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RESUMEN

Como ha quedado demostrado en trabajos anteriores, las particulas elementales que conforman la fuerza
nuclear fuerte, entre ellas los quarks y los gluones, pueden acreditar las caracteristicas que son inherentes
auna particula oscura o blanca e incluso, una supraparticula e hiperparticula, ésta ltima, cuando alcanza
o supera la velocidad de la luz, sin embargo, en este articulo, se propone un planteamiento alternativo
para la hadronizacion. En sentido estricto, la hadronizacion es la combinacion de quarks y gluones para
la formacion de otra particula con distinta masa y energia, denominada hadron, todo esto, debido al
confinamiento que los une. Suponemos, que un plano cuantico — relativista, los quarks y los gluones, se
combinan, por la deformacion del espacio — tiempo cuantico, causado por cualquiera de éstos, sea en
condicidn de particula oscura o blanca, segun sea el caso. Por tanto, en un espacio de gravedad cuantica
o de supergravedad, la hadronizacion es posible, en la medida en que la gravedad en si misma, interfiere
transversalmente en el proceso de confinamiento, recalcando que, la hadronizacion puede formar

particulas oscuras o blancas de naturaleza hadronica.

Palabras clave: quarks, gluones, hadrones, hadronizacion, supergravedad cuéntica relativista

1 Autor principal



https://doi.org/10.37811/cl_rcm.v9i5.19764

Relativistic Quantum Chromodynamics. Hadronization In Quantum
Supergravity and Gravity. Volume I

ABSTRACT

As has been demonstrated in previous works, the elementary particles that make up the strong nuclear
force, including quarks and gluons, can accredit the characteristics that are inherent to a dark or white
particle and even a supraparticle and hyperparticle, the latter, when it reaches or exceeds the speed of
light, however, in this article, An alternative approach to hadronization is proposed. Strictly speaking,
hadronization is the combination of quarks and gluons to form another particle with different mass and
energy, called a hadron, all due to the confinement that unites them. We suppose that a quantum-
relativistic plane, quarks and gluons, are combined by the deformation of quantum space-time, caused
by any of these, whether in the condition of a dark or white particle, as the case may be. Therefore, in a
quantum gravity or supergravity space, hadronization is possible, insofar as gravity itself interferes
transversally in the confinement process, emphasizing that hadronization can form dark or white

particles of hadronic nature.
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INTRODUCCION

El confinamiento, en cromodinamica cuantica, consiste en la combinacién ineludible de los quarks y los
gluones, en la medida en que, los primeros, no son susceptibles de aislamiento, por lo que, para su
deteccion, éstos se asocian a los gluones, con la finalidad de formar hadrones (color neutro), los cuales
pueden ser de caracter mesonico o barioénico. Ahora bien, la cromodinamica cuantica despierta interés
para la formalizacion de la Teoria Cuantica de Campos Relativistas, en la medida en que: 1) posee la
particula subatémica con mayor masa en relacion a las demas particulas que componen el modelo
estandar, siendo ésta, el quark top; y, 2) para efectos de detectar, en especial los quarks, se requiere del
proceso de hadronizacion, ya que aislar un quark, en especial el quark top, es de dificil realizacion (en
el caso del primero) e imposible en el caso del segundo, pues, para aislar un quark, se requiere de un
paquete de energia tan extremo, directamente proporcional a la distancia de su punto de origen, que
finalmente se forma un par quark — antiquark, en tanto que, respecto del segundo, se ha dicho que es
imposible la hadronizacion pues, al ser tan pesado, se desintegra rapidamente, sin que sea posible su
detencion, a diferencia de los otros tipos de quarks, los cuales, al ser ligeros, son susceptibles de
hadronizacion. Ahora bien, esto ayuda a reforzar el hecho de que, en primer lugar, si existen particulas
supermasivas en el modelo estandar, siendo ésta, por ejemplo, el quark top, aunque el boson de Higgs,
también presenta esa particularidad, y por otro lado, que a nivel cronodinamico, la relatividad general y
especial son posibles, en la medida en que, a mi criterio, es la gravedad la que impide la disociacion del
quark respecto del gluon, es decir, es la responsable del confinamiento de color que da lugar a los
hadrones, los cuales, al ser de color neutro, podrian calificar como particulas blancas o estrella. De ahi
la necesidad de la Cromodinamica Cuantica Relativista, como un modelo tedrico apto para explicar los
fenémenos antes referidos.

RESULTADOS Y DISCUSION.

Procedo a desplegar el desarrollo matematico, el mismo que complementa el sistema de ecuaciones que

se desglosan en el volumen II de este manuscrito.




Modelo de Hadronizacion en supergravedad cuantica relativista.
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Figuras. Interaccion de una particula hadronica blanca u oscura en un campo cuantico — relativista asi como su morfologia
elemental (energia, masa, radio, presion, termodinamica, coordenadas vectoriales e isométricas, etc.)
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+10D,7Z (D7t (23 — D1 (30,7 +31)) + 3)
+D, (D1 (Dyrif (41D, +129) + 287) + 15))
Dy = b—ll (16D2rH(D,r (2Dy1t + 7) — 7) + 8D, D, (D1t + 1) (5D, — 12)
—6D3 (50,7 + 17) — 4D} (D1 (10D, +21) + 3))

by =r2(5D,1y + 3Dy + 1) (3D (Darf + 1) + Dy (Dot (37Dyrt + 14) — 3)
+2D,77 (D1 (11D,7 +36) — 11))

2(—119593957‘12 + Dzblrlo - bzrs - b3r6 + b4_T4 - bsrz - 3(@1 - 93 + @4))

R(r) =

(®2T4 + Dlrz + 1)2(D3T2 + 1)2




bl = D2D3(D3 - 794) - 3(5%2 + 6%1%3)%5
b, = D,Ds(Dy — 2D,D3) + 11D,(D, + D;D3)D, + 25D,D,Ds
+6(D? + 3D,)D3Ds
+D;(10D5Ds + D1 (=3 + 3D,D; + 9Ds))
by = 2(Ds — 3D,)D? — (—2D2 + 5D,D3 + 9D, + 15D5)D; — 2D,(D5 + 9D,)
—3D,Ds
b5 = (ZD% + (1094 - 4@3)92 + 33(94 - 93) + 5@5

_37"49395 + T2(®3 2— ®3®4 - 5%5) + 3%3 - 3%4
(T2®3 + 1)2

tot —

1
p;,(’t =(rZD3 n 1)(1‘492 n szl T 1) (57’6@2@5 + r4(3®1®5 - 3233 + 5@2@4)

+T2(_©1®3 + 3@1@4 + 4@2 + Ds) + 2:01 - Dg + 34)

1
pft =(T'ZD3 + 1)2(7,432 + ,rzbl + 1)2 (7712:02 23335 + Tlogl + TSQZ + T6g3 + T4g4

+T'295 + 291 - 93 + ®4)

a1 = D,(11D,D3Ds + 4D,D:D, + 10D,D5)
gz = 3D3D5(D? + 4D,) + 6D,D,D39, + 16D, D,Ds + DE(D3 + 7D,)
g3 = D2(D;D3 + 11D,D, + 803D, + 16D5) + D; (D D3Dy + 5Ds(D; + D3)) +
a5 = =01 2(D3 — 3D,) + 2D,(3D, + DD, + 4D5) + 4D, (D3 + 3D,) + D3Ds
g5 = D 2 — D, D3 4 50,9, + 8D, + 2Ds

_19r2D5D3Ds + 1%, + 7%, +7°h5 + 1r*h, +12hs + 6Dy — 3D; +3D,

tot
P 3(r2D; + 2(r*®, + 12D, + 1)

b = 502(5505(69193 +5D;) — D D3(D3 — 1394)).
b, = Ds(9D; 2D; + 40D, D, + 30D,D;) + Dy (D (5D + 19D,) — 20, D3 (D; — 10D,)),
by = Dy(6D;(Ds + 5D,) — 2D 2 + 22D3D, + 38D5)
+D,(D; (D3 2 + 505D, + 13Dg) + 14D5D) + 129, 2,
by = —D; 2(Ds — 9D,) + 2D, (9D, — D3 2 + 4D3D, + 10Ds) + 10D, (D5 + 3D,) + 3D3Ds,
bs = 4D, % — 2D, (D3 — 7D,) + 20D, + D3 (Dy — D3) + 5Ds.

Modelo de Hadronizacién en condiciones de supergravedad o gravedad cuanticas relativistas. Modelo Unificado.

F(p,x;E)=0
1'11(4(:) =2mi© = ﬁf p dx
A

aF
© _ (© _ _
my” = ap ‘aa@‘?%g”d"
B

F@p,x;E) =0,p = —id,

F(@,x; E)Y(x) = 0,3(x) = exp (ifoP dx’)

HA=21Tia=# de,l'IB=aD=# P dx,
A B

1
I, =2n<n+§),nEZ




4
d? 1 Z . .
dz? " 22(z — 1) (2) =
i=0
. ) 1
AO = __(ml mz) +Z
~ 1 1
Ay =—E—mym; — §m3A3 ~2
A\ =FE+ 3 A 1 AZ + 1
2 8m3 3 — 64 7
A 1 1
A = —7mahs + oA
A 1
Ay = ) 23
E=a?— ANf inst \& 7L AN,
B 4 — Ny 6ANf

_p(z)z +Lﬁ 0= p(2)= L’
Z(Z—l) Z(Z—l)

0

1
f p(x +i0%)dx +f p(x —i0")dx = 2mivVE
0

1

R E 1 E
f1 m‘“*ﬁ " xe—n|*

= 2VElog (4R) =~ VElog (f_2>
3

2 1w . .
[@* =) Aiz‘] ¥(z) =0

i=0

R \/E E
2 — dx = 2vVElog | =
Jo 5 0= i)

; dsR
A5 — [ lm] A[Kz 'S—K
. dK
+A(218W_Mm)] Ropm =0

K=?+a)w—amA=00—-r)0r—1)

ry = (1 £b)/2, where b =+1—4(a?+Q?)

0<a<+1-4Q%/2

d d,S
. .2 sofm 2 _
du[(1 u’) du ]"‘ [(awu)? — 2awsu + s + Ap,

(m + su)?
T | =0
m =t({+1)—s(s+1), forc=0

R{)m = A_(5+1)/2 qu{’m

N

r=ry+ @y —-1r)(z-1)




1 [2am—i(ry —7r)s +2(Q* = r)w]?
Ao = 4 + 4(r, — )2

Ay =Apm +s(s+1)—2(1 - QH)w?
{[2 — 6Q% — (2r_ + 3)a?|w?
Ty —To

—2[am +is(2a? + Q?)]w + 2iams},
Ay =—Apn —s(s+ 1) = 3is(ry —r)w
+(61- — 5a% — 6Q%)w?,
A; =2(s + 2r-w)(ry — )w,
Ay =(1y —1)%03.

+

Az= =8i(ry —1r)w
1
E= 2= sAom —s(s+ 1)+ (2 —a? - 20%)w?
m; =—s—iw,mz; =5 —iw
m, = i[2am — (1 - 2Q*)w]/(ry — 1)
sApm =@+ 1) —s(s+ 1) —c?
+ 0300, F (i€ +i/2,m, As)

Asz=16¢
m ={—m,—s,—s}

lim Ry = (r—1y)7571%
Ty

i ~ p—1-25+iw iwr
lim Ry =71 e
Tr—00

sR{’m =eiwr(r _ 7,._)—1—s+iw+iz7+ (T _ T+)—s—icr+

o

r—1r\"
x a( )
"\r—r_

n=0

aga; + foag =0
anlne1 + Bran +ynan1=0n=12,..
ah=n?+ (co + Dn+ ¢

Bh=-2n*4(c; +2)n+c3
yi=n?+(c;—3)n+cy—c, +2

2i[w
1 e—in 2 |E1_92p2) =
c=1-s—-iw b[z(l 20%) am],
4irw
= —4+2iw(2+b)+$[5(1—2Q2)—am],
2ijw
_ 3 221 Z9p2) =
¢, =5+ 3—3iw b[z(l 202) am],
c3 = w?(4+2b—a?—-4Q%) —2amw—s—1+iw(2 +b)

4w + 2ijw
— R — 2y _
Aem + =[5 (1 ~2?) ~ am],
4w + 2ijw
¢ =5 +1- 20~ (25 +3)io —— [5(1—2(32)

—am].

W) _

inst

=_1li (~vp)
elzlr_l)io €log Z




Al = Apn +5(s +2) + aw(aw — 2m)
Ay = — Ay —s(s + 1) —aw(5aw — 6m)
AL = 4w(—am + 2a*w + Q%*w)

Ay = (ry — ) w?

Y@ =Jf@¢@).f(2)=1-2z7"

[l ) v vlu=o

V=f [4(c2 +d?) + w
sAem ts(s+1)—c@m—c) 52— 1]
z2 z3

€(£’+1) s2—1
z3 ]

V= f[(ZQ )2+

¥(z) ~ (z — 1)%[1i(m1+mz)]_

R() ~ (r =7,)"5717,9(2) ~ (2 — 1) 7

[ dZ <A23 m3A3

7z et a )]“’<Z)=°'“°°

1 1
Y(z) = exp [—§A3(z - 1)] Z2C2mam1mmy—my)
1
(Z _ 1)5(1+m1+m2)g(z)

d? d

{Z(Z - DF + [B1z(z—1) + By(z— 1) + Bs] e
1

SeH = oGy f d'x~gR

anG hc
Gy = —5
M;l
My, ~ 2 % 10'8GeV

1
Iy =Ny + M_plhuv

1 1
Sew = | d*x(0h)? + — h(dh)? + —-h2(0h)? +
= | ExOW? @+

1
r ~ o d*x[—gRh, R RE%

1
Sint = f d4xM—hm,T’“’ + O(hz)
pl

1 (oo}
—4f d* k
M}




N = diag(—1,+1,+1,...,+1)

S=—mj dtv1—%-%

mi -
~ ,E =m? +p?,

F=——
vi—-x-%

S= —mf dr }—XI‘XVnW

dXHdXxv

s =-m [ dt |~ e

t=X(1)=t

oL mXVn

pu = —H =
X f——XﬂXPmp
pup* +m? =
Xt = NGXY 4 c#

v

— = HY¥Y
la‘r

a a v 2
(‘maxv"“ +m )‘”(X)=°

1 .
S = Ef dr(e™'X? —em?)

1 .
S= _Ef dr,/ 92 (g7 X? + m?)

. 5oz & s = X
T F =700, 8 = — (D)) ,6X* = ()

o €[0,2m)

Xt (o,7) = X*(0 + 21, 7)

oX*oxv
Vet = ga ggp

S = —Tf d?c./—dety

_( X XX
Yep =\x.x  xv

S = —Tf dzaJ—(X)Z(X')Z + (X-X")?




dl,

dlp o

—

ds? = |diy||

dl,|sin 6 = Jdlfdlgu —cos? ) = Jdlfdl% — (di, -Zﬁz)2

S=-T f drdoR\/(d%/do)?2 = —T f dt

T 1
T 2ma’
a =12
T ~ (1Gev)?

T S M}, = (10'8GeV)?

0L G- o,
Hooxe JE X2 =x2x7

;0L XXX, - (X)X,
koaxm /(X~X’)2 —xzx2
ony, oy _
ot do

1
8=y = 5\/—_)/)/“!?5)/013

0o (\/—detyy ™ opx+) =0

1
S = _4110."[ dzaJ—gg“ﬁaaX"aﬁX"nuv
0.(\[—99“PagxH) =0
1 w1 as
0J=9 = = 5V=99e559 = +5=39"59as)
T 2 af v 1 [ v
65 =5 | d’asg (,/—ga,,Xﬂa,;X — 599489770, XH 0, X )mw =0
gaﬁ = 2f(a)6aX . BBX

f1=gP0,X - 9,X

XH = AF XY + cH

X (o) - XH(6) = XF(0)

. 8cYdc®
Gap(0) = Gap(6) = ﬁﬁgyd(a)




6XH(0) =n%0,X*
89ap(0) = Vang + Vg1,

1
gﬁ = Egop(aagﬁp + 0g9pa — pgaﬁ)
Gap(0) = Q*(0)gap(0)

69ap(9) = 2¢(0)gap(9)

f d?o,[—gV(X)

uf d?o,[—g
Gap = 92¢77a/3
Gap = Nap

Ja'R = [g(R — 2V?9).

R
Rapys == (9ay9ps — 9asgpy)

S=- ! J’dzaaX-B“X
4’ @
0,0%XH =0

21 8s
Tep = =7 =509

1
Taﬁ = 6aX . a/;X - Er’aﬁnpaapX . 6UX

Toi=X-X'=0

1 .
Too =T11 ZE(X2+X’2) =0




Xt(o,0) =X (cV) + Xk (™)
X*(o,7) = X*(0 + 21, 7)

1 1 a’ 1 .
Xt (ot = Ex” +Ea’p”a+ + lj;z Zﬁzﬁe“""+

n+0

1 1 a’ 1 L
XB(o™) = Ex” +Ea’p”a‘ +i ’72 Za%e“""
n+0
aﬁ = (afn) ,dﬁ = (d”

(0:X)? = (0-X)*=0

u — #_a_, u Ll_’ K ,—ino~
0_X —G_XR—Zp + > aye

n#0

a’ S
=\];Z aﬁe ino
n
al
all E\/;p”

a' . _
(a_X)z — 72 Ay ape—z(m+p)cr
mp

a —ino~
= 7 Ay " Ap_me
mn

= a’z Lye™ ™9 =0
n
1
Ly, = Ez On-m * Am
m

. 1 - .
Ln=5 E OIn-m * Am
m

X X' =X*+X?=0.

[X*(a,7),11,(c",7)] = i6(c — )64
[Xt(o,7), XV (0", T)] = [Hu(a, ), Hv(a’,r)] =0

[x#*, p,] = ié‘,’f and [a,’f, a;’n] = [o?#, o?}’n] = "8 4mo




ak|0y = @0y =0 forn >0
p*10;p) = p*|0; p)
()" (a"2)™ . (@)™ (@3)"™* ...10; p)
[ah, '] = nn 8y m

(p';0laYa’,]0; p) ~ =8P (p — p")
1
Ly = Ez On—m * Am
m

(phys '|Ln|phys) = (phys '|L,lphys ) = 0

Lylphys) = Lylphys) = 0 forn >0

o o)

LR 5 5 1.,
LO=Z a_m~am+EaO,Lo= Z a_m~am+§a'0

m=1 m=1
(Lo — @Iphys) = (Lo — a)Iphys) = 0
M? = %(—a+ i Ay a'm) = %(—a+ i A - dm>
m=1 m=1
Gap = Nap
Nap = Q*(O)Nap
ct=r1+o,
ds? = —-dotdo~
ot ->6%(c%),07>6(c7)

(0:X)* = (0-X)*=0

1
Xt = \E(Xo + XD—l)

D-2
ds? = —2dX*dX~ + Z dxidx

=1
Xt =X (o) + X{(067).
1 1 1 1
Xt = Ex* +Ea’p+a+ JXE = Ex" +Ea’p+a‘.
Xt =xt+a'ptt
9,0.X" =0

X~ = X7 (6") + Xz (67)

D-2
20,X-9,X+ = Z 9,Xi9, X

i=1




0.X === 8. xi0.X'
i=1
D-2

0 X =—= > 0.X'0.X

1
XL(O'+)——X + apa +lj: apeino’
n:tO
1 _
Xz (o™ )——x += a’p‘0‘+l — —a‘e“""
n:tO

+o0o -
1 1
e 3 onth

m=—oco i=

[x',p/]= isY ,[x~,p*] = -

[k, ] = [@, ] = 769 8n1m0
[x*p7]=~i
P*(0; p) = p*|0; p*), ki |0;p) = @, |0;p) = 0 forn > 0

w~f do—dX* AdX™ —dX~ AdX* +2dXEAdXE

D-2 D-2
M2=i<z Z al,al —a>=i(z Z @l al —a)
a, -n“n a, . -n“n

i=1 n>0 i=1 n>0
D-2
N=Z Z _nan,N Z Z nan
i=1 n>0 i=1 n>0
, 4 4
M =?(N—a)=?(N—a)
i i 1 i i
2 Z nan = —Z a_,a, + EZ a_,ay
n+0 n<o n>0

D-2

1 o 1 o
Ez [a,‘la‘_n —n(D - 2)] + EZ al,an = Z al ok + — n.

n<o n>0

n>0 n>0




[y

n=

a
— _ 1)1
66(1 e™¢)
L +0
=2 12 T0®@
i 1
TR
n=1
M2_4(N 1)—2)_4(~ D—Z)
T 24 ) o 24
ORI
n=1
(D=3
1D-2
M2E=——— _°
a' 6
e = TV
Tz | _,

1
V(T) = EMZT2 + 63T + ¢y T+ -

alial 10;p),
M2 = 4 (1 D — 2)
Ta 24

Gy (X)), By (X)), 2 (X)
Gy =Nyv + huv(X)-

[a,uv: a;o-] ~ NupNve + NucNvp

a,10)
M?%l 4 P v v 1 v 1 v 4
Seu=—- | d*x [aﬂhp Oy = 9P RO,y + 5 0phy, 0P R — E(3,le<wh,,] +o

Ry = hyy + 0,8, + 0,8,
(alia!, @ al,) @ (a@,d, ® @,)|0;p).

1 1
FO=-D@-D+@-2)=D0 -1 -1
XH - AﬁX" + cH
PY =Ta%X,

Jiv = BXX, — B¥X,

My, =f dajiy
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) 1 ) 1, .
MH = (phx¥ —p¥xH) — lz T—l(alnaﬁ —atay) - lz - (avnan —a,an)
n=1

n=1
= [WV 4 WY 4 SHY

o

[MPo, M™] = narMpv _ nprMm/ + nvao—r _ nm/Mpr

[Mi=, M| =0

[pi- Mj_]ziz (E—l]n+l[a——l)_2)(ai ol —a! ab)+ (a o @)
) (p+)2n>0 24_ n 24_ -n“n —nUn

o € [0,m]

S——Lf d?00,X - 0°X
4’ @

1 i n
68 =—5— drf dodeX - 0%6X
2na T o

1
[ 2 a . . .
= 21m’f d?0(0%0,X) - 6X + total derivative

1 T . =15 1 75 o=1
—rf doX - 6X _—,f dtX' - 6X
2na’ | ), _ 2ma'l),

=T ! =0
0,Xt5X, =0 ato =0,
0, X =0 atoc=0,7

¥-% =0 and ¥% + X'? = R?

6X*=0ato=0,m

9,X% =0

fora=0,..,p
X'= !

forI=p+1,..,D-1

S0(1,D —1) -» SO(1,p) X SO(D —p — 1)

1 a' 1 ,
Xfi(o*) = Sxi a'pto™ + l\EZ Eoz,’:e-"w+

n#0
1 a 1 o
XS(G_) =—xt+a'pto +i —Z —ahe-ino
2 2 n
n#0
a — fya
al = al
xl=cl,pl=0,a, =-d),

T 1 T .
Pt =| do(P)*=——| doXH* =p*
j(; a(P%) Zna’j;) a p

1
X+ =\E(X°J_rxp)

D-1

M= N aluah+ )Y aldh-a

i=p+1 n>0
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=
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ah|0;p)=0n>0
wo L
a
a%|0;p)a=1,..,p—1
al|0;p)I=p+1,..,D—1
M2 =—(v—1)
[24
Jmax =N = a’'M? +1
Spp = —T,,f dP*1e [—dety

aXHoxv
Yab = W@r’”"

X¢=¢&%a=0,..,p

X&) =2ma’p!()I=p+1,..,D-1

X'(0,7) =¢' and X'(m, 1) = d’

P B

"

@ —-che
1 — .1
X' =c+ T + Doscillator modes

T
o, x- 0, x=amp?+ Lo =0
+ + a“p 472 oscillator modes

k1 -
M? = M + O
(271’ C(’) 2 oscillator modes

(DR (AR

9ap(0) = Q*(0)gap(0)




z=0'4i0? and Z=o! —ic?

1 - 1
62 d =E(61 - 162) and 62— =0 = E(al + 102)

ds? = (doV)? + (do?)? = dzdz
1
92z = 9zz =0 and g,; = 2
j d?z8(z,2) =1

f d%*c6(0) =1

v? = (v! +iv?)

vZ = (vl —iv?)
1

v, = E(Ul —iv?)

1
vy = E(v1 + iv?)
z-7' =f(2) and Z- 7' = f(2)
60% = €“

S = f d?a]%d e

8,J% =0
60% =€%(0)

6904? = 6a63 + 6360,

68 = —f dZJa—S(Sgaﬂ = —Zf dZO'a—Saa(:‘B
0gap 09ap
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@ [gagF
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= 25— = — 2 a
S f d oagaﬁ 8Gap 4nf d*o./geTg
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1 1 ,
= Ef dzzz [T,,(0%6z) + Tz;(0%62)]
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JF =T(2é2) and J7 =0

1
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1 1
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a a
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k
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k

X
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i xx 1
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X R "

7 = f DpeSl4]
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=f Depexp (—S[d)] —%f ]aaa5>
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f DepeS19] (f ]"‘an)=0
(0J*) =0
1
(0.(02) -0 (o) = 5 [ DBe90,(07) .. 0u(52)

Oi - Oi + 6601'
80;(c) =0

(0% (0)04(ay) ... Op(6y)) = 0 foro # oy

8% =0
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X t b 0y(02
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X
40
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X
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1
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80, (0;) = —Res[];(2)0;(01)] = —Res[é(D)T(2)0,(01)]

0(z—€) =0(2) —€d0(z) + -

_ 0w, w)
T(z)0(w,w) = -+ Z—w + -
- - a0 (w,w)
T(2)oWw,w) =+ T + -

z—>z+ezand Z-> 7+ €Z
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-1 -1
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p=n p=—-m
-1
= D dq+m@bnm
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1
= Z d(mq — ¢*)8p4m
q=m
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= Z d(mq — ¢*)8psm
q=1

m m
= dmbym Z q—dbpim Z q?
q=1 q=1

= ds (mlm(m 1) = Lmm+ DEm + 1))
- n+m 2 6

d
= ngner(Sm2 +3m-2m?-3m—-1)

d
= g (m3 —mM)8pim

d
[Lm' Ln] = Lypyn + E (m3 = M)8min
n-1
1
5D P = 1)
p=0

{cms bn} = Sman

(o)

b
Lsnc) = Z thmypCpt,

p:—w
biC]' ] >0
’ bicj. - {—C]’bl’ ] <0
L5, ba] = (m = Wby,
[Lg’f), cn] = —(2m + nN)Cman-

0 0
[LSZC)’ Ls:m)] = Z (m—-p)2n - p)bm+pcn—p - Z (m—-p)(n—m-— p)bm+n+pc—p

p=— p=—

+ Z (m - p)(n -—m- p)c—pbm+n+p - Z (m - p)(Zn - p)cn—pbmﬂ)
p=1 p=1

n 0
[LSﬁC)' lebc):l = Z (m —n-— p)(n - p)bm+n+pc—p - Z (m - p)(n -—m-= p)bm+n+pc—p
p=— p=—0o

+ Z (m-p)(n—m-— p)c—pbm+n+p - Z (m-n-p)(n- p)c—pbm+n+p-
p=1
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p=1

1
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m+n

Xt =xt+a'prt+i %Z %(a’,‘fe‘in(f“’) + dﬁe‘in(1+”)).

n#0

u
ab
X# = xH 4+ 2a'ptT + iV2a’ E —: e~ "Tcos na.

n#0

1 at
Xt =at + 7—r(b” —at)o +V2a' Z fe“nfsin no.

n+0
at
X* = b* + iV2a’ Z Tre“"cos ro.

