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RESUMEN 

Como ha quedado demostrado en trabajos anteriores, las partículas elementales que conforman la fuerza 

nuclear fuerte, entre ellas los quarks y los gluones, pueden acreditar las características que son inherentes 

a una partícula oscura o blanca e incluso, una suprapartícula e hiperpartícula, ésta última, cuando alcanza 

o supera la velocidad de la luz, sin embargo, en este artículo, se propone un planteamiento alternativo 

para la hadronización. En sentido estricto, la hadronización es la combinación de quarks y gluones para 

la formación de otra partícula con distinta masa y energía, denominada hadrón, todo esto, debido al 

confinamiento que los une. Suponemos, que un plano cuántico – relativista, los quarks y los gluones, se 

combinan, por la deformación del espacio – tiempo cuántico, causado por cualquiera de éstos, sea en 

condición de partícula oscura o blanca, según sea el caso. Por tanto, en un espacio de gravedad cuántica 

o de supergravedad, la hadronización es posible, en la medida en que la gravedad en sí misma, interfiere 

transversalmente en el proceso de confinamiento, recalcando que, la hadronización puede formar 

partículas oscuras o blancas de naturaleza hadrónica. 
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ABSTRACT 

As has been demonstrated in previous works, the elementary particles that make up the strong nuclear 

force, including quarks and gluons, can accredit the characteristics that are inherent to a dark or white 

particle and even a supraparticle and hyperparticle, the latter, when it reaches or exceeds the speed of 

light, however, in this article,  An alternative approach to hadronization is proposed. Strictly speaking, 

hadronization is the combination of quarks and gluons to form another particle with different mass and 

energy, called a hadron, all due to the confinement that unites them. We suppose that a quantum-

relativistic plane, quarks and gluons, are combined by the deformation of quantum space-time, caused 

by any of these, whether in the condition of a dark or white particle, as the case may be. Therefore, in a 

quantum gravity or supergravity space, hadronization is possible, insofar as gravity itself interferes 

transversally in the confinement process, emphasizing that hadronization can form dark or white 

particles of hadronic nature. 
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INTRODUCCIÓN 

El confinamiento, en cromodinámica cuántica, consiste en la combinación ineludible de los quarks y los 

gluones, en la medida en que, los primeros, no son susceptibles de aislamiento, por lo que, para su 

detección, éstos se asocian a los gluones, con la finalidad de formar hadrones (color neutro), los cuales 

pueden ser de carácter mesónico o bariónico. Ahora bien, la cromodinámica cuántica despierta interés 

para la formalización de la Teoría Cuántica de Campos Relativistas, en la medida en que: 1) posee la 

partícula subatómica con mayor masa en relación a las demás partículas que componen el modelo 

estándar, siendo ésta, el quark top; y, 2) para efectos de detectar, en especial los quarks, se requiere del 

proceso de hadronización, ya que aislar un quark, en especial el quark top, es de difícil realización (en 

el caso del primero) e imposible en el caso del segundo, pues, para aislar un quark, se requiere de un 

paquete de energía tan extremo, directamente proporcional a la distancia de su punto de origen, que 

finalmente se forma un par quark – antiquark, en tanto que, respecto del segundo, se ha dicho que es 

imposible la hadronización pues, al ser tan pesado, se desintegra rápidamente, sin que sea posible su 

detención, a diferencia de los otros tipos de quarks, los cuales, al ser ligeros, son susceptibles de 

hadronización. Ahora bien, esto ayuda a reforzar el hecho de que, en primer lugar, sí existen partículas 

supermasivas en el modelo estándar, siendo ésta, por ejemplo, el quark top, aunque el bosón de Higgs, 

también presenta esa particularidad, y por otro lado, que a nivel cronodinámico, la relatividad general y 

especial son posibles, en la medida en que, a mi criterio, es la gravedad la que impide la disociación del 

quark respecto del gluon, es decir, es la responsable del confinamiento de color que da lugar a los 

hadrones, los cuales, al ser de color neutro, podrían calificar como partículas blancas o estrella. De ahí 

la necesidad de la Cromodinámica Cuántica Relativista, como un modelo teórico apto para explicar los 

fenómenos antes referidos. 

RESULTADOS Y DISCUSIÓN. 

Procedo a desplegar el desarrollo matemático, el mismo que complementa el sistema de ecuaciones que 

se desglosan en el volumen II de este manuscrito.  
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Modelo de Hadronización en supergravedad cuántica relativista. 

𝑆 = ∫ 
Σ

 𝑃𝜇𝜕‾𝑋
𝜇 +

1

2
𝑒𝑃2 +⋯  

∑ 

𝑗≠𝑖

 
𝑘𝑖 ⋅ 𝑘𝑗

𝑧𝑖 − 𝑧𝑗
= 0  

𝑆[Ψ] = ⟨Ψ|𝑐0𝑄|Ψ⟩ +∑  

𝑛>2
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𝑛!
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𝜇𝜈 +
1

2
(𝜕𝜈ℎ𝜇𝜈)

2
+
1

2
ℎ𝜕𝜇𝜕𝜈ℎ𝜇𝜈 −

1

4
ℎ ◻ ℎ

−4𝜙 ◻ 𝜙 + 2ℎ ◻ 𝜙 − 2𝜙𝜕𝜇𝜕𝜈ℎ𝜇𝜈 −
1

12
𝐻𝜇𝜈𝜆𝐻

𝜇𝜈𝜆)

 

𝑇𝑁
∗𝑀 = {(𝑥, 𝑝) ∈ 𝑇∗𝑀 ∣ 𝑝2 = 0} 

𝒱 = 𝑝𝜇
𝜕

𝜕𝑥𝜇
,  

Υ = 𝑝𝜇
𝜕

𝜕𝑝𝜇
 

ℒ = 𝑃𝜇𝜕‾𝑋
𝜇 +

1

2
𝑒𝑃2 

𝑆 = ∫ 
Σ

 𝑃𝜇𝜕‾𝑋
𝜇 +

1

2
𝑒𝑃2 + 𝑏𝜕‾𝑐  

𝑃𝜇(𝑧)𝑋
𝜈(𝜔) =

𝛿𝜇
𝜈

𝑧 − 𝜔
+⋯ , 𝑏(𝑧)𝑐(𝜔) =

1

𝑧 − 𝜔
+⋯  

𝛿(𝑣)𝑋𝜇 = 𝑣𝜕𝑋𝜇, 𝛿(𝑣)𝑃𝜇 = 𝜕(𝑣𝑃𝜇), 𝛿(𝑣)𝑒 = 𝑣𝜕𝑒 − 𝑒𝜕𝑣  

𝒯(𝑣):= ∮d𝑧𝑣(𝑧)𝑇(𝑧)   

𝛿(𝑣)𝑋𝜇 = 𝑣𝑃𝜇, 𝛿(𝑣)𝑃𝜇 = 0, 𝛿(𝑣)𝑒 = 𝜕‾𝑣  

ℋ(𝑣):= ∮  d𝑧𝑣(𝑧)𝐻(𝑧), 𝐻(𝑧) =
1

2
𝑃2(𝑧)  

[𝒯(𝑣1), 𝒯(𝑣2)] = −𝒯([𝑣1, 𝑣2]), [𝒯(𝑣1),ℋ(𝑣2)] = −ℋ([𝑣1, 𝑣2])

[ℋ(𝑣1),ℋ(𝑣2)] = 0
 

𝑄 = ∮d𝑧𝑗(𝑧)   

𝑗(𝑧) = 𝑐(𝑧) (𝑇(𝑧) + 𝑇̃gh(𝑧) +
1

2
𝑇gh(𝑧)) + 𝑐̃(𝑧)𝐻(𝑧) 

𝑒(𝑧) =∑  

𝑎

𝑠𝑎𝜇𝑎(𝑧) 

𝑆̂ = ∫ 
Σ

𝑃𝜇𝜕‾𝑋
𝜇 + 𝑏𝜕‾𝑐 + 𝑄𝑏̃𝐹(𝑒) 

𝐹(𝑒) = 𝑒 −∑  

𝑛−3

𝑎=1

𝑠𝑎𝜇
𝑎 
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𝑄∫ 
Σ

𝑏̃𝐹(𝑒) = ∫ 
Σ

𝜋𝐹(𝑒) + ∫ 
Σ

𝑏̃𝜕‾𝑐̃ − ∑  

𝑛−3

𝑎=1

𝑞𝑎∫ 
Σ

𝑏̃𝜇𝑎 

𝑆̂ = 𝑆 −
1

2
∑  

𝑛−3

𝑎=1

𝑠𝑎∫ 
Σ

𝜇𝑎𝑃2 −∑  

𝑛−3

𝑎=1

∫ 
Σ

𝑞𝑎𝑏̃𝜇
𝑎 

𝑆 = ∫ 
Σ

  (𝑃𝜇𝜕‾𝑋
𝜇 + 𝑏𝜕‾𝑐 + 𝑏̃𝜕‾𝑐̃)  

∏ 

𝑛−3

𝑎=1

 𝛿‾ (∫ 
Σ

  𝜇𝑎(𝑧)𝐻(𝑧))∫ 
Σ

 𝜇𝑎(𝑧)𝑏̃(𝑧)∫ 
Σ

 𝜇𝑎(𝑧)𝑏(𝑧)  

𝑋𝜇(𝑧) = 𝑥𝜇 −∑  

𝑛≠0

𝛼̃𝑛
𝜇

𝑛
𝑧−𝑛 

𝜕𝑋𝜇(𝑧) = ∑  

𝑛≠0

𝛼̃𝑛
𝜇
𝑧−𝑛−1 

𝑃𝜇(𝑧) =∑  

𝑛

𝛼𝑛𝜇𝑧
−𝑛−1 

[𝑃𝜇(𝜎), 𝑋
𝜈(𝜎′)] = −𝑖𝛿𝜇

𝜈𝛿(𝜎 − 𝜎′), [𝑃𝜇(𝜎), 𝑃𝜈(𝜎
′)] = 0, [𝑋𝜇(𝜎), 𝑋𝜈(𝜎′)] = 0  

[𝛼𝑛𝜇, 𝛼̃𝑚
𝜈 ] = −𝑖𝑛𝛿𝜇

𝜈𝛿𝑛+𝑚,0, [𝛼𝑛𝜇 , 𝛼𝑚𝜈] = 0, [𝛼̃𝑛
𝜇
, 𝛼̃𝑚
𝜈 ] = 0 

[𝛼0𝜇, 𝛼̃0
𝜈] = [𝑝𝜇, 𝑥

𝜈] = −𝑖𝛿𝜇
𝜈 

𝛼𝑛|0⟩ = 0, 𝑛 ≥ 0,  and  𝛼̃𝑛|0⟩ = 0, 𝑛 > 0. 

⟨𝑋𝜇(𝑧)𝑃𝜈(𝑤)⟩ =
𝛿𝜈
𝜇

𝑧 − 𝑤
 

◻𝑋cl
𝜇
= 𝐽𝜇 . 
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𝜇
(𝑧) =∑  

𝑛

𝑖=1

𝑘𝑖
𝜇
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2 

𝑃cl(𝑧) =∑  

𝑛

𝑖=1

 
𝑘𝑖

𝑧 − 𝑧𝑖
 

[𝛼𝑛𝜇
(𝑖)
, 𝛼̃𝑚
(𝑗)𝜈
] = −𝑖𝑛𝛿𝑖𝑗𝛿𝜇

𝜈𝛿𝑛+𝑚,0, [𝛼𝑛𝜇
(𝑖)
, 𝛼𝑚𝜈
(𝑗)
] = 0, [𝛼̃𝑛

(𝑖)𝜇
, 𝛼̃𝑚
(𝑗)𝜈
] = 0 

[𝛼0𝜇
(𝑖)
, 𝛼̃0
(𝑗)𝜈
] = [𝑝𝜇

(𝑖)
, 𝑥(𝑗)𝜈] = −𝑖𝛿𝑖𝑗𝛿𝜇

𝜈 

∫ 
Σ

𝜇𝑎(𝑧)𝑏(𝑧) =∑  

𝑛

𝑖=1

∮ d𝑧𝑖𝑣𝑖
𝑎(𝑧𝑖)𝑏

(𝑖)(𝑧)

𝜕𝒟𝑖

  

∏ 

𝑛−3

𝑎=1

𝛿‾(ℋ(𝜈𝑎))𝐛̃(𝜈𝑎)𝐛(𝜈𝑎) 

𝐛(𝜈𝑎) =∑  

𝑛

𝑖=1

  ∮ d𝑧𝑣𝑖
𝑎(𝑧)𝑏(𝑖)(𝑧), 𝐛̃(𝜈𝑎)

𝜕𝒟𝑖

 =∑  

𝑛

𝑖=1

  ∮ d𝑧𝑣𝑖
𝑎(𝑧)𝑏̃(𝑖)(𝑧)

𝜕𝒟𝑖

 

ℋ(𝜈𝑎) =∑  

𝑛

𝑖=1

  ∮ d𝑧𝑣𝑖
𝑎(𝑧)𝐻(𝑖)(𝑧)

𝜕𝒟𝑖
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𝑇(𝑧) =∑  

𝑛

𝐿𝑛𝑧
−𝑛−2, 𝐿𝑛 = ∮d𝑧𝑧

𝑛+1𝑇(𝑧)   

𝐿0 =
1

2
∑  

𝑚>0

(𝛼−𝑚 ⋅ 𝛼̃𝑚 + 𝛼̃−𝑚 ⋅ 𝛼𝑚), 𝐿𝑛 = ∑  

𝑚≠𝑛

𝛼̃𝑛−𝑚 ⋅ 𝛼𝑚. 

𝐻(𝑧) =∑  

𝑛

𝐿̃𝑛𝑧
−𝑛−2 

𝐿̃𝑛 =
1

2
𝜂𝜇𝜈∑ 

𝑚

𝛼𝑚𝜇𝛼𝑛−𝑚𝜈 

𝑐 = ∓3(2𝜆 − 1)2 ± 1 

 

𝑐(𝑧) =∑  

𝑛

𝑐𝑛𝑧
−𝑛+1, 𝑏(𝑧) =∑  

𝑛

𝑏𝑛𝑧
−𝑛−2 

𝑄 =∑  

𝑛

𝑐−𝑛 (𝐿𝑛
(𝑚)

+ 𝐿𝑛
(𝑔)
+ 𝐿̃𝑛

(𝑔)
) +∑  

𝑛

𝑐̃−𝑛𝐿̃𝑛
(𝑚)

 

𝐿𝑛
(𝑔)
=∑ 

𝑚

(𝑛 − 𝑚): 𝑏𝑛+𝑚𝑐−𝑚: −𝛿𝑛,0 

∑ 

𝑛

𝑐−𝑛𝐿𝑛
(𝑚)

= 𝑐0(𝛼−1 ⋅ 𝛼̃1 + 𝛼̃−1 ⋅ 𝛼1) + 𝛼0 ⋅ (𝑐1𝛼̃−1 + 𝑐−1𝛼̃1) + ⋯ 

∑ 

𝑛

𝑐̃−𝑛𝐿̃𝑛
(𝑚)

=
1

2
𝑐̃0𝛼0

2 +
1

2
𝑐̃0𝛼−1 ⋅ 𝛼1 + 𝛼0 ⋅ (𝑐̃−1𝛼1 + 𝑐̃1𝛼−1) + ⋯ 

𝑄 =𝑐0ℒ0 +
1

2
𝑐̃0𝛼0

2 +
1

2
𝑐̃0𝛼−1 ⋅ 𝛼1 + 𝛼0 ⋅ (𝑐1𝛼̃−1 + 𝑐−1𝛼̃1 + 𝑐̃−1𝛼1 + 𝑐̃1𝛼−1)

 −2𝑏0𝑐−1𝑐1 + 2𝑏̃0(𝑐1𝑐̃−1 + 𝑐̃1𝑐−1) + 𝑐̃0(𝑐−1𝑏̃1 + 𝑐1𝑏̃−1) + ⋯
 

ℒ0 = (𝛼−1 ⋅ 𝛼̃1 + 𝛼̃−1 ⋅ 𝛼1) + (𝑏−1𝑐1 + 𝑐−1𝑏1 − 1) + (𝑏̃−1𝑐̃1 + 𝑐̃−1𝑏̃1 − 1) + ⋯  

⟨Σ|𝐵(𝜈)|𝑉𝑖⟩… |𝑉𝑛⟩,  

|𝑉⟩ = lim
𝑡→0
 𝑉(𝑡)|0⟩  

𝑉(𝑧) = 𝑐(𝑧)𝑐̃(𝑧)𝜀𝜇𝜈𝑃𝜇(𝑧)𝑃𝜈(𝑧)𝑒
𝑖𝑘⋅𝑋(𝑧)  

|𝑉⟩ = 𝑐1𝑐̃1𝜀𝜇𝜈𝛼−1
𝜇
𝛼−1
𝜈 |𝑘⟩  

𝑀𝑛 = ∫  
ℳ𝑛

⟨Σ|𝐵(𝜈)|𝑉1⟩ … |𝑉𝑛⟩ 

⟨Σ| = ∫  d𝑛𝑝⟨𝑝𝑛|𝛿 (∑  𝑝(𝑖)) 𝑒
𝑊𝒵  

𝑉𝑋,𝑃(𝑧1 , … 𝑧𝑛) =∑  

𝑖,𝑗

 ∮ d𝑡𝑖
0

 ∮ d𝑡𝑗
𝑋(𝑡𝑖) ⋅ 𝑃(𝑡𝑗)

ℎ𝑖(𝑡𝑖) − ℎ𝑗(𝑡𝑗)
0

 

𝑉gh(𝑧1, … 𝑧𝑛) =∑  

𝑖,𝑗

∮ d𝑡𝑖
0

 ∮ d𝑡𝑗
0

 
𝑏(𝑡𝑖)𝑐(𝑡𝑗)

ℎ𝑖(𝑡𝑖) − ℎ𝑗(𝑡𝑗)
+∑  

𝑖,𝑗

 ∮ d𝑡𝑖
0

 ∮ d𝑡𝑗
0

𝑏̃(𝑡𝑖)𝑐(𝑡𝑗)

ℎ𝑖(𝑡𝑖) − ℎ𝑗(𝑡𝑗)
 

 

𝒵 = ∏  

+1

𝑟=−1

𝑍𝑟 ∏  

+1

𝑟=−1

𝑍𝑟 
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𝑍𝑟 =∑  

𝑛

𝑖=1

  ∑  

∞

𝑚=−1

 ℳ𝑟𝑚(𝑧𝑖)𝑏𝑚
𝑖  

ℳ𝑛𝑚(𝑧𝑖) = ∮
 d𝑡𝑖
2𝜋𝑖

𝑡𝑖
−𝑚−2(ℎ𝑖

′(𝑡))−1(ℎ𝑖(𝑡))
𝑛+1

𝑡𝑖=0

 

𝑉𝑋,𝑃 = ∑  

𝑚,𝑛≥0

 ∑  

𝑖,𝑗

 𝒮𝑚𝑛(𝑧𝑖 , 𝑧𝑗)𝛼̃𝑚
(𝑖)
⋅ 𝛼𝑛

(𝑗)

 

𝑉gh =∑  

𝑖,𝑗

∑  
𝑛≥2
𝑚≥−1

𝒦𝑛𝑚(𝑧𝑖 , 𝑧𝑗)𝑐𝑛
(𝑖)
𝑏𝑚
(𝑗)
+∑  

𝑖,𝑗

∑  
𝑛≥2
𝑚≥−1

𝒦𝑛𝑚(𝑧𝑖 , 𝑧𝑗)𝑐̃𝑛
(𝑖)
𝑏̃𝑚
(𝑗)
. 

𝒮𝑚𝑛(𝑧𝑖 , 𝑧𝑗) = ∮
d𝑡𝑖
2𝜋𝑖

  ∮
 d𝑡𝑗

2𝜋𝑖
ℎ𝑖
′(𝑡𝑖)𝑡𝑖

−𝑚𝑡𝑗
−𝑛−1

1

ℎ𝑖(𝑡𝑖) − ℎ𝑗(𝑡𝑗)
   

𝒦𝑛𝑚(𝑧𝑖 , 𝑧𝑗) = −∮
d𝑡𝑖
2𝜋𝑖

  ∮
 d𝑡𝑗

2𝜋𝑖
𝑡𝑖
−𝑛+1𝑡𝑗

−𝑚−2(ℎ𝑖
′(𝑡𝑖))

2
(ℎ𝑗

′(𝑡𝑗))
−1 1

ℎ𝑖(𝑡𝑖) − ℎ𝑗(𝑡𝑗)
   

Ω|𝑉⃗⃗⃗⟩(𝑣⃗) = ⟨Σ|𝐵𝑛−3(𝑣⃗)|𝑉⃗⃗⟩  

𝐵𝑛−3(𝑣⃗) =∏  

𝑛−3

𝑎=1

  𝐛̃(𝜈𝑎)∏  

𝑛−3

𝑎=1

 𝐛(𝜈𝑎)∏  

𝑛−3

𝑎=1

  𝛿‾(ℋ(𝜈𝑎))  

⟨𝑉(𝑧1), … , 𝑉(𝑧𝑛)⟩ = ∫  
ℳ𝑛

 Ω|𝑉⃗⃗⃗⟩(𝑣⃗)  

⟨Σ|𝛼−1
(𝑖)
= ∫  d𝑛𝑝⟨𝑝𝑛|𝛿 (∑ 𝑝(𝑗)) 𝑒

𝑊∑ 

𝑗≠𝑖

∑ 

𝑛≥0

𝒮1𝑛(𝑧𝑖 , 𝑧𝑗)𝛼𝑛
(𝑗)
𝒵 

∑ 

𝑗≠𝑖

∑ 

𝑛≥0

𝒮1𝑛(𝑧𝑖 , 𝑧𝑗)𝛼𝑛
(𝑗)
|𝑘𝑗⟩ =∑  

𝑗≠𝑖

𝑘𝑗

𝑧𝑖 − 𝑧𝑗
|𝑘𝑗⟩ 

𝛼−1
(𝑖)
→∑ 

𝑗≠𝑖

𝑘𝑗

𝑧𝑖 − 𝑧𝑗
 

𝑃cl(𝑧) =∑  

𝑗

 
𝑘𝑗

𝑧 − 𝑧𝑗
,  

∏ 

𝑛−3

𝑎=1

𝛿‾(ℋ(𝜈𝑎))𝐛̃(𝜈𝑎)𝐛(𝜈𝑎) 

⟨Σ|𝛼−𝑚
(𝑖)
𝛼−𝑛
(𝑖)
= ∫  d𝑛𝑝⟨𝑝𝑛|𝛿 (∑  𝑝(𝑗)) 𝑒

𝑊𝐴−𝑚
(𝑖)
𝐴−𝑛
(𝑖)
𝒵  

𝐴−𝑚
(𝑖)

≡ 𝛼−𝑚
(𝑖)
+∑  

𝑗≠𝑖

∑ 

𝑛≥0

𝒮𝑚𝑛(𝑧𝑖 , 𝑧𝑗)𝛼𝑛
(𝑗)

 

𝑧𝑖 → 𝑧𝑖 + 𝑣𝑖
𝑎𝛿𝜏𝑎 

ℋ(𝜈𝑎) =∑  

𝑛

𝑖=1

∮    d𝑧𝐻(𝑖)(𝑧)𝛿𝑖
𝑎 = 𝐿̃−1

(𝑎)
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⟨Σ|𝐿̃−1
(𝑎)
 = ∑  

𝑛≥0

  ⟨Σ|𝛼𝑛
(𝑎)
⋅ 𝛼−𝑛−1

(𝑎)

 = ∫  d𝑛𝑝⟨𝑝𝑛|𝛿 (∑ 𝑝(𝑗))∑  

𝑛≥0

 𝛼𝑛
(𝑎)
⋅ (∑  

𝑗≠𝑎

  ∑  

𝑚≥0

 𝒮1+𝑛,𝑚(𝑧𝑎 , 𝑧𝑗)𝛼𝑚
(𝑗)
)𝑒𝑊𝒵,

 

∑ 

𝑛≥0

 𝛼𝑛
(𝑎)
⋅ (∑  

𝑗≠𝑎

 ∑  

𝑚≥0

 𝒮1+𝑛,𝑚(𝑧𝑎 , 𝑧𝑗)𝛼𝑚
(𝑗)
) |𝑘1⟩ … |𝑘𝑛⟩ = ∑  

𝑗≠𝑎

 
𝑘𝑎 ⋅ 𝑘𝑗

𝑧𝑎 − 𝑧𝑗
|𝑘1⟩… |𝑘𝑛⟩

 = 𝑘𝑎 ⋅ 𝑃cl(𝑧𝑎)|𝑘1⟩… |𝑘𝑛⟩

 

∫  d𝑛𝑝𝛿 (∑ 𝑝𝑗) ⟨𝑝1| … ⟨𝑝𝑛|𝑒
𝑉𝑋,𝑃∏ 

𝑛−3

𝑎=1

𝛿‾ (𝐿̃−1
(𝑎)
) |𝑘1⟩ … |𝑘𝑛⟩ = 𝛿 (∑ 𝑘𝑖)∏ 

𝑛−3

𝑎=1

(𝑘𝑎 ⋅ 𝑃cl(𝑧𝑎)) 

∫  
ℳ𝑛

Ω|Ψ⃗⃗⃗⃗⟩(𝑣⃗) = ∫  
ℳ𝑛

⟨Σ|∏  

3

𝑖=1

𝑐1
(𝑖)
𝑐̃1
(𝑖)
𝜖𝑖
𝜇𝜈
𝛼−1𝜇
(𝑖)
𝛼−1𝜈
(𝑖)

∏ 

𝑛

𝑖=4

𝛿‾(𝑘 ⋅ 𝑃cl)𝜖𝑖
𝜇𝜈
𝛼−1𝜇
(𝑖)
𝛼−1𝜈
(𝑖) |𝑘1⟩… |𝑘𝑛⟩, 

𝑀𝑁 = 𝛿
𝐷 (∑ 𝑘𝑖)∫  

ℳ𝑁

   d𝑁−3𝑧𝑖
1

 d𝜔
∏  

𝑁

𝑖=1

  𝜖𝑖
𝜇𝜈
𝑃cl𝜇𝑃cl𝜈∏ 

′

𝑖

  𝛿‾(𝑘𝑖 ⋅ 𝑃cl(𝑧𝑖))  

∏ 

′

𝑖

𝛿‾(𝑘𝑖 ⋅ 𝑃cl(𝑧𝑖)) =
1

 d𝜔
∏  

𝑁

𝑖=4

𝛿‾(𝑘𝑖 ⋅ 𝑃cl(𝑧𝑖)) 

 

𝑆0 + {𝑄,𝒲} 

𝑆0 = ∫  𝑃𝜇𝜕‾𝑋
𝜇 + 𝑏𝜕‾𝑐 + 𝑏̃𝜕‾𝑐̃ 

𝑀𝑛 = ∫  
Γ⊂𝑇∗ℳ

  Ω̃|𝑉⃗⃗⃗⟩(𝑢, 𝑢̃)  

 

Ω̃|𝑉⃗⃗⃗⟩(𝑢, 𝑢̃) = ⟨𝑒
−{𝑄,𝐛(𝑢)+𝐛̃(𝑢,𝑢̃)}𝑉1…𝑉𝑛⟩𝑆0

 

 

𝑀𝑛 =∑  

𝜏∗

⟨∏  

𝑛−3

𝑎=1

 𝐛(𝑣𝑎)∏  

𝑛−3

𝑎=1

  𝐛̃(𝑣𝑎)(detΦ)
−1𝑉1…𝑉𝑛⟩

𝑆0

 

𝑀𝑛 = ∫  
ℳ

⟨Σ|𝐵𝑛−3|𝑉1⟩ … |𝑉𝑛⟩ 

𝑀𝑛 =∑  

𝜏∗

⟨Σ∗|∏  

𝑛−3

𝑎=1

𝐛(𝑣𝑎
∗)∏  

𝑛−3

𝑎=1

𝐛̃(𝑣𝑎
∗)(detΦ)−1|𝑉1⟩ … |𝑉𝑛⟩ 

𝑀𝑛 = ∫  
Γ⊂𝑇∗ℳ

⟨Σ̃‖𝑉1⟩… |𝑉𝑛⟩ 

𝑆[Ψ] = ⟨Ψ|𝑄|Ψ⟩ +
𝑔

3!
⟨Σ3||Ψ⟩|Ψ⟩|Ψ⟩  

𝑏0
𝐿0
= 𝑏0∫  

∞

0

 d𝜏𝑒−𝜏𝐿0  

𝑆[Ψ] = ⟨Ψ|𝑐0𝑄|Ψ⟩ +∑  

𝑛>2

 
1

𝑛!
{Ψ𝑛}  

|[Ψ1, … ,Ψ𝑛]⟩ =∑  

𝑟

𝑏0
(𝑟)|𝜙𝑟⟩{𝜙𝑟 , Ψ1, … ,Ψ𝑛} 
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𝑄|Ψ⟩ +∑  

𝑛>2

1

𝑛!
|[Ψ1, … ,Ψ𝑛]⟩ = 0 

𝑄[Ψ1, … ,Ψ𝑛]+∑  

𝑛

𝑖=1

  (−1)|Ψ1|+⋯+|Ψ𝑖−1|[Ψ1, … , 𝑄Ψ𝑖 , … ,Ψ𝑛]  

 + ∑  
{𝑖ℓ,𝑗𝑘},𝑙,𝑘

 𝜎(𝑖ℓ, 𝑗𝑘) [Ψ𝑖1 , … ,Ψ𝑖ℓ , [Ψ𝑗1 , . . , Ψ𝑗𝑘]]

 

𝛿|Ψ⟩ = 𝑄|Λ⟩ +∑  

𝑛

1

𝑛!
|[Λ,Ψ1, … ,Ψ𝑛]⟩, 

𝑏̃0|Ψ⟩ = 0. 

⟨Ψ|𝑐0𝑄|Ψ⟩ = ⟨Ψ|𝑐0𝑐̃0𝐿̃0|Ψ⟩, 

𝛿(ℒ0)

𝐿̃0
𝑏̃0𝑏0|ℛ𝐿𝑅⟩  

{Ψ𝑛} = ∫  
𝒱𝑛

Ω|Ψ⃗⃗⃗⃗⟩(𝜈) 

|Ψ⟩ = 𝜀𝜇𝜈𝛼−1
𝜇
𝛼−1
𝜈 𝑐1𝑐̃1|𝑘⟩, 

|Ψ⟩ = ∫  d𝑘 (−
1

2
ℎ𝜇𝜈(𝑘)𝛼−1

𝜇
𝛼−1
𝜈 𝑐1𝑐̃1 +⋯) |𝑘⟩,  

|Λ⟩ = 𝑖 ∫   d𝑘𝜆𝜇(𝑘)𝛼−1
𝜇
𝑐1|𝑘⟩. 

𝑄|Λ⟩ = ∫  d𝑘 (
𝑖

2
𝑐̃0𝑐1𝛼0

2𝜆𝜇(𝑘)𝛼−1
𝜇
+ 𝑖𝑐̃1𝑐1𝛼0𝜇𝜆𝜈(𝑘)𝛼−1

𝜇
𝛼−1
𝜈 + 𝑖𝑐−1𝑐1𝛼0

𝜇
𝜆𝜇(𝑘)) |𝑘⟩. 

|Ψ⟩ = ∫  d𝑘 (−
1

2
ℎ𝜇𝜈(𝑘)𝛼−1

𝜇
𝛼−1
𝜈 𝑐1𝑐̃1 +

1

2
𝑒(𝑘)𝑐−1𝑐1 + 𝑖𝑓𝜇(𝑘)𝛼−1

𝜇
𝑐̃0𝑐1) |𝑘⟩.  

𝛿ℎ𝜇𝜈(𝑥) = 𝜕𝜇𝜆𝜈(𝑥) + 𝜕𝜈𝜆𝜇(𝑥), 𝛿𝑓𝜇(𝑥) = −
1

2
◻ 𝜆𝜇(𝑥), 𝛿𝑒(𝑥) = 2𝜕

𝜇𝜆𝜇(𝑥)  

𝑒(𝑥) = 𝜂𝜇𝜈ℎ𝜇𝜈(𝑥)  

Ψ(𝑧) = ∫  d𝑘 (−
1

2
ℎ𝜇𝜈(𝑘)𝑃

𝜇𝑃𝜈𝑐𝑐̃ +
1

2
𝑒(𝑘)𝜕2𝑐𝑐 + 𝑖𝑓𝜇(𝑘)𝑃

𝜇𝜕𝑐̃𝑐) 𝑒𝑖𝑘⋅𝑋  

|Ψ⟩ = lim
𝑧→0
 Ψ(𝑧)|0⟩ 

𝛿Ψ(𝑧) = ∮   𝒞d𝜔𝑗(𝜔)Ψ(𝑧) 

𝑆2[Ψ] = ⟨Ψ|𝑐0𝑄|Ψ⟩ = ⟨𝑅𝐿𝑅|𝑐0𝑄|Ψ𝐿⟩|Ψ𝑅⟩.  

ℒ0|Ψ⟩ = 0, 𝑏0|Ψ⟩ = 0 

∫  d𝑘⟨−𝑘| (−
1

2
ℎ𝜇𝜈(𝑘)𝛼1

𝜇
𝛼1
𝜈𝑐−1𝑐̃−1 +

1

2
𝑒(𝑘)𝑐1𝑐−1 − 𝑖𝑓𝜇(𝑘)𝛼1

𝜇
𝑐̃0𝑐−1) 

⟨Ψ| = ∫  d𝑘⟨−𝑘| (−
1

2
ℎ𝜇𝜈(𝑘)𝛼̃1

𝜇
𝛼̃1
𝜈𝑐̃−1𝑐−1 +

1

2
𝑒(𝑘)𝑐̃1𝑐̃−1 − 𝑖𝑓𝜇(𝑘)𝛼̃1

𝜇
𝑐̃0𝑐̃−1) 

⟨𝑘′|𝑐̃−1𝑐̃0𝑐̃1𝑐−1𝑐0𝑐1|𝑘⟩ = 𝛿(𝑘 − 𝑘
′) 
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𝑆2[Ψ] =∫  d𝑘 (−
1

4
ℎ𝜇𝜈(−𝑘)𝑘

2ℎ𝜇𝜈(𝑘) + 2𝑖ℎ𝜇𝜈(−𝑘)𝑘
𝜇𝑓𝜈(𝑘) +

1

8
𝑒(−𝑘)𝑘2𝑒(𝑘) 

−𝑖𝑒(−𝑘)𝑘𝜇𝑓𝜇(𝑘) − 2𝑓𝜇(−𝑘)𝑓
𝜇(𝑘))

 

𝑆2[ℎ, 𝑒] = ∫  d𝑥 (
1

4
ℎ𝜇𝜈 ◻ ℎ

𝜇𝜈 + 2ℎ𝜇𝜈𝜕
𝜇𝑓𝜈 −

1

8
𝑒 ◻ 𝑒 − 𝑒𝜕𝜇𝑓𝜇 − 2𝑓𝜇𝑓

𝜇)  

𝑓𝜇 = −
1

2
(𝜕𝜈ℎ𝜇𝜈 −

1

2
𝜕𝜇𝑒) .  

𝑆2[ℎ] = ∫  d𝑥 (
1

4
ℎ𝜇𝜈 ◻ ℎ

𝜇𝜈 +
1

2
(𝜕𝜈ℎ𝜇𝜈)(𝜕𝜆ℎ

𝜇𝜆) +
1

2
ℎ𝜕𝜇𝜕𝜈ℎ

𝜇𝜈 −
1

4
ℎ ◻ ℎ) ,  

Ω|Ψ⃗⃗⃗⃗⟩(𝜈) = ⟨Σ|𝐛(𝜈1)…𝐛(𝜈2𝑛−6)|Ψ⃗⃗⃗⃗⟩,  

𝐛(𝜈𝑎) =∑  

𝑛

𝑖=1

(∮    d𝑧𝑏(𝑖)(𝑧)𝑣𝑖
𝑎(𝑧) + ∮   d𝑧‾𝑏‾ (𝑖)(𝑧‾)𝑣‾𝑖

𝑎(𝑧‾)) 

 

 

Ω|Ψ⃗⃗⃗⃗⟩(𝜈) = ⟨Σ|𝐵𝑛−3(𝜈)|Ψ⃗⃗⃗⃗⟩  

𝒩𝑛 →
𝜋 
ℳ𝑛, 

∫  
ℳ𝑛

 Ω|Ψ⃗⃗⃗⃗⟩(𝜈)  

𝛿𝜈⃗⃗⃗⟨Σ| = ⟨Σ|𝒯(𝜈) + ⟨Σ|ℋ(𝜈), 

𝛿𝜈⃗⃗⃗⟨Σ|𝛿(ℋ(𝜈)) = ⟨Σ|𝒯(𝜈)𝛿(ℋ(𝜈)), 

 

 

{Ψ𝑛} = ∫  
𝒱𝑛

 Ω|Ψ⃗⃗⃗⃗⟩(𝜈)  

{Ψ𝑛} = ∫  
Γ𝜈𝑛

  Ω̃|Ψ⃗⃗⃗⃗⟩(𝜈),  
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𝑆2[Ψ] = ⟨ℛ𝐿𝑅|𝑐0𝑐̃0𝐿̃0|Ψ𝐿⟩|Ψ𝑅⟩ 

𝑏̃0𝑏0
𝛿(𝐿0 − 2)

𝐿̃0
|ℛ𝐿,𝑅⟩, 

∫  d𝑠 d𝑠̃𝑏0𝑏̃0𝑒
−{𝑄,𝑠𝑏0+𝑠̃𝑏̃0}|ℛ𝐿,𝑅⟩  

𝑏̃0𝑏0

𝐿̃0𝐿0
|ℛ𝐿,𝑅⟩. 

𝑏̃0𝑏0

𝐿̃0
|ℛ𝐿,𝑅⟩ 

𝑀𝑛
Γ𝒟𝑛= ∫  

𝒟𝑛

 ∏  

𝑛−3

𝑎=1

  d𝜏𝑎⟨Σ𝑛|∏  

𝑛−3

𝑎=1

  𝐛̃(𝜈𝑎)𝐛(𝜈𝑎)𝛿‾(ℋ(𝜈𝑎))|Ψ⃗⃗⃗⃗𝑛⟩ 

 = ∫  
Γ𝒟𝑛⊂𝑇

∗𝒟𝑛

  ⟨𝑒−{𝑄,𝐛}𝑒−{𝑄,𝐛̃}Ψ⃗⃗⃗⃗𝑛⟩𝑆0

 

 

𝑀𝑛
ℛ1 = ∑  

𝜎,{𝑛𝐿,𝑛𝑅}

∫  
Γ𝐿∈𝑇

∗ℳ𝐿

∫  
Γ𝑅∈𝑇

∗ℳ𝑅

∫   d𝑠 d𝑠̃⟨Σ̃𝐿|⟨Σ̃𝑅|𝑒
−{𝑄,𝑠𝑏0+𝑠̃𝑏̃0}|ℛ𝐿,𝑅⟩|Ψ⃗⃗⃗⃗𝐿⟩|Ψ⃗⃗⃗⃗𝑅⟩ 

𝑀𝑛
ℛ1 = ∑  

𝜎,{𝑛𝐿,𝑛𝑅}

 ∫  
Γℛ1

  ∑  

Φ𝐿,Φ𝑅

  ⟨𝑒−{𝑄,𝐛(𝑢𝐿)}𝑒−{𝑄,𝐛̃(𝑢𝐿,𝑢̃𝐿)}Ψ⃗⃗⃗⃗𝐿Φ𝐿⟩𝑆0

 × ⟨Φ𝐿|𝑒
−{𝑄,𝑠𝑏0+𝑠̃𝑏̃0}|Φ𝑅⟩⟨𝑒

−{𝑄,𝐛(𝑢𝑅)}𝑒−{𝑄,𝐛̃(𝑢𝑅,𝑢̃𝑅)}Φ𝑅 Ψ⃗⃗⃗⃗𝑅⟩𝑆0
,

 

𝑀𝑛
ℛ1 = ∑  

𝜎,{𝑛𝐿,𝑛𝑅}

 ∫  
Γℛ1

  ⟨𝑒−{𝑄,𝐛(𝑢)}𝑒−{𝑄,𝐛̃(𝑢,𝑢̃)}Ψ⃗⃗⃗⃗,𝑛⟩𝑆0  

𝑀𝑛
Γ𝒟𝑛 +𝑀𝑛

ℛ1 +𝑀𝑛
ℛ2 +⋯ = ∫  

Γ𝑛

⟨𝑒−{𝑄,𝐛(𝑢)}𝑒−{𝑄,𝐛̃(𝑢,𝑢̃)}Ψ⃗⃗⃗⃗𝑛⟩𝑆0
 

 

𝑆 = ∫ 
Σ

𝑃𝜇𝜕‾𝑋
𝜇 + 𝑏𝜕‾𝑐 + 𝑏̃𝜕‾𝑐̃ + 𝜂𝜇𝜈𝜓

𝜇𝜕‾𝜓𝜈 + 𝜂𝜇𝜈𝜓̃
𝜇𝜕‾𝜓̃𝜈 + 𝜒𝑃𝜇𝜓

𝜇 + 𝜒𝑃𝜇𝜓̃
𝜇 

 

𝑆 = ∫ 
Σ

 𝑃𝜇𝜕‾𝑋
𝜇 + 𝜂𝜇𝜈𝜓

𝜇𝜕‾𝜓𝜈 + 𝜂𝜇𝜈𝜓̃
𝜇𝜕‾𝜓̃𝜈 + 𝑏𝜕‾𝑐 + 𝑏̃𝜕‾𝑐̃ + 𝛽𝜕‾𝛾 + 𝛽̃𝜕‾𝛾̃  

𝜓𝜇(𝑧)𝜓𝜈(𝜔) =
𝜂𝜇𝜈

𝑧 − 𝜔
+⋯ , 𝛽(𝑧)𝛾(𝜔) =

1

𝑧 − 𝜔
+⋯ 

𝛿𝜖𝑋
𝜇 = 𝜖𝜓𝜇, 𝛿𝜖𝜓

𝜇 = 𝜖𝑃𝜇, 𝛿𝜖𝜓̃
𝜇 = 0, 𝛿𝜖𝑃𝜇 = 0 

𝛿𝜖𝑋
𝜇 = 𝜖𝜓̃𝜇, 𝛿𝜖𝜓

𝜇 = 0, 𝛿𝜖𝜓̃
𝜇 = 𝜖𝑃𝜇, 𝛿𝜖𝑃𝜇 = 0 

𝒢(𝜀) = ∮   d𝑧𝜀(𝑧)𝐺(𝑧) 

[𝒯(𝑣1), 𝒯(𝑣2)] = −𝒯([𝑣1, 𝑣2]),[𝒯(𝑣1),ℋ(𝑣2)] = −ℋ([𝑣1, 𝑣2]),

[𝒯(𝑣), 𝒢(𝜀)] = −𝒢([𝑣, 𝜀]),[𝒯(𝑣), 𝒢̃(𝜀)] = −𝒢̃([𝑣, 𝜀]),

[𝒢(𝜀1), 𝒢(𝜀2)] = −ℋ([𝜀1, 𝜀2]),[𝒢̃(𝜀1), 𝒢̃(𝜀2)] = −ℋ([𝜀1, 𝜀2]),

 

𝜓𝜇(𝑧) = ∑  

𝑟∈ℤ+
1
2

𝜓𝑟
𝜇
𝑧−𝑟−

1
2, 𝐺(𝑧) = ∑  

𝑟∈ℤ+
1
2

𝐺𝑟𝑧
−𝑟−

3
2 

𝐺𝑟 =∑  

𝑛∈ℤ

𝛼𝑛𝜇𝜓𝑟−𝑛
𝜇
, 𝐺̃𝑟 =∑  

𝑛∈ℤ

𝛼𝑛𝜇𝜓̃𝑟−𝑛
𝜇
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[𝐿𝑚, 𝐿𝑛] = (𝑚 − 𝑛)𝐿𝑚+𝑛 + 𝛿𝑚+𝑛,0
𝐷

6
𝑚(𝑚2 − 1), [𝐿𝑚, 𝐿̃𝑛] = (𝑚 − 𝑛)𝐿̃𝑚+𝑛, [𝐿̃𝑚, 𝐿̃𝑛] = 0

[𝐿𝑚, 𝐺𝑟] =
(𝑚 − 2𝑟)

2
𝐺𝑚+𝑟 , [𝐿𝑚, 𝐺̃𝑟] =

(𝑚 − 2𝑟)

2
𝐺̃𝑚+𝑟

{𝐺𝑟 , 𝐺𝑠} = 2𝐿̃𝑟+𝑠 , {𝐺𝑟 , 𝐺̃𝑠} = 0, {𝐺̃𝑟, 𝐺̃𝑠} = 2𝐿̃𝑟+𝑠.

 

𝑆 = −
1

2𝜋
∫   d2𝑧𝜕𝛼𝑋

𝜇𝜕𝛼𝑋‾𝜇 − 𝑖𝜓‾𝜌
𝛼𝜕𝛼𝜓 

[𝛼𝑚
𝜇
, 𝛼‾𝑛
𝜈] = 𝑚𝛿𝑚+𝑛𝜂

𝜇𝜈 , [𝛼𝑚
𝜇
, 𝛼𝑛
𝜈] = 0, [𝛼‾𝑚

𝜇
, 𝛼‾𝑛
𝜈] = 0 

𝑄 = ∮  d𝑧𝑗(𝑧)  

𝑗(𝑧) = 𝑐(𝑇𝑚 + 𝑇𝛽𝛾 + 𝑇̃𝛽𝛾) + 𝛾𝐺 + 𝛾̃𝐺̃ + 𝑏𝑐𝜕𝑐 + 𝑏̃𝑐̃𝜕𝑐̃ +
1

2
𝛾2𝑏̃ +

1

2
𝛾̃2𝑏̃ + 𝑐̃𝐻, 

𝑄 =𝑐0ℒ0 +
1

2
𝑐̃0𝛼0

2 +
1

2
𝑐̃0𝛼−1 ⋅ 𝛼1 + 𝛼0 ⋅ (𝑐1𝛼̃−1 + 𝑐−1𝛼̃1 + 𝑐̃−1𝛼1 + 𝑐̃1𝛼−1)

−2𝑏0𝑐−1𝑐1 + 2𝑏̃0(𝑐1𝑐̃−1 + 𝑐̃−1𝑐−1) + 𝑐̃0(𝑐−1𝑏̃1 + 𝑐1𝑏̃−1)  

+𝛾
−
1
2
𝛼0 ⋅ 𝜓1

2
+ 𝛾1

2
𝛼0 ⋅ 𝜓−1

2
+ 𝛾̃

−
1
2
𝛼0 ⋅ 𝜓̃1

2
+ 𝛾̃1

2
𝛼0 ⋅ 𝜓̃−1

2
 

 −2𝑏̃0 (𝛾−1
2
𝛾1
2
+ 𝛾̃

−
1
2
𝛾̃1
2
) +⋯

 

ℒ0|Ψ⟩ = 0, 𝑏0|Ψ⟩ = 0 

ℒ0 =(𝛼−1 ⋅ 𝛼̃1 + 𝛼̃−1 ⋅ 𝛼1) +
1

2
(𝜓

−
1
2
⋅ 𝜓1

2
+ 𝜓̃

−
1
2
⋅ 𝜓̃1

2
) + (𝑏−1𝑐1 + 𝑐−1𝑏1) + (𝑏̃−1𝑐̃1 + 𝑐̃−1𝑏̃1)

 −
1

2
(𝛾
−
1
2
𝛽1
2
− 𝛽

−
1
2
𝛾1
2
) −

1

2
(𝛾̃
−
1
2
𝛽̃1
2
− 𝛽̃

−
1
2
𝛾̃1
2
) − 1

 

𝛽 = 𝜕𝜉𝑒−𝜙, 𝛾 = 𝜂𝑒𝜙 , 𝛽̃ = 𝜕𝜉𝑒−𝜙̃ , 𝛾̃ = 𝜂̃𝑒𝜙̃ 

ℒ0|Ψ⟩ = 0, 𝑏0|Ψ⟩ = 0, 𝜂0|Ψ⟩ = 0, 𝜂̃0|Ψ⟩ = 0 

Ψ(𝑧) = ∫  d𝑘(𝐸𝜇𝜈(𝑘)𝜓
𝜇𝜓̃𝜈𝑒−𝜙−𝜙̃𝑐𝑐̃ + ⋯)𝑒𝑖𝑘⋅𝑋  

Λ(𝑧) = −∫  d𝑘(𝑖𝜆𝜇(𝑘)𝜓
𝜇𝜕𝜉𝑒−2𝜙̃−𝜙 − 𝑖𝜆̃𝜇(𝑘)𝜓̃

𝜇𝜕𝜉𝑒−2𝜙−𝜙̃ +Ω(𝑘)𝜕𝑐̃𝜕𝜉𝜕𝜉𝑒−2𝜙−2𝜙̃)𝑐𝑐̃𝑒𝑖𝑘⋅𝑋 

 

𝛿Ψ(𝑧) = ∮ d𝜔𝑗(𝜔)Λ(𝑧)

𝑧

  

𝜉(𝑧)𝜂(𝜔) =
1

𝑧 − 𝜔
+⋯ , 𝑒ℓ1𝜙(𝑧)𝑒ℓ2𝜙(𝜔) = (𝑧 − 𝜔)−ℓ1ℓ2𝑒(ℓ1+ℓ2)𝜙(𝜔) +⋯  

Ψ(𝑧) = ∫  d𝑘(𝐸𝜇𝜈(𝑘)𝜓
𝜇𝜓̃𝜈𝑒−𝜙−𝜙̃ + 2𝑒(𝑘)𝜂𝜕𝜉𝑒−2𝜙̃ + 2𝑒̃(𝑘)𝜂̃𝜕𝜉𝑒−2𝜙

 +𝑖𝑓𝜇(𝑘)𝜓
𝜇𝜕𝜉𝑒−2𝜙̃−𝜙𝜕𝑐̃ + 𝑖𝑓𝜇(𝑘)𝜓̃

𝜇𝜕𝜉𝑒−2𝜙−𝜙̃𝜕𝑐̃)𝑐𝑐̃𝑒𝑖𝑘⋅𝑋
 

𝛿𝐸𝜇𝜈(𝑘) = 𝑖𝑘𝜇𝜆̃𝜈(𝑘) + 𝑖𝑘𝜈𝜆𝜇(𝑘) 𝛿𝑒(𝑘) = −
𝑖

2
𝑘𝜇𝜆𝜇(𝑘) + Ω(𝑘), 𝛿𝑒̃(𝑘) =

𝑖

2
𝑘𝜇 𝜆̃𝜇(𝑘) + Ω(𝑘)

𝛿𝑓𝜇(𝑘) =
1

2
𝑘2𝜆𝜇(𝑘) + 𝑖𝑘𝜇Ω(𝑘), 𝛿𝑓𝜇(𝑘) = −

1

2
𝑘2𝜆̃𝜇(𝑘) + 𝑖𝑘𝜇Ω(𝑘)

 

𝛿𝐸𝜇𝜈(𝑥) = 𝜕𝜇𝜆̃𝜈(𝑥) + 𝜕𝜈𝜆𝜇(𝑥) 𝛿𝑒(𝑥) = −
1

2
𝜕𝜇𝜆𝜇(𝑥) + Ω(𝑥), 𝛿𝑒̃(𝑥) =

1

2
𝜕𝜇𝜆̃𝜇(𝑥) + Ω(𝑥)

𝛿𝑓𝜇(𝑥) = −
1

2
◻ 𝜆𝜇(𝑥) + 𝜕𝜇Ω(𝑥), 𝛿𝑓𝜇(𝑥) =

1

2
◻ 𝜆̃𝜇(𝑥) + 𝜕𝜇Ω(𝑥),

 

𝛿𝑓𝜇(𝑥) =
1

2
𝜕𝜈(𝛿𝐸𝜈𝜇(𝑥)) + 𝜕𝜇(𝛿𝑒(𝑥)), 𝛿𝑓𝜇(𝑥) = −

1

2
𝜕𝜈(𝛿𝐸𝜇𝜈(𝑥)) + 𝜕𝜇(𝛿𝑒̃(𝑥)) 
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|Ψ⟩ =∫  d𝑘 (𝐸𝜇𝜈(𝑘)𝜓
−
1
2

𝜇
𝜓̃
−
1
2

𝜈 + 2𝑒(𝑘)𝛾
−
1
2
𝛽̃
−
1
2
+ 2𝑒̃(𝑘)𝛾̃

−
1
2
𝛽
−
1
2
 

+𝑖𝑓𝜇(𝑘)𝜓
−
1
2

𝜇
𝛽̃
−
1
2
𝑐̃0 + 𝑖𝑓𝜇(𝑘)𝜓̃

−
1
2

𝜇
𝛽
−
1
2
𝑐̃0) 𝑐1𝑐̃1| − 1, −1, 𝑘⟩

 

⟨Ψ| =∫  d𝑘⟨−1,−1,−𝑘|𝑐−1𝑐̃−1 (𝐸𝜇𝜈(𝑘)𝜓1
2

𝜇
𝜓̃1
2

𝜈 + 2𝑒(𝑘)𝛾1
2
𝛽̃1
2
+ 2𝑒̃(𝑘)𝛾̃1

2
𝛽
−
1
2
 

+𝑖𝑓𝜇(𝑘)𝜓1
2

𝜇
𝛽̃1
2
𝑐̃0 + 𝑖𝑓𝜇(𝑘)𝜓̃1

2

𝜇
𝛽1
2
𝑐̃0)

 

𝑆2[Ψ] =
1

2
⟨Ψ|𝑐0𝑄|Ψ⟩  

𝑆2[Ψ] = ∫  d𝑘 d𝑘′⟨−1,−1,−𝑘′|𝑐−1𝑐̃−1𝑐0𝑐1𝑐̃1ℱ| − 1,−1, 𝑘⟩ 

⟨−1,−1,−𝑘′|𝑐−1𝑐̃−1𝑐0𝑐̃0𝑐1𝑐1| − 1, −1, 𝑘⟩ = 𝛿(𝑘 + 𝑘
′) 

𝑆2[Ψ] = ∫  d𝑘 (−
1

4
𝐸𝜇𝜈(−𝑘)𝑘

2𝐸𝜇𝜈(𝑘) − 2𝑒̃(−𝑘)𝑝2𝑒(𝑘) − 𝑖𝑓𝜇(−𝑘)𝑘𝜈𝐸𝜇𝜈(𝑘) + 𝑖𝑓
𝜈(−𝑘)𝑘𝜇𝐸𝜇𝜈(𝑘)

+2𝑖𝑓𝜇(−𝑘)𝑘𝜇𝑒̃(𝑘) + 2𝑖𝑓
𝜇(−𝑘)𝑘𝜇𝑒(𝑘) − 𝑓𝜇(−𝑘)𝑓

𝜇(𝑘) − 𝑓𝜇(−𝑘)𝑓𝜇(𝑘))

 

𝑆2[Ψ] =∫  d𝑥 (
1

4
𝐸𝜇𝜈(𝑥) ◻ 𝐸

𝜇𝜈(𝑥) + 2𝑒̃(𝑥) ◻ 𝑒(𝑥) − 𝑓𝜇(𝑥)𝑓
𝜇(𝑥) − 𝑓𝜇(𝑥)𝑓𝜇(𝑥) 

−𝑓𝜇(𝑥)[𝜕𝜈𝐸𝜇𝜈(𝑥) − 2𝜕𝜇𝑒̃(𝑥)] + 𝑓
𝜈(𝑥)[𝜕𝜇𝐸𝜇𝜈(𝑥) + 𝜕𝜈𝑒(𝑥)])

 

𝑓𝜇(𝑥) = −
1

2
(𝜕𝜈𝐸𝜇𝜈(𝑥) − 2𝜕𝜇𝑒̃(𝑥)), 𝑓𝜇(𝑥) =

1

2
(𝜕𝜈𝐸𝜈𝜇(𝑥) + 2𝜕𝜇𝑒(𝑥))  

𝑆2[𝐸, 𝑒, 𝑒̃] = ∫  d𝑥 (
1

4
𝐸𝜇𝜈(𝑥) ◻ 𝐸

𝜇𝜈(𝑥) + 2𝑒̃(𝑥) ◻ 𝑒(𝑥) + 𝑓𝜇(𝑥)𝑓
𝜇(𝑥) + 𝑓𝜇(𝑥)𝑓𝜇(𝑥))  

𝜗± =
1

2
(𝑒 ± 𝑒̃) 

𝛿𝜗+ =
1

2
𝜕𝜇𝜖𝜇 + Ω, 𝛿𝜗

− = −
1

2
𝜕𝜇𝜁𝜇 

𝜁𝜇 =
1

2
(𝜆𝜇 + 𝜆̃𝜇), 𝜖𝜇 = −

1

2
(𝜆𝜇 − 𝜆̃𝜇) 

𝑆2 = ∫  d𝑥 (
1

4
𝐸𝜇𝜈 ◻𝐸

𝜇𝜈 − 4𝜗− ◻ 𝜗− +
1

4
(𝜕𝜈𝐸𝜇𝜈)

2
− 2𝜗−(𝜕𝜇𝜕𝜈𝐸𝜇𝜈) +

1

4
(𝜕𝜈𝐸𝜈𝜇)

2
) 

𝑆2 = ∫  d𝑥 (
1

4
ℎ𝜇𝜈 ◻ ℎ

𝜇𝜈 +
1

2
(𝜕𝜈ℎ𝜇𝜈)

2
− 2𝜗−(𝜕𝜇𝜕𝜈ℎ𝜇𝜈) − 4𝜗

− ◻ 𝜗− +
1

4
𝑏𝜇𝜈 ◻ 𝑏

𝜇𝜈 +
1

2
(𝜕𝜈𝑏𝜇𝜈)

2
) 

𝜙 = 𝜗− +
1

4
ℎ 

1

4
𝑏𝜇𝜈 ◻ 𝑏

𝜇𝜈 +
1

2
(𝜕𝜈𝑏𝜇𝜈)

2
≈ −

1

12
𝐻𝜇𝜈𝜆𝐻

𝜇𝜈𝜆 

𝑆2[ℎ, 𝑏, 𝜙] =∫  d𝑥 (
1

4
ℎ𝜇𝜈 ◻ ℎ

𝜇𝜈 +
1

2
(𝜕𝜈ℎ𝜇𝜈)

2
+
1

2
ℎ𝜕𝜇𝜕𝜈ℎ𝜇𝜈 −

1

4
ℎ ◻ ℎ 

−4𝜙 ◻ 𝜙 + 2ℎ ◻ 𝜙 − 2𝜙𝜕𝜇𝜕𝜈ℎ𝜇𝜈 −
1

12
𝐻𝜇𝜈𝜆𝐻

𝜇𝜈𝜆)

 

𝑆 = ∫  𝑒−𝜙 (𝑅 ∗ 1 −
1

2
𝐻(3) ∧∗ 𝐻(3) +∗  d𝜙 ∧  d𝜙) 

𝛿ℎ𝜇𝜈 = 𝜕𝜇𝜁𝜈 + 𝜕𝜈𝜁𝜇, 𝛿𝑏𝜇𝜈 = 𝜕𝜇𝜖𝜈 − 𝜕𝜈𝜖𝜇, 𝛿𝜙 = 0 
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𝑆2[Ψ] =
1

2
⟨Ψ|𝑐0𝑐̃0𝐿̃0|Ψ⟩ 

𝑗(𝑧) = 𝑐(𝑧)𝑇(𝑧) + 𝛾(𝑧)𝑆(𝑧) + 𝛾̃(𝑧)𝑆̃(𝑧) + 𝑐̃(𝑧)𝐻(𝑧) 

𝒳(𝑧) = ∮ d𝜔𝑗(𝜔)𝜉(𝑧), 𝒳̃(𝑧) =

𝑧

∮ d𝜔𝑗(𝜔)𝜉(𝑧)

𝑧

  

𝒳(𝑧) = 𝑐𝜕𝜉 + 𝑒𝜙𝑃𝜇𝜓
𝜇 +

1

2
𝜕𝜂𝑒2𝜙𝑏̃ +

1

2
𝜕(𝜂𝑒2𝜙𝑏̃) 

𝒳̃(𝑧) = 𝑐𝜕𝜉 + 𝑒𝜙̃𝑃𝜇𝜓̃
𝜇 +

1

2
𝜕𝜂̃𝑒2𝜙̃𝑏̃ +

1

2
𝜕(𝜂̃𝑒2𝜙̃𝑏̃) 

𝒳0 = ∫ 
𝒞

d𝑧

𝑧
𝒳(𝑧) 

Ψ(−1,0)(𝑧) = 𝒳̃0Ψ
(−1,−1)(𝑧) = ∮

 d𝜔

𝜔 − 𝑧
𝒳̃(𝜔)Ψ(−1,−1)(𝑧)

𝑧

 

Ψ(−1,0)(𝑧) =∫  d𝑘(−𝑒(𝑘)𝜂 − (𝑒̃(𝑘)𝜕𝜉𝜕2𝑐𝑐̃ + 𝑖𝑓𝜇(𝑘)Π̃
𝜇𝜕𝜉𝜕𝑐̃𝑐̃)𝑒−2𝜙  

+2𝑒̃(𝑘)(𝑃 ⋅ 𝜓̃ + 𝑖𝑘 ⋅ 𝜕𝜓̃)𝜂̃𝜕𝜉𝑐̃𝑒𝜙̃−2𝜙 + (𝐸𝜇𝜈(𝑘)Π̃
𝜈𝜓𝜇𝑐̃ +

𝑖

2
𝑓𝜇(𝑘)𝜓

𝜇𝜕𝑐̃) 𝑒−𝜙 

+
1

2
𝐸𝜇𝜈(𝑘)𝜂̃𝜓

𝜇𝜓̃𝜈𝑒−𝜙−𝜙̃ − 𝑒̃(𝑘) (2𝜕𝜂̃𝑏̃𝑐̃ +
3

2
𝜕2𝜂̃) 𝜂̃𝜕𝜉𝑒−2𝜙+2𝜙̃  

+
𝑖

2
𝑓𝜇(𝑘)𝜓̃

𝜇(𝜂̃𝜕𝑐̃ − 2𝜕𝜂̃)𝜕𝜉𝑒−2𝜙+𝜙̃) 𝑐𝑒𝑖𝑘⋅𝑋

 

Ψ(0,0)(𝑧) = 𝒳0𝒳̃0Ψ
(−1,−1)(𝑧): = ∮

 d𝜔

𝜔 − 𝑧
𝑧

∮
 d𝜔′

𝜔′ − 𝑧
𝒳(𝜔)𝒳(𝜔′)Ψ(−1,−1)(𝑧)

𝑧

 

Ψ(0,0)(𝑧) =∫  d𝑘 (𝐸𝜇𝜈(𝑘)Π
𝜇Π̃𝜈𝑐̃ +

1

2
𝑒(𝑘)𝜕2𝑐 +

1

2
𝑒̃(𝑘)𝜕2𝑐 +

𝑖

2
𝑓𝜇(𝑘)Π

𝜇𝜕𝑐̃ +
𝑖

2
𝑓𝜇(𝑘)Π̃

𝜇𝜕𝑐̃ 

− (𝑒(𝑘)(𝑃 ⋅ 𝜓 + 𝑖𝑘 ⋅ 𝜕𝜓)𝜂 −
1

2
𝐸𝜇𝜈(𝑘)𝜂Π̃

𝜈𝜓𝜇 +
𝑖

2
𝑓𝜇(𝑘)𝜓

𝜇𝜕𝜂) 𝑒𝜙  

− (𝑒̃(𝑘)(𝑃 ⋅ 𝜓̃ + 𝑖𝑘 ⋅ 𝜕𝜓̃)𝜂 −
1

2
𝐸𝜇𝜈(𝑘)Π

𝜇𝜂̃𝜓̃𝜈 +
𝑖

2
𝑓𝜇(𝑘)𝜓̃

𝜈𝜕𝜂̃) 𝑒𝜙̃  

−𝑒(𝑘)𝜕𝜂𝑏̃𝜂𝑒2𝜙 − 𝑒̃(𝑘)𝜕𝜂̃𝑏̃𝜂̃𝑒2𝜙̃)𝑐𝑒𝑖𝑘⋅𝑋

 

Π𝜇 = 𝑃𝜇 + (𝑘 ⋅ 𝜓)𝜓𝜇 , Π̃𝜇 = 𝑃𝜇 + (𝑘 ⋅ 𝜓̃)𝜓̃𝜇 

⟨Σ| = ∫  ∏  

𝑛

𝑖=1

 d𝑝(𝑖)𝛿 (∑ 𝑝(𝑖)) ⟨𝑞1; 𝑝(1)| … ⟨𝑞𝑛; 𝑝(𝑛)|exp (𝑉𝑚 + 𝑉gh + 𝑉̃gh)𝒵 

𝑉𝑚 =∑  

𝑚,𝑛

∑ 

𝑖,𝑗

(𝒮𝑚𝑛(𝑧𝑖 , 𝑧𝑗)𝛼̃𝑚
(𝑖)
⋅ 𝛼𝑛

(𝑗)
+𝒦𝑟𝑠(𝑧𝑖 , 𝑧𝑗)𝜓𝑟

(𝑖)
⋅ 𝜓𝑠

(𝑗)
+𝒦𝑟𝑠(𝑧𝑖 , 𝑧𝑗)𝜓̃𝑟

(𝑖)
⋅ 𝜓̃𝑠

(𝑗)
) 

𝒦𝑟𝑠(𝑧𝑖 , 𝑧𝑗) = ∮   𝑡𝑖=0 d𝑡𝑖∮   𝑡𝑗=0 d𝑡𝑗𝑡𝑖
−𝑚−

1
2𝑡𝑗
−𝑛−

1
2√ℎ𝑖

′ℎ𝑗
′

1

ℎ𝑖(𝑡𝑖) − ℎ𝑗(𝑡𝑗)
 

{Ψ3} = ⟨Σ||Ψ(−1,−1)⟩|Ψ(−1,−1)⟩|Ψ(0,0)⟩,  

{Ψ3} = ⟨Ψ(−1,−1)(𝑧1)Ψ
(−1,−1)(𝑧2)Ψ

(0,0)(𝑧3)⟩  
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𝑆3 =∫  d𝑥 (−
1

8
𝐸𝜇𝜈(−(𝜕𝜆𝐸

𝜆𝜈)(𝜕𝜌𝐸
𝜇𝜌) − (𝜕𝜆𝐸

𝜆𝜌)(𝜕𝜌𝐸
𝜇𝜈) − 2(𝜕𝜇𝐸𝜆𝜌)(𝜕

𝜈𝐸𝜆𝜌)  

+2(𝜕𝜇𝐸𝜆𝜌)(𝜕
𝜌𝐸𝜆𝜈) + 2(𝜕𝜆𝐸𝜇𝜆)(𝜕𝜈𝐸𝜆𝜌)) +

1

2
𝐸𝜇𝜈𝑓

𝜇𝑓𝜈 −
1

2
𝑓𝜇𝑓𝜇𝑒̃ +

1

2
𝑓𝜇𝑓𝜇𝑒

−
1

8
𝐸𝜇𝜈((𝜕

𝜇𝜕𝜈𝑒)𝑒̃ − (𝜕𝜇𝑒)(𝜕𝜈𝑒̃) − (𝜕𝜈𝑒)(𝜕𝜇𝑒̃) + 𝑒𝜕𝜇𝜕𝜈𝑒̃)  

−
1

4
𝑓𝜇 (𝐸𝜇𝜈𝜕

𝜈𝑒̃ + 𝜕𝜈(𝐸𝜇𝜈𝑒̃)) +
1

4
𝑓𝜇 ((𝜕𝜇𝑒)𝑒̃ − 𝑒𝜕𝜇𝑒̃))

−
1

4
𝑓𝜈 (𝐸𝜇𝜈𝜕

𝜇𝑒 + 𝜕𝜇(𝐸𝜇𝜈𝑒)) +
1

4
𝑓𝜈((𝜕𝜈𝑒)𝑒̃ − 𝑒𝜕𝜈𝑒̃)))

 

{Ψ𝑛} = ∫  
𝒱𝑛

⟨Σ|ℬ𝑛−3(𝜈)|Ψ⃗⃗⃗⃗⟩ 

ℬ𝑛−3 = ∑  

𝑛−3

𝑟=0

𝐵𝑛−3
(𝑟)

∧ 𝐾𝑛
𝑛−3−𝑟 ∧ 𝐾𝑛

𝑛−3−𝑟 

𝐾𝑛
(𝑟)
|
𝜕𝒱𝑛

=∑  

𝑟

𝑠=0

𝐾𝑛𝐿
(𝑟−𝑠)

∧ 𝐾𝑛𝑅
(𝑠)

 

𝐾𝑛
(0)
=∑  

𝛼

𝐴(𝛼)(𝜏1, … , 𝜏2𝑛−6)𝒳 (𝑤1
(𝛼)
(𝜏))…𝒳 (𝑤𝑛−2

(𝛼)
(𝜏)) 

𝐾(𝑟) = [∏ 

𝑛−3

𝑖=1

  (𝒳(𝑧𝑖) − 𝜕𝜉(𝑧𝑖)d𝑧𝑖)]

𝑟

 

ℬ𝑛−3 = ∑  

𝑛−3

𝑟=0

𝐵𝑛−3
(𝑟)

∧ 𝐾(𝑟) ∧ 𝐾(𝑟) 

𝑆 = −
1

2
⟨Φ|𝑐0𝑄𝒢|Φ⟩ + ⟨Φ|𝑐0𝑄|Ψ⟩ +∑  

∞

𝑛=3

1

𝑛!
{Ψ𝑛} 

𝑄|Φ⟩ +∑  

∞

𝑛=2

1

𝑛!
[Ψ𝑛] = 0 

𝑆 = ∫ 
Σ

 Π𝜇𝜕‾𝑋
𝜇 + 𝑖𝜓‾𝜇𝜕‾𝜓

𝜇 +
1

2
𝑒𝑃2  

Π𝜇 = 𝑃𝜇 + 𝑖Γ𝜇𝜈
𝜆 𝜓𝜈𝜓‾𝜆, 𝑃2 = 𝑔𝜇𝜈(𝑋)𝑃𝜇𝑃𝜈, 𝐻(𝑧) =

1

2
𝑃2(𝑧) 

 

⟨Ψ|𝑐0𝑄|Ψ⟩ = ∫  d𝑥 (
1

4
∇𝜇ℎ𝜈𝜆∇

𝜇ℎ𝜈𝜆 −
1

2
∇𝜇ℎ𝜈𝜆∇

𝜈ℎ𝜇𝜆 +
1

2
∇𝜈ℎ∇𝜇ℎ

𝜇𝜈 −
1

4
∇𝜇ℎ∇

𝜇ℎ + ⋯) , 

 

𝜙(𝑡) =∑  

𝑛

𝜙𝑛𝑡
−𝑛−𝑑 

𝜙(𝑡) → ℎ[𝜙(𝑡)] = (ℎ′(𝑡))𝑑𝜙(ℎ(𝑡)).  

ℎ[𝜙(𝑡)] =∑  

𝑛

 ℎ[𝜙𝑛]𝑡
−𝑛−𝑑

 

ℎ[𝜙𝑛] = ∮
 d𝑡

2𝜋𝑖
𝑡𝑛+𝑑−1ℎ[𝜙(𝑡)]

𝑡=0
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ℎ[𝜙𝑛] = ∮
 d𝑡

2𝜋𝑖
𝑡𝑛+𝑑−1(ℎ′(𝑡))𝑑𝜙(ℎ(𝑡))

𝑡=0

 

ℎ[𝛼−𝑛
𝜇
] = ∮

 d𝑡

2𝜋𝑖
𝑡𝑛+𝑑−1ℎ′(𝑡)𝜕𝑋𝜇(ℎ(𝑡))

𝑡=0

 

𝑉𝑋 = ∑  

𝑛

𝑖,𝑗=1

∑  

𝑚,𝑛>0

𝒩𝑚𝑛(𝑧𝑖 , 𝑧𝑗)𝛼𝑛
(𝑖)
⋅ 𝛼𝑚

(𝑗)
 

𝒩𝑚𝑛(𝑧𝑖 , 𝑧𝑗) =
1

2𝑛
⟨0|exp (∑  

𝑘,𝑙

  ∑  

𝑝,𝑞>0

 𝒩𝑝𝑞(𝑧𝑖 , 𝑧𝑗)𝛼𝑝
(𝑘)
⋅ 𝛼𝑞

(𝑙)
)𝛼−𝑚

(𝑖)
⋅ 𝛼−𝑛

(𝑗)
|0⟩ 

⟨ℎ𝑖 [𝛼−𝑛
𝜇(𝑖)
] ℎ𝑗 [𝛼−𝑚

𝜈(𝑗)
]⟩ =

1

𝑛
∮

 d𝑡𝑖
2𝜋𝑖

𝑡−𝑛ℎ𝑖
′(𝑡𝑖)

0

∮
 d𝑡𝑗

2𝜋𝑖
𝑡−𝑚ℎ𝑗

′(𝑡𝑗)
−𝜂𝜇𝜈

(ℎ𝑖(𝑡𝑖) − ℎ𝑗(𝑡𝑗))
2

0

 

𝒦𝑛𝑚(𝑧𝑖 , 𝑧𝑗) = −∮
d𝑡𝑖
2𝜋𝑖

  ∮
 d𝑡𝑗

2𝜋𝑖
𝑡𝑖
−𝑛+1𝑡𝑗

−𝑚−2(ℎ𝑖
′(𝑡𝑖))

2
(ℎ𝑗

′(𝑡𝑗))
−1 1

ℎ𝑖(𝑡𝑖) − ℎ𝑗(𝑡𝑗)
   

∫ 
Σ

d2𝑧𝜕‾𝑏cl(𝑐−1𝑧
2 + 𝑐0𝑧 + 𝑐1) =∑  

𝑁

𝑖=1

∮ 𝑏cl
(𝑖)(𝑐−1𝑧

2 + 𝑐0𝑧 + 𝑐1)

𝑧𝑖

 

∫ 
Σ

d2𝑧𝜕‾𝑏cl(𝑐−1𝑧
2 + 𝑐0𝑧 + 𝑐1) =∑  

𝑖

∑ 

𝑛

ℳ𝑛𝑚(𝑧𝑖)𝑏𝑚
(𝑖)
𝒞𝑛 

ℳ𝑛𝑚(𝑧𝑖) = ∮
 d𝑡𝑖
2𝜋𝑖

𝑡𝑖
−𝑚−2(ℎ𝑖

′(𝑡))−1(ℎ𝑖(𝑡))
𝑛+1

𝑡𝑖=0

 

𝒮𝑛𝑚(𝑧𝑖 , 𝑧𝑗) = −∮
d𝑡𝑖
2𝜋𝑖

∮
 d𝑡𝑗

2𝜋𝑖
𝑡
𝑖

−𝑛−
1
2𝑡
𝑗

−𝑚−
1
2√ℎ𝑖

′(𝑡𝑖)ℎ𝑗
′(𝑡𝑗)

1

ℎ𝑖(𝑡𝑖) − ℎ𝑗(𝑡𝑗)
   

⟨Σ𝑋,𝑃| = ⟨𝑝1| … ⟨𝑝𝑛|𝑒
𝑉𝑋,𝑃 

⟨Σ𝑋,𝑃|𝛼−𝑝
(𝑖)
= ⟨𝑝1| … ⟨𝑝𝑛| (𝛼−𝑝

(𝑖)
+ [𝑉𝑋,𝑃 , 𝛼−𝑝

(𝑖)
] +

1

2!
[𝑉𝑋,𝑃, [𝑉𝑋,𝑃 , 𝛼−𝑝

(𝑖)
]] + ⋯)𝑒𝑉𝑋,𝑃 

[𝑉𝑋,𝑃, 𝛼−𝑝
(𝑖)
] =∑  

𝑗≠𝑖

∑ 

𝑛≥0

𝒮𝑝𝑛(𝑧𝑖 , 𝑧𝑗)𝛼𝑛
(𝑗)

 

⟨Σ𝑋,𝑃|𝛼−𝑝
(𝑖)
= {

⟨𝑝1| … ⟨𝑝𝑛|∑  

𝑗≠𝑖

 ∑  

𝑛≥0

 𝒮𝑝𝑛(𝑧𝑖 , 𝑧𝑗)𝛼𝑛
(𝑗)
𝑒𝑉𝑋,𝑃 , 𝑝 > 0

⟨𝑝1| … ⟨𝑝𝑛|𝛼−𝑝
(𝑖)
𝑒𝑉𝑋,𝑃 𝑝 ≤ 0

 

⟨Σ|𝛼−𝑝
(𝑖)
= ⟨Σ|∑  

𝑗≠𝑖

∑ 

𝑛≥0

𝒮𝑝𝑛(𝑧𝑖 , 𝑧𝑗)𝛼𝑛
(𝑗)
, 𝑝 > 0 

⟨𝑘𝑗|𝑒
𝑉𝑋,𝑃𝛼−𝑝

(𝑖)
|𝑘𝑗⟩ = ∑  

𝑗≠𝑖

𝒮𝑝0(𝑧𝑖 , 𝑧𝑗)𝑘𝑗  

⟨𝑘𝑗|𝑒
𝑉𝑋,𝑃𝛼−1

(𝑖)
|𝑘𝑗⟩ =∑  

𝑗≠𝑖

𝑘𝑗

𝑧𝑖 − 𝑧𝑗
, 

⟨Σ𝑋,𝑃|𝛼−𝑝
(𝑖)
⋅ 𝛼−𝑞

(𝑖)
= ⟨𝑝1| … ⟨𝑝𝑛| (𝛼−𝑝

(𝑖)
⋅ 𝛼−𝑞

(𝑖)
+ 𝛼−𝑞

(𝑖)
⋅ 𝑆𝑝

(𝑖)
+ 𝛼−𝑝

(𝑖)
⋅ 𝑆𝑞

(𝑖)
+ 𝑆𝑝

(𝑖)
⋅ 𝑆𝑞

(𝑖)
) 𝑒𝑉𝑋,(𝑡)  
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𝑆𝑝
(𝑖)
: = ∑  

𝑗≠𝑖

∑ 

𝑛≥0

𝒮𝑝𝑛(𝑧𝑖 , 𝑧𝑗)𝛼𝑛
(𝑗)

 

𝑉 = 𝑐𝑐̃𝐸𝜇𝜈𝜓
𝜇𝜓̃𝜈𝑒𝑖𝑝⋅𝑋 

|Ψ⟩ = ∫  d𝑝 (𝐸𝜇𝜈𝜓
−
1
2

𝜇
𝜓̃
−
1
2

𝜈 +⋯)𝑐1𝑐̃1| − 1,−1, 𝑝⟩ 

| − 1, −1, 𝑝⟩ ≡ 𝑒−𝜙(0)−𝜙̃(0)|𝑝⟩. 

|Λ⟩ = −∫  d𝑝 (𝑖𝜆𝜇𝜓
−
1
2

𝜇
𝛽̃
−
1
2
− 𝑖𝜆̃𝜇𝜓̃

−
1
2

𝜇
𝛽
−
1
2
+Ω𝑐̃0𝛽−1

2
𝛽̃
−
1
2
) 𝑐1𝑐̃1| − 1,−1, 𝑝⟩ 

𝛿|Ψ⟩ = 𝑄|Λ⟩ 

𝑄|Λ⟩ = −∫  d𝑝 (
1

2
𝑐̃0𝛼0

2 + 𝛾
−
1
2
𝛼0 ⋅ 𝜓1

2
+ 𝛾1

2
𝛼0 ⋅ 𝜓−1

2
+ 𝛾̃

−
1
2
𝛼0 ⋅ 𝜓̃1

2
+ 𝛾̃1

2
𝛼0 ⋅ 𝜓̃−1

2

−2𝑏̃0 (𝛾−1
2
𝛾1
2
+ 𝛾̃

−
1
2
𝛾̃1
2
) + ⋯)

 × (𝑖𝜆𝜇(𝑝)𝜓
−
1
2

𝜇
𝛽̃
−
1
2
− 𝑖𝜆̃𝜇(𝑝)𝜓̃

−
1
2

𝜇
𝛽
−
1
2
+Ω(𝑝)𝑐̃0𝛽−1

2
𝛽̃
−
1
2
) 𝑐1𝑐̃1| − 1,−1, 𝑝⟩

 

𝑄|Λ⟩ = ∫  d𝑝 ((𝑖𝑝𝜇𝜆̃𝜈 + 𝑖𝑝𝜈𝜆𝜇)𝜓
−
1
2

𝜇
𝜓̃
−
1
2

𝜈

 +2 (−
𝑖

2
𝑝 ⋅ 𝜆 + Ω) 𝛾

−
1
2
𝛽̃
−
1
2
+ 2(

𝑖

2
𝑝 ⋅ 𝜆̃ + Ω) 𝛾̃

−
1
2
𝛽
−
1
2

+(
𝑖

2
𝑝2𝜆𝜇 − 𝑝𝜇Ω)𝜓

−
1
2

𝜇
𝛽̃
−
1
2
𝑐̃0 + (−

𝑖

2
𝑝2𝜆̃𝜇 − 𝑝𝜇Ω) 𝜓̃

−
1
2

𝜇
𝛽
−
1
2
𝑐̃0) 𝑐1𝑐̃1| − 1, −1, 𝑝⟩

 

|Ψ⟩ = ∫  d𝑝 (𝐸𝜇𝜈(𝑝)𝜓
−
1
2

𝜇
𝜓̃
−
1
2

𝜈 + 2𝑒(𝑝)𝛾
−
1
2
𝛽̃
−
1
2
+ 2𝑒̃(𝑝)𝛾̃

−
1
2
𝛽
−
1
2

+𝑖𝑓𝜇(𝑝)𝜓
−
1
2

𝜇
𝛽̃
−
1
2
𝑐̃0 + 𝑖𝑓𝜇(𝑝)𝜓̃

−
1
2

𝜇
𝛽
−
1
2
𝑐̃0) 𝑐1𝑐̃1| − 1, −1, 𝑝⟩

 

𝑇(𝑧) = 𝑃𝜇𝜕𝑋
𝜇, 𝑇gh(𝑧) = (𝜕𝑏)𝑐 − 2𝜕(𝑏𝑐), 𝑇̃gh(𝑧) = (𝜕𝑏̃)𝑐̃ − 2𝜕(𝑏̃𝑐̃) 

  d𝑛𝑝 = ∏𝑖=1
𝑛   d𝑝(𝑖) 

𝐛(𝜈𝑎) = ∮d𝑧𝑏(𝑎)(𝑧) = 𝑏−1
(𝑎)

 

14 d𝜔 =
d𝑧𝑖 d𝑧𝑗  d𝑧𝑘

(𝑧𝑖 − 𝑧𝑗)(𝑧𝑗 − 𝑧𝑘)(𝑧𝑘 − 𝑧𝑖)
 

𝐺 ↦ 𝜒𝐺, 𝜒 = 𝟏 +∑  

2𝑛

𝑖=1

 
𝜒𝑖

𝑍 − 𝑍𝑖
.  

𝐷 ≥ 4 vacuum gravity SL(𝐷 − 2,ℝ)/SO(𝐷 − 2) 

4d EMd gravity SU(2,1)/(SU(2) × U(1)) 

4d 𝑁 = 4 from 10d SuGra SO(8,8)/(SO(8) × SO(8)) 

4d 𝑁 = 8 from 11d SuGra E8(+8)/SO(16) 

 

ℒ ↦ 𝜒ℒ𝜒−1 − d𝜒𝜒−1.  
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𝑆4dCS =
1

2𝜋i
∫  
ℂℙ1×ℝ2

 𝜔 ∧ tr (𝐴 ∧  d𝐴 +
2

3
𝐴 ∧ 𝐴 ∧ 𝐴)  

𝑊 = 𝑧 +
𝜌

2
(𝑍−1 − 𝑍)  

𝑆6dCS =
1

2𝜋i
∫  
ℙ𝕋

 Ω ∧ tr (𝒜 ∧ 𝜕‾𝒜 +
2

3
𝒜 ∧𝒜 ∧𝒜) ,  

 

d𝑠4
2 = 𝑒2𝜈( d𝜌2 + d𝑧2) + 𝜌𝐺𝑚𝑛 d𝑥𝑚 d𝑥𝑛,𝑚, 𝑛 ∈ {3,4}  

det𝐺 = 𝜖, 𝜖 = ±1.  

𝑈𝜌 ≡ 𝜌𝜕𝜌𝐺𝐺
−1, 𝑈𝑧 ≡ 𝜌𝜕𝑧𝐺𝐺

−1  

𝜕𝜌𝑈𝜌 + 𝜕𝑧𝑈𝑧 = 0

𝜕𝜌𝜈 =
1

8𝜌
tr(𝑈𝜌

2 −𝑈𝑧
2) −

1

2𝜌
, 𝜕𝑧𝜈 =

1

4𝜌
tr(𝑈𝜌𝑈𝑧)

 

ℒ =
−𝜕𝜉𝐺𝐺

−1

1 − i𝑍
 d𝜉 +

−𝜕𝜉‾𝐺𝐺
−1

1 + i𝑍
 d𝜉‾, 𝑍 =

2i

𝜉 − 𝜉‾
(
𝜉 + 𝜉‾

2
−𝑊 ±√(𝑊 − 𝜉)(𝑊 − 𝜉‾))  

𝜕𝜉ℒ𝜉‾ − 𝜕𝜉‾ℒ𝜉 + [ℒ𝜉 , ℒ𝜉‾ ] = 0 ∀𝑊 ⟺   Eq. (2.4).  

∇𝜉Ψ = 0, ∇𝜉‾Ψ = 0, ∇≡  d + ℒ  

𝜕𝜉 ↦ 𝜕𝜉 + (𝜉 − 𝜉‾)
−1
1 + i𝑍

1 − i𝑍
𝑍𝜕𝑍, 𝜕𝜉‾ ↦ 𝜕𝜉‾ − (𝜉 − 𝜉‾)

−1
1 − i𝑍

1 + i𝑍
𝑍𝜕𝑍  

(𝜕𝑧 −
2𝜆2

𝜆2 + 𝜌2
𝜕𝜆)Ψ =

𝜌𝑈𝑧 − 𝜆𝑈𝜌

𝜆2 + 𝜌2
Ψ, (𝜕𝜌 +

2𝜆𝜌

𝜆2 + 𝜌2
𝜕𝜆)Ψ =

𝜌𝑈𝜌 + 𝜆𝑈𝑧

𝜆2 + 𝜌2
Ψ  

√det𝑔(4)𝑅(4) = −
𝜌

4
tr [(𝐺−1𝜕𝜌𝐺)

2
+ (𝐺−1𝜕𝑧𝐺)

2] + ℬ  

𝑥𝑀 = (𝑥𝜇 , 𝑥𝑚), 𝜇 = 1,2,𝑚 = 3,4,  

𝐸𝑀
𝐴 = (

√𝜆𝑒𝜇
𝛼 0

√𝜌𝑒̂𝑛
𝑎𝐵𝜇

𝑛 √𝜌𝑒̂𝑚
𝑎
) , 𝑔𝑀𝑁

(4)
= 𝜂𝐴𝐵𝐸𝑀

𝐴𝐸𝑁
𝐵  

𝜌 = det𝐸𝑚
𝑎  ⟺  det𝑒̂𝑚

𝑎 = 1.  

𝐸𝛼 = √𝜆𝑒𝛼 , 𝐸𝑎 = √𝜌(𝑒̂𝑎 + 𝑒̂𝑛
𝑎𝐵𝑛), d𝑠4

2 = 𝜂𝛼𝛽𝐸
𝛼𝐸𝛽 + 𝜂𝑎𝑏𝐸

𝑎𝐸𝑏,  

𝑥𝑚 ↦ 𝑥𝑚 + Γ𝑚, 𝐵𝑛 ↦ 𝐵𝑛 + dΓ𝑛.  
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𝐹𝜇𝜈
𝑛 = 𝜕𝜇𝐵𝜈

𝑛 − 𝜕𝜈𝐵𝜇
𝑛.  

𝑔𝜇𝜈
(2)
= 𝜂𝛼𝛽𝑒𝜇

𝛼𝑒𝜈
𝛽
, 𝐺𝑚𝑛 = 𝜂𝑎𝑏𝑒̂𝑚

𝑎 𝑒̂𝑛
𝑏  

√det𝑔(4)𝑅(4) = 𝜌√det𝑔(2)[𝑅(2)−
1

4
tr(𝐺−1𝜕𝜇𝐺𝐺

−1𝜕𝜇𝐺)  

+
1

4𝜆
𝜌𝐹𝜇𝜈

𝑇 𝐺𝐹𝜇𝜈 + 𝜆−1𝜕𝜇𝜆𝜌
−1𝜕𝜇𝜌] ,

 

∇𝜇(𝜌
2𝜆−1𝐺𝐹𝜇𝜈) = 0, 𝜕𝜇𝐹0 = 0  

𝑅𝜇𝜈
(2)
−
1

2
𝑔𝜇𝜈
(2)
𝑅(2) =

1

4
tr(𝐺−1𝜕𝜇𝐺𝐺

−1𝜕𝜈𝐺) − 𝜆
−1𝜕(𝜇𝜆𝜌

−1𝜕𝜈)𝜌

 −
1

2
𝑔𝜇𝜈
(2)
[
1

4
tr(𝐺−1𝜕𝜎𝐺𝐺

−1𝜕𝜎𝐺) − 𝜆−1𝜕𝜎𝜆𝜌
−1𝜕𝜎𝜌] ,

∇𝜇(𝜌𝐺
−1𝜕𝜇𝐺) =0,

∇𝜇𝜕
𝜇𝜌 =0.

 

𝜕𝜇(𝜌𝐺
−1𝜕𝜇𝐺) = 0,  

𝜕𝑧log 𝜆 =
𝜌

2
tr(𝐺−1𝜕𝜌𝐺𝐺

−1𝜕𝑧𝐺), 𝜕𝜌log 𝜆 =
𝜌

4
tr [(𝐺−1𝜕𝜌𝐺)

2
− (𝐺−1𝜕𝑧𝐺)

2] .  

𝑆 = −
1

4
∫   d𝜌 d𝑧𝜌tr [(𝐺−1𝜕𝜌𝐺)

2
+ (𝐺−1𝜕𝑧𝐺)

2]  

 

𝑆4dCS =
1

2𝜋i
∫  
𝑀4

 𝜔 ∧ tr (𝐴 ∧  d𝐴 +
2

3
𝐴 ∧ 𝐴 ∧ 𝐴) .  

𝜔 = −
𝜌

2
(
𝑍2 + 1

𝑍2
 d𝑍) +

𝑍−1 − 𝑍

2
 d𝜌 + d𝑧  

𝑍 =
1

𝜌
(𝑧 −𝑊 ±√(𝑊 − 𝑧)2 + 𝜌2)  

𝑊 = 𝑧 +
𝜌

2
(𝑍−1 − 𝑍)  

𝜔 =
i(𝜉 − 𝜉‾)

4
(
𝑍2 + 1

𝑍2
 d𝑍) +

i(𝑍 − i)2

4𝑍
 d𝜉 −

i(𝑍 + i)2

4𝑍
 d𝜉‾  

𝛿𝑆4dCS =
2

2𝜋i
∫  
𝑀4

 𝜔 ∧ tr(𝛿𝐴 ∧ 𝐹) +
1

2𝜋i
∫  
𝑀4

  d𝜔 ∧ tr(𝛿𝐴 ∧ 𝐴)  

𝜕𝑍‾ (
1

𝑍
) = −2𝜋i𝛿(𝑍),∫  

ℂℙ1
  d𝑍 ∧  d𝑍‾𝛿(𝑍)𝑓(𝑍) = 𝑓(0)  
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d𝜔

2𝜋i
= 𝜕𝑍𝛿(𝑍)

i(𝜉 − 𝜉‾)

4
 d𝑍‾ ∧  d𝑍 + 𝛿(𝑍)

i

4
 d𝑍‾ ∧  d𝜉 − 𝛿(𝑍)

i

4
 d𝑍‾ ∧  d𝜉‾  

𝐴|𝑍=0 = 0,  𝐴|𝑍=∞ = 0  

d𝜖|𝑍=0 = 0,   d𝜖|𝑍=∞ = 0  

𝐴 ↦ 𝐴 + 𝐶𝜔𝜔.  

𝐴(𝑍) = 𝜂(𝐴(−1/𝑍))  

𝐴 = ℒ 𝑔̂, ℒ 𝑔̂ ≡ 𝑔̂−1ℒ𝑔̂ + 𝑔̂−1 d𝑔̂  

ℒ ↦ ℒℎ̆, 𝑔̂ ↦ ℎ̌−1𝑔̂  

𝜕𝑍‾ ∨ ℒ = 0 ⟺ ℒ𝑍‾ = 0  

𝑆4dCS =
1

2𝜋i
∫  
𝑀4

 𝜔 ∧ tr(ℒ ∧  dℒ) +
1

2𝜋i
∫  
𝑀4

  d𝜔 ∧ tr(ℒ ∧  d𝑔̂𝑔̂−1) −
1

6𝜋i
∫  
𝑀4

 𝜔 ∧ tr(𝑔̂−1 d𝑔̂)3  

𝑔̂|𝑍=0 = 𝑔,  𝑔̂
−1𝜕𝑍𝑔̂|𝑍=0 = 𝜙,  𝑔̂|𝑍=∞ = 𝑔̃,  𝑔̂

−1𝜕𝑍𝑔̂|𝑍=∞ = 𝜙̃.  

∫  
𝑀4

 𝜔 ∧ tr(𝑔̂−1 d𝑔̂ ∧ 𝑔̂−1 d𝑔̂ ∧ 𝑔̂−1 d𝑔̂) = ∫  
𝑀5

  d[𝜔 ∧ tr(𝑔̂−1 d𝑔̂ ∧ 𝑔̂−1 d𝑔̂ ∧ 𝑔̂−1 d𝑔̂)]  

𝑆4dCS =
1

2𝜋i
∫  
𝑀4

 𝜔 ∧ tr(ℒ ∧  dℒ) +
1

2𝜋i
∫  
𝑀4

  d𝜔 ∧ [tr(ℒ ∧  d𝑔̂𝑔̂−1) − WZ[𝑔̂]]  

WZ[𝑔̂] =
1

3
∫  
[0,1]

 tr(𝑔̂−1 d𝑔̂ ∧ 𝑔̂−1 d𝑔̂ ∧ 𝑔̂−1 d𝑔̂)  

𝑔̂|𝑍=0 = 𝑔,  𝑔̂
−1𝜕𝑍𝑔̂|𝑍=0 = 0,  𝑔̂|𝑍=∞ = 𝜂(𝑔),  𝑔̂

−1𝜕𝑍𝑔̂|𝑍=∞ = 0  

𝜔 ∧ 𝐹 = 0, 𝐹 ≡  dℒ +
1

2
[ℒ, ℒ]  

d𝑊 ∧ 𝐹 = 0 ⇔ 𝐹
∘

𝜉𝜉‾ = 0, 𝐹
∘

𝑊‾ 𝜉 = 𝐹
∘

𝑊‾ 𝜉‾ = 0  

𝜕
∘

𝑊‾ ℒ
∘

𝜉 = 0, 𝜕
∘

𝑊‾ ℒ
∘

𝜉‾ = 0,  

ℒ
∘

𝜉 =
1

1 − i𝑍
𝑈𝜉 −

i𝑍

1 − i𝑍
𝑉𝜉 , ℒ

∘

𝜉‾ =
1

1 + i𝑍
𝑈𝜉‾ +

i𝑍

1 + i𝑍
𝑉𝜉‾ ,  

𝑈𝜉 = −𝜕𝜉𝑔𝑔
−1, 𝑈𝜉‾ = −𝜕𝜉‾𝑔𝑔

−1, 𝑉𝜉 = −𝜕𝜉𝑔̃𝑔̃
−1, 𝑉𝜉‾ = −𝜕𝜉̃𝑔̃𝑔̃

−1
 

ℒ
∘

𝜉 =
−𝜕𝜉𝐺𝐺

−1

1 − i𝑍
, ℒ
∘

𝜉‾ =
−𝜕𝜉‾𝐺𝐺

−1

1 + i𝑍
, 𝐺 ≡ 𝑔̃−1𝑔  

1

2𝜋i
∫  
𝑀4

  d𝜔 ∧WZ[𝑔̂] = −
i

4
∫  
𝑀4

  d𝑍‾ ∧  d𝑍 ∧ 𝜕𝑍(WZ[𝑔̂])𝛿(𝑍)(𝜉 − 𝜉‾),  

1

2𝜋i
∫  
𝑀4

  d𝜔 ∧ tr(ℒ ∧  d𝑔̂𝑔̂−1) =
i

4
∫  
𝑀4

  d𝑍 ∧  d𝑍‾ ∧  d𝜉 ∧  d𝜉‾𝛿(𝑍)(𝜉 − 𝜉‾)

 × tr[(𝜕𝑍ℒ𝜉 + (𝜉 − 𝜉‾)
−1ℒ𝑍)𝜕𝜉‾ 𝑔̂𝑔̂

−1 − (𝜕𝑍ℒ𝜉‾ − (𝜉 − 𝜉‾)
−1ℒ𝑍)𝜕𝜉𝑔̂𝑔̂

−1]

 

(𝜕𝑍ℒ𝜉 + (𝜉 − 𝜉‾)
−1ℒ𝑍)|𝑍=0

= 𝜕𝑍ℒ̇𝜉|𝑍=0
(𝜕𝑍ℒ𝜉‾ − (𝜉 − 𝜉‾)

−1ℒ𝑍)|
𝑍=0

= 𝜕𝑍ℒ̇𝜉‾ |𝑍=0

 

1

2
∫  
ℝ2
  d𝜉 ∧  d𝜉‾(𝜉 − 𝜉‾)tr(𝜕𝜉𝑔𝑔

−1 − 𝜕𝜉𝑔̃𝑔̃
−1)(𝜕𝜉‾𝑔𝑔

−1 − 𝜕𝜉‾ 𝑔̃𝑔̃
−1)  
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𝑆2dIFT = −
1

2
∫  
ℝ2
  d𝜌 ∧  d𝑧𝜌tr [(𝐺−1𝜕𝜌𝐺)

2
+ (𝐺−1𝜕𝑧𝐺)

2]  

ℎ̌−1𝜕𝑍‾ ℎ̌ = 0.  

 

𝑆4dWZW =
1

2
∫  
ℝ4
 tr(𝐺−1 d𝐺 ∧⋆ 𝐺−1 d𝐺) − ∫  

ℝ4
 𝜇 ∧ WZ[𝐺],  

𝑅0 =
i

2
(𝑢1𝜕𝑢1 − 𝑢‾

1𝜕𝑢‾1 + 𝑢
2𝜕𝑢2 − 𝑢‾

2𝜕𝑢‾2),

𝑅1 =
i

2
(𝑢1𝜕𝑢1 − 𝑢‾

1𝜕𝑢‾1 − 𝑢
2𝜕𝑢2 + 𝑢‾

2𝜕𝑢‾2),

𝑅2 =
i

2
(𝑢2𝜕𝑢1 − 𝑢‾

2𝜕𝑢‾1 + 𝑢
1𝜕𝑢2 − 𝑢‾

1𝜕𝑢‾2),

𝑅3 =
1

2
(𝑢2𝜕𝑢1 + 𝑢‾

2𝜕𝑢‾1 − 𝑢
1𝜕𝑢2 − 𝑢‾

1𝜕𝑢‾2).

 

𝑋𝜙 = 𝑅0 + 𝑅1 = i(𝑢
1𝜕𝑢1 − 𝑢‾

1𝜕𝑢‾1), 𝑋𝜏 = i(𝜕𝑢2 − 𝜕𝑢‾2).  

𝑋𝜙 = 𝜕𝜙, 𝑋𝜏 = 𝜕𝜏  

𝜕𝜙𝐺 = 0, 𝜕𝜏𝐺 = 0.  

𝜇 = 2i(𝜌 d𝜙 ∧  d𝜌 + d𝜏 ∧  d𝑧),  

𝑆2dIFT = −
1

2
∫  
ℝ2
  d𝜌 ∧  d𝑧𝜌tr [(𝐺−1𝜕𝜌𝐺)

2
+ (𝐺−1𝜕𝑧𝐺)

2]  

𝜂: 𝔤 → 𝔤, 𝜂: 𝑥 ↦ −𝑥𝑇 .  

𝔤 = 𝔤0⊕𝔤1, 𝔤0 ≅ 𝔰𝔬(2).  

𝜎: (𝜌, 𝜙, 𝑧, 𝜏) ↦ (𝜌, −𝜙, 𝑧, −𝜏)  

ℙ𝕋 ≅ ℂℙ1 × ℝ4  

𝜁, 𝑣1 = 𝑢1 − 𝜁𝑢‾2, 𝑣2 = 𝑢2 + 𝜁𝑢‾1  

𝜁 = 1/𝜁, 𝑣̃1 = 𝑣1/𝜁, 𝑣̃2 = 𝑣2/𝜁  
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𝑝: (𝜁, 𝑥𝑖) ↦ (𝜁, 𝑣1, 𝑣2), 𝑞: (𝜁, 𝑥𝑖) ↦ 𝑥𝑖 .  

𝑋 = 𝑋𝑢
1
𝜕𝑢1 + 𝑋

𝑢‾1𝜕𝑢‾1 + 𝑋
𝑢2𝜕𝑢2 + 𝑋

𝑢‾2𝜕𝑢‾2 .  

 

 

𝑉1 = 𝜕𝑢‾1 − 𝜁𝜕𝑢2 , 𝑉2 = 𝜕𝑢‾2 + 𝜁𝜕𝑢1 .  

[𝑋, 𝑉1] = 𝑄𝜕𝑢2 , [𝑋, 𝑉2] = −𝑄𝜕𝑢1 , mod{𝑉1, 𝑉2}  

𝑄 = 𝜕𝑢‾2𝑋
𝑢1 + 𝜁(𝜕𝑢1𝑋

𝑢1 − 𝜕𝑢‾2𝑋
𝑢‾2) − 𝜁2𝜕𝑢1𝑋

𝑢‾2 .  

𝑋′′ = 𝑋 + 𝑄𝜕𝜁 + 𝑄‾𝜕𝜁‾ ,  

𝑋′ = (𝑋𝑢
1
− 𝜁𝑋𝑢‾

2
− 𝑢‾2𝑄)𝜕𝑣1 + (𝑋

𝑢2 + 𝜁𝑋𝑢‾
1
+ 𝑢‾1𝑄)𝜕𝑣2 + 𝑄𝜕𝜁 ,  

𝑋 𝑄 𝑋′ 

𝜕𝑢1 - 𝜕𝑣1 

𝜕𝑢‾1 - 𝜁𝜕𝑣2 

𝜕𝑢2 - 𝜕𝑣2 

𝜕𝑢‾2 - −𝜁𝜕𝑣1 

𝑅0 i𝜁 (i/2)(𝑣1𝜕𝑣1 + 𝑣
2𝜕𝑣2) + i𝜁𝜕𝜁 

𝑅1 - (i/2)(𝑣1𝜕𝑣1 − 𝑣
2𝜕𝑣2) 

𝑅2 - (i/2)(𝑣2𝜕𝑣1 + 𝑣
1𝜕𝑣2) 

𝑅3 - (1/2)(𝑣2𝜕𝑣1 − 𝑣
1𝜕𝑣2) 
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𝑋𝜙
′′ = 𝜕𝜙 + i𝜁𝜕𝜁 − i𝜁‾𝜕𝜁‾ , 𝑋𝜏

′′ = 𝜕𝜏.  

𝑋𝜙
′ = i(𝑣1𝜕𝑣1 + 𝜁𝜕𝜁), 𝑋𝜏

′ = i(𝜕𝑣2 − 𝜁𝜕𝑣1).  

𝑊 =
1

2
(𝑣2 +

𝑣1

𝜁
) = 𝑧 +

𝜌

2
(𝑍−1 − 𝑍),  

𝜎: (𝜌, 𝜙, 𝑧, 𝜏) ↦ (𝜌, −𝜙, 𝑧, −𝜏).  

𝜎′′: (𝜁, 𝜌, 𝜙, 𝑧, 𝜏) ↦ (−𝜁−1, 𝜌, −𝜙, 𝑧, −𝜏).  

𝜎′: (𝜁, 𝑣1 , 𝑣2) ↦ (−
1

𝜁
,−
𝑣2

𝜁
,
𝑣1

𝜁
) .  
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𝑆6dCS =
1

2𝜋i
∫  
ℙ𝕋

 Ω ∧ tr (𝒜 ∧ 𝜕‾𝒜 +
2

3
𝒜 ∧𝒜 ∧𝒜)  

Ω =
d𝜁 ∧  d𝑣1 ∧  d𝑣2

𝜁2
,  𝒜|𝜁=0 = 0,  𝒜|𝜁̃=0 = 0  

𝜕‾: Ω𝑝,𝑞 → Ω𝑝,𝑞+1, 𝜕‾ = 𝜋𝑝,𝑞+1 ∘  d  

𝑋𝜙
′′ = 𝜕𝜙 + i𝜁𝜕𝜁 − i𝜁‾𝜕𝜁‾ , 𝑋𝜏

′′ = 𝜕𝜏  

ℒ𝑋𝜙
′′𝒜 = 0, ℒ𝑋𝜏′′𝒜 = 0  

𝜂0 = 𝑒−i𝜙 d𝜁, 𝜂1 = 𝑒−i𝜙( d𝑢1 − 𝜁d𝑢‾2), 𝜂2 = d𝑢2 + 𝜁d𝑢‾1  

𝜂‾0 = 𝑒i𝜙 d𝜁‾, 𝜂‾1 =
𝑒i𝜙( d𝑢‾1 − 𝜁‾d𝑢2)

1 + 𝜁𝜁‾
, 𝜂‾2 =

d𝑢‾2 + 𝜁‾d𝑢1

1 + 𝜁𝜁‾
 

𝒜 = 𝒜0𝜂‾
0 +𝒜1𝜂‾

1 +𝒜2𝜂‾
2  

𝑋𝜙
′′ ∨ 𝒜 = 0, 𝑋𝜏

′′ ∨ 𝒜 = 0  

𝒜 ↦ 𝒜 + (𝐶0𝜂‾
0 + 𝐶1𝜂‾

1 + 𝐶2𝜂‾
2)  

𝒜 + 𝐶 = 𝐴𝑍‾  d𝑍‾ + 𝐴𝜉d𝜉 + 𝐴𝜉‾d𝜉‾  

𝜔 =
1

2
(𝑋𝜏

′′ ∧ 𝑋𝜙
′′) ∨ Ω = d(𝑧 +

𝜌

2
(𝑍−1 − 𝑍))  

𝑆4dCS =
1

2𝜋i
∫  
𝑀4

 𝜔 ∧ tr (𝐴 ∧  d𝐴 +
2

3
𝐴 ∧ 𝐴 ∧ 𝐴)  

𝜎′′: (𝜁, 𝜌, 𝜙, 𝑧, 𝜏) ↦ (−𝜁−1, 𝜌, −𝜙, 𝑧, −𝜏)  

𝐴(𝑍) = 𝜂(𝐴(−𝑍−1))  

𝐹 =⋆ 𝐹, 𝐹 = d𝐴 +
1

2
[𝐴, 𝐴]  

d𝑢1 ∧  d𝑢2 ∧ 𝐹 = 0,  d𝑢‾1 ∧  d𝑢‾2 ∧ 𝐹 = 0, 𝜇 ∧ 𝐹 = 0.  

d𝜁 ∧  d𝑣1 ∧  d𝑣2 ∧ 𝐹 = 0 ∀𝜁 ∈ ℂℙ1  
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𝐴1,0  =
𝐴𝑢1 − 𝜁‾𝐴𝑢‾2

1 + 𝜁𝜁‾
d𝑣1 +

𝐴𝑢2 + 𝜁‾𝐴𝑢‾1

1 + 𝜁𝜁‾
d𝑣2 +𝒜𝜁d𝜁

𝐴0,1  =
𝐴𝑢‾1 − 𝜁𝐴𝑢2

1 + 𝜁𝜁‾
d𝑣‾1 +

𝐴𝑢‾2 + 𝜁𝐴𝑢1

1 + 𝜁𝜁‾
d𝑣‾2 +𝒜𝜁‾d𝜁‾

 

d𝜁 ∧  d𝑣1 ∧  d𝑣2 ∧ ℱ = 0 ⟺ ℱ0,2 = 0  

𝒜 =
𝐴𝑢‾1 − 𝜁𝐴𝑢2

1 + 𝜁𝜁‾
d𝑣‾1 +

𝐴𝑢‾2 + 𝜁𝐴𝑢1

1 + 𝜁𝜁‾
d𝑣‾2 +𝒜𝜁‾d𝜁‾  

d𝜁 ∧  d𝑣1 ∧  d𝑣2 = −
d𝜁 ∧  d𝑣̃1 ∧  d𝑣̃2

𝜁4
 

Ω =
d𝜁 ∧  d𝑣1 ∧  d𝑣2

𝜁2
= −

d𝜁 ∧  d𝑣̃1 ∧  d𝑣̃2

𝜁2
 

𝑆6dCS[𝒜] =
1

2𝜋i
∫  
ℙ𝕋

 Ω ∧ tr (𝒜 ∧ 𝜕‾𝒜 +
2

3
𝒜 ∧𝒜 ∧𝒜) .  

𝛿𝑆6dCS =
2

2𝜋i
∫  
ℙ𝕋

 Ω ∧ tr(𝛿𝒜 ∧ ℱ) +
1

2𝜋i
∫  
ℙ𝕋

 𝜕‾Ω ∧ tr(𝛿𝒜 ∧𝒜).  

𝜕𝜁‾ (
1

𝜁
) = −2𝜋i𝛿(𝜁),∫  

ℂℙ1
  d𝜁 ∧  d𝜁‾𝛿(𝜁)𝑓(𝜁) = 𝑓(0)  

1

2𝜋i
∫  
ℙ𝕋

 𝜕‾Ω ∧ tr(𝛿𝒜 ∧𝒜) = ∫  
ℙ𝕋

 d𝜁 ∧  d𝜁‾𝛿(𝜁)𝜕𝜁[d𝑣
1 ∧  d𝑣2 ∧ tr(𝛿𝒜 ∧𝒜)] 

= ∫  
ℝ4
  [𝜇∧ tr(𝛿𝒜 ∧𝒜)|𝜁=0 + d𝑢

1 ∧  d𝑢2 ∧ 𝜕𝜁tr(𝛿𝒜 ∧𝒜)|
𝜁=0
]

 

𝒜|𝜁=0 = 0,  𝒜|𝜁̃=0 = 0  

𝛿𝒜 = 𝜕‾𝜖 + [𝒜, 𝜖].  

𝛿𝑆6dCS =
1

2𝜋i
∫  
ℙ𝕋

 𝜕‾Ω ∧ tr(𝒜 ∧ 𝜕‾𝜖).  

1

2𝜋i
∫  
ℙ𝕋

 𝜕‾Ω ∧ tr(𝒜 ∧ 𝜕‾𝜖) = ∫  
ℝ4
  d𝑢1 ∧  d𝑢2 ∧ tr(𝜕𝜁𝒜 ∧ 𝜕‾𝜖)|

𝜁=0

.  

𝜕‾𝜖|
𝜁=0

= 0,  𝜕‾𝜖|
𝜁̃=0

= 0.  

d𝑢1 ∧  d𝑢2 ∧ 𝜕‾(𝜕𝜁𝒜)|𝜁=0
= 0,   d𝑢‾1 ∧  d𝑢‾2 ∧ 𝜕‾(𝜕𝜁̃𝒜)|𝜁̃=0

= 0.  

𝒜 ↦ 𝒜𝑔 = 𝑔−1𝒜𝑔 + 𝑔−1𝜕‾𝑔.  

𝑆6dCS[𝒜] ↦ 𝑆6dCS[𝒜] +
1

2𝜋i
∫  
ℙ𝕋

 𝜕‾Ω ∧ tr(𝒜 ∧ 𝜕‾𝑔𝑔−1) −
1

6𝜋i
∫  
ℙ𝕋

 Ω ∧ tr(𝑔−1𝜕‾𝑔)
3
.  

𝑔−1𝜕‾𝑔|
𝜁=0

= 0,  𝑔−1𝜕‾𝑔|
𝜁̃=0

= 0  

WZ[𝑔] =
1

3
∫  
[0,1]

 tr(𝑔̃−1 d𝑔̃ ∧ 𝑔̃−1 d𝑔̃ ∧ 𝑔̃−1 d𝑔̃)  

1

3
∫  
ℙ𝕋

 Ω ∧ tr(𝑔−1𝜕‾𝑔 ∧ 𝑔−1𝜕‾𝑔 ∧ 𝑔−1𝜕‾𝑔) = ∫  
ℙ𝕋

 𝜕‾Ω ∧ WZ[𝑔].  

𝑆6dCS[𝒜
𝑔] = 𝑆6dCS[𝒜] +

1

2𝜋i
∫  
ℙ𝕋

 𝜕‾Ω ∧ [tr(𝒜 ∧ 𝜕‾𝑔𝑔−1) −WZ[𝑔]].  
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𝑅1
′′ =

i

2
(𝑢1𝜕𝑢1 − 𝑢‾

1𝜕𝑢‾1 − 𝑢
2𝜕𝑢2 + 𝑢‾

2𝜕𝑢‾2),

𝑅2
′′ =

i

2
(𝑢2𝜕𝑢1 − 𝑢‾

2𝜕𝑢‾1 + 𝑢
1𝜕𝑢2 − 𝑢‾

1𝜕𝑢‾2),

𝑅3
′′ =

1

2
(𝑢2𝜕𝑢1 + 𝑢‾

2𝜕𝑢‾1 − 𝑢
1𝜕𝑢2 − 𝑢‾

1𝜕𝑢‾2).

 

𝑅0
′′ =

i

2
(𝑢1𝜕𝑢1 − 𝑢‾

1𝜕𝑢‾1 + 𝑢
2𝜕𝑢2 − 𝑢‾

2𝜕𝑢‾2) + i𝜁𝜕𝜁.  

 

𝒜 = 𝒜′𝑔̂ = 𝑔̂−1𝒜′𝑔̂ + 𝑔̂−1𝜕‾𝑔̂.  

𝒜′ ↦ 𝒜′ℎ̀, 𝑔̂ ↦ ℎ̌−1𝑔̂.  

𝜕𝜁‾ ∨ 𝒜
′ = 0  

𝑆6dCS[𝒜
′, 𝑔̂] = 𝑆6dCS[𝒜

′] +
1

2𝜋i
∫  
ℙ𝕋

 𝜕‾Ω ∧ [tr(𝒜′ ∧ 𝜕‾𝑔̂𝑔̂−1) −WZ[𝑔̂]].  

𝑔̂|𝜁=0 = 𝑔,  𝑔̂
−1𝜕𝜁𝑔̂|𝜁=0

= 𝜙,  𝑔̂|𝜁̃=0 = 𝑔̃,  𝑔̂
−1𝜕𝜁̃𝑔̂|𝜁̃=0

= 𝜙̃  

𝒜′ ↦ 𝒜′, 𝑔̂ ↦ 𝑔̂ℎ̂  

𝑔̂|𝜁=0 = 𝑔,  𝑔̂
−1𝜕𝜁𝑔̂|𝜁=0

= 0,  𝑔̂|𝜁̃=0 = id,  𝑔̂
−1𝜕𝜁̃𝑔̂|𝜁̃=0

= 0  

𝒜′ ↦ 𝒜′ℎℓ , 𝑔 ↦ ℎℓ
−1𝑔ℎ𝑟 , 𝜕ℎℓ = 0, 𝜕‾ℎ𝑟 = 0  

𝜕‾𝜖|
𝜁=0

= 𝜕‾(𝜖|𝜁=0) = 0,  𝜕‾𝜖|𝜁̃=0 = 𝜕(𝜖
|𝜁̃=0) = 0.  

Ω ∧ ℒ𝜁‾𝒜
′ = 0  

𝜕𝜁‾ ∨ 𝜃‾
1 = 0,Ω ∧ ℒ𝜁‾𝜃‾

1 = 0, 𝜕𝜁‾ ∨ 𝜃‾
2 = 0, Ω ∧ ℒ𝜁‾𝜃‾

2 = 0  

𝜃‾1 =
d𝑢‾1 − 𝜁‾d𝑢2

1 + 𝜁𝜁‾
, 𝜃‾2 =

d𝑢‾2 + 𝜁‾d𝑢1

1 + 𝜁𝜁‾
 

𝒜′ = (𝐴𝑢‾1 − 𝜁𝐴𝑢2)𝜃‾
1 + (𝐴𝑢‾2 + 𝜁𝐴𝑢1)𝜃‾

2  

𝒜′|𝜁=0 = 𝜕‾𝑔̂𝑔̂
−1|

𝜁=0
,  𝒜′|𝜁̃=0 = 𝜕‾𝑔̂𝑔̂

−1|
𝜁̃=0  

𝐴𝑢1 = 0,𝐴𝑢‾1 = 𝜕𝑢‾1𝑔𝑔
−1, 𝐴𝑢2 = 0,𝐴𝑢‾2 = 𝜕𝑢‾2𝑔𝑔

−1  

𝐹2,0 = 0, 𝐹0,2 = 0  
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𝜇 ∧ 𝐹 = 0 ⟺  𝜇 ∧ 𝜕(𝜕‾𝑔𝑔−1) = 0  

𝑆6dCS[𝒜
′, 𝑔̂] = 𝑆6dCS[𝒜

′] +
1

2𝜋i
∫  
ℙ𝕋

 𝜕‾Ω ∧ [tr(𝒜′ ∧ 𝜕‾𝑔̂𝑔̂−1) −WZ[𝑔̂]].  

∫  
ℝ4
  [𝜇 ∧ tr(𝒜′ ∧ 𝜕‾𝑔̂𝑔̂−1)|

𝜁=0
+ d𝑢1 ∧  d𝑢2 ∧ 𝜕𝜁tr(𝒜

′ ∧ 𝜕‾𝑔̂𝑔̂−1)|
𝜁=0
]  

𝜕‾𝑓 = 𝜕𝜁‾𝑓 d𝜁‾ + (𝜕𝑢‾1𝑓 − 𝜁𝜕𝑢2𝑓)𝜃‾
1 + (𝜕𝑢‾2𝑓 + 𝜁𝜕𝑢1𝑓)𝜃‾

2  

∫  
ℝ4
  d𝑢1 ∧  d𝑢2 ∧ 𝜕𝜁tr(𝒜

′ ∧ 𝜕‾𝑔̂𝑔̂−1)|
𝜁=0

=
1

2
∫  
ℝ4
 tr(𝑔−1 d𝑔 ∧⋆ 𝑔−1 d𝑔)  

1

2
∫  
ℝ4
 tr(𝑔−1 d𝑔 ∧⋆ 𝑔−1 d𝑔) = ∫  

ℝ4
 𝜇 ∧ tr(𝑔−1𝜕𝑔 ∧ 𝑔−1𝜕‾𝑔)  

𝑆4dWZW[𝑔] =
1

2
∫  
ℝ4
 tr(𝑔−1 d𝑔 ∧⋆ 𝑔−1 d𝑔) −∫  

ℝ4
 𝜇 ∧ WZ[𝑔]  

𝛿𝑆4dWZW = 0 ⟺  𝜇 ∧ 𝜕(𝜕‾𝑔𝑔−1) = 0.  

𝑔 ↦ ℎℓ
−1𝑔ℎ𝑟 , 𝜕ℎℓ = 0, 𝜕‾ℎ𝑟 = 0  

𝜇 ∧ 𝜕(𝜕‾𝑔𝑔−1) = 0, 𝜇 ∧ 𝜕‾(𝑔−1𝜕𝑔) = 0.  

𝑆4dWZW =
1

2
∫  
ℝ4
 tr(𝑔−1 d𝑔 ∧⋆ 𝑔−1 d𝑔) −∫  

ℝ4
 𝜇 ∧ WZ[𝑔]  

𝑆2dPCM =
1

2
∫  
ℝ2
 tr(𝑔−1 d𝑔 ∧⋆ 𝑔−1 d𝑔)  

𝑋 = 𝜕𝑢1 − 𝜕𝑢‾2 , 𝑌 = 𝜕𝑢2 − 𝜕𝑢‾1  

𝜎: (𝑢1, 𝑢2) ↦ (𝑢‾2, 𝑢‾1)  

𝜂: 𝔤 → 𝔤, 𝜂2 = id  

𝑋′ = (1 + 𝜁)𝜕𝑣1 , 𝑌
′ = (1 − 𝜁)𝜕𝑣2  

𝜎′′: (𝑢1, 𝑢2, 𝜁) ↦ (𝑢‾2, 𝑢‾1, 𝜁−1)  

𝜎′: (𝜁, 𝑣1, 𝑣2) ↦ (
1

𝜁
, −
𝑣1

𝜁
,
𝑣2

𝜁
)  

𝑊 =
1

2
(𝜁 + 𝜁−1)  

𝜁 = 𝑊 + √𝑊2 − 1  

𝐴(𝜁) = 𝜂(𝐴(𝜁−1))  

𝜔 =
1

2
(𝑋 ∧ 𝑌) ∨ Ω =

1

2

1 − 𝜁2

𝜁2
 d𝜁 = d𝑊  

Modelo de Hadronización en gravedad cuántica relativista. 

𝑑𝑠2 = −𝑑𝑡2 + 𝑑𝑥⃗2 = 𝜂𝜇𝜈𝑑𝑥
𝜇𝑑𝑥𝜈  

𝑥′𝜇 = Λ𝜇  𝜈𝑥
𝜈; Λ𝜇  𝜈 ∈ 𝑆𝑂(1,3)  
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𝑑𝑠2 = 𝑔𝜇𝜈(𝑥)𝑑𝑥
𝜇𝑑𝑥𝜈  

𝑑𝑠2 = 𝑑𝜃2 + sin2 𝜃𝑑𝜙2  

𝑑𝑠2 = 𝑑𝑥1
2 + 𝑑𝑥2

2 + 𝑑𝑥3
3  

𝑥1
2 + 𝑥2

2 + 𝑥3
2 = 𝑅2 ⇒ 2(𝑥1𝑑𝑥1 + 𝑥2𝑑𝑥2 + 𝑥3𝑑𝑥3) = 0

 ⇒ 𝑑𝑥3 = −
𝑥1𝑑𝑥1 + 𝑥2𝑑𝑥2

𝑥3
= −

𝑥1

√𝑅2 − 𝑥1
2 − 𝑥2

2
𝑑𝑥1 −

𝑥2

√𝑅2 − 𝑥1
2 − 𝑥2

2
𝑑𝑥2

 

𝑑𝑠2 = 𝑑𝑥1
2 (1 +

𝑥1
2

𝑅2 − 𝑥1
2 − 𝑥2

2) + 𝑑𝑥2
2 (1 +

𝑥2
2

𝑅2 − 𝑥1
2 − 𝑥2

2) + 2𝑑𝑥1𝑑𝑥2
𝑥1𝑥2

𝑅2 − 𝑥1
2 − 𝑥2

2 = 𝑔𝑖𝑗𝑑𝑥
𝑖𝑑𝑥𝑗  

𝑑𝑠2 = 𝑑𝑥2 + 𝑑𝑦2 − 𝑑𝑧2;  𝑥2 + 𝑦2 − 𝑧2 = −𝑅2  

𝑥′𝜇 = 𝑥′𝜇(𝑥𝜈) ⇒ 𝑑𝑠2 = 𝑔𝜇𝜈(𝑥)𝑑𝑥
𝜇𝑑𝑥𝜈 = 𝑑𝑠′2 = 𝑔𝜇𝜈

′ (𝑥′)𝑑𝑥′𝜇𝑑𝑥′𝜈  

Γ𝜈𝜌
𝜇
=
1

2
𝑔𝜇𝜎(𝜕𝜌𝑔𝜈𝜎 + 𝜕𝜈𝑔𝜎𝜌 − 𝜕𝜎𝑔𝜈𝜌)  

𝐹𝜇𝜈
𝑎𝑏 = 𝜕𝜇𝐴𝜈

𝑎𝑏 − 𝜕𝜈𝐴𝜇
𝑎𝑏 + 𝐴𝜇

𝑎𝑐𝐴𝜈
𝑐𝑏 − 𝐴𝜈

𝑎𝑐𝐴𝜇
𝑐𝑏  

𝐹𝜇𝜈
𝐴 = 𝜕𝜇𝐴𝜈

𝐴 − 𝜕𝜈𝐴𝜇
𝐴 + 𝑓𝐴  𝐵𝐶(𝐴𝜇

𝐵𝐴𝜈
𝐶 − 𝐴𝜈

𝐵𝐴𝜇
𝐶)  

(𝑅𝜇 𝜈)𝜌𝜎(Γ) = 𝜕𝜌(Γ
𝜇 𝜈)𝜎 − 𝜕𝜎(Γ

𝜇 𝜈)𝜌 + (Γ
𝜇  𝜆)𝜌(Γ

𝜆 𝜈)𝜎 −
(Γ𝜇  𝜆)𝜎(Γ

𝜆 𝜈)𝜌  

𝑅𝜇𝜈 = 𝑅
𝜆 𝜇𝜆𝜈  

𝐴′𝜇 =
𝜕𝑥′𝜇

𝜕𝑥𝜈
𝐴𝜈  

𝐵𝜇
′ =

𝜕𝑥𝜈

𝜕𝑥′𝜇
𝐵𝜈  

𝐷𝜇𝑇𝜈
𝜌
≡ 𝜕𝜇𝑇𝜈

𝜌
+ Γ𝜌 𝜇𝜎𝑇𝜈

𝜎 − Γ𝜎  𝜇𝜈𝑇𝜎
𝜌

 

𝑆gravity =
1

16𝜋𝐺
∫  𝑑𝑑𝑥√−𝑔𝑅  

𝛿√−𝑔

√−𝑔
= −

1

2
𝑔𝜇𝜈𝛿𝑔

𝜇𝜈  

𝛿𝑆𝑔𝑟𝑎𝑣

𝛿𝑔𝜇𝜈
= 0: 𝑅𝜇𝜈 −

1

2
𝑔𝜇𝜈𝑅 = 0  

𝑆𝑀,𝜙 = −
1

2
∫  𝑑4𝑥(𝜕𝜇𝜙)(𝜕𝜈𝜙)𝜂

𝜇𝜈  

−
1

2
∫  𝑑4𝑥√−𝑔(𝐷𝜇𝜙)(𝐷𝜈𝜙)𝑔

𝜇𝜈 = −
1

2
∫  𝑑4𝑥√−𝑔(𝜕𝜇𝜙)(𝜕𝜈𝜙)𝑔

𝜇𝜈  

𝑇𝜇𝜈 = −
2

√−𝑔

𝛿𝑆matter 

𝛿𝑔𝜇𝜈
 

𝑅𝜇𝜈 −
1

2
𝑔𝜇𝜈𝑅 = 8𝜋𝐺𝑇𝜇𝜈  

𝑇𝜇𝜈
𝜙
= 𝜕𝜇𝜙𝜕𝜈𝜙 −

1

2
𝑔𝜇𝜈(𝜕𝜌𝜙)

2
 

𝑑𝑠2 = 𝑅2(𝑑𝜃2 + sin2 𝜃𝑑𝜙2)  
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(𝐷𝜇𝐷𝜈 −𝐷𝜈𝐷𝜇)𝐴𝜌 = 𝑅𝜌𝜇𝜈
𝜎 𝐴𝜎  

𝛿𝑅 = 𝛿𝜇
𝜌
𝑔𝜈𝜎(𝐷𝜌𝛿Γ𝜈𝜎

𝜇
−𝐷𝜎𝛿Γ𝜈𝜌

𝜇
) + 𝑅𝜈𝜎𝛿𝑔

𝜈𝜎  

𝑔𝜇𝜈(𝑥) = 𝑒𝜇
𝑎(𝑥)𝑒𝜈

𝑏(𝑥)𝜂𝑎𝑏  

𝛿𝜉𝑔𝜇𝜈(𝑥) = (𝜉
𝜌𝜕𝜌)𝑔𝜇𝜈 + (𝜕𝜇𝜉

𝜌)𝑔𝜌𝜈 + (𝜕𝜈𝜉
𝜌)𝑔𝜌𝜈  

𝛿𝜉𝑒𝜇
𝑎(𝑥) = (𝜉𝜌𝜕𝜌)𝑒𝜇

𝑎 + (𝜕𝜇𝜉
𝜌)𝑒𝜌

𝑎  

𝛿𝑙.𝐿.𝑒𝜇
𝑎(𝑥) = 𝜆𝑎 𝑏(𝑥)𝑒𝜇

𝑏(𝑥)  

𝐷𝜇𝜓 = 𝜕𝜇𝜓 +
1

4
𝜔𝜇
𝑎𝑏Γ𝑎𝑏𝜓  

𝑇[𝜇𝜈]
𝑎 ≡ 2𝐷[𝜇𝑒𝜈]

𝑎 = 2𝜕[𝜇𝑒𝜈]
𝑎 + 2𝜔[𝜇

𝑎𝑏𝑒𝜈]
𝑏 = 0  

𝐷𝜇𝑒𝜈
𝑎 ≡ 𝜕𝜇𝑒𝜈

𝑎 + 𝜔𝜇
𝑎𝑏𝑒𝜈

𝑏 − Γ𝜌 𝜇𝜈𝑒𝜌
𝑎 = 0  

𝑅𝜇𝜈
𝑎𝑏(𝜔) = 𝜕𝜇𝜔𝜈

𝑎𝑏 − 𝜕𝜈𝜔𝜇
𝑎𝑏 + 𝜔𝜇

𝑎𝑏𝜔𝜈
𝑏𝑐 − 𝜔𝜈

𝑎𝑐𝜔𝜇
𝑐𝑏  

𝑅𝜌𝜎
𝑎𝑏(𝜔(𝑒)) = 𝑒𝜇

𝑎𝑒−1,𝜈𝑏𝑅𝜈𝜌𝜎
𝜇
(Γ(𝑒))  

𝑅 = 𝑅𝜇𝜈
𝑎𝑏𝑒𝑎

−1𝜇
𝑒𝑏
−1𝜈  

𝑆𝐸𝐻 =
1

16𝜋𝐺
∫  𝑑4𝑥(det𝑒)𝑅𝜇𝜈

𝑎𝑏(𝜔(𝑒))𝑒𝑎
−1,𝜇

𝑒𝑏
−1,𝜈  

−∫  (𝜕[𝜇𝐴𝜈])
2
 to ∫  [−2𝐹𝜇𝜈(𝜕[𝜇𝐴𝜈]) + 𝐹𝜇𝜈

2 ] 

(det𝑒)𝑒𝑎
−1𝜇

𝑒𝑏
−1𝜈 = 𝜖𝜇𝜈𝜌𝜎𝜖𝑎𝑏𝑐𝑑𝑒𝜌

𝑐𝑒𝜎
𝑑  

𝑆𝐸𝐻 =
1

16𝜋𝐺
∫  𝑑4𝑥𝜖𝜇𝜈𝜌𝜎𝜖𝑎𝑏𝑐𝑑𝑅𝜇𝜈

𝑎𝑏(𝜔)𝑒𝜌
𝑐𝑒𝜎
𝑑  

𝜖𝑎𝑏𝑐𝑑𝜖
𝜇𝜈𝜌𝜎(𝐷𝜈𝑒𝜌

𝑐)𝑒𝜎
𝑑 = 0  

𝑇[𝜇𝜈]
𝑎 ≡ 2𝐷[𝜇𝑒𝜈]

𝑎 = 0  

𝑑𝑠2 = −𝑑𝑋0
2 +∑  

𝑑−1

𝑖=1

 𝑑𝑋𝑖
2 + 𝑑𝑋𝑑+1

2

 −𝑋0
2 +∑  

𝑑−1

𝑖=1

 𝑋𝑖
2 + 𝑋𝑑+1

2 = 𝑅2

 

𝑑𝑠2 = −𝑑𝑋0
2 +∑  

𝑑−1

𝑖=1

 𝑑𝑋𝑖
2 − 𝑑𝑋𝑑+1

2

 −𝑋0
2 +∑  

𝑑−1

𝑖=1

 𝑋𝑖
2 − 𝑋𝑑+1

2 = −𝑅2

 

𝑑𝑠2 =
𝑅2

𝑥0
2 (−𝑑𝑡

2 +∑  

𝑑−2

𝑖=1

 𝑑𝑥𝑖
2 + 𝑑𝑥0

2)  

𝑑𝑠2 = 𝑒−2𝑦 (−𝑑𝑡2 +∑  

𝑑−2

𝑖=1

 𝑑𝑥𝑖
2) + 𝑑𝑦2  
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𝑡 = ∫  𝑑𝑡 = ∫ 𝑒−𝑦
∞

𝑒−𝑦𝑑𝑦 < ∞  

𝑑𝑠𝑑
2 = 𝑅2(−cosh2 𝜌𝑑𝜏2 + 𝑑𝜌2 + sinh2 𝜌𝑑Ω⃗⃗⃗𝑑−2

2 )  

𝑑𝑠𝑑
2 = 𝑅2(cos2 𝜌𝑑𝑤2 + 𝑑𝜌2 + sin2 𝜌𝑑Ω⃗⃗⃗𝑑−2

2 )  

𝑑𝑠𝑑
2 =

𝑅2

cos2 𝜃
(−𝑑𝜏2 + 𝑑𝜃2 + sin2 𝜃𝑑Ω⃗⃗⃗𝑑−2

2 )  

𝑅𝜇𝜈 −
1

2
𝑔𝜇𝜈𝑅 = 8𝜋𝐺Λ𝑔𝜇𝜈  

𝑅𝜇𝜈 −
1

2
𝑔𝜇𝜈𝑅 = 0  

𝑑𝑠2 = −(1 −
2𝑀𝐺

𝑟
)𝑑𝑡2 +

𝑑𝑟2

1 −
2𝑀𝐺
𝑟

+ 𝑅2𝑑Ω2
2

 

𝑑𝑠2 ≃ −(1 + 2𝑈)𝑑𝑡2 + (1 − 2𝑈)𝑑𝑥⃗2 = −(1 + 2𝑈)𝑑𝑡2 + (1 − 2𝑈)(𝑑𝑟2 + 𝑟2𝑑Ω2
2)  

𝑈 = 𝑈𝑁(𝑟) = −
𝑀𝐺

𝑟
 

𝑑𝑡 =
𝑑𝑟

1 −
2𝑀𝐺
𝑟

 

𝑑𝑡 ≃ 2𝑀𝐺
𝑑𝑟

𝑟 − 2𝑀𝐺
⇒ 𝑡 ≃ 2𝑀𝐺ln (𝑟 − 2𝑀𝐺) → ∞  

𝑅 ∼
1

𝑟𝐻
2 =

1

(2𝑀𝐺)2
=  finite!  

𝑑𝑠2 = −
𝑑𝑡2

1 −
2𝑀𝐺
𝑟

= −𝑑𝜏2 ⇒ 𝑑𝜏 = √−𝑔00𝑑𝑡 =
𝑑𝑡

√1 −
2𝑀𝐺
𝑟

 

𝑔𝜇𝜈
′ (𝑥′) = 𝑔𝜌𝜎(𝑥)

𝜕𝑥𝜌

𝜕𝑥′𝜇
𝜕𝑥𝜎

𝜕𝑥′𝜈
 

𝜕𝜉𝑔𝜇𝜈(𝑥) = (𝜉
𝜌𝜕𝜌)𝑔𝜇𝜈 + (𝜕𝜇𝜉

𝜌)𝑔𝜌𝜈 + (𝜕𝜈𝜉
𝜌)𝑔𝜌𝜇  

𝑋0 = 𝑅cosh 𝜌cos 𝜏; 𝑋𝑖 = 𝑅sinh 𝜌Ω𝑖;  𝑋𝑑+1 = 𝑅cosh 𝜌sin 𝜏  

𝜔𝜇
𝑎𝑏(𝑒) =

1

2
𝑒𝑎𝜈(𝜕𝜇𝑒𝜈

𝑏 − 𝜕𝜈𝑒𝜇
𝑏) −

1

2
𝑒𝑏𝜈(𝜕𝜇𝑒𝜈

𝑎 − 𝜕𝜈𝑒𝜇
𝑎) −

1

2
𝑒𝑎𝜌𝑒𝑏𝜎(𝜕𝜌𝑒𝑐𝜎 − 𝜕𝜎𝑒𝑐𝜌)𝑒𝜇

𝑐  

𝑑𝑠2 = 𝑅2(−𝑑𝑡2cosh2 𝜌 + 𝑑𝜌2 + sinh2 𝜌𝑑Ω2)  

𝑑𝑠2 = −(1 −
Λ

3
𝑟2)𝑑𝑡‾2 +

𝑑𝑟2

1 −
Λ
3
𝑟2
+ 𝑟2𝑑Ω2  

[𝑇𝑟, 𝑇𝑠] = 𝑓𝑟𝑠 
𝑡𝑇𝑡  

{𝑄𝛼
𝑖 , 𝑄𝛽

𝑗
} =  other generators  

[ even,   even ] =  even;  { odd, odd } =  even; [ even,   odd ] =  odd  

[𝑄𝛼
𝑖 , 𝐽𝑎𝑏] = (…)𝑄𝛽

𝑖  
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𝛿 quark =  gluon ;  𝛿 gluon =  quark  

𝜒𝐶 ≡ 𝜒𝑇𝐶 = 𝜒‾ ≡ 𝜒†𝑖𝛾0  

𝐶𝑇 = −𝐶;  𝐶𝛾𝑚𝐶−1 = −(𝛾𝑚)𝑇  

𝑆 = −
1

2
∫  𝑑2𝑥 [(𝜕𝜇𝜙)

2
+𝜓‾ ∂̸𝜓]  

𝛿𝜙 = 𝜖‾𝜓 = 𝜖‾𝛼𝜓
𝛼 = 𝜖𝛽𝐶𝛽𝛼𝜓

𝛼  

𝛿𝜓 = ∂̸𝜙𝜖  

 

𝛿𝑆 = −∫  𝑑2𝑥 [−𝜙 ◻ 𝛿𝜙 +
1

2
𝛿𝜓‾ ∂̸𝜓 +

1

2
𝜓‾ ∂̸𝛿𝜓] = −∫  𝑑2𝑥[−𝜙 ◻ 𝛿𝜙 + 𝜓‾ ∂̸𝛿𝜓]  

𝛿𝑆 = −∫  𝑑2𝑥[−𝜙 ◻ 𝜖‾𝜓 + 𝜓‾ ∂̸ ∂̸𝜙𝜖]  

∂̸ ∂̸ = 𝜕𝜇𝜕𝜈𝛾
𝜇𝛾𝜈 = 𝜕𝜇𝜕𝜈

1

2
{𝛾𝜇 , 𝛾𝜈} = 𝜕𝜇𝜕𝜈𝑔

𝜇𝜈 =◻  

{𝑄𝛼
𝑖 , 𝑄𝛽

𝑗
} = 2(𝐶𝛾𝜇)𝛼𝛽𝑃𝜇𝛿

𝑖𝑗 +⋯  

𝜖1
𝛼𝑄𝛼𝑄𝛽𝜖2

𝛽
+ 𝜖1

𝛼𝑄𝛽𝑄𝛼𝜖2
𝛽
= 𝜖1

𝛼𝑄𝛼𝑄𝛽𝜖2
𝛽
− 𝜖2

𝛽
𝑄𝛽𝑄𝛼𝜖1

𝛼 = −[𝛿𝜖1 , 𝛿𝜖2]  

2𝜖‾1𝛾
𝜇𝜖1𝜕𝜇 = −(2𝜖‾2𝛾

𝜇𝜖1)𝜕𝜇  

[𝛿𝜖1 , 𝛿𝜖2] = 2𝜖‾2𝛾
𝜇𝜖1𝜕𝜇  

[𝛿𝜖1,𝛼 , 𝛿𝜖2𝛽] (
𝜙

𝜓
) = 2𝜖‾2𝛾

𝜇𝜖1𝜕𝜇 (
𝜙

𝜓
)  

[𝛿𝜖1 , 𝛿𝜖2]𝜙 = 𝛿𝜖1(𝜖‾2𝜓) − 1 ↔ 2 = 𝜖‾2(∂̸𝜙)𝜖1 − 1 ↔ 2 = 2𝜖‾2𝛾
𝜌𝜖1𝜕𝜌𝜙  

[𝛿𝜖1 , 𝛿𝜖2]𝜓 = 𝛿𝜖1(∂̸𝜙)𝜖2 − 1 ↔ 2 = (𝜖‾1𝜕𝜇𝜓)𝛾
𝜇𝜖2 − 1 ↔ 2  

𝑀𝜒(𝜓‾𝑁𝜙) = −∑  

𝑗

 
1

2
𝑀𝑂𝑗𝑁𝜙(𝜓‾𝑂𝑗𝜒)  

𝛿𝛼
𝛽
𝛿𝛾
𝛿 =

1

2
(𝑂𝑖)𝛼

𝛿(𝑂𝑖)𝛾
𝛽  

𝑀𝛼
𝛿 =

1

2
Tr(𝑀𝑂𝑖)(𝑂𝑖)𝛼

𝛿  

𝑀𝜒(𝜓‾𝑁𝜙) = −∑  

𝑗

 
1

4
𝑀𝑂𝑗𝑁𝜙(𝜓‾𝑂𝑗𝜒)  
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𝛾𝜇𝜖2(𝜖‾1𝜕𝜇𝜓) − 1 ↔ 2

= −
1

2
[𝛾𝜇1𝜕𝜇𝜓(𝜖‾11𝜖2) + 𝛾

𝜇𝛾𝜈𝜕𝜇𝜓(𝜖‾1𝛾
𝜈𝜖2) + 𝛾

𝜇𝛾3𝜕𝜇𝜓(𝜖‾1𝛾3𝜖2)] − 1 ↔ 2 

= +𝛾𝜇𝛾𝜈𝜕𝜇𝜓(𝜖‾2𝛾𝜈𝜖1) + 𝛾
𝜇𝛾3𝜕𝜇𝜓(𝜖‾2𝛾3𝜖2)  

 = 2(𝜖‾2𝛾
𝜇𝜖1)𝜕𝜇𝜓 − 𝛾

𝜈(∂̸𝜓)(𝜖‾2𝛾𝜈𝜖1) − 𝛾3(∂̸𝜓)(𝜖‾2𝛾3𝜖1)

 

𝑆 = −
1

2
∫  𝑑2𝑥 [(𝜕𝜇𝜙)

2
+ 𝜓‾ ∂̸𝜓 − 𝐹2]  

𝛿𝜙 = 𝜖‾𝜓;  𝛿𝜓 = ∂̸𝜙𝜖 + 𝐹𝜖;  𝛿𝐹 = 𝜖‾∂̸𝜓  

𝛿𝜖1𝛿𝜖2𝜙 = 𝛿𝜖1(𝜖‾2𝜓) = 𝜖‾2 ∂̸𝜙𝜖1 + 𝜖‾2𝜖1𝐹  

[𝛿𝜖1 , 𝛿𝜖2]𝜙 = 2(𝜖‾2𝛾
𝜇𝜖1)𝜕𝜇𝜙  

𝛿𝜖1𝛿𝜖2𝜓 = 𝛿𝜖1(∂̸𝜙𝜖2 + 𝐹𝜖2) = 𝛾
𝜇𝜖2(𝜖‾1𝜕𝜇𝜓) + (𝜖‾1 ∂̸𝜓)𝜖2  

(𝜖‾1 ∂̸𝜓)𝜖2 = −
1

2
[1 ⋅ ∂̸𝜓(𝜖‾11𝜖2) + 𝛾

𝜇 ∂̸𝜓(𝜖‾1𝛾𝜇𝜖2) + 𝛾3 ∂̸𝜓(𝜖‾1𝛾3𝜖2)] − 1 ↔ 2

=−(𝜖‾1𝛾𝜇𝜖2)𝛾
𝜇 ∂̸𝜓 − (𝜖‾1𝛾3𝜖2)𝛾3 ∂̸𝜓  

=(𝜖‾2𝛾𝜇𝜖1)𝛾
𝜇 ∂̸𝜓 + (𝜖‾2𝛾3𝜖1)𝛾3 ∂̸𝜓

 

[𝛿𝜖1 , 𝛿𝜖2]𝜓 = 2(𝜖‾2𝛾
𝜇𝜖1)𝜕𝜇𝜓  

𝑆0 = −
1

2
∫  𝑑4𝑥 [(𝜕𝜇𝐴)

2
+ (𝜕𝜇𝐵)

2
+ 𝜓‾ ∂̸𝜓]  

𝛿𝐴 = 𝜖‾𝜓;  𝛿𝐵 = 𝜖‾𝑖𝛾5𝜓;  𝛿𝜓 = ∂̸(𝐴 + 𝑖𝛾5𝐵)𝜖  

𝑆 = 𝑆0 +∫  𝑑
4𝑥 [

𝐹2

2
+
𝐺2

2
]  

𝛿𝐴 = 𝜖‾𝜓;  𝛿𝐵 = 𝜖‾𝑖𝛾5𝜓;  𝛿𝜓 = ∂̸(𝐴 + 𝑖𝛾5𝐵)𝜖 + (𝐹 + 𝑖𝛾5𝐺)𝜖

𝛿𝐹 = 𝜖‾∂̸𝜓;  𝛿𝐺 = 𝜖‾𝑖𝛾5 ∂̸𝜓
 

𝐶𝐴𝐵 = (
𝜖𝛼𝛽 0
0 𝜖𝛼̇𝛽̇

) ; 𝜖𝛼𝛽 = 𝜖𝛼̇𝛽̇ = (
0 1
−1 0

)  

𝛾𝜇 = (
0 𝜎𝜇

𝜎‾𝜇 0
) ; (𝜎𝜇)𝛼𝛼̇ = (1, 𝜎⃗)𝛼𝛼̇;  (𝜎‾

𝜇)𝛼𝛼̇ = (1,−𝜎⃗)𝛼𝛼̇  

(𝜆‾𝑎𝛾𝜇𝜆𝑐)(𝜖‾𝛾𝜇𝜆
𝑏)𝑓𝑎𝑏𝑐 = 0  

𝑆 = −
1

2
∫  𝑑2𝑥 [(𝜕𝜇𝜙)

2
+ 𝜓‾ ∂̸𝜓 − 𝐹2]  

[𝛿𝜖1 , 𝛿𝜖2]𝐹 = 2(𝜖‾2𝛾
𝜇𝜖1)𝜕𝜇𝐹  

𝜓 = (
𝜓𝛼
𝜒‾𝛼̇
)  

𝐶𝐴𝐵 = (
𝜖𝛼𝛽 0
0 𝜖𝛼̇𝛽̇

)  

𝛾𝜇 = (
0 𝜎𝜇

𝜎‾𝜇 0
)  

(
𝜓𝛼
𝜓‾ 𝛼̇
)  

{𝑄𝐴, 𝑄𝐵} = 2(𝐶𝛾
𝜇)𝐴𝐵𝑃𝜇  
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{𝑄𝛼 , 𝑄‾𝛼̇} = 2(𝜎
𝜇)𝛼𝛼̇𝑃𝜇

{𝑄𝛼 , 𝑄𝛽} = 0; {𝑄‾𝛼̇ , 𝑄‾𝛽̇} = 0
 

𝑄𝛼= 𝜕𝛼 − 𝑖(𝜎
𝜇)𝛼𝛼̇𝜃‾

𝛼̇𝜕𝜇  

𝑄‾𝛼̇= −𝜕𝛼̇ + 𝑖(𝜎
𝜇)𝛼𝛼̇𝜃

𝛼𝜕𝜇 

𝑃𝜇  = 𝑖𝜕𝜇

 

𝑥𝜇→ 𝑥′𝜇 = 𝑥𝜇 + 𝑖𝜃𝜎𝜇𝜉‾ − 𝑖𝜉𝜎𝜇𝜃‾ 

𝜃→ 𝜃′ = 𝜃 + 𝜉  

𝜃‾ → 𝜃‾′ = 𝜃‾ + 𝜉‾
 

𝐷𝛼= 𝜕𝛼 + 𝑖(𝜎
𝜇)𝛼𝜃̇𝜃‾

𝛼̇𝜕𝜇  

𝐷‾ 𝛼̇ = −𝜕𝛼̇ − 𝑖(𝜎
𝜇)𝛼𝛼̇𝜃

𝛼𝜕𝜇
 

{𝐷𝛼 , 𝐷‾ 𝛼̇} = −2𝑖(𝜎
𝜇)𝛼𝛼̇𝜕𝜇  

𝐷‾ 𝛼̇Φ = 0  

𝑦𝜇 = 𝑥𝜇 + 𝑖𝜃𝜎𝜇𝜃‾  

𝐷‾ 𝛼̇𝑦
𝜇 = 0; 𝐷‾ 𝛼̇𝜃

𝛽 = 0  

Φ = Φ(𝑦, 𝜃) = 𝜙(𝑦) + √2𝜃𝜓(𝑦) + 𝜃𝜃𝐹(𝑦)  

𝜖𝛼𝛽
𝜕

𝜕𝜃𝛼
𝜕

𝜕𝜃𝛽
𝜃𝜃 = 4  

𝜙(𝑥)= Φ|𝜃=𝜃‾=0  

𝜓(𝑥)=
1

√2
𝐷𝛼Φ|

𝜃=𝜃‾=0

 

𝐹(𝑥) = −
𝐷2Φ|𝜃=𝜃‾=0

4

 

Φ =𝜙(𝑥) + √2𝜃𝜓(𝑥) + 𝜃2𝐹(𝑥)

 +𝑖𝜃𝜎𝜇𝜃‾𝜕𝜇𝜙(𝑥) −
𝑖

2
𝜃2(𝜕𝜇𝜓𝜎

𝜇𝜃‾) −
1

4
𝜃2𝜃‾2𝜕2𝜙(𝑥)

 

∫  𝑑𝜃1 = 0; ∫  𝑑𝜃𝜃 = 1  

𝑑2𝜃 = −
1

4
𝑑𝜃𝛼𝑑𝜃𝛽𝜖𝛼𝛽  

∫  𝑑4𝑥∫  𝑑2𝜃 = −
1

4
∫  𝑑4𝑥𝐷2|

𝜃𝜃‾=0

= −
1

4
∫  𝑑4𝑥𝐷𝛼𝐷𝛼|

𝜃=𝜃‾=0

 

 ∫  𝑑4𝑥 ∫  𝑑2𝜃‾ = −
1

4
∫  𝑑4𝑥𝐷‾ 2|

𝜃𝜃‾=0

= −
1

4
∫  𝑑4𝑥𝐷‾ 𝛼𝐷‾𝛼|

𝜃=𝜃‾=0

 

ℒ = ∫  𝑑4𝜃𝐾(Φ,Φ†) + ∫  𝑑2𝜃𝑊(Φ) + ∫  𝑑2𝜃‾𝑊‾ (Φ†)  

𝐾 = Φ†Φ

𝑊 = 𝜆Φ +
𝑚

2
Φ2 +

𝑔

3
Φ3

 

∫  𝑑4𝑥 ∫  𝑑2𝜃 (𝜆Φ +
𝑚

2
Φ2 +

𝑔

3
Φ3) = −

1

4
∫  𝑑4𝑥𝐷2 (𝜆Φ +

𝑚

2
Φ2 +

𝑔

3
Φ3)|

𝜃=𝜃‾=0
 

𝐷2(Φ2)|𝜃=𝜃‾=0 = 2(𝐷
2Φ)|𝜃=𝜃‾=0Φ|𝜃=𝜃‾=0 + 2(𝐷

𝛼Φ)|𝜃=𝜃‾=0(𝐷𝛼Φ)|𝜃=𝜃‾=0
𝐷2(Φ3)|𝜃=𝜃‾=0 = 3(𝐷

2Φ)|𝜃=𝜃‾=0Φ|𝜃=𝜃‾=0Φ|𝜃=𝜃‾=0 + 6(𝐷
𝛼Φ)|𝜃=𝜃‾=0(𝐷𝛼Φ)|𝜃=𝜃‾=0Φ|𝜃=𝜃‾=0
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∫  𝑑4𝑥 ∫  𝑑2𝜃𝑊(Φ) = −
1

4
∫  𝑑4𝑥[2𝑚𝜓𝜓 + 4𝑔𝜙𝜓𝜓 − 4𝐹(𝜆 +𝑚𝜙 + 𝑔𝜙2)]  

𝐷‾ 2𝐷2Φ = 16 ◻Φ ⇒ 𝐷2𝐷‾ 2Φ† = 16◻ Φ†  

{𝐷𝛼 , 𝐷‾ 𝛼̇} = −2𝑖(𝜎
𝜇)𝛼𝛼̇𝜕𝜇  

𝐷2𝐷‾ 2 = 𝐷‾ 2𝐷2 + 8𝑖(𝜎𝜇)𝛼𝛼̇𝜕𝜇𝐷‾
𝛼̇𝐷𝛼 + 16 ◻  

1

16
∫  𝑑4𝑥𝐷2𝐷‾ 2(Φ†Φ)|

𝜃=𝜃‾=0

=
1

16
∫  𝑑4𝑥 [(𝐷2𝐷‾ 2Φ†)|

𝜃=𝜃‾=0
Φ|

𝜃=𝜃‾=0

+(𝐷‾ 2Φ†)|
𝜃=𝜃‾=0

(𝐷2Φ)|
𝜃=𝜃‾=0

 

+ 8𝑖(𝜎𝜇)𝛼𝛼̇(𝜕𝜇𝐷𝛼̇Φ
†)|

𝜃=𝜃‾=0
(𝐷𝛼Φ)|

𝜃=𝜃‾=0
]

 

∫  𝑑4𝑥[𝜙∗ ◻𝜙 + 𝐹∗𝐹 + 𝑖(𝜕𝜇𝜓‾
𝛼̇)(𝜎𝜇)𝛼𝛼̇𝜓

𝛼]  

𝐹 = −(𝜆 + 𝑚𝜙 + 𝑔𝜙2)  

−∫  𝑑4𝑥(𝜆 + 𝑚𝜙 + 𝑔𝜙2)2  

𝑆 = (−2)∫  𝑑4𝑥Tr [−
1

4
𝐹𝜇𝜈
2 −

1

2
𝜆‾D̸𝜆 +

𝐷2

2
]  

𝛿𝐴𝜇
𝑎 = 𝜖‾𝛾𝜇𝜆

𝑎

𝛿𝜆𝑎 = [−
1

2
𝛾𝜇𝜈𝐹𝜇𝜈

𝑎 + 𝑖𝛾5𝐷
𝑎] 𝜖

𝛿𝐷𝑎 = 𝑖𝜖‾𝛾5D̸𝜆
𝑎

 

{𝑄𝛼
𝑖 , 𝑄‾𝑎̇𝑗 = 2(𝜎

𝜇)𝛼𝛼̇𝑃𝜇𝛿𝑗
𝑖

{𝑄𝛼
𝑖 , 𝑄𝛽

𝑗
} = 𝜖𝛼𝛽𝑍

𝑖𝑗

{𝑄‾𝛼̇𝑖𝑄‾𝛽̇𝑗} = 𝜖𝛼̇𝛽̇𝑍𝑖𝑗
∗

 

Ψ = Φ(𝑦̃, 𝜃) + √2𝜃̃𝛼𝑊𝛼(𝑦̃, 𝜃) + 𝜃̃
2𝐺(𝑦̃, 𝜃)  

𝑦̃𝜇 ≡ 𝑥𝜇 + 𝑖𝜃𝜎𝜇𝜃‾ + 𝑖𝜃̃𝜎𝜇𝜃‾̃  

1

16𝜋
Im∫  𝑑4𝑥𝑑2𝜃𝑑2𝜃̃ℱ(Ψ)  

∫  𝑑4𝑥𝑑4𝜃𝑑4𝜃‾ℋ(Ψ)  

∼ 𝜙
1

◻
𝜙  

𝑎𝛼=
1

√2
[𝑄𝛼
1 + 𝜖𝛼𝛽(𝑄𝛽

2)
†
]  

𝑏𝛼  =
1

√2
[𝑄𝛼
1 − 𝜖𝛼𝛽(𝑄𝛽

2)
†
]

 

{𝑎𝛼 , 𝑎𝛽
†} = 2(𝑀 + |𝑍|)𝛿𝛼𝛽

{𝑏𝛼 , 𝑏𝛽
†} = 2(𝑀 − |𝑍|)𝛿𝛼𝛽

 

Φ = 𝜙(𝑥) + √2𝜓(𝑥) + 𝜃2𝐹(𝑥) + 𝑖𝜃𝜎𝜇𝜃‾𝜕𝜇𝜙(𝑥) −
𝑖

2
𝜃2(𝜕𝜇𝜓𝜎

𝜇𝜃‾) −
1

4
𝜃2𝜃‾2𝜕2𝜙(𝑥)  

𝐷2𝐷‾ 2Φ = 16 ◻ Φ  
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ℒ = ∫  𝑑2𝜃𝑑2𝜃‾Φ𝑖
†Φ𝑖 + (∫  𝑑

2𝜃𝑊(Φ𝑖) +  h.c. )  

ℒ =(𝜕𝜇𝐴𝑖)
†
𝜕𝜇𝐴𝑖 − 𝑖𝜓‾𝑖𝜎‾

𝜇𝜕𝜇𝜓𝑖 + 𝐹𝑖
†𝐹𝑖 +

 +
𝜕𝑊

𝜕𝐴𝑖
𝐹𝑖 +

𝜕𝑊‾

𝜕𝐴𝑖
†
𝐹𝑖
† −

1

2

𝜕2𝑊

𝜕𝐴𝑖𝜕𝐴𝑗
𝜓𝑖𝜓𝑗 −

1

2

𝜕2𝑊‾

𝜕𝐴𝑖
†𝜕𝐴𝑗

†
𝜓‾𝑖𝜓‾𝑗

 

(
𝑑

𝑟
) − (

𝑑 − 1

𝑟 − 1
) =

(𝑑 − 1)… (𝑑 − 𝑟)

1 ⋅ 2 ⋅ … 𝑟
= (

𝑑 − 1

𝑟
)  

ℒ =
1

2
ℎ𝜇𝜈,𝜌
2 + ℎ𝜇

2 − ℎ𝜇ℎ,𝜇 +
1

2
ℎ,𝜇
2 ;  ℎ𝜇 ≡ 𝜕

𝜈ℎ𝜈𝜇;  ℎ ≡ ℎ
𝜇 𝜇  

𝜕𝜈ℎ‾𝜇𝜈 = 0; ℎ‾𝜇𝜈 ≡ ℎ𝜇𝜈 − 𝜂𝜇𝜈
ℎ

2
 

𝑑(𝑑 − 1)

2
− 𝑑 =

(𝑑 − 1)(𝑑 − 2)

2
− 1  

(𝑝 − 𝑚)𝑢(𝑝) = 0  

𝜕𝜇1𝐴𝜇1…𝜇𝑟 = 0  

𝑘𝜇1𝜖𝜇1…𝜇𝑟(𝑘) = 0  

(
𝑑 − 2

𝑟
) =

(𝑑 − 2)… (𝑑 − 1 − 𝑟)

1 ⋅ 2 ⋅ … 𝑟
 

𝛿𝑒𝜇
𝑎 =

𝑘

2
𝜖‾𝛾𝑎𝜓𝜇  

𝛿𝜓𝜇 =
1

𝑘
𝐷𝜇𝜖; 𝐷𝜇𝜖 = 𝜕𝜇𝜖 +

1

4
𝜔𝜇
𝑎𝑏𝛾𝑎𝑏𝜖  

𝑆 =
1

2𝑘2
∫  𝑑4𝑥√−𝑔𝑅(Γ)  

𝑆𝐸𝐻=
1

2𝑘2
∫  𝑑4𝑥(det𝑒)𝑅𝜇𝜈

𝑎𝑏(𝜔)(𝑒−1)𝑎
𝜇(𝑒−1)𝑏

𝜈  

=
1

2𝑘2
∫  𝑑4𝑥𝜖𝑎𝑏𝑐𝑑𝜖

𝜇𝜈𝜌𝜎𝑒𝜇
𝑎𝑒𝜈
𝑏𝑅𝜌𝜎

𝑐𝑑  

 ≡
1

2𝑘2
∫  𝑑4𝑥𝜖𝑎𝑏𝑐𝑑𝑒

𝑎 ∧ 𝑒𝑏 ∧ 𝑅𝑐𝑑(𝜔)

 

𝑅𝑎𝑏 = 𝑑𝜔𝑎𝑏 + 𝜔𝑎𝑐 ∧ 𝜔𝑐𝑏  

[𝐷𝜇, 𝐷𝜈] = 𝐹𝜇𝜈 ≡ 𝐹𝜇𝜈
𝑎 𝑇𝑎  

[𝐷𝜇(𝜔), 𝐷𝜈(𝜔)] = 𝑅𝜇𝜈
𝑟𝑠
1

4
𝛾𝑟𝑠  

[𝐷𝑎, 𝐷𝑏]= (2𝑒𝑎
𝜇
𝑒𝑏
𝜈𝐷[𝜇𝑒𝜈]

𝑐 )𝐷𝑐 + (𝑒𝑎
𝜇
𝑒𝑏
𝜈𝑅𝜇𝜈

𝑟𝑠 (𝜔))
1

4
𝛾𝑟𝑠 

 ≡ 𝑇𝑎𝑏
𝑐 𝐷𝑐 + 𝑅𝑎𝑏

𝑟𝑠𝑀𝑟𝑠

 

𝑇𝑎𝑏
𝑐 ≡ 𝑒𝑎

𝜇
𝑒𝑏
𝜈𝑇𝜇𝜈

𝑐 = 2𝑒𝑎
𝜇
𝑒𝑏
𝜈𝐷[𝜇𝑒𝜈] 

𝑐

𝑅𝑎𝑏
𝑐𝑑 = 𝑒𝑎

𝜇
𝑒𝑏
𝜈𝑅𝜇𝜈

𝑐𝑑(𝜔)
 

𝑆𝑅𝑆= −
1

2
∫  𝑑𝑑𝑥𝜓‾𝜇𝛾

𝜇𝜈𝜌𝜕𝜈𝜓𝜌  

 = −
𝑖

2
∫  𝑑4𝑥𝜖𝜇𝜈𝜌𝜎𝜓‾𝜇𝛾5𝛾𝜈𝜕𝜌𝜓𝜎
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𝑆𝑅𝑆= −
1

2
∫  𝑑𝑑𝑥(det𝑒)𝜓‾𝜇𝛾

𝜇𝜈𝜌𝐷𝜈𝜓𝜌 

 = −
𝑖

2
∫  𝑑4𝑥𝜖𝜇𝜈𝜌𝜎𝜓‾𝜇𝛾5𝛾𝜈𝐷𝜌𝜓𝜎

 

𝑆𝒩=1 = 𝑆𝐸𝐻(𝜔, 𝑒) + 𝑆𝑅𝑆(𝜓𝜇)  

𝛿𝑒𝜇
𝑎 =

𝑘

2
𝜖‾𝛾𝑎𝜓𝜇;  𝛿𝜓𝜇 =

1

𝑘
𝐷𝜇𝜖  

𝜔𝜇
𝑎𝑏 = 𝜔𝜇

𝑎𝑏(𝑒, 𝜓) = 𝜔𝜇
𝑎𝑏(𝑒) + 𝜓𝜓   

𝛿𝑆𝒩=1

𝛿𝜔𝜇
𝑎𝑏 = 0 ⇒ 𝜔𝜇

𝑎𝑏(𝑒,𝜓)  

𝛿𝜔𝜇
𝑎𝑏 = −

1

4
𝜖‾𝛾5𝛾𝜇𝜓̃

𝑎𝑏 +
1

8
𝜖‾𝛾5(𝛾

𝜆𝜓̃𝜆
𝑏𝑒𝜇
𝑎 − 𝛾𝜆𝜓̃𝜆

𝑎𝑒𝜇
𝑏)

𝜓̃𝑎𝑏 ≡ 𝜖𝑎𝑏𝑐𝑑𝜓𝑐𝑑;  𝜓𝑎𝑏 ≡ 𝑒𝑎 
𝜇𝑒𝑏 

𝜈(𝐷𝜇𝜓𝜈 −𝐷𝜈𝜓𝜇)
 

∼ 𝛾𝜆𝜓̃𝜆𝜇 = 0  

𝛿𝑆 =
𝛿𝑆

𝛿𝑒
𝛿𝑒 +

𝛿𝑆

𝛿𝜓
𝛿𝜓 +

𝛿𝑆

𝛿𝜔
(
𝛿𝜔

𝛿𝑒
𝛿𝑒 +

𝛿𝜔

𝛿𝜓
𝛿𝜓)  

𝛿𝐸𝑒𝜇
𝑎= 𝜉𝜈𝜕𝜈𝑒𝜇

𝑎 + (𝜕𝜇𝜉
𝜈)𝑒𝜈

𝑎  

𝛿𝐸𝜔𝜇
𝑎𝑏 = 𝜉𝜈𝜕𝜈𝜔𝜇

𝑎𝑏 + (𝜕𝜇𝜉
𝜈)𝜔𝜈

𝑎𝑏

𝛿𝐸𝜓𝜇 = 𝜉
𝜈𝜕𝜈𝜓𝜇 + (𝜕𝜇𝜉

𝜈)𝜓𝜈

 

𝛿𝐿𝐿𝑒𝜇
𝑎= 𝜆𝑎𝑏𝑒𝜇

𝑏  

𝛿𝐿𝐿𝜔𝜇
𝑎𝑏= 𝐷𝜇𝜆

𝑎𝑏 = 𝜕𝜇𝜆
𝑎𝑏 +𝜔𝜇

𝑎𝑐𝜆𝑐𝑏 − 𝜔𝜇
𝑏𝑐𝜆𝑐𝑎 

𝛿𝐿𝐿𝜓𝜇 = −𝜆
𝑎𝑏
1

4
𝛾𝑎𝑏𝜓𝜇

 

𝐷𝜇𝜂
𝐼 = ±

𝑖

2
𝛾𝜇𝜂

𝐼  

𝑆𝐸𝐻 = −
1

8𝑘2
∫  𝑑3𝑥𝑒𝑅  

𝑅 = 𝑅𝜇𝜈
𝑚𝑛(𝜔)𝑒𝑚

𝜇
𝑒𝑛
𝜈

𝑅𝜇𝜈
𝑚𝑛(𝜔) = 𝜕𝜇𝜔𝜈

𝑚𝑛 − 𝜕𝜈𝜔𝜈
𝑚𝑛 + 𝜔𝜇

𝑚𝑝
𝜔𝜈
𝑝𝑛
− 𝜔𝜈

𝑚𝑝
𝜔𝜇
𝑝𝑛  

𝑆𝑅𝑆 = −
1

2
∫  𝑑3𝑥𝑒𝜓‾𝛾𝜇𝜈𝜌𝐷𝜈(𝜔)𝜓𝜌  

𝐷𝜈𝜓𝜌 = 𝜕𝜈𝜓𝜌 +
1

4
𝜔𝜈
𝑚𝑛𝛾𝑚𝑛𝜓𝜌  

𝑆𝑅𝑆 = +
1

2
∫  𝑑3𝑥𝜖𝜇𝜈𝜌𝜓‾𝜇𝐷𝜈𝜓𝜌  

𝛿𝐸𝑒𝜇
𝑎= 𝜉𝜈𝜕𝜈𝑒𝜇

𝑎 + (𝜕𝜇𝜉
𝜈)𝑒𝜈

𝑎  

𝛿𝐸𝜔𝜇
𝑎𝑏= 𝜉𝜈𝜕𝜈𝜔𝜇

𝑎𝑏 + (𝜕𝜇𝜉
𝜈)𝜔𝜈

𝑎𝑏 

𝛿𝐸𝜓𝜇  = 𝜉
𝜈𝜕𝜈𝜓𝜇 + (𝜕𝜇𝜉

𝜈)𝜓𝜈

 

𝛿𝐿𝐿𝑒𝜇
𝑎= 𝜆𝑎𝑏𝑒𝜇

𝑏  

𝛿𝐿𝐿𝜔𝜇
𝑎𝑏= 𝐷𝜇𝜆

𝑎𝑏 = 𝜕𝜇𝜆
𝑎𝑏 +𝜔𝜇

𝑎𝑐𝜆𝑐𝑏 − 𝜔𝜇
𝑏𝑐𝜆𝑐𝑎 

𝛿𝐿𝐿𝜓𝜇 = −𝜆
𝑎𝑏
1

4
𝛾𝑎𝑏𝜓𝜇

 

ℒ3/2 = 𝜓‾𝜇𝒪
𝜇𝜈𝜌𝜕𝜈𝜓𝜌  
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𝑆𝑆 = −
1

2
∫  𝑑3𝑥𝑒𝑆2  

𝛿𝐸𝑆 = 𝜉
𝜈𝜕𝜈𝑆

𝛿𝐿𝐿𝑆 = 0
 

𝛿𝜓𝜇 =
1

𝑘
𝐷𝜇𝜖 =

1

𝑘
(𝜕𝜇𝜖 +

1

4
𝜔𝜇
𝑚𝑛𝛾𝑚𝑛) 𝜖  

{𝑄𝛼 , 𝑄𝛽} = 2(𝐶𝛾
𝜇)𝛼𝛽𝑃𝜇  

[𝛿𝜖1 , 𝛿𝜖2] = 𝜉
𝜇𝜕𝜇

𝜉𝜇 ≡ 2𝜖‾2𝛾
𝜇𝜖1

 

[𝛿𝑄(𝜖1), 𝛿𝑄(𝜖2)] = 𝛿𝑔.𝑐.(𝜉
𝜇) + 𝛿𝐿𝐿(𝜉

𝜇𝜔𝜇
𝑚𝑛) + 𝛿𝑄(−𝜉

𝜇𝜓𝜇)

𝜉𝜇 ≡ 2𝜖‾2𝛾
𝜇𝜖1

 

𝛿𝑆𝐸𝐻= −
1

8𝑘2
∫  𝑑3𝑥𝑅𝜇𝜈

𝑚𝑛(𝜔)𝛿[𝑒𝑒𝑚
𝜇
𝑒𝑛
𝜈]  

 = −
1

4𝑘2
∫  𝑑3𝑥𝑒 [𝑅𝜇

𝑚 −
1

2
𝑒𝜇
𝑚𝑅] 𝛿𝑒𝑚

𝜇
 

[𝐷𝜇(𝜔), 𝐷𝜈(𝜔)] =
1

4
𝑅𝜇𝜈
𝑚𝑛𝛾𝑚𝑛  

𝛿𝑆𝑅𝑆=
1

𝑘
∫  𝑑3𝑥𝜖𝜇𝜈𝜌𝜓‾𝜇𝐷𝜈𝐷𝜌𝜖  

 =
1

8𝑘
∫  𝑑3𝑥𝜖𝜇𝜈𝜌𝑅𝜇𝜈

𝑚𝑛𝜓‾𝛾𝑚𝑛𝜖

 

𝛾𝑚𝑛 = −𝜖𝑚𝑛𝑟𝛾
𝑟 

𝜖𝜇𝜈𝜌𝜖𝑚𝑛𝑟 = −6𝑒𝑒𝑚
[𝜇
𝑒𝑛
𝜈𝑒𝑟
𝜌]  

𝜖𝜇𝜈𝜌𝑅𝜈𝜌
𝑚𝑛𝛾𝑚𝑛= −𝜖

𝜇𝜈𝜌𝜖𝑚𝑛𝑟𝑅𝜈𝜌
𝑚𝑛𝛾𝑟  

= +6𝑒𝑅𝜈𝜌
𝑚𝑛𝑒𝑚

[𝜇
𝑒𝑛
𝜈𝑒𝑟
𝜌]
𝛾𝑟  

 = 4𝑒𝑒𝑚
𝜇
(𝑅𝜌

𝑚 −
1

2
𝑅𝑒𝜌

𝑚) 𝛾𝑟𝑒𝑟
𝜌

 

𝛿𝑆𝑅𝑆 =
1

2𝑘
∫  𝑑3𝑥𝑒 (𝑅𝜌

𝑚 −
1

2
𝑅𝑒𝜌

𝑚)𝜓‾𝑚𝛾
𝜌𝜖  

𝛿𝑒𝑚
𝜇
= 2𝑘𝜓‾𝑚𝛾

𝜇𝜖  

𝜓‾𝜒 = 𝜒‾𝜓

𝜓‾𝛾𝑚𝜒 = −𝜒‾𝛾𝑚𝜓
 

𝛿𝑒𝜇
𝑚 = 2𝑘𝜖‾𝛾𝑚𝜓𝜇  

[𝛿1, 𝛿2]𝑒𝜇
𝑚= 2𝑘𝜖‾2𝛾

𝑚 (
1

𝑘
𝐷𝜇𝜖1) − (1 ↔ 2)  

 = 2𝜕𝜇(𝜖‾2𝛾
𝑚𝜖1) + 2 [

1

4
𝜔𝜇
𝑟𝑠𝜖‾2𝛾

𝑚𝛾𝑟𝛾𝑠𝜖1 − (1 ↔ 2)]

 

[𝛿1, 𝛿2]𝑒𝜇
𝑚= (𝜕𝜇𝜉

𝜈)𝑒𝜈
𝑚 + 𝜉𝜈(𝜕𝜇𝑒𝜈

𝑚) + 2 [
1

4
𝜔𝜇
𝑟𝑠𝜖‾2𝛾

𝑚𝛾𝑟𝛾𝑠𝜖1 − (1 ↔ 2)]  

 = (𝜕𝜇𝜉
𝜈)𝑒𝜈

𝑚 + 𝜉𝜈𝜕𝜈𝑒𝜇
𝑚 + 𝜉𝜈(𝜕𝜇𝑒𝜈

𝑚 − 𝜕𝜈𝑒𝜇
𝑚) + 2 [

1

4
𝜔𝜇
𝑟𝑠𝜖‾2𝛾

𝑚𝛾𝑟𝛾𝑠𝜖1 − (1 ↔ 2)]

 

𝜕𝜇𝑒𝜈
𝑚 − 𝜕𝜈𝑒𝜇

𝑚 + 𝜔𝜇
𝑚𝑛(𝑒)𝑒𝜈

𝑛 − 𝜔𝜈
𝑚𝑛(𝑒)𝑒𝜇

𝑛 = 0  
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[𝛿1, 𝛿2]𝑒𝜇
𝑚 = 𝛿𝐸(𝜉

𝜈)𝑒𝜇
𝑚 + 𝜉𝜈(−𝜔𝜇

𝑚𝑛(𝑒)𝑒𝜈
𝑛 + 𝜔𝜈

𝑚𝑛(𝑒)𝑒𝜇
𝑛) + 2 [

1

4
𝜔𝜇
𝑟𝑠𝜖‾2𝛾

𝑚𝛾𝑟𝛾𝑠𝜖1 − (1 ↔ 2)]  

𝛾𝑚𝛾𝑟𝛾𝑠 = 𝛾𝑚𝑟𝑠 + 𝜂𝑚𝑟𝛾𝑠 + 𝜂𝑟𝑠𝛾𝑚 − 𝜂𝑚𝑠𝛾𝑟  

2𝜔𝜇
𝑟𝑠(𝑒, 𝜓)𝜖‾2𝛾𝑠𝜖1 = 𝜔𝜇

𝑟𝑠(𝑒, 𝜓)𝜉𝑠  

[𝛿1, 𝛿2]𝑒𝜇
𝑚 = 𝛿𝐸(𝜉

𝜈)𝑒𝜇
𝑚 + [𝜉𝜈𝜔𝜈

𝑚𝑛(𝑒)]𝑒𝜇𝑛 + [𝜔𝜇
𝑚𝑠(𝑒,𝜓) − 𝜔𝜇

𝑚𝑠(𝑒)]𝜉𝑠  

𝜔𝜇
𝑚𝑛(𝑒, 𝜓) = 𝜔𝜇

𝑚𝑛(𝑒) + 𝜔(𝜓)

𝜔𝜇
𝑚𝑛(𝜓) = 𝑘2(𝜓‾𝜇𝛾𝑚𝜓𝑛 − 𝜓‾𝜇𝛾

𝑛𝜓𝑚 + 𝜓‾𝑚𝛾𝜇𝜓𝑛)
 

[𝛿1, 𝛿2]𝑒𝜇
𝑚 = 𝛿𝐸(𝜉

𝜈)𝑒𝜇
𝑚 + [𝜉𝜈𝜔𝜈

𝑚𝑛(𝑒, 𝜓)]𝑒𝜇𝑛 + [𝜔𝜇𝑠
𝑚(𝜓) − 𝜔𝑠

𝑚 𝜇(𝜓)]𝜉𝑠  

2𝑘2𝜓‾𝜇𝛾
𝑚𝜓𝑠𝜉

𝑠 = 𝛿𝑄(−𝑘𝜉
𝑠𝜓𝑠)  

