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RESUMEN 

Como ha quedado demostrado en trabajos anteriores, las partículas elementales que conforman la fuerza 

nuclear fuerte, entre ellas los quarks y los gluones, pueden acreditar las características que son inherentes 

a una partícula oscura o blanca e incluso, una suprapartícula e hiperpartícula, ésta última, cuando alcanza 

o supera la velocidad de la luz, sin embargo, en este artículo, se propone un planteamiento alternativo 

para la hadronización. En sentido estricto, la hadronización es la combinación de quarks y gluones para 

la formación de otra partícula con distinta masa y energía, denominada hadrón, todo esto, debido al 

confinamiento que los une. Suponemos, que un plano cuántico – relativista, los quarks y los gluones, se 

combinan, por la deformación del espacio – tiempo cuántico, causado por cualquiera de éstos, sea en 

condición de partícula oscura o blanca, según sea el caso. Por tanto, en un espacio de gravedad cuántica 

o de supergravedad, la hadronización es posible, en la medida en que la gravedad en sí misma, interfiere 

transversalmente en el proceso de confinamiento, recalcando que, la hadronización puede formar 

partículas oscuras o blancas de naturaleza hadrónica. 
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ABSTRACT 

As has been demonstrated in previous works, the elementary particles that make up the strong nuclear 

force, including quarks and gluons, can accredit the characteristics that are inherent to a dark or white 

particle and even a supraparticle and hyperparticle, the latter, when it reaches or exceeds the speed of 

light, however, in this article,  An alternative approach to hadronization is proposed. Strictly speaking, 

hadronization is the combination of quarks and gluons to form another particle with different mass and 

energy, called a hadron, all due to the confinement that unites them. We suppose that a quantum-

relativistic plane, quarks and gluons, are combined by the deformation of quantum space-time, caused 

by any of these, whether in the condition of a dark or white particle, as the case may be. Therefore, in a 

quantum gravity or supergravity space, hadronization is possible, insofar as gravity itself interferes 

transversally in the confinement process, emphasizing that hadronization can form dark or white 

particles of hadronic nature. 
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INTRODUCCIÓN 

El confinamiento, en cromodinámica cuántica, consiste en la combinación ineludible de los quarks y los 

gluones, en la medida en que, los primeros, no son susceptibles de aislamiento, por lo que, para su 

detección, éstos se asocian a los gluones, con la finalidad de formar hadrones (color neutro), los cuales 

pueden ser de carácter mesónico o bariónico. Ahora bien, la cromodinámica cuántica despierta interés 

para la formalización de la Teoría Cuántica de Campos Relativistas, en la medida en que: 1) posee la 

partícula subatómica con mayor masa en relación a las demás partículas que componen el modelo 

estándar, siendo ésta, el quark top; y, 2) para efectos de detectar, en especial los quarks, se requiere del 

proceso de hadronización, ya que aislar un quark, en especial el quark top, es de difícil realización (en 

el caso del primero) e imposible en el caso del segundo, pues, para aislar un quark, se requiere de un 

paquete de energía tan extremo, directamente proporcional a la distancia de su punto de origen, que 

finalmente se forma un par quark – antiquark, en tanto que, respecto del segundo, se ha dicho que es 

imposible la hadronización pues, al ser tan pesado, se desintegra rápidamente, sin que sea posible su 

detención, a diferencia de los otros tipos de quarks, los cuales, al ser ligeros, son susceptibles de 

hadronización. Ahora bien, esto ayuda a reforzar el hecho de que, en primer lugar, sí existen partículas 

supermasivas en el modelo estándar, siendo ésta, por ejemplo, el quark top, aunque el bosón de Higgs, 

también presenta esa particularidad, y por otro lado, que a nivel cronodinámico, la relatividad general y 

especial son posibles, en la medida en que, a mi criterio, es la gravedad la que impide la disociación del 

quark respecto del gluon, es decir, es la responsable del confinamiento de color que da lugar a los 

hadrones, los cuales, al ser de color neutro, podrían calificar como partículas blancas o estrella. De ahí 

la necesidad de la Cromodinámica Cuántica Relativista, como un modelo teórico apto para explicar los 

fenómenos antes referidos. 

RESULTADOS Y DISCUSIÓN 

Retomo el desarrollo matemático desplegado en el volumen I de este manuscrito. 
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Modelo de Hadronización de una partícula blanca u oscura en un plano cuántico relativista, bajo 

condiciones cromodrinámicas. Cálculos complementarios. 
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𝐼+3)𝐾
𝐽
= −i𝜖𝐼𝐽𝐾𝟙4  

𝛿𝛼𝜑𝑖 = −i𝜓‾𝐽(𝑐
𝑖)
𝐽
 4  

 

𝑆(10) =
1

𝑔2
∫   d10𝑥 {−

1

4
𝐹ΣΘ𝐹ΣΘ −

i

2
𝜆‾ΓΣDΣ𝜆}  

𝐴Σ = (𝐴𝜇 , 𝜑𝑖)  

−
1

4
𝐹ΣΘ𝐹ΣΘ  ⟶  −

1

4
𝐹𝜇𝜈𝐹

𝜇𝜈 −
1

2
D𝜇𝜑𝑖D

𝜇𝜑𝑖 −
1

4
(𝜑𝑖 × 𝜑𝑗)

2
 

Γ𝜇 = 𝟙8⊗𝛾𝜇 , Γ𝐴𝐵 = (
0 𝜌𝐴𝐵

𝜌𝐴𝐵 0
)⊗ i𝛾5, 𝐴, 𝐵 = 1,2,3,4  

(𝜌𝐴𝐵)𝐶𝐷 = 𝛿𝐴𝐶𝛿𝐵𝐷 − 𝛿𝐴𝐷𝛿𝐵𝐶 , (𝜌𝐴𝐵)𝐶𝐷 =
1

2
𝜖𝐴𝐵𝐹𝐺(𝜌

𝐹𝐺)𝐶𝐷 = 𝜖𝐴𝐵𝐶𝐷  

𝜑𝐼4 =
1

2
(𝜑𝐼 + i𝜑𝐼+3), 𝜑

𝐴𝐵 =
1

2
𝜖𝐴𝐵𝐶𝐷𝜑𝐶𝐷 = (𝜑𝐴𝐵)

∗  
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(𝑡𝐼)𝐽4 =
1

2
𝛿𝐼𝐽 = (𝑡

𝐼)𝐽4, (𝑡𝐼+3)𝐽4 =
i

2
𝛿𝐼𝐽 = −(𝑡

𝐼+3)𝐽4

(𝑡𝐼)𝐽𝐾 =
1

2
𝜖𝐼𝐽𝐾 = (𝑡

𝐼)𝐽𝐾 , (𝑡𝐼+3)𝐽𝐾 = −
i

2
𝜖𝐼𝐽𝐾 = −(𝑡

𝐼+3)𝐽𝐾
 

𝜆 = (P+𝜒1, … , P+𝜒4, P−𝜒̃1, … , P
−𝜒̃4)

T,  with  𝜒̃𝐴 = C𝜒‾𝐴 T,  

 

Φ𝐵
𝐴 = (𝑐𝑖)

𝐵

𝐴
𝜑𝑖 = [(𝜌

𝐶𝐷)𝐴𝐵P
+ − (𝜌𝐶𝐷)𝐴𝐵P

−]𝜑𝐶𝐷 = 2[𝑡𝐴𝐵
𝑖 P+ − 𝑡𝑖𝐴𝐵P−]𝜑𝑖  

𝑆SUSY[𝐴̃, 𝜑̃, 𝜓̃, 𝜓‾̃, 𝐶̃, 𝐶‾̃] = 𝑆inv[𝐴̃, 𝜑̃, 𝜓̃, 𝜓‾̃] + 𝑆gf[𝐴̃, 𝜑̃, 𝐶̃, 𝐶‾̃]

𝑆inv =
1

𝑔2
∫   d4𝑥 {−

1

4
𝐹̃𝜇𝜈𝐹̃𝜇𝜈 −

1

2
D̃𝜇𝜑̃𝑖D̃

𝜇𝜑̃𝑖 −
1

2
𝜓‾̃𝐴𝜙̃

𝐴 𝐵𝜓̃
𝐵 −

1

4
(𝜑̃𝑖 × 𝜑̃𝑗)

2
}

𝑆gf =
1

𝑔2
∫   d4𝑥 {−

1

2𝜉
𝒢(𝐴̃, 𝜑̃)2 + 𝑔𝐶‾̃

𝜕𝒢(𝐴̃, 𝜑̃)

𝜕𝐴̃𝜇
D̃𝜇𝐶̃ + 𝑔𝐶‾̃

𝜕𝒢(𝐴̃, 𝜑̃)

𝜕𝜑̃𝑖
𝜑̃𝑖 × 𝐶̃}

 

 

𝜕𝑔𝑆SUSY = −
1

𝑔3
{𝛿𝛼Δ𝛼 −√𝑔𝑠Δgh}  

Δ𝛼 =
1

4
∫   d4𝑥 {−

1

2
𝐹̃𝜇𝜈𝛾

𝜇𝜈 𝜆̃ − (Φ̃𝐴
4)
†
𝒟𝐵
𝐴𝜓̃𝐵 +

1

2
(Φ̃𝐴

4)
†
Φ̃𝐵
𝐴 × 𝜓̃𝐵}  

 

Δgh = ∫  d
4𝑥{𝐶‾̃𝒢(𝐴̃, 𝜑̃)}  

𝑠𝐴̃𝜇 = √𝑔D̃𝜇𝐶̃, 𝑠𝜆̃ = √𝑔𝜆̃ × 𝐶̃, 𝑠𝜆‾̃ = √𝑔𝜆‾̃ × 𝐶̃,

𝑠𝒟̃ = √𝑔𝒟̃ × 𝐶̃, 𝑠𝐶̃ = −
√𝑔

2
𝐶̃ × 𝐶̃, 𝑠𝐶‾̃ =

1

√𝑔

1

𝜉
𝒢(𝐴̃, 𝜑̃),

𝑠𝜑̃𝑖 = √𝑔𝜑̃𝑖 × 𝐶̃, 𝑠𝜓̃𝐼 = √𝑔𝜓̃𝐼 × 𝐶̃, 𝑠𝐹̃ = √𝑔𝐹̃𝐼 × 𝐶̃

 

𝑅̃[𝒜̃] = −iΔ𝛼[𝒜̃]𝛿𝛼 +
i

√𝑔
Δgh[𝒜̃]𝑠 −

1

√𝑔
Δ𝛼[𝒜̃](𝛿𝛼Δgh[𝒜̃])𝑠,  

 

 

 

(𝒞Σ)
𝐴 𝐵 = {

𝛿𝐴  𝐵𝛾𝜇  for Σ = 𝜇 = 0,1,2,3

(𝑐𝑖)
𝐴
 𝐵  for Σ = 3 + 𝑖 = 4,5,… ,9

 



pág. 1811 

 

 

 

 

𝑃Γ 
Σ = 𝛿Γ 

Σ − 𝒟Γ𝐺
𝜕𝒢(𝒜)

𝜕𝒜Σ
 

ΠΓ 
Σ = 𝑃Γ 

Σ|
𝑔=0  

 

𝒜 = ΓΣ𝒜Σ.  

𝑆(10) = −𝜆𝜆‾  

 

 

 

 

 

 

 

𝑅𝑔[𝜙] = ∫  d𝑥𝐾[𝜙; 𝑥]
𝛿

𝛿𝜙(𝑥)
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(𝜕𝑔 + 𝑅𝑔[𝜙])𝑆𝑔
b[𝜙] = 0, (𝜕𝑔 + 𝑅𝑔[𝜙])𝑆𝑔

f [𝜙] = ∫  d𝑥
𝛿𝐾[𝜙; 𝑥]

𝛿𝜙(𝑥)
, (𝜕𝑔 + 𝑅𝑔[𝜙])𝒢(𝜙) = 0  

𝑅𝑔
′ : = 𝑝𝑅𝑔

(1)
+ 𝑞𝑅𝑔

(2)
  with  𝑝, 𝑞 ∈ ℝ  and  𝑝 + 𝑞 = 1  

 

L = diag(−1,−1,−1,+3)  and  L = 0,  

{L = diag(𝑞1, 𝑞2, 𝑞3, 𝑞4)  with  ∑  

𝑖

 𝑞𝑖 = 0} =: 𝔥,  

L = 𝐿P− + 𝐿∗P+  

 

𝐿 ⟶  𝑈𝐿𝑈†,  with  𝑈 ∈ SU(4)  

tr𝐿 =∑ 𝑞𝑖 = 0, tr𝐿
2 =∑ 𝑞𝑖

2, tr𝐿3 =∑ 𝑞𝑖
3, tr𝐿4 =∑ 𝑞𝑖

4  

 

𝑇𝑔𝒜Σ = 𝒜Σ − 𝑔𝐶
Θ𝒜Σ𝒜Θ +

3

2
𝑔2𝐶Θ𝒜Γ𝐶[Σ𝒜Θ𝒜Γ] + 𝒪(𝑔

3),  

𝑇𝑔𝐴𝜇 = 𝐴𝜇 − 𝑔𝐶
𝜌𝐴𝜇𝐴𝜌 +

3

2
𝑔2𝐶𝜌𝐴𝜆𝐶[𝜇𝐴𝜌𝐴𝜆] + 𝑔

2𝐶𝜌𝜑𝑖𝐶[𝜇𝐴𝜌]𝜑𝑖 + 𝒪(𝑔
3)

𝑇𝑔𝜑𝑖 = 𝜑𝑖 − 𝑔𝐶
𝜌𝜑𝑖𝐴𝜌 + 𝑔

2𝐶[𝜌𝐴𝜆]𝐶𝜆𝜑𝑖𝐴𝜌 +
1

2
𝑔2𝐶𝜌𝜑𝑗𝐶𝜌𝜑𝑗𝜑𝑖 + 𝒪(𝑔

3)

 

𝐿 = diag(+3,−1,−1,−1), … , diag(−1,−1,−1,+3)  

 

𝑅𝑔[𝒜] = ∑  

∞

𝑘=1

 𝑔𝑘−1R𝑘[𝒜] = R1[𝒜] + 𝑔R2[𝒜] + 𝑔
2R3[𝒜] + ⋯  

𝑇𝑔𝒜 = 𝒜 − 𝑔R1𝒜 −
1

2
𝑔2(R2 − R1

2)𝒜 + 𝒪(𝑔3).  

𝑇𝑔
(4)
𝐴𝜇 =𝐴𝜇 − 𝑔𝐶

𝜌𝐴𝜇𝐴𝜌 +
3

2
𝑔2𝐶𝜌𝐴𝜆𝐶[𝜇𝐴𝜌𝐴𝜆] + 𝑔

2𝐶𝜌𝜑𝑖𝐶[𝜇𝐴𝜌]𝜑𝑖

 −
1

2
𝑔2Π𝜇  

𝜈𝜖𝜈𝜆𝜌𝜎∑ 

3

𝐽=1

  [𝐶𝜆𝜑𝐽𝐶
𝜌𝜑𝐽+3𝐴

𝜎 − 𝐶𝜆𝜑𝐽+3𝐶
𝜌𝜑𝐽𝐴

𝜎 + 𝐶𝜆𝐴𝜌𝐶𝜎𝜑𝐽+3𝜑𝐽] + 𝒪(𝑔
3)

𝑇𝑔
(𝐾)
𝐴𝜇 =𝐴𝜇 − 𝑔𝐶

𝜌𝐴𝜇𝐴𝜌 +
3

2
𝑔2𝐶𝜌𝐴𝜆𝐶[𝜇𝐴𝜌𝐴𝜆] + 𝑔

2𝐶𝜌𝜑𝑖𝐶[𝜇𝐴𝜌]𝜑𝑖

 +
1

2
𝑔2Π𝜇  

𝜈𝜖𝜈𝜆𝜌𝜎∑ 

3

𝐽=1

  (−)𝛿𝐾𝐽[𝐶𝜆𝜑𝐽𝐶
𝜌𝜑𝐽+3𝐴

𝜎 − 𝐶𝜆𝜑𝐽+3𝐶
𝜌𝜑𝐽𝐴

𝜎 + 𝐶𝜆𝐴𝜌𝐶𝜎𝜑𝐽+3𝜑𝐽] + 𝒪(𝑔
3)
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𝑇𝑔
(4)
𝜑𝐼 =𝜑𝐼 − 𝑔𝐶

𝜌𝜑𝐼𝐴𝜌 + 𝑔
2𝐶[𝜌𝐴𝜆]𝐶𝜆𝜑𝐼𝐴𝜌 +

1

2
𝑔2𝐶𝜌𝜑𝑗𝐶𝜌𝜑𝑗𝜑𝐼

−
1

4
𝑔2𝜖𝜇𝜈𝜌𝜆[𝐶

𝜇𝜑𝐼+3𝐶
𝜈𝐴𝜌𝐴𝜆 + 2𝐶𝜇𝐴𝜈𝐶𝜌𝜑𝐼+3𝐴

𝜆]  

 −
1

2
𝑔2𝐶𝜌∑ 

3

𝐽=1

  [𝜑𝐼+3𝐶𝜌𝜑𝐽+3𝜑𝐽 +𝜑𝐽𝐶𝜌𝜑𝐼+3𝜑𝐽+3 − 𝜑𝐽+3𝐶𝜌𝜑𝐼+3𝜑𝐽] + 𝒪(𝑔
3)

𝑇𝑔
(𝐾)
𝜑𝐼 =𝜑𝐼 − 𝑔𝐶

𝜌𝜑𝐼𝐴𝜌 + 𝑔
2𝐶[𝜌𝐴𝜆]𝐶𝜆𝜑𝐼𝐴𝜌 +

1

2
𝑔2𝐶𝜌𝜑𝑗𝐶𝜌𝜑𝑗𝜑𝐼

 +
1

4
𝑔2𝜖𝜇𝜈𝜌𝜆(−)

𝛿𝐼𝐾[𝐶𝜇𝜑𝐼+3𝐶
𝜈𝐴𝜌𝐴𝜆 + 2𝐶𝜇𝐴𝜈𝐶𝜌𝜑𝐼+3𝐴

𝜆]

 −
1

2
𝑔2𝐶𝜌(−)𝛿𝐼𝐾∑ 

3

𝐽=1

  [𝜑𝐼+3𝐶𝜌𝜑𝐽+3𝜑𝐽 + 𝜑𝐽𝐶𝜌𝜑𝐼+3𝜑𝐽+3 − 𝜑𝐽+3𝐶𝜌𝜑𝐼+3𝜑𝐽]

 +𝑔2𝐶𝜌[𝜑𝐼+3𝐶𝜌𝜑𝐾+3𝜑𝐾 + 𝜑𝐾𝐶𝜌𝜑𝐼+3𝜑𝐾+3 − 𝜑𝐾+3𝐶𝜌𝜑𝐼+3𝜑𝐾] + 𝒪(𝑔
3)

 

𝑅𝑔:=
1

4
(𝑅𝑔

(1)
+ 𝑅𝑔

(2)
+ 𝑅𝑔

(3)
+ 𝑅𝑔

(4)
) ,  

 

L = 𝐿P− + 𝐿∗P+ 

𝑉= 𝜃𝜎𝜇𝜃‾𝐴𝜇(𝑥) − i𝜃
2𝜃‾𝜆‾(𝑥) + i𝜃‾2𝜃𝜆(𝑥) −

1

2
𝜃2𝜃‾2𝒟(𝑥)  

 = 𝜃𝜎𝜇𝜃‾𝐴𝜇(𝑦) − i𝜃
2𝜃‾𝜆‾(𝑦) + i𝜃‾2𝜃𝜆(𝑦) −

1

2
𝜃2𝜃‾2[𝒟(𝑦) − iD𝜇𝐴𝜇(𝑦)]

 = 𝜃𝜎𝜇𝜃‾𝐴𝜇(𝑦
†) − i𝜃2𝜃‾𝜆‾(𝑦†) + i𝜃‾2𝜃𝜆(𝑦†) −

1

2
𝜃2𝜃‾2[𝒟(𝑦†) + iD𝜇𝐴𝜇(𝑦

†)]

 

𝑉2 = −
1

2
𝜃2𝜃‾2𝐴𝜇𝐴

𝜇  

e2𝑉 = 1 + 2𝑉 + 2𝑉2  

 

Φ𝐼 = 𝜙𝐼(𝑦) + √2𝜃𝜓𝐼(𝑦) + 𝜃
2𝐹𝐼(𝑦), Φ𝐼

† = 𝜙𝐼
†(𝑦†) + √2𝜃‾𝜓‾𝐼(𝑦

†) + 𝜃‾2𝐹𝐼
†(𝑦†)  

Φ𝐼 = 𝜙𝐼(𝑥) + i𝜃𝜎
𝜇𝜃‾𝜕𝜇𝜙𝐼(𝑥) +

1

4
𝜃2𝜃‾2 ◻𝜙𝐼(𝑥) + √2𝜃𝜓𝐼(𝑥) −

i

√2
𝜃2𝜕𝜇𝜓𝐼(𝑥)𝜎

𝜇𝜃‾ + 𝜃2𝐹𝐼(𝑥)

Φ𝐼
† = 𝜙𝐼

†(𝑥) − i𝜃𝜎𝜇𝜃‾𝜕𝜇𝜙𝐼
†(𝑥) +

1

4
𝜃2𝜃‾2 ◻𝜙𝐼

†(𝑥) + √2𝜃‾𝜓‾𝐼(𝑥) +
i

√2
𝜃‾2𝜃𝜎𝜇𝜕𝜇𝜓‾𝐼(𝑥) + 𝜃‾

2𝐹𝐼
†(𝑥)

 

1

4
𝑊𝛼𝑊𝛼 = −𝜆

2 + [−2i𝒟𝜆 − 2𝐹𝜇𝜈𝜆𝜎
𝜇𝜈]𝜃 + [−2i𝜆𝜎𝜇D𝜇𝜆‾ −

1

2
𝐹𝜇𝜈𝐹𝜇𝜈 + 𝒟

2 +
i

4
𝐹𝜇𝜈𝐹𝜌𝜆𝜖𝜇𝜈𝜌𝜆] 𝜃

2

1

4
𝑊‾ 𝛼̇𝑊‾

𝛼̇ = −𝜆‾2 + [+2i𝒟𝜆‾ − 2𝐹𝜇𝜈𝜆‾𝜎‾
𝜇𝜈]𝜃‾ + [+2iD𝜇𝜆𝜎

𝜇𝜆‾ −
1

2
𝐹𝜇𝜈𝐹𝜇𝜈 +𝒟

2 −
i

4
𝐹𝜇𝜈𝐹𝜌𝜆𝜖𝜇𝜈𝜌𝜆] 𝜃‾

2

 

𝜖𝐼𝐽𝐾trΦ𝐼[Φ𝐽, Φ𝐾] = i𝜖𝐼𝐽𝐾𝑓
𝑎𝑏𝑐[𝜙𝐼

𝑎𝜙𝐽
𝑏𝜙𝐾

𝑐 + 3√2𝜃𝜓𝐼
𝑎𝜙𝐽

𝑏𝜙𝐾
𝑐 + 3𝜃2(𝐹𝐼

𝑎𝜙𝐽
𝑏𝜙𝐾

𝑐 − 𝜙𝐼
𝑎𝜓𝐽

𝑏𝜓𝐾
𝑐 )],  
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1

𝑛c
tre−2𝑉Φ𝐼

†e2𝑉Φ𝐼 = Φ𝐼
𝑎†Φ𝐼

𝑎 +
2

𝑛c
tr[𝑇𝑎, 𝑇𝑏]𝑇𝑐Φ𝐼

𝑎†𝑉𝑏Φ𝐼
𝑐 +

2

𝑛c
tr[𝑇𝑎, 𝑇𝑏][𝑇𝑐 , 𝑇𝑑]Φ𝐼

𝑎†𝑉𝑏𝑉𝑐Φ𝐼
𝑑

= ⋯+ 𝜃2𝜃‾[−i√2𝜎‾𝜇𝜓𝐼
𝑎D𝜇𝜙𝐼

𝑎† + √2𝐹𝐼
𝑎𝜓‾𝐼

𝑎 + 2𝑓𝑎𝑏𝑐𝜙𝐼
𝑎†𝜆‾𝑏𝜙𝐼

𝑐]

+𝜃‾2𝜃[−i√2𝜎𝜇𝜓‾𝐼
𝑎D𝜇𝜙𝐼

𝑎 + √2𝐹𝐼
𝑎†𝜓𝐼

𝑎 − 2𝑓𝑎𝑏𝑐𝜙𝐼
𝑎†𝜆𝑏𝜙𝐼

𝑐]

+𝜃2𝜃‾2[−D𝜇𝜙𝐼
𝑎†D𝜇𝜙𝐼

𝑎 + 𝐹𝐼
𝑎†𝐹𝐼

𝑎 + iD𝜇𝜓‾𝐼
𝑎𝜎‾𝜇𝜓𝐼

−𝑓𝑎𝑏𝑐(i𝐼
𝑎†𝒟𝑏𝜙𝐼

𝑐 − √2𝜙𝐼
𝑎†𝜆𝑏𝜓𝐼

𝑐 + √2𝜓‾𝐼
𝑎𝜆‾𝑏𝜙𝐼

𝑐)]

+ total derivatives 

 

[𝑇𝑎, 𝑇𝑏] = i𝑓𝑎𝑏𝑐𝑇𝑐 , tr𝑇𝑎𝑇𝑏 = 𝑛c𝛿
𝑎𝑏  

𝑔2ℒ =−
1

4
𝐹𝜇𝜈
𝑎 𝐹𝑎𝜇𝜈 − i𝜆𝑎𝜎𝜇D𝜇𝜆‾

𝑎 +
1

2
𝒟2 −

1

√2
𝜖𝐼𝐽𝐾𝑓

𝑎𝑏𝑐(𝐹𝐼
𝑎𝜙𝐽

𝑏𝜙𝐾
𝑐 + 𝐹𝐼

𝑎†𝜙𝐽
𝑏†𝜙𝐾

𝑐†)  

 −D𝜇𝜙𝐼
𝑎†D𝜇𝜙𝐼

𝑎 − i𝜓𝐼
𝑎𝜎𝜇D𝜇𝜓‾𝐼 + 𝐹𝐼

𝑎†𝐹𝐼
𝑎 +

1

√2
𝜖𝐼𝐽𝐾𝑓

𝑎𝑏𝑐(𝜙𝐼
𝑎𝜓𝐽

𝑏𝜓𝐾
𝑐 +𝜙𝐼

𝑎†𝜓‾𝐽
𝑏𝜓‾𝐾

𝑐 )

 −√2𝑓𝑎𝑏𝑐(𝜓𝐼
𝑎𝜆𝑏𝜙𝐼

𝑐† +𝜓‾𝐼
𝑎𝜆‾𝑏𝜙𝐼

𝑐) − i𝑓𝑎𝑏𝑐𝜙𝐼
𝑎†𝒟𝑏𝜙𝐼

𝑐

 

𝛿𝜙𝐼 = √2𝜃𝜓𝐼 , 𝛿𝜓𝐼 = i√2𝜎
𝜇𝜃‾D𝜇𝜙𝐼 + √2𝜃𝐹𝐼 , 𝛿𝐹𝐼 = i√2𝜃‾𝜎‾

𝜇D𝜇𝜓𝐼 − 2𝜙𝐼 × 𝜆‾𝜃‾

𝛿𝐴𝜇 = −i𝜆‾𝜎‾𝜇𝜃 + i𝜃‾𝜎‾𝜇𝜆, 𝛿𝜆 = 𝜎𝜇𝜈𝜃𝐹𝜇𝜈 + i𝜃𝒟, 𝛿𝒟 = −𝜃𝜎
𝜇D𝜇𝜆‾ − D𝜇𝜆𝜎

𝜇𝜃‾
 

𝜆(M) = (
𝜆𝛼
𝜆‾𝛼̇
) , 𝜆‾(M) = (𝜆𝛼 , 𝜆‾𝛼̇), 𝛼 = (

𝜃𝛼
𝜃‾𝛼̇
) , 𝛼‾ = (𝜃𝛼 , 𝜃‾𝛼̇)

𝛾𝜇 = (
0 𝜎𝜇
𝜎‾𝜇 0

) , 𝛾5 = 𝛾0𝛾1𝛾2𝛾3 = (
−𝑖 0
0 𝑖

) ,  etc. 
 

𝜆‾(M)𝜆(M) = 𝜆𝜆 + 𝜆‾𝜆‾, 𝜆‾(M)i𝛾5𝜆
(M) = 𝜆𝜆 − 𝜆‾𝜆‾

𝜆‾(M)𝛾𝜇𝜆(M) = 𝜆𝜎𝜇𝜆‾ + 𝜆‾𝜎‾𝜇𝜆 = 2𝜆𝜎𝜇𝜆‾,
1

2
𝜆‾(M)𝛾𝜇𝜈𝛼 = 𝜆𝜎𝜇𝜈𝜃 + 𝜆‾𝜎‾𝜇𝜈𝜃‾,  

 

P± =
1

2
(1 ± i𝛾5), 𝜆‾

(M)P+𝜆(M) = 𝜆𝜆, 𝜆‾(M)P−𝜆(M) = 𝜆‾𝜆‾  

Δ
⋄

= 𝛼‾ {−𝒟𝛾5𝜆 −
1

2
𝐹𝜇𝜈𝛾

𝜇𝜈𝜆 + 2𝜖𝐼𝐽𝐾𝑓
𝑎𝑏𝑐[P+𝜓𝐼

𝑎𝜙𝐽
𝑏𝜙𝐾

𝑐 + P−𝜓𝐼
𝑎𝜙𝐽

𝑏†𝜙𝐾
𝑐†] + 2i𝑓𝑎𝑏𝑐𝛾5𝜙𝐼

𝑎†𝜆𝑏𝜙𝐼
𝑐

+i√2[𝛾𝜇P−𝜓𝐼
𝑎D𝜇𝜙𝐼

𝑎 + 𝛾𝜇P+𝜓𝐼
𝑎D𝜇𝜙𝐼

𝑎†] − √2[P+𝜓𝐼
𝑎𝐹𝐼

𝑎† + P−𝜓𝐼
𝑎𝐹𝐼

𝑎]}

 

𝜒‾𝜉 = 𝜉‾𝜒, 𝜒‾𝛾𝜇𝜉 = −𝜉‾𝛾𝜇𝜒, 𝜒‾𝛾5𝜉 = 𝜉‾𝛾5𝜒, 𝜒‾𝛾
𝜇𝛾5𝜉 = 𝜉‾𝛾

𝜇𝛾5𝜒

𝜒‾𝛾𝜇𝜈𝜉 = −𝜉‾𝛾𝜇𝜈𝜒, 𝜒‾𝛾𝜇𝜈𝛾5𝜉 = −𝜉‾𝛾
𝜇𝜈𝛾5𝜒, 𝜒‾𝛾

𝜌𝜆𝛾𝜇𝜉 = 𝜉‾𝛾𝜇𝛾
𝜌𝜆𝜒

 

1

4
𝛿Δ
⋄

|
𝛼‾ 𝛼
= 𝑔2ℒ  

4𝜉𝜒‾ = −(𝜒‾𝜉) + 𝛾𝜇(𝜒‾𝛾
𝜇𝜉) +

1

2
𝛾𝜇𝜈(𝜒‾𝛾

𝜇𝜈𝜉) + 𝛾5𝛾𝜇(𝜒‾𝛾5𝛾
𝜇𝜉) + 𝛾5(𝜒‾𝛾5𝜉)  

{𝑄𝛼 , 𝑄‾𝛽} = 2(𝛾
𝜇)𝛼𝛽𝑃𝜇 = −2i(𝛾

𝜇)𝛼𝛽𝜕𝜇,  

[𝛿(1), 𝛿(2)] = [𝛼‾1𝛼𝑄𝛼 , 𝑄‾𝛽𝛼2𝛽] = 𝛼‾1𝛼{𝑄𝛼 , 𝑄‾𝛽}𝛼2𝛽 ,  

{𝑄𝛼 , 𝑄‾𝛽} = −2i(𝛾
𝜇)𝛼𝛽𝜕𝜇 − [𝜔,⋅]𝛼𝛽 + 𝐺𝛼𝛽(𝐴),  

𝜒‾𝛿𝜆 = 𝜒‾𝛽𝑀𝛽𝛼𝛼𝛼 = 𝜒‾𝛽𝛿𝛼𝛼𝛼𝜆𝛽 = −𝜒‾𝛽𝛿𝛼𝜆𝛽𝛼𝛼 ⇒ 𝛿𝛼𝜆𝛽 = −𝑀𝛽𝛼 ,  

𝛿𝛼𝑋[𝒜̃]= −i∫   d
4𝑥 (𝜓‾̃4𝛾𝜇

𝛿

𝛿𝐴̃𝜇
+𝜓‾̃𝐽(𝑐

𝑖)
𝐽
 4
𝛿

𝛿𝜑̃𝑖
)

𝛼

𝑋[𝒜̃] 

 = −i∫   d4𝑥 (𝜓‾̃𝐴(𝒞̂Σ)
𝐴
 4

𝛿

𝛿𝒜̃Σ

)
𝛼

𝑋[𝒜̃]

 

(𝒞̂Σ)
𝐴
 4 = {

𝛿𝐴 4𝛾𝜇  for  Σ = 𝜇 = 0,1,2,3

(𝑐𝑖)
𝐴
 4  for  Σ = 3 + 𝑖 = 4,5,… ,9

,  
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𝛿𝛼
(4)
𝒜̃Σ = −i (𝜓‾̃𝐴(𝒞̂Σ)

𝐴
 4)

𝛼
,  

𝑠𝑋[𝒜̃] = √𝑔∫   d4𝑥𝒟̃Γ𝐶̃
𝛿

𝛿𝒜̃Γ

𝑋[𝒜̃],  

 

 

 

𝑃̃Γ 
Σ = 𝛿Γ 

Σ − 𝒟̃Γ𝐺̃
𝜕𝒢(𝒜̃)

𝜕𝒜Σ
,  

𝑅̃Σ = −
1

4
tr {[

1

2
𝐹̃𝜇𝜈𝛾

𝜇𝜈𝑆̃𝐶
4 + (Φ̃𝐴

4)
†
Φ𝐵
𝐴 𝐵𝑆̃𝐶

𝐵 −
1

2
(Φ̃𝐴

4)
†
Φ̃𝐵
𝐴 × 𝑆̃𝐶

𝐵] (𝒞̂Σ)
𝐶
 4} ,  

𝑅𝑔[𝒜] =
1

𝑔
(𝑅̃[𝒜̃] − 𝐸)  with  𝐸 = 𝒜̃Γ

𝛿

𝛿𝒜̃Γ

 

 

(Φ̃4 𝐴)
†
(𝒞̂Σ)

𝐴
 4 = {

0  for Σ = 𝜇

−𝟙4𝜑̃𝐼 − 𝛾5𝜑̃𝐼+3  for Σ = 3 + 𝐼

+𝛾5𝜑̃𝐼 − 𝟙4𝜑̃𝐼+3  for Σ = 6 + 𝐼

.  

𝑅̃Σ = 𝒜̃Σ −
1

4
tr {(𝒞Σ)

4 𝐴 [
1

2
𝑆̃𝐴 4(2𝜕 ⋅ 𝐴̃ − 𝐴̃ × 𝐴̃) − 𝑆̃

𝐴 𝐵Φ̃
𝐵 4 × 𝐴̃ −

1

2
𝑆̃𝐴 𝐵Φ̃

𝐵 𝐶 × (Φ̃
𝐶  4)

†
]}  

𝜓‾ = 𝜓†𝛾0, (𝛾0)
2 = 𝟙4, (𝑆̃𝐵

𝐴)
†
= 𝛾0𝑆̃𝐴

𝐵𝛾0, (𝒞Σ)
4 𝐴:= 𝛾0 ((𝒞̂Σ)

𝐴
 4)

†

𝛾0,

𝛾𝜇
† = 𝛾0𝛾𝜇𝛾0, 𝛾5

† = 𝛾0𝛾5𝛾0 = −𝛾5, 𝛾0Φ̃
𝐴 𝐵𝛾0 = (Φ̃

𝐵  𝐴)
†
.

 

(𝒞Σ)
4 𝐴 = {

𝛿4 𝐴𝛾𝜇  for  Σ = 𝜇 = 0,1,2,3

(𝑐𝑖)
4
 𝐴  for  Σ = 3 + 𝑖 = 4,5, … ,9

.  
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(𝜕𝑔 + 𝑅𝑔)𝑆𝑔
b[𝒜] = 0  

𝑆𝑔
b[𝒜] = ∫  d4𝑥 {−

1

4
ℱΣΘℱΣΘ}  

ℱΣΘ = 𝜕Σ𝒜Θ − 𝜕Θ𝒜Σ + 𝑔𝒜Σ ×𝒜Θ, 𝜕3+𝑖 = 0,𝒜𝜇 = 𝐴𝜇 , 𝒜3+𝑖 = 𝜑𝑖  

𝜕𝑔𝑆𝑔
b = −

1

2
ℱΣΘ𝒜Σ ×𝒜Θ  and  

𝛿𝑆𝑔
b

𝒜Σ
= 𝒟Θℱ

ΘΣ,  

 

 

 

Γ𝜇 = 𝟙8⊗𝛾𝜇   and  Γ3+𝑖 = 2(
0 𝑡𝑖

(𝑡𝑖)
∗

0
)⊗ (P+ − P−)  

{𝑡𝑖 , (𝑡𝑗)
∗
} = −

1

2
𝛿𝑖𝑗𝟙4  
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=  

0 = (𝜕𝑔 + 𝑅𝑔[𝒜
′])𝑆𝑔

b[𝒜′] = (𝜕𝑔 + 𝑅𝑔[𝒜
′])𝑆𝑔

b[𝒜],  

1

4
tr {(𝒞𝜇)

4
 𝐵(𝒞𝜈)

𝐵
 𝐶(𝒞𝜌)

𝐶
 𝐷(𝒞𝜎)

𝐷
 4} =

1

4
tr{𝛾𝜇𝛾𝜈𝛾𝜌𝛾𝜎} = 𝜂𝜇𝜎𝜂𝜈𝜌 − 𝜂𝜇𝜌𝜂𝜈𝜎 + 𝜂𝜇𝜈𝜂𝜌𝜎  

1

4
tr {(𝒞3+𝑖)

4 𝐵(𝒞3+𝑗)
𝐵
 𝐶(𝒞𝜇)

𝐶
 𝐷(𝒞𝜈)

𝐷
 4}=

1

4
tr {(𝒞3+𝑖)

4 𝐵(𝒞3+𝑗)
𝐵
 4𝛾𝜇𝛾𝜈}  

 = (𝑡𝑖)
4𝐽
(𝑡𝑗)

𝐽4
tr{P+𝛾𝜇𝛾𝜈} + (𝑡

𝑖)
4𝐽
(𝑡𝑗)

𝐽4
tr{P−𝛾𝜇𝛾𝜈}

 = −2 [(𝑡𝑖)
4𝐽
(𝑡𝑗)

𝐽4
𝜂𝜇𝜈 +  c.c. ] = 𝛿𝑖𝑗𝜂𝜇𝜈 ,

 

1

4
tr {(𝒞3+𝑖)𝐵

4(𝒞𝜇)𝐶

𝐵
(𝒞3+𝑗)𝐷

𝐶
(𝒞𝜈)

𝐷
 4}= tr {[(𝑡

𝑖)
4𝐽
P+ − (𝑡𝑖)

4𝐽
P−] 𝛾𝜇 [(𝑡

𝑗)
𝐽4
P+ − (𝑡𝑗)

𝐽4
P−] 𝛾𝜈} 

 = −(𝑡𝑖)
4𝐽
(𝑡𝑗)

𝐽4
tr{P+𝛾𝜇𝛾𝜈} − (𝑡

𝑖)
4𝐽
(𝑡𝑗)

𝐽4
tr{P−𝛾𝜇𝛾𝜈}

 = 2(𝑡𝑖)
4𝐽
(𝑡𝑗)

𝐽4
𝜂𝜇𝜈 +  c.c. = −𝛿𝑖𝑗𝜂𝜇𝜈 ,

 

1

4
tr {(𝒞3+𝑖)𝐵

4(𝒞𝜇)𝐶

𝐵
(𝒞𝜈)𝐷

𝐶 (𝒞3+𝑗)
𝐷
 4}= tr {[(𝑡

𝑖)
4𝐽
P+ − (𝑡𝑖)

4𝐽
P−] 𝛾𝜇𝛾𝜈 [(𝑡

𝑗)
𝐽4
P+ − (𝑡𝑗)

𝐽4
P−]} 

 = (𝑡𝑖)
4𝐽
(𝑡𝑗)

𝐽4
tr{P+𝛾𝜇𝛾𝜈} + (𝑡

𝑖)
4𝐽
(𝑡𝑗)

𝐽4
tr{P−𝛾𝜇𝛾𝜈}

 = −2 [(𝑡𝑖)
4𝐽
(𝑡𝑗)

𝐽4
𝜂𝜇𝜈 +  c.c. ] = 𝛿𝑖𝑗𝜂𝜇𝜈 ,

 

1

4
tr {(𝒞3+𝑖)

4 𝐵(𝒞3+𝑗)
𝐵
 𝐶(𝒞3+𝑘)

𝐶  𝐷(𝒞3+𝑙)
𝐷
 4} =4(𝑡

𝑖)
4𝐼
(𝑡𝑗)

𝐼𝐶
(𝑡𝑘)𝐶𝐾(𝑡

𝑙)𝐾4trP+

+4(𝑡𝑖)
4𝐼
(𝑡𝑗)

𝐼𝐶
(𝑡𝑘)𝐶𝐾(𝑡𝑙)𝐾4trP

−  

=8(𝑡𝑖)
4𝐼
(𝑡𝑗)

𝐼𝐶
(𝑡𝑘)𝐶𝐾(𝑡

𝑙)𝐾4 +  c.c. 

=8 [(𝑡𝑖)
4𝐼
(𝑡𝑗)

𝐼4
(𝑡𝑘)4𝐾(𝑡

𝑙)𝐾4

+(𝑡𝑖)
4𝐼
(𝑡𝑗)

𝐼𝐽
(𝑡𝑘)𝐽𝐾(𝑡

𝑙)𝐾4] +  c.c. 

 

𝜖𝐼𝐽𝑀𝜖
𝑀𝐾𝐿 = 𝛿𝐼 

𝐾𝛿𝐽 
𝐿 − 𝛿𝐼  

𝐿𝛿𝐽 
𝐾  

1

4
tr {(𝒞3+𝐼)

4 𝐵(𝒞6+𝐽)
𝐵
 𝐶(𝒞3+𝐾)

𝐶  𝐷(𝒞6+𝐿)
𝐷
 4} = 𝛿𝐼𝐿𝛿𝐽𝐾 − 𝛿𝐼𝐾𝛿𝐽𝐿 − 𝛿𝐼𝐽𝛿𝐾𝐿 ,  

(𝜑𝐼 × 𝜑𝐽)(𝜑𝐼+3 × 𝜑𝐽+3) + (𝜑𝐼 × 𝜑𝐽+3)(𝜑𝐽 × 𝜑𝐼+3) + (𝜑𝐼 × 𝜑𝐼+3)(𝜑𝐽+3 × 𝜑𝐽) = 0  

∑ 

𝐵

 Φ𝐴 𝐵 × (Φ
𝐵 𝐴)

† =

{
 
 

 
 −2𝛾5∑ 

𝐽

 𝜑𝐽 × 𝜑𝐽+3  for 𝐴 = 4

2𝛾5∑ 

𝐽

  (−)𝛿𝐾𝐽𝜑𝐽 × 𝜑𝐽+3  for 𝐴 = 𝐾
,  

 ∑  

𝐵

 Φ𝐴 𝐵𝑆0Φ
𝐵  𝐴 =

{
 
 

 
 ∑  

𝑗

 𝜑𝑗𝑆0𝜑𝑗 − 𝛾5∑ 

𝐽

  (𝜑𝐽+3𝑆0𝜑𝐽 −𝜑𝐽𝑆0𝜑𝐽+3)  for 𝐴 = 4

∑  

𝑗

 𝜑𝑗𝑆0𝜑𝑗 + 𝛾5∑ 

𝐽

  (−)𝛿𝐾𝐽(𝜑𝐽+3𝑆0𝜑𝐽 −𝜑𝐽𝑆0𝜑𝐽+3)  for 𝐴 = 𝐾
,

 ∑  

𝐵

  (𝑐𝐼)𝐴 𝐵𝑆0Φ
𝐵 𝐴 = {

𝑆0𝜑𝐼 + 𝛾5𝑆0𝜑𝐼+3  for 𝐴 = 4
𝑆0𝜑𝐼 − 𝛾5𝑆0𝜑𝐼+3(−)

𝛿𝐼𝐾  for 𝐴 = 𝐾
,

 ∑  

𝐵

  (𝑐𝐼+3)𝐴 𝐵𝑆0Φ
𝐵  𝐴 = {

−𝛾5𝑆0𝜑𝐼 + 𝑆0𝜑𝐼+3  for 𝐴 = 4
𝛾5𝑆0𝜑𝐼(−)

𝛿𝐼𝐾 + 𝑆0𝜑𝐼+3  for 𝐴 = 𝐾
,
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∑  

𝐵,𝐶,𝐷

 tr{(𝑐𝐼)4 𝐵𝑆0Φ
𝐵 𝐶𝑆0Φ

𝐶  𝐷 × (Φ
𝐷 4)

†}= tr {−2𝑆0∑ 

𝑗

 𝜑𝑗𝑆0𝜑𝑗𝜑𝐼  

−2𝑆0∑ 

𝐽

  [𝜑𝐼+3𝑆0𝜑𝐽𝜑𝐽+3 −𝜑𝐽𝑆0𝜑𝐼+3𝜑𝐽+3 + 𝜑𝐽+3𝑆0𝜑𝐼+3𝜑𝐽]}

∑  

𝐵,𝐶,𝐷

 tr{(𝑐𝐼)𝐾  𝐵𝑆0Φ
𝐵 𝐶𝑆0Φ

𝐶  𝐷 × (Φ
𝐷  𝐾)

†} = tr {−2𝑆0∑ 

𝑗

 𝜑𝑗𝑆0𝜑𝑗𝜑𝐼

−2𝑆0∑ 

𝐽

  [𝜑𝐼+3𝑆0𝜑𝐽𝜑𝐽+3 −𝜑𝐽𝑆0𝜑𝐼+3𝜑𝐽+3 +𝜑𝐽+3𝑆0𝜑𝐼+3𝜑𝐽](−)
𝛿𝐼𝐾

+4𝑆0[𝜑𝐼+3𝑆0𝜑𝐾𝜑𝐾+3 −𝜑𝐾𝑆0𝜑𝐼+3𝜑𝐾+3 + 𝜑𝐾+3𝑆0𝜑𝐼+3𝜑𝐾]}

 

∑  

𝐵,𝐶,𝐷

 tr{(𝑐𝐼+3)4 𝐵𝑆0Φ
𝐵 𝐶𝑆0Φ

𝐶  𝐷 × (Φ
𝐷 4)

†}= tr {−2𝑆0∑ 

𝑗

 𝜑𝑗𝑆0𝜑𝑗𝜑𝐼+3  

−2𝑆0∑ 

𝐽

  [𝜑𝐼𝑆0𝜑𝐽+3𝜑𝐽 − 𝜑𝐽+3𝑆0𝜑𝐼𝜑𝐽 + 𝜑𝐽𝑆0𝜑𝐼𝜑𝐽+3]}

 

tr𝛾5𝛾
𝜇𝛾𝜈𝛾𝜌𝛾𝜎 = −4𝜖𝜇𝜈𝜌𝜎

tr𝛾𝜇𝛾𝜈𝛾𝜌𝛾𝜎 = 4(𝜂𝜇𝜈𝜂𝜌𝜎 − 𝜂𝜇𝜌𝜂𝜈𝜎 + 𝜂𝜇𝜎𝜂𝜈𝜌)

tr𝛾𝜇𝛾𝜈𝛾𝜌𝛾𝜎𝛾𝜆𝛾𝜂  = −𝜂𝜇𝜈tr𝛾𝜌𝛾𝜎𝛾𝜆𝛾𝜂 + 𝜂𝜇𝜌tr𝛾𝜈𝛾𝜎𝛾𝜆𝛾𝜂 ∓⋯

 

 

 

 

 

(𝑅1
(𝐴)
)
2
𝐴𝜇 = 2𝐶

𝜌𝐴[𝜇𝐶
𝜆𝐴𝜌]𝐴𝜆, ∀𝐴 = 1,2,3,4,

(𝑅1
(𝐴)
)
2
𝜑𝑖 = 𝐶𝜌𝜑𝑖𝐶𝜆𝐴

𝜌𝐴𝜆 − 𝐶𝜌𝐴
𝜌𝐶𝜆𝜑𝑖𝐴

𝜆 ∀𝐴 = 1,2,3,4.
 

𝑃Γ 
Σ = 𝛿Γ 

Σ − 𝒟Γ𝐺𝜕
Σ = ΠΓ 

Θ {𝛿Θ 
Σ − 𝑔𝒜Θ∑ 

∞

𝑘=0

  (−𝑔𝜕 ⋅ 𝐴𝐶)𝑘𝐶𝜕Σ} ,  

 

𝑅2 
(4)𝐴𝜇 =3𝐶

𝜌𝐴𝜆𝐶[𝜇𝐴𝜆𝐴𝜌] + 2𝐶
𝜌𝐴[𝜇𝐶

𝜆𝐴𝜌]𝐴𝜆 + 2𝐶
𝜌𝜑𝑖𝐶[𝜌𝐴𝜇]𝜑𝑖

 +Π𝜇 
𝜈𝜖𝜈𝜆𝜌𝜎∑ 

3

𝐽=1

  [𝐶𝜆𝜑𝐽𝐶
𝜌𝜑𝐽+3𝐴

𝜎 − 𝐶𝜆𝜑𝐽+3𝐶
𝜌𝜑𝐽𝐴

𝜎 + 𝐶𝜆𝐴𝜌𝐶𝜎𝜑𝐽+3𝜑𝐽],

𝑅2 
(𝐾)𝐴𝜇 =3𝐶

𝜌𝐴𝜆𝐶[𝜇𝐴𝜆𝐴𝜌] + 2𝐶
𝜌𝐴[𝜇𝐶

𝜆𝐴𝜌]𝐴𝜆 + 2𝐶
𝜌𝜑𝑖𝐶[𝜌𝐴𝜇]𝜑𝑖

 −Π𝜇 
𝜈𝜖𝜈𝜆𝜌𝜎∑ 

3

𝐽=1

  (−)𝛿𝐾𝐽[𝐶𝜆𝜑𝐽𝐶
𝜌𝜑𝐽+3𝐴

𝜎 − 𝐶𝜆𝜑𝐽+3𝐶
𝜌𝜑𝐽𝐴

𝜎 + 𝐶𝜆𝐴𝜌𝐶𝜎𝜑𝐽+3𝜑𝐽],
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𝑅2 
(4)𝜑𝐼 = 𝐶

𝜌𝜑𝐼𝐶
𝜆𝐴𝜌𝐴𝜆 − 𝐶𝜌𝐴

𝜌𝐶𝜆𝜑𝐼𝐴
𝜆 + 2𝐶[𝜌𝐴𝜆]𝐶𝜌𝜑𝐼𝐴𝜆 + 𝐶

𝜌𝜑𝑗𝐶𝜌𝜑𝐼𝜑𝑗

+
1

2
𝜖𝜇𝜈𝜌𝜆[𝐶

𝜇𝜑𝐼+3𝐶
𝜈𝐴𝜌𝐴𝜆 + 2𝐶𝜇𝐴𝜈𝐶𝜌𝜑𝐼+3𝐴

𝜆]  

 +𝐶𝜌∑ 

3

𝐽=1

  [𝜑𝐼+3𝐶𝜌𝜑𝐽+3𝜑𝐽 +𝜑𝐽𝐶𝜌𝜑𝐼+3𝜑𝐽+3 − 𝜑𝐽+3𝜑𝐼+3𝜑𝐽]

𝑅2 
(𝐾)𝜑𝐼 = 𝐶

𝜌𝜑𝐼𝐶
𝜆𝐴𝜌𝐴𝜆 − 𝐶𝜌𝐴

𝜌𝐶𝜆𝜑𝐼𝐴
𝜆 + 2𝐶[𝜌𝐴𝜆]𝐶𝜌𝜑𝐼𝐴𝜆 + 𝐶

𝜌𝜑𝑗𝐶𝜌𝜑𝐼𝜑𝑗

 −
1

2
𝜖𝜇𝜈𝜌𝜆(−)

𝛿𝐼𝐾[𝐶𝜇𝜑𝐼+3𝐶
𝜈𝐴𝜌𝐴𝜆 + 2𝐶𝜇𝐴𝜈𝐶𝜌𝜑𝐼+3𝐴

𝜆]

 +𝐶𝜌(−)𝛿𝐼𝐾∑ 

3

𝐽=1

  [𝜑𝐼+3𝐶𝜌𝜑𝐽+3𝜑𝐽 + 𝜑𝐽𝐶𝜌𝜑𝐼+3𝜑𝐽+3 −𝜑𝐽+3𝐶𝜌𝜑𝐼+3𝜑𝐽]

 −2𝐶𝜌[𝜑𝐼+3𝐶𝜌𝜑𝐾+3𝜑𝐾 +𝜑𝐾𝐶𝜌𝜑𝐼+3𝜑𝐾+3 − 𝜑𝐾+3𝐶𝜌𝜑𝐼+3𝜑𝐾]

𝑅2 
(4)𝜑𝐼+3 = 𝐶

𝜌𝜑𝐼+3𝐶
𝜆𝐴𝜌𝐴𝜆 − 𝐶𝜌𝐴

𝜌𝐶𝜆𝜑𝐼+3𝐴
𝜆 + 2𝐶[𝜌𝐴𝜆]𝐶𝜌𝜑𝐼+3𝐴𝜆 + 𝐶

𝜌𝜑𝑗𝐶𝜌𝜑𝐼+3𝜑𝑗

 −
1

2
𝜖𝜇𝜈𝜌𝜆[𝐶

𝜇𝜑𝐼𝐶
𝜈𝐴𝜌𝐴𝜆 + 2𝐶𝜇𝐴𝜈𝐶𝜌𝜑𝐼𝐴

𝜆]

 −𝐶𝜌∑ 

3

𝐽=1

  [𝜑𝐼𝐶𝜌𝜑𝐽+3𝜑𝐽 + 𝜑𝐽𝐶𝜌𝜑𝐼𝜑𝐽+3 − 𝜑𝐽+3𝜑𝐼𝜑𝐽]

 

𝑅2
(𝐾)
𝜑𝐼+3= 𝐶

𝜌𝜑𝐼+3𝐶
𝜆𝐴𝜌𝐴𝜆 − 𝐶𝜌𝐴

𝜌𝐶𝜆𝜑𝐼+3𝐴
𝜆 + 2𝐶[𝜌𝐴𝜆]𝐶𝜌𝜑𝐼+3𝐴𝜆 + 𝐶

𝜌𝜑𝑗𝐶𝜌𝜑𝐼+3𝜑𝑗  

+
1

2
𝜖𝜇𝜈𝜌𝜆(−)

𝛿𝐼𝐾[𝐶𝜇𝜑𝐼𝐶
𝜈𝐴𝜌𝐴𝜆 + 2𝐶𝜇𝐴𝜈𝐶𝜌𝜑𝐼𝐴

𝜆]  

 −𝐶𝜌(−)
𝛿𝐼𝐾∑ 

3

𝐽=1

  [𝜑𝐼𝐶𝜌𝜑𝐽+3𝜑𝐽 + 𝜑𝐽𝐶𝜌𝜑𝐼𝜑𝐽+3 − 𝐶
𝜌𝜑𝐽+3𝜑𝐼𝜑𝐽]

 +2[𝜑𝐼𝐶𝜌𝜑𝐾+3𝜑𝐾 + 𝜑𝐾𝐶𝜌𝜑𝐼𝜑𝐾+3 − 𝐶
𝜌𝜑𝐾+3𝜑𝐼𝜑𝐾]

 

𝑆0[𝐴𝜇
′ , 𝜑𝐼

′, 𝜑𝐼+3
′ ] = 𝑆𝑔

b[𝐴𝜇 , 𝜑𝐼 , 𝜑𝐼+3]  

𝑆𝑔
particle

= ∫  d4𝑥 {−
1

4
𝐹𝜇𝜈𝐹

𝜇𝜈 −
1

2
D𝜇𝜑𝑖D

𝜇𝜑𝑖 −
𝑔2

4
(𝜑𝑖 × 𝜑𝑗)

2
}

𝐹𝜇𝜈 = 𝜕𝜇𝐴𝜈 − 𝜕𝜈𝐴𝜇 + 𝑔𝐴𝜇 × 𝐴𝜈
D𝜇 = 𝜕𝜇 + 𝑔𝐴𝜇 ×

 

∫  d4𝑥 {
1

2
𝐴𝜇
′ |
𝒪(𝑔)

(◻ 𝜂𝜇𝜈 − 𝜕𝜇𝜕𝜈)𝐴𝜈
′ |
𝒪(𝑔)

+ 𝐴𝜇(◻ 𝜂
𝜇𝜈 − 𝜕𝜇𝜕𝜈)𝐴𝜈

′ |
𝒪(𝑔2)

+
1

2
𝜑𝑖
′|
𝒪(𝑔)

◻𝜑𝑖
′|
𝒪(𝑔)

+𝜑𝑖 ◻𝜑𝑖
′|𝒪(𝑔2)}

= ∫  d4𝑥 {−
1

4
(𝐴𝜇 × 𝐴𝜈)

2
−
1

2
(𝐴𝜇 × 𝜑𝑖)

2
−
1

4
(𝜑𝑖 × 𝜑𝑗)

2
}

 

∫  d4𝑥 {𝐴𝜇 ◻𝐴
′𝜇|

𝒪(𝑔2)
+ 𝜑𝐼 ◻ 𝜑𝐼

′|𝒪(𝑔2) + 𝜑𝐼+3 ◻𝜑𝐼+3
′ |𝒪(𝑔2)}

blue terms 
= 0  
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∑ 

𝐼,𝐽

  (−)𝛿𝐾𝐼𝑍𝐼𝐽 − 2∑  

𝐼

 𝑍𝐼𝐾 =∑  

𝐽

 (−𝑍𝐾𝐽 − 2𝑍𝐽𝐾 +∑  

𝐼≠𝐾

 𝑍𝐼𝐽) =
!
0.  

∑ 

𝐽

 𝑍𝐽𝐾 = −∑  

𝐽

 𝑍𝐾𝐽 ,  for any  𝐾 = 1,2,3  
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log det
𝛿𝒜′

𝛿𝒜
= log ΔMSS[𝐴]ΔFP[𝐴]  

log det
𝛿𝒜′

𝛿𝒜
|
𝒪(𝑔2)

= tr
𝛿𝒜′

𝛿𝒜
|
𝒪(𝑔2)

−
1

2
tr
𝛿𝒜′

𝛿𝒜
|
𝒪(𝑔)

𝛿𝒜′

𝛿𝒜
|

𝒪(𝑔)
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tr
𝛿𝒜′

𝛿𝒜
= ∫  d4𝑥 d4𝑦𝛿(4)(𝑥 − 𝑦)𝛿𝑎𝑏𝛿Σ Δ

𝛿𝒜Σ
′𝑎(𝑥)

𝛿𝒜Δ
𝑏(𝑦)

 

 = ∫  d4𝑥 d4𝑦𝛿(4)(𝑥 − 𝑦)𝛿𝑎𝑏 {
𝛿𝐴𝜇

′𝑎(𝑥)

𝛿𝐴𝜈
𝑏(𝑦)

𝛿𝜇  𝜈 +
𝛿𝜑𝐼

′𝑎(𝑥)

𝛿𝜑𝐽
𝑏(𝑦)

𝛿𝐼𝐽 +
𝛿𝜑𝐼+3

′𝑎 (𝑥)

𝛿𝜑𝐽+3
𝑏 (𝑦)

𝛿𝐼𝐽}

 

𝑆on-shell =
1

𝑔𝑌𝑀
2 ∫  𝑑10𝑥Tr [

1

4
𝐹𝑀𝑁𝐹

𝑀𝑁 −
1

2
ΨΓ𝑀𝐷𝑀Ψ]  

𝛿𝜖
(on-shell )

𝐴𝑀= 𝜖Γ𝑀Ψ  

𝛿𝜖
(on-shell )

Ψ =
1

2
𝐹𝑀𝑁Γ

𝑀𝑁𝜖
 

𝑆10𝑑 =
1

𝑔𝑌𝑀
2 ∫  𝑑10𝑥Tr [

1

4
𝐹𝑀𝑁𝐹

𝑀𝑁 −
1

2
ΨΓ𝑀𝐷𝑀Ψ−

1

2
𝐾𝑚𝐾𝑚]  

𝛿𝜖
(10𝑑)

𝐴𝑀= 𝜖Γ𝑀Ψ  

𝛿𝜖
(10𝑑)

Ψ=
1

2
𝐹𝑀𝑁Γ

𝑀𝑁𝜖 + 𝐾𝑚𝜈𝑚 

𝛿𝜖
(10𝑑)

𝐾𝑚 = −𝜈𝑚Γ
𝑀𝐷𝑀Ψ

 

𝜖Γ𝑀𝜈𝑚= 0  
1

2
(𝜖Γ𝑀𝜖)Γ̃𝛼𝛽

𝑀 = 𝜈𝛼
𝑚𝜈𝛽

𝑚 + 𝜖𝛼𝜖𝛽  

𝜈𝑚Γ
𝑀𝜈𝑛  = 𝛿𝑚𝑛𝜖Γ

𝑀𝜖

 

𝑆curvature =
1

𝑔𝑌𝑀
2 ∫  𝑑𝑑𝑥Tr [

1

4
𝐹𝑀𝑁𝐹

𝑀𝑁 −
1

2
ΨΓ𝑀𝐷𝑀Ψ−

1

2
𝐾𝑚𝐾𝑚] .  

𝐴𝑀=𝜇 = 𝐴𝜇 , 𝐴𝑀=𝐴 = Φ𝐴,  

𝐹𝜇𝜈 = 𝜕𝜇𝐴𝜈 − 𝜕𝜈𝐴𝜇 + [𝐴𝜇 , 𝐴𝜈], 𝐹𝜇𝐴 = 𝐷𝜇Φ𝐴, 𝐹𝐴𝐵 = [Φ𝐴, Φ𝐵]  

𝐷𝜇Ψ = 𝜕𝜇Ψ + [𝐴𝜇 , Ψ], 𝐷𝐴Ψ = [Φ𝐴, Ψ].  

𝛿𝜖
(curvature)

𝐴𝑀= 𝜖Γ𝑀Ψ  

𝛿𝜖
(curvature)

Ψ=
1

2
𝐹𝑀𝑁Γ

𝑀𝑁𝜖 + 𝐾𝑚𝜈𝑚 

𝛿𝜖
(curvature)

𝐾𝑚 = −𝜈𝑚Γ
𝑀𝐷𝑀Ψ

 

Γ09𝜖 = 𝜖  

𝜈𝑚 = Γ𝑚8𝜖  

Γ0 = (
𝟏8×8 0
0 𝟏8×8

) , Γ9 = (
𝟏8×8 0
0 −𝟏8×8

)

Γ8 = (
0 𝟏8×8
𝟏8×8 0

) , Γ𝑚 = (
0 𝜆𝑚
−𝜆𝑚 0

)
 

𝜆𝑚𝜆𝑛 + 𝜆𝑛𝜆𝑚 = −2𝛿𝑚𝑛  

𝜈𝑚
(+)
= 𝜆𝑚𝜖

(+), 𝜈𝑚
(−)
= 𝜖(−) = 0  

𝜈𝑚
(+)
= 𝑛𝜆𝑚𝑛𝜖

(+), 𝜈𝑚
(−)
= −𝜆𝑚𝜖

(−) = 0, 𝑛𝜖(−) = 𝜖(−)  

Γ45𝜖 = Γ67𝜖 = Γ89𝜖,

𝜈1 = Γ68𝜖 = −Γ79𝜖, 𝜈2 = −Γ69𝜖 = −Γ78𝜖,

𝜈3 = Γ84𝜖 = −Γ95𝜖, 𝜈4 = −Γ85𝜖 = −Γ94𝜖,

𝜈5 = Γ46𝜖 = −Γ57𝜖, 𝜈6 = −Γ47𝜖 = −Γ56𝜖,

𝜈7 = −Γ45𝜖 = −Γ67𝜖 = −Γ89𝜖,
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∇𝜇𝜖 = 𝛼Γ̃𝜇Γ𝜖  

𝑅𝜇𝜈 = −4𝛼
2(−1)♯(Γ)2(𝑑 − 1)𝑔𝜇𝜈 .  

∇𝜇𝜖 =
1

𝑑
Γ𝜇𝐷𝜖  

∇𝜇(𝐷𝜖) = 𝑑𝜆
2Γ̃𝜇𝜖  with  𝜆2 = −𝛼2(Γ)2.  

