𝑔′𝜑(𝑥)/2)𝐿(𝑥) 02×1

01×2 exp (−i𝑔′𝜑(𝑥))
) ∈ SU(3), 𝐿(𝑥) ∈ SU(2)𝐿  
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𝑊𝜇
′(𝑥) = 𝐿(𝑥)(𝑊𝜇(𝑥) + 𝜕𝜇)𝐿(𝑥)

†, 𝐵𝜇
′(𝑥) = 𝐵𝜇(𝑥) − 𝜕𝜇𝜑(𝑥)

(𝑋𝜇
′ (𝑥), 𝑌𝜇

′(𝑥)) = exp (−i𝑔′
3

2
𝜑(𝑥)) (𝑋𝜇

′ (𝑥), 𝑌𝜇
′(𝑥))𝐿(𝑥)†

(
𝑋‾𝜇
′ (𝑥)

𝑌‾𝜇
′(𝑥)

) = exp (i𝑔′
3

2
𝜑(𝑥)) 𝐿(𝑥) (

𝑋‾𝜇
′ (𝑥)

𝑌‾𝜇
′(𝑥)

)

 

𝑄𝑋 = −
1

2
−
3

2
= −2,𝑄𝑌 =

1

2
−
3

2
= −1,𝑄𝑋‾ = 2,𝑄𝑌‾ = 1  

{8} = {3}0 + {1}0 + {2}2/3 + {2}−2/3  

𝑔 = 𝑔3, 𝑔
′ =

1

√3
𝑔3  ⇒  𝑒 =

𝑔𝑔′

√𝑔2 + 𝑔′2
=
𝑔3
2
, sin2 𝜃W =

𝑔′2

𝑔2 + 𝑔′2
=
1

4
 

𝐷𝜇Ξ(𝑥) = 𝜕𝜇Ξ(𝑥) + [𝑉𝜇(𝑥), Ξ(𝑥)].  

𝑉𝜇𝜈(𝑥) = 𝜕𝜇𝑉𝜈(𝑥) − 𝜕𝜈𝑉𝜇(𝑥) + [𝑉𝜇(𝑥), 𝑉𝜈(𝑥)],  

ℒ(Ξ, 𝑉) =
1

4
Tr[𝐷𝜇Ξ𝐷𝜇Ξ] + 𝑉(Ξ) −

1

2𝑔3
2 Tr[𝑉𝜇𝜈𝑉𝜇𝜈]  

1

4
Tr[𝐷𝜇Ξ𝐷𝜇Ξ] =

1

4
Tr [[𝑉𝜇 , Ξ0][𝑉𝜇 , Ξ0]] =

3

8
𝑔3
2𝒱2(𝑋‾𝜇𝑋𝜇 + 𝑌‾𝜇𝑌𝜇)  

[𝑉𝜇 , Ξ0] = i
√3

2
𝑔3𝒱(

0 0 −𝑋‾𝜇

0 0 −𝑌‾𝜇
𝑋𝜇 𝑌𝜇 0

)  

𝑀𝑋 = 𝑀𝑌 =
√3

2
𝑔3𝒱  

Φ(𝑥) = (

Φ+(𝑥)

Φ0(𝑥)
𝜙−(𝑥)

) ∈ ℂ3  

{3} = {2}1/2 + {1}−1  

𝑉(Φ, Ξ) =
𝑚′2

2
Φ†Φ+

𝜅′

3!
Φ†ΞΦ+

𝜆′

4!
Φ†Ξ2Φ+

𝜆

4!
(Φ†Φ)

2
 

𝑉(Φ, Ξ0)=
𝑚′2

2
(Φ+∗Φ+ +Φ0∗Φ0 + 𝜙−∗𝜙−) +

𝜆

4!
(Φ+∗Φ+ +Φ0∗Φ0 + 𝜙−∗𝜙−)2  

 +
𝜅′

3!

𝒱

√3
(Φ+∗Φ+ +Φ0∗Φ0 − 2𝜙−∗𝜙−) +

𝜆′

4!

𝒱2

3
(Φ+∗Φ+ +Φ0∗Φ0 + 4𝜙−∗𝜙−)

 



pág. 793 

𝜕𝑉(Φ, Ξ0)

𝜕Φ+∗
= (

𝑚′2

2
+
𝜅′

3!

𝒱

√3
+
𝜆′

4!

𝒱2

3
)Φ+ +

2𝜆

4!
(Φ+∗Φ+ +Φ0∗Φ0 + 𝜙−∗𝜙−)Φ+ = 0

𝜕𝑉(Φ, Ξ0)

𝜕Φ0∗
= (

𝑚′2

2
+
𝜅′

3!

𝒱

√3
+
𝜆′

4!

𝒱2

3
)Φ0 +

2𝜆

4!
(Φ+∗Φ+ +Φ0∗Φ0 + 𝜙−∗𝜙−)Φ0 = 0

𝜕𝑉(Φ, Ξ0)

𝜕𝜙−∗
= (

𝑚′2

2
−
2𝜅′

3!

𝒱

√3
+
𝜆′

3!

𝒱2

3
)𝜙− +

2𝜆

4!
(Φ+∗Φ+ +Φ0∗Φ0 + 𝜙−∗𝜙−)𝜙− = 0

 

𝑚′2

2
+
𝜅′

3!

𝒱

√3
+
𝜆′

4!

𝒱2

3
+
2𝜆

4!
v2 = 0  

𝑀H
2 = 𝑚′2 +

𝜅′

3√3
𝒱 +

𝜆′

36
𝒱2 +

𝜆

2
v2 =

𝜆

3
v2  

𝑀𝜙
2 = 𝑚′2 −

2𝜅′

3√3
𝒱 +

𝜆′

9
𝒱2 +

𝜆

6
v2 = −

𝜅′

√3
𝒱 +

𝜆′

12
𝒱2  

ℒ(Φ, Ξ, 𝑉) =
1

2
(𝐷𝜇Φ)

†
𝐷𝜇Φ+ 𝑉(Φ, Ξ)  

𝐷𝜇Φ(𝑥) = (𝜕𝜇 + 𝑉𝜇(𝑥))Φ(𝑥)  

Ω(𝑥) = exp (i𝜔𝑎(𝑥)𝑇
𝑎) ∈ SU(𝑁). 

𝐺𝜇(𝑥) → Ω(𝑥)(𝐺𝜇(𝑥) + 𝜕𝜇)Ω(𝑥)
†  

Φ(𝑥) = (

Φ1(𝑥)
Φ2(𝑥)
⋅

Φ𝑁(𝑥)

) ∈ ℂ𝑁 

Φ(𝑥) → Ω(𝑥)Φ(𝑥). 

ℒ(Φ, 𝐺) =
1

2
(𝐷𝜇Φ)

†
𝐷𝜇Φ+

𝑚2

2
Φ†Φ+

𝜆

4!
(Φ†Φ)

2
 

𝐷𝜇 = 𝜕𝜇 + 𝑐𝐺𝜇(𝑥) 

ℒ(Φ, 𝐴) =
1

2
𝐷𝜇Φ

†𝐷𝜇Φ+
𝑚2

2
Φ†Φ+

𝜆

4!
(Φ†Φ)

2
+
1

4
𝐹𝜇𝜈𝐹𝜇𝜈 

ℒ(Ξ, 𝑉) =
1

4
Tr[𝐷𝜇Ξ𝐷𝜇Ξ] + 𝑉(Ξ) −

1

2𝑔3
2 Tr[𝑉𝜇𝜈𝑉𝜇𝜈] 

𝑉(Ξ) =
𝑀2

2
Tr[Ξ2] +

Λ

4!
Tr[Ξ4]. 

Φ(𝑥) = (

Φ+(𝑥)

Φ0(𝑥)
𝜙−(𝑥)

) ∈ ℂ3 
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𝐺𝜇(𝑥) = i𝑔s𝐺𝜇
𝑎(𝑥)𝑇𝑎 , 𝑇𝑎 =

1

2
𝜆𝑎  

𝐺𝜇
′(𝑥) = Ω(𝑥)(𝐺𝜇(𝑥) + 𝜕𝜇)Ω(𝑥)

†, Ω(𝑥) ∈ SU(3)c  

𝐺𝜇𝜈(𝑥) = 𝜕𝜇𝐺𝜈(𝑥) − 𝜕𝜈𝐺𝜇(𝑥) + [𝐺𝜇(𝑥), 𝐺𝜈(𝑥)], 𝐺𝜇𝜈
′ (𝑥) = Ω(𝑥)𝐺𝜇𝜈(𝑥)Ω(𝑥)

†  

ℒ(𝐺) = −
1

2𝑔s
2 Tr[𝐺𝜇𝜈𝐺𝜇𝜈] +

i𝜃

32𝜋2
𝜖𝜇𝜈𝜌𝜎Tr[𝐺𝜇𝜈𝐺𝜌𝜎]  

𝑈𝑥,𝜇 = exp (𝑎𝐺𝜇(𝑥)) = exp (i𝑎𝑔s𝐺𝜇
𝑎(𝑥)𝑇𝑎)  

𝑈𝑥,𝜇
′ = Ω𝑥𝑈𝑥,𝜇Ω𝑥+�̂�

†
 

𝑈𝒞 = 𝒫 ∏  

(𝑥,𝜇)∈𝒞

 𝑈𝑥,𝜇 , 𝑈𝒞
′ = Ω𝑥𝑈𝒞Ω𝑦

†
 

𝑆[𝑈] =
1

𝑔s
2 ∑  

𝑥,𝜇>𝑣

 Tr[2𝟙 − 𝑈𝑥,𝜇𝑣 − 𝑈𝑥,𝜇𝑣
† ]  

𝑈𝑥,𝜇𝑣 = 𝑈𝑥,𝜇𝑈𝑥+�̂�,𝜈𝑈𝑥+�̂�,𝜇
† 𝑈𝑥,𝜈

†
 

𝑍 =∏ 

𝑥,𝜇

 ∫  
SU(𝑁c)

 𝑑𝑈𝑥,𝜇exp (−𝑆[𝑈])  

⟨𝑊𝒞⟩ = ⟨Tr𝑈𝒞⟩ =
1

𝑍
∏  

𝑥,𝜇

 ∫  
SU(𝑁c)

 𝑑𝑈𝑥,𝜇Tr [𝒫 ∏  

(𝑥,𝜇)∈𝒞

 𝑈𝑥,𝜇] exp (−𝑆[𝑈])  

lim
𝑇→∞

 ⟨𝑊𝒞⟩ ∼ exp (−𝑉(𝑅)𝑇)  

𝑉(𝑅) ∼ 𝜎𝑅.  

− lim
𝑅,𝑇→∞

 log ⟨𝑊𝒞⟩ ∼ 𝜎𝐴, 𝐴 = 𝑅𝑇  

lim
𝑅,𝑇→∞

 ⟨𝑊𝒞⟩ ∼ exp (−𝛾(𝑅 + 𝑇))  

∫  
SU(𝑁)

 𝑑𝑈𝑓(ΩL𝑈) = ∫  
SU(𝑁)

 𝑑𝑈𝑓(𝑈ΩR
†) = ∫  

SU(𝑁)

 𝑑𝑈𝑓(𝑈)  

∫  
SU(𝑁)

 𝑑𝑈 = 1  

∫  
SU(𝑁)

 𝑑𝑈𝑈𝑖𝑗 = 0,∫  
SU(𝑁)

 𝑑𝑈𝑈𝑖𝑗(𝑈†)
𝑘𝑙
=
1

𝑁
𝛿𝑗𝑘𝛿𝑖𝑙  

𝑈Γ={𝑁2−1}
𝑎𝑏 =

1

2
Tr[𝜆𝑎𝑈𝜆𝑏𝑈†].  
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𝑈Γ={𝑁2−1}
𝑎𝑏 =

1

2
Tr[𝜆𝑎𝟙𝜆𝑏𝟙] = 𝛿𝑎𝑏  

1

2
Tr[𝜆𝑎𝑈†𝜆𝑏𝑈] =

1

2
Tr[𝜆𝑏𝑈𝜆𝑎𝑈†] = 𝑈Γ={𝑁2−1}

𝑏𝑎  

𝑈𝑉 = 𝑊 ⇒ 𝑈Γ𝑉Γ = 𝑊Γ  

𝜒Γ(𝑈) = Tr𝑈Γ.  

𝜒Γ={𝑁2−1}(𝑈) = Tr𝑈Tr𝑈
† − 1 = |Tr𝑈|2 − 1.  

⟨𝑈 ∣ Γ, 𝑎𝑏⟩ = √𝑑Γ𝑈Γ
𝑎𝑏  ⇒  𝜒Γ(𝑈) = Tr[𝑈Γ] = 𝑈Γ

𝑎𝑎 =
1

√𝑑Γ
∑ 

𝑑Γ

𝑎=1

  ⟨𝑈 ∣ Γ, 𝑎𝑎⟩.  

∫  
SU(𝑁)

 𝑑𝑈|𝑈⟩⟨𝑈| = 𝟙  

𝛿Γ,Γ′𝛿𝑎𝑎′𝛿𝑏𝑏′ = ⟨Γ, 𝑎𝑏 ∣ Γ
′, 𝑎′𝑏′⟩ = ∫  

SU(𝑁)

 𝑑𝑈⟨Γ, 𝑎𝑏 ∣ 𝑈⟩⟨𝑈 ∣ Γ′, 𝑎′𝑏′⟩ = ∫  
SU(𝑁)

 𝑑𝑈√𝑑Γ𝑑Γ′𝑈Γ
𝑎𝑏∗𝑈Γ′

𝑎′𝑏′

 ⇒  ∫  
SU(𝑁)

 𝑑𝑈𝜒Γ(𝑈)
∗𝜒Γ′(𝑈) = ∫  

SU(𝑁)

 𝑑𝑈𝑈Γ
𝑎𝑎∗𝑈Γ′

𝑎′𝑎′ =
1

√𝑑Γ𝑑Γ′
𝛿Γ,Γ′𝛿𝑎𝑎′𝛿𝑎𝑎′ = 𝛿Γ,Γ′

 

∑  

Γ,𝑎𝑏

  |Γ, 𝑎𝑏⟩⟨Γ, 𝑎𝑏| = 𝟙  

⟨𝑈 ∣ 𝑉⟩= ∑  

Γ,𝑎𝑏

  ⟨𝑈 ∣ Γ, 𝑎𝑏⟩⟨Γ, 𝑎𝑏 ∣ 𝑉⟩ =∑  

Γ

 𝑑Γ𝑈Γ
𝑎𝑏𝑉Γ

𝑎𝑏∗ =∑ 

Γ

 𝑑Γ𝑈Γ
𝑎𝑏(𝑉Γ

†)
𝑏𝑎
 

 = ∑  

Γ

 𝑑Γ(𝑈𝑉
†)
Γ

𝑎𝑎
=∑ 

Γ

 𝑑Γ𝜒Γ(𝑈𝑉
†)

 

∫  
SU(𝑁)

 𝑑𝑈𝜒Γ(𝑉𝑈)𝜒Γ′(𝑈
†𝑊) =

1

𝑑Γ
𝜒Γ(𝑉𝑊)𝛿Γ,Γ′  

 |𝑓⟩ = ∑  

Γ,𝑎𝑏

  |Γ, 𝑎𝑏⟩⟨Γ, 𝑎𝑏 ∣ 𝑓⟩ ⇒

 ⟨𝑈 ∣ 𝑓⟩ = ∑  

Γ,𝑎𝑏

  ⟨𝑈 ∣ Γ, 𝑎𝑏⟩⟨Γ, 𝑎𝑏 ∣ 𝑓⟩ = ∑  

Γ,𝑎𝑏

 𝑈Γ
𝑎𝑏⟨Γ, 𝑎𝑏 ∣ 𝑓⟩

 

⟨Γ, 𝑎𝑏 ∣ 𝑓⟩ = ∫  
SU(𝑁)

 𝑑𝑈⟨Γ, 𝑎𝑏 ∣ 𝑈⟩⟨𝑈 ∣ 𝑓⟩ = ∫  
SU(𝑁)

 𝑑𝑈𝑈Γ
𝑎𝑏∗⟨𝑈 ∣ 𝑓⟩  

𝑓Γ = ∑  

𝑑Γ

𝑎=1

  ⟨Γ, 𝑎𝑎 ∣ 𝑓⟩ = ∫  
SU(𝑁)

 𝑑𝑈𝑈Γ
𝑎𝑎∗⟨𝑈 ∣ 𝑓⟩ = ∫  

SU(𝑁)

 𝑑𝑈𝜒Γ(𝑈)
∗𝑓(𝑈)

𝑓(𝑈) = ∑  

Γ,𝑎𝑏

 𝑈Γ
𝑎𝑏⟨Γ, 𝑎𝑏 ∣ 𝑓⟩ =∑  

Γ

 𝑈Γ
𝑎𝑏𝑓Γ𝛿𝑎𝑏 =∑ 

Γ

 𝑈Γ
𝑎𝑎𝑓Γ =∑  

Γ

 𝜒Γ(𝑈)𝑓Γ
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exp (
1

𝑔s
2 Tr𝑈𝑥,𝜇𝜈) =∑  

Γ

 𝜒Γ(𝑈𝑥,𝜇𝜈)𝑓Γ, 𝑓Γ = ∫  
SU(𝑁c)

 𝑑𝑈𝜒Γ(𝑈)
∗exp (

1

𝑔s
2 Tr𝑈𝑥,𝜇𝜈)  

⟨𝑊𝒞⟩ =
1

𝑍
∏  

𝑥,𝜇

 ∫  
SU(𝑁c)

 𝑑𝑈𝑥,𝜇Tr [𝒫 ∏  

(𝑥,𝜇)∈𝒞

 𝑈𝑥,𝜇] = 0  

 

⟨𝑊𝒞⟩ =
1

𝑁c
𝐴/𝑎2

1

(𝑔s
2)𝐴/𝑎2

= exp (−𝐴log (𝑁c𝑔s
2)/𝑎2)  ⇒  𝜎 =

1

𝑎2
log (𝑁c𝑔s

2)  

𝜉/𝑎 ∼ (𝛽0𝑔s
2)𝛽1/(2𝛽0

2)exp (
1

2𝛽0𝑔s
2) , 𝛽0 =

11𝑁c
3(4𝜋)2

, 𝛽1 =
34𝑁c

2

3(4𝜋)4
 

𝑉(𝑅) = 𝜎𝑅 + 𝜇 −
𝜋

12𝑅
 

𝑅0
2|𝐹(𝑅0)| = 1.65.  

𝜎 = 𝑀𝑔 ⇒  𝑀 =
𝜎

𝑔
≈ 1.39

ℏ𝑐

𝑔𝑅0
2 ≈ 2 ⋅ 10

4 kg.  

ℋ[ℎ] =
𝜅

2
∑  

𝑥,𝑖=1,2

  (ℎ𝑥 − ℎ𝑥+𝑖)
2, 𝑍 =∏  

𝑥

  ∑  

ℎ𝑥∈ℤ

 exp (−𝛽ℋ[ℎ]), 𝜅 > 0.  

𝑋𝑎(𝑥𝑑−1, 𝑥𝑑) = (𝑋
1(𝑥𝑑−1, 𝑥𝑑), 𝑋

2(𝑥𝑑−1, 𝑥𝑑), … , 𝑋
𝑑−2(𝑥𝑑−1, 𝑥𝑑)) , 𝑎 ∈ {1,2,… , 𝑑 − 2}  

𝑋𝑎(0, 𝑥𝑑) = 𝑋
𝑎(𝑅, 𝑥𝑑) = 0  

𝑆0[𝑋]= ∫  
𝛽

0

 𝑑𝑥𝑑∫  
𝑅

0

 𝑑𝑥𝑑−1𝜎 (1 +
1

2
𝜕𝜈𝑋

𝑎𝜕𝜈𝑋
𝑎) + ∫  

𝛽

0

 𝑑𝑥𝑑𝜇 

 = 𝜎𝑅𝛽 + 𝜇𝛽 + 𝜎∫  
𝛽

0

 𝑑𝑥𝑑∫  
𝑅

0

 𝑑𝑥𝑑−1
1

2
𝜕𝜈𝑋

𝑎𝜕𝜈𝑋
𝑎

 

𝑋𝑎(𝑥𝑑−1, 𝑥𝑑 + 𝛽) = 𝑋
𝑎(𝑥𝑑−1, 𝑥𝑑)  

�̂� = 𝜇 + ∫  
𝑅

0

 𝑑𝑥𝑑−1 (𝜎 +
1

2𝜎
Π̂𝑎Π̂𝑎 +

𝜎

2
𝜕𝑑−1�̂�

𝑎𝜕𝑑−1�̂�
𝑎)  

[�̂�𝑎(𝑥𝑑−1), Π̂
𝑏(𝑦𝑑−1)] = i𝛿𝑎𝑏𝛿(𝑥𝑑−1 − 𝑦𝑑−1)

[�̂�𝑎(𝑥𝑑−1), �̂�
𝑏(𝑦𝑑−1)] = [Π̂

𝑎(𝑥𝑑−1), Π̂
𝑏(𝑦𝑑−1)] = 0

 

�̂�𝑎(𝑥𝑑−1) =
2

𝑅
∑  

∞

𝑛=1

  �̂�𝑛
𝑎sin (𝜋𝑛𝑥𝑑−1/𝑅), �̂�𝑛

𝑎 = ∫  
𝑅

0

 𝑑𝑥𝑑−1�̂�
𝑎(𝑥𝑑−1)sin (𝜋𝑛𝑥𝑑−1/𝑅)

Π̂𝑎(𝑥𝑑−1) =
2

𝑅
∑  

∞

𝑛=1

  Π̂𝑛
𝑎sin (𝜋𝑛𝑥𝑑−1/𝑅), Π̂𝑛

𝑎 = ∫  
𝑅

0

 𝑑𝑥𝑑−1Π̂
𝑎(𝑥𝑑−1)sin (𝜋𝑛𝑥𝑑−1/𝑅)
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[�̂�𝑛
𝑎 , Π̂𝑚

𝑏 ] =
1

2
i𝑅𝛿𝑎𝑏𝛿𝑛𝑚, [�̂�𝑛

𝑎 , �̂�𝑚
𝑏 ] = [Π̂𝑛

𝑎 , Π̂𝑚
𝑏 ] = 0  

�̂� = 𝜎𝑅 + 𝜇 +
1

𝑅
∑  

∞

𝑛=1

  [
1

𝜎
Π̂𝑛
𝑎Π̂𝑛

𝑎 + 𝜎 (
𝜋𝑛

𝑅
)
2

�̂�𝑛
𝑎�̂�𝑛

𝑎] .  

�̂�𝑛
𝑎 =

1

√𝑅
(√
𝜋𝑛𝜎

𝑅
�̂�𝑛
𝑎 + i√

𝑅

𝜋𝑛𝜎
Π̂𝑛
𝑎) , �̂�𝑛

𝑎† =
1

√𝑅
(√
𝜋𝑛𝜎

𝑅
�̂�𝑛
𝑎 − i√

𝑅

𝜋𝑛𝜎
Π̂𝑛
𝑎)  

�̂� = 𝜎𝑅 + 𝜇 +∑  

∞

𝑛=1

 
𝜋𝑛

𝑅
(�̂�𝑛

𝑎†�̂�𝑛
𝑎 +

𝑑 − 2

2
) , [�̂�𝑛

𝑎 , �̂�𝑚
𝑏†] = 𝛿𝑎𝑏𝛿𝑛𝑚.  

𝑉(𝑅) = 𝜎𝑅 + 𝜇 +∑  

∞

𝑛=1

 
𝜋𝑛

𝑅

𝑑 − 2

2
=̂ 𝜎𝑅 + 𝜇 −

𝜋(𝑑 − 2)

24𝑅
 

𝐹(𝑅) = −
𝑑𝑉(𝑅)

𝑑𝑅
= −𝜎 −

𝜋(𝑑 − 2)

24𝑅2
.  

𝜎𝑅0
2 +

𝜋

12
≈ 1.65 ⇒ 𝜎𝑅0

2 ≈ 1.39 ⇒ 𝜎 = (0.495(5)GeV)2.  

∑  

∞

𝑛=1

 𝑛 =̂−
1

12
 

𝜁(𝑠) = ∑  

∞

𝑛=1

 𝑛−𝑠  

𝜁(𝑠) =
(2𝜋)𝑠

𝜋
sin (

𝜋𝑠

2
) Γ(1 − 𝑠)𝜁(1 − 𝑠)  

∫  
∞

0

 𝑑𝑝𝑝exp (−𝑡𝑝) = −
𝑑

𝑑𝑡
∫  
∞

0

 𝑑𝑝exp (−𝑡𝑝) = −
𝑑

𝑑𝑡

1

𝑡
=
1

𝑡2
 

𝜋

𝑅
∑  

∞

𝑛=1

 𝑝𝑛exp (−𝑡𝑝𝑛)= −
𝜋

𝑅

𝑑

𝑑𝑡
∑  

∞

𝑛=1

 exp (−𝑡𝜋𝑛/𝑅) = −
𝜋

𝑅

𝑑

𝑑𝑡
(

1

1 − exp (−𝑡𝜋/𝑅)
− 1) 

 =
𝜋2

𝑅2
exp (−𝑡𝜋/𝑅)

[1 − exp (−𝑡𝜋/𝑅)]2
→
𝑡→0 1

𝑡2
−

𝜋2

12𝑅2
+⋯

 

∑  

∞

𝑛=1

 𝑝𝑛exp (−𝑡𝑝𝑛) −
𝑅

𝜋
∫  
∞

0

 𝑑𝑝𝑝exp (−𝑡𝑝) ⟶
𝑡→0

𝑅

𝜋
(
1

𝑡2
−

𝜋2

12𝑅2
−
1

𝑡2
) = −

𝜋

12𝑅
 

𝑆1[𝑋] =
𝑏

4
∫  
𝛽

0

 𝑑𝑥𝑑(𝜕𝑑−1𝑋
𝑎𝜕𝑑−1𝑋

𝑎|𝑥𝑑−1=0 + 𝜕𝑑−1𝑋
𝑎𝜕𝑑−1𝑋

𝑎|𝑥𝑑−1=𝑅)  
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𝑆2[𝑋] =
𝑐2
4
∫  
𝛽

0

 𝑑𝑥𝑑∫  
𝑅

0

 𝑑𝑥𝑑−1𝜕𝜈𝑋
𝑎𝜕𝜈𝑋

𝑎𝜕𝜌𝑋
𝑏𝜕𝜌𝑋

𝑏

𝑆3[𝑋] =
𝑐3
4
∫  
𝛽

0

 𝑑𝑥𝑑∫  
𝑅

0

 𝑑𝑥𝑑−1𝜕𝜈𝑋
𝑎𝜕𝜈𝑋

𝑏𝜕𝜌𝑋
𝑎𝜕𝜌𝑋

𝑏

 

𝑏 = 0, (𝑑 − 2)𝑐2 + 𝑐3 =
𝑑 − 4

2
𝜎  

 

◻= Tr[𝑈𝑥,𝑖𝑗𝜆
𝑎]Tr [𝜆𝑎𝑈𝒞𝑥𝑦𝜆

𝑏𝑈𝒞𝑥𝑦
† ] Tr[𝑈𝑦,𝑖𝑗

† 𝜆𝑏], 𝑈𝒞𝑥𝑦 = 𝒫 ∏  

(𝑧,𝜇)∈𝒞𝑥𝑦

 𝑈𝑧,𝜇  

 

⟨𝒪(0)𝒪(𝑥4)⟩=
1

𝑍
∏ 

𝑥,𝜇

 ∫  
SU(𝑁c)

 𝑑𝑈𝑥,𝜇𝒪(0)𝒪(𝑥4)exp (−𝑆[𝑈])  

∼ |⟨0|𝒪|0⟩ |
2
+ |⟨𝐽𝑃𝐶|𝒪|0⟩ |

2
exp (−𝑀𝑥4)

 

𝒪(𝑥4) = ∑  

𝑥,𝑖,𝑗

 Tr𝑈𝑖𝑗,𝑥,𝑥4 .  

⟨𝒪(0)𝒪(𝑥4)⟩c = ⟨𝒪(0)𝒪(𝑥4)⟩ − |⟨𝒪⟩|
2 =

1

(𝑁c𝑔s
2)4𝑥4/𝑎

∼ exp (−𝑀𝑥4),  

𝑀 =
4

𝑎
log (𝑁c𝑔s

2).  

 

Φ𝑥 = Tr [𝒫∏ 

𝑥4

 𝑈4,𝑥,𝑥4]  

⟨Φ𝑥⟩ = exp (−𝛽𝐹),  

𝑧 = exp (2𝜋i𝑛/𝑁c) ∈ ℤ(𝑁c), 𝑛 ∈ {1,2,… ,𝑁c}  

Ω𝑎𝑏Ω𝑏𝑐
⊤ = Ω𝑎𝑏Ω𝑐𝑏 = 𝛿𝑎𝑐 .  
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𝑇𝑎𝑏𝑐 = 𝑇𝑑𝑒𝑓Ω𝑑𝑎Ω𝑒𝑏Ω𝑓𝑐 ,  

𝑇127 = 𝑇154 = 𝑇163 = 𝑇235 = 𝑇264 = 𝑇374 = 𝑇576 = 1.  

{7} = {1} + {3} + {3}, {14} = {3} + {3} + {8}  

 

{14} × {14} × {14} ={1} + {7} + 5{14} + 3{27} + 2{64} + 4{77}  

 +3{77′} + {182} + 3{189} + {273} + 2{448}
 

◻= (𝑈𝑥,𝑖𝑗
𝑎𝑏 𝑇𝑎𝑏𝑐)𝑈𝒞𝑥𝑦

𝑐𝑑 (𝑇𝑑𝑒𝑓𝑈𝑦,𝑖𝑗
𝑒𝑓
).  

ℒ0(𝑣‾, 𝑣, 𝑒‾, 𝑒) = 𝑣‾L𝜎‾𝜇𝜕𝜇𝜈L + 𝑒‾L𝜎‾𝜇𝜕𝜇𝑒L + 𝑒‾R𝜎𝜇𝜕𝜇𝑒R  

𝜈L
′ (𝑥) = exp (i𝜒)𝜈L(𝑥), 𝑣‾L

′ (𝑥) = 𝑣‾L(𝑥)exp (−i𝜒),

𝑒L
′ (𝑥) = exp (i𝜒)𝑒L(𝑥), 𝑒‾L

′ (𝑥) = 𝑒‾L(𝑥)exp (−i𝜒),

𝑒R
′ (𝑥) = exp (i𝜒)𝑒R(𝑥), 𝑒‾R

′ (𝑥) = 𝑒‾R(𝑥)exp (−i𝜒).

 

𝑙L(𝑥) = (
𝜈L(𝑥)

𝑒L(𝑥)
) , 𝑙‾L(𝑥) = (𝑣‾L(𝑥), 𝑒‾L(𝑥))  

ℒ0(𝑣‾, 𝑣, 𝑒‾, 𝑒) = 𝑙‾L𝜎‾𝜇𝜕𝜇𝑙L + 𝑒‾R𝜎𝜇𝜕𝜇𝑒R  

𝑙L
′ (𝑥) = (

𝑣L
′ (𝑥)

𝑒L
′ (𝑥)

) = 𝐿(𝑥) (
𝑣L(𝑥)

𝑒L(𝑥)
) = 𝐿(𝑥)𝑙L(𝑥)

𝑙‾L
′ (𝑥) = (𝑣‾L

′ (𝑥), 𝑒‾L
′ (𝑥)) = (𝑣‾L(𝑥), 𝑒‾L(𝑥))𝐿(𝑥)

† = 𝑙‾L(𝑥)𝐿(𝑥)
†, 𝐿(𝑥) ∈ SU(2)𝐿

 

𝑒R
′ (𝑥) = 𝑒R(𝑥)  

𝜈L
′ (𝑥) = exp (i𝑌𝑙L𝑔

′𝜑(𝑥))𝜈L(𝑥), 𝜈‾L
′ (𝑥) = 𝜈‾L(𝑥)exp (−i𝑌𝑙L𝑔

′𝜑(𝑥))

𝑒L
′ (𝑥) = exp (i𝑌𝑙L𝑔

′𝜑(𝑥))𝑒L(𝑥), 𝑒‾L
′ (𝑥) = 𝑒‾L(𝑥)exp (−i𝑌𝑙L𝑔

′𝜑(𝑥))

𝑒R
′ (𝑥) = exp (i𝑌𝑒R𝑔

′𝜑(𝑥))𝑒R(𝑥), 𝑒‾R
′ (𝑥) = 𝑒‾R(𝑥)exp (−i𝑌𝑒R𝑔

′𝜑(𝑥))

 

𝑇L𝑣L
3 =

1

2
, 𝑇L𝑒L
3 = −

1

2
, 𝑇L𝑒R
3 = 0  

𝑇R𝑣L
3 = 0, 𝑇R𝑒L

3 = 0, 𝑇R𝑒R
3 = −

1

2
.  

𝑇L𝜈R
3 = 0, 𝑇R𝜈R

3 =
1

2
.  

𝐷𝜇 (
𝜈L(𝑥)

𝑒L(𝑥)
) = [𝜕𝜇 + i𝑌𝑙L𝑔

′𝐵𝜇(𝑥) + i𝑔𝑊𝜇
𝑎(𝑥)

𝜏𝑎

2
] (
𝜈L(𝑥)

𝑒L(𝑥)
)  

𝑊𝜇(𝑥) = i𝑔𝑊𝜇
𝑎(𝑥)

𝜏𝑎

2
 

𝐷𝜇𝑙L(𝑥) = [𝜕𝜇 + i𝑌𝑙L𝑔
′𝐵𝜇(𝑥) +𝑊𝜇(𝑥)]𝑙L(𝑥).  
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𝐷𝜇𝑒R(𝑥) = [𝜕𝜇 + i𝑌𝑒R𝑔
′𝐵𝜇(𝑥)]𝑒R(𝑥)  

ℒ(𝑣‾, 𝑣, 𝑒‾, 𝑒,𝑊, 𝐵)= 𝑙‾L𝜎‾𝜇𝐷𝜇𝑙L + 𝑒‾R𝜎𝜇𝐷𝜇𝑒R  

 = (𝑣‾L, 𝑒‾L)𝜎‾𝜇𝐷𝜇 (
𝑣L
𝑒L
) + 𝑒‾R𝜎𝜇𝐷𝜇𝑒R

 

 C𝐵𝜇(𝑥) = −𝐵𝜇(𝑥),

 P𝐵𝑖(�⃗�, 𝑥4) = −𝐵𝑖(−�⃗�, 𝑥4),  
P𝐵4(�⃗�, 𝑥4) = 𝐵4(−�⃗�, 𝑥4),

 T𝐵𝑖(�⃗�, 𝑥4) = −𝐵𝑖(�⃗�, −𝑥4),  
T𝐵4(�⃗�, 𝑥4) = 𝐵4(�⃗�, −𝑥4).

 

 CP𝐵𝑖(�⃗�, 𝑥4) = 𝐵𝑖(−�⃗�, 𝑥4),  
CP𝐵4(�⃗�, 𝑥4) = −𝐵4(−�⃗�, 𝑥4),

 CPT𝐵𝜇(𝑥) = −𝐵𝜇(−𝑥).
 

 C𝑊𝜇(𝑥) = 𝑊𝜇(𝑥)
∗,

 P𝑊𝑖(�⃗�, 𝑥4) = −𝑊𝑖(−�⃗�, 𝑥4),  
P𝑊4(�⃗�, 𝑥4) = 𝑊4(−�⃗�, 𝑥4),

 T𝑊𝑖(�⃗�, 𝑥4) = 𝑊𝑖(�⃗�, −𝑥4)
∗,  T𝑊4(�⃗�, 𝑥4) = −𝑊4(�⃗�, −𝑥4)

∗,

 

 CP𝑊𝑖(�⃗�, 𝑥4) = −𝑊𝑖(−�⃗�, 𝑥4)
∗,  CP𝑊4(�⃗�, 𝑥4) = 𝑊4(−�⃗�, 𝑥4)

∗,

 CPT𝑊𝜇(𝑥) = −𝑊𝜇(−𝑥).
 

𝑆[ CP𝑒‾R,  
CP𝑒R,  

CP𝐵] = ∫  𝑑4𝑥 CP𝑒‾R(�⃗�, 𝑥4)𝜎𝜇i𝑌𝑙L𝑔
′CPP𝐵𝜇(�⃗�, 𝑥4)

CP𝑒R(�⃗�, 𝑥4)

= −∫  𝑑4𝑥𝑒R(−�⃗�, 𝑥4)
T𝑃⊤𝐶−1[−𝜎𝑖i𝑌𝑙L𝑔

′𝐵𝑖(−�⃗�, 𝑥4)+𝜎4i𝑌𝑙L𝑔
′𝐵4(−�⃗�, 𝑥4)]𝐶𝑃𝑒‾R(−�⃗�, 𝑥4)

⊤ 

= ∫  𝑑4𝑥𝑒R(−�⃗�, 𝑥4)
⊤[𝜎𝑖

⊤i𝑌𝑙L𝑔
′𝐵𝑖(−�⃗�, 𝑥4)+𝜎4

⊤i𝑌𝑙L𝑔
′𝐵4(−�⃗�, 𝑥4)]𝑒‾R(−�⃗�, 𝑥4)

⊤  

= ∫  𝑑4𝑥𝑒‾R(−�⃗�, 𝑥4)𝜎𝜇i𝑌𝑙L𝑔
′𝐵𝜇(−�⃗�, 𝑥4)𝑒R(−�⃗�, 𝑥4)  

 = 𝑆[𝑒‾R, 𝑒R, 𝐵]

 

 CΦ(𝑥) = Φ(𝑥)∗

 PΦ(�⃗�, 𝑥4) = Φ(−�⃗�, 𝑥4)

 TΦ(�⃗�, 𝑥4) = Φ(�⃗�,−𝑥4)
∗

 

 CPΦ(�⃗�, 𝑥4) = Φ(−�⃗�, 𝑥4)
∗,

 CPTΦ(𝑥) = Φ(−𝑥).
 

𝑆[Φ,𝑊,𝐵] = ∫  𝑑4𝑥 [
1

2
𝐷𝜇Φ

†𝐷𝜇Φ+ 𝑉(Φ) −
1

2𝑔2
Tr(𝑊𝜇𝜈𝑊𝜇𝜈) +

1

4
𝐵𝜇𝜈𝐵𝜇𝜈]  

𝑊𝜇
±(𝑥) =

1

√2
(𝑊𝜇

1(𝑥) ∓ i𝑊𝜇
2(𝑥))  

𝑊𝜇
1(𝑥)

𝜏1

2
+𝑊𝜇

2(𝑥)
𝜏2

2
=
1

√2
(

0 𝑊𝜇
+(𝑥)

𝑊𝜇
−(𝑥) 0

) =
1

√2
(𝑊𝜇

+(𝑥)𝜏+ +𝑊𝜇
−(𝑥)𝜏−)  

𝐴𝜇(𝑥) =
𝑔′𝑊𝜇

3(𝑥) + 𝑔𝐵𝜇(𝑥)

√𝑔2 + 𝑔′2
, 𝑍𝜇(𝑥) =

𝑔𝑊𝜇
3(𝑥) − 𝑔′𝐵𝜇(𝑥)

√𝑔2 + 𝑔′2
.  
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𝑊𝜇
3(𝑥) =

𝑔′𝐴𝜇(𝑥) + 𝑔𝑍𝜇(𝑥)

√𝑔2 + 𝑔′2
, 𝐵𝜇(𝑥) =

𝑔𝐴𝜇(𝑥) − 𝑔
′𝑍𝜇(𝑥)

√𝑔2 + 𝑔′2
,  

ℒ(𝑣‾, 𝑣, 𝑒‾, 𝑒, 𝐴, 𝑍)= (𝑣‾L, 𝑒‾L)𝜎‾𝜇 [𝜕𝜇 + i(
𝑋𝜇
1 𝑔𝑊𝜇

+/√2

𝑔𝑊𝜇
−/√2 𝑋𝜇

2
)] (

𝑣L
𝑒L
) 

 +𝑒‾R𝜎𝜇 [𝜕𝜇 + i
𝑌𝑒R𝑔

′

√𝑔2 + 𝑔′2
(𝑔𝐴𝜇 − 𝑔

′𝑍𝜇)] 𝑒R

 

𝑋𝜇
1(𝑥) =

1

√𝑔2 + 𝑔′2
[𝑔𝑔′(1/2 + 𝑌𝑙L)𝐴𝜇(𝑥) + (𝑔

2/2 − 𝑌𝑙L𝑔
′2)𝑍𝜇(𝑥)]

𝑋𝜇
2(𝑥) =

1

√𝑔2 + 𝑔′2
[𝑔𝑔′(−1/2 + 𝑌𝑙L)𝐴𝜇(𝑥) + (−𝑔

2/2 − 𝑌𝑙L𝑔
′2)𝑍𝜇(𝑥)]

 

𝑋𝜇
1(𝑥)=

√𝑔2 + 𝑔′2

2
𝑍𝜇(𝑥),  

𝑋𝜇
2(𝑥)=

1

√𝑔2 + 𝑔′2
[
𝑔′2 − 𝑔2

2
𝑍𝜇(𝑥) − 𝑔𝑔

′𝐴𝜇(𝑥)]  

 = −
√𝑔2 + 𝑔′2

2
[cos (2𝜃W)𝑍𝜇(𝑥) + sin (2𝜃W)𝐴𝜇(𝑥)]

 

𝑒 =
𝑔𝑔′

√𝑔2 + 𝑔′2
 

𝑌 = 𝑇R
3 −

1

2
𝐿  

 

𝑄 = 𝑇L
3 + 𝑌 = 𝑇L

3 + 𝑇R
3 −

1

2
𝐿  
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𝑗𝜇
em(𝑥) = 𝑗𝜇,L

em(𝑥) + 𝑗𝜇,R
em(𝑥) = −𝑒(𝑒‾L(𝑥)𝜎‾𝜇𝑒L(𝑥) + 𝑒‾R(𝑥)𝜎𝜇𝑒R(𝑥))  

𝑗𝜇
0(𝑥) =

√𝑔2 + 𝑔′2

2
𝜈‾L(𝑥)𝜎‾𝜇𝜈L(𝑥) +

𝑔′2 − 𝑔2

2√𝑔2 + 𝑔′2
𝑒‾L(𝑥)𝜎‾𝜇𝑒L(𝑥) +

𝑔′2

√𝑔2 + 𝑔′2
𝑒‾R(𝑥)𝜎𝜇𝑒R(𝑥) 

=
√𝑔2 + 𝑔′2

2
(𝜈‾L(𝑥)𝜎‾𝜇𝜈L(𝑥) − cos (2𝜃W)𝑒‾L(𝑥)𝜎‾𝜇𝑒L(𝑥) + 2sin

2 𝜃W𝑒‾R(𝑥)𝜎𝜇𝑒R(𝑥))  

𝑗𝜇
+(𝑥) =

𝑔

√2
𝜈‾L(𝑥)𝜎‾𝜇𝑒L(𝑥), 𝑗𝜇

−(𝑥) =
𝑔

√2
𝑒‾L(𝑥)𝜎‾𝜇𝜈L(𝑥)  

𝐴 =∑  

L

 𝑌3 −∑ 

R

 𝑌3  

𝐴𝑙 = 2𝑌𝑙L
3 − 𝑌𝑒R

3 = 2(−
1

2
)
3

− (−1)3 =
3

4
≠ 0  

𝐴𝑎𝑏𝑐 = TrL[(𝑇
𝑎𝑇𝑏 + 𝑇𝑏𝑇𝑎)𝑇𝑐] − TrR[(𝑇

𝑎𝑇𝑏 + 𝑇𝑏𝑇𝑎)𝑇𝑐]  

Tr[(𝜏𝑎𝜏𝑏 + 𝜏𝑏𝜏𝑎)𝜏𝑐] = 2𝛿𝑎𝑏Tr𝜏
𝑐 = 0  

𝐴𝑙
𝑎𝑏4 = TrL [

1

4
(𝜏𝑎𝜏𝑏 + 𝜏𝑏𝜏𝑎)𝑌] =

1

2
𝛿𝑎𝑏TrL𝑌𝟙.  