[𝛿1, 𝛿2]𝑒𝜇
𝑚 = 𝛿𝐸(𝜉

𝜈) + 𝛿𝐿𝐿(𝜉
𝜈𝜔𝜈

𝑚𝑛(𝑒, 𝜓)) + 𝛿𝑄(−𝑘𝜉
𝜈𝜓𝜈)  

𝛿 ∫  𝑑3𝑥 (−
1

2
𝑒𝑆2) = ∫  𝑑3𝑥(−𝑘𝜖‾𝛾𝜇𝜓𝜇𝑆

2 − 𝑒𝑆𝛿𝑆)  

𝛿𝑆𝜓𝜇 = 𝑐𝑆𝛾𝜇𝜖  

𝛿𝑆𝐼𝑅𝑆 = 𝑐∫  𝑑
3𝑥𝑆𝜖𝜇𝜈𝜌[𝜖‾𝛾𝜇𝐷𝜈(𝜔)𝜓𝜌]  

𝛿𝑆 = 𝑘𝜖‾𝛾𝜇𝜓𝜇𝑆 +
𝑐

𝑒
𝜖𝜇𝜈𝜌𝜖‾𝛾𝜇𝐷𝜈(𝜔)𝜓𝜌  

[𝛿1, 𝛿2]𝑒𝜇
𝑚|
𝑒𝑥𝑡𝑟𝑎

= 2𝑐𝑘𝑆𝜖‾2𝛾
𝑚𝛾𝜇𝜖1 − (1 ↔ 2) = 4𝑐𝑘𝑆𝜖‾2𝛾

𝑚𝑛𝜖1𝑒𝜇𝑛  

𝛿𝐿𝐿(4𝑐𝑘𝑆𝜖‾𝑠𝛾
𝑚  𝑛𝜖1) = 𝛿𝐿𝐿(−2𝑐𝑘𝑆𝜖

𝑚 𝑛𝑠𝜉
𝑠)  

[𝛿1, 𝛿2]𝜓𝜇 =
1

4𝑘
[𝛿1𝜔𝜇

𝑚𝑛(𝑒,𝜓)]𝛾𝑚𝑛𝜖2 + 𝑐(𝛿1𝑆)𝛾𝜇𝜖2 − (1 ↔ 2)  

[𝛿𝑔.𝑐.(𝜂
𝜇), 𝛿𝑔.𝑐.(𝜉

𝜇)] = 𝛿𝑔.𝑐.(𝜉
𝜇𝜕𝜇𝜂

𝜈 − 𝜂𝜇𝜕𝜇𝜉
𝜈)  

𝐷𝜇𝑒𝑛
𝑎𝑢 = 𝜕𝜇𝑒𝜈

𝑎 + 𝜔𝜇
𝑎𝑏𝑒𝜈

𝑏 − Γ𝜇𝜈
𝜌
(𝑔)𝑒𝜌

𝑎  

𝑆 = ∫  𝑑3𝑥Tr (𝑑𝐴 ∧ 𝐴 +
2

3
𝐴 ∧ 𝐴 ∧ 𝐴)  

𝑆𝑛 =
𝑆𝑂(𝑛 + 1)

𝑆𝑂(𝑛)
 

[𝑇𝑎, 𝑇𝑏] = 𝑓𝑎𝑏
𝑐 𝑇𝑐  

[𝑇𝑎, 𝑇𝑏} = 𝑓𝑎𝑏
𝑐 𝑇𝑐  

[𝑇𝑎, 𝑇𝑏}: [𝐵, 𝐵];  {𝐹, 𝐹}; [𝐵, 𝐹]  

[𝐻𝑖, 𝐻𝑗] = 𝑓𝑖𝑗  
𝑘𝐻𝑘

[𝐻𝑖 , 𝐾𝛼] = 𝑓𝑖𝛼  
𝛽𝐾𝛽

[𝐾𝛼 , 𝐾𝛽] = 𝑓𝛼𝛽  
𝑖𝐻𝑖 + 𝑓𝛼𝛽  

𝛾𝐾𝛾

 

𝑒𝑧
𝛼𝐾𝛼ℎ, ∀ℎ  

ℎ = 𝑒𝑦
𝑖𝐻𝑖  

𝑔𝑒𝑧
𝛼𝐾𝛼 = 𝑒𝑧

′𝛼𝐾𝛼ℎ(𝑧, 𝑔)  
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𝑒𝑥⋅𝐾𝑒𝑑𝑥⋅𝐾 = 𝑒𝑥⋅𝐾+𝑑𝑥
𝑚𝑒𝑚

𝜇
(𝑥)𝐾𝜇 × 𝑒𝑑𝑥

𝑚𝑒𝑚
𝜇
(𝑥)𝜔𝜇

𝑖 (𝑥)𝐻𝑖 + 𝒪(𝑑𝑥2)

𝑒𝑑𝑔
𝑎𝑇𝑎𝑒𝑥⋅𝐾 = 𝑒𝑥⋅𝐾+𝑑𝑔

𝑎𝑓𝑎
𝜇
(𝑥)𝐾𝜇 × 𝑒−𝑑𝑔

𝑎Ω𝑎
𝑖 (𝑥)𝐻𝑖 + 𝒪(𝑑𝑔2)

 

𝐿−1(𝑥)𝜕𝜇𝐿(𝑥) = 𝑒𝜇
𝑚(𝑥)𝐾𝑚 +𝜔𝜇

𝑖 (𝑥)𝐻𝑖  

𝑉𝜇(𝑥 + 𝑑𝑥) = 𝑉𝜇(𝑥) − 𝑑𝑥𝜈Γ𝜈𝜌
𝜇
𝑉𝜌(𝑥)  

𝑉𝑚(𝑥) = 𝑉𝜇(𝑥)𝑒𝜇
𝑚(𝑥)  

𝑉𝑚(𝑥 + 𝑑𝑥) = 𝑉𝑚(𝑥) − 𝑑𝑥𝜈𝜔𝜈
𝑚 𝑛(𝑥)𝑉

𝑛(𝑥)  

𝐷𝜇𝑒𝜈
𝑚 = 𝜕𝜇𝑒𝜈

𝑚 − Γ𝜇𝜈
𝜌
𝑒𝜌
𝑚 + 𝜔𝜇

𝑚 𝑛
𝑚(𝑥)𝑒𝜈

𝑛 = 0  

𝜔𝜇  
𝑚 𝑛(𝑥) = 𝑒𝜇

𝑟(𝑥)𝜔𝑟  
𝑚 𝑛(0) + 𝜔𝜇

𝑖 (𝑥)𝑓𝑖𝑛  
𝑚  

𝑙 = 𝑑𝑔𝐴𝑓𝐴
𝜇
(𝑥)𝜕𝜇  

𝐷𝜇𝑣
𝑚 = 𝜕𝜇𝑣

𝑚 + 𝜔𝜇
𝑚 𝑛
𝑚(𝑥)𝑣𝑛  

𝜔𝜇  𝑏̃
𝑎̃ = 𝜔𝜇

𝑖 (𝑥)(𝐻𝑖)
𝑎̃ 𝑏̃  

𝐷𝑚𝜙
𝑎̃(𝑥) = 𝑒𝑚

𝜇
(𝑥)[𝜕𝜇𝜙

𝑎̃(𝑥) + 𝜔𝜇  
𝑎̃ 𝑏̃(𝑥)𝜙

𝑏̃(𝑥)]  

𝛿(𝑔)𝜙
𝑎̃(𝑥) ≡ ℒ𝐻𝜙

𝑎̃(𝑥) = 𝑙𝜙𝑎̃(𝑥) + 𝑑𝑔𝐴Ω𝐴
𝑖 (𝑥)(𝐻𝑖)

𝑎̃ 𝑏̃𝜙
𝑏̃(𝑥)  

[𝐷𝑚, ℒ𝐻] = 0  

∫  
𝑀

 𝜇(𝑥)𝑓(𝑥)𝑑𝑛𝑥  

𝜇(𝑥) = [det𝑒𝜇
𝑚(𝑥)]𝜇(0)  

𝑒𝑧
𝛼𝐾𝛼𝑒𝑦

𝑖𝐻𝑖 = 𝑒𝜉
𝜇𝑃𝜇+𝜖

𝐴𝑄𝐴+𝜖
𝐴̇𝑄𝐴̇𝑒𝜆

𝑚𝑛𝑀𝑚𝑛  

𝑄𝛼 = (
𝑄𝐴

𝑄‾𝐴̇
)  

(𝛾𝑚)𝛼  𝛽 = (
0 −𝑖(𝜎𝑚)𝐴𝐵̇

𝑖(𝜎‾𝑚)𝐴̇𝐵 0
)  

𝑒𝜖
𝐴𝑄𝐴+𝜖‾

𝐴̇𝑄𝐴̇+𝜉
𝜇𝑃𝜇+

1
2
𝜆𝑚𝑛𝑀

𝑚𝑛

𝑒𝜃
‾𝑄+𝑥𝜇𝑃𝜇 = 𝑒𝜃

‾ ′𝑄+𝑥′𝜇𝑃𝜇ℎ  

𝑥′𝜇= 𝑥𝜇 + 𝜉𝜇 +
1

2
𝜃‾𝐵̇𝜖𝐴(−2𝑖(𝜎𝜇)𝐴𝐵̇) +

1

2
𝜃𝐵𝜖‾𝐴̇(−2𝑖(𝜎𝜇)𝐵𝐴̇) + 𝜆𝜈

𝜇
𝑥𝜈  

𝜃′𝐴= 𝜃𝐴 + 𝜖𝐴 +
1

4
𝜆𝑚𝑛(𝜎𝑚𝑛)𝐵

𝐴𝜃𝐵  

𝜃‾′𝐴̇ = 𝜃‾ 𝐴̇ + 𝜖‾𝐴̇ −
1

4
𝜆𝑚𝑛(𝜎‾𝑚𝑛)𝐵̇

𝐴̇𝜃‾𝐵̇

 

𝜔Λ
𝑖 = ΩΛ

𝑖 = 0  

𝛿𝑧Λ = 𝑙𝑧Λ = ΞΣ𝑓Σ
Π𝜕Π𝑧

Λ = ΞΣ𝑓Σ
Λ = 𝜖𝐴𝑙𝐴

Λ + 𝜖‾𝐴̇𝑙𝐴̇
Λ + 𝜉𝜇𝑙𝜇

Λ  

𝑙Σ = 𝑙Σ
Λ𝜕Λ  

𝑙𝐴=
𝜕

𝜕𝜃𝐴
+ 𝑖(𝜎𝜇)𝐴𝐵̇𝜃‾

𝐵̇𝜕𝜇 

𝑙𝐴̇=
𝜕

𝜕𝜃‾ 𝐴̇
+ 𝑖(𝜎𝜇)𝐵𝐴̇𝜃

𝐵𝜕𝜇 

𝑙𝜇  = 𝑃𝜇 = 𝑖𝜕𝜇
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[ℒ𝐻, 𝐷𝑀] = [𝑙, 𝐷𝑀] = 0  

 

𝛿Φ(𝑥, 𝜃) = (𝜖𝐴𝑙𝐴 + 𝜖‾
𝐴̇𝑙𝐴̇)Φ(𝑥, 𝜃)  

𝑒𝑧
Λ𝐾Λ𝑒𝑑𝑧

𝑀𝐾𝑀 = 𝑒𝑧
Λ𝐾Λ+𝑑𝑧

𝑀𝐸𝑀
Λ𝐾Λ + 𝒪(𝑑𝑧2)  

𝐸𝑀
Λ = (

𝛿𝑚
𝜇

0 0

−𝑖𝜎
𝐴𝐵̇
𝜇
𝜃𝐵̇ 𝛿𝐴

𝐵 0

−𝑖𝜎
𝐵𝐴̇
𝜇
𝜃𝐵 0 𝛿𝐴̇

𝐵̇

)  

𝐷𝑀≡ (𝐷𝑚, 𝐷𝐴, 𝐷𝐴̇)  

 = 𝐸𝑀
Λ(𝜕Λ + 𝜔Λ

𝑖 𝑇𝑖) = 𝐸𝑀
Λ𝜕Λ

 

𝐷𝑚= 𝜕𝑚  

𝐷𝐴= 𝜕𝐴 − 𝑖𝜎𝐴𝐵̇
𝜇
𝜃‾𝐵̇𝜕𝜇  

𝐷𝐴̇ = 𝜕𝐴 − 𝑖𝜎𝐵𝐴̇
𝜇
𝜃𝐵𝜕𝜇

 

[𝐷𝑀, 𝐷𝑁} = 𝑇𝑀𝑁
𝑃 𝐷𝑃 + 𝑅𝑀𝑁

𝑖 𝑇𝑖  

𝑅𝑀𝑁
𝑖 = 𝑒𝑀

Λ𝑒𝑁
Σ𝑅ΛΣ

𝑖  

𝑅ΛΣ
𝑖 = 𝜕Λ𝜔Σ

𝑖 − 𝜕Σ𝜔Λ
𝑖 + 𝑓𝑗𝑘  

𝑖𝜔Λ
𝑗
ΩΣ
𝑘  

𝑇𝑀𝑁
𝑃 = 𝑒𝑀

Λ (𝐷Λ𝑒𝑁
Σ)𝑒Σ

𝑃 −𝑀 ↔ 𝑁  

𝐷Λ𝑒𝑁
Σ  = 𝜕Λ𝑒𝑁

Σ + 𝜔Λ
𝑖 𝑓𝑁𝑖𝑒𝑃

Σ

 

𝑇𝐴𝐵̇
𝑚 = 𝑓𝐴𝐵̇

𝑚
 

{𝐷𝐴, 𝐷𝐵̇} = 𝑇𝐴𝐵̇
𝑚𝐷𝑚  

(
𝑥′

𝜃′
) = (

𝐴 𝐵
𝐶 𝐷

) (
𝑥

𝜃
) ≡ 𝑀 (

𝑥

𝜃
)  

 sdet 𝑀 ≡
det(𝐴 − 𝐵𝐷−1𝐶)

det𝐷
 

∫  𝑑4𝑥𝑑4𝜃𝜇(𝑥, 𝜃)𝑓(𝑥, 𝜃) = ∫  𝑑4𝑥𝑑4𝜃𝐽(𝑥, 𝜃)𝜇(0)𝑓(𝑥, 𝜃)  

𝜇 = sdet𝐸Λ
𝑀  

 sdet 𝐸Λ
𝑀 = 1/ sdet 𝐸𝑀

Λ = 1  

𝑉𝑚(𝑥 + 𝑑𝑥) = 𝑉𝑚(𝑥) − 𝑑𝑥𝜈𝜔𝜈
𝑚 𝑛𝑉

𝑛(𝑥)  

[𝐷𝑚, ℒ𝐻] = 0  

𝑒𝑥⋅𝐾𝑒𝑑𝑥⋅𝐾 = 𝑒𝑥⋅𝐾+𝑑𝑥
𝑚𝑒𝑚

𝜇
(𝑥)𝐾𝜇 × 𝑒𝑑𝑥

𝑚𝑒𝑚
𝜇
(𝑥)𝜔𝜇

𝑖 (𝑥)𝐻𝑖 + 𝒪(𝑑𝑥2)  

𝐿−1𝜕𝜇𝐿 = 𝑒𝜇
𝑚(𝑥)𝐾𝑚 + 𝜔𝜇

𝑖 (𝑥)𝐻𝑖

𝐿 ≡ 𝑒−𝑥
𝛼𝐾𝛼

 

𝑒𝜖
𝐴𝑄𝐴+𝜖‾

𝐴̇𝑄𝐴̇+𝜉
𝜇𝑃𝜇+

1
2
𝜆𝑚𝑛𝑀

𝑚𝑛

𝑒𝜃
‾𝑄+𝑥𝜇𝑃𝜇 = 𝑒𝜃

‾ ′𝑄+𝑥′𝜇𝑃𝜇ℎ  
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𝑥′𝜇= 𝑥𝜇 + 𝜉𝜇 +
1

2
𝜃‾𝐵̇𝜖𝐴(−2𝑖(𝜎𝜇)𝐴𝐵̇) +

1

2
𝜃𝐵𝜖‾𝐴̇(−2𝑖(𝜎𝜇)𝐵𝐴̇) + 𝜆𝜈

𝜇
𝑥𝜈  

𝜃′𝐴= 𝜃𝐴 + 𝜖𝐴 +
1

4
𝜆𝑚𝑛(𝜎𝑚𝑛)𝐵

𝐴𝜃𝐵  

𝜃‾′𝐴̇ = 𝜃‾ 𝐴̇ + 𝜖‾𝐴̇ −
1

4
𝜆𝑚𝑛(𝜎‾𝑚𝑛)𝐵̇

𝐴̇𝜃‾𝐵̇

 

𝒟𝑀 ≡ 𝜕𝑀 + 𝐴𝑀
𝑎̃ 𝑇𝑎̃  

𝒟𝐴 ≡ 𝐸𝐴
𝑀𝒟𝑀 = 𝐸𝐴

𝑀𝜕𝑀 + 𝐸𝐴
𝑀𝐴𝑀 = 𝐷𝐴 + 𝐴𝐴  

[𝒟𝐴, 𝒟𝐵} ≡ 𝑇𝐴𝐵
𝐶 𝒟𝐶 +

1

2
𝑅𝐴𝐵
𝑟𝑠𝑀𝑟𝑠 + 𝐹𝐴𝐵

𝑎̃ 𝑇𝑎̃  

𝐹𝐴𝐵 = 𝐷𝐴𝐴𝐵 − (−)
𝐴𝐵(𝐴 ↔ 𝐵) + [𝐴𝐴 , 𝐴𝐵} − 𝑇𝐴𝐵

𝐶 𝐴𝐶  

𝐹𝛼𝛽 = 𝐹𝛼̇𝛽̇ = 0  

𝐹𝛼𝛽̇ = 0  

[𝒟𝐴, [𝒟𝐵, 𝒟𝐶}} + (−)
𝐴(𝐵+𝐶)[𝒟𝐵, [𝒟𝐶 , 𝒟𝐴}} + (−)

𝐶(𝐴+𝐵)[𝒟𝐶 , [𝒟𝐴, 𝒟𝐵}} = 0  

𝜕[𝜇𝐹𝜈𝜌] = 0  

𝑇𝐼 = {𝑃𝜇, 𝑄𝛼 ,𝑀𝑟𝑠}  

∇𝐴≡ 𝐷𝐴 +𝐻𝐴
𝐼𝑇𝐼  

𝐿𝜇 = 𝑖𝜕𝜇

𝐿𝛼 = 𝜕𝛼 − 𝑖𝜃
𝛽(𝛾𝜇)𝛽𝛼𝜕𝜇

 

1

2
𝐿𝑟𝑠ℒ𝑟𝑠 = 𝐿

𝜇 𝜈𝑥
𝜈𝜕𝜇

1

4
𝐿𝑟𝑠(𝛾𝑟𝑠)

𝛼  𝛽𝜃
𝛽𝜕𝛼 +

1

2
𝐿𝑟𝑠𝑀𝑟𝑠  

𝐻𝐴
𝐼𝑇𝐼 ≡ ℎ𝐴

𝑀𝐷𝑀 +
1

2
𝜙𝐴
𝑟𝑠𝑀𝑟𝑠  

∇𝐴= 𝛿𝐴
𝑀𝐷𝑀 + ℎ𝐴

𝑀𝐷𝑀 +
1

2
𝜙𝐴
𝑟𝑠𝑀𝑟𝑠 

 ≡ 𝐸𝐴
𝑀𝐷𝑀 +

1

2
𝜙𝐴
𝑟𝑠𝑀𝑟𝑠

 

𝐸𝐴
𝑀 = 𝛿𝐴

𝑀 + ℎ𝐴
𝑀  

[∇𝐴, ∇𝐵} = 𝑇𝐴𝐵
𝐶 ∇𝐶 +

1

2
𝑅𝐴𝐵
𝑟𝑠𝑀𝑟𝑠  

𝑣𝑎𝑏 = (𝛾𝜇)𝑎𝑏
𝑣𝜇

𝑣𝜇 = −
1

2
(𝛾𝜇)

𝑎𝑏
𝑣𝑎𝑏

 

{∇𝑎, ∇𝑏} = 2𝑖∇𝑎𝑏
𝑇𝑎,𝑏𝑐
𝑑𝑒 = 0

 

𝑇𝑎,𝑏
𝑐𝑑 = 2𝑖𝛿𝑎

(𝑐
𝛿𝑏
𝑑)
;  𝑇𝑎,𝑏

𝑐 = 0; 𝑅𝑎,𝑏
𝑟𝑠 = 0  

𝑘𝛼𝛽(𝑥, 𝜃) = 𝜉𝛼𝛽(𝑥) + 𝑖𝜃(𝛼𝜖𝛽)(𝑥) + 𝑖𝜃𝛾𝜂
(𝛾𝛼𝛽)(𝑥) + 𝑖𝜃2𝜁𝛼𝛽(𝑥)  

𝜓(𝑥, 𝜃)= ℎ(𝑥) + 𝑖𝜃𝛼𝜆𝛼(𝑥) + 𝑖𝜃
2𝑆  

= 𝑒𝑚𝜇(𝑥)𝛿
𝜇𝑚 + 𝑖𝜃𝛼(𝛾𝜇𝜓𝜇)𝛼

(𝑥) + 𝑖𝜃2𝑆  

𝐸(𝑎𝛼𝛽)(𝑥, 𝜃) = 𝜒(𝑎𝛼𝛽) + 𝜃(𝛼𝑋𝛼𝛽) + 𝛿𝑏𝑐
𝛼𝛽
(𝜃𝑑ℎ

(𝑎𝑏𝑐𝑑) + 𝑖𝜃2𝜓(𝑎𝑏𝑐))
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∫  𝑑3𝑥𝑑2𝜃sdet𝐸𝑀
𝐴(𝑥, 𝜃)  

[∇𝑎, ∇𝑏𝑐] =
1

2
𝜖𝑎𝑏𝑊𝑐 +

1

2
𝜖𝑎𝑐𝑊𝑏

𝑊𝑎 = 𝑊𝑎  
𝑏∇𝑏 + 𝑊̂𝑎

𝑏𝑐∇𝑏𝑐 +
1

2
𝑊𝑎
𝑟𝑠𝑀𝑟𝑠

𝑊𝑎𝑏 = 𝜖𝑎𝑏𝑅

𝑊̂𝑎
𝑏𝑐 = 0

𝑊𝑎,𝑏𝑐 ≡
1

4
𝑊𝑎
𝑟𝑠(𝛾𝑟𝑠)𝑏𝑐 = 𝐺𝑎𝑏𝑐 −

1

3
𝜖𝑎𝑏∇𝑐𝑅 −

1

3
∇𝑏𝑅

 

∇𝑎𝐺𝑎𝑏𝑐 =
2𝑖

3
∇𝑏𝑐𝑅  

𝑅 = Λ; 𝐺𝑎𝑏𝑐 = 0  

𝑆 =
1

𝑘2
∫  𝑑3𝑥𝑑2𝜃sdet𝐸𝐴

𝑀(𝑅 + Λ)  

[𝐷𝐴, 𝐷𝐵} = 𝑇𝐴𝐵
𝐶 𝐷𝐶 +

1

2
𝑅𝐴𝐵
𝑟𝑠𝑀𝑟𝑠  

𝑇𝐴𝐵̇
𝑚 = 𝑓𝐴𝐵̇

𝑚
 

[∇𝑎, {∇𝑏, ∇𝑐}] +  super −  cyclic = 0  

𝑇𝑎𝑚 
𝑏 = 𝑇𝑚𝑛 

𝑟 = 𝑇𝑚 
𝑎 = 𝑅𝑎𝑚 

𝑟𝑠 = 0  

𝛿𝑒𝜇
𝑚=

𝑘

2
𝜖‾𝛾𝑚𝜓𝜇  

𝛿𝜓𝜇=
1

𝑘
(𝐷𝜇 +

𝑖𝑘

2
𝐴𝜇𝛾5) 𝜖 −

1

2
𝛾𝜇𝜂𝜖  

𝛿𝑆=
1

4
𝜖‾𝛾𝜇𝑅𝜇

𝑐𝑜𝑣  

𝛿𝑃= −
𝑖

4
𝜖‾𝛾5𝛾

𝜇𝑅𝜇
𝑐𝑜𝑣  

𝛿𝐴𝑚 =
3𝑖

4
𝜖‾𝛾5 (𝑅𝑚

𝑐𝑜𝑣 −
1

3
𝛾𝑚𝛾

𝜇𝑅𝜇
𝑐𝑜𝑣)

 

𝜂 ≡ −
1

3
(𝑆 − 𝑖𝛾5𝑃 − 𝑖𝐴𝜌𝛾

𝜌𝛾5)  

𝑅𝜇 = 𝜖𝜇𝜈𝜌𝜎𝛾5𝛾𝜈𝐷𝜌𝜓𝜎  

𝑅𝜇,𝑐𝑜𝑣= 𝜖𝜇𝜈𝜌𝜎𝛾5𝛾𝜈 [𝐷𝜌𝜓𝜎 −
𝑖

2
𝐴𝜌𝛾5𝜓𝜎 +

1

2
𝛾𝜌𝜂𝜓𝜎] 

 ≡ 𝜖𝜇𝜈𝜌𝜎𝛾5𝛾𝜈𝜓𝜌𝜎
𝑐𝑜𝑣

 

ℒ = −
𝑒

2
𝑅(𝑒, 𝜔) −

1

2
𝜖𝜇𝜈𝜌𝜎𝜓‾𝜇𝛾5𝛾𝜈𝐷𝜌𝜓𝜎 

−
𝑒

3
(𝑆2 + 𝑃2 − 𝐴𝜇

2)  

0 = −2
𝛿𝐼

𝛿𝑒𝑎𝜈
= 𝑒 (𝑅𝑎𝜈 −

1

2
𝑒𝑎𝜈𝑅) −

1

4
𝜓‾𝜆𝛾5𝛾

𝑎𝜓̃𝜆𝜈 −
𝑒

3
𝑒𝑎𝜈(𝑆2 + 𝑃2 − 𝐴𝑚

2 ) 

𝛿𝐼

𝛿𝜓‾𝜇
= 𝑅𝜇 = 𝜖𝜇𝜈𝜌𝜎𝛾5𝛾𝜈𝐷𝜌𝜓𝜎  

𝜓̃𝜆𝜈= 2𝜖𝜆𝜈𝜌𝜎𝐷𝜌𝜓𝜎  

𝑆 = 𝑃 = 𝐴𝑚 = 0
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[𝛿𝜖1 , 𝛿𝜖2]𝑒𝜇
𝑚=

1

2
𝜖‾2𝛾

𝑚𝐷𝜇𝜖1 − 1 ↔ 2  

 = 𝛿𝐸(𝜉
𝜇)𝑒𝜇

𝑚 + 𝛿𝐿𝐿(𝜉
𝜇𝜔𝜇

𝑚𝑛(𝑒, 𝜓))𝑒𝜇
𝑚 + 𝛿𝑄(−𝑘𝜉

𝜇𝜓𝜇)𝑒𝜇
𝑚

 

𝜉𝜇 =
1

2
𝜖‾2𝛾

𝜇𝜖1  

[𝛿𝜖1 , 𝛿𝜖2]𝜓𝜇 =
1

2
𝜎𝑚𝑛𝜖2𝛿𝜖1𝜔𝜇

𝑚𝑛  

𝛿𝜔𝜇𝑎𝑏 =
1

4
𝜖‾(𝛾𝑏𝜓𝜇𝑎

𝑐𝑜𝑣 − 𝛾𝑎𝜓𝜇𝑏
𝑐𝑜𝑣 − 𝛾𝜇𝜓𝑎𝑏

𝑐𝑜𝑣) +
1

2
𝜖‾(𝜎𝑎𝑏𝜂 + 𝜂𝜎𝑎𝑏)𝜓𝜇  

[𝛿𝜖1 , 𝛿𝜖2]𝑒𝜇
𝑚 =  previous +

1

4
𝜖‾2𝛾

𝑚 (𝑖𝐴𝜇𝛾5 +
1

3
𝛾𝜇(𝑆 − 𝑖𝛾5𝑃 − 𝑖𝐴𝜌𝛾

𝜌𝛾5)) 𝜖1 − 1 ↔ 2  

𝑘

12
𝜖‾2(𝛿

𝑚𝑛 + 𝛾𝑚𝑛)(𝑆 − 𝑖𝛾5𝑃)𝜖1𝑒𝜇
𝑛 − 1 ↔ 2  

𝑖𝑘

4
[𝐴𝜇𝜖‾2𝛾

𝑚𝛾5𝜖1 −
1

3
𝐴𝜌𝜖‾2𝛾

𝑚𝛾𝜇𝛾𝜌𝛾5𝜖1] − 1 ↔ 2  

𝜖‾𝜒 = +𝜒‾𝜖

𝜖‾𝛾𝜇𝜒 = −𝜒‾𝛾𝜇𝜖
 

𝜖‾𝛾𝑚𝑛𝜒 = −𝜒‾𝛾𝑚𝑛𝜖

𝜖‾𝛾5𝜒 = +𝜒‾𝛾5𝜖

𝜖‾𝛾𝑚𝛾5𝜒 = +𝜒‾𝛾
𝑚𝛾5𝜖

𝜖‾𝛾𝑚𝑛𝛾5𝜒 = −𝜒‾𝛾
𝑚𝑛𝛾5𝜖

 

𝛾𝑚𝛾𝜇𝛾𝜌 = 𝛾𝑚𝜇𝜌 + 𝜂𝑚𝜇𝛾𝜌 − 𝛾𝜇𝜂𝑚𝜌 + 𝛾𝑚𝜂𝜇𝜌  

𝛾𝑑𝛾5 =
𝑖

6
𝜖𝑎𝑏𝑐𝑑𝛾

𝑎𝑏𝑐  

𝜖𝑎𝑏𝑐𝑑𝛾𝑑 = 𝑖𝛾
𝑎𝑏𝑐𝛾5  

𝑘

6
𝜖‾2𝛾

𝑚𝑛(𝑆 − 𝑖𝛾5𝑃)𝜖1𝑒𝜇
𝑛 −

𝑖𝑘

6
𝐴𝑝𝜖‾2𝛾

𝑚𝑛𝑝𝜖1𝑒𝜇
𝑛  

[𝛿𝜖1 , 𝛿𝜖2]= 𝛿𝐸(𝜉
𝜇) + 𝛿𝑄(−𝜉

𝜇𝜓𝜇) + 𝛿𝐿𝐿 [𝜉
𝜇𝜔̂𝜇

𝑚𝑛 +
1

3
𝜖‾2𝜎

𝑚𝑛(𝑆 − 𝑖𝛾5𝑃)𝜖1] 

𝜔̂𝜇
𝑚𝑛= 𝜔𝜇

𝑚𝑛 −
𝑖

3
𝜖𝜇
𝑚𝑛𝑐𝐴𝑐  

𝜉𝜇  =
1

2
𝜖‾2𝛾

𝜇𝜖1

 

[𝛿𝑄(𝜖), 𝛿𝑔.𝑐.(𝜉
𝜇)] = 𝛿𝑄(𝜉

𝜇𝜕𝜇𝜖)  

𝜓𝜌𝜎
𝑐𝑜𝑣 ≡ 𝐷𝜌𝜓𝜎

𝑐𝑜𝑣 ≡ 𝐷𝜌𝜓𝜎 −
𝑖

2
𝐴𝜎𝛾5𝜓𝜌 +

1

2
𝛾𝜎𝜂𝜓𝜌  

𝛿𝑆𝜓 = ∫  𝑅
𝜇𝛿𝜓𝜇  

Λ𝑀𝑁 =

(

 
 

Λ𝑚𝑛 0 0

0 −
1

4
(𝜎𝑚𝑛)𝐴𝐵Λ

𝑚𝑛 0

0 0
1

4
(𝜎𝑚𝑛)𝐴̇𝐵̇Λ

𝑚𝑛

)
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ΩΛ
𝑀𝑁 =

(

 
 

ΩΛ
𝑚𝑛 0 0

0 −
1

4
(𝜎𝑚𝑛)𝐴𝐵ΩΛ

𝑚𝑛 0

0 0
1

4
(𝜎𝑚𝑛)𝐴̇𝐵̇ΩΛ

𝑚𝑛

)

 
 

 

𝐷Λ = 𝜕Λ +
1

2
ΩΛ
𝑚𝑛𝑀𝑚𝑛  

𝐷𝑀 = 𝐸𝑀
Λ𝐷Λ  

[𝐷𝑀, 𝐷𝑁} = 𝑇𝑀𝑁
𝑃 𝐷𝑃 +

1

2
𝑅𝑀𝑁
𝑚𝑛𝑀𝑚𝑛  

[𝐷𝑀, [𝐷𝑁, 𝐷𝑃}} +  supercyclic = 0  

𝐸𝜇
𝑚(𝑥, 𝜃 = 0) = 𝑒𝜇

𝑚

𝐸𝜇
𝑎(𝑥, 𝜃 = 0) = 𝜓𝜇

𝑎

Ω𝜇
𝑚𝑛(𝑥, 𝜃 = 0) = 𝜔𝜇

𝑚𝑛

 

𝑇𝑚𝑛
𝑝
= 0

𝑇𝐴𝐵
𝐶 = 0; 𝑇𝐴̇𝐵̇

𝐶̇ = 0

𝑇𝐴𝐵̇
𝑚 + 2𝑖(𝜎𝑚)𝐴𝐵̇ = 0

𝑇𝐴𝑚
𝑛 (𝜎‾𝑛

𝑚)𝐵𝐶̇ = 0

 

𝑇𝐴𝐵
𝐶̇ = 𝑇𝐴𝐵

𝑚 = 0  

𝑇𝐴
𝑚 𝑚 = 0  

𝑇𝐴𝐵
𝐶̇ = 𝑇𝐴𝐵

𝑚 = 0  

𝐶𝑀𝑁 
𝑃 = 𝐸𝑀

Λ(𝜕Λ𝐸𝑁
Π)𝐸Π

𝑃 − (−)𝑀𝑁(𝑀 ↔ 𝑁)  

Ω𝑚𝑛𝑟 = −
1

2
(𝐶𝑚𝑛𝑟 + 𝐶𝑟𝑛𝑚 − 𝐶𝑛𝑟𝑚)  

Ω𝐴𝐵𝐶 = −
1

2
(𝐶𝐴𝐵𝐶 + 𝐶𝐶𝐵𝐴 − 𝐶𝐵𝐶𝐴)  

𝑇𝐴(𝐵̇𝐶̇) = 0  

𝑆 =
1

2𝑘2
∫  𝑑4𝑥𝑑4𝜃  sdet 𝐸Λ

𝑀  

𝐸𝐴
Λ → 𝑒𝐿𝐸𝐴

Λ;  𝐸𝐴̇
Λ → 𝑒𝐿

∗
𝐸𝐴
Λ  

𝑅𝐴̇𝐵̇𝐶̇𝐷̇=
1

6
(𝜖𝐷̇𝐵̇𝜖𝐶̇𝐴̇ + 𝜖𝐶̇𝐵̇𝜖𝐷̇𝐴̇)𝑅

∗  

𝑇𝐶𝐶̇𝐴̇𝐷=
𝑖

12
𝜖𝐶𝐷𝜖𝐶̇𝐴̇𝑇

∗  

𝑇𝐶𝐶̇𝐷𝐸=
1

4
(𝜖𝐶𝐸𝐺𝐷𝐶̇ + 3𝜖𝐶𝐷𝐺𝐸𝐶̇ − 3𝜖𝐷𝐸𝐺𝐶𝐶̇)  

𝑇𝐴𝐴̇𝐵𝐵̇𝐶̇  = 𝜖𝐴𝐵 (𝑊𝐴̇𝐵̇𝐶̇ −
1

2
𝜖𝐴̇𝐶̇𝐷

𝐸𝐺𝐸𝐵̇ −
1

2
𝜖𝐵̇𝐶̇𝐷

𝐸𝐺𝐸𝐴̇ −
1

2
𝜖𝐵̇𝐶̇𝐺𝐸𝐴̇) + 𝜖𝐴̇𝐵̇𝐷(𝐵𝐺𝐶)𝐴̇

 

𝑇𝐴𝐵𝐶̇𝐷𝐷̇= 𝑇𝐴𝑀
𝑛 (𝜎𝑚)𝐵𝐶̇(𝜎𝑛)𝐷𝐷̇ 

𝑇𝐴𝐵̇𝐶̇𝐷 = 𝑇𝑚𝐶̇𝐷(𝜎
𝑚)𝐴𝐵̇

 

𝐷𝐴𝐺𝐴𝐴̇ = 𝐷‾ 𝐴̇𝑅
∗

𝐷𝐴𝑊(𝐴𝐵𝐶) = 𝐷𝐵 
𝐷̇𝐺𝐶𝐷̇ + 𝐷𝐶  

𝐷̇𝐺𝐵𝐷̇
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𝛿𝑆 = ∫  𝑑4𝑥𝑑4𝜃(sdet𝐸Λ
𝑀)[𝑣𝑚𝐺𝑚 − 𝑅𝑈 − 𝑅

∗𝑈∗]  

𝑅 = 𝐺𝑚 = 0  

𝑅(𝑥, 𝜃 = 0) = 𝑀 = 𝑆 + 𝑖𝑃

𝐺𝑚(𝑥, 𝜃 = 0) = 𝐴𝑚
 

[𝐷𝑀, [𝐷𝑁, 𝐷𝑃}} +  supercyclic = 0  

(𝜎𝑚)𝐴𝐵̇𝑇𝑚𝑛
𝐵̇ (𝜃 = 0) = 0  

𝐷‾ 𝐴̇Φ = 0  

Φ = Φ(𝑥, 𝜃) = 𝜙(𝑦) + √2𝜓(𝑦) + 𝜃2𝐹(𝑦)  

𝑦𝜇 = 𝑥𝜇 + 𝑖𝜃𝜎𝜇𝜃‾  

𝜙(𝑥) = Φ|𝜃=𝜃‾=0;  𝜓(𝑥) =
𝐷𝐴Φ|𝜃=𝜃‾=0 ∣

√2
;  𝐹(𝑥) = −4𝐷2Φ|𝜃=𝜃‾=0  

𝑉 → 𝑉 + 𝑖Λ − 𝑖Λ†  

𝑉 = −𝜃𝜎𝜇𝜃‾𝐴𝜇 + 𝑖𝜃
2(𝜃‾𝜆‾) − 𝑖𝜃‾2(𝜃𝜆) +

𝜃2𝜃‾2

2
𝐷  

𝑊𝐴 = −
1

4
𝐷‾ 2𝐷𝐴𝑉  

𝐷𝐴𝑊𝐴 = 𝐷
𝐴̇𝑊𝐴̇ (Im(𝐷

𝐴𝑊𝐴) = 0)  

𝑒−𝑉 → 𝑒𝑖Λ
†
𝑒−𝑉𝑒−𝑖Λ  

𝑊𝐴 =
1

4
𝐷‾ 2𝑒𝑉𝐷𝐴𝑒

−𝑉  

𝑆= −
1

4
∫  𝑑4𝑥𝑑2𝜃Tr(𝑊𝐴𝑊

𝐴 +  h.c. ) 

 = −
1

4
∫  𝑑4𝑥𝐹𝜇𝜈

𝑎 𝐹𝜇𝜈𝑎 +⋯

 

𝑆matter =
1

4𝑔2
∫  𝑑4𝑥𝑑2𝜃𝑑2𝜃‾tr(Φ†𝑒𝑉Φ)  

𝐹𝑖=
𝜕𝑊

𝜕𝜙𝑖
 

𝐷𝑎  = Φ†𝑇𝑎Φ ≡ 𝜙†𝑖(𝑇𝑎)𝑖𝑗Φ
𝑗

 

𝑒−𝑉 → 𝑒𝑖Λ
†
𝑒−𝑉𝑒−𝑖Λ  

∫  𝑑4𝑥𝑑2𝜃‾ = ∫  𝑑4𝑥
1

4
(𝐷‾ 2 −

1

3
𝑅)|

𝜃=𝜃‾=0
 

𝑊𝐴 =
1

4
(𝐷‾ 2 −

1

3
𝑅) 𝑒𝑉𝐷𝐴𝑒

−𝑉  

∫  𝑑4𝑥𝑑4𝜃𝐸  

∫  𝑑4𝑥𝑑4𝜃 𝐸 𝐾(Φ,Φ†)  
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ℰ = 𝑒[1 + 𝑖𝜃𝜎𝑚𝜓‾𝑚 − 𝜃
2(𝑀∗ + 𝜓‾𝑚𝜎‾

𝑚𝜓‾𝑛)]  

ℰ =
1

4

𝐷‾ 2𝐸

𝑅
 

𝑊 = ∫  𝑑2𝜃‾𝑈 = (𝐷‾ 2 −
1

3
𝑅)𝑈  

−
1

3
∫  𝑑4𝑥𝑑4𝜃𝐸𝑈 = −∫  𝑑4𝑥𝑑4𝜃

𝐸

𝑅
𝐷‾ 2𝑈 +∫  𝑑4𝑥𝑑4𝜃

𝐸

𝑅
𝑊  

∫  𝑑4𝑥𝑑4𝜃𝐷‾ 𝐴̇ (
𝐷‾ 𝐴̇𝑈

𝑅
)  

∫  𝑑4𝑥𝑑4𝜃𝐸𝐷𝑁𝑉
𝑁(−)𝑁 = 0  

∫  𝑑4𝑥𝑑4𝜃𝑉𝑁[−𝐸𝑁
Λ𝜕Λ𝐸 − (−)

Λ(Λ+𝑁)𝐸𝜕Λ𝐸𝑁
Λ]  

∫  𝑑4𝑥𝑑4𝜃𝑉𝑁𝑇𝑁𝑀
𝑀 (−)𝑀  

−
1

3
∫  𝑑4𝑥𝑑4𝜃𝐸𝑈 = ∫  𝑑4𝑥𝑑4𝜃

𝐸

𝑅
𝑊  

∫  𝑑4𝑥𝑑2𝜃 (𝑑2𝜃‾
𝐸

𝑅
)𝑊  

−
1

3
∫  𝑑4𝑥𝑑2𝜃ℰ𝑅 = −

1

3
∫  𝑑4𝑥𝑑2𝜃𝑑2ℰ𝜃‾  

∫  𝑑4𝑥𝑑4𝜃𝐸  

𝑅 =𝑀 + 𝜃(𝜎𝑚𝜎‾𝑛𝜓𝑚𝑛 − 𝑖𝜎
𝑚𝜓‾𝑚𝑀 + 𝑖𝜓𝑚𝐴

𝑚)

+𝜃2 [−
1

2
𝑅 + 𝜓‾𝑚𝜎𝑛𝜓𝑝𝑞 +

2

3
𝑀𝑀∗ +

𝐴𝑚
2

3
− 𝑖𝑒𝑚

𝜇
𝐷𝜇𝐴

𝑚  

+
𝜓‾𝜓

2
𝑀 −

1

2
𝜓𝑚𝜎

𝑚𝜓‾𝑛𝜎
𝑛 +

1

8
(𝜓‾𝑚𝜎‾𝑛𝜓𝑝𝑞 +𝜓𝑚𝜎𝑛𝜓‾𝑝𝑞)]

 

𝑆 =∫  𝑑4𝑥𝑑4𝜃𝐸[𝐾(Φ,Φ†) + Φ†𝑒𝑉Φ]  

 +∫  𝑑4𝑥𝑑4𝜃ℰ[𝑊(Φ) + Tr𝑊𝐴𝑊𝐴] +  h.c. 

 

𝑆 =∫  𝑑4𝑥𝑑2𝜃ℰ [𝐷‾ 2 −
1

3
𝑅] [𝐾(Φ,Φ†) + Φ†𝑒𝑉Φ] 

 +∫  𝑑4𝑥𝑑4𝜃ℰ[𝑊(Φ) + Tr𝑊𝐴𝑊𝐴] +  h.c. 

 

∫  𝑑4𝑥𝑑4𝜃𝐸Φ†𝑒𝑉Φ+∫  𝑑4𝑥𝑑2𝜃Tr[𝑊𝐴𝑊
𝐴] + ℎ. 𝑐.  

→ ∫  𝑑4𝑥𝑑4𝜃𝐸(Φ†𝑒𝑉)
𝑎
𝐹𝑎(Φ) + ∫  𝑑

4𝑥𝑑2𝜃[𝐹𝑎𝑏(𝜙)𝑊𝐴
𝑎𝑊𝐴𝑏] + ℎ. 𝑐.

 

−
1

3
∫  𝑑4𝑥𝑑2𝜃ℰ𝑅[𝑎 + 𝜙†(𝑥)𝜙(𝑥)] + ⋯  

𝑔𝜇𝜈 = 𝐴(𝜙)𝑔̃𝜇𝜈  

𝑆 = ∫  𝑑4𝑥√−𝑔̃(𝑅[𝑔̃] + (… )(𝜕𝜙)2)  
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−
1

3
∫  𝑑4𝑥𝑑2𝜃ℰ𝑅[𝑎 + 𝐾(𝜙(𝑥), 𝜙†(𝑥))]  

∫  𝑑4𝑥𝑑2𝜃ℰ𝑅 [1 −
𝐾

3
]  

1 −
𝐾

3
= 𝑒−

𝑘
3  

𝑉 =∑  

𝑖

  |𝐹𝑖|
2 +

𝑔2

2
𝐷𝑎𝐷𝑎  

𝑉 =∑  

𝑖

  |𝐹𝑖|
2 +

𝑔2

2
𝐷𝑎𝐷𝑎 −

1

3
(|𝑀|2 + 𝐴𝑚

2 )𝑒−𝑘/3  

𝑀 ∼ 𝜙
𝑑𝑊

𝑑𝜙
− 3𝑊 + 𝐹

𝜕𝐾

𝜕𝜙
 

𝑉 =𝑒𝑘 [∑  

𝑖,𝑗‾

  (𝑔−1)𝑖𝑗‾ (
𝜕𝑊

𝜕𝜙𝑖
+𝑊

𝜕𝑘

𝜕𝜙𝑖
) (
𝜕𝑊

𝜕𝜙𝑗
+𝑊

𝜕𝑘

𝜕𝜙𝑗
)
∗

− 3|𝑊|2]

 +
1

2
(𝐹−1)𝑎𝑏 (

𝜕𝑘

𝜕𝜙𝑖
(𝑇𝑎)𝑖𝑗𝜙

𝑗) (
𝜕𝑘

𝜕𝜙𝑗
(𝑇𝑏)𝑘𝑙𝜙𝑙)

 

𝑔𝑖𝑗‾ =
𝜕2𝑘

𝜕𝜙𝑖𝜕𝜙‾ 𝑗‾
 

∫  𝑑4𝑥√−𝑔[𝑔𝑖𝑗‾𝐷𝜇𝜙
𝑖(𝐷𝜇𝜙)∗𝑗‾ + 𝑔𝑖𝑗‾𝜓

𝑖D̸𝜓‾ 𝑗‾]  

−
1

4
Re[𝐹𝑎𝑏(𝜙)𝐹𝜇𝜈

𝑎 𝐹𝑏𝜇𝜈]  

𝐷𝑖 =
𝜕

𝜕𝜙𝑖
+
𝜕𝑘

𝜕𝜙𝑖
 

𝑉 = 𝑒𝑘 [∑  

𝑖𝑗‾

  (𝑔−1)𝑖𝑗‾𝐷𝑖𝑊(𝐷𝑗𝑊)
∗
− 3|𝑊|2]  

−
1

2
Re[𝐹𝑎𝑏(𝜙)𝜆‾

𝑎D̸𝜆𝑏] +
1

2
𝑒𝑘/2Re∑  

𝑖𝑗‾

  (𝑔−1)𝑖𝑗‾𝐷𝑖𝑊(
𝜕𝐹𝑎𝑏
𝜕𝜙𝑗

)
∗

(𝜆‾𝑎𝜆𝑏)  

𝑘= −3log (𝑖(𝜌 − 𝜌‾))  

𝑊(𝜌) = 𝑊0 + 𝐴𝑒
−𝑖𝑎𝜌 + 𝐵𝑒𝑖𝑏𝜌

 

ℰ =
1

4
𝐷‾ 2 (

𝐸

𝑅∗
)  

∫  𝑑4𝑥√−𝑔𝑅[𝑔]𝑓(𝜙)  

∫  𝑑4𝑥√−𝑔̃(𝑅[𝑔̃] + (𝜕𝜙)2ℎ(𝜙))  

𝑔𝜇𝜈 = 1/𝑓(𝜙)𝑔̃𝜇𝜈  

𝑔ΛΣ(𝑥⃗, 𝑦⃗) = (
𝑔𝜇𝜈
(0)
(𝑥⃗) 0

0 𝑔𝑚𝑛
(0)
(𝑦⃗)
)  
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𝜙(𝑥⃗, 𝑦) =∑  

𝑛

 𝜙𝑛(𝑥⃗)𝑒
2𝜋𝑖𝑛𝑦
𝑅  

𝜙(𝑥⃗, 𝜃, 𝜙) =∑  

𝑙𝑚

 𝜙𝑙𝑚(𝑥⃗)𝑌𝑙𝑚(𝜃, 𝜙)  

𝜕𝑦
2𝑒
2𝜋𝑖𝑛𝑦
𝑅 = −(

2𝜋𝑛

𝑅
)
2

𝑒
2𝜋𝑖𝑛𝑦
𝑅  

Δ2𝑌𝑙𝑚(𝜃, 𝜙) = −
𝑙(𝑙 + 1)

𝑅2
𝑌𝑙𝑚(𝜃, 𝜙)  

𝜙(𝑥⃗, 𝑦⃗) =∑  

𝑞,𝐼𝑞

 𝜙𝑞
𝐼𝑞(𝑥⃗)𝑌𝑞

𝐼𝑞(𝑦⃗)  

Δ𝑛𝑌𝑞
𝐼𝑞(𝑦⃗) = −𝑚𝑞

2𝑌𝑞
𝐼𝑞(𝑦⃗)  

◻𝐷 𝜙(𝑥⃗, 𝑦⃗) = (◻4+ Δ𝑛)𝜙(𝑥⃗, 𝑦⃗) = (◻4−𝑚𝑞
2)𝜙(𝑥⃗, 𝑦⃗)  

𝜙(𝑥⃗, 𝑦⃗) = 𝜙0(𝑥⃗)𝑌0(𝑦⃗)  

𝑔ΛΣ = (
𝑔𝜇𝜈
(0)

0

0 𝛿𝑚𝑛
)  

𝑔ΛΣ =

(

  
 
𝑔𝜇𝜈(𝑥⃗, 𝑦⃗) = 𝑔𝜇𝜈

(0)
(𝑥⃗) +∑  

{𝑛𝑖}

 ℎ𝜇𝜈
{𝑛𝑖}(𝑥⃗)𝑒

2𝜋𝑖𝑛𝑖𝑦𝑖
𝑅𝑖 ; 𝑔𝜇𝑚(𝑥⃗, 𝑦⃗) =∑  

{𝑛𝑖}

 𝐵𝜇
𝑚,{𝑛𝑖}(𝑥⃗)𝑒

2𝜋𝑖𝑛𝑖𝑦𝑖
𝑅𝑖

𝑔𝜇𝑚(𝑥⃗, 𝑦⃗); 𝑔𝑚𝑛 = 𝛿𝑚𝑛 +∑  
{𝑛𝑖}

 ℎ𝑚𝑛
{𝑛𝑖}(𝑥⃗)𝑒

2𝜋𝑖𝑛𝑖𝑦𝑖
𝑅𝑖

)

  
 

 

𝑌{𝑛𝑖}(𝑦⃗) =∏ 

𝑖

 𝑒
2𝜋𝑖𝑛𝑖𝑦𝑖
𝑅𝑖  

𝑔ΛΣ = (
𝑔𝜇𝜈
(0)
(𝑥⃗) + ℎ𝜇𝜈

{0}
(𝑥⃗); 𝑔𝜇𝑚(𝑥⃗) = 𝐵𝜇

𝑚{0}
(𝑥⃗)

𝑔𝜇𝑚(𝑥⃗); 𝑔𝑚𝑛(𝑥⃗) = 𝛿𝑚𝑛 + ℎ𝑚𝑛
{0}
(𝑥⃗)
)  

𝐹Λ1…Λ𝑝+2 = (𝑝 + 2)! 𝜕[Λ1𝐴Λ2…Λ𝑝+2]  

𝛿𝐴Λ1…Λ𝑝+1 = 𝜕[Λ1ΛΛ2…Λ𝑝+1]  

𝜂𝐴(𝑥⃗, 𝑦⃗) = 𝜂𝑀(𝑥⃗)𝜖𝑖(𝑦⃗)  

λ = ∫  𝑑𝑑𝑥⃗√det𝑔𝜇𝜈
(0)
𝜙𝑞
𝐼𝑞(𝑥⃗)𝜙0

𝐼0(𝑥⃗)𝜙0
𝐽0(𝑥⃗) × ∫  𝑑𝑛𝑦⃗√det𝑔𝑚𝑛

(0)
𝑌𝑞
𝐼𝑞(𝑦⃗)𝑌0

𝐼0(𝑦⃗)𝑌0
𝐽0(𝑦⃗)  

(◻ −𝑚𝑞
2)𝜙𝑞

𝐼𝑞(𝑥⃗) = (… )𝜙0
𝐼0(𝑥⃗)𝜙0

𝐽0(𝑥⃗)  

∫  𝑑𝑛𝑦⃗√det𝑔𝑚𝑛
(0)
𝑌𝑞
𝐼𝑞(𝑦⃗)𝑌0

𝐼0(𝑦⃗)𝑌0
𝐽0(𝑦⃗)  

∫  𝑑𝑦𝑌𝐼𝑛 = ∫  𝑑𝑦𝑒
2𝜋𝑖𝑛𝑦
𝑅 = 0  

∫  𝑌𝑞
𝐼𝑞(𝑌0

𝐼0𝑌0
𝐽0) = 0  

𝜙𝑞
′= 𝜙𝑞 + 𝑎𝜙0

2 +⋯  

𝜙0
′  = 𝜙0 + ∑  

𝑝𝑞( including 0) 

  𝑐𝑝𝑞𝜙𝑝𝜙𝑞
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𝑔𝜇𝜈(𝑥⃗, 𝑦⃗) = 𝑔𝜇𝜈(𝑥⃗) [
det𝑔𝑚𝑛(𝑥⃗, 𝑦⃗)

det𝑔𝑚𝑛
(0)
(𝑦⃗)

]

−
1
𝑑−2

 

√𝑔(𝐷)𝑅̃ = √𝑔(𝑑)√det𝑔𝑚𝑛𝜆
𝑑
2
−1  

𝑔ΛΣ = (
𝑔𝜇𝜈(𝑥⃗) 𝑔𝜇5 = 𝐵𝜇(𝑥⃗)

𝑔5𝜇 = 𝐵𝜇(𝑥⃗) 𝑔55 = 𝜙(𝑥⃗)
)  

𝑔ΛΣ = (
𝑔𝜇𝜈(𝑥⃗)𝜙

−1/2(𝑥⃗) 𝐵𝜇(𝑥⃗)𝜙(𝑥⃗)

𝐵𝜇(𝑥⃗)𝜙(𝑥⃗) 𝜙(𝑥⃗)
)  

𝑔ΛΣ = Φ
−1/3(𝑥⃗) (

𝑔𝜇𝜈(𝑥⃗) 𝐵𝜇(𝑥⃗)Φ(𝑥⃗)

𝐵𝜇(𝑥⃗)Φ(𝑥⃗) Φ(𝑥⃗)
)  

𝑔𝜇𝑚(𝑥⃗, 𝑦⃗) = 𝐵𝜇
𝐴𝐵(𝑥⃗)𝑉𝑚

𝐴𝐵(𝑦⃗)  

𝐸𝜇
𝛼(𝑥⃗, 𝑦⃗) = 𝑒𝜇

𝛼(𝑥⃗) [
det𝐸𝑚

𝑎 (𝑥⃗, 𝑦⃗)

det𝑒𝑚
(0)𝑎

(𝑦⃗)
]

−
1
𝑑−2

 

𝐸𝜇
𝑎(𝑥⃗, 𝑦⃗) = 𝐵𝜇

𝑚(𝑥⃗, 𝑦⃗)𝐸𝑚
𝑎 (𝑥⃗, 𝑦⃗)

𝐵𝜇
𝑚(𝑥⃗, 𝑦⃗) = 𝐵𝜇

𝐴𝐵(𝑥⃗)𝑉𝑚
𝐴𝐵(𝑦⃗)

 

𝜆𝐴(𝑥⃗, 𝑦⃗) = 𝜆𝑀
𝑖 (𝑥⃗)  

𝜆𝐴(𝑥⃗, 𝑦⃗) = 𝜆𝑀
𝐼 (𝑥⃗)𝜂𝑖

𝐼(𝑦⃗)  

𝐷(𝜇𝑉𝜈)
𝐴𝐵 = 0  

𝐷𝜇𝜂𝑖
𝐼 = 𝑐(𝛾𝜇𝜂

𝐼)
𝑖
≡ 𝑐𝑒𝜇

𝛼(𝛾𝛼𝜂
𝐼)𝑖  

𝑉𝜇
𝐴𝐵 = 𝜂‾𝐼𝛾𝜇𝜂

𝐽(𝛾𝐴𝐵)𝐼𝐽  

𝛿susy 𝜆𝐴(𝑥⃗, 𝑦⃗) = 0  

𝐷𝜇𝜂
𝐼 = ( fields × 𝛾 matrices )𝜇|bgr

𝜂𝐼  

𝜆𝐴(𝑥⃗, 𝑦⃗) = 𝜆𝑀
𝐼 (𝑥⃗)𝜂𝑖

𝐼(𝑦⃗)  

𝜖𝐴1…𝐴5𝑑𝑌
𝐴1 ∧ 𝑑𝑌𝐴2 = 3√𝑔(0)𝜖𝜇𝜈𝜌𝜎𝑑𝑥

𝜇 ∧ 𝑑𝑥𝜈𝜕𝜌𝑌[𝐴3𝜕𝜎𝑌𝐴4𝑌𝐴5]  

𝑔ΛΣ = 𝜙
−1/3 (

𝑔𝜇𝜈 𝐵𝜇𝜙

𝐵𝜇𝜙 𝜙
)  

𝜉𝑚(𝑥, 𝑦) = 𝜆
𝐴𝐵(𝑥)𝑉𝑚

𝐴𝐵(𝑦)  

𝑆 =
1

16𝜋
Im∫  𝑑4𝑥𝑑2𝜃𝑑2𝜃̃𝐹(Ψ𝐴)  

Im∫  𝑑4𝑥 [∫  𝑑2𝜃𝐹𝐴𝐵(Φ)𝑊
𝐴𝛼𝑊𝛼

𝐵 +∫  𝑑2𝜃𝑑2𝜃‾(Φ†𝑒−2𝑔𝑉)
𝐴
𝐹𝐴(Φ)]  

𝐹𝐴(Φ) =
𝜕𝐹

𝜕Φ𝐴
;  𝐹𝐴𝐵 =

𝜕2𝐹

𝜕Φ𝐴𝜕Φ𝐵
 

∫  𝑑2𝜃𝑑2𝜃‾ ((𝑄†𝑒−2𝑔𝑉)
𝑖
𝑄𝑖 + (𝑄̃𝑒

2𝑔𝑉)
𝑖
𝑄̃𝑖) + ∫  𝑑

2𝜃(√2(𝑄̃Φ)𝑖𝑄𝑖 +𝑚𝑖𝑄̃𝑖𝑄𝑖) + ℎ. 𝑐.  
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ℒ = 𝑔𝐴𝐵‾𝜕𝜇𝑋
𝐴𝜕𝜇𝑋‾𝐵‾ + 𝑔𝐴𝐵‾𝜆‾

𝑖𝐴 ∂̸𝜆𝑖
𝐵‾ + Im(𝐹𝐴𝐵ℱ𝜇𝜈

−𝐴ℱ𝜇𝜈
−𝐵)  

𝑔𝐴𝐵‾ = 𝜕𝐴𝜕𝐵‾𝐾 

𝐾(𝑋, 𝑋‾) = 𝑖(𝐹‾𝐴(𝑋‾)𝑋
𝐴 − 𝐹𝐴(𝑋)𝑋‾

𝐴)

𝐹𝐴(𝑋) = 𝜕𝐴𝐹(𝑋); 𝐹𝐴𝐵 = 𝜕𝐴𝜕𝐵𝐹(𝑋)
 

ℒsugra 

√−𝑔
=𝑅[𝑔] + 𝑔𝑖𝑗‾(𝑧, 𝑧‾)∇

𝜇𝑧𝑖∇𝜇𝑧
𝑗‾ − 2𝜆ℎ𝑢𝑣(𝑞)∇

𝜇𝑞𝑢∇𝜇𝑞
𝑣

 +𝑖(𝒩𝐼𝐽ℱ𝜇𝜈
−𝐼ℱ−𝐽𝜇𝜈 −𝒩𝐼𝐽ℱ𝜇𝜈

+𝐼ℱ+𝐽𝜇𝜈) − 𝑔2𝑉

 

𝑉= 𝑋‾ 𝐼(4𝑘𝐼
𝑢𝑘𝐽

𝑣ℎ𝑢𝑣 + 𝑘𝐼
𝑖𝑘𝐽
𝑗‾
𝑔𝑖𝑗‾)𝑋

𝐽 + (𝑈𝐼𝐽 − 3𝑋‾ 𝐼𝑋𝐽)𝒫𝐼
𝑥𝒫𝐽

𝑥 

𝑈𝐼𝐽= −
1

2
(Im𝒩)−1𝐼𝐽 − 𝑋‾ 𝐼𝑋𝐽  

∇𝜇𝑧
𝑖= 𝜕𝜇𝑧

𝑖 + 𝑔𝐴𝜇
𝐼 𝑘𝐼

𝑖(𝑧)  

∇𝜇𝑞
𝑢  = 𝜕𝜇𝑞

𝑢 + 𝑔𝐴𝜇
𝐼 𝑘𝐼

𝑢(𝑧)

 

𝑔𝑖𝑗‾ = 𝜕𝑖𝜕𝑗‾𝐾(𝑧, 𝑧‾)  

𝐾 = 𝑔𝑖𝑗‾𝑑𝑧
𝑖 ∧ 𝑑𝑧𝑗‾  

𝑔𝑖𝑗‾ = 𝜕𝑖𝜕𝑗‾𝐾(𝑧, 𝑧‾)  

𝐽𝑥𝐽𝑦 = −1 + 𝜖𝑥𝑦𝑧𝐽𝑧  

𝐾𝑢𝑣
𝑥 = ℎ𝑢𝑤(𝐽

𝑥)𝑤

𝐾𝑥 = 𝐾𝑢𝑣
𝑥 𝑑𝑞𝑢 ∧ 𝑑𝑞𝑣

 

𝑧𝑖 → 𝑧𝑖 + 𝜖𝐼𝑘𝐼
𝑖  

𝜕𝑗‾𝑘𝐼
𝑖 = 0  

∇𝑖𝑘𝑗 + ∇𝑗𝑘𝑖 = 0; ∇𝑖‾𝑘𝑗 + ∇𝑗𝑘𝑗‾ = 0  

𝑘𝑗 = 𝑔𝑖𝑗𝑘
𝑗‾;  𝑘𝑗‾ = 𝑔𝑗‾𝑖𝑘

𝑖  

[𝑘𝐼 , 𝑘𝐽] = 𝑓𝐼𝐽  
𝐾𝑘𝐾  

𝑘𝐼
𝑖 = 𝑖𝑔𝑖𝑗‾𝜕𝑗‾𝒫𝐼  

𝑖

2
𝑔𝑖𝑗‾(𝑘𝐼

𝑖𝑘𝐽
𝑗‾
− 𝑘𝐽

𝑖𝑘𝐼
𝑗‾
) =

1

2
𝑓𝐼𝐽  

𝐾𝒫𝐾  

𝑘𝐼
𝑖𝜕𝑖𝐾 + 𝑘𝐼

𝑖‾𝜕𝑖‾𝐾 = 0  

𝑖𝒫𝐼 = 𝑘𝐼
𝑖𝜕𝑖𝐾 = −𝑘𝐼

𝑖‾𝜕𝑖‾𝐾  

(𝑘𝐾
𝑖 𝜕𝑖 + 𝑘𝐾

𝑖‾ 𝜕𝑖‾) (
𝑋𝐼

𝐹𝐼
) = 𝑇𝐾 (

𝑋𝐼

𝐹𝐼
)  

𝑇𝐾 = (
𝑓𝐾𝐽
𝐼 0

0 −𝑓𝐾𝐽
𝐼 ) ∈ 𝑆𝑝(2𝑛 + 2, 𝑅)  

𝐹𝐼 =
𝜕𝐹

𝜕𝑋𝐼
 

𝑖(𝑋‾ 𝐼𝐹𝐼 − 𝐹‾𝐼𝑋
𝐼) = 1  

∇𝑖‾𝑋
𝐼 ≡ (𝜕𝑖‾ −

1

2
𝜕𝑖‾𝐾)𝑋

𝐼 = 0  
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𝑋𝐼 = 𝑒𝐾/2𝑍𝐼(𝑧) ⇒ 𝐹𝐼 = 𝑒
𝐾/2𝐹𝐼(𝑍(𝑧))  

𝑒−𝐾(𝑧,𝑧‾) = 𝑖[𝑍‾𝐼(𝑧)𝐹𝐼(𝑍(𝑧)) − 𝑍
𝐼(𝑧)𝐹‾𝐼(𝑍‾(𝑧‾))]  

𝑅𝑗𝑘
𝑖  𝑙
𝑙 = 𝛿𝑘

𝑖 𝛿𝑘
𝑙 + 𝛿𝑘

𝑖 𝛿𝑗
𝑙 − 𝑒2𝐾𝒲𝑗𝑘𝑚𝒲

𝑚𝑖𝑙
 

𝒲𝑖𝑗𝑘= 𝑖𝐹𝐼𝐽𝐾(𝑍(𝑧))
𝜕𝑍𝐼

𝜕𝑧𝑖
𝜕𝑍𝐽

𝜕𝑧𝑗
𝜕𝑍𝐾

𝜕𝑧𝑘
 

𝐹𝐼𝐽𝐾  =
𝜕

𝜕𝑍𝐼
𝜕

𝜕𝑍𝐽
𝜕

𝜕𝑍𝐾
𝐹(𝑍)

 

𝒩𝐼𝐽 = 𝐹‾𝐼𝐽 + 2𝑖
Im(𝐹𝐼𝐾)Im(𝐹𝐽𝐿)𝑋

𝐾𝑋𝐿

Im(𝐹𝐾𝐿)𝑋
𝐾𝑋𝐿

 

𝒩𝐼𝐽𝑋
𝐽 = 𝐹𝐼𝐽𝑋

𝐽  

𝐹𝐼 = 𝒩𝐼𝐽𝑋
𝐽  

𝜕𝑖‾𝐹‾𝐼 = 𝒩𝐼𝐽𝜕𝑖‾𝑋‾
𝐽  

𝑧𝐴 =
𝑋𝐴

𝑋0
;  𝐴 = 1,… , 𝑛  

𝐹(𝑋) =
𝑑𝐴𝐵𝐶𝑋

𝐴𝑋𝐵𝑋𝐶

𝑋0
 

ℒ1 =
1

4
(Im𝒩𝐼𝐽)ℱ𝜇𝜈

𝐼 ℱ𝜇𝜈𝐽 −
𝑖

8
(Re𝒩𝐼𝐽)𝜖

𝜇𝜈𝜌𝜎ℱ𝜇𝜈
𝐼 ℱ𝜌𝜎

𝐽
=
1

2
Im(𝒩𝐼𝐽ℱ𝜇𝜈

+𝐼ℱ+𝜇𝜈𝐽)  

ℱ𝜇𝜈
± =

1

2
(ℱ𝜇𝜈 ±

1

2
𝜖𝜇𝜈𝜌𝜎ℱ

𝜌𝜎)  

𝐺+𝐼
𝜇𝜈
≡ 2𝑖

𝜕ℒ

𝜕ℱ𝜇𝜈
+𝐼 = 𝒩𝐼𝐽ℱ

+𝐽𝜇𝜈  

𝐺−𝐼
𝜇𝜈
 ≡ −2𝑖

𝜕ℒ

𝜕ℱ𝜇𝜈
−𝐼 = 𝑁

‾
𝐼𝐽ℱ

−𝐽𝜇𝜈

 

(
ℱ+

𝐺+
) ; (

𝑋𝐼

𝐹𝐼
)  

𝑑𝐹 = 0;  𝑑 ∗ 𝐹 = 0  

𝑀𝑇Ω𝑀 = Ω  

Ω = (
0 1
−1 0

)  

(
ℱ+

𝐺+
) → (

ℱ̃+

𝐺̃+
) = 𝑀(

ℱ+

𝐺+
)

(
𝑋𝐼

𝐹𝐼
) → (

𝑋̃𝐼

𝐹̃𝐼
) = 𝑀(

𝑋𝐼

𝐹𝐼
)

 

𝐹̃𝐼 =
𝜕𝐹̃

𝜕𝑋̃𝐼
 

𝛿𝜓𝜇
𝑖 = 𝐷𝜇(𝜔(𝑒, 𝜓))𝜖

𝑖 + 𝑔𝛾𝜇𝜖
𝑖 + 𝑔𝐴𝜇𝜖

𝑖  

ℒ = −
𝑒

2
𝑅(𝑒, 𝜔) −

𝑒

2
𝜓‾𝜇Γ

𝜇𝜈𝜌𝐷𝜈(𝜔)𝜓𝜌 −
𝑒

48
𝐹𝜇𝜈𝜌𝜎
2  

𝐹𝜇𝜈𝜌𝜎 = 24𝜕[𝜇𝐴𝜈𝜌𝜎] ≡ 𝜕𝜇𝐴𝜈𝜌𝜎 + ψ  
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𝐶𝛾𝜇𝐶
−1 = −𝛾𝜇

𝑇  

𝜆‾Γ𝐴1 …Γ𝐴𝑛𝜒 = (−)𝑛𝜒‾Γ𝐴𝑛 …Γ𝐴1𝜆  

𝛿𝑒𝜇
𝑚=

1

2
𝜖‾𝛾𝑚𝜓𝜇  

𝛿𝜓𝜇  = 𝐷𝜇(𝜔)𝜖 + 𝔎𝓀 

 

𝜔̂𝜇𝑚𝑛 = 𝜔𝜇𝑚𝑛(𝑒) +
1

4
(𝜓‾𝜇𝛾𝑚𝜓𝑛 −𝜓‾𝜇𝛾𝑛𝜓𝑚 +𝜓‾𝑚𝛾𝜇𝜓𝑛)  

𝐹̂𝛼𝛽𝛾𝛿 = 24 [𝜕[𝛼𝐴𝛽𝛾𝛿] +
1

16√2
𝜓‾[𝛼Γ𝛽𝛾𝜓𝛿]]  

ℒ =−
𝑒

2𝑘2
𝑅(𝑒, 𝜔) −

𝑒

2
𝜓‾𝜇Γ

𝜇𝜈𝜌𝐷𝜌 (
𝜔 + 𝜔̂

2
) −

𝑒

48
𝐹𝜇𝜈𝜌𝜎
2  

−
3𝐷

4
𝑘[𝜓‾𝜇Γ

𝜇 𝛼𝛽𝛾𝛿𝜈𝜓
𝜈 + 12𝜓‾𝛼𝛾𝛽𝛾𝜓𝛿](𝐹𝛼𝛽𝛾𝛿 + 𝐹̂𝛼𝛽𝛾𝛿) 

 +𝐶𝑘𝜖𝜇1…𝜇11𝐹𝜇1…𝜇4𝐹𝜇5…𝜇8𝐴𝜇9𝜇10𝜇11

 

𝛿𝑒𝜇
𝑚 =

𝑘

2
𝜖‾𝛾𝑚𝜓𝜇

𝛿𝜓 =
1

𝑘
𝐷𝜇(𝜔̂)𝜖 + 𝐷(Γ

𝛼𝛽𝛾𝛿 𝜇 − 8𝛿𝜇
𝛼Γ𝛽𝛾𝛿)𝜖𝐹̂𝛼𝛽𝛾𝛿

𝛿𝐴𝜇𝜈𝜌 = 𝐸𝜖‾Γ[𝜇𝜈𝜓𝜌]

 

𝐶 = −
√2

6 ⋅ (24)2
;  𝐷 =

√2

6 ⋅ 48
;  𝐸 = −

√2

8
 

𝜔𝜇𝑚𝑛 = 𝜔̂𝜇𝑚𝑛 −
1

8
(𝜓‾𝛼Γ𝛼𝜇𝑚𝑛𝛽𝜓

𝛽)  

[𝛿𝑄(𝜖1), 𝛿𝑄(𝜖2)]= 𝛿𝐸(𝜉
𝜈) + 𝛿𝑄(−𝜉

𝜈𝜓𝜈) + 𝛿𝐿𝐿(𝜆𝑚𝑛) + 𝛿Maxwell (Λ𝜇𝜈) 

𝜆𝑚𝑛= 𝜉
𝜈𝜔̂𝜈

𝑚𝑛 + 𝜖‾2(𝛾
𝑚𝑛𝛼𝛽𝛾𝛿 − 24𝑒𝑚𝛼𝑒𝑛𝛽𝛾𝛾𝛿)𝜖1𝐹̂𝛼𝛽𝛾𝛿  

Λ𝜇𝜈  = −
1

2
𝜖‾2Γ𝜇𝜈𝜖1 − 𝜉

𝜎𝐴𝜎𝜇𝜈

 

𝐴 = 𝐴ΛΠΣ𝑑𝑧
Λ ∧ 𝑑𝑧Π ∧ 𝑑𝑧Σ  

𝐻 = 𝐸𝑀𝐸𝑁𝐸𝑃𝐸𝑄𝐻𝑀𝑁𝑃𝑄  

𝑆 = (
𝐴 𝐵
𝐶 𝐷

) = (

1 0 0 0
0 0 0 1/3
0 0 1 0
0 −3 0 0

)  

𝑒−𝑘(𝑧,𝑧‾) = 𝑖[𝑍‾𝐼(𝑧)𝐹𝐼(𝑍(𝑧)) − 𝑍
𝐼(𝑧)𝐹‾𝐼(𝑍‾(𝑧))]  

𝑅𝑗𝑘
𝑖  𝑙= 𝛿𝑗

𝑖𝛿𝑘
𝑙 + 𝛿𝑘

𝑖 𝛿𝑗
𝑙 − 𝑒2𝑘𝑊𝑗𝑘𝑚𝑊

𝑚𝑖𝑙  

𝑊𝑖𝑗𝑘  = 𝑖𝐹𝐼𝐽𝐾(𝑍(𝑧))
𝜕𝑍𝐼

𝜕𝑧𝑖
𝜕𝑍𝐽

𝜕𝑧𝑗
𝜕𝑍𝐾

𝜕𝑧𝑘

 

𝜓‾Γ𝐴1 …Γ𝐴𝑛𝜒 = (−)𝑛𝜒‾Γ𝐴𝑛 …Γ𝐴1𝜓  

ℒ =−
𝐸

2𝑘2
𝑅(𝐸, Ω) −

𝐸

2
Ψ‾ΛΓ

ΛΠΣ𝐷Λ (
Ω + Ω̂

2
)ΨΣ +

𝐸

48
(ℱΛΠΣΩℱ

ΛΠΣΩ − 48ℱΛΠΣΩ𝜕Λ𝐴ΠΣΩ) 

−
𝑘√2

6
𝜖Λ0…Λ10𝜕Λ0𝐴Λ1Λ2Λ3𝜕Λ4𝐴Λ5Λ6Λ7  𝐴Λ8Λ9Λ10

 −
√2𝑘

8
𝐸[Ψ‾ΠΓ

ΠΛ1…Λ4 
2
ΨΣ + 12Ψ‾

Λ1ΓΛ2Λ3ΨΛ4]
1

24
(
𝐹 + 𝐹̂

2
)
Λ1…Λ4
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𝐹ΛΠΣΩ ≡ 𝜕Λ𝐴ΠΣΩ + 23 terms = 24𝜕[Λ𝐴ΠΣΩ]  

ℱΛΠΣΩ = 𝐹ΛΠΣΩ  

ℱΛΠΣΩ = 𝜕Λ𝐴ΠΣΩ + 23 terms +
ℬ𝑀𝑁𝑃𝑄𝐸Λ

𝑀…𝐸Ω
𝑄

√𝐸
 

𝛿𝐸Λ
𝑀 =

𝑘

2
𝜖‾Γ𝑀ΨΛ

𝛿ΨΛ =
𝐷Λ(Ω̂)𝜖

𝑘
+
√2

12
(ΓΛ1…Λ4  Λ − 8𝛿Λ

Λ1ΓΛ2Λ3Λ4)𝜖
𝐹̂Λ1…Λ4
24

 +
1

24
(𝑏ΓΛ

Λ1…Λ4
ℬΛ1…Λ4

√𝐸
− 𝑎ΓΛ1Λ2Λ3

ℬΛΛ1Λ2Λ3

√𝐸
) 𝜖

 

𝛿𝐴Λ1Λ2Λ3= −
√2

8
𝜖‾Γ[Λ1Λ2ΨΛ3]  

𝛿ℬ𝑀𝑁𝑃𝑄 = √𝐸𝜖‾[𝑎Γ𝑀𝑁𝑃𝐸𝑄
Λ𝑅Λ(Ψ) + 𝑏Γ𝑀𝑁𝑃𝑄Λ𝑅

Λ(Ψ)]

 

𝑅Λ(Ψ) =
1

𝐸

𝛿ℒ

𝛿Ψ‾
= −ΓΛΠΣ𝐷ΠΨΣ −

√2

4
𝑘 (
𝐹̂Λ1…Λ4
24

)ΓΛΛ1…Λ5ΨΛ5 − 3√2𝑘
𝐹̂ΛΠΣΩ

24
ΓΠΣΨΩ  

𝐹𝜇𝜈𝜌𝜎 =
3

√2
𝑚(det𝑒𝜇

(0)𝑚
(𝑥)) 𝜖𝜇𝜈𝜌𝜎  

𝑅𝜇𝜈 −
1

2
𝑔𝜇𝜈
(0)
𝑅=

1

6
(𝐹𝜇ΛΠΣ𝐹𝜈

ΛΠΣ −
1

8
𝑔𝜇𝜈
(0)
𝐹2) = −

9

4
𝑔𝜇𝜈
(0)
𝑚2 

𝑅𝛼𝛽 −
1

2
𝑔𝛼𝛽
(0)
𝑅 =

1

48
𝑔𝛼𝛽
(0)
𝐹2 =

9

4
𝑔𝛼𝛽
(0)
𝑚2

 

𝑅𝜇𝜈
𝑚𝑛(𝑒(0)4)= 𝑚2 (𝑒𝜇

(0)𝑚
(𝑥)𝑒𝜈

(0)𝑛
(𝑥) − 𝑒𝜈

(0)𝑚
(𝑥)𝑒𝜇

(0)𝑛
(𝑥))  

𝑅𝛼𝛽
𝑎𝑏(𝑒(0)4) = −

1

4
𝑚2 (𝑒𝛼

(0)𝑎
(𝑥)𝑒𝛽

(0)𝑏
(𝑥) − 𝑒𝛽

(0)𝑎
(𝑥)𝑒𝛼

(0)𝑎
(𝑥))

 

𝑔ΛΠ = 𝐸Λ
𝑀𝐸Π

𝑀 = 𝑔ΛΠ
(0)
+ 𝑘ℎΛΠ  

ℎ𝛼𝛽(𝑦, 𝑥) = ℎ𝛼𝛽(𝑦) −
𝑔𝛼𝛽
(0)
(𝑦)

5
(ℎ𝜇𝜈(𝑦, 𝑥)𝑔

(0)𝜇𝜈(𝑥))  

ℎ𝜇𝛼(𝑦, 𝑥) = 𝐵𝛼,𝐼𝐽(𝑦)𝑉𝜇
𝐼𝐽
(𝑥)  

ℎ𝜇𝜈(𝑦, 𝑥) = 𝑆𝐼𝐽𝐾𝐿(𝑦)𝜂𝜇𝜈
𝐼𝐽𝐾𝐿

(𝑥)  

Ψ𝜇(𝑦, 𝑥) = 𝜆𝐽,𝐾𝐿(𝑦)𝛾5
1/2
𝜂𝜇𝜈
𝐽𝐾𝐿
(𝑥)  

√𝛾5 ≡
𝑖 − 1

2
(1 + 𝑖𝛾5)  

Ψ𝛼(𝑦, 𝑥) = 𝜓𝛼𝐼(𝑦)𝛾5
±1/2

𝜂𝐼(𝑥) −
1

5
𝜏𝛼𝛾5𝛾

𝜇Ψ𝜇(𝑦, 𝑥)  

𝐴𝜇𝜈𝜌(𝑦, 𝑥) =
√2

40
√𝑔(0)𝜖𝜇𝜈𝜌𝜎𝐷

𝜎ℎ𝜆
𝜆  

𝐴𝛼𝜇𝜈(𝑦, 𝑥) =
𝑖

12√2
𝐵𝛼,𝐼𝐽(𝑦)𝜂‾

𝐼(𝑥)𝛾𝜇𝜈𝛾5𝜂
𝐽(𝑥)  

𝐴𝛼𝛽𝜇 = 0  

𝐴𝛼𝛽𝛾(𝑦, 𝑥) =
1

6
𝐴𝛼𝛽𝛾,𝐼𝐽(𝑦)𝜙5

𝐼𝐽
(𝑥)  
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𝐵𝛼𝛽𝛾,𝐼𝐽 =
1

5
(𝑆𝛼𝛽𝛾,𝐼𝐽 +

1

6
𝜖𝛼𝛽𝛾 

𝛿𝜖𝜂𝜁𝐷𝛿𝑆𝜖𝜂𝜁,𝐼𝐽)  

𝐷𝜇
(0)
𝜂𝐼 =

𝑖

2
𝛾𝜇𝜂

𝐼  

𝜂‾𝐼𝜂𝐽 = Ω𝐼𝐽  

𝜂𝐽
𝛼𝜂‾𝛽

𝐼 = −𝛿𝛽
𝛼

 

𝜂𝐽
𝛼 = 𝜂𝛼𝐼Ω𝐼𝐽  

𝜙5
𝐼𝐽
= 𝜂‾𝐼𝛾5𝜂

𝐽  

𝑌𝐴 =
1

4
(𝛾𝐴)𝐼𝐽𝜙5

𝐼𝐽  

𝑉𝜇
𝐼𝐽
= 𝜂‾𝐼𝛾𝜇𝜂

𝐽  

𝐷(𝜇
(0)
𝑉𝜈) = 0  

𝑉𝜇
𝐴𝐵 = −

𝑖

8
(𝛾𝐴𝐵)𝐼𝐽𝑉𝜇

𝐼𝐽  

𝑌[𝐴𝐷𝜇
(0)
𝑌𝐵]  

𝐷(𝜇
(0)
𝐶𝜈) =

1

4
𝑔𝜇𝜈
(0)
(𝐷(0)𝜌𝐶𝜌)  

𝐶𝜇
𝐼𝐽
= 𝜂‾𝐼𝛾𝜇𝛾5𝜂

𝐽  

𝐶𝜇
𝐴 =

𝑖

4
𝐶𝜇
𝐼𝐽(𝛾𝐴)𝐼𝐽  

𝐶𝜇
𝐴 = 𝐷𝜇

(0)
𝑌𝐴  

𝜂𝜇𝜈
𝐼𝐽𝐾𝐿

= 𝜂𝜇𝜈
𝐼𝐽𝐾𝐿

(−2) −
1

3
𝜂𝜇𝜈
𝐼𝐽𝐾𝐿

(−10)  

◻ 𝜂𝜇𝜈
𝐼𝐽𝐾𝐿

(−2) = −2𝜂𝜇𝜈
𝐼𝐽𝐾𝐿

(−2)

◻ 𝜂𝜇𝜈
𝐼𝐽𝐾𝐿

(−10) = −10𝜂𝜇𝜈
𝐼𝐽𝐾𝐿

(−10)
 

𝜂𝜇𝜈
𝐼𝐽𝐾𝐿

(−2) = 𝐶(𝜇
𝐼𝐽
𝐶𝜈)
𝐾𝐿 −

1

4
𝑔𝜇𝜈
(0)
𝐶𝜆
𝐼𝐽
𝐶𝜆𝐾𝐿

𝜂𝜇𝜈
𝐼𝐽𝐾𝐿

(−10) = 𝑔𝜇𝜈
(0)
(𝜙5

𝐼𝐽
𝜙5
𝐾𝐿 +

1

4
𝐶𝜆
𝐼𝐽
𝐶𝜆𝐾𝐿)

 

𝜂𝜇
𝐽𝐾𝐿

= 𝜂𝜇
𝐽𝐾𝐿
(−2) + 𝜂𝜇

𝐽𝐾𝐿
(−6)  

𝛾𝜈𝐷𝜈
(0)
𝜂𝜇
𝐽𝐾𝐿
(−2) = −2𝜂𝜇

𝐽𝐾𝐿
(−2)

𝛾𝜈𝐷𝜈
(0)
𝜂𝜇
𝐽𝐾𝐿
(−6) = −6𝜂𝜇

𝐽𝐾𝐿
(−6)

 

𝜂𝜇
𝐽𝐾𝐿
(−2) = 3 (𝜂𝐽𝐶𝜇

𝐾𝐿 −
1

4
𝛾𝜇𝛾

𝜈𝜂𝐽𝐶𝜈
𝐾𝐿)

𝜂𝜇
𝐽𝐾𝐿
(−6) = 𝛾𝜇 (𝜂

𝐽𝜙5
𝐾𝐿 −

1

4
𝛾𝜈𝜂𝐽𝐶𝜈

𝐾𝐿)

 

𝐸𝛼
𝑎(𝑦, 𝑥)= 𝑒𝛼

𝑎(𝑦)Δ−1/5(𝑦, 𝑥) 

Δ(𝑦, 𝑥) =
det𝐸𝜇

𝑚

det𝑒𝜇
(0)𝑚
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𝐸𝛼
𝑚(𝑦, 𝑥)= 𝐵𝛼

𝜇
(𝑦, 𝑥)𝐸𝜇

𝑚  

𝐵𝛼
𝜇
(𝑦, 𝑥) = −2𝐵𝛼

𝐴𝐵𝑉𝜇,𝐴𝐵
 

Ψ𝑎= Δ
1/10(𝛾5)

−𝑝𝜓𝑎 −
𝐴

5
𝜏𝑎𝛾5𝛾

𝑚Δ1/10(𝛾5)
𝑞𝜓𝑚 

Ψ𝑚= Δ
1/10(𝛾5)

𝑞𝜓𝑚  

𝜖(𝑦, 𝑥) = Δ−1/10(𝛾5)
−𝑝𝜀(𝑦, 𝑥)

 

𝜓𝛼(𝑦, 𝑥) = 𝜓𝛼𝐼′(𝑦)𝑈
𝐼′  𝐼(𝑦, 𝑥)𝜂

𝐼(𝑥) 

𝜓𝑚(𝑦, 𝑥)= 𝜆𝐽′𝐾′𝐿′(𝑦)𝑈
𝐽′  𝐽(𝑦, 𝑥)𝑈

𝐾′  𝐾(𝑦, 𝑥)𝑈
𝐿′  𝐿(𝑦, 𝑥)𝜂𝑚

𝐽𝐾𝐿
(𝑥) 

𝜀(𝑦, 𝑥)= 𝜀𝐼′(𝑦)𝑈
𝐼′  𝐼(𝑦, 𝑥)𝜂

′𝑥)
 

(Ω̃ ⋅ 𝑈𝑇 ⋅ Ω)
𝐼
 𝐼′ = −(𝑈

−1)𝐼 𝐼′  

𝐸𝜇
𝑚 =

1

4
Δ2/5Π𝐴

𝑖 𝐶𝜇
𝐴𝐶𝑚𝐵Tr(𝑈−1𝛾𝑖𝑈𝛾𝐵)  

𝑑𝑠11
2 = Δ−2/5𝑔𝛼𝛽𝑑𝑦

𝛼𝑑𝑦𝛽 + Δ4/5𝑇𝐴𝐵
−1(𝑑𝑌𝐴 + 2𝐵𝐴𝐶𝑌𝐶)(𝑑𝑌𝐵 + 2𝐵𝐵𝐷𝑌𝐷)  

√2

3
𝐹(4) =𝜖𝐴𝐵𝐶𝐷𝐸 (−

1

3
𝐷𝑌𝐴𝐷𝑌𝐵𝐷𝑌𝐶𝐷𝑌𝐷

(𝑇 ⋅ 𝑌)𝐸

𝑌 ⋅ 𝑇 ⋅ 𝑌

+
4

3
𝐷𝑌𝐴𝐷𝑌𝐵𝐷𝑌𝐶𝐷 [

(𝑇 ⋅ 𝑌)𝐷

𝑌 ⋅ 𝑇 ⋅ 𝑌
] 𝑌𝐸  

+2𝐹(2)
𝐴𝐵𝐷𝑌𝐶𝐷𝑌𝐷

(𝑇 ⋅ 𝑌)𝐸

𝑌 ⋅ 𝑇 ⋅ 𝑌
+ 𝐹(2)

𝐴𝐵𝐹(2)
𝐶𝐷𝑌𝐸) + 𝑑(𝒜)

 

𝐹(2)
𝐴𝐵 = 2(𝑑𝐵𝐴𝐵 + 2(𝐵 ⋅ 𝐵)𝐴𝐵)

𝐷𝑌𝐴 = 𝑑𝑌𝐴 + 2(𝐵 ⋅ 𝑌)𝐴
 

𝑇𝐴𝐵 = (Π−1)𝑖
𝐴(Π−1)𝑗

𝐵𝛿𝑖𝑗  

𝒜𝛼𝛽𝛾 =
8𝑖

√3
𝑆𝛼𝛽𝛾,𝐵𝑌

𝐵  

ℬ𝛼𝛽𝛾𝛿

√𝐸
=

𝑖

2√3
𝜖𝛼𝛽𝛾𝛿𝜖𝜂𝜁

𝛿𝑆(7)

𝛿𝑆𝜖𝜂𝜁,𝐴
𝑌𝐴

 = −24√3𝑖∇𝛼𝑆𝛽𝛾𝛿,𝐴𝑌
𝐴 + √3𝑖𝜖𝛼𝛽𝛾𝛿 

𝜖𝜂𝜁𝑇𝐴𝐵𝑆𝜖𝜂𝜁,𝐵𝑌
𝐴 + 𝑔𝜖𝐴𝐵𝐶𝐷𝐸𝐹[𝛼𝛽

𝐵𝐶 𝐹𝛾𝛿]
𝐷𝐸𝑌𝐴 + 2 −  white particle/dark particle 

 

𝜈 = (
𝑢𝑖𝑗 

𝐼𝐽 𝑣𝑖𝑗𝐾𝐿

𝑣𝑘𝑙𝐼𝐽 𝑢𝑘𝑙 𝐼𝐽
)  

ℬ𝜇  
𝑖  𝑗 =

2

3
(𝑢𝑖𝑘  𝐼𝐾𝜕𝜇𝑢𝑗𝑘  

𝐼𝐽 − 𝑣𝑖𝑘𝐼𝐽𝜕𝜇𝑣𝑗𝑘𝐼𝐽)  

𝐷𝜇𝜈 ⋅ 𝜈
−1 = −

1

4
√2 (

0 𝒜𝜇
𝑖𝑗𝑘𝑙

𝒜𝜇𝑚𝑛𝑝𝑞 0
)  

𝒜𝜇
𝑖𝑗𝑘𝑙

= −2√2(𝑢𝑖𝑗 𝐼𝐽𝜕𝜇𝑣
𝑘𝑙𝐼𝐽 − 𝑣𝑖𝑗𝐼𝐽𝜕𝜇𝑢

𝑘𝑙 𝐼𝐽)  

𝒜𝜇
𝑖𝑗𝑘𝑙

=
1

24
𝜂𝜖𝑖𝑗𝑘𝑙𝑚𝑛𝑝𝑞𝒜𝜇𝑚𝑛𝑝𝑞  

𝐷𝜇𝜖
𝑖 = 𝜕𝜇𝜖

𝑖 −
1

2
𝜔𝜇𝑎𝑏𝜎

𝑎𝑏𝜖𝑖 +
1

2
ℬ𝜇  

𝑖  𝑗𝜖
𝑗  

𝐷𝜇𝑢𝑖𝑗  
𝐼𝐽 = 𝜕𝜇𝑢𝑖𝑗  

𝐼𝐽 + ℬ𝜇  
𝑘  [𝑖𝑢𝑗]𝑘  

𝐼𝐽 − 2𝑔𝐴𝜇
𝐾[𝐼
𝑢𝑖𝑗  

𝐽]𝐾  

𝐴𝜇
𝛼𝛽
= 𝐏(15)𝛼𝛽  𝛾𝛿𝐴𝜇

𝛾𝛿
+ 𝐏1(6)𝛼𝛽  𝛾𝛿𝐴𝜇

𝛾𝛿
+ 𝐏2(6)𝛼𝛽  𝛾𝛿𝐴𝜇

𝛾𝛿
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(Π−1)𝑎𝑏
𝛼𝛽
(𝛿𝛼
𝛾
𝛿𝛽
𝛿 + 2𝑔𝐵𝜇𝛼

𝛾
𝛿𝛽
𝛿)Π𝛾𝛿

𝑐𝑑 = 2𝑄𝜇[𝑎
[𝑐
𝛿𝑏]
𝑑]
+ 2𝑃𝜇𝑎𝑏

𝑐𝑑  

(Π−1)𝑖  
𝐴(𝛿𝐴

𝐵𝜕𝛼 + 𝑔𝐵𝛼𝐴 
𝐵)Π𝐵 

𝑘𝛿𝑘𝑗 = 𝑄𝛼𝑖𝑗 + 𝑃𝑖𝑗  

𝛾5𝜂
𝐼𝜙5

𝐽𝐾
− 𝛾𝜇𝛾5𝜂

𝐼𝐶𝜇
𝐽𝐾
= 4𝜂[𝐾Ω𝐽]𝐼 − 𝜂𝐼Ω𝐽𝐾  

ℒ = −
1

2
𝑚2𝐴𝜇𝐴

𝜇 +
1

2
𝑚𝜖𝜇𝜈𝜌𝐴𝜇𝜕𝜈𝐴𝜌  

ℒ = −
1

4
𝐹𝜇𝜈𝐹

𝜇𝜈 −
1

2
𝑚𝜖𝜇𝜈𝜌𝐴𝜇𝜕𝜈𝐴𝜌  

𝐴𝜇𝜈𝜌 = −
1

2√2

𝐷𝜎
(0)

◻(0)
(𝜖𝜇𝜈𝜌𝜎√𝑔

(0))  

𝐴𝛼𝛽𝛾 = −
𝑖√6

6
𝑆𝛼𝛽𝛾,𝐴𝑌

𝐴  

𝐵𝛼𝛽𝛾𝛿

√𝐸
= −24√3𝑖∇[𝛼𝑆𝛽𝛾𝛿],𝐴𝑌

𝐴  

𝑒−1ℒ =
1

2
𝑆𝛼𝛽𝛾,𝐴𝑆

𝛼𝛽𝛾 ,𝐵𝛿
𝐴𝐵 +

1

48
𝑚𝑒−1𝜖𝛼𝛽𝛾𝛿𝜖𝜂𝜁𝛿𝐴𝐵𝑆𝛼𝛽𝛾,𝐴𝐹𝛿𝜖𝜂𝜁,𝐵  

𝛿𝜓𝑀=
𝐷𝑀𝜂

𝑘
+

𝑘

32𝑔2𝜙
(Γ𝑀
𝑁𝑃𝑄

− 8𝛿𝑀
𝑁Γ𝑃𝑄)𝜂𝐻𝑁𝑃𝑄 + (ℜ𝔊𝔉)

2  

𝛿𝜒𝑎= −
1

4𝑔√𝜙
Γ𝑀𝑁𝐹𝑀𝑁

𝑎 𝜂 + (Fermi)2  

𝛿𝜆 ==
1

√2𝜙
(Γ ⋅ 𝜕𝜙)𝜂 +

𝑘

8√2𝑔2𝜙
Γ𝑁𝑃𝑄𝜂𝐻𝑁𝑃𝑄 + (ℜ𝔊𝔉)

2

 

𝐷𝑖𝜂 = 0

Γ𝑖𝑗𝐹𝑖𝑗𝜂 = 0
 

𝜂𝛼 → 𝑈𝛼  𝛽𝜂
𝛽  

𝑈 = 𝑃exp ∫ 
𝛾

 𝜔 ⋅ 𝑑𝑥  

𝑃(𝜔(𝑥2)𝜔(𝑥5)𝜔(𝑥3)) = 𝜔(𝑥2)𝜔(𝑥3)𝜔(𝑥5)  

𝑔𝑖𝑗‾ = 𝜕𝑖𝜕𝑗‾𝐾  

𝑅𝑖𝑗‾ = 0  

◻10 𝐴 = (◻4+ Δ𝐾)𝐴 =◻4 𝐴 = 0  

𝑘𝑖𝑗 = 𝜂‾Γ𝑖𝑗𝜂  

𝐽𝑖  𝑗 = 𝑔
𝑖𝑘𝑘𝑘𝑗  

Ω𝑖𝑗𝑘 = 𝜂‾Γ𝑖𝑗𝑘𝜂  

𝑏𝑛 = ∑  

𝑝+𝑞=𝑛

 ℎ𝑝,𝑞  

∫  
𝐴𝐼
 𝛽𝐽 = 𝛿𝐼

𝐽
;  ∫  

𝐵𝐽
 𝛼𝐼 = 𝛿𝐼

𝐽
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𝐹𝐼 = ∫  
𝐴𝐼

 Ω;  𝑍𝐽 = ∫  
𝐵𝐽
 Ω  

𝐹𝐼 = 𝑁𝐼𝐽𝑍
𝐽  

𝑁𝐼𝐽 =
𝜕𝐹𝐼
𝜕𝑍𝐽

 

𝐽 = 𝑔𝑖𝑗‾𝑑𝑧
𝑖 ∧ 𝑑𝑧𝑗‾  

𝐾 = 𝐽 + 𝑖𝐵  

𝑋𝐼′ = ∫  
𝐴𝐼′

 𝐾;  𝑋𝐽
′
= ∫  

𝐵𝐽
′
 𝐾  

𝜏 = 𝑎 + 𝑖𝑒−𝜙  

𝑒−𝑘 = 𝑖(𝐹𝐼𝑍‾
𝐼 − 𝑍𝐼𝐹‾𝐼)  

𝑒−𝑘 =< Ω ∣ Ω‾ >  

< 𝐴 ∣ 𝐵‾ >≡ ∫  
𝐾

 𝑑6𝑥𝐴 ∧ 𝐵  

Ω = 𝑍𝐼𝛼𝐼 + 𝐹𝐽𝛽
𝐽  

𝐺 = 𝐹𝑅𝑅 − 𝜏𝐻𝑁𝑆  

𝑊 = ∫  
𝐾6

 Ω ∧ 𝐺  

𝐾(𝜌)= −3ln [−𝑖(𝜌 − 𝜌‾)]  

𝐾(𝜏, 𝑍𝛼) = −ln [−𝑖(𝜏 − 𝜏‾)] − ln (−𝑖∫  
𝐾6

 Ω ∧ 𝜔‾)
 

𝑑𝐻 = tr(𝐹 ∧ 𝐹) − tr(𝑅 ∧ 𝑅)  

𝐴𝑖
𝐴𝐵 = (

0 0
0 𝜔𝑖

𝑎𝑏)  

𝐹𝑎𝑏‾ = −2𝑖𝑅𝑎𝑏‾  

𝐹𝑎𝑏 = 𝐹𝑎‾𝑏‾ = 0,𝑔
𝑎𝑏‾𝐹𝑎𝑏‾ = 0  

∫  
𝐾

 𝐹 ∧ 𝑘 ∧ …∧ 𝑘 = (𝑁 − 1)!2∫  
𝐾

 𝑔𝑎𝑏‾𝐹𝑎𝑏‾ = 0  

𝑈𝛾 = 𝑃exp ∮   𝛾𝐴 ⋅ 𝑑𝑥  

quarks: (
𝑢

𝑑
) , (

𝑐

𝑠
) , (

𝑡

𝑏
)  

 gluons: (
𝑒

𝜈𝑒
) , (

𝜇

𝜈𝜇
) , (

𝜏

𝜈𝜏
)

 

𝐿𝑒(𝑒) = 𝐿𝑒(𝜈𝑒) = +1; 𝐿𝑒(𝑒
+) = 𝐿𝑒(𝜈‾𝑒) = −1

𝐿𝜇(𝜇
−) = 𝐿𝜇(𝜈𝜇) = +1; 𝐿𝜇(𝜇

+) = 𝐿𝜇(𝜈‾𝜇) = −1

𝐿𝜏(𝜏
−) = 𝐿𝜏(𝜈𝜏) = +1; 𝐿𝜏(𝜏

+) = 𝐿𝜏(𝜈‾𝜏) = −1

 

𝐿 = 𝐿𝑒 + 𝐿𝜇 + 𝐿𝜏  

𝐵(𝑞) = +1/3, 𝐵(𝑞‾) = −1/3  
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𝑒 = (
𝑒𝐿
𝑒𝑅
)  

ℰ = (
𝑒𝐿
𝜖𝑒𝐿
∗) ;  𝐸 = (

−𝜖𝑒𝑅
∗

𝑒𝑅
)  

𝑈𝑝≡ (𝑢, 𝑐, 𝑡)  

𝐷𝑝≡ (𝑑, 𝑠, 𝑏)  

𝐸𝑝≡ (𝑒, 𝜇, 𝜏)  

𝜈𝑝 ≡ (𝜈𝑒 , 𝜈𝜇 , 𝜈𝜏)

 

𝐿𝑝≡ (
𝜈𝑝
ℰ𝑝
)  

𝑄𝑝 ≡ (
𝒰𝑝
𝒟𝑝
)

 

𝑈𝑅𝑝∶ (3,1, +2/3)

𝐷𝑅𝑝∶ (3,1, −1/3)

𝐸𝑅∶ (1,1, −1)

 

𝐿𝐿𝑝≡ (
𝜈𝐿𝑝
ℰ𝐿𝑝

) : (1,2,−1/2)  

𝑄𝐿𝑝 ≡ (
𝒰𝐿𝑝
𝒟𝐿𝑝

) : (3,2,+1/6)

 

𝑈𝐿𝑝∶ (3, 1, −2/3)

𝐷𝐿𝑝∶ (3, 1, +1/3)

𝐸𝐿𝑝∶ (1,1,+1)

𝐿𝑅𝑝≡ (
𝜈𝑅𝑝
ℰ𝑅𝑝

) : (1,2,+1/2)  

𝑄𝑅𝑝 ≡ (
𝒰𝑅𝑝
𝒟𝑅𝑝

) : (3, 2,−1/6)

 

𝜙 = (
𝜙+

𝜙0
) : (1,2,+1/2)  

𝜙̃ = (
𝜙0∗

−𝜙+∗
) : (1,2,−1/2)  

𝐷𝜇𝑄𝑝 =𝜕𝜇𝑄𝑝 + [−𝑖𝑔3𝐺𝜇
𝛼
𝜆𝛼
2
− 𝑖𝑔2𝑊𝜇

𝑎
𝜏𝑎

2
− 𝑖

𝑔1
6
𝐵𝜇] 𝑄𝐿𝑝

 + [+𝑖𝑔3𝐺𝜇
𝛼
𝜆𝛼
∗

2
+ 𝑖𝑔2𝑊𝜇

𝑎
𝜏𝑎
∗

2
+ 𝑖

𝑔1
6
𝐵𝜇] 𝑄𝑅𝑝

 

𝐷𝜇𝑈𝑝 =𝜕𝜇𝑈𝑝 + [−𝑖𝑔3𝐺𝜇
𝛼
𝜆𝛼
2
− 𝑖

2𝑔1
3
𝐵𝜇] 𝑈𝑅𝑝

 + [+𝑖𝑔3𝐺𝜇
𝛼
𝜆𝛼
∗

2
+ 𝑖

2𝑔1
3
𝐵𝜇]𝑈𝐿𝑝

 

ℒ𝑆𝑀 = ℒkin + ℒHiggs + ℒYukawa  

ℒ𝑘𝑖𝑛 =−
1

4
𝐺𝜇𝜈
𝛼 𝐺𝛼𝜇𝜈 −

1

4
𝑊𝑎𝜇𝜈𝑊𝜇𝜈

𝑎 −
1

4
𝐵𝜇𝜈𝐵

𝜇𝜈  

−
𝑔3
2

64𝜋2
𝜃3𝜖

𝜇𝜈𝜌𝜎𝐺𝜇𝜈
𝛼 𝐺𝜌𝜎

𝛼 −
𝑔2
2

64𝜋2
𝜖𝜇𝜈𝜌𝜎𝜃2𝜖

𝜇𝜈𝜌𝜎𝑊𝜇𝜈
𝑎𝑊𝜌𝜎

𝑎  

 −
1

2
𝐿‾𝑝D̸𝐿𝑝 −

1

2
𝐸‾𝑝D̸𝐸𝑝 −

1

2
𝑄‾𝑝D̸𝑄𝑝 −

1

2
𝑈‾𝑝D̸𝑈𝑝 −

1

2
𝐷‾𝑝D̸𝐷𝑝

 



pág. 1546 

ℒHiggs = −(𝐷𝜇𝜙)
†
𝐷𝜇𝜙 − 𝜆 [𝜙†𝜙 −

𝜇2

2𝜆2
]

2

 

𝐷𝜇𝜙 = 𝜕𝜇𝜙 − 𝑖𝑔2𝑊𝜇
𝑎
𝜏

2
𝜙 − 𝑖

𝑔1
2
𝐵𝜇𝜙  

ℒYukawa = −𝑓𝑝𝑞𝐿‾𝑝
1 − 𝛾5
2

𝐸𝑞𝜙 − ℎ𝑝𝑞𝑄‾𝑝
1 − 𝛾5
2

𝐷𝑞𝜙 − 𝑔𝑝𝑞𝑄‾𝑝
1 − 𝛾5
2

𝑈𝑞𝜙̃  

1 − 𝛾5
2

= 𝑃𝑅 = 𝑃𝑅
2 = 𝑃‾𝐿𝑃𝑅  

(𝑄‾𝑝
1 − 𝛾5
2

𝐷𝑞)𝜙 = (𝑄‾𝐿𝑝𝐷𝑅𝑞)𝜙  

𝜙 = (
0
𝑣

√2

)  

𝜙 = (
0

𝑣 + 𝐻(𝑥)

√2

)  

𝑚𝐻
2 = 2𝜆𝑣2 = 2𝜇2  

cos 𝜃𝑊 ≡
𝑔2

√𝑔1
2 + 𝑔2

2
;  sin 𝜃𝑊 ≡

𝑔1

√𝑔1
2 + 𝑔2

2  

𝐴𝜇= 𝑊𝜇
3sin 𝜃𝑊 + 𝐵𝜇cos 𝜃𝑊  

𝑍𝜇= 𝑊𝜇
3cos 𝜃𝑊 − 𝐵𝜇sin 𝜃𝑊  

𝑊𝜇
± =

𝑊𝜇
1 ±𝑊𝜇

2

2

 

𝑀𝑊 =
𝑔2𝑣

2
,𝑀𝑍 =

𝑣

2
√𝑔1

2 + 𝑔2
2  

ℒ𝑚𝐹 = −
𝑣

√2
[𝑓𝑝𝑞ℰ𝑝𝐸𝑅𝑞 + 𝑔𝑝𝑞𝒰𝑝𝑈𝑅𝑞 + ℎ𝑝𝑞𝒟𝑝𝐷𝑅𝑞]  

ℰ𝐿 by 𝑈(𝑒) 𝐸𝑅 by 𝑉(𝑒)

𝒰𝐿 by 𝑈(𝑢) 𝑈𝑅 by 𝑉(𝑢)
 

𝒟𝐿 by 𝑈(𝑑) 𝐷𝑅 by 𝑉(𝑑)  

𝑒𝑝= ℰ𝐿𝑝 + 𝐸𝑅𝑝  

𝑑𝑝= 𝒟𝐿𝑝 + 𝐷𝑅𝑝  

𝑢𝑝 = 𝒰𝐿𝑝 +𝑈𝑅𝑝

 

ℒ = −
𝑣

√2
(𝑓𝑝𝑒‾𝑝𝑒𝑝 + 𝑔𝑝𝑢‾𝑝𝑢𝑝 + ℎ𝑝𝑑‾𝑝𝑑𝑝)  

𝐷𝑅 + 𝐿𝑅 = (3,1,−1/3) + (1,2, +1/2) = 5  

𝑈𝑅 + 𝐸𝑅 +𝑄𝑅 = (3,1,+2/3) + (1,1,−1) + (3, 2,−1/6) = 10 = (5 × 5)𝑎− sym .  

𝐷𝐿 + 𝐿𝐿 = 5

𝑈𝐿 + 𝐸𝐿 + 𝑄𝐿 = 10
 

24 = 8 + 3 + 1(+12 more )  

16 → 10−1 + 53 + 1−5  
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10 → 5 + 5  

45 → 240 + 104 + 10−4 + 10  

248 = (45,1) + (1,15) + (10,6) + (16,4) + (16,4)  

𝑄∶ (3,2,+1/6)

𝐿∶ (1,2,−1/2)

𝐸𝐶∶ (1,1,+1)

𝑈𝐶∶ (3, 1, −2/3)

𝐷𝐶∶ (3, 1, +1/3)

 

𝐻𝑢∶ (1,2,+1/2)

𝐻𝑑∶ (1,2,−1/2)
 

𝑊 = 𝜇𝐻𝑢𝐻𝑑 + 𝑦𝑢𝐻𝑢𝑄𝑈
𝐶 + 𝑦𝑑𝐻𝑑𝑄𝐷

𝐶 + 𝑦𝑙𝐻𝑑𝐿𝐸
𝐶  

𝑚1/2𝜆̃𝜆̃ +  h.c.  

𝑚0𝜙
†𝜙  

𝐵𝜇ℎ𝑢ℎ𝑑 + 𝐴ℎ𝑢𝑞𝑢
𝐶 + 𝐴ℎ𝑑𝑞𝑑

𝐶 + 𝐴ℎ𝑑𝑙𝑒
𝐶 + ℎ. 𝑐.  

(𝑑𝐺)11𝐼𝐽𝐾𝐿 = −4√2𝜋 (
𝑘

4𝜋
)
2/3

(𝐽(1)𝛿(𝑥11) + 𝐽
(2)𝛿(𝑥11 − 𝜋𝑅11) + 𝐽 +𝑊)𝐼𝐽𝐾𝐿

 

(𝑑𝐺)11𝐼𝐽𝐾𝐿 = −4√2𝜋 (
𝑘

4𝜋
)
2/3

(𝐽(1)𝛿(𝑥11) + 𝐽
(2)𝛿(𝑥11 − 𝜋𝑅11) +𝑊)𝐼𝐽𝐾𝐿

 

𝐽(𝑖) =
1

16𝜋2
(tr𝐹(𝑖) ∧ 𝐹(𝑖) −

1

2
tr𝑅 ∧ 𝑅)  

 

Modelo de una partícula oscura y/0 blanca hadrónica. Modelo Unificado. 

d𝑠2 = −𝑒𝜆d𝑟2 − 𝑟2 d𝜃2 − 𝑟2sin2 𝜃 d𝜙2 + 𝑐2𝑒𝜈d𝑡2,  

8𝜋𝐺

𝑐4
𝑃 = 𝑒−𝜆 (

𝜈′

𝑟
+
1

𝑟2
) −

1

𝑟2
,

8𝜋𝐺

𝑐4
ℰ = 𝑒−𝜆 (

𝜆′

𝑟
−
1

𝑟2
) +

1

𝑟2
,

𝑑𝑃

𝑑𝑟
= −

1

2
(ℰ + 𝑃)𝜈′,

 

d𝑃

 d𝑟
= −

𝐺(ℰ + 𝑃)(𝑚𝑐2 + 4𝜋𝑟3𝑃)

𝑟𝑐2(𝑟𝑐2 − 2𝐺𝑚)
,

d𝑚

 d𝑟
=
4𝜋𝑟2ℰ

𝑐2
.

 

𝑚(𝑟 = 0) = 0, ( d𝑃/d𝑟)𝑟=0 = 0.  

𝑚(𝑟) =
4𝜋ℰ0
3𝑐2

𝑟3  

ℰ0 = ℰ(𝜌 = 𝜌‾)Θ(𝜌‾ − 𝜌) = 𝒜(𝜌‾)Θ(𝑅 − 𝑟)  
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𝑀 = 𝑚(𝑅) =
4𝜋ℰ0
3𝑐2

𝑅3  

d𝑠2 = −
d𝑟2

1 − 𝑟2/𝑅S
2 − 𝑟

2 d𝜃2 − 𝑟2sin2 𝜃 d𝜙2

 +𝑐2 [𝐴S − 𝐵S√1 − 𝑟
2/𝑅S

2]

2

 d𝑡2,

 

𝑅S = (
8𝜋𝐺ℰ0
3𝑐4

)
−1/2

 

𝐴S =
3

2
√1 −

𝑅2

𝑅S
2 , 𝐵S =

1

2
 

𝑃 =
ℰ0
3

3𝜁√1 − (𝑟/𝑅𝑆)
2 − 1

1 − 𝜁√1 − (𝑟/𝑅𝑆)
2
,  

𝜁 = |
𝑃0 + ℰ0/3

𝑃0 + ℰ0
| ,  

ℰ(𝜌) = 𝒜(𝜌) + 𝒞(∇𝜌)2  

𝐸 = ∫  d𝒱ℰ[𝜌(𝐫)]  

𝒜 = −𝑏𝑉𝜌 + 𝜀(𝜌) +
𝐺

4
𝜌Φ(𝜌),  

𝜀(𝜌) =
𝐾

18𝜌‾2
𝜌(𝜌 − 𝜌‾)2  

(
d𝒲

 d𝜌
)
𝜌=𝜌‾

= 0,𝒲 =
ℰ

𝜌
.  

𝒜 = −− 𝑏𝑉
(𝐺)
𝜌 + 𝜀𝐺(𝜌),  

𝜀𝐺(𝜌) = 𝜀(𝜌) +
𝑚

2
Φ2(𝜌 − 𝜌‾)

2 =
𝐾𝐺
18𝜌‾2

𝜌(𝜌 − 𝜌‾)2.  

𝐾𝐺 = 𝐾 + 9𝑚𝜌‾
2Φ2  

𝑁 = ∫  d𝒱𝜌(𝐫)  

𝛿ℰ

𝛿𝜌
≡
𝜕𝒜

𝜕𝜌
− 2𝒞Δ𝜌 = 𝜇.  

𝑃 = 𝜌2
𝛿𝒲

𝛿𝜌
.  

ℰ = ℰ0 + ℰ1,  

ℰ1 = 𝒞(∇𝜌)
2.  

𝑃 = 𝑃0 + 𝑃1, 𝜆 = 𝜆0 + 𝜆1, 𝜈 = 𝜈0 + 𝜈1,  

𝑒−𝜆0 = 1 − 𝑟2/𝑅S
2, 𝑟 < 𝑅S.  

𝜆1(𝑟) = −
8𝜋𝑅S

1 − 𝑅2/𝑅S
2𝒟1(𝑟),  
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𝒟1 ≡ ∫   d𝑟ℰ1(𝑟) ≈
𝑎

𝑅

𝑅𝐾𝐺
9𝜌‾

∫   d𝜉 (
𝜕𝜌

𝜕𝜉
)
2

.  

𝒟1 ∝ exp (−2𝜉/𝑎).  

𝒟1 ≈ −
𝑎

𝑅

𝜌‾𝑅𝐾𝐺
9

𝒴(𝑦).  

𝒴(𝑦) = ∫  d𝑦√𝑦(1 − 𝑦)

 =
2

3
𝑦3/2 −

2

5
𝑦5/2 + 𝐶𝑦 (32)

 

d𝑃

 d𝑟
= −

ℰ + 𝑃

2𝑟
[(8𝜋𝑃𝑟2 + 1)𝑒𝜆 − 1],  

d𝑃1
 d𝑟

+ 𝛽𝑃1 = 𝛽1.  

𝛽 =
8𝜋𝑟2(ℰ0 + 𝑃0) + 8𝜋𝑃0𝑟

2 + 𝑟̃2

2𝑟(1 − 𝑟̃2)
,  

𝛽1 = −
8𝜋𝑃0𝑟

2 + 𝑟̃2

2𝑟(1 − 𝑟̃2)
ℰ1 +

(ℰ0 + 𝑃0)(8𝜋𝑃0𝑟
2 + 1)

1 − 𝑟̃2
𝜆1,  

𝑃1 = −𝐶1
(𝑃)
(𝑟)exp (−∫  d𝑟𝛽(𝑟))  

𝐶1
(𝑃)
(𝑟) = ∫  d𝑟𝛽1(𝑟)exp [∫  d𝑟𝛽(𝑟)]  

exp [∫  d𝑟𝛽(𝑟)] =
(1 − 𝜁√1 − 𝑟̃2)

2

√𝑟̃(1 − 𝑟̃2)
 

𝐶1
(𝑃)
(𝑟) = −∫  d𝑟 [

8𝜋𝑃0𝑟
2 + 𝑟̃2

2𝑟(1 − 𝑟̃2)
ℰ1

+
(ℰ0 + 𝑃0)(8𝜋𝑃0𝑟

2 + 1)

1 − 𝑟̃2
𝜆1] exp [∫  d𝑟𝛽(𝑟)] .

 

∫  d𝑟𝜆1(𝑟)≈ −
𝑎

𝑅

𝐾𝐺𝜌‾

9

4𝜋𝑅2

√1 − 𝑅2/𝑅S
2

 

 × ∫  d𝑟𝒴(𝑦)

 

∫  d𝑟𝒴(𝑦) ≈ −
𝑎

𝑅
𝑅∫  

 d𝑦

√𝑦(1 − 𝑦)
𝒴(𝑦).  

𝒴/(1 − 𝑦) → 𝒴′(𝑦)/(−1) → (1 − 𝑦) → 0 

𝑦∫   d𝑦/√𝑦 = 2√𝑦 

𝐶1
(𝑃)
(𝑟) ≈ −

𝑅̃2

2𝑅(1 − 𝑅̃2)
𝒟1  

𝑃1 = −
3𝑅3/2

4𝑅S
5/2√1 − 𝑅2/𝑅S

2

𝒟1  
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𝑃1 =
𝑎

𝑅

𝜌‾𝐾𝐺
12

𝑅5/2

𝑅S
5/2√1 − 𝑅2/𝑅S

2

𝒴(𝑦)
 

𝑃 ≡ 𝑃(𝜌) = 𝑃0(𝑦) + 𝑃1(𝑦)  

𝑝0 ≡
8𝜋𝑃0𝐺𝑅

2

𝑐4
=
𝑅2

𝑅S
2

3√1 − 𝑟2/𝑅S
2/2 − 𝐴S

𝐴S −√1 − 𝑟
2/𝑅S

2/2

 

𝑅/𝑅S = √1 − 4𝐴S
2/9 

𝑝1 ≡
8𝜋𝑃1𝐺𝑅

2

𝑐4
=

3𝜅𝑅9/2

𝑅S
9/2√1 − 𝑅2/𝑅S

2

𝒴(𝑦)
𝑎

𝑅
,

 

𝜅 ≡
𝜌‾𝐾𝐺
12ℰ0

= −
𝐾 + 9𝑚𝜌‾2Φ2
12(𝑏𝑉 −𝑚Φ0)

 

𝑝 ≈ 𝑝0 + 𝑝1,  

 

8𝜋ℰ0 = 𝑒
−𝜆0 (

1

𝑟

 d𝜆0
 d𝑟

−
1

𝑟2
) +

1

𝑟2
.  

8𝜋ℰ1 =
1

𝑟
𝑒−𝜆0

 d𝜆1
 d𝑟

− 𝜆1 (8𝜋ℰ0 −
1

𝑟2
)  

d𝜆1
 d𝑟

+ 𝛼𝜆1 = 𝛼1  

𝛼(𝑟)= 𝑟𝑒𝜆0 (−8𝜋ℰ0 +
1

𝑟2
)  

 =
1

𝑟(1 − 𝑟̃2)
−
8𝜋ℰ0𝑟

1 − 𝑟̃2
,

 

𝛼1 =
8𝜋𝑟ℰ1
1 − 𝑟̃2

≈
8𝜋𝑟𝒞

1 − 𝑟̃2
(
 d𝜌

 d𝑟
)
2

≈
8𝜋𝑟𝜀𝐺
1 − 𝑟̃2

 

ℰ1 ≈ 𝒞 (
 d𝜌

 d𝑟
)
2

≈ 𝜀𝐺;  

𝜆1 = 𝐶1
(𝜆)
(𝑟)exp (−∫  d𝑟𝛼(𝑟)) ,  

𝐶1
(𝜆)
(𝑟) = ∫  d𝑟𝛼1(𝑟)exp (∫  d𝑟𝛼(𝑟)) .  

∫  d𝑟𝛼(𝑟) = ln (
𝑟̃

√1 − 𝑟̃2
) + 8𝜋ℰ0𝑅S

2ln √1 − 𝑟̃2  

exp (∫  d𝑟𝛼(𝑟)) = 𝑟̃(1 − 𝑟̃2)−1/2+4𝜋ℰ0𝑅S
2
.  

𝐶1
(𝜆)
(𝑟) = 8𝜋∫  𝑟 d𝑟ℰ1(𝑟)(1 − 𝑟̃

2)4𝜋ℰ0𝑅S
2−3/2  

𝐶1
(𝜆)
(𝑟) = 8𝜋𝑅(1 − 𝑅̃2)

4𝜋ℰ0𝑅S
2−3/2

𝒟1,  
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𝑅𝑏𝑐𝑑
𝑎 = Γ𝑏𝑑,𝑐

𝑎 − Γ𝑏𝑐,𝑑
𝑎 + Γ𝑏𝑑

𝑒 Γ𝑐𝑒
𝑎 − Γ𝑏𝑐

𝑒 Γ𝑑𝑒
𝑎

 

Γ𝑏𝑑
𝑎 =

1

2
𝑔𝑎𝑒(𝑔𝑏𝑒,𝑑 + 𝑔𝑒𝑑,𝑏 − 𝑔𝑏𝑑,𝑒)  

𝑅𝑎𝑏 = 𝑔
𝑐𝑑𝑅𝑎𝑐𝑏𝑑  

𝑇(𝑎𝑏) =
1

2
(𝑇𝑎𝑏 + 𝑇𝑏𝑎), 𝑇[𝑎𝑏] =

1

2
(𝑇𝑎𝑏 − 𝑇𝑏𝑎)  

𝔸 =
1

2
∫  𝑑4𝑥√−𝑔[𝑅 + 2ℒ𝑚]  

𝔸 =
1

2
∫  𝑑4𝑥√−𝑔[𝑓(𝑅) + 2ℒ𝑚]  

𝑓′𝑅𝑎𝑏 −
1

2
𝑓𝑔𝑎𝑏 − ∇𝑏∇𝑎𝑓

′ + 𝑔𝑎𝑏∇𝑐∇
𝑐𝑓′ = 𝑇𝑎𝑏

𝑚  

𝐺𝑎𝑏 = 𝑇𝑎𝑏
eff = 𝑇̃𝑎𝑏

𝑚 + 𝑇𝑎𝑏
𝑅 ,  

𝑇𝑎𝑏
𝑅 ≡

1

𝑓′
[
1

2
(𝑓 − 𝑅𝑓′)𝑔𝑎𝑏 + ∇𝑏∇𝑎𝑓

′ − 𝑔𝑎𝑏∇𝑐∇
𝑐𝑓′] ,  

𝑇̃𝑎𝑏
𝑚 ≡ 𝑇𝑎𝑏

𝑚/𝑓′.  

𝑅 =
1

𝑓′
(3𝑝𝑚 − 𝜇𝑚) +

2𝑓

𝑓′
− 3

𝑓′′′

𝑓′
∇𝑎𝑅∇𝑎𝑅 − 3

𝑓′′

𝑓′
∇2𝑅 + 3Θ𝑅̇

𝑓′′

𝑓′
+

 +3
𝑓′′

𝑓′
𝑅̈ + 3

𝑓′′′

𝑓′
𝑅̇2 − 3𝑢̇𝑐

(∇𝑐𝑓
′)

𝑓′
,

 

∇𝑏 (
𝑇𝑎𝑏
𝑚

𝑓′
) = −∇𝑏𝑇𝑎𝑏

𝑅 = −
𝑓′′

𝑓′2
𝑇𝑎𝑏
𝑚∇𝑏𝑅.  

𝔸 =
1

2
∫  𝑑4𝑥√−𝑔[𝑅 + 𝛼𝑅2 + 2ℒ𝑚].  

ℎ𝑎𝑏 = 𝑔𝑎𝑏 + 𝑢𝑎𝑢𝑏  

𝜓̇𝑎…𝑏 ≡ 𝑢
𝑑∇𝑑𝜓𝑎…𝑏  

D𝑐𝜓𝑎…𝑏 ≡ ℎ𝑐 
𝑑ℎ𝑎 

𝑒…ℎ𝑏 
𝑓∇𝑑𝜓𝑒…𝑓  

𝑒𝑎𝑢
𝑎 = 0, 𝑒𝑎𝑒

𝑎 = 1  

𝑁𝑎𝑏 ≡ ℎ𝑎𝑏 − 𝑒𝑎𝑒𝑏 = 𝑔𝑎𝑏 + 𝑢𝑎𝑢𝑏 − 𝑒𝑎𝑒𝑏 , 𝑁𝑎
𝑎 = 2  

𝑣𝑎 = 𝑉𝑒𝑎 , 𝑉 ≡ 𝑣𝑎𝑒𝑎

𝜓𝑎𝑏 = 𝜓⟨𝑎𝑏⟩ = Ψ(𝑒𝑎𝑒𝑏 −
1

2
𝑁𝑎𝑏)

 

𝜓̂𝑎..𝑏 
𝑐..𝑑 ≡ 𝑒𝑓𝐷𝑓𝜓𝑎..𝑏 

𝑐..𝑑

𝛿𝑓𝜓𝑎..𝑏 
𝑐..𝑑 ≡ 𝑁𝑎 

𝑓 …𝑁𝑏 
𝑔𝑁ℎ 

𝑐 . . 𝑁𝑖  
𝑑𝑁𝑓 

𝑗𝐷𝑗𝜓𝑓..𝑔 
𝑖..𝑗

 

𝒜 ≡ 𝑒𝑎𝑢̇𝑎
𝜙 ≡ 𝛿𝑎𝑒

𝑎

ℰ ≡ 𝐶𝑎𝑐𝑏𝑑𝑢
𝑐𝑢𝑑𝑒𝑎𝑒𝑏

 

𝑇𝑎𝑏
tot = 𝜇tot 𝑢𝑎𝑢𝑏 + (𝑝

tot + Πtot )𝑒𝑎𝑒𝑏 + (𝑝
tot −

1

2
Πtot )𝑁𝑎𝑏 + 2𝑄

tot 𝑒(𝑎𝑢𝑏),  
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𝜙̂ = −
1

2
𝜙2 −

2

3
𝜇tot −

1

2
Πtot − ℰ,

ℰ̂ −
1

3
𝜇̂tot +

1

2
Π̂tot = −

3

2
𝜙 (ℰ +

1

2
Πtot ) ,

0 = −𝒜𝜙 +
1

3
(𝜇tot + 3𝑝tot ) − ℰ +

1

2
Πtot ,

𝑝̂tot + Π̂tot = −(
3

2
𝜙 +𝒜)Πtot − (𝜇tot + 𝑝tot )𝒜,

𝒜̂ = −(𝐴 + 𝜙)𝒜 +
1

2
(𝜇tot + 3𝑝tot ),

 

𝐾 =
1

3
𝜇tot − ℰ −

1

2
Πtot +

1

4
𝜙2.  

𝑇𝑎𝑏
tot = 𝑇𝑎𝑏

eff  

𝜇tot = 𝑇𝑎𝑏
eff 𝑢𝑎𝑢𝑏 =

𝜇𝑚

𝑓′
+ 𝜇𝑅 ,

𝑝tot =
1

3
𝑇𝑎𝑏

eff (𝑒𝑎𝑒𝑏 + 2𝑁𝑎𝑏) =
𝑝𝑚

𝑓′
+ 𝑝𝑅,

Πtot =
2

3
𝑇𝑎𝑏

eff (𝑒𝑎𝑒𝑏 − 𝑁𝑎𝑏) =
Π𝑎𝑏
𝑚

𝑓′
+ Π𝑎𝑏

𝑅 ,

𝑄tot = −
1

2
𝑇𝑏𝑐

eff 𝑢𝑐𝑒𝑏 = −
𝑄𝑚

𝑓′
+ 𝑄𝑅,

 

𝜇𝑅  =
1

𝑓′
(
1

2
(𝑅𝑓′ − 𝑓) + 𝑓′′𝑋̂ + 𝑓′′𝑋𝜙 + 𝑓′′′𝑋2)

𝑝𝑅  =
1

𝑓′
(
1

2
(𝑓 − 𝑅𝑓′) −

2

3
𝑓′′𝑋̂ −

2

3
𝑓′′𝑋𝜙 −

2

3
𝑓′′′𝑋2 −𝒜𝑓′′𝑋)

Π𝑅  =
1

𝑓′
(
2

3
𝑓′′𝑋̂ +

2

3
𝑓′′′𝑋2 −

1

3
𝑓′′𝑋𝜙)

𝑄𝑅  = −
1

𝑓′
(𝑓′′′𝑅̇𝑋 + 𝑓′′(𝑋̇ − 𝒜𝑅̇)) = 0

 

𝑅𝑓′ − 2𝑓 = 3𝑝𝑚 − 𝜇𝑚 − 3𝑓′′𝑋̂ − 3𝑓′′𝑋𝜙 +−3𝑓′′′𝑋2 − 3𝒜𝑓′′𝑋  

𝑋̂ =
𝑝𝑚

𝑓′′
−
1

3

𝜇𝑚

𝑓′′
−
1

3

𝑓′

𝑓′′
𝑅 +

2

3

𝑓

𝑓′′
−
𝑓′′′

𝑓′′
𝑋2 − 𝑋(𝜙 +𝒜).  

𝑋̂ = 𝜙𝑋,𝜌.  

𝜌 = 2ln (
𝑟

𝑟0
)  

Ξ =
𝜙, 𝜌

𝜙
, 𝑌 =

𝒜

𝜙
𝑋

𝜙
 ≡ 𝕏,𝒦 =

𝐾

𝜙2
, 𝐸 =

𝜀

𝜙2

𝕄̃𝑚  =
𝜇̃𝑚

𝜙2
, 𝑃̃𝑚 =

𝑝̃𝑚

𝜙2
, ℙ̃𝑚 =

Π̃𝑚

𝜙2

𝕄𝑅  =
𝜇𝑅

𝜙2
, 𝑃𝑅 =

𝑝𝑅

𝜙2
, ℙ𝑅 =

Π𝑅

𝜙2

 

𝕏,𝜌 + 𝕏Ξ =
𝑃𝑚

𝑓′′
−
𝕄𝑚

3𝑓′′
−
𝑓′

3𝑓′′
𝑅

𝜙2
+
2

3

𝑓

𝑓′′𝜙2
−
𝑓′′′

𝑓′′
𝕏 − 𝕏(1 + 𝑌),

𝑃,𝜌
tot + ℙ,𝜌

tot = −𝑌(𝕄tot + 𝑃tot) − ℙtot (2Ξ + 𝑌 +
3

2
) − 2Ξ𝑃tot,

𝑌,𝜌 = −𝑌(Ξ + 𝑌 + 1) +
1

2
(𝕄̃𝑚 +𝕄𝑅) +

3

2
(𝑃̃𝑚 + 𝑃𝑅),

𝒦,𝜌 = −𝒦(1 + 2Ξ),
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1 + 4𝑌 − 4𝒦 − 4(𝑃̃𝑚 + 𝑃𝑅) − 4(ℙ̃𝑚 +ℙ𝑅) = 0

1 + 2Ξ − 2𝑌 + 2(𝕄̃𝑚 +𝕄𝑅) + 2(𝑃̃𝑚 + 𝑃𝑅) + 2(ℙ̃𝑚 + ℙ𝑅) = 0

2(𝕄̃𝑚 +𝕄𝑅) − 6𝑌 − 6𝐸 + 6(𝑃̃𝑚 + 𝑃𝑅) + 3(ℙ̃𝑚 + ℙ𝑅) = 0

 

𝑑𝑠2 = −𝑘1(𝜌)𝑑𝑡
2 + 𝑘2(𝜌)𝑑𝜌

2 + 𝑘3(𝜌)𝑑Ω
2  

𝑘3(𝜌) = 𝐾0𝑒
𝜌

𝑑Ω2 = 𝑑𝜃2 + sin2 𝜃𝑑𝜙2
 

𝜙 =
1

√𝑘2
, 𝑌 =

𝑘1,𝜌

2𝑘1

Ξ = −
𝑘2,𝜌

𝑘2
, 𝒜 =

𝑘1,𝜌

2𝑘1√𝑘2

𝒦 =
𝑘2
𝐾0𝑒

𝜌

 

𝑘1(𝜌) = 𝑘1(𝑟), 𝑘2(𝜌) =
𝑟2

4
𝑘2(𝑟), 𝑟

2(𝜌) = 𝐾0𝑒
𝜌 .  

𝑝𝑟 = 𝑝 + Π, 𝑝⊥ = 𝑝 −
1

2
Π  

𝜇𝑚 ≥ 0, 𝑝𝑟
𝑚 ≥ 0, 𝑝⊥

𝑚 ≥ 0.  

𝜇𝑚 + 𝑝𝑟
𝑚 ≥ 0  

0 ≤ 𝑐𝑚,𝑟
2 =

𝜕𝑝,𝑟
𝑚

𝜕𝜇𝑚
≤ 1, 0 ≤ 𝑐𝑚,⊥

2 =
𝜕𝑝,⊥

𝑚

𝜕𝜇𝑚
≤ 1  

[𝛾𝑎𝑏]−
+  = 0

[𝐾𝑎𝑏]−
+ − 𝛾𝑎𝑏[𝐾]−

+  = −𝑆𝑎𝑏
 

{𝜒} =
1

2
(𝜒+ + 𝜒−)  

𝑆𝑎𝑏{𝐾
𝑎𝑏} + [𝑇𝑎𝑏𝑒

𝑎𝑒𝑏]−
+ = 0  

[𝑝𝑟]−
+ = 0  

[𝛾𝑎𝑏]−
+  = 0

[𝐾]−
+  = 0

[𝑅]−
+  = 0

𝑓′(𝑅)[𝐾𝑎𝑏
∗ ]−

+  = −𝑆𝑎𝑏
∗

3𝑓′′(𝑅)[𝑒𝑎∇𝑎𝑅]−
+  = 𝑆

 

𝐾𝑎𝑏
∗  = 𝐾𝑎𝑏 −

1

3
𝛾𝑎𝑏𝐾,

𝑆𝑎𝑏
∗  = 𝑆𝑎𝑏 −

1

3
𝛾𝑎𝑏𝑆.

 

𝑆𝑎𝑏{𝐾
𝑎𝑏} + [𝑇𝑎𝑏

tot𝑒𝑎𝑒𝑏]−
+ = 0  

[𝑇𝑎𝑏
eff𝑒𝑎𝑒𝑏]

−

+
= [𝑝𝑟

eff]
−

+
= 0  

[
𝑝𝑟
𝑚

𝑓′
+ 𝑝𝑟

𝑅]
−

+

= [
𝑝𝑟
𝑚

𝑓′
]
−

+

+ [𝑝𝑟
𝑅]−
+ = 0  

[𝑝𝑟
𝑅]−
+= [𝑝𝑅 +Π𝑅]−

+  

 = [
𝑓

2𝑓′
]
−

+

− [
𝑓′′

𝑓′
]
−

+

{𝑋}{𝜙} − [
𝑓′′

𝑓′
]
−

+

{𝑋}{𝒜}
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[𝑎 + 𝑏]−
+  = [𝑎]−

+ + [𝑏]−
+

[𝑎 ⋅ 𝑏]−
+  = {𝑎}[𝑏]−

+ + {𝑏}[𝑎]−
+

 =
1

2
(𝑎+ + 𝑎−)(𝑏+ − 𝑏−) +

1

2
(𝑏+ + 𝑏−)(𝑎+ − 𝑎−)

 

[𝑝𝑟
𝑚]−

+ = [𝑝𝑚 +Π𝑚]−
+ = 0.  

𝑅 = 3𝑝tot − 𝜇tot  

0 = [𝑅]−
+= [

3𝑝𝑚 − 𝜇𝑚

𝑓′
−
𝑓′′

𝑓′
𝑋̂]
−

+

 

 = [3𝑝𝑚 − 𝜇𝑚]−
+ −

𝑓′′

𝑓′
[𝑋̂]−

+

 

𝐾𝑎𝑏= 𝛾𝑎
𝑐𝛾𝑏
𝑑∇𝑐𝑒𝑑  

 = (𝑁𝑎
𝑐 + 𝑢𝑎𝑢

𝑐)(𝑁𝑏
𝑑 + 𝑢𝑏𝑢

𝑑)∇𝑐𝑒𝑑
 

[𝐾𝑎𝑏]−
+ = [

1

2
𝜙𝑁𝑎𝑏 − 𝑢𝑎𝑢𝑏𝒜]

−

+

 

𝑆𝑎𝑏= (𝑁𝑎𝑏 + 𝑢𝑎𝑢𝑏)𝑓
′′[𝑋]−

+ − 𝑓′[𝐾𝑎𝑏]−
+  

 = (𝑓′[𝒜]−
+ + 𝑓′′[𝑋]−

+)𝑢𝑎𝑢𝑏 + (𝑓
′′[𝑋]−

+ −
𝑓′

2
[𝜙]−

+)𝑁𝑎𝑏
 

𝜇𝒮  = 𝑆𝑎𝑏𝑢
𝑎𝑢𝑏

𝑝⊥
𝒮  =

1

2
𝑆𝑎𝑏𝑁

𝑎𝑏
 

𝑆‾𝑎𝑏 + 𝜍‾𝑎𝑏 = 𝑆𝑎𝑏 + 𝜍𝑎𝑏 + 2𝜍(𝑎𝑒𝑏) + 𝜍𝑒𝑎𝑒𝑏 + 𝜍‾𝑎𝑏  

𝜍𝑎𝑏  = 𝑓
′′{𝐾𝑎𝑏}[𝑅]−

+

𝜍𝑎  = 𝑓
′′(𝑁𝑎

𝑏 + 𝑢𝑏𝑢𝑎)∇𝑏[𝑅]−
+

𝜍 = 𝑓′′{𝐾}[𝑅]−
+

 

𝜁‾𝑎𝑏 = 𝑓
′′∇𝜌[[𝑅]−

+𝛾𝑎𝑏𝑒
𝜌𝛿] = 𝑓′′Δ𝑎𝑏  

𝑆‾𝑎𝑏 = 𝜇‾
𝑆𝑢𝑎𝑢𝑏 + 𝑝‾𝑟

𝑆𝑒𝑎𝑒𝑏 + 𝑝‾⊥
𝑆𝑁𝑎𝑏 + 2𝑄‾

𝑆𝑢(𝑎𝑒𝑏) + 𝑄‾(𝑎
𝑆 𝑒𝑏),  

𝜇‾𝒮  = 𝑓′[𝒜]−
+ + 𝑓′′[𝑋]−

+ − 𝑓′′{𝒜}[𝑅]−
+

𝑝‾𝑟
𝒮  = 𝑓′′{𝐾}[𝑅]−

+

𝑝‾⊥
𝒮  = −

1

2
𝑓′[𝜙]−

+ + 𝑓′′[𝑋]−
+ + 𝑓′′{𝜙}[𝑅]−

+

𝑄‾ 𝑆  = 𝑓′′(𝑢𝑏∇𝑏[𝑅]−
+)𝑢𝑎

𝑄‾𝑎
𝑆  = 𝑓′′𝛿𝑎[𝑅]−

+

 

𝜍‾𝑎𝑏 = 𝑓
′′ (Δ𝑢𝑢𝑎𝑢𝑏 +

1

2
Δ𝑁𝑁𝑎𝑏)  

𝑅 =
𝜙2(𝒦(4𝒦 − 4𝑌,𝜌 − 2𝑌(2𝑌 + 1) − 1) + 2(𝑌 + 1)𝒦,𝜌)

2𝒦

𝕄̃𝑚  = −
−2𝒦,𝜌 − 4𝒦

2 +𝒦 + 4𝒦𝕄𝑅

4𝒦

𝑃̃𝑚  = −
2𝒦,𝜌 + 4𝒦

2 −𝒦 + 12𝒦𝑃𝑅 − 8𝒦𝑌,𝜌 + 4𝑌𝒦,𝜌 − 8𝒦𝑌
2 − 4𝒦𝑌

12𝒦

ℙ̃𝑚  = −
6ℙ𝑅𝒦 −𝒦,𝜌 + 4𝒦

2 −𝒦 + 4𝒦𝑌,𝜌 − 2𝑌𝒦,𝜌 + 4𝒦𝑌
2 − 4𝒦𝑌

6𝒦
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𝕄𝑅  =
𝑅

2𝜙2
+
𝑓′′

𝑓′
(𝑅,𝜌𝜌 + 𝑅,𝜌 + Ξ𝑅,𝜌) −

1

2𝜙2
𝑓

𝑓′

𝑃𝑅  = −
𝑅

2𝜙2
−
2

3

𝑓′′

𝑓′
(𝑅,𝜌𝜌 + 𝑅,𝜌 + Ξ𝑅,𝜌 +

3

2
𝑌𝑅,𝜌) +

1

2𝜙2
𝑓

𝑓′

ℙ𝑅  =
2

3

𝑓′′

𝑓′
(𝑅,𝜌𝜌 −

1

2
𝑅,𝜌 + Ξ𝑅,𝜌)

 

𝑘1(𝑟) = 𝑎0(𝑐1 + 𝑧)
2, 𝑘2(𝑟) =

ℛ2(𝐴2 + 2𝑟2)

(ℛ2 − 𝑟2)(𝐴2 + 𝑟2)
 

𝑧 = √3 − 𝜇1𝑟
2 

𝑌IS  =
𝜇1𝑒

𝜌

2𝜇1𝑒
𝜌 − 2𝑐1√3 − 𝜇1𝑒

𝜌 − 6

𝒦TIV  =
−ℛ2(𝐴2 + 2𝑒𝜌)

4(𝐴2 + 𝑒𝜌)(𝑒𝜌 − ℛ2)

𝜙 =
𝑒−

𝜌
2

√𝒦TIV

 

𝜇‾𝒮  = 2𝛼[𝑋]−
+ + (1 + 2𝛼𝑅)[𝒜]−

+ − 2𝛼{𝒜}[𝑅]−
+

𝑝‾𝑟
𝒮  = 2𝛼({𝜙} + {𝒜})[𝑅]−

+

𝑝‾⊥
𝒮  = 2𝛼[𝑋]−

+ −
1

2
(1 + 2𝛼𝑅)[𝜙]−

+ + 𝑓′′{𝜙}[𝑅]−
+

 

𝑘1(𝑟) = 1 + 𝔇1𝑟
2 +𝔇2𝑟

4, 𝑘2(𝑟) =
1 + 𝔇3𝑟

2

1 + 𝔇4𝑟
2 +𝔇5𝑟

4
 

Figuras. Interacción de una partícula hadrónica blanca u oscura en un campo cuántico – relativista así como su morfología 

elemental (energía, masa, radio, presión, termodinámica, coordenadas vectoriales e isométricas, etc.) 
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𝜇tot  =
𝑟𝑘2

′ (𝑟) + 𝑘2(𝑟)2 − 𝑘2(𝑟)

𝑟2𝑘2(𝑟)
2 ,

𝑝𝑟
tot  =

𝑟𝑘1
′ (𝑟) − 𝑘1(𝑟)𝑘2(𝑟) + 𝑘1(𝑟)

𝑟2𝑘1(𝑟)𝑘2(𝑟)
,

𝑝⊥
tot  =

𝑘1
′′(𝑟)

2𝑘1(𝑟)𝑘2(𝑟)
−

𝑘1
′ (𝑟)𝑘2

′ (𝑟)

4𝑘1(𝑟)𝑘2(𝑟)
2 −

𝑘1
′ (𝑟)2

4𝑘1(𝑟)
2𝑘2(𝑟)

−
𝑘2
′ (𝑟)

2𝑟𝑘2(𝑟)
2 +

𝑘1
′ (𝑟)

2𝑟𝑘1(𝑟)𝑘2(𝑟)
.

 

[𝜙]−
+ ≡ 𝜙𝒮 =

√𝐴2 + 𝑟𝑏
2√ℛ2 − 𝑟𝑏

2

ℛ√𝐴2 + 2𝑟𝑏
2

[𝒜]−
+ = 𝒜𝒮 =

𝜇1𝑟𝑏
2√𝐴2 + 𝑟𝑏

2√ℛ2 − 𝑟𝑏
2

ℛ√𝐴2 + 2𝑟𝑏
2 (−2𝑐1√3 − 𝜇1𝑟𝑏

2 + 2𝜇1𝑟𝑏
2 − 6)

[𝑋]−
+ = 𝑋𝒮 = −

2𝑟𝑏√ℛ
2 − 𝑟𝑏

2√𝐴2 + 𝑟𝑏
2 (−2𝑥11 + 2𝑥12 − 𝑐1

2√3 − 𝑟𝑏
2𝜇1𝑥13 + 𝑐1𝑥10)

ℛ3(𝐴2 + 2𝑟𝑏
2)7/2(3 − 𝑟𝑏

2𝜇1)
3/2 (𝜇1𝑟𝑏

2 − 𝑐1√3 − 𝑟𝑏
2𝜇1 − 3)

3

 

𝑥1  = 2ℛ
2𝐴6 + 12ℛ2𝑟𝑏

2𝐴4 + (4ℛ2 − 6𝐴2)𝑟𝑏
6 + (6𝐴2ℛ2 − 9𝐴4)𝑟𝑏

4,

𝑥2  = 8𝑟𝑏
8 − 2(𝐴2 − 2ℛ2)𝑟𝑏

6 + (6𝐴2ℛ2 − 15𝐴4)𝑟𝑏
4 + 2(𝐴6 + 13ℛ2𝐴4)𝑟𝑏

2 + 4𝐴6ℛ2,

𝑥3  = 16𝑟𝑏
6 + 6(3𝐴2 − 2ℛ2)𝑟𝑏

4 − (𝐴4 + 26ℛ2𝐴2)𝑟𝑏
2 + 4𝐴4(𝐴2 +ℛ2),

𝑥4  = 32𝑟𝑏
8 + 2(𝐴2 − 26ℛ2)𝑟𝑏

6 − (71𝐴4 + 130ℛ2𝐴2)𝑟𝑏
4 + (8𝐴6 + 38ℛ2𝐴4)𝑟𝑏

2 + 5𝐴6ℛ2,

𝑥5  = 16𝑟𝑏
6 + 6(𝐴2 − 6ℛ2)𝑟𝑏

4 − (31𝐴4 + 86ℛ2𝐴2)𝑟𝑏
2 + 4𝐴4(𝐴2 + ℛ2),

𝑥6  = 12𝑟𝑏
8 − 6𝐴2𝑟𝑏

6 − 2(16𝐴4 + 5ℛ2𝐴2)𝑟𝑏
4 + 3(𝐴6 + 13ℛ2𝐴4)𝑟𝑏

2 + 6𝐴6ℛ2,

𝑥7  = 60𝑟𝑏
8 + 4(𝐴2 − 5ℛ2)𝑟𝑏

6 − (103𝐴4 + 68ℛ2𝐴2)𝑟𝑏
4 + 3(5𝐴6 + 43ℛ2𝐴4)𝑟𝑏

2 + 19𝐴6ℛ2,

𝑥8  = 112𝑟𝑏
8 + (70𝐴2 − 92ℛ2)𝑟𝑏

6 − 3(35𝐴4 + 74ℛ2𝐴2)𝑟𝑏
4

 +2(14𝐴6 + 53ℛ2𝐴4)𝑟𝑏
2 + 13𝐴6ℛ2,

𝑥9  = 4𝑟𝑏
6 + 3(𝐴2 − 2ℛ2)𝑟𝑏

4 − 2(2𝐴4 + 7ℛ2𝐴2)𝑟𝑏
2 + 𝐴4(𝐴2 + ℛ2),

𝑥10  = 𝑟𝑏
4𝑥6𝜇1

4 − 3𝑟𝑏
2𝑥7𝜇1

3 + 9𝑥8𝜇1
2 − 432𝑥9𝜇1 − 486(𝐴

2 + 2ℛ2)(5𝐴2 + 2𝑟𝑏
2),

𝑥11  = (𝑟𝑏
2𝑥1𝜇1

3 − 3𝑥2𝜇1
2 + 9𝑥3𝜇1 + 27(𝐴

2 + 2ℛ2)(5𝐴2 + 2𝑟𝑏
2)) (3 − 𝑟𝑏

2𝜇1) 
3/2,

𝑥12  = (𝐴
2 + 2ℛ2)𝑐1

3(5𝐴2 + 2𝑟𝑏
2)(𝑟𝑏

2𝜇1 − 3)
3
,

𝑥13  = 𝑟𝑏
2(12𝑟𝑏

8 + 2(𝐴2 − 8ℛ2)𝑟𝑏
6 − 6(4𝐴4 + 7ℛ2𝐴2)𝑟𝑏

4 + 3(𝐴6 + 5ℛ2𝐴4)𝑟𝑏
2 + 2𝐴6ℛ2)𝜇1

3

 −3𝑥4𝜇1
2 + 18𝑥5𝜇1 + 162(𝐴

2 + 2ℛ2)(5𝐴2 + 2𝑟𝑏
2).
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𝑅(𝑟) =
1

𝐵
(2(𝐴4(3𝑐1

2𝑧3 + 𝑐1𝑎1 + 𝑧𝑎2) + 𝐴
2(𝑐1

2𝑧3(7𝑟2 + 3ℛ2) + 𝑐1𝑎3 + 𝑧𝑎4)

+2𝑟2(𝑐1
2𝑧3(3𝑟2 +ℛ2) + 3𝑐1𝑎5 + 𝑧𝑎6)))

 

𝑎1 = 9𝜇1
2𝑟4 − 2𝜇1𝑟

2(𝜇1ℛ
2 + 24) + 9(𝜇1ℛ

2 + 6)

𝑎2 = 6𝜇1
2𝑟4 − 2𝜇1𝑟

2(𝜇1ℛ
2 + 15) + 9(𝜇1ℛ

2 + 3)

𝑎3 = 22𝜇1
2𝑟6 + 𝜇1𝑟

4(𝜇1ℛ
2 − 117) − 6𝑟2(2𝜇1ℛ

2 − 21) + 54ℛ2

𝑎4 = 15𝜇1
2𝑟6 − 𝜇1𝑟

4(2𝜇1ℛ
2 + 75) + 𝑟2(6𝜇1ℛ

2 + 63) + 27ℛ2

𝑎5 = 3𝜇1
2𝑟6 − 16𝜇1𝑟

4 + 𝑟2(18 − 𝜇1ℛ
2) + 6ℛ2

𝑎6 = 6𝜇1
2𝑟6 − 𝜇1𝑟

4(𝜇1ℛ
2 + 30) + 3𝑟2(𝜇1ℛ

2 + 9) + 9ℛ2

𝐵 = ℛ2(𝐴2 + 2𝑟2)2𝑧(𝑐1𝑧 − 𝜇1𝑟
2 + 3)2

 

𝜇tot =
3𝐴4 + 𝐴2(7𝑟2 + 3ℛ2) + 2𝑟2(3𝑟2 + ℛ2)

ℛ2(𝐴2 + 2𝑟2)2
 

𝑝𝑟
tot =

4(𝐴2 + 𝑟2)(ℛ2 − 𝑟2)

𝑟2ℛ2(𝐴2 + 2𝑟2)
(−

ℛ2(𝐴2 + 2𝑟2)

4(𝐴2 + 𝑟2)(ℛ2 − 𝑟2)
+

𝜇1𝑟
2

−2𝑐1𝑧 + 2𝜇1𝑟
2 − 6

+
1

4
)  

𝑝tot =
1

3𝐵
(−(𝐴4(3𝑐1

2𝑧3 + 2𝑐1𝑏1 + 𝑧𝑏2)) − 𝐴
2(𝑐1

2𝑧3(7𝑟2 + 3ℛ2) + 2𝑐1𝑏3 + 𝑧𝑏4)

−2𝑟2(𝑐1
2𝑧3(3𝑟2 + ℛ2) + 2𝑐1𝑏5 + 3𝑧𝑏6)),

 

𝑏1 = 𝜇1(6𝜇1𝑟
4 − 2𝑟2(𝜇1ℛ

2 + 15) + 9ℛ2) + 27,

𝑏2 = 𝜇1𝑟
2(9𝜇1𝑟

2 − 4𝜇1ℛ
2 − 42) + 18𝜇1ℛ

2 + 27,

𝑏3 = 𝑟
2(𝜇1𝑟

2(15𝜇1𝑟
2 − 2𝜇1ℛ

2 − 75) + 6𝜇1ℛ
2 + 63) + 27ℛ2,

𝑏4 = 𝑟
2(𝜇1𝑟

2(23𝜇1𝑟
2 − 7𝜇1ℛ

2 − 108) + 30𝜇1ℛ
2 + 63) + 27ℛ2,

𝑏5 = 𝑟
2(𝜇1𝑟

2(6𝜇1𝑟
2 − 𝜇1ℛ

2 − 30) + 3𝜇1ℛ
2 + 27) + 9ℛ2,

𝑏6 = 𝑟
2(𝜇1𝑟

2(3𝜇1𝑟
2 − 𝜇1ℛ

2 − 14) + 4𝜇1ℛ
2 + 9) + 3ℛ2.

 

𝑝⊥
tot =

1

𝐵
(𝐴4(−𝑐1

2𝑧3 + 𝑐1𝑑1 + 𝑧𝑑2) − 𝐴
2(𝑐1

2𝑧3(2𝑟2 +ℛ2) + 3𝑐1𝑑3 + 𝑧𝑑4)

−2𝑟4(𝑐1
2𝑧3 − 𝑐1𝑑1 + 𝑧𝑑5))

 

𝑑1 = 𝜇1𝑟
2(−4𝜇1𝑟

2 + 𝜇1ℛ
2 + 21) − 6𝜇1ℛ

2 − 18

𝑑2 = 𝜇1𝑟
2(−3𝜇1𝑟

2 + 𝜇1ℛ
2 + 15) − 6𝜇1ℛ

2 − 9

𝑑3 = 𝑟
2(𝜇1(3𝜇1𝑟

4 − 16𝑟2 + ℛ2) + 12) + 6ℛ2

𝑑4 = 𝑟
2(𝜇1𝑟

2(7𝜇1𝑟
2 − 𝜇1ℛ

2 − 36) + 9𝜇1ℛ
2 + 18) + 9ℛ2

𝑑5 = 𝜇1𝑟
2(3𝜇1𝑟

2 − 𝜇1ℛ
2 − 15) + 6𝜇1ℛ

2 + 9

 

𝔇3 =
3(12𝔇1

3𝑟𝑏
4 +𝔇1

2𝑟𝑏
2(49𝔇2𝑟𝑏

4 + 13) + 10𝔇2𝑟𝑏
2(3𝔇2

2𝑟𝑏
8 + 1) + 𝔇1(𝔇2𝑟𝑏

4(61𝔇2𝑟𝑏
4 + 30) + 5))

2𝔇2𝑟𝑏
4(𝔇2𝑟𝑏

4(11𝔇2𝑟𝑏
4 + 36) − 11) + 𝔇1𝑟𝑏

2(𝔇2𝑟𝑏
4(37𝔇2𝑟𝑏

4 + 14) − 3) + 3𝔇1
2(𝔇2𝑟𝑏

8 + 𝑟𝑏
4)

,

𝔇4 =
1

𝔡1
(36𝔇1

4𝑟𝑏
6 + 3𝔇1

3𝑟𝑏
4(69𝔇2𝑟𝑏

4 + 25) + 4𝔇1
2𝑟𝑏
2(𝔇2𝑟𝑏

4(71𝔇2𝑟𝑏
4 + 80) + 18)

 +10𝔇2𝑟𝑏
2 (𝔇2𝑟𝑏

4 (23 −𝔇2𝑟𝑏
4(3𝔇2𝑟𝑏

4 + 31)) + 3)

 +𝔇1(𝔇2𝑟𝑏
4(𝔇2𝑟𝑏

4(41𝔇2𝑟𝑏
4 + 129) + 287) + 15))

𝔇5 =
1

𝔡1
(16𝔇2

2𝑟𝑏
4(𝔇2𝑟𝑏

4(2𝔇2𝑟𝑏
4 + 7) − 7) + 8𝔇1𝔇2𝑟𝑏

2(𝔇2𝑟𝑏
4 + 1)(5𝔇2𝑟𝑏

4 − 12)

 −6𝔇1
3(5𝔇2𝑟𝑏

6 + 𝑟𝑏
2) − 4𝔇1

2(𝔇2𝑟𝑏
4(10𝔇2𝑟𝑏

4 + 21) + 3))

 

𝔡1 =𝑟𝑏
2(5𝔇2𝑟𝑏

4 + 3𝔇1𝑟𝑏
2 + 1)(3𝔇1

2(𝔇2𝑟𝑏
6 + 𝑟𝑏

2) + 𝔇1(𝔇2𝑟𝑏
4(37𝔇2𝑟𝑏

4 + 14) − 3)

+2𝔇2𝑟𝑏
2(𝔇2𝑟𝑏

4(11𝔇2𝑟𝑏
4 + 36) − 11))

 

𝑅(𝑟) =
2(−11𝔇2

2𝔇3𝔇5𝑟
12 +𝔇2𝔟1𝑟

10 − 𝔟2𝑟
8 − 𝔟3𝑟

6 + 𝔟4𝑟
4 − 𝔟5𝑟

2 − 3(𝔇1 −𝔇3 +𝔇4))

(𝔇2𝑟
4 +𝔇1𝑟

2 + 1)2(𝔇3𝑟
2 + 1)2

,  
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𝔟1  = 𝔇2𝔇3(𝔇3 − 7𝔇4) − 3(5𝔇2 + 6𝔇1𝔇3)𝔇5
𝔟2  = 𝔇2𝔇3(𝔇2 − 2𝔇1𝔇3) + 11𝔇2(𝔇2 +𝔇1𝔇3)𝔇4 + 25𝔇1𝔇2𝔇5

 +6(𝔇1
2 + 3𝔇2)𝔇3𝔇5

𝔟3  = 6𝔇2
2 + 2(−𝔇3

2 + 6𝔇4𝔇3 + 9𝔇1𝔇4 + 12𝔇5)𝔇2

 +𝔇1(10𝔇3𝔇5 +𝔇1(−𝔇3
2 + 3𝔇4𝔇3 + 9𝔇5))

𝔟4  = 2(𝔇3 − 3𝔇4)𝔇1
2 − (−2𝔇3

2 + 5𝔇4𝔇3 + 9𝔇2 + 15𝔇5)𝔇1 − 2𝔇2(𝔇3 + 9𝔇4)

 −3𝔇3𝔇5
𝔟5  = (2𝔇1

2 + (10𝔇4 − 4𝔇3)𝔇2 +𝔇3(𝔇4 −𝔇3) + 5𝔇5

 

𝜇tot =
−3𝑟4𝔇3𝔇5 + 𝑟

2(𝔇3 
2 −𝔇3𝔇4 − 5𝔇5) + 3𝔇3 − 3𝔇4
(𝑟2𝔇3 + 1)

2
 

𝑝𝑟
tot =

1

(𝑟2𝔇3 + 1)(𝑟
4𝔇2 + 𝑟

2𝔇1 + 1)
(5𝑟6𝔇2𝔇5 + 𝑟

4(3𝔇1𝔇5 −𝔇2𝔇3 + 5𝔇2𝔇4)

+𝑟2(−𝔇1𝔇3 + 3𝔇1𝔇4 + 4𝔇2 +𝔇5) + 2𝔇1 −𝔇3 +𝔇4)

 

𝑝⊥
tot =

1

(𝑟2𝔇3 + 1)
2(𝑟4𝔇2 + 𝑟

2𝔇1 + 1)
2
(7𝑟12𝔇2 

2𝔇3𝔇5 + 𝑟
10𝔤1 + 𝑟

8𝔤2 + 𝑟
6𝔤3 + 𝑟

4𝔤4

+𝑟2𝔤5 + 2𝔇1 −𝔇3 +𝔇4)

 

𝔤1 = 𝔇2(11𝔇1𝔇3𝔇5 + 4𝔇2𝔇3𝔇4 + 10𝔇2𝔇5)

𝔤2 = 3𝔇3𝔇5(𝔇1
2 + 4𝔇2) + 6𝔇1𝔇2𝔇3𝔇4 + 16𝔇1𝔇2𝔇5 +𝔇2

2(𝔇3 + 7𝔇4)

𝔤3 = 𝔇2(𝔇1𝔇3 + 11𝔇1𝔇4 + 8𝔇3𝔇4 + 16𝔇5) + 𝔇1(𝔇1𝔇3𝔇4 + 5𝔇5(𝔇1 +𝔇3)) +

𝔤4 = −𝔇1 
2(𝔇3 − 3𝔇4) + 2𝔇1(3𝔇2 +𝔇3𝔇4 + 4𝔇5) + 4𝔇2(𝔇3 + 3𝔇4) + 𝔇3𝔇5

𝔤5 = 𝔇1 
2 −𝔇1𝔇3 + 5𝔇1𝔇4 + 8𝔇2 + 2𝔇5

 

𝑝tot =
19𝑟12𝔇2

2𝔇3𝔇5 + 𝑟
10𝔥1 + 𝑟

8𝔥2 + 𝑟
6𝔥3 + 𝑟

4𝔥4 + 𝑟
2𝔥5 + 6𝔇1 − 3𝔇3 + 3𝔇4

3(𝑟2𝔇3 + 1)
2(𝑟4𝔇2 + 𝑟

2𝔇1 + 1)
2

 

𝔥1  = 𝔇2(5𝔇5(6𝔇1𝔇3 + 5𝔇2) − 𝔇2𝔇3(𝔇3 − 13𝔇4)),

𝔥2  = 𝔇5(9𝔇1 
2𝔇3 + 40𝔇1𝔇2 + 30𝔇2𝔇3) + 𝔇2(𝔇2(5𝔇3 + 19𝔇4) − 2𝔇1𝔇3(𝔇3 − 10𝔇4)),

𝔥3  = 𝔇2(6𝔇1(𝔇3 + 5𝔇4) − 2𝔇3 
2 + 22𝔇3𝔇4 + 38𝔇5)

 +𝔇1(𝔇1(−𝔇3 
2 + 5𝔇3𝔇4 + 13𝔇5) + 14𝔇3𝔇5) + 12𝔇2 

2,

𝔥4  = −𝔇1 
2(𝔇3 − 9𝔇4) + 2𝔇1(9𝔇2 −𝔇3 

2 + 4𝔇3𝔇4 + 10𝔇5) + 10𝔇2(𝔇3 + 3𝔇4) + 3𝔇3𝔇5,

𝔥5  = 4𝔇1 
2 − 2𝔇1(𝔇3 − 7𝔇4) + 20𝔇2 +𝔇3(𝔇4 −𝔇3) + 5𝔇5.

 

Modelo de Hadronización en condiciones de supergravedad o gravedad cuánticas relativistas. Modelo Unificado. 

𝐹(𝑝, 𝑥; 𝐸) = 0  

Π𝐴
(c)
= 2𝜋𝔦(c) =∰𝑝 d𝑥

𝒜

Π𝐵
(c)
= 𝔞𝐷

(c)
=
𝜕ℱ

𝜕𝔞(c)
=∰𝑝 d𝑥

ℬ

 

𝐹̃(𝑝̂, 𝑥; 𝐸) = 0, 𝑝̂ = −i𝜕𝑥  

𝐹̃(𝑝̂, 𝑥; 𝐸)𝜓(𝑥) = 0, 𝜓(𝑥) = exp (i∫ 𝑃
𝑥

𝑃 d𝑥′)  

Π𝐴 = 2𝜋𝔦𝔞 = ∯ 𝑃 d𝑥,
𝒜

Π𝐵 = 𝔞𝐷 =∯ 𝑃 d𝑥,
ℬ

 

Π𝐼 = 2𝜋 (𝑛 +
1

2
) , 𝑛 ∈ ℤ  
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[
d2

 d𝑧2
+

1

𝑧2(𝑧 − 1)2
∑ 

4

𝑖=0

  𝐴̂𝑖𝑧
𝑖]Ψ(𝑧) = 0  

𝐴̂0 = −
1

4
(𝑚1 −𝑚2)

2 +
1

4

𝐴̂1 = −𝐸 −𝑚1𝑚2 −
1

8
𝑚3Λ3 −

1

4

𝐴̂2 = 𝐸 +
3

8
𝑚3Λ3 −

1

64
Λ3
2 +

1

4

𝐴̂3 = −
1

4
𝑚3Λ3 +

1

32
Λ3
2

𝐴̂4 = −
1

64
Λ3
2

 

𝐸 = 𝔞2 −
Λ𝑁𝑓
4 − 𝑁𝑓

𝜕ℱ
inst

(𝑁𝑓) (𝔞,𝒎, Λ𝑁𝑓)

𝜕Λ𝑁𝑓

 

−𝑝(𝑧)2 +
𝐸

𝑧(𝑧 − 1)
≃ 0 ⇒  𝑝(𝑧) ≃ √

𝐸

𝑧(𝑧 − 1)
,  

∫  
1

0

 𝑝(𝑥 + i0+)d𝑥 +∫  
0

1

 𝑝(𝑥 − i0+)d𝑥 ≃ 2𝜋i√𝐸  

 ∫  
𝑅

1

 √
𝐸

𝑥(𝑥 − 1)
d𝑥 + ∫  

1

𝑅

  [−√
𝐸

𝑥(𝑥 − 1)
] d𝑥

 = 2√𝐸log (4𝑅) ≃ √𝐸log (
𝐸

Λ3
2)

 

[
d2

 d𝑧2
+
1

𝑧4
∑ 

4

𝑖=0

  𝐴̃𝑖𝑧
𝑖]Ψ(𝑧) = 0  

2∫  
𝑅̃

𝑅̃−1
 
√𝐸

𝑥
 d𝑥 ≃ 2√𝐸log (

𝐸

Λ2
2)  

Δ−𝑠
 d

 d𝑟
[Δ𝑠+1

 d𝑠𝑅ℓ𝑚
 d𝑟

] +
1

Δ
[𝐾2 − i𝑠

 dΔ

 d𝑟
𝐾

 +Δ(2i𝑠
 d𝐾

 d𝑟
− 𝜆ℓ𝑚)]  𝑠𝑅ℓ𝑚 = 0

 

𝐾 = (𝑟2 + 𝑎2)𝜔 − 𝑎𝑚, Δ = (𝑟 − 𝑟+)(𝑟 − 𝑟−)  

 

𝑟± = (1 ± 𝑏)/2,  where  𝑏 = √1 − 4(𝑎2 +𝑄2)  

 

0 ≤ 𝑎 < √1 − 4𝑄2/2  

 

d

 d𝑢
[(1 − 𝑢2)

d𝑠𝑆ℓ𝑚
 d𝑢

] + [(𝑎𝜔𝑢)2 − 2𝑎𝜔𝑠𝑢 + 𝑠 +  𝑠𝐴ℓ𝑚

−
(𝑚 + 𝑠𝑢)2

1 − 𝑢2
]  𝑠𝑆ℓ𝑚 = 0

 

 𝑠𝐴ℓ𝑚 = ℓ(ℓ + 1) − 𝑠(𝑠 + 1),  for  𝑐 = 0  

 𝑠𝑅ℓ𝑚 = Δ
−(𝑠+1)/2 𝑠Ψℓ𝑚  

𝑟 = 𝑟+ + (𝑟+ − 𝑟−)(𝑧 − 1)  



pág. 1565 

𝐴0 =
1

4
+
[2𝑎𝑚 − i(𝑟+ − 𝑟−)𝑠 + 2(𝑄

2 − 𝑟−)𝜔]
2

4(𝑟+ − 𝑟−)
2  

𝐴1 = 𝑠𝐴ℓ𝑚 + 𝑠(𝑠 + 1) − 2(1 − 𝑄
2)𝜔2

+
1

𝑟+ − 𝑟−
{[2 − 6𝑄2 − (2𝑟− + 3)𝑎

2]𝜔2 

−2[𝑎𝑚 + i𝑠(2𝑎2 + 𝑄2)]𝜔 + 2i𝑎𝑚𝑠},

𝐴2 = − 𝑠𝐴ℓ𝑚 − 𝑠(𝑠 + 1) − 3i𝑠(𝑟+ − 𝑟−)𝜔

 +(6𝑟− − 5𝑎
2 − 6𝑄2)𝜔2,

𝐴3 =2(i𝑠 + 2𝑟−𝜔)(𝑟+ − 𝑟−)𝜔,

𝐴4 =(𝑟+ − 𝑟−)
2𝜔2.

 

Λ3= −8i(𝑟+ − 𝑟−)𝜔  

𝐸 = −
1

4
−  𝑠𝐴ℓ𝑚 − 𝑠(𝑠 + 1) + (2 − 𝑎

2 − 2𝑄2)𝜔2

𝑚1 = −𝑠 − i𝜔,𝑚3 = 𝑠 − i𝜔

𝑚2 = i[2𝑎𝑚 − (1 − 2𝑄
2)𝜔]/(𝑟+ − 𝑟−)

 

 𝑠𝐴ℓ𝑚 =ℓ(ℓ + 1) − 𝑠(𝑠 + 1) − 𝑐
2

 +Λ3𝜕Λ3ℱinst
(3)(iℓ + i/2,𝒎, Λ3)|

Λ3=16𝑐

𝒎 = {−𝑚,−𝑠, −𝑠}

 

lim
𝑟→𝑟+

  𝑠𝑅ℓ𝑚  ≃ (𝑟 − 𝑟+)
−𝑠−i𝜎+

lim
𝑟→∞

  𝑠𝑅ℓ𝑚  ≃ 𝑟
−1−2𝑠+i𝜔ei𝜔𝑟

 

 𝑠𝑅ℓ𝑚 =e
i𝜔𝑟(𝑟 − 𝑟−)

−1−𝑠+i𝜔+i𝜎+(𝑟 − 𝑟+)
−𝑠−i𝜎+

 ×∑  

∞

𝑛=0

 𝑎𝑛 (
𝑟 − 𝑟+
𝑟 − 𝑟−

)
𝑛  

𝛼0
𝑟𝑎1 + 𝛽0

𝑟𝑎0 = 0

𝛼𝑛
𝑟𝑎𝑛+1 + 𝛽𝑛

𝑟𝑎𝑛 + 𝛾𝑛
𝑟𝑎𝑛−1 = 0, 𝑛 = 1,2,…

 

𝛼𝑛
𝑟= 𝑛2 + (𝑐0 + 1)𝑛 + 𝑐0  

𝛽𝑛
𝑟  = −2𝑛2 + (𝑐1 + 2)𝑛 + 𝑐3
𝛾𝑛
𝑟  = 𝑛2 + (𝑐2 − 3)𝑛 + 𝑐4 − 𝑐2 + 2

 

𝑐0 = 1 − 𝑠 − i𝜔 −
2i

𝑏
[
𝜔

2
(1 − 2𝑄2) − 𝑎𝑚] ,

𝑐1 =  −4 + 2i𝜔(2 + 𝑏) +
4i

𝑏
[
𝜔

2
(1 − 2𝑄2) − 𝑎𝑚] ,

𝑐2 = 𝑠 + 3 − 3i𝜔 −
2i

𝑏
[
𝜔

2
(1 − 2𝑄2) − 𝑎𝑚] ,

𝑐3 = 𝜔
2(4 + 2𝑏 − 𝑎2 − 4𝑄2) − 2𝑎𝑚𝜔 − 𝑠 − 1 + i𝜔(2 + 𝑏)

 − 𝑠𝐴ℓ𝑚 +
4𝜔 + 2i

𝑏
[
𝜔

2
(1 − 2𝑄2) − 𝑎𝑚] ,

𝑐4 = 𝑠 + 1 − 2𝜔
2 − (2𝑠 + 3)i𝜔 −

4𝜔 + 2i

𝑏
[
𝜔

2
(1 − 2𝑄2)

 −𝑎𝑚].

 

0 = 𝛽0
𝑟 −

𝛼0
𝑟𝛾1
𝑟

𝛽1
𝑟 −

𝛼1
𝑟𝛾2
𝑟

𝛽2
𝑟 −

𝛼2
𝑟𝛾3
𝑟

𝛽3
𝑟 −

⋯  

ℱinst
(𝑁𝑓) = − lim

𝜖2→0
 𝜖2log 𝑍

(𝑁𝑓)  
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𝐴0
′ =

1

4
− 𝑠2

𝐴1
′ =  𝑠𝐴ℓ𝑚 + 𝑠(𝑠 + 2) + 𝑎𝜔(𝑎𝜔 − 2𝑚)

𝐴2
′ = − 𝑠𝐴ℓ𝑚 − 𝑠(𝑠 + 1) − 𝑎𝜔(5𝑎𝜔 − 6𝑚)

𝐴3
′ = 4𝜔(−𝑎𝑚 + 2𝑎2𝜔 + 𝑄2𝜔)

𝐴4
′ = (𝑟+ − 𝑟−)

2𝜔2

 

Ψ(𝑧) = √𝑓(𝑧)𝜙(𝑧), 𝑓(𝑧) = 1 − 𝑧−1  

[𝑓
 d

 d𝑧
(𝑓

 d

 d𝑧
) + 𝜔2 − 𝑉(𝑧)] 𝜙(𝑧) = 0  

𝑉 =𝑓 [4(𝑐2 + 𝑑2) +
4𝑐(𝑚 − 𝑐)

𝑧

+
𝑠𝐴ℓ𝑚 + 𝑠(𝑠 + 1) − 𝑐(2𝑚 − 𝑐)

𝑧2
−
𝑠2 − 1

𝑧3
]

 

𝑉 = 𝑓 [(2𝑄𝜔)2 +
ℓ(ℓ + 1)

𝑧2
−
𝑠2 − 1

𝑧3
]  

Ψ(𝑧) ∼ (𝑧 − 1)
1
2
[1±(𝑚1+𝑚2)].  