∇𝜇𝜖± = ±𝜆Γ𝜇𝜖±  

𝑆0 =
1

𝑔𝑌𝑀
2 ∫  𝑑𝑑𝑥√𝑔Tr [

1

4
𝐹𝑀𝑁𝐹

𝑀𝑁 −
1

2
ΨΓ𝑀𝐷𝑀Ψ−

1

2
𝐾𝑚𝐾𝑚]  

𝛿𝜖
(0)
𝐴𝑀= 𝜖Γ𝑀Ψ  

𝛿𝜖
(0)
Ψ=

1

2
𝐹𝑀𝑁Γ

𝑀𝑁𝜖 + 𝐾𝑚𝜈𝑚 

𝛿𝜖
(0)
𝐾𝑚 = −𝜈𝑚Γ

𝑀𝐷𝑀Ψ

 

𝑔YM
2 𝛿𝜖

(0)
𝑆0 = ∫  𝑑

𝑑𝑥√𝑔Tr [−
1

2
𝐹𝑁𝑃(∇𝜇𝜖)Γ

𝑁𝑃𝜇Ψ + 𝐹𝜇𝑁(∇𝜇𝜖)Γ𝑁Ψ]

= (−1)Γ+1∫  𝑑𝑑𝑥√𝑔Tr [
𝛼(𝑑 − 4)

2
𝐹𝜇𝜈(𝜖ΓΓ

𝜇𝜈Ψ) + 𝛼(𝑑 − 2)𝐹𝜇𝐴(𝜖ΓΓ
𝜇𝐴Ψ)

+
𝛼𝑑

2
𝐹𝐴𝐵(𝜖ΓΓ

𝐴𝐵Ψ)]

 

Γ𝑇 = (−1)ΓΓ  

𝑆1 = 𝑆0 +
1

𝑔𝑌𝑀
2 ∫  𝑑𝑑𝑥√𝑔Tr [

𝑐Φ
2
Φ𝐴Φ

𝐴]  

𝛿𝜖
(1)
𝐴𝑀= 𝜖Γ𝑀Ψ  

𝛿𝜖
(1)
Ψ=

1

2
𝐹𝑀𝑁Γ

𝑀𝑁𝜖 + 𝑐Φ𝐴Γ̃
𝐴Γ𝜖 + 𝐾𝑚𝜈𝑚 

𝛿𝜖
(1)
𝐾𝑚 = −𝜈𝑚Γ

𝑀𝐷𝑀Ψ

 

𝑔YM
2 𝛿𝜖

(1)
𝑆1

=(−1)Γ+1∫  𝑑3𝑥√𝑔Tr [
𝛼(𝑑 − 4)

2
𝐹𝜇𝜈(𝜖ΓΓ

𝜇𝜈Ψ) + (𝛼(𝑑 − 2) + 𝑐)𝐹𝜇𝐴(𝜖ΓΓ
𝜇𝐴Ψ) 

+(
𝛼𝑑

2
+ 𝑐) 𝐹𝐴𝐵(𝜖ΓΓ

𝐴𝐵Ψ) + (−1)Γ+1(𝑐Φ + 𝑐𝛼𝑑(Γ)
2)Φ𝐴(𝜖Γ

𝐴Ψ)]

 

𝛼(𝑑 − 4) = 0, 𝛼(𝑑 − 2) + 𝑐 = 0,
𝛼𝑑

2
+ 𝑐 = 0, 𝑐Φ + 𝑐𝛼𝑑(Γ)

2 = 0  

𝑐 = −2𝛼, 𝑐Φ = 8𝛼
2(Γ)2  

𝑆4𝑑 =
1

𝑔𝑌𝑀
2 ∫  𝑑4𝑥√𝑔Tr[

1

4
𝐹𝑀𝑁𝐹

𝑀𝑁 + 4𝛼2(Γ)2Φ𝐴Φ
𝐴

−
1

2
ΨΓ𝑀𝐷𝑀Ψ−

1

2
𝐾𝑚𝐾𝑚]

 

𝛿𝜖
(4𝑑)

𝐴𝑀= 𝜖Γ𝑀Ψ  

𝛿𝜖
(4𝑑)

Ψ=
1

2
𝐹𝑀𝑁Γ

𝑀𝑁𝜖 − 2𝛼Φ𝐴Γ̃
𝐴Γ𝜖 + 𝐾𝑚𝜈𝑚 

𝛿𝜖
(4𝑑)

𝐾𝑚 = −𝜈𝑚Γ
𝑀𝐷𝑀Ψ

 

∇𝜇𝜖 = Γ̃𝜇𝜖  
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𝑆2 = 𝑆0 +
1

𝑔𝑌𝑀
2 ∫  𝑑𝑑𝑥√𝑔Tr [

𝑐Φ
2
Φ𝐴Φ

𝐴 +
𝑐Φ
′

2
Φ𝑝Φ

𝑝 + 𝑐𝑌𝜖𝑝𝑞𝑟Φ
𝑝[Φ𝑞 , Φ𝑟] +

𝑐Ψ
2
ΨΓ789Ψ] 

𝛿𝜖
(2)
𝐴𝑀= 𝜖Γ𝑀Ψ  

𝛿𝜖
(2)
Ψ=

1

2
𝐹𝑀𝑁Γ

𝑀𝑁𝜖 + 𝑐Φ𝐴Γ̃
𝐴Γ789𝜖 + 𝑐′Φ𝑝Γ̃

𝑝Γ789𝜖 + 𝐾𝑚𝜈𝑚 

𝛿𝜖
(2)
𝐾𝑚 = −𝜈𝑚Γ

𝑀𝐷𝑀Ψ+ 𝑐𝐾𝜈𝑚Γ
789Ψ

 

 

𝑔𝑌𝑀
2 𝛿𝜖

(2)
𝑆2

=∫  𝑑𝑑𝑥√𝑔Tr [
𝛼(𝑑 − 4) − 𝑐Ψ

2
𝐹𝜇𝜈(𝜖Γ

789Γ𝜇𝜈Ψ)  

+(𝛼(𝑑 − 2) + 𝑐 + 𝑐Ψ + 𝑐
′)𝐹𝜇𝑝(𝜖Γ

789Γ𝜇𝑝Ψ) + (𝛼(𝑑 − 2) + 𝑐 − 𝑐Ψ)𝐹𝜇𝐴̂(𝜖Γ
789Γ𝜇𝐴̂Ψ)  

+ (
𝛼𝑑 − 𝑐Ψ

2
+ 𝑐 − 3𝑐𝑌 + 𝑐

′) 𝐹𝑝𝑞(𝜖Γ
789Γ𝑝𝑞Ψ) + (𝛼𝑑 + 𝑐Ψ + 2𝑐 + 𝑐

′)𝐹𝑝𝐴̂(𝜖Γ
789Γ𝑝𝐴̂Ψ) 

 + (
𝛼𝑑 − 𝑐Ψ

2
+ 𝑐) 𝐹𝐴̂𝐵̂(𝜖Γ

789Γ𝐴̂𝐵̂Ψ)

+(𝑐Φ − 𝑐𝛼𝑑 + 𝑐Ψ𝑐 − 𝑐
′𝛼𝑑 + 𝑐Ψ𝑐

′ + 𝑐Φ
′ )Φ𝑝(𝜖Γ

𝑝Ψ) + (𝑐Φ − 𝑐𝛼𝑑 − 𝑐Ψ𝑐)Φ𝐴̂(𝜖Γ
𝐴̂Ψ)  

+(𝑐𝐾 − 𝑐Ψ)𝐾𝑚ΨΓ
789𝜈𝑚]

 

𝑐Ψ = 𝛼(𝑑 − 4), 𝛼(𝑑 − 2) + 𝑐 + 𝑐Ψ + 𝑐
′ = 0, 𝛼(𝑑 − 2) + 𝑐 − 𝑐Ψ = 0

𝛼𝑑 − 𝑐Ψ + 2𝑐 − 6𝑐𝑌 + 2𝑐
′ = 0, 𝛼𝑑 + 𝑐Ψ + 2𝑐 + 𝑐

′ = 0, 𝛼𝑑 − 𝑐Ψ + 2𝑐 = 0

𝑐Φ − 𝑐𝛼𝑑 + 𝑐Ψ𝑐 − 𝑐
′𝛼𝑑 + 𝑐Ψ𝑐

′ + 𝑐Φ
′ = 0, 𝑐Φ − 𝑐𝛼𝑑 − 𝑐Ψ𝑐 = 0, 𝑐𝐾 = 𝑐Ψ

 

𝑐Φ = −4𝛼
2(𝑑 − 2), 𝑐Φ

′ = −4𝛼2(𝑑 − 4), 𝑐Ψ = 𝛼(𝑑 − 4), 𝑐𝑌 = −
2𝛼(𝑑 − 4)

3
𝑐 = −2𝛼, 𝑐′ = −2𝛼(𝑑 − 4), 𝑐𝐾 = 𝑐Ψ = 𝛼(𝑑 − 4)

 

𝑆2 =
1

𝑔𝑌𝑀
2 ∫  𝑑𝑑𝑥√𝑔Tr [

1

4
𝐹𝑀𝑁𝐹

𝑀𝑁 − 2𝛼2(𝑑 − 2)Φ𝐴Φ
𝐴 − 2𝛼2(𝑑 − 4)Φ𝑝Φ

𝑝

−
2𝛼(𝑑 − 4)

3
𝜖𝑝𝑞𝑟Φ

𝑝[Φ𝑞 , Φ𝑟] −
1

2
ΨΓ𝑀𝐷𝑀Ψ+

𝛼(𝑑 − 4)

2
ΨΓ789Ψ −

1

2
𝐾𝑚𝐾𝑚]

 

𝛿𝜖
(2)
𝐴𝑀 = 𝜖Γ𝑀Ψ 

𝛿𝜖
(2)
Ψ=

1

2
𝐹𝑀𝑁Γ

𝑀𝑁𝜖 − 2𝛼Φ𝐴Γ̃
𝐴Γ789𝜖 − 2𝛼(𝑑 − 4)Φ𝑝Γ̃

𝑝Γ789𝜖 + 𝐾𝑚𝜈𝑚 

𝛿𝜖
(2)
𝐾𝑚 = −𝜈𝑚Γ

𝑀𝐷𝑀Ψ+ 𝛼(𝑑 − 4)𝜈𝑚Γ
789Ψ

 

(𝛿𝜖
(4𝑑)

)
2
𝐴𝜇= −𝑣

𝜈𝐹𝜈𝜇 − [𝑣
𝐴Φ𝐴, 𝐷𝜇]  

(𝛿𝜖
(4𝑑)

)
2
Φ𝐴= −𝑣

𝜇𝐷𝜇Φ𝐴̂ − [𝑣
𝐵Φ𝐵, Φ𝐴] − 𝑅‾𝐴𝐵Φ

𝐵 −ΩΦ𝐴  

(𝛿𝜖
(4𝑑)

)
2
Ψ= −𝑣𝜇𝐷𝜇Ψ− [𝑣

𝐴Φ𝐴, Ψ] −
1

4
(−𝑅‾𝜇𝜈Γ

𝜇𝜈 + 𝑅‾𝐴𝐵Γ
𝐴𝐵)Ψ −

3

2
ΩΨ 

(𝛿𝜖
(4𝑑)

)
2
𝐾𝑚 = −𝑣

𝜇𝐷𝜇𝐾𝑚 − [𝑣
𝐴Φ𝐴, 𝐾𝑚] − (𝜈[𝑚ν̸𝑛])𝐾𝑛 − 2Ω𝐾𝑚

 

𝑣𝑀 = 𝜖Γ𝑀𝜖, 𝑅‾𝑀𝑁 = 2𝛼(𝜖Γ̃𝑀𝑁Γ𝜖), Ω = 2𝛼(𝜖Γ𝜖)  

(𝛿𝜖
(4𝑑)

)
2
= −𝐿𝑣 − 𝐺Φ − 𝑅‾ − Ω  

(𝛿𝜖
(2)
)
2
𝐴𝜇= −𝑣

𝜈𝐹𝜈𝜇 − [𝑣
𝐴Φ𝐴, 𝐷𝜇]  

(𝛿𝜖
(2)
)
2
Φ𝐴̂= −𝑣

𝜈𝐷𝜈Φ𝐴̂ − [𝑣
𝐵Φ𝐵 , Φ𝐴̂] − 𝑅‾𝐴̂𝐵̂Φ

𝐵̂  

(𝛿𝜖
(2)
)
2
Φ𝑝= −𝑣

𝜈𝐷𝜈Φ𝑝 − [𝑣
𝐵Φ𝐵, Φ𝑝] − (𝑑 − 3)𝑅‾𝑝𝑞Φ

𝑞  

(𝛿𝜖
(2)
)
2
Ψ= −𝑣𝜈𝐷𝜈Ψ− [𝑣

𝐴Φ𝐴, Ψ] −
1

4
(−𝑅‾𝜇𝜈Γ

𝜇𝜈 + 𝑅‾𝐴̂𝐵̂Γ
𝐴̂𝐵̂ + (𝑑 − 3)𝑅‾𝑝𝑞Γ

𝑝𝑞)Ψ 

(𝛿𝜖
(2)
)
2
𝐾𝑚 = −𝑣

𝜇𝐷𝜇𝐾𝑚 − [𝑣
𝐴Φ𝐴, 𝐾𝑚] − (𝜈[𝑚D̸𝜈𝑛])𝐾𝑛
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𝑅‾𝑀𝑁 = 2𝛼(𝜖Γ̃𝑀𝑁Γ
789𝜖)  

(𝛿𝜖
(2)
)
2
= −𝐿𝑣 − 𝐺Φ − 𝑅‾  

∇𝜇𝜖 = 𝛼Γ̃𝜇Γ
789𝜖  

∇𝜇𝜖 =
𝑖

2𝑙
Γ𝜇𝜖  or  ∇𝜇𝜖 = −

𝑖

2𝑙
Γ𝜇𝜖  

𝑅 =
𝑑(𝑑 − 1)

𝑙2
 

𝑅 = −
𝑑(𝑑 − 1)

𝑙2
 

𝑑𝑠ℝ4
2 = 𝑑𝑟2 + 𝑟2𝑑Ω3

2  

= 𝑒
2
𝑙
𝜏(𝑑𝜏2 + 𝑙2𝑑Ω3

2) (𝑟 = 𝑙𝑒
𝜏
𝑙) 

 = 𝑒
2
𝑙
𝜏𝑑𝑠ℝ×𝑆3

2

 

𝑔𝜇𝜈
ℝ×𝑆3 = 𝑒2𝜔𝑔𝜇𝜈

ℝ4 

𝑆ℝ×𝑆3 =
1

𝑔𝑌𝑀
2 ∫  𝑑𝜏𝑑Ω3Tr [

1

4
𝐹𝜇𝜈𝐹

𝜇𝜈 +
1

2
𝐷𝜇Φ𝐴𝐷

𝜇Φ𝐴 +
1

2𝑙2
Φ𝐴Φ

𝐴

+
1

4
[Φ𝐴, Φ𝐵][Φ

𝐴, Φ𝐵] −
1

2
ΨΓ𝜇𝐷𝜇Ψ −

1

2
ΨΓ𝐴[Φ𝐴, Ψ] −

1

2
𝐾𝑚𝐾𝑚]

 

𝛿𝜖
(ℝ×𝑆3)

𝐴𝑀  = 𝜖Γ𝑀Ψ

𝛿𝜖
(ℝ×𝑆3)

Ψ =
1

2
𝐹𝑀𝑁Γ

𝑀𝑁𝜖 +
1

2
Γ𝜇𝐴Φ𝐴∇𝜇𝜖 + 𝐾𝑚𝜈𝑚

 

𝛿𝜖
(ℝ×𝑆3)

𝐾𝑚 = −𝜈𝑚Γ
𝑀𝐷𝑀Ψ  

∇𝜇𝜖 = Γ̃𝜇𝜖, ∇𝜇𝜖 = −
1

8𝑙2
Γ𝜇𝜖  

𝜖 = 𝑒
1
2
𝜔(𝜖𝑠 + 𝑥

𝜇Γ̃𝜇𝜖𝑐), 𝜖 = 𝑒
1
2
𝜔 (
1

2
𝑒−𝜔𝜖𝑐 −

1

2𝑙2
𝑒𝜔Γ𝑎𝑥𝑎𝜖𝑠)  

(𝛿𝜖
(ℝ×𝑆3))

2
𝐴𝜇= −𝑣

𝜈𝐹𝜈𝜇 − [𝑣
𝐴Φ𝐴, 𝐷𝜇]  

(𝛿𝜖
(ℝ×𝑆3))

2
Φ𝐴= −𝑣

𝜇𝐷𝜇Φ𝐴̂ − [𝑣
𝐵Φ𝐵 , Φ𝐴] − 𝑅‾𝐴𝐵Φ

𝐵 − ΩΦ𝐴  

(𝛿𝜖
(ℝ×𝑆3))

2
Ψ= −𝑣𝜇𝐷𝜇Ψ− [𝑣

𝐴Φ𝐴, Ψ] −
1

4
(−𝑅‾𝜇𝜈Γ

𝜇𝜈 + 𝑅‾𝐴𝐵Γ
𝐴𝐵)Ψ −

3

2
ΩΨ 

(𝛿𝜖
(ℝ×𝑆3))

2
𝐾𝑚 = −𝑣

𝜇𝐷𝜇𝐾𝑚 − [𝑣
𝐴Φ𝐴, 𝐾𝑚] − (𝜈[𝑚D̸𝜈𝑛])𝐾𝑛 − 2Ω𝐾𝑚

 

𝑣𝑀 = 𝜖Γ𝑀𝜖, 𝑅‾𝑀𝑁 = 2(𝜖Γ̃𝑀𝑁𝜖), Ω = 2(𝜖𝜖)  

𝐹 =𝑑𝐴 + 𝐴 ∧ 𝐴

=(−𝑖
2

𝑙
(𝐽𝑖𝜙) + (𝜕𝜏𝐴𝑖) + [𝜙, 𝐴𝑖]) 𝑑𝜏 ∧ 𝑒

𝑖

 +
1

2
𝜖𝑖𝑗𝑘 {

2

𝑙
𝑖𝜖𝑘𝑙𝑚𝐽𝑙𝐴𝑚 +

2

𝑙
𝐴𝑘 +

1

2
𝜖𝑘𝑙𝑚[𝐴𝑙 , 𝐴𝑚]} 𝑒

𝑖 ∧ 𝑒𝑗

 

Γ𝜇𝐷𝜇Ψ = Γ
𝜏𝐷𝜏Ψ+

2𝑖

𝑙
Γ𝑖𝐽𝑖Ψ+

3𝑖

4𝑙
Γ123Ψ+ Γ𝑖[𝐴𝑖 , Ψ]  

𝑆3 =
1

𝑔𝑌𝑀
2 ∫ 𝑑Ω3Tr [

1

2
(𝐷̃𝑖𝜙)

2
+
1

2
𝑓𝑖𝑗𝑓

𝑖𝑗 +
1

2
𝐷̃𝑖Φ𝐴𝐷̃

𝑖Φ𝐴 +
1

2𝑙2
Φ𝐴Φ

𝐴 +
1

2
[𝜙,Φ𝐴][𝜙,Φ

𝐴] 
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+
1

4
[Φ𝐴, Φ𝐵][Φ

𝐴, Φ𝐵] −
1

2
ΨΓ𝑖𝐷̃𝑖Ψ−

3𝑖

8𝑙
ΨΓ123Ψ−

1

2
ΨΓ𝜏[𝜙,Ψ] −

1

2
ΨΓ𝐴[Φ𝐴, Ψ] −

1

2
𝐾𝑚𝐾𝑚]  

𝐷̃𝑖𝜙 = 𝑖
2

𝑙
𝐽𝑖𝜙 + [𝐴𝑖 , 𝜙], 𝑓𝑖𝑗 =

1

2
𝜖𝑖𝑗𝑘 (

2

𝑙
𝑖𝜖𝑘𝑙𝑚𝐽𝑙𝐴𝑚 +

2

𝑙
𝐴𝑘 +

1

2
𝜖𝑘𝑙𝑚[𝐴𝑙 , 𝐴𝑚])  

𝛿𝜖
(3)
𝐴𝑖= 𝜖Γ𝑖Ψ, 𝛿𝜖

(3)
𝜙 = 𝜖Γ𝜏Ψ, 𝛿𝜖

(3)
Φ𝐴 = 𝜖Γ𝐴Ψ  

𝛿𝜖
(3)
Ψ= 𝐷̃𝑖𝜙Γ

𝑖𝜏𝜖 +
1

2
𝑓𝑖𝑗Γ

𝑖𝑗𝜖 + 𝐷̃𝑖Φ𝐴Γ
𝑖𝐴𝜖 + [𝜙,Φ𝐴]Γ

𝜏𝐴𝜖 +
1

2
[Φ𝐴, Φ𝐵]Γ

𝐴𝐵𝜖 − 2Φ𝐴Γ̃
𝐴𝜖 + 𝐾𝑚𝜈𝑚 

𝛿𝜖
(3)
𝐾𝑚 = −𝜈𝑚Γ

𝑖𝐷̃𝑖Ψ−
3𝑖

4𝑙
𝜈𝑚Γ

123Ψ − 𝜈𝑚Γ
𝜏[𝜙,Ψ] − 𝜈𝑚Γ

𝐴[Φ𝐴, Ψ]

 

𝑆BMN =
1

𝑔YM
2 ∫  𝑑𝜏Tr [

1

2
𝐷𝜏𝑋𝑖𝐷

𝜏𝑋𝑖 +
1

2
(
2

𝑙
𝑋𝑖 +

1

2
𝜖𝑖𝑗𝑘[𝑋𝑗 , 𝑋𝑘])

2

+
1

2
𝐷𝜏Φ𝐴𝐷

𝜏Φ𝐴 +
1

2𝑙2
Φ𝐴Φ

𝐴 +
1

2
[𝑋𝑖 , Φ𝐴][𝑋

𝑖 , Φ𝐴] +
1

4
[Φ𝐴, Φ𝐵][Φ

𝐴, Φ𝐵] 

−
1

2
ΨΓ𝜏𝐷𝜏Ψ−

3𝑖

8𝑙
ΨΓ123Ψ −

1

2
ΨΓ𝑖[𝑋𝑖 , Ψ] −

1

2
ΨΓ𝐴[Φ𝐴, Ψ] −

1

2
𝐾𝑚𝐾𝑚] .

 

𝛿𝜖
(BMN)

𝐴𝜏 =𝜖Γ𝜏Ψ, 𝛿𝜖
(BMN)

𝑋𝑖 = 𝜖Γ𝑖Ψ, 𝛿𝜖
(BMN)

Φ𝐴 = 𝜖Γ𝐴Ψ

𝛿𝜖
(BMN)

Ψ =𝐷𝜏𝑋𝑖Γ
𝜏𝑖𝜖 +

1

2
𝑓𝑖𝑗Γ

𝑖𝑗𝜖 + 𝐷𝜏Φ𝐴Γ
𝜏𝐴𝜖

+[𝑋𝑖 , Φ𝐴]Γ
𝑖𝐴𝜖 +

1

2
[Φ𝐴, Φ𝐵]Γ

𝐴𝐵𝜖 − 2Φ𝐴Γ̃
𝐴𝜖 + 𝐾𝑚𝜈𝑚  

𝛿𝜖
(BMN)

𝐾𝑚 = −𝜈𝑚Γ
𝜏𝐷𝜏Ψ −

3𝑖

4𝑙
𝜈𝑚Γ

123Ψ− 𝜈𝑚Γ
𝑖𝜏[𝑋𝑖 , Ψ] − 𝜈𝑚Γ

𝐴[Φ𝐴, Ψ]

 

(∇𝜇 − 𝑖𝐴̃𝜇)𝜖 = −𝑖𝑉𝜇𝜖 − 𝑖𝑉
𝜈Γ𝜇𝜈𝜖  

{𝛾𝑀 , 𝛾𝑁} = 2𝑔𝑀𝑁  

𝛾11 = 𝛾1𝛾2⋯𝛾9𝛾0  

𝛾𝑀 = ( 0 Γ̃𝑀

Γ𝑀 0
)  

Γ̃{𝑀Γ𝑁} = 𝑔𝑀𝑁 , Γ{𝑀Γ̃𝑁} = 𝑔𝑀𝑁  

(Γ𝑀)𝛼1{𝛼2(Γ
𝑀)𝛼3𝛼4} = 0  

(𝜖1𝐴𝜖2)(𝜖3𝐵𝜖4) =
1

16
[(𝜖1𝜖4)(𝜖3𝐵𝐴𝜖2) −

1

2
(𝜖1Γ̃𝑀𝑁𝜖4)(𝜖3𝐵Γ̃

𝑀𝑁𝐴𝜖2)

+
1

4!
(𝜖1Γ̃𝑀𝑁𝐾𝐿𝜖4)(𝜖3𝐵Γ̃

𝑀𝑁𝐾𝐿𝐴𝜖2)]

 

Γ̃𝑁𝑃Γ𝑀 = Γ𝑁𝑃𝑀 − 2𝑔𝑀[𝑁Γ𝑃], Γ̃𝜌Γ
𝑁𝑃𝜌 = Γ̃𝜌(Γ̃

𝑁𝑃Γ𝜌 + 2𝑔𝜌[𝑁Γ𝑃])

Γ̃𝜌Γ̃
𝜇𝜈Γ𝜌 = (𝑑 − 4)Γ𝜇𝜈 , Γ̃𝜌Γ̃

𝜇𝐴Γ𝜌 = (𝑑 − 2)Γ𝜇𝐴, Γ̃𝜌Γ̃
𝐴𝐵Γ𝜌 = 𝑑Γ𝐴𝐵

 

𝐿4

ℓ𝑠
4 = 𝑔YM

2 𝑁, 𝜏 = 𝜏𝑠  

⟨𝑆𝐼1𝐽1(𝑥 1)𝑆𝐼2𝐽2(𝑥 2)𝑆𝐼3𝐽3(𝑥 3)𝑆𝐼4𝐽4(𝑥 4)⟩  

𝑈 ≡
𝑥12
2 𝑥34

2

𝑥13
2 𝑥24

2 , 𝑉 ≡
𝑥14
2 𝑥23

2

𝑥13
2 𝑥24

2 ,  

𝒯(𝑉, 𝑈) =
𝑉2

𝑈2
𝒯(𝑈, 𝑉), 𝒯 (

𝑈

𝑉
,
1

𝑉
) = 𝑉2𝒯(𝑈, 𝑉)  

𝒯(𝑈, 𝑉) = 𝒯long (𝑈, 𝑉) + 𝒯short (𝑈, 𝑉)  
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𝒯long (𝑈, 𝑉) =
1

𝑈2
∑ 

𝒪Δ,ℓ

 𝜆Δ,ℓ
2 𝐺Δ+4,ℓ(𝑈, 𝑉)  

𝐺Δ,ℓ(𝑈, 𝑉)  =
𝑧𝑧‾

𝑧 − 𝑧‾
(𝑘Δ+ℓ(𝑧)𝑘Δ−ℓ−2(𝑧‾) − 𝑘Δ+ℓ(𝑧‾)𝑘Δ−ℓ−2(𝑧))

𝑘ℎ(𝑧)  ≡ 𝑧
ℎ
2 2𝐹1(ℎ/2, ℎ/2, ℎ, 𝑧)

 

ℱ2(𝜏, 𝜏‾) ≡
1

8𝑐

𝜕𝑚
2 𝜕𝜏𝜕𝜏‾𝐹

𝜕𝜏𝜕𝜏‾𝐹
|
𝑚=0

 = 𝐼2[𝒯]

ℱ4(𝜏, 𝜏‾) ≡ 48𝜁(3)𝑐
−1 + 𝑐−2𝜕𝑚

4 𝐹|𝑚=0  = 𝐼4[𝒯]

 

𝐼2[𝑓] ≡ −
2

𝜋
∫  𝑑𝑅𝑑𝜃

𝑅3sin2 𝜃𝑓(𝑈, 𝑉)

𝑈2
|
𝑈=1+𝑅2−2𝑅cos 𝜃

𝑉=𝑅2

𝐼4[𝑓] ≡ −
32

𝜋
∫  𝑑𝑅𝑑𝜃𝑅3sin2 𝜃(𝑈−1 +𝑈−2𝑉 + 𝑈−2)𝐷‾1,1,1,1(𝑈, 𝑉)𝑓(𝑈, 𝑉)|

𝑈=1+𝑅2−2𝑅cos 𝜃
𝑉=𝑅2

 

𝐷‾1,1,1,1(𝑈, 𝑉) =
1

𝑧 − 𝑧‾
(log (𝑧𝑧‾)log 

1 − 𝑧

1 − 𝑧‾
+ 2Li(𝑧) − 2Li(𝑧‾)) .  

𝑍(𝑚, 𝜏, 𝜏‾) = ∫  
𝑑𝑁−1𝑎

𝑁!

∏  𝑖<𝑗  𝑎𝑖𝑗
2𝐻2(𝑎𝑖𝑗)

𝐻(𝑚)𝑁−1∏  𝑖≠𝑗  𝐻(𝑎𝑖𝑗 +𝑚)
𝑒
−
8𝜋2

𝑔YM
2 ∑  𝑖  𝑎𝑖

2

|𝑍inst(𝑚, 𝜏, 𝑎𝑖𝑗)|
2
,  

|𝜏| ≥ 1, |ℜ(𝜏)| ≤
1

2
 

ℱ2(𝜏, 𝜏‾) ≈

−
𝜏2
2

4𝑐2
𝜕𝜏2
2 ∫  

∞

0

 𝑑𝑤
𝑒
−
𝑤2

𝜋𝜏2

2sinh2 𝑤
[[𝐿𝑁−1

(1)
(
𝑤2

𝜋𝜏2
)]

2

− ∑  

𝑁

𝑖,𝑗=1

  (−1)𝑖−𝑗𝐿𝑖−1
(𝑗−𝑖)

(
𝑤2

𝜋𝜏2
) 𝐿𝑗−1

(𝑖−𝑗)
(
𝑤2

𝜋𝜏2
)] 

+
1

4𝑐2
[−
3√𝑁

24
𝐸 (
3

2
; 𝜏, 𝜏‾) +

45

28√𝑁
𝐸 (
5

2
; 𝜏, 𝜏‾) +

1

𝑁
3
2

[−
39

213
𝐸 (
3

2
; 𝜏, 𝜏‾) +

4725

215
𝐸 (
7

2
; 𝜏, 𝜏‾)]

 +
1

𝑁
5
2

[−
1125

216
𝐸 (
5

2
; 𝜏, 𝜏‾) +

99225

218
𝐸 (
9

2
; 𝜏, 𝜏‾)]]

𝑘≠0

 

𝐸(𝑠, 𝜏, 𝜏‾) =2𝜁(2𝑠)𝜏2
𝑠 + 2√𝜋𝜏2

1−𝑠
Γ (𝑠 −

1
2
)

Γ(𝑠)
𝜁(2𝑠 − 1)

 +
2𝜋𝑠√𝜏2
Γ(𝑠)

∑  

𝑘≠0

  |𝑘|𝑠−
1
2𝜎1−2𝑠(|𝑘|)𝐾𝑟−1

2

(2𝜋𝜏2|𝑘|)𝑒
2𝜋𝑖𝑘𝜏1

 

∑ 

𝒪Δ,ℓ

 𝜆Δ,ℓ
2 (𝑉4𝐺Δ+4,ℓ(𝑈, 𝑉) − 𝑈

4𝐺Δ+4,ℓ(𝑈, 𝑉)) + 𝑈
2𝑉4𝒯short (𝑈, 𝑉) − 𝑈

4𝑉2𝒯short (𝑉, 𝑈) = 0  

∑ 

𝒪Δ,ℓ

 𝜆Δ,ℓ
2 𝐼2 [

𝐺Δ+4,ℓ(𝑈, 𝑉)

𝑈2
] + 𝐼2[𝒯short ] − ℱ2(𝜏, 𝜏‾) = 0  

 ∑  

𝒪Δ,ℓ

  𝜆Δ,ℓ
2 𝐼4 [

𝐺Δ+4,ℓ(𝑈, 𝑉)

𝑈2
] + 𝐼4[𝒯short ] − ℱ4(𝜏, 𝜏‾) = 0
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Δ2,0 =2 +
3𝜆

4𝜋2
−
3𝜆2

16𝜋4
+
21𝜆3

256𝜋6
+
𝜆4 (−1440(

12
𝑁2

+ 1) 𝜁(5) + 576𝜁(3) − 2496)

65536𝜋8
+ 𝑂(𝜆5)

𝜆2,0
2 =

1

𝑐
[
1

3
−

𝜆

4𝜋2
+
𝜆2(3𝜁(3) + 7)

32𝜋4
−
𝜆3(8𝜁(3) + 25𝜁(5) + 48)

256𝜋6

+
𝜆4 (2488 + 328𝜁(3) + 72𝜁(3)2 + 980𝜁(5) + 1470𝜁(7) +

45
𝑁2
(8𝜁(5) + 7𝜁(7)))

16384𝜋8
+ 𝑂(𝜆5)]

 

Δ2,0 = 2𝜆
1/4 − 2 +

2

𝜆1/4
+
1/2 − 3𝜁(3)

𝜆3/4
+
1/2 + 6𝜁(3) + 15𝜁(5)/2

𝜆5/4
+ 𝑂(𝜆−3/2).  

Δ4,0 =4 −
4

𝑐
+

135

7√2𝜋3/2𝑐7/4
𝐸 (
3

2
, 𝜏) +

1199

42𝑐2
−

3825

32√2𝜋5/2𝑐9/4
𝐸 (
5

2
, 𝜏) + 𝑂(𝑐−5/2)

𝜆4,0
2 =

1

10
+

19

300𝑐
−

4059

1960√2𝜋3/2𝑐7/4
𝐸 (
3

2
, 𝜏) +

1

𝑐2
[𝑎 −

4059

1960
]

 −
40025

1792√2𝜋5/2𝑐9/4
𝐸 (
5

2
, 𝜏) + 𝑂(𝑐−5/2)

 

𝑎 ≈ 3.5897946432786394668.  

𝐹Δ,ℓ(𝑈, 𝑉)  ≡ 𝑉
4𝐺Δ+4,ℓ(𝑈, 𝑉) − 𝑈

4𝐺Δ+4,ℓ(𝑉, 𝑈)

𝐹short (𝑈, 𝑉)  ≡ 𝑈
2𝑉4𝒯short (𝑈, 𝑉) − 𝑈

4𝑉2𝒯short (𝑉, 𝑈)
 

∑ 

𝒪Δ,ℓ

 𝜆Δ,ℓ
2 𝐹Δ,ℓ(𝑈, 𝑉) + 𝐹short (𝑈, 𝑉) = 0.  

∑ 

𝑚,𝑛

 𝛼𝑚,𝑛 (𝜕𝑧
𝑚𝜕𝑧‾

𝑛𝐹Δ,ℓ|𝑧=𝑧‾=1/2) ≥ 0 ∀ℓ = 0,2, … , Δ ≥ {
Δ∗ ℓ = 0
ℓ + 2 ℓ > 0

∑  

𝑚,𝑛

 𝛼𝑚,𝑛(𝜕𝑧
𝑚𝜕𝑧‾

𝑛𝐹short |𝑧=𝑧‾=1/2) = 1
 

𝛼2𝐼2 [
𝐺Δ+4,ℓ(𝑈, 𝑉)

𝑈2
] + 𝛼4𝐼4 [

𝐺Δ+4,ℓ(𝑈, 𝑉)

𝑈2
] +∑  

𝑚,𝑛

 𝛼𝑚,𝑛 (𝜕𝑧
𝑚𝜕𝑧‾

𝑛𝐹Δ,ℓ|𝑧=𝑧‾=1/2) ≥ 0,

𝛼2(𝐼2[𝒯short ] − ℱ2(𝜏, 𝜏‾)) + 𝛼4(𝐼4[𝒯short ] − ℱ4(𝜏, 𝜏‾)) +∑  

𝑚,𝑛

 𝛼𝑚,𝑛(𝜕𝑧
𝑚𝜕𝑧‾

𝑛𝐹short |𝑧=𝑧‾=1/2) = 1.
 

𝑈 =
16𝑟2

(𝑟2 + 2𝜂𝑟 + 1)2
, 𝑉 =

(𝑟2 − 2𝜂𝑟 + 1)2

(𝑟2 + 2𝜂𝑟 + 1)2
 

𝐷1: 𝑟 ≤ −√4|𝜂| + 𝜂
2 + 3 + |𝜂| + 2, |𝜂| ≤ 1  

𝐷2: 𝑟 ≥ −√4|𝜂| + 𝜂2 + 3 + |𝜂| + 2, 0 ≤ 𝜂 ≤ 1

𝐷3: 𝑟 ≥ −√4|𝜂| + 𝜂2 + 3 + |𝜂| + 2,−1 ≤ 𝜂 ≤ 0
 

𝐼2 [
𝐺Δ+4,ℓ
𝑈2

] = −3∫  
𝐷1

 𝑑𝑟𝑑𝜂
√1 − 𝜂2(𝑟2 − 1)2((2 − 4𝜂2)𝑟2 + 𝑟4 + 1)

128𝜋𝑟5
𝐺Δ+4,ℓ(𝑟, 𝜂)

𝐼4 [
𝐺Δ+4,ℓ
𝑈2

] = 3∫  
𝐷1

 𝑑𝑟𝑑𝜂 [
√1 − 𝜂2(𝑟2 − 1)2(2𝜂𝑟 − 𝑟2 − 1)((4𝜂2 + 10)𝑟2 + 𝑟4 + 1)

4𝜋𝑟5(𝑟2 + 2𝜂𝑟 + 1)

× 𝐷‾1,1,1,1𝐺Δ+4,ℓ(𝑟, 𝜂)]
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𝜕𝑧
𝑚𝜕𝑧‾

𝑛𝐺ℓ+ℎ,ℓ|𝑧=𝑧‾=1/2 ∼
ℎ→∞

ℎ𝑚+𝑛(4(3 − 2√2))ℎ.  

ℎΛ(4(3 − 2√2))ℎ ≈ (4(2 − √3))ℎ  

ℎmax ≈ −
Λ

𝐶
𝑊−1 (−

𝐶

Λ
)  

𝐶 = log 
2 − √3

3 − 2√2
≈ 0.446 

ℎmax ≈
Λ

𝐶
(log 

Λ

𝐶
+ log (log 

Λ

𝐶
)) .  
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𝒯short 
(0)

=−1 −
1

(1 − 𝑧)2(1 − 𝑧‾)2
+
24log (1 − 𝑧)log (1 − 𝑧‾)

𝑧2𝑧‾2
 

+
6(−2𝑧𝑧‾(𝑧2 + 𝑧𝑧‾ + 𝑧‾2 − 4) + (𝑧 + 𝑧‾)(𝑧2𝑧‾2 + 𝑧2 + 𝑧‾2 − 6) + 4)

(1 − 𝑧)2𝑧(1 − 𝑧‾)2𝑧‾
 

+
2(𝑧(2𝑧‾4 − 𝑧‾3 + 4𝑧‾2 − 18𝑧‾ + 12) − 3(𝑧‾4 − 6𝑧‾2 + 4𝑧‾))log (1 − 𝑧)

𝑧2(1 − 𝑧‾)2𝑧‾(𝑧 − 𝑧‾)
 

 +
2(3(𝑧4 − 6𝑧2 + 4𝑧) − (2𝑧4 − 𝑧3 + 4𝑧2 − 18𝑧 + 12)𝑧‾)log (1 − 𝑧‾)

(1 − 𝑧)2𝑧𝑧‾2(𝑧 − 𝑧‾)

𝒯short 
(1)

= −
1

(1 − 𝑧)(1 − 𝑧‾)
+
36log (1 − 𝑧)log (1 − 𝑧‾)

𝑧2𝑧‾2
−
2(
9𝑧‾ − 18
𝑧2𝑧‾

+
4

𝑧 − 𝑧‾
−
4
𝑧
) log (1 − 𝑧)

1 − 𝑧‾

 −
2 (
9𝑧 − 18
𝑧𝑧‾2

−
4

𝑧 − 𝑧‾
−
4
𝑧‾
) log (1 − 𝑧‾)

1 − 𝑧
+
18 (

1
(1 − 𝑧)(1 − 𝑧‾)

+ 1)

𝑧𝑧‾

 

𝐼2[𝒯short ] ≈ 0.0462845727 +
0.3895281312

𝑐

𝐼4[𝒯short ] ≈ 5.60637758 +
50.86596767

𝑐

 

𝒯𝑅∣𝑅(𝑈, 𝑉) = ∫  
𝑖∞

−𝑖∞

 
𝑑𝑠𝑑𝑡

(4𝜋𝑖)2
𝑈
𝑠
2𝑉

𝑡
2
−2Γ [2 −

𝑠

2
]
2

Γ [2 −
𝑡

2
]
2

Γ [2 −
𝑢

2
]
2

𝑀𝑅∣𝑅(𝑠, 𝑡)  

𝑀𝑅∣𝑅(𝑠, 𝑡) = ∑  

∞

𝑚,𝑛=2

  [
𝑐𝑚𝑛

(𝑠 − 2𝑚)(𝑡 − 2𝑛)
+

𝑐𝑚𝑛
(𝑡 − 2𝑚)(𝑢 − 2𝑛)

+
𝑐𝑚𝑛

(𝑢 − 2𝑚)(𝑠 − 2𝑛)
− 𝑏𝑚𝑛] + 𝐶  
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𝑐𝑚𝑛
𝑆𝑈(𝑁)

=
(𝑚 − 1)2𝑚2

5(𝑚 + 𝑛 − 1)
+
2(𝑚 − 1)2(3𝑚2 − 6𝑚 + 8)

5(𝑚 + 𝑛 − 2)
−
9𝑚4 − 54𝑚3 + 123𝑚2 − 126𝑚 + 44

5(𝑚 + 𝑛 − 3)

 −
4(𝑚2 − 4𝑚 + 9)(𝑚 − 2)2

5(𝑚 + 𝑛 − 4)
+
6(𝑚 − 3)2(𝑚 − 2)2

5(𝑚 + 𝑛 − 5)

 

𝑏𝑚𝑛 =
9𝑚𝑛

2(𝑚 + 𝑛)3
, 𝐶 = −

39

16
−
13

8
𝜋2 + 9𝜁(3)  

Φ(𝑠, 𝑡) = ∑  

∞

𝑚,𝑛=2

  [
𝑐𝑚𝑛

(𝑠 − 2𝑚)(𝑡 − 2𝑛)
−

3𝑚𝑛

2(𝑚 + 𝑛)3
+
3𝑚𝑡 − 4𝑚 + 3𝑛𝑠 − 4𝑛

4(𝑚 + 𝑛)3
]  

Φ(𝑠, 𝑡) =𝑅0(𝑠, 𝑡) (𝜓
(1) (2 −

𝑠

2
) + 𝜓(1) (2 −

𝑡

2
) − (𝜓(0) (2 −

𝑠

2
) − 𝜓(0) (2 −

𝑡

2
))

2

)

 +𝑅1(𝑠, 𝑡)𝜓
(0) (2 −

𝑠

2
) + 𝑅1(𝑡, 𝑠)𝜓

(0) (2 −
𝑡

2
) + 𝑅2(𝑠, 𝑡)

 

𝑅0(𝑠, 𝑡)=
𝑃0(𝑠, 𝑡)

40(𝑠 + 𝑡 − 10)(𝑠 + 𝑡 − 8)(𝑠 + 𝑡 − 6)(𝑠 + 𝑡 − 4)(𝑠 + 𝑡 − 2)
 

𝑅1(𝑠, 𝑡) =
𝑃1(𝑠, 𝑡)

40(𝑠 + 𝑡 − 10)(𝑠 + 𝑡 − 8)(𝑠 + 𝑡 − 4)(𝑠 + 𝑡 − 2)

𝑅2(𝑠, 𝑡) =
𝑃2(𝑠, 𝑡)

240(𝑠 + 𝑡 − 10)(𝑠 + 𝑡 − 8)(𝑠 + 𝑡 − 6)(𝑠 + 𝑡 − 4)(𝑠 + 𝑡 − 2)
− 3𝜁(3)

 

𝑃0(𝑠, 𝑡) =15𝑠
4𝑡2 + 30𝑠3𝑡3 − 360𝑠3𝑡2 + 15𝑠2𝑡4 − 360𝑠2𝑡3 + 2304𝑠2𝑡2 − 70𝑠4𝑡 + 1096𝑠3𝑡

−5048𝑠2𝑡 + 88𝑠4 − 1024𝑠3 + 3552𝑠2 − 70𝑠𝑡4 + 1096𝑠𝑡3 − 5048𝑠𝑡2 + 8640𝑠𝑡  
−4736𝑠 + 88𝑡4 − 1024𝑡3 + 3552𝑡2 − 4736𝑡 + 2048  

𝑃1(𝑠, 𝑡) =−105𝑠
3𝑡2 − 45𝑠2𝑡3 + 1200𝑠2𝑡2 − 75𝑠4𝑡 + 1350𝑠3𝑡 − 7720𝑠2𝑡 − 15𝑠5 + 400𝑠4  

−3532𝑠3 + 13008𝑠2 + 250𝑠𝑡3 − 3980𝑠𝑡2 + 17200𝑠𝑡 − 21248𝑠 − 368𝑡3  
+4192𝑡2 − 13312𝑡 + 12800  

𝑃2(𝑠, 𝑡) =−45𝑠
4𝑡2 − 630𝑠3𝑡2 − 45𝑠2𝑡4 − 630𝑠2𝑡3 + 19404𝑠2𝑡2 − 72𝑠5𝑡 + 585𝑠4𝑡  

+8640𝑠3𝑡 − 125604𝑠2𝑡 − 27𝑠6 + 477𝑠5 − 1062𝑠4 − 28908𝑠3 + 239688𝑠2 − 72𝑠𝑡5 + 585𝑠𝑡4 
+8640𝑠𝑡3 − 125604𝑠𝑡2 + 520848𝑠𝑡 − 683424𝑠 − 27𝑡6 + 477𝑡5 − 1062𝑡4 − 28908𝑡3  
+239688𝑡2 − 683424𝑡 + 642816 + 𝜋2(45𝑠4𝑡2 + 520𝑠3𝑡2 + 45𝑠2𝑡4 + 520𝑠2𝑡3 − 14544𝑠2𝑡2  

+54𝑠5𝑡 − 400𝑠4𝑡 − 7056𝑠3𝑡 + 89808𝑠2𝑡 + 9𝑠6 − 164𝑠5 − 648𝑠4 + 25984𝑠3 − 172656𝑠2  
+54𝑠𝑡5 − 400𝑠𝑡4 − 7056𝑠𝑡3 + 89808𝑠𝑡2 − 354528𝑠𝑡 + 458560𝑠 + 9𝑡6 − 164𝑡5 − 648𝑡4  
+25984𝑡3 − 172656𝑡2 + 458560𝑡 − 419328)

 

𝒯𝑅∣𝑅(𝑈, 1) = 𝜆4,0
2 𝑈2 +⋯  

𝑎 = −∫  
𝑖∞

−𝑖∞

 
𝑑𝑡

8𝜋𝑖
Γ [2 −

𝑡

2
]
2

Res [Γ [
𝑠 + 𝑡

2
]
2

Γ [2 −
𝑠

2
]
2

𝑀𝑅∣𝑅(𝑠, 𝑡)]
𝑠=4

 

{ℓ + 2, ℓ + 2.04,… , ℓ + 4, ℓ + 4.1,… , ℓ + 6, ℓ + 6.2,… , ℓ + 10, ℓ + 11,… , ℓ + ℎmax}.  
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𝑂
𝟐𝟎′
𝐼𝐽
(𝑥) = tr [Φ𝐼Φ𝐽 −

1

6
𝛿𝐼𝐽Φ𝐾Φ𝐾]  

𝑂(𝑥, 𝑌) = 𝑌𝐼𝑌𝐽𝑂𝟐𝟎
𝐼𝐽
(𝑥) = 𝑌𝐼𝑌𝐽tr[Φ𝐼(𝑥)Φ𝐽(𝑥)]  

⟨𝑋|∫  𝑑4𝑥e𝑖𝑞𝑥𝑂(𝑥, 𝑌)|0⟩ = (2𝜋)4𝛿(4)(𝑞 − 𝑘𝑋)ℳ𝑂20′→𝑋
 

ℳ𝑂20′→𝑋
= ⟨𝑋|𝑂(0, 𝑌)|0⟩  

𝜎tot(𝑞) =∑  

𝑋

  (2𝜋)4𝛿(4)(𝑞 − 𝑘𝑋) |ℳ𝑂20′→𝑋
|
2

 

 

𝜎tot(𝑞) =
1

2
(𝑁𝑐

2 − 1)(𝑌𝑌‾)2∫  
𝑑4𝑘

(2𝜋)4
(2𝜋)2𝛿+(𝑘

2)𝛿+((𝑞 − 𝑘)
2) + ⋯  

𝜎tot (𝑞)= ∫  𝑑
4𝑥e𝑖𝑞𝑥∑ 

𝑋

  ⟨0|𝑂(0, 𝑌‾)|𝑋⟩e−𝑖𝑥𝑘𝑋⟨𝑋|𝑂(0, 𝑌)|0⟩ 

 = ∫  𝑑4𝑥e𝑖𝑞𝑥⟨0|𝑂(𝑥, 𝑌‾)𝑂(0, 𝑌)|0⟩

 

𝜎tot(𝑞) = Im [2𝑖 ∫  𝑑
4𝑥e𝑖𝑞𝑥⟨0|𝑇𝑂(𝑥, 𝑌‾)𝑂(0, 𝑌)|0⟩]  

⟨0|𝑇𝑂(𝑥, 𝑌‾)𝑂(0, 𝑌)|0⟩ =
1

2
(𝑁𝑐

2 − 1)(𝑌𝑌‾)2[𝐷𝐹(𝑥)]
2  

𝜎tot(𝑞) =
1

16𝜋
(𝑁𝑐

2 − 1)(𝑌𝑌‾)2𝜃(𝑞0)𝜃(𝑞2)  

𝜎𝑊(𝑞)= 𝜎tot 
−1∑ 

𝑋

  (2𝜋)4𝛿(4)(𝑞 − 𝑘𝑋)𝑤(𝑋) |ℳ𝑂20′→𝑋
|
2

 

 = 𝜎tot 
−1∫  𝑑4𝑥e𝑖𝑞𝑥∑ 

𝑋

  ⟨0|𝑂(𝑥, 𝑌‾)|𝑋⟩𝑤(𝑋)⟨𝑋|𝑂(0, 𝑌)|0⟩
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|ℳ𝑂20′→𝑋
|
2
∼ e−𝑓(𝑔

2)/𝜖2 → 0 

𝑤ℰ(𝑘1, … , 𝑘ℓ) =∑  

ℓ

𝑖=1

 𝑘𝑖
0𝛿(2) (Ω𝑘⃗ 𝑖 − Ω𝑛⃗ )

 

Ω𝑘⃗ 𝑖 = 𝑘⃗
 
𝑖/|𝑘⃗ 𝑖| 

ℰ(𝑛⃗ )|𝑋⟩ = 𝑤ℰ(𝑋)|𝑋⟩  

ℰ(𝑛⃗ ) = ∫  
∞

0

 𝑑𝑡 lim
𝑟→∞

 𝑟2𝑛𝑖𝑇0𝑖(𝑡, 𝑟𝑛⃗ )  

ℰ(𝑛⃗ ) = ∫  
𝑑4𝑘

(2𝜋)4
2𝜋𝛿+(𝑘

2)𝑘0𝛿
(2)(Ω𝑛⃗ − Ω𝑘⃗ ) ∑  

𝑝=s,𝜆, g

 𝑎𝑝
𝑏†(𝑘)𝑎𝑝

𝑏(𝑘)  

[ℰ(𝑛⃗ ), ℰ(𝑛⃗ ′)] = 0,  for 𝑛⃗ ≠ 𝑛⃗ ′.  

ℰ(𝑛⃗ 1)…ℰ(𝑛⃗ ℓ)|𝑋⟩ = 𝑤ℰ(𝑛⃗ 1)(𝑋)…𝑤ℰ(𝑛⃗ ℓ)(𝑋)|𝑋⟩ ≡ 𝑤(𝑋)|𝑋⟩.  

⟨ℰ(𝑛⃗ 1)…ℰ(𝑛⃗ ℓ)⟩≡ 𝜎ℰ(𝑞; 𝑛⃗ 1, … , 𝑛⃗ ℓ)  

 = 𝜎tot 
−1∫  𝑑4𝑥e𝑖𝑞𝑥⟨0|𝑂(𝑥, 𝑌‾)ℰ(𝑛⃗ 1)…ℰ(𝑛⃗ ℓ)𝑂(0, 𝑌)|0⟩

 

𝒬𝐴
𝐵(𝑛⃗ ) = ∫  

∞

0

 𝑑𝑡 lim
𝑟→∞

 𝑟2(𝐽0)𝐴
𝐵(𝑡, 𝑟𝑛⃗ )  

 

𝒬𝐴
𝐵(𝑛⃗ ) = ∫  

𝑑4𝑘

(2𝜋)4
2𝜋𝛿+(𝑘

2)𝛿(2)(Ω𝑛⃗ − Ω𝑘⃗ )

× [𝑎𝐴𝐶
† (𝑘)𝑎𝐶𝐵(𝑘) + 𝑎𝐴,1/2

† (𝑘)𝑎−1/2
𝐵 (𝑘) − 𝑎−1/2

𝐵,† (𝑘)𝑎𝐴,1/2(𝑘)] − (ℵ)

 

|𝑘⟩𝐸 ≡ 𝑎𝐸,1/2
† (𝑘)𝑎𝐴𝐶

† (𝑘)|𝛿𝐵
𝐴𝒬𝐴

𝐵(𝑛⃗ )𝑎𝐴,1/2
† 𝑎−1/2

𝐵† ⟩ 

𝒬𝐴
𝐵(𝑛⃗ )|𝑘⟩𝐸 = 𝛿

(2)(Ω𝑘⃗ − Ω𝑛⃗ ) [𝛿𝐸
𝐵|𝑘⟩𝐴 −

1

4
𝛿𝐴
𝐵|𝑘⟩𝐸]  

𝒬(𝑛⃗ ; 𝑄) = 𝑄𝐵
𝐴𝒬𝐴

𝐵(𝑛⃗ ).  

𝑄𝐵
𝐴 = ∑  

4

𝛼=1

 𝑄𝛼𝑢‾𝛼
𝐴𝑢𝐵

𝛼 ,∑  

4

𝐴=1

 𝑢‾𝛼
𝐴𝑢𝐴

𝛽
= 𝛿𝛽

𝛼 ,∑  

4

𝛼=1

 𝑢‾𝛼
𝐴𝑢𝐵

𝛼 = 𝛿𝐵
𝐴.  

∑  

4

𝛼=1

𝑄𝛼 = |𝑘⟩𝛼 = 𝑢‾𝛼
𝐴|𝑘⟩𝐴 

𝒬(𝑛⃗ ; 𝑄)|𝑘⟩𝛼 = 𝑄𝛼𝛿
(2)(Ω𝑘⃗ −Ω𝑛⃗ )|𝑘⟩𝛼  

∑ 

𝐴

|𝑘⟩𝐴⟨𝑘|
𝐴 =∑  

𝛼

|𝑘⟩𝐴𝑢‾𝛼
𝐴𝑢𝐵

𝛼 ⟨𝑘|𝐵 =∑  

𝛼

  ∣ 𝑘⟩

𝛼

⟨𝑘|𝛼 

𝒬(𝑛⃗ ; 𝑄)∑  

4

𝐴=1

  |𝑘⟩𝐴⟨𝑘|
𝐴 = (𝛿(2)(Ω𝑘⃗ −Ω𝑛⃗ )𝑄𝐴

𝐵|𝑘⟩𝐵)⟨𝑘|
𝐴

 = 𝒬(𝑛⃗ ; 𝑄)∑  

𝛼

  |𝑘⟩𝛼 ⟨𝑘|
𝛼 = ∑  

4

𝛼=1

  ∣ 𝑘⟩

𝛼

(𝑄𝛼𝛿
(2)(Ω𝑘⃗ − Ω𝑛⃗ )) ⟨𝑘|

𝛼 .

 

[𝒬(𝑛⃗ ; 𝑄), 𝒬(𝑛⃗ ′; 𝑄′)] = [𝒬(𝑛⃗ ; 𝑄), ℰ(𝑛⃗ ′)] = 0.  
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⟨𝒬(𝑛⃗ 1)…𝒬(𝑛⃗ ℓ)⟩≡ 𝜎𝒬(𝑞; 𝑛⃗ 1, … , 𝑛⃗ ℓ; 𝑄1, … , 𝑄ℓ; 𝑌)  

 = 𝜎tot 
−1∫  𝑑4𝑥e𝑖𝑞𝑥⟨0|𝑂(𝑥, 𝑌‾)𝒬(𝑛⃗ 1, 𝑄1)…𝒬(𝑛⃗ ℓ, 𝑄ℓ)𝑂(0, 𝑌)|0⟩

 

𝒪𝐼𝐽(𝑛⃗ ) = ∫  
∞

0

 𝑑𝑡 lim
𝑟→∞

 𝑟2𝑂
20′
𝐼𝐽
(𝑡, 𝑟𝑛⃗ )  

Δ𝒪 = −1, Δ𝒬 = 0, Δℰ = 1  

𝒪𝐼𝐽(𝑛⃗ ) =
1

2
∫  

𝑑4𝑘

(2𝜋)4
2𝜋𝛿+(𝑘

2)𝑘0
−1𝛿(2)(Ω𝑛⃗ − Ω𝑘⃗ )𝑎

†{𝐼(𝑘)𝑎𝐽}(𝑘),  

𝒪(𝑛⃗ ; 𝑆) = 𝑆𝐼𝐽𝒪
𝐼𝐽(𝑛⃗ )  

𝑆𝐼𝐽 =∑  

6

𝑖=1

 𝑆𝑖𝜙𝐼
𝑖𝜙𝐽
𝑖 ,∑  

6

𝐼=1

 𝜙𝐼
𝑖𝜙𝐼

𝑗
= 𝛿𝑖𝑗 ,∑  

6

𝑖=1

 𝜙𝐼
𝑖𝜙𝐽
𝑖 = 𝛿𝐼𝐽  

𝒪(𝑛⃗ ; 𝑆) =
1

2
∑  

6

𝑖=1

  𝑆𝑖∫  
𝑑4𝑘

(2𝜋)4
2𝜋𝛿+(𝑘

2)𝑘0
−1𝛿(2)(Ω𝑛⃗ − Ω𝑘⃗ )(𝜙

𝑖𝑎†(𝑘))(𝜙𝑖𝑎(𝑘)),  

𝒪(𝑛⃗ ; 𝑆)∑  

6

𝐼=1

  |𝑘⟩𝐼 ⟨𝑘|𝐼 = (2𝑘0)
−1𝛿(2)(Ω𝑘⃗ − Ω𝑛⃗ ) ∑  

6

𝐼,𝐽=1

 𝑆𝐼𝐽 ∣ 𝑘⟩

𝐽

⟨𝑘|𝐼

 = 𝒪(𝑛⃗ ; 𝑆)∑  

6

𝑖=1

  |𝑘⟩𝑖 ⟨𝑘|𝑖 =∑  

6

𝑖=1

  ∣ 𝑘⟩

𝑖

(
𝑆𝑖
2𝑘0

𝛿(2)(Ω𝑘⃗ −Ω𝑛⃗ )) ⟨𝑘|
𝑖 .

 

𝒪(𝑛⃗ ; 𝑆)𝒪(𝑛⃗ ′; 𝑆′)|𝑘⟩ ∼ 𝛿(2)(Ω𝑘⃗ −Ω𝑛⃗ )𝛿
(2)(Ω𝑘⃗ − Ω𝑛⃗ ′)|𝑘⟩ = 0  

 

[𝒪(𝑛⃗ ; 𝑆), 𝒪(𝑛⃗ ′; 𝑆′)] ∼
𝑎†𝐼(0)(𝑆𝑆′ − 𝑆′𝑆)𝐼𝐽𝑎

𝐽(0)

1 − (𝑛⃗ 𝑛⃗ ′)
.  

[𝒪(𝑛⃗ ; 𝑆), ℰ(𝑛⃗ ′)] = [𝒪(𝑛⃗ ; 𝑆), 𝒬(𝑛⃗ ′; 𝑄)] = 0.  

[𝑆, 𝑆′] = 0.  

⟨𝒪(𝑛⃗ 1)…𝒪(𝑛⃗ ℓ)⟩≡ 𝜎𝒮(𝑞; 𝑛⃗ 1, … , 𝑛⃗ ℓ; 𝑆1, … , 𝑆ℓ; 𝑌)  

 = 𝜎tot 
−1∫  𝑑4𝑥e𝑖𝑞𝑥⟨0|𝑂(𝑥, 𝑌‾)𝒪(𝑛⃗ 1, 𝑆1)…𝒪(𝑛⃗ ℓ, 𝑆ℓ)𝑂(0, 𝑌)|0⟩

 

𝜎0 = |ℳ𝑂20′→ss
|
2
= |⟨s(𝑘1)s(𝑘2)|𝑂(0, 𝑌)|0⟩|

2

=
1

2
(𝑁𝑐

2 − 1)(𝑌𝑌‾)2.  
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|ℳ𝑂20′→ssg
|
2
= |⟨s(𝑘1)s(𝑘2)g(𝑘3)|𝑂(0, 𝑌)|0⟩|

2 = 𝑔2𝜎0
4𝑠12
𝑠13𝑠23

|ℳ𝑂20′→s𝜆𝜆
|
2
= |⟨𝜆(𝑘1)𝜆(𝑘2)s(𝑘3)|𝑂(0, 𝑌)|0⟩|

2 = 𝑔2𝜎0
8

𝑠12

 

𝜎tot(𝑞)= ∫  dPS2 |ℳ𝑂20′→ss
|
2
+∫  dPS3 (|ℳ𝑂20′→ssg

|
2
+ |ℳ𝑂20′→s𝜆𝜆

|
2
) + 𝑂(𝑔4) 

 =
𝜎0
8𝜋
[1 + 𝑔2𝐹virt(𝑞

2)] + 4𝑔2𝜎0∫  dPS3
𝑠12
2 + 2𝑠13𝑠23
𝑠12𝑠13𝑠23

+𝑂(𝑔4)

 

∫  dPSℓ = ∫  (∏ 

ℓ

𝑖=1

 
𝑑4𝑘𝑖
(2𝜋)4

2𝜋𝛿+(𝑘𝑖
2)) (2𝜋)4𝛿(4) (𝑞 −∑  

ℓ

𝑖=1

 𝑘𝑖)  

𝜎tot(𝑞) =
𝜎0
8𝜋
+ 𝑔2

𝜎0
8𝜋
[𝐹virt(𝑞

2) + ∫  dPS3
32𝜋(𝑞2)2

3𝑠12𝑠13𝑠23
] + 𝑂(𝑔4)  

𝜎ℰ(𝑞; 𝑛⃗ )= 𝜎tot 
−1∫  dPS2𝑤ℰ(𝑘1, 𝑘2) |ℳ𝑂20′→ss

|
2

 

 +𝜎tot 
−1∫  dPS3𝑤ℰ(𝑘1, 𝑘2, 𝑘3) (|ℳ𝑂20′→ssg

|
2
+ |ℳ𝑂20′→s𝜆𝜆

|
2
) + 𝑂(𝑔4)

 

⟨ℰ(𝑛⃗ )⟩ ≡ 𝜎ℰ(𝑞; 𝑛⃗ ) =
1

8𝜋
∫  dPS2 ∑  

𝑖=1,2

 𝑘𝑖
0𝛿(2) (Ω𝑘⃗ 𝑖 − Ω𝑛⃗ ) =

1

4𝜋
𝑞0  

|ℳ𝑂20′→ss
|
2
∼ 𝑦𝐴1𝐵1𝑦𝐴2𝐵2𝑦‾

𝐴1𝐵1𝑦‾𝐴2𝐵2 = tr(𝑦𝑦‾)2 

𝑦𝐴1𝐵1 [2𝑄𝐴1′
𝐴1𝛿(2) (Ω𝑘⃗ 1 − Ω𝑛⃗ )] 𝑦‾

𝐴1
′𝐵1𝑦𝐴2𝐵2𝑦‾

𝐴2𝐵2 + 𝑦𝐴1𝐵1𝑦‾
𝐴1𝐵1𝑦𝐴2𝐵2 [2𝑄𝐴2′

𝐴2𝛿(2) (Ω𝑘⃗ 2 − Ω𝑛⃗ )] 𝑦‾
𝐴2
′𝐵2

= 2tr(𝑦𝑦‾)tr(𝑦𝑄𝑦‾) [𝛿(2) (Ω𝑘⃗ 1 − Ω𝑛⃗ ) + 𝛿
(2) (Ω𝑘⃗ 2 − Ω𝑛⃗ )] ,

 

∫  dPS2 |ℳ𝑂𝟐𝟎′→𝑠𝑠
|
2
 

⟨𝒬(𝑛⃗ )⟩ ≡ 𝜎𝒬(𝑞; (𝑛⃗ , 𝑄); 𝑦) =
⟨𝑄⟩

4𝜋
∫  dPS2 ∑  

𝑖=1,2

 𝛿(2) (Ω𝑘⃗ 𝑖 − Ω𝑛⃗ ) =
1

𝜋
⟨𝑄⟩  

⟨𝑄⟩ =
tr(𝑦𝑄𝑦‾)

tr(𝑦𝑦‾)
 

𝑌𝐼𝛿𝐼𝐽𝑌‾𝐽 → 𝑌𝐼 ((𝑘𝑖
0)
−1
𝛿(2) (Ω𝑘⃗ 𝑖 − Ω𝑛⃗ )

1

2
𝑆𝐼𝐽)𝑌‾𝐽  

⟨𝒪(𝑛⃗ )⟩ ≡ 𝜎𝒪(𝑞; (𝑛⃗ , 𝑆); 𝑌) =
⟨𝑆⟩

16𝜋
∫  dPS2 ∑  

𝑖=1,2

  (𝑘𝑖
0)
−1
𝛿(2) (Ω𝑘⃗ 𝑖 −Ω𝑛⃗ ) =

1

2𝜋

⟨𝑆⟩

𝑞0
,  

⟨𝑆⟩ =
(𝑌𝑆𝑌‾)

(𝑌𝑌‾)
,  

⟨ℰ(𝑛⃗ )ℰ(𝑛⃗ ′)⟩(0) =
𝑞0
2

8𝜋
[𝛿(𝜃) + 𝛿(𝜋 − 𝜃)]  
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⟨ℰ(𝑛⃗ )ℰ(𝑛⃗ ′)⟩ = 𝜎tot 
−1∫  dPS3 ∑  

3

𝑖,𝑗=1

 𝑘𝑖
0𝑘𝑗
0𝛿(2) (Ω𝑘⃗ 𝑖 − Ω𝑛⃗ ) 𝛿

(2) (Ω𝑘⃗ 𝑗 − Ω𝑛⃗ 
′)

 × (|ℳ𝑂20′→s(𝑘1)s(𝑘2)g(𝑘3)
|
2
+ |ℳ𝑂20′→s(𝑘1)𝜆(𝑘2)𝜆(𝑘3)

|
2
)

 

⟨ℰ(𝑛⃗ )ℰ(𝑛⃗ ′)⟩=
𝑔2

2(2𝜋)4
𝑞0
2

sin2 𝜃
∫  
1

0

 
𝑑𝜏1

1 − 𝜏1(1 − cos 𝜃)/2
+ 𝑂(𝑔4) 

 =
𝑔2

(2𝜋)4
𝑞0
2
1 + cos 𝜃

sin4 𝜃
ln 

2

1 + cos 𝜃
+ 𝑂(𝑔4)

 

𝑧 = (1 − cos 𝜃)/2,  

⟨ℰ(𝑛⃗ )ℰ(𝑛⃗ ′)⟩ =
𝑎

4𝜋2
𝑞0
2

8𝑧3
(−
𝑧ln (1 − 𝑧)

1 − 𝑧
) + 𝑂(𝑎2),  

⟨ℰ(𝑛⃗ )ℰ(𝑛⃗ ′)⟩QCD =
𝑎QCD

4𝜋2
𝑞0
2

8𝑧3
[(−

𝑧

1 − 𝑧
+
9

𝑧2
−
15

𝑧
+ 3) ln (1 − 𝑧)

+(
9

𝑧
−

3

2(1 − 𝑧)
− 9)] + 𝑂(𝑎QCD

2 )

 

𝑎QCD = 𝑔QCD
2 𝐶2/(4𝜋

2) 

 

⟨𝒪(𝑛⃗ )𝒪(𝑛⃗ ′)⟩ = 𝜎tot 
−1∫   dPS3(𝑘1

0𝑘2
0)−12𝛿(2) (Ω𝑘⃗ 1 − Ω𝑛⃗ ) 𝛿

(2) (Ω𝑘⃗ 2 − Ω𝑛⃗ 
′)

× (𝑌𝑆𝑌‾)(𝑌𝑆′𝑌‾) |ℳ𝑂2′→s(𝑘1)s(𝑘2)g(𝑘3)
|
2
 

 

⟨𝒪(𝑛⃗ )𝒪(𝑛⃗ ′)⟩ =
𝑎

4𝜋2
⟨𝑆⟩⟨𝑆′⟩

2𝑞0
2𝑧

(−
𝑧ln (1 − 𝑧)

1 − 𝑧
) + 𝑂(𝑎2),  

⟨𝒬(𝑛⃗ )𝒬(𝑛⃗ ′)⟩ = 2𝜎tot 
−1∫  dPS[4tr(𝑦𝑄𝑦‾)tr(𝑦𝑄′𝑦‾)𝛿(2) (Ω𝑘⃗ 1 − Ω𝑛⃗ ) 𝛿

(2) (Ω𝑘⃗ 2 − Ω𝑛⃗ 
′)

× (|ℳ𝑂20′→s(𝑘1)s(𝑘2)g(𝑘3)
|
2
+∣ ℳ

𝑂20′→s(𝑘1)𝜆(𝑘2)𝜆(𝑘3)
|
2)  

+tr[𝑦𝑦‾]tr[𝑦𝑄𝑦‾𝑄′]𝛿(2) (Ω𝑘⃗ 2 − Ω𝑛⃗ ) 𝛿
(2) (Ω𝑘⃗ 3 − Ω𝑛⃗ 

′) |ℳ𝑂20′→s(𝑘1)𝜆(𝑘2)𝜆(𝑘3)
|
2
]

 

⟨𝒬(𝑛⃗ )𝒬(𝑛⃗ ′)⟩ = −
𝑎

𝜋2
ln (1 − 𝑧)

4𝑧2
(
2𝑧

1 − 𝑧
⟨𝑄⟩⟨𝑄′⟩ + ⟨𝑄,𝑄′⟩) + 𝑂(𝑎2),  

⟨𝑄, 𝑄′⟩ ≡
tr[𝑦𝑄𝑦‾𝑄′ + 𝑦‾̃𝑄𝑦̃𝑄′]

2tr[𝑦𝑦‾]
=
tr[𝑦𝑄′𝑦‾𝑄 + 𝑦‾̃𝑄′𝑦̃𝑄]

2tr[𝑦𝑦‾]
,  
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𝑦‾̃𝐴𝐵 =
1

2
𝜖𝐴𝐵𝐶𝐷𝑦‾

𝐶𝐷 and 𝑦̃𝐴𝐵 =
1

2
𝜖𝐴𝐵𝐶𝐷𝑦𝐶𝐷 

⟨𝒬(𝑛⃗ )ℰ(𝑛⃗ ′)⟩ =
𝑎

4𝜋2
⟨𝑄⟩𝑞0 (−

ln (1 − 𝑧)

𝑧2(1 − 𝑧)
) + 𝑂(𝑎2)

⟨𝒪(𝑛⃗ )ℰ(𝑛⃗ ′)⟩ =
𝑎

16𝜋2
⟨𝑆⟩ (−

ln (1 − 𝑧)

𝑧2(1 − 𝑧)
) + 𝑂(𝑎2)

⟨𝒬(𝑛⃗ )𝒪(𝑛⃗ ′)⟩ =
𝑎

4𝜋2
⟨𝑄⟩⟨𝑆′⟩(𝑞0)−1 (−

ln (1 − 𝑧)

𝑧(1 − 𝑧)
) + 𝑂(𝑎2)

 

 

𝑥𝜇 = 𝑥+𝑛
𝜇 + 𝑥−𝑛‾

𝜇 , 𝑛𝜇 = (1, 𝑛⃗ ), 𝑛‾𝜇 = (1,−𝑛⃗ )  

𝑛𝜇 → 𝜌𝑛𝜇 , 𝑛‾𝜇 → 𝜌′𝑛‾𝜇 ,  

𝑥+ =
(𝑥𝑛‾)

(𝑛𝑛‾)
, 𝑥− =

(𝑥𝑛)

(𝑛𝑛‾)
.  