 

𝐴𝑙
𝑎𝑏4 = 𝛿𝑎𝑏𝑌𝑙L = −

1

2
𝛿𝑎𝑏 ≠ 0  

Π4[SU(2)] = Π4[𝑆
3] = ℤ(2);  

𝑞L
𝑐(𝑥) = (

𝑢L
𝑐(𝑥)

𝑑L
𝑐(𝑥)

) , 𝑞‾L
𝑐(𝑥) = (𝑢‾L

𝑐(𝑥), 𝑑‾L
𝑐(𝑥)), 𝑐 ∈ {1,2,… ,𝑁c}  

𝑇L𝑢L
3 =

1

2
, 𝑇L𝑑L
3 = −

1

2
, 𝑇L𝑢R
3 = 0, 𝑇L𝑑R

3 = 0

𝑇R𝑢L
3 = 0, 𝑇R𝑑L

3 = 0, 𝑇R𝑢R
3 =

1

2
, 𝑇R𝑑R
3 = −

1

2

 

ℒ0(𝑢‾ , 𝑢, 𝑑‾, 𝑑) = 𝑢‾L
𝑐𝜎‾𝜇𝜕𝜇𝑢L

𝑐 + 𝑢‾R
𝑐𝜎𝜇𝜕𝜇𝑢R

𝑐 + 𝑑‾L
𝑐𝜎‾𝜇𝜕𝜇𝑑L

𝑐 + 𝑑‾R
𝑐𝜎𝜇𝜕𝜇𝑑R

𝑐  

𝑢L
𝑐′(𝑥) = exp (i𝜌/𝑁c)𝑢L

𝑐(𝑥), 𝑢‾L
𝑐′(𝑥) = 𝑢‾L

𝑐(𝑥)exp (−i𝜌/𝑁c),

𝑢R
𝑐′(𝑥) = exp (i𝜌/𝑁c)𝑢R

𝑐 (𝑥), 𝑢‾R
𝑐′(𝑥) = 𝑢‾R

𝑐 (𝑥)exp (−i𝜌/𝑁c),

𝑑L
𝑐′(𝑥) = exp (i𝜌/𝑁c)𝑑L

𝑐(𝑥), 𝑑‾L
𝑐′(𝑥) = 𝑑‾L

𝑐(𝑥)exp (−i𝜌/𝑁c),

𝑑R
𝑐′(𝑥) = exp (i𝜌/𝑁c)𝑑R

𝑐 (𝑥), 𝑑‾R
𝑐′(𝑥) = 𝑑‾R

𝑐 (𝑥)exp (−i𝜌/𝑁c).
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𝑢L
𝑐′(𝑥) = exp (i𝑌𝑞L𝑔

′𝜑(𝑥)) 𝑢L
𝑐(𝑥), 𝑢‾L

𝑐′(𝑥) = 𝑢‾L
𝑐(𝑥)exp (−i𝑌𝑞L𝑔

′𝜑(𝑥)),

𝑢R
𝑐′(𝑥) = exp (i𝑌𝑢R𝑔

′𝜑(𝑥)) 𝑢R
𝑐 (𝑥), 𝑢‾R

𝑐′(𝑥) = 𝑢‾R
𝑐 (𝑥)exp (−i𝑌𝑢R𝑔

′𝜑(𝑥)),

𝑑L
𝑐′(𝑥) = exp (i𝑌𝑞L𝑔

′𝜑(𝑥)) 𝑑L
𝑐(𝑥), 𝑑‾L

𝑐′(𝑥) = 𝑑‾L
𝑐(𝑥)exp (−i𝑌𝑞L𝑔

′𝜑(𝑥)),

𝑑R
𝑐′(𝑥) = exp (i𝑌𝑑R𝑔

′𝜑(𝑥)) 𝑑R
𝑐 (𝑥), 𝑑‾R

𝑐′(𝑥) = 𝑑‾R
𝑐 (𝑥)exp (−i𝑌𝑑R𝑔

′𝜑(𝑥)).

 

𝑞L
𝑐′(𝑥) = (

𝑢L
𝑐′(𝑥)

𝑑L
𝑐′(𝑥)

) = 𝐿(𝑥) (
𝑢L
𝑐(𝑥)

𝑑L
𝑐(𝑥)

) = 𝐿(𝑥)𝑞L
𝑐(𝑥),

𝑞‾L
𝑐′(𝑥) = (𝑢‾L

𝑐′(𝑥), 𝑑‾L
𝑐′(𝑥)) = (𝑢‾L

𝑐(𝑥), 𝑑‾L
𝑐(𝑥))𝐿(𝑥)† = 𝑞‾L

𝑐(𝑥)𝐿(𝑥)†

𝑢R
𝑐′(𝑥) = 𝑢R

𝑐 (𝑥), 𝑑R
𝑐′(𝑥) = 𝑑R

𝑐 (𝑥), 𝑢‾R
𝑐′(𝑥) = 𝑢‾R

𝑐 (𝑥), 𝑑‾R
𝑐′(𝑥) = 𝑑‾R

𝑐 (𝑥)

 

𝑞L
′ (𝑥) = Ω(𝑥)𝑞L(𝑥), 𝑞‾L

′ (𝑥) = 𝑞‾L(𝑥)Ω(𝑥)
†

𝑢R
′ (𝑥) = Ω(𝑥)𝑢R(𝑥), 𝑢‾R

′ (𝑥) = 𝑢‾R(𝑥)Ω(𝑥)
†

𝑑R
′ (𝑥) = Ω(𝑥)𝑑R(𝑥), 𝑑‾R

′ (𝑥) = 𝑑‾R(𝑥)Ω(𝑥)
†, Ω(𝑥) ∈ SU(𝑁c)

 

𝐷𝜇𝑞L
𝑐(𝑥) = [(𝜕𝜇 + i𝑌𝑞L𝑔

′𝐵𝜇(𝑥) + i𝑔𝑊𝜇
𝑎(𝑥)

𝜏𝑎

2
)𝛿𝑐𝑐′ + i𝑔s𝐺𝜇

𝑎(𝑥)
𝜆𝑐𝑐′
𝑎

2
]𝑞L

𝑐′(𝑥)  

𝐷𝜇𝑞L(𝑥) = [𝜕𝜇 + i𝑌𝑞L𝑔
′𝐵𝜇(𝑥) +𝑊𝜇(𝑥) + 𝐺𝜇(𝑥)]𝑞L(𝑥)  

 

𝐷𝜇𝑢R
𝑐 (𝑥) = [(𝜕𝜇 + i𝑌𝑢R𝑔

′𝐵𝜇(𝑥))𝛿𝑐𝑐′ + i𝑔s𝐺𝜇
𝑎(𝑥)

𝜆𝑐𝑐′
𝑎

2
] 𝑢R

𝑐′(𝑥),

𝐷𝜇𝑑R
𝑐 (𝑥) = [(𝜕𝜇 + i𝑌𝑑R𝑔

′𝐵𝜇(𝑥))𝛿𝑐𝑐′ + i𝑔s𝐺𝜇
𝑎(𝑥)

𝜆𝑐𝑐′
𝑎

2
] 𝑑R

𝑐′(𝑥),

 

𝐷𝜇𝑢R(𝑥) = [𝜕𝜇 + i𝑌𝑢R𝑔
′𝐵𝜇(𝑥) + 𝐺𝜇(𝑥)]𝑢R(𝑥)

𝐷𝜇𝑑R(𝑥) = [𝜕𝜇 + i𝑌𝑑R𝑔
′𝐵𝜇(𝑥) + 𝐺𝜇(𝑥)]𝑑R(𝑥)

 

ℒ(𝑢‾, 𝑢, 𝑑‾, 𝑑, 𝐺,𝑊, 𝐵)= 𝑞‾L𝜎‾𝜇𝐷𝜇𝑞L + 𝑢‾R𝜎𝜇𝐷𝜇𝑢R + 𝑑‾R𝜎𝜇𝐷𝜇𝑑R  

 = (𝑢‾L, 𝑑‾L)𝜎‾𝜇𝐷𝜇 (
𝑢L
𝑑L
) + 𝑢‾R𝜎𝜇𝐷𝜇𝑢R + 𝑑‾R𝜎𝜇𝐷𝜇𝑑R

 

𝐴𝑞
444 = 𝑁c(2𝑌𝑞 L

3 − 𝑌𝑢R
3 − 𝑌𝑑R

3 )  

𝐴𝑞
𝑎𝑏4 = 𝛿𝑎𝑏𝑁c𝑌𝑞L , 𝑎, 𝑏 ∈ {1,2,3}  

𝐴𝑙
𝑎𝑏4 + 𝐴𝑞

𝑎𝑏4 = 0 ⇒  𝑌𝑞L =
1

2𝑁c

𝐴𝑙
444 + 𝐴𝑞

444 = 0 ⇒  2𝑌𝑞L
3 − 𝑌𝑢R

3 − 𝑌𝑑R
3 = −

3

4𝑁c
 ⇒

𝑌𝑢R
3 + 𝑌𝑑R

3 =
1

4𝑁c
3 +

3

4𝑁c
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𝐴𝑞
𝑎𝑏4 = 𝛿𝑎𝑏(2𝑌𝑞L − 𝑌𝑢R − 𝑌𝑑R), 𝑎 − 4, 𝑏 − 4 ∈ {1,2,… ,𝑁c

2 − 1}  

𝑌𝑢R + 𝑌𝑑R = 2𝑌𝑞L =
1

𝑁c
,  

𝑌𝑞L =
1

2𝑁c
, 𝑌𝑢R =

1

2
(
1

𝑁c
+ 1) , 𝑌𝑑R =

1

2
(
1

𝑁c
− 1) ;  

𝑌 = 𝑇R
3 +

1

2
𝐵  

𝑌𝑞L =
1

6
, 𝑌𝑢R =

2

3
, 𝑌𝑑R = −

1

3
 

𝑄 = 𝑇L
3 + 𝑌 = 𝑇L

3 + 𝑇R
3 +

1

2
𝐵  

𝑄𝑢L= 𝑇L𝑢L
3 + 𝑌𝑞L =

1

2
+

1

2𝑁c
=
1

2
(
1

𝑁c
+ 1)  

𝑄𝑑L = 𝑇L𝑑L
3 + 𝑌𝑞L = −

1

2
+

1

2𝑁c
=
1

2
(
1

𝑁c
− 1)

 

𝑄𝑢R= 𝑇L𝑢R
3 + 𝑌𝑢R = 0 +

1

2
(
1

𝑁c
+ 1)  

𝑄𝑑R  = 𝑇L𝑑R
3 + 𝑌𝑑R = 0 +

1

2
(
1

𝑁c
− 1)

 

𝑄𝑢 =
1

2
(
1

𝑁c
+ 1) =

𝑁c=3 2

3
, 𝑄𝑑 =

1

2
(
1

𝑁c
− 1) =

𝑁c=3
−
1

3
.  

𝑄 = 𝑇L
3 + 𝑌 = 𝑇L

3 + 𝑇R
3 +

1

2
(𝐵 − 𝐿)  

𝑄𝑝 = 2𝑄𝑢 + 𝑄𝑑 = 2
2

3
−
1

3
= 1

𝑄𝑛 = 𝑄𝑢 + 2𝑄𝑑 =
2

3
− 2

1

3
= 0
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𝑄𝑝 =
𝑁c + 1

2
𝑄𝑢 +

𝑁c − 1

2
𝑄𝑑 =

𝑁c + 1

4
(
1

𝑁c
+ 1) +

𝑁c − 1

4
(
1

𝑁c
− 1) = 1

𝑄𝑛 =
𝑁c − 1

2
𝑄𝑢 +

𝑁c + 1

2
𝑄𝑑 =

𝑁c − 1

4
(
1

𝑁c
+ 1) +

𝑁c + 1

4
(
1

𝑁c
− 1) = 0

 

𝑙L = (
𝑣L
𝑒L
) , 𝑒R, 𝑁L = (

𝑝L
𝑛L
) , 𝑝R, 𝑛R  

𝑌𝑁L =
1

2
, 𝑌𝑝R = 1, 𝑌𝑛R = 0  

𝑄𝑝L= 𝑇L𝑝L
3 + 𝑌𝑁L =

1

2
+
1

2
= 1  

𝑄𝑛L = 𝑇L𝑛L
3 + 𝑌𝑁L = −

1

2
+
1

2
= 0

 

𝑄𝑝R = 𝑇L𝑝R
3 + 𝑌𝑝R = 0 + 1 = 1,

𝑄𝑛R = 𝑇L𝑛R
3 + 𝑌𝑛R = 0 + 0 = 0.

 

𝐴𝑁
444 = 2𝑌𝑁L

3 − 𝑌𝑝R
3 − 𝑌𝑛R

3 = 2(
1

2
)
3

− 13 − 03 = −
3

4

𝐴𝑁
𝑎𝑏4 = 𝛿𝑎𝑏𝑌𝑁L =

1

2
𝛿𝑎𝑏

 

𝜈R
′ (𝑥) = exp (i𝜒)𝜈R(𝑥), 𝑣‾R

′ (𝑥) = 𝑣‾R(𝑥)exp (−i𝜒),  

𝑇L𝜈R
3 = 0, 𝑇R𝜈R

3 =
1

2
.  

𝑌𝜈R = 𝑇R𝜈R
3 −

1

2
= 0, 𝑄𝜈R = 𝑇L𝜈R

3 + 𝑌𝜈R = 0  

𝐴4𝐿𝐿 = 2[TrL𝐿
2𝑌 − TrR𝐿

2𝑌] = 2[2𝑌𝑙L − 𝑌𝜈R − 𝑌𝑒R] = 2 [2 (−
1

2
) − 0 − (−1)] = 0  

𝐴44𝐿= 2[TrL𝑌
2𝐿 − TrR𝑌

2𝐿] = 2[2𝑌𝑙L
2 − 𝑌𝜈R

2 − 𝑌𝑒R
2 ] = 2 [2 (−

1

2
)
2

− 02 − (−1)2] = −1 

 

 

𝐴𝑎𝑏𝐿= TrL[(𝑇
𝑎𝑇𝑏 + 𝑇𝑏𝑇𝑎)𝐿] − TrR[(𝑇

𝑎𝑇𝑏 + 𝑇𝑏𝑇𝑎)𝐿] 

 = TrL [
1

4
(𝜏𝑎𝜏𝑏 + 𝜏𝑏𝜏𝑎)𝐿] =

1

2
𝛿𝑎𝑏TrL𝐿 = 𝛿𝑎𝑏

 

𝐴44𝐵= 2[TrL𝑌
2𝐵 − TrR𝑌

2𝐵] = 2𝑁c[2𝑌𝑞L
2 − 𝑌𝑢R

2 − 𝑌𝑑R
2 ]

1

𝑁c
 

= 2 [2 (
1

2𝑁c
)
2

−
1

4
(
1

𝑁c
+ 1)

2

−
1

4
(
1

𝑁c
− 1)

2

] = −1  

𝐴𝑎𝑏𝐵= TrL[(𝑇
𝑎𝑇𝑏 + 𝑇𝑏𝑇𝑎)𝐵] − TrR[(𝑇

𝑎𝑇𝑏 + 𝑇𝑏𝑇𝑎)𝐵]  

 = TrL [
1

4
(𝜏𝑎𝜏𝑏 + 𝜏𝑏𝜏𝑎)𝐵] =

1

2
𝛿𝑎𝑏TrL𝐵 = 𝑁c𝛿𝑎𝑏

1

𝑁c
= 𝛿𝑎𝑏
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𝐴44𝐵 = 𝐴44𝐿 , 𝐴𝑎𝑏𝐵 = 𝐴𝑎𝑏𝐿 , 𝑎, 𝑏 ∈ {1,2,3},  

2𝑌𝑄L = 𝑌𝑈R + 𝑌𝐷R  

𝑌𝑄L = 0  

2𝑌𝑄L
3 = 𝑌𝑈R

3 + 𝑌𝐷R
3  

𝑌𝑄L = 0, 𝑌𝑈R + 𝑌𝐷R = 0  

𝑄𝑈L =
1

2
, 𝑄𝐷L = −

1

2
, 𝑄𝑈R = 𝑌𝑈R , 𝑄𝐷R = 𝑌𝐷R  

𝑌𝑈R = −𝑌𝐷R =
1

2
 

ℒ(𝑒‾L, 𝑒L, 𝑒‾R, 𝑒R) = 𝑚𝑒[𝑒‾R𝑒L + 𝑒‾L𝑒R].  

ℒ(𝑙‾L, 𝑙L, 𝑒‾R, 𝑒R, Φ)= 𝑓𝑒𝑙‾LΦ𝑒R + 𝑓𝑒
∗𝑒‾RΦ

†𝑙L  

 = 𝑓𝑒(𝜈‾L, 𝑒‾L) (
Φ+

Φ0
)𝑒R + 𝑓𝑒

∗𝑒‾R(Φ
+∗, Φ0∗) (

𝜈L
𝑒L
)

 

−𝑌𝑙L + 𝑌Φ + 𝑌𝑒R =
1

2
+
1

2
− 1 = 0  

𝑆[ CP𝑙‾L,  
CP𝑙L,  

CP𝑒‾R,  
CP𝑒R,  

CPΦ]

= ∫  𝑑4𝑥 [−𝑓𝑒𝑙L(−�⃗�, 𝑥4)
⊤𝑃⊤𝐶−1Φ(−�⃗�, 𝑥4)

∗𝐶𝑃𝑒‾R(−�⃗�, 𝑥4)
⊤ −𝑓𝑒

∗𝑒R(−�⃗�, 𝑥4)
⊤𝑃⊤𝐶−1Φ(−�⃗�, 𝑥4)

⊤𝐶𝑃𝑙‾L(−�⃗�, 𝑥4)
⊤]

= ∫  𝑑4𝑥[𝑓𝑒𝑒‾R(−�⃗�, 𝑥4)Φ(−�⃗�, 𝑥4)
†𝑙L(−�⃗�, 𝑥4) + 𝑓𝑒

∗𝑙‾L(−�⃗�, 𝑥4)Φ(−�⃗�, 𝑥4)𝑒R(−�⃗�, 𝑥4)]

= ∫  𝑑4𝑥[𝑓𝑒𝑒‾R(�⃗�, 𝑥4)Φ(�⃗�, 𝑥4)
†𝑙L(�⃗�, 𝑥4) + 𝑓𝑒

∗𝑙‾L(�⃗�, 𝑥4)Φ(�⃗�, 𝑥4)𝑒R(�⃗�, 𝑥4)] 

𝑒R
′ (𝑥) = 𝑒R(𝑥)exp (i𝜃), 𝑒‾R

′ (𝑥) = 𝑒‾R(𝑥)exp (−i𝜃)  

ℒ(𝑙‾L, 𝑙L, 𝑒‾R, 𝑒R, v) = 𝑓𝑒 [(𝑣‾L, 𝑒‾L) (
0

v
) 𝑒R + 𝑒‾R(0, v) (

𝑣L
𝑒L
)] = 𝑓𝑒v[𝑒‾L𝑒R + 𝑒‾R𝑒L].  

𝑚𝑒 = 𝑓𝑒v  

−𝑌𝑞L + 𝑌Φ + 𝑌𝑑R = −
1

2𝑁c
+
1

2
+
1

2
(
1

𝑁c
− 1) = 0  

ℒ(𝑞‾L, 𝑞L, 𝑑‾R, 𝑑R, Φ)= 𝑓𝑑[𝑞‾LΦ𝑑R + 𝑑‾RΦ
†𝑞L]  

 = 𝑓𝑑 [(𝑢‾L, 𝑑‾L) (
Φ+

Φ0
)𝑑R + 𝑑‾R(Φ

+∗, Φ0∗) (
𝑢L
𝑑L
)]

 

Φ̃(𝑥) = (
Φ̃0(𝑥)

Φ̃−(𝑥)
)  
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Φ̃(𝑥) = (
Ṽ

0
)  

ℒ(𝑞‾L, 𝑞L, 𝑢‾R, 𝑢R, Φ̃)= 𝑓𝑢[𝑞‾LΦ̃𝑢R + 𝑢‾RΦ̃
†𝑞L]  

 = 𝑓𝑢 [(𝑢‾L, 𝑑‾L) (
Φ̃0

Φ̃−
)𝑢R + 𝑢‾R(Φ̃

0∗, Φ̃−∗) (
𝑢L
𝑑L
)]

 

−𝑌𝑞L + 𝑌Φ̃ + 𝑌𝑢R =
1

2𝑁c
+ 𝑌Φ̃ +

1

2
(
1

𝑁c
+ 1) = 0 ⇒  𝑌Φ̃ = −

1

2
 

Φ̃(𝑥) = (
Φ̃0(𝑥)

Φ̃−(𝑥)
) = (

Φ0(𝑥)∗

−Φ+(𝑥)∗
) = i𝜏2Φ(𝑥)∗  

𝚽(𝑥) = (
Φ0(𝑥)∗ Φ+(𝑥)

−Φ+(𝑥)∗ Φ0(𝑥)
)  

ℒ(𝑞‾L, 𝑞L, 𝑢‾R, 𝑢R, 𝑑‾R, 𝑑R, 𝚽) = (𝑢‾L, 𝑑‾L)𝚽ℱ (
𝑢R
𝑑R
) + (𝑢‾R, 𝑑‾R)ℱ

†𝚽† (
𝑢L
𝑑L
)  

ℱ = (
𝑓𝑢 0
0 𝑓𝑑

) = ℱ†  

ℳ = 𝚽ℱ = (
v 0
0 v

) (
𝑓𝑢 0
0 𝑓𝑑

) = (
𝑚𝑢 0
0 𝑚𝑑

) .  

ℒ(𝑙‾L, 𝑙L, Φ̃) =
1

2Λ
[( c𝑙‾LΦ̃

∗)(Φ̃†𝑙L) + (𝑙‾LΦ̃)(Φ̃
T L)]  

ℒ(𝑙‾L, 𝑙L, v) =
v2

2Λ
[ c𝜈‾L𝜈L + 𝜈‾L 

c𝜈L]  

𝑚𝑣 =
v2

Λ
 

𝑚𝑢 = 𝑓𝑢v ≈ 2MeV,𝑚𝑑 = 𝑓𝑑v ≈ 5MeV,𝑚𝑒 = 𝑓𝑒v ≈ 0.5MeV  

𝒪1 = 𝜖𝑎𝑏𝑐(𝑑R
𝑎 c𝑢‾R

𝑏)(𝑢R
𝑐  c𝑒‾R), 𝒪2 = 𝜖𝑎𝑏𝑐(𝑑R

𝑎 c𝑢‾R
𝑏)(𝑞L

𝑐i𝜏2𝑙‾L),

𝒪3 = 𝜖𝑎𝑏𝑐(𝑞L
𝑎i𝜏2𝑞‾L

𝑏)(𝑢R
𝑐  c𝑒‾R), 𝒪4 = 𝜖𝑎𝑏𝑐(𝑞L

𝑎i𝜏2𝑞‾L
𝑏)(𝑞L

𝑐i𝜏2𝑙‾L).
 

2𝑌𝑙L − 𝑌𝑒R +𝑁c(2𝑌𝑞L − 𝑌𝑢R − 𝑌𝑑R) = 0  

𝑁c(2𝑌𝑞L − 𝑌𝑢R − 𝑌𝑑R) = 0  

2𝑌𝑙L = 𝑌𝑒R  

𝑌𝑙L = −
1

2
, 𝑌𝑒R = −1  

𝑚𝑒 ≠ 0 ⇒  𝑌𝑙L −
1

2
= 𝑌𝑒R  
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𝑌𝑞 L =
1

2𝑁c
, 𝑌𝑢R = 𝑄𝑢 =

1

2
(
1

𝑁c
+ 1) , 𝑌𝑑R = 𝑄𝑑 =

1

2
(
1

𝑁c
− 1)  

𝑌𝑞L +
1

2
= 𝑌𝑢R , 𝑌𝑞L −

1

2
= 𝑌𝑑R  

ℒ(𝑙‾L, 𝑙L, 𝑣‾R, 𝑣R, Φ̃)= 𝑓𝑣𝑙‾LΦ̃𝑣R + 𝑓𝑣
∗𝑣‾RΦ̃𝑙L +

1

2
(𝑀c𝑣‾R𝑣R +𝑀

∗𝑣‾R 
c𝑣R) 

= 𝑓𝑣(𝑣‾L, 𝑒‾L) (
Φ̃0

Φ̃−
)𝑣R + 𝑓𝑣

∗𝑣‾R(Φ̃
0∗, Φ̃−∗) (

𝑣L
𝑒L
)  

 +
1

2
(𝑀c𝑣‾R𝑣R +𝑀

∗𝑣‾R 
c𝑣R)

 

ℒ(𝑙‾L, 𝑙L, 𝜈‾R, 𝜈R, v)=
1

2
(𝜈‾L,  

c𝜈‾R) (
0 𝑓𝜈V
𝑓𝜈V 𝑀

)(
 c𝜈L
𝜈R
) +

1

2
( c𝜈‾L, 𝜈‾R) (

0 𝑓𝜈
∗ V

𝑓𝜈
∗ V 𝑀∗ ) (

𝜈L
 c𝜈R

) =
1

2
(𝜈‾L,  

c𝜈‾R)ℳ𝜈 (
 c𝜈L
𝜈R
) +

1

2
( c𝜈‾L, 𝜈‾R)ℳ𝜈

∗ (
𝜈L
 c𝜈R

) 

 
 ,

 

ℳ𝑣 = (
0 𝑓𝑣v
𝑓𝑣v 𝑀

)  

(
𝑣L
′

 c𝑣R
′ ) = 𝑁 (

𝑣L
 c𝑣R

) , (𝑣‾L
′ ,  c𝑣‾R

′ ) = (𝑣‾L,  
c𝑣‾R)𝑁

†,

(
 c𝑣L

′

𝑣R
′ ) = 𝑁

∗ (
 c𝑣L
𝑣R
) , ( c𝑣‾L

′ , 𝑣‾R
′ ) = ( c𝑣‾L, 𝑣‾R)𝑁

T,

𝑁ℳ𝑣𝑁
⊤ = 𝑁∗ℳ𝑣

∗𝑁† = (
𝑚𝑣 0
0 𝑀𝑣

) .

 

𝑁= (
𝐴exp (i𝜑) 𝐵exp (i𝜑)
−𝐵∗ 𝐴∗

)  

 = (
exp (i(𝛼 + 𝛽 + 𝜑)) 0

0 1
) (

|𝐴| |𝐵|
−|𝐵| |𝐴|

) (
exp (−i𝛽) 0

0 exp (−i𝛼)
)

 

exp (i𝜒) = exp (i(𝛼 + 𝛽)), exp (i𝜃) = exp (2i𝛼).  

(
exp (−i𝛽) 0

0 exp (−i𝛼)
) (

0 𝑓𝜈v
𝑓𝜈v 𝑀

)(
exp (−i𝛽) 0

0 exp (−i𝛼)
)
⊤

= (
0 |𝑓𝜈|v
|𝑓𝜈|v |𝑀|

)  

(
|𝐴| |𝐵|
−|𝐵| |𝐴|

) (
0 |𝑓𝑣|v
|𝑓𝑣|v |𝑀|

) (
|𝐴| |𝐵|
−|𝐵| |𝐴|

)
⊤

= (
−𝑚𝑣 0
0 𝑀𝑣

) ,  

𝑀𝑣 =
1

2
(√|𝑀|2 + 4|𝑓𝑣|

2v2 + |𝑀|) ,𝑚𝑣 =
1

2
(√|𝑀|2 + 4|𝑓𝑣|

2v2 − |𝑀|)  

|𝐴|2 =
1

2
(1 +

|𝑀|

√|𝑀|2 + 4|𝑓𝑣|
2v2
) , |𝐵|2 =

1

2
(1 −

|𝑀|

√|𝑀|2 + 4|𝑓𝑣|
2v2
) .  

(
exp (i(𝛼 + 𝛽 + 𝜑)) 0

0 1
) (
−𝑚𝑣 0
0 𝑀𝑣

) (
exp (i(𝛼 + 𝛽 + 𝜑)) 0

0 1
)
⊤

= (
𝑚𝑣 0
0 𝑀𝑣

)  

𝑀𝑣 ≃ 𝑀,𝑚𝑣 ≃
|𝑓𝑣|

2v2

|𝑀|
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|𝐴|2 ≃ 1 −
|𝑓𝑣|

2v2

|𝑀|2
, |𝐵|2 ≃

|𝑓𝑣|
2v2

|𝑀|2
 

2𝑌𝑙L
3 − 𝑌𝜈R

3 − 𝑌𝑒R
3 +𝑁c(2𝑌𝑞L

3 − 𝑌𝑢R
3 − 𝑌𝑑R

3 ) = 0

2𝑌𝑙L + 2𝑁c𝑌𝑞L = 0 ⇒ 𝑌𝑙L = −𝑁c𝑌𝑞L

𝑁c(2𝑌𝑞L − 𝑌𝑢R − 𝑌𝑑R) = 0 ⇒ 𝑌𝑞L =
1

2
(𝑌𝑢R + 𝑌𝑑R)

 

(𝑌𝑢R − 𝑌𝑑R)
2
=

2

3𝑌𝑙L
(𝑌𝜈R

3 + 𝑌𝑒R
3 − 2𝑌𝑙L

3)  

2𝑌𝑙L − 𝑌𝜈R − 𝑌𝑒R +𝑁c(2𝑌𝑞L − 𝑌𝑢R − 𝑌𝑑R) = 0 ⇒  2𝑌𝑙L − 𝑌𝜈R − 𝑌𝑒R = 0  

𝑚𝑒 ≠ 0 ⇒  𝑌𝑙L −
1

2
= 𝑌𝑒R  

𝑌𝑙L +
1

2
= 𝑌𝜈R  

(𝑌𝑢R − 𝑌𝑑R)
2
=

2

3𝑌𝑙L
(𝑌𝜈R

3 + 𝑌𝑒R
3 − 2𝑌𝑙L

3) =
2

3𝑌𝑙L
((𝑌𝜈R + 𝑌𝑒R)

3
− 3𝑌𝜈R𝑌𝑒R(𝑌𝜈R + 𝑌𝑒R) − 2𝑌𝑙L

3)  

=
2

3𝑌𝑙L
(8𝑌𝑙L

3 − 6𝑌𝜈R𝑌𝑒R𝑌𝑙L − 2𝑌𝑙L
3) = 4𝑌𝑙L

2 − 4𝑌𝜈R𝑌𝑒R = (𝑌𝜈R + 𝑌𝑒R)
2
− 4𝑌𝜈R𝑌𝑒R = (𝑌𝜈R − 𝑌𝑒R)

2
= 1 

 
 

 

PARTE III. 

𝑄𝑣 = 𝑇𝐿𝑣L
3 + 𝑌𝑙L =

1

2
+ 𝑌𝑙L = 𝑌𝜈R  

𝑄𝑒 = −
1

2
+ 𝑌𝑙L = −1 + 𝑄𝑣 , 𝑄𝑢 =

1

2
(
1

𝑁c
+ 1) −

𝑄𝑣
𝑁c
, 𝑄𝑑 =

1

2
(
1

𝑁c
− 1) −

𝑄𝑣
𝑁c
.  

𝑄𝑝 = 1 − 𝑄𝑣 = −𝑄𝑒 , 𝑄𝑛 = −𝑄𝑣  

𝑀 ≠ 0 ⇒  𝑌𝜈R = 0  

𝑞L = (
𝑝L
𝑛L
) , 𝑝R, 𝑛R, 𝑙L = (

𝑣L
𝑒L
) , 𝑒R  

 c𝑛‾R𝑛R,  
c𝑝‾R𝑒R,  

c𝑞‾L(i𝜏
2)𝑙L  

ℒ(𝑒‾, 𝑒, 𝜈‾, 𝜈, 𝑝‾, 𝑝, 𝑛‾, 𝑛,Φ)= 𝑓𝑒𝑙‾LΦ𝑒R + 𝑓𝑒
∗𝑒‾RΦ

†𝑙L + 𝑓𝑝𝑞‾LΦ̃𝑝R + 𝑓𝑝
∗𝑝‾RΦ̃

†𝑞L  

+𝑀R 
c𝑝‾R𝑒R +𝑀R

∗𝑒‾R 
c𝑝R +𝑀L𝑙‾L(i𝜏

2)† c𝑞L +𝑀L
∗c𝑞‾L(i𝜏

2)𝑙L 

 +𝑓𝑛𝑞‾LΦ𝑛R + 𝑓𝑛
∗𝑛‾RΦ

†𝑞L +
𝑀𝑛
2
( c𝑛‾R𝑛R + 𝑛‾R 

c𝑛R)

 

Φ(𝑥) = (
Φ+(𝑥)

Φ0(𝑥)
) , Φ̃(𝑥) = i𝜏2Φ(𝑥)∗ = (

Φ0(𝑥)∗

−Φ+(𝑥)∗
)  
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ℒ(𝑒‾, 𝑒, 𝑣‾, 𝑣, 𝑝‾, 𝑝, 𝑛‾, 𝑛, v)  

= (𝑒‾L,  
c𝑝‾R) (

𝑓𝑒 V 𝑀L
𝑀R 𝑓𝑝v

) (
𝑒R
 c𝑝L

) + (𝑒‾R,  
c𝑝‾L) (

𝑓𝑒
∗v 𝑀R

∗

𝑀L
∗ 𝑓𝑝

∗v
) (

𝑒L
 c𝑝R

)

+
1

2
(𝑣‾L, 𝑛‾L,  

c𝑛‾R)(

0 −𝑀L 0
−𝑀L 0 𝑓𝑛v
0 𝑓𝑛v 𝑀𝑛

)(
 c𝜈L
 c𝑛L
𝑛R

)

+
1

2
( c𝜈‾L,  

c𝑛‾L, 𝑛‾R)(

0 −𝑀L
∗ 0

−𝑀L
∗ 0 𝑓𝑛

∗v

0 𝑓𝑛
∗v 𝑀𝑛

)(

𝜈L
𝑛L
 c𝑛R

)

= (𝑒‾L,  
c𝑝‾R)ℳ𝐶 (

𝑒R
 c𝑝L

) + (𝑒‾R,  
c𝑝‾L)ℳ𝐶

† (
𝑒L
 c𝑝R

) +
1

2
(𝜈‾L, 𝑛‾L,  

c𝑛‾R)ℳ𝑁 (
 c𝜈L
 c𝑛L
𝑛R

)

+
1

2
( c𝜈‾L,  

c𝑛‾L, 𝑛‾R)ℳ𝑁
∗ (

𝜈L
𝑛L
 c𝑛R

) 

ℳ𝐶 = (
𝑓𝑒v 𝑀L
𝑀R 𝑓𝑝v

) ,ℳ𝑁 = (

0 −𝑀L 0
−𝑀L 0 𝑓𝑛v
0 𝑓𝑛v 𝑀𝑛

) .  

(
𝑒R
′

 c𝑝L
′) = 𝐶R (

𝑒R
 c𝑝L

) , (
𝑒L
′

 c𝑝R
′ ) = 𝐶L (

𝑒L
 c𝑝R

) , 𝐶Lℳ𝐶𝐶R
† = (

𝑚𝑒 0
0 𝑚𝑝

) ,

(

 c𝜈L
′

 c𝑛L
′

𝑛R
′

) = 𝑁R (
 c𝑛L
𝑛R
) , (

𝜈L
′

𝑛L
′

 c𝑛R
′

) = 𝑁L (

𝜈L
𝑛L
 c𝑛R

) ,𝑁Rℳ𝑁𝑁L
† = (

𝑚𝑣 0 0
0 𝑚𝑛 0
0 0 𝑀

) .

 

(
𝑣𝑒 L(𝑥)

𝑒L(𝑥)
) , 𝑒R(𝑥), (

𝑢L(𝑥)

𝑑L(𝑥)
) , 𝑢R(𝑥), 𝑑R(𝑥)  

(
𝑣𝜇L(𝑥)

𝜇L(𝑥)
) , 𝜇R(𝑥), (

𝑐L(𝑥)

𝑠L(𝑥)
) , 𝑐R(𝑥), 𝑠R(𝑥)  

(
𝑣𝜏L(𝑥)

𝜏L(𝑥)
) , 𝜏R(𝑥), (

𝑡L(𝑥)

𝑏L(𝑥)
) , 𝑡R(𝑥), 𝑏R(𝑥)  

𝑁L(𝑥) = (

𝑣𝑒 L(𝑥)
𝑣𝜇L(𝑥)

𝑣𝜏L(𝑥)

) , 𝐸L,R(𝑥) = (

𝑒L,R(𝑥)

𝜇L,R(𝑥)

𝜏L,R(𝑥)
)

𝑈L,R(𝑥) = (

𝑢L,R(𝑥)

𝑐L,R(𝑥)

𝑡L,R(𝑥)
) , 𝐷L,R(𝑥) = (

𝑑L,R(𝑥)

𝑠L,R(𝑥)

𝑏L,R(𝑥)
)

 

𝐿L(𝑥) = (
𝑁L(𝑥)

𝐸L(𝑥)
) , 𝑄L(𝑥) = (

𝑈L(𝑥)

𝐷L(𝑥)
)  
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𝑁L
′(𝑥) = 𝑈𝑁L𝑁L(𝑥), 𝐸L,R

′ (𝑥) = 𝑈𝐸L,R𝐸L,R(𝑥)

𝑈L,R
′ (𝑥) = 𝑈𝑈L,R𝑈L,R(𝑥), 𝐷L,R

′ (𝑥) = 𝑈𝐷L,R𝐷L,R(𝑥)
 

ℒ(𝐿‾L
′ , 𝐿L

′ , 𝐸‾R
′ , 𝐸R

′ , 𝐵,𝑊) = 𝐿‾L
′ 𝜎‾𝜇𝐷𝜇𝐿L

′ + 𝐸‾R
′ 𝜎𝜇𝐷𝜇𝐸R

′  

𝐷𝜇𝐿L
′ (𝑥) = (𝜕𝜇 − i

𝑔′

2
𝐵𝜇(𝑥) +𝑊𝜇(𝑥)) 𝐿L

′ (𝑥), 𝐷𝜇𝐸R
′ (𝑥) = (𝜕𝜇 − i𝑔

′𝐵𝜇(𝑥))𝐸R
′ (𝑥)  

ℒ(𝐿‾L
′ , 𝐿L

′ , 𝐸‾R
′ , 𝐸R

′ , Φ) = 𝐿‾L
′ Φℱ𝐸𝐸R

′ + 𝐸‾R
′ℱ𝐸

†Φ†𝐿L
′ .  

ℒ(𝐿‾L, 𝐿L, 𝐸‾R, 𝐸R, v) = 𝐸‾Lℳ𝐸𝐸R + 𝐸‾Rℳ𝐸𝐸L  

𝑈𝐸L†vℱ𝐸𝑈
𝐸R =ℳ𝐸  

ℒ(𝐿‾L, 𝐿L, 𝐸‾R, 𝐸R, 𝐵,𝑊)= 𝐿‾L𝑈
𝐸L†𝜎‾𝜇𝐷𝜇𝑈

𝐸L𝐿L + 𝐸‾R𝑈
𝐸R†𝜎𝜇𝐷𝜇𝑈

𝐸R𝐸R 

 = 𝐿‾L𝜎‾𝜇𝐷𝜇𝐿L + 𝐸‾R𝜎𝜇𝐷𝜇𝐸R
 

 

 

ℒ(𝑄‾L
′ , 𝑄L

′ , 𝑈‾R
′ , 𝑈R

′ , 𝐷‾R
′ , 𝐷R

′ , 𝐵,𝑊, 𝐺) = 𝑄‾L
′𝜎‾𝜇𝐷𝜇𝑄L

′ + 𝑈‾R
′ 𝜎𝜇𝐷𝜇𝑈R

′ + 𝐷‾R
′ 𝜎𝜇𝐷𝜇𝐷R

′  

𝐷𝜇𝑄L
′ (𝑥)= (𝜕𝜇 + i

𝑔′

2𝑁c
𝐵𝜇(𝑥) +𝑊𝜇(𝑥) + 𝐺𝜇(𝑥))𝑄L

′ (𝑥), 

𝐷𝜇𝑈R
′ (𝑥)= (𝜕𝜇 + i

𝑔′

2
(
1

𝑁c
+ 1)𝐵𝜇(𝑥) + 𝐺𝜇(𝑥))𝑈R

′ (𝑥),  

𝐷𝜇𝐷R
′ (𝑥) = (𝜕𝜇 + i

𝑔′

2
(
1

𝑁c
− 1)𝐵𝜇(𝑥) + 𝐺𝜇(𝑥))𝐷R

′ (𝑥).

 

ℒ(𝑄‾L
′ , 𝑄L

′ , 𝑈‾R
′ , 𝑈R

′ , 𝐷‾R
′ , 𝐷R

′ , Φ) = 𝑄‾L
′ Φ̃ℱ𝑈𝑈R

′ + 𝑈‾R
′ℱ𝑈

†Φ̃†𝑄L
′ + 𝑄‾L

′Φℱ𝐷𝐷R
′ + 𝐷‾R

′ℱ𝐷
†Φ†𝑄L

′  

ℒ(𝑄‾L, 𝑄L, 𝑈‾R, 𝑈R, 𝐷‾R, 𝐷R, v) = 𝑈‾Lℳ𝑈𝑈R +𝑈‾Rℳ𝑈𝑈L + 𝐷‾Lℳ𝐷𝐷R + 𝐷‾Rℳ𝐷𝐷L  

𝑈𝑈L†vℱ𝑈𝑈
𝑈R =ℳ𝑈, 𝑈

𝐷L†vℱ𝐷𝑈
𝐷R =ℳ𝐷  

𝑈‾L,R
′ (𝑥)𝛾𝜇𝑈L,R

′ (𝑥) = 𝑈‾L,R(𝑥)𝑈
𝑈
L,R†
†

𝛾𝜇𝑈
𝑈L,R𝑈L,R(𝑥) = 𝑈‾L,R(𝑥)𝛾𝜇𝑈L,R(𝑥),

𝐷‾L,R
′ (𝑥)𝛾𝜇𝐷L,R

′ (𝑥) = 𝐷‾L,R(𝑥)𝑈
𝐷L,R
† †𝛾𝜇𝑈

𝐷L,R𝐷L,R(𝑥) = 𝐷‾L,R(𝑥)𝛾𝜇𝐷L,R(𝑥).
 

√2𝑗𝜇
+(𝑥)/𝑔 = 𝑈‾L

′(𝑥)𝜎‾𝜇𝐷L
′(𝑥) = 𝑈‾L(𝑥)𝑈

𝑈L
†
𝜎‾𝜇𝑈

𝐷L𝐷L(𝑥) = 𝑈‾L(𝑥)𝜎‾𝜇𝑉𝐷L(𝑥)

√2𝑗𝜇
−(𝑥)/𝑔 = 𝐷‾L

′ (𝑥)𝜎‾𝜇𝑈L
′(𝑥) = 𝐷‾L(𝑥)𝑈

𝐷L
†
𝜎‾𝜇𝑈

𝑈L𝑈L(𝑥) = 𝐷‾L(𝑥)𝜎‾𝜇𝑉
†𝑈L(𝑥)
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𝑉 = 𝑈𝑈L†𝑈𝐷L ∈ U(𝑁g)  

𝑈𝑈L
′
= 𝑈𝑈L𝐷𝑈L , 𝑈𝐷L

′
= 𝑈𝐷L𝐷𝐷L  

𝑉′ = 𝑈𝑈L
′†
𝑈𝐷L

′
= 𝐷𝑈L

†
𝑉𝐷𝐷L  

𝑁g
2 − (2𝑁g − 1) = (𝑁g − 1)

2
 

𝑉 = (
𝐴exp (i𝜑) 𝐵exp (i𝜑)
−𝐵∗ 𝐴∗

) = (
|𝐴|exp (i(𝛼 + 𝜑)) |𝐵|exp (i(𝛽 + 𝜑))
−|𝐵|exp (−i𝛽) |𝐴|exp (−i𝛼)

) ,  

𝑉′ = 𝐷𝑈L†𝑉𝐷𝐷L = (
cos 𝜃C sin 𝜃C
−sin 𝜃C cos 𝜃C

) .  

𝐷𝑈L = diag(exp (i(𝜑 + 𝛽)), exp (−i𝛼)), 𝐷𝐷L = diag(exp (i(𝛽 − 𝛼)),1),  

(𝑁g − 1)
2
−
𝑁g(𝑁g − 1)

2
=
(𝑁g − 1)(𝑁g − 2)

2
> 0.  

 

𝑉 = (
𝑉𝑢𝑑 𝑉𝑢𝑠
𝑉𝑐𝑑 𝑉𝑐𝑠

) = (
cos 𝜃C sin 𝜃C
−sin 𝜃C cos 𝜃C

) .  