𝑅(𝑟) ∼ (𝑟 − 𝑟+)
−𝑠−i𝜎+ , Ψ(𝑧) ∼ (𝑧 − 1)

1−𝑠
2
−i𝜎+  

[
d2

 d𝑧2
− (

Λ3
2

64
+
𝑚3Λ3
4𝑧

)]Ψ(𝑧) = 0, 𝑧 → ∞  

Ψ(𝑧) = exp [−
1

8
Λ3(𝑧 − 1)] 𝑧

1
2
(−2𝑚3−1−𝑚1−𝑚2)

 (𝑧 − 1)
1
2
(1+𝑚1+𝑚2)𝑔(𝑧)

 

{𝑧(𝑧 − 1)
d2

 d𝑧2
+ [𝐵1𝑧(𝑧 − 1) + 𝐵2(𝑧 − 1) + 𝐵3]

d

 d𝑧

+𝐵4 (1 −
1

𝑧
) + 𝐵5} 𝑔(𝑧) = 0

 

𝑆𝐸𝐻 =
1

16𝜋𝐺𝑁
∫  𝑑4𝑥√−𝑔ℛ 

8𝜋𝐺𝑁 =
ℏ𝑐

𝑀𝑝𝑙
2  

𝑀𝑝𝑙 ≈ 2 × 10
18GeV 

𝑔𝜇𝜈 = 𝜂𝜇𝜈 +
1

𝑀𝑝𝑙
ℎ𝜇𝜈 

𝑆𝐸𝐻 = ∫  𝑑
4𝑥(𝜕ℎ)2 +

1

𝑀𝑝𝑙
ℎ(𝜕ℎ)2 +

1

𝑀𝑝𝑙
2 ℎ

2(𝜕ℎ)2 +⋯ 

Γ ∼
1

𝜖

1

𝑀𝑝𝑙
4 ∫  𝑑

4𝑥√−𝑔ℛ𝜌𝜎
𝜇𝜈
ℛ𝜆𝜅
𝜌𝜎
ℛ𝜇𝜈
𝜆𝜅 

𝑆𝑖𝑛𝑡 = ∫  𝑑
4𝑥

1

𝑀𝑝𝑙
ℎ𝜇𝜈𝑇

𝜇𝜈 + 𝒪(ℎ2) 

1

𝑀𝑝𝑙
4 ∫ 𝑑4

∞

𝑘 
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𝜂𝜇𝜈 = diag(−1,+1,+1,… ,+1) 

𝑆 = −𝑚∫  𝑑𝑡√1 − 𝑥̇⃗ ⋅ 𝑥̇⃗  

𝑝 =
𝑚𝑥̇⃗

√1 − 𝑥̇⃗ ⋅ 𝑥̇⃗
 , 𝐸 = √𝑚2 + 𝑝2, 

𝑆 = −𝑚∫  𝑑𝜏√−𝑋̇𝜇𝑋̇𝜈𝜂𝜇𝜈  

𝑆 = −𝑚∫  𝑑𝜏̃√−
𝑑𝑋𝜇

𝑑𝜏̃

𝑑𝑋𝜈

𝑑𝜏̃
𝜂𝜇𝜈  

𝜏 = 𝑋0(𝜏) ≡ 𝑡  

𝑝𝜇 =
𝜕𝐿

𝜕𝑋̇𝜇
=

𝑚𝑋̇𝜈𝜂𝜇𝜈

√−𝑋̇𝜆𝑋̇𝜌𝜂𝜆𝜌
 

𝑝𝜇𝑝
𝜇 +𝑚2 = 0  

𝑋𝜇 → Λ𝜈
𝜇
𝑋𝜈 + 𝑐𝜇  

𝑖
𝜕Ψ

𝜕𝜏
= 𝐻Ψ 

(−
𝜕

𝜕𝑋𝜇
𝜕

𝜕𝑋𝜈
𝜂𝜇𝜈 +𝑚2)Ψ(𝑋) = 0  

𝑆 =
1

2
∫  𝑑𝜏(𝑒−1𝑋̇2 − 𝑒𝑚2)  

𝑆 = −
1

2
∫  𝑑𝜏√−𝑔𝜏𝜏(𝑔

𝜏𝜏𝑋̇2 +𝑚2)  

𝜏 → 𝜏̃ = 𝜏 − 𝜂(𝜏) , 𝛿𝑒 =
𝑑

𝑑𝜏
(𝜂(𝜏)𝑒) , 𝛿𝑋𝜇 =

𝑑𝑋𝜇

𝑑𝜏
𝜂(𝜏)  

𝜎 ∈ [0,2𝜋)  

𝑋𝜇(𝜎, 𝜏) = 𝑋𝜇(𝜎 + 2𝜋, 𝜏) 

𝛾𝛼𝛽 =
𝜕𝑋𝜇

𝜕𝜎𝛼
𝜕𝑋𝜈

𝜕𝜎𝛽
𝜂𝜇𝜈  

𝑆 = −𝑇∫  𝑑2𝜎√−det𝛾  

𝛾𝛼𝛽 = (
𝑋̇2 𝑋̇ ⋅ 𝑋′

𝑋̇ ⋅ 𝑋′ 𝑋′2
) 

𝑆 = −𝑇∫  𝑑2𝜎√−(𝑋̇)2(𝑋′)2 + (𝑋̇ ⋅ 𝑋′)2  
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𝑑𝑙⃗⃗⃗⃗ 1 =
𝜕𝑋⃗

𝜕𝜎
 , 𝑑𝑙⃗⃗⃗⃗ 2 =

𝜕𝑋⃗

𝜕𝜏
. 

𝑑𝑠2 = |𝑑𝑙⃗⃗⃗⃗ 1||𝑑𝑙⃗⃗⃗⃗ 2|sin 𝜃 = √𝑑𝑙1
2𝑑𝑙2

2(1 − cos2 𝜃) = √𝑑𝑙1
2𝑑𝑙2

2 − (𝑑𝑙⃗⃗⃗⃗ 1 ⋅ 𝑑𝑙⃗⃗⃗⃗ 2)
2

 

𝑆 = −𝑇∫  𝑑𝜏𝑑𝜎𝑅√(𝑑𝑥⃗/𝑑𝜎)2 = −𝑇∫  𝑑𝑡  

𝑇 =
1

2𝜋𝛼′
 

𝛼′ = 𝑙𝑠
2  

𝑇 ∼ (1Gev)2  

𝑇 ≲ 𝑀𝑝𝑙
2 = (1018GeV)2  

Π𝜇
𝜏 =

𝜕ℒ

𝜕𝑋̇𝜇
= −𝑇

(𝑋̇ ⋅ 𝑋′)𝑋𝜇
′ − (𝑋′2)𝑋̇𝜇

√(𝑋̇ ⋅ 𝑋′)2 − 𝑋̇2𝑋′2

Π𝜇
𝜎 =

𝜕ℒ

𝜕𝑋′𝜇
= −𝑇

(𝑋̇ ⋅ 𝑋′)𝑋̇𝜇 − (𝑋̇
2)𝑋𝜇

′

√(𝑋̇ ⋅ 𝑋′)2 − 𝑋̇2𝑋′2

 

𝜕Π𝜇
𝜏

𝜕𝜏
+
𝜕Π𝜇

𝜎

𝜕𝜎
= 0 

𝛿√−𝛾 =
1

2
√−𝛾𝛾𝛼𝛽𝛿𝛾𝛼𝛽 

𝜕𝛼(√−det𝛾𝛾
𝛼𝛽𝜕𝛽𝑋

𝜇) = 0  

𝑆 = −
1

4𝜋𝛼′
∫  𝑑2𝜎√−𝑔𝑔𝛼𝛽𝜕𝛼𝑋

𝜇𝜕𝛽𝑋
𝜈𝜂𝜇𝜈  

𝜕𝛼(√−𝑔𝑔
𝛼𝛽𝜕𝛽𝑋

𝜇) = 0  

𝛿√−𝑔 = −
1

2
√−𝑔𝑔𝛼𝛽𝛿𝑔

𝛼𝛽 = +
1

2
√−𝑔𝑔𝛼𝛽𝛿𝑔𝛼𝛽) 

𝛿𝑆 = −
𝑇

2
∫  𝑑2𝜎𝛿𝑔𝛼𝛽 (√−𝑔𝜕𝛼𝑋

𝜇𝜕𝛽𝑋
𝜈 −

1

2
√−𝑔𝑔𝛼𝛽𝑔

𝜌𝜎𝜕𝜌𝑋
𝜇𝜕𝜎𝑋

𝜈)𝜂𝜇𝜈 = 0  

𝑔𝛼𝛽 = 2𝑓(𝜎)𝜕𝛼𝑋 ⋅ 𝜕𝛽𝑋  

𝑓−1 = 𝑔𝜌𝜎𝜕𝜌𝑋 ⋅ 𝜕𝜎𝑋 

𝑋𝜇 → Λ𝜇  𝜈𝑋
𝜈 + 𝑐𝜇  

𝑋𝜇(𝜎) → 𝑋̃𝜇(𝜎̃) = 𝑋𝜇(𝜎)

𝑔𝛼𝛽(𝜎) → 𝑔̃𝛼𝛽(𝜎̃) =
𝜕𝜎𝛾

𝜕𝜎̃𝛼
𝜕𝜎𝛿

𝜕𝜎̃𝛽
𝑔𝛾𝛿(𝜎)
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𝛿𝑋𝜇(𝜎) = 𝜂𝛼𝜕𝛼𝑋
𝜇

𝛿𝑔𝛼𝛽(𝜎) = ∇𝛼𝜂𝛽 + ∇𝛽𝜂𝛼
 

Γ𝛼𝛽
𝜎 =

1

2
𝑔𝜎𝜌(𝜕𝛼𝑔𝛽𝜌 + 𝜕𝛽𝑔𝜌𝛼 − 𝜕𝜌𝑔𝛼𝛽) 

𝑔𝛼𝛽(𝜎) → Ω2(𝜎)𝑔𝛼𝛽(𝜎)  

𝛿𝑔𝛼𝛽(𝜎) = 2𝜙(𝜎)𝑔𝛼𝛽(𝜎) 

 

∫  𝑑2𝜎√−𝑔𝑉(𝑋) 

𝜇∫  𝑑2𝜎√−𝑔 

𝑔𝛼𝛽 = 𝑒
2𝜙𝜂𝛼𝛽  

𝑔𝛼𝛽 = 𝜂𝛼𝛽  

√𝑔′𝑅′ = √𝑔(𝑅 − 2∇2𝜙).  

𝑅𝛼𝛽𝛾𝛿 =
𝑅

2
(𝑔𝛼𝛾𝑔𝛽𝛿 − 𝑔𝛼𝛿𝑔𝛽𝛾) 

𝑆 = −
1

4𝜋𝛼′
∫  𝑑2𝜎𝜕𝛼𝑋 ⋅ 𝜕

𝛼𝑋  

𝜕𝛼𝜕
𝛼𝑋𝜇 = 0  

𝑇𝛼𝛽 = −
2

𝑇

1

√−𝑔

𝜕𝑆

𝜕𝑔𝛼𝛽
 

𝑇𝛼𝛽 = 𝜕𝛼𝑋 ⋅ 𝜕𝛽𝑋 −
1

2
𝜂𝛼𝛽𝜂

𝜌𝜎𝜕𝜌𝑋 ⋅ 𝜕𝜎𝑋  

𝑇01= 𝑋̇ ⋅ 𝑋
′ = 0  

𝑇00 = 𝑇11 =
1

2
(𝑋̇2 + 𝑋′2) = 0

 

𝑋0 ≡ 𝑡 = 𝑅𝜏, 

𝑥̈⃗ − 𝑥⃗′′ = 0 

𝑥̇⃗ ⋅ 𝑥⃗′= 0  

𝑥̇⃗2 + 𝑥⃗′2 = 𝑅2
 

∫  𝑑𝜎√(𝑑𝑥⃗/𝑑𝜎)2 = 2𝜋𝑅 

𝜎± = 𝜏 ± 𝜎 

𝜕+𝜕−𝑋
𝜇 = 0 
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𝑋𝜇(𝜎, 𝜏) = 𝑋𝐿
𝜇(𝜎+) + 𝑋𝑅

𝜇(𝜎−) 

𝑋𝜇(𝜎, 𝜏) = 𝑋𝜇(𝜎 + 2𝜋, 𝜏)  

𝑋𝐿
𝜇(𝜎+) =

1

2
𝑥𝜇 +

1

2
𝛼′𝑝𝜇𝜎+ + 𝑖√

𝛼′

2
∑  

𝑛≠0

 
1

𝑛
𝛼̃𝑛
𝜇
𝑒−𝑖𝑛𝜎

+

𝑋𝑅
𝜇(𝜎−) =

1

2
𝑥𝜇 +

1

2
𝛼′𝑝𝜇𝜎− + 𝑖√

𝛼′

2
∑  

𝑛≠0

 
1

𝑛
𝛼𝑛
𝜇
𝑒−𝑖𝑛𝜎

−

 

𝛼𝑛
𝜇
= (𝛼−𝑛

𝜇
)
⋆
 , 𝛼̃𝑛

𝜇
= (𝛼̃−𝑛

𝜇
)
⋆

 

(𝜕+𝑋)
2 = (𝜕−𝑋)

2 = 0  

𝜕−𝑋
𝜇 = 𝜕−𝑋𝑅

𝜇
 =
𝛼′

2
𝑝𝜇 +√

𝛼′

2
∑  

𝑛≠0

 𝛼𝑛
𝜇
𝑒−𝑖𝑛𝜎

−

 = √
𝛼′

2
∑  

𝑛

 𝛼𝑛
𝜇
𝑒−𝑖𝑛𝜎

−

 

𝛼0
𝜇
≡ √

𝛼′

2
𝑝𝜇 

(𝜕−𝑋)
2 =

𝛼′

2
∑  

𝑚,𝑝

 𝛼𝑚 ⋅ 𝛼𝑝𝑒
−𝑖(𝑚+𝑝)𝜎−

 =
𝛼′

2
∑  

𝑚,𝑛

 𝛼𝑚 ⋅ 𝛼𝑛−𝑚𝑒
−𝑖𝑛𝜎−

 ≡ 𝛼′∑ 

𝑛

  𝐿𝑛𝑒
−𝑖𝑛𝜎− = 0

 

𝐿𝑛 =
1

2
∑  

𝑚

 𝛼𝑛−𝑚 ⋅ 𝛼𝑚  

𝐿̃𝑛 =
1

2
∑  

𝑚

  𝛼̃𝑛−𝑚 ⋅ 𝛼̃𝑚  

𝛼̃0
𝜇
≡ √

𝛼′

2
𝑝𝜇 

𝐿𝑛 = 𝐿̃𝑛 = 0 𝑛 ∈ 𝐙 

𝑝𝜇𝑝
𝜇 = −𝑀2. 

𝑀2 =
4

𝛼′
∑  

𝑛>0

 𝛼𝑛 ⋅ 𝛼−𝑛 =
4

𝛼′
∑  

𝑛>0

  𝛼̃𝑛 ⋅ 𝛼̃−𝑛  

𝑋̇ ⋅ 𝑋′ = 𝑋̇2 + 𝑋′2 = 0.  

[𝑋𝜇(𝜎, 𝜏), Π𝜈(𝜎
′, 𝜏)] = 𝑖𝛿(𝜎 − 𝜎′)𝛿𝜈

𝜇

[𝑋𝜇(𝜎, 𝜏), 𝑋𝜈(𝜎′, 𝜏)] = [Π𝜇(𝜎, 𝜏), Π𝜈(𝜎
′, 𝜏)] = 0

 

[𝑥𝜇 , 𝑝𝜈] = 𝑖𝛿𝜈
𝜇
  and  [𝛼𝑛

𝜇
, 𝛼𝑚
𝜈 ] = [𝛼̃𝑛

𝜇
, 𝛼̃𝑚
𝜈 ] = 𝑛𝜂𝜇𝜈𝛿𝑛+𝑚,0  

𝑎𝑛 =
𝛼𝑛

√𝑛
 , 𝑎𝑛

† =
𝛼−𝑛

√𝑛
 𝑛 > 0  
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𝛼𝑛
𝜇
|0⟩ = 𝛼̃𝑛

𝜇
|0⟩ = 0  for 𝑛 > 0  

𝑝̂𝜇|0; 𝑝⟩ = 𝑝𝜇|0; 𝑝⟩  

(𝛼−1
𝜇1)

𝑛𝜇1(𝛼−2
𝜇2)

𝑛𝜇2 …(𝛼̃−1
𝜈1 )

𝑛𝜈1(𝛼̃−2
𝜈2 )

𝑛𝜈2 … |0; 𝑝⟩ 

[𝛼𝑛
𝜇
, 𝛼𝑚
𝜈†] = 𝑛𝜂𝜇𝜈𝛿𝑛,𝑚 

⟨𝑝′; 0|𝛼1
0𝛼−1

0 |0; 𝑝⟩ ∼ −𝛿𝐷(𝑝 − 𝑝′) 

𝐿𝑛 =
1

2
∑  

𝑚

𝛼𝑛−𝑚 ⋅ 𝛼𝑚 

⟨phys 
′|𝐿𝑛|𝑝ℎ𝑦𝑠⟩ = ⟨phys 

′|𝐿̃𝑛|𝑝ℎ𝑦𝑠 ⟩ = 0 

𝐿𝑛|𝑝ℎ𝑦𝑠⟩ = 𝐿̃𝑛|𝑝ℎ𝑦𝑠⟩ = 0  for 𝑛 > 0  

𝐿0 = ∑  

∞

𝑚=1

𝛼−𝑚 ⋅ 𝛼𝑚 +
1

2
𝛼0
2 , 𝐿̃0 = ∑  

∞

𝑚=1

𝛼̃−𝑚 ⋅ 𝛼̃𝑚 +
1

2
𝛼̃0
2 

(𝐿0 − 𝑎)|𝑝ℎ𝑦𝑠⟩ = (𝐿̃0 − 𝑎)|𝑝ℎ𝑦𝑠⟩ = 0  

𝑀2 =
4

𝛼′
(−𝑎 + ∑  

∞

𝑚=1

 𝛼−𝑚 ⋅ 𝛼𝑚) =
4

𝛼′
(−𝑎 + ∑  

∞

𝑚=1

  𝛼̃−𝑚 ⋅ 𝛼̃𝑚) 

𝑔𝛼𝛽 = 𝜂𝛼𝛽 

𝜂𝛼𝛽 → Ω2(𝜎)𝜂𝛼𝛽  

𝜎± = 𝜏 ± 𝜎,  

𝑑𝑠2 = −𝑑𝜎+𝑑𝜎− 

𝜎+ → 𝜎̃+(𝜎+) , 𝜎− → 𝜎̃−(𝜎−)  

(𝜕+𝑋)
2 = (𝜕−𝑋)

2 = 0  

𝑋± = √
1

2
(𝑋0 ± 𝑋𝐷−1)  

𝑑𝑠2 = −2𝑑𝑋+𝑑𝑋− +∑  

𝐷−2

𝑖=1

𝑑𝑋𝑖𝑑𝑋𝑖 

𝑋+ = 𝑋𝐿
+(𝜎+) + 𝑋𝑅

+(𝜎−). 

𝑋𝐿
+ =

1

2
𝑥+ +

1

2
𝛼′𝑝+𝜎+ , 𝑋𝑅

+ =
1

2
𝑥+ +

1

2
𝛼′𝑝+𝜎−. 

𝑋+ = 𝑥+ + 𝛼′𝑝+𝜏.  

𝜕+𝜕−𝑋
− = 0 

𝑋− = 𝑋𝐿
−(𝜎+) + 𝑋𝑅

−(𝜎−) 

2𝜕+𝑋
−𝜕+𝑋

+ = ∑  

𝐷−2

𝑖=1

 𝜕+𝑋
𝑖𝜕+𝑋

𝑖  
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𝜕+𝑋𝐿
− =

1

𝛼′𝑝+
∑  

𝐷−2

𝑖=1

 𝜕+𝑋
𝑖𝜕+𝑋

𝑖  

𝜕−𝑋𝑅
− =

1

𝛼′𝑝+
∑  

𝐷−2

𝑖=1

 𝜕−𝑋
𝑖𝜕−𝑋

𝑖  

𝑋𝐿
−(𝜎+) =

1

2
𝑥− +

1

2
𝛼′𝑝−𝜎+ + 𝑖√

𝛼′

2
∑  

𝑛≠0

 
1

𝑛
𝛼̃𝑛
−𝑒−𝑖𝑛𝜎

+

𝑋𝑅
−(𝜎−) =

1

2
𝑥− +

1

2
𝛼′𝑝−𝜎− + 𝑖√

𝛼′

2
∑  

𝑛≠0

 
1

𝑛
𝛼𝑛
−𝑒−𝑖𝑛𝜎

−

 

𝛼𝑛
− = √

1

2𝛼′
1

𝑝+
∑  

+∞

𝑚=−∞

 ∑  

𝐷−2

𝑖=1

 𝛼𝑛−𝑚
𝑖 𝛼𝑚

𝑖 ,  

𝛼′𝑝−

2
=

1

2𝑝+
∑  

𝐷−2

𝑖=1

 (
1

2
𝛼′𝑝𝑖𝑝𝑖 +∑  

𝑛≠0

 𝛼𝑛
𝑖 𝛼−𝑛

𝑖 )  

𝛼′𝑝−

2
=

1

2𝑝+
∑  

𝐷−2

𝑖=1

 (
1

2
𝛼′𝑝𝑖𝑝𝑖 +∑  

𝑛≠0

  𝛼̃𝑛
𝑖 𝛼̃−𝑛

𝑖 )  

𝑀2 = 2𝑝+𝑝− −∑  

𝐷−2

𝑖=1

 𝑝𝑖𝑝𝑖 =
4

𝛼′
∑  

𝐷−2

𝑖=1

 ∑  

𝑛>0

 𝛼−𝑛
𝑖 𝛼𝑛

𝑖 =
4

𝛼′
∑  

𝐷−2

𝑖=1

 ∑  

𝑛>0

  𝛼̃−𝑛
𝑖 𝛼̃𝑛

𝑖  

[𝑥𝑖 , 𝑝𝑗]= 𝑖𝛿𝑖𝑗  , [𝑥−, 𝑝+] = −𝑖  

[𝛼𝑛
𝑖 , 𝛼𝑚

𝑗
] = [𝛼̃𝑛

𝑖 , 𝛼̃𝑚
𝑗
] = 𝑛𝛿𝑖𝑗𝛿𝑛+𝑚,0

 

[𝑥+, 𝑝−] = −𝑖  

𝑝̂𝜇|0; 𝑝⟩ = 𝑝𝜇|0; 𝑝𝜇⟩ , 𝛼𝑛
𝑖 |0; 𝑝⟩ = 𝛼̃𝑛

𝑖 |0; 𝑝⟩ = 0  for 𝑛 > 0  

𝜔 ∼ ∫  𝑑𝜎 − 𝑑𝑋̇+ ∧ 𝑑𝑋− − 𝑑𝑋̇− ∧ 𝑑𝑋+ + 2𝑑𝑋̇𝑖 ∧ 𝑑𝑋𝑖  

𝑀2 =
4

𝛼′
(∑  

𝐷−2

𝑖=1

 ∑  

𝑛>0

 𝛼−𝑛
𝑖 𝛼𝑛

𝑖 − 𝑎) =
4

𝛼′
(∑  

𝐷−2

𝑖=1

 ∑  

𝑛>0

  𝛼̃−𝑛
𝑖 𝛼̃𝑛

𝑖 − 𝑎) 

𝑁 = ∑  

𝐷−2

𝑖=1

 ∑  

𝑛>0

 𝛼−𝑛
𝑖 𝛼𝑛

𝑖  , 𝑁̃ = ∑  

𝐷−2

𝑖=1

 ∑  

𝑛>0

  𝛼̃−𝑛
𝑖 𝛼̃𝑛

𝑖  

𝑀2 =
4

𝛼′
(𝑁 − 𝑎) =

4

𝛼′
(𝑁̃ − 𝑎)  

1

2
∑  

𝑛≠0

𝛼−𝑛
𝑖 𝛼𝑛

𝑖 =
1

2
∑  

𝑛<0

𝛼−𝑛
𝑖 𝛼𝑛

𝑖 +
1

2
∑  

𝑛>0

𝛼−𝑛
𝑖 𝛼𝑛

𝑖  

1

2
∑  

𝑛<0

[𝛼𝑛
𝑖 𝛼−𝑛

𝑖 − 𝑛(𝐷 − 2)] +
1

2
∑  

𝑛>0

𝛼−𝑛
𝑖 𝛼𝑛

𝑖 = ∑  

𝑛>0

𝛼−𝑛
𝑖 𝛼𝑛

𝑖 +
𝐷 − 2

2
∑  

𝑛>0

𝑛. 



pág. 1573 

∑  

∞

𝑛=1

 𝑛 ⟶ ∑  

∞

𝑛=1

 𝑛𝑒−𝜖𝑛 = −
𝜕

𝜕𝜖
∑  

∞

𝑛=1

  𝑒−𝜖𝑛

 = −
𝜕

𝜕𝜖
(1 − 𝑒−𝜖)−1

 =
1

𝜖2
−
1

12
+ 𝒪(𝜖)

 

∑  

∞

𝑛=1

𝑛 = −
1

12
 

𝑀2 =
4

𝛼′
(𝑁 −

𝐷 − 2

24
) =

4

𝛼′
(𝑁̃ −

𝐷 − 2

24
)  

𝜁(𝑠) = ∑  

∞

𝑛=1

𝑛−𝑠 

𝜁(−1) = −
1

12
 

𝑀2 = −
1

𝛼′
𝐷 − 2

6
.  

𝑀2 =
𝜕2𝑉(𝑇)

𝜕𝑇2
|
𝑇=0

 

𝑉(𝑇) =
1

2
𝑀2𝑇2 + 𝑐3𝑇

3 + 𝑐4𝑇
4 +⋯ 

𝛼̃−1
𝑖 𝛼−1

𝑗
|0; 𝑝⟩,  

𝑀2 =
4

𝛼′
(1 −

𝐷 − 2

24
) 

𝐺𝜇𝜈(𝑋) , 𝐵𝜇𝜈(𝑋) ,Φ(𝑋)  

𝐺𝜇𝜈 = 𝜂𝜇𝜈 + ℎ𝜇𝜈(𝑋). 

[𝑎𝜇𝜈 , 𝑎𝜌𝜎
† ] ∼ 𝜂𝜇𝜌𝜂𝜈𝜎 + 𝜂𝜇𝜎𝜂𝜈𝜌 

𝑎0𝑖
† |0⟩  

𝑆𝐸𝐻 =
𝑀𝑝𝑙
2

2
∫  𝑑4𝑥 [𝜕𝜇ℎ𝜌

𝜌
𝜕𝜈ℎ

𝜇𝜈 − 𝜕𝜌ℎ𝜇𝜈𝜕𝜇ℎ𝜌𝜈 +
1

2
𝜕𝜌ℎ𝜇𝜈𝜕

𝜌ℎ𝜇𝜈 −
1

2
𝜕𝜇ℎ𝜈

𝜈𝜕𝜇ℎ𝜌
𝜌
] + ⋯ 

ℎ𝜇𝜈 ⟶ ℎ𝜇𝜈 + 𝜕𝜇𝜉𝜈 + 𝜕𝜈𝜉𝜇  

(𝛼−1
𝑖 𝛼−1

𝑗
⊕𝛼−2

𝑖 ) ⊗ (𝛼̃−1
𝑖 𝛼̃−1

𝑗
⊕ 𝛼̃−2

𝑖 )|0; 𝑝⟩. 

1

2
(𝐷 − 2)(𝐷 − 1) + (𝐷 − 2) =

1

2
𝐷(𝐷 − 1) − 1 

𝑋𝜇 → Λ𝜈
𝜇
𝑋𝜈 + 𝑐𝜇  

𝑃𝜇
𝛼 = 𝑇𝜕𝛼𝑋𝜇  

𝐽𝜇𝜈
𝛼 = 𝑃𝜇

𝛼𝑋𝜈 − 𝑃𝜈
𝛼𝑋𝜇 

𝑀𝜇𝜈 = ∫  𝑑𝜎𝐽𝜇𝜈
𝜏  
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ℳ𝜇𝜈  = (𝑝𝜇𝑥𝜈 − 𝑝𝜈𝑥𝜇) − 𝑖∑  

∞

𝑛=1

 
1

𝑛
(𝛼−𝑛

𝜈 𝛼𝑛
𝜇
− 𝛼−𝑛

𝜇
𝛼𝑛
𝜈) − 𝑖∑  

∞

𝑛=1

 
1

𝑛
(𝛼̃−𝑛

𝜈 𝛼̃𝑛
𝜇
− 𝛼̃−𝑛

𝜇
𝛼̃𝑛
𝜈)

 ≡ 𝑙𝜇𝜈 + 𝑆𝜇𝜈 + 𝑆̃𝜇𝜈

 

[ℳ𝜌𝜎 ,ℳ𝜏𝜈] = 𝜂𝜎𝜏ℳ𝜌𝜈 − 𝜂𝜌𝜏ℳ𝜎𝜈 + 𝜂𝜌𝜈ℳ𝜎𝜏 − 𝜂𝜎𝜈ℳ𝜌𝜏 

[ℳ𝑖−,ℳ𝑗−] = 0 

[ℳ𝑖−,ℳ𝑗−] =
2

(𝑝+)2
∑  

𝑛>0

([
𝐷 − 2

24
− 1]𝑛 +

1

𝑛
[𝑎 −

𝐷 − 2

24
]) (𝛼−𝑛

𝑖 𝛼𝑛
𝑗
− 𝛼−𝑛

𝑗
𝛼𝑛
𝑖 ) + (𝛼 ↔ 𝛼̃) 

𝜎 ∈ [0, 𝜋] 

𝑆 = −
1

4𝜋𝛼′
∫  𝑑2𝜎𝜕𝛼𝑋 ⋅ 𝜕

𝛼𝑋 

𝛿𝑆 = −
1

2𝜋𝛼′
∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏 ∫  
𝜋

0

 𝑑𝜎𝜕𝛼𝑋 ⋅ 𝜕
𝛼𝛿𝑋

 =
1

2𝜋𝛼′
∫  𝑑2𝜎(𝜕𝛼𝜕𝛼𝑋) ⋅ 𝛿𝑋 +  total derivative 

 

1

2𝜋𝛼′
[∫  

𝜋

0

 𝑑𝜎𝑋̇ ⋅ 𝛿𝑋]
𝜏=𝜏𝑖

𝜏=𝜏𝑓

−
1

2𝜋𝛼′
[∫  

𝜏𝑓

𝜏𝑖

 𝑑𝜏𝑋′ ⋅ 𝛿𝑋]

𝜎=0

𝜎=𝜋

 

𝜕𝜎𝑋
𝜇𝛿𝑋𝜇 = 0  at 𝜎 = 0, 𝜋 

𝜕𝜎𝑋
𝜇 = 0  at 𝜎 = 0, 𝜋  

𝑥̇⃗ ⋅ 𝑥⃗′ = 0  and  𝑥̇⃗2 + 𝑥⃗′2 = 𝑅2 

𝛿𝑋𝜇 = 0  at 𝜎 = 0, 𝜋  

 

𝜕𝜎𝑋
𝑎 = 0          for 𝑎 = 0,… , 𝑝         

𝑋𝐼= 𝑐𝐼          for  𝐼 = 𝑝 + 1,… , 𝐷 − 1         
 

𝑆𝑂(1,𝐷 − 1) → 𝑆𝑂(1, 𝑝) × 𝑆𝑂(𝐷 − 𝑝 − 1) 

𝑋𝐿
𝜇(𝜎+) =

1

2
𝑥𝜇 + 𝛼′𝑝𝜇𝜎+ + 𝑖√

𝛼′

2
∑  

𝑛≠0

 
1

𝑛
𝛼̃𝑛
𝜇
𝑒−𝑖𝑛𝜎

+

𝑋𝑅
𝜇(𝜎−) =

1

2
𝑥𝜇 + 𝛼′𝑝𝜇𝜎− + 𝑖√

𝛼′

2
∑  

𝑛≠0

 
1

𝑛
𝛼𝑛
𝜇
𝑒−𝑖𝑛𝜎

−

 

𝛼𝑛
𝑎 = 𝛼̃𝑛

𝑎  

𝑥𝐼 = 𝑐𝐼  , 𝑝𝐼 = 0 , 𝛼𝑛
𝐼 = −𝛼̃𝑛

𝐼  

𝑃𝜇 = ∫  
𝜋

0

𝑑𝜎(𝑃𝜏)𝜇 =
1

2𝜋𝛼′
∫  
𝜋

0

𝑑𝜎𝑋̇𝜇 = 𝑝𝜇 

𝑋± = √
1

2
(𝑋0 ± 𝑋𝑝) 

𝑀2 =
1

𝛼′
(∑  

𝑝−1

𝑖=1

 ∑  

𝑛>0

 𝛼−𝑛
𝑖 𝛼𝑛

𝑖 + ∑  

𝐷−1

𝑖=𝑝+1

 ∑  

𝑛>0

 𝛼−𝑛
𝑖 𝛼𝑛

𝑖 − 𝑎) 
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𝛼𝑛
𝑖 |0; 𝑝⟩ = 0 𝑛 > 0 

𝑀2 = −
1

𝛼′
 

𝛼−1
𝑎 |0; 𝑝⟩ 𝑎 = 1,… , 𝑝 − 1 

𝛼−1
𝐼 |0; 𝑝⟩ 𝐼 = 𝑝 + 1,… , 𝐷 − 1 

𝑀2 =
1

𝛼′
(𝑁 − 1) 

𝐽max = 𝑁 = 𝛼
′𝑀2 + 1 

𝑆𝐷𝑝 = −𝑇𝑝∫  𝑑
𝑝+1𝜉√−det𝛾  

𝛾𝑎𝑏 =
𝜕𝑋𝜇

𝜕𝜉𝑎
𝜕𝑋𝜈

𝜕𝜉𝑏
𝜂𝜇𝜈  

𝑋𝑎 = 𝜉𝑎 𝑎 = 0,… , 𝑝 

𝑋𝐼(𝜉) = 2𝜋𝛼′𝜙𝐼(𝜉) 𝐼 = 𝑝 + 1,… ,𝐷 − 1 

 

𝑋𝐼(0, 𝜏) = 𝑐𝐼   and  𝑋𝐼(𝜋, 𝜏) = 𝑑𝐼  

 

𝑋𝐼 = 𝑐𝐼 +
(𝑑𝐼 − 𝑐𝐼)𝜎

𝜋
+  𝔒oscillator modes  

𝜕+𝑋 ⋅ 𝜕+𝑋 = 𝛼
′2𝑝2 +

|𝑑 − 𝑐|2

4𝜋2
+  𝔒oscillator modes = 0 

𝑀2 =
|𝑑 − 𝑐|2

(2𝜋𝛼′)2
+  𝔒oscillator modes  

(𝜙𝐼)𝑛
𝑚, (𝐴𝑎)𝑛

𝑚  

𝑔𝛼𝛽(𝜎) → Ω2(𝜎)𝑔𝛼𝛽(𝜎)  
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𝑧 = 𝜎1 + 𝑖𝜎2  and  𝑧‾ = 𝜎1 − 𝑖𝜎2 

𝜕𝑧 ≡ 𝜕 =
1

2
(𝜕1 − 𝑖𝜕2)  and  𝜕𝑧‾ ≡ 𝜕‾ =

1

2
(𝜕1 + 𝑖𝜕2) 

𝑑𝑠2 = (𝑑𝜎1)2 + (𝑑𝜎2)2 = 𝑑𝑧𝑑𝑧‾  

𝑔𝑧𝑧 = 𝑔𝑧‾𝑧‾ = 0  and  𝑔𝑧𝑧‾ =
1

2
 

∫  𝑑2𝑧𝛿(𝑧, 𝑧‾) = 1 

∫  𝑑2𝜎𝛿(𝜎) = 1 

𝑣𝑧 = (𝑣1 + 𝑖𝑣2) 

𝑣𝑧‾ = (𝑣1 − 𝑖𝑣2) 

𝑣𝑧 =
1

2
(𝑣1 − 𝑖𝑣2) 

𝑣𝑧‾ =
1

2
(𝑣1 + 𝑖𝑣2) 

𝑧 → 𝑧′ = 𝑓(𝑧)  and  𝑧‾ → 𝑧‾′ = 𝑓‾(𝑧‾) 

𝛿𝜎𝛼 = 𝜖𝛼 

𝛿𝑆 = ∫  𝑑2𝜎𝐽𝛼𝜕𝛼𝜖  

𝜕𝛼𝐽
𝛼 = 0 

𝛿𝜎𝛼 = 𝜖𝛼(𝜎) 

𝛿𝑔𝛼𝛽 = 𝜕𝛼𝜖𝛽 + 𝜕𝛽𝜖𝛼 

𝛿𝑆 = −∫  𝑑2𝜎
𝜕𝑆

𝜕𝑔𝛼𝛽
𝛿𝑔𝛼𝛽 = −2∫  𝑑

2𝜎
𝜕𝑆

𝜕𝑔𝛼𝛽
𝜕𝛼𝜖𝛽 

𝑇𝛼𝛽 = −
4𝜋

√𝑔

𝜕𝑆

𝜕𝑔𝛼𝛽
 

𝛿𝑔𝛼𝛽 = 𝜖𝑔𝛼𝛽  

𝛿𝑆 = ∫  𝑑2𝜎
𝜕𝑆

𝜕𝑔𝛼𝛽
𝛿𝑔𝛼𝛽 = −

1

4𝜋
∫  𝑑2𝜎√𝑔𝜖𝑇𝛼

𝛼 

𝑇𝛼
𝛼 = 0 

𝑇𝑧𝑧‾ = 0 

𝜕‾𝑇𝑧𝑧 = 0  and  𝜕𝑇𝑧‾𝑧‾ = 0 

𝑇𝑧𝑧(𝑧) ≡ 𝑇(𝑧)  and  𝑇𝑧‾𝑧‾(𝑧‾) ≡ 𝑇‾(𝑧‾) 

𝑧′ = 𝑧 + 𝜖(𝑧) , 𝑧‾′ = 𝑧‾ + 𝜖‾(𝑧‾) 
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𝛿𝑆= −∫  𝑑2𝜎
𝜕𝑆

𝜕𝑔𝛼𝛽
𝛿𝑔𝛼𝛽  

=
1

2𝜋
∫  𝑑2𝜎𝑇𝛼𝛽(𝜕

𝛼𝛿𝜎𝛽)  

=
1

2𝜋
∫  𝑑2𝑧

1

2
[𝑇𝑧𝑧(𝜕

𝑧𝛿𝑧) + 𝑇𝑧‾𝑧‾(𝜕
𝑧‾𝛿𝑧‾)] 

 =
1

2𝜋
∫  𝑑2𝑧[𝑇𝑧𝑧𝜕𝑧‾𝜖 + 𝑇𝑧‾𝑧‾𝜕𝑧𝜖‾]

 

𝛿𝑧 = 𝜖(𝑧) , 𝛿𝑧‾ = 0 

𝐽𝑧 = 0  and  𝐽𝑧‾ = 𝑇𝑧𝑧(𝑧)𝜖(𝑧) ≡ 𝑇(𝑧)𝜖(𝑧)  

𝐽‾𝑧 = 𝑇‾(𝑧‾)𝜖‾(𝑧‾)  and  𝐽‾𝑧‾ = 0  

𝑆 =
1

4𝜋𝛼′
∫  𝑑2𝜎𝜕𝛼𝑋𝜕

𝛼𝑋 

𝑋(𝜎) → 𝑋(𝜆−1𝜎)  and  
𝜕𝑋(𝜎)

𝜕𝜎𝛼
→
𝜕𝑋(𝜆−1𝜎)

𝜕𝜎𝛼
=
1

𝜆

𝜕𝑋(𝜎̃)

𝜕𝜎̃
 

𝑇𝛼𝛽 = −
1

𝛼′
(𝜕𝛼𝑋𝜕𝛽𝑋 −

1

2
𝛿𝛼𝛽(𝜕𝑋)

2)  

𝑇 = −
1

𝛼′
𝜕𝑋𝜕𝑋  and  𝑇‾ = −

1

𝛼′
𝜕‾𝑋𝜕‾𝑋 

𝑋(𝑧, 𝑧‾) = 𝑋(𝑧) + 𝑋‾(𝑧‾) 

𝒪𝑖(𝑧, 𝑧‾)𝒪𝑗(𝑤,𝑤‾ ) =∑  

𝑘

 𝐶𝑖𝑗
𝑘(𝑧 − 𝑤, 𝑧‾ − 𝑤‾ )𝒪𝑘(𝑤,𝑤‾ )  

⟨𝒪𝑖(𝑧, 𝑧‾)𝒪𝑗(𝑤,𝑤‾ )… ⟩ =∑  

𝑘

𝐶𝑖𝑗
𝑘(𝑧 − 𝑤, 𝑧‾ − 𝑤‾ )⟨𝒪𝑘(𝑤,𝑤‾ )… ⟩ 

 

𝑍 = ∫  𝒟𝜙𝑒−𝑆[𝜙] 

𝜙′ = 𝜙 + 𝜖𝛿𝜙 

𝑆[𝜙′] = 𝑆[𝜙]  and  𝒟𝜙′ = 𝒟𝜙 

𝑍 ⟶ ∫  𝒟𝜙′exp (−𝑆[𝜙′])

 = ∫  𝒟𝜙exp (−𝑆[𝜙] −
1

2𝜋
∫  𝐽𝛼𝜕𝛼𝜖)

 = ∫  𝒟𝜙𝑒−𝑆[𝜙] (1 −
1

2𝜋
∫  𝐽𝛼𝜕𝛼𝜖)

 



pág. 1578 

∫  𝒟𝜙𝑒−𝑆[𝜙] (∫  𝐽𝛼𝜕𝛼𝜖) = 0 

⟨𝜕𝛼𝐽
𝛼⟩ = 0 

⟨𝒪1(𝜎1)…𝒪𝑛(𝜎𝑛)⟩ =
1

𝑍
∫  𝒟𝜙𝑒−𝑆[𝜙]𝒪1(𝜎1)…𝒪𝑛(𝜎𝑛) 

𝒪𝑖 → 𝒪𝑖 + 𝜖𝛿𝒪𝑖 

𝛿𝒪𝑖(𝜎𝑖) = 0 

⟨𝜕𝛼𝐽
𝛼(𝜎)𝒪1(𝜎1)…𝒪𝑛(𝜎𝑛)⟩ = 0  for 𝜎 ≠ 𝜎𝑖 

𝜕𝛼𝐽
𝛼 = 0 

 

 

1

𝑍
∫  𝒟𝜙𝑒−𝑆[𝜙] (1 −

1

2𝜋
∫  𝐽𝛼𝜕𝛼𝜖) (𝒪1 + 𝜖𝛿𝒪1)𝒪2…𝒪𝑛 

−
1

2𝜋
∫ 
𝜖

 𝜕𝛼⟨𝐽
𝛼(𝜎)𝒪1(𝜎1)… ⟩ = ⟨𝛿𝒪1(𝜎1)… ⟩  

∫ 
𝜖

𝜕𝛼𝐽
𝛼 = ∮ 𝐽𝛼𝑛̂

𝛼

𝜕𝜖

= ∮(𝐽1𝑑𝜎
2 − 𝐽2𝑑𝜎

1)

𝜕𝜖

= −𝑖 ∮(𝐽𝑧𝑑𝑧 − 𝐽𝑧‾𝑑𝑧‾)

𝜕𝜖

 

𝑖

2𝜋
∮ 𝑑𝑧⟨𝐽𝑧(𝑧, 𝑧‾)𝒪1(𝜎1)… ⟩

𝜕𝜖

−
𝑖

2𝜋
∮ 𝑑𝑧‾⟨𝐽𝑧‾(𝑧, 𝑧‾)𝒪1(𝜎1)… ⟩

𝜕𝜖

= ⟨𝛿𝒪1(𝜎1)… ⟩ 

𝑖

2𝜋
∯𝑑𝑧𝐽𝑧(𝑧)𝒪1(𝜎1)

𝜕𝜖

= −Res[𝐽𝑧𝒪1] 

𝐽𝑧(𝑧)𝒪1(𝑤,𝑤‾ ) = ⋯+
Res[𝐽𝑧𝒪1(𝑤,𝑤‾ )]

𝑧 − 𝑤
+⋯ 

𝛿𝒪1(𝜎1) = −Res[𝐽𝑧(𝑧)𝒪1(𝜎1)] = −Res[𝜖(𝑧)𝑇(𝑧)𝒪1(𝜎1)]  
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𝛿𝒪1(𝜎1) = −Res[𝐽‾𝑧‾(𝑧‾)𝒪1(𝜎1)] = −Res[𝜖‾(𝑧‾)𝑇‾(𝑧‾)𝒪1(𝜎1)] 

𝒪(𝑧 − 𝜖) = 𝒪(𝑧) − 𝜖𝜕𝒪(𝑧) + ⋯ 

𝑇(𝑧)𝒪(𝑤,𝑤‾ ) = ⋯+
𝜕𝒪(𝑤,𝑤‾ )

𝑧 − 𝑤
+⋯  

𝑇‾(𝑧‾)𝒪(𝑤,𝑤‾ ) = ⋯+
𝜕‾𝒪(𝑤,𝑤‾ )

𝑧‾ − 𝑤‾
+ ⋯  

𝑧 → 𝑧 + 𝜖𝑧  and  𝑧‾ → 𝑧‾ + 𝜖‾𝑧‾  

𝛿𝒪 = −𝜖(ℎ𝒪 + 𝑧𝜕𝒪) − 𝜖‾(ℎ̃𝒪 + 𝑧‾𝜕‾𝒪)  

𝑠 = ℎ − ℎ̃ 

Δ = ℎ + ℎ̃ 

𝐿 = −𝑖(𝜎1𝜕2 − 𝜎
2𝜕1) = 𝑧𝜕 − 𝑧‾𝜕‾ 

𝐷 = 𝜎𝛼𝜕𝛼 = 𝑧𝜕 + 𝑧‾𝜕‾ 

𝑇(𝑧)𝒪(𝑤,𝑤‾ ) = ⋯+ ℎ
𝒪(𝑤,𝑤‾ )

(𝑧 − 𝑤)2
+
𝜕𝒪(𝑤,𝑤‾ )

𝑧 − 𝑤
+⋯

𝑇‾(𝑧‾)𝒪(𝑤,𝑤‾ ) = ⋯+ ℎ̃
𝒪(𝑤,𝑤‾ )

(𝑧‾ − 𝑤‾ )2
+
𝜕‾𝒪(𝑤,𝑤‾ )

𝑧‾ − 𝑤‾
+⋯

 

𝑇(𝑧)𝒪(𝑤,𝑤‾ ) = ℎ
𝒪(𝑤,𝑤‾ )

(𝑧 − 𝑤)2
+
𝜕𝒪(𝑤,𝑤‾ )

𝑧 − 𝑤
+  non-singular 

𝑇‾(𝑧‾)𝒪(𝑤,𝑤‾ ) = ℎ̃
𝒪(𝑤,𝑤‾ )

(𝑧‾ − 𝑤‾ )2
+
𝜕‾𝒪(𝑤,𝑤‾ )

𝑧‾ − 𝑤‾
+  non-singular 

 

𝛿𝒪(𝑤,𝑤‾ ) = −Res[𝜖(𝑧)𝑇(𝑧)𝒪(𝑤,𝑤‾ )]

 = −Res [𝜖(𝑧) (ℎ
𝒪(𝑤,𝑤‾ )

(𝑧 − 𝑤)2
+
𝜕𝒪(𝑤,𝑤‾ )

𝑧 − 𝑤
+⋯)]

 

𝜖(𝑧) = 𝜖(𝑤) + 𝜖′(𝑤)(𝑧 − 𝑤) + ⋯ 

𝛿𝒪(𝑤,𝑤‾ ) = −ℎ𝜖′(𝑤)𝒪(𝑤,𝑤‾ ) − 𝜖(𝑤)𝜕𝒪(𝑤,𝑤‾ )  

𝑧 → 𝑧̃(𝑧)  and  𝑧‾ → 𝑧̃(𝑧‾) 

𝒪(𝑧, 𝑧‾) → 𝒪̃(𝑧̃, 𝑧̃) = (
𝜕𝑧̃

𝜕𝑧
)
−ℎ

(
𝜕𝑧̃

𝜕𝑧‾
)

−ℎ̃

𝒪(𝑧, 𝑧‾)  

𝑆 =
1

4𝜋𝛼′
∫  𝑑2𝜎𝜕𝛼𝑋𝜕

𝛼𝑋  

0 = ∫  𝒟𝑋
𝛿

𝛿𝑋(𝜎)
𝑒−𝑆 = ∫  𝒟𝑋𝑒−𝑆 [

1

2𝜋𝛼′
𝜕2𝑋(𝜎)] 

⟨𝜕2𝑋(𝜎)⟩ = 0 

0 = ∫  𝒟𝑋
𝛿

𝛿𝑋(𝜎)
[𝑒−𝑆𝑋(𝜎′)] = ∫  𝒟𝑋𝑒−𝑆 [

1

2𝜋𝛼′
𝜕2𝑋(𝜎)𝑋(𝜎′) + 𝛿(𝜎 − 𝜎′)] 

⟨𝜕2𝑋(𝜎)𝑋(𝜎′)⟩ = −2𝜋𝛼′𝛿(𝜎 − 𝜎′)  

𝜕2ln (𝜎 − 𝜎′)2 = 4𝜋𝛿(𝜎 − 𝜎′)  
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∫  𝑑2𝜎𝜕2ln (𝜎1
2 + 𝜎2

2) = ∫  𝑑2𝜎𝜕𝛼 (
2𝜎𝛼

𝜎1
2 + 𝜎2

2) = 2∮   
(𝜎1𝑑𝜎

2 − 𝜎2𝑑𝜎
1)

𝜎1
2 + 𝜎2

2  

2∫  
𝑟2𝑑𝜃

𝑟2
= 4𝜋 

⟨𝑋(𝜎)𝑋(𝜎′)⟩ = −
𝛼′

2
ln (𝜎 − 𝜎′)2 

𝑋(𝜎)𝑋(𝜎′) = −
𝛼′

2
ln (𝜎 − 𝜎′)2 +⋯  

𝑋(𝑧, 𝑧‾) = 𝑋(𝑧) + 𝑋‾(𝑧‾) 

𝑋(𝑧)𝑋(𝑤) = −
𝛼′

2
ln (𝑧 − 𝑤) + ⋯ 

𝜕𝑋(𝑧)𝜕𝑋(𝑤) = −
𝛼′

2

1

(𝑧 − 𝑤)2
+  𝓃𝓈  

⟨𝑋(𝑟)𝑋(0)⟩ ∼ {1/𝑟
𝑑−2 𝑑 ≠ 2

ln 𝑟 𝑑 = 2
 

𝑇 = −
1

𝛼′
𝜕𝑋𝜕𝑋  

𝑇 = −
1

𝛼′
: 𝜕𝑋𝜕𝑋:≡ −

1

𝛼′
limit𝑧→𝑤(𝜕𝑋(𝑧)𝜕𝑋(𝑤) − ⟨𝜕𝑋(𝑧)𝜕𝑋(𝑤)⟩)  

𝑇(𝑧)𝜕𝑋(𝑤) = −
1

𝛼′
: 𝜕𝑋(𝑧)𝜕𝑋(𝑧): 𝜕𝑋(𝑤) 

𝜕𝑋(𝑧)𝜕𝑋(𝑤)⏞        = −
𝛼′

2

1

(𝑧 − 𝑤)2
 

𝑇(𝑧)𝜕𝑋(𝑤) = −
2

𝛼′
𝜕𝑋(𝑧) (−

𝛼′

2

1

(𝑧 − 𝑤)2
+  𝓃𝓈 ) 

𝑇(𝑧)𝜕𝑋(𝑤) =
𝜕𝑋(𝑧)

(𝑧 − 𝑤)2
+⋯ =

𝜕𝑋(𝑤)

(𝑧 − 𝑤)2
+
𝜕2𝑋(𝑤)

𝑧 − 𝑤
+⋯ 

𝑇(𝑧)𝜕2𝑋(𝑤) = 𝜕𝑤 [
𝜕𝑋(𝑤)

(𝑧 − 𝑤)2
+⋯] =

2𝜕𝑋(𝑤)

(𝑧 − 𝑤)3
+
2𝜕2𝑋(𝑤)

(𝑧 − 𝑤)2
+⋯ 

𝜕𝑋(𝑧): 𝑒𝑖𝑘𝑋(𝑤):= ∑  

∞

𝑛=0

 
(𝑖𝑘)𝑛

𝑛!
𝜕𝑋(𝑧): 𝑋(𝑤)𝑛:  

= ∑  

∞

𝑛=1

 
(𝑖𝑘)𝑛

(𝑛 − 1)!
: 𝑋(𝑤)𝑛−1: (−

𝛼′

2

1

𝑧 − 𝑤
) +⋯ 

 = −
𝑖𝛼′𝑘

2

𝑒𝑖𝑘𝑋(𝑤)

𝑧 − 𝑤
+⋯

 

𝑇(𝑧): 𝑒𝑖𝑘𝑋(𝑤): = −
1

𝛼′
: 𝜕𝑋(𝑧)𝜕𝑋(𝑧): : 𝑒𝑖𝑘𝑋(𝑤): 

=
𝛼′𝑘2

4

: 𝑒𝑖𝑘𝑋(𝑤):

(𝑧 − 𝑤)2
+ 𝑖𝑘

: 𝜕𝑋(𝑧)𝑒𝑖𝑘𝑋(𝑤):

𝑧 − 𝑤
+⋯ 

𝑇(𝑧): 𝑒𝑖𝑘𝑋(𝑤): =
𝛼′𝑘2

4
:
𝑒𝑖𝑘𝑋(𝑤)

(𝑧 − 𝑤)2
+
𝜕𝑤: 𝑒

𝑖𝑘𝑋(𝑤):

𝑧 − 𝑤
+⋯  
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𝑇(𝑧)𝑇(𝑤) =
1

𝛼′2
: 𝜕𝑋(𝑧)𝜕𝑋(𝑧): : 𝜕𝑋(𝑤)𝜕𝑋(𝑤):

 =
2

𝛼′2
(−

𝛼′

2

1

(𝑧 − 𝑤)2
)

2

−
4

𝛼′2
𝛼′

2

: 𝜕𝑋(𝑧)𝜕𝑋(𝑤):

(𝑧 − 𝑤)2
+⋯

 

𝑇(𝑧)𝑇(𝑤)=
1/2

(𝑧 − 𝑤)4
+
2𝑇(𝑤)

(𝑧 − 𝑤)2
−
2

𝛼′
𝜕2𝑋(𝑤)𝜕𝑋(𝑤)

𝑧 − 𝑤
+⋯ 

 =
1/2

(𝑧 − 𝑤)4
+
2𝑇(𝑤)

(𝑧 − 𝑤)2
+
𝜕𝑇(𝑤)

𝑧 − 𝑤
+⋯

 

𝑇(𝑧)𝑇(𝑤) = ⋯+
2𝑇(𝑤)

(𝑧 − 𝑤)2
+
𝜕𝑇(𝑤)

𝑧 − 𝑤
+⋯ 

𝒪𝑛
(𝑧 − 𝑤)𝑛

 

𝑇(𝑧)𝑇(𝑤) =
𝑐/2

(𝑧 − 𝑤)4
+
2𝑇(𝑤)

(𝑧 − 𝑤)2
+
𝜕𝑇(𝑤)

𝑧 − 𝑤
+⋯ 

𝑇‾(𝑧‾)𝑇‾(𝑤‾ ) =
𝑐̃/2

(𝑧‾ − 𝑤‾ )4
+
2𝑇‾(𝑤‾ )

(𝑧‾ − 𝑤‾ )2
+
𝜕‾𝑇‾(𝑤‾ )

𝑧‾ − 𝑤‾
+ ⋯ 

𝑇(𝑤)𝑇(𝑧) =
𝑐/2

(𝑧 − 𝑤)4
+

2𝑇(𝑧)

(𝑧 − 𝑤)2
+
𝜕𝑇(𝑧)

𝑤 − 𝑧
+⋯ 

𝑇(𝑤)𝑇(𝑧) =
𝑐/2

(𝑧 − 𝑤)4
+
2𝑇(𝑤) + 2(𝑧 − 𝑤)𝜕𝑇(𝑤)

(𝑧 − 𝑤)2
−
𝜕𝑇(𝑤)

𝑧 − 𝑤
+⋯ = 𝑇(𝑧)𝑇(𝑤) 

𝛿𝑇(𝑤) = −Res[𝜖(𝑧)𝑇(𝑧)𝑇(𝑤)]

 = −Res [𝜖(𝑧) (
𝑐/2

(𝑧 − 𝑤)4
+
2𝑇(𝑤)

(𝑧 − 𝑤)2
+
𝜕𝑇(𝑤)

𝑧 − 𝑤
+⋯)]

 

𝜖(𝑧) = 𝜖(𝑤) + 𝜖′(𝑤)(𝑧 − 𝑤) +
1

2
𝜖′′(𝑧 − 𝑤)2 +

1

6
𝜖′′′(𝑤)(𝑧 − 𝑤)3 +⋯ 

𝛿𝑇(𝑤) = −𝜖(𝑤)𝜕𝑇(𝑤) − 2𝜖′(𝑤)𝑇(𝑤) −
𝑐

12
𝜖′′′(𝑤)  

𝑇̃(𝑧̃) = (
𝜕𝑧̃

𝜕𝑧
)
−2

[𝑇(𝑧) −
𝑐

12
𝑆(𝑧̃, 𝑧)]  

𝑆(𝑧̃, 𝑧) = (
𝜕3𝑧̃

𝜕𝑧3
) (
𝜕𝑧̃

𝜕𝑧
)
−1

−
3

2
(
𝜕2𝑧̃

𝜕𝑧2
)

2

(
𝜕𝑧̃

𝜕𝑧
)
−2

 

𝑤 = 𝜎 + 𝑖𝜏 , 𝜎 ∈ |0,2𝜋⟩ 

𝑧 = 𝑒−𝑖𝑤 

𝑇curvature (𝑤) = −𝑧
2𝑇supercurvature (𝑧) +

𝑐

24
 

𝐻 ≡ ∫  𝑑𝜎𝑇𝜏𝜏 = −∫  𝑑𝜎(𝑇𝑤𝑤 + 𝑇‾𝑤‾ 𝑤‾ ) 

𝐸 = −
2𝜋(𝑐 + 𝑐̃)

24
 

𝐸(𝐿) = 𝑇𝐿 + 𝑎 −
𝜋𝑐

24𝐿
+ ⋯ 

𝑇𝛼
𝛼 = 0 
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⟨𝑇𝛼
𝛼⟩ = −

𝑐

12
𝑅  

𝑅 = −2𝑒−2𝜔𝜕2𝜔  

⟨𝑇𝜇 𝜇⟩4𝑑
=

𝑐

16𝜋2
𝐶𝜌𝜎𝜅𝜆𝐶

𝜌𝜎𝜅𝜆 −
𝑎

16𝜋2
𝑅̃𝜌𝜎𝜅𝜆𝑅̃

𝜌𝜎𝜅𝜆 

⟨𝑇𝛼
𝛼⟩ = −

𝑐̃

12
𝑅 

𝜕𝑇𝑧𝑧‾ = −𝜕‾𝑇𝑧𝑧 

𝜕𝑧𝑇𝑧𝑧‾(𝑧, 𝑧‾)𝜕𝑤𝑇𝑤𝑤‾ (𝑤,𝑤‾ ) = 𝜕‾𝑧‾𝑇𝑧𝑧(𝑧, 𝑧‾)𝜕‾𝑤‾ 𝑇𝑤𝑤(𝑤,𝑤‾ ) = 𝜕‾𝑧‾𝜕‾𝑤‾ [
𝑐/2

(𝑧 − 𝑤)4
+⋯]  

𝜕‾𝑧‾𝜕𝑧ln |𝑧 − 𝑤|
2 = 𝜕‾𝑧‾

1

𝑧 − 𝑤
= 2𝜋𝛿(𝑧 − 𝑤, 𝑧‾ − 𝑤‾ )  

𝜕‾𝑧‾𝜕‾𝑤‾
1

(𝑧 − 𝑤)4
=
1

6
𝜕‾𝑧‾𝜕‾𝑤‾ (𝜕𝑧

2𝜕𝑤
1

𝑧 − 𝑤
) =

𝜋

3
𝜕𝑧
2𝜕𝑤𝜕‾𝑤‾ 𝛿(𝑧 − 𝑤, 𝑧‾ − 𝑤‾ ) 

𝑇𝑧𝑧‾(𝑧, 𝑧‾)𝑇𝑤𝑤‾ (𝑤,𝑤‾ ) =
𝑐𝜋

6
𝜕𝑧𝜕‾𝑤‾ 𝛿(𝑧 − 𝑤, 𝑧‾ − 𝑤‾ )  

𝛿⟨𝑇𝛼
𝛼(𝜎)⟩ = 𝛿 ∫  𝒟𝜙𝑒−𝑆𝑇𝛼

𝛼(𝜎)

 =
1

4𝜋
∫  𝒟𝜙𝑒−𝑆 (𝑇𝛼

𝛼(𝜎)∫  𝑑2𝜎′√𝑔𝛿𝑔𝛽𝛾𝑇𝛽𝛾(𝜎
′))

 

𝛿⟨𝑇𝛼
𝛼(𝜎)⟩ = −

1

2𝜋
∫  𝒟𝜙𝑒−𝑆 (𝑇𝛼

𝛼(𝜎)∫  𝑑2𝜎′𝜔(𝜎′)𝑇𝛽
𝛽(𝜎′))  

𝑇𝛼
𝛼(𝜎)𝑇𝛽

𝛽(𝜎′) = 16𝑇𝑧𝑧‾(𝑧, 𝑧‾)𝑇𝑤𝑤‾ (𝑤,𝑤‾ ) 

𝜕𝑧𝜕‾𝑤‾ 𝛿(𝑧 − 𝑤, 𝑧‾ − 𝑤‾ ) = −𝜕
2𝛿(𝜎 − 𝜎′) 

𝑇𝛼
𝛼(𝜎)𝑇𝛽

𝛽(𝜎′) = −
𝑐𝜋

3
𝜕2𝛿(𝜎 − 𝜎′) 

𝛿⟨𝑇𝛼
𝛼⟩ =

𝑐

6
𝜕2𝜔 ⇒  ⟨𝑇𝛼

𝛼⟩ = −
𝑐

12
𝑅 

𝜏 ∈ [0, 𝛽) 

𝑍[𝛽] = Tr𝑒−𝛽𝐻 = 𝑒−𝛽𝐹  

𝑍 → 𝑒𝑐𝛽/12  as 𝛽 → ∞  

𝜏 →
2𝜋

𝛽
𝜏 , 𝜎 →

2𝜋

𝛽
𝜎 

𝑍[4𝜋2/𝛽] = 𝑍[𝛽] 

𝑍[𝛽′] → 𝑒𝑐𝜋
2/3𝛽′   as  𝛽′ → 0 

𝑒−𝛽𝐹 = ∫  𝑑𝐸𝜌(𝐸)𝑒−𝛽𝐸 = ∫  𝑑𝐸𝑒𝑆(𝐸)−𝛽𝐸 

𝑆(𝐸) → 𝑁√𝐸  

𝐹 ∼ 𝑁2𝑇2 
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𝑆(𝐸) ∼ √𝑐𝐸 

𝑆 → 𝑆 + 𝛼∫  𝑑2𝜎𝒪(𝜎) 

𝜔 = 𝜎 + 𝑖𝜏 , 𝑧 = 𝑒−𝑖𝜔 

𝐻 = 𝜕𝜏 

𝐷 = 𝑧𝜕 + 𝑧‾𝜕‾ 

𝑇curvature (𝑤) = − ∑  

∞

𝑚=−∞

𝐿𝑚𝑒
𝑖𝑚𝑤 +

𝑐

24
 

𝑇(𝑧) = ∑  

∞

𝑚=−∞

𝐿𝑚
𝑧𝑚+2

 

𝑇‾(𝑧‾) = ∑  

∞

𝑚=−∞

𝐿̃𝑚
𝑧‾𝑚+2

 

𝐿𝑛 =
1

2𝜋𝑖
∮𝑑𝑧𝑧𝑛+1𝑇(𝑧), 𝐿̃𝑛 =

1

2𝜋𝑖
∮𝑑𝑧‾𝑧‾𝑛+1𝑇‾(𝑧‾)   

𝐷 = 𝐿0 + 𝐿̃0 

[𝐿𝑚, 𝐿𝑛] = (∮
𝑑𝑧

2𝜋𝑖
  ∯

𝑑𝑤

2𝜋𝑖
  −∰

𝑑𝑤

2𝜋𝑖
  ∭

𝑑𝑧

2𝜋𝑖
  ) 𝑧𝑚+1𝑤𝑛+1𝑇(𝑧)𝑇(𝑤) 

 

 

[𝐿𝑚, 𝐿𝑛] = ∮
𝑑𝑤

2𝜋𝑖
  ∮

𝑑𝑧

2𝜋𝑖
𝑧𝑚+1𝑤𝑛+1𝑇(𝑧)𝑇(𝑤)

𝑤

 = ∯
𝑑𝑤

2𝜋𝑖
Res [𝑧𝑚+1𝑤𝑛+1 (

𝑐/2

(𝑧 − 𝑤)4
+
2𝑇(𝑤)

(𝑧 − 𝑤)2
+
𝜕𝑇(𝑤)

𝑧 − 𝑤
+⋯)]  

 

𝑧𝑚+1 = 𝑤𝑚+1 + (𝑚 + 1)𝑤𝑚(𝑧 − 𝑤) +
1

2
𝑚(𝑚 + 1)𝑤𝑚−1(𝑧 − 𝑤)2

+
1

6
𝑚(𝑚2 − 1)𝑤𝑚−2(𝑧 − 𝑤)3 +⋯

 

[𝐿𝑚, 𝐿𝑛] = ∮
𝑑𝑤

2𝜋𝑖
𝑤𝑛+1 [𝑤𝑚+1𝜕𝑇(𝑤) + 2(𝑚 + 1)𝑤𝑚𝑇(𝑤) +

𝑐

12
𝑚(𝑚2 − 1)𝑤𝑚−2]   

[𝐿𝑚, 𝐿𝑛] = (𝑚 − 𝑛)𝐿𝑚+𝑛 +
𝑐

12
𝑚(𝑚2 − 1)𝛿𝑚+𝑛,0 

𝑙𝑛 = 𝑧
𝑛+1𝜕𝑧  
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[𝑙𝑛, 𝑙𝑚] = (𝑚 − 𝑛)𝑙𝑚+𝑛 

𝐿0|𝜓⟩ = ℎ|𝜓⟩ , 𝐿̃0|𝜓⟩ = ℎ̃|𝜓⟩ 

𝐸

2𝜋
= ℎ + ℎ̃ −

𝑐 + 𝑐̃

24
 

𝐿0𝐿𝑛|𝜓⟩ = (𝐿𝑛𝐿0 − 𝑛𝐿𝑛)|𝜓⟩ = (ℎ − 𝑛)𝐿𝑛|𝜓⟩ 

𝐿𝑛|𝜓⟩ = 𝐿̃𝑛|𝜓⟩ = 0  for all 𝑛 > 0 

|𝜓⟩
𝐿−1|𝜓⟩

𝐿−1
2 |𝜓⟩, 𝐿−2|𝜓⟩

𝐿−1
3 |𝜓⟩, 𝐿−1𝐿−2|𝜓⟩, 𝐿−3|𝜓⟩

 

𝐿𝑛|0⟩ = 0  for all 𝑛 ≥ 0  

𝐿−2|𝜓⟩ −
3

2(2ℎ + 1)
𝐿−1
2 |𝜓⟩  

ℋ = 𝑇𝑤𝑤 + 𝑇𝑤‾ 𝑤‾ =∑  

𝑛

𝐿𝑛𝑒
−𝑖𝑛𝜎+ + 𝐿̃𝑛𝑒

−𝑖𝑛𝜎− 

𝐿𝑛 = 𝐿−𝑛
†

 

|𝐿−1|𝜓⟩|
2 = ⟨𝜓|𝐿+1𝐿−1|𝜓⟩ = ⟨𝜓|[𝐿+1, 𝐿−1]|𝜓⟩ = 2ℎ⟨𝜓 ∣ 𝜓⟩ ≥ 0 

|𝐿−𝑛|0⟩|
2 = ⟨0|[𝐿𝑛, 𝐿−𝑛]|0⟩ =

𝑐

12
𝑛(𝑛2 − 1) ≥ 0  

𝐺(𝑥𝑓 , 𝑥𝑖) = ∫  
𝑥(𝜏𝑓)=𝑥𝑓

𝑥(𝜏𝑖)=𝑥𝑖

𝒟𝑥𝑒𝑖𝑆 

𝜓𝑓(𝑥𝑓 , 𝜏𝑓) = ∫  𝑑𝑥𝑖𝐺(𝑥𝑓 , 𝑥𝑖)𝜓𝑖(𝑥𝑖 , 𝜏𝑖) 

Ψ𝑓[𝜙𝑓(𝜎), 𝜏𝑓] = ∫  𝒟𝜙𝑖∫  
𝜙(𝜏𝑓)=𝜙𝑓

𝜙(𝜏𝑖)=𝜙𝑖

𝒟𝜙𝑒−𝑆[𝜙]Ψ𝑖[𝜙𝑖(𝜎), 𝜏𝑖] 

 

Ψ𝑓[𝜙𝑓(𝜎), 𝑟𝑓] = ∫  𝒟𝜙𝑖∫  
𝜙(𝑟𝑓)=𝜙𝑓

𝜙(𝑟𝑖)=𝜙𝑖

𝒟𝜙𝑒−𝑆[𝜙]Ψ𝑖[𝜙𝑖(𝜎), 𝑟𝑖] 

 

Ψ[𝜙𝑓; 𝑟] = ∫ 𝒟
𝜙(𝑟)=𝜙𝑓

𝜙𝑒−𝑆[𝜙]𝒪(𝑧 = 0) 

𝐿𝑛|𝒪⟩=∯
𝑑𝑧

2𝜋𝑖
𝑧𝑛+1𝑇(𝑧)𝒪(𝑧 = 0)    

 =∰
𝑑𝑧

2𝜋𝑖
𝑧𝑛+1 (

ℎ𝒪

𝑧2
+
𝜕𝒪

𝑧
+⋯)  

 

𝐿−1|𝒪⟩ = |𝜕𝒪⟩∫  𝒟𝜙𝑒
−𝑆[𝜙] 

𝑋(𝑤,𝑤‾ ) = 𝑥 + 𝛼′𝑝𝜏 + 𝑖√
𝛼′

2
∑  

𝑛≠0

1

𝑛
(𝛼𝑛𝑒

𝑖𝑛𝑤 + 𝛼̃𝑛𝑒
𝑖𝑛𝑤‾ ) 
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𝜕𝑤𝑋(𝑤,𝑤‾ ) = −√
𝛼′

2
∑  

𝑛

𝛼𝑛𝑒
𝑖𝑛𝑤  with 𝛼0 ≡ 𝑖√

𝛼′

2
𝑝 

𝜕𝑧𝑋(𝑧) = (
𝜕𝑧

𝜕𝑤
)
−1

𝜕𝑤𝑋(𝑤) = −𝑖√
𝛼′

2
∑  

𝑛

𝛼𝑛
𝑧𝑛+1

 

𝛼𝑛 = 𝑖√
2

𝛼′
∮
𝑑𝑧

2𝜋𝑖
𝑧𝑛𝜕𝑋(𝑧)  

[𝛼𝑚 , 𝛼𝑛] = −
2

𝛼′
(∮

𝑑𝑧

2𝜋𝑖
⋀

𝑑𝑤

2𝜋𝑖
− ⋁

𝑑𝑤

2𝜋𝑖
  ∬

𝑑𝑧

2𝜋𝑖
  ) 𝑧𝑚𝑤𝑛𝜕𝑋(𝑧)𝜕𝑋(𝑤)

 = −
2

𝛼′
⋃

𝑑𝑤

2𝜋𝑖
Res𝑧=𝑤 [𝑧

𝑚𝑤𝑛 (
−𝛼′/2

(𝑧 − 𝑤)2
+⋯)]  

 = 𝑚∐
𝑑𝑤

2𝜋𝑖
𝑤𝑚+𝑛−1 = 𝑚𝛿𝑚+𝑛,0  

 

∏  

∞

𝑚=1

𝛼−𝑚
𝑘𝑚 |0; 𝑝⟩ 

Ψ0[𝑋𝑓] = ∫ 𝒟
𝑋𝑓(𝑟)

𝒟𝑋𝑒−𝑆[𝑋]  

𝛼𝑚Ψ0[𝑋𝑓] = ∫ 𝒟
𝑋𝑓

𝑋𝑒−𝑆[𝑋]∑∫
𝑑𝑤

2𝜋𝑖
𝑤𝑚𝜕𝑋(𝑤)  

∭
𝑑𝑤

2𝜋𝑖
𝑤𝑚𝜕𝑋(𝑤) = 0  for all 𝑚 ≥ 0   

𝛼−𝑚|0⟩ = ∫  𝒟𝑋𝑒
−𝑆[𝑋]𝜕𝑚𝑋(𝑧 = 0)  

𝛼𝑛|𝜕
𝑚𝑋⟩ ∼ ∫ 𝒟

𝑋𝑓(𝑟)

𝑋𝑒−𝑆[𝑋]∰
𝑑𝑤

2𝜋𝑖
𝑤𝑛𝜕𝑋(𝑤)𝜕𝑚𝑋(𝑧 = 0)   

⋂
𝑑𝑤

2𝜋𝑖
𝑤𝑛𝜕𝑧

𝑚−1
1

(𝑤 − 𝑧)2
 |
𝑧=0

= 𝑚!⋀
𝑑𝑤

2𝜋𝑖
𝑤𝑛−𝑚−1 = 0  unless 𝑚 = 𝑛   

|0; 𝑝⟩ ∼ ∫  𝒟𝑋𝑒−𝑆[𝑋]𝑒𝑖𝑝𝑋(𝑧=0) 

𝑧 = 𝑒−𝑖𝑤 

𝑇𝛼𝛽𝑛
𝛼𝑡𝛽 = 0  at Im𝑧 = 0 

𝑇𝑧𝑧 = 𝑇𝑧‾𝑧‾   at Im𝑧 = 0 

𝑇𝑧𝑧(𝑧) = 𝑇𝑧‾𝑧‾(𝑧‾) 

𝐿𝑛 = ∮
𝑑𝑧

2𝜋𝑖
𝑧𝑛+1𝑇𝑧𝑧(𝑧)   

⟨𝑋(𝑧, 𝑧‾)𝑋(𝑤,𝑤‾ )⟩ = 𝐺(𝑧, 𝑧‾; 𝑤, 𝑤‾ ) 

𝜕2𝐺 = −2𝜋𝛼′𝛿(𝑧 − 𝑤, 𝑧‾ − 𝑤‾ ) 

𝜕𝜎𝐺(𝑧, 𝑧‾; 𝑤, 𝑤‾ )|𝜎=0 = 0 

𝐺(𝑧, 𝑧‾; 𝑤, 𝑤‾ ) = −
𝛼′

2
ln |𝑧 − 𝑤|2 −

𝛼′

2
ln |𝑧 − 𝑤‾ |2  
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⟨𝑇𝛼
𝛼⟩ = −

𝑐

12
𝑅 

𝑆Poly =
1

4𝜋𝛼′
∫  𝑑2𝜎√𝑔𝑔𝛼𝛽𝜕𝛼𝑋

𝜇𝜕𝛽𝑋
𝜈𝛿𝜇𝜈 

𝑍 =
1

Vol
∫  𝒟𝑔𝒟𝑋𝑒−𝑆Poly[𝑋,𝑔] 

𝑔𝛼𝛽(𝜎) ⟶ 𝑔𝛼𝛽
𝜁 (𝜎′) = 𝑒2𝜔(𝜎)

𝜕𝜎𝛾

𝜕𝜎′𝛼
𝜕𝜎𝛿

𝜕𝜎′𝛽
𝑔𝛾𝛿(𝜎) 

∫  𝒟𝜁𝛿(𝑔 − 𝑔̂𝜁) = Δ𝐹𝑃
−1[𝑔]  

𝒟𝜁 = 𝒟(𝜁′𝜁) = 𝒟(𝜁𝜁′) 

Δ𝐹𝑃[𝑔] = Δ𝐹𝑃[𝑔
𝜁] 

Δ𝐹𝑃
−1[𝑔𝜁] = ∫  𝒟𝜁′𝛿(𝑔𝜁 − 𝑔̂𝜁

′
)

 = ∫  𝒟𝜁′𝛿(𝑔 − 𝑔̂𝜁
−1𝜁′)

 = ∫  𝒟𝜁′′𝛿(𝑔 − 𝑔̂𝜁
′′
) = Δ𝐹𝑃

−1[𝑔]

 

1 = Δ𝐹𝑃[𝑔]∫  𝒟𝜁𝛿(𝑔 − 𝑔̂
𝜁) 

𝑍[𝑔̂] =
1

Vol
∫  𝒟𝜁𝒟𝑋𝒟𝑔Δ𝐹𝑃[𝑔]𝛿(𝑔 − 𝑔̂

𝜁)𝑒−𝑆Poly[𝑋,𝑔]

 =
1

Vol
∫  𝒟𝜁𝒟𝑋Δ𝐹𝑃[𝑔̂

𝜁]𝑒−𝑆Poly[𝑋,𝑔̂
𝜁]

 =
1

Vol
∫  𝒟𝜁𝒟𝑋Δ𝐹𝑃[𝑔̂]𝑒

−𝑆Poly[𝑋,𝑔̂]

 

𝑍[𝑔̂] = ∫  𝒟𝑋Δ𝐹𝑃[𝑔̂]𝑒
−𝑆Poly[𝑋,𝑔̂]  

𝛿𝑔̂𝛼𝛽 = 2𝜔𝑔̂𝛼𝛽 + ∇𝛼𝑣𝛽 + ∇𝛽𝑣𝛼 

Δ𝐹𝑃
−1[𝑔̂] = ∫  𝒟𝜔𝒟𝑣𝛿(2𝜔𝑔̂𝛼𝛽 + ∇𝛼𝑣𝛽 + ∇𝛽𝑣𝛼)  

Δ𝐹𝑃
−1[𝑔̂] = ∫  𝒟𝜔𝒟𝑣𝒟𝛽exp (2𝜋𝑖 ∫  𝑑2𝜎√𝑔̂𝛽𝛼𝛽[2𝜔𝑔̂𝛼𝛽 + ∇𝛼𝑣𝛽 + ∇𝛽𝑣𝛼]) 

𝛽𝛼𝛽𝑔̂𝛼𝛽 = 0 

Δ𝐹𝑃
−1[𝑔̂] = ∫  𝒟𝑣𝒟𝛽exp (4𝜋𝑖 ∫  𝑑2𝜎√𝑔̂𝛽𝛼𝛽∇𝛼𝑣𝛽) 

𝛽𝛼𝛽  ⟶ 𝑏𝛼𝛽
𝑣𝛼  ⟶ 𝑐𝛼

 

Δ𝐹𝑃[𝑔] = ∫  𝒟𝑏𝒟𝑐exp [𝑖𝑆ghost ] 

𝑆ghost =
1

2𝜋
∫  𝑑2𝜎√𝑔𝑏𝛼𝛽∇

𝛼𝑐𝛽  

𝑍[𝑔̂] = ∫  𝒟𝑋𝒟𝑏𝒟𝑐exp (−𝑆Poly [𝑋, 𝑔̂] − 𝑆ghost [𝑏, 𝑐, 𝑔̂]) 

𝑔̂𝛼𝛽 = 𝑒
2𝜔𝛿𝛼𝛽  
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𝑆ghost =
1

2𝜋
∫  𝑑2𝑧(𝑏𝑧𝑧∇𝑧‾𝑐

𝑧 + 𝑏𝑧‾𝑧‾∇𝑧𝑐
𝑧‾) 

∇𝑧‾𝑐
𝑧 = 𝜕𝑧‾𝑐

𝑧 + Γ𝑧‾𝛼
𝑧 𝑐𝛼  

Γ𝑧‾𝛼
𝑧 =

1

2
𝑔𝑧𝑧‾(𝜕𝑧‾𝑔𝛼𝑧‾ + 𝜕𝛼𝑔𝑧‾𝑧‾ − 𝜕𝑧‾𝑔𝑧‾𝛼) = 0  for 𝛼 = 𝑧, 𝑧‾ 

𝑆ghost =
1

2𝜋
∫  𝑑2𝑧𝑏𝑧𝑧𝜕𝑧‾𝑐

𝑧 + 𝑏𝑧‾𝑧‾𝜕𝑧𝑐
𝑧‾ 

 

𝑆ghost =
1

2𝜋
∫  𝑑2𝑧(𝑏𝜕‾𝑐 + 𝑏‾𝜕𝑐‾) 

𝜕‾𝑏 = 𝜕𝑏‾ = 𝜕‾𝑐 = 𝜕𝑐‾ = 0 

𝑇 = 2(𝜕𝑐)𝑏 + 𝑐𝜕𝑏 , 𝑇‾ = 2(𝜕‾𝑐‾)𝑏‾ + 𝑐‾𝜕‾𝑏‾  

0 = ∫  𝒟𝑏𝒟𝑐
𝛿

𝛿𝑏(𝜎)
[𝑒−𝑆ghost 𝑏(𝜎′)] = ∫  𝒟𝑏𝒟𝑐𝑠−𝑆ghost [−

1

2𝜋
𝜕‾𝑐(𝜎)𝑏(𝜎′) + 𝛿(𝜎 − 𝜎′)] 

𝜕‾𝑐(𝜎)𝑏(𝜎′) = 2𝜋𝛿(𝜎 − 𝜎′) 

𝜕‾𝑏(𝜎)𝑐(𝜎′) = 2𝜋𝛿(𝜎 − 𝜎′) 

𝑏(𝑧)𝑐(𝑤) =
1

𝑧 − 𝑤
+⋯

𝑐(𝑤)𝑏(𝑧) =
1

𝑤 − 𝑧
+⋯

 

𝑇(𝑧) = 2: 𝜕𝑐(𝑧)𝑏(𝑧):+: 𝑐(𝑧)𝜕𝑏(𝑧): 

𝑇(𝑧)𝑐(𝑤) = 2: 𝜕𝑐(𝑧)𝑏(𝑧): 𝑐(𝑤)+: 𝑐(𝑧)𝜕𝑏(𝑧): 𝑐(𝑤)

 =
2𝜕𝑐(𝑧)

𝑧 − 𝑤
−

𝑐(𝑧)

(𝑧 − 𝑤)2
+⋯ = −

𝑐(𝑤)

(𝑧 − 𝑤)2
+
𝜕𝑐(𝑤)

𝑧 − 𝑤
+⋯

 

𝑇(𝑧)𝑏(𝑤) = 2: 𝜕𝑐(𝑧)𝑏(𝑧): 𝑏(𝑤)+: 𝑐(𝑧)𝜕𝑏(𝑧): 𝑏(𝑤)

 = −2𝑏(𝑧) (
−1

(𝑧 − 𝑤)2
) −

𝜕𝑏(𝑧)

𝑧 − 𝑤
=

2𝑏(𝑤)

(𝑧 − 𝑤)2
+
𝜕𝑏(𝑤)

𝑧 − 𝑤
+⋯

 

𝑇(𝑧)𝑇(𝑤) =4: 𝜕𝑐(𝑧)𝑏(𝑧): : 𝜕𝑐(𝑤)𝑏(𝑤):+2: 𝜕𝑐(𝑧)𝑏(𝑧): : 𝑐(𝑤)𝜕𝑏(𝑤):

 +2: 𝑐(𝑧)𝜕𝑏(𝑧): : 𝜕𝑐(𝑤)𝑏(𝑤):+: 𝑐(𝑧)𝜕𝑏(𝑧): : 𝑐(𝑤)𝜕𝑏(𝑤):
 

𝑇(𝑧)𝑇(𝑤) =
−4

(𝑧 − 𝑤)4
+
4: 𝜕𝑐(𝑧)𝑏(𝑤):

(𝑧 − 𝑤)2
−
4: 𝑏(𝑧)𝜕𝑐(𝑤):

(𝑧 − 𝑤)2

 −
4

(𝑧 − 𝑤)4
+
2: 𝜕𝑐(𝑧)𝜕𝑏(𝑤):

𝑧 − 𝑤
−
4: 𝑏(𝑧)𝑐(𝑤):

(𝑧 − 𝑤)3

 −
4

(𝑧 − 𝑤)4
−
4: 𝑐(𝑧)𝑏(𝑤):

(𝑧 − 𝑤)3
+
2: 𝜕𝑏(𝑧)𝜕𝑐(𝑤):

𝑧 − 𝑤

 −
1

(𝑧 − 𝑤)4
−
: 𝑐(𝑧)𝜕𝑏(𝑤):

(𝑧 − 𝑤)2
+
𝜕𝑏(𝑧)𝑐(𝑤):

(𝑧 − 𝑤)2
+⋯

 

𝑇(𝑧)𝑇(𝑤) =
−13

(𝑧 − 𝑤)4
+
2𝑇(𝑤)

(𝑧 − 𝑤)2
+
𝜕𝑇(𝑤)

𝑧 − 𝑤
+⋯ 

𝑆non-critical =
1

4𝜋𝛼′
∫  𝑑2𝜎√𝑔(𝑔𝛼𝛽𝜕𝛼𝑋

𝜇𝜕𝛽𝑋𝜇 + 𝜇) 
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𝑔̂𝛼𝛽 = 𝑒
2𝜔𝑔𝛼𝛽 

1

𝑍

𝜕𝑍

𝜕𝜔
 =
1

𝑍
∫  𝒟𝜙𝑒−𝑆 (−

𝜕𝑆

𝜕𝑔̂𝛼𝛽

𝜕𝑔̂𝛼𝛽

𝜕𝜔
)

 =
1

𝑍
∫  𝒟𝜙𝑒−𝑆 (−

1

2𝜋
√𝑔̂𝑇𝛼

𝛼)

 =
𝑐

24𝜋
√𝑔̂𝑅̂ −

1

2𝜋𝛼′
𝜇𝑒2𝜔

 =
𝑐

24𝜋
√𝑔(𝑅 − 2∇2𝜔) −

1

2𝜋𝛼′
𝜇𝑒2𝜔

 

𝑍[𝑔̂] = 𝑍[𝑔]exp [−
1

4𝜋𝛼′
∫  𝑑2𝜎√𝑔 (2𝜇𝑒2𝜔 −

𝑐𝛼′

6
(𝑔𝛼𝛽𝜕𝛼𝜔𝜕

𝛽𝜔 + 𝑅𝜔))] 

𝐿𝑛|Ψ⟩ = 0
𝐿0|Ψ⟩ = 𝑎|Ψ⟩

 

 
𝐿̃𝑛|Ψ⟩ = 0  for 𝑛 > 0

𝐿̃0|Ψ⟩ = 𝑎̃|Ψ⟩
 

 

𝑉 ∼ ∫  𝑑2𝑧𝒪  

𝑉dark particle/white particle ∼ ∫  𝑑
2𝑧: 𝑒𝑖𝑝⋅𝑋:  

𝑀2 ≡ −𝑝2 = −
4

𝛼′
 

𝑉excited ∼ ∫  𝑑
2𝑧: 𝑒𝑖𝑝⋅𝑋𝜕𝑋𝜇𝜕‾𝑋𝜈: 𝜁𝜇𝜈  

𝑝2 = 0 

𝑝𝜇𝜁𝜇𝜈 = 𝑝
𝜈𝜁𝜇𝜈 = 0 

𝑉dark particle/white particle ∼ ∫  
𝜕ℳ

𝑑𝑠: 𝑒𝑖𝑝⋅𝑋: 

𝜕𝑋(𝑧): 𝑒𝑖𝑝𝑋(𝑤,𝑤‾ ): = ∑  

∞

𝑛=1

 
(𝑖𝑝)𝑛

(𝑛 − 1)!
: 𝑋(𝑤,𝑤‾ )𝑛−1: (−

𝛼′

2

1

𝑧 − 𝑤
−
𝛼′

2

1

𝑧 − 𝑤‾
) +⋯

 = −
𝑖𝛼′𝑝

2
: 𝑒𝑖𝑝𝑋(𝑤,𝑤‾ ): (

1

𝑧 − 𝑤
+

1

𝑧 − 𝑤‾
) + ⋯

 

𝑇(𝑧): 𝑒𝑖𝑝𝑋(𝑤,𝑤‾ ): =
𝛼′𝑝2

4
: 𝑒𝑖𝑝𝑋: (

1

𝑧 − 𝑤
+

1

𝑧 − 𝑤‾
)
2

+⋯ 

𝑇(𝑧): 𝑒𝑖𝑝𝑋(𝑤,𝑤‾ ): =
𝛼′𝑝2: 𝑒𝑖𝑝𝑋(𝑤,𝑤‾ ):

(𝑧 − 𝑤)2
+⋯ 

𝑀2 ≡ −𝑝2 = −
1

𝛼′
 

𝑉dark particle/white particle ∼ ∫  
𝜕ℳ

 𝑑𝑠𝜁𝑎: 𝜕𝑋
𝑎𝑒𝑖𝑝⋅𝑋:  

𝛼′𝑝2

4
= 1 − ℎ 

𝑀2 =
4

𝛼′
(ℎ − 1) 
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⟨𝜙(𝑥1)…𝜙(𝑥𝑛)⟩  

 

 

𝑆survature = 𝑆Poly + 𝜆𝜒  

𝜒 =
1

4𝜋
∫  𝑑2𝜎√𝑔𝑅  

𝜒 = 2 − 2ℎ = 2(1 − 𝑔)  

 

∑  
 topologies 

 metrics 

𝑒−𝑆curvature ∼ ∑  

topologies 

𝑒−2𝜆(1−𝑔)∫  𝒟𝑋𝒟𝑔𝑒−𝑆supercurvature  

𝑔𝑠 = 𝑒
𝜆 

 

(𝑔𝑠
2)𝑔−1 

𝒜(𝑚)(Λ𝑖 , 𝑝𝑖) = ∑  

topologies 

𝑔𝑠
−𝜒 1

Vol
∫  𝒟𝑋𝒟𝑔𝑒−𝑆supercurvature ∏ 

𝑚

𝑖=1

𝑉Λ𝑖(𝑝𝑖) 

𝒜(𝑚) =
1

𝑔𝑠
2

1

Vol
∫  𝒟𝑋𝒟𝑔𝑒−𝑆supercurvature ∏ 

𝑚

𝑖=1

𝑉Λ𝑖(𝑝𝑖) 

 

𝑑𝑠2 =
4𝑅2

(1 + |𝑧|2)2
𝑑𝑧𝑑𝑧‾ 

𝑙𝑛 = 𝑧
𝑛+1𝜕𝑧 

𝑢 =
1

𝑧
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𝑙𝑛 = 𝑧
𝑛+1𝜕𝑧 =

1

𝑢𝑛+1
𝜕𝑢

𝜕𝑧
𝜕𝑢 = −𝑢

1−𝑛𝜕𝑢 

𝑙−1:𝑧 → 𝑧 + 𝜖
𝑙0:𝑧 → (1 + 𝜖)𝑧
𝑙1:𝑧 → (1 + 𝜖𝑧)𝑧

 

𝑙−1:𝑧 → 𝑧 + 𝛼
𝑙0:𝑧 → 𝜆𝑧

𝑙1:𝑧 →
𝑧

1 − 𝛽𝑧

 

𝑧 →
𝑎𝑧 + 𝑏

𝑐𝑧 + 𝑑
 

𝑎𝑑 − 𝑏𝑐 = 1 

𝒜(𝑚)(𝑝1, … , 𝑝𝑚) =
1

𝑔𝑠
2

1

Vol(𝑆𝐿(2; 𝐂))
∫  𝒟𝑋𝑒−𝑆Poly ∏ 

𝑚

𝑖=1

𝑉(𝑝𝑖) 

𝑉(𝑝𝑖) = 𝑔𝑠∫  𝑑
2𝑧𝑒𝑖𝑝𝑖⋅𝑋 ≡ 𝑔𝑠∫  𝑑

2𝑧𝑉̂(𝑧, 𝑝𝑖)  

𝒜(𝑚)(𝑝1, … , 𝑝𝑚) =
𝑔𝑠
𝑚−2

Vol(𝑆𝐿(2; 𝐂))
∫  ∏  

𝑚

𝑖=1

𝑑2𝑧𝑖⟨𝑉̂(𝑧1, 𝑝1)… 𝑉̂(𝑧𝑚, 𝑝𝑚)⟩ 

⟨𝑉̂(𝑧1, 𝑝1)… 𝑉̂(𝑧𝑚, 𝑝𝑚)⟩ = ∫  𝒟𝑋exp (−
1

2𝜋𝛼′
∫  𝑑2𝑧𝜕𝑋 ⋅ 𝜕‾𝑋) exp (𝑖∑  

𝑚

𝑖=1

 𝑝𝑖 ⋅ 𝑋(𝑧𝑖 , 𝑧‾𝑖)) 

∫  𝒟𝑋exp (∫  𝑑2𝑧
1

2𝜋𝛼′
𝑋 ⋅ 𝜕𝜕‾𝑋 + 𝑖𝐽 ⋅ 𝑋) ∼ exp (

𝜋𝛼′

2
∫  𝑑2𝑧𝑑2𝑧′𝐽(𝑧, 𝑧‾)

1

𝜕𝜕‾
𝐽(𝑧′, 𝑧‾′)) 

𝜕𝜕‾𝐺(𝑧, 𝑧‾; 𝑧′, 𝑧‾′) = 𝛿(𝑧 − 𝑧′, 𝑧‾ − 𝑧‾′) 

𝐺(𝑧, 𝑧‾; 𝑧′ , 𝑧‾′) =
1

2𝜋
ln |𝑧 − 𝑧′|2 

𝐽(𝑧, 𝑧‾) =∑  

𝑚

𝑖=1

𝑝𝑖𝛿(𝑧 − 𝑧𝑖 , 𝑧‾ − 𝑧‾𝑖) 

𝒜(𝑚) ∼
𝑔𝑠
𝑚−2

Vol(𝑆𝐿(2; 𝐂))
∫  ∏  

𝑚

𝑖=1

𝑑2𝑧𝑖exp (
𝛼′

2
∑  

𝑗,𝑙

 𝑝𝑗 ⋅ 𝑝𝑙ln |𝑧𝑗 − 𝑧𝑙|) 

𝒜(𝑚) ∼
𝑔𝑠
𝑚−2

Vol(𝑆𝐿(2; 𝐂))
∫  ∏  

𝑚

𝑖=1

 𝑑2𝑧𝑖∏ 

𝑗<𝑙

  |𝑧𝑗 − 𝑧𝑙|
𝛼′𝑝𝑗⋅𝑝𝑙

 

∫  𝑑𝑥exp (𝑖∑  

𝑚

𝑖=1

 𝑝𝑖 ⋅ 𝑥) ∼ 𝛿
26 (∑  

𝑚

𝑖=1

 𝑝𝑖) 

𝒜(𝑚) ∼
𝑔𝑠
𝑚−2

Vol(𝑆𝐿(2; 𝐂))
𝛿26 (∑  

𝑖

 𝑝𝑖)∫  ∏  

𝑚

𝑖=1

 𝑑2𝑧𝑖∏ 

𝑗<𝑙

  |𝑧𝑗 − 𝑧𝑙|
𝛼′𝑝𝑗⋅𝑝𝑙

 

𝑧1 = ∞ , 𝑧2 = 0 , 𝑧3 = 𝑧 , 𝑧4 = 1 

𝒜(4) ∼ 𝑔𝑠
2𝛿26 (∑  

𝑖

 𝑝𝑖)∫  𝑑
2𝑧|𝑧|𝛼

′𝑝2⋅𝑝3|1 − 𝑧|𝛼
′𝑝3⋅𝑝4  
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∫  𝑑2𝑧|𝑧|2𝑎−2|1 − 𝑧|2𝑏−2 =
2𝜋Γ(𝑎)Γ(𝑏)Γ(𝑐)

Γ(1 − 𝑎)Γ(1 − 𝑏)Γ(1 − 𝑐)
 

𝑠 = −(𝑝1 + 𝑝2)
2 , 𝑡 = −(𝑝1 + 𝑝3)

2 , 𝑢 = −(𝑝1 + 𝑝4)
2 

 

𝑠 + 𝑡 + 𝑢 = −∑  

𝑖

𝑝𝑖
2 =∑  

𝑖

𝑀𝑖
2 = −

16

𝛼′
 

𝒜(4) ∼ 𝑔𝑠
2𝛿26 (∑  

𝑖

 𝑝𝑖)
Γ(−1 − 𝛼′𝑠/4)Γ(−1 − 𝛼′𝑡/4)Γ(−1 − 𝛼′𝑢/4)

Γ(2 + 𝛼′𝑠/4)Γ(2 + 𝛼′𝑡/4)Γ(2 + 𝛼′𝑢/4)
 

−1 −
𝛼′𝑠

4
= 0 ⇒  𝑠 = −

4

𝛼′
 

 

 

 

 

 
 

𝒜(4) ∼ ∑  

∞

𝑛=0

 
𝑡2𝑛

𝑠 − 𝑀𝑛
2  

 

𝑝1 =
√𝑠

2
(1,1,0, … ), 𝑝2 =

√𝑠

2
(1, −1,0,… )

𝑝3 =
√𝑠

2
(1, cos 𝜃, sin 𝜃, … ) , 𝑝4 =

√𝑠

2
(1,−cos 𝜃,−sin 𝜃, … )

 

𝒜(4) ∼ 𝑔𝑠
2𝛿26 (∑  

𝑖

 𝑝𝑖)exp (−
𝛼′

2
(𝑠ln 𝑠 + 𝑡ln 𝑡 + 𝑢ln 𝑢))   as 𝑠 → ∞  
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𝑆 =
1

2𝜅2
∫  𝑑26𝑋√−𝐺ℛ 

𝜅2 ≈ 𝑔𝑠
2(𝛼′)12 

 

𝜒 =
1

4𝜋
∫  
ℳ

 𝑑2𝜎√𝑔𝑅 +
1

2𝜋
∫  
𝜕ℳ

 𝑑𝑠𝑘  

𝑘 = −𝑡𝛼𝑛𝛽∇𝛼𝑡
𝛽 

𝜒 = 2 − 2ℎ − 𝑏 

𝑔open
2 = 𝑔𝑠  

𝑧 →
𝑎𝑧 + 𝑏

𝑐𝑧 + 𝑑
 

𝑉(𝑝𝑖) = √𝑔𝑠∫  𝑑𝑥𝑒
𝑖𝑝𝑖⋅𝑋 

𝒜(4) ∼
𝑔𝑠

Vol(𝑆𝐿(2;𝐑))
𝛿26 (∑  

𝑖

 𝑝𝑖)∫  ∏  

4

𝑖=1

 𝑑𝑥𝑖∏ 

𝑗<𝑙

  |𝑥𝑖 − 𝑥𝑗|
2𝛼′𝑝𝑖⋅𝑝𝑗

 

𝒜(4) ∼ 𝑔𝑠∫  
1

0

𝑑𝑥|𝑥|2𝛼
′𝑝1⋅𝑝2|1 − 𝑥|2𝛼

′𝑝2⋅𝑝3  

𝐵(𝑎, 𝑏) = ∫  
1

0

𝑑𝑥𝑥𝑎−1(1 − 𝑥)𝑏−1 =
Γ(𝑎)Γ(𝑏)

Γ(𝑎 + 𝑏)
 

𝒜(4) ∼ 𝑔𝑠[𝐵(−𝛼
′𝑠 − 1,−𝛼′𝑡 − 1) + 𝐵(−𝛼′𝑠 − 1,−𝛼′𝑢 − 1) + 𝐵(−𝛼′𝑡 − 1,−𝛼′𝑢 − 1)] 

𝑠 =
𝑛 − 1

𝛼′
 𝑛 = 0,1,2,… 

𝑇𝑝 ∼
1

𝑙𝑠
𝑝+1

1

𝑔𝑠
 

 

𝑧 ≡ 𝑧 + 2𝜋  and  𝑧 ≡ 𝑧 + 2𝜋𝜏 

𝑑𝑠2 = 𝑑𝑧𝑑𝑧‾ 
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𝑧 ≡ 𝑧 + 2𝜋  and  𝑧 ≡ 𝑧 + 2𝜋(𝜏 + 1) ≡ 𝑧 + 2𝜋𝜏 

𝜏 →
𝑎𝜏 + 𝑏

𝑐𝜏 + 𝑑
  with 𝑎𝑑 − 𝑏𝑐 = 1  

ℳ ≅ 𝐂/𝑆𝐿(2; 𝐙) 

Re𝜏 ∈ [−
1

2
,+
1

2
] 

 

|𝜏| ≥ 1  and  Re𝜏 ∈ [−
1

2
,+
1

2
] 

∫  
𝑑2𝜏

(Im𝜏)2
 

𝑑2𝜏 →
𝑑2𝜏

|𝑐𝜏 + 𝑑|4
  and  Im𝜏 →

Im𝜏

|𝑐𝜏 + 𝑑|2
 

dimℳ𝑔 = 3𝑔 − 2 

𝑍[𝜏] = Tr𝑒−2𝜋(Im𝜏)𝐻 

𝐻 = 𝐿0 + 𝐿̃0 −
𝑐 + 𝑐̃

24
 

𝑃 = 𝐿0 − 𝐿̃0 

𝑍[𝜏] = Tr𝑒−2𝜋(Im𝜏)(𝐿0+𝐿̃0)𝑒−2𝜋𝑖(Re𝜏)(𝐿0−𝐿̃0)𝑒2𝜋(Im𝜏)(𝑐+𝑐)/24 

𝑞 = 𝑒2𝜋𝑖𝜏 , 𝑞‾ = 𝑒−2𝜋𝑖𝜏‾  

𝑍[𝜏] = Tr𝑞𝐿0−𝑐/24𝑞‾𝐿̃0−𝑐/24 

∑  

∞

𝑑=0

𝑞𝑛𝑑 =
1

1 − 𝑞𝑛
 

Tr𝑞𝐿0−𝑐/24 =
1

𝑞1/24
∏ 

∞

𝑛=1

1

1 − 𝑞𝑛
 

1

4𝜋𝛼′
∫  𝑑𝜎(𝛼′𝑝)2 =

1

2
𝛼′𝑝2 

∫  
𝑑𝑝

2𝜋
𝑒−𝜋𝛼

′(Im𝜏)𝑝2 ∼
1

√𝛼′Im𝜏
 

𝑍scalar[𝜏] ∼
1

√𝛼′Im𝜏

1

(𝑞𝑞‾)1/24
∏ 

∞

𝑛=1

 
1

1 − 𝑞𝑛
∏ 

∞

𝑛=1

 
1

1 − 𝑞‾𝑛
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𝑍supercurvature = ∫  𝑑
2𝜏

1

(Im𝜏)

1

(𝛼′Im𝜏)13
1

𝑞𝑞‾
(∏ 

∞

𝑛=1

 
1

1 − 𝑞𝑛
)

24

(∏  

∞

𝑛=1

 
1

1 − 𝑞‾𝑛
)

24

 

𝜂(𝑞) = 𝑞1/24∏ 

∞

𝑛=1

(1 − 𝑞𝑛) 

𝜂(𝜏 + 1) = 𝑒2𝜋𝑖/24𝜂(𝜏)  and  𝜂(−1/𝜏) = √−𝑖𝜏𝜂(𝜏) 

𝑍supercurvature = ∫  
𝑑2𝜏

(Im𝜏)2
(
1

√Im𝜏

1

𝜂(𝑞)

1

𝜂‾(𝑞‾)
)
24

 

𝑍 = ∫  𝒟𝜙exp (−
1

2
∫  𝑑𝐷𝑥𝜙(−𝜕2 +𝑚2)𝜙)

 ∼ det−1/2(−𝜕2 +𝑚2)

 = exp (
1

2
∫  

𝑑𝐷𝑝

(2𝜋)𝐷
ln (𝑝2 +𝑚2))

 

𝑍 = exp (𝑍1) = ∑  

∞

𝑛=0

𝑍1
𝑛

𝑛!
 

𝑍1 =
1

2
∫  

𝑑𝐷𝑝

(2𝜋)𝐷
ln (𝑝2 +𝑚2) 

∫  
∞

0

𝑑𝑙𝑒−𝑥𝑙 =
1

𝑥
 ⇒  ∫  

∞

0

𝑑𝑙
𝑒−𝑥𝑙

𝑙
= −ln 𝑥 

𝑍1 = ∫  
𝑑𝐷𝑝

(2𝜋)𝐷
∫  
∞

0

 
𝑑𝑙

2𝑙
𝑒−(𝑝

2+𝑚2)𝑙  

𝑍1 = ∫  
∞

0

 𝑑𝑙
1

𝑙1+𝐷/2
𝑒−𝑚

2𝑙  

𝑍 = ∫  
∞

0

𝑑𝑙
1

𝑙14
∑  

∞

𝑛=0

𝑒−𝑚𝑛
2 𝑙 

𝑚2 =
4

𝛼′
(𝐿0 − 1) =

4

𝛼′
(𝐿̃0 − 1) =

2

𝛼′
(𝐿0 + 𝐿̃0 − 2) 

1

2𝜋
∫  
+1/2

−1/2

 𝑑𝑠𝑒2𝜋𝑖𝑠(𝐿0−𝐿̃0) = 𝛿𝐿0,𝐿̃0  

𝑍 = ∫  
∞

0

 𝑑𝑙
1

𝑙14
∫  
+1/2

−1/2

 𝑑𝑠Tr𝑒2𝜋𝑖𝑠(𝐿0−𝐿̃0)𝑒−2(𝐿0+𝐿̃0−2)𝑙/𝛼
′

 

𝜏 = 𝑠 +
2𝑙𝑖

𝛼′
 

𝑍supercurvature = ∫  
𝑑2𝜏

(Im𝜏)2
(
1

√Im𝜏

1

𝜂(𝑞)

1

𝜂‾(𝑞‾)
)
24

 

∫
𝑑𝑙

𝑙14

∞

𝑒+4𝑙/𝛼
′
 

𝑍 = ∫  𝒟Φ𝑒𝑖𝑆[Φ(𝑋(𝜎))] 

Γ(𝑧) = ∫  
∞

0

 𝑑𝑡𝑡𝑧−1𝑒−𝑡  
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Γ(𝑛) = (𝑛 − 1)!  𝑛 ∈ 𝐙+ 

Γ(𝑧) ≈
1

𝑧 + 𝑛

(−1)𝑛

𝑛!
 

𝐵(𝑥, 𝑦) =
Γ(𝑥)Γ(𝑦)

Γ(𝑥 + 𝑦)
 

𝐵(𝑥, 𝑦) = ∫  
1

0

 𝑑𝑡𝑡𝑥−1(1 − 𝑡)𝑦−1  

Γ(𝑥)Γ(𝑦) = ∫  
∞

0

𝑑𝑢∫  
∞

0

𝑑𝑣𝑒−𝑢𝑢𝑥−1𝑒−𝑣𝑣𝑦−1 

Γ(𝑥)Γ(𝑦) = 4∫  
∞

0

 𝑑𝑎 ∫  
∞

0

 𝑑𝑏𝑒−(𝑎
2+𝑏2)𝑎2𝑥−1𝑏2𝑦−1

 = ∫  
∞

−∞

 𝑑𝑎 ∫  
∞

−∞

 𝑑𝑏𝑒−(𝑎
2+𝑏2)|𝑎|2𝑥−1|𝑏|2𝑦−1

 

Γ(𝑥)Γ(𝑦) = ∫  
∞

0

 𝑟𝑑𝑟𝑒−𝑟
2
𝑟2𝑥+2𝑦−2∫  

2𝜋

0

 𝑑𝜃|cos 𝜃|2𝑥−1|sin 𝜃|2𝑦−1

 =
1

2
Γ(𝑥 + 𝑦) × 4∫  

𝜋/2

0

 𝑑𝜃(cos 𝜃)2𝑥−1(sin 𝜃)2𝑦−1

 = Γ(𝑥 + 𝑦)∫  
1

0

 𝑑𝑡(1 − 𝑡)𝑦−1𝑡𝑥−1

 

𝐶(𝑎, 𝑏) = ∫  𝑑2𝑧|𝑧|2𝑎−2|1 − 𝑧|2𝑏−2 

|𝑧|2𝑎−2 =
1

Γ(1 − 𝑎)
∫  
∞

0

𝑑𝑡𝑡−𝑎𝑒−|𝑧|
2𝑡 

|1 − 𝑧|2𝑏−2 =
1

Γ(1 − 𝑏)
∫  
∞

0

𝑑𝑢𝑢−𝑏𝑒−|1−𝑧|
2𝑢 

𝐶(𝑎, 𝑏) = ∫  
𝑑2𝑧𝑑𝑢𝑑𝑡

Γ(1 − 𝑎)Γ(1 − 𝑏)
𝑡−𝑎𝑢−𝑏𝑒−|𝑧|

2𝑡𝑒−|1−𝑧|
2𝑢

 = 2∫  
𝑑𝑥𝑑𝑦𝑑𝑢𝑑𝑡

Γ(1 − 𝑎)Γ(1 − 𝑏)
𝑡−𝑎𝑢−𝑏𝑒−(𝑡+𝑢)(𝑥

2+𝑦2)+2𝑥𝑢−𝑢

 = 2∫  
𝑑𝑥𝑑𝑦𝑑𝑢𝑑𝑡

Γ(1 − 𝑎)Γ(1 − 𝑏)
𝑡−𝑎𝑢−𝑏exp (−(𝑡 + 𝑢) [(𝑥 −

𝑢

𝑡 + 𝑢
)
2

+ 𝑦2] − 𝑢 +
𝑢2

𝑡 + 𝑢
)

 

𝐶(𝑎, 𝑏) =
2𝜋

Γ(1 − 𝑎)Γ(1 − 𝑏)
∫  
∞

0

𝑑𝑢𝑑𝑡
𝑡−𝑎𝑢−𝑏

𝑡 + 𝑢
𝑒−𝑡𝑢/(𝑡+𝑢) 
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𝐶(𝑎, 𝑏) =
2𝜋

Γ(1 − 𝑎)Γ(1 − 𝑏)
∫  𝑑𝛼𝑑𝛽

𝛼1−𝑎−𝑏

𝛼
𝛽−𝑎(1 − 𝛽)−𝑏𝑒−𝛼𝛽(1−𝛽) 

∫  
∞

0

𝑑𝛼𝛼−𝑎−𝑏𝑒−𝛽𝛼(1−𝛽) = [𝛽(1 − 𝛽)]𝑎+𝑏−1Γ(1 − 𝑎 − 𝑏) 

𝐶(𝑎, 𝑏) =
2𝜋Γ(𝑐)

Γ(1 − 𝑎)Γ(1 − 𝑏)
∫  
1

0

𝑑𝛽(1 − 𝛽)𝑎−1𝛽𝑏−1 

𝐶(𝑎, 𝑏) =
2𝜋Γ(𝑎)Γ(𝑏)Γ(𝑐)

Γ(1 − 𝑎)Γ(1 − 𝑏)Γ(1 − 𝑐)
 

𝑆 =
1

4𝜋𝛼′
∫  𝑑2𝜎√𝑔𝑔𝛼𝛽𝜕𝛼𝑋

𝜇𝜕𝛽𝑋
𝜈𝐺𝜇𝜈(𝑋)  

𝐺𝜇𝜈(𝑋) = 𝛿𝜇𝜈 + ℎ𝜇𝜈(𝑋) 

𝑍 = ∫  𝒟𝑋𝒟𝑔𝑒−𝑆Poly −𝑉 = ∫  𝒟𝑋𝒟𝑔𝑒−𝑆Poly (1 − 𝑉 +
1

2
𝑉2 +⋯) 

𝑉 =
1

4𝜋𝛼′
∫  𝑑2𝜎√𝑔𝑔𝛼𝛽𝜕𝛼𝑋

𝜇𝜕𝛽𝑋
𝜈ℎ𝜇𝜈(𝑋)  

ℎ𝜇𝜈(𝑋) = 𝜁𝜇𝜈𝑒
𝑖𝑝⋅𝑋 

𝑆 =
1

4𝜋𝛼′
∫  𝑑2𝜎𝐺𝜇𝜈(𝑋)𝜕𝛼𝑋

𝜇𝜕𝛼𝑋𝜈  

𝑋𝜇(𝜎) = 𝑥‾𝜇 + √𝛼′𝑌𝜇(𝜎) 

𝐺𝜇𝜈(𝑋)𝜕𝑋
𝜇𝜕𝑋𝜈 = 𝛼′ [𝐺𝜇𝜈(𝑥‾) + √𝛼

′𝐺𝜇𝜈,𝜔(𝑥‾)𝑌
𝜔 +

𝛼′

2
𝐺𝜇𝜈,𝜔𝜌(𝑥‾)𝑌

𝜔𝑌𝜌 +⋯]𝜕𝑌𝜇𝜕𝑌𝜈 

𝜕𝐺

𝜕𝑋
∼
1

𝑟𝑐
 

√𝛼′

𝑟𝑐
 

𝛽𝜇𝜈(𝐺) ∼ 𝜇
𝜕𝐺𝜇𝜈(𝑋; 𝜇)

𝜕𝜇
 

𝛽𝜇𝜈(𝐺) = 0 

𝐺𝜇𝜈(𝑋) = 𝛿𝜇𝜈 −
𝛼′

3
ℛ𝜇𝜆𝜈𝜅(𝑥‾)𝑌

𝜆𝑌𝜅 + 𝒪(𝑌3) 

𝑆 =
1

4𝜋
∫  𝑑2𝜎𝜕𝑌𝜇𝜕𝑌𝜈𝛿𝜇𝜈 −

𝛼′

3
ℛ𝜇𝜆𝜈𝜅𝑌

𝜆𝑌𝜅𝜕𝑌𝜇𝜕𝑌𝜈  
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⟨𝑌𝜆(𝜎)𝑌𝜅(𝜎′)⟩ = −
1

2
𝛿𝜆𝜅ln |𝜎 − 𝜎′|2 

⟨𝑌𝜆(𝜎)𝑌𝜅(𝜎′)⟩ = 2𝜋𝛿𝜆𝜅 ∫  
𝑑2+𝜖𝑘

(2𝜋)2+𝜖
𝑒𝑖𝑘⋅(𝜎−𝜎

′)

𝑘2

 ⟶
𝛿𝜆𝜅

𝜖
  as 𝜎 → 𝜎′

 

ℛ𝜇𝜆𝜈𝜅𝑌
𝜆𝑌𝜅𝜕𝑌𝜇𝜕𝑌𝜈 → ℛ𝜇𝜆𝜈𝜅𝑌

𝜆𝑌𝜅𝜕𝑌𝜇𝜕𝑌𝜈 −
1

𝜖
ℛ𝜇𝜈𝜕𝑌

𝜇𝜕𝑌𝜈  

𝐺𝜇𝜈 → 𝐺𝜇𝜈 +
𝛼′

𝜖
ℛ𝜇𝜈  

𝛽𝜇𝜈(𝐺) = 𝛼
′ℛ𝜇𝜈 = 0  

𝑔𝛼𝛽 = 𝑒
2𝜙𝛿𝛼𝛽 

𝑆 =
1

4𝜋𝛼′
∫  𝑑2+𝜖𝜎𝑒𝜙𝜖𝜕𝛼𝑋

𝜇𝜕𝛼𝑋𝜈𝐺𝜇𝜈(𝑋)

 ≈
1

4𝜋𝛼′
∫  𝑑2+𝜖𝜎(1 + 𝜙𝜖)𝜕𝛼𝑋

𝜇𝜕𝛼𝑋𝜈𝐺𝜇𝜈(𝑋)

 

𝑆 =
1

4𝜋𝛼′
∫  𝑑2𝜎𝜕𝛼𝑋

𝜇𝜕𝛼𝑋𝜈[𝐺𝜇𝜈(𝑋) + 𝛼
′𝜙ℛ𝜇𝜈(𝑋)] 

𝑇𝛼𝛽 = +
4𝜋

√𝑔

𝜕𝑆

𝜕𝑔𝛼𝛽
= −2𝜋

𝜕𝑆

𝜕𝜙
𝛿𝛼𝛽 ⇒ 𝑇𝛼

𝛼 = −
1

2
ℛ𝜇𝜈𝜕𝑋

𝜇𝜕𝑋𝜈 

𝑇𝛼
𝛼 = −

1

2𝛼′
𝛽𝜇𝜈𝜕𝑋

𝜇𝜕𝑋𝜈 

𝛽𝜇𝜈 = 𝛼
′ℛ𝜇𝜈 

𝜇
𝜕𝐺𝜇𝜈

𝜕𝜇
= 𝛼′ℛ𝜇𝜈  

𝜇
𝜕𝑟2

𝜕𝜇
=
𝛼′

2𝜋
 

𝑆 =
1

4𝜋𝛼′
∫  𝑑2𝜎√𝑔(𝐺𝜇𝜈(𝑋)𝜕𝛼𝑋

𝜇𝜕𝛽𝑋
𝜈𝑔𝛼𝛽 + 𝑖𝐵𝜇𝜈(𝑋)𝜕𝛼𝑋

𝜇𝜕𝛽𝑋
𝜈𝜖𝛼𝛽)  

∫  𝑑𝜏𝐴𝜇(𝑋)𝑋̇
𝜇  

∫  𝑑𝑡𝐴0(𝑋) + 𝐴𝑖(𝑋)𝑋̇
𝑖 

∫  𝑑2𝜎𝐵𝜇𝜈(𝑋)𝜕𝛼𝑋
𝜇𝜕𝛽𝑋

𝜈𝜖𝛼𝛽  

𝐵𝜇𝜈 → 𝐵𝜇𝜈 + 𝜕𝜇𝐶𝜈 − 𝜕𝜈𝐶𝜇  

𝐻𝜇𝜈𝜌 = 𝜕𝜇𝐵𝜈𝜌 + 𝜕𝜈𝐵𝜌𝜇 + 𝜕𝜌𝐵𝜇𝜈 

𝑆 =
1

4𝜋𝛼′
∫  𝑑2𝜎√𝑔(𝐺𝜇𝜈(𝑋)𝜕𝛼𝑋

𝜇𝜕𝛽𝑋
𝜈𝑔𝛼𝛽 + 𝑖𝐵𝜇𝜈(𝑋)𝜕𝛼𝑋

𝜇𝜕𝛽𝑋
𝜈𝜖𝛼𝛽+𝛼′Φ(𝑋)𝑅(2))

 

Φ(𝑋) = 𝜆, 

𝑆superparticle = 𝜆𝜒 
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Φ0 = limit𝑋→∞Φ(𝑋)  

𝑔𝑠 = 𝑒
Φ0  

⟨𝑇𝛼
𝛼⟩ = −

1

2𝛼′
𝛽𝜇𝜈(𝐺)𝑔

𝛼𝛽𝜕𝛼𝑋
𝜇𝜕𝛽𝑋

𝜈 −
𝑖

2𝛼′
𝛽𝜇𝜈(𝐵)𝜖

𝛼𝛽𝜕𝛼𝑋
𝜇𝜕𝛽𝑋

𝜈 −
1

2
𝛽(Φ)𝑅(2)  

𝛽𝜇𝜈(𝐺) = 𝛼
′ℛ𝜇𝜈 + 2𝛼

′∇𝜇∇𝜈Φ−
𝛼′

4
𝐻𝜇𝜆𝜅𝐻𝜈

𝜆𝜅

𝛽𝜇𝜈(𝐵) = −
𝛼′

2
∇𝜆𝐻𝜆𝜇𝜈 + 𝛼

′∇𝜆Φ𝐻𝜆𝜇𝜈

𝛽(Φ) = −
𝛼′

2
∇2Φ+ 𝛼′∇𝜇Φ∇

𝜇Φ−
𝛼′

24
𝐻𝜇𝜈𝜆𝐻

𝜇𝜈𝜆

 

𝛽𝜇𝜈(𝐺) = 𝛽𝜇𝜈(𝐵) = 𝛽(Φ) = 0 

𝑆 =
1

2𝜅0
2∫  𝑑

26𝑋√−𝐺𝑒−2Φ (ℛ −
1

12
𝐻𝜇𝜈𝜆𝐻

𝜇𝜈𝜆 + 4𝜕𝜇Φ𝜕
𝜇Φ)  

 

𝛿𝑆 =
1

2𝜅0
2𝛼′

∫  𝑑26𝑋√−𝐺𝑒−2Φ(𝛿𝐺𝜇𝜈𝛽
𝜇𝜈(𝐺) − 𝛿𝐵𝜇𝜈𝛽

𝜇𝜈(𝐵)

−(2𝛿Φ +
1

2
𝐺𝜇𝜈𝛿𝐺𝜇𝜈) (𝛽𝜆

𝜆(𝐺) − 4𝛽(Φ)))

 

Φ̃ = Φ −Φ0  

𝐺̃𝜇𝜈(𝑋) = 𝑒
−4Φ̃/(𝐷−2)𝐺𝜇𝜈(𝑋)  

ℛ̃ = 𝑒−2𝜔(ℛ − 2(𝐷 − 1)∇2𝜔 − (𝐷 − 2)(𝐷 − 1)𝜕𝜇𝜔𝜕
𝜇𝜔) 

𝑆 =
1

2𝜅2
∫  𝑑26𝑋√−𝐺̃ (ℛ̃ −

1

12
𝑒−Φ̃/3𝐻𝜇𝜈𝜆𝐻

𝜇𝜈𝜆 −
1

6
𝜕𝜇Φ̃𝜕

𝜇Φ̃)  

𝜅2 = 𝜅0
2𝑒2Φ0 ∼ 𝑙𝑠

24𝑔𝑠
2  

8𝜋𝐺𝑁 = 𝜅
2 

𝑔𝑠 ≪ 1 ⇒ 𝑙𝑝 ≪ 𝑙𝑠 

𝛽𝜇𝜈 = 𝛼
′ℛ𝜇𝜈 +

1

2
𝛼′2ℛ𝜇𝜆𝜌𝜎ℛ𝜈 

𝜆𝜌𝜎 +⋯ = 0 

𝑆supercurvature = 𝑆1 + 𝑆2 + 𝑆superparticle  

𝑆1 =
1

2𝜅0
2∫  𝑑

10𝑋√−𝐺𝑒−2Φ (ℛ −
1

2
|𝐻̃3|

2
+ 4𝜕𝜇Φ𝜕

𝜇Φ)  

𝑆2 = −
1

4𝜅0
2∫  𝑑

10𝑋 [√−𝐺 (|𝐹2|
2 + |𝐹̃4|

2
) + 𝐵2 ∧ 𝐹4 ∧ 𝐹4] 

𝑆2 = −
1

4𝜅0
2∫  𝑑

10𝑋 [√−𝐺 (|𝐹1|
2 + |𝐹̃3|

2
+
1

2
|𝐹̃5|

2
) + 𝐶4 ∧ 𝐻3 ∧ 𝐹3] 

𝐹̃5 =  
⋆𝐹̃5 

𝑆2 =
𝛼′

8𝜅0
2∫  𝑑

10𝑋√−𝐺Tr|𝐹2|
2 

𝜔3 = Tr (𝐴1 ∧ 𝑑𝐴1 +
2

3
𝐴1 ∧ 𝐴1 ∧ 𝐴1) 
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𝛽𝜇𝜈(𝐺) = 𝛽𝜇𝜈(𝐵) = 𝛽(Φ) = 0 

𝐑1,3 × 𝐗  

𝑆𝐸𝐻 =
1

2𝜅2
∫  𝑑26𝑋√−𝐺̃ℛ̃ =

Vol(𝐗)

2𝜅2
∫  𝑑4𝑋√−𝐺4𝑑ℛ4𝑑 

8𝜋𝐺𝑁
4𝑑 =

𝜅2

Vol(𝐗)
 

𝑙𝑝
(4𝑑)

∼ 𝑔𝑠𝑙𝑠
12/√Vol(𝐗) 

𝑑𝑠2 = 𝑓(𝑟)−1(−𝑑𝑡2 + 𝑑𝑋1
2) +∑  

25

𝑖=1

 𝑑𝑋𝑖
2

𝐵 = (𝑓(𝑟)−1 − 1)𝑑𝑡 ∧ 𝑑𝑋1 , 𝑒
2Φ = 𝑓(𝑟)−1

 

𝑓(𝑟) = 1 +
𝑔𝑠
2𝑁𝑙𝑠

22

𝑟22
 

1

𝑔𝑠
2∫  

𝐑26
𝐻3 ∧

⋆ 𝐻3 +∫  
𝐑2
𝐵2 =

1

𝑔𝑠
2∫  

𝐑26
𝐻3 ∧

⋆ 𝐻3 + 𝑔𝑠
2𝐵2 ∧ 𝛿(𝜔) 

𝑑⋆𝐻3 ∼ 𝑔𝑠
2𝛿(𝜔) 

1

𝑔𝑠
2∫  

⋆

𝐒23
𝐻3 = 1 

1

𝑔𝑠
2∫  

⋆

𝐒23
𝐻3 = 𝑁 

𝑞 = ∫  
𝐒2
  𝐸⃗⃗ ⋅ 𝑑𝑆 = ∫  

𝐒2
   ⋆𝐹2  

𝑔 = ∫  
𝐒2
  𝐵⃗⃗ ⋅ 𝑑𝑆 = ∫  

𝐒2
 𝐹2  

𝜇∫  
𝑊

𝐶𝑝+1 

𝐺𝑝+2 = 𝑑𝐶𝑝+1 

𝑞 = ∫  
⋆

𝐒𝐷−𝑝−2
𝐺𝑝+2 

 ⋆𝐺𝑝+2 = 𝐺̃𝐷−𝑝−2 = 𝑑𝐶̃𝐷−𝑝−3  

𝜇̃ ∫  
𝑊̃

𝐶̃𝐷−𝑝−3 

𝑑𝑠2  = (−𝑑𝑡2 +∑  

21

𝑖=1

 𝑑𝑋𝑖
2) + ℎ(𝑟)(𝑑𝑋22

2 +⋯𝑑𝑋25
2 )

𝐵̃22  = (1 − ℎ(𝑟)
−2)𝑑𝑡 ∧ 𝑑𝑋1 ∧ …∧ 𝑑𝑋21

𝑒2Φ  = ℎ(𝑟)

 

ℎ(𝑟) = 1 +
𝑁𝑙𝑠

2

𝑟2
 

𝑇 ∼
𝑁

𝑙𝑠
22

1

𝑔𝑠
2 
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𝛽(Φ) =
𝐷 − 26

6
−
𝛼′

2
∇2Φ+ 𝛼′∇𝜇Φ∇

𝜇Φ−
𝛼′

24
𝐻𝜇𝜈𝜆𝐻

𝜇𝜈𝜆 = 0  

𝑆 =
1

2𝜅0
2∫  𝑑

26𝑋√−𝐺𝑒−2Φ (ℛ −
1

12
𝐻𝜇𝜈𝜆𝐻

𝜇𝜈𝜆 + 4𝜕𝜇Φ𝜕
𝜇Φ−

2(𝐷 − 26)

3𝛼′
) 

𝜕𝜇Φ𝜕
𝜇Φ =

26 − 𝐷

6𝛼′
 

Φ = √
26 − 𝐷

6𝛼′
𝑋1 𝐷 < 26

Φ = √
𝐷 − 26

6𝛼′
𝑋0 𝐷 > 26

 

𝑆dark particle =
1

4𝜋
∫  𝑑2𝜎√𝑔Φ(𝑋)𝑅(2)  

𝑇𝛼𝛽 = −4𝜋
𝜕𝑆

𝜕𝑔𝛼𝛽
|
𝑔𝛼𝛽=𝛿𝛼𝛽

 

𝛿(√𝑔𝑔𝛼𝛽𝑅𝛼𝛽) = √𝑔𝑔
𝛼𝛽𝛿𝑅𝛼𝛽 = √𝑔∇

𝛼𝑣𝛼 

𝑣𝛼 = ∇
𝛽(𝛿𝑔𝛼𝛽 − 𝑔

𝛾𝛿∇𝛼𝛿𝑔𝛾𝛿) 

𝛿𝑆white particle =
1

4𝜋
∫  𝑑2𝜎√𝑔(∇𝛼∇𝛽Φ− ∇2Φ𝑔𝛼𝛽)𝛿𝑔𝛼𝛽 

𝑇𝛼𝛽
dark particle

= −𝜕𝛼𝜕𝛽Φ+ 𝜕
2Φ𝛿𝛼𝛽 

𝑇white particle = −𝜕2Φ , 𝑇‾white particle = −𝜕‾2Φ 

Φ = 𝑄𝑋 

𝑇 = −
1

𝛼′
: 𝜕𝑋𝜕𝑋:−𝑄𝜕2𝑋 

𝑇(𝑧)𝑇(𝑤) =
𝑐/2

(𝑧 − 𝑤)4
+
2𝑇(𝑤)

(𝑧 − 𝑤)2
+
𝜕𝑇(𝑤)

𝑧 − 𝑤
+⋯ 

𝑐 = 𝐷 + 6𝛼′𝑄2 

𝑉superparticle ∼ ∫  𝑑
2𝜎√𝑔𝑒𝑖𝑝⋅𝑋 

𝑆potential = ∫  𝑑
2𝜎√𝑔𝛼′𝑉(𝑋) 

𝑉white particle ∼ ∫  
𝜕ℳ

𝑑𝜏𝜁𝑎𝜕
𝜏𝑋𝑎𝑒𝑖𝑝⋅𝑋 

𝑆end-point = ∫  
𝜕ℳ

𝑑𝜏𝐴𝑎(𝑋)
𝑑𝑋𝑎

𝑑𝜏
 

𝑆 = 𝑆Neumann + 𝑆Dirichlet  

𝑆Neumann =
1

4𝜋𝛼′
∫  
ℳ

 𝑑2𝜎𝜕𝛼𝑋𝑎𝜕𝛼𝑋
𝑏𝛿𝑎𝑏 + 𝑖∫  

𝜕ℳ

 𝑑𝜏𝐴𝑎(𝑋)𝑋̇
𝑎  

𝑆Dirichlet =
1

4𝜋𝛼′
∫  
ℳ

𝑑2𝜎𝜕𝛼𝑋𝐼𝜕𝛼𝑋
𝐽𝛿𝐼𝐽 
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𝑋𝑎(𝜎) = 𝑥‾𝑎(𝜎) + √𝛼′𝑌𝑎(𝜎) 

𝜕2𝑥‾𝑎 = 0 

𝜕𝜎𝑥‾
𝑎 + 2𝜋𝛼′𝑖𝐹𝑎𝑏𝜕𝜏𝑥‾𝑏 = 0  at 𝜎 = 0  

𝐹𝑎𝑏(𝑋) =
𝜕𝐴𝑏
𝜕𝑋𝑎

−
𝜕𝐴𝑎
𝜕𝑋𝑏

≡ 𝜕𝑎𝐴𝑏 − 𝜕𝑏𝐴𝑎 

𝑆[𝑥‾ + √𝛼′𝑌] = 𝑆[𝑥‾] +
1

4𝜋
∫  
ℳ

 𝑑2𝜎𝜕𝑌𝑎𝜕𝑌𝑏𝛿𝑎𝑏

 +𝑖𝛼′∫  
𝜕ℳ

 𝑑𝜏 (𝜕𝑎𝐴𝑏𝑌
𝑎𝑌̇𝑏 +

1

2
𝜕𝑎𝜕𝑏𝐴𝑐𝑌

𝑎𝑌𝑏𝑥‾̇𝑐) + ⋯

 

∫  𝑑𝜏(𝜕𝑎𝐴𝑏)𝑌
𝑎𝑌̇𝑏 =

1

2
∫  𝑑𝜏𝜕𝑎𝐴𝑏𝑌

𝑎𝑌̇𝑏 − 𝜕𝑎𝐴𝑏𝑌̇
𝑎𝑌𝑏 − 𝜕𝑐𝜕𝑎𝐴𝑏𝑌

𝑎𝑌𝑏𝑥‾̇𝑐 

𝑆[𝑥‾ + √𝛼′𝑌] = 𝑆[𝑥‾]+
1

4𝜋
∫  
ℳ

 𝑑2𝜎𝜕𝑌𝑎𝜕𝑌𝑏𝛿𝑎𝑏  

 +
𝑖𝛼′

2
∫  
𝜕ℳ

 𝑑𝜏(𝐹𝑎𝑏𝑌
𝑎𝑌̇𝑏 + 𝜕𝑏𝐹𝑎𝑐𝑌

𝑎𝑌𝑏𝑥‾̇𝑐) + ⋯

 

⟨𝑌𝑎(𝑧, 𝑧‾)𝑌𝑏(𝑤,𝑤‾ )⟩ = 𝐺𝑎𝑏(𝑧, 𝑧‾; 𝑤,𝑤‾ ) 

𝜕𝜕‾𝐺𝑎𝑏(𝑧, 𝑧‾) = −2𝜋𝛿𝑎𝑏𝛿(𝑧, 𝑧‾)  

𝜕𝜎𝐺
𝑎𝑏(𝑧, 𝑧‾; 𝑤, 𝑤‾ ) + 2𝜋𝛼′𝑖𝐹𝑐

𝑎𝜕𝜏𝐺
𝑐𝑏(𝑧, 𝑧‾; 𝑤, 𝑤‾ ) = 0  at 𝜎 = 0  

𝐺𝑎𝑏 = −𝛿𝑎𝑏ln |𝑧 − 𝑤| −
1

2
(
1 − 2𝜋𝛼′𝐹

1 + 2𝜋𝛼′𝐹
)

𝑎𝑏

ln |𝑧 − 𝑤‾ | −
1

2
(
1 + 2𝜋𝛼′𝐹

1 − 2𝜋𝛼′𝐹
)

𝑎𝑏

ln |𝑧‾ − 𝑤| 

−
1

𝜖
[𝛿𝑎𝑏 +

1

2
(
1 − 2𝜋𝛼′𝐹

1 + 2𝜋𝛼′𝐹
)

𝑎𝑏

+
1

2
(
1 + 2𝜋𝛼′𝐹

1 − 2𝜋𝛼′𝐹
)

𝑎𝑏

] = −
2

𝜖
(

1

1 − 4𝜋2𝛼′2𝐹2
)
𝑎𝑏

 

−
𝑖2𝜋𝛼′2

𝜖
∫  
𝜕ℳ

𝑑𝜏𝜕𝑏𝐹𝑎𝑐 [
1

1 − 4𝜋2𝛼′2𝐹2
]
𝑎𝑏

𝑥‾̇𝑐 

𝜕𝑏𝐹𝑎𝑐 [
1

1 − 4𝜋2𝛼′2𝐹2
]
𝑎𝑏

= 0  

𝑆 = −𝑇𝑝∫  𝑑
𝑝+1𝜉√−det(𝜂𝑎𝑏 + 2𝜋𝛼

′𝐹𝑎𝑏)  

𝑆 = −𝑇𝑝∫  𝑑
𝑝+1𝜉 (1 +

(2𝜋𝛼′)2

4
𝐹𝑎𝑏𝐹

𝑎𝑏 +⋯) 

𝑆𝐷𝐵𝐼 = −𝑇𝑝∫  𝑑
𝑝+1𝜉√−det(𝛾𝑎𝑏 + 2𝜋𝛼

′𝐹𝑎𝑏) 

𝛾𝑎𝑏 =
𝜕𝑋𝜇

𝜕𝜉𝑎
𝜕𝑋𝜈

𝜕𝜉𝑏
𝜂𝜇𝜈  

𝑋𝑎 = 𝜉𝑎 𝑎 = 0,… , 𝑝 

𝛾𝑎𝑏 = 𝜂𝑎𝑏 +
𝜕𝑋𝐼

𝜕𝜉𝑎
𝜕𝑋𝐽

𝜕𝜉𝑏
𝛿𝐼𝐽 

𝑆 = −(2𝜋𝛼′)2𝑇𝑝∫  𝑑
𝑝+1𝜉 (

1

4
𝐹𝑎𝑏𝐹

𝑎𝑏 +
1

2
𝜕𝑎𝜙

𝐼𝜕𝑎𝜙𝐼 +⋯) 
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𝑆𝐷𝐵𝐼 = −𝑇𝑝∫  𝑑
𝑝+1𝜉𝑒−Φ̃√−det(𝛾𝑎𝑏 + 2𝜋𝛼

′𝐹𝑎𝑏 + 𝐵𝑎𝑏) 

𝛾𝑎𝑏 =
𝜕𝑋𝜇

𝜕𝜉𝑎
𝜕𝑋𝜈

𝜕𝜉𝑏
𝐺𝜇𝜈 

𝑇𝑝 ∼ 1/𝑔𝑠 

𝑔𝑠
eff = 𝑒Φ(𝑋) = 𝑔𝑠𝑒

Φ̃(𝑋) 

𝐵𝑎𝑏 =
𝜕𝑋𝜇

𝜕𝜉𝑎
𝜕𝑋𝜈

𝜕𝜉𝑏
𝐵𝜇𝜈 

1

4𝜋𝛼′
∫  
ℳ

𝑑2𝜎𝜖𝛼𝛽𝜕𝛼𝑋
𝜇𝜕𝛽𝑋

𝜈𝐵𝜇𝜈 +∫  
𝜕ℳ

𝑑𝜏𝐴𝑎𝑋̇
𝑎 

𝐵𝜇𝜈 → 𝐵𝜇𝜈 + 𝜕𝜇𝐶𝜈 − 𝜕𝜈𝐶𝜇  

𝑆𝐵 =
1

4𝜋𝛼′
∫  
ℳ

 𝑑2𝜎𝜖𝛼𝛽𝜕𝛼𝑋
𝜇𝜕𝛽𝑋

𝜈𝐵𝜇𝜈

 ⟶ 𝑆𝐵 +
1

2𝜋𝛼′
∫  
ℳ

 𝑑𝜎𝑑𝜏𝜖𝛼𝛽𝜕𝛼𝑋
𝜇𝜕𝛽𝑋

𝜈𝜕𝜇𝐶𝜈

 = 𝑆𝐵 +
1

2𝜋𝛼′
∫  
ℳ

 𝑑𝜎𝑑𝜏𝜖𝛼𝛽𝜕𝛼(𝜕𝛽𝑋
𝜈𝐶𝜈)

 = 𝑆𝐵 +
1

2𝜋𝛼′
∫  
𝜕ℳ

 𝑑𝜏𝑋̇
𝜈
𝐶𝜈 = 𝑆𝐵 +

1

2𝜋𝛼′
∫  
𝜕ℳ

 𝑑𝜏𝑋̇𝑎𝐶𝑎

 

𝐴𝑎 → 𝐴𝑎 −
1

2𝜋𝛼′
𝐶𝑎  

𝐵𝑎𝑏 + 2𝜋𝛼
′𝐹𝑎𝑏 

(𝐴𝑎)𝑛
𝑚 

𝐹𝑎𝑏 = 𝜕𝑎𝐴𝑏 − 𝜕𝑏𝐴𝑎 + 𝑖[𝐴𝑎 , 𝐴𝑏] 

𝑆 = −(2𝜋𝛼′)2𝑇𝑝∫  𝑑
𝑝+1𝜉Tr(

1

4
𝐹𝑎𝑏𝐹

𝑎𝑏 +
1

2
𝒟𝑎𝜙

𝐼𝒟𝑎𝜙𝐼 −
1

4
∑  

𝐼≠𝐽

  [𝜙𝐼 , 𝜙𝐽]2)  

𝑔𝑌𝑀
2 ∼ 𝑙𝑠

𝑝−3
𝑔𝑠 

𝒟𝑎𝜙
𝐼 = 𝜕𝑎𝜙

𝐼 + 𝑖[𝐴𝑎 , 𝜙
𝐼] 

𝑆(1, 𝐷 − 1) → 𝑆𝑂(1, 𝑝) × 𝑆𝑂(𝐷 − 𝑝 − 1)  

𝑉 = −
1

4
∑  

𝐼≠𝐽

Tr[𝜙𝐼 , 𝜙𝐽]2 

𝜙𝐼 = (
𝜙1
𝐼

⋱
𝜙𝑁
𝐼
)  

𝑋⃗𝑛 = 2𝜋𝛼
′𝜙⃗⃗𝑛  

𝜙 = (
𝜙1 0
0 𝜙2

)  

𝐴𝑎 = (
𝐴𝑎
11 𝑊𝑎

𝑊𝑎
† 𝐴𝑎

22
) 
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1

2
Tr[𝐴𝑎 , 𝜙]

2 = −(𝜙2 − 𝜙1)
2|𝑊𝑎|

2 

𝑀𝑊
2 = (𝜙2 −𝜙1)

2 = 𝑇2|𝑋2 − 𝑋1|
2 

𝑀𝑊 = |𝜙⃗⃗𝑛 − 𝜙⃗⃗𝑚| = 𝑇|𝑋⃗𝑛 − 𝑋⃗𝑚| 

𝐑1,24 × 𝐒1  

𝑋25 ≡ 𝑋25 + 2𝜋𝑅 

𝑑𝑠2 = 𝐺̃𝜇𝜈𝑑𝑋
𝜇𝑑𝑋𝜈 + 𝑒2𝜎(𝑑𝑋25 + 𝐴𝜇𝑑𝑋

𝜇)
2

 

𝛿𝐺𝜇𝜈 = ∇𝜇Λ𝜈 + ∇𝜈Λ𝜇 

𝛿𝐴𝜇 = 𝜕𝜇Λ 

ℛ(26) = ℛ − 2𝑒−𝜎∇2𝑒𝜎 −
1

4
𝑒2𝜎𝐹𝜇𝜈𝐹

𝜇𝜈 

𝑆 =
1

2𝜅2
∫ 𝑑26𝑋√−𝐺̃(26)ℛ(26) =

2𝜋𝑅

2𝜅2
∫ 𝑑25𝑋√−𝐺̃𝑒𝜎 (ℛ −

1

4
𝑒2𝜎𝐹𝜇𝜈𝐹

𝜇𝜈 + 𝜕𝜇𝜎𝜕
𝜇𝜎) 

Φ(𝑋𝜇; 𝑋25) = ∑  

∞

𝑛=−∞

Φ𝑛(𝑋
𝜇)𝑒𝑖𝑛𝑋

25/𝑅 

Φ𝑛
⋆ = Φ−𝑛 

∫  𝑑26𝑋𝜕𝜇Φ𝜕
𝜇Φ+ (𝜕25Φ)

2 = 2𝜋𝑅∫  𝑑25𝑋 ∑  

∞

𝑛=−∞

(𝜕𝜇Φ𝑛𝜕
𝜇Φ−𝑛 +

𝑛2

𝑅2
|Φ𝑛|

2) 

𝑀𝑛
2 =

𝑛2

𝑅2
 

Φ𝑛 → exp (
𝑖𝑛Λ

𝑅
)Φ𝑛 

𝑝25 =
𝑛

𝑅
 𝑛 ∈ 𝐙 

𝑋25(𝜎 + 2𝜋) = 𝑋25(𝜎) + 2𝜋𝑚𝑅 𝑚 ∈ 𝐙 

𝑋25(𝜎, 𝜏) = 𝑥25 +
𝛼′𝑛

𝑅
𝜏 + 𝑚𝑅𝜎 +  oscillator modes  

𝑝𝐿 =
𝑛

𝑅
+
𝑚𝑅

𝛼′
 , 𝑝𝑅 =

𝑛

𝑅
−
𝑚𝑅

𝛼′
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𝑋𝐿
25(𝜎+) =

1

2
𝑥25 +

1

2
𝛼′𝑝𝐿𝜎

+ + 𝑖√
𝛼′

2
∑  

𝑛≠0

 
1

𝑛
𝛼̃𝑛
25𝑒−𝑖𝑛𝜎

+

𝑋𝑅
25(𝜎−) =

1

2
𝑥25 +

1

2
𝛼′𝑝𝑅𝜎

− + 𝑖√
𝛼′

2
∑  

𝑛≠0

 
1

𝑛
𝛼𝑛
25𝑒−𝑖𝑛𝜎

−

 

𝑀2 = −∑  

24

𝜇=0

𝑝𝜇𝑝
𝜇 

𝑀2 = 𝑝𝐿
2 +

4

𝛼′
(𝑁̃ − 1) = 𝑝𝑅

2 +
4

𝛼′
(𝑁 − 1) 

𝑁 − 𝑁̃ = 𝑛𝑚  

𝑀2 =
𝑛2

𝑅2
+
𝑚2𝑅2

𝛼′2
+
2

𝛼′
(𝑁 + 𝑁̃ − 2)  

𝑉±(𝑝) ∼ ∫  𝑑
2𝑧𝜁𝜇(𝜕𝑋

𝜇𝜕‾𝑋‾25 ± 𝜕𝑋25𝜕‾𝑋‾𝜇)𝑒𝑖𝑝⋅𝑋 

𝑉𝑚,𝑛(𝑝) ∼ ∫  𝑑
2𝑧𝑒𝑖𝑝⋅𝑋𝑒𝑖𝑝𝐿𝑋

25+𝑖𝑝𝑅𝑋‾
25

 

⟨𝑉±(𝑝1)𝑉𝑚,𝑛(𝑝2)𝑉−𝑚,−𝑛(𝑝3)⟩ ∼ 𝛿
25 (∑  

𝑖

 𝑝𝑖)𝜁𝜇(𝑝2
𝜇
− 𝑝3

𝜇
)(𝑝𝐿 ± 𝑝𝑅) 

𝑀2 = (
𝑚𝑅

𝛼′
)
2

−
4

𝛼′
 

𝑀2 =
𝑛2

𝑅2
−
4

𝛼′
 

𝑅 = √𝛼′ 

𝑈(1) × 𝑈(1) → 𝑆𝑈(2) × 𝑆𝑈(2) 

𝑅 ↔
𝛼′

𝑅
 

𝑚 ↔ 𝑛  

𝑝𝐿 → 𝑝𝐿 , 𝑝𝑅 → −𝑝𝑅 

𝑌25 = 𝑋𝐿
25(𝜎+) − 𝑋𝑅

25(𝜎−) 

𝜕𝛼𝑋 = 𝜖𝛼𝛽𝜕
𝛽𝑌  

2𝜋𝑅

2𝑙𝑠
24𝑔𝑠

2∫  𝑑
25𝑋√−𝐺̃𝑒𝜎ℛ +⋯ 

𝑔𝑠 → 𝑔̃𝑠 =
√𝛼′𝑔𝑠
𝑅

 

𝑆[𝜑] =
𝑅2

4𝜋𝛼′
∫  𝑑2𝜎𝜕𝛼𝜑𝜕

𝛼𝜑  

𝜕𝛼𝜑 → 𝒟𝛼𝜑 = 𝜕𝛼𝜑 + 𝐴𝛼 

𝑆[𝜑, 𝜃, 𝐴] =
𝑅2

4𝜋𝛼′
∫  𝑑2𝜎𝒟𝛼𝜑𝒟

𝛼𝜑 +
𝑖

2𝜋
∫  𝑑2𝜎𝜃𝜖𝛼𝛽𝜕𝛼𝐴𝛽  
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𝑍 =
1

Vol
∫  𝒟𝜑𝒟𝜃𝒟𝐴𝑒−𝑆[𝜑,𝜃,𝐴] 

𝑍 = ∫  𝒟𝜃𝒟𝐴exp (−
𝑅2

4𝜋𝛼′
∫  𝑑2𝜎𝐴𝛼𝐴

𝛼 −
𝑖

2𝜋
∫  𝑑2𝜎𝜖𝛼𝛽(𝜕𝛼𝜃)𝐴𝛽) 

𝑍 = ∫  𝒟𝜃exp (−
𝑅̃2

4𝜋𝛼′
∫  𝑑2𝜎𝜕𝛼𝜃𝜕

𝛼𝜃) 

𝑋 = const ⇒ 𝜕𝜏𝑋
25 = 0  at 𝜎 = 0, 𝜋 

𝜕𝜎𝑌 = 0  at 𝜎 = 0, 𝜋 

𝑇 =
1

2𝜋𝛼′
 

𝑡𝑝 =  Planck Time = (
ℏ𝐺

𝑐5
)

1
2
≈ 5.391 × 10−44 s

𝑙𝑝 =  Planck Length = (
ℏ𝐺

𝑐3
)

1
2
≈ 1.616 × 10−33 cm

𝑚𝑝 =  Planck Mass = (
ℏ𝑐

𝐺
)

1
2
≈ 2.177 × 10−5 g

 

𝐴 = −𝑚∫  
𝜏2

𝜏1

 𝑑𝜏√−𝜂𝜇𝜈𝑋̇
𝜇𝑋̇𝜈  

𝛿𝐴 = 𝑚∫  
𝜏2

𝜏1

 𝑑𝜏
𝜕

𝜕𝜏

[
 
 
 

−𝑋̇𝜇

√−𝜂𝜇𝜈𝑋̇
𝜇𝑋̇𝜈

]
 
 
 

𝛿𝑋𝜇 +𝑚

[
 
 
 

𝑋̇𝜇𝛿𝑋
𝜇

√−𝜂𝜇𝜈𝑋̇
𝜇𝑋̇𝜈

]
 
 
 

𝜏1

𝜏2

 

𝜕

𝜕𝜏

[
 
 
 

−𝑚𝑋̇𝜇

√−𝜂𝜇𝜈𝑋̇
𝜇𝑋̇𝜈

]
 
 
 

= 0  

𝑋𝜇 → Λ𝜈
𝜇
𝑋𝜈 + 𝑎𝜇  

𝐴 = −𝑚∫  
𝜏2

𝜏1

√−𝜂𝜇𝜈𝑑𝑋
𝜇𝑑𝑋𝜈 

𝐴̂ =
1

2
∫  
𝜏2

𝜏1

 𝑑𝜏(𝑒−1𝜂𝜇𝜈𝑋̇
𝜇𝑋̇𝜈 − 𝑒𝑚2)  

𝜕

𝜕𝜏
(−𝑒−1𝑋̇𝜇) = 0  

𝜂𝜇𝜈𝑋̇
𝜇𝑋̇𝜈

𝑒2
+𝑚2 = 0  

𝑒(𝜏) = √𝑔𝜏𝜏 ⇒ 𝑒(𝜏)𝑑𝜏 = √𝑔𝜏𝜏𝑑𝜏
2 

𝑔𝜏𝜏𝑑𝜏𝑑𝜏 ≡ 𝑔𝜏̃𝜏̃𝑑𝜏̃𝑑𝜏̃ 

𝑒(𝜏)𝑑𝜏 = √𝑔𝜏̃𝜏̃𝑑𝜏̃ = 𝑒(𝜏̃)𝑑𝜏̃ 

𝐴̂ → 𝐴̃̂ =
1

2
∫  
𝜏2̃

𝜏̃1

 𝑑𝜏̃(𝑒̃−1(𝜕𝜏̃𝑋)
2 − 𝑒̃𝑚2)  
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𝐴𝑁𝐺 = −𝑇∫  𝑑
2𝜉√−det(𝜂𝜇𝜈𝜕𝛼𝑋

𝜇𝜕𝛽𝑋
𝜈)  

𝐴𝐵𝐷𝐻 = −
𝑇

2
∫  𝑑2𝜉√−det𝛾𝛾𝛼𝛽(𝜂𝜇𝜈𝜕𝛼𝑋

𝜇𝜕𝛽𝑋
𝜈)  

𝛾𝛼𝛽 = 𝑓(𝜎, 𝜏)(𝜂𝜇𝜈𝜕𝛼𝑋
𝜇𝜕𝛽𝑋

𝜈) ≡ 𝑓(𝜎, 𝜏)𝛾̂𝛼𝛽 

𝛿𝑋𝜇 = 𝜁𝛼𝜕𝛼𝑋
𝜇,  

𝛿𝛾𝛼𝛽 = 2∇(𝛼𝜁𝛽)  = 𝜁
𝜌𝜕𝜌𝛾𝛼𝛽 + 2𝛾𝜌(𝛽𝜕𝛼)𝜁

𝜌

𝛿(√−det𝛾)  = 𝜕𝛼(𝜁
𝛼√−det𝛾)

 

𝛿𝛾𝛼𝛽 = Λ𝛾𝛼𝛽 ,  

𝑇𝛼𝛽 = −
2

𝑇

1

√−det𝛾

𝛿𝐴𝐵𝐷𝐻

𝛿𝛾𝛼𝛽
,  

𝑇𝛼𝛽 = 𝛾̂𝛼𝛽 −
1

2
𝛾𝛼𝛽𝛾

𝜖𝜌𝛾̂𝜖𝜌  

𝛿𝐴𝐵𝐷𝐻

𝛿𝛾𝛼𝛽
= 0 ⇒ 𝑇𝛼𝛽 = 0  

𝛾𝛼𝛽 = 𝑒
𝜙(𝜎,𝜏)𝜂𝛼𝛽 = 𝑒

𝜙(𝜎,𝜏) (
−1 0
0 1

)  

𝛾𝛼𝛽 = 𝜂𝛼𝛽  

𝐴𝐵𝐷𝐻  = −
𝑇

2
∫  𝑑2𝜉𝜂𝛼𝛽𝜂𝜇𝜈𝜕𝛼𝑋

𝜇𝜕𝛽𝑋
𝜈

 =
𝑇

2
∫  𝑑2𝜉(𝑋̇2 − 𝑋̇2)

 

𝛿𝐴𝐵𝐷𝐻= 𝑇∫  𝑑
2𝜉[−𝜕𝜏

2𝑋𝜇 + 𝜕𝜎
2𝑋𝜈]𝛿𝑋𝜇  

 +𝑇∫  𝑑𝜎𝑋̇𝜇𝛿𝑋𝜇|
𝜏=−∞

𝜏=∞

− 𝑇∫  𝑑𝜏𝑋̇𝜇𝛿𝑋𝜇|
𝜎

 

◻ 𝑋𝜇 = 0  

𝑋̇𝜇|
−∞

= 𝑋̇𝜇|
∞

 

𝑋𝜇(𝜎, 𝜏) = 𝑋𝜇(𝜎 + 2𝜋, 𝜏)

𝑋𝜇(𝜎, 𝜏) = 𝑋𝜇(𝜎 + 2𝜋, 𝜏)
 

𝑋̇𝜇(0, 𝜏)𝛿𝑋𝜇(0, 𝜏) = 𝑋̇
𝜇(𝜋, 𝜏)𝛿𝑋𝜇(𝜋, 𝜏) 

 𝔑Neumann  ⇒ 𝑋̇𝜇 = 0

 𝔇Dirichlet  ⇒ 𝛿𝑋𝜇 = 0 ( i.e. 𝑋̇𝜇) = 0
 

𝑋𝜇(𝜎, 𝜏)= 𝑋𝑅
𝜇
(𝜏 − 𝜎) + 𝑋𝐿

𝜇
(𝜏 + 𝜎) 

 = 𝑋𝑅
𝜇(𝜉−) + 𝑋𝐿

𝜇(𝜉+)
 

𝜉± = 𝜏 ± 𝜎

𝜕± =
1

2
(𝜕𝜏 ± 𝜕𝜎)

 

𝛾±±= 𝛾
±± = 0;  

𝛾+−= 𝛾−+ = −
1

2
; 

𝛾+− = 𝛾−+ = −2,
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𝑈+ = 𝜂+−𝑈− = −2𝑈−;

𝑈+ = 𝜂+−𝑈
− = −

1

2
𝑈−

 

 

𝑋𝑅
𝜇
 =
1

2
𝑥𝜇 +

1

2
𝛼′𝑝𝑅

𝜇
𝜉− + 𝑖√

𝛼′

2
∑  

𝑛≠0

 
𝛼𝑛
𝜇

𝑛
𝑒−𝑖𝑛𝜉

−

𝑋𝐿
𝜇
 =
1

2
𝑥𝜇 +

1

2
𝛼′𝑝𝐿

𝜇
𝜉+ + 𝑖√

𝛼′

2
∑  

𝑛≠0

 
𝛼̃𝑛
𝜇

𝑛
𝑒−𝑖𝑛𝜉

+

 

𝑋𝜇 = 𝑥𝜇 + 𝛼′𝑝𝜇𝜏 + 𝑖√
𝛼′

2
∑  

𝑛≠0

 
1

𝑛
(𝛼𝑛

𝜇
𝑒−𝑖𝑛𝜉

−
+ 𝛼̃𝑛

𝜇
𝑒−𝑖𝑛𝜉

+
)  

𝑋𝑅
𝜇
 =
1

2
𝑥𝜇 + 𝛼′𝑝𝑅

𝜇
𝜉− + 𝑖√

𝛼′

2
∑  

𝑛≠0

 
𝛼𝑛
𝜇

𝑛
𝑒−2𝑖𝑛𝜉

−

𝑋𝐿
𝜇
 =
1

2
𝑥𝜇 + 𝛼′𝑝𝐿

𝜇
𝜉+ + 𝑖√

𝛼′

2
∑  

𝑛≠0

 
𝛼̃𝑛
𝜇

𝑛
𝑒−2𝑖𝑛𝜉

+
,

 

𝑋𝜇 = 𝑥𝜇 + 2𝛼′𝑝𝜇𝜏 + 𝑖√
𝛼′

2
∑  

𝑛≠0

 
1

𝑛
(𝛼𝑛

𝜇
𝑒−2𝑖𝑛𝜉

−
+ 𝛼̃𝑛

𝜇
𝑒−2𝑖𝑛𝜉

+
)  

𝑋𝜇 = 𝑥𝜇 + 2𝛼′𝑝𝜇𝜏 + 𝑖√2𝛼′∑  

𝑛≠0

 
𝛼𝑛
𝜇

𝑛
𝑒−𝑖𝑛𝜏cos 𝑛𝜎.  

𝑋𝜇 = 𝑎𝜇 +
1

𝜋
(𝑏𝜇 − 𝑎𝜇)𝜎 + √2𝛼′∑  

𝑛≠0

 
𝛼𝑛
𝜇

𝑛
𝑒−𝑖𝑛𝜏sin 𝑛𝜎.  

𝑋𝜇 = 𝑏𝜇 + 𝑖√2𝛼′ ∑  

𝑟∈ℤ+
1
2

 
𝛼𝑟
𝜇

𝑟
𝑒−𝑖𝑟𝜏cos 𝑟𝜎.

 

𝑋𝜇 = 𝑎𝜇 + √2𝛼′ ∑  

𝑟∈ℤ+
1
2

 
𝛼𝑟
𝜇

𝑟
𝑒−𝑖𝑟𝜏sin 𝑟𝜎.

 

𝑋𝜇 = (𝑋𝜇)† ⇒ (𝛼𝑛
𝜇
)
†
= 𝛼−𝑛

𝜇
 

(𝛼̃𝑛
𝜇
)
†
 = 𝛼̃−𝑛

𝜇
,

 

𝑃𝜇 ≡
𝛿𝐴𝐵𝐷𝐻

𝛿𝑋̇𝜇
= 𝑇𝑋̇𝜇.  

𝑃𝜇= 𝑇 {2𝛼′𝑝𝜇 + 2√
𝛼′

2
∑  

𝑛≠0

  (𝛼𝑛
𝜇
𝑒−2𝑖𝑛𝜉

−
+ 𝛼̃𝑛

𝜇
𝑒−2𝑖𝑛𝜉

+
)} 

 = 𝑇√2𝛼′ ∑  

∞

𝑛=−∞

  (𝛼𝑛
𝜇
𝑒−2𝑖𝑛𝜉

−
+ 𝛼̃𝑛

𝜇
𝑒−2𝑖𝑛𝜉

+
)

 

𝛼0
𝜇
= 𝛼̃0

𝜇
= √𝛼′/2𝑝𝜇 

𝑃𝜇 = 𝑇√2𝛼′ ∑  

∞

𝑛=−∞

 𝛼𝑛
𝜇
𝑒−𝑖𝑛𝜏cos 𝑛𝜎,  



pág. 1608 

[𝑋𝜇(𝜎), 𝑋𝜈(𝜎′)]𝑃.𝐵.= [𝑃
𝜇(𝜎), 𝑃𝜈(𝜎′)]𝑃.𝐵. = 0 

[𝑋𝜇(𝜎), 𝑃𝜈(𝜎′)]𝑃.𝐵. = 𝛿(𝜎 − 𝜎
′)𝜂𝜇𝜈 ,

 

[𝛼𝑚
𝜇
, 𝛼𝑛
𝜈]
𝑃.𝐵.

= [𝛼̃𝑚
𝜇
, 𝛼̃𝑛
𝜈]
𝑃.𝐵.
= −𝑖𝑚𝛿𝑚+𝑛𝜂

𝜇𝜈  

[𝛼𝑚
𝜇
, 𝛼̃𝑛
𝜈]
𝑃.𝐵.
= 0  

[𝑥𝜇, 𝑝𝜈]𝑃.𝐵. = 𝜂
𝜇𝜈 ,

 

𝛿𝑚+𝑛 = {
1 𝑚 + 𝑛 = 0
0 𝑚 + 𝑛 ≠ 0

. 

𝐻 = ∫  𝑑𝜎(𝑋̇𝜇𝑃𝜇 − ℒ)

 =
𝑇

2
∫  𝑑𝜎(𝑋̇2 + 𝑋′2)

 

𝐻= 𝛼′𝑇 {
1

2
𝜋∑  

𝑛≠0

 𝛼𝑛 ⋅ 𝛼−𝑛 +
1

2
𝜋∑  

𝑛≠0

 𝛼𝑛 ⋅ 𝛼−𝑛 + 𝜋𝛼0 ⋅ 𝛼0} 

 =
1

2
∑  

∞

𝑛=−∞

 𝛼−𝑛 ⋅ 𝛼𝑛

 

𝐻 =
1

2
∑  

∞

𝑛=−∞

  (𝛼−𝑛 ⋅ 𝛼𝑛 + 𝛼̃−𝑛 ⋅ 𝛼̃𝑛)  

𝑇𝛼𝛽 = 𝜕𝛼𝑋
𝜇𝜕𝛽𝑋𝜇 −

1

2
𝜂𝛼𝛽𝜂

𝜖𝜌𝜕𝜖𝑋
𝜇𝜕𝜌𝑋𝜇,  

𝑇++ = 𝜕+𝑋
𝜇𝜕+𝑋𝜇

𝑇−− = 𝜕−𝑋
𝜇𝜕−𝑋𝜇

𝑇+− = 𝑇−+ ≡ 0

 

𝜕+𝑋
𝜇𝜕+𝑋𝜇 = 𝜕−𝑋

𝜇𝜕−𝑋𝜇 = 0,  

𝜕𝛼𝑇𝛼𝛽= 0  

⇒ 𝜕−𝑇++ = 𝜕+𝑇−− = 0.
 

𝑇++ = 2𝛼
′ ∑  

𝑛,𝑚∈ℤ

  𝛼̃𝑛 ⋅ 𝛼̃−𝑚𝑒
−2𝑖𝑛𝜉+𝑒2𝑖𝑚𝜉

+

𝑇−− = 2𝛼
′ ∑  

𝑛,𝑚∈ℤ

 𝛼𝑛 ⋅ 𝛼−𝑚𝑒
−2𝑖𝑛𝜉−𝑒2𝑖𝑚𝜉

−
.

 

𝑇±± =
𝛼′

2
∑  

𝑛,𝑚∈ℤ

 𝛼𝑛 ⋅ 𝛼−𝑚𝑒
−𝑖𝑛𝜉±𝑒𝑖𝑚𝜉

±
.  

𝑇++ = 4𝛼
′ ∑  

∞

𝑛=−∞

  𝐿̃𝑛𝑒
−2𝑖𝑛𝜉+

𝑇−− = 4𝛼
′ ∑  

∞

𝑛=−∞

 𝐿𝑛𝑒
−2𝑖𝑛𝜉−

 

𝑇±± = 𝛼
′ ∑  

∞

𝑛=−∞

 𝐿𝑛𝑒
−𝑖𝑛𝜉±  

𝐿̃𝑚 =
1

4𝜋𝛼′
∫  
𝜋

0

 𝑑𝜎𝑒2𝑖𝑚𝜎𝑇++|
𝜏=0

=
1

2
∑  

∞

𝑛=−∞

  𝛼̃𝑚−𝑛 ⋅ 𝛼̃𝑛  

𝐿𝑚 =
1

4𝜋𝛼′
∫  
𝜋

0

 𝑑𝜎𝑒−2𝑖𝑚𝜎𝑇−−|
𝜏=0

 =
1

2
∑  

∞

𝑛=−∞

 𝛼𝑚−𝑛 ⋅ 𝛼𝑛
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𝐿𝑚=
1

2𝜋𝛼′
∫  
2𝜋

0

 𝑑𝜎𝑒𝑖𝑚𝜎𝑇++|
𝜏=0

 

≡
1

2𝜋𝛼′
∫  
2𝜋

0

 𝑑𝜎𝑒−𝑖𝑚𝜎𝑇−−|
𝜏=0

 =
1

2
∑  

∞

𝑛=−∞

 𝛼𝑚−𝑛 ⋅ 𝛼𝑛

 

𝐿̃𝑚 = 𝐿𝑚 = 0 ∀ 𝑚.  

[𝑓, 𝑔]𝑃.𝐵. → −𝑖[𝑓, 𝑔̂],  

[𝑋𝜇(𝜎), 𝑋𝜈(𝜎′)]= [𝑃𝜇(𝜎), 𝑃𝜈(𝜎′)] = 0 

[𝑋𝜇(𝜎), 𝑃𝜈(𝜎′)] = 𝑖𝛿(𝜎 − 𝜎′)𝜂𝜇𝜈 ,
 

[𝛼𝑚
𝜇
, 𝛼𝑛
𝜈] = [𝛼̃𝑚

𝜇
, 𝛼̃𝑛
𝜈]= 𝑚𝛿𝑚+𝑛𝜂

𝜇𝜈 

[𝛼𝑚
𝜇
, 𝛼̃𝑛
𝜈]= 0  

[𝑥𝜇, 𝑝𝜈] = 𝑖𝜂𝜇𝜈 .

 

(𝛼𝑚
𝜇
)
†
≡ 𝛼−𝑚

𝜇
𝑚 > 0

(𝛼̃𝑚
𝜇
)
†
≡ 𝛼̃−𝑚

𝜇
𝑚 > 0.

 

𝛼𝑚
𝜇

𝑚 > 0

𝛼̃𝑚
𝜇

𝑚 > 0.
 

|𝜙; 𝑝𝜇⟩ 

𝛼𝑚
𝜇 |𝜙; 𝑝𝜇⟩ = 𝛼̃𝑚

𝜇 |𝜙; 𝑝𝜇⟩ = 0 𝑚 > 0 

𝛼−𝑚
𝜇 |𝜙; 𝑝𝜇⟩ ; 𝛼̃−𝑚

𝜇 |𝜙; 𝑝𝜇⟩ 

𝐿𝑚|𝜙⟩ = 𝐿̃𝑚|𝜙⟩ = 0 ∀ 𝑚 

⟨𝜙|𝐿𝑚|𝜙⟩ = ⟨𝜙|𝐿̃𝑚|𝜙⟩ = 0 ∀ 𝑚,  

𝐿𝑚|𝜙⟩ = 𝐿̃𝑚|𝜙⟩ = 0 ∀ 𝑚 > 0  

⟨𝜙|𝐿−𝑚 = ⟨𝜙|𝐿̃−𝑚 = 0 ∀ 𝑚 > 0  

𝐿𝑚 =
1

2
∑  

∞

𝑛=−∞

𝛼𝑚−𝑛 ⋅ 𝛼𝑛 

𝐿0  =
1

2
𝛼0
2 +

1

2
∑  

𝑛≠0

  : 𝛼−𝑛 ⋅ 𝛼𝑛:

 =
1

2
𝛼0
2 +∑  

∞

𝑛=1

 𝛼−𝑛 ⋅ 𝛼𝑛

 

(𝐿0 − 𝑎)|𝜙⟩ = 0

(𝐿̃0 − 𝑎̃)|𝜙⟩ = 0
 

𝐿0 = 𝛼
′𝑝2 +∑  

∞

𝑛=1

𝛼−𝑛 ⋅ 𝛼𝑛 = 0 

𝑀2 =
1

𝛼′
∑  

∞

𝑛=1

 𝛼−𝑛 ⋅ 𝛼𝑛 =
1

𝛼′
𝑁  
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𝑁 = ∑  

∞

𝑛=1

 𝛼−𝑛 ⋅ 𝛼𝑛  

𝐿0 − 𝐿̃0 = 0 ⇒ 𝑁 = 𝑁̃

𝐿0 + 𝐿̃0 = 0 ⇒
1

2
(𝛼0
2 + 𝛼̃0

2) = −(𝑁 + 𝑁̃)
 

𝑀2 =
2

𝛼′
∑  

∞

𝑛=1

  (𝛼−𝑛 ⋅ 𝛼𝑛 + 𝛼̃−𝑛 ⋅ 𝛼̃𝑛) =
2

𝛼′
(𝑁 + 𝑁̃)  

(𝐿0 − 𝑎)|𝜙⟩ = 0 ⇒
1

2
𝛼0
2|𝜙⟩ = (𝑎 −∑  

∞

𝑛=1

 𝛼−𝑛 ⋅ 𝛼𝑛) |𝜙⟩

 ⇒ 𝑀2|𝜙⟩ = −
1

𝛼′
(𝑎 −∑  

∞

𝑛=1

 𝛼−𝑛 ⋅ 𝛼𝑛) |𝜙⟩

 

𝑀2 = −
1

𝛼′
(𝑎 −∑  

∞

𝑛=1

 𝛼−𝑛 ⋅ 𝛼𝑛) ,  

𝑁 − 𝑎 = 𝑁̃ − 𝑎̃,  

𝑀2 =
2

𝛼′
(𝑁 + 𝑁̃ − 𝑎 − 𝑎̃).  

[𝐿𝑚, 𝛼𝑛
𝜇
]
𝑃.𝐵.

= 𝑖𝑛𝛼𝑚+𝑛
𝜇

,  

𝐿𝑚 =
1

2
∑  

∞

𝑛=−∞

𝛼𝑚−𝑛 ⋅ 𝛼𝑛, 

[𝛼𝑚
𝜇
, 𝛼𝑛
𝜈]
𝑃.𝐵.

= −𝑖𝑚𝛿𝑚+𝑛𝜂
𝜇𝜈 . 

[𝐿𝑚, 𝐿𝑛]𝑃.𝐵. =
1

2
𝜂𝜇𝜈 [ ∑  

∞

𝑝=−∞

 𝛼𝑚−𝑝
𝜇

𝛼𝑝
𝜈 , 𝐿𝑛]

𝑃.𝐵.

 =
1

2
𝜂𝜇𝜈 ∑  

∞

𝑝=−∞

  (𝛼𝑚−𝑝
𝜇

[𝛼𝑝
𝜈 , 𝐿𝑛]𝑃.𝐵. + [𝛼𝑚−𝑝

𝜇
, 𝐿𝑛]𝑃.𝐵.

𝛼𝑝
𝜈)

 =
−𝑖

2
𝜂𝜇𝜈 ∑  

∞

𝑝=−∞

  (𝑝𝛼𝑚−𝑝
𝜇

𝛼𝑝+𝑛
𝜈 + (𝑚 − 𝑝)𝛼𝑚+𝑛−𝑝

𝜇
𝛼𝑝
𝜈)

 = −𝑖 (𝑚
1

2
∑  

∞

𝑝=−∞

 𝛼𝑚+𝑛−𝑝 ⋅ 𝛼𝑝 −
1

2
∑  

∞

𝑝=−∞

 𝑝𝛼𝑚+𝑛−𝑝 ⋅ 𝛼𝑝 +
1

2
∑  

∞

𝑝=−∞

 𝑝𝛼𝑚−𝑝 ⋅ 𝛼𝑝+𝑛)

 = −𝑖 (𝑚
1

2
∑  

∞

𝑝=−∞

 𝛼𝑚+𝑛−𝑝 ⋅ 𝛼𝑝 −
1

2
∑  

∞

𝑝=−∞

 𝑝𝛼𝑚+𝑛−𝑝 ⋅ 𝛼𝑝 +
1

2
∑  

∞

𝑞=−∞

  (𝑞 − 𝑛)𝛼𝑚+𝑛−𝑞 ⋅ 𝛼𝑞)

 = −𝑖 (𝑚
1

2
∑  

∞

𝑝=−∞

 𝛼𝑚+𝑛−𝑝 ⋅ 𝛼𝑝 −
1

2
∑  

∞

𝑝=−∞

 𝑝𝛼𝑚+𝑛−𝑝 ⋅ 𝛼𝑝 +
1

2
∑  

∞

𝑝=−∞

  (𝑝 − 𝑛)𝛼𝑚+𝑛−𝑝 ⋅ 𝛼𝑝)

 = −𝑖(𝑚 − 𝑛)
1

2
∑  

∞

𝑝=−∞

 𝛼𝑚+𝑛−𝑝 ⋅ 𝛼𝑝
⏟            

𝐿𝑚+𝑛

.

 

[𝐿𝑚, 𝐿𝑛]𝑃.𝐵. = −𝑖(𝑚 − 𝑛)𝐿𝑚+𝑛.  

[𝐿𝑚, 𝐿𝑛] = (𝑚 − 𝑛)𝐿𝑚+𝑛, 
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[𝐿𝑚, 𝐿𝑛] = (𝑚 − 𝑛)𝐿𝑚+𝑛 +
𝑑

12
(𝑚3 −𝑚)𝛿𝑚+𝑛  

𝐿𝑚|𝜙; 𝑝⟩= 0 ∀ 𝑚 > 0 

(𝐿0 − 𝑎)|𝜙; 𝑝⟩ = 0.
 

𝛼′𝑝2 = 𝑎 ⇒ 𝑀2 = −
𝑎

𝛼′
.  

𝜁𝜇𝛼−1
𝜇
|0; 𝑝⟩,  

(𝐿0 − 𝑎)𝜁𝜇𝛼−1
𝜇
|0; 𝑝⟩ = 0 ⇒ 𝑀2 = −

𝑎

𝛼′
(𝑎 − 1).  

𝐿1𝜁𝜇𝛼−1
𝜇
|0; 𝑝⟩ = 𝜁𝜇𝛼0

𝜇
|0; 𝑝⟩ = √2𝛼′𝜁𝜇𝑝

𝜇|0; 𝑝⟩. 

𝜁𝜇𝑝
𝜇 = 0.  

⟨0; 𝑝|𝜁𝜇𝛼1
𝜇
𝜁𝜈𝛼−1

𝜈 |0; 𝑝⟩= 𝜁𝜇𝜁𝜈{⟨0; 𝑝|𝛼−1
𝜇
𝛼1
𝜈|0; 𝑝⟩ + 𝜂𝜇𝜈⟨0; 𝑝 ∣ 0; 𝑝⟩} 

= 𝜁𝜇𝜁𝜈𝜂
𝜇𝜈⟨0; 𝑝 ∣ 0; 𝑝⟩  

 = 𝜁 ⋅ 𝜁,

 

𝜁𝜇𝑝
𝜇 = 𝜔(𝜁0 + 𝜁𝑑−1) = 0 ⇒ 𝜁0 = −𝜁𝑑−1 

𝜁 ⋅ 𝜁 = −𝜁0
2 + 𝜁𝑖

2 + 𝜁𝑑−1
2 = 𝜁𝑖

2 ≥ 18 

⟨𝜙 ∣ 𝜓⟩ = 0  

|𝜓⟩ = ∑  

𝑛>0

  𝐿−𝑛|𝜒𝑛⟩  

|𝜓⟩ = 𝐿−1|𝜒1⟩ + 𝐿−2|𝜒2⟩.  

⟨𝜙 ∣ 𝜓⟩ = 0 ; 𝐿𝑚|𝜓⟩ = 0, ∀ 𝑚 > 0 ; (𝐿0 − 𝑎)|𝜓⟩ = 0.  

⟨𝜓 ∣ 𝜓⟩ = ∑  

𝑚>0

  ⟨𝜒𝑚|𝐿𝑚|𝜓⟩ = 0  

|𝜓⟩ = 𝐿−1|𝜒̃⟩  

𝐿1|𝜓⟩ = 𝐿1𝐿−1|𝜒̃⟩ = 2𝐿0|𝜒̃⟩ 

|𝜓⟩ = (𝐿−2 + 𝛾𝐿−1
2 )|𝜒̃⟩  

|𝜙⟩ = |𝜙𝑆⟩ + |𝜙𝑇⟩,  

|0; 𝑝⟩ 𝑀2 = −
1

𝛼′
 

𝜁𝜇𝛼−1
𝜇
|0; 𝑝⟩ 𝑀2 = 0  

(𝜁𝜇𝜈
(2)
𝛼−1
𝜇
𝛼−1
𝜈 + 𝜁𝜇

(1)
𝛼−2
𝜇
) |0; 𝑝⟩ 𝑀2 = 1/𝛼′  

√2𝛼′𝑝𝜇𝜁𝜇𝜈
(2)
= −𝜁𝜈

(1)

𝜂𝜇𝜈𝜁𝜇𝜈
(2)
= −2√2𝛼′𝜁𝜇

(1)
𝑝𝜇 = 4𝛼′𝑝𝜇𝑝𝜈𝜁𝜇𝜈

(2)
 

𝐿𝑚 =
1

2
∑  

𝑛

 𝛼𝑚−𝑛 ⋅ 𝛼𝑛 𝑚 ≠ 0 ; 𝐿0 = 𝑁 +
𝛼0
2

2

𝐿̃𝑚 =
1

2
∑  

𝑛

  𝛼̃𝑚−𝑛 ⋅ 𝛼̃𝑛 𝑚 ≠ 0 ; 𝐿0 = 𝑁̃ +
𝛼̃0
2

2
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𝐿𝑚|𝜙⟩ = 𝐿̃𝑚|𝜙⟩ = 0 𝑚 ≠ 0

(𝐿0 − 𝑎)|𝜙⟩ = (𝐿̃0 − 𝑎̃)|𝜙⟩ = 0.
 

|𝜙, 𝜙̃⟩closed ≡ |𝜙⟩open ⊗ |𝜙̃⟩open , 

(𝐿0 + 𝐿̃0 − (𝑎 + 𝑎̃))|𝜙⟩ = 0

(𝐿0 − 𝐿̃0 − (𝑎 − 𝑎̃))|𝜙⟩ = 0
 

(𝐿0 − 𝑎)|0; 𝑝⟩ = 0 ⇒ (𝑁 +
𝛼′𝑝2

4
− 𝑎) |0; 𝑝⟩ = 0

 ⇒ 𝑀2 = −𝑝2 = −
4𝑎

𝛼′
.

 

𝑀2 = −
4𝑎̃

𝛼′
. 