1
T€Z+E

u
a .
Xt =at ++2a’ E L e~ "in ro
r

1
rEZ+E

Yr(m, 1) = P (m,7),

IIJS(O',T) — l/}rllle—in(r—a);
nez

w{‘(g, 7) = Z l/)#e—in(ﬁd)‘
nez

Yr(m 1) = =, (7, 7),

Vi@n = ) e,

rEZ+%

Vo= ) e,

1
rEZ+§

Yl = Z PleminE=o) or k= Z Pleir=o)

Yl = Z Pleminm+o) or = Z Pleirtra),

Qo-l—-0T-T1,

at o gt
Qa, © a,,
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A
a
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=Y =0
A aT
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Q: | k) = (1) k).
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NC
In; k; a) = Z [n; ks i)A%,

ij=1
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= wn|n; k; ji),

Q: [ ks a)— wnz In; ks i7)T(2%)"
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=@y ) ks AT
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= wnsaz |n; k; if) ]‘-'l-
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A B
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X!'(o,7) » -X'(1 - 0,7),

Qop = £2-2P75Qy,,

1
E(‘Pe +i7) 12 (s + iho) _1/210),
Q%SYQ: [p; i)~ styg: w59y9]]:|¢;]’i’)y5'1 i'i
Jarn — T _
- wlovsii[voyr 1 ) s ] vat g
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=Ez anan + 2 Z YLy
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o) -1 o0
=lz al,al +lz al,al +lz Tl/)i 1/)i +lz Tll)i 1/;1'
2 -n“n 2 -n“n 2 =T¥r 2 -r¥r
1 — 1/2 s
=lz al,al +lz alal +lz Tl/)i 1/)i +lz —Tll)ill)i
2 -n“n 2 n*“-n 2 =T¥r 2 rvY-r
1 1 1/2 1/2
[oe] [oe]
212 alyal +lz (alnal + [ah, aly])
2 -n“n 2 -n“n n“4-n
1 1

v . 1w, o
- 5; robapt 45> (rel - r{whyl)

1/2
=Z alpal +Z riplapl +%Z nnt ——Z rnt
T 172 T 72
N@ 4 Ny 22 Z n_z .
2 T 72




VE = = (aa ki
a = 2 2a T iWP2a41),
|0)
¥4 10)
Ya,¥a,0)
Ya,Ya,¥a,|0)
Ya,Ya,¥a,¥a,l0)

50(9,1) - SO(3,1) X S0(6)

16 = 85 + 8. — (2,4) + (2,4").

Directions 0-3 4-9

3-3 b.es NN DD

NS a—n/w—r a—n/w—r

ans = 1/2 '133"51/2‘0) '¢"£1/2|0>

# 2 6

R Q—n/@—r a—n/'l,:’—r

ar =0 U6l0) | ¥Elo)

# 8 total
Directions 0—3 4-7 8—9
b.cs NN DD DD
NS Offn/'l.j’f'r Olfn/'l.j)f'r Otfn/"@"'hr
ans =1/2 ﬁ')ﬁ1/2‘0> @'3%11/2‘0) 77“"’211/2|0)
4+ 2 4 2
USp(N.) rep | No(N. +1)/2 | No(N, —1)/2 | No(N.+1)/2
R Of—n/'l,i.’—r Of—n/'l,i.’—r an/'l:"‘l)fr
ap =0 w0y w10y w0y
# 2 4 2
USp(N.) rep | No(No + 1) /2| No(Ne — 1) /2 | No(N.+1)/2

—ans=

NS

~Ms

NS

[

S XDRE SRR

Tl—z r|+
/2

(5 -51)-s

1/2

-

Directions 0—3 4-7 8—-9
b.cs NN DN DD
NS anfth e o, | a /i,
ays =0 - '[0) -

# - 2 -
SO(8) rep — 8 -

R an/%"ﬁn er/'l,i‘.’fr CLn/ﬁ"Ln
ap =0 Y0 10) - Y10y
# 2 total

SO(8) rep 8




Directions 0—5 6—9
b.cs NN DD

NS a_p/_, O [V _r
ans = 1/2 '$’ﬁ1/2|0> "Jj’ﬂﬂm)

- 1 1
USp(N) rep | Ne(Ne +1)/2 | No(N. —1)/2
R a_pfib, a_pnfth_,
ir=0 Vi) uiflo)

- 1 4
USp(Ng) tep | No(Ne+1)/2 | Ne(N. —1)/2
Directions 0—5 6—9

b.cs NN DN
NS a_nfU_p | a_p /Uy
ansg =0 - g |0)
# — 2
SO(32) rep — 32

R Q—n/w—n a—r/'z,i;’—r
ap=70 1g)0) -

7" 2 -
SO(32) rep 32 —

d-1
Ya+1 = n y',d € 2L
i=0

Pi=1(1+y )
7 U TVan

=n
1

En(n +1)

n
Z 1
p=1

n
X
p=1

o 1

Z p= gn(n +1)(2n+1)

p=1
S(x—x") = ifoo dpeiip(x—x’)

2T )_o

[oe]

1 . '
5(0’ _ 0") — % Z eim(a—o)

n=-—oo




L r=p=
f"o”“ p (Zm"x) (27tpx) )1
N xCcos I cos 7 )~ EL r=p>0
0 r#p
0 r=p=
f"o”“ dxsi (Zm"x) . (27tpx) )
N xsin I sin )= EL r=p>0
0 r#p

Xo+L : . L r=p=
f dxexp <121zrx) exp (lzsz) = {0 r=p>0
Xo 0 r+p
L

{L

0

Xot+L i2mrx —i2mpx r=p=0
dxexp( I )exp( I ): r=p>0
Xo r#FDp

=16,

[AB,C] = A[B,C] + [A,C]B
[PQrR] = P{QrR}_{PrR}Q
[AP,B] = A[P,B] + [A,B]P
{AP,Q} = A{P,Q} - [A,Q]P

[4,[B,C]] + B, [C,A]] + [C, [4, B]]
[P, {Q, R}] + [Q,{R, P}] + [R,{P,Q}]
[4,[B,P]] + [B, [P, A]] + [P, [A, B]]
[{P, @}, Al +{[A, P],Q} + {[4, Q] P}

o o oo

Fz+1)=2z'= f°° e~tt?dt (R(z) > —1)
0
I'(z)
(z—-1)

rz—-1) =

1
B(x,y) = fo t*71(1 — £)¥~1dt (R(x), R(y) > 0)

_Tr@)
T T(x+y)

2 .
dzg(2)ef @ ~ |———— g(zy)e/F)el® as s — oo,
.L g( ) Slf”(ZO)lg( ())

a = (m—arg f(2))/2
et =\gg" =97 g

8y XH = 1o X*; 6ye = 0:(ne)

B(x,y)

fO =1, fl =0
S|detM| 1
.W— tr(M~16M)

A = Af d2&/—dety

1
Ay = d?&,/—detyR@ (y)




O:=—07 + 02

flo.)=f(E%ED)

[9.P]p. = L[9,qlps. = 0,[p,P]lps. =0

1
Atap) =5 (Aap + 4pa)

(o)

N = Z Yoy Py
r=1/2

Vigigeiy ~ ViiaVip - Vigl

IIA: (8, + 85) ® (8, + 8.); IIB: (8, + 85) ® (8, + 8;)

L. e O 1 .
[]AJB] = EABC]C; []Ar PB] = EABCPCr [PArPB] = g_ZEABC]C

[]; Ga] = Eabir []I Pa] = Eaber
[H,Go] = €apPy, [Ga, Gp] = —€ap]

1 1
[Pa:Pb]= _f_zeab]: [H'Pa] =ﬁ6ab6b

] =j0rGa =ja!H =150rpa =I5a

Vo, Vol € Vo, [Vo, Vil € Vo, [V, Vil € 1,

(N ifitj<2,
’1"’11"{/12 ifi4j>2,

So = {40, 42}, 51 = {41, 22}
S0 S0 € 80,8051 € 51,5151 € S

(s ifi+j<3
’1"’11'_{/13 ifi+j>3

So = {/10./12,/13}, S = {/11113}
G = (So X Vo) @ (51 x V),

[jAth]z anciC
[jA: ISB]= EABCPC

L 1 .
[Py, Bg]= {,_ZEABC]C
IR 1 ..
U 0h]= =5 20
I 1 .
[Py, QL]= _ﬁ(yA)gQ;i

o x: 1 ...
[7.0t)= 3¢90

R 1 N - Y
{Qzlz' Q;g} = _?6ij(yAC)a,8]A = 68;;(yAC) apPs — CopeV (U + ET)




(]A]B) = doMNap UApB) = d17MaB

(PaPg) = %UAB; (TTY = a,
U =a, (U = —%
(Q&Qé) =2 (0{1 + —) Caﬁé'u
5 N 1,
T=7.0=10z =7 (0 a0}

U Ga] = €apGp, U, Pa] = €apPp, [Ga: Gb] = —€ap/

1
H.Ga] = eaby, (Ga. Fy] = —capll . [H.Fy] = Efabia
1 1 ~ 1 -
[Pa, B = —73€an . [1.03] = _5(’}’0)aﬁ Q3 . (H,Q;] = —ﬂ(”ﬁo)f Q3
1 ~ 1 - 1 .
[Ga:Qa] = —300)a QF.  [PaQa) =500 QF.  [12Qa) =+5 (10)as 05 -
@03 = = (%), (17 +1) - (00, (v+47)
(@05} = —("Clag (1Ga+ 72)
{Qz.Q5) = —(0°0) 4 (%LHH) +(1°C) 5 (U + %T) .

VO = {]'Pa'T}'Vl = {ng—: Q(;}l V2 = {H: Ga: U}

Vo Vol c Vo, [V, c Vo @ Vs,
Vo, Vil eV, [V, V] e 1y,
Vo, Vol €V, [Vo, V5] € V.

So = {0, 42,43}, S1 = {41, 43}, S5 = {45, 45}

50'50C50, 51'51CSonSZ
So-851¢€8, §-5¢S
S0:82C S5 S2-5,¢ 5

Gr = (So X Vo) D (51 x V1) @ (S, x V3)

50 = {4}, SAo = {42, 43}

51 = {3 5A'1 = {43}

52 = {1}, 5A'2 = {43}
So-SocSy $1-81c8nS,,
50'-§1C§1: ~§1'-§2C-§1.
So-$,c8, $,-8,cS,.

Gp = (Sox Vo) @® (S x V1) @ (S, x V),
Gp = (Sox Vo) @ ($1x V1) @ (S, x ),

[(VﬁR, ®R] C (’SR'




1
[J,Ga] = €aplp, [J,Pa] = €apPy, [Po, Pp] = Eabd .
CQ
1 1 N
H, Py = P_Qfabcln [Ga, Pa] = —€qpH , [J:qcﬂ D) (70) A Qﬁ
1 1
+ + +
0
{a7.05} = —(4'C),z(E+U),
+ 0> 1 4
{Qa: Qﬁ} = - ? ()/ C)aBGav
{Qz Q) = ~(r°C)ap(H - V).
i _{AM ifa+B <2N+1,
B " WMonsr ifa+B>2N+1,
So = {/’lzyn, withm = 0, ,N} U {AZN+1}’
Sl = {AZWH-IF withm = O, e, N — 1} U {AZN+1}
SZ = {12m+2, withm = 0, e, N — 1} U {AZN+1}
Gr = (So X Vo) @ (S1 X V1) B (S2 X V)
50 = {/’lzyn, withm = O, ,N - 1}, SAD = {AZN'/’IZN+1}
Sl = {/’lzm_'_l, with m = o,..,N— 1}, Sl = {12N+1}
SZ = {/’lzyn_'_z, withm =0, ...,N — 1}, 52 = {/’IZN+1}
[(VSR! (\SR] c ®Rl
Gr=(Sox Vo) B (S1x11) B ($2 x V),
B = (S0 x Vo) ® (51 x 12) @ (> x 1),
I = Aoy J PU™) = oy Py T = \op T,
H™) = \oyioH | Gm) = Ngyns2Gl . U™ = Ngypp2l
Qg (m) — /\Qm—i—lQa_ : Q; m) — /\Qm—i—ch_y s
(10,68 = Gl ™, 68", G57] = —eqy J0mem+2
[, P = €qpP™H, |G, B] = —eqpH ™
1 1
[H(m), Pa(n)] — {)_Zeangm"'n), [P(m) P(n)] — —_E ab ](m+n)
[H(m), Gz(zn)] =, l:‘,(m+n+2) [](m) Q+(n)] _ __(yO)BQ+(m+n)
[0, Q5] =~ )@, [, Q] =~ () Q™™
1
[Gr(zm) (n)] a)ﬁ F(m+n+1) [T(m) Q+(n)] E(y )BQ+(m+n)

1
{Qa(m) Q+(n) —(0°0), B( (min+1) 4 H(m+n)) (]/OC),;;; (U(m+n) + 7 T(m+n+1))
(m) (n) a m+n) (m4+n+1)
(@5, Q™= ~(r2C)p (65 + BmHHD)

{Q (m) Q (n) 0C)aﬁ< ](m+n+1) + H(m+n)> +(°0), ap (U(m+n) +{1) T(m+n+1))

[, Ga] = €qpGp, [Ga: Pa] = —€gpH, [], Pa] = €apPyp




[H, P ] {;2 Eabi, [Pa' Pb] == {;_zeab ],
1
[),Za] = €apZy, U, Mgl = €ayMp, Mp] = —p e K
[Zr P ] fz Eabzbt [K' Ga] = 6.abe'
[H,M,] = Eabe: [Pu, Zp] = —€apZ, [K, Py] = €apMp,
_ 1 1 _
[P, Q%] = —2—{,(ya)a PQp [HQa] = —5; (ro)a PF7, [Ga, Q2] = =5 (ada P

1 1 -
U Fal = =5 00)a Fg, [Pa, Fa] = =55 (vada PF,

1 - 1
[Mar Qg] = _2_€(ya)a BFE: [Tlr Qg] = ii()’o)a ﬁQ%;

1
[T..Q%] = ii()’o)a FrZ,

1
(@5, Q3= ~0°Chag (5 K+ H) F °0p (U1 +5 T

£
(@5 Q)= ~ ") (6o + M)
{ea F3}= —(y"C)aﬁ(z +Uy)

{Q@ Ff}= —g(yaoaﬁza

](0) =], ](1) =K HO =H, H®O =7
¥ =6, GP=2, P”=p, PP =M,
TO=T1, TDO=T, U@O=Uy, UD=U,
=05 QR =Fi

V() = {]l H' T! U' Q;}' Vl = {Ga' Pa: Q(;}
So = {/10,/12,/13}, S = {/11113}

G = (So X Vo) @ (5, x 1),

1
[k Qz] = =5 (o)a PF5

1
[T, F&] = 45 (ro)a PF5

)

BRB'

()’o)a BRB'

1
t+ E (YO)a BQ%:

[Ga, Gpl = —€4p S, [, Gal = €apGp, [, Pal = €ap Py,
[Gar Py] = ~asM, IH, Gl = gy, [H, Bl = 35 €0,
1 1
[P, Pa] = = 77 €an S, [ 1, Qe = ——(yo)a BQ,;. Rl = =5 (oda
1
[h,Qz] = —ﬁ(yo)a #Qg, [H,Ra] = —ﬁ(yo)a Rp,[5,Qa] = =3
1 1 1
M, Q3] = — ﬁ ¥oa BRB: [Ga, Q%1 = — E Yada BQE: [Ga, Qal = - E Yada BRB»
1 1
[Pa, Q2] = =55 (Yada P Q. [Pa, Qal = =55 (ada #Rp, [0, Q] =
1 1
[Tll Ra] == E (YO)a ﬁRB' [TZ' Q;] == E ()’o)a BRB:

(Q5.Q3)= ~0°Cag (314 H) = 0 (5 T + 01,

{Q% Qzl= -0 C)aﬁ( Gg + P, )
{Qa Qz}=-0° c>a,g(
(

{Q&Rp} = —(r°Clap

S+ M) + (°0)ap ( T, + U2>

S+M>—(y C)a,3< T2+U2>




VO = {]r Hr Tr U, Q;}' Vl = {Ga' Pa: Q&}

1
U, Gal = €a5Gp. [ ], Pal = €apPh, [Pa, Py] = g€ S
1 1
[H,P] = eabcb, [Ga, Pal = —€asM. [ 1,QE] = =5 (r0)eQ:
1
URol= -3 o) PRy 15,4 = - E(yo)a PR [P, Q21 = = 55 0a)a P Q5

1 1 1
[Pa, Qal = =55 (a)a PR, [T1, Q] = 5 (v0)a P Q. [To, Rl = 5 (o)a PRy,
1
[T, Q1 = 5 (ro)GRg,

+ 0+ 0 + 0= 1 e
{Qm QB} =—(y C)aﬁ(H +Uq), {Qa! QB} = _E(V C)aBGa
{Q2.Q5) = ~(1°C)as M= Up), {Q&Rg} = (10 C)g (M +Uy)

VO = {]! S; Pa; Tlr TZ}r Vl = {er Q;r Ra}r VZ = {H: Mr Gar Ull UZ}

SO = {AZm, withm = O, ...,N} U {/121\].'_1},
51 = {12m+1, withm = 0, ...,N — 1} U {/121\].'_1},

Gr = (So X Vo) D (S; x 1),

I = Agpn T PI™ = Aom41 Pa . T = Ay T
H™ = Moy H 6™ = Nam+1Ga. U = Ny U
Q7™ = 2o QF . Q7 ™ = Ny y1Q7
I:](m)’ G((z,n)] — EabGl(;m+n)' [G(m) G(n)] — I(m+n+1)
[, P07 = €apB™HY, [6&,p] = —eabH“"*”“)
1 1
[H(m), Pén)] — {J_Zeangm"'n), [P(m) P(n)] - E I(m+n+1)
[H(m), G((z,n)] =€, P(m+n) [I(m) Q+(n)] — __(y )BQ+(m+n)
[0, Q5] = - (ro)Q; ™™, [P™,Q1] = — 5 ()™
[P™,05] = 55 )™, (6,05 = ——(ya)‘* Q™™
64, Q)= - (ya)‘* QY [10m, Q5= 12 (r Q™

1 1
{Qz(m)’ Q;(TL)}= —(yOC) ap (_ ](m+n) + H(m+n)> _ (Voc)aﬁ (U(m+n) + Z T(m+n))

{Qa(m) QB(n)} (yac)aﬂ( g +P(m+n))

_ _ 1
{Qa(m)’ QB(n)} — _(Voc)aﬁ (Z jonn+1) 4 H(m+n+1)> + (Voc)aﬁ (U(m+n+1) + 7 T(m+n+1)>




[Ga, Byl = —€apZ, [J, Bal = €ap Bp, [, Tal = €ap T,
(G, Tyl = ~€asY, [H, Bl = € Ty [H, Ta] = 7€ By,
[P, Bal = —€apY, [S,Gal = €ap By, [S,Pa] = €ap Ty,
[Po, Tal = - j carl, [M,Go] = €as Ty, [M,B,] = j €as By,

1

[) wg] = —E(ma PWg,  [5,Qal = =5 (0)aPW5, IS Rel= —E(yo)a Fwy,

1 1 B 1
[H Wa] = =55 (0)a PW5, M Qa] = =55 (roda PWg, M, Ral = =5 (ro)e W,

1 1 1

[Z! Q;] = _E (YO)tl ﬁWE! [Y! Q;] = _ﬁ (YO)a BWB+; [Ga! Ra] = _E (ya)a ﬂwﬂ_

1 1 1
[Ga; Wo?] = - E (ya)a ﬁWE; [Pa; Ra] = _ﬁ (Ya)a ﬁwﬁ_; [Pa' Wc;] = _ﬁ (ya)a ﬁwﬁ+

1 - 1 - 1
[Ba: Qg] = - E Vada BWE; [Tar Qg] =- ﬁ Yada ﬁwl;—' [T1; W;] == E Vo) ﬂwﬁ

M Qal = 5 00 AWy, [TRe] =3 00)a PWS, [T Qi1 = 5 ) AW
Q4 WE)= ~0°Chag (324 ) = 0°C)ag (5 Ta + Us)
Q4 W5)= =g (3 Ba + Ta)
Qi Rg)= ~0*C)up ( Ba+ Ta)
{Qa Wi )= —(r°0)ep (1 7+ Y) + (°Cap (1 Ty + U3)
{ReRg} = —(r°C)yp (1 7+ Y) - (¥°0qp <1 T; + U3)

J]=]©, G, =62, T,=TO®, U, =UO,
s=J®, B,=G6, T,=TO®, U,=UO,
7z=]®, p,=p®, T,=T®, U;=U®,

H=HO, T, = Pél), Qi = ;(0)’ Q+(1),
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n,p=0
N-1
Seatm— Z Sy EEM YA F®)
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H,(0x°)/im(D,) = H,(X°)
Hy(X°)Y x Hi(X?) > Q/Z
£(61,3]) = 0 for 6;,6{ € Hy(X°)V © Hy(0X")
D,[Hy(X*)* /Ha(X")]
v1 € Dy[Hy(X)* /Hp(X)]
& € Dy(H (X))
Dy [Ho(X°)" /Ha(X)]
Hy(X*)® @ Hy (X*)®

[Hy(X*)"/Ha (XD @ [Hp(X*)*/Hy (X))

H(0X)® x H; (0X°)@®

Xloc — U )?i'Lg — HZ(XIOC)
i

D=DD@Dp®,
Amaximally mixed = Al @ A4—' Al = A4—

Amaximally mixed = Al @ Ad—3'A1 = Ad—3'

J. a |1
0 = Hy(X*) @ Hy(X1°¢) S Hy(X) — Hy(0X'°%) > Hy(X°) = 0,

=139 =0X°

Hy(X'°¢ nx°) = H,(8X"°) = H,(8X")




Ha(X°) and Hy(X'°) = L,
im(,) = Hy(X°) @ Hy(X')
I (HZ(XIOC)) = H,(X'oc)
Hy(X'9°)" = Hy(X'oc, 0x7°°)

M M Hy(x'0¢)"

]Z(HZ(XIOC)) - H,(X'oc) < H, (X100) =Z(6),

M
WXHKX") - Q/R

M/Hy(X'*¢) = Hy(X°)V
9, 1,
0 — coker(j,) » H,(0X°) - Hi(X*) = 0
Hom(H,(X°), Z) = Hp(X*)"

Js DS I
0 = Hy(X*) = Hy(X°,0X°)= Hy(X°)" @ Hy(X*)Y = Hy(dX°) > Hy(X*) = 0

Hy(X°)* B3 f
= 0- HZZ((XO)) @ Hy(X°)V > H,(8X°) b Hy(X°) > 0
_ H,(X) _H(X°) oy o H2(X°) M
coker(j,) = 00 @ H, (009 = H,(x) @ H (X)) = Hy (X% GBHZ(XI"C)

35 € Hy(X°,0X°)
I € Hy(X'°¢,0X10c)
0, € ker(yy) = im(éz) = coker(j,)
%, € Hy(X)
im(j) = ker(d,) = Hy(X*) @ Ha(X'¢)

0, = D%“(Z'Z"C) € H(X°)Y c coker(j,)
%5 € Ext(Tor(Hy(X%),Z)) = Hy(X°)" € Hy(X*,0X°) with D3(Z3) = 0y

%, € Hy(X) with 8,2, = 0y

%, = 23 Ug, 33




c M
2 H,(X1o0)
~ M

b C Hy(X)

%2 & mam)
01,6, & ker(1y)

[o1] +[61] = 0 € H;(X°)

Hy(X°)"

Ha(X°)

25 € Hy(X°)* = Hom(H,(X°), Z) © Hy(X°,0X°) with D3(£3) = 6,

6 =Dy () e c coker(j,)
T, =B ug 55
0 # 0, = DI(ZX°) & coker(y,) = ker(1;) = ker(l;)
Hy(X°) = Tor(H, (X))
0 # [6,modker(I;)] € H;(X°)
[o1] + [6,] = 0 € H;(X°)
D5(%3) = gy + 6, € ker(I;) = Im(D3)
[(G/C1oe ) X U1)*]/Cortra

H,(X°)*  coker(y,)
~ W — ~ —
Cioc = H1(X") 112()(106)’6‘”‘tra T Hy(X°)  Hy(X°)V

Coc D Cextra
rank(H, (X)) = rank(H,(X*)) + rank (H,(X'°¢) )
H,(X) ® Q = (H,(X") ® Q) ® (H,(x'*) ® Q)
%, € Hy(X)
%, = S19¢ 4+ 8°,510¢ € Hy (X)) @ Q,5° € H,(X) @ Q,

22 ‘22 =SIOC 'S~10C+S° 'S~°

T, ~ T U, 33




22 € H,(X")" = Hom(H,(X"), Z) € Hy(X*,0X")
X* = xloc
¢ H, (x1oe, axloe ) = HZ(XIOC)*
leoc — Sloc c Hz(Xloc, axloc) c HZ(Xloc) ® Q
5 € Hom(H,(X°),Z) € Hy(X°,0X°)
D335 € Coyra © H1(0X°) = Hy(0X')
p = I¥° Uy, 23
0,2, = 0y € Ceyra C coker(j)
I, =slc+5°
sloc = zloc € H,(X'°¢, 0x1°¢) = H,(X'°¢)", $° = £3 € Hom(H,(X*), Z) = Hy(X*)* € Hy(X",0X")
I, = EX° U, T3 with 8,3, € G
Sloe =3 € Hy(x'¢)’
§° =0 € Hy(X°)*
D3[H, (X*)"/Ha(X*)] = Coxira
D3(H (X)) = Cioe
5;(1'11()(0)\/) c H;(8X°)
H,(0X°)/ker(I;) = H;(X")
AX° = aXloc
Hy(0X'¢) = Hy(X"¢ ) /Hy(X'°)
3, [M/]2 (H2 (xtoe ))] c Hy (X" ) with Dy[H, (X*)V] © H,(3X°)
%, € M © Hy(X) with 8,%, = 0, € D3[H;(8X°)"] = Cioc
I (Hz(Xloc )) = Hy(X'0)
Hy(X'9¢)" = H,(X'oc, 0x7°°)
01 € D3[Hy(X)'] = Cioc
G, as £(0y, 6,) = T - S modzZ
%, = ZF° € M € Hy(X'°¢)" and £° € H,(X1°¢)" with DIP¢(2X°) = oy and DI°(S)°) = &