𝑉𝑑𝑢𝑉𝑢𝑑𝑉𝑠𝑢𝑉𝑢𝑠 + 𝑉𝑑𝑢𝑉𝑢𝑑𝑉𝑠𝑐𝑉𝑐𝑠 + 𝑉𝑑𝑐𝑉𝑐𝑑𝑉𝑠𝑢𝑉𝑢𝑠 + 𝑉𝑑𝑐𝑉𝑐𝑑𝑉𝑠𝑐𝑉𝑐𝑠 = 0;  

|𝐾L⟩ =
1

√2
[|𝐾0⟩ + |𝐾0⟩] , |𝐾S⟩ =

1

√2
[|𝐾0⟩ − |𝐾0⟩] .  

|𝐾L⟩ =
1

√2(1 + |𝜀|2)
[(1 + 𝜀)|𝐾0⟩ + (1 − 𝜀) |𝐾0⟩]

|𝐾S⟩ =
1

√2(1 + |𝜀|2)
[(1 − 𝜀)|𝐾0⟩ − (1 + 𝜀) |𝐾0⟩]

 

ℒ(𝐿‾L
′ , 𝐿L

′ , Φ̃) =
1

2Λ
[( c𝐿‾L

′ Φ̃∗)𝒢𝑁(Φ̃
†𝐿L
′ ) + (𝐿‾L

′ Φ̃)𝒢𝑁
∗ (Φ̃T c𝐿L

′ )]  

ℒ(𝐿‾L
′ , 𝐿L

′ , v) =
v2

2Λ
[ c𝑁‾L

′𝒢𝑁𝑁L
′ +𝑁‾L

′𝒢𝑁
∗c𝑁L

′]  

𝑁L
′(𝑥) = 𝑈𝑁L𝑁L(𝑥), 𝑁‾L

′(𝑥) = 𝑁‾L(𝑥)𝑈
𝑁L†

 c𝑁L
′(𝑥) = i𝜎2𝑁‾L

′(𝑥)⊤ = i𝜎2[𝑁‾L(𝑥)𝑈
𝑁L†]

⊤
= 𝑈𝑁L∗i𝜎2𝑁‾L(𝑥)

⊤ = 𝑈𝑁L∗ c𝑁L(𝑥)

 c𝑁‾L
′(𝑥) = −𝑁L

′(𝑥)⊤i𝜎2 = −[𝑈𝑁L𝑁L(𝑥)]
⊤i𝜎2 = −𝑁L(𝑥)

⊤i𝜎2𝑈𝑁L T =  c𝑁‾L(𝑥)𝑈
𝑁L  ⊤
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ℒ(𝐿‾L, 𝐿L, v) =
v2

2Λ
[ c𝑁‾L𝑈

𝑁L  T𝒢𝑁𝑈
𝑁L𝑁L +𝑁‾L𝑈

𝑁L
†
𝒢𝑁
∗𝑈𝑁L∗c𝑁L]  

𝒢𝑁
′ = 𝑈𝑁L  ⊤𝒢𝑁𝑈

𝑁L  

𝒢𝑁
′⊤ = 𝑈𝑁L

⊤
𝒢𝑁
⊤𝑈𝑁L = 𝒢𝑁

′  

𝑈𝑁L  T
v2

Λ
𝒢𝑁𝑈

𝑁L =ℳ𝑁 = diag(𝑚𝜈1 ,𝑚𝜈2 ,𝑚𝜈3)
 

√2𝑗𝜇
+(𝑥)/𝑔 = 𝑁‾L

′(𝑥)𝜎‾𝜇𝐸L
′(𝑥) = 𝑁‾L(𝑥)𝑈

𝑁L
†
𝜎‾𝜇𝑈

𝐸L𝐸L(𝑥) = 𝑁‾L(𝑥)𝜎‾𝜇𝑈𝐸L(𝑥)

√2𝑗𝜇
−(𝑥)/𝑔 = 𝐸‾L

′(𝑥)𝜎‾𝜇𝑁L
′(𝑥) = 𝐸‾L(𝑥)𝑈

𝐸L†𝜎‾𝜇𝑈
𝑁L𝑁L(𝑥) = 𝐸‾L(𝑥)𝜎‾𝜇𝑈

†𝑁L(𝑥)
 

𝑈 = 𝑈𝑁L†𝑈𝐸L ∈ U(𝑁g)  

(

𝑣𝑒 L(𝑥)
𝑣𝜇L(𝑥)

𝑣𝜏L(𝑥)

) = 𝑈𝐸L
†
𝑁L
′(𝑥)  

(

𝑣1 L(𝑥)
𝑣2 L(𝑥)
𝑣3 L(𝑥)

) = 𝑁L(𝑥) = 𝑈
𝑁L
†
𝑁L
′(𝑥) = 𝑈𝑁L

†
𝑈𝐸L (

𝑣𝑒 L(𝑥)
𝑣𝜇L(𝑥)

𝑣𝜏L(𝑥)

) = 𝑈(

𝑣𝑒 L(𝑥)
𝑣𝜇L(𝑥)

𝑣𝜏L(𝑥)

)  

𝑈𝐸L
′
= 𝑈𝐸L𝐷𝐸L  

𝑈′ = 𝑈𝑁L†𝑈𝐸L
′
= 𝑈𝐷𝐸L .  

|𝑣𝑖(𝑡)⟩ = exp (−i𝐸𝑖𝑡)|𝑣𝑖⟩ = exp (−i𝑚𝑣𝑖𝑡)|𝑣𝑖⟩  

|𝑣𝑓⟩ =∑  

𝑁g

𝑖=1

 𝑈𝑓𝑖
† |𝑣𝑖⟩ =∑  

𝑁g

𝑖=1

 𝑈𝑖𝑓
∗ |𝑣𝑖⟩,  

|Ψ(𝑡)⟩ =∑  

𝑁g

𝑖=1

 𝑈𝑖𝑓
∗ |𝑣𝑖(𝑡)⟩ =∑  

𝑁g

𝑖=1

 𝑈𝑖𝑓
∗ exp (−i𝑚𝑣𝑖𝑡)|𝑣𝑖⟩

 

⟨𝑣𝑓′ ∣ Ψ(𝑡)⟩ =∑  

𝑁g

𝑖=1

 𝑈𝑖𝑓
∗ 𝑈𝑖𝑓′exp (−i𝑚𝑣𝑖𝑡)

 

|⟨𝑣𝜇 ∣ Ψ(𝑡)⟩|
2
= |∑  

2

𝑖=1

 𝑈𝑖𝑒
∗ 𝑈𝑖𝜇exp (−i𝑚𝑣𝑖

𝑡)|

2

= |𝑈1𝑒|
2|𝑈1𝜇|

2
+ |𝑈2𝑒|

2|𝑈2𝜇|
2
 +2Re[𝑈1𝑒𝑈1𝜇

∗ 𝑈2𝑒
∗ 𝑈2𝜇exp (i(𝑚𝑣1 −𝑚𝑣2)𝑡)]

 
 

 

𝑈 = (
𝑈1𝑒 𝑈1𝜇
𝑈2𝑒 𝑈2𝜇

) = (
cos 𝜃 sin 𝜃exp (i𝜙)

−sin 𝜃exp (−i𝜙) cos 𝜃
) ∈ SU(2).  

|⟨𝑣𝜇 ∣ Ψ(𝑡)⟩|
2
= sin2 (2𝜃)sin2 (

1

2
(𝑚𝑣1 −𝑚𝑣2)𝑡)  
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2 + 𝑁g + 2𝑁g + (𝑁g − 1)
2
= 𝑁g(𝑁g + 1) + 3  

3 + 2 +𝑁g(𝑁g + 1) + 3 = 𝑁g(𝑁g + 1) + 8  

𝐺𝜇(𝑥) = i𝑔s𝐺𝜇
𝑎(𝑥)

𝜆𝑎

2
, 𝑎 ∈ {1,2,… ,8}  

𝐺𝜇
′(𝑥) = Ω(𝑥)(𝐺𝜇(𝑥) + 𝜕𝜇)Ω(𝑥)

†,  

𝐺𝜇𝜈(𝑥) = 𝜕𝜇𝐺𝜈(𝑥) − 𝜕𝜈𝐺𝜇(𝑥) + [𝐺𝜇(𝑥), 𝐺𝜈(𝑥)]  

𝐺𝜇𝜈
′ (𝑥) = Ω(𝑥)𝐺𝜇𝜈(𝑥)Ω(𝑥)

†  

ℒQCD(𝑞‾, 𝑞, 𝐺) =∑  

f

 𝑞‾f[𝛾𝜇(𝜕𝜇 + 𝐺𝜇) +𝑚f]𝑞
f −

1

2𝑔s
2 Tr[𝐺𝜇𝜈𝐺𝜇𝜈]  

𝑍 = ∫  𝒟𝑞‾𝒟𝑞𝒟𝐺exp (−∫  𝑑4𝑥ℒQCD(𝑞‾, 𝑞, 𝐺))  

𝑞(𝑥) = 𝑍𝑞(𝜀)
1/2𝑞r(𝑥), 𝐺𝜇(𝑥) = 𝑍𝐺(𝜀)

1/2𝐺𝜇
r(𝑥),  

𝑔s =
𝑍(𝜀)

𝑍𝑞(𝜀)𝑍𝐺(𝜀)
1/2
𝑔s
r  

Γ𝑛𝑞,𝑛𝐺
r (𝑘𝑖, 𝑝𝑗) = lim

𝜀→0
 𝑍𝑞(𝜀)

𝑛𝑞/2𝑍𝐺(𝜀)
𝑛𝐺/2Γ𝑛𝑞,𝑛𝐺(𝑘𝑖, 𝑝𝑗 , 𝜀)  

Γ0,2
r (𝑝, −𝑝)𝑣𝜌

𝑎𝑏|
𝑝2=𝜇2

= (𝑝𝑣𝑝𝜌 − 𝛿𝑣𝜌𝑝
2)𝛿𝑎𝑏 ,

Γ2,0
r (𝑘, 𝑘)|

𝑘2=𝜇2
= 𝛾𝑣𝑘𝑣

Γ2,1
r (𝑘, 𝑘, 𝑘)𝑣

𝑎|
𝑘2=𝜇2

= i𝑔s
r𝛾𝑣
𝜆𝑎

2
.

 

𝑔s
r = 𝑔s

r(𝑔s, 𝜀, 𝜇),  

𝛽(𝑔s
r) = lim

𝜀→0
 𝜇
𝜕

𝜕𝜇
𝑔s
r(𝑔s, 𝜀, 𝜇)  

𝛽(𝑔s
r) = −

(𝑔s
r)3

16𝜋2
(11 −

2

3
𝑁f)  

11 −
2

3
𝑁f > 0 ⇒  𝑁f ≤ 16  

𝛽(𝑔s
r) = 𝜇

𝜕

𝜕𝜇
𝑔s
r = −

(𝑔s
r)3

16𝜋2
(11 −

2

3
𝑁f) ⇒

𝜕𝑔s
r

𝜕𝜇

1

(𝑔s
r)3

=
1

2

𝜕(𝑔s
r)2

𝜕𝜇

1

(𝑔s
r)4

= −
11 −

2
3𝑁f

16𝜋2
1

𝜇
⇒

𝜕(𝑔s
r)2

(𝑔s
r)4

= −
33 − 2𝑁f
24𝜋2

𝜕𝜇

𝜇
⇒

1

(𝑔s
r)2

=
33 − 2𝑁f
24𝜋2

log 
𝜇

ΛQCD
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𝛼s
r(𝜇) =

6𝜋

33 − 2𝑁f

1

log (𝜇/ΛQCD)
.  

ℒ(𝑞‾, 𝑞, 𝐺) = 𝑞‾[𝛾𝜇(𝜕𝜇 + 𝐺𝜇) +ℳ]𝑞  

𝑞L(𝑥) =
1 − 𝛾5
2

𝑞(𝑥), 𝑞R(𝑥) =
1 + 𝛾5
2

𝑞(𝑥), 𝑞(𝑥) = 𝑞L(𝑥) + 𝑞R(𝑥)

𝑞‾L(𝑥) = 𝑞‾(𝑥)
1 + 𝛾5
2

, 𝑞‾R(𝑥) = 𝑞‾(𝑥)
1 − 𝛾5
2

, 𝑞‾(𝑥) = 𝑞‾L(𝑥) + 𝑞‾R(𝑥)

 

ℒ(𝑞‾L, 𝑞L, 𝑞‾R, 𝑞R, 𝐺) = 𝑞‾L𝜎‾𝜇(𝜕𝜇 + 𝐺𝜇)𝑞L + 𝑞‾R𝜎𝜇(𝜕𝜇 + 𝐺𝜇)𝑞R+𝑞‾Lℳ𝑞R + 𝑞‾Rℳ𝑞L 

 
 

𝑞L
′ (𝑥) = 𝐿𝑞L(𝑥), 𝑞‾L

′ (𝑥) = 𝑞‾L(𝑥)𝐿
†, 𝐿 ∈ U(𝑁f)𝐿

𝑞R
′ (𝑥) = 𝑅𝑞R(𝑥), 𝑞‾R

′ (𝑥) = 𝑞‾R(𝑥)𝑅
†, 𝑅 ∈ U(𝑁f)𝑅

 

SU(𝑁f)𝐿 × SU(𝑁f)𝑅 × U(1)𝐿=𝑅 = SU(𝑁f)𝐿 × SU(𝑁f)𝑅 × U(1)𝐵.  

𝑞‾L
′ (𝑥)ℳ𝑞R

′ (𝑥) = 𝑞‾L(𝑥)𝑅
†𝑚𝟙𝐿𝑞R(𝑥) = 𝑞‾L(𝑥)𝑅

†𝐿ℳ𝑞R(𝑥)  

SU(𝑁f)𝐿=𝑅 × U(1)𝐿=𝑅 = SU(𝑁f)f × U(1)𝐵  

∏ 

f

 U(1)f = U(1)𝑢 × U(1)𝑑 × U(1)𝑠 ×⋯× U(1)𝑁f .  

𝑗𝜇
𝐿𝑎(𝑥) = 𝑞‾L(𝑥)𝜎‾𝜇

𝜏𝑎

2
𝑞L(𝑥), 𝑗𝜇

𝑅𝑎(𝑥) = 𝑞‾R(𝑥)𝜎𝜇
𝜏𝑎

2
𝑞R(𝑥),  

𝑗𝜇
𝑎(𝑥)  = 𝑗𝜇

𝑅𝑎(𝑥) + 𝑗𝜇
𝐿𝑎(𝑥) = 𝑞‾(𝑥)𝛾𝜇

𝜏𝑎

2
𝑞(𝑥) 

 

𝑗𝜇
5𝑎(𝑥) = 𝑗𝜇

𝑅𝑎(𝑥) − 𝑗𝜇
𝐿𝑎(𝑥) = 𝑞‾(𝑥)𝛾𝜇𝛾5

𝜏𝑎

2
𝑞(𝑥)

 

⟨Φ|𝑗𝜇
𝐿𝑎(𝑥)𝑗𝑣

𝑅𝑏(𝑦)|Φ⟩ = ⟨Φ|𝑗𝜇
𝑅𝑎(𝑥)𝑗𝑣

𝐿𝑏(𝑦)|Φ⟩ = 0 ⇒ 

 ⟨Φ|𝑗𝜇
𝑎(𝑥)𝑗𝑣

𝑏(𝑦)|Φ⟩ = ⟨Φ|𝑗𝜇
5𝑎(𝑥)𝑗𝑣

5𝑏(𝑦)|Φ⟩
 

�̂�𝑎 = ∫  𝑑3𝑥�̂�(�⃗�)†
𝜏𝑎

2
�̂�(�⃗�), �̂�5𝑎 = ∫  𝑑3𝑥�̂�(�⃗�)†𝛾5

𝜏𝑎

2
�̂�(�⃗�)  

�̂�𝑎|Φ⟩ = �̂�5𝑎|Φ⟩ = 0  

�̂�5𝑎|0⟩ ≠ 0  

[�̂�QCD, �̂�
5𝑎] = 0 ⇒  �̂�QCD�̂�

5𝑎|0⟩ = �̂�5𝑎�̂�QCD|0⟩ = 0  

⟨𝑞‾𝑞⟩ = ⟨0|𝑞‾(𝑥)𝑞(𝑥)|0⟩ = ⟨0|(𝑞‾L(𝑥)𝑞R(𝑥) + 𝑞‾R(𝑥)𝑞L(𝑥))|0⟩.  
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𝑆QCD[𝑄‾ , 𝑄, 𝑈] = 𝑎
4∑ 

𝑥,𝜇

 
1

2𝑎
(𝑄‾𝑥𝛾𝜇𝑈𝑥,𝜇𝑄𝑥+�̂� − 𝑄‾𝑥+�̂�𝛾𝜇𝑈𝑥,𝜇

† 𝑄𝑥) + 𝑎
4∑ 

𝑥

 𝑄‾𝑥ℳ𝑄𝑥

+ 𝑎4∑ 

𝑥,𝜇

 
1

2𝑎
(2𝑄‾𝑥𝑄𝑥 − 𝑄‾𝑥𝑈𝑥,𝜇𝑄𝑥+�̂� − 𝑄‾𝑥+�̂�𝑈𝑥,𝜇

† 𝑄𝑥)

− 𝑎4 ∑  

𝑥,𝜇,𝜈

 
1

𝑔s
2𝑎4

Tr[𝑈𝑥,𝜇𝑈𝑥+�̂�,𝜈𝑈𝑥+�̂�,𝜇
† 𝑈𝑥,𝜈

† + 𝑈𝑥,𝜈𝑈𝑥+�̂�,𝜇𝑈𝑥+�̂�,𝜈
† 𝑈𝑥,𝜇

† ] 

𝑍 =∏ 

𝑥

 ∫  𝑑𝑄‾𝑥𝑑𝑄𝑥∏ 

𝑦,𝜇

 ∫  
SU(3)

 𝑑𝑈𝑦,𝜇exp (−𝑆QCD[𝑄‾ , 𝑄, 𝑈])  

𝑆[𝑄‾, 𝑄, 𝑈] = 𝑎4𝑄‾𝐷[𝑈]𝑄 = 𝑎4∑ 

𝑥,𝑦

 𝑄‾𝑥𝐷[𝑈]𝑥𝑦𝑄𝑦  

{𝐷[𝑈]−1, 𝛾5} = 𝐷[𝑈]
−1𝛾5 + 𝛾5𝐷[𝑈]

−1 = 𝑎𝛾5.  

𝛾5𝐷[𝑈] + 𝐷[𝑈]𝛾5 = 𝑎𝐷[𝑈]𝛾5𝐷[𝑈].  

𝐴overlap [𝑈]= 𝐴W[𝑈]/√𝐴W[𝑈]
†𝐴W[𝑈]  

𝐷overlap [𝑈]=
1

𝑎
(𝐴overlap [𝑈] + 𝟙)  

 = (𝐷W[𝑈] − 𝟙/𝑎)/√(𝑎𝐷W[𝑈]
† − 𝟙)(𝑎𝐷W[𝑈] − 𝟙) +

1

𝑎
𝟙.

 

𝑄′ = 𝑄 + 𝛿𝑄 = (𝟙 + i𝜀𝑎𝑇𝑎𝛾5)𝑄

𝑄‾ ′ = 𝑄‾ + 𝛿𝑄‾ = 𝑄‾(𝟙 + i𝜀𝑎𝑇𝑎𝛾5)
 

𝑄′= 𝑄 + 𝛿𝑄 = (𝟙 + i𝜀𝑎𝑇𝑎𝛾5 (1 −
𝑎

2
𝐷[𝑈]))𝑄  

𝑄‾ ′ = 𝑄‾ + 𝛿𝑄‾ = 𝑄‾ (𝟙 + i𝜀𝑎𝑇𝑎 (1 −
𝑎

2
𝐷[𝑈]) 𝛾5)

 

𝑄‾ ′𝐷[𝑈]𝑄′ = 𝑄‾ (𝟙 + i𝜀𝑎𝑇𝑎 (𝟙 −
𝑎

2
𝐷[𝑈]) 𝛾5)𝐷[𝑈] (𝟙 + i𝜀

𝑎𝑇𝑎𝛾5 (𝟙 −
𝑎

2
𝐷[𝑈]))𝑄

= 𝑄‾𝐷[𝑈]𝑄 + 𝑄‾(i𝜀𝑎𝑇𝑎[𝛾5𝐷[𝑈] + 𝐷[𝑈]𝛾5 − 𝑎𝐷[𝑈]𝛾5𝐷[𝑈]])𝑄 + 𝒪(𝜀
2)

= 𝑄‾𝐷[𝑈]𝑄 + 𝒪(𝜀2) 

𝒟𝑄‾ ′𝒟𝑄′= 𝒟𝑄‾ (𝟙 + i𝜀𝑎𝑇𝑎 (𝟙 −
𝑎

2
𝐷[𝑈]) 𝛾5) (𝟙 + i𝜀

𝑎𝑇𝑎𝛾5 (𝟙 −
𝑎

2
𝐷[𝑈])𝒟𝑄 

= 𝒟𝑄‾𝒟𝑄(𝟙 + i𝜀𝑎Tr[𝑇𝑎𝛾5(2𝟙 − 𝑎𝐷[𝑈])] + 𝒪(𝜀
2))  

 = 𝒟𝑄‾𝒟𝑄(𝟙 − i𝜀0𝑎Tr[𝛾5𝐷[𝑈]] + 𝒪(𝜀
2))

 

𝑗𝜇
5(𝑥) =∑  

f

 𝑞‾f(𝑥)𝛾𝜇𝛾5𝑞
f(𝑥) =∑  

f

  (𝑞‾R
f (𝑥)𝜎𝜇𝑞R

f (𝑥) − 𝑞‾L
f (𝑥)𝜎‾𝜇𝑞L

f (𝑥))  
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⟨𝜕𝜇𝑗𝜇
5(𝑥)⟩ = 2𝑁f𝑃(𝑥)  

𝑃(𝑥) = −
1

32𝜋2
𝜖𝜇𝜈𝜌𝜎Tr[𝐺𝜇𝜈(𝑥)𝐺𝜌𝜎(𝑥)]  

𝑗𝜇
𝐵(𝑥) =∑  

f

 𝑞‾f(𝑥)𝛾𝜇𝑞
f(𝑥) =∑  

f

  (𝑞‾R
f (𝑥)𝜎𝜇𝑞R

f (𝑥) + 𝑞‾L
f (𝑥)𝜎‾𝜇𝑞L

f (𝑥))  

⟨𝜕𝜇𝑗𝜇
𝐵(𝑥)⟩ = 𝑁g𝑃(𝑥).  

𝑃(𝑥) = −
1

32𝜋2
𝜖𝜇𝜈𝜌𝜎Tr[𝑊𝜇𝜈(𝑥)𝑊𝜌𝜎(𝑥)]  

𝑃(𝑥) = 𝜕𝜇Ω𝜇
(0)
(𝑥),  

Ω𝜇
(0)
(𝑥) = −

1

8𝜋2
𝜖𝜇𝜈𝜌𝜎Tr [𝐺𝜈(𝑥) (𝜕𝜌𝐺𝜎(𝑥) +

2

3
𝐺𝜌(𝑥)𝐺𝜎(𝑥))] .  

𝑗𝜇
5(𝑥) = 𝑗𝜇

5(𝑥) − 2𝑁fΩ𝜇
(0)
(𝑥),  

𝜕𝜇𝑗𝜇
5(𝑥) = 𝜕𝜇𝑗𝜇

5(𝑥) − 2𝑁f𝑃(𝑥) = 0.  

𝑄 = −
1

32𝜋2
∫  𝑑4𝑥𝜖𝜇𝜈𝜌𝜎Tr[𝐺𝜇𝜈𝐺𝜌𝜎] = ∫  𝑑

4𝑥𝑃 = ∫  𝑑4𝑥𝜕𝜇Ω𝜇
(0)
= ∫  

𝑆3
 𝑑3𝜎𝜇Ω𝜇

(0)
 

𝐺𝜇(𝑥) = Ω(𝑥)𝜕𝜇Ω(𝑥)
†, Ω(𝑥) ∈ SU(𝑁)  

𝑄 =−
1

8𝜋2
∫  
𝑆3
 𝑑3𝜎𝜇𝜖𝜇𝜈𝜌𝜎Tr [(Ω𝜕𝜈Ω

†) {𝜕𝜌(Ω𝜕𝜎Ω
†) +

2

3
(Ω𝜕𝜌Ω

†)(Ω𝜕𝜎Ω
†)}]  

=−
1

8𝜋2
∫  
𝑆3
 𝑑3𝜎𝜇𝜖𝜇𝜈𝜌𝜎Tr[−(Ω𝜕𝜈Ω

†)(Ω𝜕𝜌Ω
†)(Ω𝜕𝜎Ω

†)+
2

3
(Ω𝜕𝜈Ω

†)(Ω𝜕𝜌Ω
†)(Ω𝜕𝜎Ω

†)] 

=
1

24𝜋2
∫  
𝑆3
 𝑑3𝜎𝜇𝜖𝜇𝜈𝜌𝜎Tr[(Ω𝜕𝜈Ω

†)(Ω𝜕𝜌Ω
†)(Ω𝜕𝜎Ω

†)]

 

Ω: 𝑆3 → SU(𝑁).  

Π3[SU(𝑁)] = ℤ  

Ω = 𝑉𝑊,𝑊 =

(

 
 
 
 

1 0 0 … 0
0 Ω̃11 Ω̃12 … Ω̃1,𝑁−1

0 Ω̃21 Ω̃22 … Ω̃1,𝑁−1
⋅ ⋅ ⋅ ⋅
⋅ ⋅ Ω̃𝑁−1,1 Ω̃𝑁−1,2 …

0 Ω̃𝑁−1,𝑁−1)

 
 
 
 

,  
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𝑉 =

(

 
 
 
 
 
 
 
 
 
Ω11 −Ω21

∗ −
Ω31
∗ (1 + Ω11)

1 + Ω11
∗ … −

Ω𝑁1
∗ (1 + Ω11)

1 + Ω11
∗

Ω21
1 + Ω11

∗ − |Ω21|
2

1 + Ω11
−
Ω31
∗ Ω21

1 + Ω11
∗ … −

Ω𝑁1
∗ Ω21
1 + Ω11

∗

Ω31 −
Ω21
∗ Ω31

1 + Ω11

1 + Ω11
∗ − |Ω31|

2

1 + Ω11
∗ … −

Ω𝑁1
∗ Ω31
1 + Ω11

∗

⋅ ⋅ ⋅ ⋅
⋅ ⋅ ⋅ ⋅

Ω𝑁1 −
Ω21
∗ Ω𝑁1
1 + Ω11

−
Ω31
∗ Ω𝑁1
1 + Ω11

∗ …
1 + Ω11

∗ − |Ω𝑁1|
2

1 + Ω11
∗ )

 
 
 
 
 
 
 
 
 

∈ SU(𝑁) 

 

𝜖𝜇𝜈𝜌𝜎Tr[(𝑉𝑊)𝜕𝜈(𝑉𝑊)
†(𝑉𝑊)𝜕𝜌(𝑉𝑊)

†(𝑉𝑊)𝜕𝜎(𝑉𝑊)
†] = 𝜖𝜇𝜈𝜌𝜎Tr[(𝑉𝜕𝜈𝑉

†)(𝑉𝜕𝜌𝑉
†)(𝑉𝜕𝜎𝑉

†)]

 +𝜖𝜇𝜈𝜌𝜎Tr[(𝑊𝜕𝜈𝑊
†)(𝑊𝜕𝜌𝑊

†)(𝑊𝜕𝜎𝑊
†)] + 3𝜖𝜇𝜈𝜌𝜎𝜕𝜈Tr[(𝑉𝜕𝜌𝑉

†)(𝑊𝜕𝜎𝑊
†)]

 

𝑄 =
1

24𝜋2
∫  
𝑆3
 𝑑3𝜎𝜇𝜖𝜇𝜈𝜌𝜎Tr[(Ω𝜕𝜈Ω

†)(Ω𝜕𝜌Ω
†)(Ω𝜕𝜎Ω

†)]

=
1

24𝜋2
∫  
𝑆3
 𝑑3𝜎𝜇𝜖𝜇𝜈𝜌𝜎Tr[(𝑉𝜕𝜈𝑉

†)(𝑉𝜕𝜌𝑉
†)(𝑉𝜕𝜎𝑉

†)

+(𝑊𝜕𝜈𝑊
†)(𝑊𝜕𝜌𝑊

†)(𝑊𝜕𝜎𝑊
†)].

 

𝑉: 𝑆3 → 𝑆2𝑁−1  

Π3[𝑆
2𝑁−1] = {0}  

Π1[𝑆
2] = {0}  

𝑄 =
1

24𝜋2
∫  
𝑆3
 𝑑3𝜎𝜇𝜖𝜇𝜈𝜌𝜎Tr[(Ω̃𝜕𝜈Ω̃

†)(Ω̃𝜕𝜌Ω̃
†)(Ω̃𝜕𝜎Ω̃

†)]  

(𝑁2 − 1) − [(𝑁 − 1)2 − 1] = 2𝑁 − 1 > 3,  

Ω̃: 𝑆3 → SU(2) = 𝑆3  

Π3[SU(2)] = Π3[𝑆
3] = ℤ  

Ω = exp (i𝛼): 𝑆1 → U(1) = 𝑆1.  

Π1[U(1)] = Π1[𝑆
1] = ℤ  

𝑄 = −
1

2𝜋i
∫  
𝑆1
 𝑑𝜎𝜇𝜖𝜇𝜈Ω𝜕𝜈Ω

† =
1

2𝜋
∫  
𝑆1
 𝑑𝜎𝜇𝜖𝜇𝜈𝜕𝜈𝛼 =

1

2𝜋
(𝛼(2𝜋) − 𝛼(0))  

Ω̃(𝑥) = exp (i�⃗�(𝑥) ⋅ 𝜏) = cos 𝛼(𝑥) + isin 𝛼(𝑥)𝑒𝛼(𝑥) ⋅ 𝜏

�⃗�(𝑥) = 𝛼(𝑥)𝑒𝛼(𝑥), 𝑒𝛼(𝑥) = (sin 𝜃(𝑥)sin 𝜑(𝑥), sin 𝜃(𝑥)cos 𝜑(𝑥), cos 𝜃(𝑥))
 

𝜖𝜇𝜈𝜌𝜎Tr[(Ω̃𝜕𝜈Ω̃
†)(Ω̃𝜕𝜌Ω̃

†)(Ω̃𝜕𝜎Ω̃
†)] = 12sin2 𝛼sin 𝜃𝜖𝜇𝜈𝜌𝜎𝜕𝜈𝛼𝜕𝜌𝜃𝜕𝜎𝜑  
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𝑄 =
1

2𝜋2
∫  
𝑆3
 𝑑3𝜎𝜇sin

2 𝛼sin 𝜃𝜖𝜇𝜈𝜌𝜎𝜕𝜈𝛼𝜕𝜌𝜃𝜕𝜎𝜑 =
1

2𝜋2
∫  
𝑆3
 𝑑Ω̃  

𝑄 = ∫  
𝑀

 𝑑4𝑥𝑃  

𝑃(𝑥) = 𝜕𝜇Ω𝜇
(0)
(𝑥),  

𝑄 = ∫  
𝑀

 𝑑4𝑥𝜕𝜇Ω𝜇
(0)
= ∫  

𝜕𝑀

 𝑑3𝜎𝜇Ω𝜇
(0)
= 0  

𝐺𝜇
𝑖(𝑥) = Ω𝑖(𝑥)[𝐺𝜇(𝑥) + 𝜕𝜇]Ω𝑖(𝑥)

†  

𝑄 =∑  

𝑖

 ∫  
𝑐𝑖

 𝑑4𝑥𝑃 =∑  

𝑖

 ∫  
𝜕𝑐𝑖

 𝑑3𝜎𝜇Ω𝜇,𝑖
(0)
=
1

2
∑  

𝑖𝑗

 ∫  
𝑐𝑖∩𝑐𝑗

 𝑑3𝜎𝜇 [Ω𝜇,𝑖
(0)
− Ω𝜇,𝑗

(0)
]  

𝐺𝜇
𝑖(𝑥) = v𝑖𝑗(𝑥)[𝐺𝜇

𝑗
(𝑥) + 𝜕𝜇]v𝑖𝑗(𝑥)

†  

v𝑖𝑗(𝑥) = Ω𝑖(𝑥)Ω𝑗(𝑥)
†.  

v𝑖𝑘(𝑥) = v𝑖𝑗(𝑥)v𝑗𝑘(𝑥).  

ΔΩ𝜇,𝑖𝑗
(0)

= Ω𝜇,𝑖
(0)
− Ω𝜇,𝑗

(0)
.  

ΔΩ𝜇,𝑖𝑗
(0)

= −
1

24𝜋2
𝜖𝜇𝜈𝜌𝜎Tr[(v𝑖𝑗𝜕𝜈v𝑖𝑗

† )(v𝑖𝑗𝜕𝜌v𝑖𝑗
† )(v𝑖𝑗𝜕𝜎v𝑖𝑗

† )]−
1

8𝜋2
𝜖𝜇𝜈𝜌𝜎𝜕𝜈Tr[𝜕𝜌v𝑖𝑗

† v𝑖𝑗𝐺𝜎
𝑖 ] 

 

 

𝑄 =−
1

48𝜋2
∑ 

𝑖𝑗

 ∫  
𝑐𝑖∩𝑐𝑗

 𝑑3𝜎𝜇𝜖𝜇𝜈𝜌𝜎Tr[(v𝑖𝑗𝜕𝜈v𝑖𝑗
† )(v𝑖𝑗𝜕𝜌v𝑖𝑗

† )(v𝑖𝑗𝜕𝜎v𝑖𝑗
† )] 

 −
1

16𝜋2
∑ 

𝑖𝑗

 ∫  
𝜕(𝑐𝑖∩𝑐𝑗)

 𝑑2𝜎𝜇𝜈𝜖𝜇𝜈𝜌𝜎Tr[𝜕𝜌v𝑖𝑗
† v𝑖𝑗𝐺𝜎

𝑖 ].

 

𝑄 =−
1

48𝜋2
∑ 

𝑖𝑗

 ∫  
𝑐𝑖∩𝑐𝑗

 𝑑3𝜎𝜇𝜖𝜇𝜈𝜌𝜎Tr[(v𝑖𝑗𝜕𝜈v𝑖𝑗
† )(v𝑖𝑗𝜕𝜌v𝑖𝑗

† )(v𝑖𝑗𝜕𝜎v𝑖𝑗
† )] 

 −
1

48𝜋2
∑ 

𝑖𝑗𝑘

 ∫  
𝑐𝑖∩𝑐𝑗∩𝑐𝑘

 𝑑2𝜎𝜇𝜈𝜖𝜇𝜈𝜌𝜎Tr[(v𝑖𝑗𝜕𝜌v𝑖𝑗
† )(v𝑗𝑘𝜕𝜎v𝑗𝑘

† )].

 

𝑄 =∑  

𝑖

 𝑄𝑖 =
1

24𝜋2
∑ 

𝑖

 ∫  
𝜕𝑐𝑖

 𝑑3𝜎𝜇𝜖𝜇𝜈𝜌𝜎Tr[(Ω𝑖𝜕𝜈Ω𝑖
†)(Ω𝑖𝜕𝜌Ω𝑖

†)(Ω𝑖𝜕𝜎Ω𝑖
†)]  

Ω𝑖: 𝜕𝑐𝑖 → SU(𝑁)  

𝑄𝑖 ∈ Π3[SU(𝑁)] = ℤ  

𝐺𝜇(𝑥)||𝑥|→∞
= Ω(𝑥)𝜕𝜇Ω(𝑥)

†, |𝑥| = √�⃗�2 + 𝑥4
2  
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Ω(𝑥) =
𝑥4 + i�⃗� ⋅ 𝜏

|𝑥|
.  

𝐺𝜇(𝑥) = 𝑓(|𝑥|)Ω(𝑥)𝜕𝜇Ω(𝑥)
†, 𝑓(∞) = 1, 𝑓(0) = 0.  

𝑆[𝐺] = −
1

2𝑔s
2∫  𝑑

4𝑥Tr[𝐺𝜇𝜈𝐺𝜇𝜈]  

−∫  𝑑4𝑥Tr [(𝐺𝜇𝜈 ±
1

2
𝜖𝜇𝜈𝜌𝜎𝐺𝜌𝜎) (𝐺𝜇𝜈 ±

1

2
𝜖𝜇𝜈𝜅𝜆𝐺𝜅𝜆)] =  

 −∫  𝑑4𝑥Tr[𝐺𝜇𝜈𝐺𝜇𝜈 ± 𝜖𝜇𝜈𝜌𝜎𝐺𝜇𝜈𝐺𝜌𝜎 + 𝐺𝜇𝜈𝐺𝜇𝜈] = 4𝑔s
2𝑆[𝐺] ± 32𝜋2𝑄[𝐺]

 

𝑆[𝐺] ±
8𝜋2

𝑔s
2 𝑄[𝐺] ≥ 0 ⇒  𝑆[𝐺] ≥

8𝜋2

𝑔s
2 |𝑄[𝐺]|  

𝑆[𝐺] =
8𝜋2

𝑔s
2 |𝑄[𝐺]|  

𝐺𝜇𝜈(𝑥) = ±
1

2
𝜖𝜇𝜈𝜌𝜎𝐺𝜌𝜎(𝑥)  

𝐺𝜇(𝑥) =
|𝑥|2

|𝑥|2 + 𝜌2
Ω(𝑥)𝜕𝜇Ω(𝑥)

†  

𝐺𝑖(�⃗�) = Ω(�⃗�)𝜕𝑖Ω(�⃗�)
†  

𝑛[Ω] ∈ Π3[SU(𝑁)] = ℤ  

𝑛[Ω] =
1

24𝜋2
∫  
𝑆3
 𝑑3𝑥𝜖𝑖𝑗𝑘Tr[(Ω𝜕𝑖Ω

†)(Ω𝜕𝑗Ω
†)(Ω𝜕𝑘Ω

†)]  

𝑄 = 𝑛 −𝑚.  

⟨𝑛|�̂�(∞,−∞)|𝑚⟩ = ∫  𝒟𝐺𝜇
(𝑛−𝑚)

exp (−𝑆[𝐺𝜇])  

�̂�Ψ[𝐺] = Ψ[ Ω𝐺],  Ω𝐺𝑖(�⃗�) = Ω(𝐺𝑖(�⃗�) + 𝜕𝑖)Ω(�⃗�)
†  

�̂�|𝑛⟩ = |𝑛 + 1⟩;  

�̂�|𝜃⟩ = exp (i𝜃)|𝜃⟩  

|𝜃⟩ = ∑  

𝑛∈ℤ

  𝑐𝑛|𝑛⟩  

�̂�|𝜃⟩ =∑  

𝑛

  𝑐𝑛�̂�|𝑛⟩ =∑  

𝑛

 𝑐𝑛|𝑛 + 1⟩ =∑  

𝑛

 𝑐𝑛−1|𝑛⟩ = exp (i𝜃)∑  

𝑛

  𝑐𝑛|𝑛⟩,  

|𝜃⟩ =
1

√2𝜋
∑  

𝑛

 exp (−i𝑛𝜃)|𝑛⟩  
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⟨𝜃 ∣ 𝜃′⟩ =
1

2𝜋
∑  

𝑛,𝑚

 exp (i(𝑛𝜃 −𝑚𝜃′))⟨𝑛 ∣ 𝑚⟩ =
1

2𝜋
∑  

𝑚

 exp (i𝑚(𝜃 − 𝜃′)) = 𝛿2𝜋(𝜃 − 𝜃
′)  

⟨𝜃|�̂�(∞,−∞)|𝜃′⟩=∑  

𝑛,𝑚

 exp (i𝑛𝜃)⟨𝑛|�̂�(∞,−∞)|𝑚⟩exp (−i𝑚𝜃′)  

= ∑  

𝑚,𝑄=𝑛−𝑚

 exp (i𝑚(𝜃 − 𝜃′) + i𝜃𝑄)∫  𝒟𝐺𝜇
(𝑄)
exp(−𝑆[𝐺])  

= 𝛿2𝜋(𝜃 − 𝜃
′)∑  

𝑄

 ∫  𝒟𝐺𝜇
(𝑄)
exp (−𝑆[𝐺] + i𝜃𝑄[𝐺])  

 = 𝛿2𝜋(𝜃 − 𝜃
′)∫  𝒟𝐺𝜇exp (−𝑆𝜃[𝐺])

 

𝑆𝜃[𝐺] = 𝑆[𝐺] − i𝜃𝑄[𝐺]  

�̂� =
�̂�2

2𝑀
+ 𝑉(𝑥), 𝑉(𝑥 + 𝑎) = 𝑉(𝑥)  

�̂�Ψ(𝑥) = Ψ(𝑥 + 𝑎)  

|𝜃⟩ =
1

√2𝜋
∑  

𝑛∈ℤ

 exp (−i𝑛𝜃)|𝑛⟩,  

Ψ𝜃(𝑥 + 𝑎) = �̂�Ψ𝜃(𝑥) = exp (i𝜃)Ψ𝜃(𝑥)  

Ψ̃(𝑥) = 𝑈𝜃Ψ𝜃(𝑥) = exp (−i𝜃𝑥/𝑎)Ψ𝜃(𝑥),  

Ψ̃(𝑥 + 𝑎)= exp (−i𝜃(𝑥 + 𝑎)/𝑎)Ψ𝜃(𝑥 + 𝑎) = exp (−i𝜃(𝑥 + 𝑎)/𝑎)exp (i𝜃)Ψ𝜃(𝑥) 

 = exp (−i𝜃𝑥/𝑎)Ψ𝜃(𝑥) = Ψ̃(𝑥)
 

�̂�𝜃 = 𝑈𝜃�̂�𝑈𝜃
† = exp (−i𝜃𝑥/𝑎)(−iℏ𝜕𝑥)exp (i𝜃𝑥/𝑎) = −iℏ𝜕𝑥 + ℏ𝜃/𝑎 = �̂� + ℏ𝜃/𝑎  

�̂�𝜃 = 𝑈𝜃�̂�𝑈𝜃
† =

(�̂� + ℏ𝜃/𝑎)2

2𝑀
+ 𝑉(𝑥)  

�̂�𝜃 = 𝑈𝜃�̂�𝑈𝜃
† = exp (i�̂�𝜃𝑎/ℏ) = exp (i�̂�𝑎/ℏ)exp (i𝜃) = exp (i𝜃)�̂�  

�̂�𝜃Ψ̃(𝑥) = exp (i𝜃)�̂�Ψ̃(𝑥) = exp (i𝜃)Ψ̃(𝑥 + 𝑎) = exp (i𝜃)Ψ̃(𝑥)  

�̂�Ψ̃[𝐺] = Ψ̃[ Ω𝐺] = Ψ̃[𝐺].  

�̂�Ψ𝜃[𝐺] = exp (i𝜃)Ψ𝜃[𝐺])  

𝐷[𝐺] = 𝛾𝜇[𝜕𝜇 + 𝐺𝜇(𝑥)].  

𝐷[𝐺]𝜓𝜆(𝑥) = 𝜆𝜓𝜆(𝑥)  

{𝐷[𝐺], 𝛾5} = 𝐷[𝐺]𝛾5 + 𝛾5𝐷[𝐺] = 0.  

𝐷[𝐺]𝛾5𝜓𝜆(𝑥) = −𝛾5𝐷[𝐺]𝜓𝜆(𝑥) = −𝜆𝛾5𝜓𝜆(𝑥).  
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𝜓−𝜆(𝑥) = 𝒩𝜆𝛾5𝜓𝜆(𝑥)  

𝐷[𝐺]𝜓0(𝑥) = 0  

𝛾5𝜓0(𝑥) = ±𝜓0(𝑥)  ⇒  (1 ∓ 𝛾5)𝜓0(𝑥) = 0.  

𝑛R − 𝑛L = 𝑄[𝐺]  

𝑍= ∫  𝒟𝐺𝒟𝜓‾𝒟𝜓exp (−𝑆𝜃[𝐺])exp (−𝜓‾𝐷[𝐺]𝜓)  

= ∫  𝒟𝐺𝒟𝜓‾𝒟𝜓exp (−𝑆[𝐺] + i𝜃𝑄[𝐺])exp (−𝜓‾𝐷[𝐺]𝜓) 

= ∑  

𝑄∈ℤ

 ∫  𝒟𝐺(𝑄)exp (−𝑆[𝐺] + i𝜃𝑄)det𝐷[𝐺]  

 = ∫  𝒟𝐺(0)exp (−𝑆[𝐺])det𝐷[𝐺]

 

det𝐷[𝐺] = 𝛿𝑄[𝐺],0det𝐷[𝐺]  

𝜏𝜇 = (−i𝜏, 𝟙), 𝜏‾𝜇 = (i𝜏, 𝟙), 𝜏‾𝜇𝜏𝜈 = 𝛿𝜇𝜈𝟙 + 𝜂𝜇𝜈 , 𝜏𝜇𝜏‾𝜈 = 𝛿𝜇𝜈𝟙 + 𝜂‾𝜇𝜈 .  

�̃�𝜇𝜈 =
1

2
𝜖𝜇𝜈𝜌𝜎𝜂𝜌𝜎 = 𝜂𝜇𝜈 , 𝜂‾̃𝜇𝜈 =

1

2
𝜖𝜇𝜈𝜌𝜎𝜂‾𝜌𝜎 = −𝜂‾𝜇𝜈 ,

[𝜂𝜇𝜈 , 𝜂𝜌𝜎] = 2(𝛿𝜇𝜎𝜂𝜈𝜌 − 𝛿𝜇𝜌𝜂𝜈𝜎 − 𝛿𝜈𝜎𝜂𝜇𝜌 + 𝛿𝜈𝜌𝜂𝜇𝜎), Tr(𝜂𝜇𝜈𝜂𝜇𝜈) = −24.
 

𝐺𝜇(𝑥) =
𝑥𝜈

𝑥2 + 𝜌2
𝜂𝜈𝜇 , 𝐺𝜇𝜈(𝑥) =

2𝜌2

(𝑥2 + 𝜌2)2
𝜂𝜇𝜈  

𝜎𝜇 = (−i�⃗�, 𝟙), 𝜎‾𝜇 = (i�⃗�, 𝟙), 𝜎‾𝜇𝜎𝜈 = 𝛿𝜇𝜈𝟙 + 𝜁𝜇𝜈 , 𝜎𝜇𝜎‾𝜈 = 𝛿𝜇𝜈𝟙 + 𝜁‾𝜇𝜈  

1

2
[𝛾𝜇 , 𝛾𝜈] =

1

2
[(
0 𝜎𝜇
𝜎‾𝜇 0

) , (
0 𝜎𝜈
𝜎‾𝜈 0

)] = (
𝜁‾𝜇𝜈 0

0 𝜁𝜇𝜈
)  

𝐷[𝐺]= 𝛾𝜇(𝜕𝜇 + 𝐺𝜇(𝑥)) = (
0 𝜎𝜇
𝜎‾𝜇 0

) (𝜕𝜇 + 𝐺𝜇(𝑥)) ⇒  

𝐷[𝐺]2= (
𝜎𝜇𝜎‾𝜈 0

0 𝜎‾𝜇𝜎𝜈
) (𝜕𝜇 + 𝐺𝜇(𝑥))(𝜕𝜈 + 𝐺𝜈(𝑥))  

= (𝜕𝜇 + 𝐺𝜇(𝑥))(𝜕𝜇 + 𝐺𝜇(𝑥)) +
1

2
(
𝜁‾𝜇𝜈 0

0 𝜁𝜇𝜈
) [𝜕𝜇 + 𝐺𝜇(𝑥), 𝜕𝜈 + 𝐺𝜈(𝑥)] 

 = (𝜕𝜇 + 𝐺𝜇(𝑥))(𝜕𝜇 + 𝐺𝜇(𝑥)) +
1

2
(
𝜁‾𝜇𝜈 0

0 𝜁𝜇𝜈
)𝐺𝜇𝜈(𝑥)

 

𝐷[𝐺]2 = (𝜕𝜇 + 𝐺𝜇(𝑥))(𝜕𝜇 + 𝐺𝜇(𝑥)) +
1

2
(
0 0
0 𝜁𝜇𝜈

)𝐺𝜇𝜈(𝑥) ⇒

𝐷[𝐺]2𝜓0R(𝑥) = {(𝜕𝜇 + 𝐺𝜇(𝑥))(𝜕𝜇 + 𝐺𝜇(𝑥)) +
1

2
𝜁𝜇𝜈𝐺𝜇𝜈(𝑥)}𝜓0R(𝑥) = 0

𝐷[𝐺]2𝜓0 L(𝑥) = (𝜕𝜇 + 𝐺𝜇(𝑥))(𝜕𝜇 + 𝐺𝜇(𝑥))𝜓0 L(𝑥) = 0

 

𝜎𝜇(𝜕𝜇 + 𝐺𝜇(𝑥))𝜓0R(𝑥) = 0 ⇒  (𝑥
2 + 𝜌2)𝜎𝜈𝜕𝜈𝜓0R(𝑥) = 𝑥𝜈𝜎𝜇𝜂𝜇𝜈𝜓0R(𝑥)  
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𝜎𝜇𝜂𝜇𝜈𝜓0R
𝑠𝑐 (𝑥) = −3𝜎𝜈𝜓0R

𝑠𝑐 (𝑥) ⇒ (𝑥2 + 𝜌2)𝜕𝜈𝜓(𝑥) = −3𝑥𝜈𝜓(𝑥) ⇒

𝜓(𝑥) =
𝐴

(𝑥2 + 𝜌2)3/2
 

𝜓0R
𝑠𝑐 (𝑥) =

𝜌

𝜋

1

(𝑥2 + 𝜌2)3/2
𝜖𝑠𝑐  

{𝐷[𝑈], 𝛾5} = 𝐷[𝑈]𝛾5 + 𝛾5𝐷[𝑈] = 𝑎𝐷[𝑈]𝛾5𝐷[𝑈].  