ℰ(𝑛) = (𝑛𝑛‾)∫  
∞

−∞

 𝑑𝑥− lim
𝑥+→∞

 𝑥+
2𝑇++(𝑥+𝑛 + 𝑥−𝑛‾)  

𝑇++ ≡ 𝑛‾
𝜇𝑛‾𝜈𝑇𝜇𝜈(𝑥)/(𝑛𝑛‾)

2 

𝒬𝐴
𝐵(𝑛)= (𝑛𝑛‾)∫  

∞

−∞

 𝑑𝑥− lim
𝑥+→∞

 𝑥+
2(𝐽+)𝐴

𝐵(𝑥+𝑛 + 𝑥−𝑛‾) 

𝒪𝐼𝐽(𝑛) = (𝑛𝑛‾)∫  
∞

−∞

 𝑑𝑥− lim
𝑥+→∞

 𝑥+
2𝑂

𝟐𝟎′
𝐼𝐽 (𝑥+𝑛 + 𝑥−𝑛‾)

 

𝐽+(𝑥) ≡ 𝑛‾
𝜇𝐽𝜇(𝑥)/(𝑛𝑛‾) 

ℰ(𝑛) =
1

2(2𝜋)3
∫  
∞

0

 𝑑𝜏𝜏2 ∑  

𝑖=𝑠,𝑞,𝑔

 𝑎𝑖
†(𝑛𝜏)𝑎𝑖(𝑛𝜏)  

ℰ(𝜌𝑛) = 𝜌−3ℰ(𝑛), 𝒬𝐴
𝐵(𝜌𝑛) = 𝜌−2𝒬𝐴

𝐵(𝑛), 𝒪𝐼𝐽(𝜌𝑛) = 𝜌−1𝒪𝐼𝐽(𝑛)  

⟨𝒟1(𝑛1)…𝒟ℓ(𝑛ℓ)⟩𝑞 = 𝜎tot
−1∫  𝑑4𝑥e𝑖𝑞𝑥⟨0|𝑂(𝑥, 𝑌‾)𝒟1(𝑛1)…𝒟ℓ(𝑛ℓ)𝑂(0, 𝑌)|0⟩  

⟨𝒟1(Λ𝑛1)…𝒟ℓ(Λ𝑛ℓ)⟩Λ𝑞 = ⟨𝒟1(𝑛1)…𝒟ℓ(𝑛ℓ)⟩𝑞  

⟨𝒟1(𝜌1𝑛1)…𝒟ℓ(𝜌ℓ𝑛ℓ)⟩𝑞 = 𝜌1
−1−𝑠1 …𝜌ℓ

−1−𝑠ℓ⟨𝒟1(𝑛1)…𝒟ℓ(𝑛ℓ)⟩𝑞  

⟨𝒟1(𝑛1)…𝒟ℓ(𝑛ℓ)⟩𝜆𝑞 = 𝜆
Δ1+⋯+Δℓ⟨𝒟1(𝑛1)…𝒟ℓ(𝑛ℓ)⟩𝑞  

𝒪(𝑛) = 𝒟(𝑛; 0), 𝒬(𝑛) = 𝒟(𝑛; 1), ℰ(𝑛) = 𝒟(𝑛; 2)  

⟨𝒟(𝑛; 𝑠)⟩ = 𝑐𝒟
(𝑞2)𝑠

(𝑞𝑛)𝑠+1
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∫  𝑑Ω𝑛⃗ ⟨𝒬(𝑛⃗ )⟩ = 4⟨𝑄⟩ 

𝑐ℰ = 1/∫  𝑑Ω𝑛⃗ =
1

4𝜋
, 𝑐𝒬 =

⟨𝑄⟩

𝜋
 

𝑧 =
𝑞2(𝑛𝑛′)

2(𝑞𝑛)(𝑞𝑛′)
 

⟨𝒟(𝑛; 𝑠)𝒟(𝑛′; 𝑠′)⟩ =
(𝑞2)𝑠

′−1(𝑞𝑛′)𝑠−𝑠
′

(𝑛𝑛′)𝑠+1
ℱ𝑠𝑠′(𝑧)

4𝜋2
 

⟨ℰ(𝑛)ℰ(𝑛′)⟩ =
𝑞2ℱℰℰ(𝑧)

4𝜋2(𝑛𝑛′)3
, ⟨ℰ(𝑛)𝒬(𝑛′)⟩ =

(𝑞𝑛′)ℱℰ𝒬(𝑧)

4𝜋2(𝑛𝑛′)3

⟨𝒬(𝑛)𝒬(𝑛′)⟩ =
ℱ𝒬𝒬(𝑧)

4𝜋2(𝑛𝑛′)2
, ⟨ℰ(𝑛)𝒪(𝑛′)⟩ =

(𝑞𝑛′)2ℱℰ𝒪(𝑧)

4𝜋2𝑞2(𝑛𝑛′)3

⟨𝒪(𝑛)𝒪(𝑛′)⟩ =
ℱ𝒪𝒪(𝑧)

4𝜋2𝑞2(𝑛𝑛′)
, ⟨𝒬(𝑛)𝒪(𝑛′)⟩ =

(𝑞𝑛′)ℱ𝒬𝒪(𝑧)

4𝜋2𝑞2(𝑛𝑛′)2

 

ℱℰℰ(𝑧) = −𝑎
𝑧ln (1 − 𝑧)

1 − 𝑧
+ 𝑂(𝑎2)

ℱ𝒬𝒬(𝑧) = −4𝑎 (
2𝑧ln (1 − 𝑧)

1 − 𝑧
⟨𝑄⟩⟨𝑄′⟩ + ln (1 − 𝑧)⟨𝑄, 𝑄′⟩) + 𝑂(𝑎2)

ℱ𝒪𝒪(𝑧) = −𝑎
𝑧ln (1 − 𝑧)

1 − 𝑧
⟨𝑆⟩⟨𝑆′⟩ + 𝑂(𝑎2)

 

ℱℰ𝒬(𝑧) = −8𝑎
𝑧ln (1 − 𝑧)

1 − 𝑧
⟨𝑄′⟩ + 𝑂(𝑎2)

ℱℰ𝒪(𝑧) = −2𝑎
𝑧ln (1 − 𝑧)

1 − 𝑧
⟨𝑆′⟩ + 𝑂(𝑎2)

ℱ𝒬𝒪(𝑧) = −4𝑎
𝑧ln (1 − 𝑧)

1 − 𝑧
⟨𝑄⟩⟨𝑆′⟩ + 𝑂(𝑎2)

 

⟨𝒪(𝑛)⟩ = 𝜎tot 
−1∫  𝑑4𝑥1e

𝑖𝑞𝑥1⟨0|𝑂(𝑥1, 𝑌‾)𝑆
𝐼𝐽𝒪𝐼𝐽(𝑛)𝑂(0, 𝑌)|0⟩  

⟨𝒪(𝑛)⟩=
𝑆𝐼𝐽

𝜎tot 
∫  𝑑4𝑥1e

𝑖𝑞𝑥1∫  
∞

−∞

 𝑑𝑥2−(𝑛𝑛‾)  

 × lim
𝑥2+→∞

 𝑥2+
2 ⟨0|𝑂(𝑥1, 𝑌‾)𝑂𝟐𝟎′

𝐼𝐽 (𝑥2+𝑛 + 𝑥2−𝑛‾)𝑂(0, 𝑌)|0⟩𝑊

 

𝐺𝐸(1,2,3) = ⟨0|𝑂(𝑥1, 𝑌1)𝑂(𝑥2, 𝑌2)𝑂(𝑥3, 𝑌3)|0⟩𝐸  

𝐺𝐸(1,2,3) = (𝑁𝑐
2 − 1)(𝑌1𝑌2)(𝑌2𝑌3)(𝑌1𝑌3)𝐷𝐸(𝑥12)𝐷𝐸(𝑥23)𝐷𝐸(𝑥13)  

𝐺𝑊(1,2,3) = 𝐺𝐸(1,2,3)|𝐷𝐸(𝑥)→𝐷𝑊(𝑥)  

⟨0|Φ𝐼(𝑥𝑖)Φ
𝐽(𝑥𝑗)|0⟩ = 𝛿

𝐼𝐽𝐷𝑊(𝑥𝑖𝑗) = −
𝛿𝐼𝐽

4𝜋2
1

𝑥𝑖𝑗
2 − 𝑖𝜖𝑥𝑖𝑗

0  

(𝑌1𝑌2)(𝑌2𝑌3)(𝑌1𝑌3) → (𝑌𝑌‾)(𝑌𝑆𝑌‾) ≡ (𝑌𝑌‾)2⟨𝑆⟩  

𝑥12
2 − 𝑖0𝑥12

0 → 2𝑥2+(𝑥2−(𝑛𝑛‾) − (𝑥1𝑛) + 𝑖0) 

𝑥2
2 − 𝑖𝜖𝑥2

0 → 2𝑥2+(𝑥2−(𝑛𝑛‾) − 𝑖𝜖) 

lim
𝑥2+→∞

 𝑥2+
2 𝐺𝑊(1,2,3) ∼

(𝑌𝑌‾)2⟨𝑆⟩

(𝑥2−(𝑛𝑛‾) − (𝑥1𝑛) + 𝑖𝜖)(𝑥2−(𝑛𝑛‾) − 𝑖𝜖)(𝑥1
2 − 𝑖𝜖𝑥1

0)
.  

(𝑛𝑛‾)∫  
∞

−∞

 𝑑𝑥2− lim
𝑥2+→∞

 𝑥2+
2 𝐺𝑊(1,2,3) ∼

(𝑌𝑌‾)2⟨𝑆⟩

((𝑥1𝑛) − 𝑖𝜖)(𝑥1
2 − 𝑖𝜖𝑥1

0)
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⟨𝒪(𝑛)⟩ = 𝜎tot 
−1∫  𝑑4𝑥e𝑖𝑞𝑥∫  

∞

−∞

 𝑑𝑥2−(𝑛𝑛‾) lim
𝑥2+→∞

 𝑥2+
2 𝐺𝑊(1,2,3) =

1

2𝜋

⟨𝑆⟩

(𝑞𝑛)
 

⟨𝒬(𝑛)⟩ =
𝑄𝐴
𝐵

𝜎tot
∫  𝑑4𝑥e𝑖𝑞𝑥⟨0|𝑂(𝑥, 𝑌‾)𝒬𝐵

𝐴(𝑛)𝑂(0, 𝑌)|0⟩  

𝑄𝐴
𝐵𝑛‾𝜇⟨0|𝑂(𝑥1, 𝑌‾)(𝐽

𝜇)𝐵
𝐴(𝑥2)𝑂(𝑥3, 𝑌)|0⟩𝑊,  

𝐺𝐸
𝜇
≡ ⟨0|𝑂𝐼1𝐽1(𝑥1)(𝐽

𝜇)𝐵
𝐴(𝑥2)𝑂

𝐼3𝐽3(𝑥3)|0⟩𝐸  

 = −𝑖
𝑁𝑐
2 − 1

16𝜋6

(Γ{𝐼1{𝐼3)
𝐵

𝐴
𝛿𝐽1}𝐽3}

𝑥12
2 𝑥23

2 𝑥13
2 (

𝑥12
𝜇

𝑥12
2 +

𝑥23
𝜇

𝑥23
2 )

 

(𝑌𝑌‾)𝑌‾ 𝐼(Γ𝐼𝐽)𝐵
𝐴𝑄𝐴

𝐵𝑌𝐽 =
1

4
tr(𝑦𝑦‾)tr(𝑦𝑄𝑦‾)  

lim
𝑥2+→∞

 𝑥2+
2 𝐺𝑊 

𝜇 ∼
𝑛𝜇(𝑥1𝑛)

((𝑥1𝑛) − 𝑥2−(𝑛𝑛‾) − 𝑖𝜖)
2
(𝑥2−(𝑛𝑛‾) − 𝑖𝜖)

2(𝑥1
2 − 𝑖𝜖𝑥1

0)
.  

(𝑛𝑛‾)∫  
∞

−∞

 𝑑𝑥2− lim
𝑥2+→∞

 𝑥2+
2 𝑛‾𝜇𝐺𝑊

𝜇
∼

1

((𝑥1𝑛) − 𝑖𝜖)
2
(𝑥1
2 − 𝑖𝜖𝑥1

0)
 

⟨𝒬(𝑛)⟩ = 𝜎tot 
−1∫  𝑑4𝑥1e

𝑖𝑞𝑥1∫  
∞

−∞

 𝑑𝑥2−(𝑛𝑛‾) lim
𝑥2+→∞

 𝑥2+
2 𝑛‾𝜇𝐺𝑊 

𝜇 =
⟨𝑄⟩

𝜋

𝑞2

(𝑞𝑛)2
 

⟨ℰ(𝑛)⟩ = 𝜎tot 
−1∫  𝑑4𝑥e𝑖𝑞𝑥⟨0|𝑂(𝑥, 𝑌‾)ℰ(𝑛)𝑂(0, 𝑌)|0⟩  

(𝐺𝐸)
𝜇𝜈(1,2,3)= ⟨0|𝑂(𝑥1, 𝑌‾)𝑇

𝜇𝜈(𝑥2)𝑂(𝑥3, 𝑌)|0⟩𝐸  

 = −
𝑁𝑐
2 − 1

16𝜋6
(𝑌𝑌‾)2

𝑥12
2 𝑥23

2 𝑥13
2 (

𝑥12
𝜇

𝑥12
2 +

𝑥23
𝜇

𝑥23
2 ) (

𝑥12
𝜈

𝑥12
2 +

𝑥23
𝜈

𝑥23
2 )

 

⟨ℰ(𝑛)⟩ =
1

4𝜋

(𝑞2)2

(𝑞𝑛)3
 

𝒯(𝑥, 𝑌, 𝜃, 𝜃‾) = 𝑂(𝑥, 𝑌) +⋯+ (𝜃𝜎𝜇𝜃‾)𝐽𝜇(𝑥, 𝑌) +⋯+ (𝜃𝜎
𝜇𝜃‾)(𝜃𝜎𝜈𝜃‾)𝑇𝜇𝜈(𝑥) + ⋯ ,  

𝒢𝐸(1,2,3,4) = ⟨0|𝒯(𝑥1, 𝑌1, 𝜃1, 𝜃‾1)…𝒯(𝑥4, 𝑌4, 𝜃4, 𝜃‾4)|0⟩.  

𝐺𝐸(1,2,3,4) = ⟨0|𝑂(𝑥1, 𝑌1)𝑂(𝑥2, 𝑌2)𝑂(𝑥3, 𝑌3)𝑂(𝑥4, 𝑌4)|0⟩.  

𝐺𝐸
(Born)

(1,2,3,4)=
𝑁𝑐
2 − 1

(4𝜋2)4
(
𝑦12
2

𝑥12
2

𝑦23
2

𝑥23
2

𝑦34
2

𝑥34
2

𝑦14
2

𝑥14
2 +

𝑦13
2

𝑥13
2

𝑦23
2

𝑥23
2

𝑦24
2

𝑥24
2

𝑦14
2

𝑥14
2 +

𝑦12
2

𝑥12
2

𝑦24
2

𝑥24
2

𝑦34
2

𝑥34
2

𝑦13
2

𝑥13
2 ) 

 +
(𝑁𝑐

2 − 1)2

4(4𝜋2)4
(
𝑦12
4

𝑥12
4

𝑦34
4

𝑥34
4 +

𝑦13
4

𝑥13
4

𝑦24
4

𝑥24
4 +

𝑦14
4

𝑥14
4

𝑦23
4

𝑥23
4 )

 

𝐺𝐸
(loop )

(1,2,3,4)=
2(𝑁𝑐

2 − 1)

(4𝜋2)4
[
𝑦12
2 𝑦23

2 𝑦34
2 𝑦41

2

𝑥12
2 𝑥23

2 𝑥34
2 𝑥41

2 (1 − 𝑢 − 𝑣) +
𝑦12
2 𝑦13

2 𝑦24
2 𝑦34

2

𝑥12
2 𝑥13

2 𝑥24
2 𝑥34

2 (𝑣 − 𝑢 − 1)  

+
𝑦13
2 𝑦14

2 𝑦23
2 𝑦24

2

𝑥13
2 𝑥14

2 𝑥23
2 𝑥24

2 (𝑢 − 𝑣 − 1) +
𝑦12
4 𝑦34

4

𝑥12
4 𝑥34

4 𝑢 +
𝑦13
4 𝑦24

4

𝑥13
4 𝑥24

4 +
𝑦14
4 𝑦23

4

𝑥14
4 𝑥23

4 𝑣]Φ𝐸(𝑢, 𝑣)

 

Φ𝐸(𝑢, 𝑣) =∑  

∞

ℓ=1

 𝑎ℓΦℓ(𝑢, 𝑣), 𝑢 =
𝑥12
2 𝑥34

2

𝑥13
2 𝑥24

2 , 𝑣 =
𝑥23
2 𝑥14

2

𝑥13
2 𝑥24

2  

Φ𝐸(𝑢, 𝑣) = 𝑎Φ
(1)(𝑢, 𝑣) + 𝑂(𝑎2) = −

𝑎

4𝜋2
∫  

𝑑4𝑥0𝑥13
2 𝑥24

2

𝑥10
2 𝑥20

2 𝑥30
2 𝑥40

2 + 𝑂(𝑎
2)  

𝐺̂𝐸
(Born)

=
𝑁𝑐
2 − 1

(4𝜋2)4
𝑦12
2

𝑥12
2

𝑦24
2

𝑥24
2

𝑦13
2

𝑥13
2

𝑦34
2

𝑥34
2 +

(𝑁𝑐
2 − 1)2

4(4𝜋2)4
(
𝑦12
4

𝑥12
4

𝑦34
4

𝑥34
4 +

𝑦13
4

𝑥13
4

𝑦24
4

𝑥24
4 ) ,  
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𝐺̂𝐸
(loop )

=
2(𝑁𝑐

2 − 1)

(4𝜋2)4
[𝑦12
2 𝑦13

2 𝑦24
2 𝑦34

2 (𝑣 − 𝑢 − 1) + 𝑦12
4 𝑦34

4 + 𝑦13
4 𝑦24

4 𝑢]
Φ𝐸(𝑢, 𝑣)

𝑥12
2 𝑥13

2 𝑥24
2 𝑥34

2  

𝑦12
2 𝑦13

2 𝑦24
2 𝑦34

2 → (𝑌𝑆𝑌‾)(𝑌𝑆′𝑌‾)  

(𝑦12
2 𝑦34

2 )2→ (𝑌𝑆𝑌)(𝑌‾𝑆′𝑌‾)  

(𝑦13
2 𝑦24

2 )2 → (𝑌𝑆′𝑌)(𝑌‾𝑆𝑌‾)

 

⟨𝒪(𝑛)𝒪(𝑛′)⟩(Born ) = 𝜎tot 
−1∫  𝑑4𝑥1e

𝑖𝑞𝑥1∫  
∞

−∞

 𝑑𝑥2−𝑑𝑥3− lim
𝑥2+,𝑥3+→∞

 (𝑥2+𝑥3+)
2𝐺̂𝑊

(Born )
 

∼ ∫  𝑑4𝑥1e
𝑖𝑞𝑥1∫  

∞

−∞

 
𝑑𝑥2−𝑑𝑥3−⟨𝑆⟩⟨𝑆

′⟩

(𝑥12− − 𝑖𝜖)(𝑥2− − 𝑖𝜖)(𝑥13− − 𝑖𝜖)(𝑥3− − 𝑖𝜖)
 

 ∼ ∫  𝑑4𝑥1e
𝑖𝑞𝑥1

⟨𝑆⟩⟨𝑆′⟩

((𝑥1𝑛) − 𝑖𝜖)((𝑥1𝑛
′) − 𝑖𝜖)

 

 

𝑥12− = (𝑥1𝑛) − 𝑥2−, 𝑥13− = (𝑥1𝑛
′) − 𝑥3− 

∫  
∞

0

𝑑𝑡𝑑𝑡′𝛿(4)(𝑞 − 𝑛𝑡 − 𝑛′𝑡′) 

Φ𝐸(𝑢, 𝑣) = ∫  
−𝛿+𝑖∞

−𝛿−𝑖∞

 
𝑑𝑗1𝑑𝑗2
(2𝜋𝑖)2

𝑀(𝑗1, 𝑗2)𝑢
𝑗1𝑣𝑗2  

𝑀(𝑗1, 𝑗2; 𝑎) =∑  

ℓ≥1

 𝑎ℓ𝑀(ℓ)(𝑗1, 𝑗2)  

𝑀(1)(𝑗1, 𝑗2) = −
1

4
[Γ(−𝑗1)Γ(−𝑗2)Γ(𝑗1 + 𝑗2 + 1)]

2  

𝑀(∞)(𝑗1, 𝑗2; 𝑎) = −[Γ(1 − 𝑗1)Γ(1 − 𝑗2)Γ(𝑗1 + 𝑗2 + 1)]
2
1 + 𝑗1 + 𝑗2
2𝑗1𝑗2

 

Φ𝐸(𝑢, 𝑣) = Φ𝐸(𝑣, 𝑢) =
1

𝑣
Φ𝐸 (

𝑢

𝑣
,
1

𝑣
)  

𝑀(𝑗1, 𝑗2) = 𝑀(𝑗2, 𝑗1) = 𝑀(𝑗1, −1 − 𝑗1 − 𝑗2).  

Φ𝑊(1,2,3,4) =∫  
−𝛿+𝑖∞

−𝛿−𝑖∞

 
𝑑𝑗1𝑑𝑗2
(2𝜋𝑖)2

𝑀(𝑗1, 𝑗2; 𝑎)(−𝑥13
2 + 𝑖𝜖𝑥13

0 )−𝑗1−𝑗2(−𝑥24
2 + 𝑖𝜖𝑥24

0 )−𝑗1−𝑗2  

 × (−𝑥12
2 + 𝑖𝜖𝑥12

0 )𝑗1(−𝑥34
2 + 𝑖𝜖𝑥34

0 )𝑗1(−𝑥23
2 + 𝑖𝜖𝑥23

0 )𝑗2(−𝑥14
2 + 𝑖𝜖𝑥14

0 )𝑗2

 

lim
𝑥2+,𝑥3+→∞

 Φ𝑊(1,2,3,4) = ∫  
−𝛿+𝑖∞

−𝛿−𝑖∞

 
𝑑𝑗1𝑑𝑗2
(2𝜋𝑖)2

𝑀(𝑗1, 𝑗2; 𝑎)𝑓(𝑗1, 𝑗2 + 1)  

𝑓(𝑗1, 𝑗2)= ((𝑛𝑛
′)/2)

−𝑗1−𝑗2(−𝑥1
2 + 𝑖𝜖𝑥1

0)−𝑗1−𝑗2  

× ((𝑥1𝑛) − 𝑥2−(𝑛𝑛‾) − 𝑖𝜖)
𝑗1(−𝑥2−(𝑛𝑛‾) + 𝑖𝜖)

𝑗2  

 × ((𝑥1𝑛
′) − 𝑥3−(𝑛

′𝑛‾′) − 𝑖𝜖)
𝑗2(−𝑥3−(𝑛

′𝑛‾′) + 𝑖𝜖)𝑗1

 

lim
𝑥2+,𝑥3+→∞

 (𝑥2+𝑥3+)
2𝐺̂𝑊

(loop)
=

4𝜎tot
(2𝜋)7(𝑛𝑛′)2

(−𝑥1
2 + 𝑖𝜖𝑥1

0)−2∫  
−𝛿+𝑖∞

−𝛿−𝑖∞

 
𝑑𝑗1𝑑𝑗2
(2𝜋𝑖)2

𝑀(𝑗1, 𝑗2; 𝑎)

×[⟨𝑆⟩⟨𝑆′⟩𝑓(𝑗1 − 1, 𝑗2 − 1) + ⟨𝑆, 𝑆
′⟩𝑓(𝑗1 − 1, 𝑗2) + ⟨𝑆, 𝑆

′⟩𝑓(𝑗1, 𝑗2 − 1)]

 

⟨𝑆, 𝑆′⟩=
(𝑌𝑆𝑌)(𝑌‾𝑆′𝑌‾) − (𝑌𝑆𝑌‾)(𝑌𝑆′𝑌‾)

(𝑌𝑌‾)2
 

⟨𝑆, 𝑆′⟩ = ⟨𝑆, 𝑆′⟩∗, ⟨𝑆⟩ =
(𝑌𝑆𝑌‾)

(𝑌𝑌‾)
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⟨𝒪(𝑛)𝒪(𝑛′)⟩ =
1

4𝜋2𝑞2(𝑛𝑛′)
∫  
−𝛿+𝑖∞

−𝛿−𝑖∞

 
𝑑𝑗1𝑑𝑗2
(2𝜋𝑖)2

𝑀(𝑗1, 𝑗2; 𝑎)[⟨𝑆⟩⟨𝑆
′⟩𝐾(𝑗1, 𝑗2; 𝑧)

+⟨𝑆, 𝑆′⟩𝐾(𝑗1, 𝑗2 + 1; 𝑧) + ⟨𝑆, 𝑆
′⟩𝐾(𝑗1 + 1, 𝑗2; 𝑧)]

 

𝐾(𝑗1, 𝑗2; 𝑧) =
1

8𝜋5
𝑞2

(𝑛𝑛′)
∫  

𝑑4𝑥1e
𝑖𝑞𝑥1

(−𝑥1
2 + 𝑖𝜖𝑥1

0)2

 × ∫  
∞

−∞

 𝑑𝑥2−(𝑛𝑛‾)∫  
∞

−∞

 𝑑𝑥3−(𝑛
′𝑛‾ ′)𝑓(𝑗1 − 1, 𝑗2 − 1; 𝑥1, 𝑥2−, 𝑥3−)

 

𝐾(𝑗1, 𝑗2; 𝑧) = (
𝑧

1 − 𝑧
)
1−𝑗1−𝑗2 2𝜋

sin (𝜋(𝑗1 + 𝑗2))[Γ(𝑗1 + 𝑗2)Γ(1 − 𝑗1)Γ(1 − 𝑗2)]
2

 

ℱ𝒪𝒪(𝑧) = ⟨𝑆⟩⟨𝑆
′⟩ℱ𝒪𝒪

+ (𝑧) + (⟨𝑆, 𝑆′⟩ + ⟨𝑆, 𝑆′⟩) ℱ𝒪𝒪
− (𝑧)  

ℱ𝒪𝒪
+ (𝑧) = ∫  

−𝛿+𝑖∞

−𝛿−𝑖∞

 
𝑑𝑗1𝑑𝑗2
(2𝜋𝑖)2

𝑀(𝑗1, 𝑗2; 𝑎)𝐾(𝑗1, 𝑗2; 𝑧)

ℱ𝒪𝒪
− (𝑧) = ∫  

−𝛿+𝑖∞

−𝛿−𝑖∞

 
𝑑𝑗1𝑑𝑗2
(2𝜋𝑖)2

𝑀(𝑗1, 𝑗2; 𝑎)𝐾(𝑗1, 𝑗2 + 1; 𝑧)

 

 

𝑀(𝑗1, 𝑗2; 𝑎)𝐾(𝑗1, 𝑗2; 𝑧) = −
𝑎

2
(
𝑧

1 − 𝑧
)
1−𝑗1−𝑗2 𝜋(𝑗1 + 𝑗2)

2

(𝑗1𝑗2)
2sin (𝜋(𝑗1 + 𝑗2))

+ 𝑂(𝑎2)

𝑀(𝑗1, 𝑗2; 𝑎)𝐾(𝑗1, 𝑗2 + 1; 𝑧) =
𝑎

2
(
𝑧

1 − 𝑧
)
−𝑗1−𝑗2 𝜋

𝑗1
2sin (𝜋(𝑗1 + 𝑗2))

+ 𝑂(𝑎2)

 

ℱ𝒪𝒪
+ (𝑧) = −

𝑎

2
∫  
−𝛿+𝑖∞

−𝛿−𝑖∞

 
𝑑𝑗1𝑑𝑗2
(2𝜋𝑖)2

𝜋𝑗2
2

(𝑗1(𝑗2 − 𝑗1))
2
sin (𝜋𝑗2)

(
𝑧

1 − 𝑧
)
1−𝑗2

+𝑂(𝑎2),  

ℱ𝒪𝒪
+ (𝑧) = −𝑎∑  

∞

𝑘=1

 
(−1)𝑘

𝑘
(
𝑧

1 − 𝑧
)
1+𝑘

+ 𝑂(𝑎2) = −𝑎
𝑧

1 − 𝑧
ln (1 − 𝑧) + 𝑂(𝑎2).  

ℱ𝒪𝒪
− (𝑧) =

𝑎

2
∫  
−𝛿+𝑖∞

−𝛿−𝑖∞

 
𝑑𝑗1𝑑𝑗2
(2𝜋𝑖)2

𝜋

𝑗1
2sin (𝜋𝑗2)

(
𝑧

1 − 𝑧
)
−𝑗2
+ 𝑂(𝑎2)  

ℱ𝒪𝒪
− (𝑧) = 𝑂(𝑎2)  

ℱ𝒜ℬ(𝑧) =∑  

𝑅

 𝜔𝑅ℱ𝒜ℬ;𝑅(𝑧)

ℱ𝒜ℬ;𝑅(𝑧) = ∫  
𝑑𝑗1𝑑𝑗2
(2𝜋𝑖)2

𝑀(𝑗1, 𝑗2; 𝑎)𝐾𝒜ℬ;𝑅(𝑗1, 𝑗2; 𝑧)

 

𝐾ℰℰ;𝟏 = 𝐾ℰ𝒬;𝟏𝟓 = 𝐾ℰ𝒪;𝟐𝟎 = 𝐾(𝑗1, 𝑗2; 𝑧).  

20′ × 20′ = 1 + 15 + 20′ + 84 + 105 + 175,  

𝐾𝒪𝒪;𝑅(𝑗1, 𝑗2; 𝑧) = 𝑃𝑅
𝒪𝒪(𝑡1, 𝑡2)𝐾(𝑗1, 𝑗2; 𝑧)  

(𝑃1
𝒪𝒪 , 𝑃15

𝒪𝒪 , 𝑃20′
𝒪 , 𝑃84

𝒪𝒪 , 𝑃175
𝒪𝒪 , 𝑃105

𝒪𝒪 ) = (𝒴105 , 𝒴175, 𝒴84, 𝒴20′ , 𝒴15, 𝒴1)  

𝐾𝒪𝒪;𝟏𝟎𝟓 = 𝐾(𝑗1, 𝑗2; 𝑧)  
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15 × 20′ = 15 + 20′ + 45 + 45 + 175  

 

𝐾𝒬𝒪,𝑅(𝑗1, 𝑗2; 𝑧) = 𝑃𝑅
𝒬𝒪(𝑡1, 𝑡2)𝐾(𝑗1, 𝑗2; 𝑧),  

15 × 15 = 1 + 15𝑠 + 15𝑎 + 20
′ + 45 + 45 + 84,  

𝐾𝒬𝒬,𝑅(𝑗1, 𝑗2; 𝑧) = 𝑃𝑅
𝒬𝒬(𝑡1, 𝑡2, 𝑧)𝐾(𝑗1, 𝑗2; 𝑧),  

𝐾ℰℰ;𝟏 = 𝐾ℰ𝒬;𝟏𝟓 = 𝐾ℰ𝒪;𝟐𝟎 = 𝐾𝒬𝒬;𝟖𝟒 = 𝐾𝒬𝒪;𝟏𝟕𝟓 = 𝐾𝒪𝒪;𝟏𝟎𝟓.  
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ℱ𝒬𝒬(𝑧) = ∑  

𝑅=𝟏,𝟏𝟓𝑠,𝟏𝟓𝑎,𝟐𝟎
′,𝟖𝟒

 𝜔𝑅
𝒬𝒬
ℱ𝒬𝒬;𝑅(𝑧),  

∫  
∞

0

 𝑑𝜏𝜏ℓ𝛿(4)(𝑘 − 𝑛𝜏) = 2𝑘0
ℓ−1𝛿+(𝑘

2)𝛿(2)(Ω𝑘⃗ −Ω𝑛⃗ )  

𝒪(𝑛⃗ ; 𝑆) =
1

2(2𝜋)3
∑ 

6

𝑖=1

 𝑆𝑖∫  
∞

0

 𝑑𝜏(𝜙𝑖𝑎†(𝑛𝜏))(𝜙𝑖𝑎(𝑛𝜏))  

(𝜙𝑖𝑎(𝑛𝜏)) ≡∑  

6

𝐼=1

𝜙𝐼
𝑖𝑎𝐼(𝑛𝜏) 

[𝑎𝐼(𝑘), 𝑎†𝐽(𝑝)] = (2𝜋)32𝑘0𝛿
(3)(𝑘⃗ − 𝑝 )𝛿𝐼𝐽  

[𝒪(𝑛⃗ ; 𝑆), 𝒪(𝑛⃗ ′; 𝑆′)] =
1

2(2𝜋)3
∑  

6

𝑖,𝑗=1

 𝑆𝑖𝑆𝑗
′(𝜙𝑖𝜙′𝑗)∫  

∞

0

 𝑑𝜏1𝑑𝜏2𝜏2𝛿
(3)(𝜏1𝑛⃗ − 𝜏2𝑛⃗ 

′)  

 × [(𝜙𝑖𝑎†(𝑛𝜏1)) (𝜙
′𝑗𝑎(𝑛′𝜏2)) − (𝜙

′𝑗𝑎†(𝑛′𝜏2)) (𝜙
𝑖𝑎(𝑛𝜏1))]

 

( 𝜙𝑖𝜙′𝑗  ) = ∑  61 𝜙𝐼
𝑖𝜙𝐼
′𝑗

 

∫  
∞

0

 𝑑𝜏1𝑑𝜏2𝜏2𝛿
(3)(𝜏1𝑛⃗ − 𝜏2𝑛⃗ 

′)𝑓(𝜏1, 𝜏2)

= lim
𝜖→0
 (𝜋𝜖)−3/2∫  

∞

0

 𝑑𝜏1𝑑𝜏2𝜏2e
−(𝜏1𝑛⃗ −𝜏2𝑛⃗ 

′)2/𝜖𝑓(𝜏1, 𝜏2)  

 = 𝜋−3/2∫  
∞

0

 𝑑𝜏1𝑑𝜏2𝜏2e
−(𝜏1𝑛⃗ −𝜏2𝑛⃗ 

′)2lim
𝜖→0
 𝑓(𝜖1/2𝜏1, 𝜖

1/2𝜏2) =
1

4𝜋

𝑓(0,0)

1 − (𝑛⃗ 𝑛⃗ ′)

 

[𝒪(𝑛⃗ ; 𝑆), 𝒪(𝑛⃗ ′; 𝑆′)]=
1

4(2𝜋)4
∑  

6

𝑖,𝑗=1

 
𝑆𝑖𝑆𝑗

′(𝜙𝑖𝜙′𝑗)

1 − (𝑛⃗ 𝑛⃗ ′)
[(𝜙𝑖𝑎†(0))(𝜙′𝑗𝑎(0)) − (𝜙′𝑗𝑎†(0))(𝜙𝑖𝑎(0))] 

 =
1

4(2𝜋)4
𝑎†𝐼(0)(𝑆𝑆′ − 𝑆′𝑆)𝐼𝐽𝑎

𝐽(0)

1 − (𝑛⃗ 𝑛⃗ ′)

 

𝑦𝐵𝐴 = −𝑦𝐴𝐵, 𝑦̃
𝐴𝐵 =

1

2
𝜖𝐴𝐵𝐶𝐷𝑦𝐶𝐷  

𝑌𝐼 =
1

√2
(Σ𝐼)

𝐴𝐵𝑦𝐴𝐵, 𝑦𝐴𝐵 =
1

√2
𝜖𝐴𝐵𝐶𝐷(Σ𝐼)

𝐶𝐷𝑌𝐼  
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∑ 

6

𝐼=1

  (Σ𝐼)
𝐴𝐵(Σ𝐼)

𝐶𝐷 =
1

2
𝜖𝐴𝐵𝐶𝐷 ,

1

2
𝜖𝐴𝐵𝐶𝐷(Σ𝐼)

𝐴𝐵(Σ𝐽)
𝐶𝐷
= 𝛿𝐼𝐽  

(Γ𝐼𝐽)𝐶
𝐴
= −(Γ𝐽𝐼)𝐶

𝐴
=
1

2
(Σ𝐼)

𝐴𝐵(Σ‾𝐽)𝐵𝐶 − (𝐼 ↔ 𝐽), (Γ𝐼𝐽)𝐴
𝐴
= 0  

(𝑌1𝑌2) ≡∑  

𝐼

 𝑌1
𝐼𝑌2
𝐼 =

1

4
𝜖𝐴𝐵𝐶𝐷(𝑦1)𝐴𝐵(𝑦2)𝐶𝐷 =

1

2
(𝑦1)𝐴𝐵(𝑦̃2)

𝐴𝐵 =
1

2
(𝑦2)𝐴𝐵(𝑦̃1)

𝐴𝐵
 

1

2
𝜖𝐴𝐵𝐶𝐷(𝑦1)𝐴𝐵(𝑦1)𝐶𝐷 = (𝑦1)𝐴𝐵(𝑦̃1)

𝐴𝐵 = 0  

(𝑌Φ) =∑  

𝐼

 𝑌𝐼Φ𝐼 = 𝑦𝐴𝐵𝜙
𝐴𝐵 = 𝑦̃𝐴𝐵𝜙̃𝐴𝐵  

𝜙𝐴𝐵 =
1

√2
(Σ𝐼)

𝐴𝐵Φ𝐼 , 𝜙̃𝐴𝐵 =
1

2
𝜖𝐴𝐵𝐶𝐷𝜙

𝐶𝐷  

𝑦‾𝐴𝐵 = (𝑦𝐴𝐵)
∗ ≠ 𝑦̃𝐴𝐵  

[𝑂(𝑥, 𝑌)]† = tr[(𝑌‾Φ)2] = 𝑂(𝑥, 𝑌‾) 

𝑂(𝑥, 𝑌) = tr[(𝑦𝐴𝐵𝜙
𝐴𝐵)2], 𝑂(𝑥, 𝑌‾) = tr [(𝑦‾𝐴𝐵𝜙̃𝐴𝐵)

2
]  

𝜙𝐴𝐵 = 𝜙𝐴𝐵,𝑎𝑇𝑎, 𝜙̃𝐴𝐵 = 𝜙̃𝐴𝐵
𝑎 𝑇𝑎 

tr[𝑇𝑎𝑇𝑏] =
1

2
𝛿𝑎𝑏  

⟨𝑂(𝑥1, 𝑌‾)𝑂(𝑥2, 𝑌)⟩ =
𝑁𝑐
2 − 1

2
[
1

2
𝑦𝐴1𝐵1𝑦‾

𝐴1𝐵1𝐷(𝑥1 − 𝑥2)]
2

=
𝑁𝑐
2 − 1

2
[(𝑌𝑌‾)𝐷(𝑥1 − 𝑥2)]

2,  

⟨Φ𝐼,𝑎(𝑥1)Φ
𝐽,𝑏(𝑥2)⟩ = 𝛿

𝑎𝑏𝛿𝐼𝐽𝐷(𝑥1 − 𝑥2)

⟨𝜙𝐴1𝐵1,𝑎1(𝑥1)𝜙̃𝐴2𝐵2
𝑎2 (𝑥2)⟩ =

1

4
𝛿𝑎1𝑎2(𝛿𝐴2

𝐴1𝛿𝐵2
𝐵1 − 𝛿𝐵2

𝐴1𝛿𝐴2
𝐵1)𝐷(𝑥1 − 𝑥2)

 

𝐷𝐹(𝑥) = −
1

4𝜋2
1

𝑥2 − 𝑖𝜖
, 𝐷𝑊(𝑥) = −

1

4𝜋2
1

𝑥2 − 𝑖𝜖𝑥0
 

 

2⟨(𝑌‾Φ)𝒪(𝑛⃗ , 𝑆)(𝑌Φ)⟩⟨(𝑌‾Φ)𝒪(𝑛⃗ ′, 𝑆′)(𝑌Φ)⟩ ∼ 2(𝑌𝐼𝑆𝐼𝐽𝑌‾
𝐽)(𝑌𝐼

′
𝑆𝐼′𝐽′
′ 𝑌‾𝐽

′
) = 2(𝑌𝑌‾)2⟨𝑆⟩⟨𝑆′⟩,  

⟨𝑆⟩ = (𝑌𝐼𝑆𝐼𝐽𝑌‾
𝐽)/(𝑌𝑌‾) and (𝑌𝑌‾) = 𝑌𝐼𝑌‾ 𝐼. 

⟨𝒪(𝑛⃗ )𝒪(𝑛⃗ ′)⟩ = 𝜎tot 
−1∫  dPS3(𝑘1

0𝑘2
0)−1(𝑌𝑆𝑌‾)(𝑌𝑆′𝑌‾) |ℳ𝑂2′→s(𝑘1)s(𝑘2)g(𝑘3)

|
2

 × [𝛿(2) (Ω𝑘⃗ 1 − Ω𝑛⃗ ) 𝛿
(2) (Ω𝑘⃗ 2 − Ω𝑛⃗ 

′) + 𝛿(2) (Ω𝑘⃗ 1 − Ω𝑛⃗ 
′) 𝛿(2) (Ω𝑘⃗ 2 − Ω𝑛⃗ )]

 

𝑠12 = 𝑞0
2(1 − 𝜏3), 𝑠23 = 𝑞0

2(1 − 𝜏1), 𝑠13 = 𝑞0
2(1 − 𝜏2),  
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∫  dPS3𝛿
(2) (Ω𝑘⃗ 1 − Ω𝑛⃗ ) 𝛿

(2) (Ω𝑘⃗ 2 − Ω𝑛⃗ 
′) =

𝑞0
2

64(2𝜋)5
∫  
1

0

 𝑑𝜏1𝑑𝜏2𝜏1𝜏2𝛿(1 − 𝜏1 − 𝜏2 + 𝜏1𝜏2𝑧)  

⟨𝒪(𝑛⃗ )𝒪(𝑛⃗ ′)⟩ =
𝑔2

32𝜋4
(𝑌𝑆𝑌‾)(𝑌𝑆′𝑌‾)

𝑞0
2(𝑌𝑌‾)2

∫  
1

0

 𝑑𝜏1𝑑𝜏2
𝜏1 + 𝜏2 − 1

(1 − 𝜏1)(1 − 𝜏2)
𝛿(1 − 𝜏1 − 𝜏2 + 𝜏1𝜏2𝑧)  

𝒬(𝑛⃗ ) ∼ 𝑄𝐵
𝐴𝑎𝐴𝐶

† 𝑎𝐶𝐵 

𝑄𝐵3
𝐴3⟨𝑦𝐴1𝐵1𝜙

𝐴1𝐵1𝑎𝐴3𝐶3
† ⟩⟨𝑎𝐶3𝐵3𝑦‾𝐴2𝐵2𝜙‾𝐴2𝐵2⟩(𝑄

′)𝐵4
𝐴4⟨𝑦𝐴1′𝐵1′𝜙

𝐴1
′𝐵1

′
𝑎𝐴4𝐶4
† ⟩⟨𝑎𝐶4𝐵4𝑦‾𝐴2

′𝐵2
′
𝜙‾𝐴2′𝐵2′ ⟩

∼ 𝑄𝐵3
𝐴3(𝑄′)𝐵4

𝐴4𝑦𝐴1𝐵1𝑦‾
𝐴2𝐵2𝑦1,𝐴1′𝐵1′𝑦‾

𝐴2
′𝐵2

′
𝛿𝐴3
𝐴1𝛿𝐶3

𝐵1𝛿𝐴2
𝐶3𝛿𝐵2

𝐵3𝛿𝐴4
𝐴1
′

𝛿𝐶4
𝐵1
′

𝛿
𝐴2
′
𝐶4𝛿

𝐵2
′
𝐵4

∼ 𝑄𝐵3
𝐴3𝑦𝐴3𝐵1𝑦‾

𝐵1𝐵3(𝑄′)𝐵4
𝐴4𝑦𝐴4𝐵1′𝑦‾

𝐵1
′𝐵4 ≡ tr(𝑦‾𝑄𝑦)tr(𝑦‾𝑄′𝑦)

 

𝒬(𝑛⃗ ) ∼ 𝑄𝐵
𝐴𝑎𝐴,1/2

† 𝑎−1/2
𝐵  

𝑄𝐵3
𝐴3(𝑄′)𝐵4

𝐴4𝑦𝐴3𝐴4𝑦‾
𝐵3𝐵4 ≡ tr(𝑦‾𝑄𝑦𝑄′)tr(𝑦‾𝑦) = tr(𝑦‾𝑄′𝑦𝑄)tr(𝑦‾𝑦) = tr(𝑦𝑄𝑦‾𝑄′)tr(𝑦‾𝑦)  

𝑦𝐴𝐵 → 𝑦‾̃𝐴𝐵 ≡=
1

2
𝜖𝐴𝐵𝐶𝐷𝑦‾

𝐶𝐷 and 𝑦‾𝐴𝐵 → 𝑦̃𝐴𝐵 ≡
1

2
𝜖𝐴𝐵𝐶𝐷𝑦𝐶𝐷 

⟨𝒬(𝑛⃗ )𝒬(𝑛⃗ ′)⟩ = 4
tr(𝑦𝑄𝑦‾)

tr(𝑦𝑦‾)

tr(𝑦𝑄′𝑦‾)

tr(𝑦𝑦‾)
(𝐼𝑎+𝑏 + 𝐼𝑐) +

tr[𝑦𝑄′𝑦‾𝑄 + 𝑦‾̃𝑄′𝑦̃𝑄]

2tr(𝑦𝑦‾)
𝐼𝑑 ,  

𝐼𝑎+𝑏 =
2[tr(𝑦‾𝑦)]2

𝜎tot 
∫  dPS3𝛿

(2) (Ω𝑘⃗ 1 − Ω𝑛⃗ ) 𝛿
(2) (Ω𝑘⃗ 2 − Ω𝑛⃗ 

′) |ℳ𝑂20′→s(𝑘1)s(𝑘2)𝑔(𝑘3)
|
2

 

𝐼𝑐=
2[tr(𝑦‾𝑦)]2

𝜎tot
∫  dPS3𝛿

(2) (Ω𝑘⃗ 1 −Ω𝑛⃗ ) 𝛿
(2) (Ω𝑘⃗ 2 −Ω𝑛⃗ 

′) |ℳ𝑂20′→s(𝑘1)𝜆(𝑘2)𝜆(𝑘3)
|
2
 

𝐼𝑑=
2[tr(𝑦‾𝑦)]2

𝜎tot
∫  dPS3𝛿

(2) (Ω𝑘⃗ 2 −Ω𝑛⃗ ) 𝛿
(2) (Ω𝑘⃗ 3 −Ω𝑛⃗ 

′)| ℳ
𝑂20′→s(𝑘1)𝜆(𝑘2)𝜆(𝑘3)

|
2 .

 

𝐼𝑎+𝑏 =
𝑎

8𝜋2
(𝑧 − 2)ln (1 − 𝑧) − 2𝑧

𝑧2(1 − 𝑧)

𝐼𝑐=
𝑎

4𝜋2
(1 − 𝑧)ln (1 − 𝑧) + 𝑧

𝑧2(1 − 𝑧)
 

𝐼𝑑 = −
𝑎

4𝜋2
ln (1 − 𝑧)

𝑧2

 

⟨ℰ(𝑛)ℰ(𝑛′)⟩ = 16𝜋𝑔2∫  dPS𝑆3𝑘1
0𝑘2
0𝛿(2) (Ω𝑘⃗ 1 −Ω𝑛⃗ ) 𝛿

(2) (Ω𝑘⃗ 2 −Ω𝑛⃗ 
′)

4(𝑞2)2

𝑠12𝑠13𝑠23
,  

⟨ℰ(𝑛)ℰ(𝑛′)⟩=
𝑔2𝑞0

2

8(2𝜋)4
∫  
1

0

 
𝑑𝜏1𝑑𝜏2(𝜏1𝜏2)

2

(1 − 𝜏1)(1 − 𝜏2)(𝜏1 + 𝜏2 − 1)
𝛿(1 − 𝜏1 − 𝜏2 + 𝜏1𝜏2𝑧) 

 =
𝑔2𝑞0

2

8(2𝜋)4
1

𝑧(1 − 𝑧)
∫  
1

0

 
𝑑𝜏1

1 − 𝑧𝜏1

 

⟨𝑆⟩ =
(𝑌𝑆𝑌‾)

(𝑌𝑌‾)
, [𝑆] =

(𝑌𝑆𝑌)

(𝑌𝑌‾)
, [𝑆] =

(𝑌‾𝑆𝑌‾)

(𝑌𝑌‾)

⟨𝑆𝑆′⟩ =
(𝑌𝑆𝑆′𝑌‾)

(𝑌𝑌‾)
, ⟨𝑆𝑆′⟩ =

(𝑌𝑆′𝑆𝑌‾)

(𝑌𝑌‾)
, (𝑆𝑆′) = tr(𝑆𝑆′)
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𝜔1
𝒪𝒪 =

1

6
(𝑆𝑆′)

𝜔15
𝒪𝒪 =

1

6
{⟨𝑆𝑆′⟩ − ⟨𝑆𝑆′⟩}

𝜔20′
𝒪𝒪 =

1

6
{⟨𝑆𝑆′⟩ + ⟨𝑆𝑆′⟩ −

1

3
(𝑆𝑆′)}

𝜔84
𝒪𝒪 =

1

6
{[𝑆][𝑆′] + [𝑆][𝑆′] − 2⟨𝑆⟩⟨𝑆′⟩ −

1

2
(⟨𝑆𝑆′⟩ + ⟨𝑆𝑆′⟩) +

1

10
(𝑆𝑆′)}

𝜔175
𝒪𝒪 =

1

6
{[𝑆][𝑆′] − [𝑆][𝑆′] −

1

2
(⟨𝑆𝑆′⟩ − ⟨𝑆𝑆′⟩)}

𝜔105
𝒪𝒪 =

1

6
{[𝑆][𝑆′] + [𝑆][𝑆′] + 4⟨𝑆⟩⟨𝑆′⟩ −

4

5
(⟨𝑆𝑆′⟩ + ⟨𝑆𝑆′⟩) +

1

10
(𝑆𝑆′)}

 

𝑆𝐼𝐽 → 𝑌2
𝐼𝑌2
𝐽
, (𝑆′)𝐼𝐽 → 𝑌3

𝐼𝑌3
𝐽
, 𝑌 → 𝑌4, 𝑌‾ → 𝑌1 

𝜔𝑅
𝒪𝒪 → (𝑌2𝑌3)

2𝒴𝑅(𝑡1, 𝑡2)  

𝑡1 = (𝑌1𝑌2)(𝑌3𝑌4)/((𝑌1𝑌4)(𝑌2𝑌3)), 𝑡2 = (𝑌1𝑌3)(𝑌2𝑌4)/((𝑌1𝑌4)(𝑌2𝑌3)) 

𝒴𝟏 = 1

𝒴𝟏𝟓 = 𝑡1 − 𝑡2

𝒴𝟐𝟎 ′ = 𝑡1 + 𝑡2 −
1

3

𝒴𝟖𝟒 = (𝑡1 − 𝑡2)
2 −

1

2
(𝑡1 + 𝑡2) +

1

10

𝒴𝟏𝟕𝟓 = 𝑡1
2 − 𝑡2

2 −
1

2
(𝑡1 − 𝑡2)

𝒴𝟏𝟎𝟓 = 𝑡1
2 + 𝑡2

2 + 4𝑡1𝑡2 −
4

5
(𝑡1 + 𝑡2) +

1

10

 

(𝑌2𝑌3) = 0 → (𝑆𝑆′) = ⟨𝑆𝑆′⟩ = ⟨𝑆′𝑆⟩ = 0 → 𝜔𝟏
𝒪𝒪 = 𝜔𝟏𝟓

𝒪𝒪 = 𝜔𝟐𝟎
𝒪𝒪 = 0  

𝑌2 = 𝑌3 → [𝑆][𝑆′] = [𝑆][𝑆′] = ⟨𝑆⟩⟨𝑆′⟩ → 𝜔𝟖𝟒
𝒪𝒪 = 𝜔𝟏𝟕𝟓

𝒪𝒪 = 0  

[𝑆][𝑆′] = [𝑆][𝑆′] = ⟨𝑆⟩⟨𝑆′⟩  

𝑌 = (1,0,1,0, 𝑖, 𝑖), 𝑆 = diag(1,−1,0,0,0,0), 𝑆′ = diag(0,0,1,−1,0,0)  

𝜔15
𝒬𝒪
= −4[⟨𝑄𝑆⟩ + ⟨𝑄𝑆⟩]

𝜔
20′
𝒬𝒪
= 4[⟨𝑄𝑆⟩ − ⟨𝑄𝑆⟩]

𝜔175
𝒬𝒪

= 4 [⟨𝑆⟩⟨𝑄⟩ −
1

8
{⟨𝑄𝑆⟩ + ⟨𝑄𝑆⟩}]

 

⟨𝑄𝑆⟩ = 𝑌𝐼𝑄𝐼𝐽𝑆𝐾𝐿𝑌‾𝐿  

𝑄𝐼𝐽 = −𝑄𝐽𝐼 = (Γ𝐼𝐽)𝐴
𝐵𝑄𝐵

𝐴 

𝒵1 = tr(𝑄𝑄
′), 𝒵2 =

tr(𝑦𝑄𝑦‾)tr(𝑦𝑄′𝑦‾)

[tr(𝑦𝑦‾)]2
,

𝒵3 =
tr(𝑦𝑄𝑄′𝑦‾)

tr(𝑦𝑦‾)
, 𝒵4 =

tr(𝑦𝑄′𝑄𝑦‾)

tr(𝑦𝑦‾)
,

 𝒵5 =
tr(𝑦𝑄𝑦‾𝑄′)

tr(𝑦𝑦‾)
.  

tr(𝑦‾̃𝑄𝑦̃𝑄′)

tr(𝑦𝑦‾)
= 𝒵5 −

1

2
𝒵1 − (𝒵3 +𝒵4)  →  ⟨𝑄, 𝑄

′⟩ = 2𝒵5 −
1

2
𝒵1 − (𝒵3 + 𝒵4).  
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𝜔1
𝒬𝒬
= −

1

5
𝒵1  

𝜔15a
𝒬
= −

1

5
[𝒵3 −𝒵4]  

𝜔15s
𝒬
= −

1

5
[𝒵1 − 4(𝒵3 + 𝒵4)]  

𝜔
20′
𝒬
= −

1

5
[𝒵1 − 3(𝒵3 + 𝒵4) + 6𝒵5]  

𝜔84
𝒬
 = −

1

5
[𝒵1 − 40𝒵2 − 5(𝒵3 + 𝒵4) + 10𝒵5]

 

𝜔𝟏
ℰℰ = 1,𝜔𝟏𝟓

ℰ𝒬
= 8⟨𝑄⟩,𝜔𝟐𝟎

ℰ𝒪 = 2⟨𝑆⟩.  

𝐾(𝑗1, 𝑗2; 𝑧)=
1

16𝜋5
𝑞2((𝑛𝑛′)/2)

−𝑗1−𝑗2+1
∫  

𝑑4𝑥1e
𝑖𝑞𝑥1

(−𝑥1
2 + 𝑖𝜖𝑥1

0)𝑗1+𝑗2
 

× ∫  
∞

−∞

 𝑑𝑥2−((𝑥1𝑛) − 𝑥2− − 𝑖𝜖)
𝑗1−1(−𝑥2− + 𝑖𝜖)

𝑗2−1  

 × ∫  
∞

−∞

 𝑑𝑥3−((𝑥1𝑛
′) − 𝑥3− − 𝑖𝜖)

𝑗2−1(−𝑥3− + 𝑖𝜖)
𝑗1−1

 

∫  
∞

−∞

 𝑑𝑥2−((𝑥1𝑛)−𝑥2− − 𝑖0)
𝑗1−1(−𝑥2− + 𝑖0)

𝑗2−1

=
2𝜋𝑖𝑗2−𝑗1

Γ(1 − 𝑗1)Γ(1 − 𝑗2)
∫  
∞

0

 𝑑𝜔1𝜔1
−𝑗1−𝑗2e−𝑖𝜔1(𝑥1𝑛)

 

𝐾(𝑗1, 𝑗2; 𝑧) =
𝑞2((𝑛𝑛′)/2)

−𝑗1−𝑗2+1

4𝜋3[Γ(1 − 𝑗1)Γ(1 − 𝑗2)]
2∫  

∞

0

 𝑑𝜔1𝑑𝜔2(𝜔1𝜔2)
−𝑗1−𝑗2𝐷𝑗1+𝑗2(𝑞 − 𝜔1𝑛 − 𝜔2𝑛

′)  

𝐷𝑗(𝑞) = ∫  
𝑑4𝑥1e

𝑖𝑞𝑥1

(−𝑥1
2 + 𝑖𝜖𝑥1

0)𝑗
= 2𝜋3

(𝑞2/4)𝑗−2𝜃(𝑞0)𝜃(𝑞2)

Γ(𝑗)Γ(𝑗 − 1)
.  

𝐾(𝑗1, 𝑗2; 𝑧) = (
𝑧

1 − 𝑧
)
1−𝑗1−𝑗2 2𝜋

sin (𝜋(𝑗1 + 𝑗2))[Γ(𝑗1 + 𝑗2)Γ(1 − 𝑗1)Γ(1 − 𝑗2)]
2
.  