£(0y,6,) =3k - 8¢ = OmodZ if 6, € G, © SX° e M

2(0y,6,) = 2k - £ modZ = 2¥° - £, modZ = %, - £, modZ = 0 modZ,




Xloe U X
T, =27 +25( 25, 23)
coker(j,) = im(d,)
(01°¢, 07) = (DYexle, D3%3) = (9,%,,0,%,) = (01,01) € H,(0X'°°) x H,(9X°).
((zbe,23),,,, (57,53), ) = (01, 61%%) + 2007, D)
= zloc. gloc 4 35 . $smodZ = %, - £, modZ = 0
(0,0,) € H,(8X'°) @ H,(0X")
0, € Hi(X°)Y

coker(j;) @ {(0,0y) | 0y €H,(X*)V} € Hy(9X'*°) @ H,(3X°)

lcoker(j)| x [Hy(X)V] = |[Hy(0X°)| = |Hy(8X%°)| = J |Hy(0X%°°) @ H,(0X°)|

Amaximally mixed = [COker(lz) ® Hl(XO)V] @ S?) [COker(lz) S?) Hl (Xo)V] )
c D = [H,(ax"%) @ H,(0x)] " @ [Hy(0x'°°) @ H, (0x*)]™

[H,(0X") @ Hy(8X)]/A
[(G/Croe ) X UM)?]/Costra
Hy(X°)" cH,(X) ®Q
01 € G =1{0,Z, 12, € M}
X =T*/L,
Xl =116, €2/z and X° = X \ X'o°

Xloo IT X° is su(2)® @ u(1)®
32
[Hl(axloc) @ Hl(axo)](l) @ [Hl(aXloc) @ Hl(axa)](4) — @ [Zsl) @ Zg‘:)
i=1

(Z, © ® 7, ®)®° = (1@ @ (H, (X))@
(Z, ® Bz, (4))695 = H(X)® @ H (X)W
M c Hy(X")"
M/Hy(X') = 7., 5
M/Hy(X'¢) = 7, ©5
Z, ®5 c H,(9X')
M/Hy(X")

@5
Cloc (N Cloc 4) ~ (Zz (O Z, (4))

4)

[z, © @z, ®|H,(ax' )(1) @ Hy(0x1)




Hy (0X)® @ Hy(9X°)DH,(X) 3 F, = (% Ta) Ug, (Z %m)

Io

Hy(X) 1T, € Hy(X*)" © Hy(X*,0X°) B, Sey, € Hy(X' ) 0, = 0F, = D3 (3T,) = D¥* (%, ey, ) € Hy(0X°) =
H1 (Xloc)
(04,04) € Hy(8X"°) @ H,(0X°)
eV de® =(z,0 @z, (4))@36

exra D Cexira
[SU2)'/23 xU(1)°1/25 = [SU(2)** x U(1)°1/ [ (Z5*)° x (2 )°]
(Z, ® @z, ®)®°z, O117, 8227, ©11 = 7, O11
Ext(H,(X°),Z) = Hy(X°)" c H,(X°,X°) and H, (X°)
D3[Hy(X*)¥] < H1(9X°)

H1(9X°)/im(D;) = Hy(X")

oy (1) oy (4)
<II-{122(())((’°))> ® <II-{122(())((°)) ) c H,(0X*)® @ H,(0x")™
Hom(H,(X°),Z) = H,(X°)*
Hy(X°)'/H(X?) = Z

(€
®

(C))

Hy(X'9)"  H,(X")" =[Z() D 21D ®[2(6) & Z]@

Hy(X'°¢) ™ Hy(X°)

HZ(XIOC)* ® Hy(X)*
Hy(X10¢) ™ Hy(X°)

Z(G) = H,(9X')

Hy(X'°¢) < Hy(X'°¢)" and Hy(X°) < Hy(X°)*
(ac, be) € [2(G) ® 2]M
(am,bm) € [2(G) © 2]

(@, be), (A, b)) = g - @y + by - by, mOdZ
Cioc D Coxira ©2(6) D Z

A= [Cloc B Coxira D B [Cloc B Coxra |
%, - ,modZ = 3, = 5¥° U, 55

Hy(X19¢)" 3 310¢ = G Hy(X°)" = Hy(X®,0X%) /Hy(X*)Y 3 35 = be(um, bm )

2 2

| M P [H) iz L [H2 (X
|Cloc @cextral _|H2(Xl°c)| HZ(X°)| —lHl(X)l X HZ(X°)
N o [HCO ool o [H2CE)T |
=1 XY O x [raes | = [H(0x)| x [ras | = 120 © 21,

(X°) @ Ha(X"¢) > Hy(X)

M c HZ(XIOC,OXIOC)




g @ u(D)’
Hy(X°)Y € Hy(X°,0X°)
g D u(l)’
H,(0X°)/im(D3)
H;(0)® @ H,(aY)™®

CS(OY, 0'1) dC3 U BZ U Bz
Mg

1
CS(aY, 0'1) = EZZ . 22 mOdZ,

(L /LD x (£ /L)@
L= Hy(X") @ Hy(X*)

01 = [vmodL] € L*/L
1
q([v]:= R modZ,

£(01,61) = q([v] + [7]) — q([vD) — q([¥]) modZ.
L = Hy(X1°¢) @ Hy(X*)L* = Hy(X'°¢)" @ Hy(X°)*
(D) = q([v'e +v°]) = g°¢([v"*]) + ¢ (Iv°D
Cioc @ Cextra = coker(j2)
I, = IF° U, 35
(o= q" ([25°]) + ¢°((25D)

1 1 1
= 5212“ ST 4 %3+ 23 modZ = 53, - ¥, modZ = 0 modZ

[Cloc @ Coxira 1VCEZ(6) B 2CW B €W
|Z(G) @ Z| = |coker(j,)I2[G x U(1)P]/eZ(G) xZ o€
g @ u(1)’
Ly/L,=2(6)2(G) D Z
q=4,0q212(6) B Z|

q. (WMD) + qr([v]]) = 0 modZ.

1
qu(lv modM]) = FVv modZ = q,([v modL]) for v e M* c L*.

115’16+5EHT$LWaEO+WaET*@L*vI:v}r+v}vle’]‘*@L*

N=T®L+{wyvlzcT ®L




[(G/Cie) X UD)?]/Coxtra

M 7, (1)

T*
cloc = T: cextra = L = ?

n:I->LTHLclI

vMeM cL |j
s®uD)iZ D2V D [Z D 2Z(E)]4DZ(@G) =L /LZ =T*T
(Asr), [s. DD, ([er) [, D®) = sp - tr + 5, - t;, mOdZ
3 s o (rr(s),m(s) ET* D L',
([mr (][ ()] € Z B 2(6)
[Z®2zZ(@O)W @[z 2]
{([mr ()] [mL(s)D |'s €11}

J2
TAL-II

(@] I ()] € Z D Z(@) | 5 € 1) = coker(ry) = —— e — @ &

TOoL TOT
[wal = (0, [wo]) € T*/T and [v,] = ([v ], [v}"]) € L*/L

ror = ar O T /T O L°/L

coker(j)® @ coker(j,) @

|M/LI? = d(£)/d(M) d(£) = L /L]

P dren L
L

T* ~
leoker(2)P* = || == —dr@n =|7|x | =178 2@

d(n = I /ml = 1
Amaximally mixed = [cOker(12)]™® @ [coker(j;)]*~
g=-egDeg
(Z, @ Z,]P @ [Z, ® Z,]®

q¢ZL, DL, > Q/L

1
q((1,0)) = q((0.1)) = 0,q((L1) =3

I@U=1,,, =1, DU,

!
T*/T = Ty, = M*/M

) _ 18

0D = MM =51 = Tz,

ZEUu(a8) @ Z=Zy DL, B L,

v=wlLvM)eT* @L*




[(SU(18)/Z3) x U(D]/Z,
g = su(7) @ s0(22)
Ty X Ly = Tog
qu(k) = k2 (; + %) modZ = 2381(2 modz.
g = su(7) @ s0(22)
Zio D Zig =L*/L
L= (Lagoy) ™

1 9
41 ((ky, k) = E(klwlu kawq) - (kywy, kaw,) modZ = 20 (kg + k) modZ,

(w, W) € (L’;uuo))@z =L
75° = {(0,0),(2/4), (4.8), (8,6), (6,2)}

M=Land M =L+ {(wy, wy)}y

(1, %2) * Y1, y2): = (x4, x3) (_30 —20) <§:)

v = (o], (w1, 0))
v, = (v, 0w0) €T @ [(Lauroy) © (Lugao) |
M =L+ {(wz, wa)lz
MM =T, ® I,
vl = 5,0) € M* € (Layao) @ (Lawioy)”
vY = (0,ws) € M*

q,(v}) = %WSZmOdZ = i for] =1,2

(x1,%2) - (y1,¥2): = (X1, %) (_02 —02) (yl)'

Y2
v = <(§0) (w5,0))

1 .
vy = <(O’§)'(O, ws)) [SU10)?/Z5° x U(1)?]/75

1 T;;
EC,H A (Z tr(F2) + Z T;iF; A F,-) =Ca_a A (Z (%) - Z 7’c1(Fi) A cl(Fj)>.
L)

7 g i

(%) = 5te(7)

=D s
g




[Wa] € cloc c L*/L = Z(G)

Z c2(%;) = —q,([wg])B U B modZ
g

[v]= vl eT/T®L/L=2 Z(G)

T,
Y al®) =) ZaEd na(B) = (~a.(vD - gr(w]D)B U B modz
Lj

g
T*/T = Coxra < ZU(D™Y)
Coxra € Z(6)
Coxtra © Z2(U()D)

e c [2(6) x z(n)r-H] P

Xloc — U XL'
i

X =xlcuxe

ox'c = ox°

axloc ]_[ axe

X =x"cuxe

. loc Jp-n+1 Op-n+1 loc lp-n .
02 Hyons1 (X)) @ Hps1 (X1°9) "> Hpopa(X) > Hp(0X1°9) > Hp_n(X7) -0
=dX°

IR 041 € Hy_nyq (X100, 0X0)

YD-d—-(p-n+2) € HD—d—(p—n+2)(aXloc)
D¢ RC 1y = Op_y € Hp_py(0X1¢ )0 X1

Hp—n+1 X)=1Zy

HD—d—(p—n+2) (aX*)

dX'loe U oX°
axloe U ax°

D—-d=2(p—n+1)
Hy_n(0X") = H,_,(3X°)
D—-d=2(p—n+1)

D=2p+4

1,5 loc
RS x X}




e =| e
i
o4 _1 igal o Bigil
SSymTFT - E Ki}' (BsdA1 + BsdA1)
] My
C?/TV25(BL) AL (AY)
1 S
() —
SSymTFT - EZ Kijf CédC;
[ My

Up(Ms) = ' s 164

(UA(Ms)U/l’ (Mé)) — e—2ni}JT(K‘l)A-Link,,,,7 (M3,Mg)’

():D@ x D@ - y(1).

1
q:A- EATK‘l/L

(A2 = exp [-2mi(q(A + 1) — q(2) — q(A))].

ADE Algebra q
Dan q(v) = 5, q(s) = gq(c) = &
D2n+1 2n8—0—1
2 2
E; 3
— 1
q(a) = 5N a’ € EZ.

N
SSymTFT = Ef C3dCy

N n
SSymTFT + 55 = Ef C3dC3 + Ef (C3 - B3)Y3

oM,

2

o | BsdBs
1
Stop o] Zﬂf <_§F5/\32AF3)
L)
Stop ¥ 1. - -~
2_ o] ]11m0d1 = (_EFS * H3 * F3) mod1
l Mo My

HO(S3/T,7Z) = H3(S3/T,Z) = 7, H*(S3 /T, Z) = 0, H2(S3 /T, Z) = T,
Fq =f5*i+z Eé” xEypy + fo * V3,
i

F3=Fl3*i+z dgi)*fz(i)‘l'fo*ﬁ?,,
i

H3=Fl3*i+z dii)*fz(i)ﬁ'i:lo*i}y
i




1 HOS*/T,Z) = 2ty < H*(S3/T,Z) = Tap, ¥ & H3(S*/T,Z) = 1.
2 M,

S, . o
SymTFT _ _Z CS[SB/F]i]‘f 0 (h3 a4 by * dij))
]

1 .
CS[SB/F]U = Ef3 tZ(i)tZ(j) mod1
s3/T

Egi), dij) (aii))

ADE Algebra | Iy —CS[S? /Ty

Apq Zn =

Dap Zo & Lo vl

n—1 n

Dant1 Zy ntl

Fg Zs 2

Er Zy 3

Fg 0 0

Vx,yELC R :x-y=(x,y)

Gap = €q - €p = Gpg
Lo R"
R*"> L ={veR"|Vx e LcR"(vx)e€Z}

* *

L
£ T X T - Q/Z,£(JvmodL], [wmodL]): = v - w modZ.

U(z,2') = q(z +2') —q(2) — q(2").

*

L 1
Qi = Q/Z, q;([vmodL]): = Evz modZ.
D
g
=D b,
g

¢ (F)=—-aBUB
Ly/Ly = Z(G)
€ c z(6)

[w] e L/L

w1 = (fwg)) € 2/ = P (83,714,

g

Z CZ(T;,) = —Z qg([wg])B U B modZ = —q,([w])B U B modZ

g g




T
S aF) A (F)

V= Z a1 (Ft;

Zy =T*T
1
a(F)= NBmodZ

¢, (F;) = A;BmodZ
V= Z Aiti ET*
i

T;; T;;
e (F) Aes(Fy)= = (pid + AiB) U (pjA + 4;B)
Tij Tij
= 7[]1[]].4 UA+ Tupllle UB +7/1,'AJB UB
1
= (Ev : v) B U B + integer 4-cocycles = qr([v])B U B modZ,

g ©u(1)?
X = U ST,

T, € SU(2)

Hy(0x7) = | [ abir

0 = Cioc = Crun : = coker(jz) = Cexyra = 0
€2 (7':@) - iza,bsrk(gg) Kzgg)j'tq.a A Fg,p, With Ké‘g)
0cD,c--cD,=TM
[P0, T(Dy)] & T(Diy ).

(X, fY] = X(F)Y + (HVIHIFX, Y],

FT¢ = (Te/D-1-5)".

GrpTg = (Gr_pTc)v

Dy=0c D, =TOD cp, =T

F_sT* = 0 € F_,T* = (Tg/TOD) c FL,T"M = T¢




weight: 0 -1 -2 -3 —4 -5 -6

3) Q30
2)
1)
0)
¢:GrTM - TM
] @ Gr;TM | = Dy.
1<j<k

d=d1+d0+d_1+"',

d=d1+d0+d_1+”'

W* = H* (Gr F,(Q*)) = H* (Q*.d,).

(@ ) e ().

k]
FeE(W):= Fiey (W),

(Q(X),d=0+0).

0c D, =TOVX c D, =TcX
T, X =TODX, T,x =T1LOX,
d;=0,dy=9,d_; =9,
d=jg+0+0d+u

d1 zﬂ,do = 6_,d_1 = 6,d_2 = U.

W* = H*(Q%(X). ).

(Q*(N).dar) = (Ooo(j\q_)[ﬁ, dg,da] , dx% RS dB%)

A=d6,v =dx + 16

d d d d
ddR=,12—+/1< 0 )+v—.

ov 20 ox 0x




v
d —,16 ,196
Y dx
q F)
_1—Uax

We=0%X), dy= 0, d_=0.
T (QQ"(X)., d) —+ (QO"(X)., d). v TV o

{@, B} = (-D“I(A(ap) - A(@)B) — ab(B)
[=—Jo:={0(=), -}

(QD?.(X) ) J ’ [_: _]3)

[a, Bla = {0a, B} = m(da A OB)
1, 1
Sgy (@) = -L , QAa (5(6’( +dy)a+ g[a, a]a).

d, = dz) + d’—l + d’.z

dy= 1o dyop
d’_1=i°(d0hd0+d_1)op
d’_z =jo (( doh)z do +d0h d_1 +d_1h do) °p

(dp)?=0
[dly,dol=0
(d_)?+1[dy,d,]=0
[d,d,]=0

( dl—z)z =0

7o (W2 d)) — (WO, )

™

1
A =—Z tkA
t k

k=1
A? =0 and A(1) = 0.

{ai, ..., an}e = [..[A aq], ..., 2] (D).




{a,, a,} = Aayaz) — Aay)a, — (—1)!%la, A(ay).

. 1
{a4, ..., an} = ltl_I)I(} tn—_l{al, S

{ay, ..,an} = [..[An, aq], -, an] (D).
A=Ay +thy + t2A; = dy + t[r, d_y] + t2[m, [m, d’,]]
[m,d",]? + [df, md 7).
m(d_,)?m = —n[dp, d_,]m = —[dp, md., 7]
dt=dp+td ,+t2d.,

ub(ay, ..., ay) = {..{d5 a3}, ...a,}

Hn = ti—r}g -1 ﬂrtl
Hi (@)= dpa

u(a,p) = {dl—lalﬁ}
Uz (a' ﬂ! Y) = {{dI—Z a, B}' )’}

pa(a, ) =m(d_ a-d_4B)
pus(a,By) =mn(dl a-n(d-.B - d-y))

{d_ 0,8} = (-DI*(md_, (d_ - B) — (m(d_1)*@) - B)
{d o0, B} = (f”'a' (dr—lﬁ(dr—za - B) = (dymd Ha) - 3)
— (7d’ ) -d_ 3 € Wb,
{{d_za, B}, v}= {(md ,a)d, B, v}

— (_1)Itxl+|ﬁ|[nd’_l((nd'_za)(dl—lﬁ)]’) - "dl—l((ndl_za)(dl_lﬁ)) . ]/]
= m((md.,@)d., 8 - dLyy)

n=1In G ny,
0—-n->p-py—0,

Y = Spec(R/]),
1=(2f428),u=1..daf=1.n
n=15(-1) ®V(-2),

[— —]:Sym*(S) — V,

ARy + Modfy); — Mult,

A® = (C®(N) ®c R/I, \*D,) ,




4 EE/I(F) = A* ®R/I F,

ModR/I

i//

ModC ()

C*(n) Z QY (N)Y € Q*(N).
A*(C*(n)) = (Q°(N), dar).
Gr FJW*® = A% (H*(n))

(WO dj) = 2 .R;I(R/I)a

o = H>O(pl [Q' _])
ftg = (p/Im([Q, —D(-1) @ p*(-2),[Q, —D-
A*(0y)9 = A*(Oy,) .

44_-(01/)(;) _ QO,.(CR) ® Qo(Rd—Qn)‘

def(n) = dim(Y) — (dim(n;) — dim(n,)) = dim(n,) — codim(¥)
depth(l, R) = dim(V) — n.
def(Q) = dim(V) — codim(P, - Q)
H2(n, [Q, =) = V/Im([Q, ~.
n/ker([Q, 1) — Im([Q,~]) S V.
*Tony = To(Py - Q) @ No(Py - Q).
codim(Py - @) = dim (Ng(Py - @)) = dim(my /ker([Q, ~)).

def(Q)= dim(V) — dim(n, /ker([Q, —]))
= dim(V/Im([Q, =])) = dim(H?(n, [Q, =])),

H(m) = R/I

H™2(n) = Exte ™M (R/IR) = R/I,




7 (AY(H2
(A*(H2(n)) , dy) — (A*(H () . d})

Spin(11) > Spin(7 # PR
) X Spin(4) D G, X SU(2)4 X SU(2)_ D G, x SU
R @)+ x U,
S=1,,07)2°d1*@1™).
Q€1 ®11

20 ~
NV, =V, D gy,

Vi — s Va1t

g
9 V-,@llﬁ‘»v
Vi 1 7
- —— v 2!
V}®271 20
_—
271

0
1Y —— 1!
2
17— 1!
1—2
30
po = H*(p,[Q.—]) =
Q.- = (mas(l)e V2 172
@ L(—2).
V7® 11 g V7
20 521

21

Q. — -~
Clz1, 29][d21, dza],

A*(Oy, ) =~ Q" (C?*) @ Q*(R) . Jc2 +d
Q) ( (‘E ) Q) ( ) '@2 )
; R7

V=L6®L &C
ng = MA? L(—1) @A* L(-2)

def(ng) =7—-(10-5) =2

C' g [ ]
(ng) 2 ALY @ R,

Sym®(n}) = R = C[\"]

(ng), = (A2 L)Y




d
deg = 2% 2% gpcqe FIEER)
e

R/l ke {0,-2}
H*(ng) = {M k=-1
0 else

¢:RQRN L —>R®Ley Ae, - ecde] e,
(QZIR((I:5) ® C[)\aba ﬁab] ! 8[35 + SCS + % + dCE) b2 (Q.([R) 7 dIR):

R—/l(a 96)
~"\ao dx

d; = dcg, d0=.'R+5+dR,d_1=a

d' ., A(H (ng)) — A*(H *(ng)),

T (W2 dy) — (WO, dp) .
m(Agp dz® dz?) =1
C*(n) = (AVY @ R, dep),

R = Sym*(S5Y) = C[\“]

d
dCE = Aargﬁ/‘{ﬁ W.

(2°5 27 vm,

Ay WO — Wt

Ay s WO — W2

T (A“Fgglﬁvﬂvv) =1

1
AP = FAul_,_ﬂpdx“l A dxte

ﬂA: M4 -G
UaprJeal = _Zna[c]d]b + an[c]d]a' Uan, Pl = _ZP[anb]c' [P, Pp] =0
w®(ea) = 280, V4(Py) = 85

do® — w2 Aw® =0
AV — %y AVP =0

R =dw® — wg A w?

T% =dV% — %, AV =DVe




1
Alw®, V] = Wf R AVEAV €qpca
M,

R® =R Ve AVE =R . dxt Adx”,
Rab AVEA Vdeabcd= Rab ijViVjVCVdeabcd
=RV VI VeV d Xt P€qyeq

= _4RL] ijdetVd4x.

ij = v —
RY ;j=RW ,, =R,

det(V) = /=g (g = det(g,))

J.

4

R AVE AV, , = _4f R /—gdx*
Ma

SA o

m=0 iTCAV€qpeq =0
5A )

spa=0 R¥AVeeapca =0

TC=TC pyVEAVT
oc £ m da =
T€ pmVEAV™ AVeqpeq = 0
VEAVT AL = gtmdp®)
14

o
c fmd 3) _
TC pme peabcdﬂp =0,

o o 3
(TP ap +2T¢ (a8)) 0 = 0

R AVCeqpea =0 = R™ ppVEAV™ AV eqpeq = 0

—6R4b mﬁﬁp =0,

1
Rab—ié‘g:}e:O

§leange) A — (ye)A,

§leauge) yab — peab,
sleuge)ya = pea 4 gadby,

& (gauge) f R¥® AVEAV3egpeq =2 f R™® ADe AV4eqgpeq = ‘Zf €R AT €abea 0

§(gauge)pab — p2eab — ZRgecb
R* = Rgcu® Auc = RY.VP AV + RpcwP At
Ripc =0
RA =R VAAVP

G=0Sp(114)

TA = (]ab: Pa: Qa)




UabsJeal = —2nacJap + 201 ajar Uans Pe] = —2Pianpices [Pa, Ps] = 0
1

Uap, Qe = 2 Yav)a BQB; [P Qe =0

{Qm QB} = _i(Cya)aBPa-

RA(x,0)= R 4;(x,0)E4 AED
=R* 210)abVEAV? + R (111yaaVE AT + R (o1yaph® A PP,

R*®= dw® — v A 0

i i_
Té=dVe —wi AVD — EI/)“(C YV ap NPP =DV — Ezpy“ AY
1
pe = dp® — 2 (yap)® g AYF = Dy

DR =0 )
DT+ R, AV —iy® Ap =0

1
Dp* + Z(yab)a pR®P AYP =0
Do(V?) = 68; Do(F) = 65; Da(p®) = Do(V®) = 0
Seut = Lep? = d(tep®) + 1 (dp?)
P*=€%V4=0

lﬁysyaDlpVa = _ilﬁuyuvPDva\/Ed4x

- 1 -
AP = mj " [R®VVe€apca + ahysya DYV 4]
MM
dA c da s c
Sab = O €abcaDVEAVE+ 29hysYeyapPV e =0,
ix _
€abed (DV“ + El/))/‘ﬁ/}) A Vd =0

6A ab c I 5
6va=0:2R AV eapea —ap ANy>yap =0
6A 5 a a

o 0: 2y°yap AV = ¥syap AT* =0

TEA VdEade =0

T = TG0V "V + Thmea¥aV® + ¥ TG)ap”
p* = Pfxzw)abVaVb + pglll)a‘/’ava + p(aOIZ)ﬁylpﬁlpy
R = Rea VY + GEPYV° + K

Rélo)ab = Rj),
Py = P abVi VP + plina V] + P&nz)aﬁ‘ﬁﬁll)f,
T =T, VPEAVE=T%, VP AV
T¢ =0
2Y%Yap AV =0
P = D&i0)arV VP + pEi1a¥ Ve + plo2) sy YWY,

p = papV VP = ppdxt Adx¥

)/SYap AVE=0 = YSYaPDCVUaVHDVVC\/Ed3xEuVJA =0




et VUA)’SVGP/W =0, or, equivalently: EMVGAVSVO'DMI/JV =0
0 = —e™"Spgysye — Sc[aeb]mStﬁstYSym
R — RgchVd + 0%yve

T¢ =0
p = papVV?

. 1 .
R4¢ bc — Eachd ca=0,
T4 =0,

€lySy pap = 0.