𝐷[𝑈]† = 𝛾5𝐷[𝑈]𝛾5.  

𝐷[𝑈] + 𝐷[𝑈]† = 𝑎𝐷[𝑈]†𝐷[𝑈] = 𝑎𝐷[𝑈]𝐷[𝑈]†.  

𝐴[𝑈]†𝐴[𝑈] = 𝑎2𝐷[𝑈]†𝐷[𝑈] − 𝑎𝐷[𝑈]† − 𝑎𝐷[𝑈] + 𝟙 = 𝟙

𝐴[𝑈]𝐴[𝑈]† = 𝑎2𝐷[𝑈]𝐷[𝑈]† − 𝑎𝐷[𝑈] − 𝑎𝐷[𝑈]† + 𝟙 = 𝟙
 

𝐷[𝑈]Ψ𝜔,𝑥 =
1

𝑎
[1 + exp (i𝜔)]Ψ𝜔,𝑥  

𝐷[𝑈]†𝛾5Ψ𝜔,𝑥 =
1

𝑎
[1 + exp (i𝜔)]𝛾5Ψ𝜔,𝑥  

Ψ−𝜔,𝑥 = 𝛾5Ψ𝜔,𝑥  

𝛾5Ψ0,𝑥 = ±Ψ0,𝑥, 𝛾5Ψ𝜋,𝑥 = ±Ψ𝜋,𝑥  

Tr(𝛾5) = 𝑛R − 𝑛L + 𝑛R
′ − 𝑛L

′ = 0 ⇒  𝑛R − 𝑛L = 𝑛L
′ − 𝑛R

′  

Tr(𝛾5𝐷[𝑈]) =
2

𝑎
(𝑛R
′ − 𝑛L

′ )  ⇒  𝑛R − 𝑛L = −
𝑎

2
Tr(𝛾5𝐷[𝑈])  

𝑞𝑥[𝑈] = −
𝑎

2
tr(𝛾5𝐷[𝑈]𝑥𝑥)  ⇒  𝑄[𝑈] =∑  

𝑥

 𝑞𝑥[𝑈]  

𝑛R − 𝑛L = 𝑄[𝑈].  

𝐺𝜇
′(𝑥) = Ω(𝑥)(𝐺𝜇(𝑥) + 𝜕𝜇)Ω(𝑥)

†.  

𝐼[𝑈] =
1

24𝜋2
∫  
𝐻3
𝑑3𝑥𝜖𝑖𝑗𝑘Tr[(𝑈𝜕𝑖𝑈

†)(𝑈𝜕𝑗𝑈
†)(𝑈𝜕𝑘𝑈

†)] 

1

24𝜋2
𝜖𝑖𝑗𝑘Tr[(𝑈𝜕𝑖𝑈

†)(𝑈𝜕𝑗𝑈
†)(𝑈𝜕𝑘𝑈

†)] = 𝜕𝑖Ω𝑖
(1)
, 

Ω𝑖
(1)
= −

1

8𝜋2
(𝛼 − sin 𝛼cos 𝛼)𝜖𝑖𝑗𝑘𝑒𝛼 ⋅ (𝜕𝑗𝑒𝛼 × 𝜕𝑘𝑒𝛼). 

𝑓(|𝑥|) =
|𝑥|2

|𝑥|2 + 𝜌2
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𝑔tH
2 = 𝑔s

2𝑁c  
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𝑆[𝐺] ≥
8𝜋2

𝑔s
2 |𝑄[𝐺]| =

8𝜋2𝑁c

𝑔tH
2 |𝑄[𝐺]|  

𝑆[𝐺] = −
1

2𝑔s
2∫  𝑑

4𝑥Tr[𝐺𝜇𝜈𝐺𝜇𝜈] = −
𝑁c

2𝑔tH
2 ∫  𝑑

4𝑥Tr[𝐺𝜇𝜈𝐺𝜇𝜈],  

𝜒t = ∫ 
𝑉

 𝑑4𝑥YM⟨0|𝑃(0)𝑃(𝑥)|0⟩YM =
⟨𝑄2⟩

𝑉
,  

∫  𝑑4𝑥⟨0|𝑃(0)𝑃(𝑥)|0⟩ = 0  

𝜒t −∑ 

𝑚

 
⟨0|𝑃|𝑚⟩⟨𝑚|𝑃|0⟩

𝑀𝑚
2 = 0.  

𝜒t =
|⟨0|𝑃|𝜂′⟩ |2

𝑀𝜂′
2  

⟨0|𝑃|𝜂′⟩ =
1

2𝑁f
⟨0|𝜕𝜇𝑗𝜇

5|𝜂′⟩ =
1

√2𝑁f
𝑀𝜂′
2 𝐹𝜂′  

𝜒t =
𝐹𝜋
2𝑀𝜂′

2

2𝑁f
 

𝜒t =
𝐹𝜋
2

6
(𝑀𝜂′

2 +𝑀𝜂
2 − 2𝑀𝐾

2) ≃ (0.180GeV)4  

𝜒t = (0.483(2)/𝑅0)
4 = (0.203(2)GeV)4.  

𝑀𝑝 ≃ 0.9383GeV,𝑀𝑛 ≃ 0.9396GeV  

𝑀𝜋+ = 𝑀𝜋− ≃ 0.140GeV,𝑀𝜋0 ≃ 0.135GeV  
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𝑀Δ++ ≃ 𝑀Δ+ ≃ 𝑀Δ0 ≃ 𝑀Δ− ≃ 1.230GeV  

𝑀𝜌+ ≃ 𝑀𝜌0 ≃ 𝑀𝜌− ≃ 0.770GeV  

𝑆𝑧 = −𝑆,−𝑆 + 1,… , 𝑆 − 1, 𝑆  

𝐼3 = −𝐼,−𝐼 + 1,… , 𝐼 − 1, 𝐼  

{2} × {3} = {2} + {4}  

{2} × {2} × {2} = ({1} + {3}) × {2} = {2} + {2} + {4},  

𝑄 = 𝐼3 +
1

2
= ∑  

3

𝑞=1

  (𝐼3𝑞 +
1

6
) = ∑  

3

𝑞=1

 𝑄𝑞  

𝑄𝑞 = 𝐼3𝑞 +
1

6
⇒ 𝑄𝑢 =

1

2
+
1

6
=
2

3
, 𝑄𝑑 = −

1

2
+
1

6
= −

1

3
 

 

 

{2} × {2} × {2} = {4} + {2} + {2} + {0}.  

 

 

|Δ
1

2

1

2
⟩ =
1

3
(𝑢 ↑ 𝑢 ↑ 𝑑 ↓ +𝑢 ↑ 𝑢 ↓ 𝑑 ↑ +𝑢 ↓ 𝑢 ↑ 𝑑 ↑

 +𝑢 ↑ 𝑑 ↑ 𝑢 ↓ +𝑢 ↑ 𝑑 ↓ 𝑢 ↑ +𝑢 ↓ 𝑑 ↑ 𝑢 ↑
 +𝑑 ↑ 𝑢 ↑ 𝑢 ↓ +𝑑 ↑ 𝑢 ↓ 𝑢 ↑ +𝑑 ↓ 𝑢 ↑ 𝑢 ↑).
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◻=
1

√6
(𝑟𝑔𝑏 − 𝑟𝑏𝑔 + 𝑔𝑏𝑟 − 𝑔𝑟𝑏 + 𝑏𝑟𝑔 − 𝑏𝑔𝑟).  

 

 

 

 

 

 

𝑀𝜋 ≃ 0.138GeV,𝑀𝐾 ≃ 0.496GeV,𝑀𝜂 ≃ 0.549GeV,𝑀𝜂′ ≃ 0.958GeV,  

𝑀𝜌 ≃ 0.770GeV,𝑀𝜔 ≃ 0.783GeV,𝑀𝐾∗ ≃ 0.892GeV,𝑀𝜑 ≃ 1.020GeV  
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{2} × {2} = {1} + {3}.  

{3} × {3} = {1} + {8}  

𝜆1 = (
0 1 0
1 0 0
0 0 0

) , 𝜆2 = (
0 −i 0
i 0 0
0 0 0

) , 𝜆3 = (
1 0 0
0 −1 0
0 0 0

)

𝜆4 = (
0 0 1
0 0 0
1 0 0

) , 𝜆5 = (
0 0 −i
0 0 0
i 0 0

) , 𝜆7 = (
0 0 0
0 0 −i
0 i 0

) ,

 𝜆8 =
1

√3
(
1 0 0
0 1 0
0 0 −2

)  

 

𝐼1 =
1

2
𝜆1, 𝐼2 =

1

2
𝜆2, 𝐼3 =

1

2
𝜆3  

𝑌 =
1

√3
𝜆8  

𝐼2𝑢 =
1

2
(
1

2
+ 1)𝑢 =

3

4
𝑢, 𝐼3𝑢 =

1

2
𝑢, 𝑌𝑢 =

1

3
𝑢,

𝐼2𝑑 =
1

2
(
1

2
+ 1)𝑑 =

3

4
𝑑, 𝐼3𝑑 = −

1

2
𝑑, 𝑌𝑑 =

1

3
𝑑,

𝐼2𝑠 = 0, 𝐼3𝑠 = 0, 𝑌𝑠 = −
2

3
𝑠.

 

𝑄 = 𝐼3 +
1

2
𝑌  

𝑄𝑢 =
2

3
, 𝑄𝑑 = −

1

3
, 𝑄𝑠 = −

1

3
 

{3} × {3} × {3} = {10} + 2{8} + {1}  

{2} × {2} × {2} = {4} + 2{2} + {0}  

𝑀𝑁 ≃ 0.939GeV,𝑀Λ ≃ 1.116GeV,𝑀Σ ≃ 1.193GeV,𝑀Ξ ≃ 1.318GeV,  

𝑀Δ ≃ 1.232GeV,𝑀Σ∗ ≃ 1.385GeV,𝑀Ξ∗ ≃ 1.530GeV,𝑀Ω ≃ 1.672GeV.  

𝑀Σ∗ −𝑀Δ ≃ 𝑀Ξ∗ −𝑀Σ∗ ≃ 𝑀Ω −𝑀Ξ∗  

𝑀Σ∗ −𝑀Δ ≃ 0.153GeV,𝑀Ξ∗ −𝑀Σ∗ ≃ 0.145GeV,𝑀Ω −𝑀Ξ∗ ≃ 0.142GeV  

ℳ = (
𝑚𝑢 0 0
0 𝑚𝑑 0
0 0 𝑚𝑠

)  

ℳ=
2𝑚𝑞 +𝑚𝑠

3
(
1 0 0
0 1 0
0 0 1

) +
𝑚𝑞 −𝑚𝑠

3
(
1 0 0
0 1 0
0 0 −2

) 

 =
2𝑚𝑞 +𝑚𝑠

3
𝟙 +

𝑚𝑞 −𝑚𝑠

√3
𝜆8
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�̂�QCD = �̂�1 + �̂�8.  

�̂�1|𝐵1𝑌𝐼𝐼3⟩ = 𝑀𝐵1|𝐵1𝑌𝐼𝐼3⟩.  

𝑀𝐵 = 𝑀𝐵1 + ⟨𝐵1𝑌𝐼𝐼3|�̂�8|𝐵1𝑌𝐼𝐼3⟩.  

⟨𝐵1𝑌𝐼3|�̂�8|𝐵1𝑌𝐼𝐼3⟩ = ⟨𝐵1||�̂�8||𝐵1⟩⟨{10}𝑌𝐼𝐼3 ∣ {8}000{10}𝑌𝐼𝐼3⟩,  

⟨{10}𝑌𝐼𝐼3 ∣ {8}000{10}𝑌𝐼𝐼3⟩ = 𝑌/√8  

𝑀𝐵 = 𝑀𝐵1 + ⟨𝐵1‖�̂�8‖𝐵1⟩𝑌/√8  

𝑀Σ∗ −𝑀Δ = 𝑀Ξ∗ −𝑀Σ∗ = 𝑀Ω −𝑀Ξ∗ = −⟨𝐵1||�̂�8||𝐵1⟩/√8  

{8} × {8} = {27} + {10} + {10} + 2{8} + {1}.  

⟨𝐵1𝑌𝐼3|�̂�8|𝐵1𝑌𝐼3⟩= ⟨𝐵1||�̂�8||𝐵1⟩s⟨{8}𝑌𝐼3 ∣ {8}000{8}𝑌𝐼3⟩s  

 +⟨𝐵1||�̂�8||𝐵1⟩a⟨{8}𝑌𝐼3 ∣ {8}000{8}𝑌𝐼3⟩a
 

⟨{8}𝑌𝐼3 ∣ {8}000{8}𝑌𝐼3⟩s = (𝐼(𝐼 + 1) − 𝑌
2/4 − 1)/√5,

⟨{8}𝑌𝐼𝐼3 ∣ {8}000{8}𝑌𝐼𝐼3⟩a = √3/4𝑌,
 

𝑀𝐵 = 𝑀𝐵1 + ⟨𝐵1‖�̂�8‖𝐵1⟩s
(𝐼(𝐼 + 1) − 𝑌2/4 − 1)/√5 + ⟨𝐵1‖�̂�8‖𝐵1⟩a√3/4𝑌  

2𝑀𝑁 + 2𝑀Ξ = 4𝑀𝐵1 + ⟨𝐵1‖�̂�8‖𝐵1⟩s4(3/4 − 1/4 − 1)/√5,

𝑀Σ + 3𝑀Λ = 4𝑀𝐵1 + ⟨𝐵1‖�̂�8‖𝐵1⟩s[(2 − 1) + 3(−1)]/√5,
 

2𝑀𝑁 + 2𝑀Ξ = 𝑀Σ + 3𝑀Λ  

�̂�1|𝑀1𝑌𝐼𝐼3⟩ = 𝑀𝑀1|𝑀1𝑌𝐼𝐼3⟩.  

𝑀𝑀 = 𝑀𝑀1 + ⟨𝑀1𝑌𝐼𝐼3|�̂�8|𝑀1𝑌𝐼𝐼3⟩.  

𝑀𝑀 = 𝑀𝑀1 + ⟨𝑀1‖�̂�8‖𝑀1⟩s
(𝐼(𝐼 + 1) − 𝑌2/4 − 1)/√5 + ⟨𝑀1‖�̂�8‖𝑀1⟩a√3/4𝑌.  

𝑀𝐾+ = 𝑀𝑀1 + ⟨𝑀1‖�̂�8‖𝑀1⟩s(3/4 − 1/4 − 1)/√5 + ⟨𝑀1‖�̂�8‖𝑀1⟩a√3/4

𝑀𝐾− = 𝑀𝑀1 + ⟨𝑀1‖�̂�8‖𝑀1⟩s(3/4 − 1/4 − 1)/√5 − ⟨𝑀1‖�̂�8‖𝑀1⟩a√3/4
 

⟨𝑀1‖�̂�8‖𝑀1⟩a = 0  

⟨𝜔1|�̂�8|𝜔1⟩= 0  

⟨𝜔8|�̂�8|𝜔8⟩= ⟨𝑀1‖�̂�8‖𝑀1⟩s⟨{8}000 ∣ {8}000{8}000⟩s 

 = ⟨𝑀1‖�̂�8‖𝑀1⟩s(−1/√5)

 

ℳ𝑀 = (
𝑀𝜔1 ⟨𝜔1|�̂�8|𝜔8⟩

⟨𝜔8|�̂�8|𝜔1⟩ 𝑀𝜔8 − ⟨𝑀1||�̂�8||𝑀1⟩s/√5
) .  
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(
|𝜑⟩

|𝜔⟩
) = (

cos 𝜃 −sin 𝜃
sin 𝜃 cos 𝜃

)(
|𝜔1⟩

|𝜔8⟩
) .  

𝑀𝜑 +𝑀𝜔 = 𝑀𝜔1 +𝑀𝜔8 − ⟨𝑀1||�̂�8||𝑀1⟩s/√5

𝑀𝜑𝑀𝜔 = 𝑀𝜔1(𝑀𝜔8 − ⟨𝑀1||�̂�8||𝑀1⟩s√5) − |⟨𝜔1|�̂�8|𝜔8⟩ |2
 

𝑀𝜌 = 𝑀𝜔8 + ⟨𝑀1‖�̂�8‖𝑀1⟩s(2 − 1)/√5

𝑀𝐾∗ = 𝑀𝜔8 + ⟨𝑀1‖�̂�8‖𝑀1⟩s(3/4 − 1/4 − 1)/√5
 

4𝑀𝐾∗/3 −𝑀𝜌/3= 𝑀𝜔8 + ⟨𝑀1‖�̂�8‖𝑀1⟩s(4/3(−1/2) − 1/3)/√5 

 = 𝑀𝜔8 − ⟨𝑀1‖�̂�8‖𝑀1⟩s/√5
 

𝑀𝜔1 = 𝑀𝜑 +𝑀𝜔 − 4𝑀𝐾∗/3 +𝑀𝜌/3 = 0.870GeV

|⟨𝜔1|�̂�8|𝜔8⟩ |2 = 𝑀𝜔1(4𝑀𝐾∗/3 −𝑀𝜌/3) − 𝑀𝜑𝑀𝜔 ≃ (0.113GeV)
2  

𝑀𝜔1cos 𝜃 − ⟨𝜔1|�̂�8|𝜔8⟩sin 𝜃 = 𝑀𝜑cos 𝜃

⟨𝜔8|�̂�8|𝜔1⟩cos 𝜃 − (𝑀𝜔8 − ⟨𝑀1||�̂�8||𝑀1⟩s/√5)sin 𝜃 = −𝑀𝜑sin 𝜃
 

(𝑀𝜔1 +𝑀𝜔8 − ⟨𝑀1||�̂�8||𝑀1⟩s/√5)sin 𝜃cos 𝜃 − ⟨𝜔1|�̂�8|𝜔8⟩ = 2𝑀𝜑sin 𝜃cos 𝜃 ⇒

1

2
sin (2𝜃) = ±

√(𝑀𝜑 +𝑀𝜔 − 4𝑀𝐾∗/3 +𝑀𝜌/3)(4𝑀𝐾∗/3 −𝑀𝜌/3) − 𝑀𝜑𝑀𝜔

𝑀𝜑 −𝑀𝜔

 

|𝜑⟩ ≈ 𝑠𝑠‾  or  
1

3
(2𝑢𝑢‾ + 2𝑑𝑑‾ − 𝑠𝑠‾),  

 |𝜔⟩ ≈
1

√2
(𝑢𝑢‾ + 𝑑𝑑‾)  or  −

1

√18
(𝑢𝑢‾ + 𝑑𝑑‾ + 4𝑠𝑠‾).

 

|𝜑⟩ ≈ 𝑠𝑠‾, |𝜔⟩ ≈
1

√2
(𝑢𝑢‾ + 𝑑𝑑‾)  

𝜂1 =
1

√3
(𝑢𝑢‾ + 𝑑𝑑‾ + 𝑠𝑠‾), 𝜂8 =

1

√6
(𝑢𝑢‾ + 𝑑𝑑‾ − 2𝑠𝑠‾)

(
𝜂

𝜂′
) = (cos 𝜃

‾ −sin 𝜃‾

sin 𝜃‾ cos 𝜃‾
) (
𝜂8
𝜂1
) .

 

𝑄𝑢 =
1

2
(
1

𝑁c
+ 1) , 𝑄𝑑 = 𝑄𝑠 =

1

2
(
1

𝑁c
− 1)  

𝑄Δ++ =
𝑁c + 3

2
𝑄𝑢 +

𝑁c − 3

2
𝑄𝑑 = 2

𝑄Δ+ =
𝑁c + 1

2
𝑄𝑢 +

𝑁c − 1

2
𝑄𝑑 = 1

𝑄Δ0 =
𝑁c − 1

2
𝑄𝑢 +

𝑁c + 1

2
𝑄𝑑 = 0

𝑄Δ− =
𝑁c − 3

2
𝑄𝑢 +

𝑁c + 3

2
𝑄𝑑 = −1
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𝜇𝐵𝐼3
= ⟨𝐵𝐼3𝑆|𝜇𝐵𝑧|𝐵𝐼3𝑆⟩. 

𝜇𝐵 = 𝜇0∑  

3

𝑞=1

𝑄𝑞�⃗�𝑞 
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𝑅 =
𝜎(𝑒+𝑒− →  hadrons )

𝜎(𝑒+𝑒− → 𝜇+𝜇−)
= ∑  

partons 𝑞

 
𝜎(𝑒+𝑒− → 𝑞𝑞‾)

𝜎(𝑒+𝑒− → 𝜇+𝜇−)  

𝑝𝑒− = (√𝑚𝑒
2 + |𝑝|2, 𝑝) , 𝑝𝑒+ = (√𝑚𝑒

2 + |𝑝|2, −�⃗�)

𝑝𝜇− = (√𝑚𝜇
2 + |𝑝′|2, 𝑝′) , 𝑝𝜇+ = (√𝑚𝜇

2 + |𝑝′|2, −𝑝′)

 

√𝑚𝑒
2 + |𝑝|2 = √𝑚𝜇

2 + |𝑝′|2  

𝑠 = (𝑝𝑒− + 𝑝𝑒+)
2 = (𝑝𝜇− + 𝑝𝜇+)

2
= 4(𝑚𝑒

2 + |𝑝|2) = 4(𝑚𝜇
2 + |𝑝′|2)  

𝜎(𝑒+𝑒− → 𝜇+𝜇−) =
4𝜋𝛼2

3𝑠
,  

𝜎(𝑒+𝑒− → 𝑞𝑞‾) =
4𝜋𝛼2

3𝑠
𝑄𝑞
2  

𝑅 = ∑  

partons 𝑞

 
𝜎(𝑒+𝑒− → 𝑞𝑞‾)

𝜎(𝑒+𝑒− → 𝜇+𝜇−)
= ∑  

partons 𝑞

 𝑄𝑞
2

 

𝑄𝑢 =
1

2
(
1

𝑁c
+ 1) , 𝑄𝑑 = 𝑄𝑠 =

1

2
(
1

𝑁c
− 1)  

∑  

partons 𝑞

 𝑄𝑞
2= 𝑁c ∑  

f=𝑢,𝑑,𝑠

 𝑄f
2 = 𝑁c [

1

4
(
1

𝑁c
+ 1)

2

+
1

2
(
1

𝑁c
− 1)

2

] 

 =
3𝑁c
4
−
1

2
+

3

4𝑁c
→

𝑁c=3 
2

 

∑  

partons 𝑞

 𝑄𝑞
2= 𝑁c ∑  

f=𝑢,𝑑,𝑠,𝑐

 𝑄f
2 = 𝑁c [

1

2
(
1

𝑁c
+ 1)

2

+
1

2
(
1

𝑁c
− 1)

2

] 

 = 𝑁c +
1

𝑁c
→

𝑁c=3 10

3

 

∑  

partons 𝑞

 𝑄𝑞
2= 𝑁c ∑  

f=𝑢,𝑑,𝑠,𝑐,𝑏

 𝑄f
2 = 𝑁c [

1

2
(
1

𝑁c
+ 1)

2

+
3

4
(
1

𝑁c
− 1)

2

] 

 =
5𝑁c
4
−
1

2
+

5

4𝑁c
→

𝑁c=3 11

3

 

∑  

partons 𝑞

 𝑄𝑞
2= 𝑁c ∑  

f=𝑢,𝑑,𝑠,𝑐,𝑏,𝑡

 𝑄f
2 = 𝑁c [

3

4
(
1

𝑁c
+ 1)

2

+
3

4
(
1

𝑁c
− 1)

2

] 

 =
3𝑁c
2
+

3

2𝑁c
→

𝑁c=3 
5
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𝑒 + 𝑁 → 𝑒 + 𝑋 

𝑊2 = (𝑝 + 𝑞)2 = 𝑝2 + 2𝑝𝑞 + 𝑞2 = 𝑀𝑁
2 + 2𝑀𝑁𝑣 − 𝑄

2.  

𝑣 =
𝑝𝑞

𝑀𝑁
, 𝑄 = √−𝑞2  

𝑝 = (𝑀𝑁 , 0⃗⃗), 𝑘 = (𝐸, �⃗⃗�), 𝑘
′ = (𝐸′, �⃗⃗�′),  

𝑣 = 𝐸 − 𝐸′ =
𝑝𝑞

𝑀𝑁
=
𝑝

𝑀𝑁
(𝑘 − 𝑘′).  

cos 𝜃 =
�⃗⃗� ⋅ �⃗⃗�′

|�⃗⃗�||�⃗⃗�′|
 

𝐸 ≃ |�⃗⃗�|, 𝐸′ ≃ |�⃗⃗�′| ⇒

cos 𝜃 = 1 − 2sin2 
𝜃

2
≃
𝐸𝐸′ − 𝑘𝑘′

𝐸𝐸′
, 𝑘𝑘′ ≃ 2𝐸𝐸′sin2 

𝜃

2

 

𝑄2 = −𝑞2 = −(𝑘 − 𝑘′)2 = 2𝑘𝑘′ = 4𝐸𝐸′sin2 
𝜃

2
 

𝑊2 = 𝑀𝑁
2 + 2𝑀𝑁𝑣 − 𝑄

2 ≥ 𝑀𝑁
2  

𝑥 =
𝑄2

2𝑀𝑁𝑣
≤ 1  

⟨𝑒(𝑘′)𝑋(𝑝′)|𝑆|𝑒(𝑘)𝑁(𝑝)⟩ =

 −i(2𝜋)4𝛿(𝑝′ + 𝑘′ − 𝑝 − 𝑘)4𝜋𝛼𝑒‾(𝑘′)𝛾𝜇𝑒(𝑘)
1

𝑞2
⟨𝑋(𝑝′)|𝑗𝜇|𝑁(𝑝)⟩.
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𝑗𝜇(𝑥) = ∑  

f=𝑢,𝑑,𝑠,𝑐,𝑏,𝑡

 𝑄f𝑒𝑞‾
f(𝑥)𝛾𝜇𝑞f(𝑥)  

𝑑2𝜎

𝑑𝐸′𝑑Ω
=
𝛼2

𝑄4
𝐸′

𝐸

1

2
∑  

spins 

  [𝑒‾(𝑘′)𝛾𝜇𝑒(𝑘)][𝑒‾(𝑘′)𝛾𝜈𝑒(𝑘)]∗  

×∑  

𝑋

 
1

𝑀𝑁
(2𝜋)3𝛿(𝑝′ − 𝑝 − 𝑞)

1

2
∑  

spins 

  ⟨𝑁(𝑝)|𝑗𝜇|𝑋(𝑝
′)⟩⟨𝑋(𝑝′)|𝑗𝜈|𝑁(𝑝)⟩ 

 =
𝛼2

𝑄4
𝐸′

𝐸
𝐿𝜇𝜈𝑊𝜇𝜈

 

𝐿𝜇𝜈 =
1

2
∑  

spins 

  [𝑒‾(𝑘′)𝛾𝜇𝑒(𝑘)][𝑒‾(𝑘′)𝛾𝜈𝑒(𝑘)]∗ = 2(𝑘𝜇𝑘′𝜈 + 𝑘𝜈𝑘′𝜇 − 𝑘𝑘′𝑔𝜇𝜈)  

𝑊𝜇𝜈 =∑ 

𝑋

 
1

𝑀𝑁
(2𝜋)3𝛿(𝑝′ − 𝑝 − 𝑞)

1

2
∑  

spins 

  ⟨𝑁(𝑝)|𝑗𝜇|𝑋(𝑝
′)⟩⟨𝑋(𝑝′)|𝑗𝜈|𝑁(𝑝)⟩.  

𝑝2 = 𝑝𝜇𝑝𝜇 = 𝑀𝑁
2 , 𝑝𝑞 = 𝑝𝜇𝑞𝜇 = 𝑣𝑀𝑁 , 𝑞

2 = 𝑞𝜇𝑞𝜇 = −𝑄
2  

𝑊𝜇𝜈 = 𝐴𝑝𝜇𝑝𝜈 + 𝐵𝑝𝜇𝑞𝜈 + 𝐶𝑞𝜇𝑝𝜈 +𝐷𝑞𝜇𝑞𝜈 + 𝐸𝑔𝜇𝜈 + 𝐹𝜖𝜇𝜈𝜌𝜎𝑝
𝜌𝑞𝜎  

𝜕𝜇𝑗𝜇 = 0 ⇒ 𝑞𝜇𝑊𝜇𝜈 = 𝑞
𝜈𝑊𝜇𝜈 = 0  

𝑞𝜇𝑊𝜇𝜈 = 𝐴𝜈𝑀𝑁𝑝𝜈 + 𝐵𝜈𝑀𝑁𝑞𝜈 − 𝐶𝑄
2𝑝𝜈 − 𝐷𝑄

2𝑞𝜈 + 𝐸𝑞𝜈 = 0 ,

𝑞𝜈𝑊𝜇𝜈 = 𝐴𝜈𝑀𝑁𝑝𝜇 − 𝐵𝑄
2𝑝𝜇 + 𝐶𝜈𝑀𝑁𝑞𝜇 − 𝐷𝑄

2𝑞𝜇 + 𝐸𝑞𝜇 = 0 ⇒

𝐴𝜈𝑀𝑁 − 𝐶𝑄
2 = 0, 𝐵𝜈𝑀𝑁 − 𝐷𝑄

2 + 𝐸 = 0,

𝐴𝜈𝑀𝑁 − 𝐵𝑄
2 = 0, 𝐶𝜈𝑀𝑁 − 𝐷𝑄

2 + 𝐸 = 0 ⇒ 𝐵 = 𝐶,

 

𝐵=
𝑣𝑀𝑁
𝑄2

𝐴, 𝐸 = 𝐷𝑄2 − 𝐵𝑣𝑀𝑁 = 𝐷𝑄
2 −

𝑀𝑁
2𝑣2

𝑄2
𝐴,  

𝑊𝜇𝜈= 𝐴(𝑝𝜇𝑝𝜈 +
𝑀𝑁𝑣

𝑄2
(𝑝𝜇𝑞𝜈 + 𝑝𝜈𝑞𝜇 −𝑀𝑁𝑣𝑔𝜇𝜈)) + 𝐷(𝑞𝜇𝑞𝜈 + 𝑄

2𝑔𝜇𝜈)  

 = 𝐴 (𝑝𝜇 +
𝑀𝑁𝑣

𝑄2
𝑞𝜇)(𝑝𝜈 +

𝑀𝑁𝑣

𝑄2
𝑞𝜈) + (𝐷 − 𝐴

𝑣2𝑀𝑁
2

𝑄4
) (𝑞𝜇𝑞𝜈 + 𝑄

2𝑔𝜇𝜈)

 

𝑊1
𝑒𝑁(𝑣, 𝑄2) =

𝑣2𝑀𝑁
2

𝑄2
𝐴(𝑣, 𝑄2) − 𝑄2𝐷(𝑣, 𝑄2)

𝑊2
𝑒𝑁(𝑣, 𝑄2) = 𝑀𝑁

2𝐴(𝑣, 𝑄2)

 

𝑑2𝜎

𝑑𝐸′𝑑Ω
=
𝛼2

𝑄4
𝐸′

𝐸
𝐿𝜇𝜈𝑊𝜇𝜈 =

𝛼2

𝑄4
𝐸′

𝐸
2(𝑘𝜇𝑘′𝜈 + 𝑘𝜈𝑘′𝜇 − 𝑘𝑘′𝑔𝜇𝜈)

 

× [−𝑊1
𝑒𝑁(𝜈, 𝑄2)

1

𝑄2
(𝑞𝜇𝑞𝜈 + 𝑄

2𝑔𝜇𝜈)+𝑊2
𝑒𝑁(𝜈, 𝑄2)

1

𝑀𝑁
2 (𝑝𝜇 +

𝑀𝑁𝜈

𝑄2
𝑞𝜇) (𝑝𝜈 +

𝑀𝑁𝜈

𝑄2
𝑞𝜈)]

=4
𝛼2𝐸′2

𝑄4
[2𝑊1

𝑒𝑁(𝜈, 𝑄2)sin2 
𝜃

2
+𝑊2

𝑒𝑁(𝜈, 𝑄2)cos2 
𝜃

2
]

 



pág. 835 

𝑞 = (0, �⃗�) = (0,0,0,−𝑄), 𝑝 = (√𝑃2 +𝑀𝑁
2 , 0,0, 𝑃)

𝑞2 = −𝑄2,𝑀𝑁𝑣 = 𝑝𝑞 = 𝑃𝑄 ⇒  𝑃 =
𝑀𝑁𝑣

𝑄
=
𝑄

2𝑥

 

𝑝t = (𝜉𝑃, 0,0, 𝜉𝑃), 𝜉 ∈ [0,1].  

∑  

t∈{f,f, g}

 ∫  
1

0

 𝑑𝜉𝜉𝑁t(𝜉) = 1  

𝑃𝜇𝜈
f =

𝑄f
2

𝑝f
0 𝛿(2𝑝f𝑞 + 𝑞

2)
1

4
∑  

spins 

  [𝑞‾f(𝑝f
′)𝑔𝜇𝜌𝛾

𝜌𝑞f(𝑝f)][𝑞‾
f(𝑝f

′)𝑔𝜈𝜎𝛾
𝜎𝑞f(𝑝f)]

∗
 

 =
𝑄f
2

𝑝f
0 𝛿(2𝑝f𝑞 + 𝑞

2)(𝑝f𝜇𝑝f𝜈
′ + 𝑝f𝜈𝑝f𝜇

′ − 𝑝f𝑝f
′𝑔𝜇𝜈)

 

𝑝f𝜇𝑝f𝜈
′ + 𝑝f𝜈𝑝f𝜇

′ − 𝑝f𝑝f
′𝑔𝜇𝜈 = (𝑔𝜇𝜈 −

𝑞𝜇𝑞𝜈

𝑞2
)
𝑞2

2
+ 2(𝑝f𝜇 −

𝑝f𝑞

𝑞2
𝑞𝜇) (𝑝f𝜈 −

𝑝f𝑞

𝑞2
𝑞𝜈)  

 

𝑃𝜇𝜈
f =

𝑄f
2

𝑝f
0 𝛿(2𝑝f𝑞 + 𝑞

2) [(−𝑔𝜇𝜈 +
𝑞𝜇𝑞𝜈

𝑞2
)(−

𝑞2

2
) + 2(𝑝f𝜇 −

𝑝f𝑞

𝑞2
𝑞𝜇)(𝑝f𝜈 −

𝑝f𝑞

𝑞2
𝑞𝜈)] 

 

2𝑝f𝑞 + 𝑞
2 = 0 ⇒  𝑝f

2 = 𝑝f
′2 = (𝑝f + 𝑞)

2 = 0  

𝑝f = 𝜉𝑝 ⇒  𝜉 =
𝑝f𝑞

𝑝𝑞
=
−𝑞2

2𝑀𝑁𝑣
= 𝑥  

∑  

t∈{f,f}

 ∫  
1

0

 𝑑𝜉𝑁t(𝜉)𝑃𝜇𝜈
t = ∑  

t∈{f,f}

 ∫  
1

0

 𝑑𝜉𝑁t(𝜉)
𝑄t
2

𝜉𝑃
𝛿(2𝑝f𝑞 + 𝑞

2)  

 × [(−𝑔𝜇𝜈 +
𝑞𝜇𝑞𝜈

𝑞2
)(−

𝑞2

2
) + 2𝜉2 (𝑝𝜇 −

𝑝𝑞

𝑞2
𝑞𝜇) (𝑝𝜈 −

𝑝𝑞

𝑞2
𝑞𝜈)] =

∑  

t∈{f,f}

 ∫  
1

0

 𝑑𝜉𝑁t(𝜉)
𝑄t
2

𝜉𝑃

1

2𝑝𝑞
𝛿(𝜉 − 𝑥) × [(−𝑔𝜇𝜈 +

𝑞𝜇𝑞𝜈

𝑞2
)(−

𝑞2

2
) + 2𝜉2 (𝑝𝜇 −

𝑝𝑞

𝑞2
𝑞𝜇)(𝑝𝜈 −

𝑝𝑞

𝑞2
𝑞𝜈)] = 

 

∑  

t∈{f,f}

 𝑁t(𝑥)𝑄t
2 [(−𝑔𝜇𝜈 +

𝑞𝜇𝑞𝜈

𝑞2
)

𝑄2

4𝑥𝑃𝑝𝑞
+ (𝑝𝜇 −

𝑝𝑞

𝑞2
𝑞𝜇) (𝑝𝜈 −

𝑝𝑞

𝑞2
𝑞𝜈)

2𝑥2

2𝑥𝑃𝑝𝑞
] =  

 ∑  

t∈{f,f}

 𝑁t(𝑥)𝑄t
2 [(−𝑔𝜇𝜈 +

𝑞𝜇𝑞𝜈

𝑞2
)

𝑄

2𝑀𝑁𝜈
+ (𝑝𝜇 −

𝑝𝑞

𝑞2
𝑞𝜇) (𝑝𝜈 −

𝑝𝑞

𝑞2
𝑞𝜈)

𝑥𝑄

(𝑀𝑁𝜈)
2]

 

 

𝑀𝑁
𝑝0
𝑊𝜇𝜈 = (−𝑔𝜇𝜈 +

𝑞𝜇𝑞𝜈

𝑞2
)
𝑄

𝜈
𝑊1
𝑒𝑁(𝜈, 𝑄2) + (𝑝𝜇 −

𝑝𝑞

𝑞2
𝑞𝜇) (𝑝𝜈 −

𝑝𝑞

𝑞2
𝑞𝜈)

𝑄

𝜈𝑀𝑁
2𝑊2

𝑒𝑁(𝜈, 𝑄2) 
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𝑊1
𝑒𝑁(𝑣, 𝑄2)=

1

2𝑀𝑁
∑  

t∈{f,f}

 𝑁t(𝑥)𝑄t
2 ,

𝑊2
𝑒𝑁(𝑣, 𝑄2) =

𝑥

𝑣
∑  

t∈{f,f}

 𝑁t(𝑥)𝑄t
2.

 

𝐹1
𝑒𝑁(𝑥) = lim

𝑣,𝑄2→∞
 2𝑀𝑁𝑊1

𝑒𝑁(𝑣, 𝑄2) = ∑  

t∈{f,f}

 𝑁t(𝑥)𝑄t
2

𝐹2
𝑒𝑁(𝑥) = lim

𝑣,𝑄2→∞
 𝑣𝑊2

𝑒𝑁(𝑣, 𝑄2) = 𝑥 ∑  

t∈{f,f}

 𝑁t(𝑥)𝑄t
2

 

𝐹2
𝑒𝑁(𝑥) = 𝑥𝐹1

𝑒𝑁(𝑥)  

⟨
𝐹2
𝑒𝑁(𝑥) − 𝑥𝐹1

𝑒𝑁(𝑥)

𝐹2
𝑒𝑁(𝑥)

⟩

𝑥

= −0.01 ± 0.11  

 

𝑗+𝜇 =
𝑔

√2
(𝑢‾L𝜎‾

𝜇cos 𝜃C𝑑L + 𝑢‾L𝜎‾
𝜇sin 𝜃C𝑠L)  

𝑑2𝜎

𝑑𝐸′𝑑Ω
=
𝐺F
2𝐸′2

2𝜋2
[2𝑊1

𝜈𝑁(𝜈, 𝑄2)sin2 
𝜃

2
+𝑊2

𝜈𝑁(𝜈, 𝑄2)cos2 
𝜃

2
−𝑊3

𝜈𝑁(𝜈, 𝑄2)
𝐸 + 𝐸′

𝑀𝑁
sin2 

𝜃

2
]  

𝐹1
𝑣𝑁(𝑥) = lim

𝑣,𝑄2→∞
 2𝑀𝑁𝑊1

𝑣𝑁(𝑣, 𝑄2) = 2cos2 𝜃𝐶𝑁𝑑(𝑥) + 2sin
2 𝜃𝐶𝑁𝑠(𝑥) + 2𝑁𝑢‾ (𝑥),

𝐹2
𝑣𝑁(𝑥) = lim

𝑣,𝑄2→∞
 𝑣𝑊2

𝑣𝑁(𝑣, 𝑄2) = 𝑥𝐹1
𝑣𝑁(𝑥),

𝐹3
𝑣𝑁(𝑥) = lim

𝑣,𝑄2→∞
 𝑣𝑊3

𝑣𝑁(𝑣, 𝑄2) = −2cos2 𝜃𝐶𝑁𝑑(𝑥) − 2sin
2 𝜃𝐶𝑁𝑠(𝑥) + 2𝑁𝑢‾ (𝑥).
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𝐹1
𝑒𝑝
(𝑥)=

4

9
𝑝𝑢(𝑥) +

1

9
𝑝𝑑(𝑥) +

1

9
𝑝𝑠(𝑥) +

4

9
𝑝𝑢‾ (𝑥) +

1

9
𝑝𝑑‾(𝑥) +

1

9
𝑝𝑠‾(𝑥)  

𝐹1
𝑒𝑛(𝑥)=

4

9
𝑛𝑢(𝑥) +

1

9
𝑛𝑑(𝑥) +

1

9
𝑛𝑠(𝑥) +

4

9
𝑛𝑢‾ (𝑥) +

1

9
𝑛𝑑‾  (𝑥) +

1

9
𝑛𝑠‾(𝑥)

𝐹1
𝑣𝑝
(𝑥)= 2cos2 𝜃C𝑝𝑑(𝑥) + 2sin

2 𝜃C𝑝𝑠(𝑥) + 2𝑝𝑢‾ (𝑥)  

𝐹1
𝑣𝑛(𝑥) = 2cos2 𝜃C𝑛𝑑(𝑥) + 2sin

2 𝜃C𝑛𝑠(𝑥) + 2𝑛𝑢‾ (𝑥).

 

𝑝𝑢(𝑥) = 𝑛𝑑(𝑥), 𝑝𝑑(𝑥) = 𝑛𝑢(𝑥), 𝑝𝑢‾ (𝑥) = 𝑛𝑑‾(𝑥), 𝑝𝑑‾(𝑥) = 𝑛𝑢‾ (𝑥).  

𝐹1
𝑒𝑝
(𝑥) + 𝐹1

𝑒𝑛(𝑥)=
5

9
(𝑝𝑢(𝑥) + 𝑝𝑑(𝑥) + 𝑝𝑢‾ (𝑥) + 𝑝𝑑‾(𝑥))  

𝐹1
𝑣𝑝
(𝑥) + 𝐹1

𝑣𝑛(𝑥) = 2cos2 𝜃C(𝑝𝑑(𝑥) + 𝑝𝑢(𝑥)) + 2(𝑝𝑢‾ (𝑥) + 𝑝𝑑‾(𝑥))
 

𝐹2
𝑣𝑝
(𝑥) + 𝐹2

𝑣𝑛(𝑥)

𝐹2
𝑒𝑝
(𝑥) + 𝐹2

𝑒𝑛(𝑥)
=
𝐹1
𝑣𝑝
(𝑥) + 𝐹1

𝑣𝑛(𝑥)

𝐹1
𝑒𝑝
(𝑥) + 𝐹1

𝑒𝑛(𝑥)
≈
18

5
.  