{𝒬𝛼
𝑖 , 𝒬𝑗𝛼̇}= 𝛿𝑗

𝑖(𝜎𝜇)𝛼𝛼̇𝜕𝜇  

{𝒬𝛼
𝑖 , 𝒬𝛽

𝑗
} = {𝒬𝑖𝛼̇ , 𝒬𝑗𝛽̇} = 0,(2.1)

 

𝑆𝑌𝑀 =
1

𝑔2
Tr∫   d4𝑥 (

1

2
𝐹𝜇𝜈𝐹

𝜇𝜈 − 4𝜆𝑖𝛼𝜎𝛼𝛼̇
𝜇
𝐷𝜇𝜆‾𝑖

𝛼̇ −
1

2
𝜙‾𝐷𝜇𝐷

𝜇𝜙

−𝜙‾{𝜆‾𝑖𝛼̇ , 𝜆‾𝑖𝛼̇} + 𝜙{𝜆
𝑖𝛼 , 𝜆𝑖𝛼} −

1

32
[𝜙, 𝜙‾][𝜙, 𝜙‾]) ,

 

𝐻 = 𝑆𝑈(2)𝐿 × 𝑆𝑈(2)𝑅 × 𝑆𝑈(2)𝐼 × 𝑈(1)  

𝐴𝜇∶ (
1

2
,
1

2
, 0)

0

𝜆𝑖𝛼∶ (
1

2
, 0,
1

2
)
−1

𝜆‾𝑖𝛼∶ (0,
1

2
,
1

2
)
+1

𝜙∶ (0,0,0)+2

𝜙‾∶ (0,0,0)−2

 

(𝑆𝑈(2)𝐿, 𝑆𝑈(2)𝑅, 𝑆𝑈(2)𝐼)
𝑈(1)  

𝑄𝑖𝛼 = (
1

2
, 0,
1

2
)
+1

 ;  𝑄‾𝑖𝛼̇ = (0,
1

2
,
1

2
)
−1

.  
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𝛿𝐴𝜇= −√2𝜉
𝛼𝑗(𝜎𝜇)𝛼𝛼̇

𝜆‾𝑗
𝛼̇ − √2𝜉‾𝛼̇𝑗(𝜎𝜇)𝛼𝛼̇

𝜆𝑖
𝛼  

𝛿𝜙= −4√2𝜉‾𝛼̇𝑗𝜆‾𝑗𝛼̇  

𝛿𝜙‾ = −4√2𝜉𝛼𝑗𝜆𝑗𝛼

𝛿𝜆𝑖𝜅 =
√2

8
𝜉𝛼𝑗𝜀𝛼𝜅𝜀𝑖𝑗[𝜙, 𝜙‾] +

1

√2
𝜉𝛼𝑗𝜀𝑖𝑗(𝜎

𝜇𝜈)𝜅𝛼𝐹𝜇𝜈 +
1

√2
𝜉‾𝛼̇𝑗𝜀𝑖𝑗(𝜎𝜇)𝜅𝛼̇

𝐷𝜇𝜙‾

𝛿𝜆‾𝑖𝜅̇ =
1

√2
𝜉𝛼𝑗𝜀𝑖𝑗(𝜎𝜇)𝛼𝜅̇

𝐷𝜇𝜙 +
√2

8
𝜉‾𝛼̇𝑗𝜀𝜅̇𝛼̇𝜀𝑗𝑖[𝜙, 𝜙‾] +

1

√2
𝜉‾𝛼̇𝑗𝜀𝑗𝑖(𝜎‾

𝜇𝜈)𝜅̇𝛼̇𝐹𝜇𝜈

 

𝛿𝑆𝑌𝑀 = 0  

𝑞𝑖∶ (0,0,
1

2
)
0

𝑞̃𝑖∶ (0,0,
1

2
)
0

(𝜓𝑞)𝛼∶ (
1

2
, 0,0)

+1

(𝜓‾𝑞)𝛼̇∶ (0,
1

2
, 0)

−1

(𝜓𝑞̃)𝛼∶ (
1

2
, 0,0)

+1

(𝜓‾𝑞̃)𝛼̇∶ (0,
1

2
, 0)

−1

 

𝑆 = 𝑆𝑌𝑀 + 𝑆𝑚𝑎𝑡𝑡𝑒𝑟  

𝑆matter =
1

𝑔2
Tr𝑚∫   d

4𝑥 (
1

2
𝑞̃𝑖𝐷𝜇𝐷

𝜇𝑞𝑖 + 2𝑞̃
𝑖𝜆‾𝑖𝛼̇(𝜓‾𝑞)

𝛼̇
− 2𝑞𝑖𝜆‾𝑖𝛼̇(𝜓‾𝑞̃)

𝛼̇
 

−
1

2
𝑞̃𝑖𝜆𝑖𝛼(𝜓𝑞)

𝛼
−
1

2
𝑞𝑖𝜆𝑖𝛼(𝜓𝑞̃)

𝛼
+ (𝜓𝑞̃)

𝛼
(𝜎𝜇)𝛼𝛼̇𝐷𝜇(𝜓‾𝑞)

𝛼̇
 

−(𝜓‾𝑞̃)𝛼̇
(𝜎‾𝜇)𝛼̇𝛼𝐷𝜇(𝜓𝑞)𝛼 +

1

8
(𝜓𝑞̃)

𝛼
𝜙‾(𝜓𝑞)𝛼 − 2(𝜓

‾
𝑞̃)
𝛼̇
𝜙(𝜓‾𝑞)𝛼̇  

+
1

16
𝑞̃𝑖{𝜙, 𝜙‾}𝑞𝑖 −

1

32
𝑞̃𝑖𝑞𝑖𝑞̃

𝑗𝑞𝑗)

 

𝛿𝑞𝑖= √2𝜀𝑗𝑖𝜉
𝛼𝑗(𝜓𝑞)𝛼 + √2𝜀𝑗𝑖𝜉

‾𝛼̇𝑗(𝜓‾𝑞)𝛼̇  

𝛿𝑞̃𝑖= √2𝜀𝑗𝑖𝜉
𝛼𝑗(𝜓𝑞̃)𝛼 + √2𝜀𝑗𝑖𝜉

‾𝛼̇𝑗(𝜓‾𝑞̃)𝛼̇  

𝛿(𝜓𝑞)𝛾= √2𝜀𝛾𝛼𝜉
𝛼𝑗𝜙𝑞𝑗 +

1

√2
𝜉‾𝛼̇𝑗(𝜎𝜈)𝛾𝛼̇D𝜈𝑞𝑗  

𝛿(𝜓‾𝑞)𝛾̇ = −
1

√2
𝜉𝛼𝑗(𝜎𝜈)𝛼𝛾̇D𝜈𝑞𝑗 −

√2

16
𝜀𝛾̇𝛼̇𝜉‾

𝛼̇𝑗𝜙‾𝑞𝑗

𝛿(𝜓𝑞̃)𝛾 = −√2𝜀𝛾𝛼𝜉
𝛼𝑗𝜙𝑞̃𝑗 +

1

√2
𝜉‾𝛼̇𝑗(𝜎𝜈)𝛾𝛼̇D𝜈𝑞̃𝑗

𝛿(𝜓‾𝑞̃)𝛾̇ = −
1

√2
𝜉𝛼𝑗(𝜎𝜈)𝛼𝛾̇D𝜈𝑞̃𝑗 +

√2

16
𝜀𝛾̇𝛼̇𝜉‾

𝛼̇𝑗𝜙‾𝑞̃𝑗

 

𝛿𝑆𝑚𝑎𝑡𝑡𝑒𝑟 = 0,  

𝛿𝑆 = 𝛿(𝑆𝑌𝑀 + 𝑆𝑚𝑎𝑡𝑡𝑒𝑟) = 0  
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[𝑀𝜇𝜈 ,𝑀𝜌𝜎]= −𝑖(𝜂𝜇𝜌𝑀𝜈𝜎 − 𝜂𝜇𝜎𝑀𝜈𝜌 − 𝜂𝜈𝜌𝑀𝜇𝜎 + 𝜂𝜇𝜎𝑀𝜇𝜌) 

[𝑀𝜇𝜈 , 𝑃𝜌]= 𝑖(𝜂𝜈𝜌𝑃𝜇 − 𝜂𝜇𝜌𝑃𝜈)  

[𝑀𝜇𝜈 , 𝑄𝛼
𝑖 ]= −(𝜎𝜇𝜈)𝛼

𝛽
𝑄𝛽
𝑖  

{𝑄𝛼
𝑖 , 𝑄‾

𝛽̇

𝑗
} = 2𝜎

𝛼𝛽̇

𝜇
𝑃𝜇𝛿

𝑖𝑗

[𝑇𝑖
𝑗
, 𝑄𝑘𝛼] = −

1

2
(𝛿𝑘

𝑗
𝑄𝑖𝛼 −

1

2
𝛿𝑖
𝑗
𝑄𝑘𝛼)

[𝑇𝑖
𝑗
, 𝑇𝑘
𝑙] =

1

2
(𝛿𝑖
𝑙𝑇𝑘
𝑗
− 𝛿𝑘

𝑗
𝑇𝑖
𝑙)

[ℛ, 𝑄𝑖𝛼] = 𝑄𝑖𝛼

 

𝐽𝛼𝛽:=
1

2
(𝜎𝜇𝜈)𝛼𝛽𝑀𝜇𝜈  ;  𝐽‾𝛼̇𝛽̇: =

1

2
(𝜎‾𝜇𝜈)𝛼̇𝛽̇𝑀𝜇𝜈 ;  𝑃𝛼𝛽̇: = (𝜎

𝜇)𝛼𝛽̇𝑃𝜇  

𝜌:𝑀4 → 𝐻 , 𝜌(𝑥𝜇) = 𝑥𝜇𝜎
𝜇

𝜌−1: 𝐻 → 𝑀4 , 𝜌
−1(ℎ) =

1

2
Tr[ℎ𝜎‾𝜇]

 

𝑖 →
 twist  

𝛼  

𝐽𝛼𝛽
′ : = 𝐽𝛼𝛽 + 𝑘𝑇𝛼𝛽  

𝐻 →
𝑡𝑤𝑖𝑠𝑡 

𝐻′ = 𝑆𝑈(2)𝐿
′ × 𝑆𝑈(2)𝑅 × 𝑈(1).  

𝑄𝑖𝛼 →
 twist  

𝑄𝛽𝛼   and  𝑄‾𝑖𝛼̇ →
 twist  

𝑄‾𝛽𝛼̇ .  

𝑄𝛽𝛼 = (0,0)
+1⊕ (1,0)+1 and 𝑄‾𝛽𝛼̇ = (

1

2
,
1

2
)
−1

 

𝑄𝛽𝛼 →
 twist  

𝛿𝑊: =
1

√2
𝜀𝛼𝛽𝑄𝛽𝛼⊕ 𝛿𝜇𝜈: =

1

√2
(𝜎𝜇𝜈)

𝛼𝛽
𝑄𝛽𝛼

𝑄‾𝛽𝛼̇ →
 twist  

𝛿𝜇: =
1

√2
𝑄‾𝛽𝛼̇(𝜎‾𝜇)𝛽

𝛼̇
,

 

𝛿𝜇𝜈 = 𝛿𝜇𝜈 =
1

2
𝜀𝜇𝜈𝜌𝜎𝛿

𝜌𝜎  

{𝛿𝑊 , 𝛿𝑊} = 2𝛿𝑊
2 = 0

{𝛿𝑊, 𝛿𝜇} = 𝜕𝜇
 

{𝛿𝜇 , 𝛿𝜈}  = 0

{𝛿𝜇 , 𝛿𝜌𝜎}  = −(𝜀𝜇𝜌𝜎𝜈𝜕
𝜈 + 𝑔𝜇𝜌𝜕𝜎 − 𝑔𝜇𝜎𝜕𝜌)

{𝛿𝑊, 𝛿𝜇𝜈}  = 0

[ℛ, 𝛿𝑊]  = +𝛿𝑊
[ℛ, 𝛿𝜇]  = −𝛿𝜇

[ℛ, 𝛿𝜇𝜈]  = +𝛿𝜇𝜈 ,

 

𝛿𝑊
2 = 0  

𝛿2 = 0 , {𝛿, 𝛿𝜇} = 𝜕𝜇 , {𝛿𝜇 , 𝛿𝜈} = 0  

𝜆𝑖𝛼  → 𝜆𝛽𝛼 (
1

2
, 0,
1

2
)
−1

→ 𝜂(0,0)−1⊕𝜒𝜇𝜈(1,0)
−1

𝜆‾𝑖𝛼̇  → 𝜆‾𝛽𝛼̇ (0,
1

2
,
1

2
)
+1

→ 𝜓𝜇 (
1

2
,
1

2
)
+1  

𝜆𝛽𝛼 → 𝜂:= 𝜀𝛼𝛽𝜆[𝛽𝛼]⊕𝜒𝜇𝜈:=
1

4
(𝜎𝜇𝜈)

𝛼𝛽
𝜆(𝛽𝛼)

𝜆‾𝛽𝛼̇ → 𝜓𝜇: = 𝜆‾𝛽𝛼̇(𝜎‾𝜇)𝛽
𝛼̇
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𝜒𝜇𝜈 = 𝜒̃𝜇𝜈 =
1

2
𝜀𝜇𝜈𝜌𝜎𝜒

𝜌𝜎  

𝜆𝛽𝛼 =
1

2
(𝜆[𝛽𝛼] + 𝜆(𝛽𝛼)) 

(𝐴𝜇, 𝜆𝑖𝛼 , 𝜆‾𝑖𝛼̇ , 𝜙, 𝜙‾) →
𝑡𝑤𝑖𝑠𝑡 

(𝐴𝜇 , 𝜓𝜇 , 𝜒𝜇𝜈 , 𝜂, 𝜙, 𝜙‾),  

𝑆𝑌𝑀 →
 twist  

𝑆𝑇𝑌𝑀 =
1

𝑔2
Tr∫   d4𝑥 (

1

2
𝐹𝜇𝜈
+𝐹+𝜇𝜈 − 𝜒𝜇𝜈(𝐷𝜇𝜓𝜈 −𝐷𝜈𝜓𝜇)

+
 

 +𝜂𝐷𝜇𝜓
𝜇 −

1

2
𝜙‾𝐷𝜇𝐷

𝜇𝜙 +
1

2
𝜙‾{𝜓𝜇, 𝜓𝜇}

−
1

2
𝜙{𝜒𝜇𝜈 , 𝜒𝜇𝜈} −

1

8
[𝜙, 𝜂]𝜂 −

1

32
[𝜙, 𝜙‾][𝜙, 𝜙‾])

 

𝛿𝜖
𝑔
𝐴𝜇  = −𝐷𝜇𝜖

𝛿𝜖
𝑔
𝜆 = [𝜖, 𝜆], 𝜆 = 𝜒, 𝜓, 𝜂, 𝜙, 𝜙‾,

 

𝛿𝜖
𝑔
𝑆𝑇𝑌𝑀 = 0.  

𝛿𝑊𝐴𝜇= 𝜓𝜇  

𝛿𝑊𝜓𝜇= −𝐷𝜇𝜙  

𝛿𝑊𝜙= 0  

𝛿𝑊𝜒𝜇𝜈 = 𝐹𝜇𝜈
+

𝛿𝑊𝜙‾ = 2𝜂

𝛿𝑊𝜂 =
1

2
[𝜙, 𝜙‾]

 

𝛿𝜇𝐴𝜈=
1

2
𝜒𝜇𝜈 +

1

8
𝑔𝜇𝜈𝜂  

𝛿𝜇𝜓𝜈= 𝐹𝜇𝜈 −
1

2
𝐹𝜇𝜈
+ −

1

16
𝑔𝜇𝜈[𝜙, 𝜙‾] 

𝛿𝜇𝜂 =
1

2
𝐷𝜇𝜙‾

 

𝛿𝜇𝜒𝜎𝜏 =
1

8
(𝜀𝜇𝜎𝜏𝜈𝐷

𝜈𝜙‾ + 𝑔𝜇𝜎𝐷𝜏𝜙‾ − 𝑔𝜇𝜏𝐷𝜎𝜙‾)

𝛿𝜇𝜙 = −𝜓𝜇

𝛿𝜇𝜙‾ = 0

 

𝛿𝜇𝜈𝐴𝜎 =−(𝜀𝜇𝜈𝜎𝜏𝜓
𝜏 + 𝑔𝜇𝜎𝜓𝜈 − 𝑔𝜈𝜎𝜓𝜇)  

𝛿𝜇𝜈𝜓𝜎 =−(𝜀𝜇𝜈𝜎𝜏𝐷
𝜏𝜙 + 𝑔𝜇𝜎𝐷𝜈𝜙 − 𝑔𝜈𝜎𝐷𝜇𝜙)  

𝛿𝜇𝜈𝜙 =0

𝛿𝜇𝜈𝜙‾ =8𝜒𝜇𝜈

𝛿𝜇𝜈𝜂 = −4𝐹𝜇𝜈
+

𝛿𝜇𝜈𝜒𝜎𝜏 =
1

8
(𝜀𝜇𝜈𝜎𝜏 + 𝑔𝜇𝜎𝑔𝜈𝜏 − 𝑔𝜇𝜏𝑔𝜈𝜎)[𝜙, 𝜙‾]

 +(𝐹𝜇𝜎
+ 𝑔𝜈𝜏 − 𝐹𝜈𝜎

+𝑔𝜇𝜏 − 𝐹𝜇𝜏
+𝑔𝜈𝜎 + 𝐹𝜈𝜏

+𝑔𝜇𝜎)

 +(𝜀𝜇𝜈𝜎 
𝛼𝐹𝜏𝛼

+ − 𝜀𝜇𝜈𝜏 
𝛼𝐹𝜎𝛼

+ + 𝜀𝜎𝜏𝜇  
𝛼𝐹𝜈𝛼

+ − 𝜀𝜎𝜏𝜈  
𝛼𝐹𝜇𝛼

+ )

 

𝛿𝑊𝑆𝑇𝑌𝑀 = 𝛿𝜇𝑆𝑇𝑌𝑀 = 𝛿𝜇𝜈𝑆𝑇𝑌𝑀 = 0  

𝛿𝑊
2 = 𝛿𝜙

𝑔
+ (𝔊)  

{𝛿𝜇, 𝛿𝜈} = −
1

8
𝑔𝜇𝜈𝛿

𝑔

𝜙
+ (𝔊)  

{𝛿𝑊, 𝛿𝜇} = 𝜕𝜇 + 𝛿𝐴𝜇
𝑔
+ (𝔊)  
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{𝛿𝑊 , 𝛿𝜇𝜈} =  (ℊ𝓉) +  (𝔊)  

{𝛿𝜇𝜈 , 𝛿𝜌𝜎} =  (ℊ𝓉) +  (𝔊)  

{𝛿𝜇 , 𝛿𝜌𝜎} =  −(𝜀𝜇𝜌𝜎𝜈𝜕
𝜈 + 𝑔𝜇𝜌𝜕𝜎 − 𝑔𝜇𝜎𝜕𝜌)

 +(ℊ𝓉) + (𝔊).
 

𝑞𝑖 →
𝑡𝑤𝑖𝑠𝑡 

𝑞𝛼 (0,0,
1

2
)
0

→ H𝛼 (
1

2
, 0)

0

 

𝑞̃𝑖 →
𝑡𝑤𝑖𝑠𝑡 

𝑞̃𝛼 (0,0,
1

2
)
0

→ H𝛼 (
1

2
, 0)

0

 

(𝜓𝑞)𝛼 (
1

2
, 0,0)

+1

 → 𝑢𝛼 (
1

2
, 0)

+1

(𝜓‾𝑞)𝛼̇ (0,
1

2
, 0)

−1

 → 𝑣𝛼̇ (0,
1

2
)
−1

(𝜓𝑞̃)𝛼 (
1

2
, 0,0)

+1

 → 𝑢‾𝛼 (
1

2
, 0)

+1

(𝜓‾𝑞̃)𝛼̇ (0,
1

2
, 0)

−1

 → 𝑣‾𝛼̇ (0,
1

2
)
−1

 

𝑆matter →
 twist  

𝑆Tmatter ,  

𝑆Tmatter =
1

𝑔2
Trm∫   d

4𝑥 (
1

2
H
𝛾
𝐷𝜇𝐷

𝜇H𝛾 +H
𝛾
(𝜎𝜇)𝛾𝛾̇𝜓𝜇𝑣

𝛾̇

 −𝑣‾𝛾̇(𝜎‾
𝜇)𝛾̇𝛾𝜓𝜇H𝛾 +

1

8
H
𝛾
𝜂𝑢𝛾 +

1

8
H
𝛾
(𝜎𝜇𝜈)𝛾𝛽𝜒𝜇𝜈𝑢

𝛽 +
1

8
𝑢‾𝛾𝜂H𝛾

 −
1

8
𝑢‾𝛾(𝜎𝜇𝜈)𝛾𝛽𝜒𝜇𝜈H

𝛽 + 𝑢‾𝛾(𝜎𝜇)𝛾𝛾̇𝐷𝜇𝑣
𝛾̇ − 𝑣‾𝛾̇(𝜎‾

𝜇)𝛾̇𝛾𝐷𝜇𝑢𝛾

+
1

8
𝑢‾𝛾𝜙‾𝑢𝛾 − 2𝑣‾

𝛾̇𝜙𝑣𝛾̇ +
1

16
H
𝛾
{𝜙, 𝜙‾}H𝛾 −

1

32
H
𝛾
H𝛾H

𝛿
H𝛿)

 

𝛿𝑊H𝛾=
1

√2
𝜀𝛼𝛽𝑄𝛽𝛼H𝛾 =

1

√2
𝜀𝛼𝛽(√2𝑢𝛼𝜀𝛽𝛾) = 𝑢𝛾  

𝛿𝑊H𝛾= 𝑢‾𝛾  

𝛿𝑊𝑢𝛾=
1

√2
𝜀𝛼𝛽(√2𝜀𝛾𝛼𝜙H𝛽) = +𝜙H𝛾  

𝛿𝑊𝑢‾𝛾  = −𝜙H𝛾

𝛿𝑊𝑣𝛾̇  =
1

√2
𝜀𝛼𝛽 (−

1

√2
(𝜎𝜈)𝛼𝛾̇𝐷𝜈H𝛽) = −

1

2
(𝜎𝜈)𝛼𝛾̇𝐷𝜈H

𝛼

𝛿𝑊𝑣‾𝛾̇  = −
1

2
(𝜎𝜈)𝛼𝛾̇𝐷𝜈H

𝛼

 

𝛿𝜇H𝛾  =
1

√2
(𝜎‾𝜇)

𝛼̇𝛽
(√2𝑣𝛼̇𝜀𝛽𝛼) = (𝜎𝜇)𝛾𝛼̇

𝑣𝛼̇

𝛿𝜇H𝛾  = (𝜎𝜇)𝛾𝛼̇
𝑣‾ 𝛼̇

𝛿𝜇𝑢𝛾  =
1

√2
(𝜎‾𝜇)

𝛼̇𝛽
(
1

√2
(𝜎𝜈)𝛾𝛼̇𝐷

𝜈H𝛽) =
1

2
𝐷𝜇H𝛾 −

1

2
(𝜎𝜇𝜈)𝛾

𝛽
𝐷𝜈H𝛽

 

𝛿𝜇𝑢‾𝛾  =
1

2
𝐷𝜇H𝛾 −

1

2
(𝜎𝜇𝜈)𝛾

𝛽
𝐷𝜈H𝛽

𝛿𝜇𝑣𝛾̇  =
1

√2
(𝜎‾𝜇)

𝛼̇𝛽
(
√2

16
𝜀𝛾̇𝛼̇𝜙‾H𝛽) = −

1

16
(𝜎‾𝜇)𝛾̇𝛽

𝜙‾H𝛽

𝛿𝜇𝑣‾𝛾̇  =
1

16
(𝜎‾𝜇)𝛾̇𝛽

𝜙𝐻
𝛽
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𝛿𝜇𝜈H𝛾=
1

√2
(𝜎𝜇𝜈)

𝛼𝛽
(√2𝑢𝛼𝜀𝛽𝛾) = −(𝜎𝜇𝜈)𝛾

𝛼
𝑢𝛼  

𝛿𝜇𝜈H𝛾= −(𝜎𝜇𝜈)𝛾
𝛼
𝑢‾𝛼  

𝛿𝜇𝜈𝑢𝛾=
1

√2
(𝜎𝜇𝜈)

𝛼𝛽
(√2𝜀𝛾𝛼𝜙H𝛽) = (𝜎𝜇𝜈)𝛾

𝛽
𝜙H𝛽  

𝛿𝜇𝜈𝑢‾𝛾  = −(𝜎𝜇𝜈)𝛾
𝛽
𝜙H𝛽

𝛿𝜇𝜈𝑣𝛾̇  =
1

√2
(𝜎𝜇𝜈)

𝛼𝛽
(−

1

√2
(𝜎𝜆)

𝛼𝛾̇
𝐷𝜆H𝛽) =

1

2
(𝜎𝜇𝜈)𝛽

𝛼
(𝜎𝜆)𝛼𝛾̇𝐷

𝜆H𝛽

 =
1

2
(𝜎𝜇)𝛽𝛾̇

𝐷𝜈H
𝛽 −

1

2
(𝜎𝜈)𝛽𝛾̇𝐷𝜇H

𝛽 −
1

2
𝜀𝜇𝜈𝜆𝜏(𝜎

𝜏)𝛽𝛾̇𝐷
𝜆H𝛽

 =
1

2
[(𝜎𝜇)𝛽𝛾̇

𝐷𝜈H
𝛽 − (𝜎𝜈)𝛽𝛾̇𝐷𝜇H

𝛽]
+

𝛿𝜇𝜈𝑣‾𝛾̇  =
1

2
[(𝜎𝜇)𝛽𝛾̇

𝐷𝜈H
𝛽
− (𝜎𝜈)𝛽𝛾̇𝐷𝜇H

𝛽
]
+

.

 

𝛿𝑊
2 𝜒𝜇𝜈 =[𝜙, 𝜒𝜇𝜈] − 𝑔

2
𝛿𝑆𝑇𝑌𝑀
𝛿𝜒𝜇𝜈

=[𝜙, 𝜒𝜇𝜈] − [𝜙, 𝜒𝜇𝜈] + (𝐷𝜇𝜓𝜈 − 𝐷𝜈𝜓𝜇)
+

 −
1

8
H
𝛾
(𝜎𝜇𝜈)𝛾𝛽𝑢

𝛽 −
1

8
𝑢‾𝛾(𝜎𝜇𝜈)𝛾𝛽H

𝛽 ,

 

𝛿𝑊𝜒𝜇𝜈 = 𝐹𝜇𝜈
+ −

1

8
H
𝛾
(𝜎𝜇𝜈)𝛾𝛽

H𝛾  

𝛿𝑊𝜒𝜇𝜈 =𝐹𝜇𝜈
+ −

1

8
H
𝛾
(𝜎𝜇𝜈)𝛾𝛽

H𝛾

𝛿𝜇𝜓𝜈 =𝐹𝜇𝜈
− −

1

16
𝑔𝜇𝜈[𝜙, 𝜙‾] +

1

16
H
𝛼
(𝜎𝜇𝜈)𝛼𝛽

H𝛽

𝛿𝜇𝜈𝜂 = −4𝐹𝜇𝜈
+ +

1

2
H
𝛾
(𝜎𝜇𝜈)𝛾𝛽

H𝛽

𝛿𝜇𝜈𝜒𝜌𝜎 =
1

8
(𝜀𝜇𝜈𝜎𝜏 + 𝑔𝜇𝜎𝑔𝜈𝜏 − 𝑔𝜇𝜏𝑔𝜈𝜎)[𝜙, 𝜙‾]

 +(𝐹𝜇𝜎
+ 𝑔𝜈𝜏 − 𝐹𝜈𝜎

+𝑔𝜇𝜏 − 𝐹𝜇𝜏
+𝑔𝜈𝜎 + 𝐹𝜈𝜏

+𝑔𝜇𝜎)

 +(𝜀𝜇𝜈𝜎 
𝛼𝐹𝜏𝛼

+ − 𝜀𝜇𝜈𝜏 
𝛼𝐹𝜎𝛼

+ + 𝜀𝜎𝜏𝜇  
𝛼𝐹𝜈𝛼

+ − 𝜀𝜎𝜏𝜈  
𝛼𝐹𝜇𝛼

+ )

 −
1

16
[𝑔𝜇𝜎(𝜎𝜌𝜈)𝛾

 𝛽 − 𝑔𝜇𝜌(𝜎𝜎𝜈)𝛾  
𝛽

+𝑔𝜌𝜈(𝜎𝜎𝜈)𝛾 
𝛽 + 𝑔𝜎𝜈(𝜎𝜇𝜌)𝛾

 𝛽] (H𝛽H
𝛾 + H

𝛾
H𝛽)

 

𝑆𝑇 = 𝑆𝑇𝑌𝑀 + 𝑆Tmatter  

𝛿𝑊𝑆𝑇 = 𝛿𝜇𝑆𝑇 = 𝛿𝜇𝜈𝑆𝑇 = 0  

𝑆𝑇 = 𝛿𝑊Δ + Δ̂  

Δ =Tr∫  𝑑4𝑥 (
1

2
𝜒𝜇𝜈𝐹𝜇𝜈

+ −
1

2
𝜙‾𝐷𝜇𝜓𝜇 +

1

16
𝜂[𝜙, 𝜙‾]

+
1

16
H
𝑔
(𝜎𝜇𝜈)𝛾

𝛽
𝜒𝜇𝜈H𝛽 +

1

16
𝑢‾𝛾𝜙‾H𝛾 +

1

16
𝑢𝛾𝜙H

𝛾
) ,

 

Δ̂ =
1

2
𝜒𝜇𝜈

𝛿𝑆𝑇
𝛿𝜒𝜇𝜈

+ 𝑣𝛾̇
𝛿𝑆𝑇
𝛿𝑣𝛾̇

+ 𝑣‾ 𝛾̇
𝛿𝑆𝑇
𝛿𝑣‾ 𝛾̇

 

[𝛿𝑊, 𝛿𝜖
𝑔
]= [𝛿𝜇 , 𝛿𝜖

𝑔
] = [𝛿𝜇𝜈 , 𝛿𝜖

𝑔
] = 0 

𝛿𝑊
2 = 𝛿𝜙

𝑔
+  (𝒢)  

{𝛿𝜇 , 𝛿𝜈}= −
1

8
𝑔𝜇𝜈𝛿𝜙

𝑔
+  (𝒢)   

{𝛿𝑊 , 𝛿𝜇} = 𝜕𝜇 + 𝛿𝐴𝜇
𝑔
+  (𝒢) 
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{𝛿𝑊 , 𝛿𝜇𝜈} =  (𝔾𝔱) +  (𝔤) 

{𝛿𝜇𝜈 , 𝛿𝜌𝜎} =  (𝔾𝔱) +  (𝔤) 

{𝛿𝜇 , 𝛿𝜌𝜎} = −(𝜀𝜇𝜌𝜎𝜈𝜕
𝜈 + 𝑔𝜇𝜌𝜕𝜎 − 𝑔𝜇𝜎𝜕𝜌) +  (𝔾𝔱) +  (𝔤) 

 

𝜖𝑎(𝑥) → 𝑐𝑎(𝑥) , 𝛿𝜖
𝑔
→ 𝑠  

𝑠𝐴𝜇= −𝐷𝜇𝑐  

𝑠𝜓𝜇= {𝑐, 𝜓𝜇}  

𝑠𝜒𝜇𝜈= {𝑐, 𝜒𝜇𝜈}  

𝑠𝜂= {𝑐, 𝜂}  

𝑠𝜙= [𝑐, 𝜙]  

𝑠𝜙‾= [𝑐, 𝜙‾]  

𝑠𝑐= 𝑐2 =
1

2
𝑓𝑎𝑏𝑐𝑐𝑏𝑐𝑐  

𝑠𝑐‾ = 𝑏
𝑠𝑏 = 0
𝑠H = [𝑐, H]

 

𝑠H = [𝑐, H]

𝑠𝑢 = {𝑐, 𝑢}
𝑠𝑢‾  = {𝑐, 𝑢‾}

𝑠𝑣 = {𝑐, 𝑣}

𝑠𝑣‾ = {𝑐, 𝑣‾}

 

𝜔 ↔ 𝛿𝒲 , 𝜀
𝜇 ↔ 𝛿𝜇 , 𝑣

𝜇 ↔ 𝜕𝜇,  

𝒬 = 𝑠 + 𝜔𝛿𝒲 + 𝜀𝜇𝛿𝜇 + 𝑣
𝜇𝜕𝜇 − 𝜔𝜀

𝜇
𝜕

𝜕𝑣𝜇
.  

𝒬𝑐= 𝑐2 − 𝜔2𝜙 −𝜔𝜀𝜇𝐴𝜇 +
𝜀2

16
𝜙‾ + 𝑣𝜇𝜕𝜇𝑐 

𝒬𝜔 = 0

𝒬𝜀𝜇  = 0

𝒬𝑣𝜇  = −𝜔𝜀𝜇

 

𝒬𝑐‾  = 𝑏 + 𝑣𝜇𝜕𝜇𝑐‾

𝒬𝑏 = 𝜔𝜀𝜇𝜕𝜇𝑐‾ + 𝑣
𝜇𝜕𝜇𝑏

 

𝒬2𝑐‾ = 𝒬2𝑏 = 0  

𝑆𝑔𝑓  = 𝑄Tr∫  𝑑
4𝑥𝑐‾𝜕𝐴

 = Tr∫  𝑑4𝑥 (𝑏𝜕𝜇𝐴𝜇 + 𝑐‾𝜕
𝜇𝐷𝜇𝑐 − 𝜔𝑐‾𝜕

𝜇𝜓𝜇 −
𝜀𝜈

2
𝑐‾𝜕𝜇𝜒𝜈𝜇 −

𝜀𝜇

8
𝑐‾𝜕𝜇𝜂)

 

𝒬(𝒮) = 𝒬(𝑆𝑇 + 𝑆𝑔𝑓) = 0  
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𝒬𝐴𝜇 =−𝐷𝜇𝑐 + 𝜔𝜓𝜇 +
𝜀𝜈

2
𝜒𝜈𝜇 +

𝜀𝜇

8
𝜂 + 𝑣𝜈𝜕𝜈𝐴𝜇  

𝒬𝜓𝜇 ={𝑐, 𝜓𝜇} − 𝜔𝐷𝜇𝜙 + 𝜀
𝜈 (𝐹𝜈𝜇 −

1

2
𝐹𝜈𝜇
+ ) −

𝜀𝜇

16
[𝜙, 𝜙‾]

+𝑣𝜈𝜕𝜈𝜓𝜇 +
1

16
H
𝛾
(𝜎𝜈𝜇)𝛾𝛽

H𝛽𝜀𝜈  

𝒬𝜒𝜎𝜏 ={𝑐, 𝜒𝜎𝜏} + 𝜔𝐹𝜎𝜏
+ +

𝜀𝜇

8
(𝜀𝜇𝜎𝜏𝜈 + 𝑔𝜇𝜎𝑔𝜈𝜏 − 𝑔𝜇𝜏𝑔𝜈𝜎)𝐷

𝜈𝜙‾

+𝑣𝜈𝜕𝜈𝜒𝜎𝜏 −
𝜔

8
H
𝛾
(𝜎𝜎𝜏)𝛾𝛽H

𝛽  

𝒬𝜂 ={𝑐, 𝜂} +
𝜔

2
[𝜙,𝜙‾] +

𝜀𝜇

2
𝐷𝜇𝜙‾ + 𝑣

𝜈𝜕𝜈𝜂  

𝒬𝜙 =[𝑐, 𝜙] − 𝜀𝜇𝜓𝜇 + 𝑣
𝜈𝜕𝜈𝜙

𝒬𝜙‾ =[𝑐, 𝜙‾] + 2𝜔𝜂 + 𝑣𝜈𝜕𝜈𝜙‾

𝒬𝑐 =𝑐2 − 𝜔2𝜙 − 𝜔𝜀𝜇𝐴𝜇 +
𝜀2

16
𝜙‾ + 𝑣𝜈𝜕𝜈𝑐

𝒬𝜔 =0

𝒬𝜀𝜇 =0

𝒬𝑣𝜇 = −𝜔𝜀𝜇

 

𝒬𝑐‾ = 𝑏 + 𝑣𝜇𝜕𝜇𝑐‾

𝒬𝑏 = 𝜔𝜀𝜇𝜕𝜇𝑐‾ + 𝑣
𝜇𝜕𝜇𝑏

𝒬H𝛾  = [𝑐, H𝛾] + 𝜔𝑢𝛾 + 𝜀
𝜇(𝜎𝜇)𝛾𝛼̇

𝑣𝛼̇ + 𝑣𝜇𝜕𝜇H𝛾

𝒬H𝛾  = [𝑐, H𝛾] + 𝜔𝑢‾𝛾 + 𝜀
𝜇(𝜎𝜇)𝛾𝛼̇

𝑣‾ 𝛼̇ + 𝑣𝜇𝜕𝜇H𝛾

𝒬𝑢𝛾  = [𝑐, 𝑢𝛾] + 𝜔𝜙H𝛾 + 𝜀
𝜇 (
1

2
𝐷𝜇H𝛾 −

1

2
(𝜎𝜇𝜈)𝛾

𝛽
𝐷𝜈H𝛽) + 𝑣

𝜇𝜕𝜇𝑢𝛾

𝒬𝑢‾𝛾  = [𝑐, 𝑢‾𝛾] + 𝜔𝜙H𝛾 + 𝜀
𝜇 (
1

2
𝐷𝜇H𝛾 −

1

2
(𝜎𝜇𝜈)𝛾

𝛽
𝐷𝜈H𝛽) + 𝑣

𝜇𝜕𝜇𝑢‾𝛾

𝒬𝑣𝛾̇  = [𝑐, 𝑣𝛾̇] −
1

2
𝜔(𝜎𝜈)𝛼𝛾̇𝐷𝜈H

𝛼 −
1

16
𝜀𝜇(𝜎‾𝜇)𝛾̇𝛽

𝜙‾H𝛽 + 𝑣𝜇𝜕𝜇𝑣𝛾̇

𝒬𝑣‾𝛾̇  = [𝑐, 𝑣‾𝛾̇] −
1

2
𝜔(𝜎𝜈)𝛼𝛾̇𝐷𝜈H

𝛼
−
1

16
𝜀𝜇(𝜎‾𝜇)𝛾̇𝛽

𝜙‾H
𝛽
+ 𝑣𝜇𝜕𝜇𝑣‾𝛾̇

 

𝒬2 = 0  on  (𝐴, 𝜙, 𝜙‾, 𝜂, H, H, 𝑐, 𝜔, 𝜀, 𝑣, 𝑐‾, 𝑏)  

𝒬2𝜓𝜎 =
𝑔2

4
𝜔𝜀𝜇

𝛿𝒮

𝛿𝜒𝜇𝜎

 +
𝑔2

32
𝜀𝜇𝜀𝜈 (𝑔𝜇𝜎

𝛿𝒮

𝛿𝜓𝜈
+ 𝑔𝜈𝜎

𝛿𝒮

𝛿𝜓𝜇
− 2𝑔𝜇𝜈

𝛿𝒮

𝛿𝜓𝜎
)

𝒬2𝜒𝜎𝜏 =  −
𝑔2

2
𝜔2

𝛿𝒮

𝛿𝜒𝜎𝜏

 +
𝑔2

8
𝜔𝜀𝜇 (𝜀𝜇𝜎𝜏𝜈

𝛿𝒮

𝛿𝜓𝜈
+ 𝑔𝜇𝜎

𝛿𝒮

𝛿𝜓𝜏
− 𝑔𝜇𝜏

𝛿𝒮

𝛿𝜓𝜎
)

𝒬2𝑢𝛾 =
𝑔2

2
(𝜔𝜀𝜇(𝜎𝜇)𝛾𝛾̇

𝛿𝒮

𝛿𝑣‾ 𝛾̇
+ 𝜀2

𝛿𝒮

𝛿𝑢‾𝛾
)

𝒬2𝑢‾𝛾 =
𝑔2

2
(𝜔𝜀𝜇(𝜎𝜇)𝛾𝛾̇

𝛿𝒮

𝛿𝑣𝛾̇
+ 𝜀2

𝛿𝒮

𝛿𝑢𝛾
)

𝒬2𝑣𝛾̇ =
𝑔2

2
(𝜔2

𝛿𝒮

𝛿𝑣‾𝛾̇
−𝜔𝜀𝜇(𝜎𝜇)𝛽𝛾̇

𝛿𝒮

𝛿𝑢‾𝛽
)

𝒬2𝑣‾𝛾̇ =
𝑔2

2
(𝜔2

𝛿𝒮

𝛿𝑣𝛾̇
−𝜔𝜀𝜇(𝜎𝜇)𝛽𝛾̇

𝛿𝒮

𝛿𝑢𝛽
)
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𝐿 → 𝑐 , 𝑋𝛾 → H𝛾

𝐷 → 𝜙 , 𝑋‾𝛾 → H𝛾̇
Ω𝜇 → 𝐴𝜇 , 𝑈𝛾 → 𝑢𝛾

𝜉𝜇 → 𝜓𝜇 , 𝑈‾ 𝛾 → 𝑢‾𝛾

𝜌 → 𝜙‾ , 𝑉𝛾̇ → 𝑣𝛾̇

𝜏 → 𝜂 , 𝑉‾ 𝛾̇ → 𝑣‾𝛾̇
𝐵𝜇𝜈 → 𝜒𝜇𝜈 ,

 

𝑆𝑒𝑥𝑡 = Tr∫  𝑑
4𝑥Φ⋆𝑖𝒬Φ𝑖  

𝑆quad = Tr∫  d
4𝑥(Ω𝑖𝑗Φ

∗𝑖Φ∗𝑗)  

𝑆quad =𝑔
2Tr∫  𝑑4𝑥 (

1

8
𝜔2𝐵𝜇𝜈𝐵𝜇𝜈 −

1

4
𝜔𝐵𝜇𝜈𝜀𝜇𝜉𝜈 −

1

32
𝜀𝜇𝜀𝜈𝜉𝜇𝜉𝜈 +

1

32
𝜀2𝜉2

−
1

2
𝜀2𝑈𝛾𝑈‾

𝛾 +
1

2
𝜔2𝑉𝛾̇𝑉‾

𝛾̇ −
1

2
𝜔𝜀𝜇𝑈‾𝛼(𝜎𝜇)𝛼𝛾̇

𝑉𝛾̇)

 

Σ = 𝑆𝑇 + 𝑆𝑔𝑓 + 𝑆𝑒𝑥𝑡 + 𝑆𝑞𝑢𝑎𝑑  

𝒮(Σ) = 0  

𝒮(Σ) =Tr∫  𝑑4𝑥 (
𝛿Σ

𝛿Φ⋆𝑖
𝛿Σ

𝛿Φ𝑖
+ (𝑏 + 𝑣𝜇𝜕𝜇𝑐‾)

𝛿Σ

𝛿𝑐‾
+ (𝜔𝜀𝜇𝜕𝜇𝑐‾ + 𝑣

𝜇𝜕𝜇𝑏)
𝛿Σ

𝛿𝑏
)

 −𝜔𝜀𝜇
𝜕Σ

𝜕𝑣𝜇

 

𝒫𝜇Σ = Tr∫  𝑑
4𝑥 (𝜕𝜇Φ

𝑖
𝛿Σ

𝛿Φ𝑖
+ 𝜕𝜇Φ

∗𝑖
𝛿Σ

𝛿Φ∗𝑖
) = 0  

𝜕Σ

𝜕𝑣𝜇
= Δ𝜇

𝑐𝑙  

Δ𝜇
𝑐𝑙 =Tr∫  𝑑4𝑥(𝐿𝜕𝜇𝑐 − 𝐷𝜕𝜇𝜙 − Ω

𝜈𝜕𝜇𝐴𝜈 + 𝜉
𝜈𝜕𝜇𝜓𝜈

−𝜌𝜕𝜇𝜙‾ + 𝜏𝜕𝜇𝜂 + 𝐵
𝜈𝜎𝜕𝜇𝜒𝜈𝜎 − 𝑋

𝛾𝜕𝜇H𝛾 − 𝑋‾
𝛾𝜕𝜇H𝛾  

+𝑈𝛾𝜕𝜇𝑢𝛾 +𝑈‾
𝛾𝜕𝜇𝑢‾𝛾 + 𝑉

𝛾̇𝜕𝜇𝑣𝛾̇ + 𝑉‾
𝛾̇𝜕𝜇𝑣‾𝛾̇)

 

Σ = Σ̂ + 𝑣𝜇Δ𝜇
𝑐𝑙  

𝜕Σ̂

𝜕𝑣𝜇
= 0  

𝒮(Σ̂) = 𝜔𝜀𝜇Δ𝜇
𝑐𝑙  

𝒮(Σ̂) = Tr∫  𝑑4𝑥 (
𝛿Σ̂

𝛿Φ⋆𝑖
𝛿Σ̂

𝛿Φ𝑖
+ 𝑏

𝛿Σ̂

𝛿𝑐‾
+ 𝜔𝜀𝜇𝜕𝜇𝑐‾

𝛿Σ̂

𝛿𝑏
)  

ℬΣ̂ = Tr∫  𝑑
4𝑥 (

𝛿Σ̂

𝛿Φ𝑖
𝛿

𝛿Φ⋆𝑖
+
𝛿Σ̂

𝛿Φ⋆𝑖
𝛿

𝛿Φ𝑖
+ 𝑏

𝛿Σ̂

𝛿𝑐‾
+ 𝜔𝜀𝜇𝜕𝜇𝑐‾

𝛿Σ̂

𝛿𝑏
)  

ℬΣ̂ℬΣ̂ = 𝜔𝜀
𝜇𝒫𝜇  

𝛿Σ̂

𝛿𝑏
= 𝜕𝜇𝐴𝜇  

𝛿Σ̂

𝛿𝑐‾
+ 𝜕𝜇

𝛿Σ̂

𝛿Ω𝜇
= 0  
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Tr∫  𝑑4𝑥 (
𝛿Σ̂

𝛿𝑐
+ [𝑐‾,

𝛿Σ̂

𝛿𝑏
]) = Δ𝑐

𝑐𝑙  

Δ𝑐
𝑐𝑙 =Tr∫  𝑑4𝑥([𝑐, 𝐿] − [𝐴, Ω] − [𝜙, 𝐷] + [𝜓, 𝜉] − [𝜙‾, 𝜌] + [𝜂, 𝜏]

 +[𝜒, 𝐵] − [H, 𝑋] − [H, 𝑋‾] + [𝑢,𝑈] + [𝑢‾ , 𝑈‾ ] + [𝑣, 𝑉] + [𝑣‾, 𝑉‾ ])

 

[𝑃𝜇, 𝑃𝜈] = 0

[𝑃𝜆, 𝑀𝜇𝜈] = (𝜂𝜆𝜇𝑃𝜈 − 𝜂𝜆𝜈𝑃𝜇)

[𝑀𝜇𝜈 ,𝑀𝜌𝜎] = −(𝜂𝜇𝜌𝑀𝜈𝜎 + 𝜂𝜈𝜎𝑀𝜇𝜌 − 𝜂𝜇𝜎𝑀𝜈𝜌 − 𝜂𝜈𝜌𝑀𝜇𝜎)

 

[𝑇𝑎, 𝑇𝑏] = 𝑖𝑓𝑎𝑏  𝑐𝑇
𝑐 .  

{𝑄𝛼
𝑖 , 𝑄‾𝛽

𝑗
} = 2𝜎𝛼𝛼̇

𝜇
𝑃𝜇𝛿

𝑖𝑗

[𝑃𝜇, 𝑄𝛼
𝑖 ] = [𝑃𝜇, 𝑄‾𝛼̇𝑗] = 0

[𝑄𝛼
𝑖 ,𝑀𝜇𝜈] = (𝜎𝜇𝜈)𝛼

 𝛽𝑄𝛽
𝑖

 

[𝑄‾𝛼̇𝑗 ,𝑀𝜇𝜈] = (𝜎‾𝜇𝜈)
𝛼̇
 𝛽̇𝑄‾𝑗

𝛽̇

{𝑄𝛼
𝑖 , 𝑄𝛽

𝑗
} = 𝜀𝛼𝛽𝑍

𝑖𝑗

{𝑄‾𝛼̇𝑖 , 𝑄‾𝛽̇𝑗} = 𝜀𝛼̇𝛽̇𝑍𝑖𝑗
†

[𝑄𝛼
𝑖 , 𝑇𝑎] = 𝐵𝑎𝑖  𝑗𝑄𝛼

𝑗

[𝑇𝑎, 𝑄‾𝛼̇𝑖] = 𝐵𝑗
†𝑎𝑖𝑄‾𝛼̇𝑖

[𝑍𝑖𝑗 , 𝑋] = [𝑍𝑙𝑘
† , 𝑋] = 0,

 

𝑍𝑖𝑗 = 𝑎𝑏
𝑖𝑗
𝑇𝑏 

𝑄𝛼
𝑖 ⟶𝑈𝑖  𝑘𝑄𝛼

𝑘 𝑄‾𝛼̇𝑗 ⟶ 𝑄‾𝛼̇𝑘𝑈𝑗
†𝑘 

[𝑄𝛼 , 𝑅] = 𝑄𝛼 , [𝑄‾𝛼̇ , 𝑅] = −𝑄‾𝛼̇ 

0 ≤∑  

𝑖

({𝑄1
𝑖 , (𝑄1𝑖)

†} + {𝑄2
𝑖 , (𝑄2𝑖)

†}) = −4𝒩𝑃0 = 4𝒩𝐻 

⟨𝜓|𝐻|𝜓⟩ ≥ 0 

𝑊𝜇 =
1

2
𝜀𝜇𝜈𝜌𝜎𝑃

𝜈𝑀𝜌𝜎 

𝐶2 = 𝐶𝜇𝜈𝐶
𝜇𝜈

𝐶𝜇𝜈 = 𝐵𝜇𝑃𝜈 − 𝐵𝜈𝑃𝜇

𝐵𝜇  = 𝑊𝜇 −
1

4
𝑄‾𝛼̇𝜎‾𝜇

𝛼̇𝛼𝑄𝛼 .

 

(−)𝑁𝑓|𝐵⟩ = +|𝐵⟩, (−)𝑁𝑓|𝐹⟩ = −|𝐹⟩ 

(−)𝑁𝑓𝑄𝛼 = −𝑄𝛼(−)
𝑁𝑓 , (−)𝑁𝑓𝑄‾𝛼̇ = −𝑄‾𝛼̇(−)

𝑁𝑓  

0 = tr[(−)𝑁𝑓{𝑄𝛼 , 𝑄‾𝛼̇}] = 2𝜎𝛼𝛼̇
𝜇
𝛿𝑖𝑗𝑃𝜇tr(−)

𝑁𝑓 , 

tr(−)𝑁𝑓 = 0 

{𝑄𝛼
𝑖 , 𝑄‾𝛽̇𝑗} = 2𝑀𝛿𝛼𝛼̇𝛿𝑗

𝑖

{𝑄𝛼 , 𝑄𝛽} = {𝑄‾𝛼̇𝑖𝑄‾𝛽̇𝑗} = 0
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𝑎𝛼
𝑖 =

1

√2𝑀
𝑄𝛼
𝑖  

(𝑎𝛼
𝑖 )
†
 =

1

√2𝑀
𝑄‾𝛼̇𝑖

 

{𝑎𝛼
𝑖 , (𝑎𝛽

𝑗
)
†
}= 𝛿𝛼

𝛽
𝛿𝑗
𝑖  

{𝑎𝛼
𝑖 , 𝑎𝛽

𝑗
} = {(𝑎𝛼

𝑖 )
†
, (𝑎𝛽

𝑗
)
†
} = 0

 

𝑎𝛼
𝑖 |Ω⟩ = 0 ∀𝑖, 𝛼 

|Ω𝑖1…𝑖𝑛
(𝑛)𝛼1…𝛼𝑛⟩ =

1

√𝑛!
(𝑎𝛼𝑛

𝑖𝑛 )
†
…(𝑎𝛼1

𝑖1 )
†
|Ω⟩  

𝑑 = ∑  

2𝒩

𝑛=0

(
2𝒩

𝑛
) = 22𝒩 

{𝑄𝛼
𝑖 , 𝑄‾𝛽̇𝑗} = 2 (

2𝐸 0
0 0

) 𝛿𝑗
𝑖

{𝑄𝛼
𝑖 , 𝑄𝛽

𝑗
} = {𝑄‾𝛼̇𝑖 , 𝑄‾𝛽̇𝑗} = 0

 

𝑎𝑖=
1

2√𝐸
𝑄1
𝑖  

𝑎𝑖
† = (𝑎𝑖)

†
=

1

2√𝐸
𝑄‾1̇
𝑖 .

 

{𝑎𝑖 , 𝑎𝑗
†} = 𝛿𝑗

𝑖

{𝑎𝑖 , 𝑎𝑗} = {𝑎𝑖
†, 𝑎𝑗

†} = 0
 

𝑎𝑖|Ω𝜆⟩ = 0 

|Ω
𝜆+
𝑛
2
;𝑖1,…,𝑖𝑛

(𝑛)
⟩ =

1

√𝑛!
𝑎𝑖𝑛
† …𝑎𝑖1

† |Ω𝜆⟩.  

𝑑 =∑  

𝒩

𝑖=0

(
𝒩

𝑛
) = 2𝒩 

{𝑄𝛼
𝑖 , 𝑄‾𝛼̇𝑗}= 2𝑀𝛿𝑗

𝑖𝛿𝛼𝛼̇  

{𝑄𝛼
𝑖 , 𝑄𝛽

𝑗
} = 𝜀𝛼𝛽𝑍

𝑖𝑗

{𝑄‾𝛼̇𝑖 , 𝑄‾𝛽̇𝑗} = −𝜀𝛼̇𝛽̇𝑍𝑖𝑗
† ,

 

𝑍𝑖𝑗 = 𝑈𝑖  𝑘𝑍̃
𝑘𝑙(𝑈𝑇)𝑙 

𝑗 , 

𝑍̃ = 𝜀 ⊗ 𝐷          ( for 𝒩 even )

𝑍̃ = (
𝜀 ⊗ 𝐷 0
0 0

)         ( for 𝒩 odd )
 

𝑖 = (𝑎, 𝑅), 𝑗 = (𝑏, 𝑆), 

{𝑄𝛼
𝑎𝑅, 𝑄‾𝛽̇

𝑏𝑆} = 2𝑀𝛿𝛼𝛼̇𝛿
𝑎𝑏𝛿𝑅𝑆

{𝑄𝛼
𝑎𝑅, 𝑄𝛽

𝑏𝑆} = 𝜀𝛼𝛽𝜀
𝑎𝑏𝛿𝑅𝑆𝑍𝑆

{𝑄‾𝛼̇
𝑎𝑅, 𝑄‾

𝛽̇
𝑏𝑆} = 𝜀𝛼̇𝛽̇𝜀

𝑎𝑏𝛿𝑅𝑆𝑍𝑆
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𝑎𝛼
𝑅 =

1

√2
[𝑄𝛼
1𝑅 + 𝜀𝛼𝛽(𝑄𝛽

2𝑅)
†
] ,        (𝑎𝛼

𝑅)† = 𝑎𝛼
†𝑅

𝑏𝛼
𝑅 =

1

√2
[𝑄𝛼
1𝑅 − 𝜀𝛼𝛽(𝑄𝛽

2𝑅)
†
] ,        (𝑏𝛼

𝑅)† = 𝑏𝛼
†𝑅

 

{𝑎𝛼
𝑅, 𝑎𝛽

𝑆}= {𝑏𝛼
𝑅, 𝑏𝛽

𝑆} = {𝑎𝛼
𝑅, 𝑏𝛽

𝑆} = 0 

{𝑎𝛼
𝑅, (𝑎𝛽

𝑆)
†
} = 𝛿𝛼𝛽𝛿

𝑅𝑆(2𝑀 + 𝑍𝑆)

{𝑏𝛼
𝑅, (𝑏𝛽

𝑆)
†
} = 𝛿𝛼𝛽𝛿

𝑅𝑆(2𝑀 − 𝑍𝑆).

 

|Ω⟩ ( spin 0)

(𝑎𝛼)
†|Ω⟩ ( spin 

1

2
)

1

√2
(𝑎𝛼)

†(𝑎𝛽)
†
|Ω⟩ = −

1

2√2
𝜀𝛼𝛽(𝑎

𝛾)†(𝑎𝛾)
†
|Ω⟩ ( spin 0)

 

𝑅(𝑔)𝑓(𝑥) = 𝑓(𝜏(𝑔)𝑥),  

𝐹 = 𝐹(𝑥𝜇 , 𝜃𝛼 , 𝜃‾𝛼̇)  

𝑔(𝑥, 𝜃, 𝜃‾) = 𝑒𝑖(𝑥
𝜇𝑃𝜇+𝜃

𝛼𝑄𝛼+𝜃‾𝛼̇𝑄‾
𝛼̇) 

𝑧𝑚 = (𝑥𝜇 , 𝜃𝛼 , 𝜃‾𝛼̇) 

𝑔 = 𝑒𝑖𝜉
𝑚𝐿𝑚𝑒𝑖𝜁

𝑘𝐻𝑘  

𝑔 = 𝑒𝑖(𝑎
𝜇𝑃𝜇+𝜂

𝛼𝑄𝛼+𝜂‾ 𝛼̇𝑄‾
𝛼̇)𝑒

1
2
𝑤𝜇𝜈𝑀𝜇𝜈  

𝑘 = 𝑒𝑖(𝑥
𝜇𝑃𝜇+𝜃

𝛼𝑄𝛼+𝜃‾𝛼̇𝑄‾
𝛼̇) = 𝑒𝑧

𝑚𝐾𝑚 

𝑔0 ∘ 𝑒
𝑧𝑚𝐾𝑚 = 𝑒𝑧

′𝑚𝐾𝑚𝑒
1
2
𝑤′𝜇𝜈𝑀𝜇𝜈 ≡ 𝑔′ 

𝑥′𝜇= 𝑥𝜇 + 𝑎𝜇 + 𝑖𝜂𝛼𝜎𝛼𝛼̇
𝜇
𝜃‾𝛼̇ − 𝑖𝜃𝛼𝜎𝛼𝛼̇

𝜇
𝜂‾𝛼̇ + 𝑤𝜇𝜈𝑥𝜈 

𝜃′𝛼  = 𝜃𝛼 + 𝜂𝛼 +
1

4
𝑤𝜇𝜈𝜎

𝜇𝜈𝛼  𝛽𝜃𝛽

𝜃‾′𝛼̇  = 𝜃‾𝛼̇ + 𝜂‾𝛼̇ −
1

4
𝜃‾𝛽̇𝜎‾

𝛽̇

𝜇𝜈𝛼̇
𝑤𝜇𝜈 .

 

(𝑔1 ∘ 𝑔2) ∘ 𝑒
𝑧𝑚𝐾𝑚 

𝑔1 ∘ (𝑔2 ∘ 𝑒
𝑧𝑚𝐾𝑚) 

𝐹(𝑧) = 𝐹(𝑥, 𝜃, 𝜃‾). 

𝛿𝑔𝐹 = 𝐹(𝑧 + 𝛿𝑧) − 𝐹(𝑧) = 𝛿𝑔𝑚𝑋
𝑚𝐹(𝑧), 

ℓ𝜇= 𝜕𝜇  

ℓ𝛼=
𝜕

𝜕𝜃𝛼
+ 𝑖𝜎𝛼𝛼̇

𝜇
𝜃‾𝛼̇𝜕𝜇  

ℓ‾ 𝛼̇  =
𝜕

𝜕𝜃‾𝛼̇
+ 𝑖𝜃𝛼𝜎𝛼𝛼̇

𝜇
𝜕𝜇

ℓ𝜇𝜈  = −(𝑥𝜇𝜕𝜈 − 𝑥𝜈𝜕𝜇) −
1

2
𝜃𝛽𝜎𝛽

𝜇𝜈𝛼 𝜕

𝜕𝜃𝛼
+
1

2
𝜃‾𝛽̇𝜎‾

𝛽̇

𝜇𝜈𝛼̇ 𝜕

𝜕𝜃‾𝛼̇
.

 

{ℓ𝛼 , ℓ𝛽} = 0, {ℓ𝛼 , ℓ‾ 𝛼̇} = 2𝑖𝜎𝛼𝛼̇
𝜇
ℓ𝜇 ,

[ℓ𝜇, ℓ𝛼] = 0, [ℓ𝛼 , ℓ𝜇𝜈] =
1

2
𝜎𝜇𝜈𝛼
𝛽
ℓ𝛽 .

 

𝑅(𝑔)𝑓𝑝(𝑧) = 𝐷𝑝
𝑞
(𝑒−

1
2
𝑤𝜇𝜈𝑀𝜇𝜈)𝐹𝑞(𝜏(𝑔)𝑧) 
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𝐹(𝑥, 𝜃, 𝜃‾) = 𝑓(𝑥) + 𝜃𝛼𝜒𝛼(𝑥) + 𝜃‾𝛼̇𝜓‾
𝛼̇(𝑥) + 𝜃𝛼𝜃𝛼𝑔(𝑥) + 𝜃‾𝛼̇𝜃‾

𝛼̇ℎ(𝑥)

 +𝜃𝛼𝜎𝛼𝛼̇
𝜇
𝜃‾𝛼̇𝑟𝜇(𝑥) + 𝜃

𝛼𝜃𝛼𝜃‾𝛼̇𝜆‾
𝛼̇(𝑥) + 𝜃‾𝛼̇𝜃‾

𝛼̇𝜃𝛼𝜉𝛼(𝑥) + 𝜃
𝛼𝜃𝛼𝜃‾𝛼̇𝜃‾

𝛼̇𝑠(𝑥)
 

𝛿𝜂𝐹(𝑥, 𝜃, 𝜃‾) = 𝛿𝜂𝑓(𝑥) + 𝜃
𝛼𝛿𝜂𝜒𝛼(𝑥) + 𝜃‾𝛼̇𝛿𝜂𝜓‾

𝛼̇(𝑥) + 𝜃𝛼𝜃𝛼𝛿𝜂𝑔(𝑥) + 𝜃‾𝛼̇𝜃‾
𝛼̇𝛿𝜂ℎ(𝑥)

 +𝜃𝛼𝜎𝛼𝛼̇
𝜇
𝜃‾𝛼̇𝛿𝜂𝑟

𝜇(𝑥) + 𝜃𝛼𝜃𝛼𝜃‾𝛼̇𝛿𝜂𝜆‾
𝛼̇(𝑥) + 𝜃‾𝛼̇𝜃‾

𝛼̇𝜃𝛼𝛿𝜂𝜉𝛼(𝑥) + 𝜃
𝛼𝜃𝛼𝜃‾𝛼̇𝜃‾

𝛼̇𝛿𝜂𝑠(𝑥)
 

𝐷𝛼 =
𝜕

𝜕𝜃𝛼
+ 𝑖𝜎𝛼𝛼̇

𝜇
𝜃‾𝛼̇𝜕𝜇, 𝐷‾ 𝛼̇ = −

𝜕

𝜕𝜃‾𝛼̇
− 𝑖𝜃𝛼𝜎𝛼𝛼̇

𝜇
𝜕𝜇  

 
{𝐷𝛼 , 𝐷‾ 𝛼̇} = −2𝑖𝜎𝛼𝛼̇

𝜇
𝜕𝜇

{𝐷𝛼 , 𝐷𝛽} = {𝐷‾ 𝛼̇ , 𝐷‾ 𝛽̇} = 0.
 

 

𝐷‾ 𝛼̇Φ(𝑥, 𝜃, 𝜃‾) = 0, 

𝐷𝛼  =
𝜕

𝜕𝜃𝛼
+ 2𝑖𝜎𝛼𝛼̇

𝜇
𝜃‾𝛼̇

𝜕

𝜕𝑦𝜇

𝐷‾ 𝛼̇ = −
𝜕

𝜕𝜃‾𝛼̇

 

Φ(𝑦, 𝜃) = 𝜙(𝑦) + √2𝜃𝜓(𝑦) + 𝜃𝜃𝐹(𝑦). 

Φ(𝑥, 𝜃, 𝜃‾) =𝜙(𝑥) + √2𝜃𝜓(𝑥) + 𝑖𝜃𝜎𝜇𝜃‾𝜕𝜇𝜙(𝑥) +

 +𝜃𝜃𝐹(𝑥) −
𝑖

√2
𝜃𝜃𝜕𝜇𝜓(𝑥)𝜎

𝜇𝜃‾ +
1

4
𝜃𝜃𝜃𝜃 ◻ 𝜙(𝑥).

 

𝐷𝛼Φ
†(𝑥, 𝜃, 𝜃‾) = 0. 

Φ† = Φ†(𝑦†, 𝜃‾) = 𝜙∗(𝑦†) + √2𝜃‾𝜓‾(𝑦†) + 𝜃𝜃𝐹∗(𝑦†). 

Φ𝑖Φ𝑗 =𝜙𝑖(𝑦)𝜙𝑗(𝑦) + √2𝜃[𝜓𝑖(𝑦)𝜙𝑗(𝑦) + 𝜙𝑖(𝑦)𝜓𝑗(𝑦)] +

 +𝜃𝜃[𝜙𝑖(𝑦)𝐹𝑗(𝑦) + 𝜙𝑗(𝑦)𝐹𝑖(𝑦) − 𝜓𝑖(𝑦)𝜓𝑗(𝑦)]
 

𝐷‾ 2𝐹 = Φ  is chiral 
𝐷2𝐹 = Φ†  is antichiral 

 

𝑉†(𝑥, 𝜃, 𝜃‾) = 𝑉(𝑥, 𝜃, 𝜃‾) 

𝑉(𝑥, 𝜃, 𝜃‾) = 𝐶(𝑥) + 𝑖𝜃𝜒(𝑥) − 𝑖𝜃‾𝜒‾(𝑥) +
𝑖

√2
𝜃𝜃𝑆(𝑥)

−
𝑖

√2
𝜃𝜃𝑆†(𝑥) − 𝜃𝜎𝜇𝜃‾𝐴𝜇(𝑥) + 𝑖𝜃𝜃𝜃‾ [𝜆‾(𝑥) +

𝑖

2
𝜎‾𝜇𝜕𝜇𝜒(𝑥)]

 −𝑖𝜃𝜃𝜃 [𝜆(𝑥) +
𝑖

2
𝜎𝜇𝜕𝜇𝜒‾(𝑥)] +

1

2
𝜃𝜃𝜃𝜃 [𝐷(𝑥) +

1

2
◻ 𝐶(𝑥)] .

 

𝑉 ⟶ 𝑉 +Φ+Φ† 

Φ+Φ† =𝜙 + 𝜙∗ + √2(𝜃𝜓 + 𝜃𝜓) + 𝜃𝜃𝐹 + 𝜃𝜃𝐹∗ + 𝑖𝜃𝜎𝜇𝜃‾𝜕𝜇(𝜙 − 𝜙
∗) +

 +
1

√2
𝜃𝜃𝜃‾𝜎‾𝜇𝜕𝜇𝜓 +

1

√2
𝜃𝜃𝜎𝜇𝜃𝜕𝜇𝜓‾ +

1

4
𝜃𝜃𝜃𝜃 ◻ (𝜙 + 𝜙∗).

 

𝐶 ⟶ 𝐶 + 𝜙 + 𝜙∗

𝜒 ⟶ 𝜒 − 𝑖√2𝜓

𝑆 ⟶ 𝑆 − 𝑖√2𝐹
𝐴𝜇  ⟶ 𝐴𝜇 − 𝑖𝜕𝜇(𝜙 − 𝜙

∗)

𝜆 ⟶ 𝜆
𝐷 ⟶ 𝐷.
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𝑉(𝑥, 𝜃, 𝜃‾) = −𝜃𝜎𝜇𝜃‾𝐴𝜇(𝑥) + 𝑖𝜃𝜃𝜃𝜆(𝑥) − 𝑖𝜃𝜃𝜃𝜆(𝑥) +
1

2
𝜃𝜃𝜃𝜃𝐷(𝑥)

𝑉2(𝑥, 𝜃, 𝜃‾) = −
1

2
𝜃𝜃𝜃𝜃𝐴𝜇(𝑥)𝐴

𝜇(𝑥)

𝑉𝑛(𝑥, 𝜃, 𝜃‾) = 0, ∀𝑛 ≥ 3.

 

𝑊𝛼(𝑥, 𝜃, 𝜃‾) = −
1

4
𝐷𝐷𝐷𝛼𝑉(𝑥, 𝜃, 𝜃‾)  

𝑊‾𝛼(𝑥, 𝜃, 𝜃‾) = −
1

4
𝐷𝐷𝐷‾ 𝛼̇𝑉(𝑥, 𝜃, 𝜃‾).  

𝐷‾ 𝛼̇𝑊𝛼 = 0,𝐷𝛼𝑊‾ 𝛼̇ = 0 

𝑊[𝑉 + Φ+Φ†] = 𝑊[𝑉]. 