Rﬁ'nl/) = Reb chuCVvd + @?blll[quf] = Rab w T éﬁ/blpu];
Th = Te chub%C =T I

Puv = p~aquava = ﬁuvr

1

mj (414] [RabVCVdEabcd + 41/;}/5%11)1/)‘/“]-
MM

Ay =
S L=b4L=1dL+d(L)=0,

1 i
dL=DL = 4—K2[2R“b (TC + Et/;yﬁ/;) Veeapea + 4PV VapV e +
_ _ i
PV VY ap ROV — 4y Syap (T“ + 51/))/“1/))] :
dL = RTV €apca + pY>vapV® — 49y >YapT®

e(dL) = 2(‘5Rab)TCVd6abcd + 2Rab(leTc)Vd6abcd + B(Leﬁ)ysyapva
—4€y%yopT® — 4ysya (tep)T* — 4Py >yap (LT

te(dL) = d(3-form )
1T*=0;1p=0
z(leRab)Vdeabcd —4€ysy.p =0
LR = Gabeye,
Sew® = (V)™ + e VIRY + 0% 1hef + OPeV e,
5.V = (Ve)s,
Sp® = (Ve)* +e%pg,VP.
Sew® = (Ve)® + 0%PeVe,
5.V = (Ve)s,
SY* = (Ve).
Sewi? = 0%elf
8V = —ip,ye
Sy =Dye
[67,, €1,] = iz, 701

[651‘ 652]Vﬂa = _iDﬂ(e_lyaGZ)

[551r 55211»0/1 = —i(E_:L}’vfz)D[ull)v] + a(x)u AY/h/ppvP'

1, _
a(x),* = 5(2«51)/1’62141’1 w + €YV 6B 1),




§(gauge) yab — (VK,')ab = D}cab,
sleugelya = (Vi) = D + KV, — ifhy k.,

(gauge) 1
BEMEIY = (Vi) = Dic = 3 yant,

5,Egauge) wﬁb =0
S’Sgau&'e)%a — —ill;u}/ak
SNy, =Dy
RY= dwf + wlwf
" b S I .
=RBVVL+070YIVe -, (Fab + Echeadeys) Pjel

i .
T =DV — iyt

=0

F=dA + Eijll;ill)j
= F,vey?

pi =Dy

i .
= PiapV VP + (Y“ ab +1ysy® EFCdEabcd) A

Sew® = @8betye
oV = _h/;iyaei

1 .
S = De; + i ;FVPy%; + iieijeabchCdbesyaef

6Ec/l = 26”1,51'6]

FAF Flvl1---llp+1Fu1"#p+1\/Ede

1
JL=—J’ F”"Ewﬁd“x:Ef FA'F

-1

o FopFPe,qrsVPI™s + af Fabpyede,, o

N

Fap = Fap
D, FH = D Fb = 0
Ric = lec%nRgm
Sut = (Ve)A + 26CL RE
RA=du + %Cg“cuB Aut
dRA + CA peuP ARC =0
D(Ta, Tp) = [Ta, Tgl = Ci3Tes

1
do? +EC§CGB A€ =0

dG'A(TB, Tc) = - %O-A([TB' TC])

N
1
dOA®) + Z m(;A(p) Bl(pl)Bz(pz)...Bn(pn)GBl(pl) A ©B2P2) A ... A @Bn(Pn) = (.

n=1

Bi(p)Bi+1(pis1) = (1) BllBisal¥PiPisap, , (p;,1)B; (py),




N N

1 1

2pAM) = — - —_CAD B1(p1)

d°e Z n—1)! Z m! ¢ Bl(P1)BZ(P2)"'Bn(Pn>CDl(lh)DZ(qz)---Dm(qm) x
n=1 m=1

0P1(a1) p @D2(a2) A ... A @Pm(am) p @B2(P2) A . @Bn(Pn) = (.
AP s [Bz(pz)...sn(,,n>031(”I)Dl(ql)Dz(qz)...Dm(qm>] =0
A 1 A B Cc
do? + ECBCO' ANo® =
Qén'p) =Ch A 0%A .. Aghn
i . .
(VW), = d&f + o ADW(T,)]
ymym= o
= V" np-1)
VA1) + Dy = 0,
N _ i A Ay i i
Q)0 A1 = Chy,oriynis X O s T NAG s s Ay
dw® — w? A =0

i_
DV“—E‘PF“/\‘P=O

1
DWde—ZFabw“bAw=o
1 ab a b
i _
dQ=E‘~P/\F“b‘~P‘PAFa‘~PAVb =0

PATLYAPTY =0

1._
dA(3)—E‘P/\F“bLP/\V“AV” =0
WWUAFNE iqual,...,as APAVHI A AVEs +1—5L17/\ [P ApyapA®
) ) 2 2

i 15 _
dB® = S Pra-as A\AWAV - AV + =W ATPTAVEAY? ANA®)

MA®) = (w®,ve,w,AG)B®)

B A [1B2(P2) A ... A [[Br®n)

N
1
A(p+1) = JT1A®) —cA)
R =dll + Z nl 4 Bi(p1)B2(p2)~-Bn(pn)
i=1

B1p1)B2p2)Bnon)

N
VRAM*1) — qRA@+1) _ Z _ L aw
£ (n—=1)!

X RB1(P1+1) A ]'[Bz(pz) A A HBn(pn) =0




R} =dwi — w¢ A w,
i_
T =pye —Eq}ra/\tp
1
p =DV =d¥ —Zwab AT W
1_
F® =dA® — Ewrab AWAVEAVD,
i e 15 _
FD = dB® — _Prai-as p Y p yau--AVes _ 7‘1’ AT®WYAVEAVD AA+
—15F® A A®

AB®) 5 ABG) 4 4@,
B®) - B6) 4 41,

1._
DBa1a2 = EW A Falaij'
i_
DBal...as = qu A Fal...aqu:

Dn = iE\T,WAV® + E;TPW A By + iEsT4-%WA B, 4,
(0%, W, By, By, a0 M)
E; + 10E, — 720E; = 0
=ToBap AVEAVP + Ty By ABY AB +T,By 4, q, ABy* A BP201-04

a;..a bq...b m
+Ts€q, . agh,..bymB % A BP1-bs AV
n B™M1M;M3P1P2 A BMaMsMeP1D2 \ BMa-Ts
5

24®

par

+T4Em1...m6n1...
+iS;PTn AV® + S, BT A By + iS3PT4-%0 A By, g,

1_
EVAS — S PATHYAVEAVE =0
dw® = v Aw?,
i
DV =P ATY,
DY =0,
1_

DBaya, =5 P ATua,¥,

i
DBa.l...as = E‘y A Fal...aslp:

D = iE;TW A VO + E;T%W A By, +iEsT4-%SWAB,, ..

R} = dwf — wd A wg,
i
T*=DV¢ —ElPl"a/\‘{J,
1
p EDq’:d‘P—Zw‘"’/\Fab‘P

1_
F® = gA® — El}’r“b AWPAVEAVD,

TA = {Pa: Q!]ab'Zab'Zalmasi Q,}

0 (Jea) = 2688,V (Py) = 65,%*(Qg) = 6§
B (Zeq) = 2888, B495(Zy,..p,) = 518,

he1%(Qp) = O




UaprJeal= _Zna[c]d]b + 2rlb[c]d]a
Uap, Pl = _ZP[anb]c
_ 1 i
(Q.Q)= = (IrPu + 5T Zay + 5 T2, g,
[Q,Q']=0
[Q, P.]= —2iE, T,Q’
[Q, Z90)= ~4E,roQ’
[Q,Zal'"U’S] — _2(5!)iE3Fa1...a5Qr
Uap 241 = —85/52,]
[]ab’ch...cs] — _205[[21Z;TC5]

Uab; Q] = —Tg0Q
[]ab: Q’] == abQ’
B _ 43 ®3)
Apar = Ag) T adg,)
dAC) = S ATy AVE AV
o - Elp A abl/) A A
dA® =o.

(e)

_ 1 i
{Q, Q} — (iFaPa + EFabzab + aI‘a1...aszalmas) )

i 15 _
dB(®. = —Prai-as AW Ay ... AV + — P ATDY Ay A D A AG)

par 2 2 par’

Nap = diag(+r T _)'

a 9 i
o= () gu)r¥s == giCabear Yy y e =yl yad

Yd = Yo ¥or®vo = YO,
Yd =v¥s¥i =75 s)? =1,
{]/a,]/b} — ZT]ab, [)/a,)/b] — Zyab’yayb — nab + yab_

C?=-1,CT" = =C,(Cy)" = Cya, (Cys)T = —Cys
Cys¥)™ = =C¥s¥a, (CYan)" = CYap

P =9ty =yic
Yoy = 0.
5984 — 32 + 320 + 1408 + 4224

262 e 32,2820 € 320,20%%) € 1408, € 4224,

r=asa, ’=ay..as

T 1
YAYATY = 551320) + Hl"aE(32)

_ o408 2 _(320)

_ 1 =(32)
l'p/\l'l"l—‘alazl'p = Sa4a, —EF[aZ.:aZ] +Hra1a2:4
_ 1
_ o(4224) =(1408) | 2 =(320) _ =(32
PAYA l—‘al...aslp — “a,..as + 21-‘[ala2a3 “asas] + 9 F[a1---a4"'a5] 77 l—‘al...as'-'( )

[Ty, Tg] = C€ 45T,
[[Ta, T51, Tc| + [[T5, Tl Ta] + [[Te, Tal, Ts] = 0

CL [ABCD CIL =0.

o’ (Tp) = 54




1
daC+ECCABaA/\aB =0.

1
0=d?%¢¢ = —ECACBd(aA AaB)
1
= —Cipdod AaP = —ECACBCfMaL AoM AGB

1 1
dUC(TLrTM) = _EUC([TL' Ty]) = _ECLCM

o=gldg =04T, € G,g =exp a’T,EG

do =dg tndg =-gtdgngldg
=—-0A0d(B.9)
1 1
do’Te = —04 ANoBT, Ty = —EO'A ANGB[T,, Tg]l = —ECXBJA AGBT,

(g, x) = g u(x)g + g 'dg

R(x,g) = du+yA°u
= g7 [dp(x) + 1(x) A p()]lg = g7'R(x)g = R4(x, )T,

R(x) = dp(x) + fi(x) Aji(x),

©

o o PN 1 o
RGO = REQTe = (dHE + 5 Cap “HA AP T
RA4(x,9) = Rjc(x, g)uB A uc

1
du’ + 2 [Cip — 2REp(x, )] Ap® =0

CC ap(x) = C€ 45 — 2R 43(x, 9)
€ = €Ty,

Lep= (ted + di)u?
= tedp? + d(1eyu?)
=1 dut + de’.

Ved = de? + ChouPeC,
A a4 YA B, BrA ,C A
Ll =le(dﬂ +§CBC;1 Au )—6 Ciep® + de”.
Lopt = (Vo)A + 1 .RA.

teR4 = eBRA yout =0,

ln(...)=[—,—,...,—]:g® ® g4

(Vo Vo, - Ve,) = X(0,01, . V)1 (V1, V5 ... V)

x(0,v1, . v) (1) UV (1:(vg,, Vo, - Vs,)s Voyyys Ve, | = O
i,j(i+j=n+1) |oeUnsh(i,j—1)

[oo]

1
dt® = —Z i lta, - ta] "t A Ao
k=1




ddt® = —d 1 o o
t4=— E[ta1 by tUA AL
k=1

N 1 ¢ b b
=Z k—l)'l'[[tbi ety |ta, ...tak] thr A AtPEALER A At =0
k.l .

N 1 o 1 @ a a
Z m Z -1 m [[tbl tbl]taz tak] Ao Atp, N2 A L ETF = 0
kL " geUnsh(lk—1) .

(o]

1
m Z (—1)0 [[ta1 tal]tal+1 tak+l—1] LA A At = )
kl=1 " oeUnsh(lk—1)

(-1)° [[ta1 witay|tay,, - takH_l] =0
k+l=n-1 oeUnsh(l,k-1)

Ty—25,E,—1=0
Ty — 28,E, — 25,E; = 0
3T, — 88,E, = 0

T, + 10S,E5 + 10S3E, = 0
120T; — S3E; — S1E5 = 0
T, + 1200S3E; = 0

Ty — 2S3E3 = 0

9T, + 10S;3E; = 0

Si +10S, — 72085 = 0

E, + 10E, — 720E; = 0

( 1
To—g+a
1 1
Ty 90+3a
1
TZ_—ZQ
1
NGO
1
L= —3pr @z s

< _1(10 [a
AR

I 1 1 1 [a
2 e\ Tt

s _11 a
3 T 2cs5INE!

. 10 a
E;, =5IC —§+ =
. 1 1 [a
E, =5IC §+E E

-

augup - Fuavgap - Fuopgvo =0,

1
Ty = 59°°(2009)0 = 0o 9uw) + 97" TiuTvyor

I = E[L AEv BTIAB

SE, A =M 4E, B,




8Q, 45 = 9,0 + 2A14I¢1Q, B,
0uEy A =, ABE, 5 TP E, 4 = 0.
Ry A(P) = 201, Ey) 4 — 20y, *PE 5 = T, E, 4.
B
048 = 2149 B + EAERPE, 0, Ef) — S EAVEPP TS, g,
A Bl P
+EWPIE, BITY,

148
Du"l) = au"l) - ZQM Yig¥

[JabaPL'] - _zac[a‘pb] ’ [Jab: GC} - _ZBC[aGb] , [GﬂrH] =—F.
[Vabs Jed] = 40aicTapp) » [Ga, Py = —8apM .

81, =0,8el = A%eyy, + 297, 6m, = 9,0 + A%,
Swg = 9,2% + 22l )] sl = 9,49 — w4y, + 2%,

R;w(H)E Za[u‘[v]
R, (P)= 20,65, — Zwﬁf’ev]b — 20{, Ty
R‘W(M)E 26[um,,] - Zw&ev]a

— | b
Ry ()= 20,08 — 205w},

Ry *(G) = 20,0y @ — 200 wyyp

T, =1, thel =0,
K, b

eqel =680, TtV +elel =6)
— _ja M H _ 9b M
6th = —A%,,0e, = Age,

Ty = TuTy

hi? = e, Be, Y6

1 1
Atzf dt\/XH iV Ty, =f dtitt, =f dxtt,,.
0 0 14

1
£ Ef ds ’x’l‘x”’hu,,, with hy, = efel&qp
0

h¥Ph,, = 6;; — 11,
6huv = Zlar(ue,,)a.
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Ruw(M) = 201,y — 20610 = T
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1
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1 1
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TS, = 24TR, + 22%0),1,), 6T = A, TS,




ab a
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uv
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1
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200 = 2P0ty + g T
OuTv) = 0
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_ A B
Sbyy = —2g4A° T Cen

6bIW = 26[u9v]

B _ £B _ A_
Tk, P =684, Tate,*=0,e,H7,4=0,

a — sa A v a v — SV
e, ept =06y, T,Ta"t+e, %V =6

— Ar B v — v sab
Ty =Tp " Ty nABrhu _ea#eb §

§w,= By, S = 9,2% + 221411

Aa — Aa A Ba a Ab _ A Ba Ab a
Swp® = 0,4%% + Aye” g + A% pw, &4 pAP%wy, + AP wy
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b
301ubup) + 6450} T €p)y = Tu(v;
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a(F)(m+n°)=0
a(F)ym(n+n°) =0
F(en+e ¥n<) =0
Fyn(e®n+e™n) =0
Ww=0

1
SA
a =e2

h1 =-2d4A
F =*8 O-(F)
1 4 o z
fa= gfo t+ge ~cos 0fs
fo=2e"¥sin 6f,

1 .
. 2,0 2,0 0,2
sm 9f2(|m,3 = —cos 9f4(|m13 - §elenmn pa 4(|pq)

1 .
. 2,0 2,0 0,2
sm 9f4(|m,3 = cos GfZ(Imrz - §elenmn pa 2(|pq)

e?= gseA
PO {CONN

h#P=0




Wy=0
W, = —2ih%"
W =0
W,=0%(¢ —4)

3 +
Ws=50"(¢ —A),
e?= g.efcos 6
2
(1,0) _

K= 209%0
- 1
SR 7+ tan 6)9*0

1
w0 = 7 (L + icot 6)9*0

W = 2(=i + cot 0)hSY
W3(2’1) = cot Bhgz'l)

1
W4(1’0) =— (tan 0+ §cot 9) ote

1 3
WS(LO) = (i _ECOt 6 — Etan 9) 27%9,

1 1
Eyn= Ryy + 2V, Vno — > Hy - Hy = Zez"’F,ﬁ,"t - ot

1
SH= e2® *10 [d(e‘zd’ *10 H) _E(*IO Ftot p Ftot)g]
D = 2R — H? + 8(V?¢ — (8¢)?)

Eyn =0; 8Hyy =0; D=0
dH = 0; dyF* =0
EXpTPe, = 0; EqplPe, =0; D=0
EXp = —2Eyp + SHyp

t ctP _
Evp€yN. =0, no sum over N
P=0

9
Z EXpEFF =0,N#0
pP=1

ds? = e?4ds?(R™) + ds?(My)
e? = g.e; H=—vol, A de?4

11 2,0
Fozfoinzfzf‘l'fz( )+(f2( )+ c.c.)

Fy=xg Fy = fEP + il AJ+ (A0 + £ AT + cc)
Fo = —xg Fy; Fg =xg F

dF =d*g F =0

~dxg de™ +=2F Ao(F)




1 1
_J F/\O'(F)ZJ (FoA*F0+F2A*F2+_F4/\*F4>20,
2 M, Mg 2

8

fO = 0'
@1 _ 20 _n, £ _
2lmn — J2lmn T 0; f2 =0,

44 24
ds? = e3ds?(R'?) + e 3 ds?(Msy),

3 1
G =voly A d(e) + £, (1 AJ +5Req) + (120 = 2120 207 ) n) + 122,

1
2,0)* 2,0 %
£ )Z_Zf‘*( ) g
1 4i
Ws = > Wa; W, = 5 Wy; Ws = 21,

4A ~
ds? = e (ds?(R'?) + ds2(My) )
G =F+e*volzAf

5 — ,—24
gmn =e€ gmn

€ =e'%é'®(n+nc)

Van+ cc.=0
20A — fin =0
ErpgrY?Tn+ cc. =0,

O=dF=d*8F
1
0=—dxg de‘2A+5FAF

€= e_/?{({ ®n+ cc.),

V=0
20A—frn=0
Fmpqrypqrn =0

G =volz A d(e?4) + f4(2'2)

Nmz

1
~dxy de™ + S F AF + (217 Z 5®(y — y)volg = (27)2X,
i=1

%= 5(r2 ~37%)
8—48P2 41’1:

x(Myg)

=
FAF 4 Nyp =
o, 24

82

2 24 2 (w12 -2a 2
ds? = e3"ds*(R"?) + e 3"ds*(Mg)

3
G =voly A d(e™) +F; F = f, (J AJ +5Req) + £V

dF =d*g F =0




Nm2
1
~dxy de™ 4= F AF + (217 Z §®(y — y)volg = (2m)2Xq
i=1
1
82

x(Msg)

FAF 4 Ny, = .
fMB 24

F
e

—L%=LCZ=)((S)=24

! FeL
21 ), '

0 2
Imn = tzgr(nr)l + gr(nr)l +-

F=fE? 4 fin+ (i + cc.)

W = FAQ
Mg

L1
W= —f FAJAJ
2y,
W=W=0; D,W=D,W=0
. L1 .
DaW = 0W — (9KIW; DaW = 0, — 5 (0,K)W
Kq =1 J’ 19/\9*1{ 1 f 1]4
o = 108 _— ; = log i
i, 16 / e, 4!
6= 1P+ (VN + LI AT+ (FEP 4 FEO A+ i+ )
W = 16f;vol(Mg);W = 12f,vol(Myg)

D W = f (f4(1'3) + 1109 /\]) Aeg;D,W = f D AJ2AE,
M M

(ff'” + £O0P A ]) A ea>

1 1,
€249, (e'EKIW) = f &Y A2 NE,
Mg

1 1 _
€% a (e_EK"IWI) =Re (e‘ef
,

8

(W[ =W = 0; dga <e—%"ﬂ|W|) - 0; 9, (e-%sz) =0
W= e_%K”|W| T
dpeW = 0,W =W =0,
n=ns ®ns
H2(K3,R) = H*(K3,R) @ #~ (K3, R)

j = paja; w = Ca]-a

1 1
vol4=EjAj=Za)Aa)*;jAa)=0




*y JO =] g 1% =1

1 1
Ej“ AjP = §%voly; El“ AIE = —5%vol,

prc? =0; c%*=0; p*p?=1; c?c** =2
J=j+/;Q=wAd

1

—16QAQ*=V014/\VBT4;]/\Q=0

ol
G = fjenjb + fB1% AT + f(vol, + voly),
f+2(p%pP — caet)fab = o
pacbfab = capbpab = q
Fab = (pdpefae)paph + fab,
G=CjANj+ ARe(w A®) + Re(Bw* A @) + (44 — 2C)(vol4 + VBL) + feBlE A B,

(f4(2’0) + 4(0‘2)) AN =awAj+a*dANj+ cc.,
G=CjAj+Re(Bw*AD) — 2C(V014 + va4) + feBle AP,
R S
]mn = _Eaij(niymnrlj)
i
6n; =586 - 0yjm;
5 =-86x%x]
(w,®) — (ePw,e?®)
(0, ®) — e (w, ®)

A
€e=e3(Q@n+ cc.

G=AjANj+ ARe(w A @) + 2A(vol4 + vBL) + feBle A TR
J J J J
Rew | = Rz (0) - | Rew |;| Re® | — R;y(0) - | Red
Imw Imw Im® Im®
Ns Loaz (Ws) (US) Lon'z (’7§>
— e 2 . ; — e2 .

(n?) n§)’ \ng ng

n+n¢— ans @ ns +bns @ ns + cc.,

A
e=e3(L N ®ns+ 3 ®ns @n + cc.)

I=UDUDUD (—eg) D (—eg)
0 1
U=(1 o)

91’1 A 62,] = 61]1]0; 91’1 A el'] = 62,1 A ezJ = 0, e; AN ej = Iiij

J-Uozl
S




e =e ey

I

(7 %)ouewa-e

epy = 8apliy; j ej = &;j

al Ci

Jj=V2mve,; w=V2nv(e,,+ie,s3)
J=N2mbe,; & = V2mp(Es, + i843)

f vol, = 2mv; j vol, = 2mD
B .

S
2
C=+—
Vo
1 1 1
— G=42; — G =421, — G=+1
2n Cq,1%Cp,1 2n Cq,2XCp,2 2n Ca;3XCp3
2
C=+—
Vo
1 _ w1 _ P
— G=42; — | G=+4|=; J-G=+4 -,
2n Ca,1%Cp1 N 2m S v
v =4"p
1
C=+—
(4%
1 1
— G=%1;, — G=i1,—f G=+1
2n Ca,1%XCh,1 2 Cq,2XCp,2 2n Cq,3%Ch,3
1 = ! J’ G =42
2m Jg T 2m s -
‘l[)~ = wTrC—l
P=yire

(r'Myt = rorMro,
(O J—
Doty omy, = Tinay - Ty
C™" = —C; (CyMT" =CyH*; C*=—-C~.
¢ =yl
Y3 = —YoVi1-
ln(n+1)
*Ymyys = —(—1)2 Y(z-n)-
CT"=¢C; (Cy®m)T" =cy*; c*=Cc?

n¢ =Cn*.

Y9 =V1 Vs




1
*YyYo = ()2 Dy,

CTr = —C; (Cr™)™ = cr™; ¢* = -

E=¢€
Iy =T, ..Ts
{F”=Y”®11 =01
m=y. Qy™ Y, m=2..9

C10=0CRCs5 11 =v3Q 79

1
* [yl = _(_1)2n(n+1)r(1o—n)

n = 0.
! (g +iny); 7 i 1
= — L ; = =
n N Nr T WN1); MRMR = MMy

Jmn= ;FYmnr’
anpq = ﬁYmnpqr’-
JAQ=0

10 Q*—14— 1
E A —E] = VOlg

14 — _611711

~

n
D

| =

()% =5 (6% F U

(H+)£n9-inpq = anpq; (H_)inﬂinpq =0

e = on+ X1 + Omay™'n°
S =A™ + Xm¥y ™ ¢

TE@DHRUD6D6)
~ADVDRIB20)P (200200 D(4DHD (DD

d]=Wl JQ*+W3+W4/\]+ C.C.
8i
A0 = Wi AJAJ+ Wy AJ+ W5 AD

3 1 [ n.,kl
V)= (ZW4m - EWS’" - c.c. )n + ﬂnmnklwl ven

i 1 i
+ <_ E Wkal - E-anklwz}n* + a W;mnpnnpkl> )’klnc
Vol = @l + 9pn© + me,pqﬂpqrs}/rsnc

Lpm,pq = -Q;npqrAr + Q;q rs‘ﬁrsm + (H+)m[pB;] + (H+)m nll);lpq

28 (6D 6)D (1D 15)
56> (404D (“@D20)D (420
35> (11D 6D6) D20 D1
35" - (10 ® 10) @ 15.

1,1 2,0
an = fz(lmrz + fz]mn + (fZ(Imrz + cc. )




1 .
2,0 0,2
m( n) = gelgﬂmn pq(pm( n)

2,1 1,0 #(1,0) ~ss
anp = f:’,(lmrzp + 3f3(|[m)]nl7] + f3(ls )QS mnp + C.C.

2,2 2,0 4
Fn-'l-npq = 4(Imrzpq + 6ﬁ}][mn]pf1] + (6f;1(|[m21]pq] + ﬁl-anps + c.c. )

— _ (1,1) (3,1)
Ernpq = 6faimntval + ( almnpg T €-C )

*mnp »(3,1) _
Q[s 4lglmnp —

(*g Fe)mn = fﬁ(ﬁnl,z + foJmn + (ﬁsﬁfno,z + cc. )
*g Fg = fa
H = e?4vol, A hy + hs,
hijm = RO 4 e )

1lm

2,1 1,0 ~(1,0) 5%
haimnp = Wy + 385 ) + RSO Q5 iy + coc.,

3{mnp [m 3ls
1
mﬂrsmﬂ*mu =1
ﬁﬂimﬂ*’"m = (H)r
ﬁﬂijrsﬂ*m"” = (MHFAHH
ﬁﬂijkrﬂ*mnm = (MHFAHF Ay
ﬁﬂuklﬂ*mn”q = (M) AHF A,

7°n = L;ijn = 0
;I\CJYmnr] = Jmnsf¥Vmnt = 0
EEYmnpqn = _3][mnqu];ﬁymnpq7] = anpq
h?ymnpqrsn = _15i][mn]pq]rs];ﬁymnpqrs77 =0
ﬁEYmnmpqstun = 105][mn]pq]rs]tu];ﬁymnpqrstur’ =0,

\/E Emnpgrstu J7] = 24j [mnj rql
\/E gmnpqrstu] o= 30J, [mnj pq] 7s]
\/5 Emnpgrstu = 105] [mn] pq] TS] tu]
. 8
it Ymnpq) = ﬁ\/geijklmnpq
Ymn= ()5 yun
. 1
Yma1= Umall — ngnpqypqnc
) 1
Ymnp" = 3lj[mn)/p]77 - Eanpqunc
3i .
Ymnpq" = _3][mn]pq]77 - Z][mnﬂpq]ij}/”nc + anpqnc

Fon = fon
Fon = 4ifon — l (0.2) ymnpq c
f2n tfan 16f2|mn YpqTl

Fx i 0,2
Qn = —12f;n + 16fn° — ) 4(|m739m"pq1’qulc




hat = sy ™
En = 3ih§?;,ll)ymn + SES;z)ymnc

. 1,0 0,1 i 0,1 1 1,2 1. 1,0)
Bt = 31 (RS2 + RS0 - (ghgm ), " + 1_6h§|mz]qﬂpq1”s> Ve — Ehgln)ﬂm npay, oy

FoYmn = fo¥Ymn

, 1
Eotmtl = (20f3¥m = 23mn¥™ ) 1 = 3 Fioe Va0

1
(11 1,3
Eyymn = —4lf4(|m,fy"n + gﬁ;ﬁm,zpqyrﬂ"”qrn‘

€1 = %(ﬂ ®Mm+n9)+ %§z+ ® (e'2n + e~102q°)

\/_
Y . . ) . .
€ = Ezl_ ® (ezen +e lenc) + ﬁ{z_ R (619317 +e 193nc)
w=20
2dA+h=0

(2dg+hy +hs) (0 +19)=0

(2.6 + s + h) (%0 + e=%n%)= 0

(240 -+ ha =) (en + en)= 0
h . .