𝑄𝑁 = ∫  
1

0

 𝑑𝑥 ∑  

f=𝑢,𝑑,𝑠

  (𝑄f𝑁f(𝑥) − 𝑄f𝑁f(𝑥))  

1 = ∫  
1

0

 𝑑𝑥 ∑  

f=𝑢,𝑑,𝑠

  (
1

3
𝑁f(𝑥) −

1

3
𝑁
f
(𝑥))  

1 = ∫  
1

0

 𝑑𝑥𝑥∑  

𝑖

 𝑁𝑖(𝑥)  

𝐼𝑞 = ∫  
1

0

 𝑑𝑥𝑥 ∑  

f=𝑢,𝑑,𝑠

  (𝑁f(𝑥) + 𝑁f(𝑥))  

𝐹1
𝑒𝑁(𝑥)=

4

9
𝑁𝑢(𝑥) +

1

9
𝑁𝑑(𝑥) +

1

9
𝑁𝑠(𝑥) +

4

9
𝑁𝑢‾ (𝑥) +

1

9
𝑁𝑑‾(𝑥) +

1

9
𝑁𝑠‾(𝑥) 

𝐹1
𝑣𝑁(𝑥) = 2𝑁𝑑(𝑥) + 2𝑁𝑢‾ (𝑥)

 

𝐹1
𝑒𝑝
(𝑥)=

4

9
𝑝𝑢(𝑥) +

1

9
𝑝𝑑(𝑥) +

1

9
𝑝𝑠(𝑥) +

4

9
𝑝𝑢‾ (𝑥) +

1

9
𝑝𝑑‾(𝑥) +

1

9
𝑝𝑠‾(𝑥)  

𝐹1
𝑒𝑛(𝑥) =

4

9
𝑛𝑢(𝑥) +

1

9
𝑛𝑑(𝑥) +

1

9
𝑛𝑠(𝑥) +

4

9
𝑛𝑢‾ (𝑥) +

1

9
𝑛𝑑‾(𝑥) +

1

9
𝑛𝑠‾(𝑥)

=
4

9
𝑝𝑑(𝑥) +

1

9
𝑝𝑢(𝑥) +

1

9
𝑝𝑠(𝑥) +

4

9
𝑝𝑑‾(𝑥) +

1

9
𝑝𝑢‾ (𝑥) +

1

9
𝑝𝑠‾(𝑥)  

𝐹1
𝑣𝑝
(𝑥)= 2𝑝𝑑(𝑥) + 2𝑝𝑢‾ (𝑥)  

𝐹1
𝑣𝑛(𝑥) = 2𝑛𝑑(𝑥) + 2𝑛𝑢‾ (𝑥) = 2𝑝𝑢(𝑥) + 2𝑝𝑑‾(𝑥)

 

9

2
(𝐹1

𝑒𝑝
(𝑥) + 𝐹1

𝑒𝑛(𝑥)) −
3

4
(𝐹1

𝑣𝑝
(𝑥) + 𝐹1

𝑣𝑛(𝑥)) =

5

2
𝑝𝑢(𝑥) +

5

2
𝑝𝑑(𝑥) + 𝑝𝑠(𝑥) +

5

2
𝑝𝑢‾ (𝑥) +

5

2
𝑝𝑑‾(𝑥) + 𝑝𝑠‾(𝑥)

−
3

2
𝑝𝑢(𝑥) −

3

2
𝑝𝑑(𝑥) −

3

2
𝑝𝑢‾ (𝑥) −

3

2
𝑝𝑑‾(𝑥) =  

𝑝𝑢(𝑥) + 𝑝𝑑(𝑥) + 𝑝𝑠(𝑥) + 𝑝𝑢‾ (𝑥) + 𝑝𝑑‾(𝑥) + 𝑝𝑠‾(𝑥)
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𝐼𝑞 = ∫  
1

0

 𝑑𝑥 [
9

2
(𝐹1

𝑒𝑝
(𝑥) + 𝐹1

𝑒𝑛(𝑥)) −
3

4
(𝐹1

𝑣𝑝
(𝑥) + 𝐹1

𝑣𝑛(𝑥))]  

𝐺 = SU(𝑁f)𝐿 × SU(𝑁f)𝑅 × U(1)𝐵
𝐻 = SU(𝑁f)𝐿=𝑅 × U(1)𝐵

 

𝐺/𝐻 = SU(𝑁f)  

𝑈′(𝑥) = 𝐿𝑈(𝑥)𝑅†, 𝐿, 𝑅 ∈ SU(𝑁f)  

𝜕𝜇𝑈
′(𝑥) = 𝐿𝜕𝜇𝑈(𝑥)𝑅

†  

ℒ(𝑈) =
𝐹𝜋
2

4
Tr[𝜕𝜇𝑈

†𝜕𝜇𝑈]  

ℒ(𝑈′) =
𝐹𝜋
2

4
Tr[𝜕𝜇𝑈

′†𝜕𝜇𝑈
′] =

𝐹𝜋
2

4
Tr[𝑅𝜕𝜇𝑈

†𝐿†𝐿𝜕𝜇𝑈𝑅
†] = ℒ(𝑈)  

ℒ(𝑞‾, 𝑞, 𝐺)= 𝑞‾L𝜎‾𝜇(𝜕𝜇 + 𝐺𝜇)𝑞L + 𝑞‾R𝜎𝜇(𝜕𝜇 + 𝐺𝜇)𝑞R  

 +𝑞‾Lℳ𝑞R + 𝑞‾Rℳ
†𝑞L −

1

2𝑔s
2 Tr[𝐺𝜇𝜈𝐺𝜇𝜈]

 

𝑞L
′ (𝑥) = (

𝑢L
′ (𝑥)

𝑑L
′ (𝑥)

𝑠L
′ (𝑥)

) = 𝐿(

𝑢L(𝑥)
𝑑L(𝑥)
𝑠L(𝑥)

) = 𝐿𝑞L(𝑥), 𝑞‾L
′ (𝑥) = 𝑞‾L(𝑥)𝐿

†, 𝐿 ∈ SU(3)L,  

𝑞R
′ (𝑥) = (

𝑢R
′ (𝑥)

𝑑R
′ (𝑥)

𝑠R
′ (𝑥)

) = 𝑅 (

𝑢R(𝑥)
𝑑R(𝑥)
𝑠R(𝑥)

) = 𝑅𝑞R(𝑥), 𝑞‾R
′ (𝑥) = 𝑞‾R(𝑥)𝑅

†, 𝑅 ∈ SU(3)R,

 

ℳ′ = 𝐿ℳ𝑅†  

ℒ(𝑈) =
𝐹𝜋
2

4
Tr[𝜕𝜇𝑈

†𝜕𝜇𝑈] −
Σ

2
Tr[ℳ†𝑈 +𝑈†ℳ]  

Tr[ℳ†𝑈′ + 𝑈′†ℳ] = Tr[ℳ(𝐿𝑈𝑅† + 𝑅𝑈†𝐿†)]  

⟨0|𝜕𝑚f
ℒ|
ℳ=0

|0⟩ = ⟨0|(𝑞‾L
f 𝑞R
f + 𝑞‾R

f 𝑞L
f )|0⟩ =

1

𝑁f
⟨𝑞‾𝑞⟩  

⟨0|𝜕𝑚f
ℒ|
ℳ=0

|0⟩ = −
Σ

2
Tr[diag(1,0,… ,0)(𝟙 + 𝟙)] = −Σ ⇒  Σ = −

⟨𝑞‾𝑞⟩

𝑁f
 

ℒ(𝑞‾L, 𝑞L, 𝑞‾R, 𝑞R,𝚽) = 𝑞‾L𝚽ℱ𝑞R + 𝑞‾Rℱ
†𝚽†𝑞L  

𝑈(𝑥) = exp (i𝜋𝑎(𝑥)𝜆𝑎/𝐹𝜋), 𝑎 ∈ {1,2,… ,𝑁f
2 − 1}  

𝑈(𝑥) ≃ 1 + i𝜋𝑎(𝑥)𝜆𝑎/𝐹𝜋, 𝜕𝜇𝑈(𝑥) ≃ i𝜕𝜇𝜋
𝑎(𝑥)𝜆𝑎/𝐹𝜋,  

ℒ(𝜋) ≃
1

4
Tr[𝜕𝜇𝜋

𝑎𝜆𝑎𝜕𝜇𝜋
𝑏𝜆𝑏] −

Σ

2
Tr[ℳ(𝟙 + 𝟙)] =

1

2
𝜕𝜇𝜋

𝑎𝜕𝜇𝜋
𝑎 − ΣTrℳ  
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𝑈(𝑥) ≃ 1 + i𝜋𝑎(𝑥)𝜆𝑎/𝐹𝜋 +
1

2
(i𝜋𝑎(𝑥)𝜆𝑎/𝐹𝜋)

2  

Tr[ℳ(𝑈 + 𝑈†)]= 𝑚Tr[𝑈 + 𝑈†]  

 ≃ 2𝑚𝑁f −𝑚
1

𝐹𝜋
2
𝜋𝑎𝜋𝑏Tr[𝜆𝑎𝜆𝑏] = 2𝑚𝑁f − 2𝑚

1

𝐹𝜋
2
𝜋𝑎𝜋𝑎

 

ℒ(𝜋) ≃
1

2
𝜕𝜇𝜋

𝑎𝜕𝜇𝜋
𝑎 − Σ(𝑚𝑁f −𝑚

1

𝐹𝜋
2
𝜋𝑎𝜋𝑎)  

𝑀𝜋
2 =

2𝑚Σ

𝐹𝜋
2  

𝑀𝜋+
2 = 𝑀𝜋0

2 = 𝑀𝜋−
2 =

(𝑚𝑢 +𝑚𝑑)Σ

𝐹𝜋
2

 

𝜋𝑎𝜆𝑎 = √2(

𝜋3(𝑥)/√2 + 𝜋8(𝑥)/√6 𝜋+(𝑥) 𝐾+(𝑥)

𝜋−(𝑥) −𝜋3(𝑥)/√2 + 𝜋8(𝑥)/√6 𝐾0(𝑥)

𝐾−(𝑥) 𝐾0(𝑥) −2𝜋8(𝑥)/√6

),

𝜋±(𝑥) =
1

√2
(𝜋1(𝑥) ∓ i𝜋2(𝑥)),

𝐾0(𝑥) =
1

√2
(𝜋6(𝑥) − i𝜋7(𝑥)), 𝐾0(𝑥) =

1

√2
(𝜋4(𝑥) ∓ i𝜋5(𝑥)),

 

Tr[ℳ𝑈† + 𝑈ℳ†]= Tr[ℳ(𝑈 + 𝑈†)]  

= 2Tr[ℳ] −
1

𝐹𝜋
2
Tr[ℳ(𝜋𝑎𝜆𝑎)2)] + 𝒪 ((

𝜋𝑎𝜆𝑎

𝐹𝜋
)

4

)

1

2
Tr[ℳ(𝜋𝑎𝜆𝑎)2]= (𝑚𝑢 +𝑚𝑑)𝜋

+𝜋− + (𝑚𝑢 +𝑚𝑠)𝐾
+𝐾− + (𝑚𝑑 +𝑚𝑠)𝐾

0𝐾0  

 +(𝑚𝑢 +𝑚𝑑)
(𝜋3)2

2
+
1

√3
(𝑚𝑢 −𝑚𝑑)𝜋

3𝜋8 +
1

3
(𝑚𝑢 +𝑚𝑑 + 4𝑚𝑠)

(𝜋8)2

2

 

𝑀𝜋+
2 = 𝑀𝜋−

2 =
(𝑚𝑢 +𝑚𝑑)Σ

𝐹𝜋
2

𝑀𝐾+
2 = 𝑀𝐾−

2 =
(𝑚𝑢 +𝑚𝑠)Σ

𝐹𝜋
2

, 𝑀𝐾0
2 = 𝑀𝐾‾0

2 =
(𝑚𝑑 +𝑚𝑠)Σ

𝐹𝜋
2

 

𝑀𝜋0
2 =

Σ

𝐹𝜋
2 [
2

3
(𝑚𝑢 +𝑚𝑑 +𝑚𝑠) −

1

3
√(2𝑚𝑠 −𝑚𝑢 −𝑚𝑑)

2 + 3(𝑚𝑢 −𝑚𝑑)
2],

𝑀𝜂
2 =

Σ

𝐹𝜋
2 [
2

3
(𝑚𝑢 +𝑚𝑑 +𝑚𝑠) +

1

3
√(2𝑚𝑠 −𝑚𝑢 −𝑚𝑑)

2 + 3(𝑚𝑢 −𝑚𝑑)
2] .

 

𝑀𝜋0
2 =

(𝑚𝑢 +𝑚𝑑)Σ

𝐹𝜋
2

, 𝑀𝜂
2 =

(𝑚𝑢 +𝑚𝑑 + 4𝑚𝑠)Σ

3𝐹𝜋
2

.  

𝑀𝜋
2 + 3𝑀𝜂

2 = 2𝑀𝐾±
2 + 2𝑀𝐾0

2  
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ℒ(𝑞‾, 𝑞, 𝐺𝜇 , 𝐴𝜇)= 𝑞‾L𝜎‾𝜇(𝜕𝜇 + 𝐺𝜇 + i𝑒𝑄L𝐴𝜇)𝑞L + 𝑞‾R𝜎𝜇(𝜕𝜇 + 𝐺𝜇 + i𝑒𝑄R𝐴𝜇)𝑞R 

+𝑞‾Lℳ𝑞R + 𝑞‾Rℳ
†𝑞L −

1

2𝑔s
2 Tr[𝐺𝜇𝜈𝐺𝜇𝜈] +

1

4
𝐹𝜇𝜈𝐹𝜇𝜈  

𝑄L = 𝑄R = 𝑄 = diag(𝑄𝑢, 𝑄𝑑 , 𝑄𝑠) = diag (
2

3
,−
1

3
,−
1

3
)

 

𝑄L
′ = 𝐿𝑄L𝐿

†, 𝑄R
′ = 𝑅𝑄L𝑅

†  

ℒ(𝑈)=
𝐹𝜋
2

4
Tr[𝐷𝜇𝑈

†𝐷𝜇𝑈] −
Σ

2
Tr[ℳ†𝑈 + 𝑈†ℳ] 

 −𝐶𝑒2Tr[𝑄L𝑈𝑄R𝑈
†] +

1

4
𝐹𝜇𝜈𝐹𝜇𝜈

 

𝐷𝜇𝑈(𝑥) = 𝜕𝜇𝑈(𝑥) + i𝑒𝐴𝜇(𝑥)𝑄L𝑈(𝑥) − i𝑒𝐴𝜇(𝑥)𝑈(𝑥)𝑄R.  

𝑊𝜇
′(𝑥)= 𝐿(𝑥)(𝑊𝜇(𝑥) + 𝜕𝜇)𝐿(𝑥)

†, 𝑋𝜇
′ (𝑥) = 𝑅(𝑥)(𝑋𝜇(𝑥) + 𝜕𝜇)𝑅(𝑥)

†, 

𝑈′(𝑥)= 𝐿(𝑥)𝑈(𝑥)𝑅(𝑥)† ⇒  

𝐷𝜇
′𝑈′(𝑥)= 𝜕𝜇𝑈

′(𝑥) +𝑊𝜇
′(𝑥)𝑈′(𝑥) − 𝑈′(𝑥)𝑋𝜇

′ (𝑥)  

= 𝐿(𝑥)[𝜕𝜇𝑈(𝑥) +𝑊𝜇(𝑥)𝑈(𝑥) − 𝑈(𝑥)𝑋𝜇(𝑥)]𝑅(𝑥)
†  

 = 𝐿(𝑥)𝐷𝜇𝑈(𝑥)𝑅(𝑥)
†.

 

𝐿(𝑥) = 𝑅(𝑥) = diag(exp (i𝑔′𝜑(𝑥)/2), exp (−i𝑔′𝜑(𝑥)/2)),

𝐵𝜇
′(𝑥) = 𝐵𝜇 − 𝜕𝜇𝜑(𝑥).

 

𝑊𝜇
3(𝑥) =

𝑔′𝐴𝜇(𝑥) + 𝑔𝑍𝜇(𝑥)

√𝑔2 + 𝑔′2
, 𝐵𝜇(𝑥) =

𝑔𝐴𝜇(𝑥) − 𝑔
′𝑍𝜇(𝑥)

√𝑔2 + 𝑔′2
⇒

𝐴𝜇(𝑥) =
𝑔′𝑊𝜇

3(𝑥) + 𝑔𝐵𝜇(𝑥)

√𝑔2 + 𝑔′2
, 𝐴𝜇
′ (𝑥) = 𝐴𝜇(𝑥) − 𝜕𝜇𝛼(𝑥)

𝑒𝛼(𝑥) = 𝑔′𝜑(𝑥), 𝑒 =
𝑔𝑔′

√𝑔2 + 𝑔′2

 

𝐷𝜇𝑈(𝑥)= 𝜕𝜇𝑈(𝑥) + i
𝑔𝑔′𝐴𝜇(𝑥)

√𝑔2 + 𝑔′2

𝜏3

2
𝑈(𝑥) − 𝑈(𝑥)i

𝑔′𝑔𝐴𝜇(𝑥)

√𝑔2 + 𝑔′2

𝜏3

2
 

 = 𝜕𝜇𝑈(𝑥) + [i𝑒𝐴𝜇(𝑥)𝑄
′, 𝑈(𝑥)] = 𝜕𝜇𝑈(𝑥) + [i𝑒𝐴𝜇(𝑥)𝑄, 𝑈(𝑥)].

 

𝑄 = (
2/3 0
0 −1/3

) = (
1/2 0
0 −1/2

) +
1

6
(
1 0
0 1

) = 𝑄′ +
𝐵

2
𝟙.  

𝐿(𝑥) = 𝑅(𝑥) = diag(exp (i2𝑒𝛼(𝑥)/3), exp (−i𝑒𝛼(𝑥)/3), exp (−i𝑒𝛼(𝑥)/3))  

𝜋±
′
(𝑥) = exp (±i𝑒𝛼(𝑥))𝜋±(𝑥), 𝜋0

′
(𝑥) = 𝜋0(𝑥), 𝜂′(𝑥) = 𝜂(𝑥)

𝐾±
′
(𝑥) = exp (±i𝑒𝛼(𝑥))𝐾±(𝑥), 𝐾0

′
(𝑥) = 𝐾0(𝑥), 𝐾0

′
(𝑥) = 𝐾0(𝑥)

 

Tr[𝑄L𝑈𝑄R𝑈
†]= Tr[𝑄𝑈𝑄𝑈†]  

 = Tr[𝑄2] +
1

𝐹𝜋
2
Tr [𝑄𝜋𝑎𝜆𝑎[𝑄, 𝜋𝑏𝜆𝑏]] + 𝒪 ((

𝜋𝑎𝜆𝑎

𝐹𝜋
)

3

) .
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Tr [𝑄𝜋𝑎𝜆𝑎[𝑄, 𝜋𝑏𝜆𝑏]] = −2(𝜋+𝜋− + 𝐾+𝐾−)  

𝑀𝜋±
2 =

(𝑚𝑢 +𝑚𝑑)Σ

𝐹𝜋
2

+
2𝐶𝑒2

𝐹𝜋
2
, 𝑀𝐾±

2 =
(𝑚𝑢 +𝑚𝑠)Σ

𝐹𝜋
2

+
2𝐶𝑒2

𝐹𝜋
2
.  

𝑀𝜋+
2 +𝑀𝜋−

2 −𝑀𝜋0
2 + 3𝑀𝜂

2 = 2(𝑚𝑢 +𝑚𝑑 + 2𝑚𝑠)
Σ

𝐹𝜋
2
+
4𝐶𝑒2

𝐹𝜋
2
= 𝑀𝐾+

2 +𝑀𝐾−
2 +𝑀𝐾0

2 +𝑀
𝐾0
2  

𝑀𝜋± = 139.6MeV, 𝑀𝜋0 = 135.0MeV,𝑀𝜂 = 547.9MeV

𝑀𝐾± = 493.7MeV, 𝑀𝐾0 = 𝑀𝐾0 = 497.6MeV
 

Δ𝑀 = 𝑀𝑛 −𝑀𝑝 = 939.56MeV − 938.27MeV = 1.29MeV = Δ𝑀QCD+Δ𝑀QED
Δ𝑀QCD = 1.87(16)MeV, Δ𝑀QED = −0.58(16)MeV

 

2𝑚𝑠
𝑚𝑢 +𝑚𝑑

=
𝑀𝐾0
2 +𝑀𝐾±

2 −𝑀𝜋±
2

𝑀𝜋0
2 = 25.9,

𝑚𝑠 −𝑚𝑑
𝑚𝑢 +𝑚𝑑

=
𝑀𝐾±
2 −𝑀𝜋±

2

𝑀𝜋0
2 = 12.3,

𝑚𝑠 −𝑚𝑢
𝑚𝑢 +𝑚𝑑

=
𝑀𝐾0
2 −𝑀𝜋0

2

𝑀𝜋0
2 = 12.6,

𝑚𝑑 −𝑚𝑢
𝑚𝑢 +𝑚𝑑

=
(𝑀𝜋±

2 −𝑀𝜋0
2 ) − (𝑀𝐾±

2 −𝑀𝐾0
2 )

𝑀𝜋0
2 = 0. 28

𝑚𝑢
𝑚𝑑

=
2𝑀𝜋0

2 −𝑀𝜋±
2 +𝑀𝐾±

2 −𝑀𝐾0
2

𝑀𝜋±
2 −𝑀𝐾±

2 +𝑀𝐾0
2 = 0.56,

𝑚𝑠
𝑚𝑑

=
𝑀𝐾±
2 −𝑀𝜋±

2 +𝑀𝐾0
2

𝑀𝜋±
2 −𝑀𝐾±

2 +𝑀𝐾0
2 = 19.2

 

𝑚𝑢 = 2.16−0.26
+0.49MeV,𝑚𝑑 = 4.67−0.17

+0.48MeV,𝑚𝑠 = 93.4−3.4
+8.6MeV.  

𝑚𝑢
𝑚𝑑

= 0.474−0.074
+0.056,

𝑚𝑠
𝑚𝑑

= 19.5−2.5
+2.5,

2𝑚𝑠
𝑚𝑢 +𝑚𝑑

= 27.33−0.77
+0.67,  

𝜓′(𝑥) = 𝑉(𝑥)𝜓(𝑥), 𝜓‾ ′(𝑥) = 𝜓‾(𝑥)𝑉(𝑥)†.  

𝑉(𝑥) = 𝑅[𝑅†𝐿𝑈(𝑥)]
1/2
[𝑈(𝑥)1/2]

†
= 𝐿[𝐿†𝑅𝑈(𝑥)†]

1/2
𝑈(𝑥)1/2  

𝑢(𝑥) = 𝑈(𝑥)1/2  

𝑢(𝑥)′ = 𝐿𝑢(𝑥)𝑉(𝑥)† = 𝑉(𝑥)𝑢(𝑥)𝑅†  

v𝜇(𝑥) =
1

2
[𝑢(𝑥)†𝜕𝜇𝑢(𝑥) + 𝑢(𝑥)𝜕𝜇𝑢(𝑥)

†]  

v𝜇
′ (𝑥)=

1

2
[𝑉(𝑥)𝑢(𝑥)†𝐿†𝜕𝜇(𝐿𝑢(𝑥)𝑉(𝑥)

†) + 𝑉(𝑥)𝑢(𝑥)𝑅†𝜕𝜇(𝑅𝑢(𝑥)
†𝑉(𝑥)†)] 

 = 𝑉(𝑥)(v𝜇(𝑥) + 𝜕𝜇)𝑉(𝑥)
†

 

𝑎𝜇(𝑥) =
i

2
[𝑢(𝑥)†𝜕𝜇𝑢(𝑥) − 𝑢(𝑥)𝜕𝜇𝑢(𝑥)

†]  

𝑎𝜇
′ (𝑥)=

1

2
[𝑉(𝑥)𝑢(𝑥)†𝐿†𝜕𝜇(𝐿𝑢(𝑥)𝑉(𝑥)

†) − 𝑉(𝑥)𝑢(𝑥)𝑅†𝜕𝜇(𝑅𝑢(𝑥)
†𝑉(𝑥)†)] 

 = 𝑉(𝑥)𝑎𝜇(𝑥)𝑉(𝑥)
†
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ℒ(𝑈, 𝜓‾,𝜓)= 𝑀𝜓‾𝜓 + 𝜓‾𝛾𝜇(𝜕𝜇 + v𝜇)𝜓 + i𝑔𝐴𝜓‾𝛾𝜇𝛾5𝑎𝜇𝜓 

 +
𝐹𝜋
2

4
Tr[𝜕𝜇𝑈

†𝜕𝜇𝑈] −
Σ

2
Tr[ℳ(𝑈† + 𝑈†)]

 

𝑔𝜋𝑁𝑁𝐹𝜋 = 𝑔𝐴𝑀  

𝐷𝜇𝑈(𝑥) = (𝜕𝜇 +𝑊𝜇(𝑥))𝑈(𝑥)  

𝑈′(𝑥) = 𝐿(𝑥)𝑈(𝑥),𝑊𝜇
′(𝑥) = 𝐿(𝑥)(𝑊𝜇(𝑥) + 𝜕𝜇)𝐿(𝑥)

†  

ℒ(𝑈,𝑊) =
𝐹𝜋
2

4
Tr[𝐷𝜇𝑈

†𝐷𝜇𝑈] −
1

2𝑔2
Tr[𝑊𝜇𝜈𝑊𝜇𝜈]  

ℒ(𝟙,𝑊) =
𝐹𝜋
2

4
Tr[𝑊𝜇

†𝑊𝜇] −
1

2𝑔2
Tr[𝑊𝜇𝜈𝑊𝜇𝜈]  

𝑀𝑊 =
1

2
𝑔𝐹𝜋  

𝐷𝜇𝑈(𝑥) = 𝜕𝜇𝑈(𝑥) +𝑊𝜇(𝑥)𝑈(𝑥) − 𝑈(𝑥)𝑋𝜇(𝑥)  

ℒ(𝑈,𝑊, 𝑋) =
𝐹𝜋
2

4
Tr[𝐷𝜇𝑈

†𝐷𝜇𝑈] −
1

2𝑔2
Tr[𝑊𝜇𝜈𝑊𝜇𝜈] −

1

2𝑔′2
Tr[𝑋𝜇𝜈𝑋𝜇𝜈]  

ℒ(𝟙,𝑊, 𝐵) =
𝐹𝜋
2

4
Tr[(𝑊𝜇 − 𝑋𝜇)(𝑊𝜇 − 𝑋𝜇)] −

1

2𝑔2
Tr[𝑊𝜇𝜈𝑊𝜇𝜈] −

1

2𝑔′2
Tr[𝑋𝜇𝜈𝑋𝜇𝜈]  

𝑀𝑍 =
1

2
√𝑔2 + 𝑔′2𝐹𝜋  

𝑀𝑊
𝑀𝑍

=
𝑔

√𝑔2 + 𝑔′2
= cos 𝜃W  

𝑄L(𝑥) = (
𝑈L(𝑥)

𝐷L(𝑥)
) , 𝑈L(𝑥) = (

𝑢L(𝑥)
𝑐L(𝑥)
𝑡L(𝑥)

) , 𝐷L(𝑥) = (

𝑑L(𝑥)
𝑠L(𝑥)
𝑏L(𝑥)

)

𝑈R(𝑥) = (

𝑢R(𝑥)
𝑐R(𝑥)
𝑡R(𝑥)

) , 𝐷R(𝑥) = (

𝑑R(𝑥)
𝑠R(𝑥)
𝑏R(𝑥)

) ,

𝐿L(𝑥) = (
𝑁L(𝑥)

𝐸L(𝑥)
) , 𝑁L(𝑥) = (

𝑣𝑒 L(𝑥)
𝑣𝜇L(𝑥)

𝑣𝜏L(𝑥)
) , 𝐸L(𝑥) = (

𝑒L(𝑥)
𝜇L(𝑥)
𝜏L(𝑥)

)

𝐸R(𝑥) = (

𝑒R(𝑥)
𝜇R(𝑥)
𝜏R(𝑥)

)

 

𝑄L
′ (𝑥) = 𝑉𝑄L𝑄L(𝑥), 𝑈R

′ (𝑥) = 𝑉𝑈R𝑈R(𝑥), 𝐷R
′ (𝑥) = 𝑉𝐷R𝐷R(𝑥)

𝐿L
′ (𝑥) = 𝑉𝐿L𝐿L(𝑥), 𝐸R

′ (𝑥) = 𝑉𝐸R𝐸R(𝑥)
 



pág. 843 

ℒ(𝐿‾L
′ , 𝐿L

′ , 𝐸‾R
′ , 𝐸R

′ , 𝑄‾L
′ , 𝑄L

′ , 𝑈‾R
′ , 𝑈R

′ , 𝐷‾R
′ , 𝐷R

′ , Φ) = 𝐿‾L
′ Φℱ𝐸𝐸R

′ + 𝐸‾R
′ℱ𝐸

†Φ†𝐿L
′

 +𝑄‾L
′Φℱ𝐷𝐷R

′ + 𝐷‾R
′ℱ𝐷

†Φ†𝑄L
′ + 𝑄‾L

′ Φ̃ℱ𝑈𝑈R
′ + 𝑈‾R

′ℱ𝑈
†Φ̃†𝑄L

′
 

ℱ𝐸
′ = 𝑉𝐿Lℱ𝐸𝑉

𝐸R
†
, ℱ𝐷

′ = 𝑉𝑄Lℱ𝐷𝑉
𝐷R
†
, ℱ𝑈

′ = 𝑉𝑄Lℱ𝑈𝑉
𝑈R
†

 

𝑈(𝑥) ∈ SU(𝑁f)𝐿 × SU(𝑁f)𝑅/SU(𝑁f)𝐿=𝑅 = SU(𝑁f)  

𝐵 =
1

24𝜋2
∫  𝑑3𝑥𝜖𝑖𝑗𝑘Tr[(𝑈

†𝜕𝑖𝑈)(𝑈
†𝜕𝑗𝑈)(𝑈

†𝜕𝑘𝑈)] ∈ Π3[SU(𝑁f)] = ℤ  

𝑗𝜇
S(𝑥) =

1

24𝜋2
𝜖𝜇𝜈𝜌𝜎Tr[(𝑈(𝑥)

†𝜕𝜈𝑈(𝑥))(𝑈(𝑥)
†𝜕𝜌𝑈(𝑥))(𝑈(𝑥)

†𝜕𝜎𝑈(𝑥))]  

𝜕𝜇𝑗𝜇
S(𝑥) = 0  

𝐵 = ∫  𝑑3𝑥𝑗4
S  

𝜕4𝐵 = ∫  𝑑
3𝑥𝜕4𝑗4

S = −∫  𝑑3𝑥𝜕𝑖𝑗𝑖
S = −∫  𝑑2𝜎𝑖𝑗𝑖

S = 0  

𝑈(�⃗�) = exp (i𝑓(|�⃗�|)
�⃗�

|�⃗�|
⋅ 𝜏)  

Sign[𝑈] = ±1  

𝑍 = ∫  𝒟𝑈exp (−𝑆[𝑈])Sign[𝑈]𝑁c  

Sign[𝑈′]𝑁c = Sign[𝐿𝑈]𝑁c = Sign[𝐿]𝑁cSign[𝑈]𝑁c  

𝜕𝜇𝑗𝜇
𝐵(𝑥) = −

1

32𝜋2
𝜖𝜇𝜈𝜌𝜎Tr[𝑊𝜇𝜈(𝑥)𝑊𝜌𝜎(𝑥)].  

𝐷𝜇𝑈(𝑥) = (𝜕𝜇 +𝑊𝜇(𝑥))𝑈(𝑥), (𝐷𝜇𝑈(𝑥))
†
= 𝜕𝜇𝑈(𝑥)

† −𝑈(𝑥)†𝑊𝜇(𝑥).  

𝑗𝜇
GW(𝑥)=

1

24𝜋2
𝜖𝜇𝜈𝜌𝜎Tr[(𝑈(𝑥)

†𝐷𝜈𝑈(𝑥))(𝑈(𝑥)
†𝐷𝜌𝑈(𝑥))(𝑈(𝑥)

†𝐷𝜎𝑈(𝑥))] 

 −
1

16𝜋2
𝜖𝜇𝜈𝜌𝜎Tr[𝑊𝜈𝜌(𝑥)(𝐷𝜎𝑈(𝑥)𝑈(𝑥)

†)]

 

𝜕𝜇𝑗𝜇
GW(𝑥) = −

1

32𝜋2
𝜖𝜇𝜈𝜌𝜎Tr[𝑊𝜇𝜈(𝑥)𝑊𝜌𝜎(𝑥)].  

𝐵(𝑥4 = ∞) − 𝐵(𝑥4 = −∞) = ∫  𝑑
3𝑥𝑗4

GW(𝑥4 = ∞) −∫  𝑑
3𝑥𝑗4

GW(𝑥4 = −∞)

= ∫  𝑑4𝑥𝜕𝜇𝑗𝜇
GW = −

1

32𝜋2
∫  𝑑4𝑥𝜖𝜇𝜈𝜌𝜎Tr[𝑊𝜇𝜈𝑊𝜌𝜎] 

 = 𝑄[𝑊] = 1
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�̃�(𝑥) = (
exp (i𝑔′𝑌𝑞L𝜑(𝑥)) 0

0 exp (i𝑔′𝑌𝑞L𝜑(𝑥))
)

�̃�(𝑥) = (
exp (i𝑔′𝑌𝑢𝑅𝜑(𝑥)) 0

0 exp (i𝑔′𝑌𝑑𝑅𝜑(𝑥))
)

 

𝑈′(𝑥) = 𝑈(𝑥)𝑅(𝑥)†, 𝑅(𝑥) = (
exp (ig′𝜑(𝑥)/2) 0

0 exp (−i𝑔′𝜑(𝑥)/2)
)  

𝐷𝜇𝑈(𝑥)= 𝜕𝜇𝑈(𝑥) +𝑊𝜇(𝑥)𝑈(𝑥) − 𝑈(𝑥)𝑋𝜇(𝑥)  

 = 𝜕𝜇𝑈(𝑥) + i𝑔𝑊𝜇
𝑎(𝑥)

𝜏𝑎

2
𝑈(𝑥) − i𝑔′𝑈(𝑥)𝐵𝜇(𝑥)

𝜏3

2

 

𝑗𝜇
GW(𝑥)=

1

24𝜋2
𝜖𝜇𝜈𝜌𝜎Tr[(𝑈(𝑥)

†𝐷𝜈𝑈(𝑥))(𝑈(𝑥)
†𝐷𝜌𝑈(𝑥))(𝑈(𝑥)

†𝐷𝜎𝑈(𝑥))] 

−
1

16𝜋2
𝜖𝜇𝜈𝜌𝜎Tr[𝑊𝜈𝜌(𝑥)(𝐷𝜎𝑈(𝑥)𝑈(𝑥)

†)]  

 −
1

16𝜋2
𝜖𝜇𝜈𝜌𝜎Tr[𝑋𝜈𝜌(𝑥)(𝑈(𝑥)

†𝐷𝜎𝑈(𝑥))]

 

𝜕𝜇𝑗𝜇
GW(𝑥)= −

1

32𝜋2
𝜖𝜇𝜈𝜌𝜎Tr[𝑊𝜇𝜈(𝑥)𝑊𝜌𝜎(𝑥)] +

1

32𝜋2
𝜖𝜇𝜈𝜌𝜎Tr[𝑋𝜇𝜈(𝑥)𝑋𝜌𝜎(𝑥)] 

 = −
1

32𝜋2
𝜖𝜇𝜈𝜌𝜎Tr[𝑊𝜇𝜈(𝑥)𝑊𝜌𝜎(𝑥)] −

𝑔′2

64𝜋2
𝜖𝜇𝜈𝜌𝜎𝐵𝜇𝜈(𝑥)𝐵𝜌𝜎(𝑥)

 

𝑆GW[𝑈,𝑊, 𝐵] =
𝑔′

2
∫  𝑑4𝑥𝐵𝜇𝑗𝜇

GW  

𝑆GW[𝑈
′,𝑊, 𝐵′] − 𝑆GW[𝑈,𝑊, 𝐵] = −

𝑔′

2
∫  𝑑4𝑥𝜕𝜇𝜑𝑗𝜇

GW =
𝑔′

2
∫  𝑑4𝑥𝜑𝜕𝜇𝑗𝜇

GW

 = −
𝑔′

2
∫  𝑑4𝑥𝜑 {

1

32𝜋2
𝜖𝜇𝜈𝜌𝜎Tr[𝑊𝜇𝜈𝑊𝜌𝜎] +

𝑔′2

64𝜋2
𝜖𝜇𝜈𝜌𝜎𝐵𝜇𝜈𝐵𝜌𝜎}

 

𝑆[𝑈,𝑊, 𝐵] = ∫  𝑑4𝑥
𝐹𝜋
2

4
Tr[𝐷𝜇𝑈

†𝐷𝜇𝑈]  

𝑍[𝑊,𝐵] = ∫  𝒟𝑈exp (−𝑆[𝑈,𝑊, 𝐵])Sign[𝑈]exp (i𝑆GW[𝑈,𝑊, 𝐵])  

𝐿‾(𝑥) = 𝑅‾(𝑥) = (
exp (i𝑒𝑄𝑢𝛼(𝑥)) 0

0 exp (i𝑒𝑄𝑑𝛼(𝑥))
)  

𝑉(𝑥) = (
exp (i𝑒𝛼(𝑥)/2) 0

0 exp (−i𝑒𝛼(𝑥)/2)
)  

𝐷𝜇𝑈 = 𝜕𝜇𝑈(𝑥) + i𝑒𝐴𝜇(𝑥) [
𝜏3

2
, 𝑈(𝑥)]  

𝑗𝜇
GW(𝑥)=

1

24𝜋2
𝜖𝜇𝜈𝜌𝜎Tr[(𝑈(𝑥)

†𝐷𝜈𝑈(𝑥))(𝑈(𝑥)
†𝐷𝜌𝑈(𝑥))(𝑈(𝑥)

†𝐷𝜎𝑈(𝑥))] 

 −
i𝑒

16𝜋2
𝜖𝜇𝜈𝜌𝜎𝐹𝜈𝜌Tr [

𝜏3

2
(𝐷𝜎𝑈(𝑥)𝑈(𝑥)

†)]
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𝑆GW[𝑈, 𝐴] =
𝑒

2
∫  𝑑4𝑥𝐴𝜇𝑗𝜇

GW  

 C𝑈(𝑥) = 𝑈(𝑥)⊤, 𝑈(𝑥) = exp (i𝜋𝑎(𝑥)𝜏𝑎/𝐹𝜋), 𝜋
𝑎(𝑥)𝜏𝑎 = (

𝜋0(𝑥) √2𝜋+(𝑥)

√2𝜋−(𝑥) −𝜋0(𝑥)
)⇒

 C𝜋±(𝑥) = 𝜋∓(𝑥),  C𝜋0(𝑥) = 𝜋0(𝑥)

 

 G𝑈(𝑥) = i𝜏2C𝑈(𝑥)(i𝜏2)† = 𝑈(𝑥)∗ T = 𝑈(𝑥)† ⇒  G𝜋𝑎(𝑥) = −𝜋𝑎(𝑥)  

 

𝑈(𝑥) = exp (i𝜋0(𝑥)𝜏3/𝐹𝜋) ≈ 1 + i𝜋
0(𝑥)𝜏3/𝐹𝜋  

𝐷𝜇𝑈(𝑥) = 𝜕𝜇𝑈(𝑥) + i𝑒𝐴𝜇(𝑥) [
𝜏3

2
, 𝑈(𝑥)] ≈ i𝜕𝜇𝜋

0(𝑥)𝜏3/𝐹𝜋  

ℒ𝜋0𝛾𝛾 = −i
𝑒2

32𝜋2𝐹𝜋
𝜋0𝜖𝜇𝜈𝜌𝜎𝐹𝜇𝜈𝐹𝜌𝜎,  

ℒ𝜋0𝛾𝛾 = −i𝑁c(𝑄𝑢
2 − 𝑄𝑑

2)
𝑒2

32𝜋2𝐹𝜋
𝜋0𝜖𝜇𝜈𝜌𝜎𝐹𝜇𝜈𝐹𝜌𝜎  

Γ(𝜋0 → 𝛾𝛾) = [𝑁c(𝑄𝑢
2 − 𝑄𝑑

2)]
2 𝑒4𝑀𝜋

3

1024𝜋5𝐹𝜋
2

 

𝑄𝑝 =
𝑁c + 1

2
𝑄𝑢 +

𝑁c − 1

2
𝑄𝑑 = 1,

𝑄𝑛 =
𝑁c − 1

2
𝑄𝑢 +

𝑁c + 1

2
𝑄𝑑 = 0,

 

𝑄𝑢 =
1

2
(
1

𝑁c
+ 1) , 𝑄𝑑 =

1

2
(
1

𝑁c
− 1)  

𝑁c(𝑄𝑢
2 − 𝑄𝑑

2) =
𝑁c
4
[(
1

𝑁c
+ 1)

2

− (
1

𝑁c
− 1)

2

] = 1,  

𝑆WZNW[𝑈] =
1

240𝜋2i
∫  
𝐻5
 𝑑5𝑥𝜖𝜇𝜈𝜌𝜎𝜆Tr[(𝑈

†𝜕𝜇𝑈)(𝑈
†𝜕𝜈𝑈)(𝑈

†𝜕𝜌𝑈)(𝑈
†𝜕𝜎𝑈)(𝑈

†𝜕𝜆𝑈)]  
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𝑤[𝑈]=
1

480𝜋3i
∫  
𝑆5
 𝑑5𝑥𝜖𝜇𝜈𝜌𝜎𝜆Tr[(𝑈

†𝜕𝜇𝑈)(𝑈
†𝜕𝜈𝑈)(𝑈

†𝜕𝜌𝑈)(𝑈
†𝜕𝜎𝑈)(𝑈

†𝜕𝜆𝑈)] 

 ∈ Π5[SU(𝑁f)] = ℤ

 

𝑆WZNW[𝑈
(1)] − 𝑆WZNW[𝑈

(2)] = 2𝜋𝑤[𝑈]  

𝑍 = ∫  𝒟𝑈exp (−𝑆[𝑈])exp (i𝑛𝑆WZNW[𝑈])  

exp (i𝑛𝑆WZNW[𝑈
(1)]) = exp (i𝑛𝑆WZNW[𝑈

(2)])exp (2𝜋i𝑛𝑤[𝑈])  

exp (2𝜋i𝑛𝑤[𝑈]) = 1 ⇒  𝑛 ∈ ℤ  

𝑈(𝑥) = (�̃�(𝑥) 0
0 𝟙

) ,  

exp (i𝑛𝑆WZNW[𝑈]) = Sign[�̃�]
𝑛  

PP𝜋𝑎(�⃗�, 𝑥4) = −𝜋
𝑎(−�⃗�, 𝑥4)  

 P0𝜋𝑎(�⃗�, 𝑥4) = −𝜋
𝑎(�⃗�, 𝑥4)  

 P𝑈(�⃗�, 𝑥4) = 𝑈(−�⃗�, 𝑥4)
†, P0𝑈(�⃗�, 𝑥4) = 𝑈(�⃗�, 𝑥4)

†.  

𝑆WZNW[ 
P0𝑈] = 𝑆WZNW[𝑈

†] = −𝑆WZNW[𝑈],  

Sign[ P0�̃�] = Sign[�̃�†] = Sign[�̃�].  

𝑄′ = diag(𝑄𝑢
′ , 𝑄𝑑

′ , 𝑄𝑠
′) = diag (

2

3
,−
1

3
,−
1

3
) .  

𝑆WZNW[𝑈, 𝐴]= 𝑆WZNW[𝑈] +
𝑒

48𝜋2
∫  𝑑4𝑥𝜖𝜇𝜈𝜌𝜎𝐴𝜇  

× Tr[𝑄′(𝜕𝜈𝑈𝑈
†)(𝜕𝜌𝑈𝑈

†)(𝜕𝜎𝑈𝑈
†) + 𝑄′(𝑈†𝜕𝜈𝑈)(𝑈

†𝜕𝜌𝑈)(𝑈
†𝜕𝜎𝑈)] 

−
i𝑒2

48𝜋2
∫  𝑑4𝑥𝜖𝜇𝜈𝜌𝜎𝐴𝜇𝐹𝜈𝜌Tr [𝑄

′(𝜕𝜎𝑈𝑈
†) (𝑄′ +

1

2
𝑈𝑄′𝑈†)  

+𝑄′(𝑈†𝜕𝜎𝑈)(𝑄
′ +

1

2
𝑈†𝑄′𝑈)] .

 

𝑛 = 𝑁c  

𝑄= diag(𝑄𝑢, 𝑄𝑑 , 𝑄𝑠) = diag(
1

2
(
1

𝑁c
+ 1) ,

1

2
(
1

𝑁c
− 1) ,

1

2
(
1

𝑁c
− 1)) 

 = 𝑄′ + (1 −
𝑁c
3
)
1

2
𝐵

 

diag(𝑄𝑢, 𝑄𝑑) = diag(
1

2
(
1

𝑁c
+ 1) ,

1

2
(
1

𝑁c
− 1)) = diag (

1

2
,−
1

2
) +

1

2
𝐵.  
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𝑆GW[𝑈, 𝐴]=
𝑒

48𝜋2
∫  𝑑4𝑥𝜖𝜇𝜈𝜌𝜎𝐴𝜇Tr[(𝑈

†𝜕𝜈𝑈)(𝑈
†𝜕𝜌𝑈)(𝑈

†𝜕𝜎𝑈)] 

 −
i𝑒2

32𝜋2
∫  𝑑4𝑥𝜖𝜇𝜈𝜌𝜎𝐴𝜇𝐹𝜈𝜌Tr[𝑄

′(𝜕𝜎𝑈𝑈
† +𝑈†𝜕𝜎𝑈)]

 

𝑍[𝐴] = ∫  𝒟𝑈exp (−𝑆[𝑈, 𝐴])exp (i𝑁c𝑆WZNW[𝑈, 𝐴])exp (i(1 − 𝑁c/3)𝑆GW[𝑈, 𝐴])  

𝑁c(𝑄𝑢
′ 2 − 𝑄𝑑

′ 2) = 𝑁c [(
2

3
)
2

− (−
1

3
)
2

] =
𝑁c
3
.  

𝑄 = 𝑄′ + (1 − 𝑁c
𝑁𝑑 −𝑁𝑢
𝑁f

)
1

2
𝐵  

𝑍[𝐴]= ∫  𝒟𝑈exp (−𝑆[𝑈, 𝐴])exp (i𝑁c𝑆WZNW[𝑈, 𝐴]) 

 × exp (i (1 − 𝑁c
𝑁𝑑 −𝑁𝑢
𝑁f

) 𝑆GW[𝑈, 𝐴])
 

𝑄𝑢
′ = 𝑄𝑢 −

1

2
(
1

𝑁c
−
𝑁𝑑 −𝑁𝑢
𝑁f

) =
𝑁𝑑
𝑁f
,

𝑄𝑑
′ = 𝑄𝑑 −

1

2
(
1

𝑁c
−
𝑁𝑑 −𝑁𝑢
𝑁f

) = −
𝑁𝑢
𝑁f
.