𝑊𝛼(𝑦, 𝜃) =−𝑖𝜆(𝑦) + [𝛿𝛼  
𝛽𝐷 −

𝑖

2
(𝜎𝜇𝜎𝜈)𝛼  

𝛽(𝜕𝜇𝐴𝜈(𝑦) − 𝜕𝜈𝐴𝜇(𝑦))] 𝜃𝛽  

 +𝜃𝜃𝜎𝛼𝛼̇
𝜇
𝜕𝜇𝜆‾

𝛼̇(𝑦) =

 = −𝑖𝜆(𝑦) + [𝛿𝛼  
𝛽𝐷 −

𝑖

2
(𝜎𝜇𝜎𝜈)𝛼  

𝛽𝐹𝜇𝜈(𝑦)] 𝜃𝛽 + 𝜃𝜃𝜎𝛼𝛼̇
𝜇
𝜕𝜇𝜆‾

𝛼̇(𝑦)

 

𝑆 = ∫  𝑑4𝑥 [∫  𝑑2𝜃Φ +∫  𝑑2𝜃‾Φ†] 

𝑆 = ∫  𝑑4𝑥 ∫  𝑑4𝜃𝑉 

𝑆 = ∫  𝑑4𝑥{𝑑4𝜃Φ𝑖
†Φ𝑖 + [∫  𝑑

2𝜃 (
1

2
𝑚𝑖𝑗Φ𝑖Φ𝑗 +

+
1

3
𝑔𝑖𝑗𝑘Φ𝑖Φ𝑗Φ𝑘 + 𝜆𝑖Φ𝑖) +  h.c. ]}

 

𝑆 = ∫  𝑑4𝑥 {−𝜕𝜇𝜙𝑖
∗𝜕𝜇𝜙𝑖 − 𝑖𝜓‾𝑖𝜎‾

𝜇𝜕𝜇𝜓𝑖 + 𝐹𝑖
∗𝐹𝑖 + [𝑚𝑖𝑗 (𝜙𝑖𝐹𝑗 −

1

2
𝜓𝑖𝜓𝑗) +

+𝑔𝑖𝑗𝑘(𝜙𝑖𝜙𝑗𝐹𝑘 − 𝜓𝑖𝜓𝑗𝜙𝑘) + 𝜆𝑖𝐹𝑖 +  h.c. ]}
 

𝛿𝜂𝜙𝑖  = √2𝜂𝜓𝑖

𝛿𝜂𝜓𝑖  = 𝑖√2𝜎
𝜇𝜂‾𝜕𝜇𝜙𝑖 + √2𝜂𝐹𝑖

𝛿𝜂𝐹𝑖 = 𝑖√2𝜂𝜎
𝜇
𝜕𝜇𝜓𝑖

 

𝜕ℒ

𝜕𝐹𝑘
∗ = 𝐹𝑘 + 𝜆𝑘

∗ +𝑚𝑖𝑘
∗ 𝜙𝑖

∗ + 𝑔𝑖𝑗𝑘
∗ 𝜙𝑖

∗𝜙𝑗
∗ = 0

𝜕ℒ

𝜕𝐹𝑘
 = 𝐹𝑘

∗ + 𝜆𝑘 +𝑚𝑖𝑘𝜙𝑖 + 𝑔𝑖𝑗𝑘𝜙𝑖𝜙𝑗 = 0

 

ℒ = −𝑖𝜓‾𝑖𝜎‾
𝜇𝜕𝜇𝜓𝑖 − 𝜕

𝜇𝜙∗𝜕𝜇𝜙 −
1

2
𝑚𝑖𝑗𝜓𝑖𝜓𝑗 −

1

2
𝑚𝑖𝑗
∗ 𝜓‾𝑖𝜓‾𝑗 +

 −𝑔𝑖𝑗𝑘𝜓𝑖𝜓𝑗𝜙𝑘 − 𝑔𝑖𝑗𝑘
∗ 𝜓‾𝑖𝜓‾𝑗𝜙𝑘

∗ − 𝒱(𝜙𝑖 , 𝜙𝑖
∗),

 

𝒱 = (𝐹𝑘
∗𝐹𝑘) = (𝑚𝑖𝑘𝜙𝑖 + 𝑔𝑖𝑗𝑘𝜙𝑖𝜙𝑗)(𝑚𝑚𝑘

∗ 𝜙𝑚
∗ + 𝑔𝑚𝑛𝑘

∗ 𝜙𝑚
∗ 𝜙𝑛

∗).  

𝑆 = ∫  𝑑4𝑥 {∫  𝑑4𝜃Φ𝑖
†Φ𝑖 + [∫  𝑑

2𝜃 W(Φ) +  h.c. ]} 

𝒱(Φ) = |
𝜕W(Φ)

𝜕Φ
|
2

 

Φ = 𝐷‾ 2Ψ Φ† = 𝐷2Ψ† 
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𝑆 = ∫  𝑑4𝑥𝑑4𝜃{(𝐷2Ψ†)(𝐷‾ 2Ψ) − 2𝑚(Ψ𝐷‾ 2Ψ+Ψ†𝐷2Ψ +

−
4𝑔

3!
[Ψ(𝐷‾ 2Ψ)2 +Ψ†(𝐷2Ψ†)

2
]}

 

∫  𝑑4𝑥∫  𝑑2𝜃Ψ = ∫  𝑑4𝑥∫  𝑑4𝜃 (−
1

4
𝐷‾ 2)Ψ 

Φ𝑘
′ = 𝑒−𝑖𝑞𝑘ΛΦ𝑘 ,  with 𝐷‾ 𝛼̇Λ = 0

Φ𝑘
†′ = 𝑒𝑖𝑞𝑘Λ

†
Φ𝑘
† ,  with 𝐷𝛼Λ

† = 0
 

𝑉′ = 𝑉 + 𝑖(Λ − Λ†), 

𝑆 =∫  𝑑4𝑥 {∫  𝑑2𝜃
1

4
𝑊𝛼𝑊𝛼 +∫  𝑑

2𝜃‾
1

4
𝑊‾ 𝛼̇𝑊‾

𝛼̇ +∫  𝑑4𝜃Φ𝑖
†𝑒𝑞𝑖𝑉Φ𝑖 + 

+ [∫  𝑑2𝜃 (
1

2
𝑚𝑖𝑗Φ𝑖Φ𝑗 +

1

3
𝑔𝑖𝑗𝑘Φ𝑖Φ𝑗Φ𝑘) +  h.c. ]}

 

(Φ)𝑖𝑗 = 𝑇𝑖𝑗
𝑎Φ𝑎, (Φ

†)
𝑖𝑗
= 𝑇𝑖𝑗

𝑎Φ𝑎
† , 𝑉𝑖𝑗 = 𝑇𝑖𝑗

𝑎𝑉𝑎 

tr(𝑇𝑎𝑇𝑏) = 𝐶(𝐫)𝛿𝑎𝑏 [𝑇𝑎, 𝑇𝑏] = 𝑖𝑓𝑎𝑏  𝑐𝑇
𝑐 

Φ′ = 𝑒−𝑖ΛΦ,Φ†
′
= Φ†𝑒𝑖Λ

†
 

𝑉 ⟶ 𝑉′: 𝑒𝑉
′
= 𝑒−𝑖Λ

†
𝑒𝑉𝑒𝑖Λ.  

𝛿𝑉 = 𝑉′ − 𝑉 = 𝑖ℒ𝑉/2[(Λ + Λ
† + coth(ℒ𝑉/2)(Λ − Λ

†)]  

𝑊𝛼 = −
1

4
𝐷𝐷𝑒−𝑉𝐷𝛼𝑒

𝑉 

𝐹𝜇𝜈 = 𝜕𝜇𝐴𝜈 − 𝜕𝜈𝐴𝜇 + 𝑖𝑔[𝐴𝜇 , 𝐴𝜈] 

𝑊𝛼 ⟶𝑊𝛼
′ = 𝑒−𝑖Λ𝑊𝛼𝑒

𝑖Λ 

𝑆 =∫  𝑑4𝑥
1

𝑑𝐫
tr {

1

16𝑔2
[∫  𝑑2𝜃𝑊𝛼𝑊𝛼 +∫  𝑑

2𝜃‾𝑊‾ 𝛼̇𝑊‾
𝛼̇] + ∫  𝑑4𝜃𝑒−𝑉Φ†𝑒𝑉Φ+ 

+ [∫  𝑑2𝜃 (
1

2
𝑚𝑖𝑗Φ𝑖Φ𝑗 +

1

3
𝑔𝑖𝑗𝑘Φ𝑖Φ𝑗Φ𝑘) +  h.c. ]}

 

𝑆 = ∫  𝑑4𝑥 {−
1

4
𝐹𝜇𝜈
𝑎 𝐹𝑎𝜇𝜈 − 𝑖𝜆‾𝑎𝜎‾𝜇𝒟𝜇𝜆

𝑎 +
1

2
𝐷𝑎𝐷𝑎 −𝒟𝜇𝜙

†𝒟𝜇𝜙

−𝑖𝜓‾𝜎‾𝜇𝒟𝜇𝜓 + 𝐹
†𝐹 + 𝑖√2𝑔(𝜙†𝑇𝑎𝜓𝜆𝑎 − 𝜆‾𝑎𝑇𝑎𝜙𝜓‾) + 𝑔𝐷𝑎𝜙†𝑇𝑎𝜙}

 

𝒟𝜇𝜙 = 𝜕𝜇𝜙 + 𝑖𝑔𝐴𝜇
𝑎𝑇𝑎𝜙

𝒟𝜇𝜓 = 𝜕𝜇𝜓 + 𝑖𝑔𝐴𝜇
𝑎𝑇𝑎𝜓

𝒟𝜇𝜆
𝑎 = 𝜕𝜇𝜆

𝑎 + 𝑖𝑔𝑓𝑎  𝑏𝑐𝐴𝜇
𝑏𝜆𝑐

 

𝒱𝐷 =
1

8
𝑔2([𝜙†, 𝜙])

2
. 

𝛿𝜉𝜙= √2𝜉𝜓  

𝛿𝜉𝜓= 𝑖√2𝜎
𝜇𝜉‾𝒟𝜇𝜙 + √2𝜉𝐹  

𝛿𝜉𝐹= 𝑖√2𝜎
𝜇𝜉‾𝒟𝜇𝜓 + 2𝑖𝑔𝑇

𝑎𝜙𝜉𝜆 𝑎 

𝛿𝜉𝐴𝜇
𝑎 = −𝑖𝜆‾𝑎𝜎‾𝜇𝜉 + 𝑖𝜉‾𝜎‾𝜇𝜆

𝑎

𝛿𝜉𝜆
𝑎 = 𝜎𝜇𝜈𝜉𝐹𝜇𝜈

𝑎 + 𝑖𝜉𝐷𝑎

𝛿𝜉𝐷
𝑎 = −𝜉𝜎𝜇𝒟𝜇𝜆‾

𝑎 − 𝒟𝜇𝜆
𝑎𝜎𝜇𝜉‾.

 

𝜏 =
𝜃

2𝜋
+
4𝜋𝑖

𝑔2
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𝑆 =
1

8𝜋
Im [𝜏∫  𝑑4𝑥𝑑2𝜃tr𝑊𝛼𝑊𝛼] =

=
1

𝑔2
∫  𝑑4𝑥tr [−

1

4
𝐹𝜇𝜈𝐹

𝜇𝜈 − 𝑖𝜆𝜎𝜇𝒟𝜇𝜆‾ +
1

2
𝐷2] +

 −
𝜃

32𝜋2
∫  𝑑4𝑥tr𝐹𝜇𝜈𝐹̃

𝜇𝜈

 

𝑔 = 𝑒
𝑖(𝑎𝜇𝑃𝜇+𝜂𝑖

𝛼𝑄𝛼
𝑖 +𝜂‾ 𝛼̇

𝑖 𝑄‾𝑖
𝛼̇+𝑏𝑟𝑍𝑟+

1
2
𝑤𝜇𝜈𝑀

𝜇𝜈)
 

𝑘 = 𝑒𝑖(𝑥
𝜇𝑃𝜇+𝜃𝑖

𝛼𝑄𝛼
𝑖 +𝜃‾ 𝛼̇

𝑖 𝑄‾𝑖
𝛼̇+𝜁𝑟𝑍𝑟)  

𝑧𝑚 = (𝑥𝜇, 𝜃𝛼
𝑖 , 𝜃‾𝛼̇

𝑗
, 𝜁𝑟)  

𝑥′𝜇= 𝑥𝜇 + 𝑖𝜂𝑖
𝛼𝜎𝛼𝛼̇

𝜇
𝜃‾𝛼̇𝑖 − 𝑖𝜃𝑖

𝛼𝜎𝛼𝛼̇
𝜇
𝜂‾𝛼̇𝑖  

𝜃𝑖
′𝛼= 𝜃𝑖

𝛼 + 𝜂𝑖
𝛼  

𝜃‾𝛼̇𝑗 = 𝜃‾𝛼̇𝑗 + 𝜂‾𝛼̇𝑗

𝜁′𝑟 = 𝜁𝑟 + 𝑖𝜂𝑖
𝛼𝜃𝛼𝑗(Ω

𝑟)𝑖𝑗 + 𝑖𝜂‾𝛼̇
𝑖 𝜃‾𝛼̇𝑗(Ω𝑟)𝑖𝑗 .

 

𝜁′𝑟 = 𝜁𝑟 + 𝑏𝑟 .  

𝐹 = 𝐹(𝑥𝜇 , 𝜃𝛼
𝑖 , 𝜃‾𝛼̇

𝑗
, 𝜁𝑟).  

𝑅(𝑔)𝐹(𝑧) = 𝐹(𝑧′) 

ℓ𝜇 = 𝜕𝜇

ℓ𝛼
𝑖  =

𝜕

𝜕𝜃𝑖
𝛼 + 𝑖𝜎𝛼𝛼̇

𝜇
𝜃‾𝛼̇𝑖𝜕𝜇 + 𝑖(Ω

𝑟)𝑖𝑗𝜃𝛼𝑗
𝜕

𝜕𝜁𝑟

ℓ‾ 𝛼̇𝑖 =
𝜕

𝜕𝜃‾𝛼̇𝑖
+ 𝑖𝜃𝑖

𝛼𝜎𝛼𝛼̇
𝜇
𝜕𝜇 + 𝑖𝜃‾𝛼

𝑗(Ω𝑟)𝑖𝑗
𝜕

𝜕𝜁𝑟

ℓ𝑟 =
𝜕

𝜕𝜁𝑟

ℓ𝜇𝜈  = −(𝑥𝜇𝜕𝜈 − 𝑥𝜈𝜕𝜇) −
1

2
𝜃𝛽𝜎𝛽

𝜇𝜈𝛼 𝜕

𝜕𝜃𝛼
+
1

2
𝜃‾𝛽̇𝜎‾

𝛽̇

𝜇𝜈𝛼̇ 𝜕

𝜕𝜃‾𝛼̇

ℓ𝑎 = −𝜃𝑖
𝛼𝐵𝑎𝑗

𝑖 𝜕

𝜕𝜃𝑗
𝛼 − 𝜃‾

𝛼̇𝑖(𝐵𝑎𝑗
𝑖 )

∗ 𝜕

𝜕𝜃‾𝑗
𝛼̇
.

 

𝐹(𝑥, 𝜃, 𝜃‾, 𝜁) = 𝐹(0)(𝑥, 𝜃, 𝜃‾) + 𝐹(𝑟)
(1)
(𝑥, 𝜃, 𝜃‾)𝜁(𝑟) +⋯ ,  

𝐹(0)(𝑥, 𝜃, 𝜃‾) = 𝐹(𝑥, 𝜃, 𝜃‾, 0)

𝐹(𝑟)
(1)
(𝑥, 𝜃, 𝜃‾) =

𝜕

𝜕𝜁𝑟
𝐹(𝑥, 𝜃, 𝜃‾, 𝜁)|

𝜁=0

 

𝐷𝜇= 𝜕𝜇  

𝐷𝛼
𝑖=

𝜕

𝜕𝜃𝑖
𝛼 + 𝑖𝜎𝛼𝛼̇

𝜇
𝜃‾𝛼̇𝑖𝜕𝜇 − 𝑖(Ω

𝑟)𝑖𝑗𝜃𝛼𝑗
𝜕

𝜕𝜁𝑟
 

𝐷‾ 𝛼̇𝑖 = −
𝜕

𝜕𝜃‾𝛼̇𝑖
− 𝑖𝜃𝑖

𝛼𝜎𝛼𝛼̇
𝜇
𝜕𝜇 − 𝑖(Ω

𝑟)𝑖𝑗𝜃‾𝛼̇
𝑗 𝜕

𝜕𝜁𝑟

𝐷𝑟 =
𝜕

𝜕𝜁𝑟

 

𝐷𝑟𝑉(𝑥, 𝜃, 𝜃‾, 𝜁) =
𝜕

𝜕𝜁𝑟
𝑉(𝑥, 𝜃, 𝜃‾, 𝜁) = 0  

{𝐷𝛼
𝑖 , 𝐷𝛽

𝑗
} = 2𝜀𝛼𝛽𝜀

𝑖𝑗𝐷𝜁 

𝐷‾ 𝛼̇
𝑖𝑊 = 0,𝐷𝜁𝑊 = 0  
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𝑊,𝐷𝛼
𝑖𝑊,𝐷𝛼𝑖𝐷𝛼

𝑗
𝑊,𝐷𝛼

𝑖 𝐷𝛽𝑖𝑊,

𝐷𝛼
𝑖 𝐷𝛽

𝑗
𝐷𝛾
𝑘𝑊,𝐷𝛼

𝑖 𝐷𝛽
𝑗
𝐷𝛾
𝑘𝐷𝛿

𝑙𝑊.
 

𝐷𝛼𝑖𝐷𝛼
𝑗
𝑊 = 𝐷‾ 𝛼̇

𝑖 𝐷‾ 𝛼𝑗𝑊‾ . 

𝐷, 𝜒𝛼
𝑖 , 𝐶𝑖𝑗 , 𝐹𝜇𝜈 ,  

𝐷𝛼
𝑖Φ𝑗 =

1

2
𝛿𝑗
𝑖𝐷𝛼
𝑘Φ𝑘

𝐷‾ 𝛼̇𝑖Φ𝑗 + 𝐷‾ 𝛼̇𝑗Φ𝑖 = 0.
 

Φ,𝐷𝛼
𝑘Φ𝑘 , 𝐷‾ 𝛼̇

𝑘Φ𝑘 , 𝐷𝜁Φ 

𝜓𝛼 , 𝜒𝛼 , 𝜙𝑖 , 𝐹𝑖 .  

𝑧𝑚 = (𝑥𝜇, 𝜃𝛼
𝑖 , 𝜃‾𝛼̇𝑗) = (𝑥𝜇, 𝜃𝛼 , 𝜃‾𝛼̇ , 𝜃̃𝛼 , 𝜃̃𝛼̇) 

𝐷‾ 𝛼̇Ψ = 0, 𝐷̃𝛼̇Ψ = 0  

𝑦̃𝜇 = 𝑥𝜇 + 𝑖𝜃𝜎𝜇𝜃‾ + 𝑖𝜃̃𝜎𝜇𝜃̃ 

Ψ(𝑦̃, 𝜃) = Φ(𝑦̃, 𝜃) + 𝑖√2𝜃̃𝛼𝑊𝛼(𝑦̃, 𝜃) + 𝜃̃𝜃̃𝐺(𝑦̃, 𝜃), 

Ψ𝑖𝑗 = 𝑇𝑖𝑗
𝑎Ψ𝑎. 

𝑆 =
1

4𝜋
Im {𝜏∫  𝑑4𝑥∫  𝑑2𝜃𝑑2𝜃̃tr (

1

2
Ψ2)} ,  

Ψ2|𝜃2𝜃̃2 = 𝑊
𝛼𝑊𝛼|𝜃2 + 2𝐺Φ|𝜃2 . 

𝐷𝛼𝑖𝐷𝛼
𝑗
Ψ = 𝐷‾ 𝛼̇

𝑖 𝐷‾ 𝛼̇𝑗Ψ†. 

𝐺 = ∫  𝑑2𝜃Φ†(𝑦̃ − 𝑖𝜃𝜎𝜃‾, 𝜃‾)𝑒𝑉(𝑦̃−𝑖𝜃𝜎𝜃
‾ ,𝜃‾ ) 

𝑆 =
1

4𝜋
Im {∫  𝑑4𝑥 ∫  𝑑2𝜃𝑑2𝜃̃ℱ(Ψ)}, 

𝑆𝐾 = ∫  𝑑
4𝑥𝐷𝛼𝑖𝐷𝛼

𝑗
[Φ𝑖†𝐷𝛽𝑘𝐷𝛽

𝑘Φ𝑗] 

𝑆 = ∫  𝑑4𝑥 {∫  𝑑4𝜃[𝑄†𝑒2𝑉𝑄 + 𝑄̃†𝑒2𝑉𝑄̃ + Φ†𝑒2𝑉Φ]

+
1

4𝜋
Im [𝜏 ∫  𝑑2𝜃𝑊𝛼𝑊𝛼] + [∫  𝑑

2𝜃(√2𝑄̃Φ𝑄 +𝑚𝑖𝑄̃𝑖𝑄𝑖) +  h.c. ]}
 

𝑍[𝐽] = 𝑁∫  [𝒟𝜙]𝑒𝑖𝑆[𝜙]+𝑖 ∫  𝑑𝑥𝜙𝑖(𝑥)𝐽𝑖(𝑥), 

𝑆 = ∫  𝑑4𝑥𝑑4𝜃𝐾(Φ,Φ†, 𝑉) + [∫  𝑑4𝑥𝑑2𝜃 W[Φ] +  h.c. ] .  

𝛿𝐹(𝑥′, 𝜃′ , 𝜃‾′)

𝛿𝐹(𝑥, 𝜃, 𝜃‾)
= 𝛿4(𝑥 − 𝑥

′)𝛿4(𝜃 − 𝜃
′) 

𝛿4(𝜃 − 𝜃
′) = 𝛿2(𝜃 − 𝜃

′)𝛿2(𝜃‾ − 𝜃‾
′) = (𝜃 − 𝜃′)2(𝜃‾ − 𝜃‾′)2 

∫  𝑑4𝜃𝛿4(𝜃 − 𝜃
′)𝐹(𝑥, 𝜃, 𝜃‾) = 𝐹(𝑥, 𝜃′ , 𝜃‾′) 
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𝛿

𝛿𝐹(𝑥, 𝜃, 𝜃‾)
∫  𝑑4𝑥′𝑑4𝜃′𝐹(𝑥′, 𝜃′ , 𝜃‾′)𝐺(𝑥′, 𝜃′, 𝜃‾′) = 𝐺(𝑥, 𝜃, 𝜃‾)  

𝛿Φ(𝑥′, 𝜃′, 𝜃‾′)

𝛿Φ(𝑥, 𝜃, 𝜃‾)
= −

1

4
𝐷‾ 2𝛿4(𝑥 − 𝑥

′)𝛿4(𝜃 − 𝜃
′) 

𝛿

𝛿Φ(𝑥, 𝜃, 𝜃‾)
∫  𝑑4𝑥′𝑑2𝜃′Φ(𝑥′, 𝜃′ , 𝜃‾′)Φ̃(𝑥′, 𝜃′ , 𝜃‾′) =

 = ∫  𝑑4𝑥′𝑑2𝜃′ (−
1

4
𝐷‾ 2) 𝛿4(𝑥 − 𝑥

′)𝛿4(𝜃 − 𝜃
′)Φ̃(𝑥′, 𝜃′, 𝜃‾′) =

 = ∫  𝑑4𝑥′𝑑4𝜃′𝛿4(𝑥 − 𝑥
′)𝛿4(𝜃 − 𝜃

′)Φ̃(𝑥′, 𝜃′, 𝜃‾′) = Φ̃(𝑥, 𝜃, 𝜃‾)

 

𝑍[𝐽, 𝐽†, 𝐽𝑉] = 𝑁∫  [𝒟Φ𝒟Φ
†𝒟𝑉]𝑒𝑖𝑆[Φ,Φ

†,𝑉]+𝑖(Φ,𝐽)+𝑖(Φ†,𝐽†)+𝑖(𝑉,𝐽𝑉)  

(Φ, 𝐽) = ∫  𝑑4𝑥𝑑2𝜃Φ(𝑥, 𝜃, 𝜃‾)𝐽(𝑥, 𝜃, 𝜃‾)

(Φ†, 𝐽†) = ∫  𝑑4𝑥𝑑2𝜃‾Φ†(𝑥, 𝜃, 𝜃‾)𝐽†(𝑥, 𝜃, 𝜃‾)

(𝑉, 𝐽𝑉) = ∫  𝑑
4𝑥𝑑4𝜃𝑉(𝑥, 𝜃, 𝜃‾)𝐽𝑉(𝑥, 𝜃, 𝜃‾)

 

𝒢𝑛(𝑧1, … , 𝑧𝑖 , 𝑧𝑖+1, … , 𝑧𝑗 , 𝑧𝑗+1, … , 𝑧𝑛)

 = ⟨0|𝑇{Φ(𝑧1)…Φ(𝑧𝑖)Φ
†(𝑧𝑖+1)…Φ

†(𝑧𝑗)𝑉(𝑧𝑗+1)…𝑉(𝑧𝑛)}|0⟩

 = (−𝑖)𝑛
𝛿𝑛𝑍[𝐽, 𝐽†, 𝐽𝑉]

𝛿𝐽(𝑧1)…𝛿𝐽(𝑧𝑖)𝛿𝐽
†(𝑧𝑖+1)…𝛿𝐽

†(𝑧𝑗)𝛿𝐽𝑉(𝑧𝑗+1)…𝛿𝐽𝑉(𝑧𝑛)
|

𝐽=𝐽†=𝐽𝑉=0

 

𝑊[𝐽, 𝐽†, 𝐽𝑉] = (−𝑖)log (𝑍[𝐽, 𝐽
†, 𝐽𝑉]). 

Φ̃ =
𝛿𝑊

𝛿𝐽
, Φ̃† =

𝛿𝑊

𝛿𝐽†
, 𝑉̃ =

𝛿𝑊

𝛿𝐽𝑉
,  

Γ[Φ̃, Φ̃†, 𝑉̃] = (𝑊[𝐽, 𝐽†, 𝐽𝑉] − [(𝐽, Φ) + (𝐽
†, Φ†) + (𝐽𝑉 , 𝑉)])|(Φ̃,Φ̃†,𝐽𝑉)

 

𝐽 = 𝐽[Φ̃, Φ̃†, 𝑉̃], 𝐽† = 𝐽†[Φ̃, Φ̃†, 𝑉̃] and 𝐽𝑉 = 𝐽𝑉[Φ̃, Φ̃
†, 𝑉̃] 

𝑆[Φ,Φ†, 𝑉] = 𝑆0[Φ,Φ
†, 𝑉] + 𝑆int[Φ,Φ

†, 𝑉] 

𝑍[𝐽, 𝐽†, 𝐽𝑉] = 𝑒
𝑖𝑆int[

𝛿
𝛿𝐽
,
𝛿
𝛿𝐽†

,
𝛿
𝛿𝐽𝑉

]
𝑍0[𝐽, 𝐽

†, 𝐽𝑉]
 

𝑍0[𝐽, 𝐽
†𝐽𝑉] = 𝑁∫  [𝒟Φ𝒟Φ

†𝒟𝑉]𝑒𝑖𝑆0[Φ,Φ
†,𝑉]+𝑖(Φ,𝐽)+𝑖(Φ†,𝐽†)+𝑖(𝑉,𝐽𝑉) 

𝑒
𝑖𝑆int [

𝛿
𝛿𝐽
,
𝛿
𝛿𝐽†

,
𝛿
𝛿𝐽𝑉

]
 

𝑍0[𝐽, 𝐽
†, 𝐽𝑉] = exp {−

𝑖

2
∫  𝑑4𝑥𝑑4𝜃(Φ,Φ†)ℳΦ (

Φ

Φ†
)

+
𝑖

2
∫  𝑑4𝑥𝑑4𝜃𝑉ℳ𝑉𝑉 + 𝑖(Φ, 𝐽) + 𝑖(Φ

†, 𝐽†) + 𝑖(𝑉, 𝐽𝑉)}

 

𝑍0[𝐽, 𝐽
†, 𝐽𝑉]= exp {

𝑖

2
∫  𝑑8𝑧𝑑8𝑧′(𝐽(𝑧), 𝐽†(𝑧))ΔΦ(𝑧, 𝑧

′) (
𝐽(𝑧′)

𝐽†(𝑧′)
) 

+
𝑖

2
∫  𝑑8𝑧𝑑8𝑧′𝐽𝑉(𝑧)Δ𝑉(𝑧, 𝑧

′)𝐽𝑉(𝑧
′)}
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𝑆0= ∫  𝑑
4𝑥 {∫  𝑑4𝜃Φ𝑖

†Φ𝑖 + [∫  𝑑
2𝜃
1

2
𝑚𝑖𝑗Φ𝑖Φ𝑗 +∫  𝑑

2𝜃‾
1

2
𝑚𝑖𝑗Φ𝑖

†Φ𝑗
†]} 

 = ∫  𝑑4𝑥𝑑4𝜃 [Φ𝑖
†Φ𝑖 −

1

8
𝑚𝑖𝑗 (Φ𝑖

𝐷𝐷

◻
Φ𝑗 +Φ𝑖

† 𝐷𝐷

◻
Φ𝑗
†)]

 

𝑃1 =
1

16

𝐷2𝐷‾ 2

◻
, 𝑃1Φ

† = Φ†, 𝑃1Φ = 0 

𝑆0 =
1

2
∫  𝑑4𝑥𝑑4𝜃(Φ𝑖 , Φ𝑖

†)ℳ𝑖𝑗 (
Φ𝑗

Φ𝑗
†)  

ℳ𝑖𝑗 = (
−
1

4

𝑚𝑖𝑗

◻
𝐷𝐷 𝛿𝑖𝑗

𝛿𝑖𝑗 −
1

4

𝑚𝑖𝑗

◻
𝐷𝐷

). 

𝑖 ∫  𝑑4𝑥𝑑4𝜃

[
 
 
 
1

2
(Φ,Φ†)ℳ (

Φ

Φ†
) + (Φ,Φ†)

(

 
−
1

4

𝐷2

◻
0

0 −
1

4

𝐷‾ 2

◻)

 (
𝐽

𝐽†
)

]
 
 
 

 

ΔΦ(𝑥, 𝜃, 𝜃‾; 𝑥
′, 𝜃′ , 𝜃‾′) =

1

◻ −𝑚2

(

 

𝑚

4

𝐷2

◻
1

1
𝑚

4

𝐷‾ 2

◻)

 𝛿8(𝑧 − 𝑧
′)  

𝑆0 = ∫  𝑑
4𝑥 {∫  𝑑2𝜃

1

4
𝑊𝛼𝑊𝛼 +∫  𝑑

2𝜃‾
1

4
𝑊‾ 𝛼̇𝑊‾

𝛼̇ +∫  𝑑4𝜃𝑚2𝑉2}  

𝑆 = 𝑆0 + 𝑆GF + 𝑆FP =

= ∫  𝑑4𝑥𝑑4𝜃 [
1

4
𝑊𝛼𝑊𝛼𝛿2(𝜃‾) +

1

4
𝑊‾ 𝛼̇𝑊‾

𝛼̇𝛿2(𝜃)]  

+∫  𝑑4𝑥𝑑4𝜃 [−
𝜉

8
(𝐷‾ 2𝑉)(𝐷2𝑉)]  

 +𝑖 ∫  𝑑4𝑥𝑑4𝜃(𝐶′ + 𝐶‾′)ℒ𝑉
2
[(𝐶 + 𝐶‾) + cothℒ𝑉

2
(𝐶 − 𝐶‾)]

 

𝑆 = 𝑆0 + 𝑆GF =

= ∫  𝑑4𝑥𝑑4𝜃{𝑉[− ◻ 𝑃𝑇 − 𝜉(𝑃1 + 𝑃2) ◻]𝑉} = 

 = ∫  𝑑4𝑥𝑑4𝜃𝑉ℳ𝑉𝑉

 

𝑍[𝐽𝑉] = ∫  [𝒟𝑉]𝑒
𝑖 ∫  𝑉ℳ𝑉𝑉+𝑖(𝑉,𝐽𝑉) 

Δ𝑉(𝑥, 𝜃, 𝜃‾; 𝑥
′, 𝜃′ , 𝜃‾′)= [−

1

◻
𝑃𝑇 −

𝛼

◻
(𝑃1 + 𝑃2)] 𝛿8(𝑧 − 𝑧

′)  

 = −
1

◻
[1 + (𝛼 − 1)(𝑃1 + 𝑃2)]𝛿8(𝑧 − 𝑧

′)(1.69)

 

𝒢𝑛(𝑧1, … , 𝑧𝑖 , 𝑧𝑖+1, … , 𝑧𝑗 , 𝑧𝑗+1, … , 𝑧𝑛)

= ⟨0|𝑇{Φ(𝑧1)…Φ(𝑧𝑖)Φ
†(𝑧𝑖+1)…Φ

†(𝑧𝑗)𝑉(𝑧𝑗+1)…𝑉(𝑧𝑛)}|0⟩ 

=
𝛿

𝛿𝐽(𝑧1)
…

𝛿

𝛿𝐽(𝑧𝑖)

𝛿

𝛿𝐽†(𝑧𝑖+1)
…

𝛿

𝛿𝐽†(𝑧𝑗)

𝛿

𝛿𝐽𝑉(𝑧𝑗+1)
…

𝛿

𝛿𝐽𝑉(𝑧𝑛)
 

⋅ ∑  

∞

𝑘=0

 
(−𝑖)𝑘

𝑘!
(𝑆int [

𝛿

𝛿𝐽
,
𝛿

𝛿𝐽†
,
𝛿

𝛿𝐽𝑉
])
𝑘

𝑍0[𝐽, 𝐽
†, 𝐽𝑉]|

𝐽=𝐽†=𝐽𝑉=0

 

𝑑𝑠 = 4𝐿 − 2𝑃 + 2𝑉 − 𝐶 − 𝐸 − 2𝐿 
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𝑑𝑠 = 2 − 𝐶 − 𝐸 

𝑑𝑠 = −𝐶 

𝑑𝑠 = 1 − 𝐶 − 𝑛, 

Γ =∑  

𝑛

 ∫∫  𝑑4𝑥1…𝑑
4𝑥𝑛𝑑

4𝜃𝐺(𝑥1, … , 𝑥𝑛)  ⋅ 𝑓𝑛[Φ,Φ
†, 𝑉, 𝐷𝛼Φ,𝐷‾ 𝛼̇Φ

†, 𝐷𝛼𝑉,𝐷‾ 𝛼̇𝑉,… ]  

 

 

∫  𝑑4𝑥𝑑2𝜃𝑑2𝜃‾
𝐷2

16 ◻
Φ𝑛 = ∫  𝑑4𝑥𝑑2𝜃

𝐷‾ 2𝐷2

16 ◻
Φ𝑛 = ∫  𝑑4𝑥𝑑2𝜃Φ𝑛 

𝑆 = ∫  𝑑10𝑥tr {−
1

4
𝐹ΓΛ𝐹

ΓΛ +
𝑖

2
𝜆‾ΓΛ𝐷Λ𝜆}  

𝜆 = 𝐶(10)𝜆‾
𝑇 , 𝜆 = ±Γ5𝜆 

𝛿𝜂𝐴Λ= 𝑖𝜂‾ΓΛ𝜆  

𝛿𝜂𝜆 = ΣΓΛ𝐹
ΓΛ𝜂.

 

𝐴𝜇
𝑎 = 𝐴𝜇

𝑎 𝜇 = 0,1,2,3

𝜑𝐵4
𝑎 =

1

√2
(𝐴𝐵+3
𝑎 + 𝑖𝐴𝐵+6

𝑎 ) 𝐵 = 1,2,3

𝜑𝑎𝐴𝐵 =
1

2
𝜀𝐴𝐵𝐶4𝜑𝐶4

𝑎 = (𝜑𝑎𝐴𝐵)∗ 𝐴, 𝐵, 𝐶 = 1,2,3.

 

𝜆 =

(

 
 
 

𝐿𝜒1

⋮
𝐿𝜒4

𝑅𝜒1
⋮
𝑅𝜒4)

 
 
 
, 𝜒̃𝐴 = 𝐶(𝜒‾

𝐴)𝑇 

𝜆𝐴 = (
𝐿𝜒𝐴

𝑅𝜒𝐴
)  𝐴 = 1,2,3,4  

𝜑𝑖 =
1

2
𝑡‾𝐴𝐵
𝑖 𝜑𝐴𝐵, 𝑖 = 1,2,… ,6 

 

𝛿𝜑𝐴𝐵=
1

2
(𝜆𝛼𝐴𝜂𝛼  

𝐵 − 𝜆𝛼𝐵𝜂𝛼  
𝐴) +

1

2
𝜀𝐴𝐵𝐶𝐷𝜂‾𝛼̇𝐶𝜆‾𝐷

𝛼̇  

𝛿𝜆𝛼  
𝐴= −

1

2
𝐹𝜇𝜈
−𝜎𝜇𝜈  𝛼  

𝛽𝜂𝛽  
𝐴 + 4𝑖(D̸𝛼𝛼̇𝜑

𝐴𝐵)𝜂‾𝐵
𝛼̇ − 8𝑔[𝜑‾𝐵𝐶 , 𝜑

𝐶𝐴]𝜂𝛼  
𝐵 

𝛿𝐴𝜇  = −𝑖𝜆𝛼𝐴𝜎𝜇 𝛼𝛼̇𝜂‾
𝛼̇  𝐴 − 𝑖𝜂

𝛼𝐴𝜎𝜇 𝛼𝛼̇𝜆‾
𝛼̇  𝐴,

 

𝑊‾𝐴𝐵 =
1

2
𝜀𝐴𝐵𝐶𝐷𝑊

𝐶𝐷  

𝒟𝛼
𝐴𝑊𝐵𝐶 = 𝒟𝛼

[𝐴
𝑊𝐵𝐶]  

𝑆=
1

𝑑𝐫
tr {∫  𝑑4𝑥 [𝑑4𝜃𝑒−𝑔𝑉Φ𝐼

†𝑒𝑔𝑉Φ𝐼 +
1

4𝑔2
(∫  𝑑2𝜃

1

4
𝑊𝛼𝑊𝛼 +  h.c. ) 

+𝑖𝑔
√2

3!
(∫  𝑑2𝜃𝜀𝐼𝐽𝐾Φ

𝐼[Φ𝐽 , Φ𝐾] + ∫  𝑑2𝜃‾𝜀𝐼𝐽𝐾Φ𝐼
†[Φ𝐽

†, Φ𝐾
† ])]}
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 ∫  𝑑4𝑥 {∫  𝑑2𝜃 W(𝑥, 𝜃, 𝜃‾) +  h.c. }

 = ∫  𝑑4𝑥 {∫  𝑑2𝜃 [−𝑖
√2

3!
𝜀𝐼𝐽𝐾𝑓

𝑎𝑏𝑐(Φ𝑎
𝐼Φ𝑏

𝐽
Φ𝑐
𝐾)(𝑥, 𝜃, 𝜃‾)] +  h.c. }

 

𝑆 = ∫  𝑑4𝑥𝑑4𝜃{𝑉𝑎(𝑥, 𝜃, 𝜃‾)[− ◻ 𝑃𝑇 − 𝜉(𝑃1 + 𝑃2) ◻]𝑉𝑎(𝑥, 𝜃, 𝜃‾)

+Φ†𝑎(𝑥, 𝜃, 𝜃‾)Φ𝑎
𝐼 (𝑥, 𝜃, 𝜃‾) + 𝑖𝑔𝑓𝑎𝑏𝑐Φ

†𝑎(𝑥, 𝜃, 𝜃‾)𝑉𝑏(𝑥, 𝜃, 𝜃‾)Φ𝐼𝑐(𝑥, 𝜃, 𝜃‾)  

−
1

2
𝑔2𝑓𝑎𝑏 

𝑒𝑓𝑒𝑐𝑑Φ
†𝑎(𝑥, 𝜃, 𝜃‾)𝑉𝑏(𝑥, 𝜃, 𝜃‾)𝑉𝑐(𝑥, 𝜃, 𝜃‾)Φ𝐼𝑑(𝑥, 𝜃, 𝜃‾) +⋯  

 −
𝑖

4
𝑔𝑓𝑎𝑏𝑐[𝐷‾

2(𝐷𝛼𝑉𝑎(𝑥, 𝜃, 𝜃‾))]𝑉𝑏(𝑥, 𝜃, 𝜃‾)(𝐷𝛼𝑉
𝑐(𝑥, 𝜃, 𝜃‾))

−
1

8
𝑔2𝑓𝑎𝑏 

𝑒𝑓𝑒𝑐𝑑𝑉
𝑎(𝑥, 𝜃, 𝜃‾)(𝐷𝛼𝑉𝑏(𝑥, 𝜃, 𝜃‾))[(𝐷‾ 2𝑉𝑐(𝑥, 𝜃, 𝜃‾))(𝐷𝛼𝑉

𝑑(𝑥, 𝜃, 𝜃‾))]  

+⋯−
√2

3!
𝑔𝑓𝑎𝑏𝑐[𝜀𝐼𝐽𝐾Φ𝑎

𝐼 (𝑥, 𝜃, 𝜃‾)Φ𝑏
𝐽
(𝑥, 𝜃, 𝜃‾)Φ𝑐

𝐾(𝑥, 𝜃, 𝜃‾)𝛿(𝜃‾) +  

+𝜀𝐼𝐽𝐾Φ† 𝐼𝑎(𝑥, 𝜃, 𝜃‾)Φ
† 𝐽𝑏(𝑥, 𝜃, 𝜃‾)Φ

† 𝐾𝑐(𝑥, 𝜃, 𝜃‾)𝛿(𝜃)] + (𝐶‾
′ 𝑎(𝑥, 𝜃, 𝜃‾)𝐶

𝑎(𝑥, 𝜃, 𝜃‾)

−𝐶′ 𝑎(𝑥, 𝜃, 𝜃‾)𝐶‾
𝑎(𝑥, 𝜃, 𝜃‾)) +

𝑖

2√2
𝑔𝑓𝑎𝑏𝑐(𝐶

′𝑎(𝑥, 𝜃, 𝜃‾) + 𝐶‾′𝑎(𝑥, 𝜃, 𝜃‾))

⋅ 𝑉𝑏(𝑥, 𝜃, 𝜃‾)(𝐶𝑐(𝑥, 𝜃, 𝜃‾) + 𝐶‾𝑐(𝑥, 𝜃, 𝜃‾)) −
1

8
𝑔2𝑓𝑎𝑏 

𝑒𝑓𝑒𝑐𝑑(𝐶
′𝑎(𝑥, 𝜃, 𝜃‾) + 𝐶‾′𝑎(𝑥, 𝜃, 𝜃‾)) 

⋅ 𝑉𝑏(𝑥, 𝜃, 𝜃‾)𝑉𝑐(𝑥, 𝜃, 𝜃‾)(𝐶𝑑(𝑥, 𝜃, 𝜃‾) + 𝐶‾𝑑(𝑥, 𝜃, 𝜃‾)) + ⋯ }

 

𝑆 = ∫  𝑑4𝑥 {−
1

4
𝐹𝜇𝜈
𝑎 𝐹𝑎𝜇𝜈 −𝐷𝜇𝜑𝐼

†𝐷𝜇𝜑𝐼 +
𝑖

2
𝜆‾𝑎D̸𝜆𝑎 +

𝑖

2
𝜓‾𝐼
𝑎D̸𝜓𝑎𝐼 +

 +𝑖𝑔√2𝑓𝑎𝑏𝑐(𝜆‾
𝑎𝜑‾𝐼

𝑏𝜓𝑐𝐼 −𝜓‾𝐼
𝑎𝜑𝑏𝐼𝜆𝑐) −

𝑖√2

2
𝑓𝑎𝑏𝑐(𝜀𝐽𝐾

𝐼 𝜓‾𝐼
𝑎𝜑𝑏𝐽𝜓𝑐𝐾 +

−𝜀𝐾
𝐼𝐽
𝜓‾𝐼
𝑎𝜑𝐽

†𝑏𝜓𝑐𝐾) −
1

2
𝑔2(𝑓𝑎𝑏𝑐𝜑𝐼

†𝑎𝜑𝐼
𝑏)
2
+
1

2
𝑔2𝑓𝑎𝑏𝑐𝑓𝑑𝑒

𝑎 𝜀𝐼𝐽𝐾𝜀
𝐿𝑀𝐾𝜑𝑏𝐼𝜑𝑐𝐽𝜑𝐿

†𝑑𝜑𝑀
†𝑒}

 

𝒱→  𝜆𝑢 ∈ (𝟐, 𝟏)+1, 𝜑 ∈ (𝟏, 𝟏)+2, 𝐴𝜇 ∈ (𝟏, 𝟏)0 

ℋ →  𝜓𝑢̇ ∈ (𝟏, 𝟐)−1, 𝑞𝑢𝑢̇ ∈ (𝟐, 𝟐)0,
 

ℒ𝑌
(𝒩=2)

=
√2

2
𝑔𝑓𝑎𝑏𝑐{𝑞𝑆

𝑎(𝜆𝑏𝛼𝑢𝜎𝑆 𝑢𝑢̇𝜓𝛼  
𝑐𝑢̇ +𝜓‾𝛼̇𝑢̇

𝑏 𝜎‾ 𝑆𝑢̇𝜆‾𝑢
𝑐𝛼̇)

+𝜑𝑎(𝜀𝑢𝑣𝜆‾𝛼̇𝑢
𝑏 𝜆‾𝑣

𝑐𝛼̇ + 𝜀𝑢̇𝑣̇𝜓
𝑏𝛼𝑢̇𝜓𝛼

𝑐𝑣̇)  

+𝜑‾𝑎(𝜀𝑢𝑣𝜆
𝑏𝛼𝑢𝜆𝛼

𝑐𝑣 + 𝜀𝑢̇𝑣̇𝜓‾𝛼̇𝑢̇
𝑏 𝜓‾𝑣̇

𝑐𝛼̇)}

 

tr([𝜑𝐴𝐵, 𝜑𝐶𝐷][𝜑‾𝐴𝐵, 𝜑‾𝐶𝐷]) = 0 ⟺ tr([𝜑𝑖 , 𝜑𝑗][𝜑𝑖 , 𝜑𝑗]) = 0. 

∑ 

1,6

𝑖,𝑗

  ∑  

dimG

𝑎=1

 𝜑𝑖𝑎
2 𝜑𝑗𝑏

2 tr([𝑇𝑎, 𝑇𝑏])2 = 0  

ℳ = ℝ6𝑟/𝒮𝑟 ,  
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[𝑀𝜇𝜈 , 𝐾𝜆] = 𝜂𝜈𝜆𝐾𝜇 − 𝜂𝜇𝜆𝐾𝜈

[𝐷, 𝑃𝜇] = −𝑃𝜇 [𝐷, 𝐾𝜇] = 𝐾𝜇

[𝑃𝜇, 𝐾𝜈] = −2𝑀𝜇𝜈 + 2𝜂𝜇𝜈𝐷 [𝐾𝜇 , 𝐾𝜈] = 0

[𝑆𝛼𝑖 ,𝑀
𝜇𝜈] = (𝜎𝜇𝜈)𝛼  

𝛽𝑆𝛽𝑖 [𝑆‾𝛼̇
𝑖 ,𝑀𝜇𝜈] = (𝜎‾)𝛼̇  𝛽̇𝑆‾

𝛽̇𝑖

{𝑆𝛼𝑖 , 𝑆‾𝛼̇
𝑗
} = 2𝜎𝛼𝛼̇

𝜇
𝐾𝜇𝛿𝑖

𝑗

{𝑆𝛼𝑖 , 𝑆𝛽𝑗} = 0 {𝑆‾𝛼̇
𝑖 , 𝑆‾

𝛽̇

𝑗
} = 0

[𝑄𝛼
𝑖 , 𝐷] =

1

2
𝑄𝛼
𝑖 [𝑄‾𝛼̇𝑖 , 𝐷] =

1

2
𝑄‾𝛼̇𝑖

[𝑆𝛼𝑖 , 𝐷] = −
1

2
𝑆𝛼𝑖 [𝑆‾𝛼̇

𝑖 , 𝐷] =
1

2
𝑆‾𝛼̇
𝑖

[𝑄𝛼
𝑖 , 𝐾𝜇] = 𝑖𝜎𝛼𝛼̇

𝜇
𝑆‾𝛼̇𝑖 [𝑄‾𝑖

𝛼̇ , 𝐾𝜇] = −𝑖𝜎‾𝜇𝛼̇𝛼𝑆𝛼𝑖

[𝑆𝛼𝑖 , 𝐾
𝜇] = 0 [𝑆‾𝛼̇𝑖 , 𝐾𝜇] = 0

[𝑆𝛼𝑖 , 𝑃
𝜇] = −𝑖𝜎𝛼𝛼̇

𝜇
𝑄‾𝑖
𝛼̇ [𝑆‾𝛼̇𝑖 , 𝑃𝜇] = 𝑖𝜎‾𝜇𝛼̇𝛼𝑄𝛼

𝑖

[𝑆𝛼𝑖 , 𝑇
𝑎] = −𝐵𝑖

𝑎𝑗
𝑆𝛼𝑗 [𝑇𝑎, 𝑆‾𝛼̇

𝑖 ] = −𝐵†𝑎𝑖  𝑗𝑆‾𝛼̇
𝑗

{𝑄𝛼
𝑖 , 𝑆𝛽𝑗} = 2𝜀𝛼𝛽𝛿𝑗

𝑖𝐷 − 𝑖(𝜎𝜇𝜈)𝛼  
𝛾𝜀𝛾𝛽𝑀𝜇𝜈𝛿𝑗

𝑖 − 4𝑖𝜀𝛼𝛽𝛿𝑗
𝑖𝐴 + 𝐵𝑎𝑖  𝑗𝑇𝑎

{𝑄‾𝛼̇𝑖 , 𝑆‾𝛽̇
𝑗
} = 2𝜀𝛼̇𝛽̇𝛿𝑖

𝑗
𝐷 − 𝑖𝜀𝛼̇𝛾̇(𝜎‾

𝜇𝜈)𝛾̇  𝛽𝑀𝜇𝜈𝛿𝑖
𝑗
+ 4𝑖𝜀𝛼̇𝛽̇𝛿𝑖

𝑗
𝐴 + 𝐵𝑖

†𝑎𝑗
𝑇𝑎

[𝑄𝛼
𝑖 , 𝐴] = −𝑖 (

4 −𝒩

4𝒩
)𝑄𝛼

𝑖 [𝑄‾𝛼̇𝑖 , 𝐴] = 𝑖 (
4 −𝒩

4𝒩
)𝑄‾𝛼̇𝑖

[𝑆𝛼𝑖 , 𝐴] = 𝑖 (
4 −𝒩

4𝒩
)𝑆𝛼𝑖 [𝑆‾𝛼̇

𝑖 , 𝐴] = −𝑖 (
4 −𝒩

4𝒩
)𝑆‾𝛼̇

𝑖 .

 

[𝑄𝛼
𝑖 , 𝐴] = [𝑄‾𝛼̇𝑖 , 𝐴] = 0. 

𝒯𝜇𝜈=
1

2
[𝛿𝜇𝜈(𝐹𝜌𝜎

− )
2
− 4𝐹−𝜇  𝜌𝐹

−𝜈𝜌 +  h.c. ] −
1

2
𝜆𝛼𝐴𝜎(𝜇 𝛼𝛼̇ ∂⃡

𝜈) 𝜆‾𝐴
𝛼̇

+𝛿𝜇𝜈(𝜕𝜌𝜑‾𝐴𝐵)(𝜕
𝜌𝜑𝐴𝐵) − 2(𝜕𝜇𝜑‾𝐴𝐵)(𝜕

𝜈𝜑𝐴𝐵)  

−
1

3
(𝛿𝜇𝜈 ◻−𝜕𝜇𝜕𝜈)(𝜑‾𝐴𝐵𝜑

𝐴𝐵)  

Σ𝜇  𝛼𝐴= −𝜎
𝜅𝜈𝐹𝜅𝜈

−𝜎𝜇 𝛼𝛼̇𝜆‾
𝛼̇  𝐴 + 2𝑖𝜑‾𝐴𝐵 ∂⃡

𝜇𝜆𝛼  
𝐵 +

4

3
𝑖𝜎𝜇𝜈 𝛼 

𝛽𝜕𝜈(𝜑‾𝐴𝐵𝜆𝛽  
𝐵) 

𝒥𝜇  𝐴 
𝐵 = 𝜑‾𝐴𝐶 ∂⃡

𝜇𝜑𝐶𝐵 + 𝜆‾𝛼̇𝐴𝜎‾
𝜇𝛼̇𝛼𝜆𝛼  

𝐵 −
1

4
𝛿𝐴 

𝐵𝜆𝛼𝐶𝜎𝜇 𝛼𝛼̇𝜆‾
𝛼̇  𝐶 .

 

𝒞= (𝐹− 𝜇𝜈)
2

 

Λ̂𝛼
𝐴= −𝜎𝜇𝜈  𝛼 

𝛽𝐹− 𝜇𝜈𝜆𝛽  
𝐴  

ℰ𝐴𝐵= 𝜆𝛼𝐴𝜆𝛼  
𝐵  

ℬ𝜇𝜈  
𝐴𝐵 = 𝜆𝛼𝐴𝜎𝜇𝜈𝛼  

𝛽𝜆𝛽  
𝐵 + 2𝑖𝜑𝐴𝐵𝐹− 𝜇𝜈

𝜒̂𝛼𝐴𝐵
𝐶  =

1

2
𝜀𝐴𝐵𝐷𝐸(𝜑

𝐷𝐸𝜆𝛼 
𝐶 + 𝜑𝐶𝐸𝜆𝛼  

𝐷)

𝒬𝐴𝐵  𝐶𝐷 = 𝜑
𝐴𝐵𝜑‾𝐶𝐷 −

1

12
𝛿𝐴 [𝐶𝛿

𝐵  𝐷]𝜑
𝐸𝐹𝜑‾𝐸𝐹 .

 

𝒲(2)
𝑖𝑗
= tr (𝑊𝑖𝑊𝑗 −

𝛿𝑖𝑗

6
𝑊𝑘𝑊

𝑘). 

ℰ(𝐴𝐵) = tr(𝜆𝛼𝐴𝜆𝛼 
𝐵) + 𝑔𝑡[𝑖𝑗𝑘]

(𝐴𝐵)
+ tr(𝜑𝑖𝜑𝑗𝜑𝑘),  

𝛽 = −
𝑔2

16𝜋2
(3 − 𝑛)𝑁, 

𝛽(𝑔) =
3

2
𝑔2
𝜕𝑍𝑔

(1)

𝜕𝑔
 

𝛽(𝑔)

𝑔
𝐹𝜇𝜈
𝑎 𝐹𝑎

𝜇𝜈
= 𝒯𝜇

𝜇
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𝑍(𝐾) =∑  

{𝜎}

 exp (𝐾∑  

(𝑖,𝑗)

 𝜎𝑖𝜎𝑗) ,  

sinh 2𝐾∗ =
1

sinh 2𝐾
 

𝑆SG = ∫  𝑑
2𝑥 [

1

2
𝜕𝜇𝜙𝜕

𝜇𝜙 +
𝛼

𝛽2
(cos 𝛽𝜙 − 1)]  

𝑆T = ∫  𝑑
2𝑥 [𝜓‾𝑖𝛾𝜇𝜕

𝜇𝜓 +𝑚𝜓‾𝜓 −
𝑔

2
𝜓‾𝛾𝜇𝜓𝜓‾𝛾

𝜇𝜓]  

𝛽2

4𝜋
=

1

1 +
𝑔
𝜋

, 

ℒ = −
1

4
𝐹𝜇𝜈
𝑎 𝐹𝑎𝜇𝜈 +

1

2
𝐷𝜇Φ𝑎𝐷𝜇Φ𝑎 −

𝜆

4
(Φ𝑎Φ𝑎 − 𝑣

2)2, 

𝑄𝑚=
1

𝑣
∫  𝑑3𝑥𝐷𝑖Φ

𝑎𝐵𝑎
𝑖  

𝑄𝑒 =
1

𝑣
∫  𝑑3𝑥𝐷𝑖Φ

𝑎𝐸𝑎
𝑖

 

𝑚 ≥ 𝑣√𝑄𝑒
2 + 𝑄𝑚

2  

𝑚𝑊 = 𝑒𝑣 ≪ 𝑣,𝑚𝑀 = 𝑔𝑣 =
4𝜋

𝑒
𝑣 ≫ 𝑣. 

𝑒 ⟶ 𝑔 =
4𝜋

𝑒
, 

ℒ = −
1

32𝜋
Im[𝜏(𝐹𝜇𝜈 + 𝑖 ∗ 𝐹𝜇𝜈)(𝐹𝜇𝜈 + 𝑖 ∗ 𝐹𝜇𝜈)] −

1

2
𝐷𝜇Φ𝐷𝜇Φ,  

𝜏 =
𝜃

2𝜋
+ 𝑖

4𝜋

𝑒2
 

𝜏 ⟶ 𝜏 + 𝑏, 𝑏 ∈ ℤ,  

(
𝑛𝑒
𝑛𝑚
) ⟶ (

1 𝑏
0 1

) (
𝑛𝑒
𝑛𝑚
) .  

𝜏 ⟶ −
1

𝜏
 

(
𝑛𝑒
𝑛𝑚
) ⟶ (

0 1
−1 0

) (
𝑛𝑒
𝑛𝑚
)  

𝜏 ⟶
𝑎𝜏 + 𝑏

𝑐𝜏 + 𝑑
, 𝑎, 𝑏, 𝑐, 𝑑 ∈ ℤ, 𝑎𝑑 − 𝑏𝑐 = 1  

(
𝑛𝑒
𝑛𝑚
) ⟶ (

−𝑎 𝑏
𝑐 −𝑑

) (
𝑛𝑒
𝑛𝑚
) .  

𝑚2 ≥ 4𝜋𝑣2(𝑛𝑒 , 𝑛𝑚)
1

Im𝜏
(
1 −Re𝜏

−Re𝜏 |𝜏|2
) (
𝑛𝑒
𝑛𝑚
)  

{𝑄𝛼
𝑖 , 𝑄𝛽

𝑗
} = 𝛿𝑖𝑗𝛾𝛼𝛽

𝜇
𝑃𝜇 + 𝛿𝛼𝛽𝑈

𝑖𝑗 + (𝛾5)𝛼𝛽𝑉
𝑖𝑗 , 𝑖, 𝑗 = 1,2, 
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𝑈𝑖𝑗 = 𝜀𝑖𝑗𝑣𝑄𝑒 , 𝑉
𝑖𝑗 = 𝜀𝑖𝑗𝑣𝑄𝑚 

𝑄𝑒
𝑖=
1

𝑣
∫  
𝑆∞
2
 𝑑𝜎 ⋅ tr(𝐸⃗ 𝜑𝑖)  

𝑄𝑚
𝑖  =

1

𝑣
∫  
𝑆∞
2
 𝑑𝜎 ⋅ tr(𝐵⃗ 𝜑𝑖)

 

𝑣2 =∑  

6

𝑖=1

⟨tr(𝜑𝑖)
2
⟩ 

𝑚2 ≥ 𝑣2 [(𝑄𝑒
𝑖 )
2
+ (𝑄𝑚

𝑖 )
2
] 

𝒬 = 𝑄𝑒 + 𝑖𝑄𝑚 = (𝑛𝑒𝑒 + 𝑛𝑚
𝑒𝜃

2𝜋
) + 𝑖𝑛𝑚

4𝜋

𝑒
. 

𝑚 ≥ 𝑚1 +𝑚2 

 

𝐴𝑖
cl𝑎(𝑥 + 𝑋 ), Φcl𝑎(𝑥 + 𝑋 )  

𝒞 = 𝒜/𝒢 

𝐻 = 𝑇 + 𝑉 =
1

2
∫  𝑑3𝑥, [𝐴̇𝑖

𝑎𝐴̇𝑎
𝑖 + Φ̇𝑎Φ̇𝑎] +

1

2
∫  𝑑3𝑥, [𝐵𝑖

𝑎𝐵𝑎
𝑖 + 𝐷𝑖Φ

𝑎𝐷𝑖Φ𝑎] 

𝛿𝐴𝑖
𝑎(𝑥 , 𝑡), 𝛿Φ𝑎(𝑥 , 𝑡)  
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𝜀𝑖𝑗𝑘𝐷
𝑗𝛿𝐴𝑘 − 𝐷𝑖𝛿Φ + 𝑒[𝛿𝐴𝑖 , Φ

cl] = 0  

𝐷𝑖𝛿𝐴
𝑖 + 𝑒[Φcl, 𝛿Φ] = 0.  

𝛿𝐴𝑖= 𝐷𝑖(𝜒(𝑡)Φ
cl)  

𝛿Φ = 0
𝛿𝐴0 = 𝐷0(𝜒(𝑡)Φ

cl) − 𝜒̇(𝑡)Φcl
 

𝒢𝛼𝛽 = −∫  𝑑
3𝑥tr(𝛿𝛼𝐴𝑖𝛿𝛽𝐴

𝑖 + 𝛿𝛼Φ𝛿𝛽Φ)  

𝛿𝛼𝐴𝑖  =
𝜕𝐴𝑖
𝜕𝑧𝛼

− 𝐷𝑖𝜖𝛼

𝛿𝛼Φ =
𝜕Φ

𝜕𝑧𝛼
− 𝑒[Φcl, 𝜖𝛼]

 

𝐴𝑖(𝑥 , 𝑡)⟶ 𝐴𝑖
cl(𝑥 , 𝑧𝛼(𝑡))  

𝐴0 ⟶ 𝑧̇𝛼(𝑡)𝜖𝛼
Φ(𝑥 , 𝑡) ⟶ Φcl(𝑥 , 𝑧𝛼(𝑡))

 

𝑆 = −
1

2
∫  𝑑3𝑥𝑑𝑡tr(𝐹0𝑖

cl𝐹cl
0𝑖) = ∫  𝑑𝑡𝒢𝛼𝛽𝑧̇

𝛼𝑧̇𝛽 −
4𝜋𝑣

𝑒
𝑘  

𝑆 =
1

2
∫  𝑑𝑡 [

4𝜋𝑣

𝑒
𝑋 ̇2 +

4𝜋

𝑣𝑒2
𝜒̇2] −

4𝜋𝑣

𝑒
 

𝜓 = 𝑒𝑖𝑃⃗ ⋅𝑋⃗ 𝑒𝑖𝑛𝑒𝜒 

𝑚 =
𝑛𝑒
2𝑣𝑒3

8𝜋
+
4𝜋𝑣

𝑒
≈ 𝑣[𝑄𝑒

2 + 𝑄𝑚
2 ] 

⟨𝜑2⟩ = ⟨𝜑3⟩ = ⋯ = ⟨𝜑6⟩ = 0

⟨𝜑1⟩ = Φ, ⟨trΦ2⟩ = 𝑣2.
 

𝜆(𝑥 , 𝑡) ∼ 𝜓(𝑡)𝜆cl(𝑥 , 𝑧𝛼(𝑡))  

𝑆 =
1

2
∫  𝑑𝑡 [𝒢𝛼𝛽(𝑧̇

𝛼𝑧̇𝛽 + 𝑖𝜓‾𝛼𝛾0𝐷𝑡𝜓
𝛽) +

1

6
𝑅𝛼𝛽𝛾𝛿𝜓‾

𝛼𝜓𝛾𝜓‾𝛽𝜓𝛿] −
4𝜋𝑣

𝑒2
𝑘  

𝐷𝑡𝜓
𝛼 = 𝜓̇𝛼 + Γ𝛽𝛾

𝛼 𝑧̇𝛽𝜓𝛾 

𝑄𝑒 = 𝑛𝑒 +
𝑒𝜃

2𝜋
 

ℳ𝑘 = ℝ
3 × (𝑆1 × ℳ̃𝑘

0)/ℤ𝑘 , 

ℳ̃𝑘
0, |𝑠⟩ = |𝜔, 𝑛𝑒⟩ ⊗ |𝛼⟩2 

𝑄𝑒 = 𝑛𝑒𝑒 + 𝑛𝑚
𝑒𝜃

2𝜋
 

𝑊𝛼 = −
1

4
𝐷𝐷𝑒−𝑉𝐷𝛼𝑒

𝑉 = ∑  

∞

𝑘=1

 𝑊𝛼
(𝑘)

 

𝑊𝛼
(1)
= −

1

4
𝐷𝐷𝐷𝛼𝑉  

𝑊𝛼
(2)
 =
1

8
𝐷𝐷[𝑉, 𝐷𝛼𝑉]
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𝑆(E) =
1

𝑑𝐫
tr∫  𝑑4𝑥𝑑4𝜃 {−Φ𝐼

†Φ𝐼 −
1

4𝑔2
[
1

4
𝑊(1)𝛼𝑊𝛼

(1)
𝛿(𝜃‾) +

1

4
𝑊‾𝛼̇
(1)
𝑊‾ (1)𝛼̇𝛿(𝜃)

−
1

8𝛼
𝐷‾ 2𝑉𝐷2𝑉] − 𝑔[Φ𝐼

†𝑉]Φ𝐼 − [(
1

8𝑔2
𝑊(1)𝛼𝑊𝛼

(2)
+

1

16𝑔2
𝑊(2)𝛼𝑊𝛼

(2)
) 𝛿(𝜃‾)

+(
1

8𝑔2
𝑊‾𝛼̇
(1)
𝑊‾ (2)𝛼̇ +

1

16𝑔2
𝑊‾𝛼̇
(2)
𝑊‾ (2)𝛼̇) 𝛿(𝜃)] −

1

2
𝑔2 [𝑉, [𝑉,Φ𝐼

†]]Φ𝐼 +⋯}

 

𝑆 =
1

𝑑𝐫
tr∫  𝑑4𝑥𝑑4𝜃 {[𝑉 ◻ 𝑉 − Φ𝐼

†Φ𝐼] − [(
1

8𝑔2
𝑊(1)𝛼𝑊𝛼

(2)
+

1

16𝑔2
𝑊(2)𝛼𝑊𝛼

(2)
) 𝛿(𝜃‾) +

+(
1

8𝑔2
𝑊‾𝛼̇
(1)
𝑊‾ (2)𝛼̇ +

1

16𝑔2
𝑊‾𝛼̇
(2)
𝑊‾ (2)𝛼̇) 𝛿(𝜃)] − [−𝑔[Φ𝐼

†𝑉]Φ𝐼 +
1

2
𝑔2 [𝑉, [𝑉,Φ𝐼

†]]Φ𝐼]}

 

𝑊𝛼
(1)
=−𝑖𝜆𝛼 + [𝛿𝛼

𝛽
𝐷 −

1

2
𝛿𝛼
𝛽
◻ 𝐶 −

𝑖

2
(𝜎𝜇𝜎‾𝜈)𝛼  

𝛽(𝜕𝜇𝐴𝜈 − 𝜕𝜈𝐴𝜇)] 𝜃𝛽  

 +𝜃𝜃𝜎𝛼𝛼̇
𝜇
𝜕𝜇𝜆‾

𝛼̇ .
 