(Vm + dplog a + Zl - E) (e'%sn + e~%sn°)=0
1 1 . .

(Vm + dplog B + Zhllm + Zh3|m) (e’gzn + e“gznc) =0
1 1 . .

(Vm + dplog ¥ + Zhllm - Zh3|m) (e¥n+e ¥n)=0

a1 S 1h 1h i63 —i603,C) —
Vin + 0nlog 0 + 2 hypm = 7 haim (e'fsn + e %) = 0

a(F)(n+n)=0

@(ewzy] + e—i92nc)= 0
%Ym(n +179)=0
@)/m(ewzn + e—i92nc) =0
F(ein +e~®n<) =0
E(ew”l + e—ze3r’c) -0
Fym(e®n +e9¢) = 0
Fyp(e!%n + e~1%7¢) = 0

fo = fo=6fa
fo=1f=0
fa=0
(2,0) _ £(20) _ »(2,0) _ 0
2lmn — Jelmn — Jalmn T
1) _
ﬁtlmn =0
(11) _ 1,1)
6lmn — ~ J2lmn
31) _
ﬁtlmn =0




W1=W2=W3=W4=W5=0

1
a=e2?

B= Cle%A
Y= Cze%A
6= (]36%“1
hs =
d¢p =dA = —%hl

do = d, = db; = 0
a c
61=ﬁ§+®(n+n ), €2=0
W=0
2dA+hy=0
(2dg +hy +hs) (n+19) =0

1 1
(Vm + 0p,log a + Zhl'm + Zh3'm) nm+n9)=0

o(F)(n+n9)=0
o(F)ymm+n°)=0

wW=20
1
a{:eEA
hi=-2d4
3,
R = 20R(A— )~ SinGyY
3 1. 3.
Wi = —ghln) =5 iWs =7 i0(A~ )

W, = 2W; — 2ihPY

2
W, =3 Ws — ih{"™”

fe=fo
fo=—1f2
. 3 1 i
fo= 3o —ghit3fe
(2,0) _ (2,0)
flmn flmn
(2,0) 0,2) (2,0) (0,2)
(lemn - _Q ZIpq ) - _l< 4lmn +3 ‘Q 4|pq )
1,1
f( )

4lmn —

(1) _ (1,1)
flmn = T J2imn

31
f( ) _

4lmn —

1

1
- 11, [ ey 2 B
s_f Ay gn(R11 486> 6f A3 AGAG
G=dA3.
1, 4,
ds? = e 6% ds?, + e3%(C; + d2)?,

A3=C3+B/\ dz

1 13 1 1 1
L= Ry~ (0¢)* - Zez"’Fz2 - ﬁe—qbﬂz - Eez‘f’a2 + CS.,

F4=dC3_H/\Cl, szB, F2=dC1




G=F4_+H/\(dZ+C1).

2 26 4oz
dsg = e 2% dséy.

1
= Myq_p...My 1 My
*10 Wp = p! (10 _ p)| vV TIEM, .M W =P o dxMi AL A dxMio-p

fEntntm=¢§"=0

- 1

Vf+ = Vm$+ _Eym "0, A
M =MW, x My,

1
™y...m _nq g
pX?nl.A,m,pnl.“nq_pd-B A---Adx 1P,

e ——
X Dg—p)!

1 g2 . _ _
Lgym = tr _E aBFaB - Da¢aDa¢a + 7 [¢a' ¢b]2 + “/)pyaDocwp - g(ll)p(quPJr + ngp_)[(barlpq]) ’

8cAq = ilﬁpyaepraed’a = _il/;p(rtfqp+ + ffqp_)fq
Sty = iFap2® ey +y* Do (TEP, + TLP)eq — gl 051 (THIP, + THIP e,

Pl = vy 2%yl Tgh = vizaby,
i - I AP _
pq _ prrq prrq pq _ pr<rq pr<rq
o _Z(F“ D Vel WA W _Z(F“ r-r1r)

= i(6P16q4 = 6pabq1 + 6p20g3 — 5p35q2)' L= i(6p15q2 = 8p28q1 + 8p36q4 — p45q3).

137 = i(8p1843 = 6p38q1 — p204a + 6padaz), 17 = —(8p18qs — 8pa8g1 — 8p2q3 + 8p3by2),

g = (61’16‘12 ~ 6p20q1 — Op3qa + 6p45q3)' Tg! = _(5p15q3 — 8p30q1 + 8p20qa — p45q2),
€p = Opa€

66Aa = ilﬁ‘l—)/aer 66¢a = _“/;p(ral,M-P.'. + fg4p_)6

Sep = iFupZ 80 + Y* Do (TVPy + TE*P_)e — glpa, b1 (T2, Py + T2y P )e
Saby = tpq®a (TS Py + TP )e
(B + 8D Lsym = tr(2ippqPp (S + 8)Wg + 2MapPaBedp — 3igTapc [P, P18 Pa)
T34 = %(ﬂl —Hy —t3), Tize = %(#1 — W + 13),
Ti3s = %(ﬂl + 1y —13), Tuse = %(I«h + 1y + p3).
Ly, = tr(=ittpqPpPq — MapBa®b + igTavcbaldp, pc])
(6 + 80 (Lsym +L,) =0

(B + 8 (Lsym + L) = 8LLsym + 8Ly + 8L,

SeLsym =tr[2i(0epim)Pmy* o (TF* Py + TF*PL)e + 2iptny Py * Do e (T Py + TP )e
—2gumPpla, p] (T2 T3Py + TG TP )e]




aeLu =tr[_2i#mDa¢alﬁmya(F¢;n4P+ + [_‘;n“P_)e - g#m[(ba: ¢b]1ﬁm(fglp[‘;’4P+ + Fz;npf54p—)€
+2iMap by (T) Py + T} P_)e + 39 Tapcl by, de] )by (T2 Py + TL*P_)e]
8LLy, =tr[=2ipyr trqPaby (T Py + TP )e]

3 6
(6 + 66’)(‘[: + £ ) = 2i(Oqpm)tr [<_ + )¢a1/;m(rt;n4p+ + f&nzlp_)] y%e.
SYM u az=1 Z

a=4
3 6
(e + ) (Lsym + L,)= 20Dty )tr [(— Z n Z )¢a¢7,,(rg4p+ +PP)| e

a=1 a=4

= tr[~2i(0aJap) baPp (T)* Py + T} P )y e]

Jap = diag(us, pz, Mz, —H1, —H3, —H2)
(e + 60 (Lsym + £,) = tr[=2iJ 4, pa Py (TP P, + TP P )y €]
yle=¢€
(6e + 8 (Lsym + L) = tr 2 (—185y (T Pe + TP P-) €)| = trl2 i1y pa8 5]
Ly = —tr(JgpPaPp)

S = f d4x(LSYM + Lﬂ + L])
2
Tuv =tr [26u¢aav¢a + guv <_aa¢aaa¢a + % [¢a' ¢b]2 - (Mab +]z,1b)¢a¢b + igTabc¢a[¢b' ¢c])]

2
Ey = f d3xT00 = f d3xtr [¢1’1¢z’1 - 97 [¢q, ¢b]2 + (Mgp +]c,1b)¢a¢b - igTabc¢a[¢b: ¢c]]

(e + 8Py =iFpZ% pye + Dapo (TP P + TP* P )y%e — glpa, dp] (T2, Py + Ty P )€
Hitpgda (TP, + TP )e

(e + 80y = |04 (12 P-4 T2 P.) = glda, 80) (ThPs + T E) + ttpgha (T Po+ T P )| €
tr [|¢,; (r2" P+ T2"P,) = glda bo] (T2, Py + TE,P-) + ttpgeba (T Po + fg‘P_)r]
=tr [¢&¢c’z - % (Tabc¢a[¢br¢c]), —Jap(Pap)' — g?z [P0 ®p)* — i9TancPalbp, Pc] + Mab¢a¢b]
A2 = A4t
[pa — fpa
Tize = Tizs = —Toza = —Tagg = —1
E, =J d3xtr [|¢>,’1 (r2"P+T2"P,) = gla bo] (T2, Py + T2, P-) + ttpgeba (T Pi + fj4P_)|2]

+f d3xK’

X =tr (]ab¢a¢b + %Tabcd)a [¢p, ¢c])

ba (TP P+ TP*P,) — glopa, ppl (T Py + TPy P_) + g (TP, + TI*P) = 0.

GaTE* = glda, PpITEy + tpg@ald” = 0, paTE* — glda, $pITTy + tpgdala” = 0.




) = ig _
¢arz§.]4 - 7 [¢a: ¢b]rz§.ﬂrg4 + #pq¢arg4 =0

fo dxK'=0 < le—»xL = xlxaxR
i + ¢y — g(i([(l)z’ O3] + [¢s, d6]) + ([@2, 6] + [P3, ¢5])) — (i1 — ) =0,
iy — o + g(—i([1, P21 — [Ba, Ps]) + (D1, Ps] — [2, Pa])) — w2 (ip3 + ) = 0,

9y + ¢t + g(i([P1, P3] + [Pa P6]) + ([P1, D6l + [Pz, Pa])) — uz(ip, — Pps) =0,
(1, Pal + (D2, Ps] — [P3, Pe] = 0.

®; = g(P1 + ids), @3 = g(P, + ihs), P, = g(d3 — ighs)

3 3

;1

of +3 Z €ijie| @, Pic] — i@ = O'Z [®, ®f] =0.
jk=1 i=1

lim p; () = i, 1im pi(xg) = pgi, (0= 1,2,3)
Xp—>—00 XR—00
3
[q)i'q)j] — €k Lok Pr) = 0:2 [CDL-*: @] =0
i=1
Py = —iyHoz2tto3T1, P2 = =iy Uo1tto3T2, P3 = —iy/Uo1t02T3

Ti(ni)
Ti =
Ti(nl)

1

an=N

k=1
Z nN, =N
n=1
v Hoz2HMo3 v Ho1Ho2 v Ho1Ho3
P1=¢=¢3=0,¢, = — T¢s=—"—T"Ts¢ps=—"""T
g ) )
1 2 2 2
Klyac= — 3—‘921101!102#03'[1’(711 +T; +T5)
1 <
= _ngﬂoﬂlozﬂw ; n(n? — 1N,
2 2 2
(1Y + (1) + (1) = ot
1
M) =—-m*-1)
4
Hriti2ML3 Z n(n? — 1)N1(lL) = Ur1MRr2HKR3 Z n(n? — 1)N1£R)
n=1 n=1
Ho1Mo2M03
R ~———mn;(nZ -1)

4N

T
wi(x) = myp + m;(x) with f m;(x)dx =0
0




D;(x) = eKiD P, (x)
Ki(x) = my(§; — x) — Ay (x)
A = f m; m;(x")dx’

& Zl 12i Kyt

dxze

| =

3
eZz’*z i’ 2 Z EUk q) d)k] + miO(T)LT = ezi’*i’(i’yi(éj + &)l)
k:

3

Zezmé 1]

i=1

O

ddD

2 Z El]k[ &)k] +mw<i>i =0
j k=1

D;(x) = eXMP;(x)
K(x) = mg(é —x) — A(x) with A = f mm(x")dx’

(f) (x) = e~KG) = g=moE-2)+AGx)

o) = (2) &)

d§

dx x , )
<—) (x) = mof emo(x —-x)+(A(x )_A(x))dx,
d¢ »

dx x+T , ,
(df) (x+1)=my f eMo(x’ =x=1)+(A(x")=AM) g5’

* mo(x" —x)+(A(X")=A(x)) 417 dx
=my e™mo dx" = (d_f> %)
—00

dfl zz uje[ B Bi] = 0

L = diag(al, ab, -+, a})
u(x) = mysin gqx

—Lcos qx

P;(x)=e q
@) = (G5) i

dx x r_, M I_
(%) _ mof emo(x x) q (cos qx’—cos qx)dx,
X —00

®(x) = —imqT;

3 6

(8 + 8D (Lsym + L,,) = 2i(9gm)tr [( Z + Z >¢a1ﬁm(F£"iP+ + l:;"iP_)y“ei]

1 a=4

(6 + 6é)(£SYM + ﬁu)= 2i(Qgp)tr [(‘ Z + Z >¢alﬁp(r¢fip+ + ﬁfip—))’afi]

a=1,3 a=4,6

= tr[ =200, oty (TF' Py + TP'P )y %]




(8e + 8 (Lsym + L) = tr[2)0pba (=it (TF Py + TP P)€r)] = tr(2] 0y P ).

Ly = —tr(JgpPatp)

¢£¢Fz§n - % [¢ar¢b]rgrrl1;l + #prqbargi =0, (]ab¢a¢b + % Nabc¢a[¢b: ¢c]> =0,
boundary
¢35 —igloy, ¢sl —ugps =0, [¢1, 921 =0,
b6 — igls, ds] + ups =0, [¢2, 4] =0,
b3 — iglds, pel + uds =0, [p2, 6] =0,
¢1 +igles psl —ugp, =0, [#2, 931 =0,
[¢1'¢4] - [¢3r¢6] =0, [¢z; ¢5] =0,

¢é + lg([¢ll ¢3] + [¢4' ¢6]) = 0; ¢é = 0,
[¢1, d6] + [P3, 4] = 0.

1 2 _
Lgym =tr _E aﬁFaﬂ —D%pgDgtpg + 97 [¢a: ¢b]2 + ill)pY“Dall)p
—g(tﬁp(ngPJr + T3P )[¢ar 1»bq])]

8cAq= ilﬁpyaep'aeqf’a = —i-"[;p([“fqp+ + fng_)eq
Setbp = iFapZey + Y Do (TH Py + THP )eq — glpa, dp1(Th7 Py + Th) P )€q(2.2)

i
Zaﬁ = — [ya’ ]/B]
4
IE = vy 290, Tgh = v 5% vy with 59 = — <[4, ]
i _ S A _
Moy =7 (T -0, Iy = 7 (T — 1,7 TY)

rfe = i(5p15q4 — 6pabg1 + 62643 — 5p35q2)' = i(6p16q2 = 8p28q1 + 8p3qa — P46q3)'
= i(5p15q3 — 6p38q1 — 6p204s + 5p45q2)' = _(6p16q4 = 8pabq1 — 6p26g3 + 51735112)'
TP = (81842 = 82841 — Sp3dqa + 6padz),  To? = —(8p1843 — Sp3Sq1 + 6p28ga — 6pabaz),

€p = Op4€

8cAa = iPaVa€, 8o = —ilﬁp(l"f4P+ + F_54P_)E
Sy = iFpZ® 8,06 + Y Do (TP + TP )e — gla, p1(Ty Py + T, P )e

Sélpp = ﬂpq¢a(rg4p+ + F_g4P—)E
(66 + ‘%)LSYM = tr(Ziﬂpqlﬁp(ae + 691/)(1 + 2Mab¢a6e¢b - 3igTabc [¢b:¢c]6e¢a)
Moy = diag(uf, 13, u3, ui, 13, u3)
1 1
Ty34 = §(H1 — Uy —p3), Tize = §(ﬂ1 — 2+ U3)
1 1
Ti35 = §(!11 +uy —p3), Tyse = §(ﬂ1 + pz + u3)
Lu = tr(_i#pqllsplpq - Mab¢a¢b + igTabcd’a [d’b' ¢c])
(65 + Sé)(LSYM + Lﬂ) = 0

(B + 8 (Lsym + L) = 8tLsym + 8Ly + 8Ly,

8eLsym =tr[2i(0gttm)Pmy® ba (TG Py + T P)€ + 2iptyhmy “Da o (7 Py + [HP)e
~29kmPplba $p1 (T T5™ Py + TZ TP )e],




aeLu =tr[_2i#mDa¢alﬁmya(F¢;n4P+ + [_‘;n“P_)e - g#m[(ba: ¢b]1ﬁm(fglp[‘;’4P+ + Fz;npf54p—)€
+2iMap by (T) Py + T} P_)e + 39 Tapcl by, de] )by (T2 Py + TL*P_)e]
SLL,, =tr[=2ipyr trgPatbp (TTPy + TI*P)el.

3 6
(6 + 66’)(‘[: + £ ) = 2i(Oqpm)tr [<_ + )¢a1/;m(rt;n4p+ + f&nzlp_)] y%e
SYM u az=1 Z

a=4

3 6
(8 + 60 (Lsym + £,)= 2i(9amp)tr [(— Z + Z )¢a¢7,,(r541>+ +TP*P) [y%e
a=1 a=4

= tr[~2i(0aJap) baPp (T)* Py + T} P )y e]

Jab = diag(uy, pz, ho, =1, —Hz, —Ha)-
(e + 6D (Lsym + £,) = tr[=2iJ 3y Py (TP Py + TL*P )y e],
ye=¢€
(8 + 6 (Lsym + £,.) = tr(2fpba (=i (T} Pe + T} P-)€)] = (2] 90 8655]
Ly = —tr(JopPadp)-
= f d*x(Lsym + L, + L))

Ty =tr[28,¢00,Pa

2
+guv <_aa¢aaa¢a + % [¢a' ¢b]2 - (Mab +]¢Izb)¢a¢b + igTabc¢a [¢b' ¢c]>] .

Eo =f d3xToo = J’ d3xtr

2
¢c,1¢c,1 - 97 [¢a' ¢b]2 + (Mab +]¢,1b)¢a¢b - igTabcd’a[(pb' ¢c]]

(e + 8Py =iFopZ 8,46 + Dopo(TV*P- + TE*P )y%e — gl bl (T2, Py + T2y P )e
Fitpgba (TP, + TP )e

(8 + 80wy = [pa(TE* P + TL*P,) = gla, b1 (T i + Ty P-) + ppq b (T3 Py + T3*P_) €

tr[|¢a(rp41’ +T2"P,) = gl D01 (T Py Fp4P)+ﬂN¢a(Fq4P+ +10p.)|°]

=tr [¢z,1¢z,1 - ? (Tabc¢a[¢b: ¢c]), _]ab(¢a¢b)’ - 7 [¢a: ¢b]2 - igTabcd’a[d’b: ¢c] + Mab¢a¢b]

|A]2 = AAT

rPa* — fp4
a a
T126 = T135 = _T234 = _T4-56 =-1

Ey = f d3xtr(l ¢o(TP*P. +TP*P,) — glda, pl(TE) Py + TEP.)

ity a (TSP, + T2E)[] + f Ex

= tr (Janbucbs + 2 Tapecbalipn, 9]

du (T2 P+ TP*P,) — gloa, ppl(TPaPy + TErP.) + phpgda (T3P, + TI*P) = 0

GuTP* — globa BoITE, + tpgbald® = 0, 94T — gla, pp1Thy + tpgdally” = 0.




DT~ 190, GuIIT T + gl =0
jXR dxK' = 0= xlx—»xL = le—mR
ip; + ¢y — g(i([d’z’ O3] + [Ps, Pe]) + ([¢2, Ps] + [¢3'¢5D) —pu1(ipy —py) =0
iy — 6 + g(—i[p1, P21 — [Ba, dsD) + ([P1, Ps] — [2, Pal)) — 2 (ip3 + ) = 0

i} + ¢t + (i1, 3] + [Pa, D)) + (D1, D6l + [B3, Pa])) — 3 (ip — p5) = 0
(1, Pal + @2, P5] — [@p3, Pl =0

®; = g(P1 + ids), @3 = g, + ihs), P, = g(d3 — ighs)

3 3

;1

of +3 Z €ijie @, Pic] — i@ = O'Z [®, ®f] =0.
jk=1 i=1

lim g (xy) = pypy lim py(xg) = pgy, (0 = 1,2,3)
Xp—>—00 XR—00
3
[q)i'q)j] — €k Lok Pr) = 0:2 [CDL-*: @] =0
i=1
Dy = —i\/Hoato3Tr, P2 = —iy/po1tosT2, P3 = —iy Ho1to2T3

Ti(ni)
Ti =
Ti(nl)

1

an=N

k=1
Z nN, =N
n=1
v Hoz2HMo3 v Ho1Ho2 v Ho1Ho3
P1=¢=¢3=0,¢, = — Ty, s = — T, ¢6 = T,
g ) )
Klyac= —i T2 +T? + T2
vac 342 Uo1MozMostr (TY + T3 + T5)
1 <
= _ngﬂoﬂlozﬂw Z n(n? — 1N,
n=1
2 2 2
(1Y + (1) + (1) = ot
1
M) =—-m*-1)
4
Hriti2ML3 Z n(n? — 1)N1(lL) = Ur1MRr2HKR3 Z n(n? — 1)N1£R)
n=1 n=1

D, (x) = —ify OV p2 (D)3 () Ty, P2 (x) = —if2 (%) 1 (s ()T,
D3(x) = —ifs ()1 () (XT3,




d

_a(\/ Moz 1) — U~/ Matsfofs + i/ uatisfr = 0
d

T Ix (\/ tsfy) = Ua/ etz fifz + oy iz fo = 0
d

_a(\/ itz fs) = taytakzfifz + tay/uatiafs = 0

d
2L - peoft = —uc)

dg p _
pl (x)g = p(x),
1
900 = u_x)(f wOu(x)dx + C),

u(x) = ef P(x)dx
i f0 =1

_ Ho1HozHos

Ri 4N

nk(nlzc - 1)
T

i (x) = myg + my(x) with f m;(x)dx =0
0

D, (x)= eXiP; (x)
Ki(x)=m(§ — x) — Ay(x)
A= f m; m;(x")dx’

dé;
il = eKi=Ziai Ky
dx

3
1 L N N N
ezi’*i Ky | —L + E Z Eijk [CD], q)k] + mi0<b:r = ezi’ﬂ Ki’#i(q);:r + q)l.)
fa=tt
3
S el ] =0

i=1

b, 1< o i
a2 Z €ijie[ @), Bie] + myp®; = 0
t jk=1

®;(x)= XD P;(x)

K(x) =my(&§ —x) — A(x) withA = fxm m(x")dx’

(Zi) (x) = e7H® = gmmoE=D)+AR)
X

dx

df) ®;(x)

%00 =

(d_x) (x)=m fx eMo(x =)+ -AMX) g5/
dg o)

dx x+T ’ ’
(d_) (x +17)=my f oMol ~x~T)+(AG)~A®) g o
—o0

* Mo (" =)+ A =AGX)) 17 dx
=my e™o dx =(d—€> (%)




L = diag(al, a, -+, ak)
u(x) = mysin qx,

—Lcos qx ~

CD(x)—eq &L

0,00 = (3) &0

d§

(Z_;C) = my fx emo(x’—x)—%(cos qx'—cos qx)dx,

d)l(X§ = —imOTi
0B = tr((P py)?)

2 . 4 .
P = (0,0,0,1, e3™, e§’")
_2in 2in
(0@) = tr (9 + 75 92 +e 3 42),(09) = 6tr(Bapsde)

¢4=_—(d§’> S (d{) 3% = 0(2_;)5
001 -1 on (2 ()

3 6
(6 + 65)(LSYM + L,u) - 21(aaﬂ)tr [( Z + z >¢a1/;m(l—gnip+ + f‘;nip_)yaei]

(8 + 8 (Lsym + £,,)= 2i(@ap)tr [(— Z + Z >¢a1/7,,(rf"P+ + l:,fiP_)y“ei]
a=1,3 a=4,6
= tr[-2i0a)apPaPp (T} Py + T} P )y %]
]ab = dlag(ﬂr Or w—u, O: _M)
(8 + 6D (Lsym + £,,) = tr[2]pa (=i, (TP, + TP'P)€;)] = tr(2) Ly Pabbp)

Ly = —tr(JopPadp)

¢arpl ——[¢a ¢b]rprrgl + ﬂprd’argl - O <]ab¢a¢b + Tabc¢a [¢b ¢c]>

=0
boundary

@3 — igler, ds] — uds = 0,[¢1, 2] = 0,
b6 — iglds Ps] + uds = 0,[¢2, ¢l = 0,
¢4 —iglds, del + uds = 0,[¢2, d6] = 0,
1 +iglds, ds] —upy = 0,[¢,, P31 =0,
[p1, sl — [¢3, 6] = 0,[¢2, 5] = 0,

o5 +ig([d1, d3] + [da, d6]) = 0,07 =0,
[p1, 6] + [P3, ¢a] = 0.