𝜁𝜇𝜈𝛼−1
𝜇
𝛼̃−1
𝜈 |0; 𝑝⟩, 

𝑝𝜇𝜁𝜇𝜈 = 𝑝
𝜈𝜁𝜇𝜈 = 0. 

𝑝𝜇𝜁𝜇𝜈 = 0 ⇒ 𝜁0𝜈 + 𝜁(𝑑−1)𝜈 = 0

𝑝𝜈𝜁𝜇𝜈 ⇒ 𝜁𝜇0 + 𝜁𝜇(𝑑−1) = 0
 

𝜁𝑖𝑗 = 𝜁(𝑖𝑗) + 𝜁[𝑖𝑗] + 𝜁𝑖
𝑖 .  

|0; 𝑝⟩ 𝑀2 = −
4

𝛼′
.  

𝜁𝜇𝜈𝛼−1
𝜇
𝛼̃−1
𝜈 |0; 𝑝⟩ 𝑀2 = 0  

𝑋+ =
𝑋0 + 𝑋𝑑−1

√2
 𝑋− =

𝑋0 − 𝑋𝑑−1

√2
 

𝑋𝜇 → 𝑋+, 𝑋−, 𝑋𝑖  𝑖 = 1…𝑑 − 2
𝜂𝑖𝑗 = 1, 𝜂+− = 𝜂−+ = 𝜂

+− = 𝜂−+ = −1.
 

𝑉± =
1

√2
(𝑉0 ± 𝑉𝑑−1), 𝑉𝑖  𝑖 = 1…𝑑 − 2 

𝑉𝜇𝑊𝜇 = 𝑉
𝑖𝑊𝑖 − 𝑉+𝑊− − 𝑉−𝑊+ 

𝜉± → 𝜉±(𝜉±)  

𝜏̃ =
1

2
[𝜉+(𝜉+) + 𝜉−(𝜉−)]

𝜎̃ =
1

2
[𝜉+(𝜉+) − 𝜉−(𝜉−)].

 

(𝜕𝜎
2 − 𝜕𝜏

2)𝜏̃ = 0 

𝑋+(𝜎, 𝜏) = 𝑥+ + 2𝛼′𝑝+𝜏  

𝑇±± =
1

4
(𝑋̇ ± 𝑋′)2 = 0

⇒ (𝑋̇𝑖 ± 𝑋𝑖
′
) − 2(𝑋̇+ ± 𝑋+

′
)(𝑋̇− ± 𝑋−

′
) = 0

⇒ (𝑋̇− ± 𝑋−
′
) =

1

4𝑝+𝛼′
(𝑋̇𝑖 ± 𝑋𝑖

′
)
2

 

𝛼𝑛
− =

1

√2𝛼′𝑝+
{
1

2
∑  

𝑑−2

𝑖=1

  ∑  

∞

𝑚=−∞

  : 𝛼𝑛−𝑚
𝑖 𝛼𝑚

𝑖 : −𝑎𝛿𝑛} .  
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𝛼0
+ = √2𝛼′𝑝+ ;  𝛼0

− = √2𝛼′𝑝−

𝛼𝑛
+ = 0 ∀𝑛 ≠ 0,

 

𝛼0
+ = √

𝛼′

2
𝑝+ ;  𝛼0

− = √
𝛼′

2
𝑝−

𝛼𝑛
+ = 0 ∀𝑛 ≠ 0,

 

𝐿𝑚=
1

2
∑  

∞

−∞

 𝛼𝑚−𝑛 ⋅ 𝛼𝑛  

=
1

2
∑  

∞

−∞

  {𝛼𝑚−𝑛
𝑖 𝛼𝑛

𝑖 − 𝛼𝑚−𝑛
+ 𝛼𝑛

− − 𝛼𝑚−𝑛
− 𝛼𝑛

+} 

 = −𝛼0
+𝛼𝑚

− +
1

2
∑  

∞

−∞

 𝛼𝑚−𝑛
𝑖 𝛼𝑛

𝑖 ,

 

𝐿0 = −2𝛼
′𝑝+𝑝− + 𝑁 + 𝛼′𝑝𝑖𝑝𝑖  

[(−2𝑝+𝑝− + 𝑝𝑖𝑝𝑖)𝛼′ + 𝑁 − 𝑎]|𝜙⟩= 0  

⇒ 𝑀2 =
1

𝛼′
(𝑁 − 𝑎)

 

|0; 𝑝⟩ 𝑀2 = −
𝑎

𝛼′
 

𝜁𝑖𝛼−1
𝑖 |0; 𝑝⟩ 𝑀2 =

1 − 𝑎

𝛼′
 

(𝜁𝑖𝑗
(2)
𝛼−1
𝑖 𝛼−1

𝑗
+ 𝜁𝑖

(1)
𝛼−2
𝑖 ) |0; 𝑝⟩ 𝑀2 =

2 − 𝑎

𝛼′
.  

𝐿0 =
1

2
∑  

∞

−∞

 𝛼−𝑛
𝑖 𝛼𝑛

𝑖 =
1

2
{∑  

∞

𝑛=1

 𝛼−𝑛
𝑖 𝛼𝑛

𝑖 + ∑  

−∞

𝑛=−1

 𝛼−𝑛
𝑖 𝛼𝑛

𝑖 + 𝛼0
2}  

=
1

2
{∑  

∞

𝑛=1

 𝛼−𝑛
𝑖 𝛼𝑛

𝑖 +∑  

∞

𝑛=1

 𝛼𝑛
𝑖 𝛼−𝑛

𝑖 + 𝛼0
2}  

=
1

2
{∑  

∞

𝑛=1

 𝛼−𝑛
𝑖 𝛼𝑛

𝑖 +∑  

∞

𝑛=1

 𝛼−𝑛
𝑖 𝛼𝑛

𝑖 + 𝜂𝑖𝑗𝜂
𝑖𝑗∑  

∞

𝑛=1

 𝑛 + 𝛼0
2}  

=
1

2
{∑  

∞

𝑛=1

 𝛼−𝑛
𝑖 𝛼𝑛

𝑖 + ∑  

−∞

𝑛=−1

 𝛼𝑛
𝑖 𝛼−𝑛

𝑖 + 𝛼0
2 + (𝑑 − 2)∑  

∞

𝑛=1

 𝑛} 

 =
1

2
∑  

∞

−∞

  : 𝛼−𝑛
𝑖 𝛼𝑛

𝑖 : +
𝑑 − 2

2
∑  

∞

𝑛=1

 𝑛

 

𝜁(𝑠) = ∑  

∞

𝑛=1

 𝑛−𝑠  

∑  

∞

𝑛=1

 𝑛 = −
1

12
 (+∞)  

𝜏2(𝑥1, 𝑥2) = ⟨𝜙(𝑥1)𝜙(𝑥2)⟩ =
1

𝑁
∫  𝒟𝜙𝜙(𝑥1)𝜙(𝑥2)𝑒

𝑖𝑆[𝜙], 

𝑁 = ∫  𝒟𝜙𝑒𝑖𝑆[𝜙] 

𝑍 = ∫  𝒟𝑋𝜇(𝜏)𝒟𝑒𝑒𝑖𝑆[𝑋,𝑒],  
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𝑍 = ∫  𝒟𝑋𝜇(𝜎, 𝜏)𝒟𝛾𝛼𝛽(𝜎, 𝜏)𝑒
𝑖𝑆[𝑋,𝛾],  

𝑍𝐸 = ∫  𝒟𝑋𝒟𝛾𝑒
−𝑆𝐸[𝑋,𝛾].  

𝐺 =  𝔻Diffeomorphisms ⊗  𝔚Weyl Transformations  

𝛾𝛼𝛽 → 𝛾̃𝛼𝛽 = 𝑒
𝜙 (∓1 0

0 1
)  

𝛿𝑋𝜇  = 𝜁𝛼𝜕𝛼𝑋
𝜇

𝛿𝛾𝛼𝛽  = 2∇(𝛼𝜁𝛽),
 

𝛿𝛾𝛼𝛽 = 2Λ𝛾𝛼𝛽  

𝛿𝛾𝛼𝛽  = 2∇(𝛼𝜁𝛽) + 2Λ𝛾𝛼𝛽

 = (𝒫𝜁)𝛼𝛽 + 2Λ̃𝛾𝛼𝛽 ,
 

(𝒫𝜁)𝛼𝛽  = 2∇(𝛼𝜁𝛽) − (∇𝛾𝜁
𝛾)𝛾𝛼𝛽

 2Λ̃  = 2Λ + ∇𝛾𝜁
𝛾

 

𝒟𝛾𝛼𝛽 ≡ 𝒟(𝒫𝜁)𝒟Λ̃ 

𝒟𝛾𝛼𝛽  → 𝒟𝜁𝒟Λ

 i.e.  𝒟(𝒫𝜁)𝒟Λ̃ → 𝒟𝜁𝒟Λ.
 

𝒟(𝒫𝜁)𝒟Λ̃ = 𝒟𝜁𝒟Λ |
𝜕(𝒫𝜁, Λ̃)

𝜕(𝜁, Λ)
| .  

|
𝒫 0
∗ 1

| ,  

𝑍𝐸 = ∫  𝒟𝐺⏟  
Vol𝐺

∫  𝒟𝑋𝑒−𝑆𝐸[𝑋,𝛾̃]det𝒫,
 

det𝑀 = ∫  𝑑𝜃1…𝑑𝜃𝑛∫  𝑑𝜃‾1…𝑑𝜃‾𝑛𝑒
−𝜃‾𝑖𝑀𝑖𝑗𝜃𝑗 ,  

det𝒫 = ∫  𝒟𝑏∫  𝒟𝑐𝑒−∫  𝑏𝒫𝑐 ,  

𝒫𝛼𝛽
𝜌
= 𝛿𝛼

𝜌
∇𝛽 + 𝛿𝛽

𝜌
∇𝛼 − 𝛾̃𝛼𝛽∇

𝜌  

𝑍𝐸 = Vol𝐺∫  𝒟𝑋𝒟𝑏𝒟𝑐exp {−
𝑇

2
∫  𝑑2𝜉√det𝛾̃𝑏𝛼𝛽(2𝛾̃

𝛽(𝛼∇𝜌) − 𝛾̃𝛼𝜌∇𝛽)𝑐𝜌} ,  

𝑍 = Vol𝐺 ∫  𝒟𝑋𝒟𝑏𝒟𝑐𝑒
−𝐴𝑞  

 

𝐴q  = 𝐴 + 𝐴
(𝑏𝑐)

𝐴 = −
1

2𝜋
∫  𝑑2𝜉𝜕𝛼𝑋𝜇𝜕𝛼𝑋𝜇

𝐴(𝑏𝑐)  = −
𝑖

2𝜋
∫  𝑑2𝜉√−det𝛾̃𝛾̃𝛼𝛽𝑐𝛾∇𝛼𝑏𝛽𝛾

 

𝑇𝛼𝛽
(𝑏𝑐)

= −𝑖 [
1

2
𝑐𝛾∇(𝛼𝑏𝛽)𝛾 + (∇(𝛼𝑐

𝛾)𝑏𝛽)𝛾 −
1

2
(
1

2
𝑐𝛾∇𝜌𝑏𝜌𝛾 + (∇

𝜌𝑐𝛾)𝑏𝜌𝛾) 𝛾̃𝛼𝛽] .  

𝐴(𝑏𝑐) =
𝑖

𝜋
∫  𝑑2𝜉(𝑐+𝜕−𝑏++ + 𝑐

−𝜕+𝑏−−)  
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𝑇±±
(𝑏𝑐)

= −𝑖 [
1

2
𝑐±𝜕±𝑏±± + (𝜕±𝑐

±)𝑏±±]  

𝜕±𝑐
∓  = 0,

𝜕±𝑏∓∓  = 0.
 

Π(𝑏±±) =
𝛿𝐴(𝑏𝑐)

𝛿(𝜕𝜏𝑏±±)
=
𝑖𝑐±

2𝜋
,  

{𝑏±±(𝜎, 𝜏), Π
(𝑏±±)(𝜎′, 𝜏)}  = 𝑖𝛿(𝜎 − 𝜎′)

⇒ {𝑏±±(𝜎, 𝜏), 𝑐
±(𝜎′, 𝜏)}  = 2𝜋𝛿(𝜎 − 𝜎′)

 

𝑐±  = 𝑐±(𝜉±)

𝑏±±  = 𝑏±±(𝜉
±)

 

𝑐± =∑  

∞

−∞

  𝑐𝑛𝑒
−𝑖𝑛𝜉±  

𝑏±± =∑  

∞

−∞

 𝑏𝑛𝑒
−𝑖𝑛𝜉±  

{𝑐𝑚 , 𝑏𝑛}= 𝛿𝑚+𝑛 

{𝑐𝑚, 𝑐𝑛} = {𝑏𝑚 , 𝑏𝑛} = 0
 

𝑐+= √2∑  

∞

−∞

  𝑐̃𝑛𝑒
−2𝑖𝑛𝜉+  

𝑐−= √2∑  

∞

−∞

 𝑐𝑛𝑒
−2𝑖𝑛𝜉−  

𝑏++= √2∑  

∞

−∞

  𝑏̃𝑛𝑒
−2𝑖𝑛𝜉+  

𝑏−− = √2∑  

∞

−∞

  𝑏𝑛𝑒
−2𝑖𝑛𝜉−

 

𝐿̃𝑚
(𝑏𝑐)

=
1

2𝜋
∫  
𝜋

0

 𝑑𝜎𝑒2𝑖𝑚𝜎𝑇++|
𝜏=0

 

𝐿𝑚
(𝑏𝑐)

 =
1

2𝜋
∫  
𝜋

0

 𝑑𝜎𝑒−2𝑖𝑚𝜎𝑇−−|
𝜏=0

 

𝐿𝑚
(𝑏𝑐)

=
1

𝜋
∫  
2𝜋

0

 𝑑𝜎𝑒𝑖𝑚𝜎𝑇++|
𝜏=0

 

𝐿𝑚
(𝑏𝑐)

= ∑  

∞

𝑛=−∞

  (𝑚 − 𝑛): 𝑏𝑚+𝑛𝑐−𝑛:  

[𝐿𝑚
(𝑏𝑐)
, 𝑏𝑛]  = (𝑚 − 𝑛)𝑏𝑚+𝑛

[𝐿𝑚
(𝑏𝑐)
, 𝑐𝑛]  = −(2𝑚 + 𝑛)𝑐𝑚+𝑛

[𝐿𝑚
(𝑏𝑐)
, 𝐿𝑛
(𝑏𝑐)
]  = (𝑚 − 𝑛)𝐿𝑚+𝑛

(𝑏𝑐)
+
1

6
(𝑚 − 13𝑚3)𝛿𝑚+𝑛

 

𝐿𝑚
(tot )

= 𝐿𝑚
(𝛼)
+ 𝐿𝑚

(𝑏𝑐)
− 𝑎𝛿𝑚,  

[𝐿𝑚
(tot)

, 𝐿𝑛
(tot)

] = (𝑚 − 𝑛)𝐿𝑚+𝑛
(tot)

+ [
𝑑

12
(𝑚3 −𝑚) +

1

6
(𝑚 − 13𝑚3) + 2𝑎𝑚]𝛿𝑚+𝑛  

[𝐿𝑚
(tot)

, 𝐿𝑛
(tot)

] = (𝑚 − 𝑛)𝐿𝑚+𝑛
(tot)
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𝛿𝜖𝑋
𝜇= 𝜖(𝑐+𝜕+ + 𝑐

−𝜕−)𝑋
𝜇,  

𝛿𝜖𝑏±±= 2𝑖𝜖𝑇±±
(tot) 

,  

𝛿𝜖𝑐
± = 𝜖(𝑐+𝜕+ + 𝑐

−𝜕−)𝑐
±,

 

𝑇±±
(tot )

≡ 𝑇±±
(𝛼)
+ 𝑇±±

(𝑏𝑐)
𝛿𝜖𝑇±±

(tot)
= 0 

𝐽𝐵± = 2𝑐
± (𝑇±±

(𝛼)
+
1

2
𝑇±±
(𝑏𝑐)
) .  

𝑄𝐵 =
1

2𝜋
∫  
𝜋

0

 𝑑𝜎(𝐽𝐵+ + 𝐽𝐵−)|
𝜏=0

 

𝑄̃𝐵=
1

2𝜋
∫  
2𝜋

0

 𝑑𝜎𝐽𝐵 +|
𝜏=0

,  

𝑄𝐵 =
1

2𝜋
∫  
2𝜋

0

 𝑑𝜎𝐽𝐵 −|
𝜏=0

,

 

𝑄𝐵 ≡ 𝑄 =∑  

∞

−∞

  𝐿−𝑚
(𝛼)
𝑐𝑚 −

1

2
∑  

∞

−∞

  (𝑚 − 𝑛): 𝑐−𝑚𝑐−𝑛𝑏𝑚+𝑛: −𝑎𝑐0,  

𝑄 =∑  

∞

−∞

  : (𝐿−𝑚
(𝛼)

+
1

2
𝐿−𝑚
(𝑏𝑐)

− 𝑎𝛿𝑚) 𝑐𝑚: .  

𝑗± = 𝑐
±𝑏±±,  

𝑈 =
1

2𝜋
∫  
𝜋

0

 𝑑𝜎(𝑗+ + 𝑗−)|
𝜏=0

 

𝑈± =
1

2𝜋
∫  
2𝜋

0

 𝑑𝜎𝑗±|
𝜏=0

 

𝑈≡ 𝑈− =∑  

𝑛

  : 𝑐𝑛𝑏−𝑛: =
1

2
(𝑐0𝑏0 − 𝑏0𝑐0) +∑  

∞

𝑛=1

  (𝑐−𝑛𝑏𝑛 − 𝑏−𝑛𝑐𝑛)  

𝑈 ≡ 𝑈+ =∑  

𝑛

  : 𝑐̃𝑛𝑏̃−𝑛: =
1

2
(𝑐̃0𝑏̃0 − 𝑏̃0𝑐̃0) +∑  

∞

𝑛=1

  (𝑐̃−𝑛𝑏̃𝑛 − 𝑏̃−𝑛𝑐̃𝑛)

 

|↑⟩  |↓⟩,  

𝑐0|↑⟩ = 0

𝑏0|↓⟩ = 0

𝑐0|↓⟩ = |↑⟩

𝑏0|↑⟩ = |↓⟩

 

𝑏𝑛|↑⟩  = 𝑐𝑛|↑⟩ = 𝑏𝑛|↓⟩ = 𝑐𝑛|↓⟩ = 0 ∀ 𝑛 > 0.  

𝑈|↑⟩  =
1

2
|↑⟩ 

𝑈|↓⟩ = −
1

2
|↓⟩,

 

𝑈|↑⟩ = (
1

2
(𝑐0𝑏0 − 𝑏0𝑐0) +∑  

∞

𝑛=1

  (𝑐−𝑛𝑏𝑛 − 𝑏−𝑛𝑐𝑛)) |↑⟩ 

 =
1

2
𝑐0𝑏0|↑⟩ 

 =
1

2
𝑐0|↓⟩

 =
1

2
|↑⟩ .
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𝑛𝑐 − 𝑛𝑏 ±
1

2
,  

𝑈(𝑏−1|↓⟩) = −
3

2
𝑏−1|↓⟩, 

[𝐾𝑖 , 𝐾𝑗] = 𝑓𝑖𝑗  
𝑘𝐾𝑘 ,  

{𝑐𝑖 , 𝑏𝑗} = 𝛿
𝑖  𝑗  

𝑈 =∑ 

𝑖

 𝑐𝑖𝑏𝑖  

𝑄 = 𝑐𝑖𝐾𝑖 −
1

2
𝑓𝑖𝑗  

𝑘𝑐𝑖𝑐𝑗𝑏𝑘  

𝑓𝑖𝑗  
𝑚𝑓𝑚𝑘  

𝑙 + 𝑓𝑗𝑘  
𝑚𝑓𝑚𝑖  

𝑙 + 𝑓𝑘𝑖  
𝑚𝑓𝑚𝑗  

𝑙 = 0  

𝑄2 =
1

2
{𝑄, 𝑄} =

1

2
∑  

∞

−∞

  ([𝐿𝑚
tot, 𝐿𝑛

tot] − (𝑚 − 𝑛)𝐿𝑚+𝑛
tot )𝑐−𝑚𝑐−𝑛  

𝑐𝑛|𝜒⟩ = 𝑏𝑛|𝜒⟩ = 0 ∀ 𝑛 > 0  

𝑄|𝜒⟩ = [∑  

𝑛

 (𝑐𝑛𝐿−𝑛
(𝛼)
+
1

2
: 𝑐𝑛𝐿−𝑛

(𝑏𝑐)
: ) − 𝑐0] |𝜒⟩.  

𝑄|𝜒⟩ = [𝑐0 (𝐿0
(𝛼)
− 1) +∑  

𝑛>0

 𝑐−𝑛𝐿𝑛
(𝛼)
] |𝜒⟩.  

|𝜒⟩ = |𝜙⟩𝛼⊗ | ↓⟩𝑏𝑐 .  

|𝜒⟩ → |𝜒′⟩ = |𝜒⟩ + 𝑄|𝜒⟩,  

|𝜒⟩ = ∑  

𝑛>0

 𝐿−𝑛
(𝛼)|𝜆𝑛⟩  

⟨𝜒 ∣ 𝜒⟩= ⟨∑  

𝑛>0

  𝐿𝑛𝜆𝑛 ∣ 𝜒⟩  

 = ∑  

𝑛>0

  ⟨𝜆𝑛|𝐿𝑛|𝜒⟩ = 0.

 

𝑆 = 𝑆1 + 𝑆2 + 𝑆3,  

𝑆1  = −
𝑇

2
∫  𝑑2𝜉√−det𝛾𝛾𝛼𝛽𝜕𝛼𝑋

𝜇𝜕𝛽𝑋
𝜈𝑔𝜇𝜈

𝑆2  = −
𝑇

2
∫  𝑑2𝜉𝜖𝛼𝛽𝜕𝛼𝑋

𝜇𝜕𝛽𝑋
𝜈𝐵𝜇𝜈

𝑆3  =
𝑇

2
∫  𝑑2𝜉√−det𝛾𝛼′Φ𝑅(2)

 

𝜒 =
1

4𝜋
∫  𝑑2𝜉√−det𝛾𝑅(2) 

(𝛾𝛼𝛽 → 𝑒𝜌𝛾𝛼𝛽), 𝑅
(2) → 𝑅(2) −◻ 𝜌 

𝑆1 → 𝑆̃1 = −
𝑇

2
∫  𝑑2+𝜀𝜉𝑒𝜀𝜙𝜕𝛼𝑋

𝜇𝜕𝛼𝑋𝜈𝑔𝜇𝜈  

𝑔𝜇𝜈(𝑋) = 𝜂𝜇𝜈 −
𝛼′

3
𝑅𝜇𝜆𝜈𝜌(𝑋0)𝑋

𝜆𝑋𝜌 + 𝒪(𝑋3).  
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𝑆̃1 = −
𝑇

2
∫  𝑑2+𝜀𝜉(1 + 𝜀𝜙 + 𝒪(𝜙2))(𝜕𝛼𝑋

𝜇𝜕𝛼𝑋𝜈)

(𝜂𝜇𝜈 −
𝛼′

3
𝑅𝜇𝜆𝜈𝜌(𝑋0)𝑋

𝜆𝑋𝜌 + 𝒪(𝑋3))

 

⟨𝑋𝜇𝑋𝜈⟩ ∼
𝜂𝜇𝜈

𝜀
 

𝛼′

3
𝑅𝜇𝜆𝜈𝜌𝑋

𝜆𝑋𝜌𝜕𝛼𝑋
𝜇𝜕𝛼𝑋𝜈(1 + 𝜀𝜙)  

𝛼′

3
𝑅𝜇𝜆𝜈𝜌

𝜂𝜆𝜌

𝜀
𝜕𝛼𝑋

𝜇𝜕𝛼𝑋𝜈(1 + 𝜀𝜙) =
𝛼′

3𝜀
𝑅𝜇𝜈𝜕𝛼𝑋

𝜇𝜕𝛼𝑋𝜈(1 + 𝜀𝜙)  

𝑅𝜇𝜈(𝑋)  = 0

⇒ 𝑅𝜇𝜈 −
1

2
𝑔𝜇𝜈𝑅 ≡ 𝐺𝜇𝜈  = 0

 

0 = 𝑅𝜇𝜈 +
1

4
𝐻𝜇 

𝜆𝜌𝐻𝜈𝜆𝜌 − 2𝐷𝜇𝐷𝜈Φ+ 𝒪(𝛼
′)

0 = 𝐷𝜆𝐻
𝜆 𝜇𝜈 − 2(𝐷𝜆Φ)𝐻

𝜆 𝜇𝜈 + 𝒪(𝛼
′)

0 = 4𝐷𝜇Φ𝐷
𝜇Φ− 4𝐷𝜇𝐷

𝜇Φ+ 𝑅 +
1

12
𝐻𝜇𝜈𝜌𝐻

𝜇𝜈𝜌 +
𝑑 − 26

3𝛼′
+ 𝒪(𝛼′)

 

𝐻𝜇𝜈𝜌 = 𝜕𝜇𝐵𝜈𝜌 + 𝜕𝜌𝐵𝜇𝜈 + 𝜕𝜈𝐵𝜌𝜇  

𝑆26 = −
1

2𝜅2
∫  𝑑26𝑋√−det𝑔𝑒−2Φ {𝑅 − 4𝐷𝜇Φ𝐷

𝜇Φ+
1

12
𝐻𝜇𝜈𝜌𝐻

𝜇𝜈𝜌}  

Δ =
1

𝐿0 − 1
= ∫  

1

0

 𝑑𝑧𝑧𝐿0−2  

𝑉0(𝜉, 𝑘) = 𝑒
𝑖𝑘⋅𝑋(𝜉)  

𝑉0(𝑦, 𝑘) = 𝑒
𝑖𝑘⋅𝑋(𝑦)  

𝑉𝜁𝜇(𝑦, 𝑘) = 𝜁𝜇
𝑑𝑋𝜇

𝑑𝑦
𝑒𝑖𝑘⋅𝑋(𝑦)  

𝑉𝜁𝜇𝜈(𝜉, 𝑘) = 𝜁𝜇𝜈𝜕𝛼𝑋
𝜇𝜕𝛼𝑋𝜈𝑒𝑖𝑘⋅𝑋(𝜉)  

𝐴𝑛 ∼ 𝑔𝑠
𝑛−2∫  ∏  

𝑛

𝑖=1

 𝑑𝑦𝑖⟨𝑉Λ1(𝑦1, 𝑘1)𝑉Λ2(𝑦2, 𝑘2)…𝑉Λ𝑛(𝑦𝑛 , 𝑘𝑛)⟩  

𝐴𝑛 ∼ 𝑔𝑠
𝑛−2∫  ∏  

𝑛

𝑖=1

 𝑑2𝜉𝑖⟨𝑉Λ1(𝜉1, 𝑘1)𝑉Λ2(𝜉2, 𝑘2)…𝑉Λ𝑛(𝜉𝑛, 𝑘𝑛)⟩  

𝐴𝑛(𝑘1 , … , 𝑘𝑛) =
1

Vol𝑆𝐿(2,ℂ)
𝑔𝑠
𝑛−2∫  ∏  

𝑛

𝑖=1

 𝑑2𝜉𝑖⟨𝑉0(𝜉1, 𝑘1)𝑉0(𝜉2, 𝑘2)…𝑉0(𝜉𝑛, 𝑘𝑛)⟩  

𝐴4 =
1

Vol𝑆𝐿(2,ℂ)
𝑔𝑠
2∫  ∏  

4

𝑖=1

 𝑑2𝜉𝑖⟨𝑉0(𝜉1, 𝑘1)𝑉0(𝜉2, 𝑘2)𝑉0(𝜉3, 𝑘3)𝑉0(𝜉4, 𝑘4)⟩,  

𝑉0(𝜉, 𝑘) = 𝑒
𝑖𝑘𝜇𝑋

𝜇(𝜉)  

𝑆 =
1

4𝜋𝛼′
∫  𝑑2𝜉𝜕𝛼𝑋

𝜇𝜕𝛼𝑋𝜇  

⟨𝑉0(1)𝑉0(2)𝑉0(3)𝑉0(4)⟩ = ∫  𝒟𝑋𝑒
−

1
4𝜋𝛼′

∫  𝑑2𝜉𝜕𝛼𝑋
𝜇𝜕𝛼𝑋𝜇𝑒𝑖

∑  4
𝑗=1  𝑘𝑗

𝜇
𝑋𝜇(𝜉𝑗),  
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∑ 

4

𝑗=1

 𝑘𝑗
𝜇
𝑋𝜇(𝜉𝑗)= ∫  𝑑

2𝜉∑  

4

𝑗=1

 𝑘𝑗
𝜇
𝑋𝜇(𝜉)𝛿

2(𝜉 − 𝜉𝑗) 

 = ∫  𝑑2𝜉𝐽𝜇(𝜉)𝑋𝜇(𝜉)

 

𝐽𝜇(𝜉) =∑  

4

𝑗=1

 𝑘𝑗
𝜇
𝛿2(𝜉 − 𝜉𝑗).

∴ ⟨𝑉0(1)𝑉0(2)𝑉0(3)𝑉0(4)⟩ = ∫  𝒟𝑋𝑒
1

4𝜋𝛼′
∫  𝑑2𝜉𝑋𝜇𝜕2𝑋𝜇+𝑖 ∫  𝑑

2𝜉𝐽𝜇𝑋𝜇.

 

∫  𝑑𝑢1…𝑑𝑢𝑛𝑒
−
1
2
𝑢T𝐴𝑢+𝑏T𝑢 =

(2𝜋)𝑛/2

√det𝐴
𝑒
1
2
𝑏T𝐴−1𝑏.  

⟨𝑉0(1)𝑉0(2)𝑉0(3)𝑉0(4)⟩ ∼
1

√det(−𝜕2/2𝜋𝛼′)
𝑒
𝜋𝛼′ ∫  𝑑2𝜉𝑑2𝜉′𝐽𝜇

1
𝜕2
𝐽𝜇

 

𝐺 =
1

2𝜋
log |𝜉𝑖 − 𝜉𝑗|  

1

4𝜋𝛼′
(𝑋𝜇 + 𝑖2𝜋𝛼′𝐽𝜇

1

𝜕2
) 𝜕2 (𝑋𝜇 + 𝑖2𝜋𝛼

′
1

𝜕2
𝐽𝜇) + 𝜋𝛼

′𝐽𝜇
1

𝜕2
𝐽𝜇  

𝐴4 = 𝑔𝑠
2𝒩∫  ∏  

4

𝑖=1

 𝑑2𝜉𝑖exp {
𝛼′

2
∫  𝑑2𝜉𝑑2𝜉′∑ 

𝑗,𝑙

 𝑘𝑗 ⋅ 𝑘𝑙𝛿
2(𝜉𝑗 − 𝜉)log |𝜉 − 𝜉

′|𝛿2(𝜉′ − 𝜉𝑙)} ,  

𝐴4= 𝑔𝑠
2𝒩∫  ∏ 

4

𝑖=1

 𝑑2𝜉𝑖exp {
𝛼′

2
∑  

𝑗≠𝑙

 𝑘𝑗 ⋅ 𝑘𝑙log |𝜉𝑗 − 𝜉𝑙|}  

= 𝑔𝑠
2𝒩∫  ∏ 

4

𝑖=1

 𝑑2𝜉𝑖exp {log (∏ 

𝑗≠𝑙

  |𝜉𝑗 − 𝜉𝑙|
𝛼′𝑘𝑗⋅𝑘𝑙
2 )} 

= 𝑔𝑠
2𝒩∫  ∏ 

4

𝑖=1

 𝑑2𝜉𝑖∏ 

𝑗≠𝑙

  |𝜉𝑗 − 𝜉𝑙|
𝛼′𝑘𝑗⋅𝑘𝑙
2  

 = 𝑔𝑠
2𝒩∫  ∏  

4

𝑖=1

 𝑑2𝜉𝑖∏ 

𝑗<𝑙

  |𝜉𝑗 − 𝜉𝑙|
𝛼′𝑘𝑗⋅𝑘𝑙

 

𝑧𝑖 →
𝑎𝑧𝑖 + 𝑏

𝑐𝑧𝑖 + 𝑑
 

𝑔𝑠
2𝒩∫  ∏ 

4

𝑖=1

 𝑑2𝑧𝑖|𝑧̃1𝑧̃2𝑧̃3𝑧̃4|
4∏ 

𝑗<𝑙

  |𝑧̃𝑗 − 𝑧̃𝑙|
𝛼′𝑘𝑗⋅𝑘𝑙

 

∏ 

4

𝑖=1

(𝑧̃𝑖𝑧̃𝑖)
−2
=∏ 

4

𝑖=1

|𝑧̃𝑖|
−4 

 

𝑔𝑠
2𝒩∫  𝑑2𝑧|𝑧1|

−4 |1 −
1

𝑧1
|
𝛼′𝑘1⋅𝑘2

|𝑧|𝛼
′𝑘3⋅𝑘4 |1 −

𝑧

𝑧1
|
𝛼′𝑘1⋅𝑘3

|1 − 𝑧|𝛼
′𝑘2⋅𝑘3

∼ 𝑔𝑠
2𝒩̃∫  𝑑2𝑧|𝑧|𝛼

′𝑘3⋅𝑘4|1 − 𝑧|𝛼
′𝑘2⋅𝑘3

 

∫  𝑑2𝑧|𝑧|−𝐴|1 − 𝑧|−𝐵 = 𝐵 (1 −
𝐴

2
, 1 −

𝐵

2
,
𝐴 + 𝐵

2
− 1)  

𝐵(𝑎, 𝑏, 𝑐) = 𝜋
Γ(𝑎)Γ(𝑏)Γ(𝑐)

Γ(𝑎 + 𝑏)Γ(𝑏 + 𝑐)Γ(𝑐 + 𝑎)
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𝑘𝑖
2=

4

𝛼′
 

𝑠= −(𝑘1 + 𝑘2)
2 

𝑡= −(𝑘1 + 𝑘4)
2 

𝑢= −(𝑘1 + 𝑘3)
2 

𝑠 + 𝑡 + 𝑢= −∑  

4

𝑖=1

 𝑘𝑖
2  

 = −
16

𝛼′

 

𝐴4 ∼ 𝑔𝑠
2
Γ (−1 −

𝛼′𝑠
4
) Γ (−1 −

𝛼′𝑡
4
) Γ (−1 −

𝛼′𝑢
4
)

Γ (2 +
𝛼′𝑠
4
)Γ (2 +

𝛼′𝑡
4
) Γ (2 +

𝛼′𝑢
4
)

 

𝐴4
𝑜𝑝𝑒𝑛

∼ 𝑔𝑠
Γ(−1 − 𝛼′𝑠)Γ(−1 − 𝛼′𝑡)

Γ(−2 − 𝛼′𝑠 − 𝛼′𝑡)
.  

𝐴4
open 

∼ 𝑔𝑠𝐵(−1 − 𝛼
′𝑠, −1 − 𝛼′𝑡) 

𝑆= 𝐴(𝑋) + 𝐴(𝜓)  

 = −
𝑇

2
∫  𝑑2𝜉{𝜕𝛼𝑋

𝜇𝜕𝛼𝑋𝜇 + 𝜓‾
𝜇𝛾𝛼𝜕𝛼𝜓𝜇}

 

𝛾0 = (
0 1
−1 0

) ;  𝛾1 = (
0 1
1 0

) ;  𝛾3 ≡ 𝛾
0𝛾1 = (

1 0
0 −1

) ,  

{𝛾𝛼 , 𝛾𝛽} = 2𝜂𝛼𝛽 .  

𝛾𝛼𝛾𝛽𝛾𝛼 = 0.  

𝜓‾ ≡ 𝜓†𝛾0 = 𝜓𝑇𝛾0,  

𝜒‾𝜓 = 𝜓‾𝜒,  

𝜒‾𝛾𝛼𝜓 = −𝜓‾𝛾𝛼𝜒.  

𝛿𝑋𝜇= 𝜖‾𝜓𝜇,  

𝛿𝜓𝜇 = 𝛾𝛼𝜖𝜕𝛼𝑋
𝜇.

 

𝛿𝑆= −
1

2𝜋𝛼′
∫  𝑑2𝜉(−𝜓‾𝜇𝜖𝜕2𝑋𝜇 + 𝜓‾

𝜇𝜖𝜕2𝑋𝜇)= 0

 

 

∂̸𝜓 = 0,  

[𝛿1, 𝛿2]𝑌
𝜇 = 𝑎𝛼𝜕𝛼𝑌

𝜇  

𝛿𝑆 =
1

𝜋𝛼′
∫  𝑑2𝜉(𝜕𝛼𝜖‾)𝑎𝐽𝑎

𝛼  

𝐽𝛼 =
1

2
𝛾𝛽𝛾𝛼𝜓𝜇𝜕𝛽𝑋𝜇  

𝜕𝛼𝐽
𝛼 = 0  

𝛾𝛼𝐽𝛼 = 0  

𝑇𝛼𝛽 = 𝜕𝛼𝑋
𝜇𝜕𝛽𝑋𝜇 −

1

2
𝜓‾𝜇𝛾(𝛼𝜕𝛽)𝜓𝜇 −

1

2
(𝜕𝜌𝑋

𝜇𝜕𝜌𝑋𝜇 −
1

2
𝜓‾𝜇𝛾𝜌𝜕

𝜌𝜓𝜇) 𝛾𝛼𝛽  

𝜓 ≡ (
𝜓𝐿
𝜓𝑅
)  
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∂̸= 𝛾 ⋅ 𝜕  

= 𝛾0𝜕0 + 𝛾
1𝜕1  

= (
0 𝜕𝜏
−𝜕𝜏 0

) + (
0 𝜕𝜎
𝜕𝜎 0

) 

 = −2 (
0 −𝜕+
𝜕− 0

)

 

(
0 −𝜕+
𝜕− 0

) (
𝜓𝐿
𝜓𝑅
)= (

−𝜕+𝜓𝑅
𝜕−𝜓𝐿

) 

 = (
0

0
)

 

𝜓𝐿 = 𝜓𝐿(𝜉
+)

𝜓𝑅 = 𝜓𝑅(𝜉
−)

 

𝑃+ = (
1 0
0 0

)

𝑃− = (
0 0
0 1

)
 

𝑃+𝜓 = (
𝜓𝐿
0
)

𝑃−𝜓 = (
0

𝜓𝑅
)

 

𝛾± =
1

2
(𝛾0 ± 𝛾1)  

{𝛾+, 𝛾−}𝑎𝑏 = 𝕀𝑎𝑏  

𝛾+𝜕+𝜓𝑅 = 0;
𝛾−𝜕−𝜓𝐿 = 0,

 

𝐴(𝜓)∼ ∫  𝑑𝜎𝑑𝜏𝜓‾ ∂̸𝜓  

∼ ∫  𝑑𝜎𝑑𝜏(𝜓𝐿𝜕−𝜓𝐿 + 𝜓𝑅𝜕+𝜓𝑅)  

 ∼ ∫  𝑑𝜎𝑑𝜏(𝜓𝐿(𝜕𝜏 − 𝜕𝜎)𝜓𝐿 +𝜓𝑅(𝜕𝜏 + 𝜕𝜎)𝜓𝑅)

 

∫  𝑑𝜏{𝜓𝑅𝛿𝜓𝑅 − 𝜓𝐿𝛿𝜓𝐿}|
𝜎

+∫  𝑑𝜎{𝜓𝑅𝛿𝜓𝑅 + 𝜓𝐿𝛿𝜓𝐿}|
𝜏

,  

𝜓𝑅(𝜋, 𝜏) = 𝜓𝐿(𝜋, 𝜏),  

𝜓𝑅
𝜇
(𝜎, 𝜏)  = ∑  

𝑛∈ℤ

 𝜓𝑛
𝜇
𝑒−𝑖𝑛(𝜏−𝜎);

𝜓𝐿
𝜇
(𝜎, 𝜏)  = ∑  

𝑛∈ℤ

 𝜓𝑛
𝜇
𝑒−𝑖𝑛(𝜏+𝜎),

 

𝜓𝑅(𝜋, 𝜏) = −𝜓𝐿(𝜋, 𝜏),  

𝜓𝑅
𝜇
(𝜎, 𝜏) = ∑  

𝑟∈ℤ+
1
2

 𝜓𝑟
𝜇
𝑒−𝑖𝑟(𝜏−𝜎)

𝜓𝐿
𝜇
(𝜎, 𝜏) = ∑  

𝑟∈ℤ+
1
2

 𝜓𝑟
𝜇
𝑒−𝑖𝑟(𝜏+𝜎)

 

𝜓𝑅
𝜇
=∑ 𝜓𝑛

𝜇
𝑒−𝑖𝑛(𝜏−𝜎)  or  𝜓𝑅

𝜇
=∑ 𝜓𝑟

𝜇
𝑒−𝑖𝑟(𝜏−𝜎)  

𝜓𝐿
𝜇
=∑ 𝜓̃𝑛

𝜇
𝑒−𝑖𝑛(𝜏+𝜎)  or  𝜓𝐿

𝜇
=∑ 𝜓̃𝑟

𝜇
𝑒−𝑖𝑟(𝜏+𝜎).  
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𝐿𝑚 = 𝐿𝑚
(𝛼)
+ 𝐿𝑚

(𝜓)
,  

𝐿𝑚 =
1

2𝜋𝛼′
∫  
2𝜋

0

 𝑑𝜎𝑒𝑖𝑚𝜎𝑇++|
𝜏=0

 

𝐹𝑚 =
2

𝜋𝛼′
∫  
2𝜋

0

 𝑑𝜎𝑒𝑖𝑚𝜎𝐽+|
𝜏=0

;

𝐺𝑟 =
2

𝜋𝛼′
∫  
2𝜋

0

 𝑑𝜎𝑒𝑖𝑟𝜎𝐽+|
𝜏=0

 

𝐿𝑚
(𝛼)
=
1

2
∑  

∞

−∞

  : 𝛼−𝑛 ⋅ 𝛼𝑚+𝑛  

𝐿𝑚
(𝜓𝑛)=

1

2
∑  

∞

−∞

 (𝑛 +
1

2
𝑚) :𝜓−𝑛 ⋅ 𝜓𝑚+𝑛

𝐿𝑚
(𝜓𝑟)=

1

2
∑  

∞

−∞

 (𝑟 +
1

2
𝑚) :𝜓−𝑟 ⋅ 𝜓𝑚+𝑟  

𝐹𝑚=
1

2
∑  

∞

−∞

  : 𝛼−𝑛 ⋅ 𝜓𝑚+𝑛

𝐺𝑟  =
1

2
∑  

∞

−∞

  : 𝛼−𝑛 ⋅ 𝜓𝑟+𝑛

 

[𝐿𝑚, 𝐿𝑛]= (𝑚 − 𝑛)𝐿𝑚+𝑛 +
𝑑

8
𝑚3𝛿𝑚+𝑛; 

[𝐿𝑚, 𝐹𝑛]= (
𝑚

2
− 𝑛)𝐹𝑚+𝑛;  

{𝐹𝑚, 𝐹𝑛} = 2𝐿𝑚+𝑛 +
𝑑

2
𝑚2𝛿𝑚+𝑛.

 

[𝐿𝑚, 𝐿𝑛]= (𝑚 − 𝑛)𝐿𝑚+𝑛 +
𝑑

8
(𝑚3 −𝑚)𝛿𝑚+𝑛 

[𝐿𝑚, 𝐺𝑟]= (
𝑚

2
− 𝑟)𝐺𝑚+𝑟  

{𝐺𝑟 , 𝐺𝑠} = 2𝐿𝑟+𝑠 +
𝑑

2
(𝑟2 −

1

4
)

 

𝛿𝑆

𝛿(𝜕𝜏𝜓)
∼
𝑇

2
𝜓, 

{𝜓𝑎
𝜇
(𝜎, 𝜏), 𝜓𝑏

𝜈(𝜎′, 𝜏)}
𝑃.𝐵.

= 2𝜋𝛿𝑎𝑏𝛿(𝜎 − 𝜎
′)𝜂𝜇𝜈  

{𝜓𝑎
𝜇
(𝜎, 𝜏), 𝜓𝑏

𝜈(𝜎′, 𝜏)} = −2𝜋𝑖𝛿𝑎𝑏𝛿(𝜎 − 𝜎
′)𝜂𝜇𝜈  

{𝜓𝑚
𝜇
, 𝜓𝑛

𝜈} = −𝑖𝛿𝑚+𝑛𝜂
𝜇𝜈

{𝜓𝑟
𝜇
, 𝜓𝑠

𝜈} = −𝑖𝛿𝑟+𝑠𝜂
𝜇𝜈

 

𝜓̃𝑛,𝑟𝜓−𝑛,−𝑟 = 𝜓𝑛,𝑟
† 𝜓̃−𝑛,−𝑟 = 𝜓̃𝑛,𝑟

† {𝜓0
𝜇
, 𝜓0

𝜈} = −𝑖𝜂𝜇𝜈𝜓0
𝜇
= 𝛾𝜇/(√2𝑒𝑖3𝜋/4) 

𝐿𝑚|𝜙⟩𝑅 = 𝐹𝑚|𝜙⟩𝑅  = 0 𝑚 > 0
𝐿𝑚|𝜙⟩𝑁𝑆 = 𝐺𝑟|𝜙⟩𝑁𝑆  = 0 𝑚, 𝑟 > 0

 

(𝐿0 − 𝑎𝑅)|𝜙⟩𝑅 = 𝐹0|𝜙⟩𝑅  = 0
(𝐿0 − 𝑎𝑁𝑆)|𝜙⟩𝑁𝑆  = 0

 

𝛼𝑛
𝜇
→ 𝛼𝑛

𝑖  (𝑖 = 1,… , 𝑑 − 2) 𝑛 ≠ 0  

𝜓𝑛,𝑟
𝜇
 → 𝜓𝑛,𝑟

𝑖  (𝑖 = 1, … , 𝑑 − 2) 𝑛 ≠ 0
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(𝐿0 − 𝑎𝑁𝑆)|0; 𝑝⟩  = 0

⇒ (𝑁(𝛼) +𝑁(𝜓) + 𝛼′𝑝2 − 𝑎𝑁𝑆)|0; 𝑝⟩  = 0

⇒ 𝑀2 = −
𝑎𝑁𝑆
𝛼′

 

 

𝜁𝑖
(1)
𝜓−1/2
𝑖

⏟      
8 states in 𝑑=10

|0; 𝑝⟩

𝑀2 = −
1

𝛼′
(𝑎𝑁𝑆 −

1

2
)

 

𝜁𝑖
(2)
𝛼−1
𝑖

⏟    
8 states 

|0; 𝑝⟩ + 𝜁𝑖𝑗
(2)
𝜓−1/2
𝑖 𝜓−1/2

𝑗
⏟          

(8
2
)=28 states 

|0; 𝑝⟩

𝑀2 = −
1

𝛼′
(𝑎𝑁𝑆 − 1)

 

𝑁(𝛼) + 𝑁(𝜓) = 3/2,  

 𝜁𝑖
(2)
𝜁𝑗
(1)
𝛼−1
𝑖 𝜓−1/2

𝑗
⏟          

8×8=64 states 

|0; 𝑝⟩ + 𝜁𝑖𝑗𝑘
(3)
𝜓−1/2
𝑖 𝜓−1/2

𝑗
𝜓−1/2
𝑘

⏟              
(8
3
)=56 states 

|0; 𝑝⟩ + 𝜁𝑖
(1)
𝜓−3/2
𝑖

⏟      
8 states 

|0; 𝑝⟩,  

𝑎𝑁𝑆 =
𝑑 − 2

16
,  

𝑎𝑁𝑆 =
1

2
⇒ 𝑑 = 10.  

∑ 

∞

1/2

 𝑟=
1

2
(1 + 3 + 5 +⋯)  

=
1

2
(∑  

∞

𝑛=1

 𝑛 − ∑  

∞

𝑛=1

 2𝑛) 

= −
1

2
∑  

∞

1

 𝑛  

 =
1

24
,

 

𝐿0|𝜙⟩ = 0 ⇒ 𝛼′𝑝2 = 0 ⇒ 𝑀2 = 0  

𝜁𝑖
(1)
𝛼−1
𝑖 𝑢𝑎⏟      

8×16=64 states 

|𝑎, 0; 𝑝⟩ + 𝜁𝑖
(2)
𝜓−1
𝑖 𝑢𝑎⏟      

8×16=64 states 

|𝑎, 0; 𝑝⟩,  

𝑃𝑁𝑆  =
1

2
(1 + (−1)𝐹)

𝐹 = ∑  

∞

𝑟=1/2

 𝜓𝑟
† ⋅ 𝜓𝑟

 

𝑃𝑅  =
1

2
(1 ± (−1)𝐺𝛾11)

𝐺 = ∑  

𝑛>0

 𝜓𝑛
† ⋅ 𝜓𝑛

 

𝑆 = ∫  𝑑10𝑋 (−
1

4
𝐹2 +

1

2
𝜓‾D̸𝜓)  

𝐹𝜇𝜈 = 𝜕𝜇𝐴𝜈 − 𝜕𝜈𝐴𝜇 + 𝑔𝑌𝑀[𝐴𝜇 , 𝐴𝜈] 

(𝐷𝜇𝜓)
𝐴
= 𝜕𝜇𝜓

𝐴 + 𝑔𝑌𝑀𝑓
𝐴  𝐵𝐶𝐴𝜇

𝐵𝜓𝐶 
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𝛿𝐴𝜇 =
1

2
𝜖‾𝛾𝜇𝜓,

𝛿𝜓 = −
1

4
𝐹𝜇𝜈𝛾

𝜇𝜈𝜖,

 

𝛾𝜇𝜈 = (𝛾𝜇𝛾𝜈 − 𝛾𝜈𝛾𝜇)/2 

𝜁𝑖𝑗|𝑖⟩ ⊗ |𝑗⟩,  

𝜁𝑎𝑎̃|𝑎⟩ ⊗ |𝑎̃⟩,  

1

2
(1 + 𝛾̂9)|𝑎⟩ =

1

2
(1 − 𝛾̂9)|𝑎̃⟩ = 0  

 

𝛾̂9 =∏ 

8

𝑖=1

𝛾̂𝑖 

𝟖𝐬⊗𝟖𝐜 = 𝟖𝐯 + 𝟓𝟔𝟔𝐯 

 

𝜁𝑎𝑎̃ = 𝛾̂𝑏𝑏̃
𝑖 𝜁𝑏̃𝑏⏟  
8 states 

𝛾̂𝑎𝑎̃
𝑖 + 𝛾̂

𝑏𝑏̃

𝑖𝑗𝑘
𝜁𝑏̃𝑏⏟    

(83)=56 states 

𝛾̂𝑎𝑎̃
𝑖𝑗𝑘

 

1

2
(1 + 𝛾̂9)|𝑎⟩ =

1

2
(1 + 𝛾̂9)|𝑎̃⟩ = 0  

𝜁𝑎𝑎̃ = 𝛿𝑏𝑏̃𝜁𝑏̃𝑏⏟    
1 state 

𝛿𝑎𝑎̃ + 𝛾̂
𝑏̃𝑏̃

𝑖𝑗
𝜁𝑏̃𝑏⏟  

(82)=28 states 

𝛾̂𝑎𝑎̃
𝑖𝑗
+ 𝛾̂

𝑏𝑏̃

𝑖𝑗𝑘𝑙
𝜁𝑏̃𝑏⏟    

1
2
(8
4
)=35 states 

𝛾̂𝑎𝑎̃
𝑖𝑗𝑘𝑙

 

𝜁𝑖𝑎̃|𝑖⟩ ⊗ |𝑎̃⟩;
𝜁𝑎𝑖|𝑎⟩ ⊗ |𝑖⟩.

 

𝐹(𝜔) = ∑  

∞

𝑛=0

 𝑑𝑛𝜔
𝑛 = Tr𝜔𝑁  

Tr𝜔𝑁 = Tr𝜔∑  ∞
𝑚=1  𝛼−𝑚⋅𝛼𝑚 =∏  

∞

𝑚=1

 Tr𝜔𝛼−𝑚⋅𝛼𝑚

 = ∏  

∞

𝑚=1

 ∏  

24

𝑖=1

 Tr𝜔𝛼−𝑚
𝑖 𝛼𝑚

𝑖
= (∏  

∞

𝑚=1

 Tr𝜔𝛼−𝑚
1 𝛼𝑚

1
)

24 

Tr𝜔𝛼−𝑚
1 𝛼𝑚

1
= ∑  

∞

𝑛=0

 𝜔𝑚𝑛 =
1

1 − 𝜔𝑚
 

∴ Tr𝜔𝑁 = [∏  

∞

𝑚=1

  (1 − 𝜔𝑚)]

−24

= 𝐹(𝜔)  

𝜙(𝑡) =∏  

∞

𝑘=1

  (1 − 𝑡𝑘)  

𝜙(𝜔)= ∏  

∞

𝑚=1

  (1 − 𝜔𝑚) = exp (∑  

∞

𝑚=1

 log (1 − 𝜔𝑚))  

 = exp (−∑  

𝑚,𝑛

 
𝜔𝑚𝑛

𝑛
) = exp (−∑  

∞

𝑛=1

 
𝜔𝑛

𝑛(1 − 𝜔𝑛)
)
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⇒ −∑  

∞

𝑛=1

 
𝜔𝑛

𝑛(1 − 𝜔𝑛)
∼ −∑  

𝑛

 
1 − 𝑛𝜖

𝑛2𝜖
∼ −∑  

𝑛

 
1

𝑛2𝜖
= −

1

1 − 𝜔
∑  

∞

𝑛=1

 
1

𝑛2
 

⇒ 𝜙(𝜔)∼ exp (−
𝜋2

6(1 − 𝜔)
)  

⇒ 𝐹(𝜔) ∼ exp (
4𝜋2

1 − 𝜔
)

 

∑  

∞

𝑛=1

1

𝑛2
= 𝜁(2) =

𝜋2

6
 

𝜂(𝜏):= 𝑒𝑖𝜋𝜏/12∏ 

∞

𝑛=1

  (1 − 𝑒2𝜋𝑖𝑛𝜏)  

𝜔 = 𝑒2𝜋𝑖𝜏 (i.e. 𝜏 =
log 𝜔

2𝜋𝑖
 ) 

𝜂(𝜏) = 𝜔1/24∏ 

∞

𝑛=1

  (1 − 𝜔𝑛).  

𝜂(−1/𝜏) = (−𝑖𝜏)1/2𝜂(𝜏)  

𝜂(−1/𝜏) = 𝑒−𝑖𝜋/12𝜏∏ 

∞

𝑛=1

  (1 − 𝑒−2𝜋𝑖𝑛/𝜏)  

𝜂(−1/𝜏) = (𝑞2)1/24∏ 

∞

𝑛=1

  (1 − (𝑞2)𝑛)  

𝜙(𝜔)= 𝜔−1/24𝜂(𝜏)  

 = 𝜔−1/24(−𝑖𝜏)−1/2𝜂(−1/𝜏)

 = (
−log 𝜔

2𝜋
)
−1/2

𝜔−1/24(𝑞2)1/24𝜙(𝑞2)

 

𝑞2 = exp (
4𝜋2

log 𝜔
) 

𝜔 → 1, log 𝜔 → 𝜔 − 1 

(𝑞2)1/24 → exp (−
𝜋2

6(1 − 𝜔)
) 

𝜙(𝜔) ∼ (2𝜋)1/2(1 − 𝜔)−1/2exp (
−𝜋2

6(1 − 𝜔)
)  

𝐹(𝜔) ∼ (2𝜋)−12(1 − 𝜔)12exp (
4𝜋2

1 − 𝜔
)  

𝑑𝑛 =
1

2𝜋𝑖
∮𝑑𝜔

𝐹(𝜔)

𝜔𝑛+1
  .  

𝑑𝑛 ∼
1

2𝜋𝑖
∮   𝑑𝜔 (

−log 𝜔

2𝜋
)
12

exp [−(𝑛 + 1)(log 𝜔 +
4𝜋2

(𝑛 + 1)log 𝜔
)] .  

𝑠 → 𝑛 + 1

𝑓(𝑧)  → 𝑓(𝜔) = −(log 𝜔 +
4𝜋2

(𝑛 + 1)log 𝜔
)

𝑔(𝑧)  → 𝑔(𝜔) = (
−log 𝜔

2𝜋
)
12

,
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𝑓′′(𝜔0)  = 𝑓
′′(𝜔)|

𝜔=𝑒−2𝜋/√𝑛+1
= (

√𝑛 + 1

𝜋
)𝑒4𝜋/√𝑛+1

𝑔(𝜔0)  = 𝑔(𝜔)|𝜔=𝑒−2𝜋/√𝑛+1 = (
1

√𝑛 + 1
)
12

.

 

𝑑𝑛 ∼
1

√2
(𝑛 + 1)−27/4𝑒4𝜋√𝑛𝑒−2𝜋/√𝑛+1,  

𝑑𝑛 ∼ 𝑛
−27/4𝑒4𝜋√𝑛.  

𝑍 =∑  

𝑛

 𝑑𝑛𝑒
−𝐸𝑛/(𝑘𝐵𝑇)→ ∫  𝑑𝑛𝑑𝑛𝑒

−𝐸𝑛/(𝑘𝐵𝑇)  

 ∼ 2𝛼′∫  𝑑𝐸𝑛𝑑𝑛𝐸𝑛𝑒
−𝛽𝐸𝑛

 

𝑍∼ 2𝛼′∫  𝑑𝐸𝑛−27/4𝑒4𝜋√𝑛𝐸𝑒−𝛽𝐸  

∼ 2𝛼′(𝛼′)−27/4∫  𝑑𝐸𝐸−27/2𝐸𝑒4𝜋√𝛼
′𝐸−𝛽𝐸  

 ∼ ∫  𝑑𝐸𝐸−25/2𝑒(4𝜋√𝛼
′−𝛽)𝐸

 

𝑇𝐻 =
1

4𝜋𝑘𝐵√𝛼
′
.  

𝑋𝜇(𝜎, 𝜏)  = 𝑋𝐿
𝜇
(𝜎 + 𝜏) + 𝑋𝑅

𝜇
(𝜎 − 𝜏)

𝑋𝐿
𝜇
 =
1

2
𝑥𝜇 +

1

2
𝛼′𝑝𝐿

𝜇
𝜉+ + 𝑖√

𝛼′

2
∑  

𝑛≠0

 
𝛼̃𝑛
𝜇

𝑛
𝑒−𝑖𝑛𝜉

+

𝑋𝑅
𝜇
 =
1

2
𝑥𝜇 +

1

2
𝛼′𝑝𝑅

𝜇
𝜉− + 𝑖√

𝛼′

2
∑  

𝑛≠0

 
𝛼𝑛
𝜇

𝑛
𝑒−𝑖𝑛𝜉

−

 

𝑋25(𝜎, 𝜏)  = 𝑋25(𝜎 + 2𝜋, 𝜏) + 2𝜋𝑅𝑛25;

𝑋𝜈(𝜎, 𝜏)  = 𝑋𝜈(𝜎 + 2𝜋, 𝜏) 𝜈 = 0,1,… ,24,
 

𝑋25(𝜎 + 2𝜋, 𝜏) = 𝑥25+
𝛼′

2
𝑝𝐿
25𝜉+ +

𝛼′

2
𝑝𝑅
25𝜉− +

𝛼′

2
2𝜋(𝑝𝐿

25 − 𝑝𝑅
25) 

+𝑖√
𝛼′

2
∑  

𝑛≠0

 
1

𝑛
[𝛼𝑛
25𝑒−𝑖𝑛𝜉

+
+ 𝛼̃𝑛

25𝑒−𝑖𝑛𝜉
−
]  

= 𝑋25(𝜎, 𝜏) +𝜋𝛼′(𝑝𝐿
25 − 𝑝𝑅

25)

⇒𝑝𝐿
25 − 𝑝𝑅

25 = −
2𝑅𝑛25

𝛼′

 

𝑝𝐿
25 =

𝑚25

𝑅
−
𝑅𝑛25

𝛼′
;

𝑝𝑅
25 =

𝑚25

𝑅
+
𝑅𝑛25

𝛼′
.

 

(𝑁 + 𝑁̃ +
𝛼′

4
(𝑝𝐿
𝜈𝑝𝐿𝜈 − 𝑝𝑅

𝜈𝑝𝑅𝜈) +
𝛼′

4
((𝑝𝐿

25)
2
− (𝑝𝑅

25)
2
)) |𝜙⟩ = 0  

(𝑁 − 𝑁̃ −𝑚25𝑛25)|𝜙⟩ = 0  

(
𝑁 + 𝑁̃

2
+
(𝑚25)2𝛼′

4𝑅2
+
(𝑛25)2𝑅2

4𝛼′
+
𝛼′

4
𝑝𝐴
𝜈𝑝𝐴𝜈 − 1) |𝜙⟩  

𝑀2 = −𝑞2 =
2(𝑁 + 𝑁̃)

𝛼′
−
4

𝛼′
+
(𝑚25)2

𝑅2
+
(𝑛25)2𝑅2

𝛼′2
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𝛼0
25 = (

𝑚25

𝑅
−
𝑅𝑛25

𝛼′
)√

𝛼′

2

𝛼̃0
25 = (

𝑚25

𝑅
+
𝑅𝑛25

𝛼′
)√

𝛼′

2

 

𝐿𝑚 =
1

2
∑  

∞

𝑛=−∞

 𝛼𝑚−𝑛 ⋅ 𝛼𝑛  

𝐿𝑚 =
1

2
∑  

∞

𝑛=−∞

  : 𝛼𝑚−𝑛 ⋅ 𝛼𝑛:  

: 𝛼𝑝
𝜇
𝛼𝑞
𝜈 : = {

𝛼𝑝
𝜇
𝛼𝑞
𝜈 𝑞 ≥ 0

𝛼𝑞
𝜇
𝛼𝑝
𝜈 𝑞 < 0

 

[𝐿𝑚, 𝛼𝑛
𝜇
] = −𝑛𝛼𝑚+𝑛

𝜇
,  

[𝐿𝑚, 𝐿𝑛] =[
1

2
∑  

∞

𝑝=−∞

  : 𝛼𝑚−𝑝 ⋅ 𝛼𝑝: , 𝐿𝑛]

=
1

2
∑  

−1

𝑝=−∞

  [𝛼𝑝 ⋅ 𝛼𝑚−𝑝, 𝐿𝑛] +
1

2
∑  

∞

𝑝=0

  [𝛼𝑚−𝑝 ⋅ 𝛼𝑝, 𝐿𝑛]

=
1

2
∑  

−1

𝑝=−∞

  ((𝑚 − 𝑝)𝛼𝑝 ⋅ 𝛼𝑚+𝑛−𝑝 + 𝑝𝛼𝑛+𝑝 ⋅ 𝛼𝑚−𝑝)

 +
1

2
∑  

∞

𝑝=0

  (𝑝𝛼𝑚−𝑝 ⋅ 𝛼𝑛+𝑝 + (𝑚 − 𝑝)𝛼𝑚+𝑛−𝑝 ⋅ 𝛼𝑝)

 

[𝐿𝑚, 𝐿𝑛] =
1

2
( ∑  

−1

𝑝=−∞

  (𝑚 − 𝑝)𝛼𝑝 ⋅ 𝛼𝑚+𝑛−𝑝 + ∑  

𝑛−1

𝑝=−∞

  (𝑝 − 𝑛)𝛼𝑝 ⋅ 𝛼𝑛+𝑚−𝑝)

 +
1

2
(∑  

∞

𝑝=𝑛

  (𝑝 − 𝑛)𝛼𝑛+𝑚−𝑝 ⋅ 𝛼𝑝 +∑  

∞

𝑝=0

  (𝑚 − 𝑝)𝛼𝑚+𝑛−𝑝 ⋅ 𝛼𝑝) .

 

∑  

∞

𝑝=𝑛

  (𝑝 − 𝑛)𝛼𝑛+𝑚−𝑝 ⋅ 𝛼𝑝 =∑  

−1

𝑝=𝑛

  (𝑝 − 𝑛)𝛼𝑛+𝑚−𝑝 ⋅ 𝛼𝑝 +∑  

∞

𝑝=0

  (𝑝 − 𝑛)𝛼𝑛+𝑚−𝑝 ⋅ 𝛼𝑝  

=∑  

−1

𝑝=𝑛

  (𝑝 − 𝑛)(𝛼𝑝 ⋅ 𝛼𝑛+𝑚−𝑝 + 𝜂𝜇𝜈[𝛼𝑛+𝑚−𝑝
𝜇

, 𝛼𝑝
𝜈])  

+∑  

∞

𝑝=0

  (𝑝 − 𝑛)𝛼𝑛+𝑚−𝑝 ⋅ 𝛼𝑝  

=∑  

−1

𝑝=𝑛

  (𝑝 − 𝑛)𝛼𝑝 ⋅ 𝛼𝑛+𝑚−𝑝 +∑  

−1

𝑝=𝑛

  (𝑝 − 𝑛)(𝑛 + 𝑚 − 𝑝)𝛿𝑛+𝑚𝜂𝜇𝜈𝜂
𝜇𝜈  

 +∑  

∞

𝑝=0

  (𝑝 − 𝑛)𝛼𝑛+𝑚−𝑝 ⋅ 𝛼𝑝

 

∑  

∞

𝑝=0

  (𝑚 − 𝑛)𝛼𝑛+𝑚−𝑝 ⋅ 𝛼𝑝  

∑  

−1

𝑝=−∞

  (𝑝 − 𝑛)𝛼𝑝 ⋅ 𝛼𝑛+𝑚−𝑝  
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∑  

−1

𝑝=−∞

  (𝑚 − 𝑛)𝛼𝑝 ⋅ 𝛼𝑛+𝑚−𝑝  

1

2
∑  

∞

𝑝=−∞

  (𝑚 − 𝑛): 𝛼𝑛+𝑚−𝑝 ⋅ 𝛼𝑝: = 𝐿𝑚+𝑛  

∑  

−1

𝑝=𝑛

  (𝑝 − 𝑛)(𝑛 + 𝑚 − 𝑝)𝛿𝑛+𝑚𝜂𝜇𝜈𝜂
𝜇𝜈  = ∑  

−1

𝑝=−𝑚

 𝑑(𝑝 + 𝑚)(−𝑝)𝛿𝑛+𝑚

= ∑  

−1

−𝑞=−𝑚

 𝑑(−𝑞 + 𝑚)(𝑞)𝛿𝑛+𝑚  

= ∑  

1

𝑞=𝑚

 𝑑(𝑚𝑞 − 𝑞2)𝛿𝑛+𝑚  

= ∑  

𝑚

𝑞=1

 𝑑(𝑚𝑞 − 𝑞2)𝛿𝑛+𝑚  

= 𝑑𝑚𝛿𝑛+𝑚∑  

𝑚

𝑞=1

 𝑞 − 𝑑𝛿𝑛+𝑚∑  

𝑚

𝑞=1

 𝑞2  

= 𝑑𝛿𝑛+𝑚 (𝑚
1

2
𝑚(𝑚 + 1) −

1

6
𝑚(𝑚 + 1)(2𝑚 + 1)) 

=
𝑑

6
𝑚𝛿𝑛+𝑚(3𝑚

2 + 3𝑚 − 2𝑚2 − 3𝑚 − 1)  

 =
𝑑

6
(𝑚3 −𝑚)𝛿𝑛+𝑚

 

[𝐿𝑚, 𝐿𝑛] = 𝐿𝑚+𝑛 +
𝑑

12
(𝑚3 −𝑚)𝛿𝑚+𝑛 ,  

1

2
∑  

𝑛−1

𝑝=0

𝑝(𝑝 − 𝑛)𝑑𝛿𝑚+𝑛 , 

{𝑐𝑚 , 𝑏𝑛} = 𝛿𝑚+𝑛  

𝐿𝑚
(𝑏𝑐)

= ∑  

∞

𝑝=−∞

  : 𝑏𝑚+𝑝𝑐−𝑝: ,  

: 𝑏𝑖𝑐𝑗: = {
𝑏𝑖𝑐𝑗 𝑗 ≥ 0

−𝑐𝑗𝑏𝑖 𝑗 < 0
 

[𝐿𝑚
(𝑏𝑐)
, 𝑏𝑛] = (𝑚 − 𝑛)𝑏𝑚+𝑛,

[𝐿𝑚
(𝑏𝑐)
, 𝑐𝑛] = −(2𝑚 + 𝑛)𝑐𝑚+𝑛.

 

[𝐿𝑚
(𝑏𝑐)
, 𝐿𝑛
(𝑏𝑐)
] = ∑  

0

𝑝=−∞

  (𝑚 − 𝑝)(2𝑛 − 𝑝)𝑏𝑚+𝑝𝑐𝑛−𝑝 − ∑  

0

𝑝=−∞

  (𝑚 − 𝑝)(𝑛 − 𝑚 − 𝑝)𝑏𝑚+𝑛+𝑝𝑐−𝑝

 +∑  

∞

𝑝=1

  (𝑚 − 𝑝)(𝑛 −𝑚 − 𝑝)𝑐−𝑝𝑏𝑚+𝑛+𝑝 −∑  

∞

𝑝=1

  (𝑚 − 𝑝)(2𝑛 − 𝑝)𝑐𝑛−𝑝𝑏𝑚+𝑝

 

[𝐿𝑚
(𝑏𝑐)
, 𝐿𝑛
(𝑏𝑐)
] = ∑  

−𝑛

𝑝=−∞

  (𝑚 − 𝑛 − 𝑝)(𝑛 − 𝑝)𝑏𝑚+𝑛+𝑝𝑐−𝑝 − ∑  

0

𝑝=−∞

  (𝑚 − 𝑝)(𝑛 −𝑚 − 𝑝)𝑏𝑚+𝑛+𝑝𝑐−𝑝

 +∑  

∞

𝑝=1

  (𝑚 − 𝑝)(𝑛 −𝑚 − 𝑝)𝑐−𝑝𝑏𝑚+𝑛+𝑝 − ∑  

∞

𝑝=−𝑛+1

  (𝑚 − 𝑛 − 𝑝)(𝑛 − 𝑝)𝑐−𝑝𝑏𝑚+𝑛+𝑝.
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∑  

0

𝑝=−∞

  ((𝑚 − 𝑛 − 𝑝)(𝑛 − 𝑝) + (𝑚 + 𝑝 − 𝑛)(𝑚 − 𝑝))𝑏𝑚+𝑛+𝑝𝑐−𝑝  

−∑  

∞

𝑝=1

  ((𝑚 + 𝑝 − 𝑛)(𝑚 − 𝑝) + (𝑚 − 𝑛 − 𝑝)(𝑛 − 𝑝))𝑐−𝑝𝑏𝑚+𝑛+𝑝 

= (𝑚 − 𝑛) ∑  

∞

𝑝=−∞

  (𝑚 + 𝑛 − 𝑝): 𝑏𝑚+𝑛+𝑝𝑐−𝑝

∶= (𝑚 − 𝑛)𝐿𝑚+𝑛
(𝑏𝑐)

 

∑  

−𝑛

𝑝=1

  (𝑚 − 𝑛 − 𝑝)(𝑛 − 𝑝)𝛿𝑚+𝑛 =
1

6
(𝑚 − 13𝑚3)𝛿𝑚+𝑛  

[𝐿𝑚
(𝑏𝑐)
, 𝐿𝑛
(𝑏𝑐)
] = (𝑚 − 𝑛)𝐿𝑚+𝑛

(𝑏𝑐)
+
1

6
(𝑚 − 13𝑚3)𝛿𝑚+𝑛  

𝑋𝜇 = 𝑥𝜇 + 𝛼′𝑝𝜇𝜏 + 𝑖√
𝛼′

2
∑  

𝑛≠0

 
1

𝑛
(𝛼𝑛

𝜇
𝑒−𝑖𝑛(𝜏−𝜎) + 𝛼̃𝑛

𝜇
𝑒−𝑖𝑛(𝜏+𝜎)).  

𝑋𝜇 = 𝑥𝜇 + 2𝛼′𝑝𝜇𝜏 + 𝑖√2𝛼′∑  

𝑛≠0

 
𝛼𝑛
𝜇

𝑛
𝑒−𝑖𝑛𝜏cos 𝑛𝜎.  

𝑋𝜇 = 𝑎𝜇 +
1

𝜋
(𝑏𝜇 − 𝑎𝜇)𝜎 + √2𝛼′∑  

𝑛≠0

 
𝛼𝑛
𝜇

𝑛
𝑒−𝑖𝑛𝜏sin 𝑛𝜎.  

𝑋𝜇 = 𝑏𝜇 + 𝑖√2𝛼′ ∑  

𝑟∈ℤ+
1
2

 
𝛼𝑟
𝜇

𝑟
𝑒−𝑖𝑟𝜏cos 𝑟𝜎.

 

𝑋𝜇 = 𝑎𝜇 + √2𝛼′ ∑  

𝑟∈ℤ+
1
2

 
𝛼𝑟
𝜇

𝑟
𝑒−𝑖𝑟𝜏sin 𝑟𝜎

 

𝜓𝑅(𝜋, 𝜏) = 𝜓𝐿(𝜋, 𝜏),  

𝜓𝑅
𝜇
(𝜎, 𝜏)  = ∑  

𝑛∈ℤ

 𝜓𝑛
𝜇
𝑒−𝑖𝑛(𝜏−𝜎);

𝜓𝐿
𝜇
(𝜎, 𝜏)  = ∑  

𝑛∈ℤ

 𝜓𝑛
𝜇
𝑒−𝑖𝑛(𝜏+𝜎),

 

𝜓𝑅(𝜋, 𝜏) = −𝜓𝐿(𝜋, 𝜏),  

𝜓𝑅
𝜇
(𝜎, 𝜏) = ∑  

𝑟∈ℤ+
1
2

 𝜓𝑟
𝜇
𝑒−𝑖𝑟(𝜏−𝜎);

𝜓𝐿
𝜇
(𝜎, 𝜏) = ∑  

𝑟∈ℤ+
1
2

 𝜓𝑟
𝜇
𝑒−𝑖𝑟(𝜏+𝜎),

 

𝜓𝑅
𝜇
=∑ 𝜓𝑛

𝜇
𝑒−𝑖𝑛(𝜏−𝜎)  or  𝜓𝑅

𝜇
=∑ 𝜓𝑟

𝜇
𝑒−𝑖𝑟(𝜏−𝜎)  

𝜓𝐿
𝜇
=∑ 𝜓̃𝑛

𝜇
𝑒−𝑖𝑛(𝜏+𝜎)  or  𝜓𝐿

𝜇
=∑ 𝜓̃𝑟

𝜇
𝑒−𝑖𝑟(𝜏+𝜎).  

Ω: 𝜎 → 𝑙 − 𝜎; 𝜏 → 𝜏,  

Ω: 𝛼𝑛
𝜇
↔ 𝛼̃𝑛

𝜇
,  
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Ω: 𝛼𝑛
𝜇
→ (−1)𝑛𝛼𝑛

𝜇
.  

Ω: 𝛼𝑛
𝜇
→ (−1)𝑛𝛼𝑛

𝜇
; 𝑎𝜇 ↔ 𝑏𝜇 .  

ND Ω: 𝛼𝑟
𝜇
→ 𝑒𝑖𝜋𝑟𝛼𝑟

𝜇

DN Ω: 𝛼𝑟
𝜇
→ 𝑒−𝑖𝜋𝑟𝛼𝑟

𝜇  

Ω:𝜓𝑛
𝜇
→ (−1)𝑛𝜓𝑛

𝜇

Ω:𝜓𝑟
𝜇
→ 𝑒±𝑖𝜋𝑟𝜓𝑟

𝜇
,

 

 

 

 

 

 

Ω: |𝑛; 𝑘⟩ → (−1)−𝑛|𝑛; 𝑘⟩.  

 

|0⟩𝛼⊗ |0⟩𝜓(𝑛; 𝑘; 𝑖𝑗)  

|𝑛; 𝑘; 𝑎⟩ = ∑  

𝑁𝑐

𝑖,𝑗=1

  |𝑛; 𝑘; 𝑖𝑗⟩𝜆𝑗𝑖
𝑎 ,  

Ω: |𝑛; 𝑘; 𝑖𝑗⟩→ 𝜔𝑛|𝑛; 𝑘; 𝑖𝑗⟩
𝑇 

 = 𝜔𝑛|𝑛; 𝑘; 𝑗𝑖⟩,
 

Ω: |𝑛; 𝑘; 𝑎⟩→ 𝜔𝑛∑ 

𝑖,𝑗

  |𝑛; 𝑘; 𝑖𝑗⟩𝑇(𝜆𝑗𝑖
𝑎)
𝑇
 

 = 𝜔𝑛∑ 

𝑖,𝑗

  |𝑛; 𝑘; 𝑗𝑖⟩(𝜆𝑎)𝑇 𝑖𝑗

= 𝜔𝑛∑ 

𝑖,𝑗

  |𝑛; 𝑘; 𝑖𝑗⟩(𝜆𝑎)𝑇 𝑗𝑖  

= 𝜔𝑛𝑠
𝑎∑ 

𝑖,𝑗

  |𝑛; 𝑘; 𝑖𝑗⟩𝜆𝑗𝑖
𝑎  

 = 𝜔𝑛𝑠
𝑎|𝑛; 𝑘; 𝑎⟩,
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Ω𝛾: |𝑛; 𝑘; 𝑖𝑗⟩ → 𝜔𝑛𝛾𝑗𝑗′|𝑛; 𝑘; 𝑗
′𝑖′⟩𝛾𝑖′𝑖

−1.  

Ω𝛾
2: |𝑛; 𝑘; 𝑖𝑗⟩→ 𝜔𝑛

2𝛾𝑖𝑖′′[𝛾𝑗′′𝑗′|𝑛; 𝑘; 𝑗
′𝑖′⟩𝛾𝑖′𝑖′′

−1 ]
𝑇
𝛾𝑗′′𝑗
−1  

= 𝜔𝑛
2𝛾𝑖𝑖′′(𝛾𝑖′𝑖′′

−1 )
𝑇
|𝑛; 𝑘; 𝑖′𝑗′⟩(𝛾𝑗′′𝑗′)

𝑇
𝛾𝑗′′𝑗
−1  

= 𝜔𝑛
2𝛾𝑖𝑖′′(𝛾

𝑇)𝑖′′𝑖′
−1 |𝑛; 𝑘; 𝑖′𝑗′⟩𝛾𝑗′𝑗′′

𝑇 𝛾𝑗′′𝑗
−1  

 = 𝜔𝑛
2(𝛾(𝛾𝑇)−1)𝑖𝑖′|𝑛; 𝑘; 𝑖

′𝑗′⟩(𝛾𝑇𝛾−1)𝑗′𝑗 .

 

𝛾 = 𝑀 = 𝑖 (
0 𝐼𝑘
−𝐼𝑘 0

) ,  

𝜆→ 𝑀𝜆𝑇𝑀  

(
𝐴𝑘 𝐵𝑘
𝐶𝑘 𝐷𝑘

)→ (
𝐷𝑘
𝑇 −𝐵𝑘

𝑇

−𝐶𝑘
𝑇 𝐴𝑘

𝑇 ) 

 = − (
𝐴𝑘 𝐵𝑘
𝐶𝑘 𝐷𝑘

)

 

𝜆 = (
𝐴𝑘 𝐵𝑘
𝐶𝑘 −𝐴𝑘

𝑇) ,  

𝑋𝐼(𝜎, 𝜏) → −𝑋𝐼(𝑙 − 𝜎, 𝜏),  

𝑄𝑂𝑝 = ±2 ⋅ 2
𝑝−5𝑄𝐷𝑝,  

1

2
(𝜓6 + 𝑖𝜓7)−1/2(𝜓8 + 𝑖𝜓9)−1/2|0⟩,  

Ω𝛾5𝛾9
2 : |𝜙; 𝑖𝐽⟩→ Ω𝛾5𝛾9 : 𝜔59𝛾9𝐽𝐽′|𝜙; 𝐽

′𝑖′⟩𝛾5
−1 𝑖′𝑖  

→ 𝜔59
2 𝛾5𝑖𝑖′′[𝛾9𝐽′′𝐽′|𝜙; 𝐽

′𝑖′⟩𝛾5
−1 𝑖′𝑖′′]

𝑇
𝛾9
−1 𝐽′′𝐽  

= 𝜔59
2 𝛾5𝑖𝑖′′(𝛾5

−1 𝑖′𝑖′′)
𝑇|𝜙; 𝑖′𝐽′⟩(𝛾9𝐽′′𝐽′)

𝑇
𝛾9
−1 𝐽′′𝐽  

= 𝜔59
2 𝛾5𝑖𝑖′′(𝛾5

𝑇)𝑖′′𝑖′
−1 |𝜙; 𝑖′𝐽′⟩𝛾9

𝑇  𝐽′𝐽′′𝛾9
−1 𝐽′′𝐽  

 = 𝜔59
2 (𝛾5𝛾5

𝑇)𝑖𝑖′|𝜙; 𝑖
′𝐽′⟩(𝛾9

𝑇𝛾9
−1)𝐽′𝐽,

 

𝑁𝑁𝑆 =𝑁̃
(𝛼) + 𝑁̃(𝜓)

=
1

2
∑  

𝑛∈ℤ

 𝛼−𝑛
𝑖 𝛼𝑛

𝑖 +
1

2
∑  

𝑟∈ℤ+
1
2

 𝑟𝜓−𝑟
𝑖 𝜓𝑟

𝑖

=
1

2
∑  

∞

1

 𝛼−𝑛
𝑖 𝛼𝑛

𝑖 +
1

2
∑  

−1

−∞

 𝛼−𝑛
𝑖 𝛼𝑛

𝑖 +
1

2
∑  

∞

1/2

 𝑟𝜓−𝑟
𝑖 𝜓𝑟

𝑖 +
1

2
∑  

−1/2

−∞

 𝑟𝜓−𝑟
𝑖 𝜓𝑟

𝑖

=
1

2
∑  

∞

1

 𝛼−𝑛
𝑖 𝛼𝑛

𝑖 +
1

2
∑  

∞

1

 𝛼𝑛
𝑖 𝛼−𝑛

𝑖 +
1

2
∑  

∞

1/2

 𝑟𝜓−𝑟
𝑖 𝜓𝑟

𝑖 +
1

2
∑  

∞

1/2

 − 𝑟𝜓𝑟
𝑖𝜓−𝑟

𝑖

=
1

2
∑  

∞

1

 𝛼−𝑛
𝑖 𝛼𝑛

𝑖 +
1

2
∑  

∞

1

  (𝛼−𝑛
𝑖 𝛼𝑛

𝑖 + [𝛼𝑛
𝑖 , 𝛼−𝑛

𝑖 ])

+
1

2
∑  

∞

1/2

 𝑟𝜓−𝑟
𝑖 𝜓𝑟

𝑖 +
1

2
∑  

∞

1/2

  (𝑟𝜓−𝑟
𝑖 𝜓𝑟

𝑖 − 𝑟{𝜓𝑟
𝑖 , 𝜓−𝑟

𝑖 })  

=∑  

∞

1

 𝛼−𝑛
𝑖 𝛼𝑛

𝑖 +∑  

∞

1/2

 𝑟𝜓−𝑟
𝑖 𝜓𝑟

𝑖 +
1

2
∑  

∞

1

 𝑛𝜂𝑖𝑖 −
1

2
∑  

∞

1/2

 𝑟𝜂𝑖𝑖  

=𝑁(𝛼) +𝑁(𝜓) +
𝑑 − 2

2
(∑  

∞

1

 𝑛 −∑  

∞

1/2

 𝑟)

=𝑁(𝛼) +𝑁(𝜓) − 𝑎𝑁𝑆

 

∑ 

∞

1/2

 𝑟 =
1

24
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𝜓𝑎
± =

1

√2
(𝜓2𝑎 ± 𝑖𝜓2𝑎+1),  

|0⟩

𝜓𝑎
+|0⟩

𝜓𝑎1
+ 𝜓𝑎2

+ |0⟩

𝜓𝑎1
+ 𝜓𝑎2

+ 𝜓𝑎3
+ |0⟩

𝜓𝑎1
+ 𝜓𝑎2

+ 𝜓𝑎3
+ 𝜓𝑎4

+ |0⟩

 

𝑆𝑂(9,1) → 𝑆𝑂(3,1) × 𝑆𝑂(6)  

16 = 8s + 8c → (2,4) + (2′, 4′).  

 

 

−𝑎𝑁𝑆=
4

2
(∑  

∞

1

 𝑛 −∑  

∞

1/2

 𝑟) +
4

2
(∑  

∞

1/2

 𝑟 −∑  

∞

1

 𝑛) = 0 

 

 

−𝑎𝑅=
4

2
(∑  

∞

1

 𝑛 −∑  

∞

1

 𝑛) +
4

2
(∑  

∞

1/2

 𝑟 −∑  

∞

1/2

 𝑟) = 0 
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𝛾𝑑+1 =∏ 

𝑑−1

𝑖=0

 𝛾𝑖 , 𝑑 ∈ 2ℤ  

𝑃± =
1

2
(1 ± 𝛾𝑑+1)  

∑  

𝑛

𝑝=1

 1 = 𝑛

∑  

𝑛

𝑝=1

 𝑝 =
1

2
𝑛(𝑛 + 1)

∑  

𝑛

𝑝=1

 𝑝2 =
1

6
𝑛(𝑛 + 1)(2𝑛 + 1)

 

𝛿(𝑥 − 𝑥′) =
1

2𝜋
∫  
∞

−∞

𝑑𝑝𝑒±𝑖𝑝(𝑥−𝑥
′) 

𝛿(𝜎 − 𝜎′) =
1

2𝜋
∑  

∞

𝑛=−∞

𝑒±𝑖𝑛(𝜎−𝜎
′) 
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∫  
𝑥0+𝐿

𝑥0

 𝑑𝑥sin (
2𝜋𝑟𝑥

𝐿
) cos (

2𝜋𝑝𝑥

𝐿
) = 0 ∀𝑟, 𝑝

∫  
𝑥0+𝐿

𝑥0

 𝑑𝑥cos (
2𝜋𝑟𝑥

𝐿
) cos (

2𝜋𝑝𝑥

𝐿
) = {

𝐿 𝑟 = 𝑝 = 0
1

2
𝐿 𝑟 = 𝑝 > 0

0 𝑟 ≠ 𝑝

∫  
𝑥0+𝐿

𝑥0

 𝑑𝑥sin (
2𝜋𝑟𝑥

𝐿
) sin (

2𝜋𝑝𝑥

𝐿
) = {

0 𝑟 = 𝑝 = 0
1

2
𝐿 𝑟 = 𝑝 > 0

0 𝑟 ≠ 𝑝

∫  
𝑥0+𝐿

𝑥0

 𝑑𝑥exp (
𝑖2𝜋𝑟𝑥

𝐿
) exp (

𝑖2𝜋𝑝𝑥

𝐿
) = {

𝐿 𝑟 = 𝑝 = 0
0 𝑟 = 𝑝 > 0
0 𝑟 ≠ 𝑝

∫  
𝑥0+𝐿

𝑥0

 𝑑𝑥exp (
𝑖2𝜋𝑟𝑥

𝐿
) exp (

−𝑖2𝜋𝑝𝑥

𝐿
) = {

𝐿 𝑟 = 𝑝 = 0
𝐿 𝑟 = 𝑝 > 0
0 𝑟 ≠ 𝑝

 = 𝐿𝛿𝑟−𝑝

 

[𝐴𝐵, 𝐶] = 𝐴[𝐵, 𝐶] + [𝐴, 𝐶]𝐵

[𝑃𝑄, 𝑅] = 𝑃{𝑄, 𝑅} − {𝑃, 𝑅}𝑄

[𝐴𝑃, 𝐵] = 𝐴[𝑃, 𝐵] + [𝐴, 𝐵]𝑃
{𝐴𝑃,𝑄} = 𝐴{𝑃, 𝑄} − [𝐴, 𝑄]𝑃

 

[𝐴, [𝐵, 𝐶]] + [𝐵, [𝐶, 𝐴]] + [𝐶, [𝐴, 𝐵]] = 0

[𝑃, {𝑄, 𝑅}] + [𝑄, {𝑅, 𝑃}] + [𝑅, {𝑃, 𝑄}] = 0

[𝐴, [𝐵, 𝑃]] + [𝐵, [𝑃, 𝐴]] + [𝑃, [𝐴, 𝐵]] = 0
[{𝑃, 𝑄}, 𝐴] + {[𝐴, 𝑃], 𝑄} + {[𝐴, 𝑄], 𝑃} = 0

 

Γ(𝑧 + 1) = 𝑧! = ∫  
∞

0

𝑒−𝑡𝑡𝑧𝑑𝑡 (ℜ(𝑧) > −1) 

Γ(𝑧 − 1) =
Γ(𝑧)

(𝑧 − 1)
 

𝐵(𝑥, 𝑦) = ∫  
1

0

𝑡𝑥−1(1 − 𝑡)𝑦−1𝑑𝑡 (ℜ(𝑥), ℜ(𝑦) > 0) 

𝐵(𝑥, 𝑦) =
Γ(𝑥)Γ(𝑦)

Γ(𝑥 + 𝑦)
 

∫ 
𝐶

𝑑𝑧𝑔(𝑧)𝑒𝑠𝑓(𝑧) ≈ √
2𝜋

𝑠|𝑓′′(𝑧0)|
𝑔(𝑧0)𝑒

𝑠𝑓(𝑧0)𝑒𝑖𝛼   as 𝑠 → ∞, 

𝛼 = (𝜋 − arg 𝑓′′(𝑧0))/2 

𝑒−1 = √𝑔𝜏𝜏𝑔
𝜏𝜏 = √𝑔𝜏𝜏 𝑔 

𝛿𝜂𝑋
𝜇 = 𝜂𝜕𝜏𝑋

𝜇; 𝛿𝜂𝑒 = 𝜕𝜏(𝜂𝑒) 

𝜉0 = 𝜏, 𝜉1 = 𝜎 

 

𝑀:
𝛿|det𝑀|

|det𝑀|
= tr(𝑀−1𝛿𝑀) 

𝐴1 = 𝜆∫  𝑑
2𝜉√−det𝛾 

𝐴2 =
1

2𝜋
∫  𝑑2𝜉√−det𝛾𝑅(2)(𝛾) 
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◻:= −𝜕𝜏
2 + 𝜕𝜎

2 

𝑓(𝜎, 𝜏) ≡ 𝑓(𝜉+, 𝜉−) 

[𝑓, 𝑔]𝑃.𝐵. ≡
𝜕𝑓

𝜕𝑞𝑖

𝜕𝑔

𝜕𝑝𝑖
−
𝜕𝑓

𝜕𝑝𝑖

𝜕𝑔

𝜕𝑞𝑖
 

[𝑞, 𝑝]𝑃.𝐵. = 1, [𝑞, 𝑞]𝑃.𝐵. = 0, [𝑝, 𝑝]𝑃.𝐵. = 0 

𝐴(𝛼𝛽) ≡
1

2
(𝐴𝛼𝛽 + 𝐴𝛽𝛼) 

𝑁(𝜓) = ∑  

∞

𝑟=1/2

𝑟𝜓−𝑟 ⋅ 𝜓𝑟 

𝛾̂𝑖1𝑖2…𝑖𝑘 ∼ 𝛾̂[𝑖1𝛾̂𝑖2 … 𝛾̂𝑖𝑘] 

IIA: (𝟖𝐯 + 𝟖𝐬) ⊗ (𝟖𝐯 + 𝟖𝐜); IIB: (𝟖𝐯 + 𝟖𝐬) ⊗ (𝟖𝐯 + 𝟖𝐬) 

[𝐽𝐴, 𝐽𝐵] = 𝜖𝐴𝐵𝐶𝐽
𝐶 , [𝐽𝐴, 𝑃̃𝐵] = 𝜖𝐴𝐵𝐶𝑃̃

𝐶 , [𝑃̃𝐴, 𝑃̃𝐵] =
1

ℓ2
𝜖𝐴𝐵𝐶𝐽

𝐶  

[𝐽, 𝐺𝑎] = 𝜖𝑎𝑏𝐺𝑏 ,         [𝐽, 𝑃𝑎] = 𝜖𝑎𝑏𝑃𝑏,        

[𝐻, 𝐺𝑎] = 𝜖𝑎𝑏𝑃𝑏,         [𝐺𝑎 , 𝐺𝑏] = −𝜖𝑎𝑏𝐽        

[𝑃𝑎, 𝑃𝑏]= −
1

ℓ2
𝜖𝑎𝑏𝐽,         [𝐻, 𝑃𝑎] =

1

ℓ2
𝜖𝑎𝑏𝐺𝑏        

 

𝐽 = 𝐽0, 𝐺𝑎 = 𝐽𝑎, 𝐻 = 𝑃̃0, 𝑃𝑎 = 𝑃̃𝑎  

 

[𝑉0, 𝑉0] ⊂ 𝑉0, [𝑉0, 𝑉1] ⊂ 𝑉1, [𝑉1, 𝑉1] ⊂ 𝑉0  

𝜆𝑖𝜆𝑗 = {
𝜆𝑖+𝑗  if 𝑖 + 𝑗 ≤ 2,

𝜆2  if 𝑖 + 𝑗 > 2,
 

𝑆0 = {𝜆0, 𝜆2}, 𝑆1 = {𝜆1, 𝜆2}  

𝑆0 ⋅ 𝑆0 ⊂ 𝑆0, 𝑆0 ⋅ 𝑆1 ⊂ 𝑆1, 𝑆1 ⋅ 𝑆1 ⊂ 𝑆0  

𝜆𝑖𝜆𝑗 = {
𝜆𝑖+𝑗  if 𝑖 + 𝑗 ≤ 3

𝜆3  if 𝑖 + 𝑗 > 3
 

𝑆0 = {𝜆0, 𝜆2, 𝜆3}, 𝑆1 = {𝜆1, 𝜆3}  

𝔊 = (𝑆0 × 𝑉0) ⊕ (𝑆1 × 𝑉1),  

[𝐽𝐴, 𝐽𝐵]= 𝜖𝐴𝐵𝐶𝐽
𝐶  

[𝐽𝐴, 𝑃̃𝐵]= 𝜖𝐴𝐵𝐶𝑃̃
𝐶  

[𝑃̃𝐴, 𝑃̃𝐵]=
1

ℓ2
𝜖𝐴𝐵𝐶𝐽

𝐶  

[𝐽𝐴, 𝑄̃𝛼
𝑖 ]= −

1

2
(𝛾𝐴)𝛼

𝛽
𝑄̃𝛽
𝑖  

[𝑃̃𝐴, 𝑄̃𝛼
𝑖 ]= −

1

2ℓ
(𝛾𝐴)𝛼

𝛽
𝑄̃𝛽
𝑖  

[𝒯̃, 𝑄̃𝛼
𝑖 ]=

1

2
𝜖𝑖𝑗𝑄̃𝛽

𝑗
 

{𝑄̃𝛼
𝑖 , 𝑄̃𝛽

𝑗
} = −

1

ℓ
𝛿𝑖𝑗(𝛾

𝐴𝐶)𝛼𝛽𝐽𝐴 − 𝛿𝑖𝑗(𝛾
𝐴𝐶)𝛼𝛽𝑃̃𝐴 − 𝐶𝛼𝛽𝜖

𝑖𝑗 (𝒰̃ +
1

ℓ
𝒯̃)

 



pág. 1636 

⟨𝐽𝐴𝐽𝐵⟩ = 𝛼̃0𝜂𝐴𝐵 , ⟨𝐽𝐴𝑃̃𝐵⟩ = 𝛼̃1𝜂𝐴𝐵

⟨𝑃̃𝐴𝑃̃𝐵⟩ =
𝛼̃0
ℓ2
𝜂𝐴𝐵, ⟨𝒯̃𝒯̃⟩ = 𝛼̃0

⟨𝒯̃𝒰̃⟩ = 𝛼̃1, ⟨𝒰̃𝒰̃⟩ = −
𝛼̃1
ℓ

⟨𝑄̃𝛼
𝑖 𝑄̃𝛽

𝑗
⟩ = 2 (𝛼1 +

𝛼0
ℓ
)𝐶𝛼𝛽𝛿

𝑖𝑗 .

 

𝑇 = 𝒯̃, 𝑈 = 𝒰̃, 𝑄𝛼
± =

1

√2
(𝑄̃𝛼

1 ± (𝛾0)𝛼𝛽𝑄̃𝛽
2)  

[𝐽, 𝐺𝑎] = 𝜖𝑎𝑏𝐺𝑏 , [𝐽, 𝑃𝑎] = 𝜖𝑎𝑏𝑃𝑏, [𝐺𝑎 , 𝐺𝑏] = −𝜖𝑎𝑏𝐽 

 

 

𝑉0 = {𝐽, 𝑃𝑎, 𝑇}, 𝑉1 = {𝑄𝛼
+, 𝑄𝛼

−}, 𝑉2 = {𝐻, 𝐺𝑎, 𝑈}  

[𝑉0, 𝑉0] ⊂ 𝑉0, [𝑉1, 𝑉1] ⊂ 𝑉0⊕𝑉2,
[𝑉0, 𝑉1] ⊂ 𝑉1, [𝑉1, 𝑉2] ⊂ 𝑉1,
[𝑉0, 𝑉2] ⊂ 𝑉2, [𝑉2, 𝑉2] ⊂ 𝑉0.

 

𝑆0 = {𝜆0, 𝜆2, 𝜆3}, 𝑆1 = {𝜆1, 𝜆3}, 𝑆2 = {𝜆2, 𝜆3}  

𝑆0 ⋅ 𝑆0 ⊂ 𝑆0, 𝑆1 ⋅ 𝑆1 ⊂ 𝑆0 ∩ 𝑆2
𝑆0 ⋅ 𝑆1 ⊂ 𝑆1, 𝑆1 ⋅ 𝑆2 ⊂ 𝑆1
𝑆0 ⋅ 𝑆2 ⊂ 𝑆2, 𝑆2 ⋅ 𝑆2 ⊂ 𝑆0

 

𝔊𝑅 = (𝑆0 × 𝑉0) ⊕ (𝑆1 × 𝑉1) ⊕ (𝑆2 × 𝑉2) 

𝑆̌0 = {𝜆0}, 𝑆̂0 = {𝜆2, 𝜆3}

𝑆̌1 = {𝜆1}, 𝑆̂1 = {𝜆3}

𝑆̌2 = {𝜆2}, 𝑆̂2 = {𝜆3}

 

𝑆̌0 ⋅ 𝑆̂0 ⊂ 𝑆̂0, 𝑆̌1 ⋅ 𝑆̂1 ⊂ 𝑆̂0 ∩ 𝑆̂2,

𝑆̌0 ⋅ 𝑆̂1 ⊂ 𝑆̂1, 𝑆̌1 ⋅ 𝑆̂2 ⊂ 𝑆̂1,

𝑆̌0 ⋅ 𝑆̂2 ⊂ 𝑆̂2, 𝑆̌2 ⋅ 𝑆̂2 ⊂ 𝑆̂0.

 

𝔊̌𝑅 = (𝑆̌0 × 𝑉0) ⊕ (𝑆̌1 × 𝑉1) ⊕ (𝑆̌2 × 𝑉2),

𝔊̂𝑅 = (𝑆̂0 × 𝑉0) ⊕ (𝑆̂1 × 𝑉1) ⊕ (𝑆̂2 × 𝑉2),
 

[𝔊̌𝑅, 𝔊̂𝑅] ⊂ 𝔊̂𝑅.  
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{Q𝛼
+, Q𝛽

−} = −
1

ℓ
(𝛾𝑎𝐶)𝛼𝛽G𝑎,

{Q𝛼
−, Q𝛽

−} = −(𝛾0𝐶)𝛼𝛽(H − U).
 

𝜆𝛼𝜆𝛽 = {
𝜆𝛼+𝛽  if 𝛼 + 𝛽 ≤ 2𝑁 + 1,

𝜆2𝑁+1  if 𝛼 + 𝛽 > 2𝑁 + 1,
 

𝑆0 = {𝜆2𝑚, with 𝑚 = 0,… ,𝑁} ∪ {𝜆2𝑁+1}, 

𝑆1 = {𝜆2𝑚+1, with 𝑚 = 0,… ,𝑁 − 1} ∪ {𝜆2𝑁+1}

𝑆2 = {𝜆2𝑚+2, with 𝑚 = 0,… ,𝑁 − 1} ∪ {𝜆2𝑁+1}
 

𝔊𝑅 = (𝑆0 × 𝑉0) ⊕ (𝑆1 × 𝑉1) ⊕ (𝑆2 × 𝑉2)  

𝑆̌0 = {𝜆2𝑚, with 𝑚 = 0,… ,𝑁 − 1}, 𝑆̂0 = {𝜆2𝑁 , 𝜆2𝑁+1}

𝑆̌1 = {𝜆2𝑚+1, with 𝑚 = 0,… , 𝑁 − 1}, 𝑆̂1 = {𝜆2𝑁+1}

𝑆̌2 = {𝜆2𝑚+2, with 𝑚 = 0,… , 𝑁 − 1}, 𝑆̂2 = {𝜆2𝑁+1}

 

[𝔊̌𝑅, 𝔊̂𝑅] ⊂ 𝔊̂𝑅,  

𝔊̌𝑅 = (𝑆̌0 × 𝑉0) ⊕ (𝑆̌1 × 𝑉1) ⊕ (𝑆̌2 × 𝑉2),

𝔊̂𝑅 = (𝑆̂0 × 𝑉0) ⊕ (𝑆̂1 × 𝑉1) ⊕ (𝑆̂2 × 𝑉2).
 

 

[J(𝑚), G𝑎
(𝑛)
] = 𝜖𝑎𝑏G𝑏

(𝑚+𝑛)
,         [G𝑎

(𝑚)
, G𝑏
(𝑛)
] = −𝜖𝑎𝑏 J(𝑚+𝑛+2)

[J(𝑚), P𝑎
(𝑛)
] = 𝜖𝑎𝑏P𝑏

(𝑚+𝑛)
,         [G𝑎

(𝑚)
, P𝑎
(𝑛)
] = −𝜖𝑎𝑏H

(𝑚+𝑛)

[H(𝑚), P𝑎
(𝑛)
] =

1

ℓ2
𝜖𝑎𝑏G𝑏

(𝑚+𝑛)
,         [P𝑎

(𝑚)
, P𝑏
(𝑛)
] = −

1

ℓ2
𝜖𝑎𝑏 J(𝑚+𝑛)

[H(𝑚), G𝑎
(𝑛)
] = 𝜖𝑎𝑏P𝑏

(𝑚+𝑛+2)
,         [J(𝑚), Q𝛼

±(𝑛)
] = −

1

2
(𝛾0)𝛼

𝛽
Q𝛽
±(𝑚+𝑛)

[H(𝑚), Q𝛼
±(𝑛)

] = −
1

2ℓ
(𝛾0)𝛼

𝛽
Q𝛽
±(𝑚+𝑛+1)

,        [P𝑎
(𝑚)
, Q𝛼
±(𝑛)

] = −
1

2ℓ
(𝛾𝑎)𝛼

𝛽
Q𝛽
∓(𝑚+𝑛)

 

[G𝑎
(𝑚)
, Q𝛼
±(𝑛)

] = −
1

2
(𝛾𝑎)𝛼

𝛽
Q𝛽
∓(𝑚+𝑛+1)

, [T(𝑚), Q𝛼
±(𝑛)

] = ±
1

2
(𝛾0)𝛼

𝛽
Q𝛽
±(𝑚+𝑛)  

{Q𝛼
+(𝑚)

, Q𝛽
+(𝑛)

}= −(𝛾0𝐶)𝛼𝛽 (
1

ℓ
 J(𝑚+𝑛+1) + H(𝑚+𝑛)) − (𝛾0𝐶)𝛼𝛽 (U

(𝑚+𝑛) +
1

ℓ
 T(𝑚+𝑛+1))  

{Q𝛼
+(𝑚)

, Q𝛽
−(𝑛)

}= −(𝛾𝑎𝐶)𝛼𝛽 (
1

ℓ
G𝑎
(𝑚+𝑛)

+ P𝑎
(𝑚+𝑛+1)

)  

{Q𝛼
−(𝑚)

, Q𝛽
−(𝑛)

} = −(𝛾0𝐶)𝛼𝛽 (
1

ℓ
 J(𝑚+𝑛+1) + H(𝑚+𝑛)) + (𝛾0𝐶)𝛼𝛽 (U

(𝑚+𝑛) +
1

ℓ
 T(𝑚+𝑛+1))

 

[J, G𝑎] = 𝜖𝑎𝑏G𝑏 , [G𝑎, P𝑎] = −𝜖𝑎𝑏H, [ J, P𝑎] = 𝜖𝑎𝑏P𝑏 
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[H, P𝑎] =
1

ℓ2
𝜖𝑎𝑏G𝑏 , [P𝑎, P𝑏] = −

1

ℓ2
𝜖𝑎𝑏 J,

[ J, Z𝑎] = 𝜖𝑎𝑏Z𝑏 , [J,M𝑎] = 𝜖𝑎𝑏M𝑏 , M𝑏] = −
1

ℓ2
𝜖𝑎𝑏 K,

[Z, P𝑎] =
1

ℓ2
𝜖𝑎𝑏Z𝑏 , [K, G𝑎] = 𝜖𝑎𝑏Z𝑏 ,

[H,M𝑎] =
1

ℓ2
𝜖𝑎𝑏Z𝑏 , [P𝑎, Z𝑏] = −𝜖𝑎𝑏Z, [K, P𝑎] = 𝜖𝑎𝑏M𝑏 ,

[P𝑎, Q𝛼
±] = −

1

2ℓ
(𝛾𝑎)𝛼  

𝛽Q𝛽
∓, [H, Q𝛼

±] = −
1

2ℓ
(𝛾0)𝛼  

𝛽F𝛽
±, [G𝑎, Q𝛼

±] = −
1

2
(𝛾𝑎)𝛼  

𝛽F𝛽
∓

[J,  F𝛼
±] = −

1

2
(𝛾0)𝛼  

𝛽F𝛽
±, [P𝑎,  F𝛼

±] = −
1

2ℓ
(𝛾𝑎)𝛼  

𝛽F𝛽
∓, [K, Q𝛼

±] = −
1

2
(𝛾0)𝛼  

𝛽F𝛽
±

[M𝑎, Q𝛼
±] = −

1

2ℓ
(𝛾𝑎)𝛼  

𝛽F𝛽
∓, [T1, Q𝛼

±] = ±
1

2
(𝛾0)𝛼  

𝛽Q𝛽
±, [T1,  F𝛼

±] = ±
1

2
(𝛾0)𝛼  

𝛽F𝛽
±

[T2, Q𝛼
±] = ±

1

2
(𝛾0)𝛼  

𝛽F𝛽
±,

 

 

{Q𝛼
±, Q𝛽

±}= −(𝛾0𝐶)𝛼𝛽 (
1

ℓ
 K + H) ∓ (𝛾0𝐶)𝛼𝛽 (U1 +

1

ℓ
 T2) 

{Q𝛼
+, Q𝛽

−}= −(𝛾𝑎𝐶)𝛼𝛽 (
1

ℓ
G𝑎 +M𝑎)  

{Q𝛼
±, F𝛽

±}= −(𝛾0𝐶)𝛼𝛽(Z ± U2)  

{Q𝛼
±, F𝛽

∓} = −
1

ℓ
(𝛾𝑎𝐶)𝛼𝛽Z𝑎

 

 

J(0) = J,  J(1) = K, H(0) = H, H(1) = Z

G𝑎
(0)
= G𝑎, G𝑎

(1)
= Z𝑎, P𝑎

(0)
= P𝑎, P𝑎

(1)
= M𝑎

 T(0) = T1,  T(1) = T2, U(0) = U1, U(1) = U2

Q𝛼
±(0)

= Q𝛼
±, Q𝛼

±(1)
= F𝛼

±.

 

 

𝑉0 = {𝐽, 𝐻, 𝑇, 𝑈,𝑄𝛼
+}, 𝑉1 = {𝐺𝑎, 𝑃𝑎, 𝑄𝛼

−}  

𝑆0 = {𝜆0, 𝜆2, 𝜆3}, 𝑆1 = {𝜆1, 𝜆3}  

𝔊 = (𝑆0 × 𝑉0) ⊕ (𝑆1 × 𝑉1),  

 

[G𝑎, G𝑏] = −𝜖𝑎𝑏 S, [ J, G𝑎] = 𝜖𝑎𝑏G𝑏 , [ J, P𝑎] = 𝜖𝑎𝑏P𝑏 ,

[G𝑎, P𝑏] = −𝜖𝑎𝑏M, [H, G𝑎] = 𝜖𝑎𝑏P𝑏, [H, P𝑎] =
1

ℓ2
𝜖𝑎𝑏G𝑏 ,

[P𝑎, P𝑎] = −
1

ℓ2
𝜖𝑎𝑏 S, [ J, Q𝛼

±] = −
1

2
(𝛾0)𝛼  

𝛽Q𝛽
±, [J, R𝛼] = −

1

2
(𝛾0)𝛼  

𝛽R𝛽 ,

[H, Q𝛼
±] = −

1

2ℓ
(𝛾0)𝛼  

𝛽Q𝛽
±, [H, R𝛼] = −

1

2ℓ
(𝛾0)𝛼  

𝛽R𝛽 , [S, Q𝛼
+] = −

1

2
(𝛾0)𝛼  

𝛽R𝛽 ,

[M, Q𝛼
+] = −

1

2ℓ
(𝛾0)𝛼  

𝛽R𝛽 , [G𝑎 , Q𝛼
+] = −

1

2
(𝛾𝑎)𝛼  

𝛽Q𝛽
− , [G𝑎, Q𝛼

−] = −
1

2
(𝛾𝑎)𝛼  

𝛽R𝛽 ,

[P𝑎, Q𝛼
+] = −

1

2ℓ
(𝛾𝑎)𝛼  

𝛽Q𝛽
− , [P𝑎, Q𝛼

−] = −
1

2ℓ
(𝛾𝑎)𝛼  

𝛽R𝛽 , [T1, Q𝛼
±] = ±

1

2
(𝛾0)𝛼  

𝛽Q𝛽
±,

[T1, R𝛼] = ±
1

2
(𝛾0)𝛼  

𝛽R𝛽 , [T2, Q𝛼
+] = ±

1

2
(𝛾0)𝛼  

𝛽R𝛽 ,

 

{Q𝛼
+, Q𝛽

+}= −(𝛾0𝐶)𝛼𝛽 (
1

ℓ
 J + H) − (𝛾0𝐶)𝛼𝛽 (

1

ℓ
 T1 + U1) ,  

{Q𝛼
+, Q𝛽

−}= −(𝛾𝑎𝐶)𝛼𝛽 (
1

ℓ
G𝑎 + P𝑎) ,  

{Q𝛼
−, Q𝛽

−}= −(𝛾0𝐶)𝛼𝛽 (
1

ℓ
 S + M) + (𝛾0𝐶)𝛼𝛽 (

1

ℓ
 T2 + U2) ,  

{Q𝛼
+, R𝛽} = −(𝛾

0𝐶)𝛼𝛽 (
1

ℓ
 S +M) − (𝛾0𝐶)𝛼𝛽 (

1

ℓ
 T2 + U2) .
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𝑉0 = {J, H, T, U, Q𝛼
+}, 𝑉1 = {G𝑎, P𝑎, Q𝛼

−}  

 

[J, G𝑎] = 𝜖𝑎𝑏G𝑏 , [ J, P𝑎] = 𝜖𝑎𝑏P𝑏, [P𝑎, P𝑏] = −
1

ℓ2
𝜖𝑎𝑏 S,

[H, P𝑎] =
1

ℓ2
𝜖𝑎𝑏G𝑏 , [G𝑎, P𝑎] = −𝜖𝑎𝑏M, [ J, Q𝛼

±] = −
1

2
(𝛾0)𝛼

𝛽
Q𝛽
±,

[J, R𝛼] = −
1

2
(𝛾0)𝛼  

𝛽R𝛽  [S, Q𝛼
+] = −

1

2
(𝛾0)𝛼  

𝛽R𝛽  [P𝑎, Q𝛼
+] = −

1

2ℓ
(𝛾𝑎)𝛼  

𝛽Q𝛽
− ,

[P𝑎, Q𝛼
−] = −

1

2ℓ
(𝛾𝑎)𝛼  

𝛽R𝛽 , [T1, Q𝛼
±] = ±

1

2
(𝛾0)𝛼  

𝛽Q𝛽
±, [T1 , R𝛼] =

1

2
(𝛾0)𝛼  

𝛽R𝛽 ,

 

[T2, Q𝛼
+] =

1

2
(𝛾0)𝛼

𝛽
R𝛽 ,  

 

{Q𝛼
+, Q𝛽

+} = −(𝛾0𝐶)𝛼𝛽(H + U1), {Q𝛼
+, Q𝛽

−} = −
1

ℓ
(𝛾𝑎𝐶)𝛼𝛽G𝑎

{Q𝛼
−, Q𝛽

−} = −(𝛾0𝐶)𝛼𝛽(M − U2), {Q𝛼
+, R𝛽} = −(𝛾

0𝐶)𝛼𝛽(M + U2)
 

 

𝑉0 = {J, S, P𝑎,  T1,  T2}, 𝑉1 = {Q𝛼
+, Q𝛼

−, R𝛼}, 𝑉2 = {H,M, G𝑎, U1, U2}  

𝑆0 = {𝜆2𝑚, with 𝑚 = 0,… ,𝑁} ∪ {𝜆2𝑁+1},

𝑆1 = {𝜆2𝑚+1, with 𝑚 = 0,… ,𝑁 − 1} ∪ {𝜆2𝑁+1},
 

𝔊𝑅 = (𝑆0 × 𝑉0) ⊕ (𝑆1 × 𝑉1),  

 

[J(𝑚), G𝑎
(𝑛)
] = 𝜖𝑎𝑏G𝑏

(𝑚+𝑛)
,         [G𝑎

(𝑚)
, G𝑏
(𝑛)
] = −𝜖𝑎𝑏 J(𝑚+𝑛+1)         

[J(𝑚), P𝑎
(𝑛)
] = 𝜖𝑎𝑏P𝑏

(𝑚+𝑛)
,         [G𝑎

(𝑚)
, P𝑎
(𝑛)
] = −𝜖𝑎𝑏H

(𝑚+𝑛+1)         

[H(𝑚), P𝑎
(𝑛)
] =

1

ℓ2
𝜖𝑎𝑏G𝑏

(𝑚+𝑛)
,         [P𝑎

(𝑚)
, P𝑏
(𝑛)
] = −

1

ℓ2
𝜖𝑎𝑏 J(𝑚+𝑛+1)         

[H(𝑚), G𝑎
(𝑛)
] = 𝜖𝑎𝑏P𝑏

(𝑚+𝑛)
,         [J(𝑚), Q𝛼

±(𝑛)
] = −

1

2
(𝛾0)𝛼

𝛽
Q𝛽
±(𝑚+𝑛)

        

[H(𝑚), Q𝛼
±(𝑛)

] = −
1

2ℓ
(𝛾0)𝛼

𝛽
Q𝛽
±(𝑚+𝑛)

,         [P𝑎
(𝑚)
, Q𝛼
+(𝑛)

] = −
1

2ℓ
(𝛾𝑎)𝛼

𝛽
Q𝛽
−(𝑚+𝑛)

        

[P𝑎
(𝑚)
, Q𝛼
−(𝑛)

] = −
1

2ℓ
(𝛾𝑎)𝛼

𝛽
Q𝛽
+(𝑚+𝑛+1)

,         [G𝑎
(𝑚)
, Q𝛼
+(𝑛)

] = −
1

2
(𝛾𝑎)𝛼

𝛽
Q𝛽
−(𝑚+𝑛)

        

[G𝑎
(𝑚)
, Q𝛼
−(𝑛)

]= −
1

2
(𝛾𝑎)𝛼

𝛽
Q𝛽
+(𝑚+𝑛+1)

,         [T(𝑚), Q𝛼
±(𝑛)

]= ±
1

2
(𝛾0)𝛼

𝛽
Q𝛽
±(𝑚+𝑛)

         

 

{Q𝛼
+(𝑚)

, Q𝛽
+(𝑛)

}= −(𝛾0𝐶)𝛼𝛽 (
1

ℓ
 J(𝑚+𝑛) + H(𝑚+𝑛)) − (𝛾0𝐶)𝛼𝛽 (U

(𝑚+𝑛) +
1

ℓ
 T(𝑚+𝑛))  

{Q𝛼
+(𝑚)

, Q𝛽
−(𝑛)

}= −(𝛾𝑎𝐶)𝛼𝛽 (
1

ℓ
G𝑎
(𝑚+𝑛)

+ P𝑎
(𝑚+𝑛)

)  

{Q𝛼
−(𝑚)

, Q𝛽
−(𝑛)

} = −(𝛾0𝐶)𝛼𝛽 (
1

ℓ
 J(𝑚+𝑛+1) + H(𝑚+𝑛+1)) + (𝛾0𝐶)𝛼𝛽 (U

(𝑚+𝑛+1) +
1

ℓ
 T(𝑚+𝑛+1))
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[G𝑎,  B𝑏] = −𝜖𝑎𝑏Z, [ J,  B𝑎] = 𝜖𝑎𝑏 B𝑏 , [ J,  T𝑎] = 𝜖𝑎𝑏 T𝑏 ,

[G𝑎,  T𝑏] = −𝜖𝑎𝑏Y, [H,  B𝑎] = 𝜖𝑎𝑏 T𝑏 , [H,  T𝑎] =
1

ℓ2
𝜖𝑎𝑏 B𝑏 ,

[P𝑎,  B𝑎] = −𝜖𝑎𝑏Y, [ S, G𝑎] = 𝜖𝑎𝑏 B𝑏, [ S, P𝑎] = 𝜖𝑎𝑏 T𝑏 ,

[P𝑎,  T𝑎] = −
1

ℓ2
𝜖𝑎𝑏Z, [M, G𝑎] = 𝜖𝑎𝑏 T𝑏 , [M, P𝑎] =

1

ℓ2
𝜖𝑎𝑏 B𝑏 ,

[ J,  W𝛼
±] = −

1

2
(𝛾0)𝛼  

𝛽W𝛽
±, [S, Q𝛼

−] = −
1

2
(𝛾0)𝛼  

𝛽W𝛽
−, [S, R𝛼] = −

1

2
(𝛾0)𝛼  

𝛽W𝛽
+,

[H,  W𝛼
±] = −

1

2ℓ
(𝛾0)𝛼  

𝛽W𝛽
±, [M, Q𝛼

−] = −
1

2ℓ
(𝛾0)𝛼  

𝛽W𝛽
−, [M, R𝛼] = −

1

2ℓ
(𝛾0)𝛼  

𝛽W𝛽
+,

[Z, Q𝛼
+] = −

1

2
(𝛾0)𝛼  

𝛽W𝛽
+, [Y, Q𝛼

+] = −
1

2ℓ
(𝛾0)𝛼  

𝛽W𝛽
+, [G𝑎, R𝛼] = −

1

2
(𝛾𝑎)𝛼  

𝛽W𝛽
−

[G𝑎,  W𝛼
−] = −

1

2
(𝛾𝑎)𝛼  

𝛽W𝛽
+, [P𝑎, R𝛼] = −

1

2ℓ
(𝛾𝑎)𝛼  

𝛽W𝛽
−, [P𝑎,  W𝛼

−] = −
1

2ℓ
(𝛾𝑎)𝛼  

𝛽W𝛽
+

[B𝑎, Q𝛼
±] = −

1

2
(𝛾𝑎)𝛼  

𝛽W𝛽
∓, [T𝑎, Q𝛼

±] = −
1

2ℓ
(𝛾𝑎)𝛼  

𝛽W𝛽
∓, [T1,  W𝛼

±] = ±
1

2
(𝛾0)𝛼  

𝛽W𝛽
±

[T2, Q𝛼
−] = −

1

2
(𝛾0)𝛼  

𝛽W𝛽
−, [T2, R𝛼] =

1

2
(𝛾0)𝛼  

𝛽W𝛽
+, [T3, Q𝛼

+] =
1

2
(𝛾0)𝛼  

𝛽W𝛽
+

 

{Q𝛼
+,W𝛽

+}= −(𝛾0𝐶)𝛼𝛽 (
1

ℓ
Z + Y) − (𝛾0𝐶)𝛼𝛽 (

1

ℓ
 T3 + U3)  

{Q𝛼
+,W𝛽

−}= −(𝛾𝑎𝐶)𝛼𝛽 (
1

ℓ
 B𝑎 + T𝑎)  

{Q𝛼
− , R𝛽}= −(𝛾

𝑎𝐶)𝛼𝛽 (
1

ℓ
 B𝑎 + T𝑎)  

{Q𝛼
−,W𝛽

−}= −(𝛾0𝐶)𝛼𝛽 (
1

ℓ
Z + Y) + (𝛾0𝐶)𝛼𝛽 (

1

ℓ
 T3 + U3)  

{R𝛼 , R𝛽} = −(𝛾
0𝐶)𝛼𝛽 (

1

ℓ
Z + Y) − (𝛾0𝐶)𝛼𝛽 (

1

ℓ
 T3 + U3)

 

J = J(0), G𝑎 = G𝑎
(0)
, T1 = T

(0), U1 = U
(0),

S = J(1), B𝑎 = G𝑎
(1)
, T2 = T

(1), U2 = U
(1),

Z = J(2), P𝑎 = P𝑎
(0)
, T3 = T

(2), U3 = U
(2),

H = H(0), T𝑎 = P𝑎
(1)
, Q𝑎

+ = Q𝑎
+(0)

, R𝑎 = Q𝑎
+(1)

,

M = H(1), W𝑎
+ = Q𝑎

+(2)
, Q𝑎

− = Q𝑎
−(0)

, W𝑎
− = Q𝑎

−(1)
,

Y = H(2),

 

J(𝑚) = 𝜆2𝑚 J, P𝑎
(𝑚)

= 𝜆2𝑚+1P𝑎,  T(𝑚) = 𝜆2𝑚 T, Q𝛼
+(𝑚)

= 𝜆2𝑚Q𝛼
+

H(𝑚) = 𝜆2𝑚H, G𝑎
(𝑚)

= 𝜆2𝑚+1G𝑎, U(𝑚) = 𝜆2𝑚U, Q𝛼
−(𝑚)

= 𝜆2𝑚+1Q𝛼
−

 

[J(𝑚), G𝑎
(𝑛)
] = 𝜖𝑎𝑏G𝑏

(𝑚+𝑛)
,         [J(𝑚), P𝑎

(𝑛)
] = 𝜖𝑎𝑏P𝑏

(𝑚+𝑛)

[P𝑎
(𝑚)
, P𝑏
(𝑛)
] = −

1

ℓ2
𝜖𝑎𝑏 J(𝑚+𝑛+1),         [H(𝑚), P𝑎

(𝑛)
] =

1

ℓ2
𝜖𝑎𝑏G𝑏

(𝑚+𝑛)

[G𝑎
(𝑚)
, P𝑎
(𝑛)
] = −𝜖𝑎𝑏H

(𝑚+𝑛+1),         [J(𝑚), Q𝛼
±(𝑛)

] = −
1

2
(𝛾0)𝛼

𝛽
Q𝛽
±(𝑚+𝑛)

[P𝑎
(𝑚)
, Q𝛼
+(𝑛)

] = −
1

2ℓ
(𝛾𝑎)𝛼

𝛽
Q𝛽
(𝑚+𝑛)

,        [P𝑎
(𝑚)
, Q𝛼
−(𝑛)

] = −
1

2ℓ
(𝛾𝑎)𝛼

𝛽
Q𝛽
+(𝑚+𝑛+1)

 

[T(𝑚), Q𝛼
±(𝑛)

]= ±
1

2
(𝛾0)𝛼

𝛽
Q𝛽
±(𝑚+𝑛)

 

{Q𝛼
+(𝑚)

, Q𝛽
+(𝑛)

}= −(𝛾0𝐶)𝛼𝛽(H
(𝑚+𝑛) + U(𝑚+𝑛))  

{Q𝛼
+(𝑚)

, Q𝛽
−(𝑛)

}= −
1

ℓ
(𝛾𝑎𝐶)𝛼𝛽G𝑎

(𝑚+𝑛)
 

{Q𝛼
−(𝑚)

, Q𝛽
−(𝑛)

} = −(𝛾0𝐶)𝛼𝛽(H
(𝑚+𝑛+1) − U(𝑚+𝑛+1))

 

𝐼𝐶𝑆 =
𝑘

4𝜋
∫  
ℳ

  ⟨𝐴𝑑𝑆 +
2

3
𝐴3⟩  

𝐴 = 𝜔J + 𝜔𝑎G𝑎 + 𝜏H + 𝑒
𝑎P𝑎 + 𝑡 T + 𝑢U + 𝜓‾

+Q+ + 𝜓‾−Q−,  
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𝐹 = 𝐹(𝜔)J + 𝐹𝑎(𝜔𝑏)G𝑎 + 𝐹(𝜏)H + 𝐹
𝑎(𝑒𝑏)P𝑎 + 𝐹(𝑡)T + 𝐹(𝑢)U + ∇𝜓‾

+Q+ + ∇𝜓‾−Q−,  

𝐹(𝜔) = 𝑑𝜔 +
1

2ℓ2
𝜖𝑎𝑐𝑒𝑎𝑒𝑐 = 𝑅(𝜔) +

1

2ℓ2
𝜖𝑎𝑐𝑒𝑎𝑒𝑐

𝐹𝑎(𝜔𝑏) = 𝑑𝜔𝑎 + 𝜖𝑎𝑐𝜔𝜔𝑐 +
1

ℓ2
𝜖𝑎𝑐𝜏𝑒𝑐 +

1

ℓ
𝜓‾+𝛾𝑎𝜓− = 𝑅𝑎(𝜔𝑏) +

1

ℓ2
𝜖𝑎𝑐𝜏𝑒𝑐 +

1

ℓ
𝜓‾+𝛾𝑎𝜓−,

 

𝐹(𝜏)= 𝑑𝜏 + 𝜖𝑎𝑐𝜔𝑎𝑒𝑐 +
1

2
𝜓‾+𝛾0𝜓+ +

1

2
𝜓‾−𝛾0𝜓− = 𝑅(𝜏) +

1

2
𝜓‾+𝛾0𝜓+ +

1

2
𝜓‾−𝛾0𝜓− 

𝐹𝑎(𝑒𝑏)= 𝑑𝑒𝑎 + 𝜖𝑎𝑐𝜔𝑒𝑐 = 𝑅
𝑎(𝑒𝑏)  

𝐹(𝑡)= 𝑑𝑡  

𝐹(𝑢)= 𝑑𝑢 +
1

2
𝜓‾+𝛾0𝜓+ −

1

2
𝜓‾−𝛾0𝜓−  

∇𝜓+= 𝑑𝜓+ +
1

2
𝜔𝛾0𝜓

+ +
1

2ℓ
𝑒𝑎𝛾𝑎𝜓

− −
1

2
𝑡𝛾0𝜓

+  

∇𝜓− = 𝑑𝜓− +
1

2
𝜔𝛾0𝜓

− +
1

2ℓ
𝑒𝑎𝛾𝑎𝜓

+ +
1

2
𝑡𝛾0𝜓

−

 

⟨JJ⟩ = −𝛼0,         ⟨P𝑎P𝑏⟩ =
𝛼0
ℓ2
𝛿𝑎𝑏         

⟨JH⟩ = −𝛼1,         ⟨G𝑎P𝑏⟩ = 𝛼1𝛿𝑎𝑏         

⟨TT⟩ = 𝛼0,          ⟨TU⟩ = 𝛼1         

⟨Q𝛼
+Q𝛽

+⟩= 2𝛼1𝐶𝛼𝛽 ,         ⟨Q𝛼
−Q𝛽

−⟩= 2𝛼1𝐶𝛼𝛽          

 

𝛼0 = 𝜆0𝛼0̃, 𝛼1 = 𝜆2𝛼1̃  

𝐼𝔞𝔡𝔰−𝔠𝔞𝔯
𝒩=2 =

𝑘

4𝜋
∫  𝛼0 [

1

ℓ2
𝑒𝑎𝑅

𝑎(𝑒𝑏) − 𝜔𝑅(𝜔) + 𝑡𝑑𝑡]

 +𝛼1 [2𝑒𝑎𝑅
𝑎(𝜔𝑏) − 2𝜏𝑅(𝜔) +

1

ℓ2
𝜖𝑎𝑐𝜏𝑒𝑎𝑒𝑐 + 2𝑡𝑑𝑢 − 2𝜓‾

+∇𝜓+ − 2𝜓‾−∇𝜓−] .

 

𝛿𝜔 = 0 

𝛿𝜔𝑎=
1

ℓ
𝜀‾+𝛾𝑎𝜓− +

1

ℓ
𝜀‾−𝛾𝑎𝜓+,  

𝛿𝜏= 𝜀‾+𝛾0𝜓+ + 𝜀‾−𝛾0𝜓−,  

𝛿𝑒𝑎= 0,  
𝛿𝑡= 0,  

𝛿𝑢= 𝜀‾+𝛾0𝜓+ − 𝜀‾−𝛾0𝜓−,  

𝛿𝜓+= 𝑑𝜀+ +
1

2
𝜔𝛾0𝜀

+ +
1

2ℓ
𝑒𝑎𝛾𝑎𝜀

− −
1

2
𝑡𝛾0𝜀

+,  

𝛿𝜓− = 𝑑𝜀− +
1

2
𝜔𝛾0𝜀

− +
1

2ℓ
𝑒𝑎𝛾𝑎𝜀

+ +
1

2
𝑡𝛾0𝜀

−.

 

𝐴= ∑  

𝑁−1

𝑚=0

 (𝜔(𝑚)J(𝑚) + 𝜔𝑎(𝑚)G𝑎
(𝑚)

+ 𝜏(𝑚)H(𝑚) + 𝑒𝑎(𝑚)P𝑎
(𝑚)

+ 𝑡(𝑚)T(𝑚) + 𝑢(𝑚)U(𝑚) 

+𝜓‾+(𝑚)Q+(𝑚) + 𝜓‾−(𝑚)Q−(𝑚))

 

𝐹= ∑  

𝑁−1

𝑚=0

  [𝐹(𝜔(𝑚))J(𝑚) + 𝐹𝑎(𝜔𝑏(𝑚))G𝑎
(𝑚)

+ 𝐹(𝜏(𝑚))H(𝑚) + 𝐹𝑎(𝑒𝑏(𝑚))P𝑎
(𝑚)
 

+𝐹(𝑡(𝑚))T(𝑚) + 𝐹(𝑢(𝑚))U(𝑚) + ∇𝜓‾+(𝑚)Q+(𝑚) + ∇𝜓‾−(𝑚)Q−(𝑚)]
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𝐹(𝜔(𝑚)) = 𝑑𝜔(𝑚) +
1

2ℓ2
∑  

𝑁−1

𝑛,𝑝=0

  𝛿𝑛+𝑝
𝑚 𝜖𝑎𝑐𝑒𝑎

(𝑛)
𝑒𝑐
(𝑝)
+
1

2ℓ
∑  

𝑁−1

𝑛,𝑝=0

  𝛿𝑛+𝑝+1
𝑚 𝜓‾±(𝑛)𝛾0𝜓±(𝑝)

 +
1

2
∑  

𝑁−1

𝑛,𝑝=0

  𝛿𝑛+𝑝+2
𝑚 𝜖𝑎𝑐𝜔𝑎

(𝑛)
𝜔𝑐
(𝑝)

𝐹𝑎(𝜔𝑏(𝑚)) = 𝑑𝜔𝑎(𝑚) + ∑  

𝑁−1

𝑛,𝑝=0

  𝛿𝑛+𝑝
𝑚 (𝜖𝑎𝑐𝜔(𝑛)𝜔𝑐

(𝑝)
+
1

ℓ2
𝜖𝑎𝑐𝜏(𝑛)𝑒𝑐

(𝑝)
+
1

ℓ
𝜓‾+(𝑛)𝛾𝑎𝜓−(𝑝))

𝐹(𝜏(𝑚)) = 𝑑𝜏(𝑚) + ∑  

𝑁−1

𝑛,𝑝=0

  𝛿𝑛+𝑝
𝑚 (𝜖𝑎𝑐𝜔𝑎

(𝑛)
𝑒𝑐
(𝑝)
+
1

2
𝜓‾+(𝑛)𝛾0𝜓+(𝑝) +

1

2
𝜓‾−(𝑛)𝛾0𝜓−(𝑝))

 

𝐹𝑎(𝑒𝑏(𝑚))= 𝑑𝑒𝑎(𝑚) + ∑  

𝑁−1

𝑛,𝑝=0

 𝛿𝑛+𝑝
𝑚 𝜖𝑎𝑐𝜔(𝑛)𝑒𝑐

(𝑝)
+ ∑  

𝑁−1

𝑛,𝑝=0

 𝛿𝑛+𝑝+2
𝑚 𝜖𝑎𝑐𝜏(𝑛)𝜔𝑐

(𝑝)
 

𝐹(𝑡(𝑚))= 𝑑𝑡(𝑚) +
1

2ℓ
∑  

𝑁−1

𝑛,𝑝=0

  𝛿𝑛+𝑝+1
𝑚 𝜓‾±(𝑛)𝛾0𝜓±(𝑝)  

𝐹(𝑢(𝑚))= 𝑑𝑢(𝑚) +
1

2
∑  

𝑁−1

𝑛,𝑝=0

  𝛿𝑛+𝑝
𝑚 𝜓‾±(𝑛)𝛾0𝜓±(𝑝)  

∇𝜓±(𝑚)= 𝑑𝜓±(𝑚) +
1

2
∑  

𝑁−1

𝑛,𝑝=0

 𝛿𝑛+𝑝
𝑚 (𝜔(𝑛)𝛾0𝜓

±(𝑝) −
1

ℓ
𝑒𝑎(𝑛)𝛾𝑎𝜓

∓(𝑝) ∓ 𝑡(𝑛)𝛾0𝜓
±(𝑝)) 

 +
1

2
∑  

𝑁−1

𝑛,𝑝=0

 𝛿𝑛+𝑝+1
𝑚 (𝜔𝑎(𝑛)𝛾𝑎𝜓

∓(𝑝) +
1

ℓ
𝜏(𝑛)𝛾0𝜓

±(𝑝))

 

⟨J(𝑚)H(𝑛)⟩ = −𝛼𝑚+𝑛+1,         ⟨G𝑎
(𝑚)
P𝑏
(𝑛)
⟩ = 𝛼𝑚+𝑛+1𝛿𝑎𝑏         

⟨ T(𝑚)U(𝑛)⟩ = 𝛼𝑚+𝑛+1,         ⟨U(𝑚)U(𝑛)⟩ = −
1

ℓ
𝛼𝑚+𝑛+2         

⟨Q𝛼
+ (𝑚)Q𝛽

+(𝑛)
⟩= 2𝛼𝑚+𝑛+1𝐶𝛼𝛽 ,         ⟨Q𝛼

−(𝑚)
Q𝛽
−(𝑛)

⟩= 2𝛼𝑛+𝑚+1𝐶𝛼𝛽          

 

𝐼𝔞𝔡𝔰−𝔠𝔞𝔯(𝑁)
𝒩=2 =

𝑘

4𝜋
∫  ∑  

𝑁

𝑝=1

 𝛼𝑝𝛿𝑚+𝑛+1
𝑝

[2𝑒𝑎
(𝑚)
𝑅𝑎(𝜔𝑏(𝑛)) − 2𝜏(𝑚)𝑅(𝜔(𝑛)) +

𝛿𝑞+𝑟
𝑛

ℓ2
𝜖𝑎𝑐𝜏(𝑚)𝑒𝑎

(𝑞)
𝑒𝑐
(𝑟)

+2𝑡(𝑚)𝑑𝑢(𝑛) −
𝛿𝑞+1
𝑛

ℓ
𝑢(𝑚)𝑑𝑢(𝑞) − 2𝜓‾+(𝑚)∇𝜓+(𝑛) − 2𝜓‾−(𝑚)∇𝜓−(𝑛)]

 

𝑅𝑎(𝜔𝑏(𝑚))= 𝑑𝜔𝑎(𝑚) + ∑  

𝑁−1

𝑛,𝑝=0

  𝛿𝑛+𝑝
𝑚 𝜖𝑎𝑐𝜔(𝑛)𝜔𝑐

(𝑝)
 

𝑅(𝜔(𝑚)) = 𝑑𝜔(𝑚) +
1

2
∑  

𝑁−1

𝑛,𝑝=0

 𝛿𝑛+𝑝+2
𝑚 𝜖𝑎𝑐𝜔𝑎

(𝑛)
𝜔𝑐
(𝑝)
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𝛿𝜔(𝑚)=
1

ℓ
∑  

𝑁−1

𝑛,𝑝=0

 𝛿𝑛+𝑝+1
𝑚 𝜀‾±(𝑛)𝛾0𝜓±(𝑝)  

𝛿𝜔𝑎(𝑚)=
1

ℓ
∑  

𝑁−1

𝑛,𝑝=0

 𝛿𝑛+𝑝
𝑚 𝜀‾±(𝑛)𝛾𝑎𝜓∓(𝑝)  

𝛿𝜏(𝑚)= ∑  

𝑁−1

𝑛,𝑝=0

 𝛿𝑛+𝑝
𝑚 𝜀‾±(𝑛)𝛾0𝜓±(𝑝)  

𝛿𝑒𝑎(𝑚)= ∑  

𝑁−1

𝑛,𝑝=0

 𝛿𝑛+𝑝+1
𝑚 𝜀‾±(𝑛)𝛾𝑎𝜓∓(𝑝)  

𝛿𝑡(𝑚)= ±
1

ℓ
∑  

𝑁−1

𝑛,𝑝=0

  𝛿𝑛+𝑝+1
𝑚 𝜀‾±(𝑛)𝛾0𝜓±(𝑝)  

𝛿𝑢(𝑚)= ±
1

ℓ
∑  

𝑁−1

𝑛,𝑝=0

  𝛿𝑛+𝑝
𝑚 𝜀‾±(𝑛)𝛾0𝜓±(𝑝)  

𝛿𝜓±(𝑚)= 𝑑𝜀±(𝑚) + ∑  

𝑁−1

𝑛,𝑝=0

  𝛿𝑛+𝑝
𝑚 (

1

2
𝜔(𝑛)𝛾0𝜀

±(𝑝) +
1

2ℓ
𝑒𝑎(𝑛)𝛾𝑎𝜀

∓(𝑝) ∓
1

2
𝑡(𝑛)𝛾0𝜀

±(𝑝)) 

 + ∑  

𝑁−1

𝑛,𝑝=0

 𝛿𝑛+𝑝+1
𝑚 (

1

2
𝜔𝑎(𝑛)𝛾𝑎𝜀

∓(𝑝) +
1

2ℓ
𝜏(𝑛)𝛾0𝜀

±(𝑝))

 

𝐼𝔞𝔡𝔰−𝔠𝔞𝔯
𝒩=2 =

𝑘

4𝜋
∫  ∑  

𝑁

𝑝=1

 𝛼𝑝ℒ𝔞𝔡𝔰−𝔠𝔞𝔯(𝑝)
𝒩=2  

ℒ𝔞𝔡𝔰−𝔠𝔞𝔯
𝒩=2 =[2𝑒𝑎𝑅

𝑎(𝑘𝑏) + 2𝑚𝑎𝑅
𝑎(𝜔𝑏) − 2𝜏𝑅(𝑘) − 2ℎ𝑅(𝜔) +

2

ℓ2
𝜖𝑎𝑐𝜏𝑒𝑎𝑚𝑐 +

1

ℓ2
𝜖𝑎𝑐ℎ𝑒𝑎𝑒𝑐

+2𝑡1𝑑𝑢2 + 2𝑡2𝑑𝑢1 −
1

ℓ
𝑢1𝑑𝑢1 − 2𝜓‾

±∇𝜒± − 2𝜒‾±∇𝜓±]

 

𝑅𝑎(𝑘𝑏) = 𝑑𝑘𝑎 + 𝜖𝑎𝑐𝜔𝑘𝑐 + 𝜖
𝑎𝑐𝑘𝜔𝑐  

𝑅(𝑘)= 𝑑𝑘  

∇𝜒±= 𝑑𝜒± +
1

2
𝜔𝛾0𝜒

± +
1

2
𝜔𝑎𝛾𝑎𝜓

∓ +
1

2
𝑘𝛾0𝜓

± +
1

2ℓ
𝑒𝑎𝛾𝑎𝜒

𝑚𝑝 +
1

2ℓ
𝜏𝛾0𝜓

± 

 +
1

2ℓ
𝑚𝑎𝛾𝑎𝜓

± ∓
1

2
𝑡1𝛾0𝜒

± ∓
1

2
𝑡2𝛾0𝜓

±

 

 

𝐴 =𝜔J + 𝜔𝑎G𝑎 + 𝑠 S + 𝜏H + 𝑒
𝑎P𝑎 +𝑚M+ 𝑡1 T1 + 𝑡2 T2 + 𝑢1U1 + 𝑢2U2

 +𝜓‾+Q+ +𝜓‾−Q− + 𝜌‾R,
 

⟨JS⟩ = −𝜎0,         ⟨G𝑎G𝑏⟩ = 𝜎0𝛿𝑎𝑏 ,

⟨JM⟩ = ⟨HS⟩ = −𝛽1,        ⟨G𝑎P𝑏⟩ = 𝛽1𝛿𝑎𝑏 ,

⟨HM⟩ = −
𝜎0
ℓ2
,         ⟨P𝑎P𝑏⟩ =

𝜎0
ℓ2
𝛿𝑎𝑏 ,

⟨ T1 T2⟩ = 𝜎0,         ⟨ T1U2⟩ = ⟨T2U1⟩ = 𝛽1,

⟨U1U2⟩ = −
𝛽1
ℓ
,         ⟨Q𝛼

−Q𝛽
−⟩ = ⟨Q𝛼

+R𝛽⟩ = 2 (𝛽1 +
𝜎0
ℓ
)𝐶𝛼𝛽 .

 

𝜎0 = 𝜆2𝛼̃0, 𝛽1 = 𝜆2𝛼1̃  
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𝐼extended 𝔫𝔥
𝒩=2 =

𝑘

4𝜋
∫  𝛽1 [2𝑒𝑎𝑅

𝑎(𝜔𝑏) − 2𝑚𝑅(𝜔) − 2𝜏𝑅(𝑠) +
1

ℓ2
𝜖𝑎𝑐𝜏𝑒𝑎𝑒𝑐 + 2𝑡1𝑑𝑢2 + 2𝑡2𝑑𝑢1

−
2

ℓ
𝑢1𝑑𝑢2 − 2𝜓‾

−∇𝜓− − 2𝜓‾+∇𝜌 − 2𝜌‾∇𝜓+]

 

 

𝑅(𝜔) =𝑑𝜔

𝑅𝑎(𝜔𝑎) =𝑑𝜔𝑎 + 𝜖𝑎𝑐𝜔𝜔𝑐

𝑅(𝑠) =𝑑𝑠 +
1

2
𝜖𝑎𝑐𝜔𝑎𝜔𝑐

∇𝜓+ =𝑑𝜓+ +
1

2
𝜔𝛾0𝜓

+ +
1

2ℓ
𝜏𝛾0𝜓

+ −
1

2
𝑡1𝛾0𝜓

+

∇𝜓− =𝑑𝜓− +
1

2
𝜔𝛾0𝜓

− +
1

2ℓ
𝜏𝛾0𝜓

− +
1

2
𝜔𝑎𝛾𝑎𝜓

+ +
1

2ℓ
𝑒𝑎𝛾𝑎𝜓

+ +
1

2
𝑡1𝛾0𝜓

−

∇𝜌 =𝑑𝜌 +
1

2
𝜔𝛾0𝜌 +

1

2
𝑠𝛾0𝜓

+ +
1

2
𝜔𝑎𝛾𝑎𝜓

− +
1

2ℓ
𝑒𝑎𝛾𝑎𝜓

− +
1

2ℓ
𝜏𝛾0𝜌

 +
1

2ℓ
𝑚𝛾0𝜓

+ −
1

2
𝑡1𝛾0𝜌 −

1

2
𝑡2𝛾0𝜓

+

 

𝐹(𝜔) = 𝑅(𝜔) +
1

2ℓ
𝜓‾+𝛾0𝜓+

𝐹(𝜔𝑎) = 𝑅𝑎(𝜔𝑏) +
1

ℓ2
𝜖𝑎𝑐𝜏𝑒𝑐 +

1

ℓ
𝜓‾+𝛾𝑎𝜓−

𝐹(𝜏) = 𝑑𝜏 +
1

2
𝜓‾+𝛾0𝜓+

𝐹(𝑒𝑎) = 𝑑𝑒𝑎 + 𝜖𝑎𝑐𝜔𝑒𝑐 + 𝜖
𝑎𝑐𝜏𝜔𝑐 + 𝜓‾

+𝛾𝑎𝜓−

𝐹(𝑠) = 𝑅(𝑠) +
1

2ℓ2
𝜖𝑎𝑐𝑒𝑎𝑒𝑐 +

1

2ℓ
𝜓‾−𝛾0𝜓− +

1

ℓ
𝜓‾+𝛾0𝜌

𝐹(𝑚) = 𝑑𝑚 + 𝜖𝑎𝑐𝜔𝑎𝑒𝑐 +
1

2
𝜓‾−𝛾0𝜓− +𝜓‾+𝛾0𝜌

𝐹(𝑡1) = 𝑑𝑡1 +
1

2ℓ
𝜓‾+𝛾0𝜓+

𝐹(𝑡2) = 𝑑𝑡2 −
1

2ℓ
𝜓‾−𝛾0𝜓− +

1

ℓ
𝜓‾+𝛾0𝜌

 

𝐹(𝑢1) = 𝑑𝑢1 +
1

2
𝜓‾+𝛾0𝜓+

𝐹(𝑢2) = 𝑑𝑢2 −
1

2
𝜓‾−𝛾0𝜓− +𝜓‾+𝛾0𝜌

 

𝐴= ∑  

𝑁

𝑚=0

  (𝜔(𝑚)J(𝑚) + 𝜏(𝑚)H(𝑚) + 𝑡(𝑚)T(𝑚) + 𝑢(𝑚)U(𝑚) + 𝜓‾+(𝑚)Q+(𝑚)) 

 + ∑  

𝑁−1

𝑚=0

 (𝜔𝑎(𝑚)G𝑎
(𝑚)

+ 𝑒𝑎(𝑚)P𝑎
(𝑚)

+𝜓‾−(𝑚)Q−(𝑚))

 

⟨J(𝑚)H(𝑛)⟩ = −𝛽𝑚+𝑛 ,         ⟨G𝑎
(𝑚)
P𝑏
(𝑛)
⟩ = 𝛽𝑚+𝑛+1𝛿𝑎𝑏         

⟨ T(𝑚)U(𝑛)⟩ = 𝛽𝑚+𝑛 ,         ⟨U(𝑚)U(𝑛)⟩ = −
1

ℓ
𝛽𝑚+𝑛         

⟨Q𝛼
−(𝑚)

Q𝛽
−(𝑛)

⟩= 2𝛽𝑚+𝑛+1𝐶𝛼𝛽 ,     ⟨Q𝛼
+(𝑚)

Q𝛽
+(𝑛)

⟩= 2𝛽𝑛+𝑚𝐶𝛼𝛽          

 

𝛽𝑝 = 𝜆2𝑝𝛼̃1  

𝐼𝔫𝔥(𝑁)
𝒩=2 =

𝑘

4𝜋
∫  ∑  

𝑁

𝑝=1

 𝛽𝑝𝛿𝑚+𝑛
𝑝

[−2𝜏(𝑚)𝑅(𝜔(𝑛)) +
𝛿𝑞+𝑟+1
𝑛

ℓ2
𝜖𝑎𝑐𝜏(𝑚)𝑒𝑎

(𝑞)
𝑒𝑐
(𝑟)
+ 2𝑡(𝑚)𝑑𝑢(𝑛) −

1

ℓ
𝑢(𝑚)𝑑𝑢(𝑛)

−2𝜓‾+(𝑚)∇𝜓+(𝑛)] + 𝛽𝑝𝛿𝑚+𝑛+1
𝑝

[2𝑒𝑎
(𝑚)
𝑅𝑎(𝜔𝑏(𝑛)) − 2𝜓‾−(𝑚)∇𝜓−(𝑛)]
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𝑅(𝜔(𝑚)) = 𝑑𝜔(𝑚) +
1

2
∑  

𝑁−1

𝑝,𝑞=0

 𝛿𝑝+𝑞+1
𝑚 𝜖𝑎𝑐𝜔𝑎

(𝑝)
𝜔𝑐
(𝑞)

𝑅𝑎(𝜔𝑎(𝑚)) = 𝑑𝜔𝑎(𝑚) + ∑  

𝑁

𝑛,𝑝=0

 𝛿𝑛+𝑝
𝑚 𝜖𝑎𝑐𝜔(𝑛)𝜔𝑐

(𝑝)

 

∇𝜓+(𝑚) =𝑑𝜓+(𝑚) +
1

2
∑  

𝑁

𝑛,𝑝=0

  𝛿𝑛+𝑝
𝑚 (𝜔(𝑛)𝛾0𝜓

+(𝑝) +
1

ℓ
𝜏(𝑛)𝛾0𝜓

+(𝑝) − 𝑡(𝑛)𝛾0𝜓
+(𝑝))

+ ∑  

𝑁−1

𝑛,𝑝=0

 𝛿𝑛+𝑝+1
𝑚 (𝜔𝑎(𝑛)𝛾𝑎𝜓

−(𝑝) +
1

ℓ
𝑒𝑎(𝑛)𝛾𝑎𝜓

−(𝑝))  

∇𝜓−(𝑚) =𝑑𝜓−(𝑚) +
1

2
∑  

𝑁−1

𝑛,𝑝=0

  𝛿𝑛+𝑝
𝑚 (𝜔(𝑛)𝛾0𝜓

−(𝑝) +
1

ℓ
𝜏(𝑛)𝛾0𝜓

−(𝑝) + 𝑡(𝑛)𝛾0𝜓
−(𝑝)

+𝜔𝑎(𝑛)𝛾𝑎𝜓
+(𝑝) +

1

ℓ
𝑒𝑎(𝑛)𝛾𝑎𝜓

+(𝑝))

 

𝐼𝔫𝔥(𝑁)
𝒩=2 =

𝑘

4𝜋
∫  ∑  

𝑁

𝑝=1

 𝛽𝑝ℒ𝔫𝔥(𝔭)
𝒩=2

 

𝐹(𝜔(𝑚)) =𝑅(𝜔(𝑚)) +
1

2
∑  

𝑁−1

𝑛,𝑝=0

 𝛿𝑛+𝑝+1
𝑚 (

1

ℓ2
𝜖𝑎𝑐𝑒𝑎

(𝑛)
𝑒𝑐
(𝑝)
+
1

ℓ
𝜓‾−(𝑛)𝛾0𝜓−(𝑝))

 +
1

2ℓ
∑  

𝑁

𝑛,𝑝=0

 𝛿𝑛+𝑝
𝑚 𝜓‾+(𝑛)𝛾0𝜓+(𝑝)

𝐹𝑎(𝜔𝑏(𝑚)) =𝑅(𝜔𝑎(𝑚)) + ∑  

𝑁−1

𝑛,𝑝=0

  𝛿𝑛+𝑝
𝑚 (

1

ℓ2
𝜖𝑎𝑐𝜏(𝑛)𝑒𝑐

(𝑝)
+
1

ℓ
𝜓‾+(𝑛)𝛾𝑎𝜓−(𝑝))

𝐹(𝜏(𝑚)) =𝑑𝜏(𝑚) + ∑  

𝑁−1

𝑛,𝑝=0

  𝛿𝑛+𝑝+1
𝑚 (𝜖𝑎𝑐𝜔𝑎

(𝑛)
𝑒𝑐
(𝑝)
+
1

2
𝜓‾−(𝑛)𝛾0𝜓−(𝑝))

 +
1

2
∑  

𝑁

𝑛,𝑝=0

  𝛿𝑛+𝑝
𝑚 𝜓‾+(𝑛)𝛾0𝜓+(𝑝)

𝐹𝑎(𝑒𝑏(𝑚)) =𝑑𝑒𝑎(𝑚) + ∑  

𝑁−1

𝑛,𝑝=0

  𝛿𝑛+𝑝
𝑚 (𝜖𝑎𝑐𝜔(𝑛)𝑒𝑐

(𝑝)
+ 𝜖𝑎𝑐𝜏(𝑛)𝜔𝑐

(𝑝)
+ 𝜓‾+(𝑛)𝛾𝑎𝜓−(𝑝))

𝐹(𝑡(𝑚)) =𝑑𝑡(𝑚) +
1

2ℓ
∑  

𝑁

𝑛,𝑝=0

 𝛿𝑛+𝑝
𝑚 𝜓‾+(𝑛)𝛾0𝜓+(𝑝) +

1

2ℓ
∑  

𝑁−1

𝑛,𝑝=0

 𝛿𝑛+𝑝+1
𝑚 𝜓‾−(𝑛)𝛾0𝜓−(𝑝)

 

𝐹(𝑢(𝑚)) = 𝑑𝑢(𝑚) +
1

2
∑  

𝑁

𝑛,𝑝=0

  𝛿𝑛+𝑝
𝑚 𝜓‾+(𝑛)𝛾0𝜓+(𝑝) +

1

2
∑  

𝑁−1

𝑛,𝑝=0

 𝛿𝑛+𝑝+1
𝑚 𝜓‾−(𝑛)𝛾0𝜓−(𝑝)  

𝜔(0) = 𝜔, 𝜔(1) = 𝑠, 𝜔(2) = 𝑧

𝜏(0) = 𝜏, 𝜏(1) = 𝑚, 𝜏(2) = 𝑡

𝑡(0) = 𝑡1, 𝑡(1) = 𝑡2, 𝑡(2) = 𝑡3
𝑢(0) = 𝑢1, 𝑢(1) = 𝑢2, 𝑢(2) = 𝑢3

𝜓𝛼
+(0)

= 𝜓𝛼
+, 𝜓𝛼

+(1)
= 𝜌𝛼 , 𝜓𝛼

+(2)
= 𝜙𝛼

+

𝜔𝑎
(0)
= 𝜔𝑎 , 𝑒𝑎

(0)
= 𝑒𝑎, 𝜓𝛼

−(0)
= 𝜓𝛼

−

𝜔𝑎
(1)
= 𝑏𝑎, 𝑒𝑎

(1)
= 𝑡𝑎, 𝜓𝛼

−(1)
= 𝜙𝛼

−

 

 

ℒ𝔫𝔥 (2)
𝒩=2= 2𝑒𝑎𝑅𝑎(𝑏𝑏) + 2𝑡𝑎𝑅𝑎(𝜔𝑏) − 2𝜏𝑅(𝑧) − 2𝑚𝑅(𝑠) − 2𝑦𝑅(𝜔) +

2

ℓ2
𝜖𝑎𝑐𝜏𝑒𝑎𝑡𝑐 +

1

ℓ2
𝜖𝑎𝑐𝑚𝑒𝑎𝑒𝑐 

 +2𝑡1𝑑𝑢3 + 2𝑡2𝑑𝑢2 + 2𝑡3𝑑𝑢1 −
2

ℓ
𝑢1𝑑𝑢3 −

1

ℓ
𝑢2𝑑𝑢2 − 2𝜓‾

±∇𝜙± − 2𝜙‾±∇𝜓± − 2𝜌‾∇𝜌
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𝑅𝑎(𝑏𝑏) =𝑑𝑏𝑎 + 𝜖𝑎𝑐𝜔𝑏𝑐 + 𝜖
𝑎𝑐𝑠𝜔𝑐

𝑅(𝑧) =𝑑𝑧 + 𝜖𝑎𝑐𝜔𝑎𝑏𝑐

∇𝜙+ =𝑑𝜙+ +
1

2
𝜔𝛾0𝜙

+ +
1

2
𝑠𝛾0𝜌 +

1

2
𝜔𝑎𝛾𝑎𝜙

− +
1

2
𝑏𝑎𝛾𝑎𝜓

− +
1

2ℓ
𝑒𝑎𝛾𝑎𝜙

− +
1

2ℓ
𝜏𝛾0𝜙

+

+
1

2ℓ
𝑚𝛾0𝜌 +

1

2ℓ
𝑡𝑎𝛾𝑎𝜓

− +
1

2
𝑧𝛾0𝜓

+ +
1

2ℓ
𝑦𝛾0𝜓

+ −
1

2
𝑡1𝛾0𝜙

+ −
1

2
𝑡2𝛾0𝜌 −

1

2
𝑡3𝛾0𝜓

+ 

∇𝜙− =𝑑𝜙−
1

2
𝜔𝛾0𝜙

− +
1

2
𝑠𝛾0𝜓

− +
1

2
𝜔𝑎𝛾𝑎𝜌 +

1

2
𝑏𝑎𝛾𝑎𝜓

+ +
1

2ℓ
𝑒𝑎𝛾𝑎𝜌 +

1

2ℓ
𝜏𝛾0𝜙

−

 +
1

2ℓ
𝑚𝛾0𝜓

− +
1

2ℓ
𝑡𝑎𝛾𝑎𝜓

+ −
1

2
𝑡1𝛾0𝜙

− −
1

2
𝑡2𝛾0𝜓

−

 

𝐼AdS
𝒩=2 = ∫  𝛼̃1 [2𝑒𝐴𝑅

𝐴 +
1

3ℓ2
𝜖𝐴𝐵𝐶𝑒

𝐴𝑒𝐵𝑒𝐶 + t𝑑𝐮 −
1

ℓ2
𝐮𝑑𝐮 − 2Ψ‾ 𝑖∇Ψ𝑖]  

𝑅𝐴= 𝑑𝜔𝐴 +
1

2
𝜖𝐴𝐵𝐶𝜔𝐵𝜔𝐶  

𝑇𝐴= 𝑑𝑒𝐴 +
1

2
𝜖𝐴𝐵𝐶𝜔𝐵𝑒𝐶  

∇Ψ𝑖  = 𝑑Ψ𝑖 +
1

2
𝜔𝐴𝛾𝐴Ψ

𝑖 +
1

2ℓ
𝑒𝐴𝛾𝐴Ψ

𝑖 + t𝜖𝑖𝑗Ψ𝑗

 

𝜔(𝑚) = 𝜆2𝑚𝜔0, 𝜏(𝑚) = 𝜆2𝑚𝑒0 𝜓+(𝑚) = 𝜆2𝑚Ψ
+,

𝜔𝑎
(𝑚)

= 𝜆2𝑚+1𝜔𝑎 𝑒𝑎
(𝑚)

= 𝜆2𝑚+1𝑒𝑎 𝜓−(𝑚) = 𝜆2𝑚+1Ψ
−

 

Ψ𝛼
± =

1

√2
(Ψ𝛼

1 ± (𝛾0)𝛼𝛽Ψ𝛽
2)  

𝐴 =𝜔J + 𝜔𝑎G𝑎 + 𝑠 S + 𝜏H + 𝑒
𝑎P𝑎 +𝑚M+ 𝑡1 T1 + 𝑡2 T2 + 𝑢1U1 + 𝑢2U2

 +𝜓‾+Q+ +𝜓‾−Q− + 𝜌‾R.
 

𝐹= ℱ(𝜔)J + ℱ𝑎(𝜔𝑏)G𝑎 + ℱ(𝜏)H + ℱ
𝑎(𝑒𝑏)P𝑎 +ℱ(𝑡1)T1 + ℱ(𝑡2)T2 

 +ℱ(𝑢1)U1 + ℱ(𝑢2)U2 + ∇𝜓‾
+Q+ + ∇𝜓‾−Q− + ∇𝜌‾R

 

 

ℱ(𝜔) = 𝑑𝜔 = ℛ(𝜔)

ℱ𝑎(𝜔𝑏) = 𝑑𝜔𝑎 + 𝜖𝑎𝑐𝜔𝜔𝑐 +
1

ℓ2
𝜖𝑎𝑐𝜏𝑒𝑐 +

1

ℓ
𝜓‾+𝛾𝑎𝜓− = ℛ𝑎(𝜔𝑏) +

1

ℓ2
𝜖𝑎𝑐𝜏𝑒𝑐 +

1

ℓ
𝜓‾+𝛾𝑎𝜓−

ℱ(𝜏) = 𝑑𝜏 +
1

2
𝜓‾+𝛾0𝜓+

ℱ(𝑒𝑎) = 𝑑𝑒𝑎 + 𝜖𝑎𝑐𝜔𝑒𝑐

ℱ(𝑠) = 𝑑𝑠 +
1

2ℓ2
𝜖𝑎𝑐𝑒𝑎𝑒𝑐 = ℛ(𝑠) +

1

2ℓ2
𝜖𝑎𝑐𝑒𝑎𝑒𝑐

ℱ(𝑚) = 𝑑𝑚 + 𝜖𝑎𝑐𝜔𝑎𝑒𝑐 +
1

2
𝜓‾−𝛾0𝜓−

 

ℱ(𝑡1)= 𝑑𝑡1  

ℱ(𝑡2)= 𝑑𝑡2  

ℱ(𝑢1)= 𝑑𝑢1 +
1

2
𝜓‾+𝛾0𝜓+  

ℱ(𝑢2)= 𝑑𝑢2 +
1

2
𝜓‾−𝛾0𝜓− + 𝜓‾+𝛾0𝜌  

∇𝜓+= 𝑑𝜓+ +
1

2
𝜔𝛾0𝜓

+ −
1

2
𝑡1𝛾0𝜓

+  

∇𝜓−= 𝑑𝜓− +
1

2
𝜔𝛾0𝜓

− +
1

2ℓ
𝑒𝑎𝛾𝑎𝜓

+ +
1

2
𝑡1𝛾0𝜓

−  

∇𝜌 = 𝑑𝜌 +
1

2
𝜔𝛾0𝜌 +

1

2
𝑠𝛾0𝜓

+ +
1

2ℓ
𝑒𝑎𝛾𝑎𝜓

− −
1

2
𝑡1𝛾0𝜌 −

1

2
𝑡2𝛾0𝜓

+
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⟨JS⟩ = −𝜈0,         ⟨P𝑎P𝑏⟩ =
𝜈0
ℓ2
𝛿𝑎𝑏

⟨JM⟩ = ⟨HS⟩ = −𝜇1,        ⟨G𝑎P𝑏⟩ = 𝜇1𝛿𝑎𝑏
⟨ T1 T2⟩ = 𝜈0,         ⟨ T1U2⟩ = ⟨T2U1⟩ = 𝜇1
⟨Q𝛼
−Q𝛽

−⟩= 2𝜇1𝐶𝛼𝛽 ,         ⟨Q𝛼
+R𝛽⟩ = 2𝜇1𝐶𝛼𝛽

 

𝜈0 = 𝜆2𝛼0, 𝜇1 = 𝜆2𝛼1 

𝜈0 = 𝜆0𝜎0, 𝜇1 = 𝜆2𝛽1 

𝐼𝔞𝔞𝔰−𝔰𝔱𝔞𝔱
𝒩=2 =

𝑘

4𝜋
∫  𝜇1 [2𝑒𝑎ℛ

𝑎(𝜔𝑏) − 2𝑚ℛ(𝜔) − 2𝜏ℛ(𝑠) +
1

ℓ2
𝜖𝑎𝑐𝜏𝑒𝑎𝑒𝑐 + 2𝑡1𝑑𝑢2 + 2𝑡2𝑑𝑢1

−2𝜓‾+∇𝜌 − 2𝜌‾∇𝜓+ − 2𝜓‾−∇𝜓−]

 

𝛿𝜔= 0  

𝛿𝜔𝑎=
1

ℓ
𝜀‾+𝛾𝑎𝜓− +

1

ℓ
𝜀‾−𝛾𝑎𝜓+  

𝛿𝜏= 𝜀‾+𝛾0𝜓+  

𝛿𝑒𝑎= 0  
𝛿𝑠= 0  
𝛿𝑚= 𝜀‾−𝛾0𝜓− + 𝜀‾+𝛾0𝜌 + 𝜚‾𝛾0𝜓+  
𝛿𝑡1= 0  
𝛿𝑡2= 0  

𝛿𝑢1= 𝜀‾
+𝛾0𝜓+  

𝛿𝑢2= 𝜀‾
+𝛾0𝜌 + 𝜚‾+𝛾0𝜓+ − 𝜀‾−𝛾0𝜓−  

𝛿𝜓+= 𝑑𝜀+ +
1

2
𝜔𝛾0𝜀

+ +
1

2ℓ
𝑒𝑎𝛾𝑎𝜀

− −
1

2
𝑡1𝛾0𝜀

+  

𝛿𝜓−= 𝑑𝜀− +
1

2
𝜔𝛾0𝜀

− +
1

2ℓ
𝑒𝑎𝛾𝑎𝜀

+ +
1

2
𝑡1𝛾0𝜀

−  

𝛿𝜌 = 𝑑𝜚 +
1

2
𝜔𝛾0𝜚 +

1

2
𝑠𝛾0𝜀

+ +
1

2ℓ
𝑒𝑎𝛾𝑎𝜀

− −
1

2
𝑡1𝛾0𝜚 −

1

2
𝑡2𝛾0𝜀

+

 

⟨J(𝑚)H(𝑛)⟩ = −𝜇𝑚+𝑛, ⟨G𝑎
(𝑚)
P𝑏
(𝑛)
⟩ = 𝜇𝑚+𝑛+1𝛿𝑎𝑏

⟨ T(𝑚)U(𝑛)⟩ = 𝜇𝑚+𝑛, ⟨Q𝛼
−(𝑚)

Q𝛽
−(𝑛)

⟩ = 2𝜇𝑚+𝑛+1𝐶𝛼𝛽

⟨Q𝛼
+(𝑚)

Q𝛽
+(𝑛)

⟩ = 2𝜇𝑛+𝑚𝐶𝛼𝛽 ,

 

𝜇𝑝 = 𝜆2𝑝𝛼1  

 

𝜇𝑝 = 𝜆2𝛽𝑝  

𝐴= ∑  

𝑁

𝑚=0

  (𝜔(𝑚)J(𝑚) + 𝜏(𝑚)H(𝑚) + 𝑡(𝑚)T(𝑚) + 𝑢(𝑚)U(𝑚) + 𝜓‾+(𝑚)Q+(𝑚)) 

 + ∑  

𝑁−1

𝑚=0

 (𝜔𝑎(𝑚)G𝑎
(𝑚)

+ 𝑒𝑎(𝑚)P𝑎
(𝑚)

+𝜓‾−(𝑚)Q−(𝑚))
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ℱ(𝜔(𝑚)) =𝑑𝜔(𝑚) +
1

2ℓ2
∑  

𝑁−1

𝑛,𝑝=0

 𝛿𝑛+𝑝+1
𝑚 𝜖𝑎𝑐𝑒𝑎

(𝑛)
𝑒𝑐
(𝑝)

ℱ𝑎(𝜔𝑏(𝑚)) =𝑑𝜔𝑎(𝑚) + ∑  

𝑁−1

𝑛,𝑝=0

 𝛿𝑛+𝑝
𝑚 (𝜖𝑎𝑐𝜔(𝑛)𝜔𝑐

(𝑝)
+
1

ℓ2
𝜖𝑎𝑐𝜏(𝑛)𝑒𝑐

(𝑝)
+
1

ℓ
𝜓‾+(𝑛)𝛾𝑎𝜓−(𝑝))

ℱ(𝜏(𝑚)) =𝑑𝜏(𝑚) + ∑  

𝑁−1

𝑛,𝑝=0

 𝛿𝑛+𝑝+1
𝑚 (𝜖𝑎𝑐𝜔𝑎

(𝑛)
𝑒𝑐
(𝑝)
+
1

2
𝜓‾−(𝑛)𝛾0𝜓−(𝑝))

+
1

2
∑  

𝑁

𝑛,𝑝=0

 𝛿𝑛+𝑝
𝑚 𝜓‾+(𝑛)𝛾0𝜓+(𝑝)  

ℱ𝑎(𝑒𝑏(𝑚)) =𝑑𝑒𝑎(𝑚) + ∑  

𝑁−1

𝑛,𝑝=0

 𝛿𝑛+𝑝
𝑚 𝜖𝑎𝑐𝜔(𝑛)𝑒𝑐

(𝑝)

ℱ(𝑡(𝑚)) =𝑑𝑡(𝑚),

ℱ(𝑢(𝑚)) =𝑑𝑢(𝑚) +
1

2
∑  

𝑁

𝑛,𝑝=0

  𝛿𝑛+𝑝
𝑚 𝜓‾+(𝑛)𝛾0𝜓+(𝑝) +

1

2
∑  

𝑁−1

𝑛,𝑝=0

 𝛿𝑛+𝑝+1
𝑚 𝜓‾−(𝑛)𝛾0𝜓−(𝑝)

∇𝜓+(𝑚) =𝑑𝜓+(𝑚) +
1

2
∑  

𝑁

𝑛,𝑝=0

  𝛿𝑛+𝑝
𝑚 (𝜔(𝑛)𝛾0𝜓

+(𝑝) − 𝑡(𝑛)𝛾0𝜓
+(𝑝))

+
1

ℓ
∑  

𝑁−1

𝑛,𝑝=0

 𝛿𝑛+𝑝+1
𝑚 𝑒𝑎(𝑛)𝛾𝑎𝜓

−(𝑝)  

∇𝜓−(𝑚) =𝑑𝜓−(𝑚) +
1

2
∑  

𝑁−1

𝑛,𝑝=0

  𝛿𝑛+𝑝
𝑚 (𝜔(𝑛)𝛾0𝜓

−(𝑝) + 𝑡(𝑛)𝛾0𝜓
−(𝑝) +

1

ℓ
𝑒𝑎(𝑛)𝛾𝑎𝜓

+(𝑝))

 

𝐼𝔞𝔡𝔰−𝔰𝔱𝔞𝔱
𝒩=2 =

𝑘

4𝜋
∫  ∑  

𝑁

𝑝=1

 𝜇𝑝𝛿𝑚+𝑛+1
𝑝

[2𝑒𝑎
(𝑚)
ℛ𝑎(𝜔𝑏(𝑛)) − 2𝜓‾−(𝑚)∇𝜓−(𝑛)]  

 +𝜇𝑝𝛿𝑚+𝑛
𝑝

[−2𝜏(𝑚)ℛ(𝜔(𝑛)) +
𝛿𝑞+𝑟+1
𝑛

ℓ2
𝜖𝑎𝑐𝜏(𝑚)𝑒𝑎

(𝑞)
𝑒𝑐
(𝑟)
+ 2𝑡(𝑚)𝑑𝑢(𝑛) − 2𝜓‾+(𝑚)∇𝜓+(𝑛)]

 

 

ℛ(𝜔(𝑛))= 𝑑𝜔(𝑛)  

ℛ𝑎(𝜔𝑏(𝑛)) = 𝑑𝜔𝑎(𝑚) + ∑  

𝑁−1

𝑛,𝑝=0

 𝛿𝑛+𝑝
𝑚 𝜖𝑎𝑐𝜔(𝑛)𝜔𝑐

(𝑝)  

𝐼𝔞𝔡𝔰−𝔰𝔱𝔞𝔱
𝒩=2 =

𝑘

4𝜋
∫  ∑  

𝑁

𝑝=1

 𝜇𝑝ℒ𝔞𝔡𝔰−𝔰𝔱𝔞𝔱
𝒩=2  

𝜔(𝑚) = 𝜆0𝜔
(𝑚), 𝜏(𝑚) = 𝜆2𝜏

(𝑚) 𝜓+(𝑚) = 𝜆1𝜓
+(𝑚),

𝜔𝑎
(𝑚)

= 𝜆2𝜔𝑎
(𝑚)

𝑒𝑎
(𝑚)

= 𝜆0𝑒𝑎
(𝑚)

𝜓−(𝑚) = 𝜆0𝑡
(𝑚), 𝑢(𝑚) = 𝜆2𝑢

(𝑚)
 

𝜔(𝑚) = 𝜆2𝑚𝜔, 𝜏(𝑚) = 𝜆2𝑚𝜏 𝜓+(𝑚) = 𝜆2𝑚𝜓
+,

𝜔𝑎
(𝑚)

= 𝜆2𝑚+1𝜔𝑎 𝑒𝑎
(𝑚)

= 𝜆2𝑚+1𝑒𝑎 𝜓−(𝑚) = 𝜆2𝑚𝑡, 𝑢
(𝑚) = 𝜆2𝑚𝑢

 

Λ = 𝒞(1)⊕𝒞(𝑑−3) ⊂ 𝐷  

𝑆SymTFT =
1

2𝜋
∑  

𝑝,𝑖,𝑗

 ∫  
𝑀𝑑+1

 𝜅𝑖𝑗
(𝑝)
𝐵𝑝
𝑖𝑑𝐶𝑑−𝑝

𝑗
+𝒜({𝐵𝑝

𝑖 })  

𝑆SymTFT =
𝑁

2𝜋
∫  
𝑀𝑑+1

 𝐵𝑝𝑑𝐶𝑑−𝑝  
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𝐵𝑝  → 𝐵𝑝 + 𝑑𝜆𝑝−1
𝐶𝑑−𝑝  → 𝐶𝑑−𝑝 + 𝑑𝜆𝑑−𝑝−1

 

𝑈(𝑀𝑝) = 𝑒
𝑖 ∫  
𝑀𝑝

 𝐵𝑝 , 𝑉(𝑀𝑑−𝑝) = 𝑒
𝑖 ∫  
𝑀𝑑−𝑝

 𝐶𝑑−𝑝  

𝐶𝑑−𝑝 → 𝐶𝑑−𝑝 +
1

𝑁
𝜉𝑑−𝑝, 𝐵𝑝 → 𝐵𝑝 +

1

𝑁
𝜉𝑝  

𝑈(𝑀𝑝)𝑉(𝑀𝑑−𝑝) = exp (
2𝜋𝑖𝐿(𝑀𝑝,𝑀𝑑−𝑝)

𝑁
)𝑉(𝑀𝑑−𝑝)𝑈(𝑀𝑝)  

 

𝐷 =⨁ 

𝑑−1

𝑛=1

 𝐷(𝑛)  

⟨⋅,⋅⟩: 𝐷 × 𝐷 → 𝑈(1).  

Λ =⨁ 

𝑑−1

𝑛=1

 Λ𝑛 , Λ𝑛 ⊆ 𝐷
(𝑛)  

SNF(𝜅(𝑝)) = diag {𝑙1
(𝑝)
, … , 𝑙𝑖

(𝑝)
, … }  

𝐷 =⨁ 

𝑝,𝑖

 (ℤ
𝑙𝑖
(𝑝)

(𝑝−1)
⊕ℤ

𝑙𝑖
(𝑝)

(𝑑−𝑝−1)
)  

𝐷 =⨁ 

𝑝,𝑖

  (ℤ𝜅𝑖𝑖
(𝑝−1)

⊕ℤ𝜅𝑖𝑖
(𝑑−𝑝−1)

)  

ℝ1,𝑑−1 × 𝑋𝐷−𝑑 ,  

𝐻𝑚+1(𝜕𝑋) = 𝐻
𝑑̃−(𝑚+2)(𝜕𝑋) = 0 = 𝐻𝑚(𝑋, 𝜕𝑋) = 𝐻

𝑑̃−𝑚(𝑋) 

0 → 𝐻𝑚+1(𝑋) →
𝐽𝑚+1 

𝐻𝑚+1(𝑋, 𝜕𝑋) →
𝐷𝑚+1 

𝐻𝑚(𝜕𝑋) →
𝐼𝑚 
𝐻𝑚(𝑋) → 0.  