𝑆 = 𝑆0 + 𝑆int 

𝑆0 = ∫  𝑑
4𝑥{[(𝜕𝜇𝜑𝐼

𝑎†)(𝜕𝜇𝜑𝑎
𝐼 ) + 𝜓‾𝐼

𝑎𝜎‾𝜇(𝜕𝜇𝜓𝑎
𝐼 ) + 𝐹𝐼

𝑎†𝐹𝑎
𝐼] + [𝑆𝑎

† ◻ 𝑆𝑎

−
1

2
𝐶𝑎 ◻𝐷𝑎 −

1

2
𝐷𝑎 ◻ 𝐶𝑎 −

1

2
𝐶𝑎 ◻2 𝐶𝑎 +

1

2
𝜒𝑎 ◻ 𝜆𝑎 +

1

2
𝜒‾𝑎 ◻ 𝜆‾𝑎 +

1

2
𝜆𝑎 ◻ 𝜒𝑎 

+
1

2
𝜆‾𝑎 ◻ 𝜒‾𝑎 +

1

2
𝜒𝑎 ◻ 𝜎𝜇(𝜕𝜇𝜒‾𝑎) +

1

2
𝜒‾𝑎 ◻ 𝜎‾𝜇(𝜕𝜇𝜒𝑎) +

1

2
(𝜕𝜇𝐴𝜈

𝑎)(𝜕𝜈𝐴𝑎𝜇)]} .

 

𝑆int = ∫  𝑑
4𝑥 {𝑖𝑔𝑓𝑎𝑏𝑐 [

1

2
𝜙𝐼
𝑎†𝐷𝑏𝜙𝑐𝐼 +

1

2
𝜙𝐼
𝑎†(◻ 𝐶𝑏)𝜙𝑐𝐼 −

1

2
(𝜕𝜇𝜙𝐼

𝑎†)𝐶𝑏(𝜕𝜇𝜙𝑐𝐼)

+
𝑖

2
(𝜙𝐼

𝑎†𝐴𝜇
𝑏(𝜕𝜇𝜙𝑐𝐼) − (𝜕𝜇𝜙𝐼

𝑎†)𝐴𝜇
𝑏𝜙𝑐𝐼) +

𝑖

√2
(𝜙𝐼

𝑎†𝑆𝑏†𝐹𝑐𝐼 − 𝐹𝐼
𝑎†𝑆𝑏𝜙𝑐𝐼)  

−𝐹𝐼
𝑎†𝐶𝑏𝐹𝑐𝐼 +

𝑖

√2
(𝜓‾𝐼

𝑎𝜆‾𝑏𝜙𝑐𝐼 −𝜙𝐼
𝑎†𝜆𝑏𝜓𝑐𝐼) +

𝑖

√2
(𝐹𝐼

𝑎†𝜒𝑏𝜓𝑐𝐼 − 𝜓‾𝐼
𝑎𝜒‾𝑏𝐹𝑐𝐼)  

−
𝑖

√2
(𝜙𝑎†(𝜕𝜇𝜒‾

𝑏)𝜎𝜇𝜓𝑐𝐼 +𝜓‾𝐼
𝑎𝜎‾𝜇(𝜕𝜇𝜒

𝑏)𝜙𝑐𝐼) +
1

2
(𝐶𝑏𝜓‾𝐼

𝑎𝜎‾𝜇(𝜕𝜇𝜓
𝑐𝐼) − 𝐶𝑏(𝜕𝜇𝜓‾𝐼

𝑎)𝜎‾𝜇𝜓𝑐𝐼) 

−
𝑖

2
𝜓‾𝐼
𝑎𝜎‾𝜇𝜓𝑐𝐼𝐴𝜇

𝑏] −
√2

3!
𝑔𝑓𝑎𝑏𝑐[𝜀

𝐼𝐽𝐾(𝜙𝐼
𝑎†𝜙𝐽

𝑏†𝐹𝐾
𝑐† −𝜙𝐼

𝑎†𝜓‾𝐽
𝑏𝜓‾𝐾

𝑐 ) + 𝜀𝐼𝐽𝐾(𝜙
𝑎𝐼𝜙𝑏𝐽𝐹𝑐𝐾

−𝜙𝑎𝐼𝜓𝑏𝐽𝜓𝑐𝐾)] −
𝑔2

2
𝑓𝑎𝑏𝑒𝑓𝑐𝑑

𝑒 ([−𝐶𝑏𝜓𝑑𝐼𝜎𝜇𝜓‾𝐼
𝑎𝐴𝜇

𝑐

+(𝜒‾𝑐𝜓‾𝐼
𝑑)(𝜒𝑏𝜓𝑎𝐼) +

𝑖

2
(𝜕𝜇𝜓

𝑑𝐼𝜎𝜇𝜓‾𝐼
𝑎 − 𝜓𝑑𝐼𝜎𝜇𝜕𝜇𝜓‾𝐼

𝑎)𝐶𝑏𝐶𝑐] + 𝜑𝐼
𝑎†[𝐶𝑏(𝐷𝑐

+
1

2
◻ 𝐶𝑐) − 𝜒𝑏 (𝜆𝑐 +

𝑖

2
𝜎𝜇𝜕𝜇𝜒‾

𝑐) − 𝜒‾𝑏 (𝜆‾𝑐 +
𝑖

2
𝜎𝜇𝜕𝜇𝜒

𝑐) + 𝑆𝑏†𝑆𝑐

−
1

2
𝐴𝜇
𝑏𝑐𝐴𝑐𝜇] 𝜑𝑑𝐼 +

𝑖

2
𝐶𝑏𝐴𝑐𝜇(𝜑𝐼

𝑎†(𝜕𝜇𝜑
𝑑𝐼) − (𝜕𝜇𝜑𝐼

𝑎†)𝜑𝑑𝐼) +
1

4
𝐶𝑏𝐶𝑐(𝜑𝐼

𝑎†(◻ 𝜑𝑑𝐼)

+(◻ 𝜑𝐼
𝑎†)𝜑𝑑𝐼) +

𝑖

2
𝜒𝑏𝜎𝜇𝜒‾𝑐(𝜑𝐼

𝑎†(𝜕𝜇𝜑
𝑑𝐼) − (𝜕𝜇𝜑𝐼

𝑎†)𝜑𝑑𝐼))}

 

ℬ𝑎(𝑥) = (
𝐶𝑎(𝑥)

𝐷𝑎(𝑥)
) ,ℱ𝑎(𝑥) =

(

 

𝜒𝑎(𝑥)

𝜒‾𝑎(𝑥)

𝜆𝑎(𝑥)

𝜆‾𝑎(𝑥))

  

𝑆0 =∫  𝑑
4𝑥{[(𝜕𝜇𝜑𝐼

𝑎†)(𝜕𝜇𝜑𝑎
𝐼 ) + 𝜓‾𝐼

𝑎𝜎‾𝜇(𝜕𝜇𝜓𝑎
𝐼 ) + 𝐹𝐼

𝑎†𝐹𝑎
𝐼] + 

+ [𝑆𝑎
† ◻ 𝑆𝑎 −

1

2
𝐴𝜇
𝑎𝐴𝑎

𝜇
+ ℬ𝑎

𝑇𝑀ℬ𝑎 + ℱ𝑎
𝑇𝑁ℱ𝑎]} ,

 

𝑀 =
1

2
(− ◻

2 −◻
−◻ 0

) ,𝑁 =
1

2
(

0 ◻ 𝜎𝜇𝜕𝜇 −◻ 0

◻ 𝜎‾𝜇𝜕𝜇 0 0 − ◻

−◻ 0 0 0
0 − ◻ 0 0

)  
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𝑀−1 = (
0

1

◻
1

◻
−1

) ,𝑁−1 =

(

 
 
 
 
 
 
0 0 −

1

◻
0

0 0 0 −
1

◻

−
1

◻
0 0

𝜎𝜇𝜕𝜇

◻

0 −
1

◻

𝜎‾𝜇𝜕𝜇

◻
0 )

 
 
 
 
 
 

,  
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𝐴𝑏𝐽
𝛼̇𝛼𝑎𝐼(𝑥; 𝑦) = −

1

2
𝑔2𝑓𝑑  𝑒𝑓𝑓

𝑙  𝑚𝑛∫  𝑑
4𝑥1𝑑

4𝑥2 {Δ𝜈𝜇
𝑚𝑒(𝑥2 − 𝑥1) [𝑆‾𝑙𝐿

𝛼̇𝛽𝑎𝐼(𝑥 − 𝑥2)𝜎𝛽𝛾̇
𝜈

⋅ 𝑆‾𝑑𝐾
𝛾̇𝛾𝑛𝐿(𝑥2 − 𝑥1)𝜎𝛾𝛽̇

𝜇
𝑆‾𝑏𝐽
𝛽̇𝛼𝑓𝐾(𝑥1 − 𝑦)]}

 

𝐵𝑏𝐽
𝛼̇𝛼𝑎𝐼(𝑥; 𝑦) =−

1

2
𝑔2𝜀𝐿𝑀𝑁𝜀𝑃𝑄  𝑅𝑓𝑑𝑒

𝑓
𝑓𝑙𝑚𝑛∫  𝑑

4𝑥1𝑑
4𝑥2{Δ𝑃𝐿

𝑙𝑑 (𝑥2 − 𝑥1) 

⋅ [𝑆‾𝑓𝑁
𝛼̇𝛽𝑎𝐼(𝑥 − 𝑥2)𝑆𝛽𝛽̇𝑀𝑄

𝑒𝑚 (𝑥2 − 𝑥1)𝑆‾𝑏𝐽
𝛽̇𝛼𝑛𝑅(𝑥1 − 𝑦)]}

𝐶𝑏𝐽
𝛼̇𝛼𝑎𝐼(𝑥; 𝑦) = −𝑔2𝑓𝑑𝑒

𝑓
𝑓𝑙𝑚
𝑛 ∫  𝑑4𝑥1𝑑

4𝑥2{Δ𝑓𝐿
𝑙𝐾(𝑥2 − 𝑥1)

⋅ [𝑆‾𝑛𝐾
𝛼̇𝛽𝑎𝐼(𝑥 − 𝑥2)𝑆𝛽𝛽̇

𝑒𝑚(𝑥2 − 𝑥1)𝑆‾𝑏𝐽
𝛽̇𝛼𝑑𝐿(𝑥1 − 𝑦)]} .

 

𝐴̃𝑏𝐽
𝛼̇𝛼𝑎𝐼(𝑝) =

𝑖

2
𝑔2𝑁(𝑁2 − 1)𝛿𝑏

𝑎𝛿𝐽
𝐼𝑆‾
𝛼̇𝛽

(𝑝)𝜎
𝛽𝛽̇
𝜆 𝑝𝜆𝑆‾̃

𝛽̇𝛼(𝑝) [∫  
𝑑4𝑘

(2𝜋)4
1

(𝑘 +
𝑝
2
)
2
(𝑘 −

𝑝
2
)
2]

𝐵̃𝑏𝐽
𝛼̇𝛼𝑎𝐼(𝑝) = −𝐶̃𝑏𝐽

𝛼̇𝛼𝑎𝐼(𝑝) = 𝐴̃𝑏𝐽
𝛼̇𝛼𝑎𝐼(𝑝)

 

𝑆‾̃𝛼̇𝛼(𝑝) = −𝑖
𝜎‾𝜇
𝛼̇𝛼𝑝𝜇

𝑝2
 

⟨(𝜓‾𝜓)𝑏𝐽
𝛼̇𝛼𝐼⟩

FT

1− loop, WZ
= 𝐴̃𝑏𝐽

𝛼̇𝛼𝑎𝐼(𝑝) + 𝐵̃𝑏𝐽
𝛼̇𝛼𝑎𝐼(𝑝) + 𝐶̃𝑏𝐽

𝛼̇𝛼𝑎𝐼(𝑝)

 =
𝑖

2
𝑔2𝑁(𝑁2 − 1)𝛿𝑏

𝑎𝛿𝐽
𝐼𝑆‾̃𝛼̇𝛽(𝑝)𝜎

𝛽𝛽̇
𝜆 𝑝𝜆𝑆‾̃

𝛽̇𝛼(𝑝) [∫  
𝑑4𝑘

(2𝜋)4
1

(𝑘 +
𝑝
2
)
2
(𝑘 −

𝑝
2
)
2] .
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𝐷𝑏𝐽
𝛼̇𝛼𝑎𝐼(𝑥; 𝑦) = −

1

2
𝑔2𝑓𝑑𝑒

𝑓
𝑓𝑙𝑚
𝑛 ∫  𝑑4𝑥1𝑑

4𝑥2{Δ𝑓𝐿
𝑙𝐾(𝑥2 − 𝑥1)

⋅ [𝑆‾𝑚𝐾
𝛼̇𝛾𝑎𝐼(𝑥 − 𝑥2)𝜎𝛾𝛾̇

𝜇
(𝜕𝜇

(2)
𝑅
𝛽̇

𝛾̇𝑛𝑒(𝑥2 − 𝑥1)) 𝑆‾𝑏𝐽
𝛽̇𝛼𝑑𝐿(𝑥1 − 𝑦)]}

𝐸𝑏𝐽
𝛼̇𝛼𝑎𝐼(𝑥; 𝑦) = 𝐷𝑏𝐽

𝛼̇𝛼𝑎𝐼(𝑥; 𝑦)

 

𝐷̃𝑏𝐽
𝛼̇𝛼𝑎𝐼(𝑝) = −

𝑖

4
𝑔2𝑁(𝑁2 − 1)𝛿𝑏

𝑎𝛿𝐽
𝐼𝑆‾̃𝛼̇𝛽(𝑝)𝜎𝛽𝛽̇

𝜆 𝑝𝜆𝑆‾̃
𝛽̇𝛼(𝑝) [∫  

𝑑4𝑘

(2𝜋)4
1

(𝑘 +
𝑝
2
)
2
(𝑘 −

𝑝
2
)
2] ,

𝐸̃𝑏𝐽
𝛼̇𝛼𝑎𝐼(𝑝) = 𝐷̃𝑏𝐽

𝛼̇𝛼𝑎𝐼(𝑝).

 

⟨(𝜓‾𝜓)𝑏𝐽
𝛼̇𝛼𝑎𝐼⟩

FT

1− loop 
=

 = 𝐴̃𝑏𝐽
𝛼̇𝛼𝑎𝐼(𝑝) + 𝐵̃𝑏𝐽

𝛼̇𝛼𝑎𝐼(𝑝) + 𝐶̃𝑏𝐽
𝛼̇𝛼𝑎𝐼(𝑝) + 𝐷̃𝑏𝐽

𝛼̇𝛼𝑎𝐼(𝑝) + 𝐸̃𝑏𝐽
𝛼̇𝛼𝑎𝐼(𝑝) = 0,
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⟨(𝜑†𝜑)
𝑏𝐽

𝑎𝐼
⟩
FT

1− loop ,WZ
∼ 𝑔2𝛿𝐽

𝐼𝛿𝑏
𝑎𝑝2∫  

𝑑4𝑘

(2𝜋)4
1

(𝑘 +
𝑝
2
)
2
(𝑘 −

𝑝
2
)
2 .  
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𝑊𝛼
𝑎(2)

=−
𝑖

2
𝑓𝑎  𝑏𝑐 {−𝑖𝐶

𝑏𝜆𝛼
𝑐 −

1

2
𝜎𝛼𝛼̇
𝜇
𝜒‾𝛼̇𝑏𝜕𝜇𝐶

𝑐 −
𝑖

2
𝜎𝛼𝛼̇
𝜇
𝜒‾𝛼̇𝑏𝐴𝜇

𝑐 +
1

√2
𝑆𝑏†𝜒𝛼

𝑐  

+ [𝑆𝑏†𝑆𝑐𝛿𝛼  
𝛽 + 𝛿𝛼  

𝛽𝐶𝑏𝐷𝑐 −
𝑖

2
(𝜎𝜇𝜎‾𝜈)𝛼  

𝛽𝐶𝑏(𝜕𝜇𝐴𝜈
𝑐 − 𝜕𝜈𝐴𝜇

𝑐)  

−
𝑖

2
(𝜎𝜇𝜎‾𝜈)𝛼  

𝛽(𝐴𝜈
𝑏𝜕𝜇𝐶

𝑐 + 𝐴𝜇
𝑏𝜕𝜈𝐶

𝑐) −
1

2
𝛿𝛼  

𝛽𝐶𝑏 ◻ 𝐶𝑐 − 𝛿𝛼  
𝛽𝜒‾𝑏𝜆‾𝑐  

+
1

2
(𝜎𝜇𝜎𝜈)𝛼  

𝛽𝜕𝜇𝐶
𝑏𝜕𝜈𝐶

𝑐 − 𝜒𝑏𝛽𝜆𝛼
𝑐 − 𝜆𝑏𝛽𝜒𝛼

𝑐 − 𝑖𝜎𝛼𝛼̇
𝜇
𝜒‾𝑏𝛼̇𝜕𝜇𝜒

𝑐𝛽  

+𝑖𝜀𝛾𝛽𝜎
𝛾𝛽̇

𝜇
𝜕𝜇𝜒‾

𝑏𝜒𝛼
𝑐 +

1

2
(𝜎𝜇𝜎𝜈)𝛼  

𝛽𝐴𝜈
𝑏𝐴𝜇

𝑐 ] 𝜃𝛽 + [𝐶
𝑏𝜎𝛼𝛼̇

𝜇
𝜕𝜇𝜆‾

𝑐𝛼̇

−𝑖𝜒𝛼
𝑏𝐷𝑐 −

1

4
(𝜎𝜇𝜎‾𝜈)𝛼  

𝛽𝜒𝛽
𝑏(𝜕𝜇𝐴𝜈

𝑐 − 𝜕𝜈𝐴𝜇
𝑐) −

1

2
𝐴𝜈
𝑏(𝜎𝜇𝜎‾𝜈)𝛼  

𝛽𝜕𝜇𝜒𝛽
𝑐  

+
1

2
𝜕𝜇𝐴

𝑏𝜇𝜒𝛼
𝑐 −

𝑖

2
𝜕𝜈𝐶

𝑏(𝜎𝜇𝜎‾𝜈)𝛼  
𝛽𝜕𝜇𝜒𝛽

𝑐 −
𝑖

√2
𝜎𝛼𝛼̇
𝜇
𝜕𝜇𝜒‾

𝛼̇𝑏𝑆𝑐 + √2𝑆𝑏𝜆𝛼
𝑐  

−𝑖𝐴𝜇
𝑏𝜎𝛼𝛼̇

𝜇
𝜆‾𝑐𝛼̇]𝜃𝜃}

 

𝑆m = −∫  𝑑
4𝑥𝑑4𝜃[

1

2
𝑚𝛿𝐼𝐽Φ𝑎

𝐼 (𝑥, 𝜃, 𝜃‾)Φ𝐽𝑎(𝑥, 𝜃, 𝜃‾)𝛿(𝜃‾)

+
1

2
𝑚∗𝛿𝐼𝐽Φ𝐼

†𝑎(𝑥, 𝜃, 𝜃‾)Φ𝐽𝑎
† (𝑥, 𝜃, 𝜃‾)𝛿(𝜃)]

 

𝑆 = ∫  𝑑4𝑥𝑑4𝜃{𝑉𝑎(𝑥, 𝜃, 𝜃‾)[− ◻ 𝑃𝑇 − 𝜉(𝑃1 + 𝑃2) ◻]𝑉𝑎(𝑥, 𝜃, 𝜃‾)

+Φ𝐼
†𝑎(𝑥, 𝜃, 𝜃‾)Φ𝑎

𝐼 (𝑥, 𝜃, 𝜃‾) −
1

2
𝑚𝛿𝐼𝐽Φ𝑎

𝐼 (𝑥, 𝜃, 𝜃‾)Φ𝐽𝑎(𝑥, 𝜃, 𝜃‾)𝛿(𝜃‾)  

 −
1

2
𝑚𝛿𝐼𝐽Φ𝐼

†𝑎(𝑥, 𝜃, 𝜃‾)Φ† 𝐽𝑎(𝑥, 𝜃, 𝜃‾)𝛿(𝜃) + 𝑖𝑔𝑓𝑎𝑏𝑐Φ𝐼
†𝑎(𝑥, 𝜃, 𝜃‾)𝑉𝑏(𝑥, 𝜃, 𝜃‾)

 

⋅ Φ𝐼𝑐(𝑥, 𝜃, 𝜃‾) −
1

2
𝑔2𝑓𝑎𝑏

𝑒 𝑓𝑒𝑐𝑑Φ𝐼
†𝑎(𝑥, 𝜃, 𝜃‾)𝑉𝑏(𝑥, 𝜃, 𝜃‾)𝑉𝑐(𝑥, 𝜃, 𝜃‾)Φ𝐼𝑑(𝑥, 𝜃, 𝜃‾)  

−
𝑖

4
𝑔𝑓𝑎𝑏𝑐[𝐷‾

2(𝐷𝛼𝑉𝑎(𝑥, 𝜃, 𝜃‾))]𝑉𝑏(𝑥, 𝜃, 𝜃‾)(𝐷𝛼𝑉
𝑐(𝑥, 𝜃, 𝜃‾))  

−
1

8
𝑔2𝑓𝑎𝑏

𝑒 𝑓𝑒𝑐𝑑𝑉
𝑎(𝑥, 𝜃, 𝜃‾)(𝐷𝛼𝑉𝑏(𝑥, 𝜃, 𝜃‾))[(𝐷‾ 2𝑉𝑐(𝑥, 𝜃, 𝜃‾))(𝐷𝛼𝑉

𝑑(𝑥, 𝜃, 𝜃‾))]  

+⋯−
√2

3!
𝑔𝑓𝑎𝑏𝑐[𝜀𝐼𝐽𝐾Φ𝑎

𝐼 (𝑥, 𝜃, 𝜃‾)Φ𝑏
𝐽
(𝑥, 𝜃, 𝜃‾)Φ𝑐

𝐾(𝑥, 𝜃, 𝜃‾)𝛿(𝜃‾)  

+𝜀𝐼𝐽𝐾Φ𝐼𝑎
† (𝑥, 𝜃, 𝜃‾)Φ𝐽𝑏

† (𝑥, 𝜃, 𝜃‾)Φ𝐾𝑐
† (𝑥, 𝜃, 𝜃‾)𝛿(𝜃)] + (𝐶‾𝑎

′ (𝑥, 𝜃, 𝜃‾)𝐶𝑎(𝑥, 𝜃, 𝜃‾)

−𝐶𝑎
′ (𝑥, 𝜃, 𝜃‾)𝐶‾𝑎(𝑥, 𝜃, 𝜃‾)) +

𝑖

2√2
𝑔𝑓𝑎𝑏𝑐(𝐶

′𝑎(𝑥, 𝜃, 𝜃‾) + 𝐶‾′𝑎(𝑥, 𝜃, 𝜃‾))

⋅ 𝑉𝑏(𝑥, 𝜃, 𝜃‾)(𝐶𝑐(𝑥, 𝜃, 𝜃‾) + 𝐶‾𝑐(𝑥, 𝜃, 𝜃‾)) −
1

8
𝑔2𝑓𝑎𝑏

𝑒 𝑓𝑒𝑐𝑑(𝐶
′𝑎(𝑥, 𝜃, 𝜃‾) + 𝐶‾′𝑎(𝑥, 𝜃, 𝜃‾)) 

⋅ 𝑉𝑏(𝑥, 𝜃, 𝜃‾)𝑉𝑐(𝑥, 𝜃, 𝜃‾)(𝐶𝑑(𝑥, 𝜃, 𝜃‾) + 𝐶‾𝑑(𝑥, 𝜃, 𝜃‾)) +⋯ }
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𝐴̃(𝑝) = ∫  
𝑑4𝑘

(2𝜋)4
𝑑4𝜃1𝑑

4𝜃2 {𝑖𝑔𝑓𝑎𝑐𝑑Φ𝐼
𝑎†(𝑝, 𝜃1 , 𝜃1) [(−

1

4
𝐷‾1
2)

𝛿𝐽
𝐼𝛿𝑐𝑓𝛿(1,2)

(𝑝 − 𝑘)2 +𝑚2

⋅ (−
1

4
𝔇⃗⃗⃗⃐1
2)] [(1 + 𝛾(𝐷1

2𝐷‾1
2 + 𝐷‾1

2𝐷1
2)) (−

𝛿𝑑𝑒𝛿(1,2)

𝑘2
)] 𝑖𝑔𝑓𝑒𝑓𝑏Φ

𝑏𝐽(−𝑝, 𝜃2, 𝜃‾2)}

 

 

𝐴̃(𝑝) = −𝑔2𝑁(𝑁2 − 1)𝛿𝑏
𝑎𝛿𝐽

𝐼 (
1

4
)
2

∫  
𝑑4𝑘

(2𝜋)4
𝑑4𝜃1𝑑

4𝜃2
1

𝑘2[(𝑝 − 𝑘)2 +𝑚2]
{Φ𝑎𝐼

† (𝑝, 1)

⋅ Φ𝑏𝐽(−𝑝, 2)[𝐷‾1
2𝐷1

2𝛿(1,2)][1 + 𝛾(𝐷1
2𝐷‾1

2 +𝐷‾1
2𝐷1

2)𝛿(1,2)]} = 𝐴̃1(𝑝) + 𝐴̃2(𝑝)
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∫  𝑑4𝜃[𝐷‾ 2𝐷2𝛿(𝜃 − 𝜃′)]𝛿(𝜃 − 𝜃′) = 16  

 ∫  𝑑4𝜃[𝐷‾𝑚𝐷𝑛𝛿(𝜃 − 𝜃′)]𝛿(𝜃 − 𝜃′) = 0  if  (𝑚, 𝑛) ≠ 𝔛
 

𝐴̃1(𝑝) = −𝑔
2𝑁(𝑁2 − 1)𝛿𝑏

𝑎𝛿𝐽
𝐼 ∫  

𝑑4𝑘

(2𝜋)4
𝑑4𝜃

1

𝑘2[(𝑝 − 𝑘)2 +𝑚2]
{Φ𝑎𝐼

† (𝑝, 𝜃, 𝜃‾)Φ𝑏𝐽(−𝑝, 𝜃, 𝜃‾)}  

𝐷‾ 2𝐷2𝐷‾ 2 = 16◻ 𝐷‾ 2 𝐷2𝐷‾ 2𝐷2 = 16 ◻ 𝐷2  

𝐴̃2(𝑝) = 𝛾𝑔
2𝑁(𝑁2 − 1)𝛿𝑏

𝑎𝛿𝐽
𝐼∫  

𝑑4𝑘

(2𝜋)4
𝑑4𝜃

[(𝑝 − 𝑘)2 + 𝑝2]

𝑘4[(𝑝 − 𝑘)2 +𝑚2]
{Φ𝑎𝐼

† (𝑝, 𝜃, 𝜃‾)Φ𝑏𝐽(−𝑝, 𝜃, 𝜃‾)}.  

𝐵̃(𝑝) = ∫  
𝑑4𝑘

(2𝜋)4
𝑑4𝜃1𝑑

4𝜃2 {(−
√2

3!
) 𝑔𝜀𝐾𝐿

𝐼 𝑓𝑎𝑐𝑑Φ𝐼
†𝑎(𝑝, 1)

 ⋅ [(−
1

4
𝐷1
2)

𝛿𝑐𝑒𝛿𝑀
𝐾𝛿(1,2)

(𝑝 − 𝑘)2 +𝑚2 (−
1

4
𝐷‾ 2
2

)] [
𝛿𝑓
𝑑𝛿𝑁

𝐿𝛿(1,2)

𝑘2 +𝑚2 ]

⋅ (−
√2

3!
) 𝜀𝐽  

𝑀𝑁𝑓𝑏𝑒 
𝑓Φ𝑏𝐽(−𝑝, 2)}

 

𝐵̃(𝑝) = 𝑔2𝑁(𝑁2 − 1)𝛿𝑏
𝑎𝛿𝐽

𝐼 ∫  
𝑑4𝑘

(2𝜋)4
𝑑4𝜃 {

Φ𝑎𝐼
† (𝑝, 𝜃, 𝜃‾)Φ𝑏𝐽(−𝑝, 𝜃, 𝜃‾)

(𝑘2 +𝑚2)[(𝑝 − 𝑘)2 +𝑚2]
} .  

𝐶̃(𝑝) = ∫  
𝑑4𝑘

(2𝜋)4
𝑑4𝜃1 {(−

𝑔2

2
)𝑓𝑎𝑐 

𝑑𝑓𝑑𝑒𝑏Φ𝐼
𝑎†(𝑝, 1)

⋅ [−(1 + 𝛾(𝐷‾1
2𝐷1

2 + 𝐷1
2𝐷‾1

2))
𝛿𝑐𝑒𝛿(1,1)

𝑘2
]Φ𝑏𝐽(−𝑝, 1)} .

 

𝐶̃(𝑝) = −𝛾𝑔2𝑁(𝑁2 − 1)𝛿𝑎
𝑏𝛿𝐽

𝐼∫  
𝑑4𝑘

(2𝜋)4
𝑑4𝜃

1

𝑘4
{Φ𝐼

𝑎†(𝑝, 𝜃, 𝜃‾)Φ𝑏
𝐽
(−𝑝, 𝜃, 𝜃‾)},  

𝐴̃1(𝑝) + 𝐵̃(𝑝) =𝑔
2𝑁(𝑁2 − 1)𝛿𝑎

𝑏𝛿𝐽
𝐼∫  

𝑑4𝑘

(2𝜋)4
𝑑4𝜃[Φ𝐼

𝑎†(𝑝, 𝜃, 𝜃‾)Φ𝑏
𝐽
(−𝑝, 𝜃, 𝜃‾)]

 ⋅ {
1

𝑘2[(𝑝 − 𝑘)2 +𝑚2]
−

1

(𝑘2 +𝑚2)[(𝑝 − 𝑘)2 +𝑚2]
} .

 

𝐴̃2(𝑝) + 𝐶̃(𝑝) =𝛾𝑔
2𝑁(𝑁2 − 1)𝛿𝑎

𝑏𝛿𝐽
𝐼∫  

𝑑4𝑘

(2𝜋)4
𝑑4𝜃[Φ𝐼

𝑎†(𝑝, 𝜃, 𝜃‾)Φ𝑏
𝐽
(−𝑝, 𝜃, 𝜃‾)]

 ⋅ {(
(𝑝 − 𝑘)2

𝑘4[(𝑝 − 𝑘)2 +𝑚2]
−
1

𝑘4
) + (

𝑝2

𝑘4[(𝑝 − 𝑘)2 +𝑚2]
)}

 

𝐴̃2(𝑝) + 𝐶̃(𝑝) = 𝛾𝑔
2𝑁(𝑁2 − 1)𝛿𝑎

𝑏𝛿𝐽
𝐼[Φ𝐼

𝑎†(𝑝, 𝜃, 𝜃‾)Φ𝑏
𝐽
(−𝑝, 𝜃, 𝜃‾)][𝐼1(𝑝) + 𝐼2(𝑝)] 

𝐼1(𝑝) = ∫  
𝑑4𝑘

(2𝜋)4
{

(𝑝 − 𝑘)2

𝑘4[(𝑝 − 𝑘)2 +𝑚2]
−
1

𝑘4
}

 = ∫  
𝑑4𝑘

(2𝜋)4
{

𝑚2

𝑘4[(𝑝 − 𝑘)2 +𝑚2]
}

 = 2𝑚2∫  
1

0

 𝑑𝜁𝜁 ∫  
𝑑4𝑘

(2𝜋)4
1

[𝑘2 + (𝑝2𝜁 +𝑚2)(1 − 𝜁)]3

 =
2𝑚2

2(4𝜋)2
∫  
1

0

 𝑑𝜁𝜁
1

(𝑝2𝜁 + 𝑚2)(1 − 𝜁)

 = −
𝑚2

(4𝜋)2
[

1

(𝑝2 +𝑚2)
log 𝜖 +

𝑚2

𝑝2(𝑝2 +𝑚2)
log (

𝑝2 +𝑚2

𝑚2 )]
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𝐼2(𝑝) = ∫  
𝑑4𝑘

(2𝜋)4
{

𝑝2

𝑘4[(𝑝 − 𝑘)2 +𝑚2]
}

 = 2𝑝2∫  
1

0

 𝑑𝜁𝜁 ∫  
𝑑4𝑘

(2𝜋)4
1

[𝑘2 + (𝑝2𝜁 + 𝑚2)(1 − 𝜁)]3

 =
𝑝2

(4𝜋)2
∫  
1

0

 𝑑𝜁𝜁
1

(𝑝2𝜁 + 𝑚2)(1 − 𝜁)

 = −
1

(4𝜋)2
[

𝑝2

(𝑝2 +𝑚2)
log 𝜖 +

𝑚2

(𝑝2 +𝑚2)
log (

𝑝2 +𝑚2

𝑚2 )]
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 −
𝑖

16√2
𝑔𝑓𝑎𝑏𝑐[𝐷‾

2(𝐷𝛼𝑉𝑎)]𝑉𝑏(𝐷𝛼𝑉
𝑐)

 −
1

128
𝑔2𝑓𝑎𝑏  

𝑒𝑓𝑒𝑐𝑑𝑉
𝑎(𝐷𝛼𝑉𝑏)[(𝐷‾ 2𝑉𝑐)(𝐷𝛼𝑉

𝑑)]

 

 

𝐴̃(𝑝) = 3𝑔2𝑁(𝑁2 − 1)𝛿𝑎𝑏∫  
𝑑4𝑘

(2𝜋)4
𝑑4𝜃 {

𝑚2[𝑉𝑎(𝑝, 𝜃, 𝜃‾)𝑉𝑏(−𝑝, 𝜃, 𝜃‾)]

(𝑘2 +𝑚2)[(𝑝 − 𝑘)2 +𝑚2]
}  
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𝐵̃(𝑝) = 3𝑔2𝑁(𝑁2 − 1)𝛿𝑎𝑏∫  
𝑑4𝑘

(2𝜋)4
𝑑4𝜃

1

(𝑘2 +𝑚2)[(𝑝 − 𝑘)2 +𝑚2]

⋅ {𝑘2𝑉𝑎(𝑝, 𝜃, 𝜃‾)𝑉𝑏(−𝑝, 𝜃, 𝜃‾) −
𝑖

4
𝑝𝜇𝜎𝛼𝛼̇

𝜇
𝑉𝑎(𝑝, 𝜃, 𝜃‾)[(𝐷‾ 𝛼̇𝐷𝛼)𝑉𝑏(−𝑝, 𝜃, 𝜃‾)] 

+
1

4
𝑉𝑎(𝑝, 𝜃, 𝜃‾)[(𝐷‾ 2𝐷2)𝑉𝑏(−𝑝, 𝜃, 𝜃‾)]}

 

𝐶̃ = −3𝑔2𝑁(𝑁2 − 1)𝛿𝑎𝑏∫  
𝑑4𝑘

(2𝜋)4
𝑑4𝜃

1

(𝑘2 +𝑚2)
{𝑉𝑎(𝑝, 𝜃, 𝜃‾)𝑉𝑏(−𝑝, 𝜃, 𝜃‾)}  

𝐴̃(𝑝) + 𝐵̃(𝑝) + 𝐶̃(𝑝) =−3𝑔2𝑁(𝑁2 − 1)𝛿𝑎𝑏∫  
𝑑4𝑘

(2𝜋)4
𝑑4𝜃

1

(𝑘2 +𝑚2)[(𝑝 − 𝑘)2 +𝑚2]
 

⋅ {
𝑖

4
𝑝𝜇𝜎𝛼𝛼̇

𝜇
𝑉𝑎(𝑝, 𝜃, 𝜃‾)[(𝐷‾ 𝛼̇𝐷𝛼)𝑉𝑏(−𝑝, 𝜃, 𝜃‾)]  

+
1

16
𝑉𝑎(𝑝, 𝜃, 𝜃‾)[(𝐷‾ 2𝐷2)𝑉𝑏(−𝑝, 𝜃, 𝜃‾)]}

 

𝐷̃1(𝑝) + 𝐷̃2(𝑝) + 𝐷̃3(𝑝) +𝐸̃1(𝑝) + 𝐸̃2(𝑝) =
1

8
𝑔2𝑁(𝑁2 − 1)𝛿𝑎𝑏

∫  
𝑑4𝑘

(2𝜋)4
𝑑4𝜃

1

𝑘2(𝑝 − 𝑘)2
{𝑖𝑝𝜇𝜎𝛼𝛼̇

𝜇
𝑉𝑎(𝑝, 𝜃, 𝜃‾)[(𝐷‾ 𝛼̇𝐷𝛼)𝑉𝑏(−𝑝, 𝜃, 𝜃‾)]

+
1

8
𝑉𝑎(𝑝, 𝜃, 𝜃‾)[(𝐷‾ 2𝐷2)𝑉𝑏(−𝑝, 𝜃, 𝜃‾)]}

 

𝐷‾ 2𝐷𝛼𝐷‾
2𝐷2 = 0, 

𝐽(1)(𝑝) = 𝑐1𝛾𝑔
2𝛿𝑏
𝑎∫  

𝑑4𝑘

(2𝜋)4
𝑑4𝜃

𝜎𝛼𝛼̇
𝜇
𝜎
𝛽𝛽̇
𝜈 𝑝𝜇𝑝𝜈

𝑘4(𝑝 − 𝑘)2
{𝑉𝑎(𝑝, 𝜃, 𝜃‾)[𝐷

𝛼𝐷‾ 𝛼̇𝐷‾ 𝛽̇𝐷𝛽𝑉𝑏(−𝑝, 𝜃, 𝜃‾)]} 

𝐽(2)(𝑝) = 𝑐2𝛾
2𝑔2𝛿𝑏

𝑎∫  
𝑑4𝑘

(2𝜋)4
𝑑4𝜃

(𝜎𝜈𝜎‾𝜇𝜎𝜆)
𝛼𝛼̇
(𝑝 − 𝑘)𝜇𝑘𝜈𝑝𝜆

𝑘4(𝑝 − 𝑘)4
⋅ {[(𝐷‾ 2𝐷𝛼)𝑉𝑎(𝑝, 𝜃, 𝜃‾)][(𝐷

2𝐷‾ 𝛼̇)𝑉𝑏(−𝑝, 𝜃, 𝜃‾)]}

 

 

𝑑𝑠 = 2 − 𝐸 − 𝐶 

𝑑𝑠 = −𝐶 
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⟨(𝐶𝐶)(𝑘)⟩ ∼
1

𝑘4
. 

−
1

𝑘4
(𝐷‾ 2𝐷2 + 𝐷2𝐷‾ 2)𝛿4(𝜃 − 𝜃

′) 

𝐷𝛼 [−
1

𝑘4
(𝐷‾ 2𝐷2 + 𝐷2𝐷‾ 2)𝛿4(𝜃 − 𝜃

′)] = −4𝑖
𝑘𝜇𝜎𝛼𝛼̇

𝜇

𝑘4
𝐷‾ 𝛼̇𝐷2 

𝐷‾ 𝛼̇ [−
1

𝑘4
(𝐷‾ 2𝐷2 + 𝐷2𝐷‾ 2)𝛿4(𝜃 − 𝜃

′)] = 4𝑖
𝑘𝜇𝜎‾

𝜇𝛼̇𝛼

𝑘4
𝐷𝛼𝐷‾

2. 

𝑉𝑅 = 𝑓(𝑉). 
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𝐼log = 𝑐𝛿𝐽
𝐼𝑓𝑎𝑏𝑐 ∫  

𝑑4𝑘

(2𝜋)4
𝑑4𝜃

1

𝑘2(𝑝 − 𝑘)2
{Φ𝑎𝐼

† (𝑝, 𝜃, 𝜃‾)𝑉𝑏(−𝑝 − 𝑞, 𝜃, 𝜃‾)Φ𝑐
𝐽
(𝑞, 𝜃, 𝜃‾)} 

𝐼∞  = 𝛿𝐽
𝐼𝑓𝑓𝑎𝑏𝑐 ∫  

𝑑4𝑘

(2𝜋)4
𝑑4𝜃

1

𝑘2(𝑞 + 𝑘)2(𝑝 − 𝑘)2

Φ𝑎𝐼
† (𝑝, 𝜃, 𝜃‾){𝑐1[𝐷

𝛼𝐷‾ 2𝐷𝛼𝑉𝑏(−𝑝 − 𝑞, 𝜃, 𝜃‾)]Φ𝑐
𝐽
(𝑞, 𝜃, 𝜃‾)

+𝑐2𝜎𝛼𝛼̇
𝜇
(𝑞 + 𝑘)𝜇[𝐷

𝛼𝐷‾ 𝛼̇𝑉𝑏(−𝑝 − 𝑞, 𝜃, 𝜃‾)]Φ𝑐
𝐽
(𝑞, 𝜃, 𝜃‾)}

 

 

 

𝐴̃1(𝑝, 𝑞, 𝑟) = (
1

4
)
2

𝑔4𝜅𝑁2(𝑁2 − 1)(𝛿𝑎
𝑏𝛿𝑐

𝑑 + 𝛿𝑎𝑐𝛿
𝑏𝑑)𝛿𝐽

𝐼𝛿𝐿
𝐾𝐼1𝑏𝑑𝐼𝐾
(𝐴)𝑎𝑐𝐽𝐿

(𝑝, 𝑞, 𝑟) 

𝐼1𝑏𝑑𝐼𝐾
(𝐴)𝑎𝑐𝐽𝐿

(𝑝, 𝑞, 𝑟) = ∫  
𝑑4𝑘

(2𝜋)4
𝑑4𝜃

1

𝑘2(𝑝 − 𝑘)2(𝑞 + 𝑘)2(𝑞 + 𝑘 − 𝑟)2

⋅ {[(𝐷2𝐷‾ 2)Φ𝐼
𝑎†(𝑝, 𝜃, 𝜃‾)]Φ𝐾

𝑐†(𝑝 + 𝑞 − 𝑟, 𝜃, 𝜃‾)Φ𝑑
𝐿 (𝑟, 𝜃, 𝜃‾)Φ𝑏

𝐽
(𝑞, 𝜃, 𝜃‾) + Φ𝐼

𝑎†(𝑝, 𝜃, 𝜃‾) 

⋅ [(𝐷2𝐷‾ 2)Φ𝐾
𝑐†(𝑝 + 𝑞 − 𝑟, 𝜃, 𝜃‾)]Φ𝑑

𝐿(𝑟, 𝜃, 𝜃‾)Φ𝑏
𝐽
(𝑞, 𝜃, 𝜃‾) + 2[(𝐷2𝐷‾ 𝛼̇)Φ𝐼

𝑎†(𝑝, 𝜃, 𝜃‾)]  

⋅ [𝐷‾ 𝛼̇Φ𝑐†(𝑝 + 𝑞 − 𝑟, 𝜃, 𝜃‾)]Φ𝑑
𝐿 (𝑟, 𝜃, 𝜃‾)Φ𝑏

𝐽
(𝑞, 𝜃, 𝜃‾) + 2[𝐷‾ 𝛼̇Φ𝐼

𝑎†(𝑝, 𝜃, 𝜃‾)]  

⋅ [(𝐷2𝐷‾ 𝛼̇)Φ𝑐†(𝑝 + 𝑞 − 𝑟, 𝜃, 𝜃‾)]Φ𝑑
𝐿 (𝑟, 𝜃, 𝜃‾)Φ𝑏

𝐽
(𝑞, 𝜃, 𝜃‾) + 4[(𝐷𝛼𝐷‾ 𝛼̇)Φ𝐼

𝑎†(𝑝, 𝜃, 𝜃‾)]  

 ⋅ [𝐷𝛼𝐷‾
𝛼̇Φ𝑐†(𝑝 + 𝑞 − 𝑟, 𝜃, 𝜃‾)]Φ𝑑

𝐿 (𝑟, 𝜃, 𝜃‾)Φ𝑏
𝐽
(𝑞, 𝜃, 𝜃‾)}

 ≡ ∫  
𝑑4𝑘

(2𝜋)4
𝑑4𝜃

1

𝑘2(𝑝 − 𝑘)2(𝑞 + 𝑘)2(𝑞 + 𝑘 − 𝑟)2
𝐾𝑏𝑑𝐼𝐾
𝑎𝑐𝐽𝐿

(𝑝, 𝑞, 𝑟; 𝜃; 𝜃‾)

 

𝑓𝑎𝑒𝑓𝑓
𝑏𝑓𝑔𝑓𝑐𝑔ℎ𝑓

𝑑ℎ𝑒 = 𝜅𝑁2(𝑁2 − 1)(𝛿𝑎
𝑏𝛿𝑐

𝑑 + 𝛿𝑎
𝑑𝛿𝑐

𝑏);

𝐴̃2(𝑝, 𝑞, 𝑟) = (
1

4
)
2

𝑔4𝜅𝑁2(𝑁2 − 1)(𝛿𝑎
𝑑𝛿𝑐

𝑏 + 𝛿𝑎𝑐𝛿
𝑏𝑑)𝛿𝐿

𝐼𝛿𝐽
𝐾𝐼2𝑏𝑑𝐼𝐾
(𝐴)𝑎𝑐𝐽𝐿

(𝑝, 𝑞, 𝑟),
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𝐼2𝑏𝑑𝐼𝐾
(𝐴)𝑎𝑐𝐽𝐿

(𝑝, 𝑞, 𝑟) = ∫  
𝑑4𝑘

(2𝜋)4
𝑑4𝜃

1

𝑘2(𝑝 − 𝑘)2(𝑝 − 𝑘 − 𝑟)2(𝑞 + 𝑘)2(𝑝 + 𝑞 − 𝑘 − 𝑟)2

⋅ 𝐾𝑏𝑑𝐼𝐾
𝑎𝑐𝐽𝐿

(𝑝, 𝑞, 𝑟; 𝜃; 𝜃‾)

 

𝐴̃3(𝑝, 𝑞, 𝑟) = (
1

4
)
2

𝑔4𝜅𝑁2(𝑁2 − 1)(𝛿𝑎
𝑏𝛿𝑐

𝑑 + 𝛿𝑎
𝑑𝛿𝑐

𝑏)𝛿𝐽
𝐼𝛿𝐿
𝐾𝐼3𝑏𝑑𝐼𝐾
(𝐴)𝑎𝑐𝐽𝐿

(𝑝, 𝑞, 𝑟), 

𝐼3𝑏𝑑𝐼𝐾
(𝐴)𝑎𝑐𝐽𝐿

(𝑝, 𝑞, 𝑟) = ∫  
𝑑4𝑘

(2𝜋)4
𝑑4𝜃

1

𝑘2(𝑝 − 𝑘)2(𝑞 + 𝑘)2(𝑞 + 𝑘 − 𝑟)2
 

⋅ {[𝐷‾ 2Φ𝐼
𝑎†(𝑝, 𝜃, 𝜃‾)][𝐷2Φ𝑏

𝐽
(𝑞, 𝜃, 𝜃‾)]Φ𝐾

𝑐†(𝑝 + 𝑞 − 𝑟, 𝜃, 𝜃‾)Φ𝑑
𝐿 (𝑟, 𝜃, 𝜃‾)  

+8𝑖𝜎𝛼𝛼̇
𝜇
(𝑝 − 𝑘 − 𝑟)𝜇[𝐷‾

𝛼̇Φ𝐼
𝑎†(𝑝, 𝜃, 𝜃‾)][𝐷𝛼Φ𝑏

𝐽
(𝑞, 𝜃, 𝜃‾)]Φ𝐾

𝑐†(𝑝 + 𝑞 − 𝑟, 𝜃, 𝜃‾)  

⋅ Φ𝑑
𝐿 (𝑟, 𝜃, 𝜃‾) − 16(𝑝 − 𝑘 − 𝑟)2Φ𝐼

𝑎†(𝑝, 𝜃, 𝜃‾)Φ𝑏
𝐽
(𝑞, 𝜃, 𝜃‾)Φ𝐾

𝑐†(𝑝 + 𝑞 − 𝑟, 𝜃, 𝜃‾) 

⋅ Φ𝑑
𝐿 (𝑟, 𝜃, 𝜃‾)}

 

𝐴̃4(𝑝, 𝑞, 𝑟) = (
1

4
)
2

𝑔4𝜅𝑁2(𝑁2 − 1)(𝛿𝑎
𝑏𝛿𝑐

𝑑 + 𝛿𝑎
𝑑𝛿𝑐

𝑏)𝛿𝐽
𝐼𝛿𝐿
𝐾𝐼4𝑏𝑑𝐼𝐾
(𝐴)𝑎𝑐𝐽𝐿

(𝑝, 𝑞, 𝑟), 

𝐼4𝑏𝑑𝐼𝐾
(𝐴)𝑎𝑐𝐽𝐿

(𝑝, 𝑞, 𝑟) = ∫  
𝑑4𝑘

(2𝜋)4
𝑑4𝜃

1

𝑘2(𝑝 − 𝑘)2(𝑝 − 𝑘 − 𝑟)2(𝑞 + 𝑘)2

 ⋅ {[𝐷‾ 2Φ𝐼
𝑎†(𝑝, 𝜃, 𝜃‾)]Φ𝑏

𝐽
(𝑞, 𝜃, 𝜃‾)Φ𝐾

𝑐†(𝑝 + 𝑞 − 𝑟, 𝜃, 𝜃‾)[𝐷2Φ𝑑
𝐿 (𝑟, 𝜃, 𝜃‾)]

+8𝑖𝜎𝛼𝛼̇
𝜇
(𝑞 + 𝑘)𝜇[𝐷‾

𝛼̇Φ𝐼
𝑎†(𝑝, 𝜃, 𝜃‾)]Φ𝑏

𝐽
(𝑞, 𝜃, 𝜃‾)Φ𝐾

𝑐†(𝑝 + 𝑞 − 𝑟, 𝜃, 𝜃‾)  

⋅ [𝐷𝛼Φ𝑑
𝐿 (𝑟, 𝜃, 𝜃‾)] − 16(𝑞 + 𝑘)2Φ𝐼

𝑎†(𝑝, 𝜃, 𝜃‾)Φ𝑏
𝐽
(𝑞, 𝜃, 𝜃‾)Φ𝐾

𝑐†(𝑝 + 𝑞 − 𝑟, 𝜃, 𝜃‾) 

⋅ Φ𝑑
𝐿 (𝑟, 𝜃, 𝜃‾)}

 

 

𝐵̃(𝑝, 𝑞, 𝑟) =
𝑔4

6
𝜅𝑁2(𝑁2 − 1)(𝛿𝑎

𝑏𝛿𝑐
𝑑 + 𝛿𝑎

𝑑𝛿𝑐
𝑏)(𝛿𝐽

𝐼𝛿𝐿
𝐾 + 𝛿𝐿

𝐼𝛿𝐽
𝐾)𝐼𝑏𝑑𝐼𝐾

(𝐵)𝑎𝑐𝐽𝐿
(𝑝, 𝑞, 𝑟), 

𝐼𝑏𝑑𝐼𝐾
(𝐵)𝑎𝑐𝐽𝐿

(𝑝, 𝑞, 𝑟) = ∫  
𝑑4𝑘

(2𝜋)4
𝑑4𝜃

1

𝑘2(𝑝 − 𝑘)2(𝑝 + 𝑞 − 𝑟)2(𝑞 + 𝑘)2
 

⋅ {[𝐷‾ 2Φ𝐼
𝑎†(𝑝, 𝜃, 𝜃‾)]Φ𝑏

𝐽
(𝑞, 𝜃, 𝜃‾)Φ𝐾

𝑐†(𝑝 + 𝑞 − 𝑟, 𝜃, 𝜃‾)[𝐷2Φ𝑑
𝐿 (𝑟, 𝜃, 𝜃‾)]  

+8𝑖𝜎𝛼𝛼̇
𝜇
(𝑝 − 𝑘)𝜇[𝐷‾

𝛼̇Φ𝐼
𝑎†(𝑝, 𝜃, 𝜃‾)]Φ𝑏

𝐽
(𝑞, 𝜃, 𝜃‾)Φ𝐾

𝑐†(𝑝 + 𝑞 − 𝑟, 𝜃, 𝜃‾)  

⋅ [𝐷𝛼Φ𝑑
𝐿 (𝑟, 𝜃, 𝜃‾)] − 16(𝑝 − 𝑘)2Φ𝐼

𝑎†(𝑝, 𝜃, 𝜃‾)Φ𝑏
𝐽
(𝑞, 𝜃, 𝜃‾)Φ𝐾

𝑐†(𝑝 + 𝑞 − 𝑟, 𝜃, 𝜃‾) 

⋅ Φ𝑑
𝐿 (𝑟, 𝜃, 𝜃‾)}
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𝛿4(𝜃1 − 𝜃2)𝛿4(𝜃1 − 𝜃2) ≡ 0. 

 

 

𝐷̃1(𝑝, 𝑞, 𝑟) = (
1

4
)
2

𝑔4𝜅𝑁2(𝑁2 − 1)(𝛿𝑎𝑐𝛿
𝑏𝑑 + 𝛿𝑎

𝑑𝛿𝑐
𝑏)(𝛿𝐽

𝐼𝛿𝐿
𝐾 − 𝛿𝐿

𝐼𝛿𝐽
𝐾)𝐼1𝑏𝑑𝐼𝐾

(𝐷)𝑎𝑐𝐽𝐿
(𝑝, 𝑞, 𝑟), 

𝐼1𝑏𝑑𝐼𝐾
(𝐷)𝑎𝑐𝐽𝐿

(𝑝, 𝑞, 𝑟) = ∫  
𝑑4𝑘

(2𝜋)4
𝑑4𝜃

1

𝑘2(𝑝 − 𝑘)2(𝑘 + 𝑟 − 𝑝 − 𝑞)2(𝑝 − 𝑘 − 𝑟)2

⋅ {[𝐷‾ 2Φ𝐼
𝑎†(𝑝, 𝜃, 𝜃‾)][𝐷2Φ𝑏

𝐽
(𝑞, 𝜃, 𝜃‾)]Φ𝐾

𝑐†(𝑝 + 𝑞 − 𝑟, 𝜃, 𝜃‾)Φ𝑑
𝐿 (𝑟, 𝜃, 𝜃‾)

+8𝑖𝜎𝛼𝛼̇
𝜇
(𝑘 + 𝑟 − 𝑝)𝜇[𝐷‾

𝛼̇Φ𝐼
𝑎†(𝑝, 𝜃, 𝜃‾)][𝐷𝛼Φ𝑏

𝐽
(𝑞, 𝜃, 𝜃‾)]Φ𝐾

𝑐†(𝑝 + 𝑞 − 𝑟, 𝜃, 𝜃‾)

⋅ Φ𝑑
𝐿 (𝑟, 𝜃, 𝜃‾) − 16(𝑘 + 𝑟 − 𝑝)2Φ𝐼

𝑎†(𝑝, 𝜃, 𝜃‾)Φ𝑏
𝐽
(𝑞, 𝜃, 𝜃‾)Φ𝐾

𝑐†(𝑝 + 𝑞 − 𝑟, 𝜃, 𝜃‾)

⋅ Φ𝑑
𝐿 (𝑟, 𝜃, 𝜃‾)}

𝐷̃2(𝑝, 𝑞, 𝑟) = (
1

4
)
2

𝑔4𝜅𝑁2(𝑁2 − 1)(𝛿𝑎𝑐𝛿
𝑏𝑑 + 𝛿𝑎

𝑏𝛿𝑐
𝑑)(𝛿𝐿

𝐼𝛿𝐽
𝐾 − 𝛿𝐽

𝐼𝛿𝐿
𝐾)𝐼2𝑏𝑑𝐼𝐾

(𝐷)𝑎𝑐𝐽𝐿
(𝑝, 𝑞, 𝑟)

 

𝐼2𝑏𝑑𝐼𝐾
(𝐷)𝑎𝑐𝐽𝐿

(𝑝, 𝑞, 𝑟) = ∫  
𝑑4𝑘

(2𝜋)4
𝑑4𝜃

1

𝑘2(𝑝 − 𝑘)2(𝑘 + 𝑟 − 𝑝 − 𝑞)2(𝑝 + 𝑞 − 𝑘)2

⋅ {[𝐷‾ 2Φ𝐼
𝑎†(𝑝, 𝜃, 𝜃‾)]Φ𝑏

𝐽
(𝑞, 𝜃, 𝜃‾)Φ𝐾

𝑐†(𝑝 + 𝑞 − 𝑟, 𝜃, 𝜃‾)[𝐷2Φ𝑑
𝐿 (𝑟, 𝜃, 𝜃‾)] +  

+8𝑖𝜎𝛼𝛼̇
𝜇
(𝑘 − 𝑝 − 𝑞)𝜇[𝐷

𝛼Φ𝐼
𝑎†(𝑝, 𝜃, 𝜃‾)]Φ𝑏

𝐽
(𝑞, 𝜃, 𝜃‾)Φ𝐾

𝑐†(𝑝 + 𝑞 − 𝑟, 𝜃, 𝜃‾)  

 ⋅ [𝐷𝛼Φ𝑑
𝐿 (𝑟, 𝜃, 𝜃‾)] − 16(𝑘 − 𝑝 − 𝑞)2Φ𝐼

𝑎†(𝑝, 𝜃, 𝜃‾)Φ𝑏
𝐽
(𝑞, 𝜃, 𝜃‾)Φ𝐾

𝑐†(𝑝 + 𝑞 − 𝑟, 𝜃, 𝜃‾)

⋅ Φ𝑑
𝐿 (𝑟, 𝜃, 𝜃‾)}

𝐷̃3(𝑝, 𝑞, 𝑟) = (
1

4
)
2

𝑔4𝜅𝑁2(𝑁2 − 1)(𝛿𝑎
𝑑𝛿𝑐

𝑏 + 𝛿𝑎𝑐𝛿
𝑏𝑑)(𝛿𝐽

𝐼𝛿𝐿
𝐾 − 𝛿𝐿

𝐼𝛿𝐽
𝐾)𝐼3𝑏𝑑𝐼𝐾

(𝐷)𝑎𝑐𝐽𝐿
(𝑝, 𝑞, 𝑟)
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𝐼3𝑏𝑑𝐼𝐾
(𝐷)𝑎𝑐𝐽𝐿

(𝑝, 𝑞, 𝑟) = ∫  
𝑑4𝑘

(2𝜋)4
𝑑4𝜃

1

𝑘2(𝑝 − 𝑘)2(𝑘 + 𝑟 − 𝑝 − 𝑞)2(𝑝 + 𝑞 − 𝑘)2
 

⋅ {Φ𝐼
𝑎†(𝑝, 𝜃, 𝜃‾)Φ𝑏

𝐽
(𝑞, 𝜃, 𝜃‾)[𝐷‾ 2Φ𝐾

𝑐†(𝑝 + 𝑞 − 𝑟, 𝜃, 𝜃‾)][𝐷2Φ𝑑
𝐿 (𝑟, 𝜃, 𝜃‾)]  

−8𝑖𝜎𝛼𝛼̇
𝜇
(𝑝 − 𝑘 − 𝑟)𝜇Φ𝐼

𝑎†(𝑝, 𝜃, 𝜃‾)Φ𝑏
𝐽
(𝑞, 𝜃, 𝜃‾)[𝐷‾ 𝛼̇Φ𝐾

𝑐†(𝑝 + 𝑞 − 𝑟, 𝜃, 𝜃‾)]  

⋅ [𝐷𝛼Φ𝑑
𝐿 (𝑟, 𝜃, 𝜃‾)] − 16(𝑝 − 𝑘 − 𝑟)2Φ𝐼

𝑎†(𝑝, 𝜃, 𝜃‾)Φ𝑏
𝐽
(𝑞, 𝜃, 𝜃‾)Φ𝐾

𝑐†(𝑝 + 𝑞 − 𝑟, 𝜃, 𝜃‾) 

⋅ Φ𝑑
𝐿 (𝑟, 𝜃, 𝜃‾)}

 

𝐷̃4(𝑝, 𝑞, 𝑟) = (
1

4
)
2

𝑔4𝜅𝑁2(𝑁2 − 1)(𝛿𝑎
𝑏𝛿𝑐

𝑑 + 𝛿𝑎𝑐𝛿
𝑏𝑑)(𝛿𝐿

𝐼𝛿𝐽
𝐾 − 𝛿𝐽

𝐼𝛿𝐿
𝐾)𝐼4𝑏𝑑𝐼𝐾

(𝐷)𝑎𝑐𝐽𝐿
(𝑝, 𝑞, 𝑟), 

𝐼4𝑏𝑑𝐼𝐾
(𝐷)𝑎𝑐𝐽𝐿

(𝑝, 𝑞, 𝑟) = ∫  
𝑑4𝑘

(2𝜋)4
𝑑4𝜃

1

𝑘2(𝑝 − 𝑘)2(𝑘 + 𝑟 − 𝑝 − 𝑞)2(𝑝 + 𝑞 − 𝑘)2
 

⋅ {Φ𝐼
𝑎†(𝑝, 𝜃, 𝜃‾)[𝐷2Φ𝑏

𝐽
(𝑞, 𝜃, 𝜃‾)][𝐷‾ 2Φ𝐾

𝑐†(𝑝 + 𝑞 − 𝑟, 𝜃, 𝜃‾)]Φ𝑑
𝐿 (𝑟, 𝜃, 𝜃‾)  

 −8𝑖𝜎𝛼𝛼̇
𝜇
(𝑝 + 𝑞 − 𝑘)𝜇Φ𝐼

𝑎†(𝑝, 𝜃, 𝜃‾)[𝐷𝛼Φ𝑏
𝐽
(𝑞, 𝜃, 𝜃‾)][𝐷‾ 𝛼̇Φ𝐾

𝑐†(𝑝 + 𝑞 − 𝑟, 𝜃, 𝜃‾)]

⋅ Φ𝑑
𝐿 (𝑟, 𝜃, 𝜃‾) − 16(𝑝 + 𝑞 − 𝑘)2Φ𝐼

𝑎†(𝑝, 𝜃, 𝜃‾)Φ𝑏
𝐽
(𝑞, 𝜃, 𝜃‾)Φ𝐾

𝑐†(𝑝 + 𝑞 − 𝑟, 𝜃, 𝜃‾) 

⋅ Φ𝑑
𝐿 (𝑟, 𝜃, 𝜃‾)}

 

 

 

𝐸̃1(𝑝, 𝑞, 𝑟) = (
1

4
)
2 𝑔4

2
𝜅𝑁2(𝑁2 − 1)𝛿𝑎

𝑏𝛿𝑐
𝑑 + 𝛿𝑎𝑐𝛿

𝑏𝑑)𝛿𝐽
𝐼𝛿𝐿
𝐾𝐼1𝑏𝑑𝐼𝐾
(𝐸)𝑎𝑐𝐽𝐿

(𝑝, 𝑞, 𝑟), 

𝐼1𝑏𝑑𝐼𝐾
(𝐸)𝑎𝑐𝐽𝐿

(𝑝, 𝑞, 𝑟) = ∫  
𝑑4𝑘

(2𝜋)4
𝑑4𝜃

1

𝑘2(𝑝 − 𝑘)2(𝑝 + 𝑞 − 𝑘)2

⋅ {Φ𝐼
𝑎†(𝑝, 𝜃, 𝜃‾)Φ𝑏

𝐽
(𝑞, 𝜃, 𝜃‾)Φ𝐾

𝑐†(𝑝 + 𝑞 − 𝑟, 𝜃, 𝜃‾)Φ𝑑
𝐿 (𝑟, 𝜃, 𝜃‾)}

𝐸̃2(𝑝, 𝑞, 𝑟) = (
1

4
)
2 𝑔4

2
𝜅𝑁2(𝑁2 − 1)(𝛿𝑎

𝑑𝛿𝑐
𝑏 + 𝛿𝑎𝑐𝛿

𝑏𝑑)𝛿𝐿
𝐼𝛿𝐽
𝐾𝐼2𝑏𝑑𝐼𝐾
(𝐸)𝑎𝑐𝐽𝐿

(𝑝, 𝑞, 𝑟),

 

𝐼2𝑏𝑑𝐼𝐾
(𝐸)𝑎𝑐𝐽𝐿

(𝑝, 𝑞, 𝑟) = ∫  
𝑑4𝑘

(2𝜋)4
𝑑4𝜃

1

𝑘2(𝑝 − 𝑘)2(𝑟 − 𝑘)2

⋅ {Φ𝐼
𝑎†(𝑝, 𝜃, 𝜃‾)Φ𝑏

𝐽
(𝑞, 𝜃, 𝜃‾)Φ𝐾

𝑐†(𝑝 + 𝑞 − 𝑟, 𝜃, 𝜃‾)Φ𝑑
𝐿 (𝑟, 𝜃, 𝜃‾)};

 

𝐸̃3(𝑝, 𝑞, 𝑟) = (
1

4
)
2 𝑔4

2
𝜅𝑁2(𝑁2 − 1)(𝛿𝑎

𝑏𝛿𝑐
𝑑 + 𝛿𝑎𝑐𝛿

𝑏𝑑)𝛿𝐿
𝐼𝛿𝐽
𝐾𝐼3𝑏𝑑𝐼𝐾
(𝐸)𝑎𝑐𝐽𝐿

(𝑝, 𝑞, 𝑟) 