6™ 8n2
(9/4+m?)?
F = 9 AN




A= giuN/r

57TR6

Lpgs = N3
aas 127

- ()

(W) ~ exp ((9/4 + mz);—n)

2nNRg
(W)aas ~ exp ( )
5912/M
Re =35m2

1 1 mn m 1 1j 2 1j 10 1j 2
Lvector =T Tr EanF - DmO'D o — EDUD +—ot DU - _Zt t”U
9rm r r

i
+l/’lIFmDm/11 - /’ll [0, /11] - ; tU/’lI}{]:I

4
F™ — D, oD™g —r—zaz + ]

L —|=F
vector gl%M [2 ‘mn

40d - 1)72‘/’2

Lscalar = Dm¢Dm¢ +

2Q
Imn = €7 Gmn

2—-d

p-ez
_dd-1)

TZ
m 15 2
Lscalar =Dm¢D ¢+m¢
L _I]D q, D™ 5 ~2 15 IJ5 Z_D 2_
matter =€’ DmqD™"q; — € q0 %"'mf q1q; — 21Dy — 2¢poyp
—4€PA,q; — iq DY q,

21~ 2i 1~ _
Linass = —M“€ q:19; +7Mt qlq]_ZMlljl/)

4 15 2i
i <4__M2> e"qq, +— Mt]fll‘l]

4 3 _ .4,
- +r—2lhq +r—thq
OB, L
7= tagle 210y ()2 ey (¢>)+0<e g
Cartan
3,10
2% @ = [ [ [ ] ¢ - 1o (722)

B t#0

;lyplesop _ 1_[ 1_[ (t b+ ) (1+%t+%t2)

wo ot




1 ik
S—E SSTI"(F/\*F)+"'+WL5TF(AAdAAdA)+“'

Py (t+ x)(l+%t+%tz)(t _ x)(l—%t+%t2)
t=1

log P = Z <3x - 7) + convergent part

t=1

2 = 1434142 1230412} 2
S3(x) = 2ne‘('(‘2)xexT‘%"H ((1 +f)( 272 )(1 _f)( 7647 )exT'3">

t t
t=1

A A
log (Z{%huey (D200, (@) = =5 > (B i) + 5 > ({idh, u))? + comvergent part
B u
= wAr(C,(adj) — C,(R))Tr(¢?) + convergent part ,

Tr(T4Tp) = C2(R)4p

D (.1 = 26,R)TH($?)
u

- A (Caad) - (RY)
- — adj) —
ggff g¢m 8m? : :
x? 3
Sy(x)e” 72"
8m3r ik,
—=——Tr(¢?)——5-Tr(¢?) 3
7= J' dpe G P TET@ detAd(s3(i¢))det;1<s3 (i¢+5>>

S3(—x) = S3(x +3), 53 (x + ;) =53 ("‘ * ;)

detg <s3 (i¢> + ;)) = detg <s3 (—i¢> + ;)) = detz (53 (i¢> + ;))

8nr,

Z=f dd)e_g)z/M

Tr(¢2)-ZTr(¢?)

detaa(Ss(idets? (5, (19 + m +3)).

detp (33 (id) +im+ ;)) = detg <S3 (i¢ —im+ ;))

8m3r, nk
- Tr(¢*)-5-Tr($?
f dpe T 3 Ir

detq (S3(i))

- 3 _ 3
x det'/? <53 (iqb +im+ E)) det;"/? <53 <i¢ —im+ E))

f dpe=F

k 3
Cre(g) + S8 = ) log S, 80 + ) log S; (i) +im+2)
B u

2
9ym

F =

83
2

Ym

1 3
log S3(z) ~ —sgn(Imz)mi <€z3 - ZZZ +z+ )




2mr3

e = ) + T + —<Z .60 =3 o+ m|3> +0G™)

8n3r mk T
F=" Tr(¢2)+?Tr(¢3)+g<zﬁ: |<¢.ﬁ>|3—; I<¢.u)l3>

Ym

~Im Y sl (B~ Y 1B~ (m+3) D Ll +
U B u

%)= log 36, )~ sen(m) 3 Y. (5 (k07 +mC(1)?)
B u

Tr(TpTgTc + TaTcTg) = C3(R)dapc

D (b = R
u

3(R)

keps = k — sgn(m) ,

ro_r lmlC(R)
gesz gYM gm2 2

' 1 3
S3(2) = 2e~¢'Dsin (nz)e? @e2'®

. i 1 . im
I(z) = —zlog (1 — e?™%) + E(nzz + ELiz(ezmz)> -5

inz3 o iz . 1, (3)
f(2 =T+zzlog (1-e 2”‘Z)+;L12(e 2"‘Z)+WL13(3 2”’2)—ﬁ.

3T

_8n°r, 2 101 . . 101 . .
. f ddle LT )1—[ (Sin (B, i (;b))e—ZI(E—LM—(B,KP))—Zl(i—zmﬂﬁ,l(l)))
Cartan B

x o3l (BioD~3f(5-im=(B.i$))~3f (5-im+(B.i#))

/1=g}%MN’
7 ~ f deexp <_—Z ¢? +z Z [log [smh n(qbl P )]
= G_lmﬂ(@ ¢,)>—1z<§—m i(h — ¢,))+ £ (i(oi—9))) -

—f G —im+i(¢; — ¢j)> -2 (% —im = i(¢i ~ ¢’)>D

I(2) = =l(=2),f(2) = f(-2)

-l>|»—\

af @) _ s dl(z) _
3 - cot (. )———ﬂzcot(nz),
1 R (+ ) P+ 2 px liml (1+')—+”
1m ef ix 3|x| 4|x|, xl_{lgomf 2_1 —_2
I Rl(1+ )=-Zx I 11(1+') Foa?
IX}an e ix|= 2|x|, Jim Iml | > + ix >

lim Ref (ix) = —g Ix[%; Imf (ix) = 0




TN = 1=~ #9)°) coth (i — )

A
435+ 00— 9y —m)")tanh ((p: — ¢ - m))
+%G+ (¢ —¢; + m)2> tanh (n(qbi - ¢+ m))]

161T3N
z bi—@; ¢1

Jj#L

JEi
1dn 2 5 _ A
p(d)) Nd¢ T[¢Z ¢0 ¢ ¢0 - Fl
f p(@)dg = 1

F = —log Z ~ —NZ2log V1

16n3N¢i _ ”(2“"2)2 sign(¢; — ¢;).

A

T
9 +4m?»A .
P = a1 )
32m? (9 +4m?)A
P(¢)=m o] < P Pm e
=01|p| > ¢m.

3
P
i

2

2,N3 (9
9rm (—+m2>

=g 2~ 5em \a
N N
Qi-N)* =~ —N3 li—jl ~ —N3
_ 25g¢yN?
384nr
167;31\] o= T[Z [(2 — (¢1 _ ¢j)2) coth (ﬂ(d)i - ¢])) + 2m(¢i - ¢])]
Jj#i
= 2mmN¢; + nz (2 —(¢i - ¢j)2) coth (”(dh' B (bj))
J#i
16m3N
S o toa oo
1 1 m
yoal =

(W) = 1 (Tre i),

3
w) ~%f [T o> exntea Buoteilarm) B silor-o
i i




wy= [ dpp@res
p A
w) ~ f dgp(@)(1 + 21297 = 1+ -~ exp (=),
32m? bm 19
W)~ G amon 4mmf_¢m e ~ exp (& 3+ mz))

@lpi(r) — Z (2 _ (ll’i(r) _ 1/)](.”)2) coth (n (1,[)i(r) _ w}(r)))

J#i
o\ 2 G O = =) (e (0 =957 )
J

4&(% + (t/)i(r) _ w}gr-n _ m)2> tanh (n (llli(r) _ w}q-n _ m))”

+(m - —m))

") _ (9 + 4m2)/1

0T eamey LT N/B)

2

2 N3 /9 2 2 N3 /9
Fa 9rm <+m2) _ _9m (+m2)

K oemri \ T 96mrk2 \4

(W) = exp (%)

(W) ~ exp (;ﬁ (z + m2)>,

dp;  OF

ar T T ag;

as = ¢ +cym+ cgm? 4+ cym3 + -
ds? = £?(cosh? pdt? + dp? + sinh? pdQ32),

laas = Tpulk + Isurface T Ico

= — 4 7 —
Toune = ~ 756 Vol(S*) f d’x,\[g(R — 21)
12

R=20=-—

1 m2e*\ 2R Po 4mR
( ) 6n3(—12{’5)f cosh psinh® pdp = ?6N3sinh6 Po
0

Touic = —

kT 256m0 09, \ 6
1 3 15 5
Ch6 o — -6 _ -4 -2 _ 2

sinh® pg r7id 32€ +64E 16+O(e)

5mRg
Inas = ———N3

4ds 12r

(W) ~ e—T(Z)f av

1
2m)?;

T =




2TTRg

fdv=z3f "
0

21 Po
dt f do dpsinh (p)cosh (p)
0 0

2nNR
w) ~ exp (F2)
T
2
_ Yvrm 2 2)
Re = Ton? (4 +m
_ gt E
6" 16m22
Lo 57Rg 3
4957 121k
2
_ gim (9 2)
6~ Tonzk (4 tm

1 1 .
| = = f dxTr (EF, JFU — llpr’D,lp)

1
]1 = ETI‘F]KF]KFI‘IJ

6A1 = l§FI‘P
1 1
6‘]’] =EF FI]‘g
(S T
M= (U V)

Bo= T456789
By=T34s6
By =T3789

Bo= (_01 (1))
B=(] o)
B, = ((1) _01)

Tr&T”FUF;;\P =0

v = -y
0 = &(THE,, + 23K F,, )W’
0= Z £(rHaD, X, )W’
©=0,1,2
0= Z £(T#™ D, Y, )9
u=0,1,2

0 = fram[Xa, Ym]l‘p,
0 = &(2I3DX, + T [X,, X, DV’
0 = &2I3™D,Y, + I'™"[Y,,, Y, D¥'.




0 = &(Fu — €uaF>*By) - 9

0 = DX, - £B,9

0 =D, Yy, - §By9

0 = [Xg Yl - §Bo9

0= E_O([Xb! Xc] — €apcD3XqB1)Y
0 = & ([Ym, Y] — €pmnD3YpB5)?

e F** +yE, =0
8_0(1 + ]/Bo)ﬁ =0.

u
DsX, + Eeabc[Xb;Xc] =0

0= 503219 = 50(1 + uBl)19

9= ()

_ 2a _ 2a
L R Rl
Y(0) = w.

1 4 1 v 0
1=e—zf der(EF;wF )+Wf TrF AF

Ay (x®)= AL (=x3),u = 0,1,2
A3 (x*)= —A3(—x3)
X(x3)= —X7(=x3)
@) =¥i(=x*)
Ff |=Fq1=0
DX~ |1=X*|=0
Y~ 1=DY* =0

£0%= ,B9* =0
&oBo9™ = £,B,0” = 0.
[s*,6*1=a™[a* a7 1 =97, [a7,97] =g,
*(0)

=7
-(0) = w.

1

- 3 uv

2% ) d xj; dy E TrF, F
w,v=0,1,2

ds? = —f dyTr ((S'A% +Z SXL-Z)
L 7

w; = f dyTr(6A3 A 5Xl + 6Xi+1 A SXi_l),i = 1,2,3
L

~l o<

{(a,b) = —f dye(y)~?Trab

Wy (Wi = f dyTr(—D;adX; — §As[a, X;] + a[Xir1,6Xi—1] — a[6X;11, Xi—1])

DX;
(@) = f dyTr (a (D—y + [XL-H.XL-_l])) + TraX;(0)




. DX ., .
H) = D_y+X X X(y) +6(»X(0)
[ exam
—J d3xj dyTri?

R21 L

) DX . q .
Ay) = oyt X X() + () (X(0) + fi%).

X(0)+ % =0.

X+(0) + @ =0,

. pX . . I
u(y)=W+X><X(y)+6(y)(X(0)+u - ),
Xt(0)+i% =
S

gFUFU =0

0 = [Xg, Yl - &Bo
0 = &([Xp, Xc] — €apcD3XqB1)
0= 50([Ym' Yol - 6pmnDSYpBZ)-

DXt
—— =[x,
Dy

—=[Y,Y]=[V,X]=0

f=1"®f =)

Fiy 1= Fgy 1= 0
DX~ |=X*1=0

Y- 1=DY*1=0

)'(’+| ﬁZ

=7
T l=w.

~i+

dX; .
d_y+ [Xi+1'Xi—l] = O,l = 1,2,3

w; = f dyTr(6A A 6Xl + 6Xi+1 A 6X,:_1),i =1,2,3.
L

DX; .
W = Dy + [Xiv1, Xioq) i = 1,23,




i= | i)

i =X(0).

fi = X,(0).

DX

D_y—o.

DX /Dy = dX/dy + [A, X]
it
Wu = (u(/JZ (1J)

C 2

ad —bc =0
X0) = g—mrg™t
iy ‘gy+f‘1‘g
DX
Dy_
0 1 0 0
0 0 1 0
x =
0 0 O 1
0 0 O 0
QC=®7=17}-
DX
Dy_
ty +it t
_bh 2, 2
y y
it
A =—+
y
[it3,17a,] = MuVq
v
xzzeayTaa
a
ty m
X=7+Z EqVgy M@

mg=<0

¢ = Z JaVay ™

¢ = Z faVay™™a

Mg<0




X =t—++ Z EqVey e
Y

QEP_

ty + Z €EqVq
a€P_

0 1 0 0
0 0 1 0
x = ,
0 0 0 1
a, Qap-1 Qap—p .. O

R DX . L
H) =D—y+X><X+6(y)#

Di+fxf+6 7 =
AX + [iZ = 0.

DX | st =0
Dy Oug =

WX somE =0

& OMug =
DX £
—+)?x)?+z 8y — yp)ii%a = 0.
Dy a=1

k
dx
Tt Z S = Y= =0
y a=1

X=X —M
(sl 0)_(0 0)
0 s,) \¢ G
1
p=|!
1

DX _dx
_Z)y_ dy [ 4 ]
* *x 0
xoo+=<* * 0);
0o 0w
* % Wl/ZBl

% Wl/ZBZ

X)) = *
wtzc, wt/zg, w

Xooo — M




>

it =4,
dlmM+ = mZ +m.
dimM_ = m? —m.

i~ =-X(0) = —lim X(y)
y-0~

K
(s—n)/2= Z - Dn.
=

a y! 0
X = by a Cyl/z ’
e

dy1/2 0
_(a Y‘l)

X = (by al’

a yl ¢

X = by a d

e f g
a -y)™ 0

x=( by-y) a ey —y)'?

d(y —y1)*/? 0 ¢

fi=X(0);




M,u =M,///H.
My = (M,(Xe) X H)///H.

DY _ (5.7)= 7.9 = 0
by = F71=17.51=

Y=(0) = w.

Y(0) = wmodb.

1 0 0 O
01 0 0
0 0 * =
0 0 * =«
Yo =W +h

Mz = 25wy

1 —To123

V2

E >

+XxX=0

U|U
<>

L= X(0)
fir = =X ().

GeXg Gor = Govp

DX
Dy

oo ([

i=X(0).

b _ b
GexaTf =Tfp

-5
g =lim [(—6)“3Pexp (—fo a‘l)]

ty
y—

X =54 ) ety =0

n=(=8)"(X(—08)+1t./8)(=5)"

sth = (7 x78)11/6.

—X,(0) + =0
XR(0) + il =0




Xr(0) = BA(3.80)

er = To1236L = —Boéy.
eg = —exp (T F;;/4)ByBy ¢,
&, = —BowByB; ¢,
BywB; =w™!
BiF = —FB;.
h =exp (TYF/;/8)
h™'Bihe, = ¢

ta
Xt~ — 4 ...
Yy

Bie=¢

DX e[Xy, X ] =0
Dy '2¢ Wpad=

h™1Bjhe = ¢

Bihe = he.

_%rllpll((l) é))BoBl((l) _01)(8;f>

(1 — cosh (T/F,;/4)B, + sinh (T"F,;/4)B; )e] = 0.

ey = te4

= ! sinh (T"F,;/4)B¢
" 1—cosh (TVF;;/4)B, DA

= ! sinh (T"F,;/4)Be
1 — cosh (TUF,;/4) A

1
E_ = ZFI]F1131£+




&= Z FI]KqI]KF3£+
I<J<K

_ (*o121*456)F
B 8

EwF3* +yF, =0

- d3xe*ATr(A,0,A +EAAA
ZezaM X€ r\A4,0,4; 3uvA
u
~ 3.2 d3x€q, TrX*[XP, X€]
oM
DX u
Dya +E€abc[Xb:Xc] =0

f d3qu]KTrZI[Z],ZK]
oM

2a _ 2a
-2t 11 a2

y =
q=u(Fdx°A dx* A dx? +dx* A dx® A dx®)

&= Z l-‘UKQUI(IE&
I<J<K

—ir*/2

(|cr+d|>
E
ct+d
1-r
V2

E

E.

1
q= Z( dx® + dx*) A (dxt A dx® 4+ dx? A dx®)
ey = +e4

3K 1
&= quel=""ey = er(_ro + T (Ts + ey

I<J<K
1 . x
£y =ﬁ(£+ +I7é)
1
e. =—(E_+T7&,)
\/E +

(1—MI"é = -T*(1 +"M)E,
P& = —T"P&,

I — D5

P=1
T

1-T, 1+T,
7= 1256 1256

2 22

TPé_ = —TI"TPE,

1-T, 1+ e — T T
TP = ( 1256 1256) (1 416 _ 25) — exp (§ (Tye — Fzs))

2 242




36 =0

(& &) = (w A, v)’

4®4=6, B 105
4 @4'=6,® 10}

4Q®4' =16 15.
Bye = —¢,
Bye = ¢.

I'm=nT'{==¢

4
(u, i1y = Z (naza - (aﬁa)
a=1

Fw) =z4: n%q
a=1

(p1 + p2)? (p2 + p3)? (p3 + p1)?
u= 2z V= 2 W= 2
q q q

Fu,v) =1+ Z gHFD (u,v)
=1

dr =Z Fidlog I; = S(F) =Z SF)®I;




u v w 1—-u 1-v 1-w
a= [—,b=|—,c= |—,d= ,e = f = .
vw uw uv u

v w

S[FOVl=-2)hQ®d+cQR®e+aQ@f+bQf+c®d+aQe]

S[FP)=8hRdQIQVd+cRe®Re®Re+aQRfQfQf
HhQRQfFRfFRf+cRAdRARQd+aRQeRe®e]
+16hQbRDbRAd+cRcR@cRQe+a®@aRa®Qf

+hQPRDPRQf+cRcR®cRWd+aRaRQaQe].

S[.'F(L)] — Clil.....lileil ® ® lizL

lil""’lizLEL
cycle: {a b,c,d,e f} - {b,cacef d}
flip: {a,b,c,d, e f} - {b,acedf}

6

Z CijC(YXl'XjZ) = 0,

(=1
6

Z Ci1izi3C(YXi1Xi2Xi3Z) = O‘

iy,02,i3=1

6

Z éii...ikc(xil ...XikZ) =0

i ik=1

C;il___,:kC(YX,:I ...X,:k) =

i1,e0ifg=1
c®=0
c@=0
c(y)=0

c(AP1) = c(8kynk),
c() = c($) = —c(9),
Cie123456,.(0) = —2,16,—384,15360, -860160,61931520, ..

(9 [2CL-D]!

CL(O') = 2 W = (—1)L23L_2(2L - 3)”,
[n/2]-1
nll = (n —2k)

e (af .. f) = (—1)L22L-1(2L — 3)1!

(=1)L22b=2m/21(2 — 1 — 2[m/2])!!

e, (Xef ... £) = p,(Xgf ... £) X (—1)L22L=8(2L — 9)11,




p(7) =0
pL() =32(L-2)(2L - 5)(2L = 7),

p.(A) = ? (4L —-9)@2L-5)(2L-7),
LX) = —g(ZL — 7)(71% + 22L — 140),
pL(o) = —g(L — 4)(L? — 47L + 135),

p(3) = —42—5(163L3 — 222012 + 15977L — 36660).
c (M) = (12 - 8L)c,—1(®)
c(9) = (24— 16L)c,-1(9H)

0=1c,M) =Cx[c-1(9) — c1-1(B)]

c (@) = (20 = 8L)c,1(g) — c1-1(®)
c,(§) = (20 = 8L)cp 1 () + 2¢c,1(R)

() = (20—=8L)c,1(A) + (1 — C)cp—1(8) + Cep—q (w)

) = (12 -8L)c,_1(Y)
¢ (T) = (28 = 8L)c;1(©) + 16¢, 4 ()
() = (24 —8L)c, 1 (PB) — 4¢,-1(D)

L(B) =(7C — 8L)c,_1 (W) + (—60 + 15C) 1 (X)
+(=102 + 20C)c,_1 (D) + (30 — 6C)c,_1(3)

cL(G) = (28 — 8L)cy—1 (D) + 40c; -1 (B)
+12¢,_1(A)

¢, (M) = (12 - - 8L> c1(N)

-4+ 1L
cL(S) = (12 = 8L)cy 1 (U) — 4c,—»(T)
c(YabZ) + c(YacZ) — c(YbaZ) — c(YcaZ) = 0,

c(YabZ) + c(YacZ) = c(YbaZ) + c(YcaZ),
c(YcaZ) + c(YcbZ) = c(YacZ) + c(YbcZ),

c(YdbZ) + c(YcdZ) + c(YecZ) + c(YaeZ) + c(YfaZ) + c(YbfZ) + 2c(YcbZ)
= ¢(YbdZ) + c(YdcZ) + c(YceZ) + c(YeaZ) + c(YafZ) + c(YfbZ) + 2¢c(YbcZ),

c(YaabZ) + c(YabbZ) + c(YacbZ) = 0,
c(Y(abo)Z) = c(YaZ) + c(YbZ) + c(YcZ),
c(Y(abc)aZ) = c(Ya(abc)Z).
c(YA;(abc)A,Z) = c(Y(abc)AZ) = c(YA(abc)Z).
c(YA;(abc)A,Z) = c(YA(abc)Z) = c(YAaZ) + c(YAbZ).
c(Ya(abc)bZ) = 0.
c(YA;(abc)A,Z) = c(Y(abc)AZ) = c(YA(abc)Z) = 0.

c(YfaAbfZ) = c(YfbAafZ) = —c(YfbAb(Z).

c(Yfa™*1bfZ) = c(Yfba™* fZ) = —c(Yfba"bfZ).




c(Yfa™*'bfzZ)= c(Yfa"*!(abc)fZ) — c(Yfa™*?fZ)
= c(Yf%(abc)a™ fZ) — c(Yfa™*2fZ) = c(Yfba™1fZ).

c(YfAafZ) + c(YfAbfZ) = 0,
c(YfaAfZ) + c(YfbAfZ) = 0.
c(YfaAbfZ) = c(YfbAafZ) = —c(YfbAbfZ) = —c(YfaAafZ),

c(Xba..af) =0
c(Xca..af) =0

c(XbaaY) + c(XbbaY) + c(XbcaY) = 0 = c(Xcaa¥) + c(XcbaY) + c(XccaY).

111011
111101
y—|l1 11110
011100}
101010
110001

Nagj () = 10771 Ff

A

Nagj(j) = Nft = [072ET, N = [0T-1AT

" (3 2) 4 A )
0= (2 1),1 = (3,0),F = (01),4 = (1,0)

— a
Nf = 3N2, + 2N,
a_ d
N =2N%, + N2,

N? —4N%, = 2N2, + (1 - 4N, =2(3N%, + 2N%,) — 3(2N2%, + N&,) = N2,

IVja = 41V]a_1 + ]V]a_z
a _ da da
N = 4N+ N

Nagj(7) = 4Nagj(j — 1) + Nag;G — 2),

Nadj(j)
— 2~ 2++5=4.236..
NagiG — 1)
c(Xbaf) = c¢(Xcaf) = 0,
N(k,L) = [0?2=*ET, for k < 2L.

F# = 4F¢ , + F&,,
F¢ =4F¢ +F%,—8.

F = 2F¢, + Ry

F& =3(F&,—2)+2+2F%,
=3F% , +2F%, —4,

F& —4F2 ;= —F¢ , +2F%, —4
=—(3Ff,+2F%, —4)+2(2Ff, +F%,) -4




1 c
b->—,d->—,e—>axXc.
a a

Disc,, = =[—Disc, — Disc;, + Disc,] — Discy.

N| =

LD
AL = jLg3taL E d7p 1 NG
5 QmMP S I 12

i€l i2"13

L
dLDp — 1_[ dej
j=1
fabc =i zfabc - TI'([Ta,Tb]TC)

Ni+1Vj+Nk=0 @Ci‘}'Cj‘}'Ck:O,
Ni_)_Ni <=)Ci—>—CL-

D = a1 (E)““Z dp 1 N,
; 2 {eT, G
[12][34]

‘7((1!2'3!4) = 512‘923‘42-ee (1!2r314) = _16(8)(Q)

m
Q= Z Ainf
i=1

N; ~ ¥ (1,2,3,4) X (local momentum factor ),

(12)(34)

[12][23][34][45][51]
4e(1,234)

Pizzas = 6® @

€(1,2,3,4) = gy poky kykE kg = Det(k;')

[12]%[34][45][35]
_ = 5@ (@) 2]
Y12 = V12345 = 6(Q) 4¢(1,2,34)
5
Z Yij = Otyij = Vi

i=1
Y12= B12345 — B21345
1
Pr23as = E(le + V13 + V1a + Va3 +V2s +V34)

0 = (¥12 + ¥13)(S23 — Sas) + ¥23(S12 — S23) + Vas(S14 — S15)

L
N;= Z ai;jk;nyjkMr(L )
jkn

L-1
M(L) = l_[ my | m; € {Sij'Tij}

l

2
Sij = (kL +k]) = Zkl ‘kj,TL'p = ZkL 'p,Tiq = Zkl . q,qu = Zp - q

N®)(1,2,3,4,5;p) and N®)(1,2,3,4,5;p)




[S3]

(P) 1 (B

N®)(1,2,3,4,5;p) = N®(1,2,3,4,5;p) — N®)(2,1,3,4,5; p),
0 = NWi2)(1,23,45;p) = N®(1,2,3,4,5;p) — N®(1,2,4,3,5;p),
0 =NWiD(1,2345;p) = N®(1,2,3,4,5p) — N®(1,2,4,53;p + k3).

N®)(2,3,4,51;p + k)= N®)(1,2,3,4,5; p),
N®)(54,321; —p) = —N®)(1,2,3,4,5; p).

N®)(2,1,34,5p)= —N®(1,2345;p),
N®(1,2,54,3; —k; — k, —p) = N®(1,2,3,4,5; p).

N® 5(8)(Q)

N®(1,2,3,4,5p) = Brzgas + Qi23aslf + A23as103 + Asa51213 + Ausizali + As123413
®apcde = ~Apaedcr Pabede = Bbedear Babede = —Pbaedc
N®)(1,2,3,4,5p) = V12345
Yabcde = ~Vbacder Yabcde = Vabedc
0 = ¥12345 = Y12435, 0 = V12345 — V12453,

Yab = Yabcde

Yiz3as =Blizjzas + X2zasly — @z13as (G + 15 — 1 — 515) + 31215405 + Azaspiz)l5

+ausiz)ali + aspiz)3ald
Bleyor, = 0+ k)? =B +15—1F 515
X12)345 = 0, A345012] = 0, Ays[12)3 = 0,
@s[12]34 — U21345 = 0, A3[12)54 — A21345 = 0,
Y12345 = Pl12)345 + S12@21345,
QAgp = Ag1 + Agp,

Briz) + Brazy + Braay + Bras; = 0,

ﬁ[ab] = ﬂ[ab]cde = Babede — Boacde
1
Bi2345 = E(ﬁ[lz] + Br1z) + Braay + Brzs) + Blza) + ﬁ[34])'

B123as + a1zl% Y12 _ B12345 ﬁ[12]345

1z siz (p+k)? S12




_ U+ kp)I3)(5]

(35)
_ (5lkqy(ky +k3)[3)  (51)[12](23)
(p+k)? = 35) =35
) 534545 _ (35) Blaz)3as
O T EEEnEEn - et e T
0=p [35] B121345
1 51K(12)[23] T spe
. [12][23][34][45][51] _ [12][23][34][45][51]
Brasas = ‘6(8)(Q)<12)[23]<35>[51] — [12]23)[35](51) ) 4£(1,2,3,4) ’
[12]%[34][45][35]

N® = Y12 = Bi23as — P213as = 5(8)(Q) 42(1,2,3,4) )

1
Br23as = 3 (Y12 + V13 + Y14 + V23 + V24 + ¥34)

5
Z vij =0
i=1

1 1
"qgl) =ig® Z (Eﬁ12345C(P)I(P) + thC(B)I(B))

Ss
[®)— d’p 1
QCm)P p2(p + k)?(p + ky + k2)?(p — ks — ks)?(p — ks)?’
D
1B = if d’p 1 ,
si2) @Cm)Pp2( + ki + kp)?(p — ka — ks)?(p — ks)?