0 → 𝐻𝑑̃−(𝑚+1)(𝑋, 𝜕𝑋) →
𝐽𝑚+1
∗  

𝐻𝑑̃−(𝑚+1)(𝑋) →
𝐷𝑚+1
∗  

𝐻𝑑̃−(𝑚+1)(𝜕𝑋) →
𝐼𝑚
∗  
𝐻𝑑̃−𝑚(𝑋, 𝜕𝑋) → 0,  

𝐻𝑑̃−(𝑚+1)(𝜕𝑋) = 𝐻𝑑̃−(𝑚+1)(𝑋)/im(𝐽𝑚+1
∗ ) 

𝐻𝑑̃−(𝑚+1)(𝑋, 𝜕𝑋) ≅ 𝐻𝑚+1(𝑋) 

𝐻𝑑̃−(𝑚+1)(𝑋) = Hom(𝐻𝑚+1(𝑋), ℤ) ⊕ Ext(𝐻𝑚(𝑋), ℤ)  

Ext(𝐻𝑚(𝑋), ℤ) =:𝐻𝑚(𝑋)
∨ ≅ Tor(𝐻𝑚(𝑋)) 

𝐻𝑚+1(𝑋) ≅ 𝐻
𝑑̃−(𝑚+1)(𝑋, 𝜕𝑋) 
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𝐷̃𝑚+1
∗ (

Hom(𝐻𝑚+1(𝑋), ℤ)

𝐽𝑚+1(𝐻𝑚+1(𝑋))
) =

Hom(𝐻𝑚+1(𝑋), ℤ)

𝐽𝑚+1(𝐻𝑚+1(𝑋))
⊂ 𝐻𝑑̃−(𝑚+1)(𝜕𝑋)  

𝐷̃𝑚+1
∗ (𝐻𝑚(𝑋)

∨) ≅ 𝐻𝑚(𝑋)
∨ ⊂ 𝐻𝑑̃−(𝑚+1)(𝑋) 

𝛾̆𝑑̃−(𝑚+1) ∈ 𝐻
𝑑̃−(𝑚+1)(𝜕𝑋) 

𝛾̆𝑑̃−(𝑚+1) ∈ 𝐻
𝑑̃−(𝑚+1)(𝑋) 

𝐷 =⨁ 

𝑑−1

𝑛=1

 𝐷(𝑛), 𝐷(𝑛) =⨁ 

𝑝

 
𝐻𝑝−𝑛+1(𝑋, 𝜕𝑋)

𝐽𝑝−𝑛+1(𝐻𝑝−𝑛+1(𝑋))
≅⨁ 

𝑝

 
𝐻𝑝−𝑛+1(𝑋, 𝜕𝑋)

𝐻𝑝−𝑛+1(𝑋)
,  

ℓ: 𝐻𝑘(𝜕𝑋) × 𝐻𝑑̃−1−𝑘(𝜕𝑋) → ℚ/ℤ  

⟨Σ𝑝−𝑛+1, Σ𝑞−𝑚+1⟩ = ℓ (𝐷𝑝−𝑛+1(Σ𝑝−𝑛+1), 𝐷𝑞−𝑚+1(Σ𝑞−𝑚+1)) .  

𝜎𝑝−𝑛 = 𝐷𝑝−𝑛+1(Σ𝑝−𝑛+1) 

ℓ(𝜎𝑝−𝑛 , 𝜎̃𝑞−𝑚) 

𝜎𝑞−𝑚 = 𝐷𝑞−𝑚+1(Σ𝑞−𝑚+1) 

0 → 𝐻2(𝑋
loc) →

𝐽2 
𝐻2(𝑋

loc, 𝜕𝑋loc) →
𝐷2 
𝐻1(𝜕𝑋

loc) →
𝐼1 
𝐻1(𝑋

loc) → 0.  

0 → ℤ16 →
𝐽2 
ℤ2
16 →

𝐷2 
ℤ2
16 →

𝐼1 
0 → 0  

𝐷 = (ℤ2
(1)
× ℤ2

(4)
)
16

 

 

𝜕𝑀̃𝑛+1
BTFT = 𝑀̃𝑛 
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𝑀̃𝑛+1 = 𝑀̃𝑛+1
SQFT

∪ 𝑀̃𝑛+1
STFT ∪ 𝑀̃𝑛+1

BTFT 

𝜎𝑝−𝑛 × 𝑀̃𝑛+1 

𝜎𝑝−𝑛 ∈ ker(𝐼𝑝−𝑛) 

𝛾𝐷−𝑑−(𝑝−𝑛+2) ×𝑀𝑑−(𝑛+1) 

𝐻1(𝜕𝑋
loc ) = 𝐻2(𝑋

loc , 𝜕𝑋loc )/𝐻2(𝑋
loc )) 

𝐻2(𝑋
loc , 𝜕𝑋loc ) = (𝐀1

∗ )⊕16 

𝑒∗ ⋅ 𝑒∗ =
1

2
 

𝐻2(𝑋
loc , 𝜕𝑋loc ) 

{0, 𝜎1
𝑖} = ℤ2

𝑖 ⊂ ℤ2
16 = 𝐻1(𝜕𝑋

loc ) 

⟨𝜎1
𝑖 , 𝜎1

𝑗
⟩ =

𝛿𝑖𝑗

2
 

 

𝑆SymTFT = ∫  
𝑀8

 2∑  

16

𝑖=1

 𝐵2
(𝑖)
𝑑𝐶5

(𝑖)
 

𝐻1(𝜕𝑋)
(1)⊕𝐻1(𝜕𝑋)

(4) 

ℝ1,𝑑−1 × 𝑋𝐷−𝑑
∘  

𝑋𝐷−𝑑
∘ ≡ 𝑋∘ 

𝐻𝑝−𝑛+1(𝑋
∘, 𝜕𝑋∘)

𝐻𝑝−𝑛+1(𝑋
∘)

≠ 𝐻𝑝−𝑛(𝜕𝑋
∘)  

𝑀̃𝑛+1 = 𝑀̃𝑛+1
SQFT

∪ 𝑀̃𝑛+1
STFT ∪ 𝑀̃𝑛+1

BTFT 

0 → 𝐻2(𝑋
∘) →
𝐽2 
𝐻2(𝑋

∘, 𝜕𝑋∘) →
𝐷2 
𝐻1(𝜕𝑋

∘) →
𝐼1 
𝐻1(𝑋

∘) → 0,  

0 → ℤ6 →
𝐽2 
ℤ6⊕ℤ2

5 →
𝐷2 
ℤ2
16 →

𝐼1 
ℤ2
5 → 0  

𝐷 = (ℤ2
(1)
× ℤ2

(4)
)
11

 

𝐷SymTFT = (ℤ2
(1)
× ℤ2

(4)
)
16

 

𝑆SymTFT = ∫  
𝑀8

 2∑  

16

𝑖=1

 𝐵2
(𝑖)
𝑑𝐶5

(𝑖)
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𝐻2(𝑋) × 𝐻2(𝑋) → ℤ, (Σ, Σ̃) ↦ Σ ⋅ Σ̃,  

Hom(𝐻2(𝑋), ℤ) = 𝐻2(𝑋)
∗: = {∑  

𝑖

 𝜆𝑖Σ𝑖 , 𝜆𝑖 ∈ ℚ ∣ ∀Σ̃ ∈ 𝐻2(𝑋):∑  

𝑖

  𝜆𝑖Σ𝑖 ⋅ Σ̃𝑖 ∈ ℤ} ,  

ℓ(𝐷2Σ2
rel, 𝐷2Σ̃2

rel) = Σ2
rel ⋅ Σ̃2

relmodℤ  for  Σrel, Σ̃rel ∈ Hom(𝐻2(𝑋), ℤ)  

0 →
𝐻2(𝑋

∘)∗

𝐻2(𝑋
∘)
⊕ 𝐻1(𝑋

∘)∨
⏟            
≅𝐻2(𝑋

∘,𝜕𝑋∘)/𝐻2(𝑋
∘)

→
𝐷̃2 
𝐻1(𝜕𝑋

∘) →
𝐼1 
𝐻1(𝑋

∘) → 0
 

𝐷̃2(𝐻1(𝑋
∘)∨) ≅ 𝐻1(𝑋

∘)∨ ⊂ 𝐻1(𝜕𝑋
∘) 

𝐻1(𝜕𝑋
∘)/im(𝐷̃2) ≅ 𝐻1(𝑋

∘) 

𝐻1(𝑋
∘)∨ × 𝐻1(𝑋

∘) → ℚ/ℤ  

ℓ(𝜎̃1, 𝜎̃1
′) = 0  for  𝜎̃1, 𝜎̃1

′ ∈ 𝐻1(𝑋
∘)∨ ⊂ 𝐻1(𝜕𝑋

∘)  

𝐷̃2[𝐻2(𝑋
∘)∗/𝐻2(𝑋

∘)] 

𝑣1 ∈ 𝐷̃2[𝐻2(𝑋
∘)∗/𝐻2(𝑋

∘)] 

𝜎̃1 ∈ 𝐷̃2(𝐻1(𝑋
∘)∨) 

𝐷̃2[𝐻2(𝑋
∘)∗/𝐻2(𝑋

∘)] 

𝐻1(𝑋
∘)(1)⊕𝐻1(𝑋

∘)(4) 

[𝐻2(𝑋
∘)∗/𝐻2(𝑋

∘)](1)⊕ [𝐻2(𝑋
∘)∗/𝐻2(𝑋

∘)](4) 

𝐻1(𝜕𝑋
∘)(1) × 𝐻1(𝜕𝑋

∘)(4) 

𝑋loc =⋃ 

𝑖

𝑋̂𝑖 , 𝐿𝔤 = 𝐻2(𝑋
loc ) 

𝐷 = 𝐷(1)⊕𝐷(4).  

Λmaximally mixed = Λ1⊕Λ4, Λ1 ≅ Λ4  

Λmaximally mixed = Λ1⊕Λ𝑑−3, Λ1 ≅ Λ𝑑−3.  

0 → 𝐻2(𝑋
∘) ⊕ 𝐻2(𝑋

loc) →
𝐽2 
𝐻2(𝑋)⏟  
=II3,19

→
𝜕2 
𝐻1(𝜕𝑋

loc⏟  
=𝜕𝑋∘

) →
𝑖1 
𝐻1(𝑋

∘) → 0,  

𝐻1(𝑋
loc ∩ 𝑋∘) = 𝐻1(𝜕𝑋

loc) = 𝐻1(𝜕𝑋
∘) 
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𝐻2(𝑋
∘) and 𝐻2(𝑋

loc) = 𝐿𝔤 

im(𝑗2) ≅ 𝐻2(𝑋
∘) ⊕ 𝐻2(𝑋

loc ) 

𝑗2 (𝐻2(𝑋
loc)) ≅ 𝐻2(𝑋

loc) 

𝐻2(𝑋
loc)

∗
= 𝐻2(𝑋

loc, 𝜕𝑋loc) 

𝑀

𝑗2(𝐻2(𝑋
loc))

=
𝑀

𝐻2(𝑋
loc)

⊂
𝐻2(𝑋

loc)
∗

𝐻2(𝑋
loc)

= 𝒵(𝐺̃),  

𝑀

𝐻2(𝑋
loc)

× 𝐻1(𝑋
∘) → ℚ/ℝ  

𝑀/𝐻2(𝑋
loc ) ≅ 𝐻1(𝑋

∘)∨ 

0 → coker(𝑗2) →
𝜕̃2 
𝐻1(𝜕𝑋

∘) →
𝑖1 
𝐻1(𝑋

∘) → 0  

Hom(𝐻2(𝑋
∘), ℤ) = 𝐻2(𝑋

∘)∗ 

0 → 𝐻2(𝑋
∘) →
𝐽2
∘  
𝐻2(𝑋

∘, 𝜕𝑋∘)≅ 𝐻2(𝑋
∘)∗⊕𝐻1(𝑋

∘)∨ →
𝐷2
∘  
𝐻1(𝜕𝑋

∘) →
𝐼1 
𝐻1(𝑋

∘) → 0  

⇒  0 →
𝐻2(𝑋

∘)∗

𝐻2(𝑋
∘)
⊕ 𝐻1(𝑋

∘)∨ →
𝐷̃2
∘  
𝐻1(𝜕𝑋

∘) →
𝐼1 
𝐻1(𝑋

∘) → 0
 

coker(𝑗2) =
𝐻2(𝑋)

𝐻2(𝑋
∘) ⊕ 𝐻2(𝑋

loc)
≅
𝐻2(𝑋

∘)∗

𝐻2(𝑋
∘)
⊕ 𝐻1(𝑋

∘)∨ ≅
𝐻2(𝑋

∘)∗

𝐻2(𝑋
∘)
⊕

𝑀

𝐻2(𝑋
loc)

 

Σ2
∘ ∈ 𝐻2(𝑋

∘, 𝜕𝑋∘) 

Σ2
loc ∈ 𝐻2(𝑋

loc, 𝜕𝑋loc) 

𝜎1 ∈ ker(𝑖1) = im(𝜕̃2) ≅ coker(𝑗2) 

Σ2 ∈ 𝐻2(𝑋) 

im(𝑗2) = ker(𝜕2) = 𝐻2(𝑋
∘) ⊕ 𝐻2(𝑋

loc ) 

𝜎1 = 𝐷2
loc(Σ2

loc) ∈ 𝐻1(𝑋
∘)∨ ⊂ coker(𝑗2) 

Σ2
∘ ∈ Ext(Tor(𝐻1(𝑋

∘), ℤ)) ≅ 𝐻1(𝑋
∘)∨ ⊂ 𝐻2(𝑋

∘, 𝜕𝑋∘) with 𝐷2
∘(Σ2

∘) = 𝜎1 

Σ2 ∈ 𝐻2(𝑋) with 𝜕2Σ2 = 𝜎1 

Σ2 ≃ Σ2
loc ∪𝜎1 Σ2

∘  
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Σ2 ≃ Σ2
loc ∪𝜎1 Σ2

∘  

Σ̃2 ≃ Σ̃2
loc ∪𝜎̃1 Σ̃2

∘  

Σ2 ∈
𝑀

𝐻2(𝑋
Ioc )

⊂ 𝐻2(𝑋) 

Σ̃2 ∉
𝑀

𝐻2(𝑋
Ioc )

 

𝜎1, 𝜎̃1 ∉ ker(𝑖1) 

[𝜎1] + [𝜎̃1] = 0 ∈ 𝐻1(𝑋
∘) 

𝜎̃1 = 𝐷2
loc (Σ̃2

loc ) ∈
𝐻2(𝑋

∘)∗

𝐻2(𝑋
∘)
⊂ coker(𝑗2) 

Σ̃2
∘ ∈ 𝐻2(𝑋

∘)∗ = Hom(𝐻2(𝑋
∘), ℤ) ⊂ 𝐻2(𝑋

∘, 𝜕𝑋∘) with 𝐷2
∘(Σ̃2

∘) = 𝜎̃1 

Σ̃2 ≃ Σ̃2
loc ∪𝜎̃1 Σ̃2

∘  

0 ≠ 𝜎1 = 𝐷2
loc(Σ2

loc) ∉ coker(𝑗2) = ker(𝑖1) = ker(𝐼1) 

𝐻1(𝑋
∘) = Tor(𝐻1(𝑋

∘)) 

0 ≠ [𝜎̃1modker(𝐼1)] ∈ 𝐻1(𝑋
∘) 

[𝜎1] + [𝜎̃1] = 0 ∈ 𝐻1(𝑋
∘) 

𝐷2
∘(Σ2

∘) = 𝜎1 + 𝜎̃1 ∈ ker(𝐼1) = Im(𝐷2
∘) 

[(𝐺̃/𝒞loc ) × 𝑈(1)
𝑏]/𝒞extra  

𝒞loc ≅ 𝐻1(𝑋
∘)∨ =

𝑀

𝐻2(𝑋
loc)

, 𝒞extra ≅
𝐻2(𝑋

∘)∗

𝐻2(𝑋
∘)
=
coker(𝑗2)

𝐻1(𝑋
∘)∨

 

𝒞loc ⊕𝒞extra  

rank(𝐻2(𝑋)) = rank(𝐻2(𝑋
∘)) + rank (𝐻2(𝑋

loc)) 

𝐻2(𝑋) ⊗ℚ = (𝐻2(𝑋
∘) ⊗ ℚ)⊕ (𝐻2(𝑋

loc ) ⊗ℚ) 

Σ2 ∈ 𝐻2(𝑋) 

Σ2 = 𝑆
loc + 𝑆∘, 𝑆loc ∈ 𝐻2(𝑋

loc) ⊗ℚ, 𝑆∘ ∈ 𝐻2(𝑋
∘) ⊗ℚ,  

Σ2 ⋅ Σ̃2 = 𝑆
loc ⋅ 𝑆̃loc + 𝑆∘ ⋅ 𝑆̃∘  

Σ2 ≃ Σ2
loc ∪𝜎1 Σ2

∘  
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Σ2
𝝓
∈ 𝐻2(𝑋

∗)∗ = Hom(𝐻2(𝑋
∗), ℤ) ⊂ 𝐻2(𝑋

∗, 𝜕𝑋∗) 

𝑋∗ = 𝑋loc  

Σ2
loc 𝐻2(𝑋

loc , 𝜕𝑋loc ) = 𝐻2(𝑋
loc)

∗
 

Σ2
loc = 𝑆loc ∈ 𝐻2(𝑋

loc, 𝜕𝑋loc) ⊂ 𝐻2(𝑋
loc) ⊗ ℚ 

Σ2
∘ ∈ Hom(𝐻2(𝑋

∘), ℤ) ⊊ 𝐻2(𝑋
∘, 𝜕𝑋∘) 

𝐷2
∘Σ2
∘ ∈ 𝒞extra ⊂ 𝐻1(𝜕𝑋

∘) = 𝐻1(𝜕𝑋
loc ) 

Σ2 ≃ Σ2
loc ∪𝜎1 Σ2

∘  

𝜕2Σ2 = 𝜎1 ∈ 𝒞extra ⊂ coker(𝑗2) 

Σ2 = 𝑆
loc + 𝑆∘ 

𝑆loc = Σ2
loc ∈ 𝐻2(𝑋

loc, 𝜕𝑋loc) = 𝐻2(𝑋
loc)

∗
, 𝑆∘ = Σ2

∘ ∈ Hom(𝐻2(𝑋
∘), ℤ) = 𝐻2(𝑋

∘)∗ ⊂ 𝐻2(𝑋
∘, 𝜕𝑋∘) 

Σ2 ≃ Σ2
loc ∪𝜎1 Σ2

∘  with 𝜕2Σ2 ∈ 𝒞loc  

𝑆loc = Σ2
loc ∈ 𝐻2(𝑋

loc )
∗
 

𝑆∘ = 0 ∈ 𝐻2(𝑋
∘)∗ 

𝐷̃2
∘[𝐻2(𝑋

∘)∗/𝐻2(𝑋
∘)] ≅ 𝒞extra  

𝐷̃2
∘(𝐻1(𝑋

∘)∨) ≅ 𝒞loc  

𝐷̃2
∘(𝐻1(𝑋

∘)∨) ⊂ 𝐻1(𝜕𝑋
∘) 

𝐻1(𝜕𝑋
∘)/ker(𝐼1) ≅ 𝐻1(𝑋

∘) 

𝜕𝑋∘ = 𝜕𝑋loc  

𝐻1(𝜕𝑋
loc ) = 𝐻2(𝑋

loc )
∗
/𝐻2(𝑋

loc ) 

𝜕2 [𝑀/𝑗2 (𝐻2(𝑋
loc ))] ⊂ 𝐻1(𝜕𝑋

loc ) with 𝐷̃2
∘[𝐻1(𝑋

∘)∨] ⊂ 𝐻1(𝜕𝑋
∘) 

Σ2 ∈ 𝑀 ⊂ 𝐻2(𝑋) with 𝜕2Σ2 = 𝜎1 ∈ 𝐷̃2
∘[𝐻1(𝜕𝑋

∘)∨] = 𝒞loc  

𝑗2 (𝐻2(𝑋
loc )) ≅ 𝐻2(𝑋

loc ) 

𝐻2(𝑋
loc)

∗
= 𝐻2(𝑋

loc, 𝜕𝑋loc) 

𝜎1 ∈ 𝐷̃2
∘[𝐻1(𝑋

∘)∨] = 𝒞loc  

𝜎̃1 as ℓ(𝜎1, 𝜎̃1) = Σ2
loc ⋅ Σ̃2

loc modℤ 

Σ2 = Σ2
loc ∈ 𝑀 ⊂ 𝐻2(𝑋

loc)
∗
 and Σ̃2

loc ∈ 𝐻2(𝑋
loc)

∗
 with 𝐷2

loc(Σ2
loc) = 𝜎1 and 𝐷2

loc(Σ̃2
loc) = 𝜎̃1 

ℓ(𝜎1, 𝜎̃1) = Σ2
loc ⋅ Σ̃2

loc = 0modℤ if 𝜎̃1 ∈ 𝒞loc ⇔ Σ̃2
loc ∈ 𝑀 

𝜎̃1 = 𝜕2Σ̃2 ∈ 𝒞extra  

Σ̃2 = Σ̃2
loc + Σ̃2

∘  

ℓ(𝜎1, 𝜎̃1) = Σ2
loc ⋅ Σ̃2

loc  modℤ = Σ2
loc ⋅ Σ̃2 modℤ = Σ2 ⋅ Σ̃2 modℤ = 0 modℤ,  
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𝑋loc ∐ 𝑋∘ 

Σ2 = Σ2
loc + Σ2

∘ ( Σ2
loc , Σ2

∘  ) 

coker(𝑗2) ≅ im(𝜕2) 

(𝜎1
loc, 𝜎1

∘) = (𝐷2
locΣ2

loc, 𝐷2
∘Σ2
∘) = (𝜕2Σ2, 𝜕2Σ2) = (𝜎1, 𝜎1) ∈ 𝐻1(𝜕𝑋

loc) × 𝐻1(𝜕𝑋
∘).  

⟨(Σ2
loc, Σ2

∘)
M2
, (Σ̃2

loc, Σ̃2
∘)
M5
⟩  = ℓ(𝜎1

loc, 𝜎̃1
loc) + ℓ(𝜎1

∘, 𝜎̃1
∘)

 = Σ2
loc ⋅ Σ̃2

loc + Σ2
∘ ⋅ Σ̃2

∘modℤ = Σ2 ⋅ Σ̃2 modℤ = 0
 

(0, 𝜎1) ∈ 𝐻1(𝜕𝑋
loc) ⊕ 𝐻1(𝜕𝑋

∘) 

𝜎1 ∈ 𝐻1(𝑋
∘)∨ 

coker(𝑗2) ⊕ {(0, 𝜎1) ∣ 𝜎1 ∈𝐻1(𝑋
∘)∨} ⊂ 𝐻1(𝜕𝑋

loc ) ⊕ 𝐻1(𝜕𝑋
∘) 

|coker(𝑗2)| × |𝐻1(𝑋
∘)∨| = |𝐻1(𝜕𝑋

∘)| = |𝐻1(𝜕𝑋
loc)| = √|𝐻1(𝜕𝑋

loc) ⊕ 𝐻1(𝜕𝑋
∘)|  

Λmaximally mixed  = [coker(𝑗2) ⊕ 𝐻1(𝑋
∘)∨](1)⊕ [coker(𝑗2) ⊕ 𝐻1(𝑋

∘)∨](4)

 ⊂ 𝐷 = [𝐻1(𝜕𝑋
loc) ⊕ 𝐻1(𝜕𝑋

∘)]
(1)
⊕ [𝐻1(𝜕𝑋

loc) ⊕ 𝐻1(𝜕𝑋
∘)]

(4)  

[𝐻1(𝜕𝑋
loc ) ⊕ 𝐻1(𝜕𝑋

∘)]/Λ 

[(𝐺̃/𝒞loc ) × 𝑈(1)
𝑏]/𝒞extra  

𝐻2(𝑋
∘)∗ ⊂ 𝐻2(𝑋

∘) ⊗ℚ 

𝜎1 ∈ 𝒞loc = {𝜕2Σ2 ∣ Σ2 ∈ 𝑀} 

𝑋 = 𝑇4/ℤ2 

𝑋loc ≅ ∐  16
𝑖=1 ℂ

2/ℤ2
(𝑖)

 and 𝑋∘ = 𝑋 ∖ 𝑋loc  

𝑋loc ∐  𝑋∘ is 𝔰𝔲(2)16⊕𝔲(1)6 

[𝐻1(𝜕𝑋
loc) ⊕ 𝐻1(𝜕𝑋

∘)]
(1)
⊕ [𝐻1(𝜕𝑋

loc) ⊕ 𝐻1(𝜕𝑋
∘)]

(4)
=⨁ 

32

𝑖=1

  [ℤ2,𝑖
(1)
⊕ℤ2,𝑖

(4)
]  

(ℤ2 
(1)⊕ℤ2 

(4))
⊕5
≅ (𝐻1(𝑋

∘)∨)(1)⊕ (𝐻1(𝑋
∘)∨)(4) 

(ℤ2 
(1)⊕ℤ2 

(4))
⊕5
≅ 𝐻1(𝑋

∘)(1)⊕𝐻1(𝑋
∘)(4) 

𝑀 ⊂ 𝐻2(𝑋
loc )

∗
 

𝑀/𝐻2(𝑋
loc ) ≅ ℤ2 

⊕5 

𝑀/𝐻2(𝑋
loc ) ≅ ℤ2 

⊕5 

ℤ2 
⊕5 ⊂ 𝐻1(𝜕𝑋

loc ) 

𝑀/𝐻2(𝑋
loc ) 

𝒞loc  
(1)⊕𝒞loc  

(4) ≅ (ℤ2 
(1)⊕ℤ2 

(4))
⊕5

 

[ℤ2 
(1)⊕ℤ2 

(4)]𝐻1(𝜕𝑋
loc )

(1)
⊕𝐻1(𝜕𝑋

loc )
(4)
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𝐻1(𝜕𝑋
∘)(1)⊕𝐻1(𝜕𝑋

∘)(4)𝐻2(𝑋) ∋ 𝐹𝛼 ≃ (
1

2
𝑇𝛼) ∪𝜎𝛼 (∑  

𝐼𝛼

 
1

2
𝑒𝐼𝛼) 

𝐻2(𝑋
∘)
1

2
𝑇𝛼 ∈ 𝐻2(𝑋

∘)∗ ⊂ 𝐻2(𝑋
∘, 𝜕𝑋∘) ∑  𝐼𝛼

1

2
𝑒𝐼𝛼 ∈ 𝐻2(𝑋

loc )
∗
𝜎𝛼 = 𝜕2𝐹𝛼 = 𝐷2

∘ (
1

2
𝑇𝛼) = 𝐷2

loc (∑  𝐼𝛼  
1

2
𝑒𝐼𝛼) ∈ 𝐻1(𝜕𝑋

∘) =

𝐻1(𝑋
loc ) 

(𝜎𝛼 , 𝜎𝛼) ∈ 𝐻1(𝜕𝑋
loc ) ⊕ 𝐻1(𝜕𝑋

∘) 

𝒞extra 

(1)
⊕𝒞extra 

(4)
≅ (ℤ2 

(1)⊕ℤ2 
(4))

⊕6
 

[𝑆𝑈(2)16/ℤ2
5 ×𝑈(1)6]/ℤ2

6 ≅ [𝑆𝑈(2)16 × 𝑈(1)6]/ [(ℤ2
loc )

5
× (ℤ2

extra )6] 

(ℤ2 
(1)⊕ℤ2 

(4))
⊕6
ℤ2 

⊕11ℤ2 
⊕22/ℤ2 

⊕11 = ℤ2 
⊕11 

Ext(𝐻1(𝑋
∘), ℤ) = 𝐻1(𝑋

∘)∨ ⊂ 𝐻2(𝑋
∘, 𝜕𝑋∘) and 𝐻1(𝑋

∘) 

𝐷̃2
∘[𝐻1(𝑋

∘)∨] ⊂ 𝐻1(𝜕𝑋
∘) 

𝐻1(𝜕𝑋
∘)/im(𝐷̃2

∘) = 𝐻1(𝑋
∘) 

(
𝐻2(𝑋

∘)∗

𝐻2(𝑋
∘)
)

(1)

⊕(
𝐻2(𝑋

∘)∗

𝐻2(𝑋
∘)
)

(4)

⊂ 𝐻1(𝜕𝑋
∘)(1)⊕𝐻1(𝜕𝑋

∘)(4)  

Hom(𝐻2(𝑋
∘), ℤ) = 𝐻2(𝑋

∘)∗ 

𝐻2(𝑋
∘)∗/𝐻2(𝑋

∘) ≡ 𝑍 

[
𝐻2(𝑋

loc)
∗

𝐻2(𝑋
loc)

⊕
𝐻2(𝑋

∘)∗

𝐻2(𝑋
∘)
]

(1)

⊕ [
𝐻2(𝑋

loc)
∗

𝐻2(𝑋
loc)

⊕
𝐻2(𝑋

∘)∗

𝐻2(𝑋
∘)
]

(4)

= [𝒵(𝐺̃) ⊕ 𝑍](1)⊕ [𝒵(𝐺̃) ⊕ 𝑍](4)  

𝒵(𝐺̃) ≅ 𝐻1(𝜕𝑋
loc ) 

𝐻2(𝑋
loc) ⊂ 𝐻2(𝑋

loc)
∗
 and 𝐻2(𝑋

∘) ⊂ 𝐻2(𝑋
∘)∗ 

(𝑎𝑒 , 𝑏𝑒) ∈ [𝒵(𝐺̃) ⊕ 𝑍](1) 

(𝑎𝑚, 𝑏𝑚) ∈ [𝒵(𝐺̃) ⊕ 𝑍](4) 

⟨(𝑎𝑒 , 𝑏𝑒), (𝑎𝑚, 𝑏𝑚)⟩ = 𝑎⃗𝑒 ⋅ 𝑎⃗𝑚 + 𝑏⃗⃗𝑒 ⋅ 𝑏⃗⃗𝑚 modℤ  

𝒞loc ⊕𝒞extra ⊂ 𝒵(𝐺̃) ⊕ 𝑍 

Λ = [𝒞loc ⊕𝒞extra ]
(1)⊕ [𝒞loc ⊕𝒞extra ]

(4) 

Σ2 ⋅ Σ̃2modℤ = Σ2 = Σ2
loc ∪𝜎1 Σ2

∘  

𝐻2(𝑋
loc )

∗
∋ Σ2

loc ≡ 𝑎⃗𝑒𝐻2(𝑋
∘)∗ = 𝐻2(𝑋

∘, 𝜕𝑋∘)/𝐻1(𝑋
∘)∨ ∋ Σ2

∘ ≡ 𝑏⃗⃗𝑒(𝑎⃗𝑚, 𝑏⃗⃗𝑚) 

|𝒞loc ⊕𝒞extra |
2 = |

𝑀

𝐻2(𝑋
loc )

|
2

× |
𝐻2(𝑋

∘)∗

𝐻2(𝑋
∘)
|

2

= |𝐻1(𝑋
∘)∨|2 × |

𝐻2(𝑋
∘)∗

𝐻2(𝑋
∘)
|

2

=|𝐻1(𝑋
∘)∨| × |𝐻1(𝑋

∘)| × |
𝐻2(𝑋

∘)∗

𝐻2(𝑋
∘)
|

2

= |𝐻1(𝜕𝑋
loc )| × |

𝐻2(𝑋
∘)∗

𝐻2(𝑋
∘)
| = |𝒵(𝐺̃) ⊕ 𝑍|,

 

(𝑋∘) ⊕ 𝐻2(𝑋
loc ) → 𝐻2(𝑋) 

𝑀 ⊂ 𝐻2(𝑋
loc , 𝜕𝑋loc ) 
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𝔤 ⊕ 𝔲(1)𝑏 

𝐻1(𝑋
∘)∨ ⊂ 𝐻2(𝑋

∘, 𝜕𝑋∘) 

𝔤 ⊕ 𝔲(1)𝑏 

𝐻1(𝜕𝑋
∘)/im(𝐷̃2

∘) 

𝐻1(𝜕𝑌)
(1)⊕𝐻1(𝜕𝑌)

(4) 

CS(𝜕𝑌, 𝜎1)∫  
𝑀8

 𝑑𝐶3 ∪ 𝐵2 ∪ 𝐵2  

CS[𝜕𝑌, 𝜎1] =
1

2
∫  
𝜕𝑌

𝜎̆ ⋆ 𝜎̆ 

CS(𝜕𝑌, 𝜎1) =
1

2
Σ2 ⋅ Σ2 modℤ,  

(ℒ∗/ℒ)(1) × (ℒ∗/ℒ)(4) 

ℒ = 𝐻2(𝑋
loc ) ⊕ 𝐻2(𝑋

∘) 

𝜎1 = [𝑣modℒ] ∈ ℒ
∗/ℒ 

𝑞([𝑣]):=
1

2
𝑣 ⋅ 𝑣 modℤ,  

ℓ(𝜎1, 𝜎̃1) = 𝑞([𝑣] + [𝑣̃]) − 𝑞([𝑣]) − 𝑞([𝑣̃]) modℤ.  

ℒ = 𝐻2(𝑋
loc) ⊕ 𝐻2(𝑋

∘)ℒ∗ = 𝐻2(𝑋
loc)

∗
⊕𝐻2(𝑋

∘)∗ 

𝑞([𝑣]) = 𝑞([𝑣loc + 𝑣∘]) = 𝑞loc([𝑣loc]) + 𝑞∘([𝑣∘])  

𝒞loc ⊕𝒞extra = coker(𝑗2) 

Σ2 = Σ2
loc ∪𝜎1 Σ2

∘  

𝑞(𝜎1)≡ 𝑞
loc ([Σ2

loc ]) + 𝑞∘([Σ2
∘ ])  

 =
1

2
Σ2

loc ⋅ Σ2
loc +

1

2
Σ2
∘ ⋅ Σ2

∘  modℤ =
1

2
Σ2 ⋅ Σ2 modℤ = 0 modℤ

 

[𝒞loc ⊕𝒞extra ]
(1)𝒞𝒵(𝐺̃) ⊕ 𝑍𝒞(1)⊕𝒞(4) 

|𝒵(𝐺̃) ⊕ 𝑍| = |coker(𝑗2)|
2[𝐺̃ × 𝑈(1)𝑏]/𝒞𝒵(𝐺̃) × 𝑍 ⊃ 𝒞 

𝔤 ⊕ 𝔲(1)𝑏 

𝐿𝔤
∗/𝐿𝔤 ≡ 𝒵(𝐺̃)𝒵(𝐺̃) ⊕ 𝑍 

𝑞 = 𝑞𝔤⊕𝑞𝑍|𝒵(𝐺̃) ⊕ 𝑍| 

𝑞𝐿([𝑣𝐼
𝑀]) + 𝑞𝑇([𝑣𝐼

𝑇]) = 0 modℤ.  

𝑞𝑀([𝑣 mod𝑀]) =
1

2
𝑣 ⋅ 𝑣 modℤ = 𝑞𝐿([𝑣 mod𝐿])  for  𝑣 ∈ 𝑀∗ ⊂ 𝐿∗.  

II𝑑̃,16+𝑑̃ ≡ II𝑇 ⊕ 𝐿𝑤𝑎 ≡ 0 + 𝑤𝑎 ∈ 𝑇
∗⊕𝐿∗𝑣𝐼 = 𝑣𝐼

𝑇 + 𝑣𝐼
𝑀 ∈ 𝑇∗⊕ 𝐿∗ 

II = 𝑇 ⊕ 𝐿 + {𝑤𝑎 , 𝑣𝐼}ℤ ⊂ 𝑇
∗⊕𝐿∗  
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[(𝐺̃/𝒞loc ) × 𝑈(1)
𝑑̃]/𝒞extra  

𝒞loc ≅
𝑀

𝐿
, 𝒞extra ≅

𝜋𝐿(II)

𝐿
≅
𝑇∗

𝑇
 

𝜋𝐿: II → 𝐿∗𝑇⊕ 𝐿 ⊂ II 

𝑣𝐼
𝑀 ∈ 𝑀∗ ⊂ 𝐿∗⨆ 

15

 

𝔤⊕ 𝔲(1)𝑑̃[𝑍 ⊕ 𝒵(𝐺̃)](1)⊕ [𝑍 ⊕𝒵(𝐺̃)](𝑑−3)𝒵(𝐺̃) = 𝐿∗/𝐿𝑍 = 𝑇∗/𝑇 

⟨([𝑠𝑇], [𝑠𝐿])
(1), ([𝑡𝑇], [𝑡𝐿])

(4)⟩ = 𝑠𝑇 ⋅ 𝑡𝑇 + 𝑠𝐿 ⋅ 𝑡𝐿 modℤ  

II ∋ 𝑠 ↦ (𝜋𝑇(𝑠), 𝜋𝐿(𝑠)) ∈ 𝑇
∗⊕𝐿∗.  

([𝜋𝑇(𝑠)][𝜋𝐿(𝑠)]) ∈ 𝑍 ⊕𝒵(𝐺̃) 

[𝑍 ⊕ 𝒵(𝐺̃)](1)⊕ [𝑍 ⊕𝒵(𝐺̃)](𝑑−3) 

{([𝜋𝑇(𝑠)], [𝜋𝐿(𝑠)]) ∣ 𝑠 ∈ II} 

𝑇 ⊕ 𝐿 ↪
𝑗2

 II 

{([𝜋𝑇(𝑠)], [𝜋𝐿(𝑠)]) ∈ 𝑍 ⊕𝒵(𝐺̃) ∣ 𝑠 ∈ II} = coker(𝑗2) =
II

𝑇 ⊕ 𝐿
⊂
𝑇∗

𝑇
⊕
𝐿∗

𝐿
 

[𝑤𝑎] = (0, [𝑤𝑎]) ∈ 𝑇
∗/𝑇 and [𝑣𝐼] = ([𝑣𝐼

𝑇], [𝑣𝐼
𝑀]) ∈ 𝐿∗/𝐿 

𝑞𝑇⊕𝐿 = 𝑞𝑇⊕𝑞𝐿𝑇
∗/𝑇 ⊕ 𝐿∗/𝐿 

coker(𝑗2)
(1)⊕ coker(𝑗2)

(𝑑−3) 

|ℳ/ℒ|2 = 𝑑(ℒ)/𝑑(ℳ) 𝑑(ℒ) = |ℒ∗/ℒ| 

|coker(𝑗2)|
2 = |

II

𝑇 ⊕ 𝐿
|
2

=
𝑑(𝑇 ⊕ 𝐿)

𝑑(II)
= 𝑑(𝑇 ⊕ 𝐿) = |

𝑇∗

𝑇
| × |

𝐿∗

𝐿
| = |𝑍 ⊕ 𝒵(𝐺̃)|  

𝑑(II) = |II∗/II| = 1 

Λmaximally mixed = [coker(𝑗2)]
(1)⊕ [coker(𝑗2)]

(𝑑−3) 

𝔤 = 𝔢8⊕ 𝔢8 

[ℤ2⊕ℤ2]
(1)⊕ [ℤ2⊕ℤ2]

(4) 

𝑞: ℤ2⊕ℤ2 → ℚ/ℤ 

𝑞((1,0)) = 𝑞((0,1)) = 0, 𝑞((1,1)) =
1

2
 

II𝔢⊕𝑈 = II1,17 = II𝔰𝔬⊕𝑈,  

𝑇∗/𝑇 = ℤ2𝑚 ≅
!
𝑀∗/𝑀 

𝑑(𝑀) = |𝑀∗/𝑀| =
𝑑(𝐿)

|𝑀/𝐿|2
=

18

|ℤ3|
2 = 2 

𝒵(𝑆𝑈(18))⊕ 𝑍 ≅ ℤ9⊕ℤ2⊕ℤ2 

𝑣 = (𝑣𝑇 , 𝑣𝑀) ∈ 𝑇∗⊕𝐿∗ 
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[(𝑆𝑈(18)/ℤ3) × 𝑈(1)]/ℤ2 

𝔤 = 𝔰𝔲(7)⊕ 𝔰𝔬(22) 

ℤ7 × ℤ4 ≅ ℤ28 

𝑞𝐿(𝑘) = 𝑘
2 (
3

7
+
11

4
)  modℤ =

5

28
𝑘2 modℤ.  

𝔤 = 𝔰𝔲(7)⊕ 𝔰𝔬(22) 

ℤ10⊕ℤ10 = 𝐿
∗/𝐿 

𝐿 = (𝐿𝔰𝔲(10))
⊕2

 

𝑞𝐿((𝑘1, 𝑘2)) =
1

2
(𝑘1𝑤1, 𝑘2𝑤1) ⋅ (𝑘1𝑤1, 𝑘2𝑤1) modℤ =

9

20
(𝑘1
2 + 𝑘2

2) modℤ,  

(𝑤, 𝑤̃) ∈ (𝐿𝔰𝔲(10)
∗ )

⊕2
= 𝐿∗ 

ℤ5
iso = {(0,0), (2,4), (4,8), (8,6), (6,2)}  

𝑀 = 𝐿 and 𝑀 = 𝐿 + {(𝑤2, 𝑤4)}ℤ 

(𝑥1, 𝑥2) ⋅ (𝑦1, 𝑦2):= (𝑥1, 𝑥2) (
−10 0
0 −10

)(
𝑦1
𝑦2
)  

𝑣1 = (𝑣1
𝑇 , (𝑤1, 0)) 

𝑣2 = (𝑣2
𝑇 , (0,𝑤1)) ∈ 𝑇

∗⊕ [(𝐿𝔰𝔲(10))
∗
⊕ (𝐿𝔰𝔲(10))

∗
] 

𝑀 = 𝐿 + {(𝑤2, 𝑤4)}ℤ 

𝑀∗/𝑀 = ℤ2⊕ℤ2 

𝑣1
𝑀 = (𝑤5, 0) ∈ 𝑀

∗ ⊂ (𝐿𝔰𝔲(10))
∗
⊕ (𝐿𝔰𝔲(10))

∗
 

𝑣2
𝑀 = (0,𝑤5) ∈ 𝑀

∗ 

𝑞𝐿(𝑣𝐼
𝑀) =

1

2
𝑤5
2modℤ =

1

4
 for 𝐼 = 1,2 

(𝑥1, 𝑥2) ⋅ (𝑦1, 𝑦2):= (𝑥1, 𝑥2) (
−2 0
0 −2

) (
𝑦1
𝑦2
) .  

𝑣1 = ((
1

2
, 0) , (𝑤5, 0)) 

𝑣2 = ((0,
1

2
) , (0, 𝑤5)) [𝑆𝑈(10)

2/ℤ5
iso × 𝑈(1)2]/ℤ2

2 

1

2
𝐶𝑑−4 ∧ (∑  

𝑔

 tr(ℱ𝑔
2) +∑  

𝑖,𝑗

 𝑇𝑖𝑗𝐹𝑖 ∧ 𝐹𝑗) = 𝐶𝑑−4 ∧ (∑  

𝑔

  𝑐2(ℱ𝑔) −∑  

𝑖,𝑗

 
𝑇𝑖𝑗

2
𝑐1(𝐹𝑖) ∧ 𝑐1(𝐹𝑗)) .  

𝑐2(ℱ𝑔) =
1

2
tr(ℱ𝑔

2) 

𝔤 =⨁ 

𝑔

𝔤𝑔 
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[𝑤𝑎] ∈ 𝒞loc ⊂ 𝐿
∗/𝐿 = 𝒵(𝐺̃) 

∑ 

𝑔

 𝑐2(ℱ𝑔) ≡ −𝑞𝐿([𝑤𝑎])𝐵 ∪ 𝐵 modℤ  

[𝑣𝐼] = ([𝑣𝐼
𝑇], [𝑣𝐼

𝑀]) ∈ 𝑇∗/𝑇 ⊕ 𝐿∗/𝐿 = 𝑍 ⊕𝒵(𝐺̃) 

∑ 

𝑔

 𝑐2(ℱ𝑔) −∑  

𝑖,𝑗

 
𝑇𝑖𝑗

2
𝑐1(𝐹𝑖) ∧ 𝑐1(𝐹𝑗) ≡ (−𝑞𝐿([𝑣𝐼

𝑀]) − 𝑞𝑇([𝑣𝐼
𝑇]))𝐵 ∪ 𝐵 modℤ  

𝑇∗/𝑇 = 𝒞extra ⊂ 𝒵(𝑈(1)
10−𝑑) 

𝒞extra ⊂ 𝒵(𝐺̃) 

𝒞extra ⊂ 𝒵(𝑈(1)
10−𝑑) 

𝒞 ⊂ [𝒵(𝐺̃) × 𝒵(𝑈(1)10−𝑑)]
(1)

 

𝑋loc =⋃ 

𝑖

𝑋𝑖 

𝑋 = 𝑋loc ∪ 𝑋∘ 

𝜕𝑋loc = 𝜕𝑋∘ 

𝜕𝑋loc ∐ 𝜕𝑋∘ 

𝑋 = 𝑋loc ∪ 𝑋∘ 

 

0 → 𝐻𝑝−𝑛+1(𝑋
∘) ⊕ 𝐻𝑝−𝑛+1(𝑋

loc) →
𝑗𝑝−𝑛+1 

𝐻𝑝−𝑛+1(𝑋) →
𝜕𝑝−𝑛+1 

𝐻𝑝−𝑛(𝜕𝑋
loc⏟  

=𝜕𝑋∘
) →
𝑖𝑝−𝑛 

𝐻𝑝−𝑛(𝑋
∘) → 0 

Σ𝑝−𝑛+1
loc ∈ 𝐻𝑝−𝑛+1(𝑋

loc , 𝜕𝑋loc ) 

𝛾𝐷−𝑑−(𝑝−𝑛+2) ∈ 𝐻𝐷−𝑑−(𝑝−𝑛+2)(𝜕𝑋
loc ) 

𝐷loc Σ𝑝−𝑛+1
loc = 𝜎𝑝−𝑛 ∈ 𝐻𝑝−𝑛(𝜕𝑋

loc )𝜕𝑋loc  

𝐻𝑝−𝑛+1(𝑋) = ℤ𝑁 

𝐻𝐷−𝑑−(𝑝−𝑛+2)(𝜕𝑋
∗) 

𝜕𝑋loc ∐ 𝜕𝑋∘ 

𝜕𝑋loc ∐ 𝜕𝑋∘ 

𝐷 − 𝑑 = 2(𝑝 − 𝑛 + 1)  

𝐻𝑝−𝑛(𝜕𝑋
loc ) = 𝐻𝑝−𝑛(𝜕𝑋

∘) 

𝐷 − 𝑑 = 2(𝑝 − 𝑛 + 1) 

𝐷 = 2𝑝 + 4  

ℝ1,5 × 𝑋4
loc  
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𝑋4
loc =⋃  

𝑖

ℂ2/Γ𝑖 

𝑆SymTFT
(0−4)

=
1

4𝜋
∑  

𝑖,𝑗

 𝐾𝑖𝑗∫  
𝑀7

  (𝐵5
𝑖𝑑𝐴1

𝑗
+ 𝐵̃5

𝑖𝑑𝐴̃1
𝑗
)  

ℂ2/Γ𝑖√25(𝐵̃5
𝑖) 𝐴1

𝑖 (𝐴̃1
𝑖 ) 

𝑆SymTFT
(2)

=
1

4𝜋
∑  

𝑖,𝑗

 𝐾𝑖𝑗∫  
𝑀7

 𝐶3
𝑖𝑑𝐶3

𝑗
 

𝑈𝜆(𝑀3) = 𝑒
𝑖 ∫  
𝑀3
 𝜆𝑖𝐶3

𝑖
 

⟨𝑈𝜆(𝑀3)𝑈𝜆′(𝑀3
′)⟩ = 𝑒−2𝜋𝑖𝜆

′𝑇(𝐾−1)𝜆⋅LinkM7(M3,M3
′ ),  

 

⟨⋅,⋅⟩: 𝐷(2) × 𝐷(2) → 𝑈(1).  

𝑞: 𝜆 →
1

2
𝜆𝑇𝐾−1𝜆,  

⟨𝜆, 𝜆′⟩ = exp [−2𝜋𝑖(𝑞(𝜆 + 𝜆′) − 𝑞(𝜆) − 𝑞(𝜆′))].  

 

𝑞(𝑎) =
𝑁 − 1

2𝑁
𝑎2 ∈

1

2
ℤ.  

𝑆SymTFT =
𝑁

4𝜋
∫  𝐶3𝑑𝐶3  

𝑆SymTFT + 𝑆𝛿 =
𝑁

4𝜋
∫  𝐶3𝑑𝐶3 +

𝑛

4𝜋
∫  
𝜕𝑀7

  (𝐶3 − 𝐵3)𝑌3  

𝑛2

4𝜋
∫  𝐵3𝑑𝐵3  

𝑆top ⊃ 2𝜋∫  
𝑀10

 (−
1

2
𝐹5 ∧ 𝐵2 ∧ 𝐹3)  

𝑆top 

2𝜋
⊃ ∫  

𝑀10

  𝐼11mod1 = ∫  
𝑀10

 (−
1

2
𝐹̆5 ∗ 𝐻̆3 ∗ 𝐹̆3)mod1  

𝐻0(𝑆3/Γ, ℤ) = 𝐻3(𝑆3/Γ, ℤ) = ℤ,𝐻1(𝑆3/Γ, ℤ) = 0, 𝐻2(𝑆3/Γ, ℤ) = Γ𝑎𝑏  

𝐹̆5 = 𝑓5 ∗ 1̆ +∑  

𝑖

  𝑐̆3
(𝑖)
∗ 𝑡̆2(𝑖) + 𝑓2 ∗ 𝑣̆3,

𝐹̆3 = ℎ̆3 ∗ 1̆ +∑  

𝑖

  𝑎̆1
(𝑖)
∗ 𝑡̆2(𝑖) + 𝑓0 ∗ 𝑣̆3,

𝐻̆3 = ℎ̆3 ∗ 1̆ +∑  

𝑖

  𝑎̆1
(𝑖)
∗ 𝑡̆2(𝑖) + ℎ̆0 ∗ 𝑣̆3,
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1̆ ↔ 𝐻0(𝑆3/Γ, ℤ) = ℤ, 𝑡̆2(𝑖) ↔ 𝐻2(𝑆3/Γ, ℤ) = Γ𝑎𝑏 , 𝑣̆ ↔ 𝐻3(𝑆3/Γ, ℤ) = ℤ.  

𝑆SymTFT 

2𝜋
⊃ −∑  

𝑖,𝑗

 CS[𝑆3/Γ]𝑖𝑗∫  
𝑀7

  𝑐̆3
(𝑖)
∗ (ℎ̆3 ∗ 𝑎̆1

(𝑗)
+ ℎ̆3 ∗ 𝑎̆̃1

(𝑗)
)  

CS[𝑆3/Γ]𝑖𝑗 =
1

2
∫  
𝑆3/Γ

  𝑡̆2(𝑖)𝑡̆2(𝑗) mod1  

𝑐̆3
(𝑖)
, 𝑎̆1
(𝑗)
(𝑎̆̃1

(𝑗)
) 

 

∀𝑥, 𝑦 ∈ ℒ ⊂ ℝ𝑛: 𝑥 ⋅ 𝑦 = ⟨𝑥, 𝑦⟩  

𝐺𝑎𝑏 = 𝑒𝑎 ⋅ 𝑒𝑏 = 𝐺𝑏𝑎 

ℒ ↪ ℝ𝑛 

ℝ𝑛 ⊃ ℒ∗: = {𝑣 ∈ ℝ𝑛 ∣ ∀𝑥 ∈ ℒ ⊂ ℝ𝑛: ⟨𝑣, 𝑥⟩ ∈ ℤ}  

ℓ:
ℒ∗

ℒ
×
ℒ∗

ℒ
→ ℚ/ℤ, ℓ([𝑣modℒ], [𝑤modℒ]):= 𝑣 ⋅ 𝑤 modℤ.  

ℓ(𝑧, 𝑧′) = 𝑞(𝑧 + 𝑧′) − 𝑞(𝑧) − 𝑞(𝑧′).  

𝑞ℒ:
ℒ∗

ℒ
→ ℚ/ℤ, 𝑞ℒ([𝑣modℒ]):=

1

2
𝑣2 mod𝑍.  

𝔤 =⨁ 

𝑔

𝔤𝑔 

𝐿𝔤 =⨁ 

𝑔

𝐿𝔤𝑔  

 

𝑐2(ℱ) ≡ −𝛼𝐵 ∪ 𝐵 

𝐿𝔤
∗/𝐿𝔤 = 𝒵(𝐺̃) 

𝒞 ⊂ 𝒵(𝐺̃) 

[𝑤] ∈ 𝐿∗/𝐿 

[𝑤] = ([𝑤𝑔]) ∈ 𝐿
∗/𝐿 =⨁ 

𝑔

(𝐿𝔤𝑔
∗ /𝐿𝔤𝑔) 

∑ 

𝑔

  𝑐2(ℱ𝑔) ≡ −∑  

𝑔

 𝑞𝑔([𝑤𝑔])𝐵 ∪ 𝐵 modℤ = −𝑞𝐿([𝑤])𝐵 ∪ 𝐵 modℤ  
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𝑇𝑖𝑗

2
𝑐1(𝐹𝑖) ∧ 𝑐1(𝐹𝑗) 

𝑉 =∑  

𝑖

𝑐1(𝐹𝑖)𝑡𝑖 

ℤ𝑁 = 𝑇
∗/𝑇 

𝑐1(𝐹) ≡
1

𝑁
𝐵modℤ 

𝑐1(𝐹𝑖) ≡ 𝜆𝑖𝐵modℤ 

𝑣 =∑  

𝑖

𝜆𝑖𝑡𝑖 ∈ 𝑇
∗ 

𝑇𝑖𝑗

2
𝑐1(𝐹𝑖) ∧ 𝑐1(𝐹𝑗)=

𝑇𝑖𝑗

2
(𝑝𝑖𝐴 + 𝜆𝑖𝐵) ∪ (𝑝𝑗𝐴 + 𝜆𝑗𝐵)  

 =
𝑇𝑖𝑗

2
𝑝𝑖𝑝𝑗𝐴 ∪ 𝐴 + 𝑇𝑖𝑗𝑝𝑖𝜆𝑗𝐴 ∪ 𝐵 +

𝑇𝑖𝑗

2
𝜆𝑖𝜆𝑗𝐵 ∪ 𝐵

 ≡ (
1

2
𝑣 ⋅ 𝑣) 𝐵 ∪ 𝐵 +  integer 4-cocycles = 𝑞𝑇([𝑣])𝐵 ∪ 𝐵 modℤ,

 

𝔤⊕ 𝔲(1)𝑏 

𝜕𝑋 ≅∐  

𝑖

𝑆3/Γ𝑖 

Γ𝑖 ⊂ 𝑆𝑈(2) 

𝐻1(𝜕𝑋
∘) =∏  

𝑖

Ab[Γ𝑖] 

0 → 𝒞loc → 𝒞full : = coker(𝑗2) → 𝒞extra → 0 

𝑐2(ℱ𝑔) →
1

2
∑  𝑎,𝑏≤rk(𝔤𝑔)

𝐾𝑎𝑏
(𝑔)
ℱ𝑔,𝑎 ∧ ℱ𝑔,𝑏, with 𝐾𝑎𝑏

(𝑔)
 

0 ⊂ 𝐷1 ⊂ ⋯ ⊂ 𝐷𝑘 = 𝑇𝑀  

[Γ(𝐷𝑖), Γ(𝐷𝑗)] ⊂ Γ(𝐷𝑖+𝑗).  

[𝑋, 𝑓𝑌] = 𝑋(𝑓)𝑌 + (−)|𝑓|⋅|𝑋|𝑓[𝑋, 𝑌].  

𝐹𝑛𝑇ℂ
∗ = (𝑇ℂ/𝐷−1−𝑛)

∨.  

Gr𝑝𝑇ℂ
∗ = (Gr−𝑝𝑇ℂ)

∨
 

𝐷0 = 0 ⊂ 𝐷1 = 𝑇
(0,1) ⊂ 𝐷2 = 𝑇ℂ.  

𝐹−3𝑇
∗ = 0 ⊂ 𝐹−2𝑇

∗ = (𝑇ℂ/𝑇
(0,1))

∨
⊂ 𝐹−1𝑇

∗𝑀 = 𝑇ℂ
∗  
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𝜙:Gr𝑇𝑀 → 𝑇𝑀  

𝜙(⨁ 

1≤𝑗≤𝑘

 Gr𝑗𝑇𝑀) = 𝐷𝑘 .  

d = d1 + d0 + d−1 +⋯ ,  

d = d1 + d0 + d−1 +⋯  

 

 

𝐹𝑘
+(𝑊𝑗):= 𝐹𝑘−𝑗(𝑊

𝑗),  

 

0 ⊂ 𝐷1 = 𝑇
(0,1)𝑋 ⊂ 𝐷2 = 𝑇ℂ𝑋  

𝑇1𝑋 = 𝑇
(0,1)𝑋, 𝑇2𝑋 = 𝑇

(1,0)𝑋.  

d1 = 0,  d0 = 𝜕‾, d−1 = 𝜕,  

d = 𝜇‾ + 𝜕‾ + 𝜕 + 𝜇  

d1 = 𝜇‾, d0 = 𝜕‾, d−1 = 𝜕, d−2 = 𝜇.  

 

 

𝜆 = d𝜃, 𝑣 = d𝑥 + 𝜆𝜃  

ddR = 𝜆
2
𝜕

𝜕𝑣
+ 𝜆 (

𝜕

𝜕𝜃
− 𝜃

𝜕

𝜕𝑥
) + 𝑣

𝜕

𝜕𝑥
.  
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d1= 𝜆
2
𝜕

𝜕𝑣
 

 d0 = 𝜆
𝜕

𝜕𝜃
− 𝜆𝜃

𝜕

𝜕𝑥

 d−1 = 𝑣
𝜕

𝜕𝑥

 

 

 

{𝛼, 𝛽} = (−1)|𝛼|(Δ(𝛼𝛽) − Δ(𝛼)𝛽) − 𝛼Δ(𝛽)  

[−,−]𝜕: = {𝜕(−), −}.  

 

[𝛼, 𝛽]𝜕 = {𝜕𝛼, 𝛽} = 𝜋(𝜕𝛼 ∧ 𝜕𝛽)  

𝑆𝐵𝑉(𝛼) = ∫  
𝑋×𝑀

 Ω ∧ 𝛼 (
1

2
(𝜕‾𝑋 + d𝑀)𝛼 +

1

6
[𝛼, 𝛼]𝜕) .  

d′ = d0
′ + d−1

′ + d−2
′  

d0
′= 𝑖 ∘  d0 ∘ 𝑝  

 d−1
′  = 𝑖 ∘ ( d0ℎ d0 + d−1) ∘ 𝑝

 d−2
′  = 𝑖 ∘ (( d0ℎ)

2 d0 + d0ℎ d−1 + d−1ℎ d0) ∘ 𝑝

 

(d0
′ )2= 0  

[ d−1
′ , d0

′ ]= 0  

( d−1
′ )2 + [d0

′ , d−2
′ ] = 0

[ d−1
′ , d−2

′ ] = 0

( d−2
′ )2 = 0

 

 

 

 

Δ =
1

𝑡
∑  

∞

𝑘=1

  𝑡𝑘Δ𝑘  

Δ2 = 0  and  Δ(1) = 0.  

{𝑎1, … , 𝑎𝑛}𝑡 = [… [Δ, 𝑎1], … , 𝑎𝑛](1).  
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{𝑎1, 𝑎2} = Δ(𝑎1𝑎2) − Δ(𝑎1)𝑎2 − (−1)
|𝑎1|𝑎1Δ(𝑎2).  

{𝑎1, … , 𝑎𝑛} = lim
𝑡→0
 
1

𝑡𝑛−1
{𝑎1, … , 𝑎𝑛}𝑡  

{𝑎1, … , 𝑎𝑛} = [… [Δ𝑛, 𝑎1], … , 𝑎𝑛](1).  

Δ = Δ1 + 𝑡Δ2 + 𝑡
2Δ3 = d0

′ + 𝑡[𝜋,  d−1
′ ] + 𝑡2[𝜋, [𝜋,  d−2

′ ]]  

[𝜋, d−1
′ ]2 + [d0

′ , 𝜋d−2
′ 𝜋].  

𝜋(d−1
′ )2𝜋 = −𝜋[d0

′ , d−2
′ ]𝜋 = −[d0

′ , 𝜋d−2
′ 𝜋]  

d𝑡 = d0
′ + 𝑡 d−1

′ + 𝑡2 d−2
′  

𝜇𝑛
𝑡 (𝑎1, … , 𝑎𝑛) = {… {d

𝑡, 𝑎1}, …𝑎𝑛}  

𝜇𝑛 = lim
𝑡→0
 
1

𝑡𝑛−1
𝜇𝑛
𝑡  

𝜇1(𝛼)= d0
′ 𝛼  

𝜇2(𝛼, 𝛽) = {d−1
′ 𝛼, 𝛽}

𝜇3(𝛼, 𝛽, 𝛾) = {{d−2
′ 𝛼, 𝛽}, 𝛾}.

 

𝜇2(𝛼, 𝛽)  = 𝜋(d−1
′ 𝛼 ⋅ d−1

′ 𝛽)

𝜇3(𝛼, 𝛽, 𝛾)  = 𝜋(d−2
′ 𝛼 ⋅ 𝜋(d−1

′ 𝛽 ⋅ d−1
′ 𝛾))

 

{d−1
′ 𝛼, 𝛽} = (−1)|𝛼|(𝜋d−1

′ (d−1
′ 𝛼 ⋅ 𝛽) − (𝜋(d−1

′ )2𝛼) ⋅ 𝛽)  

 

{{d−2
′ 𝛼, 𝛽}, 𝛾}= {(𝜋d−2

′ 𝛼)d−1
′ 𝛽, 𝛾}  

 = (−1)|𝛼|+|𝛽|[𝜋d−1
′ ((𝜋d−2

′ 𝛼)(d−1
′ 𝛽)𝛾) − 𝜋d−1

′ ((𝜋d−2
′ 𝛼)(d−1

′ 𝛽)) ⋅ 𝛾]

 = 𝜋((𝜋d−2
′ 𝛼)d−1

′ 𝛽 ⋅ d−1
′ 𝛾)

 

𝔫 = Π𝔫1⊕𝔫2,  

0 → 𝔫 → 𝔭 → 𝔭0 → 0,  

𝑌 = Spec(𝑅/𝐼),  

𝐼 = (𝜆𝛼𝑓𝛼𝛽
𝜇
𝜆𝛽) , 𝜇 = 1…𝑑, 𝛼, 𝛽 = 1…𝑛.  

𝔫 = Π𝑆(−1) ⊕ 𝑉(−2),  

[−,−]: Sym2(𝑆) ⟶ 𝑉,  

 

 

𝐷 =
𝜕

𝜕𝜃
− 𝜃

𝜕

𝜕𝑥
,  
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𝔫𝑄 = 𝐻
>0(𝔭, [𝑄, −])  

𝔫̃𝑄 = (𝔭
1/Im([𝑄,−])(−1) ⊕ 𝔭2(−2), [𝑄, −]).  

 

 

def(𝔫) = dim(𝑌) − (dim(𝔫1) − dim(𝔫2)) = dim(𝔫2) − codim(𝑌)  

depth(𝐼, 𝑅) = dim(𝑉) − 𝑛.  

def(𝑄) = dim(𝑉) − codim(𝑃0 ⋅ 𝑄)  

𝐻2(𝔫, [𝑄, −]) ≅ 𝑉/Im([𝑄,−]).  

𝔫1/ker([𝑄, −]) ⟶ Im([𝑄,−]) ⊆ 𝑉.  

𝑖∗𝑇𝑄𝔫1 ≅ 𝑇𝑄(𝑃0 ⋅ 𝑄) ⊕ 𝑁𝑄(𝑃0 ⋅ 𝑄).  

codim(𝑃0 ⋅ 𝑄) = dim (𝑁𝑄(𝑃0 ⋅ 𝑄)) = dim(𝔫1/ker([𝑄, −])).  

def(𝑄)= dim(𝑉) − dim(𝔫1/ker([𝑄, −]))  

 = dim(𝑉/Im([𝑄,−])) = dim(𝐻2(𝔫, [𝑄, −])),
 

𝐻0(𝔫) = 𝑅/𝐼  

𝐻−2(𝔫) ≅ Ext𝑅
codim(𝑌)

(𝑅/𝐼, 𝑅) ≅ 𝑅/𝐼,  
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𝔭 = 𝔰𝔬(𝑉) ⊕ 𝑆(−1)⊕ 𝑉(−2).  

Spin(11) ⊃ Spin(7) × Spin(4) ⊃ 𝐺2 × SU(2)+ × SU(2)− ⊃ 𝐺2 × SU(2)+ × U(1),  

𝑉 = 𝑉7⊕𝐿⊕ 𝐿∨,  

𝑆 = (𝟏𝐺2 ⊕𝑉7) ⊗ (𝟐0⊕𝟏1⊕𝟏−1).  

𝑄 ∈ 𝟏𝐺2 ⊗𝟏−1.  

∧2 𝑉7 ≅ 𝑉7⊕𝔤2,  

 

 

𝑉7⊗𝟏1 ⟶ 𝑉7
𝟐0 ⟶ 𝟐−1

𝟐1
 

 

 

𝑉 = 𝐿 ⊕ 𝐿∨⊕ℂ.  

𝔫𝑄 ≅ Π ∧
2 𝐿(−1)⊕∧4 𝐿(−2),  

def(𝔫𝑄) = 7 − (10 − 5) = 2.  

 

 

(𝔫𝑄)1
∨
= (∧2 𝐿)∨ 
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d𝐶𝐸 = 𝜆
𝑎𝑏𝜆𝑐𝑑𝜀𝑎𝑏𝑐𝑑𝑒

𝜕

𝜕( d𝑧𝑒)
 

𝐻𝑘(𝔫𝑄) ≅ {
𝑅/𝐼 𝑘 ∈ {0,−2}
𝑀 𝑘 = −1
0  else 

 

𝜙:𝑅 ⊗∧2 𝐿 ⟶ 𝑅⊗ 𝐿 𝑒𝑎 ∧ 𝑒𝑏 ↦ 𝜀𝑎𝑏𝑐𝑑𝑒𝜆𝑐𝑑𝑒𝑒  

 

ℛ = 𝜆 (
𝜕

𝜕𝜃
− 𝜃

𝜕

𝜕𝑥
)  

d1 = d𝐶𝐸 ,  d0 = ℛ + 𝜕‾ + dℝ, d−1 = 𝜕  

 

 

𝜋(𝜆𝑎𝑏 d𝑧𝑎 d𝑧𝑏) = 1  

 

 

d𝐶𝐸 = 𝜆
𝛼Γ𝛼𝛽

𝜇
𝜆𝛽

𝜕

𝜕𝑣𝜇
.  

(𝜆𝛼Γ𝛼𝛽
𝜇𝜈
𝜆𝛽)𝑣𝜇𝑣𝜈  

 

 

𝜋 (𝜆𝛼Γ𝛼𝛽
𝜇𝜈
𝜆𝛽𝑣𝜇𝑣𝜈) = 1  

𝐴(𝑝) =
1

𝑝!
𝐴𝜇1…𝜇𝑝𝑑𝑥

𝜇1 ∧ 𝑑𝑥𝜇𝑝 

𝜇𝐴: ℳ4 → 𝐺  

[𝐽𝑎𝑏 , 𝐽𝑐𝑑] = −2𝜂𝑎[𝑐𝐽𝑑]𝑏 + 2𝜂𝑏[𝑐𝐽𝑑]𝑎, [𝐽𝑎𝑏, 𝑃𝑐] = −2𝑃[𝑎𝜂𝑏]𝑐 , [𝑃𝑎, 𝑃𝑏] = 0  

𝜔𝑎𝑏(𝐽𝑐𝑑) = 2𝛿𝑐𝑑
𝑎𝑏 , 𝑉𝑎(𝑃𝑏) = 𝛿𝑏

𝑎  

𝑑𝜔𝑎𝑏 − 𝜔𝑐
𝑎 ∧ 𝜔𝑐𝑏  = 0

𝑑𝑉𝑎 −𝜔𝑎  𝑏 ∧ 𝑉
𝑏  = 0

 

𝑅𝑎𝑏  ≡ 𝑑𝜔𝑎𝑏 − 𝜔𝑐
𝑎 ∧ 𝜔𝑐𝑏

𝑇
∘
𝑎  ≡ 𝑑𝑉𝑎 − 𝜔𝑎 𝑏 ∧ 𝑉

𝑏 = 𝒟𝑉𝑎
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𝒜[𝜔𝑎𝑏 , 𝑉𝑎] =
1

4𝜅2
∫  
ℳ4

 𝑅𝑎𝑏 ∧ 𝑉𝑐 ∧ 𝑉𝑑𝜖𝑎𝑏𝑐𝑑  

𝑅𝑎𝑏 = 𝑅𝑎𝑏 𝑐𝑑𝑉
𝑐 ∧ 𝑉𝑑 = 𝑅𝑎𝑏 𝜇𝜈𝑑𝑥

𝜇 ∧ 𝑑𝑥𝜈 ,  

𝑅𝑎𝑏 ∧ 𝑉𝑐 ∧ 𝑉𝑑𝜖𝑎𝑏𝑐𝑑= 𝑅
𝑎𝑏 𝑖𝑗𝑉

𝑖𝑉𝑗𝑉𝑐𝑉𝑑𝜖𝑎𝑏𝑐𝑑  

= 𝑅𝑎𝑏 𝑖𝑗𝑉
𝑖  𝜇𝑉

𝑗  𝜈𝑉
𝑐𝑉𝑑  𝜎𝑑

4𝑥𝜖𝜇𝜈𝜌𝜎𝜖𝑎𝑏𝑐𝑑  

 = −4𝑅𝑖𝑗 𝑖𝑗det𝑉𝑑
4𝑥.

 

𝑅𝑖𝑗 𝑖𝑗 ≡ 𝑅
𝜇𝜈  𝜇𝜈 = ℛ,  

det(𝑉) = √−𝑔 (𝑔 = det(𝑔𝜇𝜈)) 

∫  
ℳ4

 𝑅𝑎𝑏 ∧ 𝑉𝑐 ∧ 𝑉𝑑𝜖𝑎𝑏𝑐𝑑 = −4∫  
ℳ4

 ℛ√−𝑔𝑑𝑥4  

𝛿𝒜

𝛿𝜔𝑎𝑏
= 0 : 𝑇

∘
𝑐 ∧ 𝑉𝑑𝜖𝑎𝑏𝑐𝑑 = 0

𝛿𝒜

𝛿𝑉𝑑
= 0 : 𝑅𝑎𝑏 ∧ 𝑉𝑐𝜖𝑎𝑏𝑐𝑑 = 0

 

𝑇
∘
𝑐 = 𝑇

∘
𝑐 ℓ𝑚𝑉

ℓ ∧ 𝑉𝑚  

𝑇
∘
𝑐 ℓ𝑚𝑉

ℓ ∧ 𝑉𝑚 ∧ 𝑉𝑑𝜖𝑎𝑏𝑐𝑑 = 0  

𝑉ℓ ∧ 𝑉𝑚 ∧ 𝑉𝑑 = 𝜖ℓ𝑚𝑑𝑝Ω𝑝
(3)  

𝑇
∘
𝑐 ℓ𝑚𝜖

ℓ𝑚𝑑𝑝𝜖𝑎𝑏𝑐𝑑Ω𝑝
(3)
= 0,  

 

(𝑇
∘
𝑝 𝑎𝑏 + 2𝑇

∘
𝑐 𝑐[𝑎𝛿𝑏]

𝑝 )Ω𝑝
(3)
= 0  

 

𝑅𝑎𝑏 ∧ 𝑉𝑐𝜖𝑎𝑏𝑐𝑑 = 0 ⇒  𝑅
𝑎𝑏 ℓ𝑚𝑉

ℓ ∧ 𝑉𝑚 ∧ 𝑉𝑐𝜖𝑎𝑏𝑐𝑑 = 0  

−6𝑅𝑎𝑏 ℓ𝑚𝛿𝑎𝑏𝑑
ℓ𝑚𝑝

= 0,  

ℛ𝑎  𝑏 −
1

2
𝛿𝑏
𝑎ℛ = 0  

𝛿(gauge )𝜇𝐴 = (∇𝜖)𝐴,  

𝛿(gauge )𝜔𝑎𝑏 = 𝒟𝜖𝑎𝑏 ,

𝛿(gauge )𝑉𝑎 = 𝒟𝜖𝑎 + 𝜖𝑎𝑏𝑉𝑏 ,
 

𝛿(gauge )∫  𝑅𝑎𝑏 ∧ 𝑉𝑐 ∧ 𝑉𝑑𝜖𝑎𝑏𝑐𝑑 = 2∫  𝑅
𝑎𝑏 ∧ 𝒟𝜖𝑐 ∧ 𝑉𝑑𝜖𝑎𝑏𝑐𝑑 = −2∫  𝜖

𝑐𝑅𝑎𝑏 ∧ 𝑇
∘
𝑑𝜖𝑎𝑏𝑐𝑑 ≠ 0  

𝛿(gauge )𝑅𝑎𝑏 = 𝒟2𝜖𝑎𝑏 = 2𝑅𝑐
𝑎𝜖𝑐𝑏  

𝑅𝐴 = 𝑅𝐵𝐶
𝐴 𝜇𝐵 ∧ 𝜇𝐶 = 𝑅𝑏𝑐

𝐴 𝑉𝑏 ∧ 𝑉𝑐 + 𝑅𝑏𝑐𝐶
𝐴 𝜔𝑏𝑐 ∧ 𝜇𝐶  

𝑅𝑎𝑏𝐶
𝐴 = 0  

𝑅𝐴 = 𝑅𝑎𝑏
𝐴 𝑉𝑎 ∧ 𝑉𝑏  

𝐺 = OSp(1 ∣ 4) 

𝑇𝐴 = (𝐽𝑎𝑏, 𝑃𝑎, 𝑄𝛼) 
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[𝐽𝑎𝑏 , 𝐽𝑐𝑑] = −2𝜂𝑎[𝑐𝐽𝑑]𝑏 + 2𝜂𝑏[𝑐𝐽𝑑]𝑎, [𝐽𝑎𝑏, 𝑃𝑐] = −2𝑃[𝑎𝜂𝑏]𝑐 , [𝑃𝑎, 𝑃𝑏] = 0

[𝐽𝑎𝑏 , 𝑄𝛼] =
1

2
(𝛾𝑎𝑏)𝛼  

𝛽𝑄𝛽 , [𝑃𝑎, 𝑄𝛼] = 0

{𝑄𝛼 , 𝑄𝛽} = −𝑖(𝐶𝛾
𝑎)𝛼𝛽𝑃𝑎.

 

𝑅𝐴(𝑥, 𝜃)= 𝑅𝐴 𝑎̂𝑏̂(𝑥, 𝜃)𝐸
𝑎̂ ∧ 𝐸𝑏̂  

 = 𝑅𝐴 (2∣0)𝑎𝑏𝑉
𝑎 ∧ 𝑉𝑏 + 𝑅𝐴 (1∣1)𝑎𝛼𝑉

𝑎 ∧ 𝜓𝛼 + 𝑅𝐴 (0∣2)𝛼𝛽𝜓
𝛼 ∧ 𝜓𝛽 .

 

𝑅𝑎𝑏≡ 𝑑𝜔𝑎𝑏 −𝜔𝑐
𝑎 ∧ 𝜔𝑐𝑏  

𝑇𝑎 ≡ 𝑑𝑉𝑎 −𝜔𝑏
𝑎 ∧ 𝑉𝑏 −

𝑖

2
𝜓𝛼(𝐶 ⋅ 𝛾𝑎)𝛼𝛽 ∧ 𝜓

𝛽 = 𝒟𝑉𝑎 −
𝑖

2
𝜓‾𝛾𝑎 ∧ 𝜓

𝜌𝛼 ≡ 𝑑𝜓𝛼 −
1

4
(𝛾𝑎𝑏)

𝛼  𝛽𝜔
𝑎𝑏 ∧ 𝜓𝛽 = 𝒟𝜓𝛼

 

𝒟𝑅𝑎𝑏 = 0
𝒟𝑇𝑎 + 𝑅𝑎 𝑏 ∧ 𝑉

𝑏 − 𝑖𝜓‾𝛾𝑎 ∧ 𝜌 = 0

𝒟𝜌𝛼 +
1

4
(𝛾𝑎𝑏)

𝛼  𝛽𝑅
𝑎𝑏 ∧ 𝜓𝛽 = 0

 

𝐷𝑎(𝑉
𝑏) = 𝛿𝑎

𝑏;  𝐷𝛼(𝜓
𝛽) = 𝛿𝛼

𝛽
;  𝐷𝑎(𝜓

𝛼) = 𝐷𝛼(𝑉
𝑎) = 0  

𝛿𝜖𝜇
𝐴 = ℓ𝜖𝜇

𝐴 ≡ 𝑑(𝜄𝜖𝜇
𝐴) + 𝜄𝜖(𝑑𝜇

𝐴)  

𝜄𝜖𝜓
𝛼 = 𝜖𝛼 , 𝜄𝜖𝑉

𝑎 = 0  

𝜓‾𝛾5𝛾𝑎𝒟𝜓𝑉
𝑎 = −𝑖𝜓‾𝜇𝛾

𝜇𝜈𝜌𝒟𝜈𝜓𝜌√𝑔𝑑
4𝑥  

𝒜𝐷=4
𝒩=1 =

1

4𝜅2
∫  
ℳ4⊂ℳ

[4∣4]

  [𝑅𝑎𝑏𝑉𝑐𝑉𝑑𝜖𝑎𝑏𝑐𝑑 + 𝛼𝜓‾𝛾5𝛾𝑎𝒟𝜓𝑉
𝑎]  

𝛿𝒜

𝛿𝜔𝑎𝑏
= 0: 𝜖𝑎𝑏𝑐𝑑𝒟𝑉

𝑐 ∧ 𝑉𝑑 +
𝛼

4
𝜓‾𝛾5𝛾𝑐𝛾𝑎𝑏𝜓𝑉

𝑐 = 0, 

𝜖𝑎𝑏𝑐𝑑 (𝒟𝑉
𝑎 +

i𝛼

8
𝜓‾𝛾𝑎𝜓) ∧ 𝑉𝑑 = 0

𝛿𝒜

𝛿𝑉𝑎
= 0: 2𝑅𝑎𝑏 ∧ 𝑉𝑐𝜖𝑎𝑏𝑐𝑑 − 𝛼𝜓‾ ∧ 𝛾

5𝛾𝑑𝜌 = 0

𝛿𝒜

𝛿𝜓‾
= 0: 2𝛾5𝛾𝑎𝜌 ∧ 𝑉

𝑎 − 𝛾5𝛾𝑎𝜓 ∧ 𝑇
𝑎 = 0

 

𝑇𝑐 ∧ 𝑉𝑑𝜖𝑎𝑏𝑐𝑑 = 0  

𝑇𝑎  = 𝑇(2∣0)𝑏𝑐
𝑎 𝑉𝑏𝑉𝑐 + 𝑇(1∣1)𝑐𝛼

𝑎 𝜓𝛼𝑉
𝑐 +𝜓𝛼𝑇(0∣2)𝛼𝛽

𝑎 𝜓𝛽

𝜌𝛼  = 𝜌(2∣0)𝑎𝑏
𝛼 𝑉𝑎𝑉𝑏 + 𝜌(1∣1)𝑎

𝛼 𝜓𝛼𝑉𝑎 + 𝜌(0∣2)𝛽𝛾
𝛼 𝜓𝛽𝜓𝛾

𝑅𝑎𝑏  = 𝑅(2∣0)𝑐𝑑
𝑎𝑏 𝑉𝑐𝑉𝑑 + Θ‾ 𝑐

𝑎𝑏𝜓𝑉𝑐 + 𝜓‾𝐾𝑎𝑏𝜓

 

𝑅(2∣0)𝑎𝑏
𝐴 ≡ 𝑅̃𝑎𝑏

𝐴  

𝜌𝜇𝜈
𝛼 = 𝜌̃𝛼  𝑎𝑏𝑉𝜇

𝑎𝑉𝜈
𝑏 + 𝜌(1∣1)𝑎

𝛼 𝜓[𝜇
𝛼 𝑉𝜈]

𝑎 + 𝜌(0∣2)𝛼𝛽
𝛼 𝜓𝜇

𝛼𝜓𝜈
𝛽
,  

𝑇𝑎 = 𝑇̃𝑎 𝑏𝑐𝑉
𝑏 ∧ 𝑉𝑐 = 𝑇𝑎 𝑏𝑐𝑉

𝑏 ∧ 𝑉𝑐  

𝑇𝑎 = 0 

2𝛾5𝛾𝑎𝜌 ∧ 𝑉
𝑎 = 0  

𝜌𝛼 = 𝜌(2∣0)𝑎𝑏
𝛼 𝑉𝑎𝑉𝑏 + 𝜌(1∣1)𝑎

𝛼 𝜓𝛼𝑉𝑎 + 𝜌(0∣2)𝛽𝛾
𝛼 𝜓𝛽𝜓𝛾,  

𝜌 = 𝜌𝑎𝑏𝑉
𝑎𝑉𝑏 = 𝜌𝜇𝜈𝑑𝑥

𝜇 ∧ 𝑑𝑥𝜈  

𝛾5𝛾𝑎𝜌 ∧ 𝑉
𝑎 = 0 ⇒  𝛾5𝛾𝑎𝜌𝑏𝑐𝑉𝜎

𝑎𝑉𝜇
𝑏𝑉𝜈

𝑐√𝑔𝑑3𝑥𝜖𝜇𝜈𝜎𝜆 = 0  
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𝜖𝜇𝜈𝜎𝜆𝛾5𝛾𝜎𝜌𝜇𝜈 = 0, or, equivalently:  𝜖𝜇𝜈𝜎𝜆𝛾5𝛾𝜎𝒟𝜇𝜓𝜈 = 0  

Θ‾ 𝑐
𝑎𝑏 = −𝜖𝑎𝑏𝑟𝑠𝜌‾𝑟𝑠𝛾5𝛾𝑐 − 𝛿𝑐

[𝑎
𝜖𝑏]𝑚𝑠𝑡𝜌‾𝑠𝑡𝛾5𝛾𝑚  

𝑅𝑎𝑏  = 𝑅̃𝑐𝑑
𝑎𝑏𝑉𝑐𝑉𝑑 + Θ‾ 𝑐

𝑎𝑏𝜓𝑉𝑐

𝑇𝑎  = 0
𝜌 = 𝜌𝑎𝑏𝑉

𝑎𝑉𝑏
 

𝑅̃𝑎𝑐 𝑏𝑐 −
1

2
𝛿𝑏
𝑎𝑅̃𝑐𝑑  𝑐𝑑 = 0,

𝑇̃𝑏𝑐
𝑎 = 0,

𝜖𝑎𝑏𝑐𝑑𝛾5𝛾𝑐𝜌̃𝑎𝑏 = 0.

 

𝑅𝜇𝜈
𝑎𝑏  = 𝑅̃𝑎𝑏 𝑐𝑑𝑉𝜇

𝑐𝑉𝜈
𝑑 + Θ‾ 𝑐

𝑎𝑏𝜓[𝜇𝑉𝜈]
𝑐 = 𝑅̃𝑎𝑏 𝜇𝜈 + Θ‾ [𝜈

𝑎𝑏𝜓𝜇],

𝑇𝜇𝜈
𝑎  = 𝑇̃𝑎 𝑏𝑐𝑉𝜇

𝑏𝑉𝜈
𝑐 = 𝑇̃𝑎 𝜇𝜈 ,

𝜌𝜇𝜈  = 𝜌̃𝑎𝑏𝑉𝜇
𝑎𝑉𝜈

𝑏 = 𝜌̃𝜇𝜈 ,

 

𝒜𝐷=4
𝒩=1 =

1

4𝜅2
∫  
ℳ4⊂ℳ

[4∣4]

  [𝑅𝑎𝑏𝑉𝑐𝑉𝑑𝜖𝑎𝑏𝑐𝑑 + 4𝜓‾𝛾5𝛾𝑎𝒟𝜓𝑉
𝑎].  

𝛿𝜖ℒ ≡ ℓ𝜖ℒ = 𝜄𝜖𝑑ℒ + 𝑑(𝜄𝜖ℒ) = 0,  

𝑑ℒ = 𝒟ℒ =
1

4𝜅2
[2𝑅𝑎𝑏 (𝑇𝑐 +

i

2
𝜓‾𝛾𝑐𝜓)𝑉𝑑𝜖𝑎𝑏𝑐𝑑 + 4𝜌‾𝛾

5𝛾𝑎𝜌𝑉
𝑎 +

+𝜓‾𝛾5𝛾𝑐𝛾𝑎𝑏𝜓𝑅
𝑎𝑏𝑉𝑐 − 4𝜓‾𝛾5𝛾𝑎𝜌 (𝑇

𝑎 +
i

2
𝜓‾𝛾𝑎𝜓)] .

 

𝑑ℒ = 𝑅𝑎𝑏𝑇𝑐𝑉𝑑𝜖𝑎𝑏𝑐𝑑 + 𝜌‾𝛾
5𝛾𝑎𝜌𝑉

𝑎 − 4𝜓‾𝛾5𝛾𝑎𝜌𝑇
𝑎  

𝜄𝜖(𝑑ℒ) = 2(𝜄𝜖𝑅
𝑎𝑏)𝑇𝑐𝑉𝑑𝜖𝑎𝑏𝑐𝑑 + 2𝑅

𝑎𝑏(𝜄𝜖𝑇
𝑐)𝑉𝑑𝜖𝑎𝑏𝑐𝑑 + 8(𝜄𝜖𝜌‾)𝛾

5𝛾𝑎𝜌𝑉
𝑎

 −4𝜖‾𝛾5𝛾𝑎𝜌𝑇
𝑎 − 4𝜓‾𝛾5𝛾𝑎(𝜄𝜖𝜌)𝑇

𝑎 − 4𝜓‾𝛾5𝛾𝑎𝜌(𝜄𝜖𝑇
𝑎)

 

𝜄𝜖(𝑑ℒ) = 𝑑(3-form )  

𝜄𝜖𝑇
𝑎 = 0; 𝜄𝜖𝜌 = 0  

2(𝜄𝜖𝑅
𝑎𝑏)𝑉𝑑𝜖𝑎𝑏𝑐𝑑 − 4𝜖‾𝛾5𝛾𝑐𝜌 = 0  

𝜄𝜖𝑅
𝑎𝑏 = Θ‾ 𝑐

𝑎𝑏𝜖𝑉𝑐 ,  

𝛿𝜖𝜔
𝑎𝑏  = (∇𝜖)𝑎𝑏 + 𝜖𝑐𝑉𝑑𝑅𝑐𝑑

𝑎𝑏 + Θ‾ 𝑐
𝑎𝑏𝜓𝜖𝑐 + Θ‾ 𝑐

𝑎𝑏𝜖𝑉𝑐 ,

𝛿𝜖𝑉
𝑎  = (∇𝜖)𝑎,

𝛿𝜖𝜓
𝛼  = (∇𝜖)𝛼 + 𝜖𝑎𝜌𝑎𝑏

𝛼 𝑉𝑏 .

 

𝛿𝜖𝜔
𝑎𝑏  = (∇𝜖)𝑎𝑏 + Θ‾ 𝑐

𝑎𝑏𝜖𝑉𝑐 ,

𝛿𝜖𝑉
𝑎  = (∇𝜖)𝑎,

𝛿𝜖𝜓
𝛼  = (∇𝜖)𝛼 .

 

𝛿𝜖𝜔𝜇
𝑎𝑏  = Θ‾ 𝑐

𝑎𝑏𝜖𝑉𝜇
𝑐

𝛿𝜖𝑉𝜇
𝑎  = −i𝜓‾𝜇𝛾

𝑎𝜖

𝛿𝜖𝜓𝜇  = 𝒟𝜇𝜖

 

[ℓ𝑇̃𝐴 , ℓ𝑇̃𝐵] = ℓ[𝑇̃𝐴,𝑇̃𝐵]  

[𝛿𝜖1 , 𝛿𝜖2]𝑉𝜇
𝑎 = −𝑖𝒟𝜇(𝜖1𝛾

𝑎𝜖2)  

[𝛿𝜖1 , 𝛿𝜖2]𝜓𝜇 = −𝑖(𝜖1𝛾
𝜈𝜖2)𝒟[𝜇𝜓𝜈] + 𝛼(𝑥)𝜇 

𝜆𝛾𝜆𝜈𝜌𝜌
𝜈𝜌,  

𝛼(𝑥)𝜇  
𝜆 =

1

8
(2𝜖1𝛾

𝜈𝜖2𝐴
𝜆 𝜇𝜈 + 𝜖1𝛾

𝜈𝜎𝜖2𝐵
𝜆 𝜇𝜈𝜎),  
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𝛿(gauge )𝜔𝑎𝑏  = (∇𝜅)𝑎𝑏 = 𝒟𝜅𝑎𝑏 ,

𝛿(gauge )𝑉𝑎  = (∇𝜅)𝑎 = 𝒟𝜅𝑎𝑏 + 𝜅𝑎𝑏𝑉𝑏 − i𝜓‾𝛾
𝑎𝜅,

𝛿(gauge )𝜓 = (∇𝜅) = 𝒟𝜅 −
1

4
𝜅𝑎𝑏𝛾𝑎𝑏𝜓,

 

𝛿𝜅
(gauge )

𝜔𝜇
𝑎𝑏  = 0

𝛿𝜅
(gauge )

𝑉𝜇
𝑎  = −i𝜓‾𝜇𝛾

𝑎𝜅

𝛿𝜅
(gauge )

𝜓𝜇  = 𝒟𝜇𝜅

 

𝑅𝑎𝑏≡ 𝑑𝜔𝑏
𝑎 + 𝜔𝑐

𝑎𝜔𝑏
𝑐  

 = 𝑅̃𝑐𝑑
𝑎𝑏𝑉𝑐𝑉𝑑 + Θ‾ 𝑖∣𝑐

𝑎𝑏𝜓𝑖𝑉𝑐 − 𝜓‾𝑖 (𝐹̃
𝑎𝑏 +

i

2
𝐹̃𝑐𝑑𝜖

𝑎𝑏𝑐𝑑𝛾5)𝜓𝑗𝜖
𝑖𝑗

𝑇𝑎 ≡ 𝒟𝑉𝑎 −
i

2
𝜓‾𝑖𝛾𝜓

𝑖

 = 0
𝐹 ≡ 𝑑𝒜 + 𝜖𝑖𝑗𝜓‾𝑖𝜓𝑗

 = 𝐹̃𝑎𝑏𝑉
𝑎𝑉𝑏

𝜌𝑖  ≡ 𝒟𝜓𝑖

 = 𝜌̃𝑖∣𝑎𝑏𝑉
𝑎𝑉𝑏 + (𝛾𝑎𝐹̃𝑎𝑏 + i𝛾5𝛾

𝑎
i

2
𝐹̃𝑐𝑑𝜖𝑎𝑏𝑐𝑑) 𝜖𝑖𝑗𝜓

𝑗𝑉𝑏 .

 

𝛿𝜖𝜔
𝑎𝑏  = Θ‾ 𝑖∣𝑐

𝑎𝑏𝜖𝑖𝑉𝑐

𝛿𝜖𝑉
𝑎  = −i𝜓‾𝑖𝛾

𝑎𝜖𝑖

𝛿𝜖𝜓𝑖  = 𝒟𝜖𝑖 + i𝜖𝑖𝑗𝐹
𝑎𝑏𝑉𝑏𝛾𝑎𝜖𝑗 + i

1

2
𝜖𝑖𝑗𝜖𝑎𝑏𝑐𝑑𝐹

𝑐𝑑𝑉𝑏𝛾5𝛾
𝑎𝜖𝑗

𝛿𝜖𝒜 = 2𝜖
𝑖𝑗𝜓‾𝑖𝜖𝑗

 

𝐹 ∧∗ 𝐹 ∝ 𝐹𝜇1…𝜇𝑝+1𝐹
𝜇1…𝜇𝑝+1√𝑔𝑑𝐷𝑥  

𝒜 = −∫  𝐹𝜇𝜈𝐹𝜇𝜈√−𝑔𝑑
4𝑥 =

1

2
∫  𝐹 ∧∗ 𝐹  

−1

4!
∫  𝐹̂𝑎𝑏𝐹̂

𝑎𝑏𝜖𝑝𝑞𝑟𝑠𝑉
𝑝𝑞𝑟𝑠 + 𝛼∫  𝐹̂𝑎𝑏𝐹𝑉𝑐𝑑𝜖𝑎𝑏𝑐𝑑  

𝐹̂𝑎𝑏 = 𝐹𝑎𝑏  

𝒟𝜇𝐹
𝜇𝜈 = 𝒟𝑎𝐹

𝑎𝑏 = 0  

𝑅𝛼𝐶
𝐴 = 𝐶𝛼𝐶∣𝐵

𝐴∣𝑚𝑛𝑅𝑚𝑛
𝐵  

𝛿𝜇𝐴 = (∇𝜖)𝐴 + 2𝜖‾𝐶𝛼𝐶∣𝐵
𝐴∣𝑚𝑛𝑅𝑚𝑛

𝐵  

𝑅𝐴 ≡ 𝑑𝜇𝐴 +
1

2
𝐶𝐵𝐶
𝐴 𝜇𝐵 ∧ 𝜇𝐶  

𝑑𝑅𝐴 + 𝐶𝐴 𝐵𝐶𝜇
𝐵 ∧ 𝑅𝐶 = 0  

𝐷(𝑇𝐴, 𝑇𝐵) ≡ [𝑇𝐴, 𝑇𝐵] = 𝐶𝐴𝐵
𝐶 𝑇𝐶;  

𝑑𝜎𝐴 +
1

2
𝐶𝐵𝐶
𝐴 𝜎𝐵 ∧ 𝜎𝐶 = 0  

𝑑𝜎𝐴(𝑇𝐵, 𝑇𝐶) = −
1

2
𝜎𝐴([𝑇𝐵, 𝑇𝐶])  

𝑑Θ𝐴(𝑝) +∑  

𝑁

𝑛=1

 
1

𝑛!
𝐶𝐴(𝑝) 𝐵1(𝑝1)𝐵2(𝑝2)…𝐵𝑛(𝑝𝑛)Θ

𝐵1(𝑝1) ∧ Θ𝐵2(𝑝2) ∧ ⋯∧ Θ𝐵𝑛(𝑝𝑛) = 0.  

𝐵𝑖(𝑝𝑖)𝐵𝑖+1(𝑝𝑖+1) = (−1)
|𝐵𝑖||𝐵𝑖+1|+𝑝𝑖𝑝𝑖+1𝐵𝑖+1(𝑝𝑖+1)𝐵𝑖(𝑝𝑖),  
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𝑑2Θ𝐴(𝑝) = −∑  

𝑁

𝑛=1

 
1

(𝑛 − 1)!
∑  

𝑁

𝑚=1

 
1

𝑚!
𝐶𝐴(𝑝) 𝐵1(𝑝1)𝐵2(𝑝2)…𝐵𝑛(𝑝𝑛)𝐶𝐷1(𝑞1)𝐷2(𝑞2)…𝐷𝑚(𝑞𝑚)

𝐵1(𝑝1) ×

Θ𝐷1(𝑞1) ∧ Θ𝐷2(𝑞2) ∧ ⋯∧ Θ𝐷𝑚(𝑞𝑚) ∧ Θ𝐵2(𝑝2) ∧ …Θ𝐵𝑛(𝑝𝑛) = 0.

 

𝐶𝐴(𝑝) 𝐵1(𝑝1) [𝐵2(𝑝2)…𝐵𝑛(𝑝𝑛)𝐶
𝐵1(𝑝1)𝐷1(𝑞1)𝐷2(𝑞2)…𝐷𝑚(𝑞𝑚)] = 0  

𝑑𝜎𝐴 +
1

2
𝐶𝐵𝐶
𝐴 𝜎𝐵 ∧ 𝜎𝐶 = 0  

Ω(𝑛,𝑝)
𝑖 = 𝐶𝐴1,…,𝐴𝑛

𝑖 𝜎𝐴1 ∧,… ,∧ 𝜎𝐴𝑛  

(∇(𝑛))
𝑗

𝑖
= 𝑑𝛿𝑗

𝑖 + 𝜎𝐴 ∧ 𝐷(𝑛)(𝑇𝐴)𝑗
𝑖  

∇(𝑛)∇(𝑛)= 0  

Ω(𝑛,𝑝)
𝑖 = ∇(𝑛)Ω̃(𝑛,𝑝−1)

𝑖  

∇(𝑛)𝐴(𝑛,𝑝−1)
𝑖 + Ω(𝑛,𝑝)

𝑖 = 0,  

Ω̂(𝑛,𝑝)
𝑖 [𝜎, 𝐴] = 𝐶𝐴1,…,𝐴𝑟𝑖1,…,𝑖𝑠

𝑖 × 𝜎𝐴1 , … , 𝜎𝐴𝑟 ∧ 𝐴(𝑛1,𝑝1)
𝑖1 , … , 𝐴(𝑛𝑠,𝑝𝑠)

𝑖𝑠 .  

𝑑𝜔𝑎𝑏 − 𝜔𝑐
𝑎 ∧ 𝜔𝑐𝑏 = 0

𝒟𝑉𝑎 −
𝑖

2
Ψ‾ Γ𝑎 ∧ Ψ = 0

𝒟Ψ ≡ 𝑑Ψ −
1

4
Γ𝑎𝑏𝜔

𝑎𝑏 ∧ Ψ = 0

 

Ω(𝑉,Ψ) =
1

2
Ψ‾ ∧ Γ𝑎𝑏Ψ ∧ 𝑉𝑎 ∧ 𝑉𝑏  

𝑑Ω =
𝑖

2
Ψ‾ ∧ Γ𝑎𝑏ΨΨ‾ ∧ Γ𝑎Ψ ∧ 𝑉

𝑏 = 0  

Ψ‾ ∧ Γ𝑎𝑏Ψ ∧ Ψ‾ Γ
𝑎Ψ = 0  

𝑑𝐴(3) −
1

2
Ψ‾ ∧ Γ𝑎𝑏Ψ ∧ 𝑉𝑎 ∧ 𝑉𝑏 = 0  

Ω′(𝑉,Ψ, 𝐴) =
𝑖

2
Ψ‾ Γ𝑎1,…,𝑎5 ∧ Ψ ∧ 𝑉𝑎1 ∧ ⋯∧ 𝑉𝑎5 +

15

2
Ψ‾ ∧ Γ𝑎𝑏Ψ ∧ 𝑉𝑎 ∧ 𝐴(3)  

𝑑𝐵(6) =
𝑖

2
Ψ‾ Γ𝑎1…𝑎5 ∧ Ψ ∧ 𝑉𝑎1⋯∧ 𝑉𝑎5 +

15

2
Ψ‾ ∧ Γ𝑎𝑏Ψ ∧ 𝑉𝑎 ∧ 𝑉𝑏 ∧ 𝐴(3)  

Π𝐴(𝑝) = (𝜔𝑎𝑏, 𝑉𝑎 , Ψ, 𝐴(3),𝐵(6))  

𝑅𝐴(𝑝+1) ≡ 𝑑Π𝐴(𝑝) +∑  

𝑁

𝑖=1

 
1

𝑛!
𝐶𝐴(𝑝) 𝐵1(𝑝1)𝐵2(𝑝2)…𝐵𝑛(𝑝𝑛)Π

𝐵1(𝑝1) ∧ Π𝐵2(𝑝2) ∧ ⋯∧ Π𝐵𝑛(𝑝𝑛)  

∇𝑅𝐴(𝑝+1) = 𝑑𝑅𝐴(𝑝+1) −∑  

𝑁

𝑖=1

 
1

(𝑛 − 1)!
𝐶𝐴(𝑝) 𝐵1(𝑝1)𝐵2(𝑝2)…𝐵𝑛(𝑝𝑛)

 × 𝑅𝐵1(𝑝1+1) ∧ Π𝐵2(𝑝2) ∧ ⋯∧ Π𝐵𝑛(𝑝𝑛) = 0
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𝑅𝑏
𝑎  ≡ 𝑑𝜔𝑏

𝑎 − 𝜔𝑐
𝑎 ∧ 𝜔𝑏

𝑐

𝑇𝑎  ≡ 𝒟𝑉𝑎 −
i

2
Ψ‾ Γ𝑎 ∧ Ψ

𝜌 ≡ 𝒟Ψ = 𝑑Ψ −
1

4
𝜔𝑎𝑏 ∧ Γ𝑎𝑏Ψ

𝐹(4)  ≡ 𝑑𝐴(3) −
1

2
Ψ‾ Γ𝑎𝑏 ∧ Ψ ∧ 𝑉𝑎 ∧ 𝑉𝑏 ,

𝐹(7)  ≡ 𝑑𝐵(6) −
𝑖

2
Ψ‾ Γ𝑎1…𝑎5 ∧ Ψ ∧ 𝑉𝑎1,…,∧𝑉

𝑎5 −
15

2
Ψ‾ ∧ Γ𝑎𝑏Ψ ∧ 𝑉𝑎 ∧ 𝑉𝑏 ∧ 𝐴 +

 −15𝐹(4) ∧ 𝐴(3)

 

𝐴(3) → 𝐴(3) + 𝑑𝜙(2),

𝐵(6) → 𝐵(6) + 𝑑𝜆(5),
 

𝒟𝐵𝑎1𝑎2  =
1

2
Ψ‾ ∧ Γ𝑎1𝑎2Ψ,

𝒟𝐵𝑎1…𝑎5  =
𝑖

2
Ψ‾ ∧ Γ𝑎1…𝑎5Ψ,

𝒟𝜂 = 𝑖𝐸1Γ𝑎Ψ ∧ 𝑉
𝑎 + 𝐸2Γ

𝑎𝑏Ψ ∧ 𝐵𝑎𝑏 + 𝑖𝐸3Γ
𝑎1…𝑎5Ψ ∧ 𝐵𝑎1…𝑎5 ,

 

(𝜔𝑎𝑏, 𝑉𝑎, Ψ, 𝐵𝑎𝑏 , 𝐵𝑎1⋯𝑎5 , 𝜂)  

𝐸1 + 10𝐸2 − 720𝐸3 = 0  

𝐴𝑝𝑎𝑟
(3)

=𝑇0𝐵𝑎𝑏 ∧ 𝑉
𝑎 ∧ 𝑉𝑏 + 𝑇1𝐵𝑎𝑏 ∧ 𝐵𝑐

𝑏 ∧ 𝐵𝑐𝑎 + 𝑇2𝐵𝑏1𝑎1…𝑎4 ∧ 𝐵𝑏2
𝑏1 ∧ 𝐵𝑏2𝑎1…𝑎4

 +𝑇3𝜖𝑎1…𝑎5𝑏1…𝑏5𝑚𝐵
𝑎1…𝑎5 ∧ 𝐵𝑏1…𝑏5 ∧ 𝑉𝑚

 +𝑇4𝜖𝑚1…𝑚6𝑛1…𝑛5𝐵
𝑚1𝑚2𝑚3𝑝1𝑝2 ∧ 𝐵𝑚4𝑚5𝑚6𝑝1𝑝2 ∧ 𝐵𝑛1…𝑛5

 +𝑖𝑆1Ψ‾ Γ𝑎𝜂 ∧ 𝑉
𝑎 + 𝑆2Ψ‾ Γ

𝑎𝑏𝜂 ∧ 𝐵𝑎𝑏 + 𝑖𝑆3Ψ‾ Γ
𝑎1…𝑎5𝜂 ∧ 𝐵𝑎1…𝑎5

 

𝑑𝐴𝑝𝑎𝑟
(3)

−
1

2
Ψ‾ ∧ Γ𝑎𝑏Ψ ∧ 𝑉

𝑎 ∧ 𝑉𝑏 = 0  

𝑑𝜔𝑎𝑏  = 𝜔𝑎𝑐 ∧ 𝜔𝑐
𝑏 ,

𝒟𝑉𝑎  =
i

2
Ψ‾ ∧ Γ𝑎Ψ,

𝒟Ψ = 0,

𝒟𝐵𝑎1𝑎2  =
1

2
Ψ‾ ∧ Γ𝑎1𝑎2Ψ,

𝒟𝐵𝑎1…𝑎5  =
i

2
Ψ‾ ∧ Γ𝑎1…𝑎5Ψ,

𝒟𝜂 = i𝐸1Γ𝑎Ψ ∧ 𝑉
𝑎 + 𝐸2Γ

𝑎𝑏Ψ ∧ 𝐵𝑎𝑏 + i𝐸3Γ
𝑎1…𝑎5Ψ∧ 𝐵𝑎1…𝑎5 .

 

𝑅𝑏
𝑎 ≡ 𝑑𝜔𝑏

𝑎 − 𝜔𝑐
𝑎 ∧ 𝜔𝑏

𝑐 ,

𝑇𝑎 ≡ 𝒟𝑉𝑎 −
i

2
Ψ‾ Γ𝑎 ∧ Ψ,

𝜌 ≡ 𝒟Ψ = 𝑑Ψ −
1

4
𝜔𝑎𝑏 ∧ Γ𝑎𝑏Ψ

𝐹(4) = 𝑑𝐴(3) −
1

2
Ψ‾ Γ𝑎𝑏 ∧ Ψ ∧ 𝑉𝑎 ∧ 𝑉𝑏 .

 

𝑇𝐴 ≡ {𝑃𝑎 , 𝑄, 𝐽𝑎𝑏, 𝑍
𝑎𝑏 , 𝑍𝑎1…𝑎5 , 𝑄′}  

𝜔𝑎𝑏(𝐽𝑐𝑑) = 2𝛿𝑐𝑑
𝑎𝑏 , 𝑉𝑎(𝑃𝑏) = 𝛿𝑏

𝑎 , Ψ𝛼(𝑄𝛽) = 𝛿𝛽
𝛼  

𝐵𝑎𝑏(𝑍𝑐𝑑) = 2𝛿𝑐𝑑
𝑎𝑏 , 𝐵𝑎1⋯𝑎5(𝑍𝑏1⋯𝑏5) = 5! 𝛿𝑏1⋯𝑏5

𝑎1⋯𝑎5 , 𝜂𝛼(𝑄𝛽
′ ) = 𝛿𝛽

𝛼
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[𝐽𝑎𝑏, 𝐽𝑐𝑑]= −2𝜂𝑎[𝑐𝐽𝑑]𝑏 + 2𝜂𝑏[𝑐𝐽𝑑]𝑎  

[𝐽𝑎𝑏, 𝑃𝑐] = −2𝑃[𝑎𝜂𝑏]𝑐

{𝑄, 𝑄‾}= −(iΓ𝑎𝑃𝑎 +
1

2
Γ𝑎𝑏𝑍𝑎𝑏 +

i

5!
Γ𝑎1…𝑎5𝑍𝑎1…𝑎5) 

[𝑄′, 𝑄‾ ′]= 0  
[𝑄, 𝑃𝑎]= −2i𝐸1Γ𝑎𝑄

′  

[𝑄, 𝑍𝑎𝑏]= −4𝐸2Γ
𝑎𝑏𝑄′  

[𝑄, 𝑍𝑎1…𝑎5] = −2(5!)i𝐸3Γ
𝑎1…𝑎5𝑄′

[𝐽𝑎𝑏, 𝑍
𝑐𝑑] = −8𝛿[𝑎

[𝑐
𝑍𝑏]
𝑑]

[𝐽𝑎𝑏, 𝑍
𝑐1…𝑐5] = −20𝛿[𝑎

[𝑐1𝑍𝑏]
𝑐2…𝑐5]

[𝐽𝑎𝑏, 𝑄] = −Γ𝑎𝑏𝑄

[𝐽𝑎𝑏, 𝑄
′] = −Γ𝑎𝑏𝑄

′

 

𝐴𝑝𝑎𝑟
(3)

= 𝐴(0)
(3)
+ 𝛼𝐴(𝑒)

(3)
 

𝑑𝐴(0)
(3)
 =
1

2
𝜓‾ ∧ Γ𝑎𝑏𝜓 ∧ 𝑉

𝑎 ∧ 𝑉𝑏

𝑑𝐴(𝑒)
(3)
 = 0.

 

{𝑄,𝑄‾} = −(iΓ𝑎𝑃𝑎 +
1

2
Γ𝑎𝑏𝑍𝑎𝑏 +

i

5!
Γ𝑎1…𝑎5𝑍𝑎1…𝑎5) ,  

𝑑𝐵𝑝𝑎𝑟
(6)

=
𝑖

2
Ψ‾ Γ𝑎1…𝑎5 ∧ Ψ ∧ 𝑉𝑎1⋯∧ 𝑉𝑎5 +

15

2
Ψ‾ ∧ Γ𝑎𝑏Ψ ∧ 𝑉𝑎 ∧ 𝑉𝑏 ∧ 𝐴𝑝𝑎𝑟

(3)
,  

 

𝜂𝑎𝑏 = diag(+,−,⋯ ,−). 

𝛾𝑎 ≡ (
𝜎𝑎 0
0 𝜎‾𝑎

) , 𝛾5 ≡ −
𝑖

4!
𝜖𝑎𝑏𝑐𝑑𝛾

𝑎𝛾𝑏𝛾𝑐𝛾𝑑 , 𝛾𝑎1…𝑎𝑘 ≡ 𝛾[𝑎1 …𝛾𝑎𝑘]  

𝛾0
† = 𝛾0, 𝛾0𝛾

𝑎𝛾0 = (𝛾
𝑎)†,

𝛾5
† = 𝛾5, 𝛾5

∗ = 𝛾5, (𝛾5)
2 = 𝕀,

{𝛾𝑎 , 𝛾𝑏} = 2𝜂𝑎𝑏 , [𝛾𝑎 , 𝛾𝑏] = 2𝛾𝑎𝑏 , 𝛾𝑎𝛾𝑏 = 𝜂𝑎𝑏 + 𝛾𝑎𝑏 .

 

𝐶2 = −1, 𝐶𝑇 = −𝐶, (𝐶𝛾𝑎)
𝑇 = 𝐶𝛾𝑎 , (𝐶𝛾5)

𝑇 = −𝐶𝛾5
(𝐶𝛾5𝛾𝑎)

𝑇 = −𝐶𝛾5𝛾𝑎 , (𝐶𝛾𝑎𝑏)
𝑇 = 𝐶𝛾𝑎𝑏

 

𝜓‾ ≡ 𝜓†𝛾0 = 𝜓𝑡𝐶  

𝛾𝑎𝜓𝜓‾𝛾
𝑎𝜓 = 0.  

5984 → 32 + 320 + 1408 + 4224  

Ξ(32) ∈ 𝟑𝟐, Ξ𝑎
(320)

∈ 𝟑𝟐𝟎, Ξ𝑎1𝑎2
(1408)

∈ 𝟏𝟒𝟎𝟖, Ξ𝑎1…𝑎5
(4224)

∈ 𝟒𝟐𝟐𝟒,  

Ψ ∧ Ψ‾ ∧ Γ𝑎Ψ = Ξ𝑎
(320)

+
1

11
Γ𝑎Ξ

(32)

Ψ ∧Ψ‾ Γ𝑎1𝑎2Ψ = Ξ𝑎1𝑎2
(1408)

−
2

9
Γ[𝑎2Ξ𝑎2]

(320)
+
1

11
Γ𝑎1𝑎2Ξ

(32)

Ψ ∧ Ψ‾ ∧ Γ𝑎1…𝑎5Ψ = Ξ𝑎1…𝑎5
(4224)

+ 2Γ[𝑎1𝑎2𝑎3Ξ𝑎4𝑎5]
(1408)

+
5

9
Γ[𝑎1…𝑎4Ξ𝑎5]

(320)
−
1

77
Γ𝑎1…𝑎5Ξ

(32)

 

[𝑇𝐴, 𝑇𝐵] = 𝐶
𝐶  𝐴𝐵𝑇𝐶 ,  

[[𝑇𝐴, 𝑇𝐵], 𝑇𝐶] + [[𝑇𝐵, 𝑇𝐶], 𝑇𝐴] + [[𝑇𝐶 , 𝑇𝐴], 𝑇𝐵] = 0  

𝐶𝐿 [𝐴𝐵𝐶
𝐷 𝐶]𝐿 = 0.  

𝜎𝐴(𝑇𝐵) = 𝛿𝐵
𝐴  
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𝑑𝜎𝐶 +
1

2
𝐶𝐶  𝐴𝐵𝜎

𝐴 ∧ 𝜎𝐵 = 0.  

0= 𝑑2𝜎𝐶 = −
1

2
𝐶𝐴𝐵
𝐶 𝑑(𝜎𝐴 ∧ 𝜎𝐵)  

 = −𝐶𝐴𝐵
𝐶 𝑑𝜎𝐴 ∧ 𝜎𝐵 = −

1

2
𝐶𝐴𝐵
𝐶 𝐶𝐿𝑀

𝐴 𝜎𝐿 ∧ 𝜎𝑀 ∧ 𝜎𝐵
 

𝑑𝜎𝐶(𝑇𝐿, 𝑇𝑀) = −
1

2
𝜎𝐶([𝑇𝐿, 𝑇𝑀]) = −

1

2
𝐶𝐿𝑀
𝐶  

𝜎 ≡ 𝑔−1𝑑𝑔 = 𝜎𝐴𝑇𝐴 ∈ 𝔊,𝑔 = exp 𝛼
𝐴𝑇𝐴 ∈ 𝐺  

𝑑𝜎  = 𝑑𝑔−1 ∧ 𝑑𝑔 = −𝑔−1𝑑𝑔 ∧ 𝑔−1𝑑𝑔

 = −𝜎 ∧ 𝜎(B.9)
 

𝑑𝜎𝐶𝑇𝐶 = −𝜎
𝐴 ∧ 𝜎𝐵𝑇𝐴 ⋅ 𝑇𝐵 = −

1

2
𝜎𝐴 ∧ 𝜎𝐵[𝑇𝐴, 𝑇𝐵] = −

1

2
𝐶𝐴𝐵
𝐶 𝜎𝐴 ∧ 𝜎𝐵𝑇𝐶  

𝜇(𝑔, 𝑥) = 𝑔−1𝜇
∘
(𝑥)𝑔 + 𝑔−1𝑑𝑔  

𝑅(𝑥, 𝑔)  ≡ 𝑑𝜇 + 𝜇 ∧ 𝜇

 = 𝑔−1[𝑑𝜇
∘
(𝑥) + 𝜇

∘
(𝑥) ∧ 𝜇

∘
(𝑥)]𝑔 = 𝑔−1𝑅

∘

(𝑥)𝑔 = 𝑅𝐴(𝑥, 𝑔)𝑇𝐴
 

𝑅
∘

(𝑥) ≡ 𝑑𝜇̀(𝑥) + 𝜇̌(𝑥) ∧ 𝜇̌(𝑥),  

𝑅
∘

(𝑥) = 𝑅
∘
𝐶(𝑥)𝑇𝐶 = (𝑑𝜇

↔𝐶 +
1

2
𝐶𝐴𝐵 

𝐶𝜇
↔𝐴 ∧ 𝜇

↔𝐵)𝑇𝐶  

𝑅𝐴(𝑥, 𝑔) = 𝑅𝐵𝐶
𝐴 (𝑥, 𝑔)𝜇𝐵 ∧ 𝜇𝐶  

𝑑𝜇𝐶 +
1

2
[𝐶𝐴𝐵
𝐶 − 2𝑅𝐴𝐵

𝐶 (𝑥, 𝑔)]𝜇𝐴 ∧ 𝜇𝐵 = 0  

𝒞𝐶  𝐴𝐵(𝑥) ≡ 𝐶
𝐶  𝐴𝐵 − 2𝑅

𝐶  𝐴𝐵(𝑥, 𝑔)  

𝜖 = 𝜖𝐴𝑇̃𝐴,  

ℓ𝜖𝜇
𝐴= (𝜄𝜖𝑑 + 𝑑𝜄𝜖)𝜇

𝐴  

= 𝜄𝜖𝑑𝜇
𝐴 + 𝑑(𝜄(𝜖)𝜇

𝐴) 

 = 𝜄𝜖𝑑𝜇
𝐴 + 𝑑𝜖𝐴.

 

∇𝜖𝐴 = 𝑑𝜖𝐴 + 𝐶𝐵𝐶
𝐴 𝜇𝐵𝜖𝐶 ,  

ℓ𝜖𝜇
𝐴 = 𝜄𝜖 (𝑑𝜇

𝐴 +
1

2
𝐶𝐵𝐶
𝐴 𝜇𝐵 ∧ 𝜇𝐶) − 𝜖𝐵𝐶𝐵𝐶

𝐴 𝜇𝐶 + 𝑑𝜖𝐴.  

ℓ𝜖𝜇
𝐴 = (∇𝜖)𝐴 + 𝜄𝜖𝑅

𝐴.  

𝜄𝜖𝑅
𝐴 ≡ 𝜖𝐵𝑅𝐴 𝐵𝐶𝜇

𝐶 = 0,  

𝑙𝑛(… ) = [−,−,… ,−]: 𝑔⨂ ⋯⨂ 𝑔 → 𝑔  

𝑙𝑛(𝑣𝜎1, 𝑣𝜎2…𝑣𝜎𝑛) = 𝜒(𝜎, 𝑣1, … 𝑣𝑛)𝑙𝑛(𝑣1, 𝑣2…𝑣𝑛)  

∑  

𝑖,𝑗(𝑖+𝑗=𝑛+1)

  [ ∑  

𝜎𝜀𝑈𝑛𝑠ℎ(𝑖,𝑗−1)

 𝜒(𝜎, 𝑣1, … 𝑣𝑛)(−1)
𝑖(𝑗−1)𝑙𝑗(𝑙𝑖(𝑣𝜎1, 𝑣𝜎2 …𝑣𝜎𝑖), 𝑣𝜎𝑖+1 , … 𝑣𝜎𝑛)] = 0  

𝑑𝑡𝑎 = −∑  

∞

𝑘=1

 
1

𝑘!
[𝑡𝑎1 …𝑡𝑎𝑘]

𝑎
𝑡𝑎1 ∧ ⋯∧ 𝑡𝑎𝑘  
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𝑑𝑑𝑡𝑎 = −𝑑∑  

∞

𝑘=1

 
1

𝑘!
[𝑡𝑎1 …𝑡𝑎𝑘]

𝑎
𝑡𝑎1 ∧ ⋯∧ 𝑡𝑎𝑘

 =∑  

∞

𝑘,𝑙

 
1

𝑘 − 1)! 𝑙!
[[𝑡𝑏1 …𝑡𝑏𝑙]𝑡𝑎2 …𝑡𝑎𝑘]

𝑎
𝑡𝑏1 ∧ ⋯∧ 𝑡𝑏𝑙 ∧ 𝑡𝑎2 ∧ ⋯∧ 𝑡𝑎𝑘 = 0

 

∑ 

∞

𝑘,𝑙

 
1

(𝑘 + 𝑙 − 1)!
∑  

𝜎𝜀𝑈𝑛𝑠ℎ(𝑙,𝑘−1)

  (−1)𝜎
1

(𝑘 − 1)! 𝑙!
[[𝑡𝑏1 …𝑡𝑏𝑙]𝑡𝑎2 …𝑡𝑎𝑘]

𝑎
∧ ⋯∧ 𝑡𝑏𝑙 ∧ 𝑡

𝑎2 ∧ … 𝑡𝑎𝑘 = 0  

∑  

∞

𝑘,𝑙=1

 
1

(𝑘 + 𝑙 − 1)!
∑  

𝜎𝜀𝑈𝑛𝑠ℎ(𝑙,𝑘−1)

  (−1)𝜎 [[𝑡𝑎1…𝑡𝑎𝑙]𝑡𝑎𝑙+1…𝑡𝑎𝑘+𝑙−1] 𝑡
𝑎1 ∧ ⋯∧ 𝑡𝑎𝑘+𝑙−1 = 0  

∑  

𝑘+𝑙=𝑛−1

  ∑  

𝜎𝜀𝑈𝑛𝑠ℎ(𝑙,𝑘−1)

  (−1)𝜎 [[𝑡𝑎1…𝑡𝑎𝑙]𝑡𝑎𝑙+1…𝑡𝑎𝑘+𝑙−1] = 0  

{
 
 
 
 

 
 
 
 
𝑇0 − 2𝑆1𝐸1 − 1 = 0
𝑇0 − 2𝑆1𝐸2 − 2𝑆2𝐸1 = 0
3𝑇1 − 8𝑆2𝐸2 = 0
𝑇2 + 10𝑆2𝐸3 + 10𝑆3𝐸2 = 0
120𝑇3 − 𝑆3𝐸1 − 𝑆1𝐸3 = 0
𝑇2 + 1200𝑆3𝐸3 = 0
𝑇3 − 2𝑆3𝐸3 = 0
9𝑇4 + 10𝑆3𝐸3 = 0
𝑆1 + 10𝑆2 − 720𝑆3 = 0
𝐸1 + 10𝐸2 − 720𝐸3 = 0

 

{
 
 
 
 
 

 
 
 
 
 𝑇0 =

1

6
+ 𝛼

𝑇1 = −
1

90
+
1

3
𝛼

𝑇2 = −
1

4!
𝛼

𝑇3 =
1

(5!)2
𝛼

𝑇4 = −
1

3[2! ⋅ (3!)2 ⋅ 5!]
𝛼

{
  
 

  
 𝑆1 =

1

2𝐶
(
10

5!
+ √

𝛼

5!
)

𝑆2 =
1

2𝐶
(−

1

5!
+
1

2
√
𝛼

5!
)

𝑆3 =
1

2𝐶

1

5!
√
𝛼

5!

{
 
 
 

 
 
 𝐸1 = 5!𝐶 (−

10

5!
+ √

𝛼

5!
)

𝐸2 = 5!𝐶 (
1

5!
+
1

2
√
𝛼

5!
)

𝐸3 = 5!𝐶 (
1

5!
√
𝛼

5!
)

 

𝜕𝜇𝑔𝑣𝜌 − Γ𝜇𝑣
𝜎 𝑔𝜎𝜌 − Γ𝜇𝜌

𝜎 𝑔𝑣𝜎 = 0,  

Γ(𝜇𝑣)
𝜌

=
1

2
𝑔𝜌𝜎(2𝜕(𝜇𝑔𝑣)𝜎 − 𝜕𝜎𝑔𝜇𝑣) + 𝑔

𝜌𝜏𝑇𝜏(𝜇
𝜎 𝑔𝑣)𝜎 .  

𝑔𝜇𝑣 = 𝐸𝜇 
𝐴̂𝐸𝑣 

𝐵̂𝜂𝐴̂𝐵̂  

𝛿𝐸𝜇  
𝐴̂ = Λ𝐴̂ 𝐵̂𝐸𝜇 

𝐵̂,  
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𝛿Ω𝜇  
𝐴̂𝐵̂ = 𝜕𝜇Λ

𝐴̂𝐵̂ + 2Λ[𝐴̂|𝐶̂|Ω𝜇𝐶̂  
𝐵̂].  

𝜕𝜇𝐸𝑣 
𝐴̂ − Ω𝜇  

𝐴̂𝐵̂𝐸𝑣𝐵̂ − Γ𝜇𝜈
𝜌
𝐸𝜌 

𝐴̂ = 0.  

𝑅𝜇𝑣 
𝐴̂(𝑃) ≡ 2𝜕[𝜇𝐸𝑣] 

𝐴̂ − 2Ω[𝜇 
𝐴̂𝐵̂𝐸𝑣]𝐵̂ = 𝑇𝜇𝑣

𝜌
𝐸𝜌 

𝐴̂.  

Ω𝜇
𝐴̂𝐵̂ = −2𝐸[𝐴̂∣𝑣𝜕[𝜇𝐸𝑣]

𝐵̂]
+ 𝐸𝐴̂𝑣𝐸𝐵̂𝜌𝐸𝜇𝐶̂𝜕[𝑣𝐸𝜌]

𝐶̂ −
1

2
𝐸𝐴̂𝑣𝐸𝐵̂𝜌𝑇𝑣𝜌

𝜎 𝑔𝜎𝜇

 +𝐸[𝐴̂|𝑣|𝐸𝜌 
𝐵̂]𝑇𝜇𝑣

𝜌
 

𝐷𝜇𝜓 = 𝜕𝜇𝜓 −
1

4
Ω𝜇
𝐴̂𝐵̂𝛾𝐴̂𝐵̂𝜓  

 

𝛿𝜏𝜇  = 0, 𝛿𝑒𝜇
𝑎 = 𝜆𝑎𝑏𝑒𝜇𝑏 + 𝜆

𝑎𝜏𝜇 , 𝛿𝑚𝜇 = 𝜕𝜇𝜎 + 𝜆
𝑎𝑒𝜇𝑎

𝛿𝜔𝜇
𝑎𝑏  = 𝜕𝜇𝜆

𝑎𝑏 + 2𝜆[𝑎|𝑐|𝜔𝜇𝑐
𝑏]
, 𝛿𝜔𝜇

𝑎 = 𝜕𝜇𝜆
𝑎 − 𝜔𝜇

𝑎𝑏𝜆𝑏 + 𝜆
𝑎𝑏𝜔𝜇𝑏

 

𝑅𝜇𝑣(𝐻)≡ 2𝜕[𝜇𝜏𝑣]  

𝑅𝜇𝑣
𝑎 (𝑃)≡ 2𝜕[𝜇𝑒𝑣]

𝑎 − 2𝜔[𝜇
𝑎𝑏𝑒𝑣]𝑏 − 2𝜔[𝜇

𝑎 𝜏𝑣] 

𝑅𝜇𝑣(𝑀)≡ 2𝜕[𝜇𝑚𝑣] − 2𝜔[𝜇
𝑎 𝑒𝑣]𝑎  

𝑅𝜇𝑣 
𝑎𝑏(𝐽)≡ 2𝜕[𝜇𝜔𝑣]

𝑎𝑏 − 2𝜔[𝜇
[𝑎∣𝑐]

𝜔𝑣]𝑐
𝑏]

 

𝑅𝜇𝑣 
𝑎(𝐺) ≡ 2𝜕[𝜇𝜔𝑣] 

𝑎 − 2𝜔[𝜇
𝑎𝑏𝜔𝑣]𝑏

 

𝜏𝜇𝜏𝜇 = 1, 𝜏𝜇𝑒𝜇
𝑎 = 0,

𝑒𝑎
𝜇
𝑒𝜇
𝑏 = 𝛿𝑎

𝑏 , 𝜏𝜇𝜏
𝑣 + 𝑒𝜇

𝑎𝑒𝑎
𝑣 = 𝛿𝜇

𝑣  

𝛿𝜏𝜇 = −𝜆𝑎𝑒𝑎
𝜇
, 𝛿𝑒𝑎

𝜇
= 𝜆𝑎

𝑏𝑒𝑏
𝜇

 

𝜏𝜇𝑣 = 𝜏𝜇𝜏𝑣  

ℎ𝜇𝑣 = 𝑒𝑎 
𝜇𝑒𝑏 

𝑣𝛿𝑎𝑏  

Δ𝑡 ≡ ∫  
1

0

  d𝑡√𝑥̇𝜇𝑥̇𝑣𝜏𝜇𝑣 = ∫  
1

0

  d𝑡𝑥̇𝜇𝜏𝜇 = ∫ 
𝛾

 d𝑥𝜇𝜏𝜇 .  

ℓ ≡ ∫  
1

0

  d𝑠√𝑥′𝜇𝑥′𝑣ℎ𝜇𝑣 ,  with  ℎ𝜇𝑣 = 𝑒𝜇
𝑎𝑒𝑣

𝑏𝛿𝑎𝑏  

ℎ𝜇𝑣ℎ𝑣𝜌 = 𝛿𝜌
𝜇
− 𝜏𝜇𝜏𝜌,  

𝛿ℎ𝜇𝑣 = 2𝜆
𝑎𝜏(𝜇𝑒𝑣)𝑎 .  

𝑅𝜇𝑣(𝑃
𝑎)≡ 2𝜕[𝜇𝑒𝑣]

𝑎 − 2𝜔[𝜇
𝑎𝑏𝑒𝑣]𝑏 − 2𝜔[𝜇

𝑎 𝜏𝑣] = 𝑇𝜇𝑣
𝑎 , 

𝑅𝜇𝑣(𝑀) ≡ 2𝜕[𝜇𝑚𝑣] − 2𝜔[𝜇
𝑎 𝑒𝑣]𝑎 = 𝑇𝜇𝑣

(𝑚)
.

 

𝜔𝜇
𝑎 = 𝜏𝜇𝜏

𝑣𝑒𝑎𝜌𝜕[𝑣𝑚𝜌] + 𝑒
𝑎𝑣𝜕[𝜇𝑚𝑣] + 𝑒𝜇𝑏𝑒

𝑎𝑣𝜏𝜌𝜕[𝑣𝑒𝜌]
𝑏 + 𝜏𝑣𝜕[𝜇𝑒𝑣]

𝑎

−𝜏𝜇𝜏
𝑣𝑒𝑎𝜌𝑇𝑣𝜌

(𝑚)
+ 𝑒𝜇𝑏𝜏

𝑣𝑒(𝑎|𝜌|𝑇𝑣𝜌
𝑏)
−
1

2
𝑒𝜇𝑏𝑒

𝑏𝑣𝑒𝑎𝜌𝑇𝑣𝜌
(𝑚)

 

𝜔𝜇
𝑎𝑏 = −2𝑒[𝑎|𝑣|𝜕[𝜇𝑒𝑣]

𝑏]
+ 𝑒𝜇𝑐𝑒

𝑎𝑣𝑒𝑏𝜌𝜕[𝑣𝑒𝜌]
𝑐 − 𝜏𝜇𝑒

𝑎𝑣𝑒𝑏𝜌𝜕[𝑣𝑚𝜌]

 +
1

2
𝜏𝜇𝑒

𝑎𝑣𝑒𝑏𝜌𝑇𝑣𝜌
(𝑚)

+ 𝑒[𝑎|𝑣|𝑇𝜇𝑣
𝑏]
−
1

2
𝑒𝜇𝑐𝑒

𝑎𝑣𝑒𝑏𝜌𝑇𝑣𝜌
𝑐

 

𝛿𝑇𝜇𝑣
𝑎 = 𝜆𝑏

𝑎𝑇𝜇𝑣
𝑏 + 2𝜆𝑎𝜕[𝜇𝜏𝑣], 𝛿𝑇𝜇𝑣

(𝑚)
= 𝜆𝑎𝑇𝜇𝑣

𝑎  
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𝜕𝜇𝜏𝑣 − Γ𝜇𝑣
𝜌
𝜏𝜌 = 0, 𝜕𝜇𝑒𝑣  

𝑎 − 𝜔𝜇  
𝑎𝑏𝑒𝑣𝑏 −𝜔𝜇  

𝑎𝜏𝑣 − Γ𝜇𝑣
𝜌
𝑒𝜌 

𝑎 = 0  

∇𝜇𝜏𝑣𝜌≡ 𝜕𝜇𝜏𝑣𝜌 − Γ𝜇𝜈
𝜎 𝜏𝜎𝜌 − Γ𝜇𝜌

𝜎 𝜏𝑣𝜎 = 0  

∇𝜇ℎ
𝑣𝜌 ≡ 𝜕𝜇ℎ

𝑣𝜌 + Γ𝜇𝜎
𝑣 ℎ𝜎𝜌 + Γ𝜇𝜎

𝜌
ℎ𝑣𝜎 = 0

 

Γ𝜇𝑣
𝜌
=𝜏𝜌𝜕𝜇𝜏𝑣 +

1

2
ℎ𝜌𝜎(𝜕𝜇ℎ𝜎𝑣 + 𝜕𝑣ℎ𝜇𝜎 − 𝜕𝜎ℎ𝜇𝑣) + ℎ

𝜌𝜎𝜏𝜇𝜕[𝜎𝑚𝑣] + ℎ
𝜌𝜎𝜏𝑣𝜕[𝜎𝑚𝜇]

 +ℎ𝜌𝜎𝜏(𝜇𝑇𝑣)𝜎
𝑚 − ℎ𝜌𝜎𝑒(𝜇|𝑎|𝑇𝑣)𝜎 

𝑎 +
1

2
𝑒𝑎  

𝜌𝑇𝜇𝑣 
𝑎

 

2Γ[𝜇𝑣]
𝜌

= 2𝜏𝜌𝜕[𝜇𝜏𝑣] + 𝑒𝑎
𝜌
𝑇𝜇𝑣
𝑎 .  

𝜕[𝜇𝜏𝑣] = 0  

𝛿𝜏𝜇 = 𝑧Λ𝐷𝜏𝜇 , 𝛿𝑒𝜇
𝑎 = Λ𝐷𝑒𝜇

𝑎  

 
𝜏[𝜇𝜕𝑣𝜏𝜌] = 0 ⇔ 𝜏𝑎𝑏 ≡ 𝑒𝑎 

𝜇𝑒𝑏 
𝑣𝜕[𝜇𝜏𝑣] = 0  

𝛿𝜏𝜇  
𝐴 = 𝜆𝑀𝜀

𝐴 𝐵𝜏𝜇  
𝐵, 𝛿𝑒𝜇  

𝑎 = 𝜆𝑎 𝑏𝑒𝜇 
𝑏 − 𝜆𝐴 

𝑎𝜏𝜇  
𝐴,

𝛿𝑏𝜇𝜈 = −2𝜀𝐴𝐵𝜆
𝐴 𝑎𝜏[𝜇  

𝐵𝑒𝑣] 
𝑎.

 

𝛿𝑏𝜇𝑣 = 2𝜕[𝜇𝜃𝑣].  

𝜏𝐴  
𝜇𝜏𝜇  

𝐵 = 𝛿𝐴
𝐵 , 𝜏𝐴 

𝜇𝑒𝜇  
𝑎 = 0, 𝑒𝑎 

𝜇𝜏𝜇  
𝐴 = 0,

𝑒𝜇  
𝑎𝑒𝑏 

𝜇 = 𝛿𝑏
𝑎 , 𝜏𝜇  

𝐴𝜏𝐴 
𝑣 + 𝑒𝜇  

𝑎𝑒𝑎 
𝑣 = 𝛿𝜇

𝑣 .
 

𝜏𝜇𝑣 = 𝜏𝜇  
𝐴𝜏𝑣 

𝐵𝜂𝐴𝐵, ℎ
𝜇𝑣 = 𝑒𝑎 

𝜇𝑒𝑏 
𝑣𝛿𝑎𝑏  

𝛿𝜔𝜇= 𝜕𝜇𝜆𝑀, 𝛿𝜔𝜇
𝑎𝑏 = 𝜕𝜇𝜆

𝑎𝑏 + 2𝜆[𝑎∣𝑐]𝜔𝜇𝑐
𝑏]

 

𝛿𝜔𝜇
𝐴𝑎 = 𝜕𝜇𝜆

𝐴𝑎 + 𝜆𝑀𝜀
𝐴 𝐵𝜔𝜇

𝐵𝑎 + 𝜆𝑎 𝑏𝜔𝜇  
𝐴𝑏 − 𝜀𝐴 𝐵𝜆

𝐵𝑎𝜔𝜇 + 𝜆
𝐴𝑏𝜔𝜇𝑏  

𝑎
 

2𝜕[𝜇𝜏𝑣]
𝐴 − 2𝜀𝐵

𝐴𝜔[𝜇𝜏𝑣]
𝐵 = 𝑇𝜇𝑣

𝐴

2𝜕[𝜇𝑒𝑣]
𝑎 − 2𝜔[𝜇

𝑎𝑏𝑒𝑣]𝑏 + 2𝜔[𝜇
𝐴𝑎𝜏𝑣]𝐴 = 𝑇𝜇𝑣

𝑎

3𝜕[𝜇𝑏𝑣𝜌] + 6𝜀𝐴𝐵𝜔[𝜇
𝐴𝑏𝜏𝑣

𝐵𝑒𝜌]𝑏 = 𝑇𝜇𝑣𝜌
(𝑏)

 

2𝜏(𝐴∣ 
𝜇𝑒𝑎 

𝑣𝜕[𝜇𝜏𝑣]∣𝐵) = 𝜏(𝐴∣ 
𝜇𝑒𝑎 

𝑣𝑇𝜇𝑣∣𝐵), 2𝑒𝑎 
𝜇𝑒𝑏 

𝑣𝜕[𝜇𝜏𝑣] 
𝐴 = 𝑒𝑎 

𝜇𝑒𝑏 
𝑣𝑇𝜇𝑣 

𝐴,

3𝑒𝑎 
𝜇𝑒𝑏 

𝑣𝑒𝑐 
𝜌𝜕[𝜇𝑏𝑣𝜌] = 𝑒𝑎 

𝜇𝑒𝑏 
𝑣𝑒𝑐 

𝜌𝑇𝜇𝑣𝜌
(𝑏)
,

  

𝜏{𝐴∣
𝜇
𝜔𝜇∣𝐵}
𝑎 ≡ 𝜏(𝐴∣

𝜇
𝜔𝜇∣𝐵)
𝑎 −

1

2
𝜂𝐴𝐵𝜏𝐶

𝜇
𝜔𝜇
𝐶𝑎,  

𝜕𝜇𝜏𝑣  
𝐴 − 𝜀𝐴 𝐵𝜔𝜇𝜏𝑣  

𝐵 − Γ𝜇𝑣
𝜌
𝜏𝜌 

𝐴 = 0

𝜕𝜇𝑒𝑣 
𝑎 − 𝜔𝜇  

𝑎𝑏𝑒𝑣𝑏 + 𝜔𝜇  
𝐴𝑎𝜏𝑣𝐴 − Γ𝜇𝑣

𝜌
𝑒𝜌 

𝑎 = 0
 

∇𝜇𝜏𝑣𝜌≡ 𝜕𝜇𝜏𝑣𝜌 − Γ𝜇𝑣
𝜎 𝜏𝜎𝜌 − Γ𝜇𝜌

𝜎 𝜏𝑣𝜎 = 0  

∇𝜇ℎ
𝑣𝜌 ≡ 𝜕𝜇ℎ

𝑣𝜌 + Γ𝜇𝜎
𝑣 ℎ𝜎𝜌 + Γ𝜇𝜎

𝜌
ℎ𝑣𝜎 = 0

 

𝛿𝑇𝜇𝑣 
𝐴 = 𝜆𝑀𝜀

𝐴 𝐵𝑇𝜇𝑣 
𝐵, 𝛿𝑇𝜇𝑣 

𝑎 = 𝜆𝑎 𝑏𝑇𝜇𝑣
𝑏 − 𝜆𝐴 

𝑎𝑇𝜇𝑣 
𝐴,

𝛿𝑇𝜇𝑣𝜌
(𝑏)
= −3𝜀𝐴𝐵𝜆

𝐴 𝑎𝑇[𝜇𝑣 
𝐵𝑒𝜌] 

𝑎 + 3𝜀𝐴𝐵𝜆
𝐴 𝑎𝑇[𝜇𝑣 

𝑎𝜏𝜌] 
𝐵.

 

2Γ[𝜇𝑣]
𝜌

= 𝜏𝐴 
𝜌𝑇𝜇𝑣 

𝐴 + 𝑒𝑎  
𝜌𝑇𝜇𝑣 

𝑎.  

𝛿𝐸𝜇  
𝐴̂  = 𝜉𝑣𝜕𝑣𝐸𝜇 

𝐴̂ + 𝜕𝜇𝜉
𝑣𝐸𝑣 

𝐴̂ + Λ𝐴̂ 𝐵̂𝐸𝜇 
𝐵̂

𝛿Ψ𝜇𝑖  = 𝜉
𝑣𝜕𝑣Ψ𝜇𝑖 + 𝜕𝜇𝜉

𝑣Ψ𝑣𝑖 +
1

4
Λ𝐴̂𝐵̂𝛾𝐴̂𝐵̂Ψ𝜇𝑖
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𝛿𝐸𝜇  
𝐴̂  =

1

2
𝛿𝑖𝑗𝜂‾𝑖𝛾

𝐴̂Ψ𝜇𝑗

𝛿Ψ𝜇𝑖  = 𝐷𝜇𝜂𝑖 = 𝜕𝜇𝜂𝑖 −
1

4
Ω𝜇
𝐴̂𝐵̂(𝐸,Ψ𝑖)𝛾𝐴̂𝐵̂𝜂𝑖

 

Ω𝜇
𝐴̂𝐵̂(𝐸,Ψ𝑖) =−2𝐸

𝑣[𝐴̂ (𝜕[𝜇𝐸𝑣]
𝐵̂]
−
1

4
𝛿𝑖𝑗Ψ‾ [𝜇𝑖𝛾

𝐵̂]Ψ𝑣]𝑗)  

 +𝐸𝜇𝐶̂𝐸
𝑣𝐴̂𝐸𝜌𝐵̂ (𝜕[𝑣𝐸𝜌] 

𝐶̂ −
1

4
𝛿𝑖𝑗Ψ‾ [𝑣𝑖𝛾

𝐶̂Ψ𝜌]𝑗) .

 

𝛿Ω𝜇  
𝐴̂𝐵̂(𝐸,Ψ𝑖) = −

1

2
𝛿𝑖𝑗𝐸𝑣[𝐴̂𝜂‾𝑖𝛾

𝐵̂]Ψ̂𝜇𝑣𝑗 +
1

4
𝛿𝑖𝑗𝐸𝜇𝐶̂𝐸

𝑣𝐴̂𝐸𝜌𝐵̂𝜂‾𝑖𝛾
𝐶̂Ψ̂𝑣𝜌𝑗  

Ψ̂𝜇𝑣𝑖 = 0.  

𝛿𝑀𝜇 = 𝜉
𝑣𝜕𝑣𝑀𝜇 + 𝜕𝜇𝜉

𝑣𝑀𝑣 + 𝜕𝜇Λ  

𝛿𝑀𝜇 =
1

2
𝜀𝑖𝑗𝜂‾𝑖Ψ𝜇𝑗  

𝐹̂𝜇𝑣(𝑀) ≡ 2𝜕[𝜇𝑀𝑣] −
1

2
𝜀𝑖𝑗Ψ‾ [𝜇𝑖Ψ𝑣]𝑗 = 0  

𝐹̂𝜇𝑣(𝑀) = 0 →  Ψ̂𝜇𝑣𝑖 = 0 →  𝑅̂𝜇𝑣 
𝐴̂𝐵̂(Ω) = 0.  

[𝑀𝐴̂𝐵̂, 𝑃𝐶̂] = −2𝜂𝐶̂[𝐴̂𝑃𝐵̂],         [𝑀𝐴̂𝐵̂, 𝑀𝐶̂𝐷̂] = 4𝜂[𝐴̂[𝐶̂𝑀𝐷̂]𝐵̂],         

[𝑀𝐴̂𝐵̂, 𝑄
𝑖]= −

1

2
𝛾𝐴̂𝐵̂𝑄

𝑖 ,         {𝑄𝑖 , 𝑄𝑗}= −𝛾 𝐴̂𝐶−1𝑃𝐴̂𝛿
𝑖𝑗 + 𝐶−1𝒵𝜀𝑖𝑗          

 

𝑄± =
1

√2
(𝑄1 ± 𝛾0𝑄

2)  

𝑄−  → √𝜔𝑄−, 𝑄+  →
1

√𝜔
𝑄+,

𝒵 → −𝜔𝑀 +
1

2𝜔
𝐻, 𝑃0  → 𝜔𝑀 +

1

2𝜔
𝐻,

 

[𝐽𝑎𝑏, 𝑃𝑐] = −2𝛿𝑐[𝑎𝑃𝑏],         [𝐽𝑎𝑏, 𝐺𝑐] = −2𝛿𝑐[𝑎𝐺𝑏]         

[𝐺𝑎, 𝐻] = −𝑃𝑎,         [𝐺𝑎, 𝑃𝑏] = −𝛿𝑎𝑏𝑀         

[𝐽𝑎𝑏, 𝑄±]= −
1

2
𝛾𝑎𝑏𝑄±,         [𝐺𝑎, 𝑄+]= −

1

2
𝛾𝑎0𝑄−         

{𝑄+, 𝑄+} = −𝛾
0𝐶−1𝐻,         {𝑄+, 𝑄−} = −𝛾

𝑎𝐶−1𝑃𝑎         

{𝑄−, 𝑄−} = −2𝛾
0𝐶−1𝑀                 

 

𝐸𝜇
0  = 𝜔𝜏𝜇 +

1

2𝜔
𝑚𝜇, 𝐸𝜇

𝑎 = 𝑒𝜇
𝑎

𝑀𝜇  = 𝜔𝜏𝜇 −
1

2𝜔
𝑚𝜇

 

𝜏𝜇 =
1

2𝜔
(𝐸𝜇  

0 +𝑀𝜇), 𝑚𝜇 = 𝜔(𝐸𝜇  
0 −𝑀𝜇)  

𝜆𝑎𝑏 = Λ𝑎𝑏 , 𝜆𝑎 = 𝜔Λ0
𝑎 , 𝜎 = −𝜔Λ,  

Ψ± =
1

√2
(Ψ1 ± 𝛾0Ψ2)  

Ψ𝜇+ = √𝜔𝜓𝜇+, 𝜂+ = √𝜔𝜀+

Ψ𝜇− =
1

√𝜔
𝜓𝜇−, 𝜂− =

1

√𝜔
𝜀−
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𝛿𝜏𝜇=
1

2
𝜀‾+𝛾

0𝜓𝜇+,  

𝛿𝑒𝜇
𝑎 =

1

2
𝜀‾+𝛾

𝑎𝜓𝜇− +
1

2
𝜀‾−𝛾

𝑎𝜓𝜇+,

𝛿𝑚𝜇 = 𝜀‾−𝛾
0𝜓𝜇−,

 

𝛿𝜓𝜇+ = 𝜕𝜇𝜀+ −
1

4
𝜔𝜇
𝑎𝑏𝛾𝑎𝑏𝜀+

𝛿𝜓𝜇− = 𝜕𝜇𝜀− −
1

4
𝜔𝜇
𝑎𝑏𝛾𝑎𝑏𝜀− +

1

2
𝜔𝜇
𝑎𝛾𝑎0𝜀+.

 

𝛿𝜓𝜇+ =
1

4
𝜆𝑎𝑏𝛾𝑎𝑏𝜓𝜇+

𝛿𝜓𝜇− =
1

4
𝜆𝑎𝑏𝛾𝑎𝑏𝜓𝜇− −

1

2
𝜆𝑎𝛾𝑎0𝜓𝜇+

 

𝜔𝜇
𝑎𝑏(𝑒, 𝜏,𝑚, 𝜓±)= −2𝑒

[𝑎|𝑣| (𝜕[𝜇𝑒𝑣]
𝑏]
−
1

2
𝜓‾[𝜇+𝛾

𝑏]𝜓𝑣]−)  

+𝑒𝜇
𝑐𝑒𝑎𝑣𝑒𝑏𝜌 (𝜕[𝑣𝑒𝜌]

𝑐 −
1

2
𝜓‾[𝑣+𝛾

𝑐𝜓𝜌]−)  

 −𝜏𝜇𝑒
𝑎𝑣𝑒𝑏𝜌 (𝜕[𝑣𝑚𝜌] −

1

2
𝜓‾[𝑣−𝛾

0𝜓𝜌]−)

𝜔𝜇
𝑎(𝑒, 𝜏,𝑚,𝜓±) = 𝜏

𝑣 (𝜕[𝜇𝑒𝑣]
𝑎 −

1

2
𝜓‾[𝜇+𝛾

𝑎𝜓𝑣]−)

 +𝑒𝜇𝑏𝑒
𝑎𝑣𝜏𝜌 (𝜕[𝑣𝑒𝜌]

𝑏 −
1

2
𝜓‾[𝑣+𝛾

𝑏𝜓𝜌]−)

 +𝑒𝑎𝑣 (𝜕[𝜇𝑚𝑣] −
1

2
𝜓‾[𝜇−𝛾

0𝜓𝑣]−)

 −𝜏𝜇𝑒
𝑎𝑣𝜏𝜌 (𝜕[𝑣𝑚𝜌] −

1

2
𝜓‾[𝑣−𝛾

0𝜓𝜌]−)

 

𝑇𝜇𝑣
𝑎 = 𝜓‾[𝜇+𝛾

𝑎𝜓𝑣]−  and  𝑇𝜇𝑣
(𝑚)

= 𝜓‾[𝜇−𝛾
0𝜓𝑣]−  

𝑅̂𝜇𝑣
𝑎 (𝑃)≡ 𝑅𝜇𝑣

𝑎 (𝑃) − 𝜓‾[𝜇+𝛾
𝑎𝜓𝑣]− = 0  

𝑅̂𝜇𝑣(𝑀) ≡ 𝑅𝜇𝑣(𝑀) − 𝜓‾[𝜇−𝛾
0𝜓𝑣]− = 0

 

𝑅̂𝜇𝑣
𝑎 (𝐺)≡ 2𝜕[𝜇𝜔𝑣]

𝑎 − 2𝜔[𝜇
𝑎𝑏𝜔𝑣]𝑏  

𝑅̂𝜇𝑣
𝑎𝑏(𝐽)≡ 2𝜕[𝜇𝜔𝑣]

𝑎𝑏  

𝑅̂𝜇𝑣(𝐻)≡ 2𝜕[𝜇𝜏𝑣] −
1

2
𝜓‾[𝜇+𝛾

0𝜓𝑣]+  

𝜓̂𝜇𝑣+≡ 2𝜕[𝜇𝜓𝑣]+ −
1

2
𝜔[𝜇
𝑎𝑏𝛾𝑎𝑏𝜓𝑣]+  

𝜓̂𝜇𝑣− ≡ 2𝜕[𝜇𝜓𝑣]− −
1

2
𝜔[𝜇
𝑎𝑏𝛾𝑎𝑏𝜓𝑣]− + 𝜔[𝜇

𝑎 𝛾𝑎0𝜓𝑣]+

 

𝛿𝑄𝜔𝜇
𝑎𝑏(𝑒, 𝜏,𝑚,𝜓±) =

1

2
𝜀‾+𝛾

[𝑏𝜓̂𝜇−
𝑎]
+
1

4
𝑒𝜇𝑐𝜀‾+𝛾

𝑐𝜓̂−−
𝑎𝑏 −

1

2
𝜏𝜇𝜀‾−𝛾

0𝜓̂−
𝑎𝑏

 +
1

2
𝜀‾−𝛾

[𝑏𝜓̂𝜇+
𝑎]
+
1

4
𝑒𝜇𝑐𝜀‾−𝛾

𝑐𝜓̂+
𝑎𝑏

𝛿𝑄𝜔𝜇
𝑎(𝑒, 𝜏,𝑚, 𝜓±) =

1

2
𝜀‾−𝛾

0𝜓̂𝜇
𝑎 − +

1

2
𝜏𝜇𝜀‾−𝛾

0𝜓̂0
𝑎 +

1

4
𝑒𝜇𝑏𝜀‾+𝛾

𝑏𝜓̂0−
𝑎

+
1

4
𝜀‾+𝛾

𝑎𝜓̂𝜇0− +
1

4
𝑒𝜇𝑏𝜀‾−𝛾

𝑏𝜓̂0+
𝑎 +

1

4
𝜀‾−𝛾

𝑎𝜓̂𝜇0+

 

𝑅̂𝜇𝑣(𝐻) = 0.  

𝜓̂𝑎𝑏− = 0

𝑅̂𝜇𝑣(𝐻) = 0 →  𝜓̂𝜇𝑣+ = 0 →  𝑅̂𝜇𝑣 
𝑎𝑏(𝐽) = 0

𝛾𝑎𝜓̂𝑎0− = 0 →  𝑅̂0𝑎 
𝑎(𝐺) = 0.

 

𝑅̂𝑎𝑏
𝑐 (𝐺) = 0, 𝑅̂0[𝑎

𝑏]
(𝐺) = 0  
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[𝛿𝑄(𝜀1), 𝛿𝑄(𝜀2)] =𝛿g.c.t. (𝜉
𝜇) + 𝛿𝐽𝑎𝑏(𝜆

𝑎 𝑏) + 𝛿𝐺𝑎(𝜆
𝑎) + 𝛿𝑄+(𝜀+)

 +𝛿𝑄−(𝜀−) + 𝛿𝑀(𝜎)
 

𝜉𝜇=
1

2
(𝜀‾2+𝛾

0𝜀1+)𝜏
𝜇 +

1

2
(𝜀‾2+𝛾

𝑎𝜀1− + 𝜀‾2−𝛾
𝑎𝜀1+)𝑒𝑎

𝜇
 

𝜆𝑏
𝑎= −𝜉𝜇𝜔𝜇

𝑎 𝑏  

𝜆𝑎= −𝜉𝜇𝜔𝜇
𝑎  

𝜀±= −𝜉
𝜇𝜓𝜇±  

𝜎 = −𝜉𝜇𝑚𝜇 + (𝜀‾2−𝛾
0𝜀1−)

 

𝜏𝜇(𝑥
𝑣) = 𝛿𝜇  

∅, 𝜔𝜇  
𝑎𝑏(𝑥𝑣) = 0.  

𝜉∅(𝑥𝑣) = 𝜉∅, 𝜆𝑎𝑏(𝑥𝑣) = 𝜆𝑎𝑏  

𝑒𝑖  
𝑎(𝑥𝑣) = 𝛿𝑖  

𝑎.  

𝜉𝑎(𝑥𝑣) = 𝜉𝑎(𝑡) − 𝜆𝑎𝑖𝑥
𝑖 .  

𝜏𝜇(𝑥
𝑣) = 𝛿𝜇  

∅, 𝑒𝜇 
𝑎(𝑥𝑣) = (−𝜏𝑎(𝑥𝑣), 𝛿𝑖

𝑎),

𝜏𝜇(𝑥𝑣) = (1, 𝜏𝑎(𝑥𝑣)), 𝑒𝑎 
𝜇(𝑥𝑣) = (0, 𝛿𝑖  𝑎),

 

𝛿𝜏𝑎(𝑥𝑣) =𝜆𝑎 𝑏𝜏
𝑏(𝑥𝑣) − 𝜆𝑐 𝑑𝑥

𝑑𝜕𝑐𝜏
𝑎(𝑥𝑣) + 𝜉∅𝜕∅𝜏

𝑎(𝑥𝑣) + 𝜉𝑗(𝑡)𝜕𝑗𝜏
𝑎(𝑥𝑣)

 −𝜉𝑎(𝑡) − 𝜆𝑎(𝑥𝑣)

𝛿𝑚𝑖(𝑥
𝑣) =𝜉∅𝜕∅𝑚𝑖(𝑥

𝑣) + 𝜉𝑗(𝑡)𝜕𝑗𝑚𝑖(𝑥
𝑣) + 𝜆𝑖  

𝑗𝑚𝑗(𝑥
𝑣) − 𝜆𝑗 𝑘𝑥

𝑘𝜕𝑗𝑚𝑖(𝑥
𝑣)

 +𝜆𝑖(𝑥
𝑣) + 𝜕𝑖𝜎(𝑥

𝑣)

𝛿𝑚∅(𝑥
𝑣) =𝜉∅𝜕∅𝑚∅(𝑥

𝑣) + 𝜉𝑖(𝑡)𝑚𝑖(𝑥
𝑣) + 𝜉𝑖(𝑡)𝜕𝑖𝑚∅(𝑥

𝑣) − 𝜆𝑖  𝑗𝑥
𝑗𝜕𝑖𝑚∅(𝑥

𝑣)

 −𝜆𝑎(𝑥𝑣)𝜏𝑎(𝑥
𝑣) + 𝜎̇(𝑥𝑣)

 

 
𝜕[𝑖𝜏𝑗](𝑥

𝑣) + 𝜕[𝑖𝑚𝑗](𝑥
𝑣) = 0  

𝜏𝑖(𝑥
𝑣) + 𝑚𝑖(𝑥

𝑣) = 𝜕𝑖𝑚(𝑥
𝑣)  

𝛿𝑚(𝑥𝑣) = 𝜉∅𝜕∅𝑚(𝑥
𝑣) − 𝜉𝑘(𝑡)𝑥𝑘 + 𝜉𝑗(𝑡)𝜕𝑗𝑚(𝑥

𝑣) − 𝜆𝑗 𝑘𝑥
𝑘𝜕𝑗𝑚(𝑥

𝑣) + 𝜎(𝑥𝑣) + 𝑌(𝑡)  

𝑚(𝑥𝑣) = 0  

𝜎(𝑥𝜇) = 𝜎(𝑡) + 𝜉𝑎(𝑡)𝑥𝑎  

𝛿𝜏𝑖(𝑥𝑣) =𝜆𝑖  𝑗𝜏
𝑗(𝑥𝑣) − 𝜆𝑗 𝑘𝑥

𝑘𝜕𝑗𝜏
𝑖(𝑥𝑣) + 𝜉∅𝜕∅𝜏

𝑖(𝑥𝑣) + 𝜉𝑗(𝑡)𝜕𝑗𝜏
𝑖(𝑥𝑣) − 𝜉𝑖(𝑡)

−𝜆𝑖(𝑥𝑣)  

𝛿𝑚∅(𝑥
𝑣) =𝜉∅𝜕∅𝑚∅(𝑥

𝑣) − 𝜉𝑖(𝑡)𝜏𝑖(𝑥
𝑣) + 𝜉𝑖(𝑡)𝜕𝑖𝑚∅(𝑥

𝑣) + 𝜉𝑘(𝑡)𝑥𝑘

 −𝜆𝑖  𝑗𝑥
𝑗𝜕𝑖𝑚∅(𝑥

𝑣) − 𝜆𝑖(𝑥𝑣)𝜏𝑖(𝑥
𝑣) + 𝜎̇(𝑡)

 

𝜏𝑎(𝑥𝑣) = 0.  

𝜆𝑖(𝑥𝑣) = −𝜉𝑖(𝑡)  

𝑚∅(𝑥
𝑣) ≡ Φ(𝑥𝑣)  

𝛿Φ(𝑥𝑣) = 𝜉∅𝜕∅Φ(𝑥
𝑣) + 𝜉𝑖(𝑡)𝜕𝑖Φ(𝑥

𝑣) + 𝜉𝑘(𝑡)𝑥𝑘 − 𝜆𝑖  𝑗𝑥
𝑗𝜕𝑖Φ(𝑥

𝑣) + 𝜎̇(𝑡)  

𝜔∅
𝑎(𝑥𝑣) = −𝜕𝑎Φ(𝑥𝑣)  

△Φ = 𝜕𝑎𝜕𝑎Φ = 0  
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[𝛿𝜉∅ , 𝛿𝜉𝑖(𝑡)]Φ(𝑥
𝑣)= 𝛿𝜉𝑖(𝑡)(−𝜉

∅𝜉𝑖(𝑡))Φ(𝑥𝑣)  

[𝛿𝜉∅ , 𝛿𝜎(𝑡)]Φ(𝑥
𝑣)= 𝛿𝜎(𝑡)(−𝜉

∅𝜎̇(𝑡))Φ(𝑥𝑣)  

[𝛿𝜉1𝑖 (𝑡), 𝛿𝜉2𝑖 (𝑡)]Φ
(𝑥𝑣)= 𝛿𝜎(𝑡)(𝜉1

𝑗
(𝑡)𝜉2

𝑗
(𝑡) − 𝜉2

𝑗
(𝑡)𝜉1

𝑗
(𝑡))Φ(𝑥𝑣) 

[𝛿𝜉𝑖(𝑡), 𝛿𝜆𝑗𝑘]Φ(𝑥
𝑣) = 𝛿𝜉𝑖(𝑡)(𝜆

𝑖  𝑗𝜉
𝑗(𝑡))Φ(𝑥𝑣)

 

 

𝜏𝜇(𝑥
𝑣) = 𝛿𝜇

∅, 𝜔𝜇
𝑎𝑏(𝑥𝑣) = 0,𝜓𝜇+(𝑥

𝑣) = 0  

𝜉∅(𝑥𝑣) = 𝜉∅, 𝜆𝑎𝑏(𝑥𝑣) = 𝜆𝑎𝑏 , 𝜀+(𝑥
𝑣) = 𝜀+.  

𝑒𝑖
𝑎(𝑥𝑣) = 𝛿𝑖

𝑎  

𝜕[𝑖𝜔𝑗]
𝑎 = 0, 𝜕[𝑖Ψ𝑗]− = 0  

𝜔𝑖
𝑎 = 𝜕𝑖𝜔

𝑎  

𝜓𝑖−(𝑥
𝑣) = 0  

𝜀−(𝑥
𝑣) = 𝜀−(𝑡) −

1

2
𝜔𝑎𝛾𝑎0𝜀+  

𝜉𝑖(𝑥𝑣) = 𝜉𝑖(𝑡) − 𝜆𝑖  𝑗𝑥
𝑗  

𝜕[𝑖(𝜏𝑗] +𝑚𝑗])(𝑥
𝑣) = 0  

𝜏𝑖(𝑥
𝑣) + 𝑚𝑖(𝑥

𝑣) = 𝜕𝑖𝑚(𝑥
𝑣)  

𝛿𝜕𝑖𝑚 =𝜉∅𝜕∅𝜕𝑖𝑚+ 𝜉
𝑗(𝑡)𝜕𝑗𝜕𝑖𝑚+ 𝜆𝑖

𝑗
𝜕𝑗𝑚 − 𝜆

𝑚 𝑛𝑥
𝑛𝜕𝑚𝜕𝑖𝑚 + 𝜕𝑖𝜎(𝑥

𝑣) − 𝜉𝑖(𝑡)

 −
1

2
𝜀‾+𝛾𝑖𝜓∅−

 

𝑚(𝑥𝑣) = 0  

𝜕𝑖𝜎(𝑥
𝑣) = 𝜉𝑖(𝑡) +

1

2
𝜀‾+𝛾𝑖𝜓∅−(𝑥

𝑣)  

𝛿𝜏𝑖 =𝜉
∅𝜕∅𝜏𝑖 + 𝜉

𝑗(𝑡)𝜕𝑗𝜏𝑖 − 𝜉
𝑖(𝑡) + 𝜆𝑖𝑗𝜏

𝑗 − 𝜆𝑘  𝑙𝑥
𝑙𝜕𝑘𝜏𝑖 − 𝜆𝑖(𝑥

𝑣) −
1

2
𝜀‾+𝛾𝑖𝜓∅−

𝛿𝜕𝑖𝑚∅ =𝜉
∅𝜕∅𝜕𝑖𝑚∅ + 𝜉

𝑗(𝑡)𝜕𝑗𝜕𝑖𝑚∅ + 𝜉
𝑖(𝑡) − 𝜉𝑗(𝑡)𝜕𝑖𝜏𝑗 + 𝜆𝑖  

𝑗𝜕𝑗𝑚∅ − 𝜆
𝑚 𝑛𝑥

𝑛𝜕𝑚𝜕𝑖𝑚∅ −

 −𝜕𝑖(𝜆
𝑗(𝑥𝑣)𝜏𝑗) + 𝜀‾−(𝑡)𝛾

0𝜕𝑖𝜓∅− +
1

2
𝜕𝑖(𝜔

𝑎𝜀‾+𝛾𝑎𝜓∅−) +
1

2
𝜀‾+𝛾𝑖𝜓̇∅−,

𝛿𝜓∅− =𝜉
∅𝜕∅𝜓∅− + 𝜉

𝑖(𝑡)𝜕𝑖𝜓∅− − 𝜆
𝑖  𝑗𝑥

𝑗𝜕𝑖𝜓∅− +
1

4
𝜆𝑎𝑏𝛾𝑎𝑏𝜓∅−

 +𝜀−(𝑡) +
1

2
(𝜔∅ 

𝑎 − 𝜔̇𝑎)𝛾𝑎0𝜀+
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𝜔𝑖
𝑎 ≡ 𝜕𝑖𝜔

𝑎 = −𝜕𝑖𝜏
𝑎  →  𝜔𝑎 = −𝜏𝑎,

𝜔∅
𝑎 = −𝜏̇𝑎 − 𝜕𝑎 (𝑚∅ −

1

2
𝜏𝑖𝜏𝑖) .

 

𝜏𝑖(𝑥𝑣) = 0  

𝜆𝑖(𝑥𝑣) = −𝜉𝑖(𝑡) −
1

2
𝜀‾+𝛾𝑖𝜓∅−(𝑥

𝑣)  

𝜔𝑎 = 0,𝜔∅ 
𝑎 = −𝜕𝑎𝑚∅ ≡ −𝜕

𝑎Φ  

Φ𝑖 = 𝜕𝑖Φ,Ψ = 𝜓∅−  

𝛿Φ𝑖 =𝜉
∅𝜕∅Φ𝑖 + 𝜉

𝑗(𝑡)𝜕𝑗Φ𝑖 + 𝜉
𝑖(𝑡) + 𝜆𝑖

𝑗
Φ𝑗 − 𝜆

𝑚 𝑛𝑥
𝑛𝜕𝑚Φ𝑖 + 𝜀‾−(𝑡)𝛾

0𝜕𝑖Ψ

 +
1

2
𝜀‾+𝛾𝑖Ψ̇,

𝛿Ψ =𝜉∅𝜕∅Ψ+ 𝜉
𝑖(𝑡)𝜕𝑖Ψ − 𝜆

𝑖  𝑗𝑥
𝑗𝜕𝑖Ψ +

1

4
𝜆𝑎𝑏𝛾𝑎𝑏Ψ+ 𝜀−(𝑡) −

1

2
Φ𝑖𝛾𝑖0𝜀+.

 

𝜕[𝑖Φ𝑗](𝑥
𝑣) = 0  

𝛾𝑖𝜕𝑖Ψ(𝑥
𝑣) = 0 ⇔  𝜕[𝑖𝛾𝑗]Ψ(𝑥

𝑣) = 0.  

𝜕𝑖Φ𝑖(𝑥
𝑣) = 0  

𝛾𝑖Ψ = 𝜕𝑖𝜒  

𝛾1𝜕1𝜒 = 𝛾
2𝜕2𝜒  

Ψ = 𝛾1𝜕1𝜒 = 𝛾
2𝜕2𝜒 =

1

2
𝛾𝑖𝜕𝑖𝜒  

𝛿Φ𝑖 = 𝜕𝑖(𝛿Φ)  

𝛿Φ = 𝜉∅𝜕∅Φ+ 𝜉
𝑖(𝑡)𝜕𝑖Φ+ 𝜉

𝑖(𝑡)𝑥𝑖 − 𝜆𝑚 𝑛𝑥
𝑛𝜕𝑚Φ+

1

2
𝜀‾−(𝑡)𝛾

0𝑖𝜕𝑖𝜒 +
1

2
𝜀‾+𝜒̇ + 𝜎(𝑡)  

𝛾𝑖𝛿Ψ = 𝜕𝑖(𝛿𝜒)  

−
1

2
𝛾𝑖Φ

𝑗𝛾𝑗0𝜀+ = −
1

2
𝛾𝑖𝜕

𝑗Φ𝛾𝑗0𝜀+ = −
1

2
𝜕𝑗Φ𝛾𝑖𝑗0𝜀+ −

1

2
𝜕𝑖Φ𝛾0𝜀+  

𝜕𝑖Φ = 𝜀𝑖𝑗𝜕
𝑗Ξ, 𝜕𝑖Ξ = −𝜀𝑖𝑗𝜕

𝑗Φ  

−
1

2
𝛾𝑖Φ

𝑗𝛾𝑗0𝜀+ =
1

2
𝜕𝑖Ξ𝜀+ −

1

2
𝜕𝑖Φ𝛾0𝜀+.  

𝛿𝜒 =𝜉∅𝜕∅𝜒 + 𝜉
𝑖(𝑡)𝜕𝑖𝜒 − 𝜆

𝑚 𝑛𝑥
𝑛𝜕𝑚𝜒 +

1

4
𝜆𝑚𝑛𝛾𝑚𝑛𝜒

 +𝑥𝑖𝛾𝑖𝜀−(𝑡) +
1

2
Ξ𝜀+ −

1

2
Φ𝛾0𝜀+ + 𝜂(𝑡)

 

𝜕𝑖(𝛿Ξ) = −𝜀𝑖𝑗𝜕
𝑗(𝛿Φ)  

𝛿Ξ =𝜉∅𝜕∅Ξ + 𝜉
𝑖(𝑡)𝜕𝑖Ξ + 𝜉

𝑖(𝑡)𝜀𝑖𝑗𝑥
𝑗 − 𝜆𝑚 𝑛𝑥

𝑛𝜕𝑚Ξ

 +
1

2
𝜀‾−(𝑡)𝛾

𝑖𝜕𝑖𝜒 −
1

2
𝜀‾+𝛾0𝜒̇ + 𝜏(𝑡)
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[𝛿𝜀1−(𝑡), 𝛿𝜀2−(𝑡)]= 𝛿𝜎(𝑡) (
d

 d𝑡
(𝜀‾2−(𝑡)𝛾

0𝜀1−(𝑡))) 

[𝛿𝜀1+ , 𝛿𝜀2+]= 𝛿𝜉∅ (
1

2
(𝜀‾2+𝛾

0𝜀1+))  

[𝛿𝜀+ , 𝛿𝜀−(𝑡)]= 𝛿𝜉𝑖(𝑡) (
1

2
(𝜀‾−(𝑡)𝛾

𝑖𝜀+))  

[𝛿𝜂(𝑡), 𝛿𝜀+] = 𝛿𝜎(𝑡) (
1

2
(𝜀‾+𝜂̇(𝑡)))

 

[𝛿𝜉𝑖(𝑡), 𝛿𝜀+] = 𝛿𝜀−(𝑡) (
1

2
𝜉𝑖(𝑡)𝛾0𝑖𝜀+) ,         [𝛿𝜆𝑖𝑗 , 𝛿𝜀+] = 𝛿𝜀+ (−

1

4
𝜆𝑖𝑗𝛾𝑖𝑗𝜀+)         

[𝛿𝜉∅ , 𝛿𝜀−(𝑡)] = 𝛿𝜀−(𝑡)(−𝜉
∅𝜀−(𝑡)),         [𝛿𝜉𝑖(𝑡), 𝛿𝜀−(𝑡)] = 𝛿𝜂(𝑡)(−𝜉

𝑖(𝑡)𝛾𝑖𝜀−(𝑡))         

[𝛿𝜆𝑖𝑗 , 𝛿𝜀−(𝑡)] = 𝛿𝜀−(𝑡) (−
1

4
𝜆𝑖𝑗𝛾𝑖𝑗𝜀−(𝑡)) ,        [𝛿𝜎(𝑡), 𝛿𝜀+] = 𝛿𝜂(𝑡) (

1

2
(𝜎(𝑡)𝛾0𝜀+))         

[𝛿𝜉∅ , 𝛿𝜂(𝑡)]= 𝛿𝜂(𝑡)(−𝜉
∅𝜂̇(𝑡)),         [𝛿𝜆𝑖𝑗 , 𝛿𝜂(𝑡)]= 𝛿𝜂(𝑡) (−

1

4
𝜆𝑖𝑗𝛾𝑖𝑗𝜂(𝑡))         

 

 

 

tr(𝐺𝑎𝑃𝑏) = 𝛿𝑎𝑏 , tr(𝐻𝑆) = tr(𝑀𝐽) = −1.  

𝑆 =
𝑘

4𝜋
∫  tr (𝐴 ∧ 𝑑𝐴 +

2

3
𝐴 ∧ 𝐴 ∧ 𝐴) ,  

𝐴𝜇 = 𝜏𝜇𝐻 + 𝑒𝜇  
𝑎𝑃𝑎 + 𝜔𝜇𝐽 + 𝜔𝜇  

𝑎𝐺𝑎 +𝑚𝜇𝑀 + 𝑠𝜇𝑆.  

𝑆 =
𝑘

4𝜋
∫   d3𝑥(𝜀𝜇𝑣𝜌𝑒𝜇

𝑎𝑅𝑣𝜌𝑎(𝐺) − 𝜀
𝜇𝑣𝜌𝑚𝜇𝑅𝑣𝜌(𝐽) − 𝜀

𝜇𝑣𝜌𝜏𝜇𝑅𝑣𝜌(𝑆)),  

𝑅𝜇𝑣
𝑎 (𝐺)≡ 2𝜕[𝜇𝜔𝑣]

𝑎 + 2𝜀𝑎𝑏𝜔[𝜇𝜔𝑣]𝑏 , 𝑅𝜇𝑣(𝐽) ≡ 2𝜕[𝜇𝜔𝑣] 

𝑅𝜇𝑣(𝑆) ≡ 2𝜕[𝜇𝑠𝑣] + 𝜀
𝑎𝑏𝜔[𝜇𝑎𝜔𝑣]𝑏

 

𝑅𝜇𝑣
𝑎 (𝑃)≡ 2𝜕[𝜇𝑒𝑣]

𝑎 + 2𝜀𝑎𝑏𝜔[𝜇𝑒𝑣]𝑏 − 2𝜀
𝑎𝑏𝜔[𝜇𝑏𝜏𝑣] = 0 

𝑅𝜇𝑣(𝑀) ≡ 2𝜕[𝜇𝑚𝑣] + 2𝜀
𝑎𝑏𝜔[𝜇𝑎𝑒𝑣]𝑏 = 0

 

[𝐽, 𝑄±] = −
1

2
𝛾0𝑄

±, [𝐽, 𝑅] = −
1

2
𝛾0𝑅, [𝐺𝑎, 𝑄

+] = −
1

2
𝛾𝑎𝑄

−

[𝐺𝑎, 𝑄
−] = −

1

2
𝛾𝑎𝑅, [𝑆, 𝑄+] = −

1

2
𝛾0𝑅

{𝑄𝛼
+, 𝑄𝛽

+} = (𝛾0𝐶
−1)𝛼𝛽𝐻, {𝑄𝛼

+, 𝑄𝛽
−} = −(𝛾𝑎𝐶−1)𝛼𝛽𝑃𝑎

{𝑄𝛼
−, 𝑄𝛽

−} = (𝛾0𝐶
−1)𝛼𝛽𝑀, {𝑄𝛼

+, 𝑅𝛽} = (𝛾0𝐶
−1)𝛼𝛽𝑀
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tr(𝑄𝛼
+𝑅𝛽) = 2(𝐶

−1)𝛼𝛽 , tr(𝑄𝛼
−𝑄𝛽

−) = 2(𝐶−1)𝛼𝛽  

𝐴𝜇 = 𝜏𝜇𝐻+𝑒𝜇 
𝑎𝑃𝑎 + 𝜔𝜇𝐽 + 𝜔𝜇  

𝑎𝐺𝑎 +𝑚𝜇𝑀 + 𝑠𝜇𝑆 

 +𝜓‾𝜇
+𝑄+ + 𝜓‾𝜇

−𝑄− + 𝜌‾𝜇𝑅
 

𝑆 =
𝑘

4𝜋
∫   d3𝑥(𝜀𝜇𝑣𝜌𝑒𝜇

𝑎𝑅𝑣𝜌𝑎(𝐺) − 𝜀
𝜇𝑣𝜌𝑚𝜇𝑅𝑣𝜌(𝐽) − 𝜀

𝜇𝑣𝜌𝜏𝜇𝑅𝑣𝜌(𝑆)

+𝜀𝜇𝑣𝜌𝜓‾𝜇
+𝜌̂𝑣𝜌 + 𝜀

𝜇𝑣𝜌𝜌‾𝜇𝜓̂𝑣𝜌
+ + 𝜀𝜇𝑣𝜌𝜓‾𝜇

−𝜓̂𝑣𝜌
− )

 

𝜓̂𝜇𝑣
+ = 2𝜕[𝜇𝜓𝑣]

+ + 𝜔[𝜇𝛾0𝜓𝑣]
+

𝜓̂𝜇𝑣
− = 2𝜕[𝜇𝜓𝑣]

− + 𝜔[𝜇𝛾0𝜓𝑣]
− +𝜔[𝜇 

𝑎𝛾𝑎𝜓𝑣]
+

𝜌̂𝜇𝑣 = 2𝜕[𝜇𝜌𝑣] + 𝜔[𝜇𝛾0𝜌𝑣] +𝜔[𝜇 
𝑎𝛾𝑎𝜓𝑣]

− + 𝑠[𝜇𝛾0𝜓𝑣]
+

 

𝛿𝜏𝜇= −𝜀‾
+𝛾0𝜓𝜇

+  

𝛿𝑒𝜇
𝑎= 𝜀‾+𝛾𝑎𝜓𝜇

− + 𝜀‾−𝛾𝑎𝜓𝜇
+  

𝛿𝑚𝜇= −𝜀‾
−𝛾0𝜓𝜇

− − 𝜀‾+𝛾0𝜌𝜇 − 𝜂‾𝛾0𝜓𝜇
+  

𝛿𝜓𝜇
+ = 𝜕𝜇𝜀

+ +
1

2
𝜔𝜇𝛾0𝜀

+

𝛿𝜓𝜇
−= 𝜕𝜇𝜀

− +
1

2
𝜔𝜇𝛾0𝜀

− +
1

2
𝜔𝜇
𝑎𝛾𝑎𝜀

+  

𝛿𝜌𝜇  = 𝜕𝜇𝜂 +
1

2
𝜔𝜇𝛾0𝜂 +

1

2
𝜔𝜇
𝑎𝛾𝑎𝜀

− +
1

2
𝑠𝜇𝛾0𝜀

+

 

𝐹𝛼 ≡ d𝐴𝛼 +
1

2
𝑓𝛽𝛾
𝛼 𝐴𝛽 ∧ 𝐴𝛾 = 0  

[𝑉0, 𝑉0] ⊂ 𝑉0, [𝑉0, 𝑉1] ⊂ 𝑉1, [𝑉1, 𝑉1] ⊂ 𝑉0  

𝐹𝛼0= d𝐴𝛼0 +
1

2
𝑓𝛽0𝛾0
𝛼0 𝐴𝛽0 ∧ 𝐴𝛾0 +

1

2
𝑓𝛽1𝛾1
𝛼0 𝐴𝛽1 ∧ 𝐴𝛾1 = 0 

𝐹𝛼1 = d𝐴𝛼1 + 𝑓𝛽0𝛾1
𝛼1 𝐴𝛽0 ∧ 𝐴𝛾1 = 0

 

𝐴𝛼0= ∑  

∞

𝑛=0

  𝜆2𝑛𝐴(2𝑛)
𝛼0 = 𝐴(0)

𝛼0 + 𝜆2𝐴(2)
𝛼0 + 𝜆4𝐴(4)

𝛼0 +⋯ ,  

𝐴𝛼1  = ∑  

∞

𝑛=0

 𝜆2𝑛+1𝐴(2𝑛+1)
𝛼1 = 𝜆𝐴(1)

𝛼1 + 𝜆3𝐴(3)
𝛼1 + 𝜆5𝐴(5)

𝛼1 +⋯ .