𝐼3𝑏𝑑𝐼𝐾
(𝐸)𝑎𝑐𝐽𝐿

(𝑝, 𝑞, 𝑟) = ∫  
𝑑4𝑘

(2𝜋)4
𝑑4𝜃

1

𝑘2(𝑝 + 𝑞 − 𝑘)2(𝑘 − 𝑟)2

⋅ {Φ𝐼
𝑎†(𝑝, 𝜃, 𝜃‾)Φ𝑏

𝐽
(𝑞, 𝜃, 𝜃‾)Φ𝐾

𝑐†(𝑝 + 𝑞 − 𝑟, 𝜃, 𝜃‾)Φ𝑑
𝐿 (𝑟, 𝜃, 𝜃‾)}

𝐸̃4(𝑝, 𝑞, 𝑟) = (
1

4
)
2 𝑔4

2
𝜅𝑁2(𝑁2 − 1)(𝛿𝑎

𝑑𝛿𝑐
𝑏 + 𝛿𝑎𝑐𝛿

𝑏𝑑)𝛿𝐿
𝐼𝛿𝐽
𝐾𝐼4𝑏𝑑𝐼𝐾
(𝐸)𝑎𝑐𝐽𝐿

(𝑝, 𝑞, 𝑟),
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𝐼4𝑏𝑑𝐼𝐾
(𝐸)𝑎𝑐𝐽𝐿

(𝑝, 𝑞, 𝑟) = ∫  
𝑑4𝑘

(2𝜋)4
𝑑4𝜃

1

𝑘2(𝑞 + 𝑘)2(𝑘 + 𝑟 − 𝑝)2

⋅ {Φ𝐼
𝑎†(𝑝, 𝜃, 𝜃‾)Φ𝑏

𝐽
(𝑞, 𝜃, 𝜃‾)Φ𝐾

𝑐†(𝑝 + 𝑞 − 𝑟, 𝜃, 𝜃‾)Φ𝑑
𝐿 (𝑟, 𝜃, 𝜃‾)}

 

⟨Φ†ΦΦ†Φ⟩ = 𝜅 (
1

4
)
2

𝑔4𝑁2(𝑁2 − 1)∑  

6

𝑖=1

𝐺(𝑖) 

𝐺(1) = 𝛿𝑎
𝑏𝛿𝑐

𝑑𝛿𝐽
𝐼𝛿𝐿
𝐾 (𝐼1𝑏𝑑𝐼𝐾

(𝐴)𝑎𝑐𝐽𝐿
+ 𝐼3𝑏𝑑𝐼𝐾

(𝐴)𝑎𝑐𝐽𝐿
+
2

3
𝐼𝑏𝑑𝐼𝐾
(𝐵)𝑎𝑐𝐽𝐿

− 𝐼2𝑏𝑑𝐼𝐾
(𝐷)𝑎𝑐𝐽𝐿

−𝐼4𝑏𝑑𝐼𝐾
(𝐷)𝑎𝑐𝐽𝐿

+ 𝐼1𝑏𝑑𝐼𝐾
(𝐸)𝑎𝑐𝐽𝐿

+ 𝐼3𝑏𝑑𝐼𝐾
(𝐸)𝑎𝑐𝐽𝐿

)

𝐺(2) = 𝛿𝑎𝑐𝛿
𝑏𝑑𝛿𝐽

𝐼𝛿𝐿
𝐾 (𝐼1𝑏𝑑𝐼𝐾

(𝐴)𝑎𝑐𝐽𝐿
+ 𝐼1𝑏𝑑𝐼𝐾

(𝐷)𝑎𝑐𝐽𝐿
− 𝐼2𝑏𝑑𝐼𝐾

(𝐷)𝑎𝑐𝐽𝐿
+ 𝐼3𝑏𝑑𝐼𝐾

(𝐷)𝑎𝑐𝐽𝐿

−𝐼4𝑏𝑑𝐼𝐾
(𝐷)𝑎𝑐𝐽𝐿

+ 𝐼1𝑏𝑑𝐼𝐾
(𝐸)𝑎𝑐𝐽𝐿

+ 𝐼3𝑏𝑑𝐼𝐾
(𝐸)𝑎𝑐𝐽𝐿

)

𝐺(3) = 𝛿𝑎
𝑏𝛿𝑐

𝑑𝛿𝐿
𝐼𝛿𝐽
𝐾 (𝐼2𝑏𝑑𝐼𝐾

(𝐴)𝑎𝑐𝐽𝐿
+
2

3
𝐼𝑏𝑑𝐼𝐾
(𝐵)𝑎𝑐𝐽𝐿

+ 𝐼2𝑏𝑑𝐼𝐾
(𝐷)𝑎𝑐𝐽𝐿

+ 𝐼4𝑏𝑑𝐼𝐾
(𝐷)𝑎𝑐𝐽𝐿

)

𝐺(4) = 𝛿𝑎
𝑑𝛿𝑐

𝑏𝛿𝐿
𝐼𝛿𝐽
𝐾 (𝐼2𝑏𝑑𝐼𝐾

(𝐴)𝑎𝑐𝐽𝐿
+ 𝐼4𝑏𝑑𝐼𝐾

(𝐴)𝑎𝑐𝐽𝐿
+
2

3
𝐼𝑏𝑑𝐼𝐾
(𝐵)𝑎𝑐𝐽𝐿

− 𝐼1𝑏𝑑𝐼𝐾
(𝐷)𝑎𝑐𝐽𝐿

−𝐼3𝑏𝑑𝐼𝐾
(𝐷)𝑎𝑐𝐽𝐿

+ 𝐼2𝑏𝑑𝐼𝐾
(𝐸)𝑎𝑐𝐽𝐿

+ 𝐼4𝑏𝑑𝐼𝐾
(𝐸)𝑎𝑐𝐽𝐿

)

𝐺(5) = 𝛿𝑎
𝑑𝛿𝑐

𝑏𝛿𝐽
𝐼𝛿𝐿
𝐾 (𝐼3𝑏𝑑𝐼𝐾

(𝐴)𝑎𝑐𝐽𝐿
+
2

3
𝐼𝑏𝑑𝐼𝐾
(𝐵)𝑎𝑐𝐽𝐿

+ 𝐼1𝑏𝑑𝐼𝐾
(𝐷)𝑎𝑐𝐽𝐿

+ 𝐼3𝑏𝑑𝐼𝐾
(𝐸)𝑎𝑐𝐽𝐿

)

𝐺(6) = 𝛿𝑎𝑐𝛿
𝑏𝑑𝛿𝐿

𝐼𝛿𝐽
𝐾 (𝐼4𝑏𝑑𝐼𝐾

(𝐴)𝑎𝑐𝐽𝐿
− 𝐼1𝑏𝑑𝐼𝐾

(𝐷)𝑎𝑐𝐽𝐿
+ 𝐼2𝑏𝑑𝐼𝐾

(𝐷)𝑎𝑐𝐽𝐿
− 𝐼3𝑏𝑑𝐼𝐾

(𝐷)𝑎𝑐𝐽𝐿

+𝐼4𝑏𝑑𝐼𝐾
(𝐷)𝑎𝑐𝐽𝐿

+ 𝐼2𝑏𝑑𝐼𝐾
(𝐸)𝑎𝑐𝐽𝐿

+ 𝐼4𝑏𝑑𝐼𝐾
(𝐸)𝑎𝑐𝐽𝐿

)
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⟨𝒪(𝑥1, … , 𝑥𝑛)⟩ = ∫  [𝒟𝜙]𝑒
−
𝑆[𝜙]
ℏ 𝒪(𝜙(𝑥1), … , 𝜙(𝑥𝑛)),  

𝜙(𝑥) = 𝜙‾(𝑥) + 𝛿𝜙(𝑥) = 𝜙‾(𝑥) + ℏ1/2𝜂(𝑥) 

𝑆[𝜙] = 𝑆[𝜙‾] +
ℏ

2
∫  𝑑4𝑥𝑑4𝑦 (

𝛿2𝑆

𝛿𝜙(𝑥)𝛿𝜙(𝑦)
)|
𝜙=𝜙‾

𝜂(𝑥)𝜂(𝑦) + 𝑂(ℏ3/2), 

⟨𝒪(𝑥1, … , 𝑥𝑛)⟩ = ∫  [𝒟𝜂]𝑒
−
𝑆[𝜙‾ +𝜂]
ℏ 𝒪[(𝜙‾ + 𝜂)(𝑥𝑖)]

 = 𝒪(𝜙‾)𝑒−
𝑆‾

ℏ [det (
𝛿2𝑆

𝛿𝜙(𝑥)𝛿𝜙(𝑦)
)|
𝜙=𝜙‾

]

−
1
2

(1 + 𝑂(ℏ))

 

𝑆YM[𝐴] = −
1

4𝑑𝐫𝑔
2
∫  𝑑4𝑥tr(𝐹𝜇𝜈𝐹

𝜇𝜈)  

𝐴𝜇  = 𝐴𝜇
𝑎𝑇𝑎

𝐹𝜇𝜈 = 𝜕𝜇𝐴𝜈 − 𝜕𝜈𝐴𝜇 + [𝐴𝜇, 𝐴𝜈] = (𝜕𝜇𝐴𝜇
𝑎 − 𝜕𝜈𝐴𝜇

𝑎 + 𝑖𝑓𝑏𝑐
𝑎 𝐴𝜇

𝑏𝐴𝜈
𝑐)𝑇𝑎

 

𝐴𝜇(𝑥) ⟶ 𝐴𝜇
Ω(𝑥) = Ω(𝑥)[𝐴𝜇(𝑥) + 𝑖𝜕𝜇]Ω

†(𝑥) 

𝐾[𝐴] =
1

32𝜋2
∫  𝑑4𝑥𝐹𝜇𝜈

𝑎 𝐹̃𝑎
𝜇𝜈  

 

𝑆YM[𝐴] = ±
8𝜋2

𝑔2
𝐾[𝐴] +

1

8𝜋2
∫  𝑑4𝑥(𝐹𝜇𝜈

𝑎 ∓ 𝐹̃𝜇𝜈
𝑎 )(𝐹𝑎

𝜇𝜈
∓ 𝐹̃𝑎

𝜇𝜈
) ≥

8𝜋2

𝑔2
|𝐾[𝐴]|  

𝐹𝜇𝜈
𝑎 = ±𝐹̃𝜇𝜈

𝑎  

𝐴‾𝜇 = 𝑖
𝜎‾𝜇𝜈

2
𝜕𝜈log Φ  

◻Φ

Φ
= 0. 

Φ‾ = 1 +
𝜌2

(𝑥 − 𝑥0)
2

 

𝐴‾𝜇 = −2𝑖𝜌
2𝜂‾𝜇𝜈
𝑎

𝑦𝜈

𝑦2(𝑦2 + 𝜌2)
 

𝜂‾𝜇𝜈
𝑎 = −𝜂‾𝜈𝜇

𝑎 = {
𝜀𝑎𝜇𝜈  for  𝜇, 𝜈 = 1,2,3
−𝛿𝑎𝜇  for  𝜈 = 4

 



pág. 1899 

𝐴‾𝜇 = −2𝑖𝑒
𝑖𝜃𝑎𝑇

𝑎
𝜂𝜇𝜈
𝑎

𝑦𝜈

(𝑦2 + 𝜌2)
𝑒−𝑖𝜃𝑎𝑇

𝑎
 

𝜂𝜇𝜈
𝑎 = −𝜂𝜈𝜇

𝑎 = {
𝜀𝑎𝜇𝜈  for  𝜇, 𝜈 = 1,2,3
𝛿𝑎𝜇  for  𝜈 = 4

 

𝜎𝜇𝜈 = 𝜂𝜇𝜈
𝑎 𝜎𝑎 

𝐹‾𝜇𝜈 = 𝐹𝜇𝜈[𝐴‾] = −2𝑖𝑒
𝑖𝜃𝑎𝑇

𝑎
𝜎𝜇𝜈

𝜌2

(𝑦2 + 𝜌2)2
𝑒−𝑖𝜃𝑎𝑇

𝑎
 

Φ(𝑥) = 1 +∑  

𝑛

𝑖=1

𝜌𝑖
2

(𝑥 − 𝑥0
(𝑖)
)
2 

𝑆[𝐴‾(𝑛)] = 𝑛𝑆[𝐴‾(1)] 

𝑀𝜇𝜈
𝑎𝑏 = (

𝛿2𝑆[𝐴]

𝛿𝐴𝜇
𝑎𝛿𝐴𝜈

𝑏
)|

𝐴‾

= [−𝐷2(𝐴‾)𝛿𝜇𝜈 + 𝐷𝜇(𝐴‾)𝐷𝜈(𝐴‾) − 2𝐹‾𝜇𝜈]𝛿
𝑎𝑏 , 

∫  𝑑4𝑦 (
𝛿2𝑆[𝐴]

𝛿𝐴𝜇𝛿𝐴𝜈
)|
𝐴‾𝛽

𝜕𝐴‾𝜈
𝜕𝛽𝑖

(𝑦, 𝛽) = 0 

𝐴‾𝜇
Ω(𝑥, 𝛽) = Ω†𝐴‾𝜇Ω + 𝑖Ω

†𝜕𝜇Ω, 

𝑍 = ∫  [𝒟𝐴]𝑒−𝑆[𝐴] 

1 = ΔFP∫  
𝐺

 ∏  

𝑎,𝑥

  [𝒟ℎ𝑎(𝑥)]∫  
ℳ

 ∏  

𝑖

 𝑑𝛽𝑖𝛿 ((𝐴𝜇 − 𝐴‾𝜇
Ω,
𝛿𝐴‾𝜇

Ω

𝛿ℎ𝑎
))𝛿 ((𝐴𝜇 − 𝐴‾𝜇

Ω,
𝜕𝐴‾𝜇

Ω

𝜕𝛽𝑖
)) ,  

(𝑓𝜇 , 𝑔
𝜇) =

1

2
∫  𝑑4𝑥tr(𝑓𝜇(𝑥)𝑔

𝜇(𝑥))  

𝑍 = ∫  [𝒟𝐴𝜇]∫  ∏  

𝑖

 𝑑𝛽𝑖𝑒
−𝑆[𝐴]ΔFP(𝐴, 𝛽)

 ⋅ 𝛿(tr[𝑇𝑎𝐷𝜇(𝐴‾)(𝐴
𝜇 − 𝐴‾)(𝑥)])𝛿 ((𝐴𝜇 − 𝐴‾𝜇 ,

𝜕𝐴‾𝜇

𝜕𝛽𝑖
))

 

ΔFP(𝐴, 𝛽)|𝐴=𝐴‾ = det𝑥,𝑦
𝑎,𝑏
(𝐷𝑎𝑏

2 (𝐴‾)𝛿(𝑥 − 𝑦))det𝑖,𝑗(𝑑𝑖𝑗(𝐴, 𝛽))  

𝑑𝑖𝑗(𝐴, 𝛽) = (𝑎̂𝜇
(𝑖)
(𝛽), 𝑎̂𝜇(𝑗)(𝛽)) 

𝑎̂𝜇
(𝑖)𝑎
(𝑥, 𝛽) =

𝜕𝐴‾𝜇
𝑎

𝜕𝛽𝑖
+ 𝜉𝜇

(𝑖)𝑎
(𝑥) 

𝐷𝜇
𝑎𝑏(𝐴‾)𝑎̂𝜇𝑏

(𝑖)
(𝑥, 𝛽) = 0. 

⟨𝒪(𝑥1, … , 𝑥𝑛)⟩𝐴‾ = 𝑒
−
8𝜋2

𝑔2
𝐾[𝐴‾]

 ⋅
∫  [𝒟𝑄𝜇𝒟𝑐𝒟𝑐‾]∏  𝑖  𝑑𝛽𝑖

‖𝑎̂‖

√2𝜋
𝑒−

1
2∫

 𝑄𝜇𝑀𝜇𝜈
g.f. 
𝑄𝜈−∫  𝑐‾𝐷2(𝐴‾)𝑐𝒪[𝐴‾]

∫  [𝒟𝑄𝜇𝒟𝑐𝒟𝑐‾]𝑒
−
1
2 ∫  𝑄

𝜇𝑀𝜇𝜈
(0) g.f. 

𝑄𝜈−∫  𝑐‾◻𝑐

 = 𝑒
−
8𝜋2

𝑔2
𝐾[𝐴‾]

∫  ∏ 

𝑖

 𝑑𝛽𝑖
‖𝑎̂‖

√2𝜋
𝒪[𝐴‾]

(det′𝑀𝜇𝜈
g.f. 
)
−
1
2
det𝐷2(𝐴‾)

(det′𝑀𝜇𝜈
(0) g.f. 

)
−
1
2
det ◻
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𝑀𝜇𝜈
g.f. 
= −𝐷2(𝐴‾)𝛿𝜇𝜈 − 2𝐹𝜇𝜈[𝐴‾],𝑀𝜇𝜈

(0) g.f. 
= −◻ 𝛿𝜇𝜈 . 

𝑎̂𝜇
(𝑖)
(𝑥) =

𝜕𝐴‾𝜇

𝜕𝛽𝑖
(𝑥, 𝛽) + 𝐷𝜇(𝐴‾)Λ

(𝑖)(𝑥), 

𝑎̂𝜇
(𝑖)
(𝑥) ∈ Ker [𝑀𝜇𝜈

g.f. 
]. 

𝐴‾𝜇(𝑥, 𝛽) = −
𝑖

𝑔
𝑒𝑖𝜃𝑎𝑇

𝑎
[𝜎‾𝜇𝜈

𝜌2(𝑥 − 𝑥0)𝜇
(𝑥 − 𝑥0)

2[(𝑥 − 𝑥0)
2 + 𝜌2]

] 𝑒−𝑖𝜃𝑎𝑇
𝑎
,  

𝑎̂𝜇(𝜈) =
𝜕

𝜕𝑥0
𝜈 𝐴‾𝜇 +𝐷𝜇(𝐴‾)𝐴‾𝜈 = 𝐹𝜇𝜈[𝐴‾] 

‖𝑎̂𝜇(𝜈)‖ =
2√2𝜋

𝑔
 

𝑎̂𝜇
(dil)

=
𝜕𝐴‾𝜇

𝜕𝜌
= −

2𝑖

𝑔
𝜎‾𝜇𝜈

𝜌𝑦𝜈

(𝑦2 + 𝜌2)2
 

‖𝑎̂𝜇
(dil)

‖ =
4𝜋

𝑔
 

𝑎̂𝜇
(𝑎)
=
𝜕𝐴‾𝜇

𝜕𝜃𝑎
+𝐷𝜇(𝐴‾)Λ

(𝑎) = 𝐷𝜇(𝐴‾) [−
𝑖

𝑔
𝑇𝑎 + Λ(𝑎)] ≡ 𝐷𝜇(𝐴‾)𝜙

(𝑎) 

𝐷2(𝐴‾)𝜙(𝑎) = 0, lim
|𝑥|→∞

 𝜙(𝑎) = −
𝑖

𝑔
𝑇(𝑎) 

𝜙(𝑎) = (−
𝑖

𝑔
𝑇(𝑎))

𝑟2

𝑟2 + 𝜌2
  with  𝑟 = |𝑥| 

‖𝑎̂𝜇
(𝑎)
‖ =

2𝜋𝜌

𝑔
 

𝑑𝜇B =∏ 

𝑖

 𝑑𝛽𝑖
‖𝑎̂‖

√2𝜋
=

1

(2𝜋)4
(
2√2𝜋

𝑔
)

4
4𝜋

𝑔
(
2𝜋𝜌

𝑔
)
3

𝑑4𝑥0𝑑𝜌𝑑
3𝜃 

 =
27𝜋4

𝑔8
𝜌3𝑑4𝑥0𝑑𝜌𝑑

3𝜃.

 

𝐴‾𝜇 =
2𝑖

𝑔

𝜂‾𝜇𝜈
𝑎 𝑥𝜈

𝑥2(𝑥2 + 𝜌2)

𝜆𝑘
2
, 

𝑎̂𝜇
𝑟 = 𝐷𝜇(𝐴‾) [

𝜆𝑟

𝑔
(

𝑥2

𝑥2 + 𝜌2
)

1
2

]. 

𝑆[𝜓, 𝜓‾, 𝐴] = 𝑆YM[𝐴] + 𝑆𝐴[𝜓, 𝜓‾] = 𝑆YM[𝐴] + ∫  𝑑
4𝑥𝜓‾[𝑖𝐷𝜇(𝐫)]𝜎‾

𝜇𝜓  

𝑆𝐴[Ψ,Ψ‾ ] = ∫  𝑑
4𝑥Ψ‾ [𝑖D̸𝐿(𝐫)]Ψ 

D̸𝐿(𝐫) = (
0 𝜎𝜇𝜕𝜇

𝜎‾𝜇(𝜕𝜇 + 𝐴𝜇) 0
) 

⟨𝒪[Ψ,Ψ‾ ]⟩𝐴 = ∫  [𝒟Ψ𝒟Ψ‾ ]𝑒
−𝑆𝐴[Ψ,Ψ‾ ]𝒪[Ψ,Ψ‾ ] 

𝑖D̸𝐿(𝐫)𝑓
(𝑛) = 𝜆𝑛𝑓

(𝑛), 𝑖D̸𝑅(𝐫)𝑔
(𝑛) = 𝜆𝑛

∗ 𝑔(𝑛) 
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Ψ=∑  

𝑚

𝑖=1

  𝑏𝑖
(0)
𝑓𝑖
(0)
+∑  

𝑛

 𝑏𝑛𝑓
(𝑛)  

Ψ‾  =∑  

𝑚‾

𝑗=1

 𝑐‾𝑗
(0)
𝑔𝑗
(0)†

+∑  

𝑛

 𝑐‾𝑛𝑔
(𝑛)†

 

𝑆𝐴[Ψ,Ψ‾ ] = ∑  

𝑛≠0

𝜆𝑛𝑐‾𝑛𝑏𝑛 

⟨𝒪⟩𝐴 = ∫  ∏  

𝑚

𝑖=1

  [𝑑𝑏𝑖
(0)
]∏  

𝑚‾

𝑗=1

  [𝑑𝑐‾𝑗
(0)
]∏  

𝑛≠0

  [𝑑𝑏𝑛𝑑𝑐‾𝑛]𝑒
−∑  𝑛≠0  𝜆𝑛𝑐‾𝑛𝑏𝑛𝒪(𝑏, 𝑐‾).  

𝑛𝐿 − 𝑛𝑅 = 2𝑑𝐫𝐾[𝐴‾].  

𝑛𝐿 = 2𝑑𝐫𝐾[𝐴‾], 𝑛𝑅 = 0  when  𝐹𝜇𝜈[𝐴] = 𝐹̃𝜇𝜈[𝐴]  

𝜓 = 𝑎0𝑓
(0) +∑  

𝑛≠0

 𝑎𝑛𝑓
(𝑛)

𝜒 = 𝑏0𝑓
(0) +∑  

𝑛≠0

  𝑏𝑛𝑓
(𝑛)

 

⟨𝒪⟩𝐴 = ∫  [𝑑𝑎0𝑑𝑏0]∏  

𝑛≠0

  [𝑑𝑎𝑛𝑑𝑏𝑛𝑑𝑐‾𝑛𝑑𝑑‾𝑛]𝑒
−∑  𝑛≠0  𝜆𝑛(𝑐‾𝑛𝑎𝑛+𝑑‾𝑛𝑏𝑛)

 ⋅ (∑  

∞

𝑛=0

 𝑎𝑛𝑓
(𝑛))(∑  

∞

𝑛=0

 𝑏𝑛𝑓
(𝑛)) = [det′(𝑖D̸𝐿(𝟐))]

2𝑓(0)(𝑥)𝑓(0)(𝑦)

 

𝑖𝐷𝜇
(f)
(𝐴‾)𝜎‾𝜇𝛼̇𝛼𝜓𝛼

(0)
= 0 

𝜓𝛼,𝑠
(0)
(𝑥) =

𝜀𝛼𝑠
[(𝑥 − 𝑥0)

2𝜌2]3/2
 

‖𝜓(0)‖ =
𝜋

𝜌
 

[𝑖𝐷𝜇
(adj)

(𝐴‾)]
𝑎
 𝑏𝜎‾𝜇𝛼̇𝛼𝜆𝛼𝑏

(0)
= 0.  

𝜆 = 𝜆‾ = 0, 𝐴𝜇 = 𝐴‾𝜇 , 

𝛿1𝜆 =
√𝜌

2
𝐹‾𝜇𝜈𝜎

𝜇𝜈𝜂 

𝛿2𝜆 =
1

2√𝜌
𝐹‾𝜇𝜈𝜎

𝜇𝜈[(𝑥 − 𝑥0)𝜅𝜎
𝜅𝜉‾] 

𝜆𝑖
(0)
=
1

2
𝐹‾𝜇𝜈𝜎

𝜇𝜈𝜁𝑖(𝑥),  

𝜁𝑖
(0)
(𝑥) =

1

√𝜌
[𝜌𝜂𝑖 + (𝑥 − 𝑥0)

𝜇𝜎𝜇𝜉𝑖−2], 𝑖 = 1,2,3,4  

𝜂1 = 𝜉‾1 = (
1

0
) , 𝜂2 = 𝜉‾2 = (

0

1
) , 𝜂3,4 = 𝜉‾−1,−2 = 0 

‖𝜆𝑗
(0)
‖ =

4√2𝜋√𝜌

𝑔
, 𝑗 = 1,2, ‖𝜆𝑘

(0)
‖ =

8𝜋√𝜌

𝑔
, 𝑘 = 3,4. 

|det(𝑖D̸𝐿(𝐫))|
2 = det[(𝑖D̸𝐿(𝐫)𝑖D̸𝑅(𝐫))] = det(𝑖 ⊅ (𝐫))det(− ◻), 
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𝐷2(𝐴‾)𝜑(𝑛) = −𝜆𝑛
2𝜑(𝑛) 𝜆𝑛 ≠ 0 

𝑖 ⊅ (𝐴‾)Ψ(𝑛) = 𝜇𝑛Ψ
(𝑛)

(−𝐷2(𝐴‾)𝛿𝜇𝜈 − 2𝐹𝜇𝜈[𝐴‾])𝑄𝜈
(𝑛)
= 𝜌𝑛

2𝑄𝜇
(𝑛) 

𝜇𝑛 = 𝜆𝑛  ⟷  Ψ(𝑛)(𝑥) = (
𝜉(𝑛)

𝜒‾(𝑛)
) 

𝜉(𝑛) =
𝑖

𝜆𝑛
𝐷𝜇(𝐴‾)𝜑

(𝑛)𝜎𝜇𝜖‾, 𝜒‾(𝑛) = 𝜖‾𝜑(𝑛) 

𝜌𝑛 = 𝜆𝑛  ⟷  𝑄𝜇
(𝑛)
= 𝜂𝜎

𝜇
𝜉(𝑛), 

[
det (𝑀𝜇𝜈

g.f. 
+ 𝜇2)

det′𝑀𝜇𝜈
g.f. ]

1
2

det𝐷2(𝐴‾)

det(𝐷2(𝐴‾) + 𝜇2)

det′ (𝑖D̸𝐿
(adj)

)

det (𝑖D̸𝐿
(adj)

+ 𝑖𝜇)
, 

𝜇𝑛𝐵−
1
2
𝑛𝐹 ,  

𝒬𝑖𝑗 = 𝜑𝑖𝜑𝑗 −
1

6
𝛿𝑖𝑗𝜑𝑘𝜑

𝑘, 𝑖, 𝑗, 𝑘 = 1,2,… ,6,  

𝒲(2)
𝑖𝑗
= tr (𝑊𝑖𝑊𝑗 −

𝛿𝑖𝑗

6
𝑊𝑘𝑊

𝑘) 

𝒬𝑖𝑗(𝑥) ∼ 𝒲(2)
𝑖𝑗
(Υ)|

𝜃=𝜃‾=0
 

⟨𝒬𝑖1𝑗1(𝑥1)𝒬
𝑖2𝑗2(𝑥2)𝒬

𝑖3𝑗3(𝑥3)𝒬
𝑖4𝑗4(𝑥4)⟩.  

⟨𝜑𝑖𝑎(𝑥)𝜑𝑗𝑏(𝑦)⟩
free

=
1

(2𝜋)2
𝛿𝑖𝑗𝛿𝑎𝑏

(𝑥 − 𝑦)2
.  

⟨𝒬𝑖1𝑗1(𝑥1)𝒬
𝑖2𝑗2(𝑥2)𝒬

𝑖3𝑗3(𝑥3)𝒬
𝑖4𝑗4(𝑥4)⟩free 

 =
1

(4𝜋2)4
[𝑁4

𝛿𝑖1𝑖3𝛿𝑗1𝑗3𝛿𝑖2𝑖4𝛿𝑗2𝑗4

𝑥13
4 𝑥24

4 + 𝑁2
𝛿𝑗4𝑖1𝛿𝑗1𝑖3𝛿𝑗3𝑖2𝛿𝑗2𝑖4

𝑥41
2 𝑥13

2 𝑥32
2 𝑥24

2 +  permutations ]
 

𝑥𝑖𝑗 = 𝑥𝑖 − 𝑥𝑗 . 

⟨𝒬𝑖1𝑗1(𝑥1)𝒬
𝑖2𝑗2(𝑥2)𝒬

𝑖3𝑗3(𝑥3)𝒬
𝑖4𝑗4(𝑥4)⟩𝐾=1  

⟨𝒬𝑖1𝑗1(𝑥1)𝒬
𝑖2𝑗2(𝑥2)𝒬

𝑖3𝑗3(𝑥3)𝒬
𝑖4𝑗4(𝑥4) (∫  𝑑

4𝑧1 [
𝑖

4
𝑔𝑓𝑎𝑏𝑐𝑡‾𝐴𝐵

𝑖 (𝜆𝑎
𝛼𝐴𝜆𝛼𝑏

𝐵 𝜑𝑖𝑐)(𝑧1)])

… ⋅ (∫  𝑑4𝑧8 [
𝑖

4
𝑔𝑓𝑎𝑏𝑐𝑡‾𝐴𝐵

𝑖 (𝜆𝑎
𝛼𝐴𝜆𝛼𝑏

𝐵 𝜑𝑖𝑐)(𝑧8)])⟩
𝐾

 

⟨(∫  𝑑4𝑧1[𝑔Δ(𝑥1 − 𝑧1)(𝜆𝜆)(𝑧1)])… (∫  𝑑
4𝑧8[𝑔Δ(𝑥4 − 𝑧8)(𝜆𝜆)(𝑧8)])⟩  

[𝐷2(𝐴‾)𝜑𝑖](𝑥) = 𝐽𝑖(𝑥),  

𝒬𝑆0 = 𝑞𝑆𝜑 𝒬𝑆0
†
= 𝑞𝑆𝜑‾ 𝒬𝑆𝑇 = 𝑞𝑆𝑞𝑇 −  ℷ 

𝒬(+) = 𝜑2 𝒬(−) = 𝜑‾
2 𝒬(0) = 𝜑‾𝜑 − ℵ 

 

⟨𝜑2(𝑥1)𝜑
2(𝑥2)𝜑‾

2(𝑥3)𝜑‾
2(𝑥4)⟩free 

 =
1

(4𝜋2)4
(
4𝑁4

𝑥13
4 𝑥24

4 +
4𝑁4

𝑥14
4 𝑥23

4 +
16𝑁2

𝑥41
2 𝑥13

2 𝑥32
2 𝑥24

2 )
 



pág. 1903 

𝜆(0)𝛼
𝑢 =

1

2
𝐹‾𝜇𝜈𝜎𝛼

𝜇𝜈𝛽 1

√𝜌0
(𝜌0𝜂𝛽

𝑢 + (𝑥 − 𝑥0)𝜅𝜎𝛽𝛽̇
𝜅 𝜉‾𝛽̇𝑢) .  

𝜁±𝛼
𝑢 (𝜌0, 𝑥 − 𝑥0) =

1

√𝜌0
(𝜌0𝜂±𝛼

𝑢 + 𝜎𝛼𝛼̇
𝜇
(𝑥𝜇 − 𝑥0𝜇)𝜉‾±

𝛼̇𝑢)  

𝐺𝒬4(𝑥𝑝) = ⟨𝑔
2𝜑2(𝑥1)𝑔

2𝜑2(𝑥2)𝑔
2𝜑‾2(𝑥3)𝑔

2𝜑‾2(𝑥4)⟩𝐾=1 =
𝑔8

232𝜋10
𝑒
−
8𝜋2

𝑔2
+𝑖𝜃

 ∫  
𝑑𝜌0𝑑

4𝑥0

𝜌0
5 𝑑4𝜂+𝑑

4𝜉‾+𝑑
4𝜂−𝑑

4𝜉‾−𝜑(0)
2 (𝑥1)𝜑(0)

2 (𝑥2)𝜑‾(0)
2 (𝑥3)𝜑‾(0)

2 (𝑥4)

 

𝜑(𝑥) → 𝜑(0)(𝑥) =
1

2√2
𝜀𝑢𝑣𝜁+

𝑢𝜎𝜇𝜈𝜁+
𝑣𝐹‾𝜇𝜈

𝜑‾(𝑥) → 𝜑‾(0)(𝑥) =
1

2√2
𝜀𝑢̇𝑣̇𝜁−

𝑢̇𝜎𝜇𝜈𝜁−
𝑣̇𝐹‾𝜇𝜈 ,

 

𝐺𝒬4(𝑥𝑝) =
34

4𝜋10
𝑔8𝑒

−
8𝜋2

𝑔2
+𝑖𝜃

∫  
𝑑𝜌0𝑑

4𝑥0

𝜌0
5 𝑥12

4 𝑥34
4 ∏ 

4

𝑝=1

  [
𝜌0

𝜌0
2 + (𝑥𝑝 − 𝑥0)

2]

4

.  

𝐺𝒬4(𝑥𝑝) =
34Γ(16)

4𝜋10(Γ(4))4
𝑔8𝑒

−
8𝜋2

𝑔2
+𝑖𝜃
∫  ∏  

𝑝

 𝛼𝑝
3𝑑𝛼𝑝𝛿 (1 −∑ 

𝑞

 𝛼𝑞)

 ⋅ ∫  
𝑑𝜌0𝑑

4𝑥0

𝜌0
5

𝑥12
4 𝑥34

4 𝜌0
16

(𝜌0
2 + 𝑥0

2 − 2𝑥0 ⋅ ∑  𝑝  𝛼𝑝𝑥𝑝 + ∑  𝑝  𝑥𝑝
2)
16

 

𝐺𝒬4(𝑥𝑝) =
33Γ(11)

27(𝜋3Γ(4))4
𝑔8𝑒

−
8𝜋2

𝑔2
+𝑖𝜃

 ⋅ ∫  ∏  

𝑝

 𝛼𝑝
3𝑑𝛼𝑝𝛿 (1 −∑  

𝑞

 𝛼𝑞)
𝑥12
4 𝑥34

4

(∑  𝑝  𝛼𝑝𝛼𝑞𝑥𝑝𝑞
2 )

8

 

𝐺𝒬4(𝑥𝑝) =
33Γ(11)

27(𝜋3Γ(4))4
𝑔8𝑒

−
8𝜋2

𝑔2
+𝑖𝜃
𝑥12
4 𝑥34

4 ∏ 

𝑝<𝑞

 
𝜕

𝜕𝑥𝑝𝑞
2 𝐵(𝑥𝑝𝑞)  

𝐵(𝑥𝑝𝑞) = ∫  ∏  

𝑝

 𝑑𝛼𝑝𝛿 (1 −∑  

𝑞

 𝛼𝑞)
1

(∑  𝑝  𝛼𝑝𝛼𝑞𝑥𝑝𝑞
2 )

2  

𝐵(𝑥𝑝𝑞) =
4

√Δ(𝑥𝑝𝑞)

[
1

2
log (

𝑢+𝑢−
(1 − 𝑢+)

2(1 − 𝑢−)
2) log (

𝑢+
𝑢−
)

−Li2(1 − 𝑢+) + Li2(1 − 𝑢−) − Li2 (1 −
1

𝑢−
) + Li2 (1 −

1

𝑢+
)]

 

Δ = det4×4 ((𝑥𝑝𝑞
2 )) = 𝑋2 + 𝑌2 + 𝑍2 − 2𝑋𝑌 − 2𝑌𝑍 − 2𝑍𝑋  

𝑢± =
𝑌 + 𝑋 − 𝑍 ± √Δ

2𝑌
 

Li2(𝑧) + Li2(1 − 𝑧)=
𝜋2

6
− log (𝑧)log (1 − 𝑧) 

Li2(𝑧) + Li2 (
1

𝑧
) = −

𝜋2

6
−
1

2
[log (−𝑧)]2

 

∏ 

𝑝<𝑞

 
𝜕

𝜕𝑥𝑝𝑞
2 = 𝒟𝑍𝒟𝑌𝒟𝑋  
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𝒟𝑇 = (
𝜕

𝜕𝑇
+ 𝑇

𝜕2

𝜕𝑇2
) , 𝑇 = 𝑋, 𝑌, 𝑍 

𝑄(𝑥𝑝𝑞) =∏ 

𝑝<𝑞

𝜕

𝜕𝑥𝑝𝑞
2 𝐵(𝑥𝑝𝑞) 

𝑄(𝑥𝑝𝑞) =
2

Δ5
(193𝑋6 − 114𝑋5𝑌 − 1281𝑋4𝑌2 + 2404𝑋3𝑌3 − 1281𝑋2𝑌4 +

 −114𝑋𝑌5 + 193𝑌6 − 114𝑋5𝑍 + 4734𝑋4𝑌𝑍 − 4620𝑋3𝑌2𝑍 − 4620𝑋2𝑌3𝑍 +
 +4734𝑋𝑌4𝑍 − 114𝑌5𝑍 − 1281𝑋4𝑍2 − 4620𝑋3𝑌𝑍2 + 15402𝑋2𝑌2𝑍2 +
 −4620𝑋𝑌3𝑍2 − 1281𝑌4𝑍2 + 2404𝑋3𝑍3 − 4620𝑋2𝑌𝑍3 − 4620𝑋𝑌2𝑍3 +
 +2404𝑌3𝑍3 − 1281𝑋2𝑍4 + 4734𝑋𝑌𝑍4 − 1281𝑌2𝑍4 − 114𝑋𝑍5 − 114𝑌𝑍5 +

+193𝑍6) +
6

Δ6
{(−33𝑋8 − 96𝑋7𝑌 + 714𝑋6𝑌2 − 1008𝑋5𝑌3 + 1008𝑋3𝑌5 +

 −714𝑋2𝑌6 + 96𝑋𝑌7 + 33𝑌8 − 6𝑋7𝑍 − 1770𝑋6𝑌𝑍 + 198𝑋5𝑌2𝑍 + 8298𝑋4𝑌3𝑍 +
 −8298𝑋3𝑌4𝑍 − 198𝑋2𝑌5𝑍 + 1770𝑋𝑌6𝑍 + 6𝑌7𝑍 + 435𝑋6𝑍2 + 3312𝑋5𝑌𝑍2 +
 −13473𝑋4𝑌2𝑍2 + 13473𝑋2𝑌4𝑍2 − 3312𝑋𝑌5𝑍2 − 435𝑌6𝑍2 − 930𝑋5𝑍3 +
 +1914𝑋4𝑌𝑍3 + 15396𝑋3𝑌2𝑍3 − 15396𝑋2𝑌3𝑍3 − 1914𝑋𝑌4𝑍3 + 930𝑌5𝑍3 +
 +645𝑋4𝑍4 − 6384𝑋3𝑌𝑍4 + 6384𝑋𝑌3𝑍4 − 645𝑌4𝑍4 + 78𝑋3𝑍5 + 3114𝑋2𝑌𝑍5 +

−3114𝑋𝑌2𝑍5 − 78𝑌3𝑍5 − 279𝑋2𝑍6 + 279𝑌2𝑍6 + 90𝑋𝑍7 − 90𝑌𝑍7)log [
𝑋

𝑌
] +

 

 −(11𝑋8 − 28𝑋7𝑌 − 52𝑋6𝑌2 + 284𝑋5𝑌3 − 430𝑋4𝑌4 + 284𝑋3𝑌5 − 52𝑋2𝑌6 +

 −28𝑋𝑌7 + 11𝑌8 + 62𝑋7𝑍 + 590𝑋6𝑌𝑍 − 2142𝑋5𝑌2𝑍 + 1490𝑋4𝑌3𝑍 +
 +1490𝑋3𝑌4𝑍 − 2142𝑋2𝑌5𝑍 + 590𝑋𝑌6𝑍 + 62𝑌7𝑍 − 331𝑋6𝑍2 + 972𝑋5𝑌𝑍2 +
 +4491𝑋4𝑌2𝑍2 − 10264𝑋3𝑌3𝑍2 + 4491𝑋2𝑌4𝑍2 + 972𝑋𝑌5𝑍2 − 331𝑌6𝑍2 +
 +362𝑋5𝑍3 − 4894𝑋4𝑌𝑍3 + 5132𝑋3𝑌2𝑍3 + 5132𝑋2𝑌3𝑍3 − 4894𝑋𝑌4𝑍3 +
 +362𝑌5𝑍3 + 215𝑋4𝑍4 + 3404𝑋3𝑌𝑍4 − 8982𝑋2𝑌2𝑍4 + 3404𝑋𝑌3𝑍4 +
 +215𝑌4𝑍4 − 646𝑋3𝑍5 + 1170𝑋2𝑌𝑍5 + 1170𝑋𝑌2𝑍5 − 646𝑌3𝑍5 + 383𝑋2𝑍6 +

−1180𝑋𝑌𝑍6 + 383𝑌2𝑍6 − 34𝑋𝑍7 − 34𝑌𝑍7 − 22𝑍8)log [
𝑋𝑌

𝑍2
] +

 +
36

Δ13/2
{(𝑋9 + 3𝑋8(𝑌 + 𝑍) − 6𝑋7(5𝑌2 − 19𝑌𝑍 + 5𝑍2) + (𝑌 − 𝑍)6(𝑌3 + 9𝑌2𝑍 +

+9𝑌𝑍2 + 𝑍3) + 𝑋6(62𝑌3 − 144𝑌2𝑍 − 144𝑌𝑍2 + 62𝑍3) + 3𝑋(𝑌 − 𝑍)4 ⋅

 ⋅ (𝑌4 + 42𝑌3𝑍 + 114𝑌2𝑍2 + 42𝑌𝑍3 + 𝑍4) − 6𝑋5(6𝑌4 + 83𝑌3𝑍 − 252𝑌2𝑍2 +

+83𝑌𝑍3 + 6𝑍4) − 6𝑋2(𝑌 − 𝑍)2(5𝑌5 + 34𝑌4𝑍 − 189𝑌3𝑍2 − 189𝑌2𝑍3 + 34𝑌𝑍4 +

+5𝑍5) − 6𝑋4(6𝑌5 − 175𝑌4𝑍 + 223𝑌3𝑍2 + 223𝑌2𝑍3 − 175𝑌𝑍4 + 6𝑍5) +

+𝑋3(62𝑌6 − 498𝑌5𝑍 − 1338𝑌4𝑍2 + 3948𝑌3𝑍3 − 1338𝑌2𝑍4 − 498𝑌𝑍5 + 62𝑍6)) ⋅

 ⋅ [
1

2
log (

𝑋𝑌

𝑍2
) log (1 +

(𝑋 + 𝑌 − 𝑍)√Δ + Δ

2𝑋𝑌
) − Li2 (

X − Y + Z − √Δ

2X
) +

−Li2 (
−X + Y + Z − √Δ

2Y
) + Li2 (

X − Y + Z + √Δ

2X
) + Li2 (

−X + Y + Z + √Δ

2Y
)]} .

 

𝐺𝒬4(𝑥𝑝) =
33Γ(11)

25(𝜋3Γ(4))4
𝑔8𝑒

−
8𝜋2

𝑔2
+𝑖𝜃
𝑥12
4 𝑥34

4 𝑄(𝑥𝑝𝑞)  

Δ = Δ(𝑋, 𝑌, 𝑍) = 𝑋2 + 𝑌2 + 𝑍2 − 2𝑋𝑌 − 2𝑋𝑍 − 2𝑌𝑍 ≤ 0. 

𝑟 =
𝑋

𝑌
=
𝑥12
2 𝑥34

2

𝑥13
2 𝑥24

2 , 𝑠 =
𝑍

𝑌
=
𝑥14
2 𝑥23

2

𝑥13
2 𝑥24

2 , 

𝛿(𝑟, 𝑠) =
Δ

𝑌2
= 1 + 𝑟2 + 𝑠2 − 2𝑟 − 2𝑠 − 2𝑟𝑠 ≤ 0 

√𝑟 + √𝑠 = 1. 

𝑟 = 𝜂2, 𝑠 = (1 − 𝜂)2  
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𝑄̃ = 𝑄̃(𝜂) = 3
log (𝜂2)

(−1 + 𝜂)7
(100𝜂6 + 429 + 2431𝜂2 − 2717𝜂3 + 1794𝜂4

−650𝜂5 − 1287𝜂) − 3
log [(−1 + 𝜂)2]

𝜂7
(100𝜂6 + 50𝜂5 + 44𝜂4 + 41𝜂3

+44𝜂2 + 50𝜂 + 100) − 2
(𝜂2 − 𝜂 + 1)2

𝜂6(−1 + 𝜂)6
(300 − 900𝜂 + 307𝜂2 + 886𝜂3

+307𝜂4 − 900𝜂5 + 300𝜂6)

 

𝐺Λ̂16(𝑥𝑝) = ⟨∏  

16

𝑝=1

 𝑔2Λ̂𝛼𝑝
𝐴𝑝(𝑥𝑝)⟩

𝐾=1

,  

𝜆(0)𝛼
𝐴 =

1

2
𝐹‾𝜇𝜈𝜎𝛼

𝜇𝜈𝛽 1

√𝜌0
(𝜌0𝜂𝛽

𝐴 + (𝑥 − 𝑥0)𝜇𝜎𝛽𝛽̇
𝜇
𝜉‾𝛽̇𝐴) .  

𝐺Λ̂16(𝑥𝑝) =
262316

𝜋10
𝑔8𝑒

−
8𝜋2

𝑔2
+𝑖𝜃

∫  
𝑑4𝑥0𝑑𝜌0

𝜌0
5 ∫  𝑑8𝜂𝑑8𝜉‾

 ⋅∏  

16

𝑝=1

  [
𝜌0
4

[𝜌0
2 + (𝑥𝑝 − 𝑥0)

2
]
4

1

√𝜌0
(𝜌0𝜂𝛼𝑝

𝐴𝑝 + (𝑥𝑝 − 𝑥0)𝜇𝜎𝛼𝑝𝛼̇𝑝
𝜇

𝜉‾𝛼̇𝑝𝐴𝑝)]

 

𝐺ℰ8(𝑥𝑝) = ⟨𝑔
2ℰ𝐴1𝐵1(𝑥1)…𝑔

2ℰ𝐴8𝐵8(𝑥8)⟩𝐾=1  

ℰ𝐴𝐵 = 𝜆𝛼𝑎𝐴𝜆𝛼𝑎
𝐵 + 𝑔𝑓𝑎𝑏𝑐𝑡𝑖𝑗𝑘

(𝐴𝐵)+𝜙𝑖𝑎𝜙𝑗𝑏𝜙𝑘𝑐 ,  

𝜆(0)
𝛼𝑎𝐴𝜆(0)𝛼𝑎 

𝐵 =
3 ⋅ 26

𝑔2
𝜌0
4

(𝜌0
2 + (𝑥 − 𝑥0)

2)4
𝜁𝛼𝐴𝜁𝛼 

𝐵  

𝐺ℰ8(𝑥𝑝) =
38214

𝜋10
𝑔8𝑒

−
8𝜋2

𝑔2
+𝑖𝜃

∫  
𝑑4𝑥0𝑑𝜌0

𝜌0
5 ∫  𝑑8𝜂𝑑8𝜉‾

⋅∏  

8

𝑝=1

  [
𝜌0
4

(𝜌0
2 + (𝑥𝑝 − 𝑥0)

2
)
4

1

√𝜌0
(𝜌0𝜂𝛼𝑝

𝐴𝑝 + (𝑥𝑝 − 𝑥0)𝜇𝜎𝛼𝑝𝛼̇𝑝
𝜇

𝜉‾𝐴𝑝𝛼̇𝑝) 

⋅ 𝜀𝛼𝑝𝛽𝑝
1

√𝜌0
(𝜌0𝜂𝛽𝑝

𝐵𝑝 + (𝑥𝑝 − 𝑥0)𝜈𝜎𝛽𝑝𝛽̇𝑝
𝜈 𝜉‾𝐵𝑝𝛽̇𝑝)]

 

𝑆inst =
8𝜋2𝐾

𝑔2
+ 𝑆4 F  

𝑆4 F =
𝜋2

16𝜌2𝑔2
𝜀𝐴𝐵𝐶𝐷 [∑  

𝑁−2

𝑖=1

 𝜇‾𝑖
𝐴𝜇𝑖

𝐵] [∑  

𝑁−2

𝑗=1

  𝜇‾𝑗
𝐶𝜇𝑗

𝐷] .  

𝐺
Λ̂16
𝑁 (𝑥𝑝) = 𝐶𝑁𝑔

8𝑒
−
8𝜋2

𝑔2
+𝑖𝜃

∫  
𝑑4𝑥0𝑑𝜌0

𝜌0
5 ∫  𝑑8𝜂𝑑8𝜉‾∫  ∏  

4

𝐴=1

 ∏  

𝑁−2

𝑖=1

 𝑑𝜇𝑖
𝐴𝑑𝜇‾𝑖

𝐴𝑒−𝑆4 F

 ⋅∏  

16

𝑝=1

  [
𝜌0
4

[𝜌0
2 + (𝑥𝑝 − 𝑥0)

2
]
4

1

√𝜌0
(𝜌0𝜂𝛼𝑝

𝐴𝑝 + (𝑥𝑝 − 𝑥0)𝜇𝜎𝛼𝑝𝛼̇𝑝
𝜇

𝜉‾𝛼̇𝑝𝐴𝑝)]

 

𝐼𝑁 = ∫  ∏ 

4

𝐴=1

 ∏  

𝑁−2

𝑖=1

 𝑑𝜇𝑖
𝐴𝑑𝜇‾𝑖

𝐴𝑒−𝑆4 F  

𝐺
Λ̂16
𝑁 (𝑥𝑝) ∼ √𝑁𝐺Λ̂16(𝑥𝑝)  
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𝐺𝑛
(𝐾)
(𝑥𝑝) = 𝑔

8√𝑁𝐾𝑛−
7
2𝑒
−
8𝜋2𝐾
𝑔2 ∑ 

𝑑∣𝐾

 
1

𝑑2
𝐹𝑛(𝑥𝑝),  

𝑆P =
1

4𝜋𝛼′
∫ 
Σ

 𝑑𝜎𝑑𝜏√𝛾𝛾𝑎𝑏𝜕𝑎𝑋
𝜇𝜕𝑏𝑋𝜇  

𝑆 =
1

4𝜋𝛼′
∫ 
Σ

 𝑑𝜎𝑑𝜏{√𝛾𝛾𝑎𝑏(𝜕𝑎𝑋
𝜇𝜕𝑏𝑋𝜇 + 𝑖Ψ‾

𝜇𝜌𝑎𝜕𝑏Ψ𝜇) +

+𝜒‾𝑎𝜌
𝑏𝜌𝑎 (𝑋𝜇𝜕𝑏𝑋

𝜇 +
1

2
Ψ‾ 𝜇Ψ𝜇𝜒𝑏)}

 

𝑆 =
1

4𝜋𝛼′
∫  𝑑2𝜎[𝜕+𝑋

𝜇𝜕−𝑋𝜇 − 𝑖𝜓𝐿 ⋅ 𝜕+𝜓𝐿 − 𝑖𝜓𝑅 ⋅ 𝜕−𝜓𝑅]  

𝜕𝑋𝐿
𝜇
 =∑  

𝑛

 𝛼−𝑛
𝜇
𝑒𝑖𝑛(𝜏+𝜎)

𝜓𝐿
𝜇
 = ∑  

𝑛

 𝜓−𝑛
𝜇
𝑒𝑖𝑛(𝜏+𝜎)

 

𝛼−𝑛1
𝐿𝜇1 …𝜓−𝑛𝑘

𝐿𝜇𝑘 … |𝑃𝐿, 𝑎⟩ ⊗ 𝛼−𝑚1

𝑅𝜈1 …𝜓−𝑚ℎ

𝑅𝜈ℎ … |𝑃𝑅, 𝑏⟩, 

𝑁𝑆⊗𝑁𝑆 ⟷ 𝐯⊗ 𝐯 

𝑅 ⊗ 𝑅 ⟷ 𝐬⊗ 𝐬, 

𝑁𝑆 ⊗𝑁𝑆 ⟷ (𝑔𝜇𝜈 , 𝐵𝜇𝜈 , 𝜙)

𝑅 ⊗ 𝑅 ⟷ (𝜒 = 𝐶(0), 𝐵𝜇𝜈
′ , 𝐶(4))

 

𝜏 = 𝜏1 + 𝑖𝜏2 = 𝜒 + 𝑖𝑒
−𝜙,  

𝑆supercurvature =
1

2𝜅0
2∫  𝑑

10𝑋√𝑔 {𝑅 −
1

2𝜏2
2 𝜕Λ𝜏𝜕

Λ𝜏‾ + (𝐹(5))
2
−

−
1

12𝜏2
[𝜏𝐻1 +𝐻2]ΛΓΠ[𝜏‾𝐻1 + 𝐻2]

ΛΓΠ} + ⋯ ,

 

𝑔𝜇𝜈
(𝑠)
= 𝑒𝜙/2𝑔𝜇𝜈

(𝐸)
 

(𝛼′)−4∫  𝑑10𝑋√𝑔[𝑒−2𝜙𝑅 + 𝜅(𝛼′)3𝑓4(𝜏, 𝜏‾)𝑒
−𝜙/2ℛ4]  

ℛ4 ≡ ∫  𝑑16Θ(𝑅Θ4)
4 

𝑅Θ4 = Θ‾Γ
Λ1Λ2ΛΘΘ‾ΓΛ3Λ4  ΛΘ𝑅Λ1Λ2Λ3Λ4 

(𝛼′)−1∫  𝑑10𝑋√𝑔𝑒−𝜙/2𝑓16(𝜏, 𝜏‾)Λ
16 +  c.c.  

∫  
𝑉𝑝+1

𝐶(𝑝+1), 

𝑄𝑒 = ∫  
𝑆∞
𝑑−𝑝−2

∗ 𝑑𝐶(𝑝+1) 

𝑄𝑚 = ∫  
𝑆∞
𝑝+2
𝑑𝐶(𝑝+1) 

𝑑𝑠2 = 𝑒2𝐴(𝑟)𝑑𝑥 2 + 𝑒2𝐵(𝑟)𝑑𝑦 2

𝜙 = 𝜙(𝑟)

𝐶01…𝑝
(𝑝+1)

 = −𝑒𝐶(𝑟),

 



pág. 1907 

𝐻𝑝(𝑟) = 1 +
𝑎𝑝

𝑟7−𝑝
 

𝑑𝑠2  = [𝐻𝑝(𝑟)]
𝑝−7
8 𝑑𝑥 2 + [𝐻𝑝(𝑟)]

𝑝+1
8 𝑑𝑦 2

𝐶01…𝑝
(𝑝+1)

(𝑟)  = [𝐻𝑝(𝑟)]
−1
− 1

𝑒2𝜙(𝑟)  = [𝐻𝑝(𝑟)]
3−𝑝
2

 

𝑑𝑠2 = [𝐻𝑝(𝑟)]
−
1
2𝑑𝑥 2 + [𝐻𝑝(𝑟)]

1
2𝑑𝑦 2 

𝑑𝑠2 = [1 +
𝐿4

𝑟4
]

−
1
2

𝑑𝑥 2 + [1 +
𝐿4

𝑟4
]

1
2

𝑑𝑦 2  

𝑔𝑠 = 𝑒
𝜙0 

𝐿4 = 4𝜋𝑔𝑠𝑁𝛼
′2  

𝑑𝑠2 =
𝐿2

𝜌2
(𝑑𝑥 ⋅ 𝑑𝑥 + 𝑑𝜌2) + 𝑑𝜔5

2  

𝑔𝑠 =
𝑔YM
2

4𝜋
, 𝜒0 =

𝜃YM
2𝜋

,  

𝐹𝑀𝑁𝑃𝑄𝑅 =
1

𝐿
𝜀𝑀𝑁𝑃𝑄𝑅        𝑅𝑀𝑁𝑃𝑄 = −

1

𝐿2
(𝑔𝑀𝑃𝑔𝑁𝑄 − 𝑔𝑀𝑄𝑔𝑁𝑃)

𝐹𝑚𝑛𝑝𝑞𝑟  =
1

𝐿
𝜀𝑚𝑛𝑝𝑞𝑟         𝑅𝑚𝑛𝑝𝑞 = +

1

𝐿2
(𝑔𝑚𝑝𝑔𝑛𝑞 − 𝑔𝑚𝑞𝑔𝑛𝑝)

 

𝑅𝑀𝑁 = −
4

𝐿2
𝑔𝑀𝑁 𝑅𝑚𝑛 = +

4

𝐿2
𝑔𝑚𝑛  

𝐶𝜇𝜈𝜌𝜎 = 𝑅𝜇𝜈𝜌𝜎 −
1

𝑑 − 2
[𝑅𝜇𝜈𝑔𝜈𝜎 + (3 terms )] +

 +
1

(𝑑 − 1)(𝑑 − 2)
𝑅(𝑔𝜇𝜌𝑔𝜈𝜎 − 𝑔𝜇𝜎𝑔𝜈𝜌),

 

𝐷Λ𝜖 −
1

2𝐿
(𝜎1⊗ 𝕀⊗ 𝕀)ΓΛ𝜖 = 0  

𝜖± = (
1

0
)⊗ 𝜁±⊗𝜅± 

 

𝐷𝑀𝜁± ∓
1

2𝐿
𝛾𝑀𝜁± = 0

𝐷𝑚𝜅± ∓ 𝑖
1

2𝐿
𝛾𝑚𝜅± = 0

 

𝑍supercurvature[𝐽] = ∫  [𝐷𝐴]exp (−𝑆YM[𝐴] + 𝒪[𝐴]𝐽)  

𝑍supercurvature[𝐽] = ∫  [𝐷Φ]𝐽exp (−𝑆IIB[Φ])  

(𝑚𝐿)2 = Δ(Δ − 4)  

𝛿𝑔𝑀𝑁 =
16

15
𝑓𝛿𝑀𝑁 𝛿𝑔𝑚𝑛 = 𝑓𝛿𝑚𝑛 

𝐴𝑀𝑁𝑃𝑄 = −
𝐿

4
𝜀𝑀𝑁𝑃𝑄𝑅∇

𝑅𝑓 𝐴𝑚𝑛𝑝𝑞 = −
𝐿

4
𝜀𝑚𝑛𝑝𝑞𝑟∇

𝑟𝑓. 

𝑓(𝑧, 𝜔) = 𝑄𝑖𝑗(𝑧)𝑌ℓ=2
𝑖𝑗
(𝜔) 



pág. 1908 

𝑊(𝑖1…𝑖ℓ)|
𝜃=0

= tr(𝜙(𝑖1 …𝜙𝑖ℓ)) − ℶ,  

𝐾Δ(𝑥
𝜇, 𝜌; 𝑥′𝜇 , 0) = 𝑐Δ

𝜌Δ

(𝜌2 + (𝑥 − 𝑥′)2)Δ
 

Φ𝑚(𝑧; 𝐽) = ∫  𝑑
4𝑥′𝐾Δ(𝑥, 𝜌; 𝑥

′, 0)𝐽Δ(𝑥
′)  

 

𝑆 =
1

2
∫  𝑑5𝑧√𝑔[𝑔𝑀𝑁(𝜕𝑀Φ)(𝜕𝑁Φ) +𝑚

2Φ2]  

1

√𝑔
𝜕𝑀(√𝑔𝑔

𝑀𝑁𝜕𝑁Φ) −𝑚
2Φ = 0 

⟨𝒪(𝑥)𝒪(𝑦)⟩ = −∫  
𝑑4𝑥′𝑑𝜌

𝜌5
[𝜕𝑀𝐾Δ(𝑥

′, 𝜌; 𝑥, 0)𝜌2𝜕𝑀𝐾Δ(𝑥
′, 𝜌; 𝑦, 0)

+𝑚2𝐾Δ(𝑥
′, 𝜌; 𝑥, 0)𝐾Δ(𝑥

′, 𝜌; 𝑦, 0)]

 

⟨𝒪(𝑥)𝒪(𝑦)⟩ =
Γ(Δ + 1)

𝜋2Γ(Δ − 2)

1

(𝑥 − 𝑦)2Δ
 

Δ = 2 ±√4 + (𝑚𝐿)2 + 𝑝(𝑝 − 4) 

𝑆 = ∫  𝑑5𝑧√𝑔[Ψ‾ (D̸ − 𝑚)Ψ]  

D̸Ψ = 𝑒𝐿̂
𝑀𝛾 𝐿̂ (𝜕𝑀 +

1

4
𝜔𝑀
𝑀̂𝑁̂𝛾𝑀̂𝑁̂)Ψ = (𝜌𝛾

5̂𝜕5 + 𝜌𝛾
𝜇̂𝜕𝜇 − 2𝛾

5̂)Ψ  

𝑆b = lim
𝜖→0

 ∫  
𝑀𝜖

 𝑑4𝑥√𝑔𝜖Ψ‾ Ψ  

Δ = 2 −𝑚𝐿 

ℒ (𝐴) = Φ1Φ2Φ3
ℒ (𝐵) = 𝑔𝑀𝑁Φ1(𝜕𝑀Φ2)(𝜕𝑁Φ3)

 

⟨𝒪1(𝑥)𝒪2(𝑦)𝒪3(𝑧)⟩
(𝐴) = −∫  

𝑑4𝑥′𝑑𝜌

𝜌5
𝐾Δ1(𝑥

′, 𝜌; 𝑥, 0)𝐾Δ2(𝑥
′, 𝜌; 𝑦, 0)

⋅ 𝐾Δ3(𝑥
′, 𝜌; 𝑧, 0)

⟨𝒪1(𝑥)𝒪2(𝑦)𝒪3(𝑧)⟩
(𝐵) = −∫  

𝑑4𝑥′𝑑𝜌

𝜌5
𝐾Δ1(𝑥

′, 𝜌; 𝑥, 0)𝜕𝑀𝐾Δ2(𝑥
′, 𝜌; 𝑦, 0)

⋅ 𝜌2𝜕𝑀𝐾Δ3(𝑥
′, 𝜌; 𝑧, 0)
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⟨𝒥𝜇
𝑎(𝑥)𝒥𝜈

𝑏(𝑦)⟩ = 𝑐
𝛿𝑎𝑏

(2𝜋)4
(𝛿𝜇𝜈 ◻−𝜕𝜇𝜕𝜈)

1

(𝑥 − 𝑦)4
, 

𝑐 =
1

2
(𝑁2 − 1). 

⟨𝒥𝜇
𝑎(𝑥)𝒥𝜈

𝑏(𝑦)𝒥𝜆
𝑐(𝑧)⟩ = ⟨𝒥𝜇

𝑎(𝑥)𝒥𝜈
𝑏(𝑦)𝒥𝜆

𝑐(𝑧)⟩
+
+ ⟨𝒥𝜇

𝑎(𝑥)𝒥𝜈
𝑏(𝑦)𝒥𝜆

𝑐(𝑧)⟩
−

 = 𝑓𝑎𝑏𝑐 [𝑘1
(+)
𝐷𝜇𝜈𝜆(𝑥, 𝑦, 𝑧) + 𝑘2

(+)
𝐶𝜇𝜈𝜆(𝑥, 𝑦, 𝑧)] + 𝑘

(−)𝑑𝑎𝑏𝑐𝑀𝜇𝜈𝜆(𝑥, 𝑦, 𝑧)
 

𝒪ℓ
𝐼 = 𝑔YM

ℓ 𝑡𝑖1…𝑖ℓ
𝐼 tr(𝜑𝑖1(𝑥)…𝜑𝑖ℓ(𝑥))  

⟨𝜑𝑎
𝑖𝜑𝑏

𝑗
⟩ =

𝛿𝑖𝑗𝛿𝑎𝑏
(2𝜋)2

1

(𝑥 − 𝑦)2
 

Δ ≥ 𝑞 = ℓ  

𝒲(ℓ) = tr(𝑊
(𝑖1 …𝑊𝑖ℓ)) −  𝔗  

Σ = Φ𝐼𝑒𝑉Φ𝐼
†  

⟨𝒪ℓ
𝐼1(𝑥)𝒪ℓ

𝐼2(𝑦)⟩ = 𝑔̂2ℓ
ℓ

(2𝜋)2ℓ
𝛿𝐼1𝐼2

1

(𝑥 − 𝑦)2ℓ

⟨𝒪ℓ1
𝐼1 (𝑥)𝒪ℓ2

𝐼2 (𝑦)𝒪ℓ3
𝐼3 (𝑧)⟩ =

𝑔̂Σ

𝑁

ℓ1ℓ2ℓ3
(2𝜋)Σ

𝑡𝐼1𝐼2𝐼3
1

(𝑥 − 𝑦)2𝛼3(𝑦 − 𝑧)2𝛼1(𝑥 − 𝑧)2𝛼2
,

 

𝒪ℓ
𝐼 ⟶ 𝒪̃ℓ

𝐼 =
(2𝜋)ℓ

𝑔̂ℓ√ℓ
𝒪ℓ
𝐼 , 

tr(𝑋ℓ)  = tr(𝜑𝐼1 …𝜑𝐼ℓ)

tr(𝑋†ℓ)  = tr(𝜑𝐼1
† …𝜑𝐼ℓ

†)
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𝐵(𝑥, 𝑦) + 2𝐴(𝑥, 𝑦) = 0.  