C(P) — fgalbfbachca3dfda4efeasg
C(B) — f'alazbfbcgf'ca3dfda4efeasg

1 K\ 1 - 1
Ms( )= — (E) Z (Eﬁ12345,3123451(1)) + ZV12)’121(B))
5
i 1

®) e
! |UVpole 6(4m)*€ $12

1 Y1z | Y23 , V34  Yas |V
® — _ 5 12 723 | P34 F4s | 751
As |UV 9 6(47r)46[NcTr12345 (su + Sa3 + S34 + Sus + 515>
+6Tr23Trys (yﬁ + Va3 + @> + perms ]
S12 S23 S13

- 1 2 2 2 2 2 2 2 2 2 2
M§1)| z_i(_) . Vig Vis  Via  Vis | Vo3 Vo4 |\ Vos | V34 | V35 | Vas
uv 2/ 6(4m)*€[s12  S13 S1a4  S15 S23  Sza Szs S3a S35 Sas

Yi = Vit = vij (Vijln{q_mfm)

N® = N®)(1,2,3,4,5;p,9)




o]

4 4
1 4
2 2
P 4q ] 4q
£ 5

(b)
4 4

2 3
p q
: 3 \ 3 /
2 p q 2 P q ) P q \
5 5 5
1 1 (f)

(e)

N@ = N® N@ = N© = NO,

N©(1,2,34,5p,9) = N®(1,2,54,3;p,kss —q) = N®(54,3,1,2;ks + q, k12 — D),
N(d)(112!3r4!5; p! q) = N(a)(1r2!3r4!5; pr q) - N(a) (211r314r5; pr Q):

N®(1,234,5p,q9) = -N©(1,253,4p,kss —q) = NO(1,2,43,5p,kss +p + q)

N®(1,2,34,5p,q9) = -N®(3,2,1,54; k155 — D kas — q),
N®(1,23,4,5;p,q) = —=N®(3,2,1,4,5;ky 55 — p, ks — q),
N®)(1,2,3.45;p,9) = N®(1,2,3,54;p,p + q + ky),
N©(1,2,3,4,5;p,q) = —N©(4,3,2,1,5; q,p),
N©(1,2,34,5p,q) = N©(3,41,2,5 ks s — q, k1, — D),
N@(1,2,3,4,5;p,q) = —ND(2,1,3,4,5;p,q),
N()(1,2,3,4,5;p,9) = —N©(2,1,3,4,5;p,q),
N®©)(1,2,3,4,5;p,q) = N©(1,2,3,54;p,p + q + ky),
N®1,2,3,4,5p,9) = -ND(2,1,3,4,5;p,9),
N®(1,2,34,5p,q) = -ND(1,2,3,54;,k12 — p, ka5 — q).

Y12, V13, V14, V23, V24, V34
N® =y1,my + y13my + Y1ams + V23Ma + V2ams + ¥zamg
mj = aljslz + a2j513 + a3j514_ + a4_j523 + a5j524 + aéjrlp + a7j‘[2p + asz3p + ang4p
Q45 = Oz = A36 = Qg = Use = 0

Pr=@—k)?=@-ki+k) 2 =@—ki—k; —k3)*=0

N(a)lcut = S45T5p <ﬁ225345 + 15/4_2>
4

{Tlp = 0,7T2p > S12,T3p = Sas — S12,Tap = —Tsp — 545}




' 4
L
2 : = S45Tsp X
¢ +
P, 5
1
1 3 1
A12= Az1 = Q41 = E:am = Z'a% =dgs = Agg = —1,d61 = Qg2 = Q74 = 2
1
A11= Qzp = Q4 = Q43 = Qygq = A71 = QAgy = Agg = Z
1
Ae3= Qg5 = Age = Ay3 = O75 = O76 = Ug3z = (g5 = Uge = )
A13= Q15 = Q16 = Q23 = Qp5 = (31 = U3z = A33 = (A34 = (g5 = U43 = U517 = A5z = ds3
= Qg4 = g5 = Qgg = A7y = gy = dgg = dgp = Agg = 0
(@) 1
N®(1,2,34,5p,9) = Z(Y12(2545 —S12 +Tp — Tlp) + V23(545 + 281, —Typ + Tap)
+2Y45(T5p - T4p) + V13(512 + S45 —T1p T Tsp))
1 1 1 1 1 1
@ _ _ 72 <_ @ 4 290) 429 429 4 29 4= (f))
A = J@ 430 4 3 4 gD g€ 30,
5 g 2 1 4 2 1 1
Ss
) N =4 Super-Yang-Mills (v/ N = 8 supergravity) numerator

1
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Q¢ =V2A+ Q*A,, QA = —2i([@, ] + i0#D, ¢ — i0#D,d + iOFQVE,,),
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Qp = QFA,

Q9 = V2A+ Q*A,, QA = 2i([p, @] + iQ“D,@ — iQ*D, @ + iQ*QVE,,)
@u = V24,00, = 2i([p, 0,] + i D, @, — iQ%e,)

QA = V2D, 0", QA = —2F + i[pu 0]

QAuy = —V2(Dupy = Dy,)




the half twist the Vafa-Witten twist

1
1 My = 1(6(11, +é2)
ma::Z(e,—ei,) € =¢5 =10
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—30P(A5(2)C(z — w))AYI (W) C(w — v)AR(v)AL (v)
—345(2)0PC(z — w)AYI (W)3° C(w — V)AL ()AL (v)}

4
+‘97 fabe gbde fdfg frhi f dy dz dw dvd*C(x — y)Af, (10 C(y — 2){
—0°P (A (2)C(z — w))AYI (W)8° C(w — v)AR(v) AL (v)
—AS(2)8PC(z — w)AYI (W)3° C(w — V)AL ()AL (v)}

4

+2% fabefbae fafa fini f dy dz dw dvd*C(x — y)
X Af, ()93 C (y — 2)AP¢(2)0” C(z = WAL, (W)37 C(w — 1) Al (V) A}y (v)

4
+3%fabcfbdefdfgffm f dy dz dw dva, C(x — y){
+44PE(1)IAC (y — 2)A®N(2)97C (2 — w)A], (W)3,C(w — )AL (V) A} (v)
—445(1)0,C(y — 2)A5)(2)0,C (2 = w)AIH (W) 3P C(w — v) A (v) AV (v)
—APE(¥)0),C(y — 2)A%)(2)8,C (z — w)A) W)d*C (w — v) A" () AV ()}

+3Tffabcfbdefdfgffhi f dy dz dw dvarC(x — y){

—Af (10, C(y — 2)APE(2)07 C(z — w)AYI (W), C(w — V) AR (1) ALy (v)
—APC(1)9,C(y = A (2)8,C (2 — w)A"I (W)Bp, C (w — v) AL (0) AL (v)
+APC(1)9,C (Y = AT (2)9,C (2 = WIAYI W)L (w = v) AL (0) Al (v)
+AIP¢(y)071C (y — 2)A5(2)0,C (2 — w)AYI (W)D1, C(w — v) AL (V)AL (v)
—APE)ITNC(Y = 2)A5(2)9,C (2 = WA (W)L (w — V)AL () A (v))




4
+g7f“bcfbd"fdfgff”i f dy dz dw dvarC(x — y) AP (y){

—80"C(y — 2)Af,(2)01C(z — w)AT (W)37C(w — v) Al ()AL (v)

—20,C(y — 2)A"*(2)0,C(z — w)AT (W)37 C(w — V) Al (V) A} ()

—20,C(y — 2)Av®(2)0,C(z — w)A7 (W)37C(w — V) Al (V)AL (v)

+20,C(y — 2)A(2)0C(z — w)AT (W)d7C(w — v)Aly (V)AL (v)
3 .

-3 0, C(y — 2)A51(2)0°C(z —w)AYI (W)dC(w — v)AQ(v)AL] )
3 .

+ 3 IC(y — 2)A5,(2)07C(z — w)AYI (W)d,C(w — v)AQ(v)AL] )

+ ; ouCly — z)Aj{] (2)0°C(z —w)AYI (W)9|,C(w — v)Aﬁ(v)Af,] (v)
+0,C(y — 2)A5(2)0"C(z — w)AS, (W) C(w — V)AL (V)AL (v)
=0, C(y — 2)A5(2)0VC(z — w)A],(W)2° C(w — v) Al (V)AL (v)}
+STg4f“bcfbdefdf9ffhi f dy dz dw dva*C(x — y) AP (y){
—200VC(y — 2)A%(2)0}, C(z — W) Ay (W),C(w — v) A} (v) AL (v)
—49,C(y — 2)A"*(2)0°C(z — W)A‘[q” W)9;C(w — v)AR (v)Af,] )
+407C(y — 2)A5(2)9VC(z — w)AL, (W) C(w — V)AL () A} (v)
—20(,C(y — 2)A?%(2)03)C(z — w)A"I (W), C(w — v) A% (V)AL (v)
+20°C(y — 2)Af,(2)83C(z — w)A"I (W), C(w — v) AL (v) ALy ()
—20°C(y — 2)Af,(2)0,)C(z — W)AYI (W), C(w — v) A} (V) ALy ()
—201,C(y — 2)A5(2)0,C(z — w)AYI (W)3°C(w — v)AR ()AL (v)
—20°C(y — 2)A}(2)0VC(z — W)Afu(w)aaC(w - v)Ag] WAL (v)
—0,C(y — 2)A5(2)07C(z — w)AYI (W)d[,C (W — v) A} (V)AL (v)
—07C(y — 2)A%(2)9,C(z — w)AYI (W)I1C (W — V)AL (V)AL (v)
—09C(y — 2)A5(2)0VC(z — W)A[gu(w)aMC(w — v)A} ()AL, (v)
+07C(y — 2)A5(2)0" C(z — w)Ay (W), C(w — v)AF (V) ALy (v)
+07C(y — 2)A%(2),C(z — w)A"I (W), C(w — V)AL (V) ALy (v)}
+0(g°)

(TgA)(z) = Afi () + g £ [ dy 8" Cla — ) Ap(y) Al (w)
+ S%Qf“b‘:fbde dy dz 8”Clz —y)A*(4)9],Cly — 2)Ap(2) A% (=)
+ % gabegbde gefa [ qy 4z dw 0°C(z —y)
x 9Oy — 2) AL (2) A7 (2)9),Cy — w) Af, () AT, (w)
+g? e e p 9 [ dy dz dw 9°C(z —y) AN (y) {

—97C(y— 2) A5(2)01,C (= — w) Af, (w) A (w)

+0,Cly— 2) A5 (2)07C (2 — w)A{] (w)AY (w)}




3
+ %fabcfbdefdfg dy dz duw {
+69pC(x—y) AN ()P Cy — 2) A7 (2)0C (2 — w) A, (w) A, (w)
—60°C(z—y)AS (1) Oy — 2) A7 (2)9),C (2 — w) Al (w) A7, (w)
—60,C(x = y)AS(4)9},C(y — ) Afy (2)01PC (2 —w) AM (w) A7 (w)

+28°C (= —y)Afp(y)aﬂlC(y— z)A’\e(z)i?UC‘(z — w]A{(w)Ag(w)

— 0uC(x—y) 0 (AG(y)Cly—2)) A"%z)a”cwwm{(wmg(w)}

3
— Lopetegtie s 9 [ dy dz AL (2)C(x —y) AP ()0 Oy - 2) A} () A (2)

4 .
+ %fa.bcfbdefdfgfchz dy dz dw
x Clz—y) AN ()07 Cly — 2) AL (2)AY(2)87 C(z — w) Al (w) Al (w)
4
+ %fﬁbcfbdefdfgfcm dy dz dw dv 6AO($—y)8pO(y—z) {
—9A45(2)0 C (2 —w) A7 (w) A1 ()8}, C(y —v) A} (v) AL (v)
+4A0¢(2)0171C (2 — w) AL (w) 419 ()8, Oy — v) AR (v) AL (v)

—24°%(2)d,C(= —w)A{('w)AﬂJ (w)d°C(y— U)AQ(U)A”'(U)}

- f—:f“’”fb"ef‘if 9P [ dy dz dw dv 9C(x— )0 Cly —2)
X AP€(2)07 Cz— w) A (w) A (w)d" Cly — v) Al (v) A (v)
+ % fabe gbde gdfa gehi [ 4y 42 dw dv 95C(z —y) {
+ 0, Cly—2) A5 ()0 C (2 — w) AP () A9 ()07 Oy — v) A (v) AL (v)
—IC(y— 2) AP (2)0,C (= — w) A (w) AY) ()9 Cly — v)AE(v)A:;(v)}
+ % pabe gbde ydfa gehi [ 4y dz dw dv 9 C(z —y) {
+30°C(y — 2)A"1 ()81, 0 (= — w) A () A% ()37 Oy — v) A () A} (v)
+IpCly—2)A" ()97 Cz — w) Al () AL (w) D" Cly — v) Ay (U)A;](v)}
- % pabe ghde pdfa gehi [ qp 4y dz dw

X Al (2)Clx — )8 Cly — 2) AL (2) AP (2)87 Cly — w) Al (w) Al (w)

4 .
o %fabcfhdefdfgfeht dy dz dw do a_uc(.’Ef’y)




x 0" (AS(5)Cly —2)) 9°Clz — w) A (w) A" ()87 C (= — v) A (v) Ay (v)
—%f”’”fbdef‘*f 9 [ dy dz dw dv 8 C(z—y)AP°(y) {

—38,C (y — 2)9),C (= — w) A (w) AL ()7 C (= — v) Ag (v) A} (v)

—30"Cly —2)0;,C(» —w)Ag(w)Ag}(w)aﬂc(z — ) Al (v) A (v)

+308" 0y — )9Oz — w) Af (w) AL ()" C (= — v) A5 (v) Ajy(v)

—38,C(y — 2)I\C (2 —w) A (w) A% ()97 C (=~ v) A" () AL ()

+30\C(y — )01, C (= = w)Af (w) AL ()7 C 2 = v) AL () A" (v)

— 20Oy — 2)8" C(z — w) A, () A ()37 C (2 — v) AG (v) A}, (v)

+8,C(y —2)8 C(z —w) A (w) A% ()87 C (2 — U)Ag(v)Ag(v)}

4
+%fabcfbdefdfgfehi dy dz dw dv aAO(m_y) {
—TAfu(y)ax]O(y—Z)a"G(z—w)Aﬁ(w)A”g(w)af’O(z—U)Aﬁ(v)A;",(U)

+3AMC()81C(y — 2)87,C (2 — w) A (w)A?

4 (w)d7C (=~ v)AE(v)Ai(v)}

4 )
%fﬂbcfbdefdfgffhlfdy dz dw

x ONC( — y) AL, (1) A5 (y)Cly — 2) AP (2)07 C 2 — w) A (w) A (w)

4 .
+%fabcfbdefdf9ffh1/dm dy dz dw AE(I)O(Zy){

+0AN () 7C (y — 2) A7 () C (2 — w) Afy (w) Al (w)
+4AP ()71 0(y — 2) A9(2)87C (2 — w) Al (w) A (w)

—3A5 ()0 Cly — 2) AP (2)0° C (2 — w) Al (w) Ap(w)

— 30" (AS(y)Cly —2)) AP9(2)87C (= — w)Ai:(w)A:',(w)}

1 .

+ et e plla gt / dy dz dw dv 9uC(z— )" (A (y)Cly—2)) {
+9AP¢(2)07C (2 — w)AVg(w)a[pC(w - v)A';1 ('U)A::}] (v)
+4APe()8Y1C (2 — w) AY(w) 37 C(w —v) Al (v) AL (v)

— 39° (Af,(z)C(z - w)) AV (w)87C(w — 'U)Ag(v)Af, (v)

—3A5(2)0"C (2 —w) A" (w)d” C(w — ’U)Ag(’t))A:;,(’U)}




4 .
+ % fabe gbde ydfg pfhi f dy dz dw dv 9*Ca —y)Af, ()03 Cly — 2) {
- (AE(Z)O(Z - w)) AV ()8 C(w— 'U)Ag(v)A;i,('u)

— Ap(2)0°C(z — w) A" (w)d” Cw— ‘U)A?(’U}Ai(‘v)}

+ % Foveprde ple gl f dy dz dw dv 9’ C(z—y)
X A (1) Cly — 2) A (2)8” Oz —w) AY ()" Cw—v) A (v) A} (v)
+ %fﬂbﬂfbdefdf 9pn ] dy dz dw dv ,C(x—y) {
+44P )R O(y —2) A ()07 Oz — w) AT, (0)FpClw — v) A (v) Ay (v)
— 447 ()], Oy — ) A7) (2)05C (2~ w) AT ()87 C w —0) A" () AT (v)

A"“(wa[pcwz)A‘;](z)auG(zw)Aﬂ(w)a["c(mu)Ah“w)A"”(v)}

o 4 ]
+ 3‘% fabe pbde pdfg pfhi / dy dz dw dv 8 C(z —y) {

— AR\ ()8, Cy — ) A" (2)07 C(z — w) A" ()8, C'(w — v) Al (v) ALy (v)
— APy Cly — 2) AT (2)8,C (= — w) A9 (w) B, Cw — v) Al (v) ALy (v)
+ Al ()80 (y — 2) AT (2)BpC (2 — w) A (w) B\ C (w — ) Al (v) ALy (v)

+ Al () 071C (y — 2) 4K (2)9,C (2 — w) A9 (w) D, C(w —v) Al (v) Ay (v)

A“’C(y)a“]c(yz)Az(z)apmzw)A"g(w)a[,\ccwv)Ai:(v)Ai](v)}




4 .
+ g'?fabcfbdefdfgffhz fdy dz dw dv GAC(m—y)A‘DC(y) {

— 88" Cly — 2)Af,(2)0\C (2 — w) A (w) 37 C(w — v) Ay (v) ALy (v)

—205C(y— 2)A”(2)8),C (2 — w) A ()" Cw —v) Al (v) A} (v)
—20,C(y — 2) A" (2)9),C (2 — w) AL (w)3" C(w — v) Al (v) A} (v)
+20,C(y— 2) A" (2)9\C (2 — w) A ()" Clw —v) Al (v) A} (v)

B[MC(y - z)AZ} (2)0°C(z— w)Ayg[w)a[)‘G(w - 'U)A’;I-(’U)Ai] (v)

+ 50 Cly— Z)Az] (2)0°C(z— w)Ayg(w)a[#C(w — 'U)A';l-(U)A::}] (v)

J o ooy oW

+ SO Cly— z)A'f\} (2)07C(z— w)Ayg(w)a[pC'(’w — 'U)A';I—(’U)Ai] (v)

(eSS

+0,Cly— 2)AS(2)0"C (2 — w)Ai] ()07 C(w — v)/—litr ('U)Af,('v)

—0,Cly— 2)AS(2)8"C(2— w)Aﬁ} ()07 C'(w— ’U)A2| ('U)Ai)] (v) }

+ %f”’“fmfdf A f dy dz dw dv 9Oz —y) A" (y) {
— 200" C(y—2) A7 (2)8), C(z — w) Af} ()3 C (w — v) A} (v) AL (v)
—49C(y —2)A”(2)0° Cz — w) Af, (w)O\C(w — ) A (v) Ay (v)
+407 Oy — 2)45(2)8" Oz — w) Af, (W) Cw — v) A (v) A7 (v)
=20, C(y— 2)A7 °(2)A\ Oz —w) AV ()8, C (w —v) AL (v) A} (v)
+207Cly — ) AJ, ()93 C(z— w) A" (w) 3, Clw — v) A5 (v) Ay (v)
— 2070y~ 2)A[,(2)8,C(z — w) A7 (), C (w — v) AR (v) A} (v)
— 204, Oy = 2) A5 (2)3,) Oz = w) A”? ()3 C (w = v) Ag (v) A}, (v)
= 2070y = 2)A}(2)8" Oz = w) Al ()DrC(w —v) Ag (v) A} (v)
—0pC(y —2) A5 (2)07C (= = w) A" ()3}, C(w — v) A (v) A} (v)
—37Cy — 2) A (2)0uC (2 — w) A9 (w) I\ C(w — v) A () AL (v)
=070y —2)A(2)8"C(z = w) Af, ()8, O (w—v) AX (v) ALy (v)

+87C(y— 2)Af(2)8" C (2 — w) AL (w)dy, C(w —v) AL (v) ALy (v)

+87C(y — 2)A5(2)0,C (2 — w)AVg(w)a[pC(w — ’U)Ag(’U)Ai] (U)}

+0(g").

*F =—KkAF,

1wF = 0,F =0,




*F =—KkAF.

A =wF—(dB)" =0,

+ 1 1
B=FH _ZBXB_EleAB=0.
Ff = 1/2(Fy + g * Fy)

(a,B) = TrfM a nx B, lall? = (a,a).

5
X XY mn = XmpYet — Xnp ¥, X,Y € QFF

1
X XN =5 fie(Xmp (YR = Xip (YR)

KAF=—%F+d,B

N 1
F=F——-BXB
4

ﬁ - KlRﬁ = —lR *ﬁ' + LRdAB
(d‘IB)H =g * dAB
diB =% dy x B =x d,(ic A B) =* (dk A B) —* (i A d4B)
)/ H H
(dAB) = _(* (K A dAB)) = (LR * dAB) =g * dAB
g- A%2g,k > A,R > A171R,B - 1B, A - A,

t 2y ||
lAI12 = (A, A) = leFII> = 2(F,d}B) + || (@}B) "

(xF, d}B) = (datxF, B) = (LAF,B)

2

1 1 1
I1BI2 = | Ff -8 xB| - (F,;' 2B B,leAB) + 7 ledaBIP,

y 1 L1 .
(FH —zBx B,LRdAB) = (FH —zBx B,LRB)

1 1 1
(F,; - ZB X B, L;;‘B) = (Fi,LAB) — Z(B x B,LAB) = (F,LAB) — Z(B X B,L4B)

1 1 1 2 o1 1 2
[ 2 2 _ - t Z 2 +_
E = Al + I1BIP = 5 llwFll + 5 [|(@fB)" ||+ llndaBl +|FH 4B><B|| :
I.RF =0

L1
Ff—3BxB=0

(diB)" =0
l.RdAB =0

*dsB = LAB + kd} B,

g * d4B = 1p(kd}B) = (d1B)" =0

L * dAB = [RdAB =0




H
LAB + Kkd}B = LAB = {1, d,}B xd}B(d}B)

lRF=0
F 1B)(B—O
H 4 -
dAB=0

T t 1 A A 1
(dic,diB) =—E(LRC,LRB) +E(] -C,J-B)+ (F,CxB)

1 1
+Tr ; (ZVC-VB—ZCUXJ Bkl>volg

5

J - B = JP4B,q,VC - VB = (V;Cp.) (V' BI¥)

1 1 s
qurs = qurs - E (Ric A g)pqrs = Vqurs - g (Ric A g)pqrs - ﬁ (gA g)pqrsr

H
diB=(dlB) —k( B)
1 5 , 1 , 1
E == |lwFII> + IF§II? + —1IBx B||I> +Tr [ (VB -VB)vol,
2 16 8 Ju,

1 1 .
~ 3 BIE g1 [ (Byx By vol,
5
2 1 1 1 i, 1
||(d+W)H|| =-3 ILgwl|% — E”J -w||? —Zf (Wi XUk, Jvol, + Z_f Vw - Vwvolg
Ms Ms

2 1 1 . 1
”(d*w)”” =-3 Iy - wl|® — ZfM (i X Uktw Jvoly + ZIM Vw - Vwvol,
5 5
RIV;(dK) ji = V:(RI(dK) ji) — (ViR7)(dK) jic = 2(gix — RiRy) # 0.

VB3 -VC =0

ViU )V'CH = (FVijic + ) Vif JV'C = (=2f R g + ] Vif )V CT*
=2 (V' &,) g€ — (V) Vef O
= —2f]' ;g C’* — V;f(—2R;6L)CTF =0,

B;injlekl =0
BY Xij1aC* = By (Rejut = 2Rpi P 1.972)C™.
(LAB,, LAC) =0
H |2 H[2 12 - H
(@B || (| (@tBs)”|| = NlaiBl" +2(afB. (afBs)").
i i 1 I,
lafBI" + 2(d}B, d}Bs) =5 Tr f (VB - VB — BXB)vol,
. _ 1, .
+(F,B % B) +2(F,B x B;) = || B,
(F,Bx B)+2(F,B x B;3) = (F,BXB).

1 1 Hjz2 1 2 1
E =5 lFll + 5 [|(@5Bs)" || + 7 ILABsII” + NEE 12 + 5 1B x B2

1 L
+5Tr f (VB - VB — BXB)vol,.

Z™RypnpqZPIvoly = 4Z Ax Z,Z™ (R A @) mnpqZPivoly = 2(s — 4)Z Ax Z.




ZmnZP4(R A Dmnpq = _4Zng_pq]p "Jq *RunrGns
= —4Zng_pq]p "JqnRmr = —4zmnZpd (€)mplng

_ 1 _ 1 _
zmnzra (Cl)mp]nq = 1_62[mnzpq] (Cl)mp]nq == ﬁ (Z ANZY)™™P4 (g A])mnpq

1
can] =z(5—4)]/\]
Z™(R A @) mnpqZPivoly = 2(s —=4)Z Ax Z

Trf (BijXUK By )voly =Tr | (8 —s)BA*B
Ms Ms

BT XmnpqBa 'vol, = —12B3 By

X=0-24gAg—oghg=—sgh
=0-c-4gAg—s29Ag=-597g

k- a,R->a 'R g-ag+ (@ - arkQk
s—oal(s+4)—4
wF =Ff =d,B =0,
VB-VB = (VB)y- (VB)y +12B x B
9B: QP9 - Pt 9B, b o qPFLa)
AP = {d®, ()1}, A%, = {37, (3%)'}; &% = 248, = 205,
d,B = (diB)" =0

0=dyB; =dy(Jf) = @Df +]daf =]duf

S.A= €Y + €Y,
S.o= —2€éRY,
8.0= —2€1xY,

8.B= —€x + €y,

8.H = —iLi(Ex + €)) — €lo, x] — €[F, ¥] — (r[B, €Y — €],
85.F = €(itgdy P — [0, WH]) + E(—itgd, ¥ + [, PH)),

8.W = €(2F — 2igF + k[0, 6]) + 2i€d,6,

8P = €(—2F — 2ixF — k[0, 5]) + 2iedyo0,

S.x = 2e(H — iL{B) + €[4,B],

8.3 =2&(H + iLiB) — €[o,B].