 

𝑁c(𝑄𝑢
′ 2 − 𝑄𝑑

′ 2) = 𝑁c
𝑁𝑑
2 −𝑁𝑢

2

𝑁f
2 = 𝑁c

𝑁𝑑 −𝑁𝑢
𝑁f

 

𝑈(𝑥) = (�̃�(𝑥) 0
0 𝟙

)  

�̃�′ = (
𝑄𝑢
′ 0

0 𝑄𝑑
′ ) =

𝑁𝑑 −𝑁𝑢
2𝑁f

+
1

2
𝜏3

�̃�′2 = (
𝑄𝑢
′2 0

0 𝑄𝑑
′2) =

𝑁𝑑
2 +𝑁𝑢

2

2𝑁f
2 +

𝑁𝑑 −𝑁𝑢
2𝑁f

𝜏3
 

𝑁c(𝑆WZNW[𝑈, 𝐴] − 𝑆WZNW[𝑈]) + (1 − 𝑁c
𝑁𝑑 −𝑁𝑢
𝑁f

) 𝑆GW[𝑈, 𝐴] = 𝑆GW[�̃�, 𝐴]  

𝑈(𝑥) = exp (i𝜂8(𝑥)𝜆8/𝐹𝜋),  

𝑁c(𝑆WZNW[𝑈, 𝐴] − 𝑆WZNW[𝑈]) + (1 − 𝑁c/3)𝑆GW[𝑈, 𝐴]

 =
𝑒2

32√3𝜋2𝐹𝜋
∫  𝑑4𝑥𝜂8𝜖𝜇𝜈𝜌𝜎𝐹𝜇𝜈𝐹𝜌𝜎

 

ℒ𝜂8𝜋+𝜋−𝛾 =
𝑒𝑁c

4√3𝜋2𝐹𝜋
3
𝜖𝜇𝜈𝜌𝜎𝐴𝜇𝜕𝜈𝜂

8𝜕𝜌𝜋
+𝜕𝜎𝜋

−
 

Tr (
1

√6
𝑄2) =

𝑁c

√6
(𝑄𝑢

2 + 2𝑄𝑑
2) =

3

4√6
(𝑁c +

1

𝑁c
−
2

3
) ,  
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𝑗𝜇
S(𝑥) =

1

24𝜋2
𝜖𝜇𝜈𝜌𝜎Tr[(𝑈(𝑥)

†𝜕𝜈𝑈(𝑥))(𝑈(𝑥)
†𝜕𝜌𝑈(𝑥))(𝑈(𝑥)

†𝜕𝜎𝑈(𝑥))] 

 C𝜋±(�⃗�, 𝑥4) = 𝜋
∓(�⃗�, 𝑥4),  

C𝜋0(�⃗�, 𝑥4) = 𝜋
0(�⃗�, 𝑥4),

 P𝜋𝑎(�⃗�, 𝑥4) = −𝜋
𝑎(−�⃗�, 𝑥4),  

P0𝜋𝑎(�⃗�, 𝑥4) = −𝜋
𝑎(�⃗�, 𝑥4).

 

𝑗𝜇
GW(𝑥) =

1

24𝜋2
𝜖𝜇𝜈𝜌𝜎Tr[(𝑈(𝑥)

†𝐷𝜈𝑈(𝑥))(𝑈(𝑥)
†𝐷𝜌𝑈(𝑥))(𝑈(𝑥)

†𝐷𝜎𝑈(𝑥))]

 +𝐶𝜖𝜇𝜈𝜌𝜎Tr[𝑊𝜈𝜌(𝑥)(𝐷𝜎𝑈(𝑥)𝑈(𝑥)
†)].

 

𝜕𝜇𝑗𝜇
GW(𝑥) = −

1

32𝜋2
𝜖𝜇𝜈𝜌𝜎Tr[𝑊𝜇𝜈(𝑥)𝑊𝜌𝜎(𝑥)]. 

𝜖𝜇𝜈𝜌𝜎𝜆Tr[(𝑈
†𝜕𝜇𝑈)(𝑈

†𝜕𝜈𝑈)(𝑈
†𝜕𝜌𝑈)(𝑈

†𝜕𝜎𝑈)(𝑈
†𝜕𝜆𝑈)] =

𝜖𝜇𝜈𝜌𝜎𝜆Tr[(𝑉
†𝜕𝜇𝑉)(𝑉(𝑥)

†𝜕𝜈𝑉)(𝑉
†𝜕𝜌𝑉)(𝑉

†𝜕𝜎𝑉)(𝑉
†𝜕𝜆𝑉)] +

𝜖𝜇𝜈𝜌𝜎𝜆Tr[(𝑊
†𝜕𝜇𝑊)(𝑊

†𝜕𝜈𝑊)(𝑊
†𝜕𝜌𝑊)(𝑊

†𝜕𝜎𝑊)(𝑊
†𝜕𝜆𝑊)] + 𝜕𝜇𝐾𝜇 ,

 

𝑄[𝐺] = −
1

32𝜋2
∫  𝑑4𝑥𝜖𝜇𝜈𝜌𝜎Tr[𝐺𝜇𝜈𝐺𝜌𝜎]  

𝑞L
f′(𝑥) = exp (i𝜃/2𝑁f)𝑞L

f (𝑥)

𝑞R
f′(𝑥) = exp (−i𝜃/2𝑁f)𝑞R

f (𝑥)
 

𝛿A𝜃 = −𝑁f
𝜃

2𝑁f
−𝑁f

𝜃

2𝑁f
= −𝜃 ⇒  𝜃′ = 𝜃 + 𝛿A𝜃 = 0  

ℳ ′ = diag (𝑚𝑢exp (i𝜃/𝑁f),𝑚𝑑exp (i𝜃/𝑁f), … ,𝑚𝑁fexp (i𝜃/𝑁f)) ;  

𝑆[𝑈] = ∫  𝑑4𝑥 {
𝐹𝜋
2

4
Tr[𝜕𝜇𝑈

†𝜕𝜇𝑈] −
Σ

2
Tr[ℳ′†𝑈 + 𝑈†ℳ′]}  

𝑍(𝜃) = ∫  𝒟𝑈exp (−𝑆[𝑈])  

𝑧 = exp (2𝜋i/𝑁f)𝟙 ∈ ℤ(𝑁f)  

ℳ′ = diag(𝑚𝑢exp (i𝜃/2),𝑚𝑑exp (i𝜃/2)).  

Tr[ℳ′†𝑈 + 𝑈†ℳ′] = 𝑚𝑢cos (
𝜃

2
+ 𝜑) +𝑚𝑑cos (

𝜃

2
− 𝜑)  

tan 𝜑 =
𝑚𝑑 −𝑚𝑢
𝑚𝑢 +𝑚𝑑

tan 
𝜃

2
.  

𝑀𝜂′
2 =

2𝑁f𝜒t
𝐹𝜋
2  

U(𝑁f)𝐿 × U(𝑁f)𝑅/U(𝑁f)𝐿=𝑅 = U(𝑁f)  

det�̃�(𝑥) = exp (i√2𝑁f𝜂
′(𝑥)/𝐹𝜋)  
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𝑆[�̃�] = ∫  𝑑4𝑥 {
𝐹𝜋
2

4
Tr[𝜕𝜇�̃�

†𝜕𝜇�̃�] −
Σ

2
Tr[ℳ′†�̃� + �̃�†ℳ′] +

𝜒t
2
(ilog det�̃�)2}

𝜁

 

𝑆[�̃�] = ∫  𝑑4𝑥 {
𝐹𝜋
2

4
Tr[𝜕𝜇�̃�

†𝜕𝜇�̃�] −
Σ

2
Tr[ℳ†�̃� + �̃�†ℳ]+

𝜒t
2
(ilog det�̃� − 𝜃)2}  

ℒ(𝑞‾L, 𝑞L, 𝑑‾R, 𝑑R, Φ) = 𝑓𝑑 [(𝑢‾L, 𝑑‾L) (
Φ+

Φ0
)𝑑R + 𝑑‾R(Φ

+∗, Φ0∗) (
𝑢L
𝑑L
)]  

ℒ(𝑞‾L, 𝑞L, 𝑢‾R, 𝑢R, Φ̃) = 𝑓𝑢 [(𝑢‾L, 𝑑‾L) (
Φ̃0

Φ̃−
)𝑢R + 𝑢‾R(Φ̃

0∗, Φ̃−∗) (
𝑢L
𝑑L
)] .  

Φ̃(𝑥) = (
Φ̃0(𝑥)

Φ̃−(𝑥)
) = (

Φ0(𝑥)
∗

−Φ+(𝑥)∗
)  

𝚽(𝑥) = (
Φ0(𝑥)∗ Φ+(𝑥)

−Φ+(𝑥)∗ Φ0(𝑥)
) = (Φ̃(𝑥),Φ(𝑥))  

ℒ(𝑞‾L, 𝑞L, 𝑢‾R, 𝑢R, 𝑑‾R, 𝑑R,𝚽) = (𝑢‾L, 𝑑‾L)𝚽ℱ (
𝑢R
𝑑R
) + (𝑢‾R, 𝑑‾R)ℱ

†𝚽† (
𝑢L
𝑑L
) ,  

(
𝑢L
′ (𝑥)

𝑑L
′ (𝑥)

) = exp (i𝜃/4) (
𝑢L(𝑥)

𝑑L(𝑥)
) , (

𝑢R
′ (𝑥)

𝑑R
′ (𝑥)

) = exp (−i𝜃/4) (
𝑢R(𝑥)

𝑑R(𝑥)
) .  

ℱ′ = diag(𝑓𝑢exp (i𝜃/2), 𝑓𝑑exp (i𝜃/2))  

𝑆[𝑈,𝚽] = ∫  𝑑4𝑥 {
𝐹𝜋
2

4
Tr[𝜕𝜇𝑈

†𝜕𝜇𝑈] −
Σ

2
Tr[ℱ′†𝚽†𝑈 + 𝑈†𝚽ℱ′]}  

𝑆[𝑈,𝚽′] = ∫  𝑑4𝑥 {
𝐹𝜋
2

4
Tr[𝜕𝜇𝑈

†𝜕𝜇𝑈] −
Σ

2
Tr[ℱ†𝚽′†𝑈 + 𝑈†𝚽′ℱ]}  

ℒ(𝑎, 𝐺) =
1

2
𝜕𝜇𝑎𝜕𝜇𝑎 − i

𝑎

ΛPQ

1

32𝜋2
𝜖𝜇𝜈𝜌𝜎Tr[𝐺𝜇𝜈𝐺𝜌𝜎]  

𝚽′(𝑥) = vdiag (exp (i𝑎(𝑥)/ΛPQ), exp (i𝑎(𝑥)/ΛPQ)) ,  

𝑈(𝑥) = diag(exp (i𝜋0(𝑥)/𝐹𝜋), exp (−i𝜋
0(𝑥)/𝐹𝜋))  

Tr[ℱ†𝚽′†𝑈 + 𝑈†𝚽′ℱ] = 𝑚𝑢cos (𝑎/ΛPQ + 𝜋
0/𝐹𝜋) + 𝑚𝑑cos (𝑎/ΛPQ − 𝜋

0/𝐹𝜋)  

𝑀2 = Σ(
(𝑚𝑢 +𝑚𝑑)/𝐹𝜋

2 (𝑚𝑢 −𝑚𝑑)/(𝐹𝜋ΛPQ)

(𝑚𝑢 −𝑚𝑑)/(𝐹𝜋ΛPQ) (𝑚𝑢 +𝑚𝑑)/ΛPQ
2 ) .  

𝑀2 = Σ(
(𝑚𝑢 +𝑚𝑑)/𝐹𝜋

2 0
0 0

)  

𝑀𝜋
2 =

(𝑚𝑢 +𝑚𝑑)Σ

𝐹𝜋
2

.  
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Σ2 [
(𝑚𝑢 +𝑚𝑑)

2

𝐹𝜋
2ΛPQ
2 −

(𝑚𝑢 −𝑚𝑑)
2

𝐹𝜋
2ΛPQ
2 ] = Σ2

4𝑚𝑢𝑚𝑑

𝐹𝜋
2ΛPQ
2 = 𝑀𝜋

2𝑀𝑎
2  

𝑀𝑎
2 =

4𝑚𝑢𝑚𝑑Σ

(𝑚𝑢 +𝑚𝑑)ΛPQ
2  

𝑀𝑎
2

𝑀𝜋
2
=

4𝑚𝑢𝑚𝑑𝐹𝜋
2

(𝑚𝑢 +𝑚𝑑)
2ΛPQ
2  

𝑀𝑎
𝑀𝜋

=
𝐹𝜋
V
≈
0.1GeV

250GeV
=

1

2500
 ⇒  𝑀𝑎 ≈

0.14GeV

2500
≈ 50keV  

𝑄[𝑊] = −
1

32𝜋2
∫  𝑑4𝑥𝜖𝜇𝜈𝜌𝜎Tr[𝑊𝜇𝜈𝑊𝜌𝜎] ∈ Π3[SU(2)] = ℤ  

𝑄L
′ (𝑥) = exp (i𝜌/𝑁c)𝑄L(𝑥),

𝑈R
′ (𝑥) = exp (i𝜌/𝑁c)𝑈R(𝑥),

𝐷R
′ (𝑥) = exp (i𝜌/𝑁c)𝐷R(𝑥),

 

𝛿𝐵𝜃2 = −𝑁g𝑁c𝜌/𝑁c = −𝑁g𝜌,  

𝜃2
′ = 𝜃2 + 𝛿𝐵𝜃2 = 𝜃2 −𝑁g𝜌 = 0  

𝑄[𝐵] = −
1

32𝜋2
∫  𝑑4𝑥𝜖𝜇𝜈𝜌𝜎Tr[𝑋𝜇𝜈𝑋𝜌𝜎] =

𝑔′2

64𝜋2
∫  𝑑4𝑥𝜖𝜇𝜈𝜌𝜎𝐵𝜇𝜈𝐵𝜌𝜎  

𝛿𝐵𝜃1= −𝑁g𝑁c2[2𝑌𝑄𝐿
2 − 𝑌𝑈𝑅

2 − 𝑌𝐷𝑅
2 ]𝜌/𝑁c  

 = −𝑁g2 [2
1

4𝑁c
2 −

1

4
(
1

𝑁c
+ 1)

2

−
1

4
(
1

𝑁c
− 1)

2

] 𝜌 = 𝑁g𝜌
 

𝜃1
′ = 𝜃1 + 𝛿𝐵𝜃1 = 𝜃1 +𝑁g𝜌 = 𝜃1 + 𝜃2  

𝜃1
′ + 𝜃2

′ = 𝜃1 + 𝜃2  

𝑄L
′ (𝑥)= exp (i𝜌/𝑁c)𝑄L(𝑥), 

𝑈R
′ (𝑥)= exp (i𝜌/𝑁c)𝑈R(𝑥), 

𝐷R
′ (𝑥)= exp (i𝜌/𝑁c)𝐷R(𝑥), 

𝐿L
′ (𝑥)= exp (i𝜌)𝐿L(𝑥),  

𝐸R
′ (𝑥) = exp (i𝜌)𝐸R(𝑥),

 

𝛿𝐿𝜃1 = −𝑁g2[2𝑌𝐿𝐿
2 − 𝑌𝐸𝑅

2 ]𝜌 = −𝑁g2 [2 (−
1

2
)
2

− (−1)2] 𝜌 = 𝑁g𝜌

𝛿𝐿𝜃2 = −𝑁g𝜌

 

𝜃1
′ = 𝜃1 + 𝛿𝐵𝜃1 + 𝛿𝐿𝜃1 = 𝜃1 + 2𝑁g𝜌

𝜃2
′ = 𝜃2 + 𝛿𝐵𝜃2 + 𝛿𝐿𝜃2 = 𝜃2 − 2𝑁g𝜌 ⇒

𝜃1
′ + 𝜃2

′ = 𝜃1 + 𝜃2
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𝑊𝜇
3(𝑥) =

𝑔′𝐴𝜇(𝑥) + 𝑔𝑍𝜇(𝑥)

√𝑔2 + 𝑔′2
→

𝑔′𝐴𝜇(𝑥)

√𝑔2 + 𝑔′2
,

𝐵𝜇(𝑥) =
𝑔𝐴𝜇(𝑥) − 𝑔

′𝑍𝜇(𝑥)

√𝑔2 + 𝑔′2
→

𝑔𝐴𝜇(𝑥)

√𝑔2 + 𝑔′2
.

 

i𝜃1
𝑔′2

64𝜋2
𝜖𝜇𝜈𝜌𝜎𝐵𝜇𝜈𝐵𝜌𝜎 − i𝜃2

1

32𝜋2
𝜖𝜇𝜈𝜌𝜎Tr[𝑊𝜇𝜈𝑊𝜌𝜎] →

i(𝜃1 + 𝜃2)
𝑔2𝑔′2

𝑔2 + 𝑔′2
1

64𝜋2
𝜖𝜇𝜈𝜌𝜎𝐹𝜇𝜈𝐹𝜌𝜎 = i𝜃QED

𝑒2

64𝜋2
𝜖𝜇𝜈𝜌𝜎𝐹𝜇𝜈𝐹𝜌𝜎

 

𝜃QED = 𝜃1 + 𝜃2, 𝑒 =
𝑔𝑔′

√𝑔2 + 𝑔′2
 

Ξ(𝑥) = Ξ𝑎(𝑥)𝜂
𝑎 , 𝑎 ∈ {1,2,… ,24}, Tr(𝜂𝑎𝜂𝑏) = 2𝛿𝑎𝑏  

Ξ′(𝑥) = Υ(𝑥)Ξ(𝑥)Υ(𝑥)†  

𝑉(Ξ) =
𝑀2

2
Tr(Ξ2) +

𝜅

3!
Tr(Ξ3) +

Λ1
4!
Tr(Ξ4) +

Λ2
4!
(Tr(Ξ2))

2
.  

Ξ(𝑥) =

(

 
 

𝜉1(𝑥) 0 0 0 0
0 𝜉2(𝑥) 0 0 0
0 0 𝜉3(𝑥) 0 0
0 0 0 𝜉4(𝑥) 0
0 0 0 0 𝜉5(𝑥))

 
 
, 𝜉𝑖(𝑥) ∈ ℝ,∑  

𝑖

  𝜉𝑖 = 0  

𝑉(Ξ) =
𝑀2

2
∑  

𝑖

 𝜉𝑖
2 +

𝜅

3!
∑  

𝑖

  𝜉𝑖
3 +

Λ1
4!
∑  

𝑖

 𝜉𝑖
4 +

Λ2
4!
(∑  

𝑖

  𝜉𝑖
2)

2

.  

𝜕𝑉(Ξ)

𝜕𝜉𝑖
= 𝑀2𝜉𝑖 +

𝜅

2
𝜉𝑖
2 +

Λ1
3!
𝜉𝑖
3 +

Λ2
3!
∑  

𝑗

 𝜉𝑗
2𝜉𝑖 = 𝐶  

Ξ(𝑥) = Ξ0 = 𝒱𝜂
24 = 𝒱√

3

5

(

 
 

1 0 0 0 0
0 1 0 0 0
0 0 −2/3 0 0
0 0 0 −2/3 0
0 0 0 0 −2/3)

 
 

 

𝑉𝜇(𝑥) = i𝑔5𝑉𝜇
𝑎(𝑥)

𝜂𝑎

2
 

𝑉𝜇
′(𝑥) = Υ(𝑥)(𝑉𝜇(𝑥) + 𝜕𝜇)Υ(𝑥)

†  

𝑉𝜇(𝑥) = i
𝑔5
2

(

 
 

𝑊𝜇
𝑎(𝑥)𝜏𝑎 +√3/5𝐵𝜇(𝑥)𝟙2×2 𝑋‾𝜇

1(𝑥) 𝑋‾𝜇
2(𝑥) 𝑋‾𝜇

3(𝑥)

𝑋𝜇
1(𝑥) 𝑌𝜇

1(𝑥) 𝑌‾𝜇
2(𝑥) 𝑌‾𝜇

3(𝑥)

𝑋𝜇
2(𝑥) 𝑌𝜇

2(𝑥)

𝑋𝜇
3(𝑥) 𝑌𝜇

3(𝑥) 𝐺𝜇
𝑎(𝑥)𝜆𝑎 − 2/√15𝐵𝜇(𝑥)𝟙3×3)
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Υ(𝑥) = (
exp (i𝑔′/2𝜑(𝑥))𝐿(𝑥) 02×3

03×2 exp (−i𝑔′/3𝜑(𝑥))Ω(𝑥)
) ,

𝐿(𝑥) ∈ SU(2)𝐿,

Ω(𝑥) ∈ SU(3)c,

 

𝐺𝜇
′(𝑥) = Ω(𝑥)(𝐺𝜇(𝑥) + 𝜕𝜇)Ω(𝑥)

†

𝑊𝜇
′(𝑥) = 𝐿(𝑥)(𝑊𝜇(𝑥) + 𝜕𝜇)𝐿(𝑥)

†

𝐵𝜇
′ (𝑥) = 𝐵𝜇(𝑥) − 𝜕𝜇𝜑(𝑥)

(

𝑋𝜇
1′(𝑥) 𝑌𝜇

1′(𝑥)

𝑋𝜇
2′(𝑥) 𝑌𝜇

2′(𝑥)

𝑋𝜇
3′(𝑥) 𝑌𝜇

3′(𝑥)

) = exp (−i𝑔′
5

6
𝜑(𝑥))Ω(𝑥)(

𝑋𝜇
1(𝑥) 𝑌𝜇

1(𝑥)

𝑋𝜇
2(𝑥) 𝑌𝜇

2(𝑥)

𝑋𝜇
3(𝑥) 𝑌𝜇

3(𝑥)

) 𝐿(𝑥)†,

(
𝑋‾𝜇
1′(𝑥) 𝑋‾𝜇

2′(𝑥) 𝑋‾𝜇
3′(𝑥)

𝑌‾𝜇
1′(𝑥) 𝑌‾𝜇

2′(𝑥) 𝑌‾𝜇
3′(𝑥)

) = exp (i𝑔′
5

6
𝜑(𝑥)) 𝐿(𝑥) (

𝑋‾𝜇
1(𝑥) 𝑋‾𝜇

2(𝑥) 𝑋‾𝜇
3(𝑥)

𝑌‾𝜇
1(𝑥) 𝑌‾𝜇

2(𝑥) 𝑌‾𝜇
3(𝑥)

)Ω(𝑥)†

 

𝑄𝑋 = −
1

2
−
5

6
= −

4

3
, 𝑄𝑌 =

1

2
−
5

6
= −

1

3
, 𝑄𝑋‾ =

4

3
, 𝑄𝑌‾ =

1

3
 

{24} = {8,1}0 + {1,3}0 + {1,1}0 + {3, 2}5/6 + {3, 2}−5/6  

{2} × {2} = {2} × {2} = {3} + {1} 

{3} × {3} = {8} + {1}  

 {5} × {5} = {24} + {1}

 

{5} = {3,1}−1/3 + {1,2}1/2  

{5} × {5}= ({3,1}−1/3 + {1,2}1/2) × ({3, 1}1/3 + {1, 2}−1/2)  

= {3,1}−1/3 × {3, 1}1/3 + {1,2}1/2 × {3, 1}1/3 + {3,1}−1/3 × {1, 2}−1/2 + {1,2}1/2 × {1, 2}−1/2 

 

 = {8,1}0 + {1,1}0 + {3, 2}5/6 + {3, 2}−5/6 + {1,3}0 + {1,1}0

 

𝑔s = 𝑔 = 𝑔5, 𝑔
′ = √

3

5
𝑔5  ⇒  𝑒 =

𝑔𝑔′

√𝑔2 + 𝑔′2
= √

3

8
𝑔5, sin

2 𝜃W =
3

8
 

𝐷𝜇Ξ(𝑥) = 𝜕𝜇Ξ(𝑥) + [𝑉𝜇(𝑥), Ξ(𝑥)].  

𝑉𝜇𝜈(𝑥) = 𝜕𝜇𝑉𝜈(𝑥) − 𝜕𝜈𝑉𝜇(𝑥) + [𝑉𝜇(𝑥), 𝑉𝜈(𝑥)]  

ℒ(Ξ, 𝑉𝜇) =
1

4
Tr(𝐷𝜇Ξ𝐷𝜇Ξ) + 𝑉(Ξ) −

1

2𝑔5
2 Tr(𝑉𝜇𝜈𝑉𝜇𝜈)  

1

4
Tr(𝐷𝜇Ξ𝐷𝜇Ξ) =

1

4
Tr([𝑉𝜇 , Ξ0][𝑉𝜇 , Ξ0]) =

5

24
𝑔5
2𝒱2(𝑋‾𝜇𝑋𝜇 + 𝑌‾𝜇𝑌𝜇)  
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[𝑉𝜇 , Ξ0] = i√
5

3

𝑔5
2
𝒱

(

 
 
 

02×2 −𝑋‾𝜇
1 −𝑋‾𝜇

2 −𝑋‾𝜇
3

𝑋𝜇
1 𝑌𝜇

1 −𝑌‾𝜇
1 −𝑌‾𝜇

2 −𝑌‾𝜇
3

𝑋𝜇
2 𝑌𝜇

2

𝑋𝜇
3 𝑌𝜇

3 03×3
)

 
 
 

 

𝑀𝑋 = 𝑀𝑌 = √
5

12
𝑔5𝒱  

(
𝑢L
1

𝑑L
1) , 𝑢R

1 , 𝑑R
1 , (

𝑢L
2

𝑑L
2) , 𝑢R

2 , 𝑑R
2 , (
𝑢L
3

𝑑L
3) , 𝑢R

3 , 𝑑R
3 , (
𝑣L
𝑒L
) , 𝑒R.  

{2} × {2} = {3} + {1}  

{3} × {3} = {6} + {3}  

 {5} × {5} = {15} + {10}

 

{5} × {5}= ({3,1}−1/3 + {1,2}1/2) × ({3,1}−1/3 + {1,2}1/2) 

= {3,1}−1/3 × {3,1}−1/3 + {1,2}1/2 × {3,1}−1/3  

+{3,1}−1/3 × {1,2}1/2 + {1,2}1/2 × {1,2}1/2  

= {6,1}−2/3 + {3, 1}−2/3 + {3,2}1/6 + {3,2}1/6  

 +{1,3}1 + {1,1}1 = {15} + {10}

 

{15} = {6,1}−2/3 + {3,2}1/6 + {1,3}1  

 {10} = {3, 1}−2/3 + {3,2}1/6 + {1,1}1
 

{(
𝑢L
1

𝑑L
1) , (

𝑢L
2

𝑑L
2) , (

𝑢L
3

𝑑L
3)} = {3,2}1/6

{𝑢R
1 , 𝑢R

2 , 𝑢R
3} = {3,1}2/3, {𝑑R

1 , 𝑑R
2 , 𝑑R

3} = {3,1}−1/3

{(
𝑣L
𝑒L
)} = {1,2}−1/2, {𝑒R} = {1,1}−1

 

{(
𝑢L
1

𝑑L
1) , (

𝑢L
2

𝑑L
2) , (

𝑢L
3

𝑑L
3)} = {3,2}1/6,

{ c𝑢R
1 ,  c𝑢R

2 ,  c𝑢R
3} = {3, 1}−2/3, { 

c𝑑R
1 ,  c𝑑R

2 ,  c𝑑R
3} = {3, 1}1/3,

{(
𝑣L
𝑒L
)} = {1,2}−1/2, { 

c𝑒R} = {1,1}1.

 

{(
𝑢L
1

𝑑L
1) , (

𝑢L
2

𝑑L
2) , (

𝑢L
3

𝑑L
3) ,  

c𝑢R
1 ,  c𝑢R

2 ,  c𝑢R
3 ,  c𝑒R}= {3,2}1/6 + {3, 1}−2/3 + {1,1}1= {10} 

 

 

𝜒(𝑥) =

(

 
 
 

0 − c𝑒R(𝑥) 𝑢L
1(𝑥) 𝑢L

2(𝑥) 𝑢L
3(𝑥)

 c𝑒R(𝑥) 0 𝑑L
1(𝑥) 𝑑L

2(𝑥) 𝑑L
3(𝑥)

−𝑢L
1(𝑥) −𝑑L

1(𝑥) 0  c𝑢R
3(𝑥) − c𝑢R

2(𝑥)

−𝑢L
2(𝑥) −𝑑L

2(𝑥) − c𝑢R
3(𝑥) 0  c𝑢R

1(𝑥)

−𝑢L
3(𝑥) −𝑑L

3(𝑥)  c𝑢R
2(𝑥) − c𝑢R

1(𝑥) 0 )

 
 
 
= −𝜒(𝑥)T,  
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𝜒′(𝑥) = Υ(𝑥)𝜒(𝑥)Υ(𝑥)⊤, Υ(𝑥) ∈ SU(5)  

𝜒′(𝑥)⊤ = (Υ(𝑥)𝜒(𝑥)Υ(𝑥)⊤)⊤ = Υ(𝑥)𝜒(𝑥)⊤Υ(𝑥)⊤ = −Υ(𝑥)𝜒(𝑥)Υ(𝑥)⊤ = −𝜒′(𝑥)  

𝐷𝜇𝜒(𝑥) = 𝜕𝜇𝜒(𝑥) + 𝑉𝜇(𝑥)𝜒(𝑥) + 𝜒(𝑥)𝑉𝜇(𝑥)
⊤  

(𝐷𝜇𝜒(𝑥))
⊤
= −𝐷𝜇𝜒(𝑥), 𝐷𝜇𝜒

′(𝑥) = Υ(𝑥)𝐷𝜇𝜒(𝑥)Υ(𝑥)
⊤.  

− c𝑒R
′ (𝑥)i𝜏2= (

0 − c𝑒R
′ (𝑥)

 c𝑒R
′ (𝑥) 0

)  

= exp (i
𝑔′

2
𝜑(𝑥)) 𝐿(𝑥) (

0 − c𝑒R(𝑥)

 c𝑒R(𝑥) 0
) exp (i

𝑔′

2
𝜑(𝑥)) 𝐿(𝑥)T  

 = −exp (i𝑔′𝜑(𝑥))c𝑒R(𝑥)𝐿(𝑥)i𝜏
2𝐿(𝑥)T = −exp (i𝑔′𝜑(𝑥))c𝑒R(𝑥)i𝜏

2

 

(
𝑢L
1′(𝑥) 𝑢L

2′(𝑥) 𝑢L
3′(𝑥)

𝑑L
1′(𝑥) 𝑑L

2′(𝑥) 𝑑L
3′(𝑥)

) =

exp (i
𝑔′

2
𝜑(𝑥)) 𝐿(𝑥) (

𝑢L
1(𝑥) 𝑢L

2(𝑥) 𝑢L
3(𝑥)

𝑑L
1(𝑥) 𝑑L

2(𝑥) 𝑑L
3(𝑥)

) exp (−i
𝑔′

3
𝜑(𝑥))Ω(𝑥)T =

exp (i
𝑔′

6
𝜑(𝑥)) 𝐿(𝑥) (

𝑢L
1(𝑥) 𝑢L

2(𝑥) 𝑢L
3(𝑥)

𝑑L
1(𝑥) 𝑑L

2(𝑥) 𝑑L
3(𝑥)

)Ω(𝑥)T

 

(

0  c𝑢R
3′(𝑥) − c𝑢R

2′(𝑥)

− c𝑢R
3′(𝑥) 0  c𝑢R

1′(𝑥)

 c𝑢R
2′(𝑥) − c𝑢R

1′(𝑥) 0

) =

exp (−i𝑔′
2

3
𝜑(𝑥))Ω(𝑥)(

0  c𝑢R
3(𝑥) − c𝑢R

2(𝑥)

− c𝑢R
3(𝑥) 0  c𝑢R

1(𝑥)

 c𝑢R
2(𝑥) − c𝑢R

1(𝑥) 0

)Ω(𝑥)T

 

Ω𝑎𝑑(𝑥)𝜖𝑑𝑒𝑓 
c𝑢R
𝑓
(𝑥)Ω𝑏𝑒(𝑥) = 𝜖𝑎𝑏𝑐Ω𝑐𝑓(𝑥)

∗c𝑢R
𝑓
(𝑥) = 𝜖𝑎𝑏𝑐  

c𝑢R
′𝑐(𝑥).  

𝜖𝑑𝑒𝑓Ω𝑎𝑑(𝑥)Ω𝑏𝑒(𝑥) = 𝜖𝑎𝑏𝑐Ω𝑐𝑓(𝑥)
∗

 

{ c𝑑R
1 ,  c𝑑R

2 ,  c𝑑R
3} = {3, 1}1/3, {(

𝑣L
𝑒L
)} = {1,2}−1/2  

{5} = {3, 1}1/3 + {1, 2}−1/2  

{ c𝑑R
1 ,  c𝑑R

2 ,  c𝑑R
3 , i𝜏2 (

𝜈L
𝑒L
)} = {3, 1}1/3 + {1, 2}−1/2 = {5}  

𝜓(𝑥) =

(

  
 

𝑒L(𝑥)
−𝑣L(𝑥)

 c𝑑R
1(𝑥)

 c𝑑R
2(𝑥)

 c𝑑R
3(𝑥))

  
 
,𝜓′(𝑥) = Υ(𝑥)∗𝜓(𝑥)  

𝐷𝜇𝜓(𝑥) = 𝜕𝜇𝜓(𝑥) + 𝑉𝜇(𝑥)
∗𝜓(𝑥), 𝐷𝜇𝜓

′(𝑥) = Υ(𝑥)∗𝐷𝜇𝜓(𝑥)  
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(
𝑒L
′ (𝑥)

−𝑣L
′ (𝑥)

)= exp (−i
𝑔′

2
𝜑(𝑥)) 𝐿(𝑥)∗ (

𝑒L(𝑥)

−𝑣L(𝑥)
) = exp (−i

𝑔′

2
𝜑(𝑥)) 𝐿(𝑥)∗i𝜏2 (

𝑣L(𝑥)

𝑒L(𝑥)
) 

 = exp (−i
𝑔′

2
𝜑(𝑥)) i𝜏2𝐿(𝑥) (

𝑣L(𝑥)

𝑒L(𝑥)
)

 

(

 c𝑑R
1′(𝑥)

 c𝑑R
2′(𝑥)

 c𝑑R
3′(𝑥)

) = exp (i
𝑔′

3
𝜑(𝑥))Ω(𝑥)∗ (

 c𝑑R
1(𝑥)

 c𝑑R
2(𝑥)

 c𝑑R
3(𝑥)

)  

𝐹 = 𝐵 − 𝐿 −
4

5
𝑌, 𝐹𝜒 =

1

5
, 𝐹𝜓 = −

3

5
.  

ℒ(𝜒‾, 𝜒, 𝜓‾, 𝜓, 𝑉𝜇) = Tr(𝜒‾𝜎‾𝜇𝐷𝜇𝜒) + 𝜓‾𝜎‾𝜇𝐷𝜇𝜓  

ℒ(𝜒‾, 𝜒, 𝜓‾,𝜓, 𝑉𝜇) − ℒ(𝜒‾, 𝜒, 𝜓‾, 𝜓, 𝑉𝜇)|𝑋𝜇=𝑌𝜇=0
=

i𝑔5 {(𝑢‾L, 𝑑‾L)(i𝜏
2)𝜎‾𝜇 (

𝑋𝜇
𝑌𝜇
)  c𝑒R +  

c𝑒‾R𝜎‾𝜇(𝑋‾𝜇 , 𝑌‾𝜇)(−i𝜏
2) (

𝑢L
𝑑L
)}

−i𝑔5𝜖𝑎𝑏𝑐 {(𝑢‾L
𝑎 , 𝑑‾L

𝑎)𝜎‾𝜇 (
𝑋‾𝜇
𝑏

𝑌‾𝜇
𝑏)  

c𝑢R
𝑐 +  c𝑢‾R

𝑎𝜎‾𝜇(𝑋𝜇
𝑏 , 𝑌𝜇

𝑏) (
𝑢L
𝑐

𝑑L
𝑐)}  

 +i
𝑔5
2
{(𝑣‾L, 𝑒‾L)(i𝜏

2)𝜎‾𝜇 (
𝑋𝜇
𝑌𝜇
)  c𝑑R +  

c𝑑‾R𝜎‾𝜇(𝑋‾𝜇 , 𝑌‾𝜇)(−i𝜏
2) (

𝑣L
𝑒L
)}

 

 

𝑑 + 𝑒 → 𝑋, 𝑢 + 𝑒 → 𝑌, 𝑑 + 𝑣 → 𝑌, 𝑢‾ + 𝑢‾ → 𝑋, 𝑢‾ + 𝑑‾ → 𝑌.  

𝑝 ∼ 𝑢𝑢𝑑 → 𝑋‾𝑑 → 𝑑‾𝑑 + 𝑒‾ → 𝜋0 + 𝑒‾

𝑝 ∼ 𝑢𝑢𝑑 → 𝑢𝑌‾ → 𝑢𝑑‾ + 𝑣‾ ∼ 𝜋+ + 𝑣‾
 

𝜏𝑝 ∝
𝑀𝑋
4

𝑀𝑝
5
≈ 1031 years.  

𝑢 + 𝑢 → 𝑋‾ → 𝑒+ + 𝑑‾, 𝑢 + 𝑑 → 𝑌‾ → 𝑣‾𝑒 + 𝑑‾, 𝑢 + 𝑑 → 𝑌‾ → 𝑢‾ + 𝑒+.  

Φ(�⃗�) = (
Φ+(�⃗�)

Φ0(�⃗�)
) = (

0

v
) ,𝑊𝑖(�⃗�) = 0  

𝐿(�⃗�):ℝ3 → SU(2)𝐿  

𝐿(�⃗�): 𝑆3 → 𝑆3  

𝑛[𝐿] ∈ Π3[SU(2)𝐿] = ℤ  
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Φ(𝑛)(�⃗�) = 𝐿𝑛(�⃗�) (
0

v
) ,𝑊𝑖

(𝑛)
(�⃗�) = 𝐿𝑛(�⃗�)𝜕𝑖𝐿𝑛(�⃗�)

†  

𝑛CS[𝑊] = ∫  𝑑
3𝑥Ω4

(0)
= −

1

8𝜋2
∫  𝑑3𝑥𝜖𝑖𝑗𝑘Tr [𝑊𝑖 (𝜕𝑗𝑊𝑘 +

2

3
𝑊𝑗𝑊𝑘)]  

𝑛[𝐿𝑛] =
1

24𝜋2
∫  𝑑3𝑥𝜖𝑖𝑗𝑘Tr[(𝐿𝑛𝜕𝑖𝐿𝑛

† )(𝐿𝑛𝜕𝑗𝐿𝑛
† )(𝐿𝑛𝜕𝑘𝐿𝑛

† )] = 𝑛 ∈ Π3[SU(2)𝐿] = ℤ  

Δ(𝐵f + 𝐿f) = 0  

Δ(𝐵f − 𝐿f) = Δ(𝐵i − 𝐿i)  

Δ𝐵f = −Δ𝐿f =
1

2
Δ(𝐵i − 𝐿i)  

ℳ = {Φ ∣ Φ is a global minimum of 𝑉(Φ)}.  

Φ(𝑧 = −∞),Φ(𝑧 = ∞) ∈ ℳ  

Φ: 𝑆0 →ℳ  

Π0[ℳ] = {0}  

Π1[ℳ] = Π1[U(1)/{𝟙}] = Π1[U(1)] = Π1[𝑆
1] = ℤ.  

Π1[ℳ] = Π1[SU(3) × SU(2) × U(1)/SU(3) × U(1)] = Π1[SU(2)] = Π1[𝑆
3] = {0}  

Π2[ℳ] = Π2[𝐺/𝐻] = Π2[SU(2)/U(1)] = Π2[𝑆
2] = ℤ.  

Π2[SU(3) × SU(2) × U(1)/SU(3) × U(1)] = Π2[SU(2)] = Π2[𝑆
3] = {0}.  

Π2[SU(5)/SU(3) × SU(2) × 𝑈(1)]= Π1[SU(3) × SU(2) × 𝑈(1)] 

 = Π1[𝑈(1)] = Π1[𝑆
1] = ℤ

 

Ξ(𝑥) = Ξ𝑎(𝑥)𝜏
𝑎 .  

ℒ(Ξ, 𝑉) =
1

4
Tr[𝐷𝜇Ξ𝐷

𝜇Ξ] − 𝑉(Ξ) +
1

2𝑒2
Tr[𝑉𝜇𝜈𝑉

𝜇𝜈]  

𝑉𝜇𝜈(𝑥) = 𝜕𝜇𝑉𝜈(𝑥) − 𝜕𝜈𝑉𝜇(𝑥) + [𝑉𝜇(𝑥), 𝑉𝜈(𝑥)], 𝑉𝜇(𝑥) = i𝑒𝑉𝜇
𝑎(𝑥)

𝜏𝑎

2
𝐷𝜇Ξ(𝑥) = 𝜕𝜇Ξ(𝑥) + [𝑉𝜇(𝑥), Ξ(𝑥)].

 

Ξ𝑎(𝑟, 𝜃, 𝜑) = 𝜉(𝑟)
𝑥𝑎

𝑟
, 𝑉𝑖
𝑎(𝑟, 𝜃, 𝜑) = v(𝑟)𝜖𝑖𝑎𝑏

𝑥𝑏

𝑟2
 

Υ(𝑥)(Ξ3(𝑥)𝜏
3)Υ(𝑥)† = Ξ3(𝑥)𝜏

3, Υ(𝑥) = (
exp (i𝑒𝛼(𝑥)/2) 0

0 exp (−i𝑒𝛼(𝑥)/2)
)  

𝐴𝜇(𝑥) = 𝑉𝜇
3(𝑥), 𝑋±(𝑥) =

1

√2
(𝑉𝜇

1(𝑥) ∓ i𝑉𝜇
2(𝑥))  



pág. 857 

𝐴𝜇
′ (𝑥) = 𝐴𝜇(𝑥) − 𝜕𝜇𝛼(𝑥), 𝑋𝜇

±′(𝑥) = exp (±i𝑒𝛼(𝑥))𝑋𝜇
±(𝑥)  

𝐵𝑖(�⃗�) =
1

2
𝜖𝑖𝑗𝑘𝐹

𝑗𝑘(�⃗�) =
𝑔

4𝜋

𝑥𝑖
𝑟3
, 𝑔 =

2𝜋

𝑒
 

Π2[SU(2)/U(1)] = Π2[𝑆
3/𝑆1] = Π1[𝑆

1] = ℤ  

𝑚𝜇(𝑥) =
1

2
𝜖𝜇𝜈𝜌𝜎𝜕

𝜈𝐹𝜌𝜎(𝑥)  

𝜕𝜇𝑗𝜇
GW(𝑥) = −

i𝑒

8𝜋2
𝑚𝜇(𝑥)Tr[𝑇

3(𝐷𝜇𝑈(𝑥)𝑈(𝑥)† + 𝑈(𝑥)†𝐷𝜇𝑈(𝑥))]  

𝑚0(�⃗�, 𝑡) = 𝑔𝛿(𝑥),𝑚𝑖(�⃗�, 𝑡) = 0  

𝐴(�⃗�) = 𝑔
1 − cos 𝜃

𝑟sin 𝜃
𝑒𝜑  

𝜕𝑡𝐵(𝑡) =
𝑒𝑔

𝜋𝐹𝜋
𝜕𝑡𝜋

0(0⃗⃗, 𝑡)  

𝐵(∞) − 𝐵(−∞) =
1

2𝜋𝐹𝜋
[𝜋0(0⃗⃗,∞) − 𝜋0(0⃗⃗, −∞)]  

𝑒𝑔 = 2𝜋𝑛ℏ𝑐, 𝑛 ∈ ℤ  

𝜕𝜇𝐹
𝜇𝜈(𝑥) =

1

𝑐
𝑗𝜈(𝑥), 𝜕𝜇�̃�

𝜇𝜈(𝑥) =
1

𝑐
𝑚𝜈(𝑥), �̃�𝜇𝜈(𝑥) =

1

2
𝜖𝜇𝜈𝜌𝜎𝐹

𝜌𝜎(𝑥)  

(
𝐹𝜇𝜈′(𝑥)

�̃�𝜇𝜈(𝑥)
) = (

cos 𝛾 sin 𝛾
−sin 𝛾 cos 𝛾

) (
𝐹𝜇𝜈(𝑥)

�̃�𝜇𝜈(𝑥)
),

(
𝑗𝜇′(𝑥)

𝑚𝜇′(𝑥)
) = (

cos 𝛾 sin 𝛾
−sin 𝛾 cos 𝛾

) (
𝑗𝜇(𝑥)

𝑚𝜇(𝑥)
) .

 

(
cos 𝛾 sin 𝛾
−sin 𝛾 cos 𝛾

) (
𝑒1
𝑔1
) = (

𝑒1
′

0
) ⇒ 𝑒1sin 𝛾 = 𝑔1cos 𝛾  

(
cos 𝛾 sin 𝛾
−sin 𝛾 cos 𝛾

) (
𝑒2
𝑔2
) = (

𝑒2cos 𝛾 + 𝑔2sin 𝛾

−𝑒2sin 𝛾 + 𝑔2cos 𝛾
) = (

𝑒2
′

𝑔2
′) .  