 

𝐴𝛼0 = ∑  

𝑁0/2

𝑛=0

 𝜆2𝑛𝐴(2𝑛)
𝛼0 = 𝐴(0)

𝛼0 + 𝜆2𝐴(2)
𝛼0 +⋯+ 𝜆𝑁0𝐴(𝑁0)

𝛼0

𝐴𝛼1 = ∑  

(𝑁1−1)/2

𝑛=0

 𝜆2𝑛+1𝐴(2𝑛+1)
𝛼1 = 𝜆𝐴(1)

𝛼1 + 𝜆3𝐴(3)
𝛼1 +⋯+ 𝜆𝑁1𝐴(𝑁1)

𝛼1

 

d𝐴(2𝑛0)
𝛼0 +

1

2
𝑓𝛽0𝛾0
𝛼0 ∑ 

𝑛0

𝑟=0

 𝐴(2𝑟)
𝛽0 ∧ 𝐴

(2(𝑛0−𝑟))

𝛾0 +
1

2
𝑓𝛽1𝛾1
𝛼0 ∑ 

𝑛0

𝑟=1

 𝐴(2𝑟−1)
𝛽1 ∧ 𝐴(2(𝑛0−𝑟)+1)

𝛾1 = 0

 d𝐴(2𝑛1+1)
𝛼1 + 𝑓𝛽0𝛾1

𝛼1 ∑ 

𝑛1

𝑟=0

 𝐴(2𝑟)
𝛽0 ∧ 𝐴(2(𝑛1−𝑟)+1)

𝛾1 = 0

 

𝑁1 = 𝑁0 ± 1.  

𝐴𝜇 = 𝐸𝜇 
𝐴̂𝑃𝐴̂ + Ω𝜇  

𝐴̂𝐽𝐴̂ + 𝜀‾
𝑖𝑄𝑖  

𝑅𝜇𝑣 
𝐴̂(𝑃)≡ 2𝜕[𝜇𝐸𝑣] 

𝐴̂ + 2𝜀 𝐴̂ 𝐵̂𝐶̂Ω[𝜇 
𝐵̂𝐸𝑣] 

𝐶̂ − 𝜓‾𝜇 
𝑖𝛾 𝐴̂𝜓𝑣

𝑗
𝛿𝑖𝑗 

𝑅𝜇𝑣 
𝐴̂(𝐽)≡ 2𝜕[𝜇Ω𝑣] 

𝐴̂ + 𝜀 𝐴̂ 𝐵̂𝐶̂Ω𝜇  
𝐵̂Ω𝑣 

𝐶̂  

𝑅𝜇𝑣(𝑄
𝑖) ≡ 2𝜕[𝜇𝜓𝑣]

𝑖 + Ω[𝜇  
𝐴̂𝛾𝐴̂𝜓𝑣]

𝑖
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𝑄± =
1

√2
(𝑄1 ± 𝛾0𝑄

2), 𝜓𝜇± =
1

√2
(𝜓𝜇

1 ± 𝛾0𝜓𝜇
2)  

𝑅𝜇𝑣 
0(𝑃)≡ 2𝜕[𝜇𝐸𝑣] 

0 + 2𝜀𝑎𝑏Ω[𝜇 
𝑎𝐸𝑣] 

𝑏 − 𝜓‾𝜇+𝛾
0𝜓𝑣+ − 𝜓‾𝜇−𝛾

0𝜓𝑣− = 0  

𝑅𝜇𝑣 
0(𝐽)≡ 2𝜕[𝜇Ω𝑣] 

0 + 𝜀𝑎𝑏Ω[𝜇  
𝑎Ω𝑣] 

𝑏 = 0  

𝑅𝜇𝑣(𝑄+)≡ 2𝜕[𝜇𝜓𝑣]+ + Ω[𝜇  
0𝛾0𝜓𝑣]+ +Ω[𝜇  

𝑎𝛾𝑎𝜓𝑣]− = 0  

𝑅𝜇𝑣 
𝑎(𝑃)≡ 2𝜕[𝜇𝐸𝑣] 

𝑎 + 2𝜀𝑎  𝑏Ω[𝜇  
0𝐸𝑣] 

𝑏 − 2𝜀𝑎 𝑏Ω[𝜇 
𝑏𝐸𝑣] 

0 − 2𝜓‾[𝜇+𝛾
𝑎𝜓𝑣]− = 0 

𝑅𝜇𝑣 
𝑎(𝐽)≡ 2𝜕[𝜇Ω𝑣] 

𝑎 + 2𝜀𝑎 𝑏Ω[𝜇  
0Ω𝑣] 

𝑏 = 0  

𝑅𝜇𝑣(𝑄−) ≡ 2𝜕[𝜇𝜓𝑣]− + Ω[𝜇 
0𝛾0𝜓𝑣]− + Ω[𝜇 

𝑎𝛾𝑎𝜓𝑣]+ = 0

 

𝑉0 = {𝑃
0, 𝐽0, 𝑄+}  and  𝑉1 = {𝑃

𝑎, 𝐽𝑎, 𝑄−}  

𝐸𝜇  
0 = 𝜏𝜇(0) + 𝜆

2𝜏𝜇(2), Ω𝜇  
0 = 𝜔𝜇(0) + 𝜆

2𝜔𝜇(2), 𝜓𝜇+ = 𝜓𝜇+(0) + 𝜆
2𝜓𝜇+(2)

𝐸𝜇  
𝑎 = 𝜆𝑒𝜇(1) 

𝑎, Ω𝜇  
𝑎 = 𝜆𝜔𝜇(1) 

𝑎, 𝜓𝜇− = 𝜆𝜓𝜇−(1)
 

2𝜕[𝜇𝜏𝑣](0) −𝜓‾𝜇+(0)𝛾
0𝜓𝑣+(0) = 0,

2𝜕[𝜇𝜏𝑣](2) + 2𝜀
𝑎  𝑏𝜔[𝜇(1) 

𝑎𝑒𝑣](1) 
𝑏 −𝜓‾𝜇−(1)𝛾

0𝜓𝑣−(1) − 2𝜓‾[𝜇+(0)𝛾
0𝜓𝑣]+(2) = 0,

2𝜕[𝜇𝜔𝑣](0) = 0,

2𝜕[𝜇𝜔𝑣](2) + 𝜀𝑎𝑏𝜔[𝜇(1) 
𝑎𝜔𝑣](1) 

𝑏 = 0,

2𝜕[𝜇𝜓𝑣]+(0) +𝜔[𝜇(0)𝛾0𝜓𝑣]+(0) = 0,

2𝜕[𝜇𝜓𝑣]+(2) +𝜔[𝜇(0)𝛾0𝜓𝑣]+(2) + 𝜔[𝜇(2)𝛾0𝜓𝑣]+(0) +𝜔[𝜇(1) 
𝑎𝛾𝑎𝜓𝑣]−(1) = 0,

2𝜕[𝜇𝑒𝑣](1) 
𝑎 + 2𝜀𝑎 𝑏𝜔[𝜇(0)𝑒𝑣](1) 

𝑏 − 2𝜀𝑎 𝑏𝜔[𝜇(1) 
𝑏𝜏𝑣](0) − 2𝜓‾𝜇+(0)𝛾

𝑎𝜓𝑣]−(1) = 0,

2𝜕[𝜇𝜔𝑣](1) 
𝑎 + 2𝜀𝑎 𝑏𝜔[𝜇(0)𝜔𝑣](1) 

𝑏 = 0,

2𝜕[𝜇𝜓𝑣]−(1) +𝜔[𝜇(0)𝛾0𝜓𝑣]−(1) + 𝜔[𝜇(1) 
𝑎𝛾𝑎𝜓𝑣]+(0) = 0.

 

𝜏𝜇(0) → 𝜏𝜇 , 𝜏𝜇(2) → 𝑚𝜇, 𝑒𝜇(1)
𝑎 → 𝑒𝜇

𝑎

𝜔𝜇(0) → 𝜔𝜇 , 𝜔𝜇(2) → 𝑠𝜇, 𝜔𝜇(1)
𝑎 → 𝜔𝜇

𝑎

𝜓𝜇+(0) → 𝜓𝜇+, 𝜓𝜇+(2) → 𝜌𝜇 , 𝜓𝜇−(1) → 𝜓𝜇−

 

{𝐸𝜇
𝐴̂, 𝐵𝜇𝑣 , Φ;Ψ𝜇, 𝜆}  

𝑆 =
1

2𝜅2
∫   d10𝑥𝐸e−2Φ {ℛ + 4𝜕𝜇Φ𝜕

𝜇Φ−
1

12
ℋ𝜇𝑣𝜌ℋ

𝜇𝑣𝜌}  

ℋ𝜇𝑣𝜌 = 3𝜕[𝜇𝐵𝑣𝜌]  

𝛿𝐸𝜇  
𝐴̂  = Λ𝐴̂ 𝐵̂𝐸𝜇 

𝐵̂ + 𝜀‾Γ𝐴̂Ψ𝜇

𝛿𝐵𝜇𝜈  = 2𝜕[𝜇Θ𝑣] + 2𝜀‾Γ[𝜇Ψ𝑣], 𝛿Φ =
1

2
𝜀‾𝜆

𝛿Ψ𝜇  =
1

4
Λ𝐴̂𝐵̂Γ𝐴̂𝐵̂Ψ𝜇 +𝐷𝜇(Ω

(+))𝜀

𝛿𝜆 =
1

4
Λ𝐴̂𝐵̂Γ𝐴̂𝐵̂𝜆 + Γ

𝜇𝜀𝜕𝜇Φ−
1

12
Γ𝐴̂𝐵̂𝐶̂𝜀ℋ𝐴̂𝐵̂𝐶̂

 

𝐷𝜇(Ω
(+))𝜀 = 𝜕𝜇𝜀 −

1

4
Ω𝜇
(+)𝐴̂𝐵̂

Γ𝐴̂𝐵̂𝜀 with Ω𝜇
(+)𝐴̂𝐵̂

= Ω𝜇
𝐴̂𝐵̂ +

1

2
ℋ𝜇
𝐴̂𝐵̂  

 

𝜒± = Π±𝜒  with  Π± =
1

2
(𝟙 ± Γ01)  for any spinor 𝜒  

𝛿𝐷𝜏𝜇  
𝐴 = 𝜆𝐷𝜏𝜇  

𝐴, 𝛿𝑒𝜇  
𝑎 = 0  

𝛿𝜙 = 𝜆𝐷.  

𝑆 = 𝜔2𝑆(2) + 𝑆(0) + 𝜔−2𝑆(−2) +𝜔−4𝑆(−4)  
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𝑆(2) = 0  

𝛿𝑄𝐹 = 𝜔
2𝛿𝑄

(2)
𝐹 + 𝛿𝑄

(0)
𝐹 + 𝜔−2𝛿𝑄

(−2)
𝐹  

𝛿𝑄𝑆 = 𝜔
2𝛿𝑄
(2)
𝑆(0) + 𝜔0 (𝛿𝑄

(0)
𝑆(0) + 𝛿𝑄

(2)
𝑆(−2)) + 𝒪(𝜔−2)  

 (1)  𝛿𝑄
(2)
𝑆(0) = 0

 (2)  𝛿𝑄
(0)
𝑆(0) = −𝛿𝑄

(2)
𝑆(−2)

 

𝛿𝑆𝜓𝜇+ =
1

2
𝜏𝜇
+Γ+𝜂−, 𝛿𝑆𝜆− = 𝜂−

𝛿𝑇𝜓𝜇− = 𝜏𝜇
+𝜌−

 

𝑇𝑎𝑏 
𝐴, 𝑇𝑎 

{𝐴𝐵}, ℎ𝑎𝑏𝑐 ,  

𝜔{𝐴𝐵}𝑎 and 𝑏𝐴  

𝑇𝑎𝑏
− = 𝑇𝑎+

− = 0  

𝜏[𝜇
− 𝜕𝑣𝜏𝜌]

− = 0  

[𝜀‾𝑄, 𝜂‾𝑆 or 𝜂‾𝑇] ∼ 𝜆𝐷𝐷  

𝛿𝐷𝜓𝜇± = ±
1

2
𝜆𝐷𝜓𝜇±, 𝛿𝐷𝜆± = ±

1

2
𝜆𝐷𝜆±  

𝛿𝐺𝑀 ∼ 𝐵  but not  𝛿𝐺𝐵 ∼ 𝑀  

𝛿𝑄𝑀 ∼ 𝐵  and  𝛿𝑄𝐵 ∼ 𝑀.  

𝑆𝑁𝑅 = 𝑆𝐵 + 𝑆𝜆𝜆 + 𝑆𝜆𝜓 + 𝑆𝜓𝜓 +𝔔  

𝑆𝐵 =
1

2𝜅2
∫   d10𝑥𝑒e−2𝜙(R(𝐽) + 4𝜕𝑎𝜙𝜕

𝑎𝜙 −
1

12
ℎ𝑎𝑏𝑐ℎ

𝑎𝑏𝑐

−4𝑒𝑎 
𝜇(𝜕𝜇𝑏

𝑎 − 𝜔𝜇  
𝑎𝑏𝑏𝑏 −𝜔𝜇  

𝐴𝑏𝜏𝑎 𝑏𝐴) 

−4𝑏𝑎𝑏
𝑎 − 4𝜏𝑎{𝐴𝐵}𝜏

𝑎{𝐴𝐵})

 

R𝜇𝑣(𝐽)
𝑎𝑏 =2𝜕[𝜇𝜔𝑣]

𝑎𝑏 + 2𝜔[𝜇
𝑎𝑐𝜔𝑣]

𝑏  𝑐

+2𝑒[𝜇
𝑐 (2𝜔𝑣]

𝐶[𝑎
𝜏𝑏] 𝑐𝐶 − 𝜔𝑣]𝐶𝑐𝜏

𝑎𝑏𝐶)  

 +8𝜏[𝜇
𝐴 (𝜔𝑣]

𝐵[𝑎
𝜏𝑏] {𝐴𝐵} −

1

8
𝜀𝐴
𝐵𝜔𝑣]𝐵𝑐ℎ

𝑎𝑏𝑐)

 

𝑏𝜇  = 𝑒𝜇  
𝑎𝜏𝑎𝐴 

𝐴 + 𝜏𝜇  
𝐴𝜕𝐴𝜙,

𝜔𝜇  = (𝜏𝜇  
𝐴𝐵 −

1

2
𝜏𝜇  

𝐶𝜏𝐴𝐵𝐶) 𝜀𝐴𝐵 − 𝜏𝜇  
𝐴𝜀𝐴𝐵𝜕

𝐵𝜙,

𝜔𝜇  
𝐴𝑎  = −𝑒𝜇  

𝐴𝑎 + 𝑒𝜇𝑏𝑒
𝐴𝑎𝑏 +

1

2
𝜀𝐴 𝐵ℎ𝜇 

𝐵𝑎 + 𝜏𝜇𝐵𝑊
𝐵𝐴𝑎,

𝜔𝜇  
𝑎𝑏  = −2𝑒𝜇 

[𝑎𝑏] + 𝑒𝜇𝑐𝑒
𝑎𝑏𝑐 −

1

2
𝜏𝜇  

𝐴𝜀𝐴𝐵ℎ
𝐵𝑎𝑏,

 

𝜏𝜇𝑣 
𝐴 = 𝜕[𝜇𝜏𝑣] 

𝐴  and  𝑒𝜇𝑣 
𝑎 = 𝜕[𝜇𝑒𝑣] 

𝑎.  

𝑆𝜆𝜆 =
1

2𝜅2
∫   d10𝑥𝑒e−2𝜙(2𝜆‾±Γ

𝑎𝐷𝑎𝜆∓ + 2𝜆‾+Γ
𝐴𝐷𝐴𝜆+

−
1

6
ℎ𝑎𝑏𝑐(𝜆‾+Γ

𝑎𝑏𝑐𝜆−) + 𝜏𝑏𝑐𝐴(𝜆‾−Γ
𝑏𝑐𝐴𝜆−))
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𝑆𝜆𝜓 =
1

2𝜅2
∫   d10𝑥𝑒e−2𝜙(−4𝜆‾±Γ

𝑎𝑏𝑒𝑎
𝜇
𝑒𝑏
𝑣𝐷[𝜇𝜓𝑣]∓ − 8𝜆‾+Γ

𝐴𝑏𝜏𝐴
𝜇
𝑒𝑏
𝑣𝐷[𝜇𝜓𝑣]+  

−4𝜆‾±Γ
𝑎𝑏𝜓𝑎∓𝐷𝑏𝜙 − 4𝜆‾+Γ

𝐴𝑏𝜓𝐴+𝐷𝑏𝜙  

+
1

6
ℎ𝑎𝑏𝑐(𝜆‾±Γ

𝑎𝑏𝑐𝑑𝜓𝑑∓) +
1

2
ℎ𝑎𝑏𝑐(𝜆‾+Γ

𝑎𝑏𝑐𝐷𝜓𝐷+) 

−(𝜂𝐷𝐴 + 𝜀𝐷𝐴)𝜏𝑏𝑐𝐷(𝜆‾−Γ
𝑏𝑐𝜓𝐴+ − 𝜆‾+Γ

𝑏𝑐𝜓𝐴−)  

+2𝜏𝑏𝑐  
𝐴𝜆‾±Γ

𝑏𝑐𝜓𝐴∓ + 2𝜏
𝑐{𝐴𝐵}𝜆‾+Γ𝑐𝐴𝜓𝐵+  

−2𝜏𝑏𝑐𝐴𝜆‾−Γ
𝐴𝑏𝑐𝑑𝜓𝑑−)

 

𝑆𝜓𝜓 =
1

2𝜅2
∫   d10𝑥𝑒e−2𝜙(−2𝜓‾𝐴+Γ

𝐴𝑏𝑐𝑒𝑏 
𝜇𝑒𝑐 

𝑣𝐷[𝜇𝜓𝑣]+ − 4𝜓‾𝑎+Γ
𝑎𝑏𝐶𝑒𝑏 

𝜇𝜏𝐶  
𝑣𝐷[𝜇𝜓𝑣]+ 

−2𝜓‾𝑎±Γ
𝑎𝑏𝑐𝑒𝑏 

𝜇𝑒𝑐 
𝑣𝐷[𝜇𝜓𝑣]∓ +

1

2
ℎ𝑎𝑏𝑐(𝜓‾𝑎±Γ𝑏𝜓𝑐∓)  

−
1

6
ℎ𝑎𝑏𝑐 (𝜓‾𝑑+Γ

𝑎𝑏𝑐𝑑𝐸𝜓𝐸+ +
1

2
𝜓‾𝑑±Γ

𝑎𝑏𝑐𝑑𝑒𝜓𝑒∓) +  

−4(𝜓‾𝑎±Γ
𝑎𝜓𝑏± + 𝜓‾𝐴+Γ

𝐴𝜓𝑏+)𝐷
𝑏𝜙  

 −2(𝜂𝐴𝐷 + 𝜀𝐴𝐷)𝜏𝑏𝑐  𝐷𝜓‾𝑐±Γ𝑏𝜓𝐴∓ + 2𝜏
𝑏𝑐𝐴(𝜓‾𝑏−Γ𝐴𝜓𝐶′−)

−2(𝜂𝐵𝐶 − 𝜀𝐵𝐶)𝜏
𝑐{𝐴𝐵}𝜓‾𝐶  𝐴𝜓𝑐+  

+(𝜂𝐴𝐵 + 𝜀𝐴𝐵)𝜏𝑏𝑐  
𝐴𝜓‾𝑑±Γ

𝐵𝑏𝑐𝑑𝐸𝜓𝐸∓  

+𝜏𝑏𝑐  
𝐴𝜓‾𝑑−Γ𝐴Γ

𝑏𝑐𝑑𝑒𝜓𝑒−)

 

𝛿𝜏𝜇  
𝐴  = 𝜀‾+Γ

𝐴𝜓𝜇+
𝛿𝑒𝜇 

𝑎  = 𝜀‾+Γ
𝑎𝜓𝜇− + 𝜀‾−Γ

𝑎𝜓𝜇+

𝛿𝜙 =
1

2
(𝜀‾+𝜆− + 𝜀‾−𝜆+)

𝛿𝑏𝜇𝑣  = 4𝜏[𝜇 
𝐴𝜀‾−Γ𝐴𝜓𝑣]− + 2(𝑒[𝜇 

𝑎𝜀‾+Γ𝑎𝜓𝑣]− + 𝑒[𝜇  
𝑎𝜀‾−Γ𝑎𝜓𝑣]+)

 

𝛿𝜓𝜇+  = 𝛿+𝜓𝜇+ + 𝛿−𝜓𝜇−
𝛿𝜓𝜇−  = 𝛿+𝜓𝜇− + 𝛿−𝜓𝜇−
𝛿𝜆+  = 𝛿+𝜆+ + 𝛿−𝜆+
𝛿𝜆−  = 𝛿+𝜆− + 𝛿−𝜆−

 

𝛿+𝜓𝜇+ = 𝒟𝜇𝜀+ −
1

8
𝑒𝜇𝑐ℎ

𝑐𝑎𝑏Γ𝑎𝑏𝜀+

𝛿−𝜓𝜇+ = (𝑒𝜇𝑏𝜏
𝑏𝑎+ + 𝜏𝜇  

−𝜏𝑎++)Γ𝑎+𝜀−

𝛿+𝜓𝜇− = −
1

2
𝜔𝜇  

−𝑎Γ−𝑎𝜀+

𝛿−𝜓𝜇− = 𝒟𝜇𝜀− −
1

8
𝑒𝜇𝑐ℎ

𝑐𝑎𝑏Γ𝑎𝑏𝜀−

𝛿+𝜆+ = (𝜕𝑎𝜙Γ
𝑎 − 𝑏𝑎Γ

𝑎 −
1

12
ℎ𝑎𝑏𝑐Γ𝑎𝑏𝑐) 𝜀+

𝛿−𝜆+ =
1

2
𝜏𝑎𝑏+Γ𝑎𝑏+𝜀−

𝛿+𝜆− = 0

𝛿−𝜆− = (𝜕𝑎𝜙Γ
𝑎 − 𝑏𝑎Γ

𝑎 −
1

12
ℎ𝑎𝑏𝑐Γ𝑎𝑏𝑐) 𝜀−

 

𝒟𝜇𝜀± = (𝜕𝜇 −
1

4
𝜔𝜇
𝑎𝑏Γ𝑎𝑏 ±

1

2
𝜔𝜇 ∓

1

2
𝑏𝜇) 𝜀±  

d𝑠2 = 𝑒2𝐴 d𝑠2(ℳ2) + d𝑠
2(ℳ8)  

𝐹tot = vol2 ∧ 𝐹
el + 𝐹  

𝐹el = 𝑒2𝐴 ⋆8 𝜎(𝐹),  

𝜒(ℳ8) =
1

2
∫  
ℳ8

  (𝑝2 −
1

4
𝑝1
2)  

𝜖1 =
𝛼

√2
𝜁+⊗ (𝜂 + 𝜂𝑐), 𝜖2 =

𝛼

√2
𝜁−⊗ (𝑒𝑖𝜃𝜂 + 𝑒−𝑖𝜃𝜂𝑐)  
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∇𝜇𝜓 = 𝑊𝛾𝜇𝜓  

𝑅 = −8𝑊2,  

𝛿𝜆1= (𝜕𝜙 +
1

2
𝐻) 𝜖1 −

1

16
𝑒𝜙Γ𝑀𝐹totΓ𝑀𝜖2 = 0  

𝛿𝜆2= (𝜕𝜙 −
1

2
𝐻) 𝜖2 −

1

16
𝑒𝜙Γ𝑀𝜎(𝐹tot)Γ𝑀𝜖1 = 0 

𝛿𝜓𝑀
1  = (∇𝑀 +

1

4
𝐻𝑀) 𝜖1 −

1

16
𝑒𝜙𝐹totΓ𝑀𝜖2 = 0

𝛿𝜓𝑀
2  = (∇𝑀 −

1

4
𝐻𝑀) 𝜖2 −

1

16
𝑒𝜙𝜎(𝐹tot)Γ𝑀𝜖1 = 0

 

𝑆𝑀1…𝑀𝑞 ≡
1

𝑝!
Γ𝑁1…𝑁𝑝𝑆𝑁1…𝑁𝑝𝑀1…𝑀𝑞  

𝑊= 0  
2 d𝐴 + ℎ1= 0  

(2 d𝜙 + ℎ1 + ℎ3) (𝜂 + 𝜂
𝑐)= 0  

(2 d𝜙 + ℎ1 − ℎ3) (𝑒
𝑖𝜃𝜂 + 𝑒−𝑖𝜃𝜂𝑐) = 0

(∇𝑚 + 𝜕𝑚log 𝛼 +
1

4
ℎ1∣𝑚 +

1

4
ℎ3∣𝑚) (𝜂 + 𝜂

𝑐) = 0

(∇𝑚 + 𝜕𝑚log 𝛼 +
1

4
ℎ1∣𝑚 −

1

4
ℎ3∣𝑚) (𝑒

𝑖𝜃𝜂 + 𝑒−𝑖𝜃𝜂𝑐) = 0

 

𝜎(𝐹)(𝜂 + 𝜂𝑐)= 0  

𝜎(𝐹)𝛾𝑚(𝜂 + 𝜂
𝑐) = 0

𝐹(𝑒𝑖𝜃𝜂 + 𝑒−𝑖𝜃𝜂𝑐) = 0

𝐹𝛾𝑚(𝑒
𝑖𝜃𝜂 + 𝑒−𝑖𝜃𝜂𝑐) = 0

 

𝑊= 0  

𝛼 = 𝑒
1
2
𝐴

ℎ1 = −2 d𝐴

 

𝐹 =⋆8 𝜎(𝐹)  

𝑓4=
1

6
𝑓0 +

4

3
𝑒−𝑖𝜃cos 𝜃𝑓4  

𝑓2= 2𝑒
−𝑖𝜃sin 𝜃𝑓4  

sin 𝜃𝑓2∣𝑚𝑛
(2,0)

 = −cos 𝜃𝑓4∣𝑚𝑛
(2,0)

−
1

8
𝑒𝑖𝜃Ω𝑚𝑛  

𝑝𝑞𝑓4∣𝑝𝑞
(0,2)

sin 𝜃𝑓4∣𝑚𝑛
(2,0)

 = cos 𝜃𝑓2∣𝑚𝑛
(2,0)

−
1

8
𝑒𝑖𝜃Ω𝑚𝑛  

𝑝𝑞𝑓2∣𝑝𝑞
(0,2)

 

𝑒𝜙= 𝑔𝑠𝑒
𝐴  

ℎ3
(1,0)

= ℎ̃3
(1,0)

= 0  

ℎ3
(2,1)

= 0  

𝑊1 = −
3𝑖

4
𝑊4

𝑊3 =
1

2
𝑊2

𝑊5 =
3

2
𝑊4
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ℎ3
(1,0)

= 0  

ℎ̃3
(1,0)

=
1

4
𝜕+(𝐴 − 𝜙)  

𝑊1= 0  

𝑊2 = −2𝑖ℎ3
(2,1)

𝑊3 = 0

𝑊4 = 𝜕
+(𝜙 − 𝐴)

𝑊5 =
3

2
𝜕+(𝜙 − 𝐴),

 

𝑒𝜙= 𝑔𝑠𝑒
𝐴cos 𝜃  

ℎ3
(1,0)

=
2

3
𝜕+𝜃  

ℎ̃3
(1,0)

=
1

4
(𝑖 + tan 𝜃)𝜕+𝜃  

𝑊1
(1,0)

 =
1

4
(1 + 𝑖cot 𝜃)𝜕+𝜃

𝑊2
(2,1)

 = 2(−𝑖 + cot 𝜃)ℎ3
(2,1)

𝑊3
(2,1)

 = cot 𝜃ℎ3
(2,1)

𝑊4
(1,0)

 = −(tan 𝜃 +
1

3
cot 𝜃) 𝜕+𝜃

𝑊5
(1,0)

 = (𝑖 −
1

2
cot 𝜃 −

3

2
tan 𝜃) 𝜕+𝜃,

 

𝐸𝑀𝑁≡ 𝑅𝑀𝑁 + 2∇𝑀∇𝑁𝜙 −
1

2
𝐻𝑀 ⋅ 𝐻𝑁 −

1

4
𝑒2𝜙𝐹𝑀

tot ⋅ 𝐹𝑁
tot 

𝛿𝐻≡ 𝑒2𝜙 ∗10 [ d(𝑒
−2𝜙 ∗10 𝐻) −

1

2
(∗10 𝐹

tot ∧ 𝐹tot)8] 

𝐷 ≡ 2𝑅 − 𝐻2 + 8(∇2𝜙 − (𝜕𝜙)2)

 

𝐸𝑀𝑁 = 0;  𝛿𝐻𝑀𝑁 = 0;  𝐷 = 0  

d𝐻 = 0; d𝐻𝐹
tot = 0  

ℰ𝑁𝑃
+ Γ𝑃𝜖1 = 0; ℰ𝑁𝑃

− Γ𝑃𝜖2 = 0;  𝐷 = 0  

ℰ𝑁𝑃
± ≡ −2𝐸𝑁𝑃 ± 𝛿𝐻𝑁𝑃  

∑  

9

𝑃=0

 ℰ𝑁𝑃
± ℰ𝑁

±𝑃 = 0,  no sum over 𝑁  

∑  

9

𝑃=1

 ℰ𝑁𝑃
± ℰ𝑁

±𝑃 = 0,𝑁 ≠ 0  

𝑑𝑠2 = 𝑒2𝐴𝑑𝑠2(ℝ1,1) + 𝑑𝑠2(ℳ8)  

𝑒𝜙 = 𝑔𝑠𝑒
𝐴;  𝐻 = −vol2 ∧  d𝑒2𝐴  

𝐹0 = 𝑓0;  𝐹2 = 𝑓2𝐽 + 𝑓2
(1,1)

+ (𝑓2
(2,0)

+  c.c. )

𝐹4 =⋆8 𝐹4 = 𝑓4
(2,2)

+ 𝑓4𝐽 ∧ 𝐽 + (𝑓4Ω + 𝑓4
(2,0)

∧ 𝐽 +  c.c )

𝐹6 = − ⋆8 𝐹2;  𝐹8 =⋆8 𝐹0

 

d𝐹 = d ⋆8 𝐹 = 0  

−d ⋆8  d𝑒−2𝐴 +
𝑔𝑠
2

2
𝐹 ∧ 𝜎(𝐹)|

8

= 0  
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1

2
∫  
ℳ8

 𝐹 ∧ 𝜎(𝐹) = ∫  
ℳ8

  (𝐹0 ∧⋆ 𝐹0 + 𝐹2 ∧⋆ 𝐹2 +
1

2
𝐹4 ∧⋆ 𝐹4) ≥ 0,  

𝑓0 = 0,  

𝑓2∣𝑚𝑛
(1,1)

= 𝑓2∣𝑚𝑛
(2,0)

= 0; 𝑓2 = 0,  

𝑑𝑠2 = 𝑒
4𝐴
3 𝑑𝑠2(ℝ1,2) + 𝑒−

2𝐴
3 𝑑𝑠2(ℳ8),  

𝐺 = vol3 ∧  d(𝑒2𝐴) + 𝑓4 (𝐽 ∧ 𝐽 +
3

2
ReΩ) + (𝑓4

(2,0)
−
1

4
𝑓4
(2,0)⌟Ω∗) ∧ 𝐽 + 𝑓4

(2,2)
,  

 

𝑓4
(2,0)∗

= −
1

4
𝑓4
(2,0)⌟Ω∗  

𝑊3 =
1

2
𝑊2;  𝑊4 =

4𝑖

3
𝑊1;  𝑊5 = 2𝑖𝑊1  

 

𝑑𝑠2  = 𝑒
4𝐴
3 (𝑑𝑠2(ℝ1,2) + d𝑠̃2(ℳ8))

𝐺 = 𝐹 + 𝑒2𝐴vol3 ∧ 𝑓
 

𝑔̃𝑚𝑛 = 𝑒
−2𝐴𝑔𝑚𝑛  

𝜖 = 𝑒−
𝐴
3𝜁 ⊗ (𝜂 + 𝜂𝑐)  

∇𝑚𝜂 +  c.c. = 0  

2𝜕𝑚𝐴 − 𝑓𝑚 = 0

𝐹𝑚𝑝𝑞𝑟𝛾
𝑝𝑞𝑟𝜂 +  c.c.  = 0,

 

0 = d𝐹 = d ⋆8 𝐹

0 = −d ⋆8  d𝑒−2𝐴 +
1

2
𝐹 ∧ 𝐹

 

𝜖 = 𝑒−
𝐴
3(𝜁 ⊗ 𝜂 +  c.c. ),  

∇𝑚𝜂= 0  

2𝜕𝑚𝐴 − 𝑓𝑚 = 0

𝐹𝑚𝑝𝑞𝑟𝛾
𝑝𝑞𝑟𝜂 = 0

 

𝐺 = vol3 ∧  d(𝑒2𝐴) + 𝑓4
(2,2)  

−d ⋆8  d𝑒−2𝐴 +
1

2
𝐹 ∧ 𝐹 + (2𝜋)2∑  

𝑁M2

𝑖=1

  𝛿(8)(𝑦 − 𝑦𝑖)vol8 = (2𝜋)
2𝑋8  

𝑋8 =
1

48
(𝑝2 −

1

4
𝑝1
2) ,  

1

8𝜋2
∫  
ℳ8

 𝐹 ∧ 𝐹 + 𝑁M2 =
𝜒(ℳ8)

24
 

 

𝑑𝑠2 = 𝑒
4
3
𝐴𝑑𝑠2(ℝ1,2) + 𝑒−

2
3
𝐴𝑑𝑠2(ℳ8)  

𝐺 = vol3 ∧  d(𝑒2𝐴) + 𝐹;  𝐹 = 𝑓4 (𝐽 ∧ 𝐽 +
3

2
ReΩ) + 𝑓4

(2,2)  

d𝐹 = d ⋆8 𝐹 = 0  
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−d ⋆8  d𝑒−2𝐴 +
1

2
𝐹 ∧ 𝐹 + (2𝜋)2∑  

𝑁M2

𝑖=1

  𝛿(8)(𝑦 − 𝑦𝑖)vol8 = (2𝜋)
2𝑋8  

1

8𝜋2
∫  
ℳ8

 𝐹 ∧ 𝐹 + 𝑁M2 =
𝜒(ℳ8)

24
.  

[𝐹]

2𝜋
−
𝑝1
4
∈ 𝐻4(ℳ8, ℤ),  

−∫ 
𝑆

 
𝑝1
2
= ∫ 

𝑆

  𝑐2 = 𝜒(𝑆) = 24  

1

2𝜋
∫  
𝒞4

 𝐹 ∈ ℤ,  

𝑔𝑚𝑛 = 𝑡
2𝑔𝑚𝑛

(0)
+ 𝑔𝑚𝑛

(2)
+⋯ ,  

𝐹 = 𝑓4
(2,2)

+ 𝑓4𝐽 ∧ 𝐽 + (𝑓4Ω +  c.c. )  

𝑊 = ∫  
ℳ8

 𝐹 ∧ Ω  

 

𝑊̂ =
1

2
∫  
ℳ8

 𝐹 ∧ 𝐽 ∧ 𝐽  

𝑊 = 𝑊̂ = 0; 𝐷𝛼𝑊 = 𝐷𝐴𝑊̂ = 0  

𝐷𝛼𝑊 = 𝜕𝛼𝑊− (𝜕𝛼𝐾)𝑊; 𝐷𝐴𝑊̂ = 𝜕𝐴𝑊̂ −
1

2
(𝜕𝐴𝐾)𝑊̂  

 

𝐾Ω = log ∫  
ℳ8

 
1

16
Ω ∧ Ω∗;  𝐾𝐽 = log ∫  

ℳ8

 
1

4!
𝐽4  

𝐺 = 𝑓4
(2,2)

+ 𝑓4
(1,1)

∧ 𝐽 + 𝑓4𝐽 ∧ 𝐽 + (𝑓4
(3,1)

+ 𝑓4
(2,0)

∧ 𝐽 + 𝑓4Ω +  c.c. )  

𝑊 = 16𝑓4
∗vol(ℳ8);𝑊̂ = 12𝑓4vol(ℳ8)

𝐷𝛼𝑊 = ∫  
ℳ8

 (𝑓4
(1,3)

+ 𝑓4
(0,2)

∧ 𝐽) ∧ 𝑒𝛼;𝐷𝐴𝑊̂ = ∫  
ℳ8

 𝑓4
(1,1)

∧ 𝐽2 ∧ 𝐸𝐴
 

 

𝑒
1
2
𝐾Ω𝜕𝑅𝛼 (𝑒

−
1
2
𝐾Ω|𝑊|) = Re(𝑒𝑖𝜃∫  

ℳ8

 (𝑓4
(1,3)

+ 𝑓4
(0,2)

∧ 𝐽) ∧ 𝑒𝛼)

𝑒
1
2
𝐾𝐽𝜕𝐴 (𝑒

−
1
2
𝐾𝐽𝑊̂) = ∫  

ℳ8

 𝑓4
(1,1)

∧ 𝐽2 ∧ 𝐸𝐴

 

|𝑊| − 𝑊̂ = 0; 𝜕𝑅𝛼 (𝑒
−
1
2
𝐾Ω|𝑊|) = 0; 𝜕𝐴 (𝑒

−
1
2
𝐾𝐽𝑊̂) = 0  

𝒲 = 𝑒−
1
2
𝐾Ω|𝑊| − 𝑒−

1
2
𝐾𝐽𝑊̂  

𝜕𝑅𝛼𝒲 = 𝜕𝐴𝒲 =𝒲 = 0,  

𝜂 = 𝜂𝑆⊗𝜂𝑆̃  

𝐻2(𝐾3,ℝ) = ℋ+(𝐾3,ℝ) ⊕ℋ−(𝐾3,ℝ)  

𝑗 = 𝜌𝑎𝑗𝑎;  𝜔 = 𝑐𝑎𝑗𝑎  

vol4 =
1

2
𝑗 ∧ 𝑗 =

1

4
𝜔 ∧ 𝜔∗;  𝑗 ∧ 𝜔 = 0  
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⋆4 𝑗
𝑎 = 𝑗𝑎; ⋆4 𝑙

𝛼 = −𝑙𝛼

1

2
𝑗𝑎 ∧ 𝑗𝑏 = 𝛿𝑎𝑏vol4;  

1

2
𝑙𝛼 ∧ 𝑙𝛽 = −𝛿𝛼𝛽vol4

 

𝜌𝑎𝑐𝑎 = 0; 𝑐𝑎𝑐𝑎 = 0; 𝜌𝑎𝜌𝑎 = 1; 𝑐𝑎𝑐∗𝑎 = 2  

𝐽 = 𝑗 + 𝑗;  Ω = 𝜔 ∧ 𝜔̃  

1

4!
𝐽4 =

1

16
Ω ∧ Ω∗ = vol4 ∧ vol4̃ ;  𝐽 ∧ Ω = 0  

𝐺 = 𝑓𝑎𝑏𝑗𝑎 ∧ 𝑗𝑏 + 𝑓𝛼𝛽𝑙𝛼 ∧ 𝑙𝛽 + 𝑓(vol4 + vol4̃ ),  

𝑓 + 2(𝜌𝑎𝜌̃𝑏 − 𝑐𝑎 𝑐̃𝑏)𝑓𝑎𝑏 = 0  

𝜌𝑎 𝑐̃𝑏𝑓𝑎𝑏 = 𝑐𝑎𝜌̃𝑏𝑓𝑎𝑏 = 0,  

𝑓𝑎𝑏 = (𝜌𝑑𝜌̃𝑒𝑓𝑑𝑒)𝜌𝑎𝜌̃𝑏 + 𝑓𝑎𝑏 ,  

𝐺 = 𝐶𝑗 ∧ 𝑗 + 𝐴Re(𝜔 ∧ 𝜔̃) + Re(𝐵𝜔∗ ∧ 𝜔̃) + (4𝐴 − 2𝐶)(vol4 + vol4̃ ) + 𝑓𝛼𝛽𝑙𝛼 ∧ 𝑙𝛽 ,  

(𝑓4
(2,0)

+ 𝑓4
(0,2)

) ∧ 𝐽 = 𝛼𝜔 ∧ 𝑗 + 𝛼∗𝜔̃ ∧ 𝑗 +  c.c. ,  

𝐺 = 𝐶𝑗 ∧ 𝑗 + Re(𝐵𝜔∗ ∧ 𝜔̃) − 2𝐶(vol4 + vol4̃ ) + 𝑓𝛼𝛽𝑙𝛼 ∧ 𝑙𝛽 .  

𝐽𝑚𝑛 ≡ −
𝑖

2
𝜎⃗𝑖𝑗(𝜂̃𝑖

𝑐𝛾𝑚𝑛𝜂𝑗)  

𝛿𝜂𝑖 =
𝑖

2
𝛿𝜃 ⋅ 𝜎⃗𝑖𝑗𝜂𝑗  

𝛿𝐽 = −𝛿𝜃 × 𝐽  

(𝜔, 𝜔̃) ⟶ (𝑒𝑖𝜃𝜔, 𝑒𝑖𝜃̃𝜔̃)  

(𝜔, 𝜔̃) ⟶ 𝑒𝑖𝜃(𝜔, 𝜔̃)  

𝜖 = 𝑒−
𝐴
3𝜁 ⊗ 𝜂 +  c.c.  

𝐺 = 𝐴𝑗 ∧ 𝑗 + 𝐴Re(𝜔 ∧ 𝜔̃) + 2𝐴(vol4 + vol4̃ ) + 𝑓𝛼𝛽𝑙𝛼 ∧ 𝑙𝛽  

(
𝑗

Re𝜔
Im𝜔

)⟶ 𝑅𝑛̂(𝜃) ⋅ (
𝑗

Re𝜔
Im𝜔

) ; (
𝑗

Re𝜔̃
Im𝜔̃

) ⟶ 𝑅𝑛̂′(𝜃) ⋅ (
𝑗

Re𝜔̃
Im𝜔̃

)  

(
𝜂𝑆
𝜂𝑆
𝑐) ⟶ 𝑒−

𝑖
2
𝜃𝑛̂⋅𝜎⃗⃗⃗ ⋅ (

𝜂𝑆
𝜂𝑆
𝑐) ; (

𝜂𝑆̃
𝜂𝑆̃
𝑐) ⟶ 𝑒

𝑖
2
𝜃𝑛̂′⋅𝜎⃗⃗⃗ ⋅ (

𝜂𝑆̃
𝜂𝑆̃
𝑐)  

𝜂 + 𝜂𝑐 ⟶ 𝑎𝜂𝑆⊗𝜂𝑆̃ + 𝑏𝜂𝑆⊗ 𝜂𝑆̃
𝑐 +  c.c. ,  

𝜖 = 𝑒−
𝐴
3(𝜁1⊗𝜂𝑆⊗ 𝜂𝑆̃ + 𝜁2⊗𝜂𝑆⊗ 𝜂𝑆̃

𝑐 +  c.c. )  

𝐼 = 𝑈 ⊕ 𝑈⊕𝑈⊕ (−𝔢8) ⊕ (−𝔢8)  

𝑈 = (
0 1
1 0

) 

𝑒1,𝐼 ∧ 𝑒2,𝐽 = 𝛿𝐼𝐽𝑣0;  𝑒1,𝐼 ∧ 𝑒1,𝐽 = 𝑒2,𝐼 ∧ 𝑒2,𝐽 = 0; 𝑒𝑖 ∧ 𝑒𝑗 = 𝐼𝑖𝑗𝑣0  

∫ 
𝑆

 𝑣0 = 1  
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𝑒±𝐼 ≡ 𝑒1,𝐼 ± 𝑒2,𝐼  

∫  
𝒞𝑎,𝐼

  𝑒𝑏,𝐽 = 𝛿𝑎𝑏𝛿𝐼𝐽;  ∫  
𝒞𝑖

 𝑒𝑗 = 𝛿𝑖𝑗  

(
−2 0
0 −2

)⊕𝑈⊕ (−𝔢8) ⊕ (−𝔢8) 

𝑗 = √2𝜋𝑣𝑒+1; 𝜔 = √2𝜋𝑣(𝑒+2 + 𝑖𝑒+3)

𝑗 = √2𝜋𝑣̃𝑒̃+1; 𝜔̃ = √2𝜋𝑣̃(𝑒̃+2 + 𝑖𝑒̃+3)
 

∫ 
𝑆

 vol4 = 2𝜋𝑣; ∫ 
𝑆̃

  vol4̃ = 2𝜋𝑣̃  

𝐶 = ±
2

√𝑣𝑣̃
 

1

2𝜋
∫  
𝒞𝑎,1×𝒞𝑏,1

 𝐺 = ±2; 
1

2𝜋
∫  
𝒞𝑎,2×𝒞𝑏,2

 𝐺 = ±1; 
1

2𝜋
∫  
𝒞𝑎,3×𝒞𝑏,3

 𝐺 = ∓1  

 

𝐶 = ±
2

√𝑣𝑣̃
 

1

2𝜋
∫  
𝒞𝑎,1×𝒞𝑏,1

 𝐺 = ±2; 
1

2𝜋
∫ 
𝑆

 𝐺 = ∓4√
𝑣

𝑣̃
; 
1

2𝜋
∫ 
𝑆̃

 𝐺 = ∓4√
𝑣̃

𝑣
,  

𝑣 = 4𝑛𝑣̃  

𝐶 = ±
1

√𝑣𝑣̃
 

1

2𝜋
∫  
𝒞𝑎,1×𝒞𝑏,1

 𝐺 = ±1; 
1

2𝜋
∫  
𝒞𝑎,2×𝒞𝑏,2

 𝐺 = ±1; 
1

2𝜋
∫  
𝒞𝑎,3×𝒞𝑏,3

 𝐺 = ∓1

1

2𝜋
∫ 
𝑆

 𝐺 =
1

2𝜋
∫ 
𝑆̃

 𝐺 = ±2

 

𝜓̃ ≡ 𝜓𝑇𝑟𝐶−1  

𝜓‾ ≡ 𝜓†Γ0  

(Γ𝑀)† = Γ0Γ𝑀Γ0,  

Γ𝑀1…𝑀𝑛
(𝑛)

≡ Γ[𝑀1 …Γ𝑀𝑛].  

𝐶𝑇𝑟 = −𝐶; (𝐶𝛾𝜇)𝑇𝑟 = 𝐶𝛾𝜇;  𝐶∗ = −𝐶−1.  

𝜁𝑐 ≡ 𝛾0𝐶𝜁
∗  

𝛾3 ≡ −𝛾0𝛾1.  

⋆ 𝛾(𝑛)𝛾3 = −(−1)
1
2
𝑛(𝑛+1)𝛾(2−𝑛).  

𝐶𝑇𝑟 = 𝐶; (𝐶𝛾𝜇)𝑇𝑟 = 𝐶𝛾𝜇 ;  𝐶∗ = 𝐶−1  

𝜂𝑐 ≡ 𝐶𝜂∗.  

𝛾9 ≡ 𝛾1…𝛾8.  
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⋆ 𝛾(𝑛)𝛾9 = (−)
1
2
𝑛(𝑛+1)𝛾(8−𝑛).  

𝐶𝑇𝑟 = −𝐶; (𝐶Γ𝑀)𝑇𝑟 = 𝐶Γ𝑀;  𝐶∗ = −𝐶−1  

𝜖‾ = 𝜖̃  

Γ11 ≡ −Γ0…Γ9  

{
Γ𝜇 = 𝛾𝜇⊗𝟙 , 𝜇 = 0,1

Γ𝑚 = 𝛾3⊗ 𝛾𝑚−1, 𝑚 = 2…9
 

𝐶10 = 𝐶2⊗𝐶8;  Γ11 = 𝛾3⊗𝛾9  

⋆ Γ(𝑛)Γ11 = −(−1)
1
2
𝑛(𝑛+1)Γ(10−𝑛)  

𝜂𝜂 = 0.  

𝜂 =
1

√2
(𝜂𝑅 + 𝑖𝜂𝐼);  𝜂𝑅𝜂𝑅 = 𝜂𝐼𝜂𝐼 = 1  

𝑖𝐽𝑚𝑛= 𝜂
𝑐̃𝛾𝑚𝑛𝜂  

Ω𝑚𝑛𝑝𝑞  = 𝜂𝛾𝑚𝑛𝑝𝑞𝜂.
 

𝐽 ∧ Ω= 0  
1

16
Ω ∧ Ω∗ =

1

4!
𝐽4 = vol8

 

𝐽𝑚
𝑝
𝐽𝑝
𝑛 = −𝛿𝑚

𝑛  

(Π±)𝑚
𝑛 ≡

1

2
(𝛿𝑚
𝑛 ∓ 𝑖𝐽𝑚

𝑛 )  

(Π+)𝑚
𝑖 Ω𝑖𝑛𝑝𝑞 = Ω𝑚𝑛𝑝𝑞;  (Π

−)𝑚
𝑖 Ω𝑖𝑛𝑝𝑞 = 0  

𝜉+ = 𝜑𝜂 + 𝜒𝜂
𝑐 + 𝜑𝑚𝑛𝛾

𝑚𝑛𝜂𝑐

𝜉− = 𝜆𝑚𝛾
𝑚𝜂 + 𝜒𝑚𝛾

𝑚𝜂𝑐
 

𝜏 ∈ (𝟒 ⊕ 𝟒)⊗ (𝟏⊕ 𝟔⊕ 𝟔)

 ∼ (𝟒⊕ 𝟒)⊕ (𝟐𝟎⊕ 𝟐𝟎)⊕ (𝟐𝟎⊕ 𝟐𝟎)⊕ (𝟒⊕ 𝟒)⊕ (𝟒⊕ 𝟒)
 

d𝐽 = 𝑊1⌟Ω
∗ +𝑊3 +𝑊4 ∧ 𝐽 +  c.c.  

dΩ =
8𝑖

3
𝑊1 ∧ 𝐽 ∧ 𝐽 +𝑊2 ∧ 𝐽 +𝑊5

∗ ∧ Ω
 

∇𝑚𝜂= (
3

4
𝑊4𝑚 −

1

2
𝑊5𝑚 −  c.c. ) 𝜂 +

𝑖

24
Ω𝑚𝑛𝑘𝑙
∗ 𝑊1

𝑛𝛾𝑘𝑙𝜂  

 + (−
𝑖

16
𝑊2𝑚𝑘𝑙 −

1

32
Ω𝑚𝑛𝑘𝑙𝑊4

𝑛∗ +
𝑖

64
𝑊3𝑚𝑛𝑝
∗ Ω𝑛𝑝𝑘𝑙) 𝛾𝑘𝑙𝜂𝑐

 

∇𝑚𝜂 = 𝜑𝑚𝜂 + 𝜗𝑚𝜂
𝑐 +Ψ𝑚,𝑝𝑞Ω

𝑝𝑞𝑟𝑠𝛾𝑟𝑠𝜂
𝑐  

Ψ𝑚,𝑝𝑞 = Ω𝑚𝑝𝑞𝑟
∗ 𝐴𝑟 + Ω𝑝𝑞

∗  𝑟𝑠𝜑̃𝑟𝑠𝑚 + (Π
+)𝑚[𝑝𝐵𝑞]

∗ + (Π+)𝑚 
𝑛𝜓𝑛𝑝𝑞

∗  

𝟐𝟖 → (𝟔⊕ 𝟔)⊕ (𝟏⊕ 𝟏𝟓)

𝟓𝟔 → (𝟒⊕ 𝟒)⊕ (𝟒⊕ 𝟐𝟎)⊕ (𝟒⊕ 𝟐𝟎)

𝟑5+ → (𝟏⊕ 𝟏)⊕ (𝟔⊕ 𝟔)⊕ 𝟐𝟎′⊕𝟏

𝟑5− → (𝟏𝟎⊕ 𝟏𝟎)⊕ 𝟏𝟓.

 

𝐹𝑚𝑛 = 𝑓2∣𝑚𝑛
(1,1)

+ 𝑓2𝐽𝑚𝑛 + (𝑓2∣𝑚𝑛
(2,0)

+  c.c. )  
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𝜑𝑚𝑛
(2,0)

=
1

8
𝑒𝑖𝜃Ω𝑚𝑛  

𝑝𝑞𝜑𝑚𝑛
(0,2)  

𝐹𝑚𝑛𝑝 = 𝑓3∣𝑚𝑛𝑝
(2,1)

+ 3𝑓3∣[𝑚
(1,0)

𝐽𝑛𝑝] + 𝑓3∣𝑠
(1,0)

Ω𝑠∗ 𝑚𝑛𝑝 +  c.c.  

𝐹𝑚𝑛𝑝𝑞
+ = 𝑓4∣𝑚𝑛𝑝𝑞

(2,2)
+ 6𝑓4𝐽[𝑚𝑛𝐽𝑝𝑞] + (6𝑓4∣[𝑚𝑛

(2,0)
𝐽𝑝𝑞] + 𝑓4Ω𝑚𝑛𝑝𝑠 +  c.c. )  

𝐹𝑚𝑛𝑝𝑞
− = 6𝑓4∣[𝑚𝑛

(1,1)
𝐽𝑝𝑞] + (𝑓4∣𝑚𝑛𝑝𝑞

(3,1)
+  c.c. )  

Ω[𝑠
∗𝑚𝑛𝑝

𝑓4∣𝑞]𝑚𝑛𝑝
(3,1)

= 0  

(⋆8 𝐹6)𝑚𝑛 = 𝑓6∣𝑚𝑛
(1,1)

+ 𝑓6𝐽𝑚𝑛 + (𝑓6∣𝑚𝑛
(2,0)

+  c.c. )  

⋆8 𝐹8 = 𝑓8  

𝐻 = 𝑒2𝐴vol2 ∧ ℎ1 + ℎ3,  

ℎ1∣𝑚 = ℎ1∣𝑚
(1,0)

+  c.c. ,  

ℎ3∣𝑚𝑛𝑝 = ℎ3∣𝑚𝑛𝑝
(2,1)

+ 3ℎ3∣[𝑚
(1,0)

𝐽𝑛𝑝] + ℎ̃3∣𝑠
(1,0)

Ω𝑠∗ 𝑚𝑛𝑝 +  c.c. ,  

1

4! × 24
Ω𝑟𝑠𝑡𝑢Ω

∗𝑟𝑠𝑡𝑢 = 1

1

6 × 24
Ω𝑖𝑟𝑠𝑡Ω

∗𝑚𝑟𝑠𝑡 = (Π+)𝑖
𝑚

1

4 × 24
Ω𝑖𝑗𝑟𝑠Ω

∗𝑚𝑛𝑟𝑠 = (Π+)[𝑖
𝑚(Π+)𝑗]

𝑛

1

6 × 24
Ω𝑖𝑗𝑘𝑟Ω

∗𝑚𝑛𝑝𝑟 = (Π+)[𝑖
𝑚(Π+)𝑗

𝑛(Π+)𝑘]
𝑝

1

4! × 24
Ω𝑖𝑗𝑘𝑙Ω

∗𝑚𝑛𝑝𝑞 = (Π+)[𝑖
𝑚(Π+)𝑗

𝑛(Π+)𝑘
𝑝(Π+)𝑙]

𝑞
,

 

𝜂𝑐̃𝜂 = 1;𝜂𝜂 = 0

𝜂𝑐̃𝛾𝑚𝑛𝜂 = 𝑖𝐽𝑚𝑛;𝜂𝛾𝑚𝑛𝜂 = 0

𝜂𝑐̃𝛾𝑚𝑛𝑝𝑞𝜂 = −3𝐽[𝑚𝑛𝐽𝑝𝑞];𝜂𝛾𝑚𝑛𝑝𝑞𝜂 = Ω𝑚𝑛𝑝𝑞

𝜂𝑐̃𝛾𝑚𝑛𝑝𝑞𝑟𝑠𝜂 = −15𝑖𝐽[𝑚𝑛𝐽𝑝𝑞𝐽𝑟𝑠];𝜂𝛾𝑚𝑛𝑝𝑞𝑟𝑠𝜂 = 0

𝜂𝑐̃𝛾𝑚𝑛𝑚𝑝𝑞𝑠𝑡𝑢𝜂 = 105𝐽[𝑚𝑛𝐽𝑝𝑞𝐽𝑟𝑠𝐽𝑡𝑢];𝜂𝛾𝑚𝑛𝑝𝑞𝑟𝑠𝑡𝑢𝜂 = 0,

 

√𝑔𝜀mnpqrstu 𝐽
𝑟𝑠𝐽𝑡𝑢= 24𝐽[𝑚𝑛𝐽𝑝𝑞]  

√𝑔𝜀mnpqrstu 𝐽
𝑡𝑢 = 30𝐽[𝑚𝑛𝐽𝑝𝑞𝐽𝑟𝑠]

√𝑔𝜀mnpqrstu  = 105𝐽[𝑚𝑛𝐽𝑝𝑞𝐽𝑟𝑠𝐽𝑡𝑢]

 

Ω[𝑖𝑗𝑘𝑙Ω𝑚𝑛𝑝𝑞]
∗ =

8

35
√𝑔𝜀𝑖𝑗𝑘𝑙𝑚𝑛𝑝𝑞  

𝛾𝑚𝜂= (Π
+)𝑚
𝑛 𝛾𝑛𝜂  

𝛾𝑚𝑛𝜂= 𝑖𝐽𝑚𝑛𝜂 −
1

8
Ω𝑚𝑛𝑝𝑞𝛾

𝑝𝑞𝜂𝑐  

𝛾𝑚𝑛𝑝𝜂 = 3𝑖𝐽[𝑚𝑛𝛾𝑝]𝜂 −
1

2
Ω𝑚𝑛𝑝𝑞𝛾

𝑞𝜂𝑐

𝛾𝑚𝑛𝑝𝑞𝜂 = −3𝐽[𝑚𝑛𝐽𝑝𝑞]𝜂 −
3𝑖

4
𝐽[𝑚𝑛Ω𝑝𝑞]𝑖𝑗𝛾

𝑖𝑗𝜂𝑐 + Ω𝑚𝑛𝑝𝑞𝜂
𝑐

 

𝐹0𝜂 = 𝑓0𝜂

𝐹2𝜂 = 4𝑖𝑓2𝜂 −
1

16
𝑓2∣𝑚𝑛
(0,2)

Ω𝑚𝑛𝑝𝑞𝛾𝑝𝑞𝜂
𝑐

𝐹4𝜂 = −12𝑓4𝜂 + 16𝑓4
∗𝜂𝑐 −

𝑖

8
𝑓4∣𝑚𝑛
(0,2)

Ω𝑚𝑛𝑝𝑞𝛾𝑝𝑞𝜂
𝑐
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ℎ1𝜂 = ℎ1∣𝑚
(0,1)

𝛾𝑚𝜂

ℎ3𝜂 = 3𝑖ℎ3∣𝑚
(0,1)

𝛾𝑚𝜂 + 8ℎ̃3∣𝑚
(1,0)

𝛾𝑚𝜂
𝑐

 

ℎ3∣𝑚𝜂 = 3𝑖 (ℎ3∣𝑚
(1,0)

+ ℎ3∣𝑚
(0,1)

) 𝜂 − (
𝑖

8
ℎ3∣𝑛
(0,1)

Ω𝑚 
𝑛𝑟𝑠 +

1

16
ℎ3∣𝑚𝑝𝑞
(1,2)

Ω𝑝𝑞𝑟𝑠) 𝛾𝑟𝑠𝜂
𝑐 −

1

2
ℎ̃3∣𝑛
(1,0)

Ω𝑚
∗  𝑛𝑝𝑞𝛾𝑝𝑞𝜂  

𝐹0𝛾𝑚𝜂 = 𝑓0𝛾𝑚𝜂

𝐹2𝛾𝑚𝜂 = (2𝑖𝑓2𝛾𝑚 − 2𝑓2∣𝑚𝑛
(1,1)

𝛾𝑛) 𝜂 −
1

4
𝑓2∣𝑛𝑝
(0,2)

𝛾𝑞Ω𝑚
𝑛𝑝𝑞
𝜂𝑐

𝐹4𝛾𝑚𝜂 = −4𝑖𝑓4∣𝑚𝑛
(1,1)

𝛾𝑛𝜂 +
1

6
𝑓4∣𝑚𝑛𝑝𝑞
(1,3)

𝛾𝑟Ω
𝑛𝑝𝑞𝑟𝜂𝑐

 

𝜖1 =
𝛼

√2
𝜁1+⊗ (𝜂 + 𝜂𝑐) +

𝛽

√2
𝜁2+⊗ (𝑒𝑖𝜃2𝜂 + 𝑒−𝑖𝜃2𝜂𝑐)

𝜖2 =
𝛾

√2
𝜁1−⊗ (𝑒𝑖𝜃𝜂 + 𝑒−𝑖𝜃𝜂𝑐) +

𝛿

√2
𝜁2−⊗ (𝑒𝑖𝜃3𝜂 + 𝑒−𝑖𝜃3𝜂𝑐)

 

𝑊= 0  
2 d𝐴 + ℎ1= 0  

(2 d𝜙 + ℎ1 + ℎ3) (𝜂 + 𝜂
𝑐)= 0  

(2 d𝜙 + ℎ1 + ℎ3) (𝑒
𝑖𝜃2𝜂 + 𝑒−𝑖𝜃2𝜂𝑐)= 0  

(2 d𝜙 + ℎ1 − ℎ3) (𝑒
𝑖𝜃𝜂 + 𝑒−𝑖𝜃𝜂𝑐)= 0  

(∇𝑚 + 𝜕𝑚log 𝛼 +
ℎ1
4
− ℎ3) (𝑒

𝑖𝜃3𝜂 + 𝑒−𝑖𝜃3𝜂𝑐)= 0  

(∇𝑚 + 𝜕𝑚log 𝛽 +
1

4
ℎ1∣𝑚 +

1

4
ℎ3∣𝑚) (𝑒

𝑖𝜃2𝜂 + 𝑒−𝑖𝜃2𝜂𝑐) = 0

(∇𝑚 + 𝜕𝑚log 𝛾 +
1

4
ℎ1∣𝑚 −

1

4
ℎ3∣𝑚) (𝑒

𝑖𝜃𝜂 + 𝑒−𝑖𝜃𝜂𝑐) = 0

(∇𝑚 + 𝜕𝑚log 𝛿 +
1

4
ℎ1∣𝑚 −

1

4
ℎ3∣𝑚) (𝑒

𝑖𝜃3𝜂 + 𝑒−𝑖𝜃3𝜂𝑐) = 0

 

𝜎(𝐹)(𝜂 + 𝜂𝑐)= 0  

𝜎(𝐹)(𝑒𝑖𝜃2𝜂 + 𝑒−𝑖𝜃2𝜂𝑐)= 0  

𝜎(𝐹)

(𝐹)
𝛾𝑚(𝜂 + 𝜂

𝑐)= 0  

𝜎(𝐹)𝛾𝑚(𝑒
𝑖𝜃2𝜂 + 𝑒−𝑖𝜃2𝜂𝑐) = 0

𝐹(𝑒𝑖𝜃𝜂 + 𝑒−𝑖𝜃𝜂𝑐) = 0

𝐹(𝑒𝑖𝜃3𝜂 + 𝑒−𝑖𝜃3𝜂𝑐) = 0

𝐹𝛾𝑚(𝑒
𝑖𝜃𝜂 + 𝑒−𝑖𝜃𝜂𝑐) = 0

𝐹𝛾𝑚(𝑒
𝑖𝜃3𝜂 + 𝑒−𝑖𝜃3𝜂𝑐) = 0

 

𝑓8 = 𝑓0= 6𝑓4  
𝑓6 = 𝑓2= 0  

𝑓4= 0  

𝑓2∣𝑚𝑛
(2,0)

= 𝑓6∣𝑚𝑛
(2,0)

= 𝑓4∣𝑚𝑛
(2,0)

 = 0

𝑓4∣𝑚𝑛
(1,1)

 = 0

𝑓6∣𝑚𝑛
(1,1)

 = −𝑓2∣𝑚𝑛
(1,1)

𝑓4∣𝑚𝑛
(3,1)

 = 0
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𝑊= 0  
𝑊1 = 𝑊2 = 𝑊3 = 𝑊4 = 𝑊5= 0  

𝛼= 𝑒
1
2
𝐴  

𝛽= 𝐶1𝑒
1
2
𝐴  

𝛾 = 𝐶2𝑒
1
2
𝐴

𝛿 = 𝐶3𝑒
1
2
𝐴

ℎ3 = 0

𝑑𝜙 = 𝑑𝐴 = −
1

2
ℎ1

𝑑𝜃 = 𝑑𝜃2 = 𝑑𝜃3 = 0

 

𝜖1 =
𝛼

√2
𝜁+⊗ (𝜂 + 𝜂𝑐), 𝜖2 = 0  

𝑊= 0  
2 d𝐴 + ℎ1= 0  

(2 d𝜙 + ℎ1 + ℎ3) (𝜂 + 𝜂
𝑐) = 0

(∇𝑚 + 𝜕𝑚log 𝛼 +
1

4
ℎ1∣𝑚 +

1

4
ℎ3∣𝑚) (𝜂 + 𝜂

𝑐) = 0

 

𝜎(𝐹)(𝜂 + 𝜂𝑐)= 0  

𝜎(𝐹)𝛾𝑚(𝜂 + 𝜂
𝑐) = 0

 

𝑊= 0  

𝛼= 𝑒
1
2
𝐴  

ℎ1= −2 d𝐴  

ℎ̃3∣𝑚
(1,0)

 =
1

4
𝜕𝑚
+(𝐴 − 𝜙) −

3

8
𝑖ℎ3∣𝑚
(1,0)

𝑊1 = −
3

8
ℎ3∣𝑚
(1,0)

−
1

2
𝑖𝑊5 −

3

4
𝑖𝜕𝑚
+(𝐴 − 𝜙)

𝑊2 = 2𝑊3 − 2𝑖ℎ3
(2,1)

𝑊4 =
2

3
𝑊5 − 𝑖ℎ3

(1,0)

 

𝑓8= 𝑓0  
𝑓6= −𝑓2  

𝑓4=
3

4
𝑓0 −

1

8
𝑓4 +

𝑖

2
𝑓2  

𝑓2∣𝑚𝑛
(2,0)

= −𝑓6∣𝑚𝑛
(2,0)

 

(𝑓2∣𝑚𝑛
(2,0)

−
1

8
Ω𝑚𝑛  

𝑝𝑞𝑓2∣𝑝𝑞
(0,2)

) = −𝑖 (𝑓4∣𝑚𝑛
(2,0)

+
1

8
Ω𝑚𝑛  

𝑝𝑞𝑓4∣𝑝𝑞
(0,2)

)

𝑓4∣𝑚𝑛
(1,1)

 = 0

𝑓6∣𝑚𝑛
(1,1)

 = −𝑓2∣𝑚𝑛
(1,1)

𝑓4∣𝑚𝑛
(3,1)

 = 0

 

𝑆 = ∫  d11𝑥√−𝑔11 (𝑅11 −
1

48
𝐺2) −

1

6
∫  𝐴3 ∧ 𝐺 ∧ 𝐺  

𝐺 = d𝐴3.  

d𝑠11
2 = 𝑒−

1
6
𝜙

 d𝑠10
2 + 𝑒

4
3
𝜙(𝐶1 + d𝑧)

2,  

𝐴3 = 𝐶3 + 𝐵 ∧  d𝑧  

ℒ = 𝑅10 −
1

2
(𝜕𝜙)2 −

1

4
𝑒
3
2
𝜙𝐹2

2 −
1

12
𝑒−𝜙𝐻2 −

1

48
𝑒
1
2
𝜙𝐹4

2 +  C.S. ,  

𝐹4 = d𝐶3 −𝐻 ∧ 𝐶1;  𝐻 = d𝐵; 𝐹2 = d𝐶1  
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𝐺 = 𝐹4 + 𝐻 ∧ ( d𝑧 + 𝐶1).  

d𝑠𝐸
2 = 𝑒−

1
2
𝜙

 d𝑠str
2 .  

⋆10 𝜔𝑝 =
1

𝑝! (10 − 𝑝)!
√−𝑔𝜖𝑀1…𝑀10𝜔

𝑀11−𝑝…𝑀10 d𝑥𝑀1 ∧ …∧  d𝑥𝑀10−𝑝 

 

𝜉+ = 𝜂 + 𝜂𝑐 , 𝑚 = 𝜉− = 0 

∇̃𝜉+ = ∇𝑚𝜉
+ −

1

2
𝛾𝑚 

𝑛𝜕𝑛𝐴 

𝔐 =𝔐𝑐 ×𝔐𝑘 

 

ℒSYM = tr [−
1

2
𝐹𝛼𝛽𝐹

𝛼𝛽 − 𝐷𝛼𝜙𝑎𝐷𝛼𝜙𝑎 +
𝑔2

2
[𝜙𝑎 , 𝜙𝑏]

2 + 𝑖𝜓‾𝑝𝛾
𝛼𝐷𝛼𝜓𝑝 − 𝑔(𝜓‾𝑝(Γ𝑎

𝑝𝑞
𝑃+ + Γ‾𝑎

𝑝𝑞
𝑃−)[𝜙𝑎, 𝜓𝑞])] ,  

𝛿𝜖𝐴𝛼 = 𝑖𝜓‾𝑝𝛾𝛼𝜖𝑝, 𝛿𝜖𝜙𝑎 = −𝑖𝜓‾𝑝(Γ𝑎
𝑝𝑞
𝑃+ + Γ‾𝑎

𝑝𝑞
𝑃−)𝜖𝑞

𝛿𝜖𝜓𝑝 = 𝑖𝐹𝛼𝛽Σ
𝛼𝛽𝜖𝑝 + 𝛾

𝛼𝐷𝛼𝜙𝑎(Γ𝑎
𝑝𝑞
𝑃+ + Γ‾𝑎

𝑝𝑞
𝑃−)𝜖𝑞 − 𝑔[𝜙𝑎 , 𝜙𝑏](Γ𝑎𝑏

𝑝𝑞
𝑃+ + Γ‾𝑎𝑏

𝑝𝑞
𝑃−)𝜖𝑞

 

Γ𝑎𝑏
𝑝𝑞
= 𝑣𝑝

−Σ𝑎𝑏𝑣𝑞
+, Γ‾𝑝𝑞

𝑎𝑏 = 𝑣𝑝
+Σ𝑎𝑏𝑣𝑞

− 

Γ𝑎𝑏
𝑝𝑞
=
𝑖

4
(Γ‾𝑎
𝑝𝑟
Γ𝑏
𝑟𝑞
− Γ‾𝑏

𝑝𝑟
Γ𝑎
𝑟𝑞
), Γ‾𝑎𝑏

𝑝𝑞
=
𝑖

4
(Γ𝑎
𝑝𝑟
Γ‾𝑏
𝑟𝑞
− Γ𝑏

𝑝𝑟
Γ‾𝑎
𝑟𝑞
)  

Γ1
𝑝𝑞
= 𝑖(𝛿𝑝1𝛿𝑞4 − 𝛿𝑝4𝛿𝑞1 + 𝛿𝑝2𝛿𝑞3 − 𝛿𝑝3𝛿𝑞2), Γ2

𝑝𝑞
= 𝑖(𝛿𝑝1𝛿𝑞2 − 𝛿𝑝2𝛿𝑞1 + 𝛿𝑝3𝛿𝑞4 − 𝛿𝑝4𝛿𝑞3),

Γ3
𝑝𝑞
= 𝑖(𝛿𝑝1𝛿𝑞3 − 𝛿𝑝3𝛿𝑞1 − 𝛿𝑝2𝛿𝑞4 + 𝛿𝑝4𝛿𝑞2), Γ4

𝑝𝑞
= −(𝛿𝑝1𝛿𝑞4 − 𝛿𝑝4𝛿𝑞1 − 𝛿𝑝2𝛿𝑞3 + 𝛿𝑝3𝛿𝑞2),

Γ5
𝑝𝑞
= (𝛿𝑝1𝛿𝑞2 − 𝛿𝑝2𝛿𝑞1 − 𝛿𝑝3𝛿𝑞4 + 𝛿𝑝4𝛿𝑞3), Γ6

𝑝𝑞
= −(𝛿𝑝1𝛿𝑞3 − 𝛿𝑝3𝛿𝑞1 + 𝛿𝑝2𝛿𝑞4 − 𝛿𝑝4𝛿𝑞2),

 

𝜖𝑝 = 𝛿𝑝4𝜖  

𝛿𝜖𝐴𝛼 = 𝑖𝜓‾4𝛾𝛼𝜖, 𝛿𝜖𝜙𝑎 = −𝑖𝜓‾𝑝(Γ𝑎
𝑝4
𝑃+ + Γ‾𝑎

𝑝4
𝑃−)𝜖

𝛿𝜖𝜓𝑝 = 𝑖𝐹𝛼𝛽Σ
𝛼𝛽𝛿𝑝4𝜖 + 𝛾

𝛼𝐷𝛼𝜙𝑎(Γ𝑎
𝑝4
𝑃+ + Γ‾𝑎

𝑝4
𝑃−)𝜖 − 𝑔[𝜙𝑎, 𝜙𝑏](Γ𝑎𝑏

𝑝4
𝑃+ + Γ‾𝑎𝑏

𝑝4
𝑃−)𝜖

 

𝛿𝜖
′𝜓𝑝 = 𝜇𝑝𝑞𝜙𝑎(Γ𝑎

𝑞4
𝑃+ + Γ‾𝑎

𝑞4
𝑃−)𝜖  

(𝛿𝜖 + 𝛿𝜖
′)ℒSYM = tr(2𝑖𝜇𝑝𝑞𝜓‾𝑝(𝛿𝜖 + 𝛿𝜖

′)𝜓𝑞 + 2𝑀𝑎𝑏𝜙𝑎𝛿𝜖𝜙𝑏 − 3𝑖𝑔𝑇𝑎𝑏𝑐[𝜙𝑏 , 𝜙𝑐]𝛿𝜖𝜙𝑎)  

𝑇234 =
1

3
(𝜇1 − 𝜇2 − 𝜇3), 𝑇126 =

1

3
(𝜇1 − 𝜇2 + 𝜇3),

𝑇135 =
1

3
(𝜇1 + 𝜇2 − 𝜇3), 𝑇456 =

1

3
(𝜇1 + 𝜇2 + 𝜇3).

 

ℒ𝜇 = tr(−𝑖𝜇𝑝𝑞𝜓‾𝑝𝜓𝑞 −𝑀𝑎𝑏𝜙𝑎𝜙𝑏 + 𝑖𝑔𝑇𝑎𝑏𝑐𝜙𝑎[𝜙𝑏 , 𝜙𝑐])  

(𝛿𝜖 + 𝛿𝜖
′)(ℒSYM + ℒ𝜇) = 0  

(𝛿𝜖 + 𝛿𝜖
′)(ℒSYM + ℒ𝜇) = 𝛿𝜖

′ℒSYM + 𝛿𝜖ℒ𝜇 + 𝛿𝜖
′ℒ𝜇  

𝛿𝜖
′ℒSYM =tr[2𝑖(𝜕𝛼𝜇𝑚)𝜓‾𝑚𝛾

𝛼𝜙𝑎(Γ𝑎
𝑚4𝑃+ + Γ‾𝑎

𝑚4𝑃−)𝜖 + 2𝑖𝜇𝑚𝜓‾𝑚𝛾
𝛼𝐷𝛼𝜙𝑎(Γ𝑎

𝑚4𝑃+ + Γ‾𝑎
𝑚4𝑃−)𝜖

−2𝑔𝜇𝑚𝜓‾𝑝[𝜙𝑎, 𝜙𝑏](Γ𝑎
𝑝𝑚
Γ𝑏
𝑚4𝑃+ + Γ‾𝑎

𝑝𝑚
Γ‾𝑏
𝑚4𝑃−)𝜖]
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𝛿𝜖ℒ𝜇 =tr[−2𝑖𝜇𝑚𝐷𝛼𝜙𝑎𝜓‾𝑚𝛾
𝛼(Γ𝑎

𝑚4𝑃+ + Γ‾𝑎
𝑚4𝑃−)𝜖 − 𝑔𝜇𝑚[𝜙𝑎, 𝜙𝑏]𝜓‾𝑚(Γ‾𝑎

𝑚𝑝
Γ𝑏
𝑝4
𝑃+ + Γ𝑎

𝑚𝑝
Γ‾𝑏
𝑝4
𝑃−)𝜖

+2𝑖𝑀𝑎𝑏𝜙𝑎𝜓‾𝑝(Γ𝑏
𝑝4
𝑃+ + Γ‾𝑏

𝑝4
𝑃−)𝜖 + 3𝑔𝑇𝑎𝑏𝑐[𝜙𝑏 , 𝜙𝑐])𝜓‾𝑝(Γ𝑎

𝑝4
𝑃+ + Γ‾𝑎

𝑝4
𝑃−)𝜖]

𝛿𝜖
′ℒ𝜇 =tr[−2𝑖𝜇𝑝𝑟𝜇𝑟𝑞𝜙𝑎𝜓‾𝑝(Γ𝑎

𝑞4
𝑃+ + Γ‾𝑎

𝑞4
𝑃−)𝜖]

 

(𝛿𝜖 + 𝛿𝜖
′)(ℒSYM + ℒ𝜇) = 2𝑖(𝜕𝛼𝜇𝑚)tr [(−∑  

3

𝑎=1

 +∑  

6

𝑎=4

 ) 𝜙𝑎𝜓‾𝑚(Γ𝑎
𝑚4𝑃+ + Γ‾𝑎

𝑚4𝑃−)] 𝛾
𝛼𝜖.  

(𝛿𝜖 + 𝛿𝜖
′)(ℒSYM + ℒ𝜇)= 2𝑖(𝜕𝛼𝜇𝑝)tr [(−∑  

3

𝑎=1

 + ∑  

6

𝑎=4

 ) 𝜙𝑎𝜓‾𝑝(Γ𝑎
𝑝4
𝑃+ + Γ‾𝑎

𝑝4
𝑃−)] 𝛾

𝛼𝜖 

 = tr[−2𝑖(𝜕𝛼𝐽𝑎𝑏)𝜙𝑎𝜓‾𝑝(Γ𝑏
𝑝4
𝑃+ + Γ‾𝑏

𝑝4
𝑃−)𝛾

𝛼𝜖]

 

𝐽𝑎𝑏 = diag(𝜇1, 𝜇3, 𝜇2, −𝜇1, −𝜇3, −𝜇2)  

(𝛿𝜖 + 𝛿𝜖
′)(ℒSYM + ℒ𝜇) = tr[−2𝑖𝐽𝑎𝑏

′ 𝜙𝑎𝜓‾𝑝(Γ𝑏
𝑝4
𝑃+ + Γ‾𝑏

𝑝4
𝑃−)𝛾

1𝜖]  

𝛾1𝜖 = 𝜖  

(𝛿𝜖 + 𝛿𝜖
′)(ℒSYM + ℒ𝜇) = tr [2𝐽𝑎𝑏

′ 𝜙𝑎 (−𝑖𝜓‾𝑝 (Γ𝑏
𝑝4
𝑃+ + Γ‾𝑏

𝑝4
𝑃−) 𝜖)] = tr[2𝐽𝑎𝑏

′ 𝜙𝑎𝛿𝜙𝑏]  

ℒ𝐽 = −tr(𝐽𝑎𝑏
′ 𝜙𝑎𝜙𝑏)  

𝑆 = ∫  𝑑4𝑥(ℒSYM + ℒ𝜇 + ℒ𝐽) 

𝑇𝜇𝜈 = tr [2𝜕𝜇𝜙𝑎𝜕𝜈𝜙𝑎 + 𝑔𝜇𝜈 (−𝜕
𝛼𝜙𝑎𝜕𝛼𝜙𝑎 +

𝑔2

2
[𝜙𝑎 , 𝜙𝑏]

2 − (𝑀𝑎𝑏 + 𝐽𝑎𝑏
′ )𝜙𝑎𝜙𝑏 + 𝑖𝑔𝑇𝑎𝑏𝑐𝜙𝑎[𝜙𝑏 , 𝜙𝑐])]. 

𝐸0 = ∫  𝑑
3𝑥𝑇00 = ∫  𝑑

3𝑥tr [𝜙𝑎
′𝜙𝑎

′ −
𝑔2

2
[𝜙𝑎, 𝜙𝑏]

2 + (𝑀𝑎𝑏 + 𝐽𝑎𝑏
′ )𝜙𝑎𝜙𝑏 − 𝑖𝑔𝑇𝑎𝑏𝑐𝜙𝑎[𝜙𝑏 , 𝜙𝑐]]  

(𝛿𝜖 + 𝛿𝜖
′)𝜓𝑝 =𝑖𝐹𝛼𝛽Σ

𝛼𝛽𝛿𝑝4𝜖 + 𝐷𝛼𝜙𝑎(Γ𝑎
𝑝4
𝑃− + Γ‾𝑎

𝑝4
𝑃+)𝛾

𝛼𝜖 − 𝑔[𝜙𝑎 , 𝜙𝑏](Γ𝑎𝑏
𝑝4
𝑃+ + Γ‾𝑎𝑏

𝑝4
𝑃−)𝜖

 +𝜇𝑝𝑞𝜙𝑎(Γ𝑎
𝑞4
𝑃+ + Γ‾𝑎

𝑞4
𝑃−)𝜖

 

(𝛿𝜖 + 𝛿𝜖
′)𝜓𝑝 = [𝜙𝑎

′ (Γ𝑎
𝑝4
𝑃− + Γ‾𝑎

𝑝4
𝑃+) − 𝑔[𝜙𝑎 , 𝜙𝑏] (Γ𝑎𝑏

𝑝4
𝑃+ + Γ‾𝑎𝑏

𝑝4
𝑃−) + 𝜇𝑝𝑞𝜙𝑎 (Γ𝑎

𝑞4
𝑃+ + Γ‾𝑎

𝑞4
𝑃−)] 𝜖  

tr [|𝜙𝑎
′ (Γ𝑎

𝑝4
𝑃− + Γ‾𝑎

𝑝4
𝑃+) − 𝑔[𝜙𝑎, 𝜙𝑏] (Γ𝑎𝑏

𝑝4
𝑃+ + Γ‾𝑎𝑏

𝑝4
𝑃−) + 𝜇𝑝𝑞𝜙𝑎 (Γ𝑎

𝑞4
𝑃+ + Γ‾𝑎

𝑞4
𝑃−)|

2
]

 = tr [𝜙𝑎
′𝜙𝑎

′ −
𝑖𝑔

3
(𝑇̃𝑎𝑏𝑐𝜙𝑎[𝜙𝑏 , 𝜙𝑐])

′
− 𝐽𝑎𝑏(𝜙𝑎𝜙𝑏)

′ −
𝑔2

2
[𝜙𝑎 , 𝜙𝑏]

2 − 𝑖𝑔𝑇𝑎𝑏𝑐𝜙𝑎[𝜙𝑏 , 𝜙𝑐] + 𝑀𝑎𝑏𝜙𝑎𝜙𝑏]
 

|𝐴|2 ≡ 𝐴𝐴† 

Γ𝑎
𝑝𝑞∗

= Γ‾𝑎
𝑝𝑞

 

𝑇̃126 = 𝑇̃135 = −𝑇̃234 = −𝑇̃456 = −1  

𝐸0 =∫  𝑑
3𝑥tr [|𝜙𝑎

′ (Γ𝑎
𝑝4
𝑃− + Γ‾𝑎

𝑝4
𝑃+) − 𝑔[𝜙𝑎, 𝜙𝑏] (Γ𝑎𝑏

𝑝4
𝑃+ + Γ‾𝑎𝑏

𝑝4
𝑃−) + 𝜇𝑝𝑞𝜙𝑎 (Γ𝑎

𝑞4
𝑃+ + Γ‾𝑎

𝑞4
𝑃−)|

2
] 

 +∫  𝑑3𝑥𝒦′
 

𝒦 = tr (𝐽𝑎𝑏𝜙𝑎𝜙𝑏 +
𝑖𝑔

3
𝑇̃𝑎𝑏𝑐𝜙𝑎[𝜙𝑏 , 𝜙𝑐])  

𝜙𝑎
′ (Γ𝑎

𝑝4
𝑃− + Γ‾𝑎

𝑝4
𝑃+) − 𝑔[𝜙𝑎 , 𝜙𝑏](Γ𝑎𝑏

𝑝4
𝑃+ + Γ‾𝑎𝑏

𝑝4
𝑃−) + 𝜇𝑝𝑞𝜙𝑎(Γ𝑎

𝑞4
𝑃+ + Γ‾𝑎

𝑞4
𝑃−) = 0.  

𝜙𝑎
′ Γ‾𝑎
𝑝4
− 𝑔[𝜙𝑎, 𝜙𝑏]Γ𝑎𝑏

𝑝4
+ 𝜇𝑝𝑞𝜙𝑎Γ𝑎

𝑞4
= 0, 𝜙𝑎

′ Γ𝑎
𝑝4
− 𝑔[𝜙𝑎, 𝜙𝑏]Γ‾𝑎𝑏

𝑝4
+ 𝜇𝑝𝑞𝜙𝑎Γ‾𝑎

𝑞4
= 0.  
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𝜙𝑎
′ Γ‾𝑎
𝑝4
−
𝑖𝑔

2
[𝜙𝑎 , 𝜙𝑏]Γ‾𝑎

𝑝𝑟
Γ𝑏
𝑟4 + 𝜇𝑝𝑞𝜙𝑎Γ𝑎

𝑞4
= 0

 ∫  
𝑥𝑅

𝑥𝐿

 𝑑𝑥𝒦′ = 0 ⟺ 𝒦|𝑥→𝑥𝐿 = 𝒦|𝑥→𝑥𝑅

 

𝑖𝜙1
′ + 𝜙4

′ − 𝑔(𝑖([𝜙2, 𝜙3] + [𝜙5, 𝜙6]) + ([𝜙2, 𝜙6] + [𝜙3, 𝜙5])) − 𝜇1(𝑖𝜙1 −𝜙4) = 0,

𝑖𝜙3
′ − 𝜙6

′ + 𝑔(−𝑖([𝜙1, 𝜙2] − [𝜙4, 𝜙5]) + ([𝜙1, 𝜙5] − [𝜙2, 𝜙4])) − 𝜇2(𝑖𝜙3 + 𝜙6) = 0,

𝑖𝜙2
′ + 𝜙5

′ + 𝑔(𝑖([𝜙1, 𝜙3] + [𝜙4, 𝜙6]) + ([𝜙1, 𝜙6] + [𝜙3, 𝜙4])) − 𝜇3(𝑖𝜙2 − 𝜙5) = 0,

[𝜙1, 𝜙4] + [𝜙2, 𝜙5] − [𝜙3, 𝜙6] = 0.

 

Φ1 = 𝑔(𝜙1 + 𝑖𝜙4), Φ3 = 𝑔(𝜙2 + 𝑖𝜙5), Φ2 = 𝑔(𝜙3 − 𝑖𝜙6)  

Φ𝑖
†′ +

1

2
∑  

3

𝑗,𝑘=1

 𝜖𝑖𝑗𝑘[Φ𝑗 , Φ𝑘] − 𝜇𝑖Φ𝑖 = 0,∑  

3

𝑖=1

  [Φ𝑖 , Φ𝑖
†] = 0.  

lim
𝑥𝐿→−∞

 𝜇𝑖(𝑥𝐿) = 𝜇𝐿𝑖 , lim
𝑥𝑅→∞

 𝜇𝑖(𝑥𝑅) = 𝜇𝑅𝑖 , (𝑖 = 1,2,3)  

[Φ𝑖 , Φ𝑗] − 𝜖𝑖𝑗𝑘(𝜇0𝑘Φ𝑘) = 0,∑  

3

𝑖=1

  [Φ𝑖
†, Φ𝑖] = 0  

Φ1 = −𝑖√𝜇02𝜇03𝑇1, Φ2 = −𝑖√𝜇01𝜇03𝑇2, Φ3 = −𝑖√𝜇01𝜇02𝑇3  

𝑇𝑖 = (

𝑇𝑖
(𝑛1)

⋱

𝑇𝑖
(𝑛𝑙)

)  

∑ 

𝑙

𝑘=1

 𝑛𝑘 = 𝑁  

∑  

∞

𝑛=1

 𝑛𝑁𝑛 = 𝑁  

𝜙1 = 𝜙2 = 𝜙3 = 0, 𝜙4 = −
√𝜇02𝜇03

𝑔
𝑇1, 𝜙5 = −

√𝜇01𝜇02

𝑔
𝑇3, 𝜙6 =

√𝜇01𝜇03

𝑔
𝑇2  

𝒦|vac= −
1

3𝑔2
𝜇01𝜇02𝜇03tr(𝑇1

2 + 𝑇2
2 + 𝑇3

2)  

 = −
1

12𝑔2
𝜇01𝜇02𝜇03∑  

∞

𝑛=1

 𝑛(𝑛2 − 1)𝑁𝑛

 

(𝑇1
(𝑛)
)
2
+ (𝑇1

(𝑛)
)
2
+ (𝑇1

(𝑛)
)
2
= 𝑐2(𝑛)𝟙𝑛×𝑛 

𝑐2(𝑛) =
1

4
(𝑛2 − 1) 

𝜇𝐿1𝜇𝐿2𝜇𝐿3∑  

∞

𝑛=1

 𝑛(𝑛2 − 1)𝑁𝑛
(𝐿)
= 𝜇𝑅1𝜇𝑅2𝜇𝑅3∑  

∞

𝑛=1

 𝑛(𝑛2 − 1)𝑁𝑛
(𝑅)

 

𝑅𝑘
2 ∼

𝜇01𝜇02𝜇03
4𝑁

𝑛𝑘(𝑛𝑘
2 − 1)  

𝜇𝑖(𝑥) = 𝑚𝑖0 +𝑚𝑖(𝑥)  with ∫  
𝜏

0

 𝑚𝑖(𝑥)𝑑𝑥 = 0  
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Φ𝑖(𝑥) = 𝑒
𝐾𝑖(𝑥)Φ̃𝑖(𝑥)

𝐾𝑖(𝑥) = 𝑚𝑖0(𝜉𝑖 − 𝑥) − Λ𝑖(𝑥)

Λ𝑖 = ∫ 𝑚𝑖

𝑥

𝑚𝑖(𝑥
′)𝑑𝑥′

 

𝑑𝜉𝑖
𝑑𝑥

= 𝑒𝐾𝑖−∑  𝑖′≠𝑖  𝐾𝑖′  

𝑒∑  𝑖′≠𝑖  𝐾𝑖′ (
𝑑Φ̃𝑖

†

𝑑𝜉𝑖
+
1

2
∑  

3

𝑗,𝑘=1

  𝜖𝑖𝑗𝑘[Φ̃𝑗 , Φ̃𝑘] + 𝑚𝑖0Φ̃𝑖
†) = 𝑒∑  𝑖′≠𝑖  𝐾𝑖′𝜇𝑖(Φ̃𝑖

† + Φ̃𝑖)

 ∑  

3

𝑖=1

 𝑒2𝐾𝑖[Φ̃𝑖 , Φ̃𝑖
†] = 0

 

𝑑Φ̃𝑖
𝑑𝜉𝑖

−
1

2
∑  

3

𝑗,𝑘=1

  𝜖𝑖𝑗𝑘[Φ̃𝑗 , Φ̃𝑘] + 𝑚𝑖0Φ̃𝑖 = 0  

Φ𝑖(𝑥) = 𝑒
𝐾(𝑥)Φ̃𝑖(𝑥)

𝐾(𝑥) = 𝑚0(𝜉 − 𝑥) − Λ(𝑥)  with Λ = ∫ 𝑚
𝑥

𝑚(𝑥′)𝑑𝑥′
 

(
𝑑𝜉

𝑑𝑥
) (𝑥) = 𝑒−𝐾(𝑥) = 𝑒−𝑚0(𝜉−𝑥)+Λ(𝑥)  

Φ𝑖(𝑥) = (
𝑑𝑥

𝑑𝜉
) Φ̃𝑖(𝑥) 

(
𝑑𝑥

𝑑𝜉
) (𝑥) = 𝑚0∫  

𝑥

−∞

 𝑒𝑚0(𝑥
′−𝑥)+(Λ(𝑥′)−Λ(𝑥))𝑑𝑥′  

(
𝑑𝑥

𝑑𝜉
) (𝑥 + 𝜏)= 𝑚0∫  

𝑥+𝜏

−∞

  𝑒𝑚0(𝑥
′−𝑥−𝜏)+(Λ(𝑥′)−Λ(𝑥))𝑑𝑥′  

 = 𝑚0∫  
𝑥

−∞

  𝑒𝑚0(𝑥
′′−𝑥)+(Λ(𝑥′′)−Λ(𝑥))𝑑𝑥′′ = (

𝑑𝑥

𝑑𝜉
) (𝑥)

 

𝑑Φ̃𝑖
𝑑𝜉𝑖

−
1

2
∑  

3

𝑗,𝑘=1

  𝜖𝑖𝑗𝑘[Φ̃𝑗 , Φ̃𝑘] = 0  

Φ̃𝐷
𝑖 = diag(𝑎1

𝑖 , 𝑎2
𝑖 , ⋯ , 𝑎𝑁

𝑖 )  

𝜇(𝑥) = 𝑚1sin 𝑞𝑥  

Φ𝑖(𝑥) = 𝑒
𝑚1
𝑞
cos 𝑞𝑥

Φ̃𝐷
𝑖  

Φ𝑖(𝑥) = (
𝑑𝑥

𝑑𝜉
) Φ̃𝑖(𝑥)  

(
𝑑𝑥

𝑑𝜉
)
𝑥

= 𝑚0∫  
𝑥

−∞

 𝑒
𝑚0(𝑥

′−𝑥)−
𝑚1
𝑞
(cos 𝑞𝑥′−cos 𝑞𝑥)

𝑑𝑥′ 

Φ̃𝑖(𝑥) = −𝑖𝑚0𝑇𝑖

 

(𝛿𝜖 + 𝛿𝜖
′)(ℒSYM + ℒ𝜇) = 2𝑖(𝜕𝛼𝜇)tr [(−∑  

3

𝑎=1

 + ∑  

6

𝑎=4

 ) 𝜙𝑎𝜓‾𝑚(Γ𝑎
𝑚𝑖𝑃+ + Γ‾𝑎

𝑚𝑖𝑃−)𝛾
𝛼𝜖𝑖]  

(𝛿𝜖 + 𝛿𝜖
′)(ℒSYM + ℒ𝜇)= 2𝑖(𝜕𝛼𝜇)tr [(− ∑  

𝑎=1,3

 + ∑  

𝑎=4,6

 ) 𝜙𝑎𝜓‾𝑝(Γ𝑎
𝑝𝑖
𝑃+ + Γ‾𝑎

𝑝𝑖
𝑃−)𝛾

𝛼𝜖𝑖] 

 = tr[−2𝑖𝜕𝛼𝐽𝑎𝑏𝜙𝑎𝜓‾𝑝(Γ𝑏
𝑝𝑖
𝑃+ + Γ‾𝑏

𝑝𝑖
𝑃−)𝛾

𝛼𝜖𝑖]
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(𝛿𝜖 + 𝛿𝜖
′)(ℒSYM + ℒ𝜇) = tr[2𝐽𝑎𝑏

′ 𝜙𝑎(−𝑖𝜓‾𝑝(Γ𝑏
𝑝𝑖
𝑃+ + Γ‾𝑏

𝑝𝑖
𝑃−)𝜖𝑖)] = tr(2𝐽𝑎𝑏

′ 𝜙𝑎𝛿𝜙𝑏).  

ℒ𝐽 = −tr(𝐽𝑎𝑏
′ 𝜙𝑎𝜙𝑏)  

𝜙𝑎
′ Γ‾𝑎
𝑝𝑖
−
𝑖𝑔

2
[𝜙𝑎 , 𝜙𝑏]Γ‾𝑎

𝑝𝑟
Γ𝑏
𝑟𝑖 + 𝜇𝑝𝑟𝜙𝑎Γ𝑎

𝑟𝑖 = 0,  (𝐽𝑎𝑏𝜙𝑎𝜙𝑏 +
𝑖𝑔

3
𝑇̃𝑎𝑏𝑐𝜙𝑎[𝜙𝑏 , 𝜙𝑐])|

boundary 

= 0,  

𝜙3
′ − 𝑖𝑔[𝜙1, 𝜙5] − 𝜇𝜙3 = 0, [𝜙1, 𝜙2] = 0,

𝜙6
′ − 𝑖𝑔[𝜙4, 𝜙5] + 𝜇𝜙6 = 0, [𝜙2, 𝜙4] = 0,

𝜙4
′ − 𝑖𝑔[𝜙5, 𝜙6] + 𝜇𝜙4 = 0, [𝜙2, 𝜙6] = 0,

𝜙1
′ + 𝑖𝑔[𝜙3, 𝜙5] − 𝜇𝜙1 = 0, [𝜙2, 𝜙3] = 0,
[𝜙1, 𝜙4] − [𝜙3, 𝜙6] = 0, [𝜙2, 𝜙5] = 0,

𝜙5
′ + 𝑖𝑔([𝜙1, 𝜙3] + [𝜙4, 𝜙6]) = 0, 𝜙2

′ = 0,

[𝜙1, 𝜙6] + [𝜙3, 𝜙4] = 0.

 

ℒSYM =tr [−
1

2
𝐹𝛼𝛽𝐹

𝛼𝛽 −𝐷𝛼𝜙𝑎𝐷𝛼𝜙𝑎 +
𝑔2

2
[𝜙𝑎 , 𝜙𝑏]

2 + 𝑖𝜓‾𝑝𝛾
𝛼𝐷𝛼𝜓𝑝

−𝑔(𝜓‾𝑝(Γ𝑎
𝑝𝑞
𝑃+ + Γ‾𝑎

𝑝𝑞
𝑃−)[𝜙𝑎, 𝜓𝑞])]

 

𝛿𝜖𝐴𝛼= 𝑖𝜓‾𝑝𝛾𝛼𝜖𝑝, 𝛿𝜖𝜙𝑎 = −𝑖𝜓‾𝑝(Γ𝑎
𝑝𝑞
𝑃+ + Γ‾𝑎

𝑝𝑞
𝑃−)𝜖𝑞  

𝛿𝜖𝜓𝑝 = 𝑖𝐹𝛼𝛽Σ
𝛼𝛽𝜖𝑝 + 𝛾

𝛼𝐷𝛼𝜙𝑎(Γ𝑎
𝑝𝑞
𝑃+ + Γ‾𝑎

𝑝𝑞
𝑃−)𝜖𝑞 − 𝑔[𝜙𝑎 , 𝜙𝑏](Γ𝑎𝑏

𝑝𝑞
𝑃+ + Γ‾𝑎𝑏

𝑝𝑞
𝑃−)𝜖𝑞(2.2)

 

Σ𝛼𝛽 =
𝑖

4
[𝛾𝛼 , 𝛾𝛽] 

Γ𝑎𝑏
𝑝𝑞
= 𝑣𝑝

−Σ𝑎𝑏𝑣𝑞
+, Γ‾𝑝𝑞

𝑎𝑏 = 𝑣𝑝
+Σ𝑎𝑏𝑣𝑞

−with Σ𝑎𝑏 = −
𝑖

4
[Γ𝑎, Γ𝑏] 

Γ𝑎𝑏
𝑝𝑞
=
𝑖

4
(Γ‾𝑎
𝑝𝑟
Γ𝑏
𝑟𝑞
− Γ‾𝑏

𝑝𝑟
Γ𝑎
𝑟𝑞
), Γ‾𝑎𝑏

𝑝𝑞
=
𝑖

4
(Γ𝑎
𝑝𝑟
Γ‾𝑏
𝑟𝑞
− Γ𝑏

𝑝𝑟
Γ‾𝑎
𝑟𝑞
)  

Γ1
𝑝𝑞
= 𝑖(𝛿𝑝1𝛿𝑞4 − 𝛿𝑝4𝛿𝑞1 + 𝛿𝑝2𝛿𝑞3 − 𝛿𝑝3𝛿𝑞2), Γ2

𝑝𝑞
= 𝑖(𝛿𝑝1𝛿𝑞2 − 𝛿𝑝2𝛿𝑞1 + 𝛿𝑝3𝛿𝑞4 − 𝛿𝑝4𝛿𝑞3),

Γ3
𝑝𝑞
= 𝑖(𝛿𝑝1𝛿𝑞3 − 𝛿𝑝3𝛿𝑞1 − 𝛿𝑝2𝛿𝑞4 + 𝛿𝑝4𝛿𝑞2), Γ4

𝑝𝑞
= −(𝛿𝑝1𝛿𝑞4 − 𝛿𝑝4𝛿𝑞1 − 𝛿𝑝2𝛿𝑞3 + 𝛿𝑝3𝛿𝑞2),

Γ5
𝑝𝑞
= (𝛿𝑝1𝛿𝑞2 − 𝛿𝑝2𝛿𝑞1 − 𝛿𝑝3𝛿𝑞4 + 𝛿𝑝4𝛿𝑞3), Γ6

𝑝𝑞
= −(𝛿𝑝1𝛿𝑞3 − 𝛿𝑝3𝛿𝑞1 + 𝛿𝑝2𝛿𝑞4 − 𝛿𝑝4𝛿𝑞2),

 

𝜖𝑝 = 𝛿𝑝4𝜖  

𝛿𝜖𝐴𝛼  = 𝑖𝜓‾4𝛾𝛼𝜖, 𝛿𝜖𝜙𝑎 = −𝑖𝜓‾𝑝(Γ𝑎
𝑝4
𝑃+ + Γ‾𝑎

𝑝4
𝑃−)𝜖

𝛿𝜖𝜓𝑝  = 𝑖𝐹𝛼𝛽Σ
𝛼𝛽𝛿𝑝4𝜖 + 𝛾

𝛼𝐷𝛼𝜙𝑎(Γ𝑎
𝑝4
𝑃+ + Γ‾𝑎

𝑝4
𝑃−)𝜖 − 𝑔[𝜙𝑎 , 𝜙𝑏](Γ𝑎𝑏

𝑝4
𝑃+ + Γ‾𝑎𝑏

𝑝4
𝑃−)𝜖

 

𝛿𝜖
′𝜓𝑝 = 𝜇𝑝𝑞𝜙𝑎(Γ𝑎

𝑞4
𝑃+ + Γ‾𝑎

𝑞4
𝑃−)𝜖  

(𝛿𝜖 + 𝛿𝜖
′)ℒSYM = tr(2𝑖𝜇𝑝𝑞𝜓‾𝑝(𝛿𝜖 + 𝛿𝜖

′)𝜓𝑞 + 2𝑀𝑎𝑏𝜙𝑎𝛿𝜖𝜙𝑏 − 3𝑖𝑔𝑇𝑎𝑏𝑐[𝜙𝑏 , 𝜙𝑐]𝛿𝜖𝜙𝑎)  

𝑀𝑎𝑏 = diag(𝜇1
2, 𝜇3

2, 𝜇2
2, 𝜇1

2, 𝜇3
2, 𝜇2

2) 

𝑇234 =
1

3
(𝜇1 − 𝜇2 − 𝜇3), 𝑇126 =

1

3
(𝜇1 − 𝜇2 + 𝜇3)

𝑇135 =
1

3
(𝜇1 + 𝜇2 − 𝜇3), 𝑇456 =

1

3
(𝜇1 + 𝜇2 + 𝜇3)

 

ℒ𝜇 = tr(−𝑖𝜇𝑝𝑞𝜓‾𝑝𝜓𝑞 −𝑀𝑎𝑏𝜙𝑎𝜙𝑏 + 𝑖𝑔𝑇𝑎𝑏𝑐𝜙𝑎[𝜙𝑏 , 𝜙𝑐])  

(𝛿𝜖 + 𝛿𝜖
′)(ℒSYM + ℒ𝜇) = 0  

(𝛿𝜖 + 𝛿𝜖
′)(ℒSYM + ℒ𝜇) = 𝛿𝜖

′ℒSYM + 𝛿𝜖ℒ𝜇 + 𝛿𝜖
′ℒ𝜇 ,  

𝛿𝜖
′ℒSYM =tr[2𝑖(𝜕𝛼𝜇𝑚)𝜓‾𝑚𝛾

𝛼𝜙𝑎(Γ𝑎
𝑚4𝑃+ + Γ‾𝑎

𝑚4𝑃−)𝜖 + 2𝑖𝜇𝑚𝜓‾𝑚𝛾
𝛼𝐷𝛼𝜙𝑎(Γ𝑎

𝑚4𝑃+ + Γ‾𝑎
𝑚4𝑃−)𝜖

−2𝑔𝜇𝑚𝜓‾𝑝[𝜙𝑎, 𝜙𝑏](Γ𝑎
𝑝𝑚
Γ𝑏
𝑚4𝑃+ + Γ‾𝑎

𝑝𝑚
Γ‾𝑏
𝑚4𝑃−)𝜖],
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𝛿𝜖ℒ𝜇 =tr[−2𝑖𝜇𝑚𝐷𝛼𝜙𝑎𝜓‾𝑚𝛾
𝛼(Γ𝑎

𝑚4𝑃+ + Γ‾𝑎
𝑚4𝑃−)𝜖 − 𝑔𝜇𝑚[𝜙𝑎, 𝜙𝑏]𝜓‾𝑚(Γ‾𝑎

𝑚𝑝
Γ𝑏
𝑝4
𝑃+ + Γ𝑎

𝑚𝑝
Γ‾𝑏
𝑝4
𝑃−)𝜖

+2𝑖𝑀𝑎𝑏𝜙𝑎𝜓‾𝑝(Γ𝑏
𝑝4
𝑃+ + Γ‾𝑏

𝑝4
𝑃−)𝜖 + 3𝑔𝑇𝑎𝑏𝑐[𝜙𝑏 , 𝜙𝑐])𝜓‾𝑝(Γ𝑎

𝑝4
𝑃+ + Γ‾𝑎

𝑝4
𝑃−)𝜖]

𝛿𝜖
′ℒ𝜇 =tr[−2𝑖𝜇𝑝𝑟𝜇𝑟𝑞𝜙𝑎𝜓‾𝑝(Γ𝑎

𝑞4
𝑃+ + Γ‾𝑎

𝑞4
𝑃−)𝜖].

 

(𝛿𝜖 + 𝛿𝜖
′)(ℒSYM + ℒ𝜇) = 2𝑖(𝜕𝛼𝜇𝑚)tr [(−∑  

3

𝑎=1

 +∑  

6

𝑎=4

 ) 𝜙𝑎𝜓‾𝑚(Γ𝑎
𝑚4𝑃+ + Γ‾𝑎

𝑚4𝑃−)] 𝛾
𝛼𝜖.  

(𝛿𝜖 + 𝛿𝜖
′)(ℒSYM + ℒ𝜇)= 2𝑖(𝜕𝛼𝜇𝑝)tr [(−∑  

3

𝑎=1

 + ∑  

6

𝑎=4

 ) 𝜙𝑎𝜓‾𝑝(Γ𝑎
𝑝4
𝑃+ + Γ‾𝑎

𝑝4
𝑃−)] 𝛾

𝛼𝜖 

 = tr[−2𝑖(𝜕𝛼𝐽𝑎𝑏)𝜙𝑎𝜓‾𝑝(Γ𝑏
𝑝4
𝑃+ + Γ‾𝑏

𝑝4
𝑃−)𝛾

𝛼𝜖]

 

𝐽𝑎𝑏 = diag(𝜇1, 𝜇3, 𝜇2, −𝜇1, −𝜇3, −𝜇2).  

(𝛿𝜖 + 𝛿𝜖
′)(ℒSYM + ℒ𝜇) = tr[−2𝑖𝐽𝑎𝑏

′ 𝜙𝑎𝜓‾𝑝(Γ𝑏
𝑝4
𝑃+ + Γ‾𝑏

𝑝4
𝑃−)𝛾

1𝜖],  

𝛾1𝜖 = 𝜖  

(𝛿𝜖 + 𝛿𝜖
′)(ℒSYM + ℒ𝜇) = tr[2𝐽𝑎𝑏

′ 𝜙𝑎(−𝑖𝜓‾𝑝(Γ𝑏
𝑝4
𝑃+ + Γ‾𝑏

𝑝4
𝑃−)𝜖)] = tr[2𝐽𝑎𝑏

′ 𝜙𝑎𝛿𝜙𝑏]  

ℒ𝐽 = −tr(𝐽𝑎𝑏
′ 𝜙𝑎𝜙𝑏).  

𝑆 = ∫  𝑑4𝑥(ℒSYM + ℒ𝜇 + ℒ𝐽) 

𝑇𝜇𝜈 =tr[2𝜕𝜇𝜙𝑎𝜕𝜈𝜙𝑎

+𝑔𝜇𝜈 (−𝜕
𝛼𝜙𝑎𝜕𝛼𝜙𝑎 +

𝑔2

2
[𝜙𝑎 , 𝜙𝑏]

2 − (𝑀𝑎𝑏 + 𝐽𝑎𝑏
′ )𝜙𝑎𝜙𝑏 + 𝑖𝑔𝑇𝑎𝑏𝑐𝜙𝑎[𝜙𝑏 , 𝜙𝑐])] .

 

𝐸0 = ∫  𝑑
3𝑥𝑇00 = ∫  𝑑

3𝑥tr [𝜙𝑎
′𝜙𝑎

′ −
𝑔2

2
[𝜙𝑎, 𝜙𝑏]

2 + (𝑀𝑎𝑏 + 𝐽𝑎𝑏
′ )𝜙𝑎𝜙𝑏 − 𝑖𝑔𝑇𝑎𝑏𝑐𝜙𝑎[𝜙𝑏 , 𝜙𝑐]]  

(𝛿𝜖 + 𝛿𝜖
′)𝜓𝑝 =𝑖𝐹𝛼𝛽Σ

𝛼𝛽𝛿𝑝4𝜖 + 𝐷𝛼𝜙𝑎(Γ𝑎
𝑝4
𝑃− + Γ‾𝑎

𝑝4
𝑃+)𝛾

𝛼𝜖 − 𝑔[𝜙𝑎 , 𝜙𝑏](Γ𝑎𝑏
𝑝4
𝑃+ + Γ‾𝑎𝑏

𝑝4
𝑃−)𝜖

 +𝜇𝑝𝑞𝜙𝑎(Γ𝑎
𝑞4
𝑃+ + Γ‾𝑎

𝑞4
𝑃−)𝜖

 

(𝛿𝜖 + 𝛿𝜖
′)𝜓𝑝 = [𝜙𝑎

′ (Γ𝑎
𝑝4
𝑃− + Γ‾𝑎

𝑝4
𝑃+) − 𝑔[𝜙𝑎, 𝜙𝑏](Γ𝑎𝑏

𝑝4
𝑃+ + Γ‾𝑎𝑏

𝑝4
𝑃−) + 𝜇𝑝𝑞𝜙𝑎(Γ𝑎

𝑞4
𝑃+ + Γ‾𝑎

𝑞4
𝑃−)]𝜖  

tr [|𝜙𝑎
′ (Γ𝑎

𝑝4
𝑃− + Γ‾𝑎

𝑝4
𝑃+) − 𝑔[𝜙𝑎 , 𝜙𝑏](Γ𝑎𝑏

𝑝4
𝑃+ + Γ‾𝑎𝑏

𝑝4
𝑃−) + 𝜇𝑝𝑞𝜙𝑎(Γ𝑎

𝑞4
𝑃+ + Γ‾𝑎

𝑞4
𝑃−)|

2
]

 = tr [𝜙𝑎
′𝜙𝑎

′ −
𝑖𝑔

3
(𝑇̃𝑎𝑏𝑐𝜙𝑎[𝜙𝑏 , 𝜙𝑐])

′
− 𝐽𝑎𝑏(𝜙𝑎𝜙𝑏)

′ −
𝑔2

2
[𝜙𝑎 , 𝜙𝑏]

2 − 𝑖𝑔𝑇𝑎𝑏𝑐𝜙𝑎[𝜙𝑏 , 𝜙𝑐] + 𝑀𝑎𝑏𝜙𝑎𝜙𝑏]
 

|𝐴|2 ≡ 𝐴𝐴† 

Γ𝑎
𝑝𝑞∗

= Γ‾𝑎
𝑝𝑞

 

𝑇̃126 = 𝑇̃135 = −𝑇̃234 = −𝑇̃456 = −1.  

𝐸0 =∫  𝑑
3𝑥tr[∣ 𝜙𝑎

′ (Γ𝑎
𝑝4
𝑃− + Γ‾𝑎

𝑝4
𝑃+) − 𝑔[𝜙𝑎 , 𝜙𝑏](Γ𝑎𝑏

𝑝4
𝑃+ + Γ‾𝑎𝑏

𝑝4
𝑃−) 

+𝜇𝑝𝑞𝜙𝑎(Γ𝑎
𝑞4
𝑃+ + Γ‾𝑎

𝑞4
𝑃−)|

2
] + ∫  𝑑3𝑥𝒦′

 

𝒦 = tr (𝐽𝑎𝑏𝜙𝑎𝜙𝑏 +
𝑖𝑔

3
𝑇̃𝑎𝑏𝑐𝜙𝑎[𝜙𝑏 , 𝜙𝑐])  

𝜙𝑎
′ (Γ𝑎

𝑝4
𝑃− + Γ‾𝑎

𝑝4
𝑃+) − 𝑔[𝜙𝑎 , 𝜙𝑏](Γ𝑎𝑏

𝑝4
𝑃+ + Γ‾𝑎𝑏

𝑝4
𝑃−) + 𝜇𝑝𝑞𝜙𝑎(Γ𝑎

𝑞4
𝑃+ + Γ‾𝑎

𝑞4
𝑃−) = 0  

𝜙𝑎
′ Γ‾𝑎
𝑝4
− 𝑔[𝜙𝑎, 𝜙𝑏]Γ𝑎𝑏

𝑝4
+ 𝜇𝑝𝑞𝜙𝑎Γ𝑎

𝑞4
= 0, 𝜙𝑎

′ Γ𝑎
𝑝4
− 𝑔[𝜙𝑎, 𝜙𝑏]Γ‾𝑎𝑏

𝑝4
+ 𝜇𝑝𝑞𝜙𝑎Γ‾𝑎

𝑞4
= 0.  
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𝜙𝑎
′ Γ‾𝑎
𝑝4
−
𝑖𝑔

2
[𝜙𝑎 , 𝜙𝑏]Γ‾𝑎

𝑝𝑟
Γ𝑏
𝑟4 + 𝜇𝑝𝑞𝜙𝑎Γ𝑎

𝑞4
 = 0

∫  
𝑥𝑅

𝑥𝐿

 𝑑𝑥𝒦′ = 0⟺ 𝒦|𝑥→𝑥𝐿 = 𝒦|𝑥→𝑥𝑅

 

𝑖𝜙1
′ +𝜙4

′ − 𝑔(𝑖([𝜙2, 𝜙3] + [𝜙5, 𝜙6]) + ([𝜙2, 𝜙6] + [𝜙3, 𝜙5])) − 𝜇1(𝑖𝜙1 − 𝜙4) = 0

𝑖𝜙3
′ −𝜙6

′ + 𝑔(−𝑖([𝜙1, 𝜙2] − [𝜙4, 𝜙5]) + ([𝜙1, 𝜙5] − [𝜙2, 𝜙4])) − 𝜇2(𝑖𝜙3 + 𝜙6) = 0

𝑖𝜙2
′ +𝜙5

′ + 𝑔(𝑖([𝜙1, 𝜙3] + [𝜙4, 𝜙6]) + ([𝜙1, 𝜙6] + [𝜙3, 𝜙4])) − 𝜇3(𝑖𝜙2 − 𝜙5) = 0

[𝜙1, 𝜙4] + [𝜙2, 𝜙5] − [𝜙3, 𝜙6] = 0

 

Φ1 = 𝑔(𝜙1 + 𝑖𝜙4), Φ3 = 𝑔(𝜙2 + 𝑖𝜙5), Φ2 = 𝑔(𝜙3 − 𝑖𝜙6)  

Φ𝑖
†′ +

1

2
∑  

3

𝑗,𝑘=1

 𝜖𝑖𝑗𝑘[Φ𝑗 , Φ𝑘] − 𝜇𝑖Φ𝑖 = 0,∑  

3

𝑖=1

  [Φ𝑖 , Φ𝑖
†] = 0.  

lim
𝑥𝐿→−∞

 𝜇𝑖(𝑥𝐿) = 𝜇𝐿𝑖 , lim
𝑥𝑅→∞

 𝜇𝑖(𝑥𝑅) = 𝜇𝑅𝑖 , (𝑖 = 1,2,3)  

[Φ𝑖 , Φ𝑗] − 𝜖𝑖𝑗𝑘(𝜇0𝑘Φ𝑘) = 0,∑  

3

𝑖=1

  [Φ𝑖
†, Φ𝑖] = 0  

Φ1 = −𝑖√𝜇02𝜇03𝑇1, Φ2 = −𝑖√𝜇01𝜇03𝑇2, Φ3 = −𝑖√𝜇01𝜇02𝑇3  

𝑇𝑖 = (

𝑇𝑖
(𝑛1)

⋱

𝑇𝑖
(𝑛𝑙)

)  

∑ 

𝑙

𝑘=1

 𝑛𝑘 = 𝑁  

∑  

∞

𝑛=1

 𝑛𝑁𝑛 = 𝑁  

𝜙1 = 𝜙2 = 𝜙3 = 0, 𝜙4 = −
√𝜇02𝜇03

𝑔
𝑇1, 𝜙5 = −

√𝜇01𝜇02

𝑔
𝑇3, 𝜙6 =

√𝜇01𝜇03

𝑔
𝑇2  

𝒦|vac= −
1

3𝑔2
𝜇01𝜇02𝜇03tr(𝑇1

2 + 𝑇2
2 + 𝑇3

2)  

 = −
1

12𝑔2
𝜇01𝜇02𝜇03∑  

∞

𝑛=1

 𝑛(𝑛2 − 1)𝑁𝑛

 

(𝑇1
(𝑛)
)
2
+ (𝑇1

(𝑛)
)
2
+ (𝑇1

(𝑛)
)
2
= 𝑐2(𝑛)𝟙𝑛×𝑛 

𝑐2(𝑛) =
1

4
(𝑛2 − 1) 

𝜇𝐿1𝜇𝐿2𝜇𝐿3∑  

∞

𝑛=1

 𝑛(𝑛2 − 1)𝑁𝑛
(𝐿)
= 𝜇𝑅1𝜇𝑅2𝜇𝑅3∑  

∞

𝑛=1

 𝑛(𝑛2 − 1)𝑁𝑛
(𝑅)

 

Φ1(𝑥) = −𝑖𝑓1(𝑥)√𝜇2(𝑥)𝜇3(𝑥)𝑇1, Φ2(𝑥) = −𝑖𝑓2(𝑥)√𝜇1(𝑥)𝜇3(𝑥)𝑇2,

Φ3(𝑥) = −𝑖𝑓3(𝑥)√𝜇1(𝑥)𝜇2(𝑥)𝑇3,
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−
𝑑

𝑑𝑥
(√𝜇2𝜇3𝑓1) − 𝜇1√𝜇2𝜇3𝑓2𝑓3 + 𝜇1√𝜇2𝜇3𝑓1 = 0  

−
𝑑

𝑑𝑥
(√𝜇1𝜇3𝑓2) − 𝜇2√𝜇1𝜇3𝑓1𝑓3 + 𝜇2√𝜇1𝜇3𝑓2 = 0  

 −
𝑑

𝑑𝑥
(√𝜇1𝜇2𝑓3) − 𝜇3√𝜇1𝜇2𝑓1𝑓2 + 𝜇3√𝜇1𝜇2𝑓3 = 0

 

𝑓−2
𝑑𝑓

𝑑𝑥
− 𝑃(𝑥)𝑓−1 = −𝜇(𝑥),  

𝑑𝑔

𝑑𝑥
+ 𝑃(𝑥)𝑔 = 𝜇(𝑥),  

𝑔(𝑥) =
1

𝑢(𝑥)
(∫  𝑢(𝑥)𝜇(𝑥)𝑑𝑥 + 𝐶) ,  

𝑢(𝑥) = 𝑒∫  𝑃(𝑥)𝑑𝑥 

lim
𝑥→±∞

 𝑓(𝑥) = 1 

𝑅𝑘
2 ∼

𝜇01𝜇02𝜇03
4𝑁

𝑛𝑘(𝑛𝑘
2 − 1)  

𝜇𝑖(𝑥) = 𝑚𝑖0 +𝑚𝑖(𝑥)  with ∫  
𝜏

0

 𝑚𝑖(𝑥)𝑑𝑥 = 0  

Φ𝑖(𝑥)= 𝑒
𝐾𝑖(𝑥)Φ̃𝑖(𝑥)  

𝐾𝑖(𝑥)= 𝑚𝑖0(𝜉𝑖 − 𝑥) − Λ𝑖(𝑥) 

Λ𝑖  = ∫ 𝑚𝑖

𝑥

𝑚𝑖(𝑥
′)𝑑𝑥′

 

𝑑𝜉𝑖
𝑑𝑥

= 𝑒𝐾𝑖−∑  𝑖′≠𝑖  𝐾𝑖′  

𝑒∑  𝑖′≠𝑖  𝐾𝑖′ (
𝑑Φ̃𝑖

†

𝑑𝜉𝑖
+
1

2
∑  

3

𝑗,𝑘=1

  𝜖𝑖𝑗𝑘[Φ̃𝑗 , Φ̃𝑘] + 𝑚𝑖0Φ̃𝑖
†)= 𝑒∑  𝑖′≠𝑖  𝐾𝑖′𝜇𝑖(Φ̃𝑖

† + Φ̃𝑖) 

∑  

3

𝑖=1

  𝑒2𝐾𝑖[Φ̃𝑖 , Φ̃𝑖
†] = 0

 

𝑑Φ̃𝑖
𝑑𝜉𝑖

−
1

2
∑  

3

𝑗,𝑘=1

  𝜖𝑖𝑗𝑘[Φ̃𝑗 , Φ̃𝑘] + 𝑚𝑖0Φ̃𝑖 = 0  

Φ𝑖(𝑥)= 𝑒
𝐾(𝑥)Φ̃𝑖(𝑥)  

𝐾(𝑥) = 𝑚0(𝜉 − 𝑥) − Λ(𝑥)  with Λ = ∫ 𝑚
𝑥

𝑚(𝑥′)𝑑𝑥′
 

(
𝑑𝜉

𝑑𝑥
) (𝑥) = 𝑒−𝐾(𝑥) = 𝑒−𝑚0(𝜉−𝑥)+Λ(𝑥)  

Φ𝑖(𝑥) = (
𝑑𝑥

𝑑𝜉
) Φ̃𝑖(𝑥) 

(
𝑑𝑥

𝑑𝜉
) (𝑥) = 𝑚0∫  

𝑥

−∞

 𝑒𝑚0(𝑥
′−𝑥)+(Λ(𝑥′)−Λ(𝑥))𝑑𝑥′  

(
𝑑𝑥

𝑑𝜉
) (𝑥 + 𝜏)= 𝑚0∫  

𝑥+𝜏

−∞

  𝑒𝑚0(𝑥
′−𝑥−𝜏)+(Λ(𝑥′)−Λ(𝑥))𝑑𝑥′  

 = 𝑚0∫  
𝑥

−∞

  𝑒𝑚0(𝑥
′′−𝑥)+(Λ(𝑥′′)−Λ(𝑥))𝑑𝑥′′ = (

𝑑𝑥

𝑑𝜉
) (𝑥)
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𝑑Φ̃𝑖
𝑑𝜉𝑖

−
1

2
∑  

3

𝑗,𝑘=1

  𝜖𝑖𝑗𝑘[Φ̃𝑗 , Φ̃𝑘] = 0  

Φ̃𝐷
𝑖 = diag(𝑎1

𝑖 , 𝑎2
𝑖 , ⋯ , 𝑎𝑁

𝑖 )  

𝜇(𝑥) = 𝑚1sin 𝑞𝑥,  

Φ𝑖(𝑥) = 𝑒
𝑚1
𝑞
cos 𝑞𝑥

Φ̃𝐷
𝑖  

Φ𝑖(𝑥) = (
𝑑𝑥

𝑑𝜉
) Φ̃𝑖(𝑥)  

(
𝑑𝑥

𝑑𝜉
)
𝑥

= 𝑚0∫  
𝑥

−∞

 𝑒
𝑚0(𝑥

′−𝑥)−
𝑚1
𝑞
(cos 𝑞𝑥′−cos 𝑞𝑥)

𝑑𝑥′ 

Φ̃𝑖(𝑥) = −𝑖𝑚0𝑇𝑖

 

𝒪(Δ) = tr((𝑃𝑎𝜙𝑎)
Δ)  

𝑃𝑎 = (0,0,0,1, 𝑒
2
3
𝜋𝑖 , 𝑒

4
3
𝜋𝑖) 

⟨𝒪(2)⟩ = tr (𝜙4
2 + 𝑒−

2𝑖𝜋
3 𝜙5

2 + 𝑒
2𝑖𝜋
3 𝜙6

2) , ⟨𝒪(3)⟩ = 6tr(𝜙4𝜙5𝜙6)  

𝜙4 = −
𝑚0
𝑔
(
𝑑𝑥

𝑑𝜉
)𝑇1, 𝜙5 = −

𝑚0

𝑔
(
𝑑𝑥

𝑑𝜉
)𝑇3, 𝜙6 =

𝑚0
𝑔
(
𝑑𝑥

𝑑𝜉
)𝑇2  

⟨𝒪(2)⟩ = 0, ⟨𝒪(3)⟩ = 3𝑁 (
𝑚0
𝑔
)
3

(
𝑑𝑥

𝑑𝜉
)
3

 

(𝛿𝜖 + 𝛿𝜖
′)(ℒSYM + ℒ𝜇) = 2𝑖(𝜕𝛼𝜇)tr [(−∑  

3

𝑎=1

 + ∑  

6

𝑎=4

 ) 𝜙𝑎𝜓‾𝑚(Γ𝑎
𝑚𝑖𝑃+ + Γ‾𝑎

𝑚𝑖𝑃−)𝛾
𝛼𝜖𝑖]  

(𝛿𝜖 + 𝛿𝜖
′)(ℒSYM + ℒ𝜇)= 2𝑖(𝜕𝛼𝜇)tr [(− ∑  

𝑎=1,3

 + ∑  

𝑎=4,6

 ) 𝜙𝑎𝜓‾𝑝(Γ𝑎
𝑝𝑖
𝑃+ + Γ‾𝑎

𝑝𝑖
𝑃−)𝛾

𝛼𝜖𝑖] 

 = tr[−2𝑖𝜕𝛼𝐽𝑎𝑏𝜙𝑎𝜓‾𝑝(Γ𝑏
𝑝𝑖
𝑃+ + Γ‾𝑏

𝑝𝑖
𝑃−)𝛾

𝛼𝜖𝑖]

 

𝐽𝑎𝑏 = diag(𝜇, 0, 𝜇, −𝜇, 0,−𝜇) 

(𝛿𝜖 + 𝛿𝜖
′)(ℒSYM + ℒ𝜇) = tr[2𝐽𝑎𝑏

′ 𝜙𝑎(−𝑖𝜓‾𝑝(Γ𝑏
𝑝𝑖
𝑃+ + Γ‾𝑏

𝑝𝑖
𝑃−)𝜖𝑖)] = tr(2𝐽𝑎𝑏

′ 𝜙𝑎𝛿𝜙𝑏)  

ℒ𝐽 = −tr(𝐽𝑎𝑏
′ 𝜙𝑎𝜙𝑏)  

𝜙𝑎
′ Γ‾𝑎
𝑝𝑖
−
𝑖𝑔

2
[𝜙𝑎 , 𝜙𝑏]Γ‾𝑎

𝑝𝑟
Γ𝑏
𝑟𝑖 + 𝜇𝑝𝑟𝜙𝑎Γ𝑎

𝑟𝑖 = 0,  (𝐽𝑎𝑏𝜙𝑎𝜙𝑏 +
𝑖𝑔

3
𝑇̃𝑎𝑏𝑐𝜙𝑎[𝜙𝑏 , 𝜙𝑐])|

boundary 

= 0  

𝜙3
′ − 𝑖𝑔[𝜙1, 𝜙5] − 𝜇𝜙3 = 0, [𝜙1, 𝜙2] = 0,

𝜙6
′ − 𝑖𝑔[𝜙4, 𝜙5] + 𝜇𝜙6 = 0, [𝜙2, 𝜙4] = 0,

𝜙4
′ − 𝑖𝑔[𝜙5, 𝜙6] + 𝜇𝜙4 = 0, [𝜙2, 𝜙6] = 0,

𝜙1
′ + 𝑖𝑔[𝜙3, 𝜙5] − 𝜇𝜙1 = 0, [𝜙2, 𝜙3] = 0,

[𝜙1, 𝜙4] − [𝜙3, 𝜙6] = 0, [𝜙2, 𝜙5] = 0,

𝜙5
′ + 𝑖𝑔([𝜙1, 𝜙3] + [𝜙4, 𝜙6]) = 0,𝜙2

′ = 0,

[𝜙1, 𝜙6] + [𝜙3, 𝜙4] = 0.

 

𝑅6 =
𝑔𝑌𝑀
2

8𝜋2
 

𝐹 = −
(9/4 + 𝑚2)2

96𝜋
𝜆𝑁2  
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𝜆 = 𝑔𝑌𝑀
2 𝑁/𝑟 

𝐼𝐴𝑑𝑆 = −
5𝜋𝑅6
12𝑟

𝑁3  

⟨𝑊⟩ ∼ exp (
𝜆

8𝜋
)  

⟨𝑊⟩ ∼ exp ((9/4 +𝑚2)
𝜆

8𝜋
) .  

⟨𝑊⟩𝐴𝑑𝑆 ∼ exp (
2𝜋𝑁𝑅6
𝑟

) .  

𝑅6 =
5𝑔𝑌𝑀

2

32𝜋2
 

𝐿vector =
1

𝑔𝑌𝑀
2 Tr [

1

2
𝐹𝑚𝑛𝐹

𝑚𝑛 −𝐷𝑚𝜎𝐷
𝑚𝜎 −

1

2
𝐷𝐼𝐽𝐷

𝐼𝐽 +
2

𝑟
𝜎𝑡𝐼𝐽𝐷𝐼𝐽 −

10

𝑟2
𝑡𝐼𝐽𝑡𝐼𝐽𝜎

2

+𝑖𝜆𝐼Γ
𝑚𝐷𝑚𝜆

𝐼 − 𝜆𝐼[𝜎, 𝜆
𝐼] −

𝑖

𝑟
𝑡𝐼𝐽𝜆𝐼𝜆𝐽]

 

𝐿𝑣𝑒𝑐𝑡𝑜𝑟 =
1

𝑔𝑌𝑀
2 [

1

2
𝐹𝑚𝑛𝐹

𝑚𝑛 − 𝐷𝑚𝜎𝐷
𝑚𝜎 −

4

𝑟2
𝜎2 +⋯]  

𝐿scalar = 𝐷𝑚𝜙𝐷
𝑚𝜙 +

𝑑 − 2

4(𝑑 − 1)
ℛ𝜙2  

𝑔𝑚𝑛 → 𝑒2Ω𝑔𝑚𝑛  

𝜙 → 𝑒
2−𝑑
2
Ω𝜙 

ℛ =
𝑑(𝑑 − 1)

𝑟2
 

𝐿scalar = 𝐷𝑚𝜙𝐷
𝑚𝜙 +

15

4𝑟2
𝜙2  

𝐿matter =𝜖
𝐼𝐽𝐷𝑚𝑞‾𝐼𝐷

𝑚𝑞𝐽 − 𝜖
𝐼𝐽𝑞‾𝐼𝜎

2𝑞𝐽 +
15

4𝑟2
𝜖𝐼𝐽𝑞‾𝐼𝑞𝐽 − 2𝑖𝜓‾D̸𝜓 − 2𝜓‾𝜎𝜓

 −4𝜖𝐼𝐽𝜓‾𝜆𝐼𝑞𝐽 − 𝑖𝑞𝐼𝐷
𝐼𝐽𝑞𝐽

 

𝐿𝑚𝑎𝑠𝑠 = −𝑀
2𝜖𝐼𝐽𝑞‾𝐼𝑞𝐽 +

2𝑖

𝑟
𝑀𝑡𝐼𝐽𝑞‾𝐼𝑞𝐽 − 2𝑀𝜓‾𝜓  

−
4

𝑟2
𝜎2 + (

15

4𝑟2
−𝑀2) 𝜖𝐼𝐽𝑞‾𝐼𝑞𝐽 +

2𝑖

𝑟
𝑀𝑡𝐼𝐽𝑞‾𝐼𝑞𝐽  

−
4

𝑟2
𝜎2 +

3

𝑟2
𝑞‾1𝑞

1 +
4

𝑟2
𝑞‾2𝑞

2  

𝑍 = ∫  
Cartan 

  [𝑑𝜙]𝑒
−
8𝜋3𝑟

𝑔𝑌𝑀
2 Tr(𝜙2)−

𝜋𝑘
3
Tr(𝜙3)

𝑍1− loop 
vect (𝜙)𝑍1− loop 

hyper 
(𝜙) + 𝒪 (𝑒

−
16𝜋3𝑟

𝑔𝑌𝑀
2
)  

𝑍1− loop 
vect (𝜙) =∏ 

𝛽

 ∏  

𝑡≠0

  (𝑡 − ⟨𝛽, 𝑖𝜙⟩)
(1+

3
2
𝑡+
1
2
𝑡2)

 

𝑍1− loop 

hyper 
(𝜙) =∏ 

𝜇

 ∏  

𝑡

  (𝑡 − ⟨𝑖𝜙, 𝜇⟩ +
3

2
)
−(1+

3
2
𝑡+
1
2
𝑡2)
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𝑆 =
1

𝑔𝑌𝑀
2 ∫  

𝑆5
 Tr(𝐹 ∧∗ 𝐹) + ⋯+

𝑖𝑘

24𝜋2
∫  
𝑆5
 Tr(𝐴 ∧ 𝑑𝐴 ∧ 𝑑𝐴) +⋯  

𝒫 = 𝑥∏  

∞

𝑡=1

  (𝑡 + 𝑥)
(1+

3
2
𝑡+
1
2
𝑡2)
(𝑡 − 𝑥)

(1−
3
2
𝑡+
1
2
𝑡2)

 

log 𝒫 =∑  

∞

𝑡=1

 (3𝑥 −
𝑥2

2
) +  convergent part  

𝑆3(𝑥) = 2𝜋𝑒
−𝜁′(−2)𝑥𝑒

𝑥2

4
−
3
2
𝑥∏ 

∞

𝑡=1

 ((1 +
𝑥

𝑡
)
(1+

3
2
𝑡+
1
2
𝑡2)

(1 −
𝑥

𝑡
)
(1−

3
2
𝑡+
1
2
𝑡2)

𝑒
𝑥2

2
−3𝑥)  

log (𝑍1− loop 
vect (𝜙)𝑍1− loop 

hyper 
(𝜙)) = −

𝜋Λ𝑟

2
∑  

𝛽

  (⟨𝛽, 𝑖𝜙⟩)2 +
𝜋Λ𝑟

2
∑  

𝜇

  (⟨𝑖𝜙, 𝜇⟩)2 +  convergent part 

= 𝜋Λ𝑟(𝐶2(adj) − 𝐶2(𝑅))Tr(𝜙
2) +  convergent part ,

 

Tr(𝑇𝐴𝑇𝐵) = 𝐶2(𝑅)𝛿𝐴𝐵 

∑ 

𝜇

(⟨𝜙, 𝜇⟩)2 = 2𝐶2(𝑅)Tr(𝜙
2) 

1

𝑔𝑒𝑓𝑓
2 =

1

𝑔𝑌𝑀
2 −

Λ

8𝜋2
(𝐶2(adj) − 𝐶2(𝑅))  

𝑆3(𝑥)𝑒
−
𝑥2

4
+
3
2
𝑥
 

𝑍 = ∫  𝑑𝜙𝑒
−
8𝜋3𝑟

𝑔𝑌𝑀
2 Tr(𝜙2)−

𝜋𝑘
3
Tr(𝜙3)

det𝐴𝑑(𝑆3(𝑖𝜙))det𝑅
−1 (𝑆3 (𝑖𝜙 +

3

2
))  

𝑆3(−𝑥) = 𝑆3(𝑥 + 3), 𝑆3 (𝑥 +
3

2
) = 𝑆3 (−𝑥 +

3

2
)  

det𝑅 (𝑆3 (𝑖𝜙 +
3

2
)) = det𝑅 (𝑆3 (−𝑖𝜙 +

3

2
)) = det𝑅‾ (𝑆3 (𝑖𝜙 +

3

2
)) .  

𝑍 = ∫  𝑑𝜙𝑒
−
8𝜋3𝑟

𝑔𝑌𝑀
2 Tr(𝜙2)−

𝜋𝑘
3
Tr(𝜙3)

det𝐴𝑑(𝑆3(𝑖𝜙))det𝑅
−1 (𝑆3 (𝑖𝜙 + 𝑖𝑚 +

3

2
)) ,  

det𝑅 (𝑆3 (𝑖𝜙 + 𝑖𝑚 +
3

2
)) = det𝑅‾ (𝑆3 (𝑖𝜙 − 𝑖𝑚 +

3

2
)) .  

∫  𝑑𝜙𝑒
−
8𝜋3𝑟

𝑔𝑌𝑀
2 Tr(𝜙2)−

𝜋𝑘
3
Tr(𝜙3)

det𝐴𝑑(𝑆3(𝑖𝜙))

 × det𝑅
−1/2

(𝑆3 (𝑖𝜙 + 𝑖𝑚 +
3

2
))det𝑅‾

−1/2
(𝑆3 (𝑖𝜙 − 𝑖𝑚 +

3

2
))

 

∫  𝑑𝜙𝑒−ℱ  

ℱ =
8𝜋3𝑟

𝑔𝑌𝑀
2 Tr(𝜙2) +

𝜋𝑘

3
Tr(𝜙3) −∑  

𝛽

 log 𝑆3(⟨𝑖𝜙, 𝛽⟩) +∑  

𝜇

 log 𝑆3 (⟨𝑖𝜙, 𝜇⟩ + 𝑖𝑚 +
3

2
)  

log 𝑆3(𝑧) ∼ −sgn(Im𝑧)𝜋𝑖 (
1

6
𝑧3 −

3

4
𝑧2 + 𝑧 +⋯)  
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1

2𝜋𝑟3
ℱ =

4𝜋2

𝑔𝑌𝑀
2 Tr(𝜙2) +

𝑘

6
Tr(𝜙3) +

1

12
(∑  

𝛽

  |⟨𝜙, 𝛽⟩|3 −∑  

𝜇

  |⟨𝜙, 𝜇⟩ + 𝑚|3) + 𝑂(𝑟−2)  

ℱ =
8𝜋3𝑟

𝑔𝑌𝑀
2 Tr(𝜙2) +

𝜋𝑘

3
Tr(𝜙3) +

𝜋

6
(∑  

𝛽

  |⟨𝜙, 𝛽⟩|3 −∑  

𝜇

  |⟨𝜙, 𝜇⟩|3)

−
𝜋

2
𝑚∑  

𝜇

 sgn(⟨𝜙, 𝜇⟩)(⟨𝜙, 𝜇⟩)2 − 𝜋∑ 

𝛽

  |⟨𝜙, 𝛽⟩| −
𝜋

2
(𝑚2 +

1

4
)∑  

𝜇

  |⟨𝜙, 𝜇⟩| + ⋯

 

 

ℱ =
8𝜋3𝑟

𝑔𝑌𝑀
2 Tr(𝜙2) +

𝜋𝑘

3
Tr(𝜙3) −∑  

𝛽

log 𝑆3(⟨𝑖𝜙, 𝛽⟩) − sgn(𝑚)
𝜋

2
∑  

𝜇

(
1

3
(⟨𝜙, 𝜇⟩)3 +𝑚(⟨𝜙, 𝜇⟩)2) 

Tr(𝑇𝐴𝑇𝐵𝑇𝐶 + 𝑇𝐴𝑇𝐶𝑇𝐵) = 𝐶3(𝑅)𝑑𝐴𝐵𝐶  

∑ 

𝜇

  (⟨𝜙, 𝜇⟩)3 = 𝐶3(𝑅)Tr(𝜙
3)  

𝑘𝑒𝑓𝑓 = 𝑘 − sgn(𝑚)
𝐶3(𝑅)

2
,  

𝑟

𝑔𝑒𝑓𝑓
2 =

𝑟

𝑔𝑌𝑀
2 −

|𝑚|

8𝜋2
𝐶2(𝑅)  

𝑆3(𝑧) = 2𝑒
−𝜁′(−2)sin (𝜋𝑧)𝑒

1
2
𝑓(𝑧)𝑒

3
2
𝑙(𝑧)  

𝑙(𝑧) = −𝑧log (1 − 𝑒2𝜋𝑖𝑧) +
𝑖

2
(𝜋𝑧2 +

1

𝜋
Li2(𝑒

2𝜋𝑖𝑧)) −
𝑖𝜋

12
 

𝑓(𝑧) =
𝑖𝜋𝑧3

3
+ 𝑧2log (1 − 𝑒−2𝜋𝑖𝑧) +

𝑖𝑧

𝜋
Li2(𝑒

−2𝜋𝑖𝑧) +
1

2𝜋2
Li3(𝑒

−2𝜋𝑖𝑧) −
𝜁(3)

2𝜋2
.  

𝑍 = ∫  
Cartan 

  [𝑑𝜙]𝑒
−
8𝜋3𝑟

𝑔𝑌𝑀
2 Tr(𝜙2)

∏ 

𝛽

 (sin (𝜋⟨𝛽, 𝑖𝜙⟩)𝑒
−
1
4
𝑙(
1
2
−𝑖𝑚−⟨𝛽,𝑖𝜙⟩)−

1
4
𝑙(
1
2
−𝑖𝑚+⟨𝛽,𝑖𝜙⟩)

 

 × 𝑒
1
2
𝑓(⟨𝛽,𝑖𝜙⟩)−

1
4
𝑓(
1
2
−𝑖𝑚−⟨𝛽,𝑖𝜙⟩)−

1
4
𝑓(
1
2
−𝑖𝑚+⟨𝛽,𝑖𝜙⟩)

+⋯

 

𝜆 =
𝑔𝑌𝑀
2 𝑁

𝑟
, 

𝑍 ∼ ∫  ∏  

𝑁

𝑖=1

 𝑑𝜙𝑖exp (−
8𝜋3𝑁

𝜆
∑  

𝑖

 𝜙𝑖
2 +∑  

𝑗≠𝑖

 ∑  

𝑖

  [log [sinh (𝜋(𝜙𝑖 − 𝜙𝑗))]

−
1

4
𝑙 (
1

2
− 𝑖𝑚 + 𝑖(𝜙𝑖 − 𝜙𝑗)) −

1

4
𝑙 (
1

2
− 𝑖𝑚 − 𝑖(𝜙𝑖 − 𝜙𝑗)) +

1

2
𝑓 (𝑖(𝜙𝑖 − 𝜙𝑗)) − 

−
1

4
𝑓 (
1

2
− 𝑖𝑚 + 𝑖(𝜙𝑖 − 𝜙𝑗)) −

1

4
𝑓 (
1

2
− 𝑖𝑚 − 𝑖(𝜙𝑖 −𝜙𝑗))])

 

𝑙(𝑧) = −𝑙(−𝑧), 𝑓(𝑧) = 𝑓(−𝑧) 

𝑑𝑓(𝑧)

𝑑𝑧
= 𝜋𝑧2cot (𝜋𝑧); 

𝑑𝑙(𝑧)

𝑑𝑧
= −𝜋𝑧cot (𝜋𝑧);  

lim
|𝑥|→∞

 Re𝑓 (
1

2
+ 𝑖𝑥) = −

𝜋

3
|𝑥|3 +

𝜋

4
|𝑥|; lim

𝑥→∞
 Im𝑓 (

1

2
± 𝑖𝑥) = ±

𝜋

2
𝑥2

lim
|𝑥|→∞

 Rel (
1

2
+ 𝑖𝑥) = −

𝜋

2
|𝑥|; lim

𝑥→∞
 Iml (

1

2
± 𝑖𝑥) = ∓

𝜋

2
𝑥2

lim
|𝑥|→∞

 Re𝑓(𝑖𝑥) = −
𝜋

3
|𝑥|3; Im𝑓(𝑖𝑥) = 0
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16𝜋3𝑁

𝜆
𝜙𝑖 = 𝜋∑  

𝑗≠𝑖

  [(2−(𝜙𝑖 − 𝜙𝑗)
2
) coth (𝜋(𝜙𝑖 −𝜙𝑗))

+
1

2
(
1

4
+ (𝜙𝑖 − 𝜙𝑗 −𝑚)

2
) tanh (𝜋(𝜙𝑖 − 𝜙𝑗 −𝑚))  

+
1

2
(
1

4
+ (𝜙𝑖 − 𝜙𝑗 +𝑚)

2
) tanh (𝜋(𝜙𝑖 − 𝜙𝑗 +𝑚))] .

 

16𝜋3𝑁

𝜆
𝜙𝑖 ≈ 2∑  

𝑗≠𝑖

 
1

𝜙𝑖 − 𝜙𝑗
 

𝜌(𝜙) ≡
1

𝑁

𝑑𝑛

𝑑𝜙
=

2

𝜋𝜙0
2
√𝜙0

2 − 𝜙2 𝜙0 = √
𝜆

4𝜋3
,  

∫  𝜌(𝜙)𝑑𝜙 = 1  

𝐹 = −log 𝑍 ≈ −𝑁2log √𝜆  

16𝜋3𝑁

𝜆
𝜙𝑖 = 𝜋 (

9

4
+ 𝑚2)∑  

𝑗≠𝑖

 sign(𝜙𝑖 − 𝜙𝑗).  

𝜙𝑖 =
(9 + 4𝑚2)𝜆

64𝜋2𝑁
(2𝑖 − 𝑁)  

𝜌(𝜙) =
32𝜋2

(9 + 4𝑚2)𝜆
         |𝜙| ≤ 𝜙𝑚,𝜙𝑚 =

(9 + 4𝑚2)𝜆

64𝜋2
        

         = 0 |𝜙| > 𝜙𝑚.        

 

𝑍 ∼ ∫  ∏  

𝑖

 𝑑𝜙𝑖𝑒
−
8𝜋3𝑁
𝜆

∑  𝑖  𝜙𝑖
2+
𝜋
2
(
9
4
+𝑚2)∑  𝑗≠𝑖  ∑  𝑖  |𝜙𝑖−𝜙𝑗|

 

𝐹 ≡ −log 𝑍 ≈ −
𝑔𝑌𝑀
2 𝑁3

96𝜋𝑟
(
9

4
+𝑚2)

2

 

∑ 

𝑁

𝑖=1

  (2𝑖 − 𝑁)2 ≈
1

3
𝑁3,∑  

𝑗≠𝑖

 ∑  

𝑁

𝑖=1

  |𝑖 − 𝑗| ≈
1

3
𝑁3.  

𝐹 = −
25𝑔𝑌𝑀

2 𝑁3

384𝜋𝑟
 

16𝜋3𝑁

𝜆
𝜙𝑖= 𝜋∑  

𝑗≠𝑖

  [(2 − (𝜙𝑖 −𝜙𝑗)
2
) coth (𝜋(𝜙𝑖 − 𝜙𝑗)) + 2𝑚(𝜙𝑖 − 𝜙𝑗)] 

 = 2𝜋𝑚𝑁𝜙𝑖 + 𝜋∑  

𝑗≠𝑖

  (2 − (𝜙𝑖 − 𝜙𝑗)
2
) coth (𝜋(𝜙𝑖 − 𝜙𝑗))

 

16𝜋3𝑁

𝜆𝑒𝑓𝑓
𝜙𝑖 = 𝜋∑ 

𝑗≠𝑖

 (2 − (𝜙𝑖 − 𝜙𝑗)
2
) coth (𝜋(𝜙𝑖 −𝜙𝑗)) ,  

1

𝜆𝑒𝑓𝑓
=
1

𝜆
−
𝑚

8𝜋2
.  

⟨𝑊⟩ =
1

𝑁
⟨Tr𝑒2𝜋𝜙𝑖⟩.  

⟨𝑊⟩ ∼
1

𝑁
∫  ∏  

𝑖

 𝑑𝜙𝑖∑ 

𝑖

 𝑒2𝜋𝜙𝑖𝑒
−
8𝜋3𝑁
𝜆

∑  𝑖  𝜙𝑖
2+
𝜋
2
(
9
4
+𝑚2)∑  𝑗≠𝑖  ∑  𝑖  |𝜙𝑖−𝜙𝑗|
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⟨𝑊⟩ = ∫  𝑑𝜙𝜌(𝜙)𝑒2𝜋𝜙  

⟨𝑊⟩ ≈ ∫  𝑑𝜙𝜌(𝜙)(1 + 2𝜋2𝜙2) = 1 +
𝜆

8𝜋
≈ exp (

𝜆

8𝜋
) .  

⟨𝑊⟩ ≈
32𝜋2

(9 + 4𝑚2)𝜆
∫  
𝜙𝑚

−𝜙𝑚

  𝑒2𝜋𝜙𝑑𝜙 ∼ exp (
𝜆

8𝜋
(
9

4
+𝑚2))  

16𝜋3𝑁

𝜆
𝜓𝑖
(𝑟)
= 𝜋 [∑  

𝑗≠𝑖

  (2 − (𝜓𝑖
(𝑟)
− 𝜓𝑗

(𝑟)
)
2
) coth (𝜋 (𝜓𝑖

(𝑟)
− 𝜓𝑗

(𝑟)
))

+(∑  

𝑗

  [
1

4
(
1

4
+ (𝜓𝑖

(𝑟)
−𝜓𝑗

(𝑟+1)
−𝑚)

2
) tanh (𝜋 (𝜓𝑖

(𝑟)
− 𝜓𝑗

(𝑟+1)
−𝑚))

+
1

4
(
1

4
+ (𝜓𝑖

(𝑟)
− 𝜓𝑗

(𝑟−1)
−𝑚)

2
) tanh (𝜋 (𝜓𝑖

(𝑟)
− 𝜓𝑗

(𝑟−1)
−𝑚))]]

+(𝑚 → −𝑚))

 

𝜓𝑖
(𝑟)
=
(9 + 4𝑚2)𝜆

64𝜋2𝑁
(2𝑖 − 𝑁/𝑘)  

𝐹 ≈ −𝑘
𝑔𝑌𝑀
2 𝑁3

96𝜋𝑟𝑘3
(
9

4
+ 𝑚2)

2

= −
𝑔𝑌𝑀
2 𝑁3

96𝜋𝑟𝑘2
(
9

4
+𝑚2)

2

 

⟨𝑊⟩ ≈ exp (
𝜆

8𝜋𝑘
)  

⟨𝑊⟩ ∼ exp (
𝜆

8𝜋𝑘
(
9

4
+ 𝑚2)) ,  

𝜏
𝑑𝜙𝑖
𝑑𝑡

= −
𝜕ℱ

𝜕𝜙𝑖
.  

𝑎3 = 𝑐1 + 𝑐2𝑚+ 𝑐3𝑚
2 + 𝑐4𝑚

3 +⋯  

𝑑𝑠2 = ℓ2(cosh2 𝜌𝑑𝜏2 + 𝑑𝜌2 + sinh2 𝜌𝑑Ω5
2),  

𝐼𝐴𝑑𝑆 = 𝐼bulk + 𝐼surface + 𝐼ct,  

𝐼bulk = −
1

16𝜋𝐺𝑁
Vol(𝑆4)∫  𝑑7𝑥√𝑔(𝑅 − 2Λ)  

𝑅 − 2Λ = −
12

ℓ2
 

𝐼bulk = −
1

256𝜋8ℓ𝑝𝑙
9 (

𝜋2ℓ4

6
)
2𝜋𝑅6
𝑟

𝜋3(−12ℓ5)∫  
𝜌0

0

 cosh 𝜌sinh5 𝜌𝑑𝜌 =
4𝜋𝑅6
3𝑟

𝑁3sinh6 𝜌0  

sinh6 𝜌0 =
1

64
𝜖−6 −

3

32
𝜖−4 +

15

64
𝜖−2 −

5

16
+ O(𝜖2)  

𝐼𝐴𝑑𝑆 = −
5𝜋𝑅6
12𝑟

𝑁3  

⟨𝑊⟩ ∼ 𝑒−𝑇
(2) ∫  𝑑𝑉  

𝑇(2) =
1

(2𝜋)2𝑙𝑝
3 
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∫  𝑑𝑉 = 𝑙3∫  

2𝜋𝑅6
𝑟

0

 𝑑𝜏 ∫  
2𝜋

0

 𝑑𝜙 ∫  
𝜌0

0

 𝑑𝜌sinh (𝜌)cosh (𝜌)  

𝑇(2)∫  𝑑𝑉 =
𝜋𝑁𝑅6
𝑟

(
1

𝜖
− 2 + 𝜖)  

⟨𝑊⟩ ∼ exp (
2𝜋𝑁𝑅6
𝑟

)  

𝑅6 =
𝑔𝑌𝑀
2

16𝜋2
(
9

4
+𝑚2)  

𝑅6 =
𝑔𝑌𝑀
2

16𝜋2
5

2
 

𝐼𝐴𝑑𝑆 = −
5𝜋𝑅6
12𝑟𝑘

𝑁3  

𝑅6 =
𝑔𝑌𝑀
2

16𝜋2𝑘
(
9

4
+ 𝑚2)  

𝐼 =
1

𝑒2
∫   d10𝑥Tr (

1

2
𝐹𝐼𝐽𝐹

𝐼𝐽 − 𝑖Ψ‾ Γ𝐼𝐷𝐼Ψ)  

𝐽𝐼 =
1

2
TrΓ𝐽𝐾𝐹𝐽𝐾Γ

𝐼Ψ  

𝛿𝐴𝐼  = 𝑖𝜀‾Γ𝐼Ψ

𝛿Ψ =
1

2
Γ𝐼𝐽𝐹𝐼𝐽𝜀.

 

𝑀 = (
𝑆 𝑇
𝑈 𝑉

)  

 

𝑉 = (𝑒
𝑖𝛽 0
0 1

) , 𝛽 ∈ ℝ  

𝐵0= Γ456789 
𝐵1= Γ3456  

𝐵2 = Γ3789

 

𝐵0= (
0 1
−1 0

)  

𝐵1= (
0 1
1 0

)  

𝐵2 = (
1 0
0 −1

) .

 

Tr𝜀‾Γ𝐼𝐽𝐹𝐼𝐽Γ3Ψ = 0  

Γ‾Ψ′ = −Ψ′  

0 = 𝜀‾(Γ𝜇𝜈𝐹𝜇𝜈 + 2Γ
3𝜇𝐹3𝜇)Ψ

′

0 = ∑  

𝜇=0,1,2

  𝜀‾(Γ𝜇𝑎𝐷𝜇𝑋𝑎)Ψ
′

0 = ∑  

𝜇=0,1,2

  𝜀‾(Γ𝜇𝑚𝐷𝜇𝑌𝑚)Ψ
′

0 = 𝜀‾Γ𝑎𝑚[𝑋𝑎, 𝑌𝑚]Ψ
′

0 = 𝜀‾(2Γ3𝑎𝐷3𝑋𝑎 + Γ
𝑎𝑏[𝑋𝑎, 𝑋𝑏])Ψ

′

0 = 𝜀‾(2Γ3𝑚𝐷3𝑌𝑎 + Γ
𝑚𝑛[𝑌𝑚, 𝑌𝑛])Ψ

′.
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0 = 𝜀‾0(𝐹𝜇𝜈 − 𝜖𝜇𝜈𝜆𝐹
3𝜆𝐵0) ⋅ 𝜗

0 = 𝐷𝜇𝑋𝑎 ⋅ 𝜀‾0𝐵2𝜗

0 = 𝐷𝜇𝑌𝑚 ⋅ 𝜀‾0𝐵1𝜗

0 = [𝑋𝑎, 𝑌𝑚] ⋅ 𝜀‾0𝐵0𝜗

0 = 𝜀‾0([𝑋𝑏 , 𝑋𝑐] − 𝜖𝑎𝑏𝑐𝐷3𝑋𝑎𝐵1)𝜗

0 = 𝜀‾0([𝑌𝑚, 𝑌𝑛] − 𝜖𝑝𝑚𝑛𝐷3𝑌𝑝𝐵2)𝜗

 

𝜖𝜆𝜇𝜈𝐹
3𝜆 + 𝛾𝐹𝜇𝜈 = 0  

𝜀‾0(1 + 𝛾𝐵0)𝜗 = 0.  

𝐷3𝑋𝑎 +
𝑢

2
𝜖𝑎𝑏𝑐[𝑋𝑏 , 𝑋𝑐] = 0  

0 = 𝜀‾0𝐵2𝜗 = 𝜀‾0(1 + 𝑢𝐵1)𝜗  

𝜗 = (
𝑎

1
)  

𝛾 = −
2𝑎

1 − 𝑎2
, 𝑢 = −

2𝑎

1 + 𝑎2
 

𝑌⃗⃗(0) = 𝑤⃗⃗⃗.  

𝐼 =
1

𝑒2
∫   d4𝑥Tr (

1

2
𝐹𝜇𝜈𝐹

𝜇𝜈) +
𝜃

8𝜋2
∫  Tr𝐹 ∧ 𝐹  

𝐴𝜇(𝑥
3)= 𝐴𝜇

𝜏 (−𝑥3), 𝜇 = 0,1,2 

𝐴3(𝑥
3)= −𝐴3

𝜏(−𝑥3)  

𝑋⃗(𝑥3)= −𝑋⃗𝜏(−𝑥3)  

𝑌⃗⃗(𝑥3) = 𝑌⃗⃗𝜏(−𝑥3)

 

𝐹3𝜇
+ ∣= 𝐹𝜇𝜈

− ∣= 0  

𝐷3𝑋
− ∣= 𝑋+ ∣= 0  

𝑌− ∣ = 𝐷3𝑌
+ ∣= 0

 

𝜀‾0𝜗
+= 𝜀‾0𝐵1𝜗

+ = 0  

𝜀‾0𝐵0𝜗
− = 𝜀‾0𝐵2𝜗

− = 0.
 

[𝔤+, 𝔤+] = 𝔤+, [𝔤+, 𝔤−] = 𝔤−, [𝔤−, 𝔤−] = 𝔤+,  

𝑋⃗+(0)= 𝑣⃗  

𝑌⃗⃗−(0) = 𝑤⃗⃗⃗.
 

1

2𝑒2
∫  
ℝ1,2

   d3𝑥∫ 
𝐿

  d𝑦 ∑  

𝜇,𝜈=0,1,2

 Tr𝐹𝜇𝜈𝐹
𝜇𝜈

 

𝑑𝑠2 = −∫ 
𝐿

  d𝑦Tr(𝛿𝐴3
2 +∑ 

𝑖

 𝛿𝑋𝑖
2)  

𝜔𝑖 = ∫ 
𝐿

  d𝑦Tr(𝛿𝐴3 ∧ 𝛿𝑋𝑖 + 𝛿𝑋𝑖+1 ∧ 𝛿𝑋𝑖−1), 𝑖 = 1,2,3  

⟨𝑎, 𝑏⟩ = −∫  d𝑦𝑒(𝑦)−2Tr𝑎𝑏 

𝜄𝑉(𝛼)𝜔𝑖 = ∫  d𝑦Tr(−𝐷3𝛼𝛿𝑋𝑖 − 𝛿𝐴3[𝛼, 𝑋𝑖] + 𝛼[𝑋𝑖+1, 𝛿𝑋𝑖−1] − 𝛼[𝛿𝑋𝑖+1, 𝑋𝑖−1])  

𝜇𝑖(𝛼) = ∫  d𝑦Tr(𝛼 (
𝐷𝑋𝑖
𝐷𝑦

+ [𝑋𝑖+1, 𝑋𝑖−1])) + Tr𝛼𝑋𝑖(0)  



pág. 1718 

𝜇(𝑦) =
𝐷𝑋⃗

𝐷𝑦
+ 𝑋⃗ × 𝑋⃗(𝑦) + 𝛿(𝑦)𝑋⃗(0)  

∫  d3𝑥(𝜇, 𝜇) 

−∫  
ℝ2,1

 d3𝑥 ∫ 
𝐿

 d𝑦Tr𝜇2 

𝜇(𝑦) =
𝐷𝑋⃗

𝐷𝑦
+ 𝑋⃗ × 𝑋⃗(𝑦) + 𝛿(𝑦)(𝑋⃗(0) + 𝜇𝑍).  

𝑋⃗(0) + 𝜇𝑍 = 0.  

𝑋⃗+(0) + 𝜇𝑍 = 0,  

𝜇(𝑦) =
𝐷𝑋⃗

𝐷𝑦
+ 𝑋⃗ × 𝑋⃗(𝑦) + 𝛿(𝑦)(𝑋⃗(0) + 𝜇𝑍 − 𝑣⃗),  

𝑋⃗+(0) + 𝜇𝑍 = 𝑣⃗  

𝛿Ψ‾ =
1

2
𝜀‾Γ𝐼𝐽𝐹𝐼𝐽  

𝜀‾Γ𝐼𝐽𝐹𝐼𝐽 = 0  

0 = [𝑋𝑎, 𝑌𝑚] ⋅ 𝜀‾0𝐵0
0 = 𝜀‾0([𝑋𝑏 , 𝑋𝑐] − 𝜖𝑎𝑏𝑐𝐷3𝑋𝑎𝐵1)

0 = 𝜀‾0([𝑌𝑚, 𝑌𝑛] − 𝜖𝑝𝑚𝑛𝐷3𝑌𝑝𝐵2).

 

𝐷𝑋1

𝐷𝑦
= ±[𝑋2, 𝑋3]  

𝐷𝑌⃗⃗

𝐷𝑦
= [𝑌⃗⃗, 𝑌⃗⃗] = [𝑌⃗⃗, 𝑋⃗] = 0  

d𝑋1

 d𝑦
+ [𝑋2, 𝑋3] = 0  

𝑋𝑖(𝑦) =
𝑡𝑖

𝑦
 

𝒇 = 𝒇+⊕𝒇− = 𝔥 

𝐹3𝜇
+ ∣= 𝐹𝜇𝜈

− ∣= 0  

𝐷3𝑋
− ∣= 𝑋+ ∣= 0  

𝑌− ∣ = 𝐷3𝑌
+ ∣= 0

 

𝑋⃗+ ∣ +𝜇𝑍= 𝑣⃗  

𝑌⃗⃗− ∣ = 𝑤⃗⃗⃗.
 

d𝑋𝑖
 d𝑦

+ [𝑋𝑖+1, 𝑋𝑖−1] = 0, 𝑖 = 1,2,3  

𝜔𝑖 = ∫ 
𝐿

  d𝑦Tr(𝛿𝐴 ∧ 𝛿𝑋𝑖 + 𝛿𝑋𝑖+1 ∧ 𝛿𝑋𝑖−1), 𝑖 = 1,2,3.  

𝜇𝑖 =
𝐷𝑋𝑖
𝐷𝑦

+ [𝑋𝑖+1, 𝑋𝑖−1], 𝑖 = 1,2,3,  
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𝜇 = ∫  d𝑦𝜇(𝑦) 

𝜇 = 𝑋⃗(0).  

𝑋𝑖(𝑦) =
𝑡𝑖
𝑦
+⋯ .  

𝜇 = 𝑋⃗𝔥(0).  

𝒟𝒳

𝒟𝑦
= 0.  

𝒟𝒳/𝒟𝑦 = d𝒳/d𝑦 + [𝒜,𝒳] 

𝑥 = (
0 1
0 0

)  

𝑤𝑢 = (
0 1
𝑢/2 0

)  

(
𝑎 𝑏
𝑐 𝑑

)  

𝑎𝑑 − 𝑏𝑐 = 0  

𝑋𝑖(𝑦) = 𝑔
𝑡𝑖

𝑦 + 𝑓−1
𝑔−1  

𝒟𝒳

𝒟𝑦
= 0  

𝑥 =

(

 
 

0 1 0 … 0
0 0 1 … 0

⋱
0 0 0 … 1
0 0 0 … 0)

 
 

 

𝔤ℂ =⊕𝑗=1
𝑠 𝒯𝑗 .  

𝒟𝒳

𝒟𝑦
= 0.  

𝒳 =
𝑡1 + 𝑖𝑡2
𝑦

+⋯ =
𝑡+
𝑦
+⋯

𝒜 =
𝑖𝑡3
𝑦
+⋯

 

[𝑖𝑡3, 𝑣𝛼] = 𝑚𝛼𝑣𝛼  

𝒳 =∑ 

𝛼

 𝜖𝛼
𝑣𝛼
𝑦𝑚𝛼  

𝒳 =
𝑡+
𝑦
+ ∑  

𝑚𝛼≤0

  𝜖𝛼𝑣𝛼𝑦
−𝑚𝛼

 

𝜙 =∑  

𝛼

 𝑓𝛼𝑣𝛼𝑦
−𝑚𝛼

 

𝜙 = ∑  

𝑚𝛼<0

𝑓𝛼𝑣𝛼𝑦
−𝑚𝛼  
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𝒳 =
𝑡+
𝑦
+ ∑  

𝛼∈𝑃−

 𝜖𝛼𝑣𝛼𝑦
−𝑚𝛼 ,  

𝑡+ + ∑  

𝛼∈𝑃−

 𝜖𝛼𝑣𝛼  

𝑥 =

(

 
 

0 1 0 … 0
0 0 1 … 0

⋱
0 0 0 … 1
𝑎𝑛 𝑎𝑛−1 𝑎𝑛−2 … 0)

 
 
,  

𝜇(𝑦) =
𝐷𝑋⃗

𝐷𝑦
+ 𝑋⃗ × 𝑋⃗ + 𝛿(𝑦)𝜇𝑍  

𝐷𝑋⃗

𝐷𝑦
+ 𝑋⃗ × 𝑋⃗ + 𝛿(𝑦)𝜇𝑍 = 0  

Δ𝑋⃗ + 𝜇𝑍 = 0.  

𝒟𝒳

𝒟𝑦
+ 𝛿(𝑦)𝜇ℂ

𝑍 = 0  

d𝒳

 d𝑦
+ 𝛿(𝑦)𝜇ℂ

𝑍 = 0  

𝐷𝑋⃗

𝐷𝑦
+ 𝑋⃗ × 𝑋⃗ +∑  

𝑘

𝛼=1

 𝛿(𝑦 − 𝑦𝛼)𝜇
𝑍𝛼 = 0.  

d𝒳

 d𝑦
+∑  

𝑘

𝛼=1

 𝛿(𝑦 − 𝑦𝛼)𝜇ℂ
𝑍𝛼 = 0  

 

𝒳′′ = 𝒳′ −𝑀.  

(
𝑆1 0
0 𝑆2

) − (
0 0
𝐶1 𝐶2

)  

𝐵 = (

1
1
⋮
1

)  

(
∗ ∗
∗ ∗

) .  

(
∗ ∗ ×
∗ ∗ ×
× × ×

) .  

0 =
𝒟𝒳

𝒟𝑦
=
d𝒳

 d𝑦
+ [𝒜,𝒳]  

𝒳∞,+ = (
∗ ∗ 0
∗ ∗ 0
0 0 𝑊

) ,  

𝒳(𝑦) = (
∗ ∗ 𝑊1/2𝐵1

∗ ∗ 𝑊1/2𝐵2

𝑊1/2𝐶1 𝑊1/2𝐶2 𝑊
)  

𝒳∞,− −𝑀  
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𝒳∞,− −𝑀 = 𝒳′′  

𝑀 = (
⋅ ⋅ ×
⋅ ⋅ ×
× × 𝑊 +×

)  

 

𝑋⃗ =
𝑡

𝑦 + 𝑐−1
 

𝑋⃗ =
𝑡

𝑦
 

(𝐴 𝐵⃗⃗

𝐶 𝐷⃗⃗⃗
)  

𝐷⃗⃗⃗ =
𝑡

𝑦
+ ⋯ ;  

𝜇+ = 𝐴,  

dimℳ+ = 𝑚
2 +𝑚.  

dimℳ− = 𝑚
2 −𝑚.  

𝜇− = −𝑋⃗(0) = − lim
𝑦→0−

 𝑋⃗(𝑦)  

(𝑠 − 𝑛)/2 =∑  

𝑘

𝑗=1

  (𝑗 − 1)𝑛𝑗 .  

 

 

𝒳 = (

𝑎 𝑦−1 0

𝑏𝑦 𝑎 𝑐𝑦1/2

𝑑𝑦1/2 0 𝑒

) ,  

𝒳 = (
𝑎 𝑦−1

𝑏𝑦 𝑎
) .  

𝒳 = (
𝑎 𝑦−1 𝑐
𝑏𝑦 𝑎 𝑑
𝑒 𝑓 𝑔

) .  

𝒳 = (

𝑎 (𝑦 − 𝑦1)
−1 0

𝑏(𝑦 − 𝑦1) 𝑎 𝑐(𝑦 − 𝑦1)
1/2

𝑑(𝑦 − 𝑦1)
1/2 0 𝑒

)  

𝜇 = 𝑋⃗(0)𝑓  
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ℳ𝜌,𝐻 = ℳ𝜌///𝐻.  

ℳ𝜌,𝐻,𝐵 = (ℳ𝜌(𝑋⃗∞) ×ℋ)///𝐻.  

𝐷𝑌⃗⃗

𝐷𝑦
= [𝑌⃗⃗, 𝑌⃗⃗] = [𝑌⃗⃗, 𝑋⃗] = 0  

𝑌⃗⃗−(0) = 𝑤⃗⃗⃗.  

𝑌⃗⃗(0) = 𝑤⃗⃗⃗mod𝔥.  

(

1 0 0 0
0 1 0 0
0 0 ∗ ∗
0 0 ∗ ∗

)  

𝑌⃗⃗∞ = 𝑤⃗⃗⃗ + ℎ  

ℳ𝐻,𝑌⃗⃗ =⋃  

𝛼

 ℳ
𝑌⃗⃗
𝛼///𝐻𝑌⃗⃗  

𝜀 →
1 − Γ0123

√2
𝜀  

𝐷𝑋⃗

𝐷𝑦
+ 𝑋⃗ × 𝑋⃗ = 0  

𝜇𝐿= 𝑋⃗(0)  

𝜇𝑅  = −𝑋⃗(ℓ).
 

𝒢ℓ ×𝐺 𝒢ℓ′ = 𝒢ℓ+ℓ′  

𝒟𝒳

𝒟𝑦
= 0  

𝑔 = 𝑃exp (−∫  
ℓ

0

 𝒜)  

𝑋⃗ ∼
𝑡

𝑦 − ℓ
 

𝜇 = 𝑋⃗(0).  

𝒢ℓ ×𝐺 𝒯ℓ′
𝜌
= 𝒯

ℓ+ℓ′
𝜌

 

𝑔 = lim
𝛿→0

  [(−𝛿)𝑖𝑡3𝑃exp (−∫  
ℓ−𝛿

0

 𝒜)] .  

𝒳(𝑦) =
𝑡+
𝑦 − ℓ

+∑  

𝛼

 𝜖𝛼𝑣𝛼(𝑦 − ℓ)
−𝑚𝛼

 

𝜂 = (−𝛿)𝑖𝑡3(𝒳(ℓ − 𝛿) + 𝑡+/𝛿)(−𝛿)
−𝑖𝑡3  

𝒮
ℓ+ℓ′
𝜌,𝜌′

= (𝒯ℓ
𝜌
× 𝒯

ℓ′
𝜌′
) ///𝐺.  

−𝑋⃗𝐿(0) + 𝜇𝐿= 0  

𝑋⃗𝑅(0) + 𝜇𝑅  = 0
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𝒳𝐿(0) = 𝐴𝐵

𝒳𝑅(0) = 𝐵𝐴.(3.80)
 

𝜀𝑅 = Γ0123𝜀𝐿 = −𝐵0𝜀𝐿.  

𝜀𝑅 = −exp (Γ
𝐼𝐽𝑭𝐼𝐽/4)𝐵0𝐵1𝜀𝐿  

𝜀𝐿 = −𝐵0𝑤𝐵0𝐵1𝜀𝐿  

𝐵1𝑤𝐵1 = 𝑤
−1  

𝐵1𝑭 = −𝑭𝐵1.  

ℎ = exp (Γ𝐼𝐽𝑭𝐼𝐽/8)  

ℎ−1𝐵1ℎ𝜀𝐿 = 𝜀𝐿  

𝑋𝑎 ∼
𝑡𝑎

𝑦
+⋯  

𝐵1𝜀 = 𝜀  

𝐷𝑋𝑎

𝐷𝑦
+
1

2
𝜖𝑎𝑏𝑐[𝑋𝑏 , 𝑋𝑐] = 0  

ℎ−1𝐵1ℎ𝜀 = 𝜀  

𝐵1ℎ𝜀 = ℎ𝜀.  

Γ′𝜀± = ±𝜀±.  

ℎ𝜀− = 𝐵1ℎ𝜀+.  

ℎ𝜀− = −Γ
∗ℎ𝜀+.  

(
𝜀𝑅
𝜀𝐿
) = −exp (

1

4
Γ𝐼𝐽𝑭𝐼𝐽 (

1 0
0 −1

))𝐵0𝐵1 (
0 1
1 0

) (
𝜀𝑅
𝜀𝐿
) .  

(
𝜀𝑅
′

𝜀𝐿
′) =

1

√2
(
1 1
−1 1

) (
𝜀𝑅
𝜀𝐿
) .  

(
𝜀𝑅
′

𝜀𝐿
′) = −exp (−

1

4
Γ𝐼𝐽𝑭𝐼𝐽 (

0 1
1 0

))𝐵0𝐵1 (
1 0
0 −1

)(
𝜀𝑅
′

𝜀𝐿
′)  

𝜀𝑅
′ = −𝐵0𝜀𝐿

′  

(1 − cosh (Γ𝐼𝐽𝑭𝐼𝐽/4)𝐵2 + sinh (Γ
𝐼𝐽𝑭𝐼𝐽/4)𝐵1)𝜀𝐿

′ = 0.  

Γ′𝜀± = ±𝜀±  

𝜀− =
1

1 − cosh (Γ𝐼𝐽𝑭𝐼𝐽/4)𝐵2
sinh (Γ𝐼𝐽𝑭𝐼𝐽/4)𝐵1𝜀+  

𝜀− =
1

1 − cosh (Γ𝐼𝐽𝑭𝐼𝐽/4)
sinh (Γ𝐼𝐽𝑭𝐼𝐽/4)𝐵1𝜀+  

𝜀− =
1

4
Γ𝐼𝐽𝑭𝐼𝐽𝐵1𝜀+  
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𝜀− = ∑  

𝐼<𝐽<𝐾

 Γ𝐼𝐽𝐾𝑞𝐼𝐽𝐾Γ3𝜀+  

𝑞 =
(⋆012+⋆456)𝑭

8
 

𝜖𝜆𝜇𝜈𝐹
3𝜆 + 𝛾𝐹𝜇𝜈 = 0  

−
𝛾

2𝑒2
∫  
𝜕𝑀

   d3𝑥𝜖𝜇𝜈𝜆Tr (𝐴𝜇𝜕𝜈𝐴𝜆 +
2

3
𝐴𝜇𝐴𝜈𝐴𝜆)  

−
𝑢

3𝑒2
∫  
𝜕𝑀

   d3𝑥𝜖𝑎𝑏𝑐Tr𝑋
𝑎[𝑋𝑏 , 𝑋𝑐]  

𝐷𝑋𝑎
𝐷𝑦

+
𝑢

2
𝜖𝑎𝑏𝑐[𝑋𝑏 , 𝑋𝑐] = 0  

∫  
𝜕𝑀

   d3𝑥𝑞𝐼𝐽𝐾Tr𝑍
𝐼[𝑍𝐽 , 𝑍𝐾]  

𝛾 = −
2𝑎

1 − 𝑎2
, 𝑢 = −

2𝑎

1 + 𝑎2
 

𝑞 = 𝑢(∓ d𝑥0 ∧  d𝑥1 ∧  d𝑥2 + d𝑥4 ∧  d𝑥5 ∧  d𝑥6)  

𝜀− = ∑  

𝐼<𝐽<𝐾

 Γ𝐼𝐽𝐾𝑞𝐼𝐽𝐾Γ3𝜀+  

 

𝜀 → (
|𝑐𝜏 + 𝑑|

𝑐𝜏 + 𝑑
)
−𝑖Γ∗/2

𝜀,  

𝜀 →
1 − Γ∗

√2
𝜀.  