(¥,B), = [lpp Bkl]gjk

{6c,8,} = —4neGy — 47€G, — 4i(E + €M) (Lg — iG,pa),

GpA= —id,¢

Gy —=[¢,—]
0A = l'p, oY = —ilRF + ldAO-
Sy =H, SH = —iLfy — [0, x]
60 = —RY,

2 — .
6% =—ilp— Go'+lRA'




1
Jpq = —EV[qu].

6q =P,y

1
&Y = —E]pq(l“”qq) +@+io)g+F
SF = —iP_ Py — 0P + i¥™(T,, + Rp)q

i
D¢ = _Ermgv

PE=0. ((JX)T— (X +pX)E=0,
J€ = —4ig

J = —4i(1 —deg), L7 =id |
g 1 T

o= )IPE . F = FIPE .

3i
&Y = (—LﬁB — 5 B +ioB)pg 1§

+(=4d]B + (da)OD) 1PE + (—Lhf - %f +iof)§+7,

3i
8T = —LAB — 5 B+ioB

3i
81 = —LAf == f +iof

SF = —iLdy_ + %1/1_ — ((daD)%! - T)E + 4i(dfZ - T)E — op_ + 4i(W, B + (WO,

8f = i1, 6B = i3,
8F = —i(LAY_ + (du )0 — 4d)3) — op_ + 4i(W, B) + iWOLf,
8% = —LAB + ioB, 61 = —LAf + iof,

8Y_ = —4d}B + (d, f)OV + F.

SA=W,
81B = —x2,6:H = —iLgx1 — [0y, 11,

8, F = 1z, W, — 4(dlx2)" — ioy W + 4i(W,, B) + i[¥F, 0],

8101 = —1gW1, 610, = (g,

§1W, = —itgF + idyoy, 6, %, = 4i(d}B)" — idso, — i — K[y, 03],
8101 = H,81x2 = iLgB + [0y, B],

px =iy; p¥ =iV¥; po = —2io

64, = ielj1
1 7
o = EFG + Z VjGj
i=1
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U=TU(G11) = UTUp,V =V(G11) = VoV




M, = M, (mod2), M, = M, (mod2).

Co0) — ‘Q), Cr1) — ‘): %(Kﬂ,l) +1C10)) — |@>

Ug + Up, Vy +17,, VUq + VpUy, ...

Ve +W)|gD) =2|§1) . +Hb>|@>—xf|@>
Va +Vi)|4,]) = 0. U, +Up)|8]) = V2(|§]) + | [@1)).
VatVo)|@) =—2|@), (U+U)|[])=2]&]),

Vllo + Vilh) \p> — VA,

(Volla + Vi) |8]) = V2(|§7) — | @)
(Vo + Velhs)|[8]) = V2|4,]) .
T = 0,010 = % {on = — % (modZ + 7)
Rooh 75 (I20) + [202)
G) = [0.0) = |7, Z5(0) +1Gaa) = [B+4m3+37]) = | 7).

V = ((10)71 —u(ﬁo)
V=8 =1,

- 2mi o _
val(Ma,M,) =e3 M Ma)l(Mu,M,,):ualfMa,M,,) = |{Ma+1,M,,)-

Uy + UYLV, + V7LV, U, + VUG, .

Vat Vi) 4T ) = ~|£7).  Wa+U;")|4T) = 2l¢7)
Vet VT ) =2dT7),  Ga+U;|dT)=2|£7),
Vil + V7' U)| 7) = V2| A7),
Vil + V)| 47 ) = | £7) + V3|47 )
()5 () o= (cq) e e
_)ap+i)
ép+d

SL(2,Z) \ SL(2,R)/S0(2)

p= —Area(TZ) + —f
I




0 -1

5*(1 0

1
)esL@z),s:p > -3

1

.’T—>(O

1) €SL(2,Z),T:p—>p+1
STWs=usTUS =V,

GG = e ViU, GTUG = el VPUA,

G > UPYAg,

2nn _ 2nn _
b1 —’¢1+TP’¢2 - ¢ %4

inn(-1)k*1(k-1)
T-WTr =V, 7 "UT =e k uv-L

1 ,
C11=000=0,010= g1 = 5(1 + i) (modZ + Z1)

1

ﬁ(l(o,o) *[¢141))

Z-Z+5(1+0).
1%0,0) \/%(lfo,o) +1¢14))

|(1,1) to %(l(o,o) - |(1,1))-

S7,s
T W,T =

=Up, S W, = UL, S MU,S =V, SRS = VL
Vo, T, T =V, TYUT = UV L, T-1UL,T = Uy Y,

1
S|k k) = 5 Z (—1)KeMatKoMo|g, ) = |K,, Kp)

Mg, MpEZ,

Tl(l@,lﬁ,) = (_1)K“K"|Zka,k,,)-

@O Yy e Ya) = exp (lf wF>
b

17T

TIED =1E0).  TIE) =<7 E).




g (a) ) b)

00— v 2—0®@

ul ) ]

0<t<1,

1
v =t (2=0,x3 = 21ROy, = [t - (z =50+1),x; = 2nRt)].

1
}’12 = [t (=4 (Z = 0,X3 = 47TRt)],y22 = [t =3 (Z = E(l + ‘[),x3 = 4.77_—Rt)]_

ag, =t~ @Z=tx3=0)],a,=I[tr (z=tr,x3=0)],
Aaap = [t P (z=t(r +1),x3 =0)].

Oyt vav2) = @13 v3) (mod2n).

O(y12¥3, agep) = 0 (mod2m).

1
= [(a,n) d (z = Ea(l +1),x3 = 4an)],0 <on<l,

62=yf2Uy§Uaa+bwa=0
b

®(azt, apt) = 0 (mod2m)
2=[(o,m)~ (z=0,x3=2nRN)],0<0,n<1
O (az?, apt, agep) = m (Mod2m)

D(y12,y3) = ®(agp) = m (mod2m)

1
Y3 = [t g (Z = E,x?, = 4-7'[Rt)]
1
¥ = [(U:U) g (Z =50,x3 = 21TR17>],0 <on<l1

1
I = [(0.77) - (Z =507,X3 = 27tR17>],0 <on<1

2

1 -
(z = 2t,x; = 0) 0<ts<y
(—1+2(t 1) —0) 1<t<1
s=liolV72 3)"B =) §=t=3
(—2(3 t)+1 —o) Lo
7=\ 20 TY) 233G

3
(z=21-t)1,x3=0) ZStSl
0, UZ) =yituystuy; ué, and wp=0

U5,

T
PGihyzhys) = —0(8) = —5 (mod2m)




[Iﬁg(xOr X1,X2, X3 + an)]* = iA_llpg(xO! X1, XZ,X3)A, a= 1; ;4'
[®!(xg, X1, %5, X3 + 2TR)]* = —A71D! (%0, %1, %5, x3)AT =1...6
—A;, (X9, %1, X2, X3 + 21R) = A" A, (xg, %1, X2, X3)A — iA" 0, A

g = Pexp ing
c

g~ [atgal

=[atgar

) =Hoh, |G =Hzh, [€)=[3rh, [E=0) =Kz +n}).

g+ gw]) = [za-m e gue)
1M+1NT]> |[1M+1(1—N)T]>

2 2 2
o+ = o o o)
[+ e = o[z 4]

U =DM Uy = (D V= (D% V, = (D™

A A A A —_—
1> A, 4, > 2+2L2

A - A+ A, - A,

1
2L,

Vilwy, wy) = [wy, —ws), Uz lwy, wp) = |—wy, wy)

ol -5 3, o,

Uqlwy, wa) = walwy, wo), Valwy, wy) = wy|lwy, wy).

ixy

A - Aelr

Slwy, wy) = [wy, wy), Tlwy, wy) = |lwy, wiw,)

O N . N e

— «ri 1 1., 1

U, {EM+ENT_,EM +§Nr_}> ”2(1 M)+ NT] [2(1 M) += N‘r])
U {>1M+1N 1M’+1N’ }) ” M+=(1-N HM'+ (1-N" ])
| PR R B PR R 2 ( 7| [z ‘
v {-1M+1N- -1M’+1N’ })— 1M+M’|{[ M+1N] [ M’+1N ]})
Hz" 72V 12 Nl =D V| [gM H 5T

V. {>1M+1N- 1M’+1N’ })— 1N+N’|{[ M+1N] [ M’+1N ]})
22" T2 12 2Nl =D pM Nt g M 5N

—¢* = (i) ¢ (ioy).

eim, —e,m; = e;m; —e;m; = e,m; —ezm;, = 0.




eim) —ejm; = 0.
my my _imyx; _imyx,
AV = <2L1 dx; + 2L, dx, 0>,A _ <e L I, 0)
0 0 0 1
U = (DM, = (1™

imyx; im;x,
2L, 2L, 0
im23c1+im1x2
0 e 2L 2L,

_impx; imyx, -
A=e¢e 2L 2L, €

0 = m; + m} = m, + m) (mod2).

. . ixq

Xy ixy [ 57
K =lelr 0= ezl ezl 0
1 _x
0 0 e 2L

U1 =VF(-1)% =1

ixy
2l 0

ix

0 e2Ly

U2 =VE =1, U Uy, = Uy Uy, iV, = WMV,
WY, = (—D)%VU,,i,j =12,

Vi=ui=1,
! !
Us = (D), = (1)
Uy lwy, Wy, €1, €5) = wylwy, wy, €4, €5)
Uz lwy, Wy, eq,€;) = i%1|—wy, wy, e, €5)
Vilwy, wy, eq, €;) = i%2lwy, —w,, €4, €;)

Vylwi, Wy, e, €3) = wy[wy, wy, €4, €5)

! I r ! —
le}, ez, my, mz)u(2)=

| wp = (—1)m2’W2= (—1)m1’e’1’ elZ)U(l) ® |e’1, e’z, O,m’l,m'z, 0)5u(2),

! ! ! ! [ [
e, e, m;,m; € Z,,e; =m3 =0

[+ 3] [+ 3]y

ﬂl =U1,ﬂ2 = 'U%,vl = V12,1_72 = Vz.

[+ o )
_ =Nt1|,|= - T =
2 2 2 2 hadronization

1
1
52 Z (—1)MKNL|el = ey = M — M',m) = K,m) = N — N')yz)

K=0 L=0
1 ’ 1 ! _
lej, ez, my, mz)u(z) =

1 1
%Z Z (_1)Mm’1+Ne’1
M=0 N=0

{EM + %NT] , E (M +e)) + %(N + m’z)r]})

hadronization

P& (xg, X1, Xz, X3 + 21R) = e Parh@(xg, X1, X2, X3),a = 1, ... 4.

77 (x9, X1, X2, X3 + 27R) = ei(“’i+‘p4)Zj(xo, X1, X3, %3),j = 1,2,3.




A(0) = Z Ay (xo, %1, X2, x3 = 0)dx*, A(2nR) = Z Ay (X0, X1, X2, X3 = 2mR)dx*
u=0 u=0

1
L(g) = o f A(0) A dA(2TR)

W) > PA) = J [DA]exp {é j A AdA}ly(A)
E; - B;,B; » —E;

1
I(—g) = _ﬂf A(0) A dA(27R)
"= 1 -1\ _/1 1\,
Forg=g (1 O)_(O 1)g we get

Is(g") = ¢ f {—A(2R) A dA(2TR) + 2A(0) A dA(2TR)}

Y(A) - exp {——f AN dA} Y(4)

g=-g"= ((1) 1)(g )7t

I(-g") = % f {—A(27R) A dA(27R) — 2A(0) A dA(2R)}

2—a-—d

N
S 4mc

f ANdA

k=2—-a—-d)/c

T=e”i/3,v=g,g=g” = G _(1))

/3 2n 1 _ (O —1)

tTeTvEZETTE T

0 <xy<2mLy,0<x <2mly,0 < x, <27L,

A—ﬁ"xld +ﬁlx2d +m dx, + A’
T 2nliL, U T 2nl,L, N0 T 2mLL, ¢
e r’;10351 IT11 X2 m
A= d d O dx, + A’
2L, % T 2nL, L, OO +2 L0L1 ot

Y(A'; my, my, my) -

T(4;m,, m;,m,) = Z Z f [DA"lexp {

myEZ mM;€EZ M,€EZ

) , m m m,
lf A /\(mdxl/\dxz 42—LZLde2/\dXO+4n_2—LOleXO/\Xm>

. P m m; m;
—i J. AN <mdx1 A dxz 42—L2L0dx2 A dxo + 4112—1,01,1de A dx1>

i ~ o
+§f A A dA’} Y(A'; my, my, m,)

i . = = =~ im, .
EJ‘ ANdA + i”(moml + m;m, + mzmo) + L_Of Ao(xo, 0, xz)dxodxz
2

iﬁl ~ iﬁz -~
+ L—f A1 (xg,x1,0)dxqdx; + I f A5(0,xq1,x,)dx,dx,
0 1




EO =f dA/\(S(xO)de

1
El = j dA A 5(x1)dx1 = EJ dA A dx1

— 1
m, =f dA A 6(xz)dx, =FLZJ. dA A dx,

ﬁo =f dAA6(xO)de

= ~ 1 -
m; = j dA A 5(x1)dx1 = EJ dA A dx1
ﬁz =f

- 1 ~
dA A d(xZ)de = FLZJ. dA A de

(_ 1)e1+m1

2mi
eT(ej““j)

44430

N

2L,
PO N s
- —_— - —_—

i
Ef [Foz(x3 = 0) — Fop(x3 = 2mR)]dxodx;

irrf [A,(x3 = 27R, xg = ©) — A,(x3 = 0,xy = ©)]dx?
—inf [A,(x3 = 27R, xq = —0) — Ay (x3 = 0,x5 = —0)]dx?

A3=0

exp {inf F23dx2dx3} > exp {in (f [4,(x3 = 2nR) — Ay (x5 = 0)]dx2)}

I = kJ’AAdA
T4

2mi
w=ek
2mL,y 2mL,
W, = exp {f A (e, O)dt},Wz = exp {f A, (0, t)dt}
0 0
1 1
w 1
Wl - . ;WZ - 1
wk—2
wk-1 1

WW, = oW, W, Wk = Wk =

lp),p=0,...k—1€Z/kZ,

Wip) = 0P|p), Wy|p) =Ip + 1)

(2) il (2)9 = (:3) € SL(2,2),

GTIW,G = Wy PWE, GG = Wi




1
) =-—-2§ wP4
Ip) 7 lq)
q
STIWLS = W, STIWLS = Wt
_(1 1
7= (0 1)
mi o
T|p) = ek’ |p),k = 0 (mod2)
ex (ni 2)
p & p
i
T|p) = efp(lﬁk)lp)_

wxy ivx,
Al(leXZ) =e Ly ;Az(xl,xz) =e Ly

Q= gsz%’QZ = p2mive,

Qw0 = eZTliVWpQEl‘MAQZ =W, QT'W,Q, = W,, 0;'W,Q, = e2mivy,.

1 Ly ixy
V= E'A1(x1,x2) = ekl Ay (xq, x;) = ekle,

Q =W, 0, =Wy,

Qlp) = |p + 1), Q;|p) = 07 P|p)

k-1

1 Z .
— ) o Y|j)
Vi &
_ ipp 1
a= 7TAZ_—27I( pA; + A3),

p2 0

A-l- _re =
a - 7
mk da

d=a

ﬂlalz

W) =f e 72" [pl2d2a

mk 1. .
(@) = O(ka + pp; kp)e2ea" KPP
0(a;p) = Z emipn?+2mina
n=—o

np _mlp|?

Wip(a) = e_%a_%ﬂnp (a + %) W) = e Pz Zkpay) (a + %)

n o m _mp _mlpl?

T
- 1 1 —-
e p2" 2kpae 2 kaza—)a+;a'l'_)a1'+;e o

i
Tlpy =ek" |p)

_ %m’pz+m'p —%ﬂ —% 1
ll)p(a,p+1)—e e 2 e zll)p a+§’p'

_mk mk 1
TY(a,p) =e 2r: 892¢<a+5,p + 1)




T‘l[) _ ekmp +mpll)
V= Wl,‘U = Wz.
W]_ = (J)_ez,Wz = (A)e1
U=-e k (e1+m1)

V= e—ZTm(ez"'mz)
. 2mi 2mi
e2mi(P1+p10)/kexp [T (ej + mj)] exp [T ej]

U=w,V=w"*%,

i) =10, [E)=
£7) -

(D=0, &)= |Z)-1.

()

IPYyayp =0,.., k' =1

21y
W, = exp {f Aq(xq, O)dxl}
0
277.".
Wi D)uy = € ¥ [Py

kn—1

Whum = . [¥iPhsue ® IPhucr

p=0

ix;
Q’j(xlx x;) = diag (e Li1,-- .1>.
Lxjo ixy ix;
Qj(x1,x;) = diag (e"LJ', enti.. nLl) € U(1),

(n—1)ix; Lx] 23]

' (x1,%5) = diag(e il e nlj ... e "LJ) € SU(n),

2m

QP = Ip + By, LIpluy =€ 7 Puw

2nip
QY [ P)su(n) =lY;p+ k)SU(n)'lelllp;p)SU(n) =en |¢;P)su(n)-
L(Zx)

i,
¥, 2) = diag(ek’Lf,--- F L,) eU.j=12,

2mia

(X@) WY@ = e 7w, (YO) oy @ =w,

Y@ = wg, v =wre




(@ kn-t _2miap
Wy = Y. ™ 1 Psuen ® Ihucy

p=0

2miap

e kn Y p)sum

kn—-1

YW = Y. 160 = @suem ® Ihucy

p=0

a0 =Y =Wy K, =Y = win

kn-1
Kal¥loey = Y. 0 = msuan ® Phucy
p=0
kn—1 i
_2mip
Koo = ). €k Bip)suem ® 1Py
p=0

2rin
KK, = e & 5, (K = (F6)F =1

U=%5,V =%;"1,

kn—1

2mip
Vbl = Y. €k [$ip)suen ® ey
p=0
kn-1
Uy = Y. 150 = msuem @ 1Py
p=0
11\ o (0 -1
T_(o 1)'5_(1 o)
1 et 2mi
SIPYuy =\/ﬁ Z emmﬂl)u(l)
q=0
in
Tip) 3 ek_np2|p)u(1) for even kn
v =
R POy for odd kn
kn—-1
D TPy ® oy foreven kn

=0
TV = 3 kmr

mip(p+kn)
Z ek T|Y;p)sym) @ IPluay forodd kn
p=0

1 " ZTIJ
TQRT Y p)sumy =€ ™ ¥ P)sum

S s + 1) f k
en " nlYp+k)sym or even kn
-1 . —
T QQ’TW}, p)SU(n) - 21rip+m'k(n+1)
en no o |Pip+ k)SU(n) for odd kn
_nik
e n Q50 foreven kn

TTIYT = QF, T71T =

mik(n—-1

)
e n Q5Qf forodd kn

SIS = QF,5710YS = (Q)!

WD) X SUM)i]/Zn




H(U @i X SUMK/Zn) = HUD)E"/Sn

dimH ([U(Dn X SUM]/Zy) = kn (" k= 1)% _ (” +k— 1)

k k-1
= dim[# (U(1),)®"].
LA CT ZS ]_[ ¥, (0
E04) = pz: (188 P)sum @ Pow)
e = pX; (I8 @8 sy @ Do)
] &1) = ZS: (| [B152) sty © ‘P)Utl))

p=0
LD 1= @} sue) ® 0)uy +16)sue) ® 12)uq
|0el) = |b su@ ® (|1)U m T |3>U(1)) ;
|l o) = [&)sp) @ [0)yay + @) sy © 12)vq) »

00 1 1 0 0
=0 1 0),9=[0 -1 0
100 0 0 1

Q) = O(ka + pp; k o7y ROV 2mipe =0,.. k-1
D pp; kp P

{Q>—>%,2, {>—>ﬂ’/1,2-

0(z1;1)0(25;7) = 0(zy + 25; 21)0 (21 — 2; 27) + e™T+22)9(z, + z, + 1; 27)0(2; — 2, — T; 2T)

lppl,k (al)lppz,k (az) + lppl,k (az)lppz,k (al)

=¢p1+P212k (al : 02) [¢p1 —DP2,2k (al ; az) + 1'[)172—171‘21( (w)]

2
a; +ay a; —a; a; —ap
+1pp1+p2+k,2k ( ) [ll)pl —-p,—k,2k ( 2 ) + 1/)pz—pl+k,2k ( 2 )]
|P)U(1) - 1/Jp,2k ( 2 )

|a)su(2)—> Vo4 (01 _ az)

2
|D)sucz) = % [ll)1,4 (a1 ; % ) 1/)34( - az)]

[€)su) = Y24 (al — az)

2




‘ﬂﬂ) =) su@) @ 10)ua) + ) sue) © Do) -
7=(p ) s =50 1)
%= o)%=(p %)
‘ﬂ.ﬁ @) su@) ® [0ya) + B sue ® Blu)
1"

@

s @ [2)va) + 1B sve @ [Bluay
sy @ Do) + B sue @ Loy
) su@ ® 1 Duay + 1) sue @ [Huq -
sve) ® 1Bvay + 1D s @ 0)pa)

SU(z) ® |5 >U(1) + |d>SU(2) ® ‘2>U(1) )

@

@

)=lo
)=lo
) =le
&)=l
£9) =1
[7) =1

1 0 0 0 1 1 V2 V2
qo[0 e 0 0 sl 1 -1 2 V2
0 0 esmoe o | 6(vz2 V2 1 -1
o 0 0 s VZ VZ -1 -1
010 0 1 0 0 0
+_[1 0 0 0 . [0 -1 0 o0
Ql_0001' QZ_00—10
0 010 0 0 0 1
’ 2 . rm+1)(m' +1)
SV|m) = mz Sin Tlm ),m— 0,...,k
m
mim(m+2)
Tylm)y=e 2&+2) ' mym =0,...,k
7'f(1,1,...,1)(17) = }[(U(l)k)gm/sn-
k
M@= ) CAPOm O = . o
m=1-k nezZ+m/2k
C} = 0VA#m (mod2),Ch = CA,, CA = Ck
2
R S () R S B (S (DR (O
nGJon(g?) ()] ()]
enkaz_/sz

|@su@) =~ (C8eh(a-) = Chehi(a),
-

enkaE/sz

c =——(—C%hY(a_) + Cochz(a )),
[€)su2) C.Co ( 2Chy o Ch3 )
ka2 /2p,
[D)su(z) =T0h%(a—).
1

_mi _mi
Ct-clc.-e8C,C,>e8C

Heny (2) }[(1)( )®‘7{(2) (2)

ng > - >np_q >np—q+l = ... :np =1

UM ent et = H AU D gnr X SUM )]/ L)




j{(nlyu_,np)(v) = U(nl)knl,kl ® ® U(np_q)knp K

-q%p

» ® U(@D kg,

a2 a+da;>a;+G, ...

161). [&1), |@l),

{Q> = |a>SU(2} & |O)U(1) + |C)SU(2) ® |2)U(1)
|8]) = 10)su2) ® (|1>U(1) + |3>U(1)) .
| @) = |C)SU(2) ® |U)U(1) + |a)SU(2) ® |2)U(1) :

i
TNa)suzy = 1 @su@y TIb)suy =€ % Ib)sucy TIsuzy = —1S)suzy

1 1 )

Sla)suzy = 3 |@)suczy + NG [D)suczy + > [S)suc2) |
1 1 }

cS‘|b)su(2) = E |a>SU(2) - ﬁ |C)su(2)' I

1 1 1
Sle)suy = 3 |@)suzy — ﬁ [b)su(z) + 3 |C>SU(2)rJ

Q'1'|a)su(2) = |C>SU(2)rQ,1,|b>SU(2) = |b>su(2)'9'1’|c>su(2) = |a)su(2)'

Q'2'|‘1)su(2) = |a)su(2)’9’2'|b>su(2) = _|b)su(z)'9’z'|c)su(z) = |C)SU(2)

&) @)

m) = |a>SU(3J ® |0>U(1) + |b>SU(3j ® |2>U(1) + |C>SU(3J ® ‘4>U(1) ’
@) = |2) sy @ Buay + B sua @ By + 9DsuE @ Vg

2mi _2mi
TNaYsuay = @su@y TIb)suy =€ 3 |b)suy TC)sui) =€ 3 [C)sue)
1
Sla)syay = Vi (laysuey + IBYsuczy + 1€)su3))
1 2mi _2mi
StBisuer = J5(1Dsuw + €3 Ihsuc + 7 lodsucn)

1©)506) = = (105w + 3 D)sugsy + €7 1)
Sl)sui) = ﬁ( a)syzyte 3 |b)syz) te3c su(3))

2mi 2mi
QD) su@) = 1@)suiy Q2 1D)su@) = e 3 [D)suay Q2lc)sui) = e 3 [C)sua)
Q'1’|‘1)5U(3) = |b>su(3)'95'|b)su(3) = |C)SU(3)'9-'1’|C)SU(3) = |a)su(3)

[0 vy, ® la)suiy_, + 1 Duay_, ® 10)suiy_, +12)uay_, ® 1Y su)_,
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CONCLUSIONES
Segun los resultados antes referidos, se concluye que, en un campo cuantico — relativista, los quarks y
gluones, para lograr el confinamiento de color, intermedia la gravedad o supergravedad cuanticas, segiin
el caso, es decir, segun la naturaleza de la particula subatémica de origen (particula oscura o blanca,
segun corresponda), lo que permite la formaciéon de hadrones (mesones y bariones respectivamente), los
cuales, al igual que las particulas que los originan, pueden ser particulas blancas u oscuras, segun sea el
caso. Téngase en cuenta, que si bien es cierto, que el quark top, es un candidato genuino para actuar
como particula oscura, debido a su enorme masa, sin embargo, no es susceptible de hadronizacion,
debido a que se desintegra inmediatamente sin que le sea posible confinarse, mas, como se ha dicho,
esta particula supermasiva, es capaz de producir gravedad, incluso en condiciones extremas y entrdpicas.
Aclaraciones Finales
Algunas aclaraciones finales a tener en consideracion y aplicar, a proposito de la Teoria Cuantica de
Campos Relativistas o Curvos (TCCR) propuesta por este autor:
1. En todos los casos, este simbolo 1 sera reemplazado por este simboloto por este simbolo T,

equivaliendo lo mismo.

Simbolo a ser reemplazado. Simbolos de reemplazo.

T i
T




2. En todos los casos, este simbolo #, serd reemplazado por este simbolofo por este simbolo f.

Simbolo a ser reemplazado. Simbolos de reemplazo.
t i
i

3. En todos los casos, se afiadira y por ende, se calculara la magnitud§que equivale a un campo de Yang
— Mills y por ende, a la teoria de Yang — Mills en sentido amplio, en relacion a la Teoria Cuantica de
Campos Relativistas propuesta por este autor.

4. Este simbolo * podra usarse como exponente u operador, segun sea el caso.

Las aclaraciones antes referidas aplican tanto a este trabajo como a todos los trabajos previos y

posteriores publicados por este autor, segiin corresponda.
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