𝑒1
′𝑔2
′= (𝑒1cos 𝛾 + 𝑔1sin 𝛾)(−𝑒2sin 𝛾 + 𝑔2cos 𝛾)  

= −𝑒1𝑒2cos 𝛾sin 𝛾 + 𝑒1𝑔2cos
2 𝛾 − 𝑔1𝑒2sin

2 𝛾 + 𝑔1𝑔2 sin 𝛾 cos 𝛾  

= −𝑔1𝑒2cos
2 𝛾 + 𝑒1𝑔2cos

2 𝛾 − 𝑔1𝑒2sin
2 𝛾 + 𝑒1𝑔2sin

2 𝛾  

 = 𝑒1𝑔2 − 𝑒2𝑔1 = 2𝜋𝑛ℏ𝑐, 𝑛 ∈ ℤ

 

�⃗⃗�(�⃗�) =
𝑒1
4𝜋

�⃗� − �⃗�1
|�⃗� − �⃗�1|

3
+
𝑒2
4𝜋

�⃗� − �⃗�2
|�⃗� − �⃗�2|

3
, �⃗⃗�(�⃗�) =

𝑔1
4𝜋

�⃗� − �⃗�1
|�⃗� − �⃗�1|

3
+
𝑔2
4𝜋

�⃗� − �⃗�2
|�⃗� − �⃗�2|

3
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𝐽=
1

𝑐
∫  𝑑3𝑥�⃗� × (�⃗⃗�(�⃗�) × �⃗⃗�(�⃗�))  

=
𝑒1𝑔2 − 𝑒2𝑔1
16𝜋2𝑐

∫  𝑑3𝑥�⃗� × (
�⃗� − �⃗�1
|�⃗� − �⃗�1|

3
×

�⃗� − �⃗�2
|�⃗� − �⃗�2|

3) 

 =
𝑒1𝑔2 − 𝑒2𝑔1
16𝜋2𝑐

∫  𝑑3𝑥
�⃗� × (�⃗� × 𝑑)

|�⃗� − �⃗�1|
3|�⃗� − �⃗�2|

3

 

𝐽 ⋅
𝑑

𝑑
= −

𝑒1𝑔2 − 𝑒2𝑔1
16𝜋2𝑐

∫  𝑑3𝑥
|�⃗� × 𝑑|2

𝑑|�⃗� − �⃗�1|
3|�⃗� − �⃗�2|

3
= −

𝑒1𝑔2 − 𝑒2𝑔1
4𝜋𝑐

 

ℒ𝜃(𝑉) = −ℏ
𝜃

32𝜋2
𝜖𝜇𝜈𝜌𝜎Tr[𝑉

𝜇𝜈𝑉𝜌𝜎].  

𝑋𝜇
±′(𝑥) = exp (±i𝑒𝛼)𝑋𝜇

±(𝑥).  

𝐿(𝛼, �̇�) = ∫  𝑑3𝑥[ℒ(Ξ, 𝑉) + ℒ𝜃(𝑉)] =
𝐼

2
�̇�2 + ℏ

𝜃

2𝜋
𝑒�̇�  

𝑝𝛼 =
𝛿𝐿(𝛼, �̇�)

𝛿�̇�
= 𝐼�̇� + ℏ

𝜃

2𝜋
𝑒.  

𝐻 = 𝑝𝛼�̇� − 𝐿 =
𝐼

2
�̇�2 =

1

2𝐼
(𝑝𝛼 − ℏ

𝜃

2𝜋
𝑒)
2

 

�̂�𝛼 = −iℏ𝜕𝛼  

�̂� =
ℏ2

2𝐼
(−i𝜕𝛼 −

𝜃

2𝜋
𝑒)
2

=
ℏ2�̂�2

2𝐼
.  

�̂� = −i𝜕𝛼 −
𝜃

2𝜋
𝑒  

�̂�Ψ𝑛(𝛼) = (𝑛 −
𝜃

2𝜋
) 𝑒Ψ𝑛(𝛼)  

Φ(𝑥) =

(

  
 

Φ+(𝑥)

Φ0(𝑥)

𝜙1(𝑥)

𝜙2(𝑥)

𝜙3(𝑥) )

  
 
∈ ℂ5, Φ′(𝑥) = Υ(𝑥)Φ(𝑥)  

𝐹 = 𝐵 − 𝐿 −
4

5
𝑌, 𝐹Φ = −

2

5
 

𝐹Ξ = 0  

{5} = {3}−1 + {1}1 + {1}0.  

{5} × {5} = {15} + {10}  

{5} × {10} = {5} + {45}  

 {10} × {10} = {5} + {45} + {50}
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ℒ(𝜒‾, 𝜒, 𝜓‾, 𝜓,Φ) = −𝑓𝑑( 
c𝜓‾𝑎𝜒𝑎𝑏Φ𝑏

∗ +Φ𝑎
∗c𝜒‾𝑎𝑏𝜓𝑏) + 𝑓𝑢

1

4
𝜖𝑎𝑏𝑐𝑑𝑒 

c𝜒‾𝑎𝑏𝜒𝑐𝑑Φ𝑒  

𝜖𝑎𝑏𝑐𝑑𝑒Υ𝑎𝑓Υ𝑏𝑔Υ𝑐ℎΥ𝑑𝑖 = 𝜖𝑓𝑔ℎ𝑖𝑗Υ𝑒𝑗
∗

 

𝐹𝜓 + 𝐹𝜒 − 𝐹Φ = 0, 2𝐹𝜒 + 𝐹Φ = 0  

ℒ(𝜒‾, 𝜒, 𝜓‾, 𝜓, v) = 𝑓𝑑v(𝑒‾L𝑒R + 𝑒‾R𝑒L + 𝑑‾L𝑑R + 𝑑‾R𝑑L) + 𝑓𝑢v(𝑢‾L𝑢R + 𝑢‾R𝑢L)  

𝑚𝑒 = 𝑚𝑑 = 𝑓𝑑v,𝑚𝑢 = 𝑓𝑢v,𝑚𝑣 = 0  

{54} = {24}0 + {15}−4/5 + {15}4/5  ⇒  Tr(𝐹) = 15 (−
4

5
+
4

5
) = 0  

{45} = {24}0 + {10}−4/5 + {10}4/5 + {1}0  ⇒  Tr(𝐹) = 10 (−
4

5
+
4

5
) = 0 

 {10} = {5}−2/5 + {5}2/5 ⇒ Tr(𝐹) = 5 (−
2

5
+
2

5
) = 0

 

{16} = {10}1/5 + {5}−3/5 + {1}1 ⇒ Tr(𝐹) = 10 ⋅
1

5
− 5 ⋅

3

5
+ 1 = 0  

Spin(10) ⟶
{16}

SU(5) ⟶
{45}

SU(3)c × SU(2)𝐿 × U(1)𝑌 ⟶
{10}

SU(3)c × U(1)em.  

Spin(10) ⊃ Spin(6) × Spin(4) = SU(4) × SU(2)𝐿 × SU(2)𝑅 .  

{54} = {20,1,1} + {6,2,2} + {1,3,3} + {1,1,1} 

{45} = {15,1,1} + {6,2,2} + {1,3,1} + {1,1,3} 

{16} = {4,2,1} + {4, 1,2}  

 {10} = {6,1,1} + {1,2,2}

 

Spin(10) →
 

{54} 
Spin(6) × Spin(4) = SU(4) × SU(2)𝐿 × SU(2)𝑅 

→
 

{45} 
SU(3)c × U(1)𝐵−𝐿 × SU(2)𝐿 × SU(2)𝑅  

→
 

{16} 
SU(3)c × SU(2)𝐿 × U(1)𝑌  

 →
 

{10} 
SU(3)c × U(1)em

 

SU(5) = E(4) ⊂ Spin(10) = E(5) ⊂ E(6) ⊂ E(7) ⊂ E(8)  

{27} = {1} + {10} + {16}  

{16} × {16} = {10} + {120} + {126}.  

PARTE IV. 

𝑞L = (
𝑝L
𝑛L
) , 𝑝R, 𝑛R, 𝑙L = (

𝑣L
𝑒L
) , 𝑒R  

{(
𝑝L
𝑛L
) ,  c𝑝R}= {2}1/2 + {1}−1 = {3}, {𝑛R} = {1}0 = {1}, 

{i𝜏2 (
𝑣L
𝑒L
) ,  c𝑒R} = {2}−1/2 + {1}1 = {3}.
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𝜒(𝑥) = (

𝑝L(𝑥)
𝑛L(𝑥)

− c𝑝R(𝑥)
) , 𝜒′(𝑥) = Υ(𝑥)𝜒(𝑥),

𝜓(𝑥) = (

𝑒L(𝑥)
−𝑣L(𝑥)

− c𝑒R(𝑥)
) , 𝜓′(𝑥) = Υ(𝑥)∗𝜓(𝑥).

 

𝐹= 𝐵 − 𝐿 −
4

3
𝑌  

𝐹𝜒 =
1

3
, 𝐹𝑛R = 1, 𝐹𝜓 = −

1

3
, 𝐹Φ = −

2

3
, 𝐹Ξ = 0

 

SU(3) ⟶
{8}
SU(2)𝐿 × U(1)𝑌 ⟶

{3}
U(1)em  

{8} = {3}0 + {2}1 + {2}−1 + {1}0  

{3} = {1}1 + {1}0 + {1}−1,  

{3} × {3} = {3} + {6}, {3} × {3} = {3} + {6},  

{3} × {3} = {1} + {8}  

{14}= {8} + {3} + {3}  

 = {3}0 + {2}1 + {2}−1 + {1}0 + {2}1/3 + {1}−2/3 + {2}−1/3 + {1}2/3
 

G(2) ⟶
{14}

SU(2)𝐿 × U(1)𝑌 ⟶
{7}
U(1)em  

{7} = {3} + {3} + {1}  

{7} × {7} = {1} + {7} + {14} + {27}  

{(
𝑝L
𝑛L
) ,  c𝑝R,  

c𝑛R}= {3}1/3 + {1}−1 = {4},  

{i𝜏2 (
𝜈L
𝑒L
) ,  c𝑒R,  

c𝜈R} = {3}−1/3 + {1}1 = {4}.
 

{20} = {8}0 + {6}−4/3 + {6}4/3 ⇒ Tr(𝐹) = 6 (−
4

3
+
4

3
) = 0  

{15} = {8}0 + {3}−4/3 + {3}4/3 + {1}0 ⇒ Tr(𝐹) = 3 (−
4

3
+
4

3
) = 0 

{6} = {3}−2/3 + {3}2/3 ⇒ Tr(𝐹) = 3 (−
2

3
+
2

3
) = 0  

 {4} = {3}1/3 + {1}−1 ⇒ Tr(𝐹) = 3 ⋅
1

3
− 1 = 0

 

Spin(6) ⟶
{4}
SU(3) ⟶

{15}
SU(2)𝐿 × U(1)𝑌 ⟶

{6}
U(1)em.  

Spin(6) ⊃ Spin(4) × Spin(2) = SU(2)𝐿 × SU(2)𝑅 × U(1)𝐵−𝐿.  



pág. 861 

{20}= {3,3}0 + {2,2}2 + {2,2}−2 + {1,1}0 + {1,1}4 + {1,1}−4 
{15}= {2,2}2 + {2,2}−2 + {3,1}0 + {1,3}0 + {1,1}0  
{6}= {2,2}0 + {1,1}2 + {1,1}−2  

{4} = {2,1}1 + {1,2}−1

 

Spin(6)⟶
{20}

Spin(4) × Spin(2) = SU(2)𝐿 × SU(2)𝑅 × U(1)𝐵−𝐿 

 ⟶
{15}

SU(2)𝐿 × U(1)𝑌 ⟶
{6}
U(1)em.

 

{4} × {4} = {1} + {15}, 

{4} × {4} = {6} + {10}, 

{4} × {4} = {6} + {10}. 

{8} = {4} + {4}.  

{8} × {8} = {1} + {7} + {21} + {35}.  

1 m = 3.33564095 × 10−9𝑐 sec.  

𝑐 = 2.99792458 × 108 msec−1,  

ℏ =
ℎ

2𝜋
= 1.054571817 × 10−34 kg m2sec−1,  

𝐺 = 6.67430(15) × 10−11 m3 kg−1sec−2  

𝑙Planck = √
𝐺ℏ

𝑐3
= 1.61626(2) × 10−35 m,  

𝑡Planck = √
𝐺ℏ

𝑐5
= 5.39125(6) × 10−44sec  

𝑀Planck = √
ℏ𝑐

𝐺
= 2.17643(2) × 10−8 kg.  

𝑀𝑝 = 1.67262 × 10
−27 kg = 7.6852 × 10−20𝑀Planck ,  

1eV ≃ 1.602176634 × 10−19 kg m2sec−2  

𝑀𝑝𝑐
2 = 0.9382720882(3)GeV  

ℏ𝑐 ≃ 3.1615 × 10−26 kg m3sec−2,  

1fm = 10−15 m ≃ (0.1973GeV)−1  

𝛼 =
𝑒2

4𝜋ℏ𝑐
=

1

137.03599908(2)
.  
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𝐹g = 𝐺
𝑀𝑝
2

𝑅2
, 𝐹e =

1

4𝜋

𝑒2

𝑅2
 ⇒  

𝐹g

𝐹e
=
4𝜋𝐺𝑀𝑝

2

𝑒2
=
1

𝛼
(
𝑀𝑝

𝑀Planck 

)
2

≈ 10−36  

v ≃ 246GeV ≃ 2.02 × 10−17𝑀Planck  

 

Particle 

type 

Particle 

Electric 

charge 

Mass [GeV] Life-time 

scalar 

boson 

Higgs 

particle 

0 125.25(17) 

≃ 1.9(7)

× 10−22sec 

gauge 

bosons 

photon 𝛾 0 < 10−27 stable 

𝑊±-bosons ±1 80.377(12) 

3.16(6)

× 10−25sec 

𝑍-boson 0 91.1876(21) 

2.638(2)

× 10−25sec 

leptons 

neutrino 𝜈𝑒 0 < 0.8 × 10−9 
expected to be 

stable 

electron 𝑒 -1 

0.51099895000(15)

× 10−3 
> 6.6 × 1028 years 

baryons 

proton 𝑝 1 0.93827208816(29) 

> 1031…1034 

years 

neutron 𝑛 0 0.9395654205(5) 878.4(5) sec 

mesons 

pion 𝜋0 0 0.1349768(5) 

8.43(13)

× 10−17sec 

pions 𝜋± ±1 0.13957039(18) 

2.6033(5)

× 10−8sec 
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Lepton 

Electric 

charge 

Mass [GeV] Life-time 

electron-neutrino 𝜈𝑒 

electron 𝑒 

0 -1 

< 0.8 × 10−9 

0.51099895000(15) × 10−3 
> 6.6 × 1028 years 

muon-neutrino 𝑣𝜇 

muon 𝜇 

0 -1 

< 0.19 × 10−3 

0.1056583755(23) 

2.1969811(22)

× 10−6sec 

tau-neutrino 𝜈𝜏 tau-

lepton 𝜏 
0 -1 < 18.2 × 10−3 1.77686(12) 2.903(5) × 10−13sec 

 

 

Generation Quark flavor Electric charge Mass [GeV] 

1. up𝑢 2/3 0.00216−0.00026
+0.00049 

down 𝑑 -1/3 0.00467−0.00017
+0.00048 

2. charm 𝑐 2/3 1.27(2) 

strange 𝑠 -1/3 0.0934−0.0034
+0.0086 

3. top𝑡 2/3 172.7(3) 

bottom 𝑏 -1/3 4.18(3) 

 

ΛQCD = 0.332(14)GeV  

𝛼s(𝑀𝑍) = 0.1179(9)  

𝑒 =
𝑔𝑔′

√𝑔2 + 𝑔′2
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𝑀𝑊
𝑀𝑍

=
𝑔

√𝑔2 + 𝑔′2
= cos 𝜃W  

sin2 𝜃W =
𝑔′2

𝑔2 + 𝑔′2
= 0.23121(4)  

𝑥𝜇 = (𝑥0, 𝑥1, 𝑥2, 𝑥3) = (𝑐𝑡, �⃗�), 𝑥0 = 𝑐𝑡  

𝑠2 = (𝑥0)2 − (𝑥1)2 − (𝑥2)2 − (𝑥3)2  

𝑥𝜇 = (𝑥0, 𝑥1, 𝑥2, 𝑥3) = (𝑐𝑡, −�⃗�)  

𝑥0 = 𝑥
0, 𝑥1 = −𝑥

1, 𝑥2 = −𝑥
2, 𝑥3 = −𝑥

3  

∑  

3

𝜇=0

 𝑥𝜇𝑥
𝜇 = 𝑥𝜇𝑥

𝜇 = (𝑥0)2 − (𝑥1)2 − (𝑥2)2 − (𝑥3)2 = 𝑠2  

(𝑥0)2 − (𝑥1)2 − (𝑥2)2 − (𝑥3)2 = 𝑔𝜇𝜈𝑥
𝜇𝑥𝜈  

𝑔 = (

1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

)  

𝑥𝜇 = 𝑔𝜇𝜈𝑥
𝜈

 

𝑔−1 = (

1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

)  

𝑔𝑔−1 = 𝟙  

𝑔𝜇𝜈𝑔
𝜈𝜌 = 𝛿𝜇

𝜌
 

𝑥𝜇 = 𝑔𝜇𝜈𝑥𝜈 .  

𝑥′𝜇 = Λ𝑣
𝜇
𝑥𝑣  

𝑥𝜇
′ = 𝑔𝜇𝜈𝑥

′𝜈 = 𝑔𝜇𝜈Λ𝜌
𝜈𝑥𝜌.  

𝑠′2 = 𝑥𝜇
′ 𝑥′𝜇 = 𝑔𝜇𝜈Λ𝜌

𝜈𝑥𝜌Λ𝜎
𝜇
𝑥𝜎  

𝑔𝜇𝜈Λ𝜌
𝜈Λ𝜎

𝜇
= 𝑔𝜌𝜎  

(Λ⊤)𝜎
𝜇
𝑔𝜇𝜈Λ𝜌

𝜈 = 𝑔𝜎𝜌
⊤ ,  

Λ⊤𝑔Λ = 𝑔⊤ = 𝑔.  

𝑥𝜇
′ = 𝑔𝜇𝜈Λ𝜌

𝜈𝑥𝜌 = 𝑔𝜇𝜈Λ𝜌
𝜈𝑔𝜌𝜎𝑥𝜎 = [𝑔Λ𝑔

−1]𝜇
𝜎𝑥𝜎 = 𝑥𝜎([𝑔Λ𝑔

−1]⊤)𝜇
𝜎 = 𝑥𝜎(Λ

−1)𝜇
𝜎  
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[𝑔Λ𝑔−1]⊤ = 𝑔−1Λ⊤𝑔 = Λ−1  

𝑥𝑣 = 𝑥𝜇
′Λ𝑣
𝜇

 

(Δ𝑠)2 = (𝑥0 − 𝑦0)2 − (𝑥1 − 𝑦1)2 − (𝑥2 − 𝑦2)2 − (𝑥3 − 𝑦3)2,  

𝑥′𝜇 = Λ𝑣
𝜇
𝑥𝜈 + 𝑑𝜇 , 𝑦′𝜇 = Λ𝑣

𝜇
𝑦𝜈 + 𝑑𝜇 .  

𝜕𝜇 = (𝜕0, 𝜕1, 𝜕2, 𝜕3) = (
𝜕

𝜕𝑥0
,
𝜕

𝜕𝑥1
,
𝜕

𝜕𝑥2
,
𝜕

𝜕𝑥3
) = (

1

𝑐
𝜕𝑡 , −∇⃗⃗⃗) .  

𝜕𝜇′ =
𝜕

𝜕𝑥𝜇
′
=
𝜕𝑥𝜈
𝜕𝑥𝜇

′

𝜕

𝜕𝑥𝜈
= Λ𝜈

𝜇
𝜕𝜈  

𝜕𝜇 = (𝜕0, 𝜕1, 𝜕2, 𝜕3) = (
𝜕

𝜕𝑥0
,
𝜕

𝜕𝑥1
,
𝜕

𝜕𝑥2
,
𝜕

𝜕𝑥3
) = (

1

𝑐
𝜕𝑡 , ∇⃗⃗⃗) .  

◻= 𝜕𝜇𝜕
𝜇 =

𝜕2

𝜕𝑥0
2 −

𝜕2

𝜕𝑥1
2 −

𝜕2

𝜕𝑥2
2 −

𝜕2

𝜕𝑥3
2  

𝜕𝑡𝜌(�⃗�, 𝑡) + ∇⃗⃗⃗ ⋅ 𝑗(�⃗�, 𝑡) = 0.  

𝑗𝜇(𝑥) = (𝑐𝜌(�⃗�, 𝑡), 𝑗𝑥(𝑥, 𝑡), 𝑗𝑦(�⃗�, 𝑡), 𝑗𝑧(�⃗�, 𝑡)).  

𝜕𝜇𝑗
𝜇(𝑥) =

1

𝑐
𝜕𝑡𝑐𝜌(�⃗�, 𝑡) + 𝜕𝑥𝑗𝑥(�⃗�, 𝑡) + 𝜕𝑦𝑗𝑦(�⃗�, 𝑡) + 𝜕𝑧𝑗𝑧(�⃗�, 𝑡) = 0.  

𝑗′𝜇(𝑥′) = Λ𝜇 𝑣𝑗
𝜈(𝑥) = Λ𝜇 𝑣𝑗

𝜈(Λ−1𝑥′).  

𝐴𝜇(𝑥) = (𝜙(�⃗�, 𝑡), 𝐴𝑥(�⃗�, 𝑡), 𝐴𝑦(�⃗�, 𝑡), 𝐴𝑧(�⃗�, 𝑡))  

𝐴′𝜇(𝑥′) = Λ𝑣
𝜇
𝐴𝑣(Λ−1𝑥′)  

 𝛼𝜙(�⃗�, 𝑡) = 𝜙(�⃗�, 𝑡) −
1

𝑐
𝜕𝑡𝛼(�⃗�, 𝑡),  

𝛼𝐴(�⃗�, 𝑡) = 𝐴(�⃗�, 𝑡) + ∇⃗⃗⃗𝛼(�⃗�, 𝑡)  

 𝛼𝐴𝜇(𝑥) = 𝐴𝜇(𝑥) − 𝜕𝜇𝛼(𝑥)  

𝛼′(𝑥′) = 𝛼(Λ−1𝑥′)  

1

𝑐
𝜕𝑡𝜙(�⃗�, 𝑡) + ∇⃗⃗⃗ ⋅ 𝐴(�⃗�, 𝑡) = 0  

𝜕𝜇𝐴
𝜇(𝑥) = 0  

1

𝑐2
𝜕𝑡
2𝜙(𝑥, 𝑡) − Δ𝜙(�⃗�, 𝑡) = 𝜌(�⃗�, 𝑡),

1

𝑐2
𝜕𝑡
2𝐴(�⃗�, 𝑡) − Δ𝐴(�⃗�, 𝑡) =

1

𝑐
𝑗(�⃗�, 𝑡),  

◻𝐴𝜇(𝑥) =
1

𝑐
𝑗𝜇(𝑥)  

�⃗⃗�(�⃗�, 𝑡) = −∇⃗⃗⃗𝜙(�⃗�, 𝑡) −
1

𝑐
𝜕𝑡𝐴(�⃗�, 𝑡), �⃗⃗�(�⃗�, 𝑡) = ∇⃗⃗⃗ × 𝐴(�⃗�, 𝑡).  
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𝜕𝜇𝐴
𝜇(𝑥) =

1

𝑐
𝜕𝑡𝜙(�⃗�, 𝑡) + ∇⃗⃗⃗ ⋅ 𝐴(�⃗�, 𝑡)  

𝐷𝜇𝜈(𝑥) = 𝜕𝜇𝐴𝜈(𝑥) + 𝜕𝜈𝐴𝜇(𝑥)  

𝐹𝜇𝜈(𝑥) = 𝜕𝜇𝐴𝜈(𝑥) − 𝜕𝜈𝐴𝜇(𝑥)  

 𝛼𝐷𝜇𝑣(𝑥)= 𝜕𝜇 𝛼𝐴𝑣(𝑥) + 𝜕𝜈  𝛼𝐴𝜇(𝑥)  

= 𝜕𝜇𝐴𝜈(𝑥) − 𝜕𝜇𝜕𝜈𝛼(𝑥) + 𝜕𝜈𝐴𝜇(𝑥) − 𝜕𝜈𝜕𝜇𝛼(𝑥) = 𝐷𝜇𝑣(𝑥) − 2𝜕𝜇𝜕𝜈𝛼(𝑥), 

 𝛼𝐹𝜇𝑣(𝑥)= 𝜕𝜇𝛼𝐴𝜈(𝑥) − 𝜕𝜈𝐴𝜇(𝑥)  

 = 𝜕𝜇𝐴𝜈(𝑥) − 𝜕𝜇𝜕𝜈𝛼(𝑥) − 𝜕𝜈𝐴𝜇(𝑥) + 𝜕𝜈𝜕𝜇𝛼(𝑥) = 𝐹𝜇𝜈(𝑥),

 

𝐹01(𝑥) = 𝜕0𝐴1(𝑥) − 𝜕1𝐴0(𝑥) =
1

𝑐
𝜕𝑡𝐴𝑥(�⃗�, 𝑡) + 𝜕𝑥𝜙(�⃗�, 𝑡) = −𝐸𝑥(�⃗�, 𝑡),

𝐹02(𝑥) = 𝜕0𝐴2(𝑥) − 𝜕2𝐴0(𝑥) =
1

𝑐
𝜕𝑡𝐴𝑦(�⃗�, 𝑡) + 𝜕𝑦𝜙(�⃗�, 𝑡) = −𝐸𝑦(�⃗�, 𝑡),

𝐹03(𝑥) = 𝜕0𝐴3(𝑥) − 𝜕3𝐴0(𝑥) =
1

𝑐
𝜕𝑡𝐴𝑧(�⃗�, 𝑡) + 𝜕𝑧𝜙(�⃗�, 𝑡) = −𝐸𝑧(�⃗�, 𝑡),

𝐹12(𝑥) = 𝜕1𝐴2(𝑥) − 𝜕2𝐴1(𝑥) = −𝜕𝑥𝐴𝑦(�⃗�, 𝑡) + 𝜕𝑦𝐴𝑥(�⃗�, 𝑡) = −𝐵𝑧(�⃗�, 𝑡),

𝐹23(𝑥) = 𝜕2𝐴3(𝑥) − 𝜕3𝐴2(𝑥) = −𝜕𝑦𝐴𝑧(�⃗�, 𝑡) + 𝜕𝑧𝐴𝑦(�⃗�, 𝑡) = −𝐵𝑥(�⃗�, 𝑡),

𝐹31(𝑥) = 𝜕3𝐴1(𝑥) − 𝜕1𝐴3(𝑥) = −𝜕𝑧𝐴𝑥(�⃗�, 𝑡) + 𝜕𝑥𝐴𝑧(�⃗�, 𝑡) = −𝐵𝑦(�⃗�, 𝑡).

 

𝐹𝜇𝑣(𝑥) =

(

 
 

0 −𝐸𝑥(�⃗�, 𝑡) −𝐸𝑦(�⃗�, 𝑡) −𝐸𝑧(�⃗�, 𝑡)

𝐸𝑥(�⃗�, 𝑡) 0 −𝐵𝑧(�⃗�, 𝑡) 𝐵𝑦(�⃗�, 𝑡)

𝐸𝑦(�⃗�, 𝑡) 𝐵𝑧(�⃗�, 𝑡) 0 −𝐵𝑥(�⃗�, 𝑡)

𝐸𝑧(�⃗�, 𝑡) −𝐵𝑦(�⃗�, 𝑡) 𝐵𝑥(�⃗�, 𝑡) 0 )

 
 

 

𝐹𝜇𝜈(𝑥) =

(

 
 

0 𝐸𝑥(�⃗�, 𝑡) 𝐸𝑦(�⃗�, 𝑡) 𝐸𝑧(�⃗�, 𝑡)

−𝐸𝑥(�⃗�, 𝑡) 0 −𝐵𝑧(�⃗�, 𝑡) 𝐵𝑦(�⃗�, 𝑡)

−𝐸𝑦(�⃗�, 𝑡) 𝐵𝑧(�⃗�, 𝑡) 0 −𝐵𝑥(�⃗�, 𝑡)

−𝐸𝑧(�⃗�, 𝑡) −𝐵𝑦(�⃗�, 𝑡) 𝐵𝑥(�⃗�, 𝑡) 0 )

 
 

 

∇⃗⃗⃗ ⋅ �⃗⃗�(�⃗�, 𝑡) = 𝜌(�⃗�, 𝑡), ∇⃗⃗⃗ × �⃗⃗�(�⃗�, 𝑡) −
1

𝑐
𝜕𝑡�⃗⃗�(�⃗�, 𝑡) =

1

𝑐
𝑗(�⃗�, 𝑡)  

𝜕𝜇𝐹
𝜇0(𝑥)= 𝜕𝑥𝐸𝑥(�⃗�, 𝑡) + 𝜕𝑦𝐸𝑦(�⃗�, 𝑡) + 𝜕𝑧𝐸𝑧(�⃗�, 𝑡)  

= ∇⃗⃗⃗ ⋅ �⃗⃗�(�⃗�, 𝑡) = 𝜌(�⃗�, 𝑡)  

𝜕𝜇𝐹
𝜇1(𝑥)= −

1

𝑐
𝜕𝑡𝐸𝑥(�⃗�, 𝑡) + 𝜕𝑦𝐵𝑧(�⃗�, 𝑡) − 𝜕𝑧𝐵𝑦(�⃗�, 𝑡)  

= [∇⃗⃗⃗ × �⃗⃗�]𝑥(�⃗�, 𝑡) −
1

𝑐
𝜕𝑡𝐸𝑥(�⃗�, 𝑡) =

1

𝑐
𝑗𝑥(�⃗�, 𝑡) 

𝜕𝜇𝐹
𝜇2(𝑥)= −

1

𝑐
𝜕𝑡𝐸𝑦(�⃗�, 𝑡) − 𝜕𝑥𝐵𝑧(�⃗�, 𝑡) + 𝜕𝑧𝐵𝑥(�⃗�, 𝑡)  

= [∇⃗⃗⃗ × �⃗⃗�]𝑦(�⃗�, 𝑡) −
1

𝑐
𝜕𝑡𝐸𝑦(�⃗�, 𝑡) =

1

𝑐
𝑗𝑦(�⃗�, 𝑡) 

𝜕𝜇𝐹
𝜇3(𝑥)= −

1

𝑐
𝜕𝑡𝐸𝑧(�⃗�, 𝑡) + 𝜕𝑥𝐵𝑦(�⃗�, 𝑡) − 𝜕𝑦𝐵𝑥(�⃗�, 𝑡)  

 = [∇⃗⃗⃗ × �⃗⃗�]𝑧(�⃗�, 𝑡) −
1

𝑐
𝜕𝑡𝐸𝑧(�⃗�, 𝑡) =

1

𝑐
𝑗𝑧(�⃗�, 𝑡)
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𝜕𝜇𝐹
𝜇𝑣(𝑥) =

1

𝑐
𝑗𝑣(𝑥)  

𝜕𝜇𝐹
𝜇𝑣(𝑥) = 𝜕𝜇(𝜕

𝜇𝐴𝜇(𝑥) − 𝜕𝑣𝐴𝜇(𝑥)) =◻ 𝐴𝑣(𝑥) − 𝜕𝑣𝜕𝜇𝐴
𝜇(𝑥) =

1

𝑐
𝑗𝑣(𝑥)  

∇⃗⃗⃗ ⋅ �⃗⃗�(�⃗�, 𝑡) = 0, ∇⃗⃗⃗ × �⃗⃗�(𝑥, 𝑡) +
1

𝑐
𝜕𝑡 �⃗⃗�(�⃗�, 𝑡) = 0  

�⃗⃗�(�⃗�, 𝑡) ⟶ −�⃗⃗�(�⃗�, 𝑡), �⃗⃗�(�⃗�, 𝑡) ⟶ �⃗⃗�(�⃗�, 𝑡).  

�̃�𝜇𝑣(𝑥) =

(

 
 

0 𝐵𝑥(�⃗�, 𝑡) 𝐵𝑦(�⃗�, 𝑡) 𝐵𝑧(�⃗�, 𝑡)

−𝐵𝑥(�⃗�, 𝑡) 0 −𝐸𝑧(�⃗�, 𝑡) 𝐸𝑦(�⃗�, 𝑡)

−𝐵𝑦(�⃗�, 𝑡) 𝐸𝑧(�⃗�, 𝑡) 0 −𝐸𝑥(�⃗�, 𝑡)

−𝐵𝑧(�⃗�, 𝑡) −𝐸𝑦(𝑥, 𝑡) 𝐸𝑥(�⃗�, 𝑡) 0 )

 
 

 

𝜕𝜇�̃�
𝜇𝜈(𝑥) = 0  

�̃�𝜇𝜈(𝑥) =

(

 
 

0 −𝐵𝑥(�⃗�, 𝑡) −𝐵𝑦(�⃗�, 𝑡) −𝐵𝑧(�⃗�, 𝑡)

𝐵𝑥(�⃗�, 𝑡) 0 −𝐸𝑧(�⃗�, 𝑡) 𝐸𝑦(�⃗�, 𝑡)

𝐵𝑦(�⃗�, 𝑡) 𝐸𝑧(�⃗�, 𝑡) 0 −𝐸𝑥(�⃗�, 𝑡)

𝐵𝑧(�⃗�, 𝑡) −𝐸𝑦(�⃗�, 𝑡) 𝐸𝑥(�⃗�, 𝑡) 0 )

 
 
.  

�̃�𝜇𝜈(𝑥) =
1

2
𝜖𝜇𝜈𝜌𝜎𝐹

𝜌𝜎(𝑥)  

�̃�01(𝑥) =
1

2
𝜖01𝜌𝜎𝐹

𝜌𝜎(𝑥) =
1

2
(𝜖0123𝐹

23(𝑥) − 𝜖0132𝐹
32(𝑥)) = 𝐹23(𝑥) = −𝐵𝑥(�⃗�, 𝑡)  

�̃�12(𝑥) =
1

2
𝜖12𝜌𝜎𝐹

𝜌𝜎(𝑥) =
1

2
(𝜖1203𝐹

03(𝑥) − 𝜖1230𝐹
30(𝑥)) = 𝐹03(𝑥) = −𝐸𝑧(�⃗�, 𝑡)  

𝜕𝜇�̃�𝜇𝜈(𝑥) =
1

2
𝜖𝜇𝜈𝜌𝜎𝜕

𝜇𝐹𝜌𝜎(𝑥) =
1

2
𝜖𝜇𝜈𝜌𝜎𝜕

𝜇(𝜕𝜌𝐴𝜎(𝑥) − 𝜕𝜎𝐴𝜌(𝑥)) = 0  

𝜕𝜇𝐹𝜌𝜎(𝑥) + 𝜕𝜌𝐹𝜎𝜇(𝑥) + 𝜕𝜎𝐹𝜇𝜌(𝑥) = 0  

1

4
𝐹𝜇𝜈(𝑥)𝐹

𝜇𝜈(𝑥) =
1

2
(�⃗⃗�(�⃗�, 𝑡)2 − �⃗⃗�(�⃗�, 𝑡)2)  

1

4
�̃�𝜇𝜈(𝑥)�̃�

𝜇𝜈(𝑥) =
1

2
(�⃗⃗�(�⃗�, 𝑡)2 − �⃗⃗�(�⃗�, 𝑡)2)  

1

4
𝐹𝜇𝜈(𝑥)�̃�

𝜇𝜈(𝑥) = �⃗⃗�(�⃗�, 𝑡) ⋅ �⃗⃗�(�⃗�, 𝑡) =
1

4
�̃�𝜇𝜈(𝑥)𝐹

𝜇𝜈(𝑥)  

𝐹𝜇𝜈
′
(𝑥′) = Λ𝜌

𝜇
Λ𝜎
𝜈 𝐹𝜌𝜎(𝑥) = Λ𝜌

𝜇
Λ𝜎
𝜈𝐹𝜌𝜎(Λ−1𝑥′).  

𝐹𝜇𝜈
′
(𝑥′) = Λ𝜌

𝜇
𝐹𝜌𝜎(Λ−1𝑥′)Λ𝜎

⊤𝜈 ⇒ 𝐹′(𝑥′) = Λ𝐹(Λ−1𝑥′)Λ⊤.  

ℒ(𝐴) = −
1

4
𝐹𝜇𝜈𝐹

𝜇𝜈 −
1

𝑐
𝐴𝜈𝑗

𝜈  
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𝑆[𝐴] = ∫  𝑑𝑡𝑑3𝑥ℒ(𝐴) = ∫  𝑑4𝑥
1

𝑐
(−
1

4
𝐹𝜇𝜈𝐹

𝜇𝜈 −
1

𝑐
𝐴𝜈𝑗

𝜈) .  

𝜕𝜇
𝛿ℒ

𝛿𝜕𝜇𝐴𝜈(𝑥)
−

𝛿ℒ

𝛿𝐴𝜈(𝑥)
= 𝜕𝜇𝐹

𝜇𝜈(𝑥) −
1

𝑐
𝑗𝜈(𝑥) = 0.  

𝜕𝜇𝐹
𝜇𝑣(𝑥) =

1

𝑐
𝑗𝑣(𝑥).  

𝒯𝜇𝜈(𝑥) = −𝐹𝜇𝜌(𝑥)𝐹𝜈 𝜌(𝑥) − ℒ𝑔
𝜇𝜈 ,  

𝜕𝜇𝒯
𝜇𝜈(𝑥) = 0.  

𝒯00(𝑥)= −𝐹0𝜌(𝑥)𝐹𝜌
0(𝑥) +

1

4
𝐹𝜌𝜎(𝑥)𝐹

𝜌𝜎(𝑥)𝑔00  

 = �⃗⃗�(�⃗�, 𝑡)2 +
1

2
(�⃗⃗�(�⃗�, 𝑡)2 − �⃗⃗�(�⃗�, 𝑡)2) =

1

2
(�⃗⃗�(�⃗�, 𝑡)2 + �⃗⃗�(�⃗�, 𝑡)2)

 

𝒯𝑖0(𝑥)= −𝐹𝑖𝜌(𝑥)𝐹𝜌
0(𝑥) +

1

4
𝐹𝜌𝜎(𝑥)𝐹

𝜌𝜎(𝑥)𝑔𝑖0  

 = 𝜖𝑖𝑗𝑘𝐸𝑗(�⃗�, 𝑡)𝐵𝑘(�⃗�, 𝑡) = [�⃗⃗�(�⃗�, 𝑡) × �⃗⃗�(�⃗�, 𝑡)]𝑖

 

𝜕𝜇𝒯
𝜇0(𝑥) = 𝜕0𝒯

00(𝑥) + 𝜕𝑖𝒯
𝑖0(𝑥) = 0  

[�̂�𝑖, �̂�] = 0, [𝐽𝑖, �̂�] = 0, [�̂�𝑖, �̂�] = i�̂�𝑖, [�̂�𝑖, �̂�𝑗] = 0, [𝐽𝑖, �̂�𝑗] = i𝜖𝑖𝑗𝑘�̂�𝑘

[�̂�𝑖, �̂�𝑗] = i𝛿𝑖𝑗ℳ, [𝐽𝑖, 𝐽𝑗] = i𝜖𝑖𝑗𝑘𝐽𝑘, [𝐽𝑖, �̂�𝑗] = i𝜖𝑖𝑗𝑘�̂�𝑘, [�̂�𝑖, �̂�𝑗] = 0
 

[𝐽𝑖, �̂�𝑗] = i𝜖𝑖𝑗𝑘�̂�𝑘  

[�̂�𝑖, �̂�] = 0, [𝐽𝑖, �̂�] = 0, [�̂�𝑖, �̂�] = i�̂�𝑖, [�̂�𝑖, �̂�𝑗] = 0, [𝐽𝑖, �̂�𝑗] = i𝜖𝑖𝑗𝑘�̂�𝑘

[�̂�𝑖, �̂�𝑗] = i𝛿𝑖𝑗�̂�, [𝐽𝑖, 𝐽𝑗] = i𝜖𝑖𝑗𝑘𝐽𝑘, [𝐽𝑖, �̂�𝑗] = i𝜖𝑖𝑗𝑘�̂�𝑘, [�̂�𝑖, �̂�𝑗] = −i𝜖𝑖𝑗𝑘𝐽𝑘
 

�̂�𝜇 = (�̂�, �̂�1, �̂�2, �̂�3)  

�̂�𝜇𝜈 =

(

 
 

0 �̂�1 �̂�2 �̂�3
−�̂�1 0 𝐽3 −𝐽2
−�̂�2 −𝐽3 0 𝐽1
−�̂�3 𝐽2 −𝐽1 0 )

 
 

 

[�̂�𝜇 , �̂�𝜈] = 0, [�̂�𝜇𝜈 , �̂�𝜌] = i(𝑔𝜈𝜌�̂�𝜇 − 𝑔𝜇𝜌�̂�𝜈),

[�̂�𝜇𝜈 , �̂�𝜌𝜎] = i(𝑔𝜇𝜎�̂�𝜈𝜌 − 𝑔𝜇𝜌�̂�𝜈𝜎 − 𝑔𝜈𝜎�̂�𝜇𝜌 + 𝑔𝜈𝜌�̂�𝜇𝜎),
 

ℳ̂2 = �̂�𝜇�̂�
𝜇 = �̂�2 − �̂⃗⃗�2  

 

�̂�𝜇𝜈�̂�
𝜇𝜈 = 2(𝐽2 − �̂⃗⃗⃗�2) ,

1

2
𝜖𝜇𝜈𝜌𝜎�̂�

𝜇𝜈�̂�𝜌𝜎 = 4𝐽 ⋅ �̂⃗⃗⃗�  
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𝐼𝜇 =
1

2
𝜖𝜇𝜈𝜌𝜎�̂�

𝜈𝜌�̂�𝜎  

𝐼0 = �̂�𝑖𝐽𝑖, 𝐼𝑖 = 𝜖𝑖𝑗𝑘�̂�𝑗�̂�𝑘 − �̂�𝐽𝑖  

[�̂�𝜇 , 𝐼𝜈] = 0, [�̂�𝜇𝜈, 𝐼𝜌] = i(𝑔𝜈𝜌𝐼𝜇 − 𝑔𝜇𝜌𝐼𝜈).  

[𝐼𝜇 , 𝐼𝜈] = i𝜖𝜇𝜈𝜌𝜎𝐼
𝜌�̂�𝜎  

𝐼𝜇𝐼
𝜇 = 𝐼0

2 − 𝐼𝑖
2 = −ℳ̂2𝐽2  

𝐻 = ∑  

𝑛𝐺

𝑎=1

 𝜔𝑎𝑇𝑎 = 𝜔𝑎𝑇𝑎  

𝐻1 +𝐻2 = 𝐻,𝐻1 = 𝜔1
𝑎𝑇𝑎, 𝐻2 = 𝜔2

𝑎𝑇𝑎, 𝜔1
𝑎 +𝜔2

𝑎 = 𝜔𝑎  

[𝐻1, 𝐻2] = 𝐻1𝐻2 −𝐻2𝐻1 = 𝜔1
𝑎𝜔2

𝑏[𝑇𝑎, 𝑇𝑏].  

[𝑇𝑎 , 𝑇𝑏] = i𝑓𝑎𝑏𝑐𝑇
𝑐  

𝑇𝑎† = 𝑇𝑎  

[𝑇𝑎 , 𝑇𝑏]† = (𝑇𝑎𝑇𝑏 − 𝑇𝑏𝑇𝑎)
†
= 𝑇𝑏

†
𝑇𝑎† − 𝑇𝑎†𝑇𝑏

†
= 𝑇𝑏𝑇𝑎 − 𝑇𝑎𝑇𝑏 = −[𝑇𝑎, 𝑇𝑏],  

[[𝑇𝑎 , 𝑇𝑏], 𝑇𝑐] + [[𝑇𝑏, 𝑇𝑐], 𝑇𝑎] + [[𝑇𝑐, 𝑇𝑎], 𝑇𝑏] = 0  

[𝑆𝑎, 𝑆𝑏] = i𝑓𝑎𝑏𝑐𝑆
𝑐  

[𝑇𝑎 , 𝑆𝑏] = i𝑓𝑎𝑏𝑐𝑆
𝑐  

𝑇𝑏𝑐
𝑎 = −i𝑓𝑎𝑏𝑐  

[𝑇𝑎, 𝑇𝑏]𝑑𝑒 = 𝑇𝑑𝑓
𝑎 𝑇𝑓𝑒

𝑏 − 𝑇𝑑𝑓
𝑏 𝑇𝑓𝑒

𝑎 = −𝑓𝑎𝑑𝑓𝑓𝑏𝑓𝑒 + 𝑓𝑏𝑑𝑓𝑓𝑎𝑓𝑒  

−𝑓𝑎𝑑𝑓𝑓𝑏𝑓𝑒 + 𝑓𝑏𝑑𝑓𝑓𝑎𝑓𝑒 = 𝑓𝑎𝑏𝑐𝑓𝑐𝑑𝑒  

i𝑇‾𝑎 = (i𝑇𝑎)∗ = −i(𝑇𝑎)⊤ ⇒ 𝑇‾𝑎 = −(𝑇𝑎)⊤  

[𝑇‾𝑎 , 𝑇‾ 𝑏]= [(𝑇𝑎)⊤, (𝑇𝑏)
⊤
] = (𝑇𝑎)⊤(𝑇𝑏)

⊤
− (𝑇𝑏)

⊤
(𝑇𝑎)⊤ = (𝑇𝑏𝑇𝑎 − 𝑇𝑎𝑇𝑏)

⊤
 

 = −[𝑇𝑎, 𝑇𝑏]⊤ = −i𝑓𝑎𝑏𝑐(𝑇
𝑐)⊤ = i𝑓𝑎𝑏𝑐𝑇‾

𝑐
 

[𝑇𝑎, 𝑇𝑏] = i𝜖𝑎𝑏𝑐𝑇
𝑐  

�̂⃗⃗� = �̂� × �̂� = −iℏ𝑟 × ∇⃗⃗⃗  

�̂⃗⃗�2|𝑙𝑚⟩ = ℏ2𝑙(𝑙 + 1)|𝑙𝑚⟩, �̂�3|𝑙𝑚⟩ = ℏ𝑚|𝑙𝑚⟩, 𝑙 ∈ ℕ,𝑚 ∈ {−𝑙, −𝑙 + 1,… , 𝑙}.  
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Ψ(𝜃, 𝜑) = ⟨𝜃, 𝜑 ∣ Ψ⟩ =∑  

∞

𝑙=0

  ∑  

𝑙

𝑚=−𝑙

  𝑐𝑙𝑚⟨𝜃, 𝜑 ∣ 𝑙𝑚⟩,  

𝑇1 = 𝑇2 = 𝑇3 = 0  

𝑇1 =
1

√2
(
0 1 0
1 0 1
0 1 0

) , 𝑇2 =
1

√2
(
0 −i 0
i 0 −i
0 i 0

) , 𝑇3 = (
1 0 0
0 0 0
0 0 −1

) .  