𝑞 =
1

4
( d𝑥0 + d𝑥4) ∧ (d𝑥1 ∧  d𝑥5 + d𝑥2 ∧  d𝑥6)  

Γ′𝜀± = ±𝜀±  

𝜀− = ∑  

𝐼<𝐽<𝐾

 𝑞𝐼𝐽𝐾Γ
3𝐼𝐽𝐾𝜀+ =

1

4
Γ3(−Γ0 + Γ4)(Γ15 + Γ26)𝜀+.  

𝜀+ =
1

√2
(𝜀+̃ + Γ

∗𝜀−̃)

𝜀− =
1

√2
(𝜀−̃ + Γ

∗𝜀+̃)

 

(1 − 𝑀Γ∗)𝜀−̃ = −Γ
∗(1 + Γ∗𝑀)𝜀+̃  

𝑃𝜀−̃ = −Γ
∗𝑃𝜀+̃  

𝑃 = 1 +
Γ16 − Γ25

2
 

𝑇 =
1 − Γ1256

2
+
1 + Γ1256

2√2
 

𝑇𝑃𝜀−̃ = −Γ
∗𝑇𝑃𝜀+̃  

𝑇𝑃 = (
1 − Γ1256

2
+
1 + Γ1256

2√2
) (1 +

Γ16 − Γ25
2

) = exp (
𝜋

8
(Γ16 − Γ25))  
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𝜀‾Γ3𝜀̃ = 0  

(𝜀, 𝜀̃) = ⟨𝜇, 𝜇⟩⟨𝜈, 𝜈⟩′  

4⊗ 4= 𝟔𝐴⊕10𝑆 

4′⊗4′= 𝟔𝐴⊕10𝑆
′  

4 ⊗ 4′ = 𝟏 ⊕ 𝟏𝟓.

 

𝐵2𝜀 = −𝜀,  

𝐵2𝜀 = 𝜀.  

Γ′𝜂 = 𝜂, Γ′𝜁 = −𝜁  

⟨𝜇, 𝜇⟩ = ∑  

4

𝑎=1

  (𝜂𝑎𝜁𝑎 − 𝜁𝑎𝜂
𝑎)  

𝐹(𝜇) = ∑  

4

𝑎=1

 𝜂𝑎𝜁𝑎  

𝜁𝑎 =∑  

𝑏

 𝑓𝑎𝑏𝜂
𝑏

 

𝜁 = ∑  

𝐼<𝐽<𝐾

 𝑞𝐼𝐽𝐾Γ
𝐼𝐽𝐾𝜂.  

𝜀− = ∑  

𝐼<𝐽<𝐾

  𝑞𝐼𝐽𝐾Γ
𝐼𝐽𝐾Γ3𝜀+.  

𝜂𝑎 =∑  

𝑏

 𝑔𝑎𝑏𝜁𝑏  

𝜂 = ∑  

𝐼<𝐽<𝐾

  𝑞̃𝐼𝐽𝐾Γ
𝐼𝐽𝐾𝜁  

 

𝑢 =
(𝑝1 + 𝑝2)

2

𝑞2
, 𝑣 =

(𝑝2 + 𝑝3)
2

𝑞2
, 𝑤 =

(𝑝3 + 𝑝1)
2

𝑞2
 

ℱ(𝑢, 𝑣) = 1 +∑  

∞

𝐿=1

 𝑔2𝐿ℱ(𝐿)(𝑢, 𝑣)  

𝑑𝐹 =∑  

𝑖

 𝐹𝑖𝑑log 𝑙𝑖  ⇒  𝒮(𝐹) =∑  

𝑖

 𝒮(𝐹𝑖) ⊗ 𝑙𝑖  
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𝑎 = √
𝑢

𝑣𝑤
, 𝑏 = √

𝑣

𝑢𝑤
, 𝑐 = √

𝑤

𝑢𝑣
, 𝑑 =

1 − 𝑢

𝑢
, 𝑒 =

1 − 𝑣

𝑣
, 𝑓 =

1 − 𝑤

𝑤
.  

𝒮[ℱ(1)] = (−2)[𝑏 ⊗ 𝑑 + 𝑐 ⊗ 𝑒 + 𝑎⊗ 𝑓 + 𝑏 ⊗ 𝑓 + 𝑐 ⊗ 𝑑 + 𝑎⊗ 𝑒]  

𝒮[ℱ(2)] = 8[𝑏 ⊗ 𝑑⊗ 𝑑⊗ 𝑑 + 𝑐 ⊗ 𝑒⊗ 𝑒 ⊗ 𝑒 + 𝑎 ⊗ 𝑓⊗ 𝑓 ⊗ 𝑓

+𝑏⊗ 𝑓⊗ 𝑓⊗ 𝑓 + 𝑐 ⊗ 𝑑 ⊗ 𝑑⊗ 𝑑 + 𝑎⊗ 𝑒 ⊗ 𝑒 ⊗ 𝑒]  

+16[𝑏 ⊗ 𝑏 ⊗ 𝑏⊗ 𝑑 + 𝑐 ⊗ 𝑐 ⊗ 𝑐 ⊗ 𝑒 + 𝑎⊗ 𝑎⊗ 𝑎 ⊗ 𝑓 

+𝑏⊗ 𝑏⊗ 𝑏⊗ 𝑓 + 𝑐 ⊗ 𝑐 ⊗ 𝑐 ⊗ 𝑑 + 𝑎 ⊗ 𝑎⊗ 𝑎⊗ 𝑒] .

 

𝒮[ℱ(𝐿)] = ∑  

𝑙𝑖1 ,…,𝑙𝑖2𝐿∈ℒ

 𝐶𝑙𝑖1 ,…,𝑙𝑖2𝐿𝑙𝑖1⊗⋯⊗ 𝑙𝑖2𝐿  

 cycle: {a, b, c, d, e, f} → {b, c, a, e, f, d}

 flip: {a, b, c, d, e, f} → {b, a, c, e, d, f}
 

∑  

6

𝑖,𝑗=1

 𝐶𝑖𝑗𝑐(Yx𝑖x𝑗Z) = 0,  

∑  

6

𝑖1,𝑖2,𝑖3=1

 𝐶𝑖1𝑖2𝑖3𝑐(Yx𝑖1x𝑖2x𝑖3Z) = 0,  

∑  

6

𝑖1,…,𝑖𝑘=1

  𝐶̂𝑖1…𝑖𝑘𝑐(x𝑖1 …x𝑖𝑘Z) = 0  

 

∑  

6

𝑖1,…,𝑖𝑘=1

  𝐶̃𝑖1…𝑖𝑘𝑐(Yx𝑖1 …x𝑖𝑘) = 0  

𝑐(ξ) = 0
𝑐(ζ) = 0

 

𝑐(γ) = 0  

𝑐(Λ𝑛−1) = 𝑐(Ξ𝑘Υ𝑛−𝑘),  

𝑐(ψ) = 𝑐(ϕ) = −𝑐(φ),  

𝑐𝐿=1,2,3,4,5,6,…(τ) = −2,16,−384,15360,−860160,61931520,…  

𝑐𝐿(σ) =
(−4)𝐿

2

[2(𝐿 − 1)]!

(𝐿 − 1)!
= (−1)𝐿23𝐿−2(2𝐿 − 3)!!,  

𝑛!! = ∏  

[𝑛/2]−1

𝑘=0

(𝑛 − 2𝑘) 

𝑐𝐿(af… f) = (−1)
𝐿22𝐿−1(2𝐿 − 3)!!  

(−1)𝐿22𝐿−2⌈𝑚/2⌉(2𝐿 − 1 − 2⌈𝑚/2⌉)!!  

𝑐𝐿(𝐗8𝐟… 𝐟) = 𝑝𝐿(𝐗8𝐟… 𝐟) × (−1)
𝐿22𝐿−8(2𝐿 − 9)!!,  
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𝑝𝐿(ℸ)  = 0

𝑝𝐿(ℷ)  = 32(𝐿 − 2)(2𝐿 − 5)(2𝐿 − 7),

𝑝𝐿(ℶ)  =
16

3
(4𝐿 − 9)(2𝐿 − 5)(2𝐿 − 7),

𝑝𝐿(ℵ)  = −
4

5
(2𝐿 − 7)(7𝐿2 + 22𝐿 − 140),

𝑝𝐿(ℴ)  = −
8

3
(𝐿 − 4)(𝐿2 − 47𝐿 + 135),

𝑝𝐿(ℑ)  = −
2

45
(163𝐿3 − 2220𝐿2 + 15977𝐿 − 36660).

 

𝑐𝐿(ℏ) = (12 − 8𝐿)𝑐𝐿−1(𝔊)  

𝑐𝐿(ℌ) = (24 − 16𝐿)𝑐𝐿−1(ℌ)  

0 = 𝑐𝐿(λ) = 𝐶 × [𝑐𝐿−1(𝒢) − 𝑐𝐿−1(𝔅)]  

𝑐𝐿(ϱ) = (20 − 8𝐿)𝑐𝐿−1(ℊ) − 𝑐𝐿−1(𝔉)

𝑐𝐿(ς) = (20 − 8𝐿)𝑐𝐿−1(𝒻) + 2𝑐𝐿−1(ℜ)
 

𝑐𝐿(𝓀) = (20 − 8𝐿)𝑐𝐿−1(𝒽) + (1 − 𝐶)𝑐𝐿−1(𝓈) + 𝐶𝑐𝐿−1(𝓌)  

𝑐𝐿(𝔘) = (12 − 8𝐿)𝑐𝐿−1(𝔏)

𝑐𝐿(𝔗) = (28 − 8𝐿)𝑐𝐿−1(𝔖) + 16𝑐𝐿−1(𝔐)
𝑐𝐿(𝔑) = (24 − 8𝐿)𝑐𝐿−1(𝔓) − 4𝑐𝐿−1(𝔒)

 

𝑐𝐿(𝔙) =(7𝐶 − 8𝐿)𝑐𝐿−1(𝔚) + (−60 + 15𝐶)𝑐𝐿−1(𝔛)  

 +(−102 + 20𝐶)𝑐𝐿−1(𝔜) + (30 − 6𝐶)𝑐𝐿−1(ℨ)
 

𝑐𝐿(𝔾) = (28 − 8𝐿)𝑐𝐿−1(𝔻) + 40𝑐𝐿−1(𝔹)

+12𝑐𝐿−1(𝔸)
 

𝑐𝐿(𝕄) = (12 −
12

−4 + 𝐿
− 8𝐿) 𝑐𝐿−1(ℕ)  

𝑐𝐿(𝕊) = (12 − 8𝐿)𝑐𝐿−1(𝕌) − 4𝑐𝐿−2(𝕋)  

𝑐(YabZ) + 𝑐(YacZ) − 𝑐(YbaZ) − 𝑐(YcaZ) = 0,  

𝑐(YabZ) + 𝑐(YacZ) = 𝑐(YbaZ) + 𝑐(YcaZ),
𝑐(YcaZ) + 𝑐(YcbZ) = 𝑐(YacZ) + 𝑐(YbcZ),

 

𝑐(YdbZ) + 𝑐(YcdZ) + 𝑐(YecZ) + 𝑐(YaeZ) + 𝑐(YfaZ) + 𝑐(YbfZ) + 2𝑐(YcbZ)
= 𝑐(YbdZ) + 𝑐(YdcZ) + 𝑐(YceZ) + 𝑐(YeaZ) + 𝑐(YafZ) + 𝑐(YfbZ) + 2𝑐(YbcZ),

 

𝑐(YaabZ) + 𝑐(YabbZ) + 𝑐(YacbZ) = 0,  

𝑐(Y(abc)Z) ≡ 𝑐(YaZ) + 𝑐(YbZ) + 𝑐(YcZ),  

𝑐(Y(abc)aZ) = 𝑐(Ya(abc)Z).  

𝑐(YA1(abc)A2Z) = 𝑐(Y(abc)AZ) = 𝑐(YA(abc)Z).  

𝑐(YA1(abc)A2Z) = 𝑐(YA(abc)Z) = 𝑐(YAaZ) + 𝑐(YAbZ).  

𝑐(Ya(abc)bZ) = 0.  

𝑐(YA1(abc)A2Z) = 𝑐(Y(abc)AZ) = 𝑐(YA(abc)Z) = 0.  

𝑐(YfaAbfZ) = 𝑐(YfbAafZ) = −𝑐(YfbAbfZ).  

𝑐(Yfa𝑛+1bfZ) = 𝑐(Yfba𝑛+1fZ) = −𝑐(Yfba𝑛bfZ).  
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𝑐(Yfa𝑛+1bfZ)= 𝑐(Yfa𝑛+1(abc)fZ) − 𝑐(Yfa𝑛+2fZ)  

 = 𝑐(Yf2(abc)a𝑛+1fZ) − 𝑐(Yfa𝑛+2fZ) = 𝑐(Yfba𝑛+1fZ).
 

𝑐(YfAafZ) + 𝑐(YfAbfZ) = 0,  

𝑐(YfaAfZ) + 𝑐(YfbAfZ) = 0.  

𝑐(YfaAbfZ) = 𝑐(YfbAafZ) = −𝑐(YfbAbfZ) = −𝑐(YfaAafZ),  

𝑐(Xba… af) = 0
𝑐(Xca… af) = 0

 

𝑐(XbaaY) + 𝑐(XbbaY) + 𝑐(XbcaY) = 0 = 𝑐(XcaaY) + 𝑐(XcbaY) + 𝑐(XccaY).  

𝑈 =

(

  
 

1 1 1 0 1 1
1 1 1 1 0 1
1 1 1 1 1 0
0 1 1 1 0 0
1 0 1 0 1 0
1 1 0 0 0 1)

  
 
,  

𝑁adj(𝑗) = 𝐼𝑈
𝑗−1𝐹1

𝑇  

𝑁adj(𝑗) = 𝑁𝑗
𝑑 = 𝐼𝑈̂𝑗−1𝐹̂1

𝑇 , 𝑁𝑗
𝑎 = 𝐼𝑈̂𝑗−1𝐴̂𝑇  

𝑈̂ = (
3 2
2 1

) , 𝐼 = (3,0), 𝐹̂1 = (0,1), 𝐴̂ = (1,0)  

𝑁𝑗
𝑎 = 3𝑁𝑗−1

𝑎 + 2𝑁𝑗−1
𝑑

𝑁𝑗
𝑑 = 2𝑁𝑗−1

𝑎 + 𝑁𝑗−1
𝑑  

𝑁𝑗
𝑑 − 4𝑁𝑗−1

𝑑 = 2𝑁𝑗−1
𝑎 + (1 − 4)𝑁𝑗−1

𝑑 = 2(3𝑁𝑗−2
𝑎 + 2𝑁𝑗−2

𝑑 ) − 3(2𝑁𝑗−2
𝑎 + 𝑁𝑗−2

𝑑 ) = 𝑁𝑗−2
𝑑  

𝑁𝑗
𝑎 = 4𝑁𝑗−1

𝑎 + 𝑁𝑗−2
𝑎

𝑁𝑗
𝑑 = 4𝑁𝑗−1

𝑑 + 𝑁𝑗−2
𝑑  

𝑁adj(𝑗) = 4𝑁adj(𝑗 − 1) + 𝑁adj(𝑗 − 2),  

𝑁adj(𝑗)

𝑁adj(𝑗 − 1)
∼ 2 + √5 = 4.236…  

𝑐(Xbaf) = 𝑐(Xcaf) = 0,  

𝑁(𝑘, 𝐿) = 𝐼𝑈̂2𝐿−𝑘𝐹̂𝑘
𝑇 ,  for 𝑘 ≤ 2𝐿.  

𝐹𝑘
𝑎 = 4𝐹𝑘−1

𝑎 + 𝐹𝑘−2
𝑎 ,

𝐹𝑘
𝑑 = 4𝐹𝑘−1

𝑑 + 𝐹𝑘−2
𝑑 − 8.

 

𝐹𝑘
𝑑 = 2𝐹𝑘−1

𝑎 + 𝐹𝑘−1
𝑑  

𝐹𝑘
𝑎  = 3(𝐹𝑘−1

𝑎 − 2) + 2 + 2𝐹𝑘−1
𝑑

 = 3𝐹𝑘−1
𝑎 + 2𝐹𝑘−1

𝑑 − 4,
 

𝐹𝑘
𝑎 − 4𝐹𝑘−1

𝑎 = −𝐹𝑘−1
𝑎 + 2𝐹𝑘−1

𝑑 − 4  

= −(3𝐹𝑘−2
𝑎 + 2𝐹𝑘−2

𝑑 − 4) + 2(2𝐹𝑘−2
𝑎 + 𝐹𝑘−2

𝑑 ) − 4 

 = 𝐹𝑘−2
𝑎

 

𝑎 = √
𝑢

𝑣
, 𝑏 = √

𝑣

𝑢
, 𝑐 = √

1

𝑢𝑣
, 𝑑 =

1

𝑢
, 𝑒 =

1

𝑣
,  
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𝑏 →
1

𝑎
, 𝑑 →

𝑐

𝑎
, 𝑒 → 𝑎 × 𝑐.  

Disc𝑤 =
1

2
[−Disc𝑎 − Disc𝑏 + Disc𝑐] − Disc𝑓.  

𝒜5
(𝐿)
= 𝑖𝐿𝑔3+2𝐿 ∑  

𝑖∈Γ3

 ∫  
𝑑𝐿𝐷𝑝

(2𝜋)𝐿𝐷
1

𝑆𝑖

𝑁𝑖𝐶𝑖

𝑙𝑖1
2 𝑙𝑖2
2 𝑙𝑖3
2 ⋯𝑙𝑖𝑚

2  

𝑑𝐿𝐷𝑝 =∏ 

𝐿

𝑗=1

𝑑𝐷𝑝𝑗  

𝑓𝑎𝑏𝑐 = 𝑖√2𝑓𝑎𝑏𝑐 = Tr([𝑇𝑎, 𝑇𝑏]𝑇𝑐) 

𝑁𝑖 +𝑁𝑗 +𝑁𝑘 = 0 ⇔ 𝐶𝑖 + 𝐶𝑗 + 𝐶𝑘 = 0,

𝑁𝑖 → −𝑁𝑖 ⇔ 𝐶𝑖 → −𝐶𝑖   

  

 

ℳ5
(𝐿)
= 𝑖𝐿+1 (

𝜅

2
)
3+2𝐿

∑  

𝑖∈Γ3

 ∫  
𝑑𝐿𝐷𝑝

(2𝜋)𝐿𝐷
1

𝑆𝑖

𝑁𝑖𝑁̃𝑖

𝑙𝑖1
2 𝑙𝑖2
2 𝑙𝑖3
2 ⋯𝑙𝑖𝑚

2  

𝒦(1,2,3,4) ≡ 𝑠12𝑠23𝐴4
tree (1,2,3,4) = −𝑖𝛿(8)(𝑄)

[12][34]

⟨12⟩⟨34⟩
 

𝑄𝛼𝐴 =∑  

𝑚

𝑖=1

 𝜆𝑖
𝛼𝜂𝑖

𝐴  

𝑁𝑖 ∼ 𝒦(1,2,3,4) × ( local momentum factor ),  

𝛽12345 ≡ 𝛿
(8)(𝑄)

[12][23][34][45][51]

4𝜀(1,2,3,4)
,  

𝜀(1,2,3,4) ≡ 𝜀𝜇𝜈𝜌𝜎𝑘1
𝜇
𝑘2
𝜈𝑘3

𝜌
𝑘4
𝜎 = Det(𝑘𝑖

𝜇
) 

𝛾12 ≡ 𝛾12345 ≡ 𝛿
(8)(𝑄)

[12]2[34][45][35]

4𝜀(1,2,3,4)
 

∑ 

5

𝑖=1

 𝛾𝑖𝑗 = 0, 𝛾𝑖𝑗 = −𝛾𝑗𝑖  

𝛾12= 𝛽12345 − 𝛽21345  

𝛽12345 =
1

2
(𝛾12 + 𝛾13 + 𝛾14 + 𝛾23 + 𝛾24 + 𝛾34)

 

0 = (𝛾12 + 𝛾13)(𝑠23 − 𝑠45) + 𝛾23(𝑠12 − 𝑠23) + 𝛾45(𝑠14 − 𝑠15)  

𝑁𝑖= ∑  

𝑗,𝑘,𝑛

 𝑎𝑖;𝑗𝑘;𝑛𝛾𝑗𝑘𝑀𝑛
(𝐿)

 

𝑀(𝐿) = {∏  

𝐿−1

𝑙

 𝑚𝑙 ∣ 𝑚𝑙 ∈ {𝑠𝑖𝑗 , 𝜏𝑖𝑗}}

 

𝑠𝑖𝑗 = (𝑘𝑖 + 𝑘𝑗)
2
= 2𝑘𝑖 ⋅ 𝑘𝑗 , 𝜏𝑖𝑝 = 2𝑘𝑖 ⋅ 𝑝, 𝜏𝑖𝑞 = 2𝑘𝑖 ⋅ 𝑞, 𝜏𝑝𝑞 = 2𝑝 ⋅ 𝑞  

𝑁(P)(1,2,3,4,5; 𝑝)  and  𝑁(B)(1,2,3,4,5; 𝑝)  
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𝑁(B)(1,2,3,4,5; 𝑝)  = 𝑁(P)(1,2,3,4,5; 𝑝) − 𝑁(P)(2,1,3,4,5; 𝑝),

0 = 𝑁(tri2)(1,2,3,4,5; 𝑝)  = 𝑁(B)(1,2,3,4,5; 𝑝) − 𝑁(B)(1,2,4,3,5; 𝑝),

0 = 𝑁(tri1)(1,2,3,4,5; 𝑝)  = 𝑁(B)(1,2,3,4,5; 𝑝) − 𝑁(B)(1,2,4,5,3; 𝑝 + 𝑘3).

 

𝑁(P)(2,3,4,5,1; 𝑝 + 𝑘1)= 𝑁
(P)(1,2,3,4,5; 𝑝),  

𝑁(P)(5,4,3,2,1;−𝑝) = −𝑁(P)(1,2,3,4,5; 𝑝).
 

𝑁(B)(2,1,3,4,5; 𝑝)= −𝑁(B)(1,2,3,4,5; 𝑝), 

𝑁(B)(1,2,5,4,3;−𝑘1 − 𝑘2 − 𝑝) = 𝑁
(B)(1,2,3,4,5; 𝑝).

 

𝑁(P) ∝ 𝛿(8)(𝑄)  

𝑁(P)(1,2,3,4,5; 𝑝) = 𝛽12345 + 𝛼12345𝑙1
2 + 𝛼23451𝑙2

2 + 𝛼34512𝑙3
2 + 𝛼45123𝑙4

2 + 𝛼51234𝑙5
2  

𝛼𝑎𝑏𝑐𝑑𝑒 = −𝛼𝑏𝑎𝑒𝑑𝑐 , 𝛽𝑎𝑏𝑐𝑑𝑒 = 𝛽𝑏𝑐𝑑𝑒𝑎 , 𝛽𝑎𝑏𝑐𝑑𝑒 = −𝛽𝑏𝑎𝑒𝑑𝑐  

𝑁(B)(1,2,3,4,5; 𝑝) = 𝛾12345  

𝛾𝑎𝑏𝑐𝑑𝑒 = −𝛾𝑏𝑎𝑐𝑑𝑒 , 𝛾𝑎𝑏𝑐𝑑𝑒 = 𝛾𝑎𝑏𝑒𝑑𝑐  

0 = 𝛾12345 − 𝛾12435 , 0 = 𝛾12345 − 𝛾12453,  

𝛾𝑎𝑏 ≡ 𝛾𝑎𝑏𝑐𝑑𝑒  

𝛾12345 =𝛽[12]345 + 𝛼12345𝑙1
2 − 𝛼21345(𝑙5

2 + 𝑙2
2 − 𝑙1

2 − 𝑠12) + 𝛼3[12]54𝑙2
2 + 𝛼345[12]𝑙3

2

 +𝛼45[12]3𝑙4
2 + 𝛼5[12]34𝑙5

2  

𝑙1
2|𝑘1↔𝑘2 = (𝑝 + 𝑘2)

2 = 𝑙5
2 + 𝑙2

2 − 𝑙1
2 − 𝑠12 

𝛼(12)345 = 0, 𝛼345[12] = 0, 𝛼45[12]3 = 0,

𝛼5[12]34 − 𝛼21345 = 0, 𝛼3[12]54 − 𝛼21345 = 0,

𝛾12345 = 𝛽[12]345 + 𝑠12𝛼21345,
 

𝛼𝑎𝑏 = 𝛼𝑎1 + 𝛼1𝑏 ,  

𝛽[12] + 𝛽[13] + 𝛽[14] + 𝛽[15] = 0,  

𝛽[𝑎𝑏] ≡ 𝛽[𝑎𝑏]𝑐𝑑𝑒 = 𝛽abcde − 𝛽bacde  

𝛽12345 =
1

2
(𝛽[12] + 𝛽[13] + 𝛽[14] + 𝛽[23] + 𝛽[24] + 𝛽[34]),  

𝛽12345 + 𝛼12𝑙1
2

𝑙1
2 +

𝛾12
𝑠12

=
𝛽12345
(𝑝 + 𝑘1)

2 +
𝛽[12]345

𝑠12
.  
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𝑝 =
(𝑘1 + 𝑘2)|3⟩⟨5|

⟨35⟩

(𝑝 + 𝑘1)
2  =

⟨5|𝑘1(𝑘1 + 𝑘2)|3⟩

⟨35⟩
=
⟨51⟩[12]⟨23⟩

⟨35⟩
.

 

𝑖𝛿(8)(𝑄)
𝑠34𝑠45

⟨12⟩⟨23⟩⟨34⟩⟨45⟩⟨51⟩
 = 𝛽12345

⟨35⟩

⟨51⟩[12]⟨23⟩
+
𝛽[12]345

𝑠12

0 = 𝛽12345
[35]

[51]⟨12⟩[23]
+
𝛽[12]345

𝑠12

 

𝛽12345 = 𝑖𝛿
(8)(𝑄)

[12][23][34][45][51]

⟨12⟩[23]⟨35⟩[51] − [12]⟨23⟩[35]⟨51⟩
= 𝛿(8)(𝑄)

[12][23][34][45][51]

4𝜀(1,2,3,4)
,  

𝑁(B) = 𝛾12 = 𝛽12345 − 𝛽21345 = 𝛿
(8)(𝑄)

[12]2[34][45][35]

4𝜀(1,2,3,4)
,  

𝛽12345 =
1

2
(𝛾12 + 𝛾13 + 𝛾14 + 𝛾23 + 𝛾24 + 𝛾34)  

∑ 

5

𝑖=1

 𝛾𝑖𝑗 = 0  

𝒜5
(1)
= 𝑖𝑔5∑ 

𝑆5

 (
1

10
𝛽12345𝐶

(P)𝐼(P) +
1

4
𝛾12𝐶

(B)𝐼(B))  

𝐼(P)= ∫  
𝑑𝐷𝑝

(2𝜋)𝐷
1

𝑝2(𝑝 + 𝑘1)
2(𝑝 + 𝑘1 + 𝑘2)

2(𝑝 − 𝑘4 − 𝑘5)
2(𝑝 − 𝑘5)

2 , 

𝐼(B) =
1

𝑠12
∫  

𝑑𝐷𝑝

(2𝜋)𝐷
1

𝑝2(𝑝 + 𝑘1 + 𝑘2)
2(𝑝 − 𝑘4 − 𝑘5)

2(𝑝 − 𝑘5)
2
,

 

𝐶(P)= 𝑓𝑔𝑎1𝑏𝑓𝑏𝑎2𝑐𝑓𝑐𝑎3𝑑𝑓𝑑𝑎4𝑒𝑓𝑒𝑎5𝑔  

𝐶(B) = 𝑓𝑎1𝑎2𝑏𝑓𝑏𝑐𝑔𝑓𝑐𝑎3𝑑𝑓𝑑𝑎4𝑒𝑓𝑒𝑎5𝑔
 

ℳ5
(1)
= −(

𝜅

2
)
5

∑ 

𝑆5

 (
1

10
𝛽12345𝛽̃12345𝐼

(P) +
1

4
𝛾12𝛾̃12𝐼

(B))  

𝐼(B)|
UVpole

=
𝑖

6(4𝜋)4𝜖

1

𝑠12
 

𝒜5
(1)
|
UV
= −𝑔5

1

6(4𝜋)4𝜖
[𝑁𝑐Tr12345 (

𝛾12
𝑠12

+
𝛾23
𝑠23

+
𝛾34
𝑠34

+
𝛾45
𝑠45

+
𝛾51
𝑠15
)

+6Tr123Tr45 (
𝛾12
𝑠12

+
𝛾23
𝑠23

+
𝛾31
𝑠13
) +  perms ]

 

ℳ5
(1)
|
UV
= −𝑖 (

𝜅

2
)
5 1

6(4𝜋)4𝜖
[
𝛾12
2

𝑠12
+
𝛾13
2

𝑠13
+
𝛾14
2

𝑠14
+
𝛾15
2

𝑠15
+
𝛾23
2

𝑠23
+
𝛾24
2

𝑠24
+
𝛾25
2

𝑠25
+
𝛾34
2

𝑠34
+
𝛾35
2

𝑠35
+
𝛾45
2

𝑠45
]  

𝛾𝑖𝑗
2 ≡ 𝛾𝑖𝑗𝛾̃𝑖𝑗 = 𝛾𝑖𝑗 (𝛾𝑖𝑗|𝜂𝑖

𝐴→𝜂𝑖
𝐴+4) 

𝑁(𝑥) = 𝑁(𝑥)(1,2,3,4,5; 𝑝, 𝑞)  
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𝑁(a) = 𝑁(b), 𝑁(d) = 𝑁(e) = 𝑁(f).  

𝑁(c)(1,2,3,4,5; 𝑝, 𝑞) = 𝑁(a)(1,2,5,4,3; 𝑝, 𝑘3,4 − 𝑞) − 𝑁
(a)(5,4,3,1,2; 𝑘5 + 𝑞, 𝑘1,2 − 𝑝),

𝑁(d)(1,2,3,4,5; 𝑝, 𝑞) = 𝑁(a)(1,2,3,4,5; 𝑝, 𝑞) − 𝑁(a)(2,1,3,4,5; 𝑝, 𝑞),
 

𝑁(b)(1,2,3,4,5; 𝑝, 𝑞) = −𝑁(c)(1,2,5,3,4; 𝑝, 𝑘3,5 − 𝑞) − 𝑁
(c)(1,2,4,3,5; 𝑝, 𝑘3,4 + 𝑝 + 𝑞)  

𝑁(a)(1,2,3,4,5; 𝑝, 𝑞) = −𝑁(a)(3,2,1,5,4; 𝑘1,2,3 − 𝑝, 𝑘4,5 − 𝑞),

𝑁(b)(1,2,3,4,5; 𝑝, 𝑞) = −𝑁(b)(3,2,1,4,5; 𝑘1,2,3 − 𝑝, 𝑘5 − 𝑞),

𝑁(b)(1,2,3,4,5; 𝑝, 𝑞) = 𝑁(b)(1,2,3,5,4; 𝑝, 𝑝 + 𝑞 + 𝑘4),

𝑁(c)(1,2,3,4,5; 𝑝, 𝑞) = −𝑁(c)(4,3,2,1,5; 𝑞, 𝑝),

𝑁(c)(1,2,3,4,5; 𝑝, 𝑞) = 𝑁(c)(3,4,1,2,5; 𝑘3,4 − 𝑞, 𝑘1,2 − 𝑝),

𝑁(d)(1,2,3,4,5; 𝑝, 𝑞) = −𝑁(d)(2,1,3,4,5; 𝑝, 𝑞),

𝑁(e)(1,2,3,4,5; 𝑝, 𝑞) = −𝑁(e)(2,1,3,4,5; 𝑝, 𝑞),

𝑁(e)(1,2,3,4,5; 𝑝, 𝑞) = 𝑁(e)(1,2,3,5,4; 𝑝, 𝑝 + 𝑞 + 𝑘4),

𝑁(f)(1,2,3,4,5; 𝑝, 𝑞) = −𝑁(f)(2,1,3,4,5; 𝑝, 𝑞),

𝑁(f)(1,2,3,4,5; 𝑝, 𝑞) = −𝑁(f)(1,2,3,5,4; 𝑘1,2 − 𝑝, 𝑘4,5 − 𝑞).

 

𝛾12, 𝛾13, 𝛾14, 𝛾23, 𝛾24, 𝛾34  

𝑁(a) = 𝛾12𝑚1 + 𝛾13𝑚2 + 𝛾14𝑚3 + 𝛾23𝑚4 + 𝛾24𝑚5 + 𝛾34𝑚6  

𝑚𝑗 = 𝑎1𝑗𝑠12 + 𝑎2𝑗𝑠13 + 𝑎3𝑗𝑠14 + 𝑎4𝑗𝑠23 + 𝑎5𝑗𝑠24 + 𝑎6𝑗𝜏1𝑝 + 𝑎7𝑗𝜏2𝑝 + 𝑎8𝑗𝜏3𝑝 + 𝑎9𝑗𝜏4𝑝  

𝑎45 = 𝑎26 = 𝑎36 = 𝑎46 = 𝑎56 = 0  

𝑝2 = (𝑝 − 𝑘1)
2 = (𝑝 − 𝑘1 + 𝑘2)

2 = (𝑝 − 𝑘1 − 𝑘2 − 𝑘3)
2 = 0 

𝑁(a)|
cut
= 𝑠45𝜏5𝑝 (

𝛽12345
𝜏5𝑝

+
𝛾45
𝑠45
)  

{𝜏1𝑝 → 0, 𝜏2𝑝 → 𝑠12, 𝜏3𝑝 → 𝑠45 − 𝑠12, 𝜏4𝑝 → −𝜏5𝑝 − 𝑠45} 
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𝑎12= 𝑎21 = 𝑎41 =
1

2
, 𝑎14 =

3

4
, 𝑎93 = 𝑎95 = 𝑎96 = −1, 𝑎61 = 𝑎62 = 𝑎74 = −

1

4
 

𝑎11= 𝑎22 = 𝑎24 = 𝑎42 = 𝑎44 = 𝑎71 = 𝑎82 = 𝑎84 =
1

4
 

𝑎63= 𝑎65 = 𝑎66 = 𝑎73 = 𝑎75 = 𝑎76 = 𝑎83 = 𝑎85 = 𝑎86 = −
1

2
 

𝑎13= 𝑎15 = 𝑎16 = 𝑎23 = 𝑎25 = 𝑎31 = 𝑎32 = 𝑎33 = 𝑎34 = 𝑎35 = 𝑎43 = 𝑎51 = 𝑎52 = 𝑎53 

 = 𝑎54 = 𝑎55 = 𝑎64 = 𝑎72 = 𝑎81 = 𝑎91 = 𝑎92 = 𝑎94 = 0

 

𝑁(a)(1,2,3,4,5; 𝑝, 𝑞) =
1

4
(𝛾12(2𝑠45 − 𝑠12 + 𝜏2𝑝 − 𝜏1𝑝) + 𝛾23(𝑠45 + 2𝑠12 − 𝜏2𝑝 + 𝜏3𝑝)

+2𝛾45(𝜏5𝑝 − 𝜏4𝑝) + 𝛾13(𝑠12 + 𝑠45 − 𝜏1𝑝 + 𝜏3𝑝))
 

𝒜5
(2)
= −𝑔7∑ 

𝑆5

 (
1

2
ℐ(a) +

1

4
ℐ(b) +

1

4
ℐ(c) +

1

2
ℐ(d) +

1

4
ℐ(e) +

1

4
ℐ(f)) ,  

 

ℐ(𝑥) = ∫  
𝑑𝐷𝑝

(2𝜋)𝐷
𝑑𝐷𝑞

(2𝜋)𝐷
𝐶(𝑥)𝑁(𝑥)(1,2,3,4,5; 𝑝, 𝑞)

𝑙1
2𝑙2
2𝑙3
2𝑙4
2𝑙5
2𝑙6
2𝑙7
2𝑙8
2 ,  

𝐶(a)= 𝑐(4,10,8)𝑐(5,7,10)𝑐(6,1,12)𝑐(7,6,9)𝑐(8,9,11)𝑐(11,13,3)𝑐(12,2,13),  

𝐶(b)= 𝑐(4,9,10)𝑐(5,7,8)𝑐(6,1,12)𝑐(8,9,11)𝑐(10,7,6)𝑐(11,13,3)𝑐(12,2,13),  

𝐶(c)= 𝑐(1,6,8)𝑐(2,12,8)𝑐(6,9,11)𝑐(7,4,13)𝑐(10,9,5)𝑐(11,13,3)𝑐(12,7,10),  

𝐶(d)= 𝑐(4,10,8)𝑐(5,7,10)𝑐(6,13,12)𝑐(7,6,9)𝑐(8,9,11)𝑐(11,13,3)𝑐(12,2,1),  

𝐶(e)= 𝑐(4,10,8)𝑐(5,9,7)𝑐(6,13,12)𝑐(7,10,6)𝑐(8,9,11)𝑐(11,13,3)𝑐(12,2,1),  

𝐶(f) = 𝑐(2,1,8)𝑐(6,9,7)𝑐(7,13,5)𝑐(8,6,11)𝑐(10,3,9)𝑐(11,12,10)𝑐(12,4,13),

 

ℳ5
(2)
= −𝑖 (

𝜅

2
)
7

∑ 

𝑆5

  (
1

2
𝐼(a) +

1

4
𝐼(b) +

1

4
𝐼(c) +

1

2
𝐼(d) +

1

4
𝐼(e) +

1

4
𝐼(f)) ,  

𝐼(𝑥) = ∫  
𝑑𝐷𝑝

(2𝜋)𝐷
𝑑𝐷𝑞

(2𝜋)𝐷
𝑁(𝑥)(1,2,3,4,5; 𝑝, 𝑞)𝑁̃(𝑥)(1,2,3,4,5; 𝑝, 𝑞)

𝑙1
2𝑙2
2𝑙3
2𝑙4
2𝑙5
2𝑙6
2𝑙7
2𝑙8
2 ,  

𝑁̃(𝑥)(1,2,3,4,5; 𝑝, 𝑞) = 𝑁(𝑥)(1,2,3,4,5; 𝑝, 𝑞)|
𝜂𝑖
𝐴→𝜂𝑖

𝐴+4 
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ℐ(d)|
UV pole 

= −
1

𝑠12
𝑁(d)𝐶(d)𝑉(P),  ℐ(e)|

UV pole 
= −

1

𝑠12
𝑁(e)𝐶(e)𝑉(NP), 

ℐ(f)|
UV pole 

 = −
1

𝑠12
𝑁(f)𝐶(f)𝑉(NP),

 

𝑉(P) = −
𝜋

20(4𝜋)7𝜖
, 𝑉(NP) = −

𝜋

30(4𝜋)7𝜖
.  

𝒜5
(2)
|
UV
= −𝑔7[(𝑁𝑐

2𝑉(P) + 12(𝑉(P) + 𝑉(NP))) Tr12345 (5𝛽12345 +
𝛾12
𝑠12

(𝑠35 − 2𝑠12)

+
𝛾23
𝑠23

(𝑠14 − 2𝑠23) +
𝛾34
𝑠34

(𝑠25 − 2𝑠34) +
𝛾45
𝑠45

(𝑠13 − 2𝑠45) +
𝛾51
𝑠15

(𝑠24 − 2𝑠15))

−12𝑁𝑐(𝑉
(P) + 𝑉(NP))Tr123Tr45𝑠45 (

𝛾12
𝑠12

+
𝛾23
𝑠23

+
𝛾31
𝑠13
) +  perms ] ,

 

ℳ5
(2)
|
UV
= 𝑖 (

𝜅

2
)
7 1

6
(𝑉(P) + 𝑉(NP))∑  

𝑆5

 
𝛾12
2

𝑠12
(𝑠34
2 + 𝑠35

2 + 𝑠45
2 − 3𝑠12

2 ),  

 

𝛾𝑖𝑗
2 ≡ 𝛾𝑖𝑗𝛾̃𝑖𝑗 = 𝛾𝑖𝑗 (𝛾𝑖𝑗|𝜂𝑖

𝐴→𝜂𝑖
𝐴+4) 

0=∑  

𝑆5

  𝑠12(𝛾13𝛾23 + 𝛾14𝛾24 + 𝛾15𝛾25 − 2𝛾12
2 ), 

0 =∑  

𝑆5

 𝑠12(𝛾43𝛾35 + 𝛾34𝛾45 + 𝛾35𝛾54).
 

𝑑𝑠10
2 = (𝑑𝑥𝑎+4)2 + (𝑑𝑥𝜇 + Ω𝑎

𝜇
𝑑𝑥𝑎+4)

2
 

Ω𝜇  
𝜌 𝑎Ω𝜌𝜈𝑏 − Ω𝜇  

𝜌 𝑏Ω𝜌𝜈𝑎 = 0.  

Ω𝜇𝜈𝑎 =

(

 
 

0 𝜖𝑎
1 0 0

−𝜖𝑎
1 0 0 0

0 0 0 −𝜖𝑎
2

0 0 𝜖𝑎
2 0 )

 
 
,  



pág. 1735 

𝑆 =
1

𝜅𝑔2
∫  𝑑4𝑥Tr[

1

4
𝐹𝜇𝜈𝐹𝜇𝜈 + Λ

𝐴𝜎𝜇𝐷𝜇Λ‾𝐴 +
1

2
(𝐷𝜇𝜑𝑎 − 𝐹𝜇𝜈Ω𝑎

𝜈)
2

−
1

2
(Σ𝑎)

𝐴𝐵Λ‾𝐴[𝜑𝑎, Λ‾𝐵] −
1

2
(Σ‾𝑎)𝐴𝐵Λ

𝐴[𝜑𝑎, Λ
𝐵]  

−
1

4
([𝜑𝑎, 𝜑𝑏] + 𝑖Ω𝑎

𝜇
𝐷𝜇𝜑𝑏 − 𝑖Ω𝑏

𝜇
𝐷𝜇𝜑𝑎 − 𝑖𝐹𝜇𝜈Ω𝑎

𝜇
Ω𝑏
𝜈  

−
1

2
((Σ𝑏Σ‾𝑐)

𝐴 𝐵𝜑𝑐(𝒜𝑎)
𝐵 𝐴 − (Σ𝑎Σ‾𝑐)

𝐴 𝐵𝜑𝑐(𝒜𝑏)
𝐵 𝐴))

2

−
𝑖

2
Ω𝑎
𝜇
((Σ𝑎)

𝐴𝐵Λ‾𝐴𝐷𝜇Λ‾𝐵 + (Σ‾𝑎)𝐴𝐵Λ
𝐴𝐷𝜇Λ

𝐵)  

+
𝑖

4
Ω𝜇𝜈𝑎((Σ𝑎)

𝐴𝐵Λ‾𝐴𝜎‾
𝜇𝜈Λ‾𝐵 + (Σ‾𝑎)𝐴𝐵Λ

𝐴𝜎𝜇𝜈Λ𝐵)  

+
1

2
(Σ𝑎)

𝐴𝐵Λ‾𝐴Λ‾𝐷(𝒜𝑎)
𝐷 𝐵 −

1

2
(Σ‾𝑎)𝐴𝐵Λ

𝐴(𝒜𝑎)
𝐵  𝐷Λ

𝐷]

 

𝑆𝑂(4) ≃ 𝑆𝑈(2)𝐿 × 𝑆𝑈(2)𝑅 

𝜖𝛼𝛽 , 𝜖𝛼̇𝛽̇ 𝜖12 = −𝜖12 = 1 

 

𝜎𝜇, 𝜎‾𝜇, (Σ𝑎)
𝐴𝐵, (Σ‾𝑎)𝐴𝐵 

𝐷𝜇 ∗= 𝜕𝜇 ∗ +𝑖[𝐴𝜇 ,∗] 

𝐹𝜇𝜈 = 𝜕𝜇𝐴𝜈 − 𝜕𝜈𝐴𝜇 + 𝑖[𝐴𝜇 , 𝐴𝜈] 

[𝜑𝑎, 𝜑𝑏] ⟶[𝜑𝑎, 𝜑𝑏] + 𝑖Ω𝑎
𝜇
𝐷𝜇𝜑𝑏 − 𝑖Ω𝑏

𝜇
𝐷𝜇𝜑𝑎 − 𝑖𝐹𝜇𝜈Ω𝑎

𝜇
Ω𝑏
𝜈

−
1

2
((Σ𝑏Σ‾𝑐)

𝐴 𝐵𝜑𝑐(𝒜𝑎)
𝐵  𝐴 − (Σ𝑎Σ‾𝑐)

𝐴 𝐵𝜑𝑐(𝒜𝑏)
𝐵 𝐴),

𝐷𝜇𝜑𝑎 ⟶𝐷𝜇𝜑𝑎 − 𝐹𝜇𝜈Ω𝑎
𝜈 ,

[𝜑𝑎, Λ
𝐴] ⟶[𝜑𝑎, Λ

𝐴] + 𝑖Ω𝑎
𝜇
𝐷𝜇Λ

𝐴 −
𝑖

2
Ω𝜇𝜈𝑎𝜎

𝜇𝜈Λ𝐴 + (𝒜𝑎)
𝐴 𝐵Λ

𝐵,

[𝜑𝑎, Λ‾𝐴] ⟶[𝜑𝑎, Λ‾𝐴] + 𝑖Ω𝑎
𝜇
𝐷𝜇Λ‾𝐴 −

𝑖

2
Ω𝜇𝜈𝑎𝜎‾

𝜇𝜈Λ‾𝐴 − Λ‾𝐵(𝒜𝑎)
𝐵 𝐴.

 

Λ‾ 𝛼̇
𝐴′ =

1

2
𝛿𝛼̇
𝐴′Λ‾ +

1

2
(𝜎‾𝜇𝜈)𝛼̇

𝐴′Λ‾𝜇𝜈 , Λ𝛼
𝐴′ =

1

2
𝜖𝐴

′𝐵′(𝜎𝜇)𝛼𝐵′Λ𝜇  

𝜑𝐴𝐵 =
𝑖

√2
(Σ𝑎)

𝐴𝐵𝜑𝑎, 𝜑‾𝐴𝐵 = −
𝑖

√2
(Σ‾𝑎)𝐴𝐵𝜑𝑎  

𝜑𝐴𝐵 = (
𝜖𝐴

′𝐵′𝜑 𝜑𝐴
′𝐵̂

𝜑𝐴̂𝐵
′

−𝜖 𝐴̂𝐵̂𝜑‾
) , 𝜑‾𝐴𝐵 = (

𝜖𝐴′𝐵′𝜑‾ 𝜑‾𝐴′𝐵̂
𝜑‾𝐴̂𝐵′ −𝜖𝐴̂𝐵̂𝜑

)  

Ω𝜇𝜈𝑎′ =

(

 
 

0 𝜖𝑎′
1 0 0

−𝜖𝑎′
1 0 0 0

0 0 0 −𝜖𝑎′
2

0 0 𝜖𝑎′
2 0 )

 
 
, (𝒜𝑎′)

𝐴 𝐵 = (

1

4
(𝜖𝑎′
1 + 𝜖𝑎′

2 )𝜏3 0

0 𝑚𝑎′𝜏
3
) ,

Ω𝜇𝜈𝑎̂ = (𝒜𝑎̂)
𝐴 𝐵 = 0, (𝑎

′ = 1,2, 𝑎̂ = 3,4,5,6),

 

𝒜 =
1

√2
(𝒜1 − 𝑖𝒜2), 𝒜 =

1

√2
(𝒜1 + 𝑖𝒜2)

𝑚 =
1

√2
(𝑚1 − 𝑖𝑚2), 𝑚‾ =

1

√2
(𝑚1 + 𝑖𝑚2)
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Ω𝜇𝜈= (

0 𝜖1 0 0
−𝜖1 0 0 0
0 0 0 −𝜖2

0 0 𝜖2 0

) , Ω‾𝜇𝜈 = (

0 𝜖‾1 0 0
−𝜖‾1 0 0 0
0 0 0 −𝜖‾2

0 0 𝜖‾2 0

) , 

𝜖𝑖  =
1

√2
(𝜖1
𝑖 − 𝑖𝜖2

𝑖 ), 𝜖‾𝑖 =
1

√2
(𝜖1
𝑖 + 𝑖𝜖2

𝑖 ), (𝑖 = 1,2)

 

𝑄‾𝐴𝜇 = Λ𝜇

𝑄‾Λ𝜇 = −2√2(𝐷𝜇𝜑 − 𝐹𝜇𝜈Ω
𝜈)

𝑄‾𝜑 = Ω𝜇Λ𝜇

𝑄‾𝜑‾ = −√2Λ‾ + Ω‾ 𝜇Λ𝜇

𝑄‾Λ‾ = −2𝑖([𝜑, 𝜑‾] + 𝑖Ω𝜇𝐷𝜇𝜑‾ − 𝑖Ω‾
𝜇𝐷𝜇𝜑 + 𝑖Ω‾

𝜇Ω𝜈𝐹𝜇𝜈)

𝑄‾Λ‾𝜇𝜈 = −2𝐹𝜇𝜈
− − 𝑖(𝜎‾𝜇𝜈)

𝛽̇
𝛼̇ [𝜑𝛼̇𝐴̂, 𝜑‾𝐴̂𝛽̂]

𝑄‾𝜑𝛼̇𝐴̂ = −√2Λ‾𝛼̇𝐴̂

𝑄‾Λ‾𝛼̇𝐴̂ = −2𝑖([𝜑, 𝜑𝛼̇𝐴̂] + 𝑖Ω𝜇𝐷𝜇𝜑
𝛼̇𝐴̂ +𝑀𝐴̂ 𝐵̂𝜑

𝛼̇𝐵̂) − Ω𝜇𝜈(𝜎‾𝜇𝜈)
𝛼̇
 𝛽𝜑

𝛽̇𝐴̂

𝑄‾Λ𝛼
𝐴̂ = √2(𝜎𝜇)𝛼𝛼̇𝐷𝜇𝜑

𝛼̇𝐴̂

 

Ω𝜇 = Ω𝜇𝜈𝑥𝜈 , Ω‾
𝜇 = Ω‾ 𝜇𝜈𝑥𝜈  

𝑋𝜇𝜈
± =

1

2
(𝑋𝜇𝜈 ± 𝑋̃𝜇𝜈)  

Λ𝛼𝐴′ =
1

2
(𝜎𝜇)𝛼𝐴′Λ𝜇 , Λ𝛼𝐴̂ =

1

2
(𝜎𝜇)𝛼𝐴̂Λ̂𝜇

Λ‾ 𝛼̇
𝐴′ =

1

2
𝛿𝛼̇
𝐴′Λ‾ +

1

2
(𝜎‾𝜇𝜈)𝐴

′
 𝛼̇Λ‾𝜇𝜈 , Λ‾ 𝛼̇

𝐴̂ =
1

2
𝛿𝛼̇
𝐴̂Λ‾̂ +

1

2
(𝜎‾𝜇𝜈)𝐴̂ 𝛼̇Λ‾̂𝜇𝜈

 

𝜑𝐴
′𝐵′ = 𝜖𝐴

′𝐵′𝜑, 𝜑𝐴̂𝐵̂ = −𝜖 𝐴̂𝐵̂𝜑‾,𝜑𝐴
′𝐴̂ =

1

2
𝜖𝐴

′𝐴̂𝜑̂ +
1

2
𝜖 𝐴̂𝐵̂(𝜎‾𝜇𝜈)𝐴

′
 𝐵̂𝜑̂𝜇𝜈  

Ω𝜇𝜈𝑎′ =

(

 
 

0 𝜖𝑎′
1 0 0

−𝜖𝑎′
1 0 0 0

0 0 0 −𝜖𝑎′
2

0 0 𝜖𝑎′
2 0 )

 
 
,Ω𝜇𝜈𝑎̂ =

(

 
 

0 𝜖𝑎̂
1 0 0

−𝜖𝑎̂
1 0 0 0

0 0 0 −𝜖𝑎̂
2

0 0 𝜖𝑎̂
2 0 )

 
 
,

(𝒜𝑎′)
𝐴 𝐵 = (

1

4
(𝜖𝑎′
1 + 𝜖𝑎′

2 )𝜏3 0

0
1

4
(𝜖𝑎′
1 + 𝜖𝑎′

2 )𝜏3
) , (𝒜𝑎̂)

𝐴 𝐵 = (

1

4
(𝜖𝑎̂
1 + 𝜖𝑎̂

2)𝜏3 0

0
1

4
(𝜖𝑎̂
1 + 𝜖𝑎̂

2)𝜏3
) ,

(𝑎′ = 1,2, 𝑎̂ = 5,6),

Ω𝜇𝜈3 = Ω𝜇𝜈4 = (𝒜3)
𝐴 𝐵 = (𝒜4)

𝐴 𝐵 = 0.

 

Ω𝜇𝜈
𝐴𝐵 =

𝑖

√2
(Σ𝑎)

𝐴𝐵Ω𝜇𝜈
𝑎 , Ω‾𝐴𝐵

𝜇𝜈
= −

𝑖

√2
(Σ‾𝑎)𝐴𝐵Ω

𝑎𝜇𝜈 ,

Ω𝜇
𝐴𝐵 = Ω𝜇𝜈

𝐴𝐵𝑥𝜈 , Ω‾𝐴𝐵
𝜇
= Ω‾𝐴𝐵

𝜇𝜈
𝑥𝜈 .

 

Ω𝜇𝜈
𝐴′𝐵′ = 𝜖𝐴

′𝐵′Ω𝜇𝜈 , Ω𝜇𝜈
𝐴̂𝐵̂ = −𝜖 𝐴̂𝐵̂Ω‾𝜇𝜈 , Ω𝜇𝜈

𝐴′𝐴̂ =
1

2
𝜖𝐴

′𝐴̂Ω̂𝜇𝜈 +
1

2
𝜖 𝐴̂𝐵̂(𝜎‾𝜌𝜎)𝐴

′
 𝐵̂Ω̂𝜇𝜈,𝜌𝜎 ,  

Ω̂𝜇𝜈 = √2

(

 
 

0 𝜖6
1 0 0

−𝜖6
1 0 0 0

0 0 0 −𝜖6
2

0 0 𝜖6
2 0 )

 
 
, Ω̂𝜇𝜈,12 = −Ω̂𝜇𝜈,34 = −

1

√2

(

 
 

0 𝜖5
1 0 0

−𝜖5
1 0 0 0

0 0 0 −𝜖5
2

0 0 𝜖5
2 0 )

 
 

Ω̂𝜇𝜈,𝜌𝜎 = 0, ((𝜌, 𝜎) ≠ (1,2), (3,4)).
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𝑄‾𝐴𝜇 = Λ𝜇 , 𝑄‾Λ𝜇 = −2√2(𝐷𝜇𝜑 − 𝐹𝜇𝜈Ω
𝜈),

𝑄‾𝜑 = Ω𝜇Λ𝜇 ,

𝑄‾𝜑‾ = −√2Λ‾ + Ω‾ 𝜇Λ𝜇 , 𝑄‾Λ‾ = −2𝑖([𝜑, 𝜑‾] + 𝑖Ω
𝜇𝐷𝜇𝜑‾ − 𝑖Ω‾

𝜇𝐷𝜇𝜑 + 𝑖Ω‾
𝜇Ω𝜈𝐹𝜇𝜈),

𝑄‾Λ‾𝜇𝜈 = −2𝐹𝜇𝜈
− + 𝑖([𝜑̂, 𝜑̂𝜇𝜈] + 𝑖Ω̂

𝜌𝐷𝜌𝜑̂𝜇𝜈 − 𝑖Ω̂
𝜌 𝜇𝜈𝐷𝜌𝜑̂ + 𝑖Ω̂

𝜌 𝜇𝜈Ω̂
𝜎𝐹𝜌𝜎 − 𝑖Ω̂𝜇 

𝜌𝜑̂𝜌𝜈 + 𝑖Ω̂𝜈 
𝜌𝜑̂𝜌𝜇),

−
𝑖

2
([𝜑̂𝜇𝜌, 𝜑̂𝜈  

𝜌] + 𝑖Ω̂𝜌 𝜇𝜎𝐷𝜌𝜑̂𝜈 
𝜎 − 𝑖Ω̂𝜌 𝜈𝜎𝐷𝜌𝜑̂𝜇 

𝜎 + Ω̂𝜇𝜈,𝜌𝜎
− 𝜑̂𝜌𝜎 − Ω̂𝜌𝜎 

𝜌𝜎𝜑̂𝜇𝜈),  

𝑄‾Λ̂𝜇 = −√2(𝐷𝜇𝜑̂ − 𝐹𝜇𝜈Ω̂
𝜈) − 2√2(𝐷𝜈𝜑̂𝜇𝜈 − 𝐹

𝜈𝜌Ω̂𝜌,𝜇𝜈),

𝑄‾𝜑̂ = −√2Λ‾̂ + Ω̂𝜇Λ𝜇 , 𝑄‾Λ‾ = −2𝑖([𝜑, 𝜑̂] + 𝑖Ω
𝜇𝐷𝜇𝜑̂ − 𝑖Ω̂

𝜇𝐷𝜇𝜑 + 𝑖Ω̂
𝜇Ω𝜈𝐹𝜇𝜈),

𝑄‾𝜑̂𝜇𝜈 = −√2Λ‾̂𝜇𝜈 + Ω̂
𝜌, 𝜇𝜈Λ𝜌,

𝑄‾Λ‾̂𝜇𝜈 = −2𝑖([𝜑, 𝜑̂𝜇𝜈] + 𝑖Ω
𝜌𝐷𝜌𝜑̂𝜇𝜈 − 𝑖Ω̂

𝜌, 𝜇𝜈𝐷𝜌𝜑 + 𝑖Ω̂
𝜌, 𝜇𝜈Ω

𝜎𝐹𝜌𝜎 − 𝑖Ω𝜇  
𝜌𝜑̂𝜌𝜈 + 𝑖Ω𝜈 

𝜌𝜑̂𝜌𝜇).

 

Ω̂𝜇 = Ω̂𝜇𝜈𝑥𝜈 , Ω̂
𝜌, 𝜇𝜈 = Ω̂

𝜌𝜎, 𝜇𝜈𝑥𝜎 ,  

𝑄‾̂𝐴𝜇 = Λ̂𝜇 , 𝑄‾̂ Λ̂𝜇 = 2√2(𝐷𝜇𝜑‾ − 𝐹𝜇𝜈Ω‾
𝜈),

𝑄‾̂𝜑‾ = Ω‾ 𝜇Λ̂𝜇 ,

𝑄‾̂𝜑 = √2Λ‾̂ + Ω𝜇Λ̂𝜇 , 𝑄‾̂Λ‾̂ = 2𝑖([𝜑, 𝜑‾] + 𝑖Ω
𝜇𝐷𝜇𝜑‾ − 𝑖Ω‾

𝜇𝐷𝜇𝜑 + 𝑖Ω‾
𝜇Ω𝜈𝐹𝜇𝜈),

𝑄‾̂Λ‾̂𝜇𝜈 = −2𝐹𝜇𝜈
− − 𝑖([𝜑̂, 𝜑̂𝜇𝜈] + 𝑖Ω̂

𝜌𝐷𝜌𝜑̂𝜇𝜈 − 𝑖Ω̂
𝜌, 𝜇𝜈𝐷𝜌𝜑̂ + 𝑖Ω̂

𝜌, 𝜇𝜈Ω̂
𝜎𝐹𝜌𝜎 − 𝑖Ω̂𝜇 

𝜌𝜑̂𝜌𝜈 + 𝑖Ω̂𝜈 
𝜌𝜑̂𝜌𝜇),

−
𝑖

2
([𝜑̂𝜇𝜌, 𝜑̂𝜈 

𝜌] + 𝑖Ω̂𝜌, 𝜇𝜎𝐷𝜌𝜑̂𝜈 
𝜎 − 𝑖Ω̂𝜌, 𝜈𝜎𝐷𝜌𝜑̂𝜇 

𝜎 + Ω̂𝜇𝜈,𝜌𝜎
− 𝜑̂𝜌𝜎 − Ω̂𝜌𝜎 

𝜌𝜎𝜑̂𝜇𝜈),  

𝑄‾̂Λ𝜇 = −√2(𝐷𝜇𝜑̂ − 𝐹𝜇𝜈Ω̂
𝜈) + 2√2(𝐷𝜈𝜑̂𝜇𝜈 − 𝐹

𝜈𝜌Ω̂𝜌,𝜇𝜈),

𝑄‾̂ 𝜑̂ = √2Λ‾ + Ω̂𝜇Λ̂𝜇 , 𝑄‾̂Λ‾ = −2𝑖([𝜑‾ , 𝜑̂] + 𝑖Ω‾
𝜇𝐷𝜇𝜑̂ − 𝑖Ω̂

𝜇𝐷𝜇𝜑‾ + 𝑖Ω̂
𝜇Ω‾ 𝜈𝐹𝜇𝜈),

𝑄‾̂ 𝜑̂𝜇𝜈 = √2Λ‾𝜇𝜈 + Ω̂
𝜌, 𝜇𝜈Λ̂𝜌,

𝑄‾̂Λ‾̂𝜇𝜈 = −2𝑖([𝜑‾ , 𝜑̂𝜇𝜈] + 𝑖Ω‾
𝜌𝐷𝜌𝜑̂𝜇𝜈 − 𝑖Ω̂

𝜌, 𝜇𝜈𝐷𝜌𝜑‾ + 𝑖Ω̂
𝜌, 𝜇𝜈Ω‾

𝜎𝐹𝜌𝜎 − 𝑖Ω‾𝜇  
𝜌𝜑̂𝜌𝜈 + 𝑖Ω‾ 𝜈 

𝜌𝜑̂𝜌𝜇).

 

Λ𝛼
𝐴′ =

1

2
𝜖𝐴

′𝛽̇(𝜎𝜇)𝛼𝛽̇Λ𝜇 , Λ‾𝐴′
𝛼̇ = −

1

2
𝛿𝐴′
𝛼̇Λ‾ +

1

2
(𝜎‾𝜇𝜈)𝛼̇  𝐴′Λ‾𝜇𝜈

Λ‾𝛼̇𝐴̂ =
1

2
(𝜎‾𝜇)𝛼̇𝐴̂Λ‾𝜇, Λ𝛼

𝐴̂ =
1

2
𝛿𝛼
𝐴̂Λ +

1

2
(𝜎𝜇𝜈)𝛼  

𝐴̂Λ𝜇𝜈

 

𝜑𝜇 = (𝜎𝜇)𝐵̂𝐴′
𝜑𝐴

′𝐵̂  

Ω𝜇𝜈𝑎′ =

(

 
 

0 𝜖𝑎′
1 0 0

−𝜖𝑎′
1 0 0 0

0 0 0 −𝜖𝑎′
2

0 0 𝜖𝑎′
2 0 )

 
 
, (𝒜𝑎′)

𝐴 𝐵 = (

1

4
(𝜖𝑎′
1 + 𝜖𝑎′

2 )𝜏3 0

0
1

4
(𝜖𝑎′
1 − 𝜖𝑎′

2 )𝜏3
) ,

Ω𝜇𝜈𝑎̂ = (𝒜𝑎̂)
𝐴 𝐵 = 0, (𝑎

′ = 1,2, 𝑎̂ = 3,4,5,6).

 

𝑄‾𝐴𝜇 = Λ𝜇 , 𝑄‾Λ𝜇 = −2√2(𝐷𝜇𝜑 − 𝐹𝜇𝜈Ω
𝜈)

𝑄‾𝜑 = Ω𝜇Λ𝜇 ,

𝑄‾𝜑‾ = −√2Λ‾ + Ω‾ 𝜇Λ𝜇 , 𝑄‾Λ‾ = −2𝑖([𝜑,𝜑‾] + 𝑖Ω
𝜇𝐷𝜇𝜑‾ − 𝑖Ω‾

𝜇𝐷𝜇𝜑 + 𝑖Ω‾
𝜇Ω𝜈𝐹𝜇𝜈)

𝑄‾𝜑𝜇 = −√2Λ‾𝜇 , 𝑄‾Λ‾𝜇 = −2𝑖([𝜑,𝜑𝜇] + 𝑖Ω
𝜈𝐷𝜈𝜑𝜇 − 𝑖Ω𝜇

𝜈𝜑𝜈)

𝑄‾Λ = √2𝐷𝜇𝜑
𝜇, 𝑄‾Λ𝜇𝜈 = √2(𝐷𝜇𝜑𝜈 − 𝐷𝜈𝜑𝜇)

+

𝑄‾Λ‾𝜇𝜈 = −2𝐹𝜇𝜈
− + 𝑖[𝜑𝜇, 𝜑𝜈]

−

 

𝑄𝐴𝜇 = Λ‾𝜇 , 𝑄Λ‾𝜇 = −2√2(𝐷𝜇𝜑 − 𝐹𝜇𝜈Ω
𝜈)

𝑄𝜑 = Ω𝜇Λ‾𝜇

𝑄𝜑‾ = √2Λ + Ω‾ 𝜇Λ‾𝜇 , 𝑄Λ = 2𝑖([𝜑, 𝜑‾] + 𝑖Ω
𝜇𝐷𝜇𝜑‾ − 𝑖Ω‾

𝜇𝐷𝜇𝜑 + 𝑖Ω‾
𝜇Ω𝜈𝐹𝜇𝜈)

𝑄𝜑𝜇 = √2Λ𝜇 , 𝑄Λ𝜇 = 2𝑖([𝜑, 𝜑𝜇] + 𝑖Ω
𝜈𝐷𝜈𝜑𝜇 − 𝑖Ω𝜇

𝜈𝜑𝜈)

𝑄Λ‾ = √2𝐷𝜇𝜑
𝜇, 𝑄Λ𝜇𝜈 = −2𝐹𝜇𝜈

+ + 𝑖[𝜑𝜇, 𝜑𝜈]
+

𝑄Λ‾𝜇𝜈 = −√2(𝐷𝜇𝜑𝜈 −𝐷𝜈𝜑𝜇)
−
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𝑆1 = 𝑆 +
1

𝜅𝑔2
∫  𝑑4𝑥Tr [−

1

2
(𝐷𝜇𝜈)

2
+
1

2
𝐾𝛼
𝐴̂𝐾𝐴̂

𝛼] .  

𝑄‾Λ‾𝜇𝜈= 2𝐷𝜇𝜈 − 2𝐹𝜇𝜈
− − 𝑖(𝜎‾𝜇𝜈)𝛼̇

𝛽̇
[𝜑𝛼̇𝐴̂, 𝜑‾𝐴̂𝛽̇], 

𝑄‾Λ𝛼
𝐴̂  = 2𝐾𝛼

𝐴̂ + √2(𝜎𝜇)𝛼𝛼̇𝐷𝜇𝜑
𝛼̇𝐴̂.

 

𝑄‾𝐷𝜇𝜈 =(𝐷𝜇Λ𝜈 − 𝐷𝜈Λ𝜇)
−
− √2𝑖(𝜎‾𝜇𝜈)

𝛽̇
𝛼̇[Λ‾𝛼̇𝐴̂, 𝜑‾𝐴̂𝛽̇]

+√2𝑖[𝜑, Λ‾𝜇𝜈] − √2Ω
𝜌𝐷𝜌Λ‾𝜇𝜈 + √2(Ω𝜇 

𝜌Λ‾𝜌𝜈 − Ω𝜈 
𝜌Λ‾𝜌𝜇),  

𝑄‾𝐾𝛼
𝐴̂ =(𝜎𝜇)𝛼𝛼̇𝐷𝜇Λ‾

𝛼̇𝐴̂ −
𝑖

√2
(𝜎𝜇)𝛼𝛼̇[Λ𝜇, 𝜑

𝛼̇𝐴̂]

 +√2𝑖 ([𝜑, Λ𝛼
𝐴̂ ] + 𝑖Ω𝜇𝐷𝜇Λ𝛼

𝐴̂ +𝑀𝐴̂ 𝐵̂Λ
𝐵̂  𝛼 −

𝑖

2
Ω𝜇𝜈(𝜎𝜇𝜈)𝛼

 𝛽Λ𝛽
𝐴̂) .

 

𝐻𝜇𝜈= 𝐷𝜇𝜈 − 𝐹𝜇𝜈
− −

𝑖

2
(𝜎‾𝜇𝜈)

𝛽̇
𝛼̇ [𝜑𝛼̇𝐴̂, 𝜑‾𝐴̂𝛽̂] 

𝐺𝛼
𝐴̂ = 𝐾𝛼

𝐴̂ +
1

√2
(𝜎𝜇)𝛼𝛼̇𝐷𝜇𝜑

𝛼̇𝐴̂
 

𝑄‾Λ‾𝜇𝜈 = 2𝐻𝜇𝜈, 𝑄‾Λ𝛼
𝐴̂ = 2𝐺𝛼

𝐴̂  

𝑄‾𝐻𝜇𝜈= √2𝑖[𝜑, Λ‾𝜇𝜈] − √2Ω
𝜌𝐷𝜌Λ‾𝜇𝜈 + √2(Ω𝜇 

𝜌Λ‾𝜌𝜈 − Ω𝜈 
𝜌Λ‾𝜌𝜇)  

𝑄‾𝐺𝛼
𝐴̂ = √2𝑖 ([𝜑, Λ𝛼

𝐴̂] + 𝑖Ω𝜇𝐷𝜇Λ𝛼
𝐴̂ +𝑀𝐴̂ 𝐵̂Λ

𝐵̂ 𝛼 −
𝑖

2
Ω𝜇𝜈(𝜎𝜇𝜈)𝛼

 𝛽Λ𝛽
𝐴̂)

 

𝑄‾2Ψ = 2√2(𝛿gauge (𝜑) + 𝛿Lorentz (Ω) + 𝛿flavor (𝑀))Ψ  

𝑆1 = 𝑄‾Ξ1 +∫  𝑑
4𝑥

1

𝜅𝑔2
Tr [

1

4
𝐹𝜇𝜈𝐹̃

𝜇𝜈]  

Ξ1 =∫  𝑑
4𝑥

1

𝜅𝑔2
Tr [−

1

2
𝐹𝜇𝜈
−Λ‾𝜇𝜈 −

1

4
𝐻𝜇𝜈Λ‾

𝜇𝜈 −
1

2√2
Λ𝜇(𝐷𝜇𝜑‾ − 𝐹𝜇𝜈Ω‾

𝜈)  

+
𝑖

4
Λ‾([𝜑, 𝜑‾] + 𝑖Ω𝜇𝐷𝜇𝜑‾ − 𝑖Ω‾

𝜇𝐷𝜇𝜑 + 𝑖Ω‾
𝜇Ω𝜈𝐹𝜇𝜈)  

+
1

2
Λ𝐴̂
𝛼𝐺𝛼

𝐴̂ −
1

√2
Λ𝐴̂
𝛼(𝜎𝜇)𝛼𝛼̇𝐷𝜇𝜑

𝛼̇𝐴̂  

−
𝑖

2
Λ‾𝛼̇𝐴̂ ([𝜑‾ , 𝜑‾𝐴̂𝛼̇] + 𝑖Ω‾

𝜇𝐷𝜇𝜑‾𝐴̂𝛼̇ −
𝑖

2
Ω‾𝜇𝜈(𝜎‾

𝜇𝜈)𝛽̇  𝛼̇𝜑‾𝐴̂𝛽̇ +𝑀‾
𝐵̂ 𝐴̂𝜑‾ 𝐵̂𝛼̇) 

−
𝑖

4
Λ‾𝜇𝜈(𝜎‾𝜇𝜈)

𝛽̇
 𝛼̇[𝜑

𝛼̇𝐴̂, 𝜑‾𝐴̂𝛽̇]] .

 

𝑆2 = 𝑆 + ∫  𝑑
4𝑥

1

𝜅𝑔2
Tr [−

1

2
(𝐷𝜇𝜈)

2
−
1

2
(𝐾𝜇)

2
]  
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𝑄‾Λ‾𝜇𝜈 =2𝐷𝜇𝜈 − 2𝐹𝜇𝜈
−

+𝑖([𝜑̂, 𝜑̂𝜇𝜈] + 𝑖Ω̂
𝜌𝐷𝜌𝜑̂𝜇𝜈 − 𝑖Ω̂

𝜌, 𝜇𝜈𝐷𝜌𝜑̂ + 𝑖Ω̂
𝜌, 𝜇𝜈Ω̂

𝜎𝐹𝜌𝜎 − 𝑖Ω̂𝜇  
𝜌𝜑̂𝜌𝜈 + 𝑖Ω̂𝜈 

𝜌𝜑̂𝜌𝜇) 

−
𝑖

2
([𝜑̂𝜇𝜌, 𝜑̂𝜈 

𝜌] + 𝑖Ω̂𝜌, 𝜇𝜎𝐷𝜌𝜑̂𝜈 
𝜎 − 𝑖Ω̂𝜌, 𝜈𝜎𝐷𝜌𝜑̂𝜇 

𝜎 + Ω̂𝜇𝜈,𝜌𝜎
− 𝜑̂𝜌𝜎 − Ω̂𝜌𝜎, 

𝜌𝜎𝜑̂𝜇𝜈)  

𝑄‾Λ̂𝜇 =2𝐾𝜇 − √2(𝐷𝜇𝜑̂ − 𝐹𝜇𝜈Ω̂
𝜈) − 2√2(𝐷𝜈𝜑̂𝜇𝜈 − 𝐹

𝜈𝜌Ω̂𝜌,𝜇𝜈)

 

𝑄‾𝐷𝜇𝜈 = (𝐷𝜇Λ𝜈 −𝐷𝜈Λ𝜇)
−
−

𝑖

2√2
[𝜑̂𝜇𝜌, Λ‾̂ 𝜈

𝜌
] +

𝑖

2√2
[𝜑̂𝜈𝜌, Λ‾̂𝜇

𝜌
]

+
1

2√2
Ω̂𝜌, 𝜇𝜎𝐷𝜌Λ‾̂𝜈

𝜎 −
1

2√2
Ω̂𝜌, 𝜈𝜎𝐷𝜌Λ‾𝜇

𝜎

−
𝑖

2√2
Ω̂𝜇𝜈,𝜌𝜎
− Λ‾̂𝜌𝜎 +

𝑖

2√2
Ω̂𝜌𝜎, 

𝜌𝜎Λ‾̂𝜇𝜈 

+
𝑖

√2
[𝜑̂, Λ‾̂𝜇𝜈] −

𝑖

√2
Ω̂𝜌𝐷𝜌Λ‾̂𝜇𝜈 +

𝑖

√2
(Ω̂𝜇 

𝜌Λ‾̂𝜌𝜈 − Ω̂𝜈 
𝜌Λ‾̂𝜌𝜇)  

+√2𝑖[𝜑, Λ‾𝜇𝜈] − √2Ω
𝜌𝐷𝜌Λ‾𝜇𝜈 + √2(Ω𝜇 

𝜌Λ‾𝜌𝜈 − Ω𝜈 
𝜌Λ‾𝜌𝜇)  

−
𝑖

√2
[𝜑̂𝜇𝜈 , Λ‾̂ ] +

1

√2
Ω̂𝜌, 𝜇𝜈𝐷𝜌Λ‾̂  

𝑄‾𝐾𝜇 = −𝐷𝜇Λ‾̂ − 2𝐷
𝜈Λ‾̂𝜇𝜈 − √2𝑖[𝜑̂𝜇𝜈 , Λ

𝜈] + √2Ω̂𝜌, 𝜇𝜈𝐷𝜌Λ
𝜈 + √2Ω̂𝜌𝜈, 𝜇𝜈Λ𝜌

−
𝑖

√2
[𝜑̂, Λ𝜇] −

1

√2
Ω̂𝜌𝐷𝜌Λ𝜇 +

1

√2
Ω̂𝜇 

𝜈Λ𝜈  

 +√2𝑖[𝜑, Λ̂𝜇] − √2Ω
𝜌𝐷𝜌Λ̂𝜇 + √2Ω𝜇 

𝜈Λ̂𝜈

 

𝐻𝜇𝜈 =𝐷𝜇𝜈 − 𝐹𝜇𝜈
−

+
𝑖

2
([𝜑̂, 𝜑̂𝜇𝜈] + 𝑖Ω̂

𝜌𝐷𝜌𝜑̂𝜇𝜈 − 𝑖Ω̂
𝜌, 𝜇𝜈𝐷𝜌𝜑̂ + 𝑖Ω̂

𝜌, 𝜇𝜈Ω̂
𝜎𝐹𝜌𝜎 − 𝑖Ω̂𝜇  

𝜌𝜑̂𝜌𝜈 + 𝑖Ω̂𝜈 
𝜌𝜑̂𝜌𝜇) 

−
𝑖

4
([𝜑̂𝜇𝜌, 𝜑̂𝜈  

𝜌] + 𝑖Ω̂𝜌, 𝜇𝜎𝐷𝜌𝜑̂𝜈 
𝜎 − 𝑖Ω̂𝜌, 𝜈𝜎𝐷𝜌𝜑̂𝜇 

𝜎 + Ω̂𝜇𝜈,𝜌𝜎
− 𝜑̂𝜌𝜎 − Ω̂𝜌𝜎 

𝜌𝜎𝜑̂𝜇𝜈),  

𝐺𝜇 =𝐾𝜇 −
1

√2
(𝐷𝜇𝜑̂ − 𝐹𝜇𝜈Ω̂

𝜈) − √2(𝐷𝜈𝜑̂𝜇𝜈 − 𝐹
𝜈𝜌Ω̂𝜌,𝜇𝜈),

 

𝑄‾Λ‾𝜇𝜈 = 2𝐻𝜇𝜈, 𝑄‾Λ̂𝜇 = 2𝐺𝜇  

𝑄‾𝐻𝜇𝜈= √2𝑖[𝜑, Λ‾𝜇𝜈] − √2Ω
𝜌𝐷𝜌Λ‾𝜇𝜈 + √2(Ω𝜇 

𝜌Λ‾𝜌𝜈 − Ω𝜈 
𝜌Λ‾𝜌𝜇) 

𝑄‾𝐺𝜇  = √2𝑖[𝜑, Λ̂𝜇] − √2Ω
𝜌𝐷𝜌Λ̂𝜇 + √2Ω𝜇 

𝜈Λ̂𝜈
 

𝑆2 = 𝑄‾Ξ2 +∫  𝑑
4𝑥

1

𝜅𝑔2
Tr [

1

4
𝐹𝜇𝜈𝐹̃

𝜇𝜈] ,

Ξ2 = ∫  𝑑
4𝑥

1

𝜅𝑔2
Tr[ −

1

2
𝐹𝜇𝜈
−Λ‾𝜇𝜈 −

1

4
𝐻𝜇𝜈Λ‾

𝜇𝜈 −
1

2√2
Λ𝜇(𝐷𝜇𝜑‾ − 𝐹𝜇𝜈Ω‾

𝜈)

+
𝑖

4
Λ‾([𝜑, 𝜑‾] + 𝑖Ω𝜇𝐷𝜇𝜑‾ − 𝑖Ω‾

𝜇𝐷𝜇𝜑 + 𝑖Ω‾
𝜇Ω𝜈𝐹𝜇𝜈)  

−
1

4
𝐺𝜇Λ̂

𝜇 −
1

2√2
Λ̂𝜇(𝐷𝜇𝜑̂ − 𝐹𝜇𝜈Ω̂

𝜈) +
1

√2
Λ̂𝜈(𝐷𝜇𝜑̂

𝜇𝜈 − 𝐹𝜇𝜌Ω̂
𝜌,𝜇𝜈)  

+
𝑖

4
Λ‾̂([𝜑‾ , 𝜑̂] + 𝑖Ω‾ 𝜇𝐷𝜇𝜑̂ − 𝑖Ω̂

𝜇𝐷𝜇𝜑‾ + 𝑖Ω̂
𝜇Ω‾ 𝜈𝐹𝜇𝜈)  

−
𝑖

4
Λ‾̂𝜇𝜈([𝜑‾ , 𝜑̂𝜇𝜈] + 𝑖Ω‾

𝜌𝐷𝜌𝜑̂𝜇𝜈 − 𝑖Ω̂
𝜌, 𝜇𝜈𝐷𝜌𝜑‾ + 𝑖Ω̂

𝜌, 𝜇𝜈Ω‾
𝜎𝐹𝜌𝜎 − 𝑖Ω‾𝜇  

𝜌𝜑̂𝜌𝜈 + 𝑖Ω‾ 𝜈 
𝜌𝜑̂𝜌𝜇) 

+
𝑖

4
Λ‾𝜇𝜈([𝜑̂, 𝜑̂𝜇𝜈] + 𝑖Ω̂

𝜌𝐷𝜌𝜑̂𝜇𝜈 − 𝑖Ω̂
𝜌, 𝜇𝜈𝐷𝜌𝜑̂ + 𝑖Ω̂

𝜌, 𝜇𝜈Ω̂
𝜎𝐹𝜌𝜎 − 𝑖Ω̂𝜇  

𝜌𝜑̂𝜌𝜈 + 𝑖Ω̂𝜈 
𝜌𝜑̂𝜌𝜇) 

−
𝑖

8
Λ‾𝜇𝜈([𝜑̂𝜇𝜌, 𝜑̂𝜈 

𝜌] + 𝑖Ω̂𝜌, 𝜇𝜎𝐷𝜌𝜑̂𝜈 
𝜎 − 𝑖Ω̂𝜌, 𝜈𝜎𝐷𝜌𝜑̂𝜇 

𝜎 + Ω̂𝜇𝜈,𝜌𝜎𝜑̂
𝜌𝜎 − Ω̂𝜌𝜎 

𝜌𝜎𝜑̂𝜇𝜈)] .

 

𝑄‾̂Λ‾̂𝜇𝜈 =2𝐷𝜇𝜈 − 2𝐹𝜇𝜈
−

−𝑖([𝜑̂, 𝜑̂𝜇𝜈] + 𝑖Ω̂
𝜌𝐷𝜌𝜑̂𝜇𝜈 − 𝑖Ω̂

𝜌, 𝜇𝜈𝐷𝜌𝜑̂ + 𝑖Ω̂
𝜌, 𝜇𝜈Ω̂

𝜎𝐹𝜌𝜎 − 𝑖Ω̂𝜇  
𝜌𝜑̂𝜌𝜈 + 𝑖Ω̂𝜈 

𝜌𝜑̂𝜌𝜇) 

−
𝑖

2
([𝜑̂𝜇𝜌, 𝜑̂𝜈 

𝜌] + 𝑖Ω̂𝜌, 𝜇𝜎𝐷𝜌𝜑̂𝜈 
𝜎 − 𝑖Ω̂𝜌, 𝜈𝜎𝐷𝜌𝜑̂𝜇 

𝜎 + Ω̂𝜇𝜈,𝜌𝜎
− 𝜑̂𝜌𝜎 − Ω̂𝜌𝜎, 

𝜌𝜎𝜑̂𝜇𝜈)  

𝑄‾̂Λ𝜇 = −2𝐾𝜇 − √2(𝐷𝜇𝜑̂ − 𝐹𝜇𝜈Ω̂
𝜈) + 2√2(𝐷𝜈𝜑̂𝜇𝜈 − 𝐹

𝜈𝜌Ω̂𝜌,𝜇𝜈)
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𝑄‾̂𝐷𝜇𝜈 =(𝐷𝜇Λ̂𝜈 − 𝐷𝜈Λ̂𝜇)
−
+

𝑖

2√2
[𝜑̂𝜇𝜌, Λ‾ 𝜈 

𝜌] −
𝑖

2√2
[𝜑̂𝜈𝜌, Λ‾𝜇  

𝜌]

−
1

2√2
Ω̂𝜌, 𝜇𝜎𝐷𝜌Λ‾𝜈 

𝜎 +
1

2√2
Ω̂𝜌, 𝜈𝜎𝐷𝜌Λ‾𝜇 

𝜎 +
𝑖

2√2
Ω̂𝜇𝜈,𝜌𝜎
− Λ‾𝜌𝜎 −

𝑖

2√2
Ω̂𝜌𝜎, 

𝜌𝜎Λ‾𝜇𝜈  

+
𝑖

√2
[𝜑̂, Λ‾𝜇𝜈] −

𝑖

√2
Ω̂𝜌𝐷𝜌Λ‾𝜇𝜈 +

𝑖

√2
(Ω̂𝜇  

𝜌Λ‾𝜌𝜈 − Ω̂𝜈 
𝜌Λ‾𝜌𝜇)  

−√2𝑖 [𝜑‾ , Λ‾̂𝜇𝜈] + √2Ω‾
𝜌𝐷𝜌Λ‾̂𝜇𝜈 − √2 (Ω‾𝜇 

𝜌Λ‾̂𝜌𝜈 − Ω‾ 𝜈 
𝜌Λ‾̂𝜌𝜇)  

+
𝑖

√2
[𝜑̂𝜇𝜈 , Λ‾] −

1

√2
Ω̂𝜌, 𝜇𝜈𝐷𝜌Λ‾  

𝑄‾̂𝐾𝜇 = 𝐷𝜇Λ‾+2𝐷
𝜈Λ‾𝜇𝜈 − √2𝑖[𝜑̂𝜇𝜈 , Λ̂

𝜈] + √2Ω̂𝜌, 𝜇𝜈𝐷𝜌Λ̂
𝜈 + √2Ω̂𝜌𝜈 𝜇𝜈Λ̂𝜌  

+
𝑖

√2
[𝜑̂, Λ̂𝜇] −

1

√2
Ω̂𝜈𝐷𝜈Λ̂𝜇 +

1

√2
Ω̂𝜇 

𝜈Λ̂𝜈  

 +√2𝑖[𝜑‾ , Λ𝜇] − √2Ω‾
𝜈𝐷𝜈Λ𝜇 + √2Ω‾𝜇 

𝜈Λ𝜈

 

𝐻̂𝜇𝜈 =𝐷𝜇𝜈 − 𝐹𝜇𝜈
−

−
𝑖

2
([𝜑̂, 𝜑̂𝜇𝜈] + 𝑖Ω̂

𝜌𝐷𝜌𝜑̂𝜇𝜈 − 𝑖Ω̂
𝜌, 𝜇𝜈𝐷𝜌𝜑̂ + 𝑖Ω̂

𝜌, 𝜇𝜈Ω̂
𝜎𝐹𝜌𝜎 − 𝑖Ω̂𝜇  

𝜌𝜑̂𝜌𝜈 + 𝑖Ω̂𝜈 
𝜌𝜑̂𝜌𝜇) 

−
𝑖

4
([𝜑̂𝜇𝜌, 𝜑̂𝜈  

𝜌] + 𝑖Ω̂𝜌, 𝜇𝜎𝐷𝜌𝜑̂𝜈 
𝜎 − 𝑖Ω̂𝜌, 𝜈𝜎𝐷𝜌𝜑̂𝜇 

𝜎 + Ω̂𝜇𝜈,𝜌𝜎
− 𝜑̂𝜌𝜎 − Ω̂𝜌𝜎 

𝜌𝜎𝜑̂𝜇𝜈)  

𝐺̂𝜇 =𝐾𝜇 +
1

√2
(𝐷𝜇𝜑̂ − 𝐹𝜇𝜈Ω̂

𝜈) − √2(𝐷𝜈𝜑̂𝜇𝜈 − 𝐹
𝜈𝜌Ω̂𝜌,𝜇𝜈),

 

𝑄‾̂Λ‾̂𝜇𝜈 = 2𝐻̂𝜇𝜈, 𝑄‾̂Λ𝜇 = −2𝐺̂𝜇  

𝑄‾̂𝐻̂𝜇𝜈= −√2𝑖 [𝜑‾ , Λ‾̂𝜇𝜈] + √2Ω‾
𝜌𝐷𝜌Λ‾̂𝜇𝜈 − √2(Ω‾𝜇 

𝜌Λ‾̂𝜌𝜈 − Ω‾ 𝜈 
𝜌Λ‾̂𝜌𝜇) 

𝑄‾̂ 𝐺̂𝜇 = √2𝑖[𝜑‾ , Λ𝜇] − √2Ω‾
𝜈𝐷𝜈Λ𝜇 + √2Ω‾𝜇 

𝜈Λ𝜈

 

𝑆2 = 𝑄‾̂Ξ2
′ +∫  𝑑4𝑥

1

𝜅𝑔2
Tr [

1

4
𝐹𝜇𝜈𝐹̃

𝜇𝜈] ,

Ξ2
′ = ∫  𝑑4𝑥

1

𝜅𝑔2
Tr[−

1

2
𝐹𝜇𝜈
−Λ‾̂𝜇𝜈 −

1

4
𝐻̂𝜇𝜈Λ‾̂

𝜇𝜈 +
1

2√2
Λ̂𝜇(𝐷𝜇𝜑 − 𝐹𝜇𝜈Ω

𝜈)  

−
𝑖

4
Λ‾̂([𝜑, 𝜑‾] + 𝑖Ω𝜇𝐷𝜇𝜑‾ − 𝑖Ω‾

𝜇𝐷𝜇𝜑 + 𝑖Ω‾
𝜇Ω𝜈𝐹𝜇𝜈)  

−
1

4
𝐺̂𝜇Λ

𝜇 +
1

2√2
Λ𝜇(𝐷𝜇𝜑̂ − 𝐹𝜇𝜈Ω̂

𝜈) −
1

√2
Λ𝜈(𝐷𝜇𝜑̂

𝜇𝜈 − 𝐹𝜇𝜌Ω̂
𝜌,𝜇𝜈)  

 +
𝑖

4
Λ‾([𝜑, 𝜑̂] + 𝑖Ω𝜇𝐷𝜇𝜑̂ − 𝑖Ω̂

𝜇𝐷𝜇𝜑 + 𝑖Ω̂
𝜇Ω𝜈𝐹𝜇𝜈)

−
𝑖

4
Λ‾𝜇𝜈([𝜑, 𝜑̂𝜇𝜈] + 𝑖Ω

𝜌𝐷𝜌𝜑̂𝜇𝜈 − 𝑖Ω̂
𝜌 𝜇𝜈𝐷𝜌𝜑 + 𝑖Ω̂

𝜌 𝜇𝜈Ω
𝜎𝐹𝜌𝜎 − 𝑖Ω𝜇  

𝜌𝜑̂𝜌𝜈 + 𝑖Ω𝜈 
𝜌𝜑̂𝜌𝜇)  

−
𝑖

4
Λ‾̂𝜇𝜈([𝜑̂, 𝜑̂𝜇𝜈] + 𝑖Ω̂

𝜌𝐷𝜌𝜑̂𝜇𝜈 − 𝑖Ω̂
𝜌, 𝜇𝜈𝐷𝜌𝜑̂ + 𝑖Ω̂

𝜌, 𝜇𝜈Ω̂
𝜎𝐹𝜌𝜎 − 𝑖Ω̂𝜇  

𝜌𝜑̂𝜌𝜈 + 𝑖Ω̂𝜈 
𝜌𝜑̂𝜌𝜇) 

+
𝑖

8
Λ‾̂𝜇𝜈([𝜑̂𝜇𝜌, 𝜑̂𝜈 

𝜌] + 𝑖Ω̂𝜌, 𝜇𝜎𝐷𝜌𝜑̂𝜈 
𝜎 − 𝑖Ω̂𝜌, 𝜈𝜎𝐷𝜌𝜑̂𝜇 

𝜎 + Ω̂𝜇𝜈,𝜌𝜎𝜑̂
𝜌𝜎 − Ω̂𝜌𝜎 

𝜌𝜎𝜑̂𝜇𝜈)] .

 

𝑄‾2Ψ = 2√2(𝛿gauge (𝜑) + 𝛿Lorentz (Ω))Ψ

𝑄‾̂2Ψ = −2√2(𝛿gauge (𝜑‾) + 𝛿Lorentz (Ω‾ ))Ψ

 {𝑄‾ , 𝑄‾̂}Ψ = 2√2(𝛿gauge (𝜑̂) + 𝛿Lorentz (Ω̂))Ψ.

 

𝑆2 = 𝑄‾𝑄‾̂ℱ + ∫  𝑑
4𝑥

1

𝜅𝑔2
Tr [

1

4
𝐹𝜇𝜈𝐹̃

𝜇𝜈]  

ℱ = ∫  𝑑4𝑥
1

𝜅𝑔2
Tr[−

1

2√2
𝜑̂𝜇𝜈𝐹𝜇𝜈

− +
1

8
Λ‾𝜇𝜈Λ‾̂𝜇𝜈 +

1

8
Λ𝜇Λ𝜇 −

1

8
Λ‾Λ‾̂ +

𝑖

24√2
𝜑̂𝜇𝜈[𝜑̂𝜇 

𝜆, 𝜑̂𝜆𝜈]

+
1

16√2
𝜑̂𝜇𝜈(Ω̂𝜌, 𝜇𝜎𝐷𝜌𝜑̂𝜈 

𝜎 − Ω̂𝜌, 𝜈𝜎𝐷𝜌𝜑̂𝜇 
𝜎 − 𝑖Ω̂𝜇𝜈,𝜌𝜎𝜑̂

𝜌𝜎 + 𝑖Ω̂𝜌𝜎, 
𝜌𝜎𝜑̂𝜇𝜈) 

+
3

2√2
Ω̂[𝜌,𝜇𝜈] (𝐴[𝜇𝐹𝜈𝜌] −

𝑖

3
𝐴[𝜇𝐴𝜈𝐴𝜌])] .
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𝛿gauge (𝛼)ℱ = ∫  𝑑
4𝑥

1

𝜅𝑔2
Tr [−

1

2√2
(Ω̂𝜌

𝜇,𝜈𝜌
− Ω̂𝜌

𝜈,𝜇𝜌
)𝐹𝜇𝜈𝛼]  

𝑆3 = 𝑆 + ∫  𝑑
4𝑥

1

𝜅𝑔2
Tr [−

1

2
(𝐷𝜇𝜈)

2
−
1

2
(𝐾𝜇𝜈)

2
−
1

2
𝐾2]  

𝑄‾Λ= 2𝐾 + √2𝐷𝜇𝜑
𝜇  

𝑄‾Λ𝜇𝜈= 2𝐾𝜇𝜈 + √2(𝐷𝜇𝜑𝜈 − 𝐷𝜈𝜑𝜇)
+
 

𝑄‾Λ‾𝜇𝜈  = 2𝐷𝜇𝜈 − 2𝐹𝜇𝜈
− + 𝑖[𝜑𝜇, 𝜑𝜈]

−

 

𝑄‾𝐾 =𝐷𝜇Λ‾
𝜇 −

𝑖

√2
[Λ𝜇 , 𝜑

𝜇] + √2𝑖([𝜑, Λ] + 𝑖Ω𝜇𝐷𝜇Λ),

𝑄‾𝐾𝜇𝜈 =(𝐷𝜇Λ‾𝜈 −𝐷𝜈Λ‾𝜇)
+
+
𝑖

√2
([𝜑𝜇, Λ𝜈] − [𝜑𝜈 , Λ𝜇])

+

 +√2𝑖[𝜑, Λ𝜇𝜈] − √2Ω
𝜆𝐷𝜆Λ𝜇𝜈 + √2(Ω𝜇  

𝜆Λ𝜆𝜈 − Ω𝜈 
𝜆Λ𝜆𝜇),

 

𝑄‾𝐷𝜇𝜈 =(𝐷𝜇Λ𝜈 − 𝐷𝜈Λ𝜇)
−
−
𝑖

√2
([𝜑𝜇, Λ‾ 𝜈] − [𝜑𝜈 , Λ‾𝜇])

−

 +√2𝑖[𝜑, Λ‾𝜇𝜈] − √2Ω
𝜆𝐷𝜆Λ‾𝜇𝜈 + √2(Ω𝜇 

𝜆Λ‾𝜆𝜈 −Ω𝜈 
𝜆Λ‾𝜆𝜇)

 

𝐺= 𝐾 +
1

√2
𝐷𝜇𝜑

𝜇,  

𝐺𝜇𝜈= 𝐾𝜇𝜈 +
1

√2
(𝐷𝜇𝜑𝜈 −𝐷𝜈𝜑𝜇)

+
, 

𝐻𝜇𝜈  = 𝐷𝜇𝜈 − 𝐹𝜇𝜈
− +

𝑖

2
[𝜑𝜇, 𝜑𝜈]

−
,

 

𝑄‾Λ = 2𝐺,𝑄‾Λ𝜇𝜈 = 2𝐺𝜇𝜈 , 𝑄‾Λ‾𝜇𝜈 = 2𝐻𝜇𝜈  

𝑄‾𝐺= √2𝑖([𝜑, Λ] + 𝑖Ω𝜇𝐷𝜇Λ)  

𝑄‾𝐺𝜇𝜈= √2𝑖[𝜑, Λ𝜇𝜈] − √2Ω
𝜆𝐷𝜆Λ𝜇𝜈 + √2(Ω𝜇 

𝜆Λ𝜆𝜈 − Ω𝜈 
𝜆Λ𝜆𝜇)  

𝑄‾𝐻𝜇𝜈 = √2𝑖[𝜑, Λ‾𝜇𝜈] − √2Ω
𝜆𝐷𝜆Λ‾𝜇𝜈 + √2(Ω𝜇 

𝜆Λ‾𝜆𝜈 − Ω𝜈 
𝜆Λ‾𝜆𝜇)

 

𝑆3 = 𝑄‾Ξ3 +∫  𝑑
4𝑥

1

𝜅𝑔2
Tr [

1

4
𝐹𝜇𝜈𝐹̃

𝜇𝜈]  

Ξ3 = ∫  𝑑
4𝑥

1

𝜅𝑔2
Tr [−

1

2
𝐹𝜇𝜈
−Λ‾𝜇𝜈 +

𝑖

4
Λ‾𝜇𝜈[𝜑𝜇, 𝜑𝜈]

−
−
1

4
𝐻𝜇𝜈Λ‾

𝜇𝜈

−
1

4
Λ𝜇𝜈𝐺

𝜇𝜈 +
1

2√2
Λ𝜇𝜈(𝐷𝜇𝜑𝜈 −𝐷𝜈𝜑𝜇)

+
 

−
1

4
Λ𝐺 +

𝑖

4
Λ‾([𝜑, 𝜑‾] + 𝑖Ω𝜇𝐷𝜇𝜑‾ − 𝑖Ω‾

𝜇𝐷𝜇𝜑 + 𝑖Ω‾
𝜇Ω𝜈𝐹𝜇𝜈) 

+
1

2√2
Λ𝐷𝜇𝜑

𝜇 −
1

2√2
Λ𝜇(𝐷𝜇𝜑‾ − 𝐹𝜇𝜈Ω‾

𝜈)  

−
𝑖

4
Λ‾𝜇([𝜑‾ ,𝜑𝜇] + 𝑖Ω‾

𝜈𝐷𝜈𝜑𝜇 − 𝑖Ω‾𝜇  
𝜈𝜑𝜈)]

 

𝑄Λ‾= 2𝐾 + √2𝐷𝜇𝜑
𝜇  

𝑄Λ𝜇𝜈= 2𝐾𝜇𝜈 − 2𝐹𝜇𝜈
+ + 𝑖[𝜑𝜇, 𝜑𝜈]

+
 

𝑄Λ‾𝜇𝜈  = 2𝐷𝜇𝜈 − √2(𝐷𝜇𝜑𝜈 − 𝐷𝜈𝜑𝜇)
−
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𝑄𝐾 =−𝐷𝜇Λ
𝜇 −

𝑖

√2
[Λ‾𝜇 , 𝜑

𝜇] + √2𝑖([𝜑, Λ‾] + 𝑖Ω𝜇𝐷𝜇Λ‾),  

𝑄𝐾𝜇𝜈 =(𝐷𝜇Λ‾𝜈 −𝐷𝜈Λ‾𝜇)
+
+
𝑖

√2
([𝜑𝜇, Λ𝜈] − [𝜑𝜈 , Λ𝜇])

+

+√2𝑖[𝜑, Λ𝜇𝜈] − √2Ω
𝜆𝐷𝜆Λ𝜇𝜈 + √2(Ω𝜇 

𝜆Λ𝜆𝜈 − Ω𝜈 
𝜆Λ𝜆𝜇)

𝑄𝐷𝜇𝜈 =(𝐷𝜇Λ𝜈 −𝐷𝜈Λ𝜇)
−
−
𝑖

√2
([𝜑𝜇, Λ‾𝜈] − [𝜑𝜈 , Λ‾𝜇])

−

 +√2𝑖[𝜑, Λ‾𝜇𝜈] − √2Ω
𝜆𝐷𝜆Λ‾𝜇𝜈 + √2(Ω𝜇 

𝜆Λ‾𝜆𝜈 − Ω𝜈 
𝜆Λ‾𝜆𝜇).

 

𝐺𝜇𝜈
′ = 𝐾𝜇𝜈 − 𝐹𝜇𝜈

+ +
𝑖

2
[𝜑𝜇 , 𝜑𝜈]

+
 

𝐻𝜇𝜈
′  = 𝐷𝜇𝜈 −

1

√2
(𝐷𝜇𝜑𝜈 − 𝐷𝜈𝜑𝜇)

−
 

𝑄Λ‾ = 2𝐺,𝑄Λ𝜇𝜈 = 2𝐺𝜇𝜈
′ , 𝑄Λ‾𝜇𝜈 = 2𝐻𝜇𝜈

′  

𝑄𝐺= √2𝑖([𝜑, Λ‾] + 𝑖Ω𝜇𝐷𝜇Λ‾)  

𝑄𝐺𝜇𝜈
′ = √2𝑖[𝜑, Λ𝜇𝜈] − √2Ω

𝜆𝐷𝜆Λ𝜇𝜈 + √2(Ω𝜇 
𝜆Λ𝜆𝜈 − Ω𝜈 

𝜆Λ𝜆𝜇)  

𝑄𝐻𝜇𝜈
′  = √2𝑖[𝜑, Λ‾𝜇𝜈] − √2Ω

𝜆𝐷𝜆Λ‾𝜇𝜈 + √2(Ω𝜇 
𝜆Λ‾𝜆𝜈 − Ω𝜈 

𝜆Λ‾𝜆𝜇)

 

𝑆3 = 𝑄Ξ‾3 −∫  𝑑
4𝑥

1

𝜅𝑔2
Tr [

1

4
𝐹𝜇𝜈𝐹̃

𝜇𝜈]  

Ξ‾3 = ∫  𝑑
4𝑥

1

𝜅𝑔2
Tr [−

1

2
𝐹𝜇𝜈
+Λ𝜇𝜈 +

𝑖

4
Λ𝜇𝜈[𝜑𝜇, 𝜑𝜈]

+
−
1

4
𝐺𝜇𝜈
′ Λ𝜇𝜈

−
1

4
Λ‾𝜇𝜈𝐻𝜇𝜈

′ −
1

2√2
Λ‾𝜇𝜈(𝐷𝜇𝜑𝜈 − 𝐷𝜈𝜑𝜇)

−
 

−
1

4
Λ‾𝐺 −

𝑖

4
Λ([𝜑, 𝜑‾] + 𝑖Ω𝜇𝐷𝜇𝜑‾ − 𝑖Ω‾

𝜇𝐷𝜇𝜑 + 𝑖Ω‾
𝜇Ω𝜈𝐹𝜇𝜈) 

+
1

2√2
Λ‾𝐷𝜇𝜑

𝜇 −
1

2√2
Λ‾𝜇(𝐷𝜇𝜑‾ − 𝐹𝜇𝜈Ω‾

𝜈)  

+
𝑖

4
Λ‾𝜇([𝜑‾ ,𝜑𝜇] + 𝑖Ω‾

𝜈𝐷𝜈𝜑𝜇 − 𝑖Ω‾𝜇  
𝜈𝜑𝜈)]

 

𝑄‾2Ψ = 𝑄2Ψ = 2√2(𝛿gauge (𝜑) + 𝛿Lorentz (Ω))Ψ

{𝑄, 𝑄‾}Ψ = 0
 

𝒬 = 𝑢𝑄 + 𝑣𝑄‾, 𝑢, 𝑣 ∈ ℂ  

𝒬2Ψ = 2√2(𝑢2 + 𝑣2)(𝛿gauge (𝜑) + 𝛿Lorentz (Ω))Ψ.  

𝒬Λ𝜇𝜈 = 2𝑈𝜇𝜈 , 𝒬Λ‾𝜇𝜈 = 2𝑉𝜇𝜈 ,  

𝑈𝜇𝜈≡ −𝑢𝐹𝜇𝜈
+ +

𝑖

2
𝑢[𝜑𝜇, 𝜑𝜈]

+
+
1

√2
𝑣(𝐷𝜇𝜑𝜈 −𝐷𝜈𝜑𝜇)

+
 

𝑉𝜇𝜈  ≡ −𝑣𝐹𝜇𝜈
− +

𝑖

2
𝑣[𝜑𝜇, 𝜑𝜈]

−
−
1

√2
𝑢(𝐷𝜇𝜑𝜈 − 𝐷𝜈𝜑𝜇)

−
 

𝒬Λ𝜇𝜈 = 2√𝑢
2 + 𝑣2𝐾𝜇𝜈 + 2𝑈𝜇𝜈 ,

𝒬Λ‾𝜇𝜈 = 2√𝑢
2 + 𝑣2𝐷𝜇𝜈 + 2𝑉𝜇𝜈 .

 

𝒢𝜇𝜈= √𝑢
2 + 𝑣2𝐾𝜇𝜈 + 𝑈𝜇𝜈  

ℋ𝜇𝜈 = √𝑢
2 + 𝑣2𝐷𝜇𝜈 + 𝑉𝜇𝜈

 

𝒬Λ𝜇𝜈 = 2𝒢𝜇𝜈 , 𝒬Λ‾𝜇𝜈 = 2ℋ𝜇𝜈  
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𝒬𝒢𝜇𝜈= (𝑢
2 + 𝑣2) (√2𝑖[𝜑, Λ𝜇𝜈] − √2Ω

𝜆𝐷𝜆Λ𝜇𝜈 + √2(Ω𝜇 
𝜆Λ𝜆𝜈 − Ω𝜈 

𝜆Λ𝜆𝜇)) ,

𝒬ℋ𝜇𝜈  = (𝑢
2 + 𝑣2) (√2𝑖[𝜑, Λ‾𝜇𝜈] − √2Ω

𝜆𝐷𝜆Λ‾𝜇𝜈 + √2(Ω𝜇 
𝜆Λ‾𝜆𝜈 −Ω𝜈 

𝜆Λ‾𝜆𝜇)) .
 

Ξ̂(1) =
1

𝑢2 + 𝑣2
∫  𝑑4𝑥

1

𝜅𝑔2
Tr [(

1

2
𝑈𝜇𝜈Λ

𝜇𝜈 −
1

2
𝒢𝜇𝜈Λ

𝜇𝜈) + (
1

2
𝑉𝜇𝜈Λ‾

𝜇𝜈 −
1

2
ℋ𝜇𝜈Λ‾

𝜇𝜈)] .  

Ξ̂(2) = 𝑎Ξ‾3
′ + 𝑏Ξ3

′ .  

Ξ3
′ = 𝑄𝑉, Ξ‾3

′ = −𝑄‾𝑉  

𝑉 = ∫  𝑑4𝑥
1

𝜅𝑔2
Tr [

1

8
ΛΛ‾ −

1

4
𝜑𝜇(𝐷𝜇𝜑‾ − 𝐹𝜇𝜈Ω‾

𝜈)]  

Ξ̂(2) =
1

𝑢2 + 𝑣2
(−𝑢𝑄‾ + 𝑣𝑄)𝑉,  

𝑆3 = 𝒬(Ξ̂
(1) + Ξ̂(2)) + ∫  𝑑4𝑥

1

𝜅𝑔2
Tr [

𝑢2 − 𝑣2

4(𝑢2 + 𝑣2)
𝐹𝜇𝜈𝐹̃

𝜇𝜈]  

𝒱𝜇  = 𝐴𝜇 +
𝑖

√2
𝜑𝜇 ,         𝒱𝜇 = 𝐴𝜇 −

𝑖

√2
𝜑𝜇         

ℱ𝜇𝜈  = 𝜕𝜇𝒱𝜈 − 𝜕𝜈𝒱𝜇 + 𝑖[𝒱𝜇, 𝒱𝜈],        ℱ𝜇𝜈 = 𝜕𝜇𝒱𝜈 − 𝜕𝜈𝒱𝜇 + 𝑖[𝒱𝜇 , 𝒱𝜈]        

𝜓𝜇 = Λ𝜇 − 𝑖Λ‾𝜇 ,         𝜓‾𝜇 = Λ𝜇 + 𝑖Λ‾𝜇         

𝜂 = Λ − 𝑖Λ‾ ,         𝜂‾ = Λ + 𝑖Λ‾         

𝜒𝜇𝜈 = Λ𝜇𝜈 − 𝑖Λ‾𝜇𝜈 ,         𝐺+ = 𝐺 + [𝜑, 𝜑‾]         

ℐ𝜇𝜈= 𝒢𝜇𝜈 − 𝑖ℋ𝜇𝜈 ,         𝜙= 𝜑 −
𝑖

√2
Ω𝜇𝜑𝜇         

 

𝒬𝒱𝜇  = 2𝑖𝜓𝜇,         𝒬𝜓𝜇 = 0         

𝒬𝒱𝜇  = 0,                 

𝒬𝜓‾𝜇  = −4√2𝑖(𝒟𝜇𝜙 − ℱ𝜇𝜈Ω
𝜈),        𝒬𝜙 = 0         

𝒬𝜑‾  = √2𝜂,         𝒬𝜂 = 0         

𝒬𝜂‾ = 4𝑖𝐺+,         𝒬𝐺+ = 0         

𝒬𝜒𝜇𝜈= 2ℐ𝜇𝜈 ,         𝒬ℐ𝜇𝜈= 0         

 

𝒟𝜇 ∗= 𝜕𝜇 ∗ +𝑖[𝒱𝜇,∗], 𝒟𝜇 ∗= 𝜕𝜇 ∗ +𝑖[𝒱𝜇 ,∗]  

𝒬𝜒𝜇𝜈 = −2ℱ𝜇𝜈 .  

Ξ̂(1) = ∫  𝑑4𝑥
1

𝜅𝑔2
Tr [−

1

8
𝜒𝜇𝜈ℱ𝜇𝜈]  

𝑆3 = 𝒬(Ξ̂(1) + Ξ̂(2)) + 𝑆3
′

𝑆3
′ = ∫  𝑑4 𝑥

1

𝜅𝑔2
Tr [−

𝑖

4
𝜒̃𝜇𝜈(𝒟𝜇𝜓‾𝜈 −𝒟𝜈𝜓‾𝜇) +

𝑖

2√2
𝜒̃𝜇𝜈[𝜙, 𝜒𝜇𝜈]

−
1

2√2
Ω𝜆𝜒̃𝜇𝜈𝒟𝜆𝜒𝜇𝜈 +

1

2√2
𝜒̃𝜇𝜈(Ω𝜇 

𝜆𝜒𝜆𝜈 − Ω𝜈 
𝜆𝜒𝜆𝜇)] .

 

𝜎𝜇 = (𝑖𝜏1, 𝑖𝜏2, 𝑖𝜏3, 𝟏2), 𝜎‾
𝜇 = (−𝑖𝜏1, −𝑖𝜏2, −𝑖𝜏3, 𝟏2) 

𝜎𝜇𝜈 =
1

4
(𝜎𝜇𝜎‾𝜈 − 𝜎𝜈𝜎‾𝜇), 𝜎‾𝜇𝜈 =

1

4
(𝜎‾𝜇𝜎𝜈 − 𝜎‾𝜈𝜎𝜇) 

Σ1 = (
𝑖𝜏2 0
0 𝑖𝜏2

) , Σ2 = (
𝜏2 0
0 −𝜏2

) , Σ3 = (
0 −𝜏3

𝜏3 0
) 
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Σ4 = (
0 𝑖𝟏2

−𝑖𝟏2 0
) , Σ5 = (

0 −𝜏1

𝜏1 0
) , Σ6 = (

0 𝜏2

𝜏2 0
)

Σ‾1 = (
−𝑖𝜏2 0
0 −𝑖𝜏2

) , Σ‾2 = (
𝜏2 0
0 −𝜏2

) , Σ‾3 = (
0 𝜏3

−𝜏3 0
)

Σ‾4 = (
0 𝑖𝟏2

−𝑖𝟏2 0
) , Σ‾5 = (

0 𝜏1

−𝜏1 0
) , Σ‾6 = (

0 𝜏2

𝜏2 0
)

 

Sinv[𝐴𝜇
𝑎, 𝜆𝑎, 𝐷𝑎] = ∫  d𝑥 [−

1

4
𝐹𝜇𝜈
𝑎 𝐹𝑎𝜇𝜈 −

𝑖

2
𝜆‾𝑎𝛾𝜇(D𝜇𝜆)

𝑎
+
1

2
𝐷𝑎𝐷𝑎]  

𝐹𝜇𝜈
𝑎 ∶= 𝜕𝜇𝐴𝜈

𝑎 − 𝜕𝜈𝐴𝜇
𝑎 + 𝑔𝑓𝑎𝑏𝑐𝐴𝜇

𝑏𝐴𝜈
𝑐

(D𝜇𝜆)
𝑎
∶= 𝜕𝜇𝜆

𝑎 + 𝑔𝑓𝑎𝑏𝑐𝐴𝜇
𝑏𝜆𝑐

 

𝛿𝛼𝐴𝜇
𝑎 = (𝑖𝜆‾𝑎𝛾𝜇)𝛼

, 𝛿𝛼𝜆𝛽
𝑎 = −

1

2
(𝛾𝜇𝜈)𝛽𝛼𝐹𝜇𝜈

𝑎 + 𝑖(𝛾5)𝛽𝛼𝐷
𝑎 , 𝛿𝛼𝐷

𝑎 = (D𝜇𝜆‾𝑎𝛾5𝛾𝜇)𝛼
 

Sinv = 𝛿𝛼Δ𝛼  

Δ𝛼:= ∫  d𝑥 [−
𝑖

16
(𝛾𝜇𝜈𝜆𝑎)𝛼𝐹𝜇𝜈

𝑎 +
1

8
(𝛾5𝜆𝑎)𝛼𝐷

𝑎]  

Sgf[𝐴𝜇
𝑎, 𝐶𝑎, 𝐶‾𝑎] = ∫  d𝑥 [

1

2𝜉
𝒢𝑎[𝐴]𝒢𝑎[𝐴] + 𝐶‾𝑎

𝛿𝒢𝑎[𝐴]

𝛿𝐴𝜇
𝑏
(D𝜇𝐶)

𝑏
]  

𝑠(𝐴𝜇
𝑎) = (D𝜇𝐶)

𝑎
, 𝑠(𝐹𝜇𝜈

𝑎 ) = 𝑓𝑎𝑏𝑐𝐹𝜇𝜈
𝑏 𝐶𝑐 , 𝑠(𝜆𝑎) = 𝑓𝑎𝑏𝑐𝜆𝑏𝐶𝑐

𝑠(𝐶𝑎) = −
𝑔

2
𝑓𝑎𝑏𝑐𝐶𝑏𝐶𝑐 , 𝑠(𝐶‾𝑎) = −

1

𝜉
𝒢𝑎[𝐴], 𝑠(𝐷𝑎) = 𝑓𝑎𝑏𝑐𝐷𝑏𝐶𝑐

 

𝒢𝑎[𝐴] = 𝑔𝒢𝑎[𝑔−1𝐴]  

𝒢𝑎[𝐴](𝑥) ≡ 𝒢𝜇𝐴𝜇
𝑎(𝑥)  

𝐴̃𝜇
𝑎 = 𝑔𝐴𝜇

𝑎, 𝜆̃𝑎 = 𝑔𝜆𝑎, 𝐷̃𝑎 = 𝑔𝐷𝑎, 𝐶̃𝑎 = 𝑔𝐶𝑎 , 𝐶̃
𝑎

= 𝑔𝐶‾𝑎  

S̃inv[𝐴̃𝜇
𝑎, 𝜆̃𝑎, 𝐷̃𝑎] =

1

𝑔2
∫   d𝑥 [−

1

4
𝐹̃𝜇𝜈
𝑎 𝐹̃𝑎𝜇𝜈 −

𝑖

2
𝜆̃ 𝑎𝛾𝜇(D𝜇𝜆̃)

𝑎
+
1

2
𝐷̃𝑎𝐷̃𝑎]  

𝐹̃𝜇𝜈
𝑎  ≡ 𝜕𝜇𝐴̃𝜈

𝑎 − 𝜕𝜈𝐴̃𝜇
𝑎 + 𝑓𝑎𝑏𝑐𝐴̃𝜇

𝑏𝐴̃𝜈
𝑐

D𝜇𝜆̃
𝑎  ≡ 𝜕𝜇𝜆̃

𝑎 + 𝑓𝑎𝑏𝑐𝐴̃𝜇
𝑏𝜆̃𝑐

 

⟨⟨𝑋[𝐴]⟩⟩𝑔 = ∫  𝒟𝐴𝒟𝜆𝒟𝐶𝒟𝐶‾𝑋[𝐴]𝑒
−𝑖𝑆[𝑔,𝐴,𝜆,𝐶,𝐶‾]  

⟨⟨𝐴̃𝜇1
𝑎1(𝑥1)… 𝐴̃𝜇𝑛

𝑎𝑛(𝑥𝑛)⟩⟩
𝑔
= 𝑔𝑛 ⟨⟨𝐴𝜇1

𝑎1(𝑥1)…𝐴𝜇𝑛
𝑎𝑛(𝑥𝑛)⟩⟩

𝑔
.  

⟨𝑋[𝐴]⟩𝑔 = ∫  𝒟𝑔[𝐴]𝑋[𝐴] (= ⟨⟨𝑋[𝐴]⟩⟩𝑔)  

⟨𝑋[𝐴]⟩𝑔 = ⟨𝑋[𝒯𝑔
−1[𝐴]]⟩

0
= ∫  𝒟0[𝐴]𝑋[𝒯𝑔

−1[𝐴]]  

SYM[𝐴, 𝑔] = SYM[𝒯𝑔[𝐴],0]  

det (
𝛿𝒯𝑔[𝐴]

𝛿𝐴
) = ΔMSS[𝐴]ΔFP[𝐴]  

(𝒯𝑔
−1𝐴)

𝜇

𝑎
(𝑥) = ∑  

∞

𝑛=0

 
𝑔𝑛

𝑛!
((ℛ𝑔

𝑛𝐴)
𝜇

𝑎
(𝑥)|

𝑔=0
)  
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d

 d𝑔
⟨𝑋⟩𝑔 = ⟨ℛ𝑔(𝑋)⟩𝑔

 

ℛ𝑔(𝑋𝑌) = ℛ𝑔(𝑋)𝑌 + 𝑋ℛ𝑔(𝑌)  

ℛ𝑔 (∫   d𝑥𝐹𝜇𝜈
𝑎 𝐹𝑎𝜇𝜈) = 0  

ℛ𝑔(𝒢
𝑎[𝐴]) = 0.  

ℛ𝑔 = ℛinv + ℛgf  

ℛinv: =
d

 d𝑔
−
1

2𝑟
∫   d𝑥 d𝑦Tr(𝛾𝜇𝑆

𝑎𝑏(𝑥, 𝑦; 𝐴)𝛾𝜌𝜆)𝑓𝑏𝑐𝑑𝐴𝜌
𝑐 (𝑦)𝐴𝜆

𝑑(𝑦)
𝛿

𝛿𝐴𝜇
𝑎(𝑥)

 

ℛgf: = −
1

2𝑟
∫   d𝑥 d𝑦 d𝑧(𝐷𝜇𝐺)

𝑎𝑒
(𝑥, 𝑧; 𝐴)Tr(𝛾𝜈𝜕𝜈𝑆

𝑒𝑏(𝑧, 𝑦; 𝐴)𝛾𝜌𝜆)𝑓𝑏𝑐𝑑𝐴𝜌
𝑐(𝑦)𝐴𝜆

𝑑(𝑦)
𝛿

𝛿𝐴𝜇
𝑎(𝑥)

 

𝛾𝜇(D𝜇𝑆)
𝑎𝑏
(𝑥, 𝑦; 𝐴)  = 𝛿𝑎𝑏𝛿(𝑥 − 𝑦)

𝛿𝒢𝑎

𝛿𝐴𝜇
𝑐 (D𝜇𝐺)

𝑐𝑏
(𝑥, 𝑦; 𝐴)  ≡ 𝜕𝜇(D𝜇𝐺)

𝑎𝑏
(𝑥, 𝑦; 𝐴) = 𝛿𝑎𝑏𝛿(𝑥 − 𝑦)

 

𝑆𝑎𝑏(𝑥, 𝑦; 𝐴)  = 𝛿𝑎𝑏𝑆0(𝑥 − 𝑦) − 𝑔𝑓
𝑎𝑐𝑑 ∫   d𝑧𝑆0(𝑥 − 𝑧)𝛾

𝜇𝐴𝜇
𝑐 (𝑧)𝑆𝑑𝑏(𝑧, 𝑦; 𝐴)

𝐺𝑎𝑏(𝑥, 𝑦; 𝐴)  = 𝛿𝑎𝑏𝐺0(𝑥 − 𝑦) − 𝑔𝑓
𝑎𝑐𝑑 ∫   d𝑧𝐺0(𝑥 − 𝑧)𝒢

𝜇𝐴𝜇
𝑐 (𝑧)𝐺𝑑𝑏(𝑧, 𝑦; 𝐴)

 

ℛ̃inv =
d

 d𝑔
+
1

8𝑔
∫   d𝑥d𝑦Tr(𝛾𝜇𝑆̃

𝑎𝑏(𝑥, 𝑦; 𝐴̃)𝛾𝜌𝜆)𝐹̃𝜌𝜆
𝑏 (𝑦)

𝛿

𝛿𝐴̃𝜇
𝑎(𝑥)

+
1

𝑔
∫   d𝑥𝐷̃𝑎(𝑥)

𝛿

𝛿𝐷̃𝑎(𝑥)

+
𝑖

4𝑔
∫   d𝑥Tr(𝛾5𝛾𝜇𝑆̃

𝑎𝑏(𝑥, 𝑦; 𝐴̃))𝐷̃𝑏(𝑥)
𝛿

𝛿𝐴̃𝜇
𝑎(𝑥)

 

ℛ̃gf = −𝑔∫   d𝑥 d𝑦(D𝜇𝐺̃)
𝑎𝑏
(𝑥, 𝑦; 𝐴̃)ℛ̃inv (

1

𝑔
𝒢𝑏[𝐴̃](𝑦))

𝛿

𝛿𝐴̃𝜇
𝑎(𝑥)

 +𝑔𝑓𝑎𝑏𝑐∫   d𝑥 d𝑦𝐺̃𝑏𝑑(𝑥, 𝑦; 𝐴̃)ℛ̃inv (
1

𝑔
𝒢𝑑[𝐴̃](𝑦)) 𝐷̃𝑐(𝑥)

𝛿

𝛿𝐷̃𝑎(𝑥)

 

(𝒯𝑔
−1(𝐴))

𝜇

𝑎
≡ (𝒯̃𝑔

−1 (
1

𝑔
𝐴̃))

𝜇

𝑎

(𝑥):= ∑  

∞

𝑛=0

 
𝑔𝑛

𝑛!

[
 
 
 

(ℛ̃𝑔
𝑛 (
1

𝑔
𝐴̃))

𝜇

𝑎

(𝑥)|

𝐴̃=𝑔𝐴

|

𝑔=0]
 
 
 

 

𝛾𝜌𝜆𝐹̃𝜌𝜆
𝑏 = 2𝛾𝜌𝛾𝜆(D𝜌𝐴̃𝜆)

𝑏
− 2𝜕𝜆𝐴̃𝜆

𝑏 − 𝑓𝑏𝑑𝑒𝛾𝜌𝜆𝐴̃𝜌
𝑑𝐴̃𝜆

𝑒  

ℛ̃𝑔 = ℛ̃0 + ℛ̃1 + ℛ̃2  

ℛ̃0: =
d

 d𝑔
+
1

𝑔
∫   d𝑥𝐴̃𝜇

𝑎(𝑥)
𝛿

𝛿𝐴̃𝜇
𝑎(𝑥)

 

ℛ̃1: = −
1

8𝑔
∫   d𝑥 d𝑦Tr(𝛾𝜇𝑆̃

𝑎𝑏(𝑥, 𝑦; 𝐴̃)𝛾𝜌𝜆)𝑓𝑏𝑐𝑑𝐴̃𝜌
𝑐(𝑦)𝐴̃𝜆

𝑑(𝑦)
𝛿

𝛿𝐴̃𝜇
𝑎(𝑥)

−
1

8𝑔
∫   d𝑥 d𝑦 d𝑧(D𝜇𝐺̃)

𝑎𝑒
(𝑥, 𝑧; 𝐴̃)Tr (𝛾𝜈

𝛿𝒢𝑒

𝛿𝐴̃𝜈
𝑓
𝑆̃𝑓𝑏(𝑧, 𝑦; 𝐴̃)𝛾𝜌𝜆) 𝑓𝑏𝑐𝑑𝐴̃𝜌

𝑐(𝑦)𝐴̃𝜆
𝑑(𝑦)

𝛿

𝛿𝐴̃𝜇
𝑎(𝑥)

 

ℛ̃2: = −
1

4𝑔
∫   d𝑥 d𝑦Tr(𝛾𝜇𝑆̃

𝑎𝑏(𝑥, 𝑦; 𝐴̃))𝜕𝜆𝐴̃𝜆
𝑏(𝑦)

𝛿

𝛿𝐴̃𝜇
𝑎(𝑥)

+
1

4𝑔
∫   d𝑥 d𝑦 d𝑧(D𝜇𝐺̃)

𝑎𝑏
(𝑥, 𝑦; 𝐴̃)Tr (𝛾𝜈

𝛿𝒢𝑏

𝛿𝐴̃𝜈
𝑒
𝑆̃𝑒𝑐(𝑦, 𝑧; 𝐴̃)) 𝜕𝜆𝐴̃𝜆

𝑐(𝑧)
𝛿

𝛿𝐴̃𝜇
𝑎(𝑥)
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ℛ̃0(𝐴𝜇
𝑎) ≡ ℛ̃0 (

1

𝑔
𝐴̃𝜇
𝑎) = 0  

ℛ̃0(𝑆̃
𝑎𝑏(𝑥, 𝑦; 𝐴̃)) = −𝑓𝑐𝑑𝑒∫   d𝑧𝑆̃𝑎𝑐(𝑥, 𝑧; 𝐴̃)𝛾𝜇𝐴̃𝜇

𝑑(𝑧)𝑆̃𝑒𝑏(𝑧, 𝑦; 𝐴̃)  etc.  

𝑆̃𝑎𝑏(𝑥, 𝑦; 𝐴̃)  = −𝛿𝑎𝑏𝛾𝜌𝜕𝜌𝐶(𝑥 − 𝑦) + 𝒪(𝐴̃)

𝐺̃𝑎𝑏(𝑥, 𝑦; 𝐴̃)  = 𝛿𝑎𝑏𝐺̃0(𝑥 − 𝑦) + 𝒪(𝐴̃)

𝛿𝒢𝑎[𝐴̃](𝑥)

𝛿𝐴̃𝜇
𝑏(𝑦)

 = 𝛿𝑎𝑏𝒢𝜇𝛿(𝑥 − 𝑦) + 𝒪(𝐴̃)

 

◻ 𝐶(𝑥) = −𝛿(𝑥) 

Tr(𝛾𝜇𝑛
𝜇𝑆0(𝑦 − 𝑧)) = −4𝑛

𝜇𝜕𝜇𝐶(𝑦 − 𝑧)  

lim
𝑔→0

 ℛ̃2 (
1

𝑔
𝐴̃𝜇
𝑎)|

𝑛⋅𝐴𝑎=0

≠ 0  

(𝒯𝑔𝐴)𝜇
𝑎
(𝑥) = 𝐴𝜇

𝑎(𝑥)+𝑔𝑓𝑎𝑏𝑐 ∫   d𝑦 d𝑧(𝜂𝜇𝜈𝛿(𝑥 − 𝑦) − 𝜕𝜇𝐺0(𝑥 − 𝑦)𝑛𝜈)  

× {𝐴𝑏𝜈(𝑦)𝐶(𝑦 − 𝑧)𝜕 ⋅ 𝐴𝑐(𝑧) + 𝜕𝜆𝐶(𝑦 − 𝑧)𝐴𝑏𝜈(𝑧)𝐴𝜆
𝑐(𝑧)}  

+2𝑔𝑓𝑎𝑏𝑐 ∫   d𝑦 d𝑧 d𝑤(𝜂𝜇𝜈𝛿(𝑥 − 𝑦) − 𝜕𝜇𝐺0(𝑥 − 𝑦)𝑛𝜈)

× 𝜕𝜆𝐶(𝑦 − 𝑧)𝐴
𝑏[𝜈(𝑧)𝜕𝜆]𝐶(𝑧 − 𝑤)𝜕 ⋅ 𝐴𝑐(𝑤)  

+
𝑔2

2
𝑓𝑎𝑏𝑐𝑓𝑏𝑑𝑒∫   d𝑦 d𝑧 d𝑤(𝜂𝜇𝜈𝛿(𝑥 − 𝑦) − 𝜕𝜇𝐺0(𝑥 − 𝑦)𝑛𝜈){

−2𝐴𝑐𝜈(𝑦)𝐶(𝑦 − 𝑧)𝐴𝜆
𝑑(𝑧)𝜕𝜆𝐶(𝑧 − 𝑤)𝜕 ⋅ 𝐴𝑒(𝑤)  

−𝐴𝑐𝜈(𝑦)𝐶(𝑦 − 𝑧)𝜕 ⋅ 𝐴𝑑(𝑧)𝐶(𝑧 − 𝑤)𝜕 ⋅ 𝐴𝑒(𝑤)  

−
1

2
𝐶(𝑦 − 𝑧)𝜕 ⋅ 𝐴𝑐(𝑧)𝜕𝜆𝐶(𝑧 − 𝑤)𝐴𝑑𝜈(𝑤)𝐴𝜆

𝑒(𝑤)  

+
1

2
𝐶(𝑦 − 𝑧)𝜕 ⋅ 𝐴𝑐(𝑧)𝜕𝜆𝐶(𝑦 − 𝑤)𝐴𝑑𝜈(𝑤)𝐴𝜆

𝑒(𝑤)  

−
1

2
𝐶(𝑦 − 𝑧)𝐴𝑑𝜈(𝑧)𝐴𝜆

𝑒(𝑧)𝜕𝜆𝐶(𝑧 − 𝑤)𝜕 ⋅ 𝐴𝑐(𝑤)  

+
1

2
𝜕𝜆𝐶(𝑦 − 𝑧)𝐴𝑑𝜈(𝑧)𝐴𝜆

𝑒(𝑧)𝐶(𝑧 − 𝑤)𝜕 ⋅ 𝐴𝑐(𝑤)  

−2𝜕𝜆𝐶(𝑦 − 𝑧)𝐴
𝑐[𝜈(𝑧)𝐴𝑑𝜆](𝑧)𝐶(𝑧 − 𝑤)𝜕 ⋅ 𝐴𝑒(𝑤)  

+3𝜕𝜌𝐶(𝑦 − 𝑧)𝐴𝜆
𝑐(𝑧)𝜕[𝜈𝐶(𝑧 − 𝑤)𝐴𝑑𝜆(𝑤)𝐴𝑒𝜌](𝑤)}

+
𝑔2

2
𝑓𝑎𝑏𝑐𝑓𝑏𝑑𝑒∫   d𝑦 d𝑧 d𝑤 d𝑣(𝜂𝜇𝜈𝛿(𝑥 − 𝑦) − 𝜕𝜇𝐺0(𝑥 − 𝑦)𝑛𝜈){

 −𝐶(𝑦 − 𝑧)𝐴𝑑[𝜈(𝑧)𝜕𝜆]𝐶(𝑧 − 𝑤)𝜕 ⋅ 𝐴𝑒(𝑤)𝜕𝜆𝐶(𝑧 − 𝑣)𝜕 ⋅ 𝐴
𝑐(𝑣)

 −𝐶(𝑦 − 𝑧)𝜕 ⋅ 𝐴𝑐(𝑧)𝜕𝜆𝐶(𝑧 − 𝑤)𝐴
𝑑[𝜈(𝑤)𝜕𝜆]𝐶(𝑤 − 𝑣)𝜕 ⋅ 𝐴𝑒(𝑣)

 +𝐶(𝑦 − 𝑧)𝜕 ⋅ 𝐴𝑐(𝑧)𝜕𝜆𝐶(𝑦 − 𝑤)𝐴
𝑑[𝜈(𝑤)𝜕𝜆]𝐶(𝑤 − 𝑣)𝜕 ⋅ 𝐴𝑒(𝑣)

 −𝜕𝜆𝐶(𝑦 − 𝑧)𝐴
𝑑[𝜈(𝑧)𝜕𝜆]𝐶(𝑧 − 𝑤)𝜕 ⋅ 𝐴𝑒(𝑤)𝐶(𝑧 − 𝑣)𝜕 ⋅ 𝐴𝑐(𝑣)

 −𝜕𝜆𝐶(𝑦 − 𝑧)𝜕𝜈𝐶(𝑧 − 𝑤)𝜕 ⋅ 𝐴𝑐(𝑤)𝜕𝜌𝐶(𝑧 − 𝑣)𝐴𝜆
𝑑(𝑣)𝐴𝜌

𝑒(𝑣)

 +2𝜕𝜆𝐶(𝑦 − 𝑧)𝜕
[𝜈𝐴𝑑𝜆](𝑧)𝐶(𝑧 − 𝑤)𝜕 ⋅ 𝐴𝑒(𝑤)𝐶(𝑧 − 𝑣)𝜕 ⋅ 𝐴𝑐(𝑣)

 −2𝜕𝜆𝐶(𝑦 − 𝑧)𝐴
𝑐[𝜈(𝑧)𝜕𝜆]𝐶(𝑧 − 𝑤)𝜕 ⋅ 𝐴𝑑(𝑤)𝐶(𝑤 − 𝑣)𝜕 ⋅ 𝐴𝑒(𝑣)

 −4𝜕𝜆𝐶(𝑦 − 𝑧)𝐴
𝑐[𝜈(𝑧)𝜕𝜆]𝐶(𝑧 − 𝑤)𝐴𝜌

𝑑(𝑤)𝜕𝜌𝐶(𝑤 − 𝑣)𝜕 ⋅ 𝐴𝑒(𝑣)

+6𝜕𝜌𝐶(𝑦 − 𝑧)𝐴𝜆
𝑐(𝑧)𝜕[𝜈𝐶(𝑧 − 𝑤)𝐴𝑑𝜆(𝑤)𝜕𝜌]𝐶(𝑤 − 𝑣)𝜕 ⋅ 𝐴𝑒(𝑣)}

−𝑔2𝑓𝑎𝑏𝑐𝑓𝑏𝑑𝑒∫   d𝑦 d𝑧 d𝑤 d𝑣 d𝑢(𝜂𝜇𝜈𝛿(𝑥 − 𝑦) − 𝜕𝜇𝐺0(𝑥 − 𝑦)𝑛𝜈)

 × 𝜕𝜆𝐶(𝑦 − 𝑧)𝜕𝜈𝐶(𝑧 − 𝑤)𝜕 ⋅ 𝐴𝑐(𝑤)𝜕𝜌𝐶(𝑧 − 𝑣)𝐴[𝜆
𝑑 (𝑣)𝜕𝜌]𝐶(𝑣 − 𝑢)𝜕 ⋅ 𝐴

𝑒(𝑢)

+𝒪(𝑔3)
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𝐺0(𝑥) = 𝜀(𝑛 ⋅ 𝑥)𝛿
(3)(𝑥⊥) = −𝐺0(−𝑥)  

Π𝜇𝜈(𝑥): = 𝜂𝜇𝜈𝛿(𝑥) − 𝜕𝜇𝐺0(𝑥)𝑛𝜈  

∫  d𝑦Π𝜇𝜈(𝑥 − 𝑦)𝜕
𝜈𝐹(𝑦) = 0  

𝑛𝜇𝐴𝜇
′𝑎(𝑥) = 𝑛𝜇𝐴𝜇

𝑎(𝑥)  

1

2
∫   d𝑥𝐴𝜇

′𝑎(𝑥)(− ◻ 𝜂𝜇𝜈 + 𝜕𝜇𝜕𝜈)𝐴𝜈
′𝑎(𝑥) =

1

4
∫   d𝑥𝐹𝜇𝜈

𝑎 (𝑥)𝐹𝑎𝜇𝜈(𝑥) + 𝒪(𝑔3)  

1

2
∫   d𝑥𝐴𝜇

′𝑎(𝑥)(− ◻ 𝜂𝜇𝜈 + 𝜕𝜇𝜕𝜈)𝐴𝜈
′𝑎(𝑥)|

𝒪(𝑔1)

= 𝑓𝑎𝑏𝑐∫   d𝑥 d𝑦{𝐴𝜇
𝑏(𝑥)𝐶(𝑥 − 𝑦)𝜕 ⋅ 𝐴𝑐(𝑦) + 𝜕𝜆𝐶(𝑥 − 𝑦)𝐴𝜇

𝑏(𝑦)𝐴𝜆
𝑐(𝑦)} 

 × (−◻ 𝜂𝜇𝜈 + 𝜕𝜇𝜕𝜈)𝐴𝜈
′𝑎(𝑥)

 +2𝑓𝑎𝑏𝑐∫   d𝑥 d𝑦 d𝑧𝜕𝜆𝐶(𝑥 − 𝑦)𝐴[𝜇
𝑏 (𝑦)𝜕𝜆]𝐶(𝑦 − 𝑧)𝜕 ⋅ 𝐴

𝑐(𝑧)

 × (−◻ 𝜂𝜇𝜈 + 𝜕𝜇𝜕𝜈)𝐴𝜈
′𝑎(𝑥)

 

1

2
∫   d𝑥𝐴𝜇

′𝑎(𝑥)(− ◻ 𝜂𝜇𝜈 + 𝜕𝜇𝜕𝜈)𝐴𝜈
′𝑎(𝑥)|

𝒪(𝑔1)

= −𝑓𝑎𝑏𝑐∫   d𝑥𝜕𝜆𝐴𝜇
𝑎(𝑥)𝐴𝑏𝜇(𝑥)𝐴𝑐𝜆(𝑥)  

 +𝑓𝑎𝑏𝑐∫   d𝑥 d𝑦{− ◻ 𝐴𝜇
𝑎(𝑥)𝐴𝑏𝜇(𝑥)𝐶(𝑥 − 𝑦)𝜕 ⋅ 𝐴𝑐(𝑦)

 +𝜕𝜇𝜕 ⋅ 𝐴
𝑎(𝑥)𝐴𝑏𝜇(𝑥)𝐶(𝑥 − 𝑦)𝜕 ⋅ 𝐴𝑐(𝑦) − 2𝜕𝜆𝐴𝜇

𝑎(𝑥)𝐴𝑏[𝜇(𝑥)𝜕𝜆]𝐶(𝑥 − 𝑦)𝜕 ⋅ 𝐴𝑐(𝑦)}

 = 𝑓𝑎𝑏𝑐 ∫   d𝑥𝜕𝜇𝐴𝜆
𝑎(𝑥)𝐴𝑏𝜇(𝑥)𝐴𝑐𝜆(𝑥) =

1

4
∫   d𝑥𝐹𝜇𝜈

𝑎 (𝑥)𝐹𝑎𝜇𝜈(𝑥)|
𝒪(𝑔1)

 

1

2
∫   d𝑥𝐴𝜇

′𝑎(𝑥)(− ◻ 𝜂𝜇𝜈 + 𝜕𝜇𝜕𝜈)𝐴𝜈
′𝑎(𝑥)|

𝒪(𝑔2)

= ∫  d𝑥𝐴𝜇
′𝑎(𝑥)|

𝒪(𝑔2)

(− ◻ 𝜂𝜇𝜈 + 𝜕𝜇𝜕𝜈)𝐴𝜈
′𝑎(𝑥)|

𝒪(𝑔0)

+
1

2
∫   d𝑥𝐴𝜇

′𝑎(𝑥)|
𝒪(𝑔1)

(− ◻ 𝜂𝜇𝜈 + 𝜕𝜇𝜕𝜈)𝐴𝜈
′𝑎(𝑥)|

𝒪(𝑔1)

 

= −
𝑔2

4
𝑓𝑎𝑏𝑐𝑓𝑏𝑑𝑒∫   d𝑥𝐴𝜇

𝑎(𝑥)𝐴𝜆
𝑐(𝑥)𝐴𝑑𝜇(𝑥)𝐴𝑒𝜆(𝑥)

 −
𝑔2

2
∫   d𝑥 d𝑦𝐴𝜇

𝑎(𝑥)𝐴𝜆
𝑒(𝑥)𝜕𝜆𝐴𝑑𝜇(𝑥)𝐶(𝑥 − 𝑦)𝜕 ⋅ 𝐴𝑐(𝑦)

 × (𝑓𝑎𝑏𝑐𝑓𝑏𝑑𝑒 + 𝑓𝑒𝑏𝑎𝑓𝑏𝑑𝑐 + 𝑓𝑐𝑏𝑒𝑓𝑏𝑑𝑎)

= −
𝑔2

4
𝑓𝑎𝑏𝑐𝑓𝑏𝑑𝑒∫   d𝑥𝐴𝜇

𝑎(𝑥)𝐴𝜆
𝑐(𝑥)𝐴𝑑𝜇(𝑥)𝐴𝑒𝜆(𝑥) =

1

4
∫   d𝑥𝐹𝜇𝜈

𝑎 (𝑥)𝐹𝑎𝜇𝜈(𝑥)|
𝒪(𝑔2)

 

0 = 𝑓𝑎𝑏𝑐𝑓𝑏𝑑𝑒 + 𝑓𝑒𝑏𝑎𝑓𝑏𝑑𝑐 + 𝑓𝑐𝑏𝑒𝑓𝑏𝑑𝑎  

log det (
𝛿𝐴𝜇

′𝑎(𝑥)

𝛿𝐴𝜈
𝑏(𝑦)

) =
!
log (ΔMSS[𝐴]ΔFP[𝐴])  

𝐗𝑎𝑏(𝑥, 𝑦; 𝐴) = 𝑔𝑓𝑎𝑏𝑐𝐺0(𝑥 − 𝑦)𝑛 ⋅ 𝐴
𝑐(𝑦),  
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log det(1 − 𝐗) = Trlog (1 − 𝐗)  

log det(1 − 𝐗) =
𝑔2

2
𝑁∫   d𝑥 d𝑦𝐺0(𝑥 − 𝑦)𝑛 ⋅ 𝐴

𝑎(𝑦)𝐺0(𝑦 − 𝑥)𝑛 ⋅ 𝐴
𝑎(𝑥) + 𝒪(𝑔3)  

𝐘𝛼𝛽
𝑎𝑏(𝑥, 𝑦; 𝐴) = 𝑔𝑓𝑎𝑏𝑐𝜕𝜌𝐶(𝑥 − 𝑦)(𝛾

𝜌𝛾𝜆)
𝛼𝛽
𝐴𝜆
𝑐(𝑦)  

1

2
log det(1 − 𝐘) =

𝑔2

4
𝑁Tr(𝛾𝜌𝛾𝜆𝛾𝜎𝛾𝜈)∫  d𝑥 d𝑦𝜕𝜌𝐶(𝑥 − 𝑦)𝐴𝜆

𝑎(𝑦)𝜕𝜎𝐶(𝑦 − 𝑥)𝐴𝜈
𝑎(𝑥)

 +𝒪(𝑔3)

 

log (ΔMSS[𝐴]ΔFP[𝐴])|𝒪(𝑔2) =
𝑔2

2
𝑁∫   d𝑥 d𝑦{  

+𝑟𝜕𝜇𝐶(𝑥 − 𝑦)𝐴𝜇
𝑎(𝑦)𝜕𝜈𝐶(𝑦 − 𝑥)𝐴𝜈

𝑎(𝑥)  

 −
𝑟

2
𝜕𝜇𝐶(𝑥 − 𝑦)𝐴𝜈

𝑎(𝑦)𝜕𝜇𝐶(𝑦 − 𝑥)𝐴𝑎𝜈(𝑥)

+𝐺0(𝑥 − 𝑦)𝑛 ⋅ 𝐴
𝑎(𝑦)𝐺0(𝑦 − 𝑥)𝑛 ⋅ 𝐴

𝑎(𝑥)}

 

log det (
𝛿𝐴𝜇

′𝑎(𝑥)

𝛿𝐴𝜈
𝑏(𝑦)

)|
𝒪(𝑔2)

= Tr [
𝛿𝐴′

𝛿𝐴
|
𝒪(𝑔2)

] −
1

2
Tr [

𝛿𝐴′

𝛿𝐴
|
𝒪(𝑔1)

𝛿𝐴′

𝛿𝐴
|

𝒪(𝑔1)

]  

−
1

2
Tr [

𝛿𝐴′

𝛿𝐴
|
𝒪(𝑔1)

𝛿𝐴′

𝛿𝐴
|

𝒪(𝑔1)

] =𝑁𝑔2∫   d𝑥 d𝑦{

+
𝐷

2
𝜕𝜇𝐶(𝑥 − 𝑦)𝐴𝜇

𝑎(𝑦)𝜕𝜈𝐶(𝑥 − 𝑦)𝐴𝜈
𝑎(𝑥)  

+
1

2
𝐺0(𝑥 − 𝑦)𝑛 ⋅ 𝐴

𝑎(𝑦)𝐺0(𝑦 − 𝑥)𝑛 ⋅ 𝐴
𝑎(𝑥)  

+𝐶(𝑥 − 𝑦)𝜕𝜇(𝐴𝜇
𝑎(𝑦)𝐺0(𝑦 − 𝑥))𝑛 ⋅ 𝐴

𝑎(𝑥)  

+
2 − 𝐷

8
𝐶(𝑥 − 𝑦)𝜕 ⋅ 𝐴𝑎(𝑦)(𝐶(𝑦 − 𝑥) − 2𝐶(0))𝜕 ⋅ 𝐴𝑎(𝑥)}

 +𝑁𝑔2∫   d𝑥 d𝑦 d𝑧{

−
1

4
𝐺0(𝑥 − 𝑧)𝑛

𝜇𝐶(𝑧 − 𝑥)𝜕 ⋅ 𝐴𝑎(𝑦)𝜕𝜇𝐶(𝑦 − 𝑥)𝜕 ⋅ 𝐴
𝑎(𝑥)

 −2𝐺0(𝑥 − 𝑧)𝜕
𝜇𝐶(𝑧 − 𝑥)𝜕 ⋅ 𝐴𝑎(𝑦)𝑛𝜈𝜕{𝜈𝐶(𝑦 − 𝑥)𝐴𝜇}

𝑎 (𝑥)

 +2𝐺0(𝑥 − 𝑧)𝜕
𝜇𝐶(𝑧 − 𝑦)𝐴𝜈

𝑎(𝑦)𝑛𝜆𝜕𝜈𝜕{𝜆𝐶(𝑦 − 𝑥)𝐴𝜇}
𝑎 (𝑥)

 +
1 − 𝐷

2
𝛿(0)𝐶(𝑧 − 𝑦)𝜕 ⋅ 𝐴𝑎(𝑦)𝐶(𝑧 − 𝑥)𝜕 ⋅ 𝐴𝑎(𝑥)}

 

Tr [
𝛿𝐴′

𝛿𝐴
|
𝒪(𝑔2)

] =𝑁𝑔2∫   d𝑥 d𝑦{

−
4 − 𝐷

2
𝜕𝜇𝐶(𝑥 − 𝑦)𝐴𝜇

𝑎(𝑦)𝜕𝜈𝐶(𝑦 − 𝑥)𝐴𝜈
𝑎(𝑥)  

+
2 − 𝐷

2
𝜕𝜇𝐶(𝑥 − 𝑦)𝐴𝜈

𝑎(𝑦)𝜕𝜇𝐶(𝑦 − 𝑥)𝐴𝑎𝜈(𝑥)  

−𝐶(𝑥 − 𝑦)𝜕𝜇(𝐴𝜇
𝑎(𝑦)𝐺0(𝑦 − 𝑥))𝑛 ⋅ 𝐴

𝑎(𝑥)  

−
2 − 𝐷

8
𝐶(𝑥 − 𝑦)𝜕 ⋅ 𝐴𝑎(𝑦)(𝐶(𝑦 − 𝑥) − 2𝐶(0))𝜕 ⋅ 𝐴𝑎(𝑥)}

 +𝑁𝑔2∫   d𝑥 d𝑦 d𝑧{

+
1

4
𝐺0(𝑥 − 𝑧)𝑛

𝜇𝐶(𝑧 − 𝑥)𝜕 ⋅ 𝐴𝑎(𝑦)𝜕𝜇𝐶(𝑦 − 𝑥)𝜕 ⋅ 𝐴
𝑎(𝑥)

 +2𝐺0(𝑥 − 𝑧)𝜕
𝜇𝐶(𝑧 − 𝑥)𝜕 ⋅ 𝐴𝑎(𝑦)𝑛𝜈𝜕{𝜈𝐶(𝑦 − 𝑥)𝐴𝜇}

𝑎 (𝑥)

 −2𝐺0(𝑥 − 𝑧)𝜕
𝜇𝐶(𝑧 − 𝑦)𝐴𝜈

𝑎(𝑦)𝑛𝜆𝜕𝜈𝜕{𝜆𝐶(𝑦 − 𝑥)𝐴𝜇}
𝑎 (𝑥)

 −
1 − 𝐷

2
𝛿(0)𝐶(𝑧 − 𝑦)𝜕 ⋅ 𝐴𝑎(𝑦)𝐶(𝑧 − 𝑥)𝜕 ⋅ 𝐴𝑎(𝑥)}
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𝑟

2
=
𝐷

2
−
4 − 𝐷

2
= 𝐷 − 2 

−
𝑟

4
 =
2 − 𝐷

2

 

d

 d𝑔
⟨𝑋̃⟩𝑔 =

d

 d𝑔
⟨⟨𝑋̃⟩⟩𝑔 = ⟨⟨

d𝑋̃

 d𝑔
⟩⟩

𝑔

− 𝑖 ⟨⟨
 d(𝑆̃inv + 𝑆̃gf)

d𝑔
𝑋̃⟩⟩

𝑔

=: ⟨ℛ̃𝑋̃⟩𝑔.  

d𝑆̃inv
 d𝑔

= −
2𝑆̃inv
𝑔

= −
2

𝑔3
𝛿𝛼Δ̃𝛼 ,  

d

 d𝑔
⟨𝑋̃⟩𝑔 = ⟨⟨

d𝑋̃

 d𝑔
⟩⟩

𝑔

+
2𝑖

𝑔3
⟨⟨(𝛿𝛼Δ̃𝛼)𝑋̃⟩⟩

𝑔
+
2𝑖

𝑔
⟨⟨ S̃gf𝑋̃⟩⟩

𝑔
 

⟨⟨(𝛿𝛼Δ̃𝛼)𝑋̃⟩⟩
𝑔
= ⟨⟨𝛿𝛼(Δ̃𝛼𝑋̃)⟩⟩

𝑔
+ ⟨⟨Δ̃𝛼𝛿𝛼𝑋̃⟩⟩

𝑔
 

⟨⟨𝛿𝛼𝑌̃⟩⟩
𝑔
= −𝑖 ⟨⟨(𝛿𝛼S̃gf)𝑌̃⟩⟩

𝑔
 

S̃gf = −𝑠 (
1

𝑔2
∫   d𝑥𝐶̃

𝑎

𝒢𝑎[𝐴̃]))  

𝛿𝛼S̃gf = −𝑠 (
1

𝑔2
∫   d𝑥𝐶̃

𝑎

𝛿𝛼𝒢
𝑎[𝐴̃])  

⟨⟨𝛿𝛼𝑌⟩⟩𝑔 = −⟨⟨
𝑖

𝑔2
∫   d𝑥𝐶̃

𝑎

(𝑥)𝛿𝛼𝒢
𝑎(𝐴̃)𝑠(𝑌̃)⟩⟩

𝑔

 

𝑠(Δ̃𝛼𝑋) = −Δ̃𝛼𝑠(𝑋̃) 

d

 d𝑔
⟨⟨𝑋̃⟩⟩𝑔 = ⟨⟨

d𝑋̃

 d𝑔
⟩⟩

𝑔

−
2𝑖

𝑔3
⟨⟨Δ̃𝛼𝛿𝛼𝑋̃⟩𝑔 −

2

𝑔5
⟨⟨∫   d𝑥𝐶̃̃𝑎(𝑥)𝛿𝛼𝒢

𝑎(𝐴̃)Δ̃𝛼𝑠(𝑋̃)⟩⟩

𝑔

+
2

𝑔3
⟨⟨∫   d𝑥𝐶̃̃𝑎(𝑥)𝒢𝑎(𝐴̃)𝑠(𝑋̃)⟩⟩

𝑔

 

ℛ̃𝑋̃ =
d𝑋

 d𝑔
+
2𝑖

𝑔
𝛿𝛼𝑋̃Δ̃𝛼 −

2

𝑔
∫   d𝑥𝐿

𝐶̃̃
𝑎(𝑥)𝛿𝛼𝒢

𝑎(𝐴̃)Δ̃𝛼𝑠(𝑋̃) +
2

𝑔
∫   d𝑥𝐿

𝐶̃
𝑎(𝑥)𝒢𝑎(𝐴̃)𝑠(𝑋̃)  

ℛ̃𝑋̃ ≡ ℛ̃inv𝑋̃: =
d𝑋̃

 d𝑔
+
2𝑖

𝑔
𝛿𝛼𝑋̃Δ̃𝛼  

−
1

4𝑔2
∫   d𝑥𝐹̃𝜇𝜈

𝑎 𝐹̃𝑎𝜇𝜈   and  −
1

2𝑔2
∫   d𝑥𝐷̃𝑎𝐷̃𝑎  

𝑖𝜆̃𝑎(𝑥)𝜆̃
𝑏

(𝑦) = 𝑆̃𝑎𝑏(𝑥, 𝑦; 𝐴̃)  and  𝐶̃𝑎(𝑥)𝐶̃̃𝑏(𝑦) = 𝐺̃𝑎𝑏(𝑥, 𝑦; 𝐴̃)  
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(𝒯𝑔𝐴)𝜇
𝑎
(𝑥) =𝐴𝜇

𝑎(𝑥) + 𝑔𝑓𝑎𝑏𝑐 ∫   d𝑦𝜕𝜌𝐶(𝑥 − 𝑦)𝐴𝜇
𝑏(𝑦)𝐴𝜌

𝑐(𝑦)

+
3𝑔2

2
𝑓𝑎𝑏𝑐𝑓𝑏𝑑𝑒 ∫   d𝑦 d𝑧𝜕𝜌𝐶(𝑥 − 𝑦)𝐴𝜆𝑐(𝑦)𝜕[𝜌𝐶(𝑦 − 𝑧)𝐴𝜇

𝑑(𝑧)𝐴𝜆]
𝑒 (𝑧)

+
𝑔3

2
𝑓𝑎𝑏𝑐𝑓𝑏𝑑𝑒𝑓𝑐𝑓𝑔 ∫   d𝑦 d𝑧 d𝑤𝜕𝜌𝐶(𝑥 − 𝑦)

× 𝜕𝜆𝐶(𝑦 − 𝑧)𝐴𝜆
𝑑(𝑧)𝐴𝜎𝑒(𝑧)𝜕[𝜌𝐶(𝑦 − 𝑤)𝐴𝜇

𝑓
(𝑤)𝐴𝜎]

𝑔
(𝑤)  

+𝑔3𝑓𝑎𝑏𝑐𝑓𝑏𝑑𝑒𝑓𝑑𝑓𝑔∫   d𝑦 d𝑧 d𝑤𝜕𝜌𝐶(𝑥 − 𝑦)𝐴𝜆𝑐(𝑦){

−𝜕𝜎𝐶(𝑦 − 𝑧)𝐴𝜎
𝑒 (𝑧)𝜕[𝜌𝐶(𝑧 − 𝑤)𝐴𝜇

𝑓
(𝑤)𝐴𝜆]

𝑔
(𝑤)  

 +𝜕[𝜌𝐶(𝑦 − 𝑧)𝐴𝜇
𝑒(𝑧)𝜕𝜎𝐶(𝑧 − 𝑤)𝐴𝜆]

𝑓
(𝑤)𝐴𝜎

𝑔
(𝑤)}

+
𝑔3

3
𝑓𝑎𝑏𝑐𝑓𝑏𝑑𝑒𝑓𝑑𝑓𝑔∫   d𝑦 d𝑧 d𝑤{

+6𝜕𝜌𝐶(𝑥 − 𝑦)𝐴
𝜆𝑐(𝑦)𝜕[𝜌𝐶(𝑦 − 𝑧)𝐴𝜎](𝑧)𝜕[𝜆𝐶(𝑧 − 𝑤)𝐴𝜇

𝑓
(𝑤)𝐴𝜎]

𝑔
(𝑤)  

 −6𝜕𝜌𝐶(𝑥 − 𝑦)𝐴𝜆
𝑐(𝑦)𝜕[𝜆𝐶(𝑦 − 𝑧)𝐴𝜎]𝑒(𝑧)𝜕[𝜌𝐶(𝑧 − 𝑤)𝐴𝜇

𝑓
(𝑤)𝐴𝜎]

𝑔
(𝑤)

 −6𝜕𝜌𝐶(𝑥 − 𝑦)𝐴𝜆
𝑐(𝑦)𝜕[𝜎𝐶(𝑦 − 𝑧)𝐴𝜇]

𝑒 (𝑧)𝜕[𝜌𝐶(𝑧 − 𝑤)𝐴𝜆𝑓(𝑤)𝐴𝜎]𝑔(𝑤)

 +2𝜕𝜌𝐶(𝑥 − 𝑦)𝐴[𝜌
𝑐 (𝑦)𝜕𝜇]𝐶(𝑦 − 𝑧)𝐴

𝜆𝑒(𝑧)𝜕𝜎𝐶(𝑧 − 𝑤)𝐴𝜆
𝑓
(𝑤)𝐴𝜎

𝑔
(𝑤)

 −𝜕𝜇𝐶(𝑥 − 𝑦)𝜕
𝜌(𝐴𝜌

𝑐(𝑦)𝐶(𝑦 − 𝑧))𝐴𝜆𝑒(𝑧)𝜕𝜎𝐶(𝑧 − 𝑤)𝐴𝜆
𝑓
(𝑤)𝐴𝜎

𝑔
(𝑤)}

−
𝑔3

3
𝑓𝑎𝑏𝑐𝑓𝑏𝑑𝑒𝑓𝑑𝑓𝑔∫   d𝑦 d𝑧𝐴𝜇

𝑐 (𝑥)𝐶(𝑥 − 𝑦)𝐴𝜌𝑒(𝑦)𝜕𝜆𝐶(𝑦 − 𝑧)𝐴𝜌
𝑓
(𝑧)𝐴𝜆

𝑔
(𝑧)

+
𝑔4

12
𝑓𝑎𝑏𝑐𝑓𝑏𝑑𝑒𝑓𝑑𝑓𝑔𝑓𝑐ℎ𝑖∫   d𝑦 d𝑧 d𝑤

 × 𝐶(𝑥 − 𝑦)𝐴𝜆𝑒(𝑦)𝜕𝜌𝐶(𝑦 − 𝑧)𝐴𝜆
𝑓
(𝑧)𝐴𝜌

𝑔
(𝑧)𝜕𝜎𝐶(𝑥 − 𝑤)𝐴𝜎

ℎ(𝑤)𝐴𝜇
𝑖 (𝑤)

+
𝑔4

8
𝑓𝑎𝑏𝑐𝑓𝑏𝑑𝑒𝑓𝑑𝑓𝑔𝑓𝑐ℎ𝑖 ∫   d𝑦 d𝑧 d𝑤 d𝑣𝜕𝜆𝐶(𝑥 − 𝑦)𝜕𝜌𝐶(𝑦 − 𝑧){

 −9𝐴𝜎
𝑒 (𝑧)𝜕[𝜌𝐶(𝑧 − 𝑤)𝐴𝜎𝑓(𝑤)𝐴𝜈]𝑔(𝑤)𝜕[𝜇𝐶(𝑦 − 𝑣)𝐴𝜆

ℎ(𝑣)𝐴𝜈]
𝑖 (𝑣)

 +4𝐴[𝜌𝑒(𝑧)𝜕|𝜎|𝐶(𝑧 − 𝑤)𝐴𝜎
𝑓
(𝑤)𝐴𝜈]𝑔(𝑤)𝜕[𝜇𝐶(𝑦 − 𝑣)𝐴𝜆

ℎ(𝑣)𝐴𝜈]
𝑖 (𝑣)

 −2𝐴𝜌𝑒(𝑧)𝜕[𝜇𝐶(𝑧 − 𝑤)𝐴𝜆
𝑓
(𝑤)𝐴𝜈]

𝑔
(𝑤)𝜕𝜎𝐶(𝑦 − 𝑣)𝐴𝜎

ℎ(𝑣)𝐴𝜈𝑖(𝑣)}
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 −
𝑔4

12
𝑓𝑎𝑏𝑐𝑓𝑏𝑑𝑒𝑓𝑑𝑓𝑔𝑓𝑐ℎ𝑖∫   d𝑦 d𝑧 d𝑤 d𝑣𝜕𝜇𝐶(𝑥 − 𝑦)𝜕

𝜆𝐶(𝑦 − 𝑧)

 × 𝐴𝜌𝑒(𝑧)𝜕𝜎𝐶(𝑧 − 𝑤)𝐴𝜎
𝑓
(𝑤)𝐴𝜌

𝑔
(𝑤)𝜕𝜏𝐶(𝑦 − 𝑣)𝐴𝜏

ℎ(𝑣)𝐴𝜆
𝑖 (𝑣)

 +
𝑔4

2
𝑓𝑎𝑏𝑐𝑓𝑏𝑑𝑒𝑓𝑑𝑓𝑔𝑓𝑐ℎ𝑖∫   d𝑦 d𝑧 d𝑤 d𝑣𝜕𝜆𝐶(𝑥 − 𝑦){

 +𝜕[𝜇𝐶(𝑦 − 𝑧)𝐴𝜌]
𝑒 (𝑧)𝜕[𝜆𝐶(𝑧 − 𝑤)𝐴𝜌𝑓(𝑤)𝐴𝜈]𝑔(𝑤)𝜕𝜎𝐶(𝑦 − 𝑣)𝐴𝜎

ℎ(𝑣)𝐴𝜈
𝑖 (𝑣)

 −𝜕[𝜆𝐶(𝑦 − 𝑧)𝐴𝜌]𝑒(𝑧)𝜕[𝜇𝐶(𝑧 − 𝑤)𝐴𝜌
𝑓
(𝑤)𝐴𝜈]

𝑔
(𝑤)𝜕𝜎𝐶(𝑦 − 𝑣)𝐴𝜎

ℎ(𝑣)𝐴𝜈
𝑖 (𝑣)}

 +
𝑔4

6
𝑓𝑎𝑏𝑐𝑓𝑏𝑑𝑒𝑓𝑑𝑓𝑔𝑓𝑐ℎ𝑖∫   d𝑦 d𝑧 d𝑤 d𝑣𝜕𝜆𝐶(𝑥 − 𝑦){

 +3𝜕[𝜌𝐶(𝑦 − 𝑧)𝐴𝜈]𝑒(𝑧)𝜕[𝜇𝐶(𝑧 − 𝑤)𝐴𝜆
𝑓
(𝑤)𝐴𝜌]

𝑔
(𝑤)𝜕𝜎𝐶(𝑦 − 𝑣)𝐴𝜎

ℎ(𝑣)𝐴𝜈
𝑖 (𝑣)

 +𝜕[𝜆𝐶(𝑦 − 𝑧)𝐴
𝜈𝑒(𝑧)𝜕𝜎𝐶(𝑧 − 𝑤)𝐴∣𝜎

𝑓
(𝑤)𝐴𝜈

𝑔
(𝑤)𝜕𝜌𝐶(𝑦 − 𝑣)𝐴𝜌∣

ℎ (𝑣)𝐴𝜇]
𝑖 (𝑣)}

 −
𝑔4

3
𝑓𝑎𝑏𝑐𝑓𝑏𝑑𝑒𝑓𝑑𝑓𝑔𝑓𝑒ℎ𝑖∫   d𝑥 d𝑦 d𝑧 d𝑤

 × 𝐴𝜇
𝑐 (𝑥)𝐶(𝑥 − 𝑦)𝜕𝜆𝐶(𝑦 − 𝑧)𝐴𝜆

𝑓
(𝑧)𝐴𝜌𝑔(𝑧)𝜕𝜎𝐶(𝑦 − 𝑤)𝐴𝜎

ℎ(𝑤)𝐴𝜌
𝑖 (𝑤)

 −
𝑔4

3
𝑓𝑎𝑏𝑐𝑓𝑏𝑑𝑒𝑓𝑑𝑓𝑔𝑓𝑒ℎ𝑖∫   d𝑦 d𝑧 d𝑤 d𝑣𝜕𝜇𝐶(𝑥 − 𝑦)

 × 𝜕𝜆(𝐴𝜆
𝑐(𝑦)𝐶(𝑦 − 𝑧))𝜕𝜌𝐶(𝑧 − 𝑤)𝐴𝜌

𝑓
(𝑤)𝐴𝜈𝑔(𝑤)𝜕𝜎𝐶(𝑧 − 𝑣)𝐴𝜎

ℎ(𝑣)𝐴𝜈
𝑖 (𝑣)

 +
𝑔4

12
𝑓𝑎𝑏𝑐𝑓𝑏𝑑𝑒𝑓𝑑𝑓𝑔𝑓𝑒ℎ𝑖∫   d𝑦 d𝑧 d𝑤 d𝑣𝜕𝜆𝐶(𝑥 − 𝑦)𝐴𝜌𝑐(𝑦){

 −3𝜕𝜌𝐶(𝑦 − 𝑧)𝜕[𝜇𝐶(𝑧 − 𝑤)𝐴𝜆
𝑓
(𝑤)𝐴𝜈]

𝑔
(𝑤)𝜕𝜎𝐶(𝑧 − 𝑣)𝐴𝜎

ℎ(𝑣)𝐴𝜈
𝑖 (𝑣)

 −3𝜕𝜈𝐶(𝑦 − 𝑧)𝜕[𝜇𝐶(𝑧 − 𝑤)𝐴𝜌
𝑓
(𝑤)𝐴𝜈]

𝑔
(𝑤)𝜕𝜎𝐶(𝑧 − 𝑣)𝐴𝜎

ℎ(𝑣)𝐴𝜆
𝑖 (𝑣)

 +3𝜕𝜈𝐶(𝑦 − 𝑧)𝜕[𝜆𝐶(𝑧 − 𝑤)𝐴𝜌
𝑓
(𝑤)𝐴𝜈]

𝑔
(𝑤)𝜕𝜎𝐶(𝑧 − 𝑣)𝐴𝜎

ℎ(𝑣)𝐴𝜇
𝑖 (𝑣)

 −3𝜕𝜇𝐶(𝑦 − 𝑧)𝜕[𝜆𝐶(𝑧 − 𝑤)𝐴𝜌
𝑓
(𝑤)𝐴𝜈]

𝑔
(𝑤)𝜕𝜎𝐶(𝑧 − 𝑣)𝐴𝜎

ℎ(𝑣)𝐴𝜈
𝑖 (𝑣)

 +3𝜕𝜆𝐶(𝑦 − 𝑧)𝜕[𝜇𝐶(𝑧 − 𝑤)𝐴𝜌
𝑓
(𝑤)𝐴𝜈]

𝑔
(𝑤)𝜕𝜎𝐶(𝑧 − 𝑣)𝐴𝜎

ℎ(𝑣)𝐴𝜈𝑖(𝑣)

 −2𝜕[𝜆𝐶(𝑦 − 𝑧)𝜕
𝜈𝐶(𝑧 − 𝑤)𝐴|𝜈|

𝑓
(𝑤)𝐴𝜇]

𝑔
(𝑤)𝜕𝜎𝐶(𝑧 − 𝑣)𝐴𝜎

ℎ(𝑣)𝐴𝜌
𝑖 (𝑣)

 +𝜕𝜌𝐶(𝑦 − 𝑧)𝜕
𝜈𝐶(𝑧 − 𝑤)𝐴𝜈

𝑓
(𝑤)𝐴𝜇

𝑔
(𝑤)𝜕𝜎𝐶(𝑧 − 𝑣)𝐴𝜎

ℎ(𝑣)𝐴𝜆
𝑖 (𝑣)}

 +
𝑔4

6
𝑓𝑎𝑏𝑐𝑓𝑏𝑑𝑒𝑓𝑑𝑓𝑔𝑓𝑒ℎ𝑖∫   d𝑦 d𝑧 d𝑤 d𝑣𝜕𝜆𝐶(𝑥 − 𝑦){

 −7𝐴[𝜇
𝑐 (𝑦)𝜕𝜆]𝐶(𝑦 − 𝑧)𝜕

𝜌𝐶(𝑧 − 𝑤)𝐴𝜌
𝑓
(𝑤)𝐴𝜈𝑔(𝑤)𝜕𝜎𝐶(𝑧 − 𝑣)𝐴𝜎

ℎ(𝑣)𝐴𝜈
𝑖 (𝑣)

 +3𝐴[𝜈𝑐(𝑦)𝜕𝜌]𝐶(𝑦 − 𝑧)𝜕[𝜇𝐶(𝑧 − 𝑤)𝐴𝜆
𝑓
(𝑤)𝐴𝜌]

𝑔
(𝑤)𝜕𝜎𝐶(𝑧 − 𝑣)𝐴𝜎

ℎ(𝑣)𝐴𝜈
𝑖 (𝑣)}

 −
𝑔4

2
𝑓𝑎𝑏𝑐𝑓𝑏𝑑𝑒𝑓𝑑𝑓𝑔𝑓𝑓ℎ𝑖∫   d𝑦 d𝑧 d𝑤

 × 𝜕𝜆𝐶(𝑥 − 𝑦)𝐴[𝜇
𝑐 (𝑦)𝐴𝜆]

𝑒 (𝑦)𝐶(𝑦 − 𝑧)𝐴𝜌𝑔(𝑧)𝜕𝜎𝐶(𝑧 − 𝑤)𝐴𝜎
ℎ(𝑤)𝐴𝜌

𝑖 (𝑤)
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 +
𝑔4

12
𝑓𝑎𝑏𝑐𝑓𝑏𝑑𝑒𝑓𝑑𝑓𝑔𝑓𝑓ℎ𝑖∫   d𝑥 d𝑦 d𝑧 d𝑤𝐴𝜇

𝑐 (𝑥)𝐶(𝑥 − 𝑦){

 +9𝐴𝜆𝑒(𝑦)𝜕𝜌𝐶(𝑦 − 𝑧)𝐴𝜎𝑔(𝑧)𝜕[𝜆𝐶(𝑧 − 𝑤)𝐴𝜌
ℎ(𝑤)𝐴𝜎]

𝑖 (𝑤)

 +4𝐴[𝜆𝑒(𝑦)𝜕𝜌]𝐶(𝑦 − 𝑧)𝐴𝜆
𝑔
(𝑧)𝜕𝜎𝐶(𝑧 − 𝑤)𝐴𝜎

ℎ(𝑤)𝐴𝜌
𝑖 (𝑤)

 −3𝐴𝜆
𝑒(𝑦)𝜕𝜆𝐶(𝑦 − 𝑧)𝐴𝜌𝑔(𝑧)𝜕𝜎𝐶(𝑧 − 𝑤)𝐴𝜎

ℎ(𝑤)𝐴𝜌
𝑖 (𝑤)

 −3𝜕𝜆(𝐴𝜆
𝑒(𝑦)𝐶(𝑦 − 𝑧))𝐴𝜌𝑔(𝑧)𝜕𝜎𝐶(𝑧 − 𝑤)𝐴𝜎

ℎ(𝑤)𝐴𝜌
𝑖 (𝑤)}

 +
𝑔4

12
𝑓𝑎𝑏𝑐𝑓𝑏𝑑𝑒𝑓𝑑𝑓𝑔𝑓𝑓ℎ𝑖∫   d𝑦 d𝑧 d𝑤 d𝑣𝜕𝜇𝐶(𝑥 − 𝑦)𝜕

𝜆(𝐴𝜆
𝑐(𝑦)𝐶(𝑦 − 𝑧)){

 +9𝐴𝜌𝑒(𝑧)𝜕𝜎𝐶(𝑧 − 𝑤)𝐴𝜈𝑔(𝑤)𝜕[𝜌𝐶(𝑤 − 𝑣)𝐴𝜎
ℎ(𝑣)𝐴𝜈]

𝑖 (𝑣)

 +4𝐴[𝜌𝑒(𝑧)𝜕𝜈]𝐶(𝑧 − 𝑤)𝐴𝜌
𝑔
(𝑤)𝜕𝜎𝐶(𝑤 − 𝑣)𝐴𝜎

ℎ(𝑣)𝐴𝜈
𝑖 (𝑣)

 −3𝜕𝜌(𝐴𝜌
𝑒(𝑧)𝐶(𝑧 − 𝑤))𝐴𝜈𝑔(𝑤)𝜕𝜎𝐶(𝑤 − 𝑣)𝐴𝜎

ℎ(𝑣)𝐴𝜈
𝑖 (𝑣)

 −3𝐴𝜌
𝑒(𝑧)𝜕𝜌𝐶(𝑧 − 𝑤)𝐴𝜈𝑔(𝑤)𝜕𝜎𝐶(𝑤 − 𝑣)𝐴𝜎

ℎ(𝑣)𝐴𝜈
𝑖 (𝑣)}

 +
𝑔4

2
𝑓𝑎𝑏𝑐𝑓𝑏𝑑𝑒𝑓𝑑𝑓𝑔𝑓𝑓ℎ𝑖∫   d𝑦 d𝑧 d𝑤 d𝑣𝜕𝜆𝐶(𝑥 − 𝑦)𝐴[𝜇

𝑐 (𝑦)𝜕𝜆]𝐶(𝑦 − 𝑧){

 −𝜕𝜌(𝐴𝜌
𝑒(𝑧)𝐶(𝑧 − 𝑤))𝐴𝜈𝑔(𝑤)𝜕𝜎𝐶(𝑤 − 𝑣)𝐴𝜎

ℎ(𝑣)𝐴𝜈
𝑖 (𝑣)

 −𝐴𝜌
𝑒(𝑧)𝜕𝜌𝐶(𝑧 − 𝑤)𝐴𝜈𝑔(𝑤)𝜕𝜎𝐶(𝑤 − 𝑣)𝐴𝜎

ℎ(𝑣)𝐴𝜈
𝑖 (𝑣)}

 +
2𝑔4

3
𝑓𝑎𝑏𝑐𝑓𝑏𝑑𝑒𝑓𝑑𝑓𝑔𝑓𝑓ℎ𝑖∫   d𝑦 d𝑧 d𝑤 d𝑣𝜕𝜆𝐶(𝑥 − 𝑦)

 × 𝐴[𝜇
𝑐 (𝑦)𝜕𝜆]𝐶(𝑦 − 𝑧)𝐴

𝜌𝑒(𝑧)𝜕𝜈𝐶(𝑧 − 𝑤)𝐴[𝜌
𝑔
(𝑤)𝜕𝜎𝐶(𝑤 − 𝑣)𝐴|𝜎|

ℎ (𝑣)𝐴𝜈]
𝑖 (𝑣)

 +
3𝑔4

2
𝑓𝑎𝑏𝑐𝑓𝑏𝑑𝑒𝑓𝑑𝑓𝑔𝑓𝑓ℎ𝑖∫   d𝑦 d𝑧 d𝑤 d𝑣𝜕𝜆𝐶(𝑥 − 𝑦){

 +4𝐴𝜌𝑐(𝑦)𝜕[𝜆𝐶(𝑦 − 𝑧)𝐴𝑒𝜈](𝑧)𝜕𝜎𝐶(𝑧 − 𝑤)𝐴[𝜇
𝑔
(𝑤)𝜕𝜌𝐶(𝑤 − 𝑣)𝐴𝜎

ℎ(𝑣)𝐴𝜈]
𝑖 (𝑣)

 −4𝐴𝑟
𝑐(𝑦)𝜕[𝜇𝐶(𝑦 − 𝑧)𝐴𝜈]

𝑒 (𝑧)𝜕𝜎𝐶(𝑧 − 𝑤)𝐴
𝑔[𝜆(𝑤)𝜕𝜌𝐶(𝑤 − 𝑣)𝐴ℎ𝜎(𝑣)𝐴𝑖𝜈](𝑣)

 −𝐴𝜌𝑐(𝑦)𝜕[𝜌𝐶(𝑦 − 𝑧)𝐴𝜎]
𝑒 (𝑧)𝜕𝜇𝐶(𝑧 − 𝑤)𝐴𝜈

𝑔
(𝑤)𝜕[𝜆𝐶(𝑤 − 𝑣)𝐴ℎ𝜎(𝑣)𝐴𝑖𝜈](𝑣)}

 +
3𝑔4

2
𝑓𝑎𝑏𝑐𝑓𝑏𝑑𝑒𝑓𝑑𝑓𝑔𝑓𝑓ℎ𝑖∫   d𝑦 d𝑧 d𝑤 d𝑣𝜕𝜆𝐶(𝑥 − 𝑦){

 −𝐴[𝜆
𝑐 (𝑦)𝜕𝜇]𝐶(𝑦 − 𝑧)𝐴

𝜌𝑒(𝑧)𝜕𝜎𝐶(𝑧 − 𝑤)𝐴𝜈𝑔(𝑤)𝜕[𝜌𝐶(𝑤 − 𝑣)𝐴𝜎
ℎ(𝑣)𝐴𝜈]

𝑖 (𝑣)

 −𝐴[𝜌𝑐(𝑦)𝜕𝜆𝐶(𝑦 − 𝑧)𝐴
𝜎]𝑒(𝑧)𝜕𝜌𝐶(𝑧 − 𝑤)𝐴

𝜈𝑔(𝑤)𝜕[𝜇𝐶(𝑤 − 𝑣)𝐴𝜎
ℎ(𝑣)𝐴𝜈]

𝑖 (𝑣)

 +𝐴[𝜌𝑐(𝑦)𝜕𝜇𝐶(𝑦 − 𝑧)𝐴
𝜎]𝑒(𝑧)𝜕𝜌𝐶(𝑧 − 𝑤)𝐴

𝜈𝑔(𝑤)𝜕[𝜆𝐶(𝑤 − 𝑣)𝐴𝜎
ℎ(𝑣)𝐴𝜈]

𝑖 (𝑣)

 +𝐴[𝜌𝑐(𝑦)𝜕𝜎]𝐶(𝑦 − 𝑧)𝐴𝜆
𝑒(𝑧)𝜕𝜌𝐶(𝑧 − 𝑤)𝐴

𝜈𝑔(𝑤)𝜕[𝜇𝐶(𝑤 − 𝑣)𝐴𝜎
ℎ(𝑣)𝐴𝜈]

𝑖 (𝑣)

 −𝐴[𝜌𝑐(𝑦)𝜕𝜎]𝐶(𝑦 − 𝑧)𝐴𝜇
𝑒(𝑧)𝜕𝜌𝐶(𝑧 − 𝑤)𝐴

𝜈𝑔(𝑤)𝜕[𝜆𝐶(𝑤 − 𝑣)𝐴𝜎
ℎ(𝑣)𝐴𝜈]

𝑖 (𝑣)}
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+
𝑔4

2
𝑓𝑎𝑏𝑐𝑓𝑏𝑑𝑒𝑓𝑑𝑓𝑔𝑓𝑓ℎ𝑖∫   d𝑦 d𝑧 d𝑤 d𝑣𝜕𝜆𝐶(𝑥 − 𝑦)𝐴𝜌𝑐(𝑦){

 −8𝜕𝜈𝐶(𝑦 − 𝑧)𝐴[𝜇
𝑒 (𝑧)𝜕𝜆𝐶(𝑧 − 𝑤)𝐴𝜌

𝑔
(𝑤)𝜕𝜎𝐶(𝑤 − 𝑣)𝐴|𝜎|

ℎ (𝑣)𝐴𝜈]
𝑖 (𝑣)

 −2𝜕𝜆𝐶(𝑦 − 𝑧)𝐴
𝜈𝑒(𝑧)𝜕[𝜇𝐶(𝑧 − 𝑤)𝐴𝜌

𝑔
(𝑤)𝜕𝜎𝐶(𝑤 − 𝑣)𝐴|𝜎|

ℎ (𝑣)𝐴𝜈]
𝑖 (𝑣)

 −2𝜕𝜌𝐶(𝑦 − 𝑧)𝐴
𝜈𝑒(𝑧)𝜕[𝜇𝐶(𝑧 − 𝑤)𝐴𝜆

𝑔
(𝑤)𝜕𝜎𝐶(𝑤 − 𝑣)𝐴|𝜎|

ℎ (𝑣)𝐴𝜈]
𝑖 (𝑣)

 +2𝜕𝜇𝐶(𝑦 − 𝑧)𝐴
𝜈𝑒(𝑧)𝜕[𝜆𝐶(𝑧 − 𝑤)𝐴𝜌

𝑔
(𝑤)𝜕𝜎𝐶(𝑤 − 𝑣)𝐴|𝜎|

ℎ (𝑣)𝐴𝜈]
𝑖 (𝑣)

 −
3

2
𝜕[𝜇𝐶(𝑦 − 𝑧)𝐴𝜌]

𝑒 (𝑧)𝜕𝜎𝐶(𝑧 − 𝑤)𝐴𝜈𝑔(𝑤)𝜕[𝜆𝐶(𝑤 − 𝑣)𝐴𝜎
ℎ(𝑣)𝐴𝜈]

𝑖 (𝑣)

 +
3

2
𝜕[𝜆𝐶(𝑦 − 𝑧)𝐴𝜌]

𝑒 (𝑧)𝜕𝜎𝐶(𝑧 − 𝑤)𝐴𝜈𝑔(𝑤)𝜕[𝜇𝐶(𝑤 − 𝑣)𝐴𝜎
ℎ(𝑣)𝐴𝜈]

𝑖 (𝑣)

 +
3

2
𝜕[𝜇𝐶(𝑦 − 𝑧)𝐴𝜆]

𝑒 (𝑧)𝜕𝜎𝐶(𝑧 − 𝑤)𝐴𝜈𝑔(𝑤)𝜕[𝜌𝐶(𝑤 − 𝑣)𝐴𝜎
ℎ(𝑣)𝐴𝜈]

𝑖 (𝑣)

 +𝜕[𝜇𝐶(𝑦 − 𝑧)𝐴𝜆
𝑒(𝑧)𝜕𝜈𝐶(𝑧 − 𝑤)𝐴𝜌]

𝑔
(𝑤)𝜕𝜎𝐶(𝑤 − 𝑣)𝐴𝜎

ℎ(𝑣)𝐴𝜈
𝑖 (𝑣)

−𝜕[𝜇𝐶(𝑦 − 𝑧)𝐴𝜆
𝑒(𝑧)𝜕𝜈𝐶(𝑧 − 𝑤)𝐴∣𝜈

𝑔
(𝑤)𝜕𝜎𝐶(𝑤 − 𝑣)𝐴𝜎∣

ℎ (𝑣)𝐴𝜌]
𝑖 (𝑣)}

+
3𝑔4

4
𝑓𝑎𝑏𝑐𝑓𝑏𝑑𝑒𝑓𝑑𝑓𝑔𝑓𝑓ℎ𝑖∫   d𝑦 d𝑧 d𝑤 d𝑣𝜕𝜆𝐶(𝑥 − 𝑦)𝐴𝜌𝑐(𝑦){

 −20𝜕𝜈𝐶(𝑦 − 𝑧)𝐴𝜎𝑒(𝑧)𝜕[𝜈𝐶(𝑧 − 𝑤)𝐴𝜇
𝑔
(𝑤)𝜕𝜎𝐶(𝑤 − 𝑣)𝐴𝜆

ℎ(𝑣)𝐴𝜌]
𝑖 (𝑣)

 −4𝜕𝜌𝐶(𝑦 − 𝑧)𝐴
𝜈𝑒(𝑧)𝜕𝜎𝐶(𝑧 − 𝑤)𝐴[𝜇

𝑔
(𝑤)𝜕𝜆𝐶(𝑤 − 𝑣)𝐴𝜎

ℎ(𝑣)𝐴𝜈]
𝑖 (𝑣)

 +4𝜕𝜎𝐶(𝑦 − 𝑧)𝐴𝜎
𝑒 (𝑧)𝜕𝜈𝐶(𝑧 − 𝑤)𝐴[𝜇

𝑔
(𝑤)𝜕𝜆𝐶(𝑤 − 𝑣)𝐴𝜌

ℎ(𝑣)𝐴𝜈]
𝑖 (𝑣)

 −2𝜕[𝜇𝐶(𝑦 − 𝑧)𝐴
𝜎𝑒(𝑧)𝜕𝜆]𝐶(𝑧 − 𝑤)𝐴

𝜈𝑔(𝑤)𝜕[𝜌𝐶(𝑤 − 𝑣)𝐴𝜎
ℎ(𝑣)𝐴𝜈]

𝑖 (𝑣)

 +2𝜕𝜎𝐶(𝑦 − 𝑧)𝐴[𝜇
𝑒 (𝑧)𝜕𝜆]𝐶(𝑧 − 𝑤)𝐴

𝜈𝑔(𝑤)𝜕[𝜌𝐶(𝑤 − 𝑣)𝐴𝜎
ℎ(𝑣)𝐴𝜈]

𝑖 (𝑣)

 −2𝜕𝜎𝐶(𝑦 − 𝑧)𝐴[𝜎
𝑒 (𝑧)𝜕𝜌]𝐶(𝑧 − 𝑤)𝐴

𝜈𝑔(𝑤)𝜕[𝜇𝐶(𝑤 − 𝑣)𝐴𝜆
ℎ(𝑣)𝐴𝜈]

𝑖 (𝑣)

 −2𝜕[𝜇𝐶(𝑦 − 𝑧)𝐴𝜆
𝑒(𝑧)𝜕𝜌]𝐶(𝑧 − 𝑤)𝐴

𝜈𝑔(𝑤)𝜕𝜎𝐶(𝑤 − 𝑣)𝐴𝜎
ℎ(𝑣)𝐴𝜈

𝑖 (𝑣)

 −2𝜕𝜎𝐶(𝑦 − 𝑧)𝐴𝜌
𝑒(𝑧)𝜕𝜈𝐶(𝑧 − 𝑤)𝐴[𝜇

𝑔
(𝑤)𝜕𝜆𝐶(𝑤 − 𝑣)𝐴𝜎]

ℎ (𝑣)𝐴𝜈
𝑖 (𝑣)

 −𝜕𝜌𝐶(𝑦 − 𝑧)𝐴𝜎
𝑒 (𝑧)𝜕𝜎𝐶(𝑧 − 𝑤)𝐴𝜈𝑔(𝑤)𝜕[𝜇𝐶(𝑤 − 𝑣)𝐴𝜆

ℎ(𝑣)𝐴𝜈]
𝑖 (𝑣)

 −𝜕𝜎𝐶(𝑦 − 𝑧)𝐴𝜎
𝑒 (𝑧)𝜕𝜇𝐶(𝑧 − 𝑤)𝐴

𝜈𝑔(𝑤)𝜕[𝜆𝐶(𝑤 − 𝑣)𝐴𝜌
ℎ(𝑣)𝐴𝜈]

𝑖 (𝑣)

 −𝜕𝜎𝐶(𝑦 − 𝑧)𝐴𝜌
𝑒(𝑧)𝜕𝜈𝐶(𝑧 − 𝑤)𝐴[𝜇

𝑔
(𝑤)𝜕|𝜈|𝐶(𝑤 − 𝑣)𝐴𝜆

ℎ(𝑣)𝐴𝜎]
𝑖 (𝑣)

 +𝜕𝜎𝐶(𝑦 − 𝑧)𝐴𝜌
𝑒(𝑧)𝜕𝜈𝐶(𝑧 − 𝑤)𝐴𝜈

𝑔
(𝑤)𝜕[𝜇𝐶(𝑤 − 𝑣)𝐴𝜆

ℎ(𝑣)𝐴𝜎]
𝑖 (𝑣)

+𝜕𝜎𝐶(𝑦 − 𝑧)𝐴𝜎
𝑒 (𝑧)𝜕𝜆𝐶(𝑧 − 𝑤)𝐴

𝜈𝑔(𝑤)𝜕[𝜇𝐶(𝑤 − 𝑣)𝐴𝜌
ℎ(𝑣)𝐴𝜈]

𝑖 (𝑣)}

+𝒪(𝑔5)
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⋆ 𝐹 = −𝜅 ∧ 𝐹,  

𝜄𝑅𝐹 = 0, 𝐹𝐻
+ = 0,  
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⋆ 𝐹 = −𝜅 ∧ 𝐹.  

𝒜 = 𝜄𝑅𝐹 − (𝑑𝐴
†𝐵)

𝐻
= 0,

ℬ = 𝐹𝐻
+ −

1

4
𝐵 × 𝐵 −

1

2
𝜄𝑅𝑑𝐴𝐵 = 0.

 

𝐹𝐻
+ = 1/2(𝐹𝐻 + 𝜄𝑅 ⋆ 𝐹𝐻) 

(𝛼, 𝛽) = Tr∫  
𝑀5

 𝛼 ∧⋆ 𝛽, ‖𝛼‖2 = (𝛼, 𝛼).  

(𝑋 × 𝑌)𝑚𝑛 = 𝑋𝑚𝑝𝑌𝑛
𝑝
− 𝑋𝑛𝑝𝑌𝑚

𝑝
, 𝑋, 𝑌 ∈ Ω𝐻

2+ 

(𝑋 × 𝑌)𝑚𝑛
𝑎 =

1

2
𝑓𝑏𝑐
𝑎 (𝑋𝑚𝑝

𝑏 (𝑌𝑐)𝑛
𝑝
− 𝑋𝑛𝑝

𝑏 (𝑌𝑐)𝑚
𝑝
) 

𝜅 ∧ 𝐹̂ = − ⋆ 𝐹̂ + 𝑑𝐴𝐵  

𝐹̂ = 𝐹 −
1

4
𝐵 × 𝐵 

𝐹̂ − 𝜅𝜄𝑅𝐹̂ = −𝜄𝑅 ⋆ 𝐹̂ + 𝜄𝑅𝑑𝐴𝐵 

(𝑑𝐴
†𝐵)

𝐻
= 𝜄𝑅 ⋆ 𝑑𝐴𝐵  

𝑑𝐴
†𝐵 =⋆ 𝑑𝐴 ⋆ 𝐵 =⋆ 𝑑𝐴(𝜅 ∧ 𝐵) =⋆ (𝑑𝜅 ∧ 𝐵) −⋆ (𝜅 ∧ 𝑑𝐴𝐵) 

(𝑑𝐴
†𝐵)

𝐻
= −(⋆ (𝜅 ∧ 𝑑𝐴𝐵))

𝐻
= (𝜄𝑅 ⋆ 𝑑𝐴𝐵)

𝐻 = 𝜄𝑅 ⋆ 𝑑𝐴𝐵 

𝑔 → 𝜆2𝑔, 𝜅 → 𝜆𝜅, 𝑅 → 𝜆−1𝑅, 𝐵 → 𝜆𝐵, 𝐴 → 𝐴,  

‖𝒜‖2 = (𝒜,𝒜) = ‖𝜄𝑅𝐹‖
2 − 2(𝜄𝑅𝐹, 𝑑𝐴

†𝐵) + ‖(𝑑𝐴
†𝐵)

𝐻
‖
2

,  

(𝜄𝑅𝐹, 𝑑𝐴
†𝐵) = (𝑑𝐴𝜄𝑅𝐹, 𝐵) = (ℒ𝑅

𝐴𝐹,𝐵)  

‖ℬ‖2 = ‖𝐹𝐻
+ −

1

4
𝐵 × 𝐵‖

2

− (𝐹𝐻
+ −

1

4
𝐵 × 𝐵, 𝜄𝑅𝑑𝐴𝐵) +

1

4
‖𝜄𝑅𝑑𝐴𝐵‖

2, 

(𝐹𝐻
+ −

1

4
𝐵 × 𝐵, 𝜄𝑅𝑑𝐴𝐵) = (𝐹𝐻

+ −
1

4
𝐵 × 𝐵, ℒ𝑅

𝐴𝐵) 

(𝐹𝐻
+ −

1

4
𝐵 × 𝐵, ℒ𝑅

𝐴𝐵) = (𝐹𝐻
+, ℒ𝑅

𝐴𝐵) −
1

4
(𝐵 × 𝐵, ℒ𝑅

𝐴𝐵) = (𝐹, ℒ𝑅
𝐴𝐵) −

1

4
(𝐵 × 𝐵, ℒ𝑅

𝐴𝐵) 

 

𝐸 =
1

2
‖𝒜‖2 + ‖ℬ‖2 =

1

2
‖𝜄𝑅𝐹‖ +

1

2
‖(𝑑𝐴

†𝐵)
𝐻
‖
2

+
1

4
‖𝜄𝑅𝑑𝐴𝐵‖

2 + ‖𝐹𝐻
+ −

1

4
𝐵 × 𝐵‖

2

.  

𝜄𝑅𝐹 = 0

𝐹𝐻
+ −

1

4
𝐵 × 𝐵 = 0

(𝑑𝐴
†𝐵)

𝐻
= 0

𝜄𝑅𝑑𝐴𝐵 = 0

 

⋆ 𝑑𝐴𝐵 = ℒ𝑅
𝐴𝐵 + 𝜅𝑑𝐴

†𝐵, 

𝜄𝑅 ⋆ 𝑑𝐴𝐵 = 𝜄𝑅(𝜅𝑑𝐴
†𝐵) = (𝑑𝐴

†𝐵)
𝐻
= 0 

𝜄𝑅 ⋆ 𝑑𝐴𝐵 = 𝜄𝑅𝑑𝐴𝐵 = 0 
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ℒ𝑅
𝐴𝐵 + 𝜅𝑑𝐴

†𝐵 = ℒ𝑅
𝐴𝐵 = {𝜄𝑅, 𝑑𝐴}𝐵 𝜅𝑑𝐴

†𝐵(𝑑𝐴
†𝐵)

𝐻
 

𝜄𝑅𝐹 = 0

𝐹𝐻
+ −

1

4
𝐵 × 𝐵 = 0

𝑑𝐴𝐵 = 0

 

(𝑑𝐴
†𝐶, 𝑑𝐴

†𝐵) =−
1

2
(ℒ𝑅

𝐴𝐶, ℒ𝑅
𝐴𝐵) +

1

2
(𝐽 ⋅ 𝐶, 𝐽 ⋅ 𝐵) + (𝐹, 𝐶 × 𝐵) 

 +Tr∫  
𝑀5

 (
1

4
∇𝐶 ⋅ ∇𝐵 −

1

4
𝐶𝑖𝑗𝑋

𝑖𝑗𝑘𝑙𝐵𝑘𝑙) vol𝑔

 

𝐽 ⋅ 𝐵 = 𝐽𝑝𝑞𝐵𝑝𝑞 , ∇𝐶 ⋅ ∇𝐵 = (∇𝑖𝐶𝑗𝑘)(∇
𝑖𝐵𝑗𝑘) 

𝑋𝑝𝑞𝑟𝑠 = 𝑅𝑝𝑞𝑟𝑠 −
1

2
(𝑅𝑖𝑐 ∧‾ 𝑔)𝑝𝑞𝑟𝑠 = 𝑊𝑝𝑞𝑟𝑠 −

1

6
(𝑅𝑖𝑐 ∧‾ 𝑔)𝑝𝑞𝑟𝑠 −

𝑠

24
(𝑔 ∧‾ 𝑔)𝑝𝑞𝑟𝑠,  

 

𝑑𝐴
†𝐵 = (𝑑𝐴

†𝐵)
𝐻
− 𝜅(𝐽 ⋅ 𝐵) 

𝐸 =
1

2
‖𝜄𝑅𝐹‖

2 + ‖𝐹𝐻
+‖2 +

1

16
‖𝐵 × 𝐵‖2 +

1

8
Tr∫  

𝑀5

  (∇𝐵 ⋅ ∇𝐵)vol𝑔

 −
1

4
‖𝐽 ⋅ 𝐵‖2 −

1

8
Tr∫  

𝑀5

  (𝐵𝑖𝑗𝑋
𝑖𝑗𝑘𝑙𝐵𝑘𝑙)vol𝑔

 

‖(𝑑†𝑤)
𝐻
‖
2
= −

1

2
‖ℒ𝑅𝑤‖

2 −
1

2
‖𝐽 ⋅ 𝑤‖2 −

1

4
∫  
𝑀5

(𝑤𝑖𝑗𝑋
𝑖𝑗𝑘𝑙𝑤𝑘𝑙)vol𝑔 +

1

4
∫  
𝑀5

∇𝑤 ⋅ ∇𝑤vol𝑔 

‖(𝑑†𝑤)
𝐻
‖
2
= −

1

2
‖𝐽 ⋅ 𝑤‖2 −

1

4
∫  
𝑀5

  (𝑤𝑖𝑗𝑋
𝑖𝑗𝑘𝑙𝑤𝑘𝑙)vol𝑔 +

1

4
∫  
𝑀5

 ∇𝑤 ⋅ ∇𝑤vol𝑔  

𝑅𝑗∇𝑖(𝑑𝜅)𝑗𝑘 = ∇𝑖(𝑅
𝑗(𝑑𝜅)𝑗𝑘) − (∇𝑖𝑅

𝑗)(𝑑𝜅)𝑗𝑘 = 2(𝑔𝑖𝑘 − 𝑅𝑖𝑅𝑘) ≠ 0. 

∇𝐵3 ⋅ ∇𝐶 = 0 

∇𝑖(𝐽𝑗𝑘𝑓)∇
𝑖𝐶𝑗𝑘 = (𝑓∇𝑖𝐽𝑗𝑘 + 𝐽𝑗𝑘∇𝑖𝑓)∇

𝑖𝐶𝑗𝑘 = (−2𝑓𝑅𝑗𝑔𝑖𝑘 + 𝐽𝑗𝑘∇𝑖𝑓)∇
𝑖𝐶𝑗𝑘

 = 2𝑓 (∇𝑖  𝑅𝑗)𝑔𝑖𝑘𝐶
𝑗𝑘 − (∇𝑖𝐽𝑗𝑘)∇𝑖𝑓𝐶

𝑗𝑘

 = −2𝑓𝐽𝑖  𝑗𝑔𝑖𝑘𝐶
𝑗𝑘 − ∇𝑖𝑓(−2𝑅𝑗𝛿𝑘

𝑖 )𝐶𝑗𝑘 = 0,

 

𝐵3
𝑖𝑗
𝑋𝑖𝑗𝑘𝑙𝐶

𝑘𝑙 = 0 

𝐵3
𝑖𝑗
𝑋𝑖𝑗𝑘𝑙𝐶

𝑘𝑙 = 𝐵3
𝑖𝑗
(𝑅𝑖𝑗𝑘𝑙 − 2𝑅𝑝𝑖  

𝑝 𝑘𝑔𝑗𝑙)𝐶
𝑘𝑙 . 

(ℒ𝑅
𝐴𝐵3, ℒ𝑅

𝐴𝐶) = 0  

‖(𝑑𝐴
†𝐵)

𝐻
‖
2

− ‖(𝑑𝐴
†𝐵3)

𝐻
‖
2

= ‖𝑑𝐴
†𝐵̃‖

2
+ 2(𝑑𝐴

†𝐵̃, (𝑑𝐴
†𝐵3)

𝐻
), 

‖𝑑𝐴
†𝐵̃‖

2
+ 2(𝑑𝐴

†𝐵̃, 𝑑𝐴
†𝐵3) =

1

4
Tr∫  (∇𝐵̃ ⋅ ∇𝐵̃ − 𝐵̃𝑋𝐵̃)vol𝑔

 +(𝐹, 𝐵̃ × 𝐵̃) + 2(𝐹, 𝐵̃ × 𝐵3) −
1

2
‖ℒ𝑅𝐵̃‖

2
,

 

(𝐹, 𝐵̃ × 𝐵̃) + 2(𝐹, 𝐵̃ × 𝐵3) = (𝐹, 𝐵 × 𝐵). 

𝐸 =
1

2
‖𝜄𝑅𝐹‖ +

1

2
‖(𝑑𝐴

†𝐵3)
𝐻
‖
2

+
1

4
‖ℒ𝑅

𝐴𝐵3‖
2
+ ‖𝐹𝐻

+‖2 +
1

16
‖𝐵 × 𝐵‖2

 +
1

8
Tr∫  (∇𝐵̃ ⋅ ∇𝐵̃ − 𝐵̃𝑋𝐵̃)vol𝑔.

 

𝑍𝑚𝑛𝑅𝑚𝑛𝑝𝑞𝑍‾
𝑝𝑞vol𝑔 = 4𝑍 ∧⋆ 𝑍‾, 𝑍

𝑚𝑛(𝑅 ∧‾ 𝑔)𝑚𝑛𝑝𝑞𝑍‾
𝑝𝑞vol𝑔 = 2(𝑠 − 4)𝑍 ∧⋆ 𝑍‾.  
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𝑍𝑚𝑛𝑍‾𝑝𝑞(𝑅 ∧‾ 𝑔)𝑚𝑛𝑝𝑞  = −4𝑍
𝑚𝑛𝑍‾𝑝𝑞𝐽𝑝 

𝑟𝐽𝑞 
𝑠𝑅𝑚𝑟𝑔𝑛𝑠

 = −4𝑍𝑚𝑛𝑍‾𝑝𝑞𝐽𝑝 
𝑟𝐽𝑞𝑛𝑅𝑚𝑟 = −4𝑍

𝑚𝑛𝑍‾𝑝𝑞(𝑐1)𝑚𝑝𝐽𝑛𝑞
 

𝑍𝑚𝑛𝑍‾𝑝𝑞(𝑐1)𝑚𝑝𝐽𝑛𝑞 =
1

16
𝑍[𝑚𝑛𝑍‾𝑝𝑞](𝑐1)𝑚𝑝𝐽𝑛𝑞 = −

1

24
(𝑍 ∧ 𝑍‾)𝑚𝑛𝑝𝑞(𝑐1 ∧ 𝐽)𝑚𝑛𝑝𝑞  

𝑐1 ∧ 𝐽 =
1

4
(𝑠 − 4)𝐽 ∧ 𝐽 

𝑍𝑚𝑛(𝑅 ∧‾ 𝑔)𝑚𝑛𝑝𝑞𝑍‾
𝑝𝑞vol𝑔 = 2(𝑠 − 4)𝑍 ∧⋆ 𝑍‾ 

Tr∫  
𝑀5

  (𝐵̃𝑖𝑗𝑋
𝑖𝑗𝑘𝑙𝐵̃𝑘𝑙)vol𝑔 = Tr∫  

𝑀5

  (8 − 𝑠)𝐵̃ ∧⋆ 𝐵̃  

𝐵3
𝑚𝑛𝑋𝑚𝑛𝑝𝑞𝐵3

𝑝𝑞
vol𝑔 = −12𝐵3 ⋆ 𝐵3  

𝑋 = 0 −
1

6
⋅ 4𝑔 ∧‾ 𝑔 −

20

24
𝑔 ∧‾ 𝑔 = −

3

2
𝑔 ∧‾ 𝑔, 

𝜅 → 𝑎𝜅, 𝑅 → 𝑎−1𝑅, 𝑔 → 𝑎𝑔 + (𝑎2 − 𝑎)𝜅 ⊗ 𝜅  

𝑠 → 𝑎−1(𝑠 + 4) − 4.  

𝜄𝑅𝐹 = 𝐹𝐻
+ = 𝑑𝐴𝐵 = 0, 

∇𝐵̃ ⋅ ∇𝐵̃ = (∇𝐵̃)𝐻 ⋅ (∇𝐵̃)𝐻 + 12𝐵̃ ∗ 𝐵̃ 

𝜕‾𝐵: Ω𝐻
𝑝,𝑞
→ Ω𝐻

𝑝,𝑞+1
;  𝜕𝐵: Ω𝐻

𝑝,𝑞
→ Ω𝐻

𝑝+1,𝑞
, 

Δ𝐵 = {𝑑𝐵 , (𝑑𝐵)†}, Δ𝜕‾𝐵
𝐵 = {𝜕‾𝐵, (𝜕‾𝐵)

†
} ; Δ𝐵 = 2Δ𝜕‾𝐵

𝐵 = 2Δ𝜕𝐵
𝐵  

𝑑𝐴𝐵 = (𝑑𝐴
†𝐵)

𝐻
= 0 

0 = 𝑑𝐴𝐵3 = 𝑑𝐴(𝐽𝑓) = (𝑑𝐽)𝑓 + 𝐽𝑑𝐴𝑓 = 𝐽𝑑𝐴𝑓 

𝛿𝜖𝐴= 𝜖‾Ψ + 𝜖Ψ‾ ,  

𝛿𝜖𝜎= −2𝜖‾𝜄𝑅Ψ‾ ,  
𝛿𝜖𝜎‾= −2𝜖𝜄𝑅Ψ,  
𝛿𝜖𝐵= −𝜖‾𝜒 + 𝜖𝜒‾,  

𝛿𝜖𝐻 = −𝑖ℒ𝑅
𝐴(𝜖‾𝜒 + 𝜖𝜒‾) − 𝜖[𝜎, 𝜒] − 𝜖‾[𝜎‾, 𝜒‾] − 𝜄𝑅[𝐵, 𝜖‾Ψ − 𝜖Ψ‾ ],

𝛿𝜖ℱ̃ = 𝜖(𝑖𝜄𝑅𝑑𝐴Ψ‾ − [𝜎,Ψ
𝐻]) + 𝜖‾(−𝑖𝜄𝑅𝑑𝐴Ψ+ [𝜎‾, Ψ‾

𝐻]),

𝛿𝜖Ψ = 𝜖(2ℱ̃ − 2𝑖𝜄𝑅𝐹 + 𝜅[𝜎, 𝜎‾]) + 2𝑖𝜖‾𝑑𝐴𝜎‾,

𝛿𝜖Ψ‾  = 𝜖‾(−2ℱ̃ − 2𝑖𝜄𝑅𝐹 − 𝜅[𝜎, 𝜎‾]) + 2𝑖𝜖𝑑𝐴𝜎,

𝛿𝜖𝜒 = 2𝜖(𝐻 − 𝑖ℒ𝑅
𝐴𝐵) + 𝜖‾[𝜎‾, 𝐵],

𝛿𝜖𝜒‾ = 2𝜖‾(𝐻 + 𝑖ℒ𝑅
𝐴𝐵) − 𝜖[𝜎, 𝐵].

 

⟨Ψ,𝐵⟩𝑙 = [Ψ𝑗 , 𝐵𝑘𝑙]𝑔
𝑗𝑘 

{𝛿𝜖 , 𝛿𝜂} = −4𝜂𝜖𝐺𝜎‾ − 4𝜂‾𝜖‾𝐺𝜎 − 4𝑖(𝜂𝜖‾ + 𝜖𝜂‾)(ℒ𝑅 − 𝑖𝐺𝜄𝑅𝐴), 

𝐺𝜙𝐴= −𝑖𝑑𝐴𝜙 

𝐺𝜙 − = [𝜙,−]
 

𝛿𝐴 = Ψ, 𝛿Ψ = −𝑖𝜄𝑅𝐹 + 𝑖𝑑𝐴𝜎

𝛿𝜒 = 𝐻, 𝛿𝐻 = −𝑖ℒ𝑅
𝐴𝜒 − [𝜎, 𝜒]

𝛿𝜎 = −𝜄𝑅Ψ,

 

𝛿2 = −𝑖ℒ𝑅 − 𝐺𝜎+𝜄𝑅𝐴,  
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𝐽𝑝𝑞 = −
1

2
∇[𝑝𝑅𝑞]. 

𝛿𝑞 = 𝑖𝑃+𝜓

𝛿𝜓 = −
1

4𝑟
𝐽𝑝𝑞(Γ

𝑝𝑞𝑞) + (D̸ + 𝑖𝜎)𝑞 + ℱ

𝛿ℱ = −𝑖𝑃−D̸𝜓 − 𝜎𝑃−𝜓 + 𝑖Ψ
𝑚(Γ𝑚 + 𝑅𝑚)𝑞

 

𝐷𝑚𝜉 = −
𝑖

2
Γ𝑚𝜉, 

 

 

 

𝛿𝜓 = (−ℒ𝑅
𝐴𝐵 −

3𝑖

2
𝐵 +𝑖𝜎𝐵)𝑝𝑞Γ

𝑝𝑞𝜉

 +(−4𝑑𝐴
†𝐵 + (𝑑𝐴𝑓)

(0,1))
𝑝
Γ𝑝𝜉 + (−ℒ𝑅

𝐴𝑓 −
3𝑖

2
𝑓 + 𝑖𝜎𝑓) 𝜉 + ℱ,

 

𝛿Σ = −ℒ𝑅
𝐴𝐵 −

3𝑖

2
𝐵 + 𝑖𝜎𝐵

𝛿𝜆 = −ℒ𝑅
𝐴𝑓 −

3𝑖

2
𝑓 + 𝑖𝜎𝑓

 

𝛿ℱ = −𝑖ℒ𝑅
𝐴𝜓− +

3

2
𝜓− − ((𝑑𝐴𝜆)

0,1 ⋅ Γ)𝜉 + 4𝑖(𝑑𝐴
†Σ ⋅ Γ)𝜉 − 𝜎𝜓− + 4𝑖⟨Ψ, 𝐵⟩ + 𝑖Ψ

0,1𝑓, 

𝛿𝑓 = 𝑖𝜆, 𝛿𝐵 = 𝑖Σ,

𝛿ℱ = −𝑖(ℒ𝑅
𝐴𝜓− + (𝑑𝐴𝜆)

0,1 − 4𝑑𝐴
†Σ) − 𝜎𝜓− + 4𝑖⟨Ψ,𝐵⟩ + 𝑖Ψ

0,1𝑓,

𝛿Σ = −ℒ𝑅
𝐴𝐵 + 𝑖𝜎𝐵, 𝛿𝜆 = −ℒ𝑅

𝐴𝑓 + 𝑖𝜎𝑓,

𝛿𝜓− = −4𝑑𝐴
†𝐵 + (𝑑𝐴𝑓)

(0,1) + ℱ.

 

𝛿1𝐴 = Ψ1,

𝛿1𝐵 = −𝜒2, 𝛿1𝐻 = −𝑖ℒ𝑅
𝐴𝜒1 − [𝜎1, 𝜒1],

𝛿1ℱ = 𝜄𝑅𝑑𝐴Ψ2 − 4(𝑑𝐴
†𝜒2)

𝐻
− 𝑖𝜎1Ψ2

𝐻 + 4𝑖⟨Ψ1, 𝐵⟩ + 𝑖[Ψ1
𝐻 , 𝜎2],

𝛿1𝜎1 = −𝜄𝑅Ψ1, 𝛿1𝜎2 = 𝜄𝑅Ψ2,

𝛿1Ψ1 = −𝑖𝜄𝑅𝐹 + 𝑖𝑑𝐴𝜎1, 𝛿1Ψ2 = 4𝑖(𝑑𝐴
†𝐵)

𝐻
− 𝑖𝑑𝐴𝜎2 − 𝑖ℱ − 𝜅[𝜎1, 𝜎2],

𝛿1𝜒1 = 𝐻, 𝛿1𝜒2 = 𝑖ℒ𝑅
𝐴𝐵 + [𝜎1, 𝐵],

 

𝜌𝜒 = 𝑖𝜒;  𝜌Ψ = 𝑖Ψ;  𝜌𝜎 = −2𝑖𝜎  

𝛿𝐴𝑚 = 𝑖𝜖Γ𝑚𝜆

𝛿𝜆 =
1

2
F̸𝜖 +∑  

7

𝑖=1

 𝜈𝑗𝐺𝑗

𝛿𝐺𝑖 = −𝑖𝜈𝑖D̸𝜆

 

𝜈𝑗Γ𝑚𝜈𝑘 − 𝛿𝑗𝑘𝜖Γ𝑚𝜖 = 0 = 𝜈𝑗Γ𝑚𝜖 
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𝛿2 = [𝜌, 𝛿1],  

𝛿2 = 𝑒
𝜋
2
𝜌𝛿1𝑒

−
𝜋
2
𝜌.  

𝛿1
2 = −𝑖ℒ𝑅 − 𝐺𝜎1+𝜄𝑅𝐴,

𝛿2
2 = −𝑖ℒ𝑅 − 𝐺−𝜎1+𝜄𝑅𝐴.

 

𝜖 =
1

2
(𝜖1 + 𝑖𝜖2), 𝜖‾ =

1

2
(𝜖1 − 𝑖𝜖2), 

𝛿𝜖𝐴 =𝜖‾Ψ + 𝜖Ψ‾ ,

𝛿𝜖𝜎 =−2𝜖‾𝜄𝑅Ψ‾ ,  

𝛿𝜖𝜎‾ = −2𝜖𝜄𝑅Ψ,
𝛿𝜖𝐵 =−𝑖(𝜖𝜒‾ − 𝜖‾𝜒),  

𝛿𝜖𝐻 = −𝑖ℒ𝑅
𝐴(𝜖‾𝜒 + 𝜖𝜒‾) − 𝜖[𝜎, 𝜒] − 𝜖‾[𝜎‾, 𝜒‾] − 𝑖𝜄𝑅[𝐵, 𝜖‾Ψ − 𝜖Ψ‾ ],

𝛿𝜖ℱ =𝜖 (𝑖𝜄𝑅𝑑𝐴Ψ‾ − 4𝑖(𝑑𝐴
†𝜒‾)

𝐻
+ 4𝑖⟨Ψ‾ , 𝐵⟩ − [𝜎,Ψ𝐻])

 +𝜖‾(−𝑖𝜄𝑅𝑑𝐴Ψ + 4𝑖(𝑑𝐴
†𝜒)

𝐻
+ 4𝑖⟨Ψ,𝐵⟩ + [𝜎‾,Ψ‾ 𝐻]) ,

𝛿𝜖Ψ =𝜖 (2ℱ − 2𝑖𝜄𝑅𝐹 − 8(𝑑𝐴
†𝐵)

𝐻
+ 𝜅[𝜎, 𝜎‾]) + 2𝑖𝜖‾𝑑𝐴𝜎‾,

𝛿𝜖Ψ‾ =𝜖‾(−2ℱ − 2𝑖𝜄𝑅𝐹 + 8(𝑑𝐴
†𝐵)

𝐻
− 𝜅[𝜎, 𝜎‾]) + 2𝑖𝜖𝑑𝐴𝜎,

𝛿𝜖𝜒 =2𝜖(𝐻 − ℒ𝑅
𝐴𝐵) + 2𝑖𝜖‾[𝜎‾, 𝐵],

𝛿𝜖𝜒‾ =2𝜖‾(𝐻 + ℒ𝑅
𝐴𝐵) − 2𝑖𝜖[𝜎, 𝐵].

 

1

2
{𝑄, 𝑄‾} =

1

2
{𝛿1 + 𝑖𝛿2, 𝛿1 − 𝑖𝛿2} = 𝛿1

2 + 𝛿2
2 = 𝛿1

2 + 𝑒
𝜋
2
𝜌𝛿1

2𝑒−
𝜋
2
𝜌 = −2𝑖(ℒ𝑅 − 𝑖𝐺𝜄𝑅𝐴), 

𝑄2= (𝛿1 + 𝑖𝛿2)
2 = 𝛿1

2 − 𝛿2
2 + 𝑖{𝛿1, 𝛿2} = 𝛿1

2 − 𝑒
𝜋
2
𝜌𝛿1

2𝑒−
𝜋
2
𝜌 + 𝑖{𝛿1, [𝜌, 𝛿1]} 

 = −2𝐺𝜎1 + 2𝑖𝐺𝜎2 = −2𝐺𝜎‾
 

𝑆1 = −
1

4
𝑄‾ (Ψ,−ℱ − 𝑖𝜄𝑅𝐹 − 4(𝑑𝐴

†𝐵)
𝐻
−
1

2
𝜅[𝜎, 𝜎‾])

 −
1

4
𝑄 (Ψ‾ ,ℱ − 𝑖𝜄𝑅𝐹 + 4(𝑑𝐴

†𝐵)
𝐻
+
1

2
𝜅[𝜎, 𝜎‾]) ,

𝑆2 =
1

2
𝑄‾(𝜒, 𝐻 + ℒ𝑅

𝐴𝐵 + 𝐹̃) +
1

2
𝑄(𝜒‾,𝐻 − ℒ𝑅

𝐴𝐵 + 𝐹̃),

𝑆3 = −
1

8
𝑄(Ψ, 𝑄‾Ψ‾ ) −

1

8
𝑄‾(Ψ‾ , 𝑄Ψ),

 

𝐹̃ = 2𝑖 (𝐹𝐻
2+ +

1

4
𝐵 × 𝐵), 
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𝑆1|bos = ‖ℱ +
1

2
𝜅[𝜎, 𝜎‾]‖

2

+ ‖𝜄𝑅𝐹‖
2 − 16‖(𝑑𝐴

†𝐵)
𝐻
‖
2

𝑆2|bos = 2‖𝐻‖
2 − 2‖ℒ𝑅

𝐴𝐵‖
2
+ 2(𝐻, 𝐹̃)

𝑆3|bos = (𝑑𝐴𝜎‾, 𝑑𝐴𝜎)

 

𝑆 = 𝑆1 + 𝑆2 + 𝑆3 

𝑆 =‖𝜄𝑅𝐹‖
2 + 2‖𝐹𝐻

+ +
1

4
𝐵 × 𝐵‖

2

+ (𝑑𝐴𝜎‾, 𝑑𝐴𝜎) − 16‖(𝑑𝐴
†𝐵)

𝐻
‖
2

 −2‖ℒ𝑅
𝐴𝐵‖

2
+
1

4
‖[𝜎, 𝜎‾]‖2 + ‖ℱ‖2,

 

𝑆 = ‖𝜄𝑅𝐹‖
2 +2 ‖𝐹𝐻

+ −
1

4
𝐵 × 𝐵‖

2

 +(𝑑𝐴𝜎‾, 𝑑𝐴𝜎) + 16‖(𝑑𝐴
†𝐵)

𝐻
‖
2

+ 2‖ℒ𝑅
𝐴𝐵‖

2
+
1

4
‖[𝜎, 𝜎‾]‖2

 

ℱ̃ = ℱ − 4(𝑑𝐴
†𝐵)

𝐻
 

𝜅 ∧ (𝑑𝜅)𝑛 ≠ 0 

𝑔 =
1

2
𝑑𝜅(𝐽−,−) + 𝜅 ⊗ 𝜅  

𝜄𝑅(⋆ 𝜔𝑝) = (−1)
𝑝 ⋆ (𝜅 ∧ 𝜔𝑝)  

vol𝑔 =
(−1)𝑛

2𝑛𝑛!
𝜅 ∧ (𝑑𝜅)𝑛  

𝐺 = 𝑟2𝑔 + 𝑑𝑟 ⊗ 𝑑𝑟  

𝒥𝑅 = −𝑟𝜕𝑟 , 𝒥𝑟𝜕𝑟 = 𝑅  

⟨𝑍, (∇𝑋𝐽)𝑌⟩ = −𝜅(𝑍)⟨𝑋, 𝑌⟩ + ⟨𝑍, 𝑋⟩𝜅(𝑌),  

𝑅𝑋𝑌 = [∇𝑋, ∇𝑌] − ∇[𝑋,𝑌] 

⟨𝑈, 𝑅𝑋𝑌𝑉⟩ − ⟨𝐽𝑈, 𝑅𝑋𝑌𝐽𝑉⟩ = ⟨𝑋, 𝑈⟩⟨𝑌, 𝑉⟩ − ⟨𝑋, 𝐽𝑈⟩⟨𝑌, 𝐽𝑉⟩ − (𝑋 ↔ 𝑌)  

𝑅𝑋𝑌 ⋆ 𝐽 = vol𝑔(⟨𝑋, 𝑐1𝑌⟩ − (2𝑛 − 1)⟨𝑋, 𝐽𝑌⟩)  

𝑊𝑖𝑗𝑘𝑙 = 𝑅𝑖𝑗𝑘𝑙 −
𝑠

4𝑛(2𝑛 + 1)
𝑔 ∧‾ 𝑔 −

1

2𝑛 − 1
(𝑅𝑖𝑐 −

𝑠

2𝑛 + 1
𝑔) ∧‾ 𝑔  

(𝐴 ∧‾ 𝐵)𝑖𝑗𝑘𝑙 = 𝐴𝑖𝑘𝐵𝑗𝑙 − 𝐴𝑗𝑘𝐵𝑖𝑙 − 𝐴𝑖𝑙𝐵𝑗𝑘 + 𝐴𝑗𝑙𝐵𝑖𝑘 

Ω𝑝(𝑀5)  = Ω𝑉
𝑝(𝑀5) ⊕ Ω𝐻

𝑝 (𝑀5)

𝛼 = 𝜅𝜄𝑅𝛼 + 𝜄𝑅(𝜅 ∧ 𝛼)
 

(𝛼, 𝛽) = ∫  
𝑀5

 𝛼 ∧⋆ 𝛽  

⋆𝑅 𝛼 = 𝜄𝑅 ⋆ 𝛼 = (−1)
deg𝛼 ⋆ (𝜅 ∧ 𝛼). 

Ω𝐻
2 (𝑀5) = Ω𝐻

2+(𝑀5) ⊕ Ω𝐻
2−(𝑀5)  

𝜄𝑅 ⋆ 𝜔𝐻
± = ±𝜔𝐻

±  

Ω𝐵(𝑀) = {𝛼 ∈ Ω(𝑀) ∣ 𝜄𝑅𝛼 = 0 = ℒ𝑅𝛼}  

(𝑑𝐵)†𝛼 = (𝑑†𝛼)
𝐻
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0 → ℝ →
𝑑𝜅 
𝐻𝐵
2 → 𝐻2 → 0,  

Γ𝑖1⋯𝑖𝑘 =
1

𝑘!
Γ[𝑖1⋯Γ𝑖𝑘]. 

𝐴 = 𝐴 ⋅ Γ = 𝐴𝑖1⋯𝑖𝑘Γ
𝑖1⋯𝑖𝑘 . 

(𝑑 + 𝑠 + 𝛿 − 𝑖𝜅)(𝐴 + 𝑐 + |𝜅|𝑐‾) + (𝐴 + 𝑐 + |𝜅|𝑐‾)
2 = 𝐹 + Ψ+ 𝑔(𝜅)𝜂 + 𝑖𝜅𝜒 +Φ + |𝜅|

2Φ‾  

𝑠2 = 𝛿2 = 0 {𝑠, 𝛿} = ℒ𝜅  

(𝑑 + 𝑠 + 𝑠‾)(𝐴 + 𝑐 + 𝑐‾) + (𝐴 + 𝑐 + 𝑐‾)2 = 𝐹 + Ψ+Ψ‾ + Φ + 𝐿 + Φ‾  

 

𝜙𝑝, 𝜙̃𝑝 = ∑  

0≤𝐺≤𝑝

∑  

0≤𝑔≤𝐺

𝜙𝑝−𝐺
𝑔,𝐺−𝑔

 

𝑠𝐴 = Ψ− 𝑑𝐴𝑐 𝑠‾𝐴 = Ψ‾ − 𝑑𝐴𝑐‾
𝑠Ψ = −𝑑𝐴Φ− [𝑐,Ψ] 𝑠‾Ψ = −𝑇 − 𝑑𝐴𝐿 − [𝑐‾, Ψ]

𝑠Φ = −[𝑐,Φ] 𝑠‾Φ = −𝜂‾ − [𝑐‾,Φ]

𝑠Φ‾ = 𝜂 − [𝑐,Φ‾ ] 𝑠‾Φ = −[𝑐‾, Φ‾ ]

𝑠𝜂 = [Φ,Φ‾ ] − [𝑐, 𝜂] 𝑠‾𝜂 = −[Φ‾ , 𝐿] − [𝑐‾, 𝜂]

𝑠𝐿 = 𝜂‾ − [𝑐, 𝐿] 𝑠‾𝐿 = −𝜂 − [𝑐‾, 𝐿]

𝑠𝜂‾ = [Φ, 𝐿] − [𝑐, 𝜂‾] 𝑠‾𝜂‾ = [Φ,Φ‾ ] − [𝑐‾, 𝜂‾]

𝑠Ψ‾ = 𝑇 − [𝑐,Ψ‾ ] 𝑠‾Ψ‾ = −𝑑𝐴Φ‾ − [𝑐‾, Ψ‾ ]

𝑠𝑇 = [Φ,Ψ‾ ] − [𝑐, 𝑇] 𝑠‾𝑇 = −𝑑𝐴𝜂 + [𝐿,Ψ‾ ] − [Φ‾ ,Ψ] − [𝑐‾, 𝑇]

𝑠𝑐 = Φ − 𝑐2 𝑠‾𝑐 = 𝐿 − 𝑏
𝑠𝑐‾ = 𝑏 − [𝑐, 𝑐‾] 𝑠‾𝑐‾ = Φ‾ − 𝑐‾2

𝑠𝑏 = [Φ, 𝑐‾] − [𝑐, 𝑐‾] 𝑠‾𝑏 = 𝜂 + [𝑐‾, 𝐿]

 

 

 

𝑖𝜅 ⋆ 𝐶
⋆𝑤1 = −𝐶𝜇𝜈 

𝜎𝜅𝜈𝑤𝜎𝑑𝑥
𝜇 

{𝑠(𝑐)
𝛼 , 𝑠(𝑐)

𝛽
} = 𝜎𝑖𝛼𝛽𝛿gauge (Φ𝑖) 

{𝑒𝑡𝛾𝑠(𝑐)
𝛼 𝑒−𝑡𝛾 , 𝑒𝑡𝛾𝑠(𝑐)

𝛽
𝑒−𝑡𝛾} = {𝑠(𝑐)

𝛼 , 𝑠(𝑐)
𝛽
}  

𝛿(𝑐)
𝛼 ≡ [𝑠(𝑐)

𝛼 , 𝑌]  
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[[𝑠(𝑐)
𝛼 , Y], Y] = −𝑠(𝑐)

𝛼  

𝑒𝑡𝛾𝑠(𝑐)
𝛼 𝑒−𝑡𝛾 = cos 𝑡𝑠(𝑐)

𝛼 − sin 𝑡𝛿(𝑐)
𝛼

 

𝛾𝑇 = −𝑖𝜅𝐹 − 2𝑖𝜅 ⋆ 𝐶
⋆𝑇  

𝛿(𝑐)
𝛼 𝐴= 𝑔(𝜅)𝜂𝛼 + 𝑖𝜅 ⋆ 𝐶

⋆Ψ𝛼  

𝛿(𝑐)
𝛼 Ψ𝛽= 𝛿𝛽

𝛼𝑖𝜅(𝐹 +⋆ 𝐶
⋆𝑇) + 𝜎𝑖  𝛽  

𝛼𝑖𝜅 ⋆ 𝐶
⋆𝑑𝐴Φ𝑖 − 2𝑔(𝜅)𝜎

𝑖𝑗 𝛽  
𝛼[Φ𝑖 , Φ𝑗]  

𝛿(𝑐)
𝛼 Φ𝑖  = −

1

2
𝜎𝑖  

𝛼𝛽𝑖𝜅Ψ𝛽

𝛿(𝑐)
𝛼 𝜂𝛽  = −𝛿𝛽

𝛼𝑖𝜅𝑇 + 𝜎
𝑖  𝛽  

𝛼ℒ𝜅Φ𝑖

𝛿(𝑐)
𝛼 𝑇 =

1

2
𝑑𝐴𝑖𝜅Ψ

𝛼 − 𝑖𝜅 ⋆ 𝐶
⋆𝑑𝐴𝜂

𝛼 + 𝑔(𝜅)𝜎𝑖𝛼𝛽[Φ𝑖, 𝜂𝛽] − 𝜎
𝑖𝛼𝛽𝑖𝜅 ⋆ 𝐶

⋆[Φ𝑖 , Ψ𝛽] − ℒ𝜅Ψ
𝛼

 

{𝑠(𝑐)
𝛼 , 𝛿(𝑐)

𝛽
} = 𝜀𝛼𝛽 (ℒ𝜅 + 𝛿gauge (𝑖𝜅𝐴)) {𝛿(𝑐)

𝛼 , 𝛿(𝑐)
𝛽
} = 2𝜎𝑖𝛼𝛽𝛿gauge (Φ𝑖)  

𝛿𝐴 = 𝑔(𝜅)𝜂 + 𝑖𝜅 ⋆ 𝐶
⋆Ψ‾ − |𝜅|𝑑𝐴𝛾 𝛿Φ‾ = −[|𝜅|𝛾,Φ‾ ]

𝛿Ψ = 𝑖𝜅(𝐹 −⋆ 𝐶
⋆𝑇) + 𝑔(𝜅)[Φ,Φ‾ ] − [|𝜅|𝛾, Ψ] 𝛿𝜂 = ℒ𝜅Φ‾ − [|𝜅|𝛾, 𝜂]

𝛿Φ = 𝑖𝜅Ψ− [|𝜅|𝛾,Φ] 𝛿𝐿 = 𝑖𝜅Ψ‾ − [|𝜅|𝛾, 𝐿]

𝛿𝜂‾ = 𝑖𝜅(𝑇 + 𝑑𝐴𝐿) − [|𝜅|𝛾, 𝜂‾]

𝛿Ψ‾ = 𝑖𝜅 ⋆ 𝐶
⋆𝑑𝐴Φ‾ − 𝑔(𝜅)[Φ‾ , 𝐿] − [|𝜅|𝛾, Ψ‾ ]

𝛿𝑇 = ℒ𝜅Ψ‾ + 𝑖𝜅 ⋆ 𝐶
⋆(𝑑𝐴𝜂 + [Φ‾ ]) + 𝑔(𝜅)[𝐿, 𝜂] − 𝑔(𝜅)[Φ‾ , 𝜂‾] − [|𝜅|𝛾, 𝑇]

 

 

 

 

 

{𝑠, 𝛿} + {𝑠‾, 𝛿‾} = 0  

{𝑠, 𝛿} = ℒ𝜅 {𝑠‾, 𝛿‾} = −ℒ𝜅  

(𝑑 + 𝑠 + 𝛿 − 𝑖𝜅)(𝐴 + 𝑐 + |𝜅|𝛾) +(𝐴 + 𝑐 + |𝜅|𝛾)
2  

 = 𝐹 +Ψ + 𝑔(𝜅)𝜂 + 𝑖𝜅 ⋆ 𝐶
⋆(Ψ‾ ) + (Φ + |𝜅|2Φ‾ )

(𝑑 + 𝑠‾ + 𝛿‾ + 𝑖𝜅)(𝐴 + 𝑐‾ + |𝜅|𝛾‾) + (𝐴 + 𝑐‾ + |𝜅|𝛾‾)
2

 = 𝐹 +Ψ‾ + 𝑔(𝜅)𝜂‾ + 𝑖𝜅 ⋆ 𝐶
⋆(Ψ) + (Φ‾ + |𝜅|2Φ)
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𝑆 = 𝑠𝚿−
1

2
∫  
𝑀

𝐶∧Tr𝐹∧𝐹 

𝚿 = 2∫  
𝑀

 Tr(𝐶∧
⋆Ψ‾ ∧𝐹 +Ψ‾ ⋆(𝑑𝐴𝐿 + 𝑇) + Ψ ⋆ 𝑑𝐴Φ‾ +⋆ 𝜂[Φ,Φ‾ ] +⋆ 𝜂‾[Φ‾ , 𝐿])  

𝜎𝑖𝛼𝛽𝛿(𝑐)𝛼𝚿𝛽 = 0 

𝚿𝛼 = 𝛿(𝑐)𝛼𝒢. 𝑆 = 𝑠(𝑐)
𝛼 𝚿𝛼 −

1

2
∫  
𝑀

𝐶∧Tr𝐹∧𝐹 

𝚿 ∝ 𝚿1 

 

𝑠(𝑐)
{𝛼
𝑠(𝑐)
𝛽}
= 𝜎𝑖𝛼𝛽𝛿gauge (Φ𝑖) 

𝛿(𝑐)
𝛼 𝐴= 𝑔(𝜅)𝜂𝛼 + 𝑔(𝐽𝐼𝜅)𝜒

𝛼𝐼  

𝛿(𝑐)
𝛼 Ψ𝛽= 𝛿𝛽

𝛼(𝑖𝜅𝐹 − 𝑔(𝐽𝐼𝜅)𝐻
𝐼) + 𝜎𝑖  𝛽  

𝛼𝑔(𝐽𝐼𝜅)[Φ𝑖 , ℎ
𝐼] − 2𝜎𝑖𝑗 𝛽  

𝛼𝑔(𝜅)[Φ𝑖 , Φ𝑗]  

𝛿(𝑐)
𝛼 Φ𝑖= −

1

2
𝜎𝑖  

𝛼𝛽𝑖𝜅Ψ𝛽  

𝛿(𝑐)
𝛼 𝜂𝛽= −𝛿𝛽

𝛼𝑖𝜅𝑇 + 𝜎
𝑖  𝛽  

𝛼ℒ𝜅Φ𝑖  

𝛿(𝑐)
𝛼 𝑇=

1

2
𝑑𝐴𝑖𝜅Ψ

𝛼 − 𝑔(𝐽𝐼𝜅)([𝜂
𝛼 , ℎ𝐼] + 𝜎𝑖𝛼𝛽[Φ𝑖 , 𝜒𝛽

𝐼 ]) + 𝑔(𝜅)𝜎𝑖𝛼𝛽[Φ𝑖 , 𝜂𝛽] − ℒ𝜅Ψ
𝛼 

𝛿(𝑐)
𝛼 ℎ𝐼 = −𝑖𝐽𝐼𝜅Ψ

𝛼

𝛿(𝑐)
𝛼 𝜒𝛽

𝐼= 𝛿𝛽
𝛼(ℒ𝜅ℎ

𝐼 + 𝑖𝐽𝐼𝜅𝑇) + 𝜎
𝑖  𝛽  

𝛼ℒ𝐽𝐼𝜅Φ𝑖  

𝛿(𝑐)
𝛼 𝐻𝐼 =

1

2
[𝑖𝜅Ψ

𝛼 , ℎ𝐼] + ℒ𝐽𝐼𝜅𝜂
𝛼 + 𝜎𝑖𝛼𝛽[Φ𝑖 , 𝑖𝐽𝐼𝜅Ψ𝛽] − ℒ𝜅𝜒

𝛼𝐼

 

 

𝛿(𝑐)
{𝛼
𝛿(𝑐)
𝛽}
= |𝜅|2𝜎𝑖𝛼𝛽𝛿gauge (Φ𝑖)𝛿(𝑐)

𝛼 𝑠(𝑐)
𝛼  

{𝑠(𝑐)
𝛼 , 𝛿(𝑐)

𝛽
} = 𝜀𝛼𝛽 (ℒ𝜅 + 𝛿gauge (𝑖𝜅𝐴))  
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𝛿(𝑐)
𝛼 = [𝑠(𝑐)

𝛼 , 𝛾] 

 

𝑒𝑡𝛾𝑠(𝑐)
𝛼 𝑒−𝑡𝛾 = cos 𝑡𝑠(𝑐)

𝛼 − sin 𝑡𝛿(𝑐)
𝛼 𝑒𝑡𝛾𝛿(𝑐)

𝛼 𝑒−𝑡𝛾 = cos 𝑡𝛿(𝑐)
𝛼 + sin 𝑡𝑠(𝑐)

𝛼  

𝜎𝑖𝛼𝛽𝛿(𝑐)𝛼𝚿𝛽 = 0  

𝑆 = −
1

2
∫  
𝑀

 Tr𝐹∧𝐹 + 𝑠(𝑐)
𝛼 Ψ𝛼  

𝚿𝛼 = ∫  
𝑀

 Tr(⋆ 𝜒𝛼
𝐼𝐻𝐼 + 𝜒𝛼

𝐼 𝐽𝐼 ⋆ 𝐹 − Ψ𝛼 ⋆ 𝑇 + 𝐽
𝐼 ⋆ Ψ𝛼∧𝑑𝐴ℎ𝐼 − 𝜎

𝑖  𝛼  
𝛽Ψ𝛽 ⋆ 𝑑𝐴Φ𝑖

−2 ⋆ 𝜎𝑖𝑗 𝛼 
𝛽𝜂𝛽[Φ𝑖 , Φ𝑗] −⋆ 𝜎

𝑖  𝛼  
𝛽𝜒𝛽

𝐼 [Φ𝑖 , ℎ𝐼] +
1

2
⋆ 𝜀𝐼𝐽𝐾𝜒𝛼

𝐼 [ℎ𝐽, ℎ𝐾])

 

𝑆 = −
1

2
∫  
𝑀

 Tr𝐹∧𝐹 + 𝑠(𝑐)
𝛼 𝑠(𝑐)𝛼ℱ = −

1

2
∫  
𝑀

 Tr𝐹∧𝐹 + 𝑠(𝑐)
𝛼 𝛿(𝑐)𝛼𝒢  

ℱ = ∫  
𝑀

 Tr (⋆ ℎ𝐼𝐻
𝐼 + ℎ𝐼𝐽

𝐼 ⋆ 𝐹 +
1

3
𝜀𝐼𝐽𝐾ℎ

𝐼ℎ𝐽ℎ𝐾 −
1

2
Ψ𝛼 ⋆ Ψ𝛼 +

1

2
⋆ 𝜂𝛼𝜂𝛼)

𝒢 = ∫  
𝑀

 Tr (−
1

2
𝑔(𝜅)∧ ((𝐴 − 𝐴

∘

)∧(𝐹 + 𝐹
∘

) −
1

3
(𝐴 − 𝐴

∘

)3)

−
1

2
⋆ 𝜀𝐼𝐽𝐾ℎ

𝐼ℒ𝐽𝐽𝜅ℎ
𝐾 +⋆ 𝑠(𝑐)

𝛼 𝛿(𝑐)𝛼 (
1

2
ℎ𝐼ℎ

𝐼 −
2

3
Φ𝑖Φ𝑖))

 

 

 

 

𝐽𝐼 ⋆ 𝐹 +
1

2
⋆ 𝜀𝐽𝐾

𝐼 [ℎ𝐽, ℎ𝐾] = 0

𝑑𝐴 ⋆ ℎ𝐼𝐽
𝐼 = 0

 

𝑆 ≈ ∫  
𝑀

 Tr (−
1

2
𝐹 ⋆ 𝐹+

1

4
𝑑𝐴ℎ𝐼 ⋆ 𝑑𝐴ℎ

𝐼 + 2𝑑𝐴Φ
𝑖 ⋆ 𝑑𝐴Φ𝑖 − 2𝜒𝐼

𝛼𝐽𝐼 ⋆ 𝑑𝐴Ψ𝛼 + 2Ψ
𝛼 ⋆ 𝑑𝐴𝜂𝛼  

+2 ⋆ 𝜂𝛼[ℎ𝐼 , 𝜒𝛼
𝐼 ] + 𝐽𝐼 ⋆ Ψ

𝛼[ℎ𝐼 , Ψ𝛼] +⋆ 𝜀𝐼𝐽𝐾𝜒
𝛼𝐼[ℎ𝐽, 𝜒𝛼

𝐾]  

 −2 ⋆ 𝜎𝑖𝛼𝛽𝜒𝛼𝐼[Φ𝑖 , 𝜒𝛽
𝐼 ] − 2 ⋆ 𝜎𝑖𝛼𝛽𝜂𝛼[Φ𝑖 , 𝜂𝛽] − 2𝜎

𝑖𝛼𝛽Ψ𝛼 ⋆ [Φ𝑖 , Ψ𝛽]

 −
1

8
⋆ [ℎ𝐼 , ℎ𝐽][ℎ

𝐼 , ℎ𝐽] − 2 ⋆ [Φ𝑖 , ℎ𝐼][Φ𝑖 , ℎ
𝐼] − 4 ⋆ [Φ𝑖 , Φ𝑗][Φ𝑖 , Φ𝑗])
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(𝑑 + 𝑠 + 𝑠‾ + 𝛿 + 𝛿‾)(𝐴 + 𝑐 + 𝑐‾ + |𝜅|𝛾 + |𝜅|𝛾‾) + (𝐴 + 𝑐 + 𝑐‾ + |𝜅|𝛾 + |𝜅|𝛾‾)2

= 𝐹 + Ψ+Ψ‾ + 𝑔(𝜅)(𝜂 + 𝜂‾) + 𝑔(𝐽𝐼𝜅)(𝜒
𝐼 + 𝜒‾𝐼) + (1 + |𝜅|2)(Φ + 𝐿 +Φ‾ )

(𝑑𝐴 + 𝑠(𝑐) + 𝑠‾𝑐‾ + 𝛿𝛾 + 𝛿‾𝛾‾ )ℎ
𝐼 = 𝑑𝐴ℎ

𝐼 + 𝜒‾𝐼 − 𝜒𝐼 + 𝑖𝐽𝐼𝜅(Ψ‾ − Ψ)

(𝑑 + 𝑠 + 𝛿 − 𝑖𝜅)(𝐴 + 𝑐 + |𝜅|𝛾) + (𝐴 + 𝑐 + |𝜅|𝛾)
2 = 𝐹 + Ψ+ 𝑔(𝜅)𝜂 + 𝑔(𝐽𝐼𝜅)𝜒

𝐼 +Φ + |𝜅|2Φ‾

(𝑑𝐴 + 𝑠(𝑐) + 𝛿𝛾 − 𝑖𝜅)ℎ
𝐼 = 𝑑𝐴ℎ

𝐼 + 𝜒‾𝐼 + 𝑖𝐽𝐼𝜅Ψ‾

 

 

 

(𝑑𝐴 + 𝑠(𝑐) + 𝛿(𝑐) − 𝑖𝜅)𝑉 = 𝑑𝐴𝑉 +Ψ‾ + 𝑔(𝜅)𝜂‾ + 𝑖𝜅𝜒‾  

𝑠(𝑐)𝑉 = Ψ‾ 𝛿(𝑐)𝑉 = 𝑔(𝜅)𝜂‾ + 𝑖𝜅𝜒‾

𝑠(𝑐)Ψ‾ = [Φ, 𝑉] 𝛿(𝑐)Ψ‾ = 𝑔(𝜅)ℎ + 𝑖𝜅𝐻‾ + ℒ𝜅𝑉

𝑠(𝑐)𝜂‾ = ℎ 𝛿(𝑐)𝜂‾ = −[Φ‾ , 𝑖𝜅𝑉]

𝑠(𝑐)ℎ = [Φ, 𝜂‾] 𝛿(𝑐)ℎ = [𝜂, 𝑖𝜅𝑉] − [Φ‾ , 𝑖𝜅Ψ‾ ] + ℒ𝜅𝜂‾

𝑠(𝑐)𝜒‾ = 𝐻‾ 𝛿(𝑐)𝜒‾ = −2[Φ‾ , (𝑔(𝜅)𝑉)
+]

𝑠(𝑐)𝐻‾ = [Φ, 𝜒‾] 𝛿(𝑐)𝐻‾ = 2[𝜂, (𝑔(𝜅)𝑉)
+] − 2[Φ‾ , (𝑔(𝜅)Ψ‾ )+] + ℒ𝜅𝜒‾

 

  

𝜏 ≡
4𝜋𝑖

𝑔YM
2 +

𝜃

2𝜋
 

⟨𝒪1𝒪2⋯ ⟩ ≡ tr((−1)
𝐹𝒮̂ℛ̂𝑒−2𝜋𝑅𝐻𝒪1𝒪2⋯), 

(
𝐚 𝐛
𝐜 𝐝

) ∈ SL(2, ℤ)  
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𝜏 →
𝐚𝜏 + 𝐛

𝐜𝜏 + 𝐝
 

𝐴𝜇 gauge field 𝜇 = 0,… ,3, 

Φ𝐼 adjoint-valued scalars 𝐼 = 1,… ,6, 

𝜓𝛼
𝑎 adjoint-valued spinors 𝑎 = 1,… ,4 and 𝛼 = 1,2, 

𝜓‾𝑎𝛼̇ complex conjugate spinors 𝑎 = 1,… ,4 and 𝛼̇ = 1̇, 2̇, 

𝑄𝑎𝛼 SUSY generators 𝑎 = 1,… ,4 and 𝛼 = 1,2, 

𝑄‾𝛼̇
𝑎 complex conjugate generators 𝑎 = 1,… ,4 and 𝛼̇ = 1̇, 2̇. 

  

𝑍𝑗 ≡ Φ𝑗 + 𝑖Φ3+𝑗 , 𝑗 = 1,2,3  

𝜏 =
𝐚𝜏 + 𝐛

𝐜𝜏 + 𝐝
 

𝐜𝜏 + 𝐝 = 𝑒𝑖𝑣  

|𝑣| =
2𝜋

𝐫
 

𝐠: 𝑄𝑎𝛼 → (
𝐜𝜏 + 𝐝

|𝐜𝜏 + 𝐝|
)
−
1
2
𝑄𝑎𝛼 = 𝑒

−
𝑖𝑣
2𝑄𝑎𝛼

 

𝛾 ≡ (

𝑒𝑖𝜑1

𝑒𝑖𝜑2

𝑒𝑖𝜑3

𝑒𝑖𝜑4

) ∈ 𝑆𝑈(4)𝑅, (∑  

𝑎

 𝜑𝑎 = 0)  

𝛾(𝜓𝛼
𝑎) = 𝑒𝑖𝜑𝑎𝜓𝛼

𝑎, 𝛾(𝜓‾𝑎𝛼̇) = 𝑒
−𝑖𝜑𝑎𝜓‾𝑎𝛼̇ , 𝑎 = 1,… ,4, 

𝛾(𝐴𝜇) = 𝐴𝜇 , 𝛾(𝑍
𝑗) = 𝑒𝑖(𝜑𝑗+𝜑4)𝑍𝑗 , 𝑗 = 1,2,3. 

𝜓𝛼
𝑎(𝑥0, 𝑥1, 𝑥2, 𝑥3 + 2𝜋𝑅) = 𝑒

𝑖𝜑𝑎Λ−1𝜓𝛼
𝑎(𝑥0, 𝑥1, 𝑥2, 𝑥3)Λ,

𝑍𝑗(𝑥0, 𝑥1, 𝑥2, 𝑥3 + 2𝜋𝑅) = 𝑒
𝑖(𝜑𝑗+𝜑4)Λ−1𝑍𝑗(𝑥0, 𝑥1, 𝑥2, 𝑥3)Λ,

𝐴𝜇(𝑥0, 𝑥1, 𝑥2, 𝑥3 + 2𝜋𝑅) = Λ
−1𝐴𝜇(𝑥0, 𝑥1, 𝑥2, 𝑥3)Λ + Λ

−1𝜕𝜇Λ,

 

𝛾𝐠(𝑄𝑎𝛼) = 𝑒
𝑖(𝜑𝑎−

𝑣
2
)
𝑄𝑎𝛼 

𝛾 =

(

 
 
 
𝑒
𝑖
2
𝑣

𝑒
𝑖
2
𝑣

𝑒
𝑖
2
𝑣

𝑒−
3𝑖
2
𝑣)

 
 
 
∈ 𝑆𝑈(4)𝑅  

(
𝐸𝑖
𝐵𝑖
) = (

𝐚 𝐛
𝐜 𝐝

) (
𝐸𝑖
𝐵𝑖
) ,  

𝑍𝑗 = 𝑒𝑖(𝜑𝑗+𝜑4)𝑍𝑗 = 𝑒−𝑖𝑣𝑍𝑗 , 𝑗 = 1,2,3  

(
𝐸𝑖
(𝜎(𝑙))

𝐵𝑖
(𝜎(𝑙))) = (

𝐚 𝐛
𝐜 𝐝

)(
𝐸𝑖
(𝑙)

𝐵𝑖
(𝑙)) , 𝑖 = 1,… ,3, 𝑙 = 1,… , 𝑛  

 

𝑍𝑗,𝜎(𝑙) = 𝑒−𝑖𝑣𝑍𝑗,𝑙 , 𝑗 = 1,… ,3, 𝑙 = 1,… , 𝑛,  
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𝐿1, 𝐿2, 𝑅 ≫ 𝛼′1/2  

𝒜 = (2𝜋)2𝛼′2𝜏2
−1𝐿1

−2 = (2𝜋)2𝑀p
−3𝐿1

−1 

𝑔hadronization = (𝑀p𝐿2)
3/2

= 𝜏2
1/2
𝐿1
1/2
𝐿2
3/2
𝛼′−1 

𝛼′ hadronization = 𝑀p
−3𝐿2

−1 = 𝛼′2𝜏2
−1𝐿1

−1𝐿2
−1 

𝒜 ≫ 𝛼′ hadronization, 𝑔hadronization ≪ 1,𝑅 ≫ 𝛼′1/2  

𝑧 ∼ 𝑧 + 1 ∼ 𝑧 + 𝜏 

−∞ < 𝑥3 < ∞, 

(𝜁1, 𝜁2, 𝜁3), 𝜁1, 𝜁2, 𝜁3 ∈ ℂ 

(𝑧, 𝑥3, 𝜁1, 𝜁2, 𝜁3) ∼ (𝑒
𝑖𝑣𝑧, 𝑥3 + 2𝜋𝑅, 𝑒

𝑖𝑣𝜁1, 𝑒
𝑖𝑣𝜁2, 𝑒

𝑖𝑣𝜁3)  

𝑊: (𝑧, 𝑥3) ∼ (𝑧 + 𝜏, 𝑥3) ∼ (𝑧 + 1, 𝑥3) ∼ (𝑒
𝑖𝑣𝑧, 𝑥3 + 2𝜋𝑅).  

ℋ(𝑛, 𝑣) = ⨁  
𝑛1≥𝑛2≥⋯≥𝑛𝑝>0

𝑛1+𝑛2+⋯+𝑛𝑝=𝑛

 ℋ(𝑛1,…,𝑛𝑝)
(𝑣)

 

ℋ(𝑛, 𝑣) =⨁ 

[𝜎]

 ℋ[𝜎](𝑣), (𝜎 ∈ 𝑆𝑛)  

(𝑧, 𝜁1, 𝜁2, 𝜁3) ∼ (𝑒
𝑖𝑣𝑧, 𝑒𝑖𝑣𝜁1, 𝑒

𝑖𝑣𝜁2, 𝑒
𝑖𝑣𝜁3) 

𝑒𝑖𝑛̃𝑣𝜁𝑀𝑎,𝑀𝑏 = 𝜁𝑀𝑎,𝑀𝑏 +𝑀𝑎 +𝑀𝑏𝜏,  

𝜁𝑀𝑎,𝑀𝑏 − 𝜁𝑀𝑎 ′,𝑀𝑏 ′ ∈ ℤ + ℤ𝜏 

|[𝑧, 𝑒𝑖𝑣𝑧, … , 𝑒(𝑛̃−1)𝑖𝑣𝑧]⟩  

|{[𝑧1, 𝑒
𝑖𝑣𝑧1 , … , 𝑒

(𝑛̃1−1)𝑖𝑣𝑧1], [𝑧2, 𝑒
𝑖𝑣𝑧2, … , 𝑒

(𝑛̃2−1)𝑖𝑣𝑧2], … , [𝑧𝑝, 𝑒
𝑖𝑣𝑧𝑝 , … , 𝑒

(𝑛̃𝑝−1)𝑖𝑣𝑧𝑝]}⟩ 

𝑘 = 1 when 𝐫 = 6, 𝑣 =
𝜋

3
, 𝜏 = 𝑒𝜋𝑖/3, 𝐠 = (

1 −1
1 0

)

𝑘 = 2 when 𝐫 = 4, 𝑣 =
𝜋

2
, 𝜏 = 𝑖, 𝐠 = (

0 −1
1 0

)

𝑘 = 3 when 𝐫 = 3, 𝑣 =
2𝜋

3
, 𝜏 = 𝑒𝜋𝑖/3, 𝐠 = (

0 −1
1 −1

)}
 
 

 
 

 

  

  

 𝜁0,0 = 0, 𝜁1,0 =
1

2
, 𝜁0,1 =

1

2
𝑖, 𝜁1,1 =

1

2
+
1

2
𝑖, (modℤ + ℤ𝑖) 

  

  



pág. 1772 
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 𝒰: (𝑧, 𝑥3) ↦ (𝑧 +
1

𝑘
+
1

𝑘
𝜏, 𝑥3) ,  

 𝒰|[0]⟩ = |[
1

2
+
1

2
𝑖]⟩ , 𝒰 |[

1

2
+
1

2
𝑖]⟩ = |[0]⟩, 

  

  

  

  



pág. 1774 

  

𝜂 = [𝑡 ↦ (𝑧 = 0, 𝑥3 = 2𝜋𝑅𝑡)]

𝛼𝑎 = [𝑡 ↦ (𝑧 = 𝑡, 𝑥3 = 0)]

𝛼𝑏 = [𝑡 ↦ (𝑧 = 𝑡𝜏, 𝑥3 = 0)]
}  0 ≤ 𝑡 < 1  

𝛼𝑎𝛼𝑏 = 𝛼𝑏𝛼𝑎, 𝜂
−1𝛼𝑎𝜂 = 𝛼𝑎

𝐚𝛼𝑏
𝐛, 𝜂−1𝛼𝑏𝜂 = 𝛼𝑎

𝐜𝛼𝑏
𝐝, 

𝛼‾𝑎 = 𝛼‾𝑎
𝐚𝛼‾𝑏

𝐛, 𝛼‾𝑏 = 𝛼‾𝑎
𝐜𝛼‾𝑏

𝐝 

𝛽𝑎 = 𝐚𝛽𝑎 + 𝐛𝛽𝑏 , 𝛽𝑏 = 𝐜𝛽𝑎 + 𝐝𝛽𝑏  

𝜏 = 𝑖, 𝑣 =
𝜋

2
, 𝐠 = 𝐠′ ≡ (

0 −1
1 0

), 𝑘 = 2, 𝛽𝑎 = −𝛽𝑏 = −𝛽𝑎, 𝐻1(𝑊) = ℤ⊕ ℤ2, 𝜚 ∈ ℤ, 𝛽𝑎 ∈ ℤ2 

𝜏 = 𝑒𝜋𝑖/3, 𝑣 =
𝜋

3
, 𝐠 = 𝐠′′ ≡ (

1 −1
1 0

), 𝑘 = 1, 𝛽𝑏 = 𝛽𝑎, 𝛽𝑎 = 𝛽𝑎 − 𝛽𝑏 , 𝛽𝑎 = 𝛽𝑏 = 0, 𝐻1(𝑊) = ℤ𝜚 

𝜏 = 𝑒𝜋𝑖/3, 𝑣 =
2𝜋

3
, 𝐠 = −𝐠′′−1 = (

0 −1
1 −1

), 𝑘 = 3, 𝛽𝑏 = −𝛽𝑎, 𝛽𝑎 = 𝛽𝑏 − 𝛽𝑎 , 𝐻1(𝑊) = ℤ⊕ ℤ3, 𝜚 ∈ ℤ, 𝛽𝑎 ∈ ℤ3 

[𝑡 ↦ (𝑧 = 0, 𝑥3 = 2𝜋𝑡𝑅)] 

[𝑡 ↦ (𝑧 =
1

2
+
1

2
𝑖, 𝑥3 = 2𝜋𝑡𝑅)] 

𝒱 → 𝑒𝑖𝜙𝒱  

𝒱𝑘 = 𝒰𝑘 = 1.  

𝒱𝒰𝒱−1𝒰−1 = 𝑒
2𝜋𝑖𝑛
𝑘 ,  

𝒱|[0]⟩ = |[0]⟩, 𝒱 |[
1

2
+
1

2
𝑖]⟩ = − |[

1

2
+
1

2
𝑖]⟩. 
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(𝑧, 𝑥3, 𝜁1, 𝜁2, 𝜁3) ∼ (𝑒
𝑖𝑛̃𝑣𝑧, 𝑥3 + 2𝜋𝑛̃𝑅, 𝑒

𝑖𝑛̃𝑣𝜁1, 𝑒
𝑖𝑛̃𝑣𝜁2, 𝑒

𝑖𝑛̃𝑣𝜁3), 𝑣 ≡
2𝜋

𝐫
 

(𝑧, 𝑦) ↦ (𝑒𝑖𝑣𝑧, 𝑦 + 2𝜋𝑅) 

𝑍(𝜎 + 2𝜋, 𝜂) = 𝑒𝑖𝑛̃𝑣𝑍(𝜎, 𝜂) +𝑀𝑎 +𝑀𝑏𝜏, 𝑌(𝜎 + 2𝜋, 𝜂) = 𝑌(𝜎, 𝜂) + 2𝜋𝑛̃𝑅 

𝑌 = 𝑦0 + 𝑃𝑦𝜂 + 𝑛̃𝜎𝑅 + ∑  

𝑛′≠0

 
𝑖

𝑛′
𝛾−𝑛′𝑒

𝑖𝑛′(𝜂−𝜎) + ∑  

𝑛′≠0

 
𝑖

𝑛′
𝛾̃−𝑛′𝑒

𝑖𝑛′(𝜂+𝜎)

𝑍 = 𝜁𝑀𝑎,𝑀𝑏 + ∑  

𝑛′∈ℤ

 
𝑖

𝑛′ −
𝑛̃
𝐫

𝛼
−𝑛′+

𝑛̃
𝐫

𝑒
𝑖(𝑛′−

𝑛̃
𝐫
)(𝜂−𝜎)

+ ∑  

𝑛′∈ℤ

 
𝑖

𝑛′ +
𝑛̃
𝐫

𝛼̃
−𝑛′−

𝑛̃
𝐫

𝑒
𝑖(𝑛′+

𝑛̃
𝐫
)(𝜂+𝜎)

 

𝑒𝑖𝑣𝜁𝑀𝑎,𝑀𝑏 = 𝜁𝐝𝑀𝑎+𝐛𝑀𝑏,𝐜𝑀𝑎+𝐚𝑀𝑏  

ℛ|𝜁𝑀𝑎,𝑀𝑏⟩ = |𝑒
𝑖𝑣𝜁𝑀𝑎,𝑀𝑏⟩ 

∑  

𝑛̃−1

𝑗=0

  |𝑒𝑖𝑗𝑣𝜁𝑀𝑎,𝑀𝑏⟩.  

|𝑒𝑖𝑛̃𝑣𝜁𝑀𝑎,𝑀𝑏⟩ = |𝜁𝑀𝑎,𝑀𝑏⟩ 

𝑒𝑖𝑛̃𝑣𝜁 − 𝜁 ∈ ℤ + ℤ𝜏  

𝒰̃(𝜁)|𝜁𝑀𝑎,𝑀𝑏⟩ = |𝜁𝑀𝑎,𝑀𝑏 + 𝜁⟩, 𝒱̃(𝜁)|𝜁𝑀𝑎,𝑀𝑏⟩ = 𝑒
4𝜋𝑖Re(𝜁∗𝜁𝑀𝑎,𝑀𝑏)|𝜁𝑀𝑎,𝑀𝑏⟩

 

𝒰̃(𝜁)𝒰̃(𝜁′) = 𝒰̃(𝜁′)𝒰̃(𝜁), 𝒱̃(𝜁)𝒱̃(𝜁′) = 𝒱̃(𝜁′)𝒱̃(𝜁) 

𝒰̃(𝜁)𝒱̃(𝜁′) = 𝑒−4𝜋𝑖Re(𝜁
∗𝜁′)𝒱̃(𝜁′)𝒰̃(𝜁) 

𝒰 = 𝒰̃ (
1

𝑘
+
1

𝑘
𝜏) , 𝒱 = 𝒱̃ (

1

𝑘
+
1

𝑘
𝜏) .  

∑  

𝑛̃−1

𝑗=0

𝒰̃(𝑒𝑖𝑗𝑣𝜁),∑  

𝑛̃−1

𝑗=0

𝒱̃(𝑒𝑖𝑗𝑣𝜁),∏  

𝑛̃−1

𝑗=0

𝒰̃(𝑒𝑖𝑗𝑣𝜁)𝒱̃(𝑒𝑖𝑗𝑣𝜁),⋯ 

𝜁0,0 = 0, 𝜁1,0 =
1

2
, 𝜁0,1 =

1

2
𝑖, 𝜁1,1 =

1

2
(1 + 𝑖) (modℤ + ℤ𝜏).  

𝒱̃𝑎 ≡ 𝒱̃(𝜁1,0), 𝒰̃𝑎 ≡ 𝒰̃(𝜁1,0), 𝒱̃𝑏 ≡ 𝒱̃(𝜁0,1), 𝒰̃𝑏 ≡ 𝒰̃(𝜁0,1),  

𝒱̃𝑎|𝜁𝑀𝑎,𝑀𝑏⟩ = (−1)
𝑀𝑎|𝜁𝑀𝑎,𝑀𝑏⟩, 𝒱̃𝑏|𝜁𝑀𝑎,𝑀𝑏⟩ = (−1)

𝑀𝑏|𝜁𝑀𝑎,𝑀𝑏⟩

𝒰̃𝑎|𝜁𝑀𝑎,𝑀𝑏⟩ = |𝜁𝑀𝑎+1,𝑀𝑏⟩, 𝒰̃𝑏|𝜁𝑀𝑎,𝑀𝑏⟩ = |𝜁𝑀𝑎,𝑀𝑏+1⟩,
}  

|𝐾𝑎, 𝐾𝑏⟩ ≡
1

2
∑  

𝑀𝑎,𝑀𝑏∈ℤ2

  (−1)𝐾𝑎𝑀𝑎+𝐾𝑏𝑀𝑏|𝜁𝑀𝑎,𝑀𝑏⟩  

𝒰 ≡ 𝒰̃(𝜁1,1) = 𝒰̃𝑎𝒰̃𝑏 , 𝒱 ≡ 𝒱̃(𝜁1,1) = 𝒱̃𝑎𝒱̃𝑏 
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𝑀‾𝑎 ≡ 𝑀𝑎 (mod2),𝑀‾𝑏 ≡ 𝑀𝑏 (mod2). 

  
 𝒰̃𝑎 + 𝒰̃𝑏 , 𝒱̃𝑎 + 𝒱̃𝑏, 𝒱̃𝑎𝒰̃𝑎 + 𝒱̃𝑏𝒰̃𝑏, … 

  

𝜁0,0 = 0, 𝜁1,0 =
𝑖

√3
, 𝜁0,1 = −

𝑖

√3
 (modℤ + ℤ𝜏) 

|𝜁0,0⟩,
1

√2
(|𝜁1,0⟩ + |𝜁0,1⟩) 

  

𝒱̃𝑎 ≡ 𝒱̃(𝜁1,0), 𝒰̃𝑎 ≡ 𝒰̃(𝜁1,0).  

𝒱̃𝑎
3 = 𝒰̃𝑎

3 = 1, 

𝒱̃𝑎|𝜁𝑀𝑎,𝑀𝑏⟩ ≡ 𝑒
2𝜋𝑖
3
(𝑀𝑏−𝑀𝑎)|𝜁𝑀𝑎,𝑀𝑏⟩, 𝒰̃𝑎|𝜁𝑀𝑎,𝑀𝑏⟩ = |𝜁𝑀𝑎+1,𝑀𝑏⟩.

 

𝒰̃𝑎 + 𝒰̃𝑎
−1, 𝒱̃𝑎 + 𝒱̃𝑎

−1, 𝒱̃𝑎𝒰̃𝑎 + 𝒱̃𝑎
−1𝒰̃𝑎

−1, … 

  

(
𝑥1
𝑥2
) ↦ 𝒢 (

𝑥1
𝑥2
) , 𝒢 ≡ (

𝐚̃𝐛̃

𝐜̃𝐝̃
) ∈ SL(2, ℤ),  

𝜌 →
𝐚̃𝜌 + 𝐛̃

𝐜̃𝜌 + 𝐝̃
 

SL(2, ℤ) ∖ SL(2, ℝ)/𝑆𝑂(2) 

𝜌 =
𝑖

𝛼IIA 
′ Area(𝑇2) +

1

2𝜋
∫  
𝑇2
 𝐵  
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𝒮 → (
0 −1
1 0

) ∈ SL(2, ℤ), 𝒮: 𝜌 → −
1

𝜌
 

𝒯 → (
1 1
0 1

) ∈ SL(2, ℤ), 𝒯: 𝜌 → 𝜌 + 1 

𝒮−1𝒱𝒮 = 𝒰, 𝒮−1𝒰𝒮 = 𝒱−1.  

𝒢−1𝒱𝒢 = 𝑒𝑖𝜙1𝒱d̃𝒰−c̃, 𝒢−1𝒰𝒢 = 𝑒𝑖𝜙2𝒱−b̃𝒰ã.  

𝒢 → 𝒰p̃𝒱q̃𝒢,  

𝜙1 → 𝜙1 +
2𝜋𝑛

𝑘
𝐩̃, 𝜙2 → 𝜙2 −

2𝜋𝑛

𝑘
𝐪̃. 

𝒯−1𝒱𝒯 = 𝒱, 𝒯−1𝒰𝒯 = 𝑒
𝑖𝜋𝑛(−1)𝑘+1(𝑘−1)

𝑘 𝒰𝒱−1.  

𝜁1,1 ≃ 𝜁0,0 = 0, 𝜁1,0 ≃ 𝜁0,1 ≃
1

2
(1 + 𝑖) (modℤ + ℤ𝜏) 

1

√2
(|𝜁0,0⟩ ± |𝜁1,1⟩) 

𝑍 → 𝑍 +
1

2
(1 + 𝑖). 

|𝜁0,0⟩ 
1

√2
(|𝜁0,0⟩ + |𝜁1,1⟩) 

|𝜁1,1⟩ to 
1

√2
(|𝜁0,0⟩ − |𝜁1,1⟩). 

𝒮−1𝒱̃𝑎𝒮 = 𝒰̃𝑏 , 𝒮
−1𝒱̃𝑏𝒮 = 𝒰̃𝑎

−1, 𝒮−1𝒰̃𝑎𝒮 = 𝒱̃𝑏 , 𝒮
−1𝒰̃𝑏𝒮 = 𝒱̃𝑎

−1

𝒯−1𝒱̃𝑎𝒯 = 𝒱̃𝑎, 𝒯
−1𝒱̃𝑏𝒯 = 𝒱̃𝑏 , 𝒯

−1𝒰̃𝑎𝒯 = 𝒰̃𝑎𝒱̃𝑏
−1, 𝒯−1𝒰̃𝑏𝒯 = 𝒰̃𝑏𝒱̃𝑎

 

𝒮|𝜁𝐾𝑎,𝐾𝑏⟩ =
1

2
∑  

𝑀𝑎,𝑀𝑏∈ℤ2

  (−1)𝐾𝑎𝑀𝑎+𝐾𝑏𝑀𝑏|𝜁𝑀𝑎,𝑀𝑏⟩ ≡ |𝐾𝑎, 𝐾𝑏⟩  

𝒯|𝜁𝐾𝑎,𝐾𝑏⟩ = (−1)
𝐾𝑎𝐾𝑏|𝜁𝐾𝑎,𝐾𝑏⟩.  

𝒮−1𝒱̃𝑎𝒮 = 𝒰̃𝑎, 𝒮
−1𝒰̃𝑎𝒮 = 𝒱̃𝑎

−1, 𝒯−1𝒱̃𝑎𝒯 = 𝒱̃𝑎, 𝒯
−1𝒰̃𝑎𝒯 = 𝑒

2𝜋𝑖
3 𝒰̃𝑎𝒱̃𝑎,

 

𝜔𝐹 ≡
1

2𝑖Im𝜏
𝑑𝑧 ∧ 𝑑𝑧‾ 

𝐵 → 𝐵 + 𝜔𝐹 

𝜕Σ = (⋃  

𝑝

𝑖=1

  𝛾𝑖
−1)⋃ (⋃  

𝑞

𝑗=1

  𝛾𝑗
′) ,  

𝑒𝑖Φ(𝛾1
−1,𝛾2

−1,⋯,𝛾𝑝
−1,𝛾1

′ ,𝛾2
′ ,⋯,𝛾𝑞

′) ≡ exp (𝑖 ∫ 
Σ

 𝜔𝐹) 
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0 ≤ 𝑡 < 1, 

𝛾1 = [𝑡 ↦ (𝑧 = 0, 𝑥3 = 2𝜋𝑅𝑡)], 𝛾2 = [𝑡 ↦ (𝑧 =
1

2
(1 + 𝜏), 𝑥3 = 2𝜋𝑅𝑡)]. 

𝛾1
2 = [𝑡 ↦ (𝑧 = 0, 𝑥3 = 4𝜋𝑅𝑡)], 𝛾2

2 = [𝑡 ↦ (𝑧 =
1

2
(1 + 𝜏), 𝑥3 = 4𝜋𝑅𝑡)]. 

𝛼𝑎 = [𝑡 ↦ (𝑧 = 𝑡, 𝑥3 = 0)], 𝛼𝑏 = [𝑡 ↦ (𝑧 = 𝑡𝜏, 𝑥3 = 0)],

𝛼𝑎+𝑏 = [𝑡 ↦ (𝑧 = 𝑡(𝜏 + 1), 𝑥3 = 0)].
 

Φ(𝛾1
−1, 𝛾1

−1, 𝛾2, 𝛾2) ≡ Φ(𝛾1
−2, 𝛾2

2) (mod2𝜋). 

Φ(𝛾1
−2, 𝛾2

2, 𝛼𝑎+𝑏) ≡ 0 (mod2𝜋). 

Σ = [(𝜎, 𝜂) ↦ (𝑧 =
1

2
𝜎(1 + 𝜏), 𝑥3 = 4𝜋𝑅𝜂)] , 0 ≤ 𝜎, 𝜂 < 1, 

𝜕Σ = 𝛾1
−2 ∪ 𝛾2

2 ∪ 𝛼𝑎+𝑏∫ 
Σ

𝜔𝐹 = 0 

Φ(𝛼𝑎
−1, 𝛼𝑏

−1) ≡ 0 (mod2𝜋) 

Σ = [(𝜎, 𝜂) ↦ (𝑧 = 𝜎, 𝑥3 = 2𝜋𝑅𝜂)], 0 ≤ 𝜎, 𝜂 < 1 

Φ(𝛼𝑎
−1, 𝛼𝑏

−1, 𝛼𝑎+𝑏) ≡ 𝜋 (mod2𝜋) 

Φ(𝛾1
−2, 𝛾2

2) ≡ Φ(𝛼𝑎+𝑏) ≡ 𝜋 (mod2𝜋) 

𝛾3 = [𝑡 ↦ (𝑧 =
1

2
, 𝑥3 = 4𝜋𝑅𝑡)] 

Σ1 = [(𝜎, 𝜂) ↦ (𝑧 =
1

2
𝜎, 𝑥3 = 2𝜋𝑅𝜂)] , 0 ≤ 𝜎, 𝜂 < 1 

Σ2 = [(𝜎, 𝜂) ↦ (𝑧 =
1

2
𝜎𝜏, 𝑥3 = 2𝜋𝑅𝜂)] , 0 ≤ 𝜎, 𝜂 < 1 

𝛿 =

[
 
 
 
 
 
 
 

𝑡 ↦

{
 
 
 

 
 
 (𝑧 = 2𝑡, 𝑥3 = 0) 0 ≤ 𝑡 ≤

1

4

(𝑧 =
1

2
+ 2 (𝑡 −

1

4
) 𝜏, 𝑥3 = 0)

1

4
≤ 𝑡 ≤

1

2

(𝑧 = 2 (
3

4
− 𝑡) +

1

2
𝜏, 𝑥3 = 0)

1

2
≤ 𝑡 ≤

3

4

(𝑧 = 2(1 − 𝑡)𝜏, 𝑥3 = 0)
3

4
≤ 𝑡 ≤ 1}

 
 
 

 
 
 

]
 
 
 
 
 
 
 

 

𝜕(Σ1 ∪ Σ2) = 𝛾1
−1 ∪ 𝛾2

−1 ∪ 𝛾3 ∪ 𝛿,  and  ∫  
Σ1∪Σ2

𝜔𝐹 = 0 

Φ(𝛾1
−1, 𝛾2

−1, 𝛾3) ≡ −Φ(𝛿) ≡ −
𝜋

2
 (mod2𝜋) 
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[𝜓‾𝑎
𝛼̇(𝑥0, 𝑥1, 𝑥2, 𝑥3 + 2𝜋𝑅)]

∗
 = 𝑖Λ−1𝜓𝛼

𝑎(𝑥0, 𝑥1, 𝑥2, 𝑥3)Λ, 𝑎 = 1,… ,4

[Φ𝐼(𝑥0, 𝑥1, 𝑥2, 𝑥3 + 2𝜋𝑅)]
∗  = −Λ−1Φ𝐼(𝑥0, 𝑥1, 𝑥2, 𝑥3)Λ, 𝐼 = 1…6

−𝐴𝜇
∗ (𝑥0, 𝑥1, 𝑥2, 𝑥3 + 2𝜋𝑅)  = Λ

−1𝐴𝜇(𝑥0, 𝑥1, 𝑥2, 𝑥3)Λ − 𝑖Λ
−1𝜕𝜇Λ

 

𝑔 = 𝑃exp (𝑖 ∮ 𝐴

𝐶

) 

𝑔 ↦ [Ω−1𝑔Ω]∗ 

𝑔 = [Ω−1𝑔Ω]∗ 

  

𝒰1 |[
1

2
𝑀 +

1

2
𝑁𝜏]⟩ = |[

1

2
(1 − 𝑀) +

1

2
𝑁𝜏]⟩

𝒰2 |[
1

2
𝑀 +

1

2
𝑁𝜏]⟩ = |[

1

2
𝑀 +

1

2
(1 − 𝑁)𝜏]⟩

}  

𝒱1 |[
1

2
𝑀 +

1

2
𝑁𝜏]⟩ = (−1)𝑀 |[

1

2
𝑀 +

1

2
𝑁𝜏]⟩

𝒱2 |[
1

2
𝑀 +

1

2
𝑁𝜏]⟩ = (−1)𝑁 |[

1

2
𝑀 +

1

2
𝑁𝜏]⟩

}  

𝒰1 = (−1)
𝐦1 , 𝒰2 = (−1)

𝐞1 , 𝒱1 = (−1)
𝐞2 , 𝒱2 = (−1)

𝐦2  

𝐴1 → 𝐴1, 𝐴2 → 𝐴2 +
1

2𝐿2
 

𝐴1 → 𝐴1 +
1

2𝐿1
, 𝐴2 → 𝐴2 

𝒱1|𝑤1, 𝑤2⟩ = |𝑤1, −𝑤2⟩, 𝒰2|𝑤1, 𝑤2⟩ = |−𝑤1, 𝑤2⟩  

|[
1

2
𝑀 +

1

2
𝑁𝜏]⟩

⊠
=
1

√2
∑  

𝑀′=0,1

  (−1)𝑀
′𝑀|(−1)𝑁, (−1)𝑀

′
⟩
⊡  

𝒰1|𝑤1, 𝑤2⟩ = 𝑤2|𝑤1, 𝑤2⟩, 𝒱2|𝑤1, 𝑤2⟩ = 𝑤1|𝑤1, 𝑤2⟩.  

Λ → Λ𝑒
𝑖𝑥1
𝐿1  

𝒮|𝑤1, 𝑤2⟩ = |𝑤2, 𝑤1⟩, 𝒯|𝑤1, 𝑤2⟩ = |𝑤1, 𝑤1𝑤2⟩ 

|[𝑧, −𝑧]⟩, |[𝑧,
1

2
− 𝑧]⟩ , |[𝑧,

1

2
𝜏 − 𝑧]⟩ , |[𝑧,

1

2
+
1

2
𝜏 − 𝑧]⟩, 

𝒰1 |{[
1

2
𝑀 +

1

2
𝑁𝜏] , [

1

2
𝑀′ +

1

2
𝑁′𝜏]}⟩ = |[

1

2
(1 −𝑀) +

1

2
𝑁𝜏] , [

1

2
(1 − 𝑀′) +

1

2
𝑁′𝜏]⟩

𝒰2 |{[
1

2
𝑀 +

1

2
𝑁𝜏] , [

1

2
𝑀′ +

1

2
𝑁′𝜏]}⟩ = |[

1

2
𝑀 +

1

2
(1 − 𝑁)𝜏] , [

1

2
𝑀′ +

1

2
(1 − 𝑁′)𝜏]⟩

} ,  

𝒱1 |{[
1

2
𝑀 +

1

2
𝑁𝜏] , [

1

2
𝑀′ +

1

2
𝑁′𝜏]}⟩ = (−1)𝑀+𝑀

′
|{[
1

2
𝑀 +

1

2
𝑁𝜏] , [

1

2
𝑀′ +

1

2
𝑁′𝜏]}⟩

𝒱2 |{[
1

2
𝑀 +

1

2
𝑁𝜏] , [

1

2
𝑀′ +

1

2
𝑁′𝜏]}⟩ = (−1)𝑁+𝑁

′
|{[
1

2
𝑀 +

1

2
𝑁𝜏] , [

1

2
𝑀′ +

1

2
𝑁′𝜏]}⟩

} .  

−𝜙∗ = (𝑖𝜎2)
−1𝜙(𝑖𝜎2). 

𝐞1
′𝐦2

′ − 𝐞2
′𝐦1

′ = 𝐞1
′𝐦3

′ − 𝐞3
′𝐦1

′ = 𝐞2
′𝐦3

′ − 𝐞3
′𝐦2

′ = 0.  
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𝐞1
′𝐦2

′ − 𝐞2
′𝐦1

′ = 0.  

𝐴𝑈(2) = (

𝐦2

2𝐿1
𝑑𝑥1 +

𝐦1

2𝐿2
𝑑𝑥2 0

0 0

) , Λ = (𝑒
−
𝑖𝐦2𝑥1
𝐿1

−
𝑖𝐦1𝑥2
𝐿2 0

0 1
) 

𝒰1 ≡ (−1)
𝐦1 , 𝒱2 ≡ (−1)

𝐦2  

Λ = 𝑒
−
𝑖𝐦2𝑥1
2𝐿1

−
𝑖𝐦1𝑥2
2𝐿2 (𝑒

−
𝑖𝐦2𝑥1
2𝐿1

−
𝑖𝐦1𝑥2
2𝐿2 0

0 𝑒
𝑖𝐦2𝑥1
2𝐿1

+
𝑖𝐦1𝑥2
2𝐿2

) 

0 = 𝐦1 +𝐦1
′ = 𝐦2 +𝐦2

′  (mod2).  

Λ̃ = (𝑒
𝑖𝑥1
𝐿1 0
0 1

) = 𝑒
𝑖𝑥1
2𝐿1 (𝑒

𝑖𝑥1
2𝐿1 0

0 𝑒
−
𝑖𝑥1
2𝐿1

)  

𝒰2
2(−1)𝐞1

′
= 𝒱1

2(−1)𝐞2
′
= 1  

(𝑒
𝑖𝑥1
2𝐿1 0

0 𝑒
𝑖𝑥1
2𝐿1

) 

𝒰1
2 = 𝒱2

2 = 1,𝒰1𝒰2 = 𝒰2𝒰1, 𝒱1𝒱2 = 𝒱2𝒱1,

𝒰𝑖𝒱𝑗 = (−1)
𝛿𝑖𝑗𝒱𝑗𝒰𝑖 , 𝑖, 𝑗 = 1,2,

 

𝒱1
4 = 𝒰2

4 = 1,  

𝒰2
2 = (−1)𝐞1

′
, 𝒱1

2 = (−1)𝐞2
′
 

{
 

 
𝒰1|𝑤1, 𝑤2, 𝐞1, 𝐞2⟩ = 𝑤2|𝑤1, 𝑤2, 𝐞1, 𝐞2⟩

𝒰2|𝑤1, 𝑤2, 𝐞1, 𝐞2⟩ = 𝑖
𝐞1|−𝑤1, 𝑤2, 𝐞1, 𝐞2⟩

𝒱1|𝑤1, 𝑤2, 𝐞1, 𝐞2⟩ = 𝑖
𝐞2|𝑤1, −𝑤2, 𝐞1, 𝐞2⟩

𝒱2|𝑤1, 𝑤2, 𝐞1, 𝐞2⟩ = 𝑤1|𝑤1, 𝑤2, 𝐞1, 𝐞2⟩

 

|𝐞1
′ , 𝐞2

′ , 𝐦1
′ , 𝐦2

′ ⟩𝑈(2)≡  

∣ 𝑤1 = (−1)
𝐦2
′
, 𝑤2= (−1)

𝐦1
′
, 𝐞1
′ , 𝐞2

′ ⟩
𝑈(1)

⊗ |𝐞1
′ , 𝐞2

′ , 0,𝐦1
′ , 𝐦2

′ , 0⟩𝑆𝑈(2),
 

𝐞1
′ , 𝐞2

′ , 𝐦1
′ , 𝐦2

′ ∈ ℤ2, 𝐞3
′ = 𝐦3

′ = 0 

|{[
1

2
𝑀 +

1

2
𝑁𝜏] , [

1

2
𝑀′ +

1

2
𝑁′𝜏]}⟩ 

𝒰1 = 𝒰1, 𝒰2 = 𝒰2
2, 𝒱1 = 𝒱1

2, 𝒱2 = 𝒱2. 

|{[
1

2
𝑀 +

1

2
𝑁𝜏] , [

1

2
𝑀′ +

1

2
𝑁′𝜏]}⟩

hadronization
=

1

2
∑  

1

𝐾=0

 ∑  

1

𝐿=0

  (−1)𝑀𝐾+𝑁𝐿|𝐞1
′ = 𝐿, 𝐞2

′ = 𝑀 −𝑀′, 𝐦1
′ = 𝐾,𝐦2

′ = 𝑁 − 𝑁′⟩𝑈(2)

 

|𝐞1
′ , 𝐞2

′ , 𝐦1
′ , 𝐦2

′ ⟩𝑈(2) =

 
1

2
∑  

1

𝑀=0

 ∑  

1

𝑁=0

  (−1)𝑀𝐦1
′+𝑁𝐞1

′
|{[
1

2
𝑀 +

1

2
𝑁𝜏] , [

1

2
(𝑀 + 𝐞2

′ ) +
1

2
(𝑁 +𝐦2

′ )𝜏]}⟩
hadronization

.
 

𝜓𝛼
𝑎(𝑥0, 𝑥1, 𝑥2, 𝑥3 + 2𝜋𝑅) = 𝑒

𝑖𝜑𝑎𝜓𝛼
𝑎(𝑥0, 𝑥1, 𝑥2, 𝑥3), 𝑎 = 1,… ,4.

𝑍𝑗(𝑥0, 𝑥1, 𝑥2, 𝑥3 + 2𝜋𝑅) = 𝑒
𝑖(𝜑𝑗+𝜑4)𝑍𝑗(𝑥0, 𝑥1, 𝑥2, 𝑥3), 𝑗 = 1,2,3.
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𝐴(0) ≡ ∑  

2

𝜇=0

𝐴𝜇(𝑥0, 𝑥1, 𝑥2, 𝑥3 = 0)𝑑𝑥
𝜇 , 𝐴(2𝜋𝑅) ≡ ∑  

2

𝜇=0

𝐴𝜇(𝑥0, 𝑥1, 𝑥2, 𝑥3 = 2𝜋𝑅)𝑑𝑥
𝜇 

𝐼𝑆(𝐠
′) =

1

2𝜋
∫  𝐴(0) ∧ 𝑑𝐴(2𝜋𝑅)  

Ψ(𝐴) → Ψ̃(𝐴̃) = ∫  [𝒟𝐴]exp {
𝑖

2𝜋
∫  𝐴 ∧ 𝑑𝐴̃}Ψ(𝐴)  

𝐸𝑖 → 𝐵𝑖 , 𝐵𝑖 → −𝐸𝑖  

𝐼𝑆(−𝐠
′) = −

1

2𝜋
∫  𝐴(0) ∧ 𝑑𝐴(2𝜋𝑅)

 For 𝐠 = 𝐠′′ ≡ (
1 −1
1 0

) = (
1 1
0 1

) 𝐠′ we get 

𝐼𝑆(𝐠
′′) =

1

4𝜋
∫  {−𝐴(2𝜋𝑅) ∧ 𝑑𝐴(2𝜋𝑅) + 2𝐴(0) ∧ 𝑑𝐴(2𝜋𝑅)}

 

Ψ(𝐴) → exp {−
𝑖

4𝜋
∫  𝐴 ∧ 𝑑𝐴}Ψ(𝐴) 

𝐠 = −𝐠′′ = (
1 1
0 1

) (𝐠′)−1 

𝐼𝑆(−𝐠
′′) =

1

4𝜋
∫  {−𝐴(2𝜋𝑅) ∧ 𝑑𝐴(2𝜋𝑅) − 2𝐴(0) ∧ 𝑑𝐴(2𝜋𝑅)}  

𝐼𝑆 →
2 − 𝐚 − 𝐝

4𝜋𝐜
∫  𝐴 ∧ 𝑑𝐴 

𝑘 ≡ (2 − 𝐚 − 𝐝)/𝐜  

𝜏 = 𝑖, 𝑣 =
𝜋

2
, 𝐠 = 𝐠′ ≡ (

0 −1
1 0

) 

𝜏 = 𝑒𝜋𝑖/3, 𝑣 =
𝜋

3
, 𝐠 = 𝐠′′ ≡ (

1 −1
1 0

) 

𝜏 = 𝑒𝜋𝑖/3, 𝑣 =
2𝜋

3
, 𝐠 = −𝐠′′−1 = (

0 −1
1 −1

) 

0 ≤ 𝑥0 < 2𝜋𝐿0, 0 ≤ 𝑥1 < 2𝜋𝐿1, 0 ≤ 𝑥2 < 2𝜋𝐿2 

𝐴 =
𝐦0𝑥1
2𝜋𝐿1𝐿2

𝑑𝑥2 +
𝐦1𝑥2
2𝜋𝐿2𝐿0

𝑑𝑥0 +
𝐦2𝑥0
2𝜋𝐿0𝐿1

𝑑𝑥1 + 𝐴
′ 

𝐴̃ =
𝐦̃0𝑥1
2𝜋𝐿1𝐿2

𝑑𝑥2 +
𝐦̃1𝑥2
2𝜋𝐿2𝐿0

𝑑𝑥0 +
𝐦̃2𝑥0
2𝜋𝐿0𝐿1

𝑑𝑥1 + 𝐴̃
′ 

Ψ(𝐴′;𝐦0,𝐦1, 𝐦2) →

Ψ̃(𝐴̃; 𝐦̃0, 𝐦̃1, 𝐦̃2) = ∑  

𝐦0∈ℤ

  ∑  

𝐦1∈ℤ

  ∑  

𝐦2∈ℤ

 ∫  [𝒟𝐴′]exp {

𝑖 ∫  𝐴′ ∧ (
𝐦̃0

4𝜋2𝐿1𝐿2
𝑑𝑥1 ∧ 𝑑𝑥2 +

𝐦̃1

4𝜋2𝐿2𝐿0
𝑑𝑥2 ∧ 𝑑𝑥0 +

𝐦̃2

4𝜋2𝐿0𝐿1
𝑑𝑥0 ∧ 𝑑𝑥1)

−𝑖 ∫  𝐴̃′ ∧ (
𝐦0

4𝜋2𝐿1𝐿2
𝑑𝑥1 ∧ 𝑑𝑥2 +

𝐦1

4𝜋2𝐿2𝐿0
𝑑𝑥2 ∧ 𝑑𝑥0 +

𝐦2

4𝜋2𝐿0𝐿1
𝑑𝑥0 ∧ 𝑑𝑥1) 

+
𝑖

2𝜋
∫  𝐴′ ∧ 𝑑𝐴̃′}Ψ(𝐴′;𝐦0, 𝐦1, 𝐦2)

 

𝑖

2𝜋
∫  𝐴 ∧ 𝑑𝐴̃ + 𝑖𝜋(𝐦0𝐦̃1 +𝐦1𝐦̃2 +𝐦2𝐦̃0) +

𝑖𝐦0

𝐿2
∫  𝐴̃0(𝑥0, 0, 𝑥2)𝑑𝑥0𝑑𝑥2

+
𝑖𝐦1

𝐿0
∫  𝐴̃1(𝑥0, 𝑥1, 0)𝑑𝑥0𝑑𝑥1 +

𝑖𝐦2

𝐿1
∫  𝐴̃2(0, 𝑥1, 𝑥2)𝑑𝑥1𝑑𝑥2
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𝐦0 = ∫  𝑑𝐴 ∧ 𝛿(𝑥0)𝑑𝑥0  

𝐦1 = ∫  𝑑𝐴 ∧ 𝛿(𝑥1)𝑑𝑥1 =
1

2𝜋𝐿1
∫  𝑑𝐴 ∧ 𝑑𝑥1

𝐦2 = ∫  𝑑𝐴 ∧ 𝛿(𝑥2)𝑑𝑥2 =
1

2𝜋𝐿2
∫  𝑑𝐴 ∧ 𝑑𝑥2

 

𝐦̃0 = ∫  𝑑𝐴̃ ∧ 𝛿(𝑥0)𝑑𝑥0  

𝐦̃1 = ∫  𝑑𝐴̃ ∧ 𝛿(𝑥1)𝑑𝑥1 =
1

2𝜋𝐿1
∫  𝑑𝐴̃ ∧ 𝑑𝑥1

𝐦̃2 = ∫  𝑑𝐴̃ ∧ 𝛿(𝑥2)𝑑𝑥2 =
1

2𝜋𝐿2
∫  𝑑𝐴̃ ∧ 𝑑𝑥2

 

(−1)𝐞1+𝐦1  

𝑒
2𝜋𝑖
𝑘
(𝐞𝑗+𝐦𝑗) 

𝐴 → 𝐴 +
𝑑𝑥1
2𝐿1

 

𝐴′ → 𝐴′ +
𝑑𝑥1
2𝐿1

, 𝐴̃′ → 𝐴̃′ +
𝑑𝑥1
2𝐿1

 

𝑖

2
∫  [𝐹02(𝑥3 = 0) − 𝐹02(𝑥3 = 2𝜋𝑅)]𝑑𝑥0𝑑𝑥2 

𝑖𝜋 ∫  [𝐴2(𝑥3 = 2𝜋𝑅, 𝑥0 = ∞) − 𝐴2(𝑥3 = 0, 𝑥0 = ∞)]𝑑𝑥
2

 −𝑖𝜋∫  [𝐴2(𝑥3 = 2𝜋𝑅, 𝑥0 = −∞) − 𝐴2(𝑥3 = 0, 𝑥0 = −∞)]𝑑𝑥
2

 

exp {𝑖𝜋 ∫  𝐹23𝑑𝑥2𝑑𝑥3} →
𝐴3=0 

exp {𝑖𝜋 (∫  [𝐴2(𝑥3 = 2𝜋𝑅) − 𝐴2(𝑥3 = 0)]𝑑𝑥
2)} 

𝐼 =
𝑘

4𝜋
∫  𝐴 ∧ 𝑑𝐴 

𝜔 ≡ 𝑒
2𝜋𝑖
𝑘  

𝒲1 = exp {∫  
2𝜋𝐿1

0

 𝐴1(𝑡, 0)𝑑𝑡} ,𝒲2 = exp {∫  
2𝜋𝐿2

0

 𝐴2(0, 𝑡)𝑑𝑡}  

𝒲1 =

(

 
 

1
𝜔
⋱

𝜔𝑘−2

𝜔𝑘−1)

 
 
,𝒲2 =

(

 
 

1
1

1
⋱

1)

 
 

 

𝒲1𝒲2 = 𝜔𝒲2𝒲1,𝒲1
𝑘 = 𝒲2

𝑘 = 1  

|𝑝⟩, 𝑝 = 0,… , 𝑘 − 1 ∈ ℤ/𝑘ℤ,  

𝒲1|𝑝⟩ = 𝜔
𝑝|𝑝⟩,𝒲2|𝑝⟩ = |𝑝 + 1⟩ 

(
𝑥1
𝑥2
) ↦ 𝒢 (

𝑥1
𝑥2
) , 𝒢 ≡ (

𝐚̃𝐛̃

𝐜̃𝐝̃
) ∈ SL(2, ℤ),  

𝒢−1𝒲1𝒢 = 𝒲2
−b̃𝒲1

ã, 𝒢−1𝒲2𝒢 = 𝒲2
d̃𝒲1

−c̃  
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𝒮|𝑝⟩ =
1

√𝑘
∑  

𝑞

 𝜔𝑝𝑞|𝑞⟩  

𝒮−1𝒲1𝒮 = 𝒲2, 𝒮
−1𝒲2𝒮 = 𝒲1

−1 

𝒯 ≡ (
1 1
0 1

) 

𝒯|𝑝⟩ = 𝑒
𝜋𝑖
𝑘
𝑝2|𝑝⟩, 𝑘 ≡ 0 (mod2)  

exp (
𝜋𝑖

𝑘
𝑝2) 

𝒯|𝑝⟩ = 𝑒
𝜋𝑖
𝑘
𝑝(𝑝+𝑘)|𝑝⟩.  

Λ1(𝑥1, 𝑥2) = 𝑒
𝑖𝜈𝑥1
𝐿1 , Λ2(𝑥1, 𝑥2) = 𝑒

𝑖𝜈𝑥2
𝐿2  

Ω1 = 𝑒
2𝜋𝑖𝜈𝐞1 , Ω2 = 𝑒

2𝜋𝑖𝜈𝐞2  

Ω1
−1𝒲1Ω1 = 𝑒

2𝜋𝑖𝜈𝒲1, Ω2
−1𝒲1Ω2 = 𝒲1, Ω1

−1𝒲2Ω1 =𝒲2, Ω2
−1𝒲2Ω2 = 𝑒

2𝜋𝑖𝜈𝒲2. 

𝜈 =
1

𝑘
, Λ1(𝑥1, 𝑥2) = 𝑒

𝑖𝑥1
𝑘𝐿1 , Λ2(𝑥1, 𝑥2) = 𝑒

𝑖𝑥2
𝑘𝐿2 ,  

Ω1 ≡𝒲2, Ω2 ≡ 𝒲1
−1,  

Ω1|𝑝⟩ = |𝑝 + 1⟩, Ω2|𝑝⟩ = 𝜔
−𝑝|𝑝⟩  

1

√𝑘
∑  

𝑘−1

𝑗=0

𝜔−𝑞𝑗|𝑗⟩ 

𝔞 ≡ −
𝑖𝜌2
𝜋
𝐴𝑧‾ =

1

2𝜋
(−𝜌𝐴1 + 𝐴2), 

𝔞̂† =
𝜌2
𝜋𝑘

𝜕

𝜕𝔞
, 𝔞̂ = 𝔞  

⟨𝜓 ∣ 𝜓⟩ = ∫  𝑒
−
𝜋𝑘
𝜌2
|𝔞|2

|𝜓|2𝑑2𝔞  

𝜓𝑝(𝔞) = 𝜃(𝑘𝔞 + 𝑝𝜌; 𝑘𝜌)𝑒
𝜋𝑘
2𝜌2

𝔞2+
1
𝑘
𝜋𝑖𝜌𝑝2+2𝜋𝑖𝑝𝔞  

𝜃(𝔞; 𝜌) ≡ ∑  

∞

𝑛=−∞

𝑒𝜋𝑖𝜌𝑛
2+2𝜋𝑖𝑛𝔞 

𝒲1𝜓(𝔞) = 𝑒
−
𝜋
𝜌2
𝔞−

𝜋
2𝑘𝜌2𝜓(𝔞 +

1

𝑘
) ,𝒲2𝜓(𝔞) = 𝑒

−
𝜋𝜌‾
𝜌2
𝔞−
𝜋|𝜌|2

2𝑘𝜌2𝜓 (𝔞 +
𝜌

𝑘
)  

𝑒
−
𝜋

𝜌2
𝔞−

𝜋

2𝑘𝜌2𝑒
−
𝜋𝜌‾

𝜌2
𝔞−

𝜋|𝜌|2

2𝑘𝜌2𝔞 → 𝔞 +
1

𝑘
 𝔞† → 𝔞† +

1

𝑘
𝑒
−
𝜋

𝜌2
𝔞
 

𝒯|𝑝⟩ = 𝑒
𝜋𝑖
𝑘
𝑝2|𝑝⟩  

𝜓𝑝(𝔞, 𝜌 + 1) = 𝑒
1
𝑘
𝜋𝑖𝑝2+𝜋𝑖𝑝𝑒

−
𝜋𝑘
2𝜌2

𝔞
𝑒
−
𝜋𝑘
8𝜌2𝜓𝑝 (𝔞 +

1

2
, 𝜌). 

𝒯𝜓(𝔞, 𝜌) ≡ 𝑒
−
𝜋𝑘
2𝜌2

𝔞−
𝜋𝑘
8𝜌2𝜓(𝔞 +

1

2
, 𝜌 + 1)  
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𝒯𝜓𝑝 = 𝑒
1
𝑘
𝜋𝑖𝑝2+𝜋𝑖𝑝𝜓𝑝 

𝒱 = 𝒲1, 𝒰 = 𝒲2.  

𝒲1 = 𝜔
−𝐞2 ,𝒲2 = 𝜔

𝐞1  

𝒰 = 𝑒
2𝜋𝑖
𝑘
(𝐞1+𝐦1).  

𝒱 = 𝑒−
2𝜋𝑖
𝑘
(𝐞2+𝐦2)  

𝑒2𝜋𝑖(𝑝1+𝑝10)/𝑘exp [
2𝜋𝑖

𝑘
(𝐞𝑗 +𝐦𝑗)] exp [

2𝜋𝑖

𝑘
𝐞𝑗] 

𝒰 = 𝜔𝐞1 , 𝒱 = 𝜔−𝐞2 ,  

  

  

  

𝐴 → (
𝐴

𝐴
⋱

) 

|𝑝⟩𝑈(1), 𝑝 = 0,… , 𝑘
′ − 1 

𝒲1 = exp {∫  
2𝜋𝐿1

0

 𝐴1(𝑥1, 0)𝑑𝑥1}  

𝒲1|𝑝⟩𝑈(1) = 𝑒
2𝜋𝑖𝑝
𝑘𝑛 |𝑝⟩𝑈(1) 

|𝜓⟩𝑈(𝑛) = ∑  

𝑘𝑛−1

𝑝=0

  |𝜓; 𝑝⟩𝑆𝑈(𝑛)⊗ |𝑝⟩𝑈(1)  

Ω𝑗(𝑥1, 𝑥2) = diag (𝑒

𝑖𝑥𝑗
𝐿𝑗 , 1,⋯ ,1), 

Ω𝑗
′(𝑥1, 𝑥2) = diag(𝑒

𝑖𝑥𝑗
𝑛𝐿𝑗 , 𝑒

𝑖𝑥𝑗
𝑛𝐿𝑗⋯ , 𝑒

𝑖𝑥𝑗
𝑛𝐿𝑗) ∈ 𝑈(1),

Ω𝑗
′′(𝑥1, 𝑥2) = diag(𝑒

(𝑛−1)𝑖𝑥𝑗
𝑛𝐿𝑗 , 𝑒

−
𝑖𝑥𝑗
𝑛𝐿𝑗 , ⋯ , 𝑒

−
𝑖𝑥𝑗
𝑛𝐿𝑗) ∈ 𝑆𝑈(𝑛),

 

Ω1
′ |𝑝⟩𝑈(1) = |𝑝 + 𝑘⟩𝑈(1), Ω2

′ |𝑝⟩𝑈(1) = 𝑒
−
2𝜋𝑖𝑝
𝑛 |𝑝⟩𝑈(1) 

Ω1
′′|𝜓; 𝑝⟩𝑆𝑈(𝑛) = |𝜓; 𝑝 + 𝑘⟩𝑆𝑈(𝑛), Ω2

′′|𝜓; 𝑝⟩𝑆𝑈(𝑛) = 𝑒
2𝜋𝑖𝑝
𝑛 |𝜓; 𝑝⟩𝑆𝑈(𝑛).  

Υ𝑗
(𝛼)(𝑥1, 𝑥2) = diag(𝑒

𝑖𝛼𝑥𝑗
𝑘′𝐿𝑗 ,⋯ , 𝑒

𝑖𝛼𝑥𝑗
𝑘′𝐿𝑗) ∈ 𝑈(1), 𝑗 = 1,2, 

(Υ1
(𝛼)
)
−1
𝒲1Υ1

(𝛼)
= 𝑒

2𝜋𝑖𝛼
𝑘′ 𝒲1, (Υ1

(𝛼)
)
−1
𝒲2Υ1

(𝛼)
=𝒲2

 

Υ1
(𝛼)
= 𝒲2

𝛼 , Υ2
(𝛼)
= 𝒲1

−𝛼 
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Υ2
(𝛼)
|𝜓⟩𝑈(𝑛) = ∑  

𝑘𝑛−1

𝑝=0

𝑒−
2𝜋𝑖𝛼𝑝
𝑘𝑛 |𝜓; 𝑝⟩𝑆𝑈(𝑛)⊗ |𝑝⟩𝑈(1) 

𝑒
2𝜋𝑖𝛼𝑝
𝑘𝑛 |𝜓; 𝑝⟩𝑆𝑈(𝑛) 

Υ1
(𝛼)
|𝜓⟩𝑈(𝑛) = ∑  

𝑘𝑛−1

𝑝=0

|𝜓; 𝑝 − 𝛼⟩𝑆𝑈(𝑛)⊗ |𝑝⟩𝑈(1) 

𝒦1 ≡ Υ1
(𝑛)
= 𝒲2

𝑛, 𝒦2 ≡ Υ2
(𝑛)
= 𝒲1

−𝑛  

𝒦1|𝜓⟩𝑈(𝑛)  = ∑  

𝑘𝑛−1

𝑝=0

  |𝜓; 𝑝 − 𝑛⟩𝑆𝑈(𝑛)⊗ |𝑝⟩𝑈(1)

𝒦2|𝜓⟩𝑈(𝑛)  = ∑  

𝑘𝑛−1

𝑝=0

 𝑒−
2𝜋𝑖𝑝
𝑘 |𝜓; 𝑝⟩𝑆𝑈(𝑛)⊗ |𝑝⟩𝑈(1)

 

𝒦1𝒦2 = 𝑒
2𝜋𝑖𝑛
𝑘 𝒦2𝒦1, (𝒦1)

𝑘 = (𝒦2)
𝑘 = 1 

𝒰 = 𝒦1, 𝒱 = 𝒦2
−1,  

𝒱|𝜓⟩𝑈(𝑛)  = ∑  

𝑘𝑛−1

𝑝=0

 𝑒
2𝜋𝑖𝑝
𝑘 |𝜓; 𝑝⟩𝑆𝑈(𝑛)⊗ |𝑝⟩𝑈(1)

𝒰|𝜓⟩𝑈(𝑛)  = ∑  

𝑘𝑛−1

𝑝=0

  |𝜓; 𝑝 − 𝑛⟩𝑆𝑈(𝑛)⊗ |𝑝⟩𝑈(1)

 

𝒯 = (
1 1
0 1

) , 𝒮 = (
0 −1
1 0

) 

𝒮|𝑝⟩𝑈(1)  =
1

√𝑘𝑛
∑  

𝑘𝑛−1

𝑞=0

  𝑒
2𝜋𝑖
𝑘𝑛
𝑝𝑞|𝑞⟩𝑈(1)

𝒯|𝑝⟩𝑈(1)  = {
𝑒
𝑖𝜋
𝑘𝑛
𝑝2|𝑝⟩𝑈(1)  for even 𝑘𝑛

𝑒
𝑖𝑛
𝑘𝑛
𝑝(𝑝+𝑘𝑛)|𝑝⟩𝑈(1)  for odd 𝑘𝑛

 

𝒯|𝜓⟩𝑈(𝑛) =

{
 
 

 
 
∑  

𝑘𝑛−1

𝑝=0

 𝑒
𝜋𝑖𝑝2

𝑘𝑛 𝒯|𝜓; 𝑝⟩𝑆𝑈(𝑛)⊗ |𝑝⟩𝑈(1)  for even 𝑘𝑛

∑  

𝑘𝑛−1

𝑝=0

 𝑒
𝜋𝑖𝑝(𝑝+𝑘𝑛)

𝑘𝑛 𝒯|𝜓; 𝑝⟩𝑆𝑈(𝑛)⊗ |𝑝⟩𝑈(1)  for odd 𝑘𝑛

 

𝒯−1Ω2
′′𝒯|𝜓; 𝑝⟩𝑆𝑈(𝑛) = 𝑒

2𝜋𝑖𝑝
𝑛 |𝜓; 𝑝⟩𝑆𝑈(𝑛)  

𝒯−1Ω1
′′𝒯|𝜓; 𝑝⟩𝑆𝑈(𝑛) = {

𝑒
2𝜋𝑖𝑝
𝑛
+
𝜋𝑖𝑘
𝑛 |𝜓; 𝑝 + 𝑘⟩𝑆𝑈(𝑛)  for even 𝑘𝑛

𝑒
2𝜋𝑖𝑝
𝑛
+
𝜋𝑖𝑘(𝑛+1)

𝑛 |𝜓; 𝑝 + 𝑘⟩𝑆𝑈(𝑛)  for odd 𝑘𝑛

 

𝒯−1Ω2
′′𝒯 = Ω2

′′, 𝒯−1Ω1
′′𝒯 = {

𝑒−
𝜋𝑖𝑘
𝑛 Ω2

′′Ω1
′′  for even 𝑘𝑛

𝑒
𝜋𝑖𝑘(𝑛−1)

𝑛 Ω2
′′Ω1

′′ for odd 𝑘𝑛

  

𝒮−1Ω1
′′𝒮 = Ω2

′′, 𝒮−1Ω2
′′𝒮 = (Ω1

′′)−1  

[𝑈(1)𝑘′ × 𝑆𝑈(𝑛)𝑘]/ℤ𝑛 
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ℋ([𝑈(1)𝑘𝑛 × 𝑆𝑈(𝑛)𝑘]/ℤ𝑛) ≃ ℋ(𝑈(1)𝑘)
⊗𝑛/𝑆𝑛  

dimℋ([𝑈(1)𝑘𝑛 × 𝑆𝑈(𝑛)𝑘]/ℤ𝑛)  = 𝑘𝑛 (
𝑛 + 𝑘 − 1

𝑘
)
1

𝑛2
= (

𝑛 + 𝑘 − 1

𝑘 − 1
)

 = dim[ℋ(𝑈(1)𝑘)
⊗𝑛]

𝑆
.

 

Ψ𝑝1,…,𝑝𝑛(𝔞1, … , 𝔞𝑛) ≡ ∑  

𝜎∈𝑆𝑛

 ∏  

𝑛

𝑖=1

 𝜓𝑝𝑖(𝔞𝜎(𝑖)).  

  

  

𝒮 =

(

 
 
 
 

1

2

1

√2

1

2
1

√2
0 −

1

√2
1

2
−
1

√2

1

2 )

 
 
 
 

,𝒯 = (

1 0 0

0 𝑒
𝜋𝑖
4 0

0 0 −1

)  

Ω1
′′ = (

0 0 1
0 1 0
1 0 0

) , Ω2
′′ = (

1 0 0
0 −1 0
0 0 1

)  

𝜓𝑝,𝑘(𝔞) = 𝜃(𝑘𝔞 + 𝑝𝜌; 𝑘𝜌)𝑒
𝜋𝑘
2𝜌2

𝔞2+
1
𝑘
𝜋𝑖𝜌𝑝2+2𝜋𝑖𝑝𝔞

, 𝑝 = 0,… , 𝑘 − 1.  

  

𝜃(𝑧1; 𝜏)𝜃(𝑧2; 𝜏) = 𝜃(𝑧1 + 𝑧2; 2𝜏)𝜃(𝑧1 − 𝑧2; 2𝜏) + 𝑒
𝜋𝑖(𝜏+2𝑧2)𝜃(𝑧1 + 𝑧2 + 𝜏; 2𝜏)𝜃(𝑧1 − 𝑧2 − 𝜏; 2𝜏) 

𝜓𝑝1,𝑘(𝔞1)𝜓𝑝2,𝑘(𝔞2) + 𝜓𝑝1,𝑘(𝔞2)𝜓𝑝2,𝑘(𝔞1)

=𝜓𝑝1+𝑝2,2𝑘 (
𝔞1 + 𝔞2
2

) [𝜓𝑝1−𝑝2,2𝑘 (
𝔞1 − 𝔞2
2

) + 𝜓𝑝2−𝑝1,2𝑘 (
𝔞1 − 𝔞2
2

)]

 +𝜓𝑝1+𝑝2+𝑘,2𝑘 (
𝔞1 + 𝔞2
2

) [𝜓𝑝1−𝑝2−𝑘,2𝑘 (
𝔞1 − 𝔞2
2

) + 𝜓𝑝2−𝑝1+𝑘,2𝑘 (
𝔞1 − 𝔞2
2

)]

 

|𝑝⟩𝑈(1) → 𝜓𝑝,2𝑘 (
𝔞1 + 𝔞2
2

) 

|𝑎⟩𝑆𝑈(2)→ 𝜓0,4 (
𝔞1 − 𝔞2
2

)  

|𝑏⟩𝑆𝑈(2) →
1

√2
[𝜓1,4 (

𝔞1 − 𝔞2
2

) + 𝜓3,4 (
𝔞1 − 𝔞2
2

)]

|𝑐⟩𝑆𝑈(2) → 𝜓2,4 (
𝔞1 − 𝔞2
2

)
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𝒯 = (

1 0
0 𝑒−𝜋𝑖/2

) , 𝒮 =
1

√2
(
1 1
1 −1

) ,

Ω1
′′ = (

0 1
1 0

) , Ω2
′′ = (

1 0
0 −1

) .
 

  

𝒯 = (

1 0 0 0
0 𝑒𝜋𝑖/2 0 0
0 0 𝑒−5𝜋𝑖/6 0
0 0 0 𝑒2𝜋𝑖/3

) , 𝒮 =
1

√6

(

 
 
1 1 √2 √2

1 −1 −√2 √2

√2 −√2 1 −1

√2 √2 −1 −1)

 
 
,

Ω1
′′ = (

0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

) , Ω2
′′ = (

1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1

) .

 

𝒮𝑉|𝑚⟩ = √
2

𝑘 + 2
∑  

𝑚′

 sin 
𝜋(𝑚 + 1)(𝑚′ + 1)

𝑘 + 2
|𝑚′⟩, 𝑚 = 0,… , 𝑘  

𝒯𝑉|𝑚⟩ = 𝑒
𝜋𝑖𝑚(𝑚+2)
2(𝑘+2) |𝑚⟩ 𝑚 = 0,… , 𝑘  

ℋ(1,1,…,1)(𝑣) ≃ ℋ(𝑈(1)𝑘)
⊗𝑛/𝑆𝑛.  

ch𝑘
𝜆(𝔞) = ∑  

𝑘

𝑚=1−𝑘

 𝐶𝑚
𝜆 (𝜌)Θ𝑚,𝑘 , Θ𝑚,𝑘 ≡ ∑  

𝑛∈ℤ+𝑚/2𝑘

  𝑒2𝜋𝑖(𝑛
2𝜌−𝑛𝔞)  

𝐶𝑚
𝜆 = 0 ∀𝜆 ≠ 𝑚 (mod2), 𝐶𝑚

𝜆 = 𝐶−𝑚
𝜆 , 𝐶𝑚

𝜆 = 𝐶𝑘+𝑚
𝑘−𝜆  

𝐶+ ≡ 𝐶0
0 + 𝐶2

0 =
𝜂(𝑞)

𝜂(√𝑞)𝜂(𝑞2)
, 𝐶− ≡ 𝐶0

0 − 𝐶2
0 =

𝜂(√𝑞)

[𝜂(𝑞)]2
, 𝐶1
1 =

𝜂(𝑞2)

[𝜂(𝑞)]2
,  

|𝑎⟩𝑆𝑈(2)  =
𝑒𝜋𝑘𝔞−

2 /2𝜌2

𝐶+𝐶−
(𝐶0

0ch2
0(𝔞−) − 𝐶2

0ch2
2(𝔞−)) ,

|𝑐⟩𝑆𝑈(2)  =
𝑒𝜋𝑘𝔞−

2 /2𝜌2

𝐶+𝐶−
(−𝐶2

0ch2
0(𝔞−) + 𝐶0

0ch2
2(𝔞−)) ,

|𝑏⟩𝑆𝑈(2)  =
𝑒𝜋𝑘𝔞−

2 /2𝜌2

𝐶1
1 ch2

1(𝔞−),

 

𝐶1
1 → 𝐶1

1, 𝐶− → 𝑒−
𝜋𝑖
8 𝐶+, 𝐶+ → 𝑒−

𝜋𝑖
8 𝐶− 

ℋ(2,1) (
𝜋

2
) ≃ ℋ(1) (

𝜋

2
) ⊗ℋ(2) (

𝜋

2
) 

𝑛1 > ⋯ > 𝑛𝑝−𝑞 > 𝑛𝑝−𝑞+1 = ⋯ = 𝑛𝑝 = 1  

𝑈(𝑛′)𝑘𝑛′,𝑘′′ ≡ ℋ([𝑈(1)𝑘𝑛′ × 𝑆𝑈(𝑛
′)𝑘′′]/ℤ𝑛′) 
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ℋ(𝑛1,…,𝑛𝑝)
(𝑣) ≃ 𝑈(𝑛1)𝑘𝑛1,𝑘1⊗⋯⊗𝑈(𝑛𝑝−𝑞)𝑘𝑛𝑝−𝑞,𝑘𝑝−𝑞

⊗𝑈(𝑞)𝑘𝑞,𝑘 ,  

𝔞1 → 𝔞1 + 𝜁, 𝔞2 → 𝔞2 + 𝜁,… 

  

  

𝒯|𝑎⟩𝑆𝑈(2) = |𝑎⟩𝑆𝑈(2), 𝒯|𝑏⟩𝑆𝑈(2) = 𝑒
−
𝜋𝑖
4 |𝑏⟩𝑆𝑈(2), 𝒯|𝑐⟩𝑆𝑈(2) = −|𝑐⟩𝑆𝑈(2), 

𝒮|𝑎⟩𝑆𝑈(2) =
1

2
|𝑎⟩𝑆𝑈(2) +

1

√2
|𝑏⟩𝑆𝑈(2) +

1

2
|𝑐⟩𝑆𝑈(2),

𝒮|𝑏⟩𝑆𝑈(2) =
1

√2
|𝑎⟩𝑆𝑈(2)  −

1

√2
|𝑐⟩𝑆𝑈(2),

𝒮|𝑐⟩𝑆𝑈(2) =
1

2
|𝑎⟩𝑆𝑈(2)  −

1

√2
|𝑏⟩𝑆𝑈(2) +

1

2
|𝑐⟩𝑆𝑈(2),}

 
 
 

 
 
 

 

Ω1
′′|𝑎⟩𝑆𝑈(2) = |𝑐⟩𝑆𝑈(2), Ω1

′′|𝑏⟩𝑆𝑈(2) = |𝑏⟩𝑆𝑈(2), Ω1
′′|𝑐⟩𝑆𝑈(2) = |𝑎⟩𝑆𝑈(2),  

Ω2
′′|𝑎⟩𝑆𝑈(2) = |𝑎⟩𝑆𝑈(2), Ω2

′′|𝑏⟩𝑆𝑈(2) = −|𝑏⟩𝑆𝑈(2), Ω2
′′|𝑐⟩𝑆𝑈(2) = |𝑐⟩𝑆𝑈(2)  

  

  

𝒯|𝑎⟩𝑆𝑈(3) = |𝑎⟩𝑆𝑈(3), 𝒯|𝑏⟩𝑆𝑈(3) = 𝑒
−
2𝜋𝑖
3 |𝑏⟩𝑆𝑈(3), 𝒯|𝑐⟩𝑆𝑈(3) = 𝑒

−
2𝜋𝑖
3 |𝑐⟩𝑆𝑈(3) 

𝒮|𝑎⟩𝑆𝑈(3) =
1

√3
(|𝑎⟩𝑆𝑈(3) + |𝑏⟩𝑆𝑈(3) + |𝑐⟩𝑆𝑈(3))

𝒮|𝑏⟩𝑆𝑈(3) =
1

√3
(|𝑎⟩𝑆𝑈(3) + 𝑒

2𝜋𝑖
3 |𝑏⟩𝑆𝑈(3) + 𝑒

−
2𝜋𝑖
3 |𝑐⟩𝑆𝑈(3))

𝒮|𝑐⟩𝑆𝑈(3) =
1

√3
(|𝑎⟩𝑆𝑈(3) + 𝑒

−
2𝜋𝑖
3 |𝑏⟩𝑆𝑈(3) + 𝑒

2𝜋𝑖
3 |𝑐⟩𝑆𝑈(3))}

  
 

  
 

.  

Ω2
′′|𝑎⟩𝑆𝑈(3) = |𝑎⟩𝑆𝑈(3), Ω2

′′|𝑏⟩𝑆𝑈(3) = 𝑒
−
2𝜋𝑖
3 |𝑏⟩𝑆𝑈(3), Ω2

′′|𝑐⟩𝑆𝑈(3) = 𝑒
2𝜋𝑖
3 |𝑐⟩𝑆𝑈(3), 

Ω1
′′|𝑎⟩𝑆𝑈(3) = |𝑏⟩𝑆𝑈(3), Ω1

′′|𝑏⟩𝑆𝑈(3) = |𝑐⟩𝑆𝑈(3), Ω1
′′|𝑐⟩𝑆𝑈(3) = |𝑎⟩𝑆𝑈(3) 

|0⟩𝑈(1)−3 ⊗ |𝑎′⟩𝑆𝑈(3)−1 + |1⟩𝑈(1)−3 ⊗ |𝑏′⟩𝑆𝑈(3)−1 + |2⟩𝑈(1)−3⊗ |𝑐′⟩𝑆𝑈(3)−1 

  

𝑈(3)6,2⊕𝑈(3)6,−1⊕ [𝑈(1)2⊗𝑈(2)4,−2]. 

𝒲(𝐶, 𝑥3) = ℳ(𝐶, 𝑥3 + 2𝜋𝑅) = 𝒲(𝐶, 𝑥3 + 4𝜋𝑅)
† = ℳ(𝐶, 𝑥3 + 6𝜋𝑅)

† =𝒲(𝐶, 𝑥3 + 8𝜋𝑅),  

𝒱(𝑝)(𝐶, 𝑥3) ≡ 𝒲(𝐶, 𝑥3) + 𝑖
𝑝ℳ(𝐶, 𝑥3) + (−1)

𝑝𝒲(𝐶, 𝑥3)
† + (−𝑖)𝑝ℳ(𝐶, 𝑥3)

†, 𝑝 = 0,1,2,3.  



pág. 1789 

𝒱(𝑝)(𝐶, 𝑥3) = ∑  

𝑚∈ℤ

  𝒱̂
𝑚+

𝑝
4

(𝑝)
(𝐶)𝑒

(𝑚+
𝑝
4
)
𝑖𝑥3
𝑅  

𝒲(𝐶, 𝑥3),ℳ(𝐶, 𝑥3),𝒲(𝐶, 𝑥3)
†,ℳ(𝐶, 𝑥3)

† →
IR 1

4
𝒱̂0
(0)
.  

𝒱(0)(𝐶, 𝑥3) ≡ 𝒲(𝐶, 𝑥3) +ℳ(𝐶, 𝑥3) +𝒲(𝐶, 𝑥3)
† +ℳ(𝐶, 𝑥3)

† 

𝒜 ≪ 𝑅2,  

𝛾′ =

(

 
 
 
𝑒
𝑖
2
𝑣

𝑒
𝑖
2
𝑣

𝑒𝑖𝜖−
𝑖
2
𝑣

𝑒−𝑖𝜖−
𝑖
2
𝑣)

 
 
 
∈ 𝑆𝑈(4)𝑅  

𝒜

𝑅2
→ ∞  

  

(𝑝1, 𝑝2, 𝑝3) = {

(3,3,3) for 𝐫 = 3(𝜏 = 𝑒𝜋𝑖/3),

(4,4,2) for 𝐫 = 4(𝜏 = 𝑖),

(6,3,2) for 𝐫 = 6(𝜏 = 𝑒𝜋𝑖/3).

 

1 =∑  

3

𝑖=1

 
1

𝑝𝑖
.  

𝑔YM
(5D)

= 2𝜋(2𝑅𝐫)
1
2. 

ℤ𝑝𝑖 : (𝑥3, 𝜁1, 𝜁2) ↦ (𝑥3 +
2𝜋𝑅𝐫

𝑝𝑖
, 𝑒
2𝜋𝑖
𝑝𝑖 𝜁1, 𝑒

−
2𝜋𝑖
𝑝𝑖 𝜁2)  

𝑑𝑠2 = (1 +
𝑆

2𝑟
)
−1

(𝑑𝑦 + cos 𝜃𝑑𝜙)2 + (1 +
𝑆

2𝑟
) (𝑑𝑟2 + 𝑟2(𝑑𝜃2 + sin2 𝜃𝑑𝜙2))  

  

(𝑥3, 𝑦) ≃ (𝑥3, 𝑦 + 2𝜋𝑆) ≃ (𝑥3 +
2𝜋𝑅𝐫

𝑝𝑖
, 𝑦 −

2𝜋𝑆

𝑝𝑖
). 

𝑤 =
1

2𝜋𝑅𝐫
(𝑥3 + 𝑖𝑦) 
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𝑤 ≃ 𝑤 + 1 ≃ 𝑤 −
1

𝑝𝑖
+ 𝑖

𝑆

𝑝𝑖𝑅𝐫
. 

𝜏IIB = −
1

𝑝𝑖
+ 𝑖

𝑆

𝑝𝑖𝑅𝐫
.  

−
1

4𝜋𝑝𝑖
∫  
𝐷3

 tr(𝐹 ∧ 𝐹) =
1

4𝜋𝑝𝑖
∫  (𝐂 ∧ 𝑑𝐂 +

2

3
𝐂 ∧ 𝐂 ∧ 𝐂) ,  

1

4𝜋
tr∫  (𝐂 ∧ 𝑑𝐂 +

2

3
𝐂 ∧ 𝐂 ∧ 𝐂) 

∑ 

3

𝑖=1

𝑝𝑖
4𝜋
tr∫  (𝐁𝑖 ∧ 𝑑𝐁𝑖 +

2

3
𝐁𝑖 ∧ 𝐁𝑖 ∧ 𝐁𝑖) 

1

4𝜋
∫  (𝑝𝐁 ∧ 𝑑𝐁 + 2𝐁 ∧ 𝑑𝐂𝑏)  

𝐼 = 𝐼sp +
1

2𝜋
∫  (𝐁1 + 𝐁2 + 𝐁3) ∧ 𝑑𝐂  

𝐼sp =
1

4𝜋
∫  (6𝐁1 ∧ 𝑑𝐁1 + 3𝐁2 ∧ 𝑑𝐁2 + 2𝐁3 ∧ 𝑑𝐁3), (𝑘 = 1)

𝐼sp =
1

4𝜋
∫  (4𝐁1 ∧ 𝑑𝐁1 + 4𝐁2 ∧ 𝑑𝐁2 + 2𝐁3 ∧ 𝑑𝐁3), (𝑘 = 2)

𝐼sp =
1

4𝜋
∫  (3𝐁1 ∧ 𝑑𝐁1 + 3𝐁2 ∧ 𝑑𝐁2 + 3𝐁3 ∧ 𝑑𝐁3), (𝑘 = 3)

}
  
 

  
 

 

𝐼 =
1

4𝜋
∫  (∑  

3

𝑖=1

 𝑝𝑖𝐁𝑖 ∧ 𝑑𝐁𝑖 + 2𝑑𝐂 ∧∑  

3

𝑖=1

 𝐁𝑖)  

1

4𝜋
∫  ∑  

𝑖,𝑗

 ℎ𝑖𝑗𝐁𝑖 ∧ 𝑑𝐁𝑗  

𝑁states = det{ℎ𝑖𝑗} 

det(

𝑝1 0 0 1
0 𝑝2 0 1
0 0 𝑝3 1
1 1 1 1

) = 𝑝1𝑝2𝑝3 (1 −
1

𝑝1
−
1

𝑝2
−
1

𝑝3
) = 0 

𝐁1 ≡ 𝐁1
′ , 𝐁2 ≡ 𝐁2

′ +
𝑝1
𝑝2
𝐁1
′ , 𝐁3 ≡ 𝐁3

′ +
𝑝1
𝑝3
𝐁1
′ , 𝐂 ≡ 𝐂′ − 𝑝1𝐁1

′  

𝐼 =
1

4𝜋
∫  (∑  

3

𝑖=2

 𝑝𝑖𝐁𝑖
′ ∧ 𝑑𝐁𝑖

′ + 2𝑑𝐂′ ∧∑  

3

𝑖=2

 𝐁𝑖
′)  

(
3 0 1
0 2 1
1 1 1

) , (
4 0 1
0 2 1
1 1 1

) , (
3 0 1
0 3 1
1 1 1

) 

 

𝒲1𝑖𝒲2𝑗 = 𝑒
2𝜋𝑖ℎ𝑖𝑗𝒲2𝑗𝒲1𝑖  

𝑋𝑖 ≡∏ 

𝑑

𝑗=1

𝒲
1𝑗

ℎ𝑖𝑗  and  𝑌𝑖 ≡∏ 

𝑑

𝑗=1

𝒲
2𝑗

ℎ𝑖𝑗
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𝐼 =

1

4𝜋
∫ {∑  3

𝑖=1  𝑝𝑖tr (𝐁𝑖 ∧ 𝑑𝐁𝑖 +
2

3
𝐁𝑖 ∧ 𝐁𝑖 ∧ 𝐁𝑖) + tr (𝐂 ∧ 𝑑𝐂 +

2

3
𝐂 ∧ 𝐂 ∧ 𝐂)} 

+∑  3
𝑖=1   𝐼𝑖

[𝑇(𝑈(2))](𝐁𝑖 , 𝐂) 
 

  

 𝑈(𝑛𝑗)𝑘𝑗
′,𝑘𝑗

′′ ≃ [𝑈(1)𝑘𝑗
′ × 𝑆𝑈(𝑛𝑗)𝑘𝑗

′′] /ℤ𝑛𝑗 . 

  

  
  

𝒯 → 𝑒𝑖𝜙𝒰p̃𝒱q̃𝒯, 𝒮 → 𝑒𝑖𝜙
′
𝒰p̃𝒱q̃𝒮,  

 

𝒮|[0]⟩ =
1

√2
(|[0]⟩ + |[

1

2
+
1

2
𝑖]⟩) , 𝒮 |[

1

2
+
1

2
𝑖]⟩ =

1

√2
(|[0]⟩ − |[

1

2
+
1

2
𝑖]⟩) 

 

𝒯|[0]⟩ = |[0]⟩, 𝒯 |[
1

2
+
1

2
𝑖]⟩ = 𝑒

𝑖𝜋
2 |[

1

2
+
1

2
𝑖]⟩. 
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[
 
 
 
 
 
 𝒮|[0,0]⟩ =

1

2
|[0,0]⟩ +

1

√2
|[
1

2
,
1

2
𝑖]⟩ +

1

2
|[
1

2
+
1

2
𝑖,
1

2
+
1

2
𝑖]⟩

𝒮 |[
1

2
,
1

2
𝑖]⟩ =

1

√2
|[0,0]⟩ −

1

√2
|[
1

2
+
1

2
𝑖,
1

2
+
1

2
𝑖]⟩

𝒮 |[
1

2
+
1

2
𝑖,
1

2
+
1

2
𝑖]⟩ =

1

2
|[0,0]⟩ −

1

√2
|[
1

2
,
1

2
𝑖]⟩ +

1

2
|[
1

2
+
1

2
𝑖,
1

2
+
1

2
𝑖]⟩

 

 

𝒯|[0,0]⟩ = |[0,0]⟩, 𝒯 |[
1

2
,
1

2
𝑖]⟩ = |[

1

2
,
1

2
𝑖]⟩ , 𝒯 |[

1

2
+
1

2
𝑖,
1

2
+
1

2
𝑖]⟩ = − |[

1

2
+
1

2
𝑖,
1

2
+
1

2
𝑖]⟩ 

 

[
 
 
 𝒮|[0,0,0]⟩ =

1

√2
(|[0,0,0]⟩ + |[

1

2
+
1

2
𝑖,
1

2
+
1

2
𝑖,
1

2
+
1

2
𝑖]⟩) ,

𝒮 |[
1

2
+
1

2
𝑖,
1

2
+
1

2
𝑖,
1

2
+
1

2
𝑖]⟩ =

1

√2
(|[0,0,0]⟩ − |[

1

2
+
1

2
𝑖,
1

2
+
1

2
𝑖,
1

2
+
1

2
𝑖]⟩) .

 

 

[

𝒯|[0,0,0]⟩ = |[0,0,0]⟩

𝒯 |[
1

2
+
1

2
𝑖,
1

2
+
1

2
𝑖,
1

2
+
1

2
𝑖]⟩ = 𝑒−

𝑖𝜋
2 | 
1

2
+
1

2
𝑖,
1

2
+
1

2
𝑖,
1

2
+
1

2
𝑖]⟩

 

 

𝒮|[0]⟩ = |[0]⟩, 𝒯|[0]⟩ = |[0]⟩. 

 

[
 
 
 
 
 
𝒮|[0,0]⟩ =

1

√3
|[0,0]⟩ + √

2

3
|[
1

√3
𝑒
𝑖𝜋
6 ,
2

√3
𝑒
𝑖𝜋
6 ]⟩ ,

𝒮 |[
1

√3
𝑒
𝑖𝜋
6 ,
2

√3
𝑒
𝑖𝜋
6 ]⟩ = √

2

3
|[0,0]⟩ −

1

√3
|[
1

√3
𝑒
𝑖𝜋
6 ,
2

√3
𝑒
𝑖𝜋
6 ]⟩ .
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𝒯|[0,0]⟩ = |[0,0]⟩, 𝒯 |[
1

√3
𝑒
𝑖𝜋
6 ,
2

√3
𝑒
𝑖𝜋
6 ]⟩ = 𝑒−

2𝜋𝑖
3 |[

1

√3
𝑒
𝑖𝜋
6 ,
2

√3
𝑒
𝑖𝜋
6 ]⟩. 

𝒮−1𝒱̃𝑎𝒮 = 𝒰̃𝑏 , 𝒮
−1𝒱̃𝑏𝒮 = 𝒰̃𝑎

−1, 𝒮−1𝒰̃𝑎𝒮 = 𝒱̃𝑏 , 𝒮
−1𝒰̃𝑏𝒮 = 𝒱̃𝑎

−1

𝒯−1𝒱̃𝑎𝒯 = 𝒱̃𝑎, 𝒯
−1𝒱̃𝑏𝒯 = −𝒱̃𝑏 , 𝒯

−1𝒰̃𝑎𝒯 = −𝒰̃𝑎𝒱𝑏
−1, 𝒯−1𝒰̃𝑏𝒯 = 𝒰̃𝑏𝒱𝑎

 

 

 

[
 
 
 
 𝒮|[0,0,0]⟩ =

1

2
|[0,0,0]⟩ +

√3

2
|[
1

2
,
1

2
𝜏,
1

2
+
1

2
𝜏]⟩

𝒮 |[
1

2
,
1

2
𝜏,
1

2
+
1

2
𝜏]⟩ =

√3

2
|[0,0,0]⟩ −

1

2
|[
1

2
,
1

2
𝜏,
1

2
+
1

2
𝜏]⟩

 

 

𝒯|[0,0,0]⟩ = |[0,0,0]⟩, 𝒯 |[
1

2
,
1

2
𝜏,
1

2
+
1

2
𝜏]⟩ = − |[

1

2
,
1

2
𝜏,
1

2
+
1

2
𝜏]⟩. 

 

[
 
 
 
 
 
𝒮|[0,0,0,0]⟩ =

1

√3
|[0,0,0,0]⟩ + √

2

3
|[
1

√3
𝑒
𝑖𝜋
6 ,
1

√3
𝑒
𝑖𝜋
6 ,
2

√3
𝑒
𝑖𝜋
6 ,
2

√3
𝑒
𝑖𝜋
6 ]⟩ ,

𝒮 |[
1

√3
𝑒
𝑖𝜋
6 ,
1

√3
𝑒
𝑖𝜋
6 ,
2

√3
𝑒
𝑖𝜋
6 ,
2

√3
𝑒
𝑖𝜋
6 ]⟩ = √

2

3
|[0,0,0,0]⟩ −

1

√3
|[
1

√3
𝑒
𝑖𝜋
6 ,
1

√3
𝑒
𝑖𝜋
6 ,
2

√3
𝑒
𝑖𝜋
6 ,
2

√3
𝑒
𝑖𝜋
6 ]⟩ ,

 

 

[

𝒯|[0,0,0,0]⟩ = |[0,0,0,0]⟩

𝒯 |[
1

√3
𝑒
𝑖𝜋
6 ,
1

√3
𝑒
𝑖𝜋
6 ,
2

√3
𝑒
𝑖𝜋
6 ,
2

√3
𝑒
𝑖𝜋
6 ]⟩ = 𝑒

2𝜋𝑖
3 |[

1

√3
𝑒
𝑖𝜋
6 ,
1

√3
𝑒
𝑖𝜋
6 ,
2

√3
𝑒
𝑖𝜋
6 ,
2

√3
𝑒
𝑖𝜋
6 ]⟩ .

 

 

𝒮|[0,0,0,0,0]⟩ = |[0,0,0,0,0]⟩, 𝒯|[0,0,0,0,0]⟩ = |[0,0,0,0,0]⟩. 
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[
 
 
 
 
 
 
 𝒮|[0]⟩ =

1

√3
|[0]⟩ +

1

√3
|[
1

√3
𝑒
𝑖𝜋
6 ]⟩ +

1

√3
|[
2

√3
𝑒
𝑖𝜋
6 ]⟩

𝒮 |[
1

√3
𝑒
𝑖𝜋
6 ]⟩ =

1

√3
|[0]⟩ +

1

√3
𝑒
2𝜋𝑖
3 |[

1

√3
𝑒
𝑖𝜋
6 ]⟩ +

1

√3
𝑒−

2𝜋𝑖
3 |[

2

√3
𝑒
𝑖𝜋
6 ]⟩

𝒮 |[
2

√3
𝑒
𝑖𝜋
6 ]⟩ =

1

√3
|[0]⟩ +

1

√3
𝑒−

2𝜋𝑖
3 |[

1

√3
𝑒
𝑖𝜋
6 ]⟩ +

1

√3
𝑒
2𝜋𝑖
3 |[

2

√3
𝑒
𝑖𝜋
6 ]⟩

 

 

𝒯|[0]⟩ = |[0]⟩, 𝒯 |[
1

√3
𝑒
𝑖𝜋
6 ]⟩ = 𝑒−

2𝜋𝑖
3 |[

1

√3
𝑒
𝑖𝜋
6 ]⟩ , 𝒯 |[

2

√3
𝑒
𝑖𝜋
6 ]⟩ = 𝑒−

2𝜋𝑖
3 |[

2

√3
𝑒
𝑖𝜋
6 ]⟩ 

 

[
 
 
 
 
 
 
 𝒮|[0,0]⟩ =

1

√3
|[0,0]⟩ +

1

√3
|[
1

√3
𝑒
𝑖𝜋
6 ,
1

√3
𝑒
𝑖𝜋
6 ]⟩ +

1

√3
|[
2

√3
𝑒
𝑖𝜋
6 ,
2

√3
𝑒
𝑖𝜋
6 ]⟩

𝒮 |[
1

√3
𝑒
𝑖𝜋
6 ,
1

√3
𝑒
𝑖𝜋
6 ]⟩ =

1

√3
|[0,0]⟩ +

1

√3
𝑒−

2𝜋𝑖
3 |[

1

√3
𝑒
𝑖𝜋
6 ,
1

√3
𝑒
𝑖𝜋
6 ]⟩ +

1

√3
𝑒
2𝜋𝑖
3 |[

2

√3
𝑒
𝑖𝜋
6 ,
2

√3
𝑒
𝑖𝜋
6 ]⟩

𝒮 |[
2

√3
𝑒
𝑖𝜋
6 ,
2

√3
𝑒
𝑖𝜋
6 ]⟩ =

1

√3
|[0,0]⟩ +

1

√3
𝑒
2𝜋𝑖
3 |[

1

√3
𝑒
𝑖𝜋
6 ,
1

√3
𝑒
𝑖𝜋
6 ]⟩ +

1

√3
𝑒−

2𝜋𝑖
3 |[

2

√3
𝑒
𝑖𝜋
6 ,
2

√3
𝑒
𝑖𝜋
6 ]⟩

 

 

 

[
 
 
 
 
 
 
𝒯|[0,0]⟩ = |[0,0]⟩

𝒯 |[
1

√3
𝑒
𝑖𝜋
6 ,
1

√3
𝑒
𝑖𝜋
6 ]⟩ = 𝑒

2𝜋𝑖
3 |[

1

√3
𝑒
𝑖𝜋
6 ,
1

√3
𝑒
𝑖𝜋
6 ]⟩

𝒯 |[
2

√3
𝑒
𝑖𝜋
6 ,
2

√3
𝑒
𝑖𝜋
6 ]⟩ = 𝑒

2𝜋𝑖
3 |[

2

√3
𝑒
𝑖𝜋
6 ,
2

√3
𝑒
𝑖𝜋
6 ]⟩
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∑  

𝜎∈𝑆𝑛

|𝑝𝜎(1), … , 𝑝𝜎(𝑛)⟩ = ∑  

𝑘𝑛−1

𝑝=0

|𝑝1, … , 𝑝𝑛; 𝑝⟩𝑆𝑈(𝑛)|𝑝⟩𝑈(1) 

⟨𝑝1, … , 𝑝𝑛; 𝑝 ∣ 𝑝1, … , 𝑝𝑛; 𝑝⟩ =
1

𝑛
𝑁𝑝1…𝑝𝑛 

𝑁𝑝1…𝑝𝑛 =
𝑛!

∏  𝑗  𝑚𝑗!
 

∑  

𝜎∈𝑆𝑛

  |𝑝𝜎(1) + 1,… , 𝑝𝜎(𝑛) + 1⟩ = 𝒦1 ∑  

𝜎∈𝑆𝑛

  |𝑝𝜎(1), … , 𝑝𝜎(𝑛)⟩

 = ∑  

𝑘𝑛−1

𝑝=0

  |𝑝1, … , 𝑝𝑛; 𝑝⟩𝑆𝑈(𝑛)|𝑝 + 𝑛⟩𝑈(1)

 

𝑒−
2𝜋𝑖
𝑘
∑  𝑖  𝑝𝑖 ∑  

𝜎∈𝑆𝑛

  |𝑝𝜎(1), … , 𝑝𝜎(𝑛)⟩ = 𝒦2 ∑  

𝜎∈𝑆𝑛

  |𝑝𝜎(1), … , 𝑝𝜎(𝑛)⟩

 = ∑  

𝑘𝑛−1

𝑝=0

  𝑒−
2𝜋𝑖
𝑘 |𝑝1, … , 𝑝𝑛; 𝑝⟩𝑆𝑈(𝑛)|𝑝⟩𝑈(1)

 

|𝑝1, … , 𝑝𝑛; 𝑝 − 𝑛⟩ = |𝑝1 + 1,… , 𝑝𝑛 + 1; 𝑝⟩  

𝑒
𝑖𝜋
𝑘
∑  𝑖  𝑝𝑖

2

∑  

𝜎∈𝑆𝑛

  |𝑝𝜎(1), … , 𝑝𝜎(𝑛)⟩ = ∑  

𝜎∈𝑆𝑛

 𝒯|𝑝𝜎(1), … , 𝑝𝜎(𝑛)⟩

 = ∑  

𝑘𝑛−1

𝑝=0

  𝑒
𝑖𝜋
𝑘𝑛
𝑝2𝒯|𝑝1, … , 𝑝𝑛; 𝑝⟩𝑆𝑈(𝑛)|𝑝⟩𝑈(1)

 

𝒯|𝑝1, … , 𝑝𝑛; 𝑝⟩𝑆𝑈(𝑛) = 𝑒
𝑖𝜋
𝑘
(∑  𝑛

𝑖=1  𝑝𝑖
2−
1
𝑛
𝑝2)|𝑝1, … , 𝑝𝑛; 𝑝⟩𝑆𝑈(𝑛) 

𝒯|𝑝1, … , 𝑝𝑛; 𝑝⟩𝑆𝑈(𝑛) = (−1)
𝑝−∑  𝑛

𝑖=1  𝑝𝑖𝑒
𝑖𝜋
𝑘
(∑  𝑛

𝑖=1  𝑝𝑖
2−
1
𝑛
𝑝2)|𝑝1, … , 𝑝𝑛; 𝑝⟩𝑆𝑈(𝑛)  

1

𝑘𝑛/2
∑  

𝜎∈𝑆𝑛

  ∑  

𝑘−1

𝑞1=0

 ⋯ ∑  

𝑘−1

𝑞𝑛=0

 𝑒
2𝜋𝑖
𝑘
∑  𝑛
𝑖=1  𝑞𝑖𝑝𝜎(𝑖)|𝑞1, … , 𝑞𝑛⟩ = ∑  

𝜎∈𝑆𝑛

 𝒮|𝑝𝜎(1), … , 𝑝𝜎(𝑛)⟩

 =
1

√𝑘𝑛
∑  

𝑘𝑛−1

𝑞=0

  𝑒
2𝜋𝑖
𝑘𝑛
𝑝𝑞𝒮|𝑝1, … , 𝑝𝑛; 𝑝⟩𝑆𝑈(𝑛)|𝑞⟩𝑈(1)

 

1

√𝑘𝑛
∑  

𝑘𝑛−1

𝑞=0

𝑒
2𝜋𝑖
𝑘𝑛
𝑝𝑞|𝑞⟩𝑈(1) 

𝒮|𝑝1, … , 𝑝𝑛; 𝑝⟩𝑆𝑈(𝑛) =

 
1

√𝑘𝑛+1𝑛
∑  

𝑘−1

𝑞1=0

 ⋯ ∑  

𝑘−1

𝑞𝑛=0

 𝑒
2𝜋𝑖
𝑘
∑  𝑖  𝑞𝑖(𝑝𝑖−

1
𝑛
𝑝)
∑  

𝑛−1

𝑚=0

  𝑒−
2𝜋𝑖
𝑛
𝑝𝑚 |𝑞1, … , 𝑞𝑛;𝑚𝑘 +∑  

𝑖

  𝑞𝑖⟩

𝑆𝑈(𝑛)

 

Ω1
′′|𝑝1, … , 𝑝𝑛; 𝑝⟩𝑆𝑈(𝑛) = |𝑝1, … , 𝑝𝑛; 𝑝 + 𝑘⟩𝑆𝑈(𝑛)

Ω2
′′|𝑝1, … , 𝑝𝑛; 𝑝⟩𝑆𝑈(𝑛) = 𝑒

−
2𝜋𝑖
𝑛
𝑝|𝑝1, … , 𝑝𝑛; 𝑝⟩𝑆𝑈(𝑛)

 

|𝑝1, 𝑝2; 3𝑚 +∑ 𝑝𝑖⟩
𝑆𝑈(2)

, 0 ≤ 𝑝1, 𝑝2 < 3, 0 ≤ 𝑚 < 2. 

|𝑝1, 𝑝2; 3𝑚 +∑ 𝑝𝑖⟩
𝑆𝑈(2)

|𝑞⟩𝑈(1) 
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𝑞 ≡ 3𝑚 +∑  

2

𝑖=1

𝑝𝑖 ≡ 𝑚 +∑  

2

𝑖=1

𝑝𝑖  (mod2) 

|𝑝1, 𝑝2⟩𝑠 ≡ ∑  

1

𝑚=0

|𝑝1, 𝑝2; 3𝑚 +∑ 𝑝𝑖⟩
𝑆𝑈(2)

|3𝑚 +∑ 𝑝𝑖⟩
𝑈(1)

 

𝒯|𝑝1, 𝑝2⟩𝑠 = (−1)
∑  𝑝𝑖𝑒

𝜋𝑖
3
[2(∑  𝑝𝑖)

2−∑  𝑝𝑖
2]|𝑝1, 𝑝2⟩𝑠

 

 

ℋ (2,
𝜋

3
) = ℋ(1,1) (

𝜋

3
)⊕ℋ(2) (

𝜋

3
) 

 

𝒯|𝑎⟩ = |𝑎⟩, 𝒯|𝑏⟩ = 𝑒−
𝜋𝑖
2 |𝑏⟩, 𝒯|𝑐⟩ = 𝑒

5𝜋𝑖
6 |𝑐⟩, 𝒯|𝑑⟩ = 𝑒−

2𝜋𝑖
3 |𝑑⟩.  

(𝒯𝒮)3 = 𝑒−
𝜋𝑖
4  

𝒮|𝑎⟩ =
1

√6
|𝑎⟩ +

1

√6
|𝑏⟩ + √

1

3
|𝑐⟩ + √

1

3
|𝑑⟩,

𝒮|𝑏⟩ =
1

√6
|𝑎⟩ −

1

√6
|𝑏⟩ − √

1

3
|𝑐⟩ + √

1

3
|𝑑⟩,

𝒮|𝑐⟩ = √
1

3
|𝑎⟩ − √

1

3
|𝑏⟩ +

1

√6
|𝑐⟩ −

1

√6
|𝑑⟩,

𝒮|𝑑⟩ = √
1

3
|𝑎⟩ + √

1

3
|𝑏⟩ −

1

√6
|𝑐⟩ −

1

√6
|𝑑⟩,

 

Ω1
′′|𝑎⟩ = |𝑏⟩, Ω1

′′|𝑏⟩ = |𝑎⟩, Ω1
′′|𝑐⟩ = |𝑑⟩, Ω1

′′|𝑑⟩ = |𝑐⟩, 

ℋ(2) (
𝜋

3
) = ℋ([𝑈(1)2 × 𝑆𝑈(2)−3]/ℤ2). 

 

𝒯|𝑎⟩𝑆𝑈(3) = −|𝑎⟩𝑆𝑈(3), 𝒯|𝑏⟩𝑆𝑈(3) = −𝑒
2𝜋𝑖
3 |𝑏⟩𝑆𝑈(3), 𝒯|𝑐⟩𝑆𝑈(3) = −𝑒

2𝜋𝑖
3 |𝑐⟩𝑆𝑈(3)

𝒯|𝑑⟩𝑆𝑈(3) = |𝑑⟩𝑆𝑈(3), 𝒯|𝑒⟩𝑆𝑈(3) = 𝑒
2𝜋𝑖
3 |𝑒⟩𝑆𝑈(3), 𝒯|𝑓⟩𝑆𝑈(3) = 𝑒

2𝜋𝑖
3 |𝑓⟩𝑆𝑈(3)
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𝒮 =
1

2

(

 
 
 
 
 
 
 
 
 
 
 
 

1

√3

1

√3

1

√3
1 1 1

1

√3

𝜔

√3

𝜔2

√3
1 𝜔 𝜔2

1

√3

𝜔2

√3

𝜔

√3
1 𝜔2 𝜔

1 1 1 −
1

√3
−
1

√3
−
1

√3

1 𝜔 𝜔2 −
1

√3
−
𝜔

√3
−
𝜔2

√3

1 𝜔2 𝜔 −
1

√3
−
𝜔2

√3
−
𝜔

√3)

 
 
 
 
 
 
 
 
 
 
 
 

, 

Ω1
′′|𝑎⟩𝑆𝑈(3) = |𝑏⟩𝑆𝑈(3), Ω1

′′|𝑏⟩𝑆𝑈(3) = |𝑐⟩𝑆𝑈(3),

Ω1
′′|𝑑⟩𝑆𝑈(3) = |𝑒⟩𝑆𝑈(3), Ω1

′′|𝑐⟩𝑆𝑈(3) = |𝑓⟩𝑆𝑈(3),

Ω1
′′|𝑓⟩𝑆𝑈(3) = |𝑎⟩𝑆𝑈(3)

 

Ω2
′′|𝑎⟩𝑆𝑈(3) = |𝑎⟩𝑆𝑈(3), Ω2

′′|𝑏⟩𝑆𝑈(3) = 𝑒
2𝜋𝑖
3 |𝑏⟩𝑆𝑈(3), Ω2

′′|𝑐⟩𝑆𝑈(3) = 𝑒
−
2𝜋𝑖
3 |𝑐⟩𝑆𝑈(3)

Ω2
′′|𝑑⟩𝑆𝑈(3) = |𝑑⟩𝑆𝑈(3), Ω2

′′|𝑒⟩𝑆𝑈(3) = 𝑒
2𝜋𝑖
3 |𝑒⟩𝑆𝑈(3), Ω2

′′|𝑓⟩𝑆𝑈(3) = 𝑒
−
2𝜋𝑖
3 |𝑓⟩𝑆𝑈(3)

 

 

ℋ(2,2) (
𝜋

3
) ≃ ℋ(2) (

𝜋

3
)
⊗2

/𝑆2 

ℋ(2) (
𝜋

3
) ≃ 𝑈(2)2,−3 

ℋ(2,2) (
𝜋

3
) 

ℋ(2,2) (
𝜋

3
) ≃ 𝑈(2)2,−3

⊗2 /𝑆2. 

ℋ(2,2) (
𝜋

3
) = [𝑈(1)4 × ℋ̃(2,2) (

𝜋

3
)] /ℤ4 

ℋ[𝑆𝑈(2)𝑘′]
⊗𝑛′/𝑆𝑛′ ≃ ℋ[𝑆𝑝(𝑛

′)𝑘′],  

|𝑎, 𝑎⟩ + |𝑏, 𝑏⟩, |𝑎, 𝑑⟩ + |𝑏, 𝑐⟩, |𝑐, 𝑐⟩ + |𝑑, 𝑑⟩ 

 |𝑎, 𝑎⟩ ≡ |𝑎⟩𝑆𝑈(2)⊗ |𝑎⟩𝑆𝑈(2)

 |𝑎, 𝑑⟩ ≡
1

√2
(|𝑎⟩𝑆𝑈(2)⊗ |𝑑⟩𝑆𝑈(2) + |𝑑⟩𝑆𝑈(2)⊗ |𝑎⟩𝑆𝑈(2))

 

𝒯2 = (

1 0 0

0 𝑒
4𝜋𝑖
3 0

0 0 𝑒
2𝜋𝑖
3

) , 𝒮 =
1

3
(
1 2 2
2 1 −2
2 −2 1

) 

ℋ(5) (
𝜋

3
) = ℋ[𝑈(5)5,1]. 

ℋ(2,
2𝜋

3
) = ℋ(1,1) (

2𝜋

3
)⊕ℋ(2) (

2𝜋

3
) 
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𝒮|𝑎⟩ =
1

√2
(|𝑎⟩ + |𝑏⟩), 𝒮|𝑏⟩ =

1

√2
(|𝑎⟩ − |𝑏⟩), 

𝒯|𝑎⟩ = |𝑎⟩, 𝒯|𝑏⟩ = 𝑒
𝜋𝑖
2 |𝑏⟩. 

Ω1
′′|𝑎⟩ = |𝑎⟩, Ω1

′′|𝑏⟩ = −|𝑏⟩, Ω2
′′|𝑎⟩ = |𝑏⟩, Ω2

′′|𝑏⟩ = |𝑎⟩ 

CONCLUSIONES 

Según los resultados antes referidos, se concluye que, en un campo cuántico – relativista, los quarks y 

gluones, para lograr el confinamiento de color, intermedia la gravedad o supergravedad cuánticas, según 

el caso, es decir, según la naturaleza de la partícula subatómica de origen (partícula oscura o blanca, 

según corresponda), lo que permite la formación de hadrones (mesones y bariones respectivamente), los 

cuales, al igual que las partículas que los originan, pueden ser partículas blancas u oscuras, según sea el 

caso. Téngase en cuenta, que si bien es cierto, que el quark top, es un candidato genuino para actuar 

como partícula oscura, debido a su enorme masa, sin embargo, no es susceptible de hadronización, 

debido a que se desintegra inmediatamente sin que le sea posible confinarse, más, como se ha dicho, 

esta partícula supermasiva, es capaz de producir gravedad, incluso en condiciones extremas y entrópicas. 

Aclaraciones Finales 

Algunas aclaraciones finales a tener en consideración y aplicar, a propósito de la Teoría Cuántica de 

Campos Relativistas o Curvos (TCCR) propuesta por este autor: 

1. En todos los casos, este símbolo † será reemplazado por este símbolo†o por este símbolo †, 

equivaliendo lo mismo. 

Símbolo a ser reemplazado. Símbolos de reemplazo. 

† † 

† 
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2. En todos los casos, este símbolo ‡, será reemplazado por este símbolo‡o por este símbolo ‡. 

Símbolo a ser reemplazado. Símbolos de reemplazo. 

‡ ‡ 

‡ 

 

3. En todos los casos, se añadirá y por ende, se calculará la magnitud§que equivale a un campo de Yang 

– Mills y por ende, a la teoría de Yang – Mills en sentido amplio, en relación a la Teoría Cuántica de 

Campos Relativistas propuesta por este autor. 

4. Este símbolo • podrá usarse como exponente u operador, según sea el caso. 

Las aclaraciones antes referidas aplican tanto a este trabajo como a todos los trabajos previos y 

posteriores publicados por este autor, según corresponda. 
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