𝑇1 =
𝜎1

2
=
1

2
(
0 1
1 0

) , 𝑇2 =
𝜎2

2
=
1

2
(
0 −i
i 0

) , 𝑇3 =
𝜎3

2
=
1

2
(
1 0
0 −1

)  

𝑇1=
1

2

(

 
 
0 √3 0 0

√3 0 2 0

0 2 0 √3

0 0 √3 0 )

 
 
, 𝑇2 =

1

2

(

 
 
0 −i√3 0 0

i√3 0 −2i 0

0 2i 0 −i√3

0 0 i√3 0 )

 
 
 

𝑇3 =
1

2
(

3 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −3

)

 

𝑈𝑈† = 𝑈†𝑈 = 𝟙  

𝑈 = exp (i𝜔𝑎𝑇𝑎) = exp (
i

2
�⃗⃗⃗� ⋅ �⃗�) = cos (

𝜔

2
) 𝟙 + isin (

𝜔

2
)
�⃗⃗⃗�

𝜔
⋅ �⃗�  

𝑈 = (
𝐴 𝐵
−𝐵∗ 𝐴∗

)  

𝑂𝑂⊤ = 𝑂⊤𝑂 = 𝟙, det𝑂 = 1  

𝑂 = exp (i𝜔𝑎𝑇𝑎) = exp (
0 𝜔3 −𝜔2

−𝜔3 0 𝜔1

𝜔2 −𝜔1 0

)  

𝑂𝑎𝑏 =
1

2
Tr[𝑈𝜎𝑎𝑈†𝜎𝑏]  

𝑂𝑎𝑏 =
1

2
Tr[𝜎𝑎𝜎𝑏] = 𝛿𝑎𝑏  

1

2
Tr[𝑈†𝜎𝑎𝑈𝜎𝑏] =

1

2
Tr[𝑈𝜎𝑏𝑈†𝜎𝑎] = 𝑂𝑏𝑎 = 𝑂𝑎𝑏

⊤  

𝑈𝑈† = 𝑈†𝑈 = 𝟙, det𝑈 = 1, 𝑉𝑉† = 𝑉†𝑉 = 𝟙, det𝑉 = 1 ⇒

𝑈𝑉(𝑈𝑉)† = 𝑈𝑉𝑉†𝑈† = 𝟙, det(𝑈𝑉) = det𝑈det𝑉 = 1.
 

𝑈 = exp (i𝐻)  

𝑟 = 𝑛 − 1  

Tr[𝑇𝑎𝑇𝑏] =
1

2
𝛿𝑎𝑏  
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SU(𝑛) = 𝑆3 × 𝑆5 ×⋯× 𝑆2𝑛−1  

𝑈 = 𝑉𝑊,𝑊 =

(

 
 
 

1 0 0 … 0
0 �̃�11 �̃�12 … �̃�1𝑛−1
0 �̃�21 �̃�22 … �̃�2𝑛−1
⋅ ⋅ ⋅ ⋅
⋅ ⋅ ⋅ ⋅
0 �̃�𝑛−11 �̃�𝑛−12 … �̃�𝑛−1𝑛−1)

 
 
 

,  

𝑉 =

(

 
 
 
 
 
 
 
 
 
𝑈11 −𝑈21

∗ −
𝑈31
∗ (1 + 𝑈11)

1 + 𝑈11
∗ … −

𝑈𝑛1
∗ (1 + 𝑈11)

1 + 𝑈11
∗

𝑈21
1 + 𝑈11

∗ − |𝑈21|
2

1 + 𝑈11
−
𝑈31
∗ 𝑈21

1 + 𝑈11
∗ … −

𝑈𝑛1
∗ 𝑈21

1 + 𝑈11
∗

𝑈31 −
𝑈21
∗ 𝑈31

1 + 𝑈11

1 + 𝑈11
∗ − |𝑈31|

2

1 + 𝑈11
∗ … −

𝑈𝑛1
∗ 𝑈31

1 + 𝑈11
∗

⋅ ⋅ ⋅ ⋅
⋅ ⋅ ⋅ ⋅

𝑈𝑛1 −
𝑈21
∗ 𝑈𝑛1

1 + 𝑈11
−
𝑈31
∗ 𝑈𝑛1

1 + 𝑈11
∗ …

1 + 𝑈11
∗ − |𝑈𝑛1|

2

1 + 𝑈11
∗ )

 
 
 
 
 
 
 
 
 

∈ SU(𝑛) 

 

SU(𝑛)/SU(𝑛 − 1) = 𝑆2𝑛−1  

ℤ(𝑛) = {exp (2𝜋i𝑚/𝑛)𝟙,𝑚 = 1,… , 𝑛}  

𝜆1 = (
0 1 0
1 0 0
0 0 0

) , 𝜆2 = (
0 −i 0
i 0 0
0 0 0

) , 𝜆3 = (
1 0 0
0 −1 0
0 0 0

)

𝜆4 = (
0 0 1
0 0 0
1 0 0

) , 𝜆5 = (
0 0 −i
0 0 0
i 0 0

) , 𝜆7 = (
0 0 0
0 0 −i
0 i 0

) ,

 𝜆8 =
1

√3
(
1 0 0
0 1 0
0 0 −2

) .  

𝑓𝑎𝑏𝑐 =
1

4i
Tr [[𝜆𝑎, 𝜆𝑏]𝜆𝑐] , 𝑑𝑎𝑏𝑐 =

1

4
Tr[{𝜆𝑎, 𝜆𝑏}𝜆𝑐]  

 

𝑎𝑏𝑐 123 147 156 246 257 345 367 458 678 

𝑓𝑎𝑏𝑐 1 1/2 −1/2 1/2 1/2 1/2 −1/2 √3/2 √3/2 

 

 

𝑎𝑏𝑐 118 146 157 228 247 256 338 344 
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𝑑𝑎𝑏𝑐 

1

/√3 

1/2 1/2 1/√3 −1/2 1/2 1/√3 1/2 

𝑎𝑏𝑐 355 366 377 448 558 668 778 888 

𝑑𝑎𝑏𝑐 1/2 

−1

/2 

−1

/2 

−1

/(2√3) 

−1

/(2√3) 

−1

/(2√3) 

−1

/(2√3) 

−1

/√3 

 

{𝜆𝑎 , 𝜆𝑏} =
4

3
𝛿𝑎𝑏𝟙 + 2𝑑𝑎𝑏𝑐𝜆

𝑐  

𝑇± = 𝑇
1 ± i𝑇2, 𝑉± = 𝑇

4 ± i𝑇5, 𝑈± = 𝑇
6 ± i𝑇7  

𝑇3 =
𝜆3

2
, 𝑌 =

𝜆8

√3
=
2

√3
𝑇8  

[𝑇3, 𝑇±] = ±𝑇±, [𝑇+, 𝑇−] = 2𝑇
3

[𝑇3, 𝑉±] = ±
1

2
𝑉±, [𝑉+, 𝑉−] =

3

2
𝑌 + 𝑇3

[𝑇3, 𝑈±] = ∓
1

2
𝑈±, [𝑈+, 𝑈−] =

3

2
𝑌 − 𝑇3

[𝑌, 𝑇3] = [𝑌, 𝑇±] = 0, [𝑌, 𝑉±] = ±𝑉±, [𝑌, 𝑈±] = ±𝑈±
[𝑇+, 𝑉+] = [𝑇+, 𝑈−] = [𝑈+, 𝑉+] = 0,

[𝑇+, 𝑉−] = −𝑈−, [𝑇+, 𝑈+] = 𝑉+, [𝑈+, 𝑉−] = 𝑇−

 

𝑢 = |{3}
1

3

1

2

1

2
⟩ , 𝑑 = |{3}

1

3

1

2
−
1

2
⟩ , 𝑠 = |{3} −

2

3
00⟩  

𝑢‾ = |{3} −
1

3

1

2
−
1

2
⟩ , 𝑑‾ = |{3} −

1

3

1

2

1

2
⟩ , 𝑠‾ = |{3}

2

3
00⟩ .  

𝑇±|{Γ}𝑌𝑇𝑇
3⟩ = √𝑇(𝑇 + 1) − 𝑇3(𝑇3 ± 1)|{Γ}𝑌𝑇𝑇3 ± 1⟩.  

𝑌𝑉±|{Γ}𝑌𝑇𝑇
3⟩= ([𝑌, 𝑉±] + 𝑉±𝑌)|{Γ}𝑌𝑇𝑇

3⟩  

 
𝑇3𝑉±|{Γ}𝑌𝑇𝑇

3⟩= (±𝑉± + 𝑉±𝑌)|{Γ}𝑌𝑇𝑇
3⟩ = (𝑌 ± 1)𝑉±|{Γ}𝑌𝑇𝑇

3⟩ = ([𝑇3, 𝑉±] + 𝑉±𝑇
3)|{Γ}𝑌𝑇𝑇3⟩ 

= (±
1

2
𝑉± + 𝑉±𝑇

3) |{Γ}𝑌𝑇𝑇3⟩ = (𝑇3 ±
1

2
)𝑉±|{Γ}𝑌𝑇𝑇

3⟩  

𝑌𝑈±|{Γ}𝑌𝑇𝑇
3⟩= ([𝑌, 𝑈±] + 𝑈±𝑌)|{Γ}𝑌𝑇𝑇

3⟩ = (±𝑈± + 𝑈±𝑌)|{Γ}𝑌𝑇𝑇
3⟩ = (𝑌 ± 1)𝑈±|{Γ}𝑌𝑇𝑇

3⟩  

 
𝑇3𝑈±|{Γ}𝑌𝑇𝑇

3⟩= ([𝑇3, 𝑈±] + 𝑈±𝑇
3)|{Γ}𝑌𝑇𝑇3⟩  

 = (∓
1

2
𝑈± +𝑈±𝑇

3) |{Γ}𝑌𝑇𝑇3⟩ = (𝑇3 ∓
1

2
)𝑈±|{Γ}𝑌𝑇𝑇

3⟩
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𝑉±|{Γ}𝑌𝑇𝑇
3⟩ =∑  

𝑇′

 𝐶𝑇′𝑌𝑇𝑇3 |{Γ}𝑌 ± 1, 𝑇
′, 𝑇3 ±

1

2
⟩

𝑈±|{Γ}𝑌𝑇𝑇
3⟩ =∑  

𝑇′

 𝐶𝑇′𝑌𝑇𝑇3
′ |{Γ}𝑌 ± 1, 𝑇′, 𝑇3 ∓

1

2
⟩

 

 

 

 

∑ 

Γ

 𝑑Γ
2 = 𝑁!  
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𝑑𝑚1,𝑚2,…,𝑚𝑛
= 𝑁!

∏  𝑖<𝑘   (𝑙𝑖 − 𝑙𝑘)

𝑙1! 𝑙2! … 𝑙𝑛!
, 𝑙𝑖 = 𝑚𝑖 + 𝑛 − 𝑖,  

 

 

𝑑3,1,1 = 5!
(𝑙1 − 𝑙2)(𝑙1 − 𝑙3)(𝑙2 − 𝑙3)

𝑙1! 𝑙2! 𝑙3!
= 5!

3 ⋅ 4 ⋅ 1

5! 2! 1!
= 6.  

= {2}.  
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𝑆 =
1

2
(𝑚1 −𝑚2)  

𝐷𝑚1,𝑚2,…,𝑚𝑛
𝑛 =

(𝑛 +𝑚1 − 1)!

(𝑛 − 1)!

(𝑛 + 𝑚2 − 2)!

(𝑛 − 2)!
…
𝑚𝑛!

0!

1

𝑁!
𝑁!
∏  𝑖<𝑘   (𝑙𝑖 − 𝑙𝑘)

𝑙1! 𝑙2! … 𝑙𝑛!
 

 =
∏  𝑖<𝑘   (𝑚𝑖 −𝑚𝑘 − 𝑖 + 𝑘)

(𝑛 − 1)! (𝑛 − 2)!…0!

 

𝐷𝑚1,𝑚2
2 =

𝑚1 −𝑚2 − 1 + 2

1! 0!
= 𝑚1 −𝑚2 + 1 = 𝑞1 + 1 = 2𝑆 + 1  

 

 

𝐷𝑚,𝑚,…,𝑚
𝑛 =

∏  𝑖<𝑘   (𝑚𝑖 −𝑚𝑘 − 𝑖 + 𝑘)

(𝑛 − 1)! (𝑛 − 2)!…0!
=
(𝑛 − 1)! (𝑛 − 2)!…0!

(𝑛 − 1)! (𝑛 − 2)!…0!
= 1  

 

𝑚‾ 𝑖 = 𝑚1 −𝑚𝑛−𝑖+1, 𝑞‾𝑖 = 𝑚‾ 𝑖 −𝑚‾ 𝑖+1 = 𝑚𝑛−𝑖 −𝑚𝑛−𝑖+1 = 𝑞𝑛−𝑖  



pág. 876 

𝑎𝑛𝑑  

 

𝑎𝑛𝑑  

 

 

𝐷𝑚‾ 1,𝑚‾ 2,…,𝑚‾ 𝑛
𝑛 = 𝐷𝑚1,𝑚2,…,𝑚𝑛

𝑛 .  

𝐷2,1,1,…,1,0
𝑛 = 𝑛2 − 1.  

{𝑛} × {𝑛} × ⋯× {𝑛} = × ×⋯× .  

{𝑛} × {𝑛} × ⋯× {𝑛} =∑  

Γ

 𝑑𝑚1,𝑚2,…,𝑚𝑛
{𝐷𝑚1,𝑚2,…,𝑚𝑛

𝑛 }.  

× × = + 2 +  

{𝑛} × {𝑛} × {𝑛} = {
𝑛(𝑛 + 1)(𝑛 + 2)

6
} + 2 {

(𝑛 − 1)𝑛(𝑛 + 1)

3
} + {

(𝑛 − 2)(𝑛 − 1)𝑛

6
}  

𝑛(𝑛 + 1)(𝑛 + 2)

6
+ 2

(𝑛 − 1)𝑛(𝑛 + 1)

3
+
(𝑛 − 2)(𝑛 − 1)𝑛

6
= 𝑛3  

{2} × {2} × {2} = {4} + 2{2} + {0},  

{3} × {3} × {3} = {10} + 2{8} + {1}  

{3} × {3} = {1} + {8}  
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𝑇−𝑢 = 𝑑, 𝑇+𝑑 = 𝑢,𝑈−𝑑 = 𝑠, 𝑈+𝑠 = 𝑑, 𝑉−𝑢 = 𝑠, 𝑉+𝑠 = 𝑢.  

𝑇‾−𝑑‾ = −𝑢‾, 𝑇‾+𝑢‾ = −𝑑‾, 𝑈‾−𝑠‾ = −𝑑‾, 𝑈‾+𝑠‾ = −𝑢‾

𝑉‾−𝑠‾ = −𝑢‾, 𝑉‾+𝑠‾ = −𝑑‾
 

|{8}011⟩ = |{3}
1

3

1

2

1

2
⟩ |{3} −

1

3

1

2

1

2
⟩ = 𝑢𝑑‾  

−√2|{8}010⟩ = (𝑇− + 𝑇‾−)𝑢𝑑‾ = −𝑢𝑢‾ + 𝑑𝑑‾  ⇒  |{8}010⟩ =
1

√2
(𝑢𝑢‾ − 𝑑𝑑‾)  

√2|{8}01 − 1⟩ = (𝑇− + 𝑇‾−)
1

√2
(𝑢𝑢‾ − 𝑑𝑑‾) = √2𝑑𝑢‾  ⇒  |{8}010⟩ = 𝑑𝑢‾  

− |{8}1
1

2

1

2
⟩ = (𝑈+ + 𝑈‾+)𝑢𝑑‾ = −𝑢𝑠‾  ⇒  |{8}1

1

2

1

2
⟩ = 𝑢𝑠‾,  

|{8}1
1

2
−
1

2
⟩ = 𝑑𝑠‾, |{8} − 1

1

2

1

2
⟩ = 𝑠𝑑‾, |{8} − 1

1

2
−
1

2
⟩ = 𝑠𝑢‾.  

(𝑉− + 𝑉‾−) |{8}1
1

2

1

2
⟩ = (𝑉− + 𝑉‾−)𝑢𝑠‾ = 𝑠𝑠‾ − 𝑢𝑢‾ = 𝛼|{8}000⟩ + 𝛽|{8}010⟩.  

|{8}000⟩ =
1

√6
(𝑢𝑢‾ + 𝑑𝑑‾ − 2𝑠𝑠‾)  

|{1}000⟩ =
1

√3
(𝑢𝑢‾ + 𝑑𝑑‾ + 𝑠𝑠‾)  

Spin(𝑛) = 𝑆1 × 𝑆2 ×⋯× 𝑆𝑛−1  

𝑆3/𝑆1 = 𝑆2, 𝑆7/𝑆3 = 𝑆4, 𝑆15/𝑆7 = 𝑆8  

𝑆3 = 𝑆1 × 𝑆2, 𝑆7 = 𝑆3 × 𝑆4, 𝑆15 = 𝑆7 × 𝑆8  

Spin(3) = 𝑆1 × 𝑆2 = 𝑆3 = SU(2)

Spin(6) = 𝑆1 × 𝑆2 × 𝑆3 × 𝑆4 × 𝑆5 = 𝑆3 × 𝑆5 × 𝑆7 = SU(4)
 

𝐽 = (
0 𝟙
−𝟙 0

) = i𝜎2⊗𝟙  

𝑈∗ = 𝐽𝑈𝐽†  

𝑈 = (
𝑊 𝑋
−𝑋∗ 𝑊∗)  

𝐻∗ = −𝐽𝐻𝐽† = 𝐽𝐻𝐽.  

𝐻 = (
𝐴 𝐵
𝐵∗ −𝐴∗

) ,  

𝑛𝐺 = 𝑛
2 + (𝑛 + 1)𝑛 = (2𝑛 + 1)𝑛.  

Sp(𝑛) = 𝑆3 × 𝑆7 ×⋯× 𝑆4𝑛−1  
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Sp(1) = 𝑆3 = SU(2), Sp(2) = 𝑆3 × 𝑆7 = 𝑆1 × 𝑆2 × 𝑆3 × 𝑆4 = Spin(5)  

Sp(3)= 𝑆3 × 𝑆7 × 𝑆11 = 𝑆1 × 𝑆2 × 𝑆3 × 𝑆4 × 𝑆11 

 ≠ 𝑆1 × 𝑆2 × 𝑆3 × 𝑆4 × 𝑆5 × 𝑆6 = Spin(7)
 

𝑂𝑎𝑏𝑂𝑎𝑐 = 𝛿𝑏𝑐  

𝑇𝑎𝑏𝑐 = 𝑇𝑑𝑒𝑓𝑂𝑑𝑎𝑂𝑒𝑏𝑂𝑓𝑐 .  

𝑇127 = 𝑇154 = 𝑇163 = 𝑇235 = 𝑇264 = 𝑇374 = 𝑇576 = 1  

Λ𝑎 =
1

√2
(
𝜆𝑎 0 0
0 −𝜆𝑎∗ 0
0 0 0

)  

{7} = {3} + {3} + {1}  

𝑇+ =
1

√2
(Λ1 + iΛ2) = |1⟩⟨2| − |5⟩⟨4|, 𝑇− =

1

√2
(Λ1 − iΛ2) = |2⟩⟨1| − |4⟩⟨5|,

𝑉+ =
1

√2
(Λ4 + iΛ5) = |2⟩⟨3| − |6⟩⟨5|, 𝑉− =

1

√2
(Λ4 − iΛ5) = |3⟩⟨2| − |5⟩⟨6|,

𝑈+ =
1

√2
(Λ6 + iΛ7) = |1⟩⟨3| − |6⟩⟨4|, 𝑈− =

1

√2
(Λ6 − iΛ7) = |3⟩⟨1| − |4⟩⟨6|,

 

𝑋+ =
1

√2
(Λ9 + iΛ10) = |2⟩⟨4| − |1⟩⟨5| − √2|7⟩⟨3| − √2|6⟩⟨7|,

𝑋− =
1

√2
(Λ9 − iΛ10) = |4⟩⟨2| − |5⟩⟨1| − √2|3⟩⟨7| − √2|7⟩⟨6|,

𝑌+ =
1

√2
(Λ11 + iΛ12) = |6⟩⟨1| − |4⟩⟨3| − √2|2⟩⟨7| − √2|7⟩⟨5|,

𝑌− =
1

√2
(Λ11 − iΛ12) = |1⟩⟨6| − |3⟩⟨4| − √2|7⟩⟨2| − √2|5⟩⟨7|,

𝑍+ =
1

√2
(Λ13 + iΛ14) = |3⟩⟨5| − |2⟩⟨6| − √2|7⟩⟨1| − √2|4⟩⟨7|,

𝑍− =
1

√2
(Λ13 − iΛ14) = |5⟩⟨3| − |6⟩⟨2| − √2|1⟩⟨7| − √2|7⟩⟨4|.

 

{14} = {8} + {3} + {3}  

𝑍 = (
𝑧𝟙 0 0
0 𝑧∗𝟙 0
0 0 1

)  

 

{7} × {7} = {1} + {7} + {14} + {27},  

{7} × {14} = {7} + {27} + {64}  

 {14} × {14} = {1} + {14} + {27} + {77} + {77′}
 

G(2) = SU(3) × 𝑆6 = 𝑆3 × 𝑆5 × 𝑆6  
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SO(7)= 𝑆1 × 𝑆2 × 𝑆3 × 𝑆4 × 𝑆5 × 𝑆6 = G(2) × 𝑆1 × 𝑆2 × 𝑆4 = G(2) × 𝑆3 × 𝑆4 

 = G(2) × 𝑆7
 

 

{40} × {16}= {55} + 2{30} + {154} + 3{14} + 2{81} + 3{5} + 3{35} + {105} + 2{1} + 3{10} + 2{35′} 

−[{35} + {30} + {10} + 2{14} + 2{5} + {1}] − [{1} + {10} + {35′}]  

= {154} + {105} + 2{81} + {55} + 2{35} + {35′} + {30} + {14} + {10} + {5}  

 

 

𝑛[𝑈]=
1

2𝜋i
∫  
𝑆1
 𝑑𝑥𝑈(𝑥)∗𝜕𝑥𝑈(𝑥) =

1

2𝜋
∫  
𝐿

0

 𝑑𝑥𝜕𝑥𝛼(𝑥) =
1

2𝜋
[𝛼(𝐿) − 𝛼(0)] 

 ∈ Π1[U(1)] = ℤ

 

𝑛[𝑈] = 𝑛[𝑈1] + 𝑛[𝑈2].  

𝑛[𝑒] =
1

8𝜋
∫  𝑑2𝑥𝜖𝜇𝜈𝑒 ⋅ (𝜕𝜇𝑒 × 𝜕𝜈𝑒) ∈ Π2[𝑆

2] = ℤ  

𝑆[𝑒] =
1

2𝑔2
∫  𝑑2𝑥𝜕𝜇𝑒 ⋅ 𝜕𝜇𝑒  

0≤ ∫  𝑑2𝑥(𝜕𝜇𝑒 ± 𝜖𝜇𝜈𝜕𝜈𝑒 × 𝑒)
2

 

 = ∫  𝑑2𝑥[2𝜕𝜇𝑒 ⋅ 𝜕𝜇𝑒 ± 2𝜖𝜇𝜈𝑒 ⋅ (𝜕𝜇𝑒 × 𝜕𝜈𝑒)] = 4𝑔
2𝑆[𝑒] ± 16𝜋|𝑛[𝑒]|

 

𝑆[𝑒] ≥
4𝜋

𝑔2
|𝑛[𝑒]|  

𝜕𝜇𝑒(𝑥) + 𝜎𝜖𝜇𝜈𝜕𝜈𝑒(𝑥) × 𝑒(𝑥) = 0  

 

 

Figura 3. Ondas gravitacionales a escala cuántica. 

𝑒𝑛(𝑟, 𝜒) = (
2𝑟𝑛𝜌𝑛

𝑟2𝑛 + 𝜌2𝑛
cos (𝑛𝜒),

2𝑟𝑛𝜌𝑛

𝑟2𝑛 + 𝜌2𝑛
𝜎sin (𝑛𝜒),

𝑟2𝑛 − 𝜌2𝑛

𝑟2𝑛 + 𝜌2𝑛
) ,  

𝐻[𝑒] ∈ Π3[𝑆
2] = ℤ.  
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𝑛[𝑈] =
1

24𝜋2
∫  
𝑆3
 𝑑3𝑥𝜖𝑖𝑗𝑘Tr[(𝑈

†𝜕𝑖𝑈)(𝑈
†𝜕𝑗𝑈)(𝑈

†𝜕𝑘𝑈)] ∈ Π3[SU(2)] = ℤ  

 

𝑆WZNW[𝑈] =
1

240𝜋2i
∫  
𝐻5
𝑑5𝑥𝜖𝜇𝜈𝜌𝜎𝜆Tr[(𝑈

†𝜕𝜇𝑈)(𝑈
†𝜕𝜈𝑈)(𝑈

†𝜕𝜌𝑈)(𝑈
†𝜕𝜎𝑈)(𝑈

†𝜕𝜆𝑈)] 

 

 

 𝑆1 𝑆2 𝑆3 𝑆4 𝑆5 𝑆6 

Π1 ℤ {0} {0} {0} {0} {0} 

Π2 {0} ℤ {0} {0} {0} {0} 

Π3 {0} ℤ ℤ {0} {0} {0} 

Π4 {0} ℤ(2) ℤ(2) ℤ {0} {0} 

Π5 {0} ℤ(2) ℤ(2) ℤ(2) ℤ {0} 

Π6 {0} ℤ(12) ℤ(12) ℤ(2) ℤ(2) ℤ 

 

𝑤[𝑈]=
1

480𝜋3i
∫  
𝑆5
 𝑑5𝑥𝜖𝜇𝜈𝜌𝜎𝜆Tr[(𝑈

†𝜕𝜇𝑈)(𝑈
†𝜕𝜈𝑈)(𝑈

†𝜕𝜌𝑈)(𝑈
†𝜕𝜎𝑈)(𝑈

†𝜕𝜆𝑈)] 

 ∈ Π5[SU(𝑁f ≥ 3)] = ℤ

 

𝑆[𝐴] =
1

2𝑒2
∫  𝑑2𝑥𝐹𝜇𝜈𝐹𝜇𝜈  

𝑞(𝑥) =
1

4𝜋
𝜖𝜇𝜈𝐹𝜇𝜈(𝑥) =

1

2𝜋
𝐸(𝑥),  

𝑄 = ∫  𝑑2𝑥𝑞 =
1

4𝜋
∫  𝑑2𝑥𝜖𝜇𝜈𝐹𝜇𝜈  

𝑞(𝑥) =
1

4𝜋
𝜖𝜇𝜈𝐹𝜇𝜈(𝑥) =

1

2𝜋
𝜖𝜇𝜈𝜕𝜇𝐴𝜈(𝑥) = 𝜕𝜇Ω𝜇

(0)
(𝑥),  

Ω𝜇
(0)
(𝑥) =

1

2𝜋
𝜖𝜇𝜈𝐴𝜈(𝑥)  
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𝑄 = ∫  𝑑2𝑥𝜕𝜇Ω𝜇
(0)
= ∫  

𝑆1
 𝑑𝜎𝜇Ω𝜇

(0)
=
1

2𝜋
∫  
𝑆1
 𝑑𝜎𝜇𝜖𝜇𝜈𝐴𝜈  

0 = 𝐴𝜇
′ (𝑥) = 𝐴𝜇(𝑥) − 𝜕𝜇𝛼(𝑥)  ⇒  𝐴𝜇(𝑥) = 𝜕𝜇𝛼(𝑥)  

𝑄 =
1

2𝜋
∫  
𝑆1
 𝑑𝜎𝜇𝜖𝜇𝜈𝐴𝜈 =

1

2𝜋
∫  
𝑆1
 𝑑𝜎𝜇𝜖𝜇𝜈𝜕𝜈𝛼 ∈ Π1[𝑆

1] = ℤ  

SU(𝑛) = 𝑆3 × 𝑆5 ×⋯× 𝑆2𝑛−1 (𝑛 ≥ 2) 

Spin(𝑛) = 𝑆1 × 𝑆2 ×⋯× 𝑆𝑛−1 (𝑛 ≥ 3) 

Sp(𝑛) = 𝑆3 × 𝑆7 ×⋯× 𝑆4𝑛−1 (𝑛 ≥ 1) 

G(2) = SU(3) × 𝑆6 = 𝑆3 × 𝑆5 × 𝑆6  

 

Π3[SU(𝑛)] = Π3[Spin(𝑛)] = Π3[Sp(𝑛)] = Π3[G(2)] = ℤ  

𝑍 = ∫  𝒟Φexp (−𝑆[Φ]) =∏ 

𝑥

 ∫  
𝑆𝑁−1

 𝑑Φ𝑥exp (−𝑆[Φ])  

𝑆[Φ] = 𝑎𝑑∑ 

𝑥,𝜇

 
1

2𝑎2
|Φ𝑥+�̂� −Φ𝑥|

2
=∑ 

𝑥,𝜇

 𝑎𝑑−2(v2 −Φ𝑥 ⋅ Φ𝑥+�̂�)  

[Φ(0)] → [Φ(1)] → [Φ(2)] → ⋯ → [Φ(𝑀)]  

𝑝(0)[Φ] =
1

𝑍(0)
, 𝑍(0) = ∫  𝒟Φ1 =∏ 

𝑥

 ∫  
𝑆𝑁−1

 𝑑Φ1  

∫  𝒟Φ𝑝(0)[Φ] = 1  

𝑝(1)[Φ′] = ∫  𝒟Φ𝑝(0)[Φ]𝑤[Φ,Φ′]  

∫  𝒟Φ′𝑤[Φ,Φ′] = 1  

∫  𝒟Φ′𝑝(1)[Φ′] = ∫  𝒟Φ𝑝(0)[Φ]∫  𝒟Φ′𝑤[Φ,Φ′] = ∫  𝒟Φ𝑝(0)[Φ] = 1  

𝑝(2)[Φ′′]= ∫  𝒟Φ′𝑝(1)[Φ′]𝑤[Φ′, Φ′′] = ∫  𝒟Φ′∫  𝒟Φ𝑝(0)[Φ]𝑤[Φ,Φ′]𝑤[Φ′, Φ′′] 

 = ∫  𝒟Φ𝑝(0)[Φ]∫  𝒟Φ′𝑤[Φ,Φ′]𝑤[Φ′, Φ′′] = ∫  𝒟Φ𝑝(0)[Φ]𝑤2[Φ,Φ′′]
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𝑤2[Φ,Φ′′] = ∫  𝒟Φ′𝑤[Φ,Φ′]𝑤[Φ′, Φ′′]  

𝑝(𝑖)[Φ′] = ∫  𝒟Φ𝑝(0)[Φ]𝑤𝑖[Φ,Φ′]  

𝑝[Φ] =
1

𝑍
exp (−𝑆[Φ])  

⟨𝒪⟩ = lim
𝑀→∞

 
1

𝑀 −𝑀0 + 1
∑  

𝑀

𝑖=𝑀0

 𝒪[Φ(𝑖)]  

exp (−𝑆[Φ])𝑤[Φ,Φ′] = exp (−𝑆[Φ′])𝑤[Φ′, Φ]  

∫  𝒟Φv1[Φ]𝑤[Φ,Φ
′] = v1[Φ

′]  

∫  𝒟Φ𝑝[Φ]𝑤[Φ,Φ′]= ∫  𝒟Φ
1

𝑍
exp (−𝑆[Φ])𝑤[Φ,Φ′]  

= ∫  𝒟Φ
1

𝑍
exp (−𝑆[Φ′])𝑤[Φ′, Φ] 

=
1

𝑍
exp (−𝑆[Φ′])∫  𝒟Φ𝑤[Φ′, Φ] 

 =
1

𝑍
exp (−𝑆[Φ′]) = 𝑝[Φ′].

 

∫  𝒟Φv𝜆[Φ]𝑤[Φ,Φ
′] = 𝜆v𝜆[Φ

′]  

�̃�[Φ,Φ′] = √
𝑝[Φ]

𝑝[Φ′]
𝑤[Φ,Φ′] = √

𝑝[Φ′]

𝑝[Φ]
𝑤[Φ′, Φ] = �̃�[Φ′, Φ],  

ṽ𝜆[Φ] =
v𝜆[Φ]

√𝑝[Φ]
,  

∫  𝒟Φṽ𝜆[Φ]�̃�[Φ,Φ
′] = ∫  𝒟Φ

v𝜆[Φ]

√𝑝[Φ′]
𝑤[Φ,Φ′] = 𝜆ṽ𝜆[Φ

′]  

∫  𝒟Φṽ𝜆[Φ]ṽ𝜆′[Φ] = ∫  𝒟Φ
1

𝑝[Φ]
v𝜆[Φ]v𝜆′[Φ] = 𝛿𝜆,𝜆′  

∫  𝒟Φ
1

𝑝[Φ]
v1[Φ]

2 = ∫  𝒟Φ𝑝[Φ] = 1.  

𝜆∫  𝒟Φ′v𝜆[Φ
′] = ∫  𝒟Φv𝜆[Φ]∫  𝒟Φ

′𝑤[Φ,Φ′] = ∫  𝒟Φv𝜆[Φ] ⇒

 (𝜆 − 1)∫  𝒟Φv𝜆[Φ] = 0
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|𝜆|∫  𝒟Φ′|v𝜆[Φ
′]|= ∫  𝒟Φ′|𝜆v𝜆[Φ

′]| = ∫  𝒟Φ′ |∫  𝒟Φv𝜆[Φ]𝑤[Φ,Φ
′]| 

< ∫  𝒟Φ′∫  𝒟Φ|v𝜆[Φ]|𝑤[Φ,Φ
′]  

 = ∫  𝒟Φ|v𝜆[Φ]|∫  𝒟Φ
′𝑤[Φ,Φ′] = ∫  𝒟Φ|v𝜆[Φ]|.

 

|∫  𝒟Φv𝜆[Φ]𝑤[Φ,Φ
′]| < ∫  𝒟Φ|v𝜆[Φ]|𝑤[Φ,Φ

′].  

|∫  𝒟Φv1[Φ]𝑤[Φ,Φ
′]| = ∫  𝒟Φ|v1[Φ]|𝑤[Φ,Φ

′]  

∫  𝒟Φ(v1[Φ] − v1
′ [Φ])𝑤[Φ,Φ′] = v1[Φ

′] − v1
′ [Φ′]  

∫  𝒟Φv1[Φ] = ∫  𝒟Φv1
′ [Φ] = 1 ⇒  ∫  𝒟Φ(v1[Φ] − v1

′ [Φ]) = 0  

v1[Φ] = 𝑝[Φ] =
1

𝑍
exp (−𝑆[Φ])  

𝑝(0)[Φ] =∑  

𝜆

 𝑐𝜆V𝜆[Φ] = 𝑐1 V1[Φ] +∑  

𝜆≠1

  𝑐𝜆V𝜆[Φ] = 𝑝[Φ] +∑  

𝜆≠1

 𝑐𝜆V𝜆[Φ]  

1 = ∫  𝒟Φ𝑝(0)[Φ] = 𝑐1∫  𝒟Φv1[Φ] +∑  

𝜆≠1

  𝑐𝜆∫  𝒟Φv𝜆[Φ] = 𝑐1  

𝑝(𝑖)[Φ] = ∫  𝒟Φ′𝑝(0)[Φ′]𝑤𝑖[Φ′, Φ] = 𝑝[Φ] +∑  

𝜆≠1

 𝜆𝑖𝑐𝜆V𝜆[Φ] →
𝑖→∞

𝑝[Φ]  

1 > |𝜆1| ≥ |𝜆2| ≥ |𝜆3| ≥ ⋯  

∫  
𝐶𝛿(Φ𝑥)

 𝑑Φ𝑥
′ 𝑞 = 1  

𝑆[Φ′] ≤ 𝑆[Φ]  ⇒  𝑤[Φ,Φ′] = 𝑞𝑝acc = 𝑞.  

𝑆[Φ′] > 𝑆[Φ]  ⇒  𝑤[Φ,Φ′] = 𝑞𝑝acc = 𝑞exp (−𝑆[Φ
′] + 𝑆[Φ]).  

𝑝acc = min{1, exp (−𝑆[Φ
′] + 𝑆[Φ])} ∈ [0,1].  

exp (−𝑆[Φ])𝑤[Φ,Φ′] = exp (−𝑆[Φ])𝑞

= exp (−𝑆[Φ′])𝑞exp (−𝑆[Φ] + 𝑆[Φ′]) 

 = exp (−𝑆[Φ′])𝑤[Φ′, Φ]

 

Δ𝒪 =
1

√𝑀 −𝑀0
√⟨(𝒪 − ⟨𝒪⟩)2⟩ =

1

√𝑀 −𝑀0
√⟨𝒪2⟩ − ⟨𝒪⟩2.  

𝒪𝑗 =
1

𝑀b
∑  

𝑀0+𝑗𝑀b−1

𝑖=𝑀0+(𝑗−1)𝑀b

 𝒪[Φ(𝑖)], 𝑗 ∈ {1,2,… ,𝑚}  
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Δ𝒪 =
1

√𝑚 − 1
√
1

𝑚
∑ 

𝑚

𝑗=1

  (𝒪𝑗 − ⟨𝒪⟩)
2

 

⟨𝒪(𝑖)𝒪(𝑖+𝑡)⟩ = lim
𝑀→∞

 
1

𝑀 −𝑀0 + 1 − 𝑡
∑  

𝑀−𝑡

𝑖=𝑀0

 𝒪[Φ(𝑖)]𝒪[Φ(𝑖+𝑡)] ∼ 𝑐0 + 𝑐1exp (−𝑡/𝜏)  

𝜏 ∝ 𝜉𝑧  

𝑝(Φ𝑥
′ ) ∝ exp (𝑎𝑑−2Φ𝑥

′ ⋅ Φ‾ 𝑥),Φ‾ 𝑥 = ∑  

𝑑

𝜇=1

  (Φ𝑥+�̂� +Φ𝑥−�̂�), 𝑒𝑥 =
Φ‾ 𝑥
|Φ‾ 𝑥|

,  

Φ𝑥
′ = 2(Φ𝑥 ⋅ 𝑒𝑥)𝑒𝑥 −Φ𝑥  

Φ𝑥
′′ = 2(Φ𝑥

′ ⋅ 𝑒𝑥)𝑒𝑥 −Φ𝑥
′ = 2(Φ𝑥 ⋅ 𝑒𝑥)𝑒𝑥 − 2(Φ𝑥 ⋅ 𝑒𝑥)𝑒𝑥 +Φ𝑥 = Φ𝑥 ,  

𝑍 = ∫  𝒟ΦSign[Φ]exp (−𝑆[Φ])  

⟨𝒪⟩ =
1

𝑍
∫  𝒟Φ𝒪[Φ]Sign[Φ]exp (−𝑆[Φ]) =

⟨𝒪Sign⟩′

⟨Sign⟩′
 

 ⟨Sign⟩′ =
1

𝑍′
∫  𝒟ΦSign[Φ]exp (−𝑆[Φ]) =

𝑍

𝑍′
, 𝑍′ = ∫  𝒟Φexp (−𝑆[Φ]),

 ⟨𝒪Sign⟩′ =
1

𝑍′
∫  𝒟Φ𝒪[Φ]Sign[Φ]exp (−𝑆[Φ]).

 

⟨Sign⟩′ =
𝑍

𝑍′
= exp (−(𝑓 − 𝑓′)𝛽𝑉)  

ΔSign=
1

√𝑀 −𝑀0
√⟨Sign2⟩′ − ⟨Sign⟩′2 =

1

√𝑀 −𝑀0
√1 − ⟨Sign⟩′2 

 ≈
1

√𝑀 −𝑀0

 

⟨Sign⟩′

ΔSign
≈ √𝑀 −𝑀0exp (−(𝑓 − 𝑓

′)𝛽𝑉)  

𝑀 −𝑀0 + 1 ∝ exp (2(𝑓 − 𝑓
′)𝛽𝑉)  

𝜌 − 𝜌c,𝑀 = {
≠ 0 𝑇 < 𝑇c
= 0 𝑇 ≥ 𝑇c

.  

𝐹 = −𝑇log 𝑍  

𝑇 ≲ 𝑇c: 𝑀 = −
𝜕𝐹

𝜕𝐵
|
𝑇,𝐵=0

∝ (𝑇c − 𝑇)
𝛽  

𝜒 =
𝜕𝑀

𝜕𝐵
|
𝑇,𝐵=0

= −
𝜕2𝐹

𝜕𝐵2
|
𝑇,𝐵=0

∝ |𝑇 − 𝑇c|
−𝛾
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𝐵 ≳ 0:  𝑀|𝑇=𝑇c ∝ 𝐵
1/𝛿  

𝐶 = −𝑇
𝜕2𝑓

𝜕𝑇2
∝ |𝑇c − 𝑇|

−𝛼  

𝜉 ∝ |𝑇 − 𝑇c|
−𝜈  

𝐶 = −𝑇
𝜕2𝑓

𝜕𝑇2
∝

𝜉−𝑑

|𝑇 − 𝑇c|
2
∝ |𝑇 − 𝑇c|

𝜈𝑑−2  

𝛼 = 2 − 𝑣𝑑.  

𝜏 = 1 − 𝑇/𝑇c.  

𝐹(𝜏, 𝐵) =
1

𝜆
𝐹(𝜆𝑢𝜏, 𝜆v𝐵),  

𝜆 = 𝜏−1/𝑢: 𝐹(𝜏, 𝐵) = 𝜏1/𝑢𝐹(1, 𝐵/𝜏v/𝑢) = 𝜏1/𝑢𝜙1(𝐵/𝜏
v/𝑢),  

𝜆 = 𝐵−1/v: 𝐹(𝜏, 𝐵) = 𝐵1/v𝐹(𝜏/𝐵𝑢/v, 1) = 𝐵1/v𝜙2(𝜏/𝐵
𝑢/v).  

𝑀|𝐵=0 = −
𝜕𝐹

𝜕𝐵
|
𝐵=0

= −𝜏(1−v)/𝑢𝜙1
′ (0) ∝ 𝜏𝛽⇒ 𝛽 =

1 − v

𝑢
 

𝜒|𝐵=0 = −
𝜕2𝐹

𝜕𝐵2
|
𝐵=0

= −𝜏(1−2v)/𝑢𝜙1
′′(0) ∝ 𝜏−𝛾⇒ 𝛾 =

2v − 1

𝑢
 

𝐶|𝐵=0 = −𝑇
𝜕2𝑓

𝜕𝑇2
|
𝐵=0

∝ −
𝑇

𝑇c
2

1

𝑢
(
1

𝑢
− 1) 𝜏1/𝑢−2𝜙1(0) ∝ 𝜏

−𝛼 ⇒ 𝛼 = 2 −
1

𝑢

 

𝛼 + 2𝛽 + 𝛾 = 2  

𝑀 = −
𝜕𝐹

𝜕𝐵
|
𝜏=0

= −
1

v
𝐵1/v−1𝜙2(0) ∝ 𝐵

1/𝛿  ⇒  𝛿 =
v

1 − v
 

𝛼 + 𝛽(𝛿 + 1) = 2, 𝛾 − 𝛽(𝛿 − 1) = 0  

𝑀 = −
𝜕𝐹

𝜕𝐵
|
𝑇,𝐵=0

∝ (𝑇c − 𝑇)
𝛽 

𝜒 =
𝜕𝑀

𝜕𝐵
|
𝑇,𝐵=0

∝ |𝑇c − 𝑇|
−𝛾 

 𝑀|𝑇=𝑇c ∝ 𝐵
1/𝛿 

𝐶 = −𝑇
𝜕2𝑓

𝜕𝑇2
|
𝐵=0

∝ |𝑇 − 𝑇c|
−𝛼 

𝜉 ∝ |𝑇 − 𝑇c|
−𝑣 
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  𝛽 𝛾 𝛼 𝛿 𝑣 

Fe(𝑇c

= 1044 K) 
 0.385(5) 1.333 -0.103(11) 4.350(5)  

Ni(𝑇c

= 632 K) 
 0.395(10) 1.345(10) -0.091(2) 4.58(5)  

Liquid-gas  0.35 1.37(20) ≈ 0 4.4(4) 0.64 

Ising model 

𝑑

= 2 

1/8 7/4 0 15 1 

 

𝑑

= 3 

0.326419(3) 1.237075(10) 0.11008(1) 4.78984(1) 0.629971(4) 

 

𝑑

= 4 

1/2 1 0 3 1/2 

 MFA 1/2 1 0 3 1/2 

O(2) model 

𝑑

= 3 

0.3486(1) 1.3178(2) -0.0151(3) 4.780(1) 0.6717(1) 

O(3) model 

𝑑

= 3 

0.3689(3) 1.3960(9) 

-

0.1336(15) 

4.783(3) 0.7112(5) 

 

𝜈𝑑 + 𝛼 = 2 

𝛼 + 2𝛽 + 𝛾 = 2 

𝛼 + 𝛽(1 + 𝛿) = 2 

𝛾 = 𝛽(𝛿 − 1) 
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𝛾(𝛿 + 1) = (2 − 𝛼)(𝛿 − 1) 

 

⟨𝑠𝑥 ⋅ 𝑠𝑦⟩c|𝑇c
∝ |𝑥 − 𝑦|2+𝜂−𝑑  
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