 

 

 

 

⟨tr(𝑋𝑘𝑋†
𝑘
)‖ ∼ 𝑘𝑁

[𝐵(𝑥, 𝑦) + 2𝐴(𝑥, 𝑦)]

(𝑥 − 𝑦)2𝑘
⟩ , 
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𝑟 =
𝑥12
2 𝑥34

2

𝑥13
2 𝑥24

2 , 𝑠 =
𝑥14
2 𝑥23

2

𝑥13
2 𝑥24

2 .  

 

 

𝐴(𝑥1, 𝑥2, 𝑥3, 𝑥4) = ∫  
𝑑4𝑥′𝑑𝜌′

𝜌′5
𝑑4𝑥′′𝑑𝜌′′

𝜌′′5
[𝐾(𝑥′, 𝜌′; 𝑥1, 0)

⋅ 𝐾(𝑥′, 𝜌′; 𝑥2, 0)𝐺(𝑥
′, 𝜌′; 𝑥′′, 𝜌′′)𝐾(𝑥′′, 𝜌′′; 𝑥3, 0)𝐾(𝑥

′′, 𝜌′′; 𝑥4, 0)]

 

𝐴𝜙𝜙𝜙𝜙(𝑥1, 𝑥2, 𝑥3, 𝑥4)

𝐴𝜙𝜒𝜙𝜒(𝑥1, 𝑥2, 𝑥3, 𝑥4)

𝐴𝜒𝜒𝜒𝜒(𝑥1, 𝑥2, 𝑥3, 𝑥4)

 

⟨𝒢(𝑥1)𝒢(𝑥2)𝒢(𝑥3)𝒢(𝑥4)⟩

⟨𝒢(𝑥1)𝒞(𝑥2)𝒢(𝑥3)𝒞(𝑥4)⟩

⟨𝒞(𝑥1)𝒞(𝑥2)𝒞(𝑥3)𝒞(𝑥4)⟩

 

𝑆 =
1

2𝜅0
2∫  𝑑

5𝑧√𝑔 [𝑅 −
1

2
(𝜕𝜙)2 −

1

2
𝑒2𝜙(𝜕𝜒)2]  

Δ𝑧𝐺(𝑧; 𝑧
′) = 𝛿(𝑧 − 𝑧′) 

∫  
𝑑4𝑥𝑑𝜌

𝜌5
𝐾Δ1𝐾Δ2 …𝐾Δ𝑛  

 

tr(Φ𝐼
ℓ
), tr(Φ𝐼

†), 𝐼 = 1,2,3  

𝟐𝟎ℝ ⊃ 𝟔−4
3
+ 𝟔4

3
+ 𝟖0  

𝒪𝟔
𝐼𝐽
= tr(Φ𝐼Φ𝐽) ∈ 𝟔,𝒪𝟔𝐼𝐽 = tr(Φ𝐼

†Φ𝐽
†) ∈ 𝟔

𝒪𝟖𝐽
𝐼 = tr (Φ𝐼𝑒𝑉Φ𝐽

† −
𝛿𝐼𝐽

3
Φ𝐾𝑒𝑉Φ𝐾

†) ∈ 𝟖
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𝐺𝐼
(𝑎)
= ⟨tr (Φ𝐼

†2) tr(Φ𝐼
2
)tr (Φ𝐼

†2) tr(Φ𝐼
2
)⟩ , 
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𝐺𝐼𝐽
(𝑏)
= ⟨tr (Φ𝐼

†2) tr(Φ𝐼
2
)tr (Φ𝐽

†2) tr(Φ𝐽
2
)⟩, 
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𝑆=
1

4
∫  (𝑑𝜙 ± 𝑒−𝜙 ∗ 𝑑𝐶(8)) ∧∗ (𝑑𝜙 ± 𝑒−𝜙 ∗ 𝑑𝐶(8)) ±

1

2
∫  𝑒−𝜙𝑑𝜙 ∧ 𝑑𝐶(8) 

 =
1

4
∫  (𝑑𝜙 ± 𝑒−𝜙 ∗ 𝑑𝐶(8)) ∧∗ (𝑑𝜙 ± 𝑒−𝜙 ∗ 𝑑𝐶(8)) ∓

1

2
∫  
𝜕𝑀

 𝑒−𝜙𝑑𝐶(8)
 

𝑆 ≥
1

2
|∫  
𝜕𝑀

  𝑒−𝜙𝑑𝐶(8)|  

𝜕Σ𝜒 = ±𝑖𝜕Σ𝑒
−𝜙  

𝜒 = 𝜒̃ + 𝑖𝑓(𝑟), 

𝑒−𝜙𝑔ΛΣ∇Λ∇Σ𝑒
𝜙 = 0  

𝑒𝜙̂
(10)

= 𝑔𝑠 +
3𝐾𝛼′4

𝜋4|𝑋 − 𝑋0|
8

 

𝜒 = 𝜒̃ + 𝑖 (𝐴 −
1

𝑔𝑠
+ 𝑒−𝜙̂)  

𝑆𝐾 =
2𝜋|𝐾|

𝑔𝑠
.  

𝑓16(𝜏, 𝜏‾) = (𝜏2𝒟)
12𝑓4(𝜏, 𝜏‾),  

𝑒−𝜙/2𝑓𝑛 = 𝑎𝑛𝜁(3)𝑒
−2𝜙 + 𝑏𝑛 +

 +∑  

∞

𝐾=1

 𝜇𝐾(𝐾𝑒
−𝜙)

𝑛−7/2
𝑒2𝜋𝑖𝐾𝜏 (1 +∑  

∞

𝑘=1

  𝑐𝑘,𝑛
𝐾 (𝐾𝑒−𝜙)

−𝑘
) .

 

𝒵𝐾 = 𝜇𝐾(𝐾𝑒
−𝜙)

−7/2
𝑒2𝜋𝑖𝐾𝜏  

𝑑Ω𝐾
(𝑠)
= (𝛼′)−1𝑑10𝑋𝑑16Θ𝒵𝐾  

𝐾7/2
F (𝜌0, 𝑥0; 𝑥) = 𝐾4(𝜌0, 𝑥0; 𝑥)

1

√𝜌0
(𝜌0𝛾5̃ + (𝑥0 − 𝑥)

𝜇𝛾𝜇̂).  

Λ𝐽(𝑥0, 𝜌0) = ∫  𝑑
4𝑥𝐾7/2

F (𝜌0, 𝑥0; 𝑥)𝐽Λ(𝑥)  

𝑆Λ[𝐽] = 𝑒
−2𝜋(

1
𝑔𝑠
+𝑖𝜒)

𝑔𝑠
−12𝑉𝑆5∫  

𝑑4𝑥0𝑑𝜌0

𝜌0
5

𝑡16∏ 

16

𝑝=1

  [𝐾4(𝜌0, 𝑥0; 𝑥𝑝)
1

√𝜌0
(𝜌0𝛾

5̂ + (𝑥0 − 𝑥𝑝)
𝜇
𝛾𝜇̂)𝐽Λ(𝑥𝑝)] ,

 

1

𝛼′
(
1

𝑔𝑠
)

25
2
∼ (

1

𝑔𝑠
)
12

, 

𝑔ΛΣ∇Λ∇Σ𝑒
𝜙 = 0  

𝑒𝜙̂ = 𝑔𝑠 +
𝜌0
4𝜌4

𝐿8
(𝑒𝜙̂

(10)
− 𝑔𝑠)  

𝜌−4 (𝑒𝜙̂ − 𝑔𝑠) =
3𝐾(𝛼′)4

𝐿8𝜋4
𝜌0
4

((𝑥 − 𝑥0)
2 + 𝜌0

2)4
 

𝜒̂ = 𝜒̃ + 𝑖𝑓(𝑥, 𝑦),  

𝑓 = 𝐴 −
1

𝑔𝑠
+ 𝑒−𝜙̂  
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𝑆𝐾 = −
𝐿10

(𝛼′)4
∫  
𝑑𝜌𝑑4𝑥𝑑5𝜔

𝜌5
𝑔ΛΣ∇Λ (𝑒

2𝜙̂𝑓𝜕Σ𝑓)  

𝑆𝐾 =
2𝜋|𝐾|

𝑔𝑠
 

𝒟𝑀𝜁 ≡ (𝐷𝑀 −
𝑖

2
𝑄𝑀) 𝜁 =

1

2𝐿
𝛾𝑀𝜁  

𝑄𝑀 =
𝑖

2
𝑒−𝜙̂𝜕𝑀𝑒

𝜙̂  

𝜁± = 𝑒
−
𝜙̂
4
𝑧𝑀𝛾

𝑀̂

√𝜌0
𝜁±
(0)

 

Λ(0) = 𝛿Λ = (𝛾
𝑀𝑃̂𝑀)𝜁−  

𝑃̂𝑀 = 𝑒
−𝜙̂𝜕𝑀𝑒

𝜙̂  

𝛾𝑀𝒟𝑀Λ(0) = −
3

2𝐿
Λ(0)  

𝑃𝑀 ∼
1

𝑔𝑠
𝜕𝑀𝑒

𝜙̂  

Λ(0) ∼
4

𝑔𝑠
(𝑒𝜙̂ − 𝑔𝑠) 𝜁−  

⟨∏  

16

𝑝=1

 Λ𝛼𝑝
𝐴𝑝(𝑥𝑝, 0)⟩

𝐽

= 𝑔𝑠
−12𝑒

−2𝜋𝐾(
1
𝑔𝑠
+𝑖𝐶(0))

𝑉𝑆5∫  
𝑑4𝑥0𝑑𝜌0

𝜌0
5 ∫  𝑑16𝜁−

(0)

 ⋅∏  

16

𝑝=1

  [𝐾4(𝑥0, 𝜌0; 𝑥𝑝)
1

√𝜌0
(𝜌0𝜂𝛼𝑝

𝐴𝑝 + (𝑥𝑝 − 𝑥0)𝜇𝜎𝛼𝑝𝛼̇𝑝
𝜇

𝜉‾𝛼̇𝑝𝐴𝑝) 𝐽Λ(𝑥𝑝)] ,

 

𝜁(𝜌0, 𝑥 − 𝑥0) = (
1 − 𝛾5

2
)
𝑧𝑀𝛾𝑀𝜁

(0)

√𝜌
0

 

𝜁(0) = (
𝜂𝛼
𝜉‾𝛼̇
) , 𝑧𝑀 = (𝑥𝜇 − 𝑥0

𝜇
, 𝜌0) 

𝒪(𝑞1)(𝑥)𝒪(𝑞2)(𝑦)  for  |𝑥 − 𝑦| → 0, 

𝒪(𝑞1)(𝑥)𝒪(𝑞2)(𝑦) ∼ 𝑐𝒪(𝑞1+𝑞2)
Δ (

𝑥 + 𝑦

2
) + |𝑥 − 𝑦| → 0, 

𝒪(𝑞1)(𝑥)𝒪(𝑞2)(𝑦) ∼ 𝒱𝑞
Δ (
𝑥 + 𝑦

2
) + ⋯, 

⟨𝒪(𝑞1)(𝑥)𝒪(𝑞2)(𝑦)⟩ ∼
1

(𝑥 − 𝑦)2Δ
[1 − 𝛾log (𝜇2(𝑥 − 𝑦)2) +

+
1

2
𝛾2(log (𝜇2(𝑥 − 𝑦)2))

2
+⋯]

 

𝜂𝜇𝜈 = (

−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

) .  

𝜎𝜇 = (−𝟙2, 𝜎
𝑖), 𝜎‾𝜇 = (−𝟙2, −𝜎

𝑖), 𝑖 = 1,2,3,  
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𝜎1 = (
0 1
1 0

) , 𝜎2 = (
0 −𝑖
𝑖 0

) , 𝜎3 = (
1 0
0 −1

) .  

𝜓𝛼 , 𝜓‾
𝛼̇ ,  with  𝛼, 𝛼̇ = 1,2.  

𝜀𝛼𝛽(𝜀12 = −𝜀21 =−𝜀12 = 𝜀21 = 1) 

𝜀𝛼̇𝛽̇(𝜀1̇2̇ = −𝜀 2̇1̇ = −𝜀1̇2̇ = 𝜀2̇1̇ = 1) 

𝜓𝛼 = 𝜀𝛼𝛽𝜓𝛽 , 𝜓𝛼 = 𝜀𝛼𝛽𝜓
𝛽

𝜓‾ 𝛼̇ = 𝜀𝛼̇𝛽̇𝜓‾𝛽̇ , 𝜓‾𝛼̇ = 𝜀𝛼̇𝛽̇𝜓‾
𝛽̇

 

𝜎𝜇 = 𝜎𝜇 𝛼𝛼̇ .  

𝜎‾𝜇𝛼̇𝛼 = 𝜀𝛼̇𝛽̇𝜀𝛼𝛽𝜎𝜇 𝛽𝛽̇ .  

(𝜎𝜇𝜎‾𝜈 + 𝜎𝜈𝜎‾𝜇)𝛼  
𝛽 = −2𝜂𝜇𝜈𝛿𝛼  

𝛽

(𝜎‾𝜇𝜎𝜈 + 𝜎‾𝜈𝜎𝜇)𝛼̇  𝛽̇ = −2𝜂
𝜇𝜈𝛿𝛼̇  𝛽̇ ,

 

tr(𝜎𝜇𝜎‾𝜈)= −2𝜂𝜇𝜈  

𝜎𝛼𝛼̇
𝜇
𝜎‾𝜇
𝛽̇𝛽
 = −2𝛿𝛼  

𝛽𝛿𝛼̇  
𝛽̇.

 

𝜎𝛼
𝜇𝜈
 𝛼
𝛽
=
1

4
(𝜎𝛼𝛼̇

𝜇
𝜎‾𝜈𝛼̇𝛽 − 𝜎𝛼𝛼̇

𝜈 𝜎‾𝜇𝛼̇𝛽)

𝜎‾𝜇𝜈𝛼̇  𝛽̇ =
1

4
(𝜎‾𝜇𝛼̇𝛼𝜎𝛼𝛽̇

𝜈 − 𝜎‾𝜈𝛼̇𝛼𝜎
𝛼𝛽̇

𝜇
) .

 

𝜎E
𝜇
= (𝟙2, 𝑖𝜎

𝑖), 𝜎‾E
𝜇
= (𝟙2, −𝑖𝜎

𝑖), 𝑖 = 1,2,3.  

(𝜎E
𝜇
𝜎‾E
𝜈 + 𝜎E

𝜈𝜎‾E
𝜇
)
𝛼
 𝛽 = 2𝛿𝜇𝜈𝛿𝛼  

𝛽

(𝜎‾E
𝜇
𝜎E
𝜈 + 𝜎‾E

𝜈𝜎E
𝜇
)
𝛼̇
 𝛽̇ = 2𝛿

𝜇𝜈𝛿𝛼̇  𝛽̇ ,

tr(𝜎E
𝜇
𝜎‾E
𝜈) = 2𝛿𝜇𝜈

𝜎E𝛼𝛼̇
𝜇
𝜎‾E𝜇
𝛽̇𝛽
= 2𝛿𝛼  

𝛽𝛿𝛼̇  
𝛽̇ .

 

𝜎E𝛼
𝜇𝜈
 𝛽 =

1

4
(𝜎E𝛼𝛼̇

𝜇
𝜎‾E
𝜈𝛼̇𝛽

− 𝜎E𝛼𝛼̇
𝜈 𝜎‾E

𝜇𝛼̇𝛽
)

𝜎‾E
𝜇𝜈𝛼̇
 𝛽̇ =

1

4
(𝜎‾E

𝜇𝛼̇𝛼
𝜎E𝛼𝛽̇
𝜈 − 𝜎‾E

𝜈𝛼̇𝛼𝜎
E𝛼𝛽̇

𝜇
)

 

𝛾𝜇 = (
0 𝜎𝜇

𝜎‾𝜇 0
) , 𝛾5 = 𝑖𝛾0𝛾1𝛾2𝛾3 = (

1 0
0 −1

)  

𝜓𝜒 = 𝜓𝛼𝜒𝛼 = −𝜓𝛼𝜒
𝛼 = 𝜒𝜓

𝜓‾𝜒‾ = 𝜓‾𝛼̇𝜒‾
𝛼̇ = −𝜓‾ 𝛼̇𝜒‾𝛼̇ = 𝜒‾𝜓‾

 

𝜓𝛼𝜓𝛽 = −
1

2
𝜀𝛼𝛽𝜓𝜓,         𝜓𝛼𝜓𝛽 =

1

2
𝜀𝛼𝛽𝜓𝜓         

𝜓‾ 𝛼̇𝜓‾ 𝛽̇=
1

2
𝜀𝛼̇𝛽̇𝜓𝜓,         𝜓‾𝛼̇𝜓‾𝛽̇= −

1

2
𝜀𝛼̇𝛽̇𝜓𝜓         

 

𝜃𝜎𝜇𝜃‾𝜃𝜎𝜈𝜃‾ = −
1

2
𝜃𝜃𝜃𝜃𝜂𝜇𝜈

(𝜃𝜓)(𝜃𝜒) = −
1

2
(𝜃𝜃)(𝜓𝜒),  (𝜃𝜓)(𝜃‾𝜒‾) = −

1

2
(𝜃𝜃)(𝜓‾𝜒‾)

𝜒𝜎𝜇𝜓‾ = −𝜓𝜎𝜇𝜒‾, (𝜒𝜎𝜇𝜓‾)† = 𝜓𝜎𝜇𝜒‾

𝜒𝜎𝜇𝜎‾𝜈𝜓‾ = 𝜓𝜎𝜈𝜎‾𝜇𝜒‾, (𝜒𝜎𝜇𝜎‾𝜈𝜓‾)† = 𝜓‾𝜎‾𝜈𝜎𝜇𝜒‾

(𝜓𝜒)𝜆‾𝛼̇ = −
1

2
(𝜒𝜎𝜇𝜆‾)(𝜓𝜎𝜇)𝛼̇
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𝐷𝛼 =
𝜕

𝜕𝜃𝛼
+ 𝑖𝜎𝛼𝛼̇

𝜇
𝜃‾𝛼̇𝜕𝜇, 𝐷‾ 𝛼̇ = −

𝜕

𝜕𝜃‾𝛼̇
− 𝑖𝜃𝛼𝜎𝛼𝛼̇

𝜇
𝜕𝜇  

{𝐷𝛼 , 𝐷‾ 𝛼̇} = −2𝑖𝜎𝛼𝛼̇
𝜇
𝜕𝜇

{𝐷𝛼 , 𝐷𝛽} = {𝐷‾ 𝛼̇ , 𝐷‾ 𝛽̇} = 0.
 

𝜀𝛼𝛽
𝜕

𝜕𝜃𝛼
= −

𝜕

𝜕𝜃𝛼
, 𝜀𝛼𝛽

𝜕

𝜕𝜃𝛼
𝜕

𝜕𝜃𝛽
𝜃𝜃 = 𝜀𝛼̇𝛽̇

𝜕

𝜕𝜃‾𝛼̇
𝜕

𝜕𝜃‾𝛽̇
𝜃𝜃 = 4.  

[𝐷‾ 𝛼̇ , {𝐷‾ 𝛽̇ , 𝐷𝛾}] = 0, [𝐷𝛼 , 𝐷‾ 𝛽̇𝐷‾
𝛽̇] = −4𝑖𝜎𝛼𝛼̇

𝜇
𝜕𝜇𝐷‾

𝛼̇

[𝐷2, 𝐷‾ 2] = −8𝑖𝐷𝛼𝜎𝛼𝛼̇
𝜇
𝐷‾ 𝛼̇𝜕𝜇 − 16 ◻= 8𝑖𝐷‾

𝛼̇𝜎𝛼𝛼̇
𝜇
𝐷𝛼𝜕𝜇 + 16 ◻

 

𝐷𝛼
E =

𝜕

𝜕𝜃𝛼
+ 𝜎𝛼𝛼̇

𝜇
𝜃‾𝛼̇𝜕𝜇, 𝐷‾ 𝛼̇

E = −
𝜕

𝜕𝜃‾𝛼̇
− 𝜃𝛼𝜎𝛼𝛼̇

𝜇
𝜕𝜇  

{𝐷𝛼
E, 𝐷‾ 𝛼̇

E} = −2𝜎𝛼𝛼̇
𝜇
𝜕𝜇

{𝐷𝛼
E, 𝐷𝛽

E} = {𝐷‾ 𝛼̇
E, 𝐷‾𝛽̇

E} = 0.
 

[𝐷‾ 𝛼̇
E, {𝐷‾𝛽̇

E, 𝐷𝛾
E}] = 0

[𝐷𝛼
E, 𝐷‾𝛽̇

E𝐷‾ E𝛽̇] = −4𝜎E𝛼𝛼̇
𝜇
𝜕𝜇𝐷‾

E𝛼̇ ,

[𝐷E
2, 𝐷‾E

2] = −8𝐷E
𝛼𝜎E𝛼𝛼̇

𝜇
𝐷‾E
𝛼̇𝜕𝜇 − 16◻= 8𝐷‾E

𝛼̇𝜎E𝛼𝛼̇
𝜇
𝐷E
𝛼𝜕𝜇 + 16◻.

 

𝐷E
2𝐷‾E

2𝐷E
2 = 16 ◻ 𝐷E

2, 𝐷‾E
2𝐷E

2𝐷‾E
2 = 16 ◻ 𝐷‾E

2

𝐷‾E
2𝐷𝛼

E𝐷𝛽
E𝐷‾E

2 = −16𝜎E𝛼𝛼̇
𝜇
𝜎
E𝛽𝛽̇
𝜈 𝜕𝜇𝜕𝜈𝐷‾E

𝛼̇𝐷‾E
𝛽̇

𝐷E
2𝐷‾ 𝛼̇

E𝐷‾𝛽̇
E𝐷E

2 = −16𝜎E𝛼𝛼̇
𝜇
𝜎E𝛽𝛽̇
𝜈 𝜕𝜇𝜕𝜈𝐷E

𝛼𝐷E
𝛽
.

 

∫  𝑑𝜂 = 0,∫  𝑑𝜂𝜂 = 1.  

𝑓(𝜂) = 𝑎 + 𝑏𝜂  

∫  𝑑𝜂𝑓(𝜂) = 𝑏,∫  𝑑𝜂𝜂𝑓(𝜂) = 𝑎  

∫  𝑑𝜂
𝜕

𝜕𝜂
𝑓(𝜂) = 0  

∫  𝑑𝜂𝑓(𝜂)𝛿(𝜂) = 𝑓(0)  

𝑑4𝜃= 𝑑2𝜃𝑑2𝜃‾  

𝑑2𝜃 =
1

4
𝜀𝛼𝛽𝑑𝜃

𝛼𝑑𝜃𝛽 , 𝑑2𝜃‾ =
1

4
𝜀𝛼̇𝛽̇𝑑𝜃‾𝛼̇𝑑𝜃‾𝛽̇

 

∫  𝑑2𝜃𝜃𝜃 = ∫  𝑑2𝜃‾𝜃𝜃 = 1  

∇⃗⃗ ⋅ 𝐸⃗ = 0 ∇⃗⃗ ⋅ 𝐵⃗ = 0

∇⃗⃗ × 𝐵⃗ −
𝜕𝐸

𝜕𝑡
= 0 ∇⃗⃗ × 𝐸⃗ +

𝜕𝐵

𝜕𝑡
= 0

 

𝐷: 𝐸⃗ ⟶ 𝐵⃗ , 𝐵⃗ ⟶ −𝐸⃗ . 

(
𝐸⃗ 

𝐵⃗ 
) ⟶ (

cos 𝜃 sin 𝜃
−sin 𝜃 cos 𝜃

) (
𝐸⃗ 

𝐵⃗ 
)  

𝑑𝐹 = 0,∗−1 𝑑 ∗ 𝐹 = 0 

𝑑𝐹 = 0,∗−1 𝑑 ∗ 𝐹 = 𝑗 
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𝑑𝐹 = 𝑗𝑚,∗
−1 𝑑 ∗ 𝐹 = 𝑗𝑒 

𝑞𝑖 ⋅ 𝑔𝑗 = 2𝜋ℏ𝑛𝑖𝑗  

𝑖ℏ
𝜕𝜓

𝜕𝑡
= −

ℏ2

2𝑚
(∇⃗⃗ −

𝑖𝑞

ℏ
𝐴 )

2

𝜓 + 𝑉𝜓. 

𝜓 ⟶ 𝑒−𝑖
𝑞
ℏ
𝜒(𝜃)𝜓, 𝐴 ⟶ 𝐴 − ∇⃗⃗ 𝜒(𝜃).  

𝐴 𝑁|eq = 𝐴
 
𝑆|eq + ∇⃗⃗

 𝜒 

 

𝜓𝑁|eq = 𝑒
−𝑖
𝑞
ℏ
𝜒𝜓𝑆|

eq
. 

𝑔 = ∫  
𝑆3
𝑑𝜎 ⋅ 𝐵⃗ = ∫  

eq

𝑑ℓ⃗ ⋅ 𝐴 𝑁 −∫  
eq

𝑑ℓ⃗ ⋅ 𝐴 𝑆 = 𝜒(2𝜋) − 𝜒(0). 

𝑞𝑖𝑔𝑗 − 𝑞𝑗𝑔𝑖 = 2𝜋ℏ𝑛𝑖𝑗 . 

ℒ = −
1

4
𝐹𝜇𝜈
𝑎 𝐹𝑎𝜇𝜈 +

1

2
𝐷𝜇Φ𝑎𝐷𝜇Φ𝑎 − 𝑉(Φ),  

𝑉(Φ) =
𝜆

4
(Φ𝑎Φ𝑎 − 𝑣

2)2 

𝐷𝜇𝐹
𝑎𝜇𝜈= 𝜀𝑎𝑏𝑐Φ𝑏𝐷

𝜈Φ𝑐  

(𝐷𝜇𝐷𝜇Φ)
𝑎
 = −𝜆Φ𝑎(Φ𝑏Φ𝑏 − 𝑣

2)
 

𝐸 = ∫  𝑑3𝑥Θ00 = ∫  𝑑
3𝑥 {[

1

2
(𝐵𝑖

𝑎)2 + (𝐸𝑖
𝑎)2 + (Π𝑎)2 + [(𝐷𝑖Φ)

𝑎]2] + 𝑉(Φ)}  

𝐹0𝑖
𝑎 = 𝐸𝑖

𝑎, 𝐹𝑖𝑗
𝑎 = −𝜀𝑖𝑗𝑘𝐵

𝑎𝑘 

ℳ𝐻 = {Φ: 𝐷𝜇Φ
𝑎 = 0, 𝑉(Φ) = 0} 

𝐴𝜇
𝑎 =

1

𝑣2𝑒
𝜀𝑎𝑏𝑐Φ𝑏𝜕𝜇Φ𝑐 +

1

𝑣
Φ𝑎𝐾𝜇 , 

 

𝐹𝜇𝜈
𝑎 =

1

𝑣
Φ𝑎𝐹𝜇𝜈 , 

 

𝐹𝜇𝜈 =
1

𝑣3𝑒
𝜀𝑎𝑏𝑐Φ

𝑎𝜕𝜇Φ
𝑏𝜕𝜈Φ

𝑐 + 𝜕𝜇𝐾𝜈 − 𝜕𝜈𝐾𝜇, 

 

𝑔 = ∫  
𝑆∞
2
 𝑑𝜎 ⋅ 𝐵⃗ =

1

2𝑒𝑣3
∫  
𝑆∞
2
 𝑑2𝜎𝑖𝜀𝑖𝑗𝑘𝜀

𝑎𝑏𝑐Φ𝑎𝜕
𝑗Φ𝑏𝜕

𝑘Φ𝑐 =
4𝜋𝑛

𝑒
,  

𝐵𝑖
𝑎 =

1

2
𝜀𝑖𝑗𝑘𝐹

𝑎𝑗𝑘 =
1

2𝑣4𝑒
Φ𝑎𝜀𝑖𝑗𝑘𝜀

𝑏𝑐𝑑Φ𝑏𝜕
𝑗Φ𝑐𝜕

𝑘Φ𝑑 =
1

𝑣
Φ𝑎𝐵𝑖 

𝑔 = ∫  
𝑆∞
2
 𝑑𝜎 ⋅

1

𝑣
Φ𝑎𝐵⃗ 𝑎 =

1

𝑣2
∫  
𝑆∞
2
 𝑑𝜎 ⋅ Φ𝑎Φ

𝑎𝐵⃗ = ∫  
𝑆∞
2
 𝑑𝜎 ⋅ 𝐵⃗ =

4𝜋𝑛

𝑒
.  

𝑔 =
1

𝑣
∫  
𝑆∞
2
𝑑𝜎 ⋅ 𝐵⃗ 𝑎Φ𝑎 =

1

𝑣
∫  𝑑3𝑥𝐵⃗ 𝑎(𝐷⃗⃗ Φ)𝑎 

𝑚𝑀 ≥ 𝑣|𝑔|  

𝐵𝑖
𝑎 = 𝐷𝑖Φ

𝑎  

Φ𝑎 =
𝑥𝑎

𝑒𝑟2
𝐻(𝜉), 𝐴0

𝑎 = 0,𝐴𝑖
𝑎 = −𝜀𝑎  𝑖𝑗

𝑥𝑗

𝑒𝑟2
[1 − 𝐾(𝜉)] 
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𝑚𝐷 ≥ 𝑣√𝑒
2 + 𝑔2 

ℒ𝜃 = −
𝜃𝑒2

32𝜋2
𝐹𝜇𝜈
𝑎 ∗ 𝐹𝑎

𝜇𝜈  

𝜏 =
𝜃

2𝜋
+
4𝑖𝜋

𝑒2
 

ℒ = −
1

32𝜋
Im𝜏(𝐹𝜇𝜈 + 𝑖 ∗ 𝐹𝜇𝜈)(𝐹𝜇𝜈 + 𝑖 ∗ 𝐹𝜇𝜈) −

1

2
𝐷𝜇Φ𝐷𝜇Φ.  

𝑄𝑚=
1

𝑣
∫  𝑑3𝑥𝐷𝑖Φ

𝑎𝐵𝑎
𝑖  

𝑄𝑒 =
1

𝑣
∫  𝑑3𝑥𝐷𝑖Φ

𝑎𝐸𝑎
𝑖

 

𝑞 = 𝑛𝑒𝑒 −
𝑒𝜃𝑛𝑚
2𝜋

, 

ℒF = ∑  

𝑁𝑓

𝑘=1

 𝑖𝜓‾𝑘𝛾𝜇𝐷𝜇𝜓
𝑘 − 𝑖𝑓𝜓‾𝑘Φ𝜓𝑘.  

(𝑖𝛾𝜇𝐷𝜇 −Φ)𝜓
𝑘 = 0 

𝛾0 = (
0 −𝑖
𝑖 0

) , 𝛾𝑖 = (−𝑖𝜎
𝑖 0

0 𝑖𝜎𝑖
) 

𝜓𝑘(𝑥, 𝑡) = 𝑒𝑖𝐸𝑡𝜓𝑘(𝑥) 

𝜓𝑘(𝑥) = (
𝜒+
𝑘(𝑥)

𝜒−
𝑘(𝑥)

) 

D̸𝜒+
𝑘 = (𝑖𝜎𝑖𝐷𝑖 +Φ)𝜒−

𝑘 = 𝐸𝜒+
𝑘

D̸𝜒−
𝑘 = (𝑖𝜎𝑖𝐷𝑖 −Φ)𝜒+

𝑘 = 𝐸𝜒−
𝑘

 

𝜓𝑘 =∑  

𝑛

𝑖=1

 𝑎0
𝑖𝜓0

𝑘𝑖 +∑  

∞

𝑗=1

 𝑎𝑗𝜓𝑗
𝑘  

ℒ = Tr (−
1

4
𝐹𝜇𝜈𝐹

𝜇𝜈 + 𝑖Ψ‾ 𝛾𝜇𝐷
𝜇Ψ)  

𝑄− = 23/4𝑔∫  𝑑𝑥−(𝑖[𝜙, 𝜕−𝜙] + 2𝜓𝜓)
1

𝜕−
𝜓  

𝜙𝑖𝑗(0, 𝑥
−)=

1

√2𝜋
∫  
∞

0

 
𝑑𝑘+

√2𝑘+
[𝑎𝑖𝑗(𝑘

+)𝑒−i𝑘
+𝑥− + 𝑎𝑗𝑖

† (𝑘+)𝑒i𝑘
+𝑥−] 

𝜓𝑖𝑗(0, 𝑥
−) =

1

2√𝜋
∫  
∞

0

 𝑑𝑘+[𝑏𝑖𝑗(𝑘
+)𝑒−i𝑘

+𝑥− + 𝑏𝑗𝑖
†(𝑘+)𝑒i𝑘

+𝑥−]

 

2𝑃+𝑃−|𝜑⟩ = 𝑀2|𝜑⟩  

𝑆: 𝑎𝑖𝑗(𝑘
+) → −𝑎𝑗𝑖(𝑘

+), 𝑏𝑖𝑗(𝑘
+) → −𝑏𝑗𝑖(𝑘

+).  

𝑃: 𝑎𝑖𝑗(𝑘
+) → −𝑎𝑖𝑗(𝑘

+), 𝑏𝑖𝑗(𝑘
+) → 𝑏𝑖𝑗(𝑘

+).  
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𝑀𝐾0,𝑆+
2 (𝐾0) = −0.000316166 + 88.8448

1

𝐾0
− 9.84279

1

𝐾0
2 ±⋯ ,

𝑀𝐾0,𝑆−
2 (𝐾0) = 0.000125688 + 88.8097

1

𝐾0
− 8.68279

1

𝐾0
2 ±⋯ ,

𝑀𝐾0,all
2 (𝐾0) = −0.000353165 + 88.8513

1

𝐾0
− 10.1359

1

𝐾0
2 ±⋯ ,

 

𝑁(𝑀2, 𝐾) = 2
(𝐾−

84
𝑀2)Θ(14 − 𝑀2)Θ(𝐾 − 6).  

𝑁(𝐾) = 2(𝐾−6)Θ(𝐾 − 6).  

𝜌(𝑀2, 𝐾) =
𝑑𝑁(𝑀2, 𝐾)

𝑑𝑀2
= 𝑁(𝐾)𝜌̃(𝑀2),  

𝜌̃(𝑀2) = 2
(6−

84
𝑀2)

84

𝑀4 ln (2)Θ(14 −𝑀
2).  

𝑠† = 𝑎†(3)𝑏†(1)𝑏†(1)𝑏†(3)𝑎†(1)𝑎†(4),  

𝑠† = 𝑎 + +𝑏𝑏𝑏 + +𝑎𝑎 + ++,  

𝑠1
† = 𝑏†(1)𝑏†(1)𝑏†(3)𝑎†(1)𝑎†(4)𝑎†(3)

𝑠2
† = 𝑏†(1)𝑏†(3)𝑎†(1)𝑎†(4)𝑎†(3)𝑏†(1)

𝑠3
† = 𝑏†(3)𝑎†(1)𝑎†(4)𝑎†(3)𝑏†(1)𝑏†(1)

 

𝐵(𝐾, 𝑛, 𝑗) = 𝑛𝑗 (
𝐾 − 1

𝑗 − 1
) .  

𝐴(𝐾, 𝑛, 𝑗) =
𝑛𝑗

𝑗
(
𝐾 − 1

𝑗 − 1
) =

𝑛𝑗

𝐾
(
𝐾

𝑗
) ,  

𝐴(𝐾, 𝑛) =∑  

𝐾

𝑗=2

 
𝑛𝑗

𝐾
(
𝐾

𝑗
) =

1

𝐾
[(1 + 𝑛)𝐾 − 1 − 𝑛𝐾].  

𝐴(𝐾, 𝑛)prime =
1

𝐾
[(1 + 𝑛)𝐾 − (1 + 𝑛)].  

𝐶(𝐾, 𝑛, 1) = 𝑛 = 2𝐶𝑓(𝐾, 𝑛, 1) = 2𝐶𝑏(𝐾, 𝑛, 1),

𝐶(𝐾, 𝑛, 𝑗) = 𝐵(𝐾, 𝑛, 𝑗) − ∑  

𝐾

𝑞>1, odd 

 𝐶 (
𝐾

𝑞
, 𝑛,
𝑗

𝑞
) ,

𝐶𝑓(𝐾, 𝑛, 𝑗) = 𝐵𝑓(𝐾, 𝑛, 𝑗) − ∑  

𝐾

𝑞>1, odd 

 𝐶𝑓 (
𝐾

𝑞
, 𝑛,
𝑗

𝑞
) ,

𝐶𝑏(𝐾, 𝑛, 𝑗) = 𝐵𝑏(𝐾, 𝑛, 𝑗) − ∑  

𝐾

𝑞>1, odd 

 𝐶𝑏 (
𝐾

𝑞
, 𝑛,
𝑗

𝑞
) .

 

𝐴𝑓(𝐾, 𝑛, 𝑗) = ∑  

𝑞, odd 

 
𝑞

𝑗
𝐶𝑓 (

𝐾

𝑞
, 𝑛,
𝑗

𝑞
) .  

𝐷(𝐾, 𝑛, 𝑗) = 𝐶(𝐾, 𝑛, 𝑗) − 𝐶 (
𝐾

2
, 𝑛,
𝑗

2
) .  

𝐷𝑏(𝐾, 𝑛, 𝑗) = 𝐶𝑏(𝐾, 𝑛, 𝑗) − 𝐶 (
𝐾

2
, 𝑛,
𝑗

2
) = 𝐶𝑏(𝐾, 𝑛, 𝑗) − 2𝐶𝑏 (

𝐾

2
, 𝑛,
𝑗

2
) .  
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𝐴𝑏(𝐾, 𝑛, 𝑗)  = ∑  

𝑞

 
𝑞

𝑗
𝐷𝑏 (

𝐾

𝑞
, 𝑛,
𝑗

𝑞
)

 =∑  

𝑞

 
𝑞

𝑗
[𝐶𝑏 (

𝐾

𝑞
, 𝑛,
𝑗

𝑞
) − 2𝐶𝑏 (

𝐾

2𝑞
, 𝑛,

𝑗

2𝑞
)] = ∑  

𝐾

𝑞, odd 

 
𝑞

𝑗
𝐶𝑏 (

𝐾

𝑞
, 𝑛,
𝑗

𝑞
) .

 

𝐴𝑓(𝐾, 𝑛) =∑  

𝑗

  ∑  

𝑞, odd 

 
𝑞

𝑗
𝐶𝑓 (

𝐾

𝑞
, 𝑛,
𝑗

𝑞
) − 𝐴𝑓(𝐾, 𝑛, 1) = ∑  

𝑞, odd 

 𝐴𝑓
′ (
𝐾

𝑞
, 𝑛) −

𝑛

2
,  

𝐴𝑓
′ (𝐾, 𝑛)≡∑  

𝑗

 
1

𝑗
𝐶𝑓(𝐾, 𝑛, 𝑗) =∑  

𝑗

 
1

𝑗
𝐵𝑓(𝐾, 𝑛, 𝑗) − ∑  

𝑞>1, odd 

 ∑  

𝑗

 
1

𝑗
𝐶𝑓 (

𝐾

𝑞
, 𝑛,
𝑗

𝑞
) 

=∑  

𝑗

 
1

𝑗
𝐵𝑓(𝐾, 𝑛, 𝑗) − ∑  

𝑞>1, odd 

 
1

𝑞
𝐴𝑓
′ (
𝐾

𝑞
, 𝑛)  

 =
(1 + 𝑛)𝐾 − 1

2𝐾
− ∑  

𝑞>1, odd 

 
1

𝑞
𝐴𝑓
′ (
𝐾

𝑞
, 𝑛)

 

𝑌: 𝑎1(𝑘
+) ↔ 𝑎2(𝑘

+), 𝑏1(𝑘
+) → 𝑏1(𝑘

+), 𝑏2(𝑘
+) → −𝑏2(𝑘

+).  

𝐴𝑓𝑜(𝐾, 𝑛) = 𝐴𝑏𝑜(𝐾, 𝑛)  and  𝐴𝑓𝑒(𝐾, 𝑛) = 𝐴𝑏𝑒(𝐾, 𝑛)  

𝐴𝑏𝑒(𝐾, 𝑛) = 𝐴𝑓𝑒(𝐾, 𝑛) =
1

2
[𝐴𝑓(𝐾, 𝑛) + 𝐴𝑓(𝐾,−𝑛)],

𝐴𝑏𝑜(𝐾, 𝑛) = 𝐴𝑓𝑜(𝐾, 𝑛) =
1

2
[𝐴𝑓(𝐾, 𝑛) − 𝐴𝑓(𝐾,−𝑛)].

 

𝛿𝑌1+(𝐾, 𝑗) = ∑  

𝑞, even 

 
𝑞

𝑗
𝐶𝑓 (

𝐾

𝑞
, 2,
𝑗

𝑞
) .  

𝛿𝑌1−(𝐾, 𝑗) = ∑  

𝑗/𝑞, odd 
𝑞, even 

 
𝑞

𝑗
𝐷 (
𝐾

𝑞
, 2,
𝑗

𝑞
) = ∑  

𝑗/𝑞, odd 
𝑞, even 

 
𝑞

𝑗
[𝐶 (

𝐾

𝑞
, 2,
𝑗

𝑞
) − 𝐶 (

𝐾

2𝑞
, 2,

𝑗

2𝑞
)] .

 

𝛿𝑌1+(𝐾, 𝑗) − 𝛿𝑌1−(𝐾, 𝑗)= ∑  

𝑞, even 

 
𝑞

𝑗
𝐶𝑓 (

𝐾

𝑞
, 2,
𝑗

𝑞
) − ∑  

𝑗/𝑞, odd 
𝑞, even 

 
𝑞

𝑗
2𝐶𝑓 (

𝐾

𝑞
, 2,
𝑗

𝑞
) 

 = ∑  

𝑞, even 

  (−1)𝑗/𝑞
𝑞

𝑗
𝐶𝑓 (

𝐾

𝑞
, 2,
𝑗

𝑞
)

 

Tr[(𝑠†𝑠‾†)
𝑞
]|0⟩(𝑠′†𝑠‾′†)

(2𝑟+1)
 

1

2

2𝑞

𝑗
𝐶 (

𝐾

2𝑞
, 𝑛,

𝑗

2𝑞
) 

𝛿𝑌2+(𝐾, 𝑗) − 𝛿𝑌2−(𝐾, 𝑗) = −∑  

𝑞≥1

  (−1)𝑗/2𝑞
𝑞

𝑗
𝐶 (

𝐾

2𝑞
, 2,

𝑗

2𝑞
) .  

(−1)𝑗(−1)
𝑛𝑓(𝑛𝑓−1)

2  
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𝐴𝑓𝑒𝑠+𝑦+ = 𝐴𝑓𝑒𝑠+𝑦−   and  𝐴𝑓𝑒𝑠−𝑦+ = 𝐴𝑓𝑒𝑠−𝑦− ,
𝐴𝑏𝑜𝑠+𝑦+ = 𝐴𝑏𝑜𝑠+𝑦−   and  𝐴𝑏𝑜𝑠−𝑦+ = 𝐴𝑏𝑜𝑠−𝑦− .

 

𝐴𝑓𝑜𝑠+𝑦+ = 𝐴𝑓𝑜𝑠+𝑦−  and  𝐴𝑓𝑜𝑠−𝑦+ = 𝐴𝑓𝑜𝑠−𝑦−  

𝐴𝑏𝑒𝑦+ = 𝐴𝑏𝑒𝑦−  

𝐴𝑏𝑒𝑠+𝑦+ + 𝐴𝑏𝑒𝑠−𝑦− = 𝐴𝑏𝑒𝑠+𝑦− + 𝐴𝑏𝑒𝑠−𝑦+  

𝐴𝑏𝑒𝑠+𝑦+ = 𝐴𝑏𝑒𝑠+𝑦−  and  𝐴𝑏𝑒𝑠−𝑦+ = 𝐴𝑏𝑒𝑠−𝑦−  

𝐴𝑏𝑒𝑠+ − 𝐴𝑏𝑒𝑠− = 𝐴𝑓𝑒𝑠+ − 𝐴𝑓𝑒𝑠− =
𝑛2

4
(𝐾 − 1)

𝐴𝑏𝑜𝑠+ − 𝐴𝑏𝑜𝑠− = 𝐴𝑓𝑜𝑠+ − 𝐴𝑓𝑜𝑠− = 0
 

𝐴𝑏𝑒𝑠+(𝐾, 𝑛) = 𝐴𝑓𝑒𝑠+(𝐾, 𝑛)  =
1

4
{𝐴𝑓(𝐾, 𝑛) + 𝐴𝑓(𝐾,−𝑛) +

𝑛2

2
(𝐾 − 1)}

𝐴𝑏𝑒𝑠−(𝐾, 𝑛) = 𝐴𝑓𝑒𝑠−(𝐾, 𝑛)  =
1

4
{𝐴𝑓(𝐾, 𝑛) + 𝐴𝑓(𝐾,−𝑛) −

𝑛2

2
(𝐾 − 1)}

𝐴𝑏𝑜𝑠+(𝐾, 𝑛) = 𝐴𝑓𝑜𝑠+(𝐾, 𝑛)  =
1

4
{𝐴𝑓(𝐾, 𝑛) − 𝐴𝑓(𝐾,−𝑛)}

 = 𝐴𝑏𝑜𝑠−(𝐾, 𝑛) = 𝐴𝑓𝑜𝑠−(𝐾, 𝑛)

 

 

𝐴𝑏𝑒𝑠± = 𝐴𝑓𝑒𝑠±and 𝐴𝑏𝑜𝑠+ = 𝐴𝑓𝑜𝑠+ = 𝐴𝑏𝑜𝑠− = 𝐴𝑓𝑜𝑠−  

𝐴𝑓
′ (2𝐾 + 1,−2) =

1

4𝐾 + 2
{[1 + (−2)]2𝐾+1 − 1 − 2𝐴𝑓

′ (1, −2)} = 0.  

𝐴𝑓(2𝐾 + 1,−2)  = 𝐴𝑓
′ (2𝐾 + 1,−2) + 𝐴𝑓

′ (1,−2) − (−1) = 0,

𝐴𝑓(2𝐾,−2)  = 𝐴𝑓
′ (2𝐾,−2) − (−1) = 1.

 

𝒞 =
1

2
𝑌𝐼𝑍

𝐼 = 0  

(𝜇𝛼
†)
𝑟
, (𝜇𝛼̇)

𝑟
, (𝜓𝑎

†)
𝑟
 (𝑎 = 1,2), 𝜓𝑟

𝑏 (𝑏 = 3,4), (−
𝑤 − 1

2
≤ 𝑟 ≤

𝑤 − 1

2
)  

𝑍𝑟
𝐼  and (𝑌𝐽)𝑟   with 𝑟 ≤ −

𝑤 + 1

2
 

Φ̂𝑗 =
1

√𝑤
∑  

(𝑤−1)/2

𝑟=−(𝑤−1)/2

 Φ𝑟𝑒
−2𝜋𝑖

𝑟𝑗
𝑤  

(𝐿0 + 𝑝𝑤)|Ψphy ⟩ = 0 (𝑝 ∈ ℤ)  

𝒞𝑛|Ψphy ⟩ = 0 (𝑛 = 0,1,… , 𝑤 − 1)  



pág. 1923 

[𝜆𝑟
𝛼 , (𝜇𝛽

†)
𝑠
] = 𝛿𝛽

𝛼𝛿𝑟,−𝑠, [𝜇𝑟
𝛼̇ , (𝜆

𝛽̇

†)
𝑠
] = 𝛿𝛽̇

𝛼̇𝛿𝑟,−𝑠, {𝜓𝑟
𝑎, (𝜓𝑏

†)
𝑠
} = 𝛿𝑏

𝑎𝛿𝑟,−𝑠  

𝐽𝐼 𝐽 = 𝑌𝐽𝑍
𝐼  

ℬ0|0⟩ = 𝒞0|0⟩ = 𝒟0|0⟩ = 0  

(𝜆̃𝛼)
𝑟
= (𝜆𝛼)𝑟−𝑤/2, (𝜆̃𝛼̇

† )
𝑟
= (𝜆𝛼̇

† )
𝑟−𝑤/2

,

(𝜇̃𝛼̇)
𝑟
= (𝜇𝛼̇)

𝑟+𝑤/2
, (𝜇̃𝛼

†)
𝑟
= (𝜇𝛼

†)
𝑟+𝑤/2

,

(𝜓̃𝑟
𝑎) = 𝜓𝑟−𝑤/2

𝑎 , (𝜓̃𝑎
†)
𝑟
= (𝜓𝑎

†)
𝑟+𝑤/2

(𝑎 = 1,2),

(𝜓̃𝑟
𝑏) = 𝜓𝑟+𝑤/2

𝑏 , (𝜓̃𝑏
†)
𝑟
= (𝜓𝑏

†)
𝑟−𝑤/2

(𝑏 = 3,4).

 

𝜇𝑟
𝛼̇|0⟩𝑤 = (𝜇𝛼

†)
𝑟
|0⟩𝑤 = (𝜓1,2

† )
𝑟
|0⟩𝑤 = 𝜓𝑟

3,4|0⟩𝑤 = 0, (𝑟 ≥
𝑤 + 1

2
)

𝜆𝑟
𝛼|0⟩𝑤 = (𝜆𝛼̇

† )
𝑟
|0⟩𝑤 = (𝜓

1,2)𝑟|0⟩𝑤 = (𝜓3,4
† )

𝑟
|0⟩𝑤 = 0, (𝑟 ≥ −

𝑤 − 1

2
)

 

𝜇𝑟
𝛼̇ , (𝜇𝛼

†)
𝑟
, (𝜓1,2

† )
𝑟
, 𝜓𝑟

3,4, (𝑟 ≤
𝑤 − 1

2
)

𝜆𝑟
𝛼 , (𝜆𝛼̇

† )
𝑟
, (𝜓1,2)𝑟 , (𝜓3,4

† )
𝑟
, (𝑟 ≤ −

𝑤 + 1

2
)

 

 

(𝒫̃𝛼̇  𝛽)𝑟
= (𝒫𝛼̇  𝛽)𝑟+𝑤

,  

𝑈̃𝑛 = 𝑈𝑛 − 𝑤𝛿𝑛,0, 𝑈̃̇𝑛 = 𝑈̇𝑛 + 𝑤𝛿𝑛,0, 𝑉̃𝑛 = 𝑉𝑛  

ℬ̃𝑛 = ℬ𝑛 , 𝒞̃𝑛 = 𝒞𝑛  

𝒟̃𝑛 = 𝒟𝑛 − 𝑤𝛿𝑛,0  

(ℛ̃𝑎 𝑎)𝑛 = {
(ℛ𝑎  𝑎)𝑛 +

𝑤

2
𝛿𝑛,0  if 𝑎 = 1,2

(ℛ𝑎  𝑎)𝑛 −
𝑤

2
𝛿𝑛,0  if 𝑎 = 3,4,

 

(ℛ̃𝑎 𝑏)𝑛 = {

(ℛ𝑎  𝑏)𝑛+𝑤  if 𝑏 ∈ {1,2} and 𝑎 ∈ {3,4}
(ℛ𝑎  𝑏)𝑛−𝑤  if 𝑎 ∈ {1,2} and 𝑏 ∈ {3,4}
(ℛ𝑎  𝑏)𝑛  if 𝑎, 𝑏 ∈ {1,2} or 𝑎, 𝑏 ∈ {3,4}

 

(𝐻̃1)𝑛 =
(𝐻1)𝑛, (𝐻̃2)𝑛 =

(𝐻2)𝑛 −𝑤𝛿𝑛,0, (𝐻̃3)𝑛 =
(𝐻3)𝑛  

𝐿̃𝑛 = 𝐿𝑛 − 𝑤(𝒟𝑛 − ℛ𝑛)  

ℛ𝑛 =
1

2
[−(ℛ1 1)𝑛 − (ℛ

2 2)𝑛 + (ℛ
3 3)𝑛 + (ℛ

4 4)𝑛]  

ℛ̃𝑛 = ℛ𝑛 − 𝑤𝛿𝑛,0  

𝑚1, 𝑚2 ∈
1

2
ℤ, 𝑚̇1, 𝑚̇2 ∈

1

2
ℤ,𝑚1, 𝑚̇2 ∈

1

2
ℕ0  

𝑚1, 𝑚̇1, 𝑚2, 𝑚̇2 ∈
1

2
ℕ0  

[0,1,0] ⊕ [1,0,0] ⊕ [0,0,1] ⊕ 2 ⋅ [0,0,0]  

ℛ0 =⨁ 

∞

𝑠=0

 [(
𝑠

2
,
𝑠

2
; [0,1,0])

1+𝑠
⊕ (

𝑠

2
+ 1,

𝑠

2
; [0,0,0])

2+𝑠
⊕ (

𝑠

2
,
𝑠

2
+ 1; [0,0,0])

2+𝑠

⊕(
𝑠 + 1

2
,
𝑠

2
; [0,0,1])

3
2
+𝑠
⊕(

𝑠

2
,
𝑠 + 1

2
; [1,0,0])

3
2
+𝑠
]
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ℛ0 ≡ [0,0; [0,1,0]]1  

|0⟩𝑤=1 = (𝜓3
†)
0
(𝜓4

†)
0
|0,0; 0,0⟩  

(𝜇𝛼
†)
𝑟
, (𝜇𝛼̇)

𝑟
, (𝜓𝑎

†)
𝑟
 (𝑎 = 1,2), 𝜓𝑟

𝑏 (𝑏 = 3,4),  with  −
𝑤 − 1

2
≤ 𝑟 ≤

𝑤 − 1

2
,  

𝑍𝑟
𝐼  and (𝑌𝐽)𝑟   with 𝑟 ≤ −

𝑤 + 1

2
.  

2𝑁 + 2 = 4 +∑  

2

𝑖=1

  (𝑤̂𝑖 − 1) =∑  

2

𝑖=1

 𝑤𝑖  

 

𝒞𝑛𝜙 = 0 (𝑛 ≥ 0), (𝐿0 + 𝑝𝑤)𝜙 = 0 (𝑝 ∈ ℤ).  

𝑍𝑟
𝐼  and (𝑌𝐽)𝑟  with  −

𝑤 − 1

2
≤ 𝑟 ≤

𝑤 − 1

2
 

Φ𝑟 =
1

√𝑤
∑  

𝑤

𝑗=1

  Φ̂𝑗𝑒
2𝜋𝑖

𝑟𝑗
𝑤 , Φ̂𝑗 =

1

√𝑤
∑  

(𝑤−1)/2

𝑟=−(𝑤−1)/2

 Φ𝑟𝑒
−2𝜋𝑖

𝑟𝑗
𝑤  

[𝑍𝑟
𝐼 , (𝑌𝐽

†)
𝑠
]
±
= 𝛿𝐽

𝐼𝛿𝑟,−𝑠  

[𝑍̂𝑗1
𝐼 , (𝑌̂𝐽

†)
𝑗2
]
±
= 𝛿𝐽

𝐼𝛿𝑗1,𝑗2  

[𝑒
2𝜋𝑖
𝑤
𝐿0 , Φ̂𝑗] = Φ̂𝑗+1  

𝒞̂𝑗 =
1

2
∑  

𝐼

  : (𝑌̂𝐼)𝑗𝑍̂𝑗
𝐼: ,  

[𝒞̂𝑗1 , Φ̂𝑗2] = ±
1

2
Φ̂𝑗2𝛿𝑗1,𝑗2  

∑ 

𝑤

𝑗=1

 𝑒2𝜋𝑖
𝑗𝑛
𝑤 𝒞̂𝑗  =

1

2𝑤
∑  

𝑤

𝑗=1

  ∑  

(𝑤−1)/2

𝑟,𝑠=−(𝑤−1)/2

 ∑  

𝐼

  : (𝑌𝐼)𝑟𝑍𝑠
𝐼: 𝑒−2𝜋𝑖

𝑗(𝑟+𝑠−𝑛)
𝑤

 =
1

2
∑  

(𝑤−1)/2

𝑟=𝑛−(𝑤−1)/2

 ∑  

𝐼

  : (𝑌𝐼)𝑟𝑍𝑛−𝑟
𝐼 :

 

𝑆𝑚
𝐚 ≡ (𝑆𝐼

𝐽
)
𝑚
= ∑  

𝑤−1
2

𝑟=𝑚−
𝑤−1
2

  (𝑌𝐼)𝑟(𝑍
𝐽)𝑚−𝑟  

[𝑆𝑚
𝐚 , 𝑆𝑛

𝐛]
±
= {𝑓

𝐚𝐛𝐜𝑆𝑚+𝑛
𝐜 𝑚 + 𝑛 ≤ 𝑤 − 1

0 𝑚 + 𝑛 ≥ 𝑤
 

[𝑆1
𝐚, [𝑆1

𝐛, 𝑆0
𝐜]] + [𝑆1

𝐛, [𝑆1
𝐜, 𝑆0

𝐚]] + [𝑆1
𝐜, [𝑆1

𝐚, 𝑆0
𝐛]]

 =
1

24
𝑓𝐚𝐝𝐤𝑓𝐛𝐞𝐥𝑓𝐜𝐟𝐦𝑓𝐤𝐥𝐦{(𝑆𝐝)0, (𝑆𝐞)0, (𝑆𝐟)0}

 

(𝑆𝐼1  
𝐽1)

𝑤−1
(𝑆𝐼2  

𝐽2)
𝑤−1

= ±(𝑆𝐼1  
𝐽2)

𝑤−1
(𝑆𝐼2  

𝐽1)
𝑤−1

 

𝒞𝑛|0⟩𝑤 = 0 𝑛 ≥ 0  

[0,0; [0, 𝑤, 0]]𝑤  
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𝐿0 = −2𝑝: [𝑝 − 1, 𝑝 − 1; [0,0,0]]2𝑝  

⨁ 

3𝑚

𝑟=0

 {𝒱0,3𝑚+𝑟 ⊕⨁ 

∞

𝑘=1

  (𝒱2𝑘,3𝑚+𝑟⊕𝒱−2𝑘,3𝑚+𝑟)}

 ⨁ 

3𝑚−2

𝑟=0

  {𝒱−1,3𝑚+𝑟−1⊕𝒱1,3𝑚+𝑟−1⊕⨁ 

∞

𝑘=1

  (𝒱2𝑘+1,3𝑚+𝑟−1⊕𝒱−2𝑘−1,3𝑚+𝑟−1)}

 

⨁ 

3𝑚+1

𝑟=0

 {𝒱0,3𝑚+𝑟+2⊕⨁ 

∞

𝑘=1

  (𝒱2𝑘,3𝑚+𝑟+2⊕𝒱−2𝑘,3𝑚+𝑟+2)}

 ⨁ 

3𝑚

𝑟=0

  {𝒱−1,3𝑚+𝑟⊕𝒱1,3𝑚+𝑟 ⊕⨁ 

∞

𝑘=1

  (𝒱2𝑘+1,3𝑚+𝑟⊕𝒱−2𝑘−1,3𝑚+𝑟)}

 

𝑚
𝑤 − 1

2
≈ 𝑚

𝑤

2
= 𝑝𝑤,  

𝜉𝑟
+, 𝜂𝑟

+, 𝜓𝑟
−, 𝜒𝑟

−, −
(𝑤 − 1)

2
≤ 𝑟 ≤

(𝑤 − 1)

2
,  

[𝑍𝑛 , 𝜂𝑟
+]  =

1

2
𝜂𝑟+𝑛
+ , [𝑍𝑛, 𝜒𝑟

−]  =
1

2
𝜒𝑟+𝑛
−

[𝑍𝑛, 𝜉𝑟
+]  = −

1

2
𝜉𝑟+𝑛
+ , [𝑍𝑛 , 𝜓𝑟

−]  = −
1

2
𝜓𝑟+𝑛
−

 

𝑍𝑛𝜙 = 0 (𝑛 ≥ 0), (𝐿0 + 𝑝𝑤)𝜙 = 0 (𝑝 ∈ ℤ)  

𝐽0
3 = 𝐽0

3 −
𝑤

2
, 𝐾̃0

3 = 𝐾0
3 −

𝑤

2
 

𝑍(1)(𝑡, 𝑦) =
1

(1 − 𝑡)
[𝑡
1
2𝜒1

2
(𝑦) + 2𝑡𝜒0(𝑦)]  

𝑍(2)(𝑡, 𝑦) =
1

2
((𝑍(1)(𝑡, 𝑦))

2
+ 𝑍̃(1)(𝑡2, 𝑦2))  

𝑍̃(1)(𝑡, 𝑦) =
1

(1 − 𝑡)
[𝑡
1
2𝜒1

2
(𝑦) − 2𝑡𝜒0(𝑦)]  

𝑍(2)(𝑡, 𝑦) = 𝜒0
(BPS)

(𝑡, 𝑦) +∑  

∞

𝑛=1

 𝜒ℎ=2𝑛
𝒩=4 (𝑡, 𝑦)  

𝜒0
(BPS)

(𝑡, 𝑦) =
1

(1 − 𝑡)
[𝑡𝜒1(𝑦) + 2𝑡

3/2𝜒1
2
(𝑦) + 𝑡2]  

𝜒ℎ
𝒩=4(𝑡, 𝑦) =

𝑡ℎ

(1 − 𝑡)
[1 + 2𝑡1/2𝜒1/2(𝑦) + 𝑡(𝜒1(𝑦) + 3) + 2𝑡

3/2𝜒1/2(𝑦) + 𝑡
2]  

𝑤 = 𝑤̂ + 1  

𝜓‾−𝑟
1 𝜓−𝑠

1 |0⟩(2), 𝜓‾−𝑟
1 𝜓‾−𝑠

2 |0⟩(2),  etc.  

𝜓‾
−
1
2

1 𝜓‾
−
1
2

2 |0⟩(2) = 𝐽−1
+ |0⟩(2)  

(ℋmin )
⊗𝑤 ≅ (ℋmin )

⊗(𝑤−2)⊗ℋmin ⊗ℋmin .  

𝜓‾
−
1
2

1 𝜓‾
−
1
2

2 |BPSlower ⟩
(𝑤−1)
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(ℋmin)
⊗𝑤 ≅ (ℋmin)

⊗(𝑤−2)⏟        
∈(𝑤−1)− cycle 

⊗ℋmin⊗ℋmin⏟        
𝜓‾
−
1
2

1 𝜓‾
−
1
2

2 ,…
 

(𝜉1
2

+𝜂1
2

+)

2𝑝−1

𝜓1
2

−𝜒1
2

−|0⟩2: 𝐽0
3 = 2𝑝,𝐾0

3 = 0  

𝐿0 = −2𝑝: 𝜒ℎ=2𝑝
𝒩=4 (𝑡, 𝑦)  

ℒ𝛼  𝛽  = 𝜇𝛽
†𝜆𝛼 −

1

2
𝛿𝛽
𝛼𝑈

ℒ̇𝛼̇  𝛽  = 𝜆𝛽̇
†𝜇𝛼̇ −

1

2
𝛿𝛽̇
𝛼̇𝑈̇

ℛ𝑎  𝑏  = 𝜓𝑏
†𝜓𝑎 −

1

4
𝛿𝑏
𝑎𝑉

 

𝑈 = 𝜇𝛾
†𝜆𝛾, 𝑈̇ = 𝜆𝛾̇

†𝜇 𝛾̇, 𝑉 = 𝜓𝑐
†𝜓𝑐 ,  

ℬ𝑛 =
1

2
(𝑈𝑛 + 𝑈̇𝑛), 𝒞𝑛 =

1

2
(𝑈𝑛 + 𝑈̇𝑛) +

1

2
𝑉𝑛, 𝒟𝑛 =

1

2
(𝑈𝑛 − 𝑈̇𝑛).  

𝒬𝑎 𝛼 = 𝜓
𝑎𝜇𝛼

† , 𝒮𝛼  𝑎 = 𝜆
𝛼𝜓𝑎

†

𝒬̇𝛼̇  𝑎 = 𝜇
𝛼̇𝜓𝑎

†, 𝒮̇𝑎 𝛼̇ = 𝜓
𝑎𝜆𝛼̇
†

𝒫𝛼̇  𝛽 = 𝜇
𝛼̇𝜇𝛽

† , 𝒦𝛼  𝛽̇ = 𝜆
𝛼𝜆
𝛽̇

†

 

𝐻1 = (ℛ2
2)0 − (ℛ1

1)0, 𝐻2 = (ℛ3
3)0 − (ℛ2

2)0, 𝐻3 = (ℛ4
4)0 − (ℛ3

3)0  

[(ℒ𝛼  𝛽)𝑚
, (ℒ𝛾  𝛿)𝑛] = 𝛿𝛿

𝛼(ℒ𝛾  𝛽)𝑚+𝑛
− 𝛿𝛽

𝛾(ℒ𝛼  𝛿)𝑚+𝑛 +𝑚(−𝛿𝛽
𝛾
𝛿𝛿
𝛼 +

1

2
𝛿𝛽
𝛼𝛿𝛿

𝛾
) 𝛿𝑚,−𝑛  

𝐽𝑚
+ = (ℒ1 2)𝑚, 𝐽𝑚

− = (ℒ2 1)𝑚, 𝐽𝑚
3 =

1

2
((ℒ2 2)𝑚 − (ℒ

1 1)𝑚)  

[𝐽𝑚
3 , 𝐽𝑛

3]  = +
1

2
𝑘𝑚𝛿𝑚,−𝑛

[𝐽𝑚
3 , 𝐽𝑛

±]  = ±𝐽𝑚+𝑛
±

[𝐽𝑚
+ , 𝐽𝑛

−]  = +2𝐽𝑚+𝑛
3 + 𝑘𝑚𝛿𝑚,−𝑛

 

[(ℛ𝑎  𝑏)𝑚, (ℛ
𝑐  𝑑)𝑚] = 𝛿𝑑

𝑎(ℛ𝑐)𝑚+𝑛 − 𝛿𝑏
𝑐(ℛ𝑎  𝑑)𝑚+𝑛 +𝑚(𝛿𝑑

𝑎𝛿𝑏
𝑐 −

1

4
𝛿𝑏
𝑎𝛿𝑑

𝑐) 𝛿𝑚,−𝑛  

[ℬ𝑚, ℬ𝑛]  = −𝑚𝛿𝑚,−𝑛
[ℬ𝑚, 𝒞𝑛]  = −𝑚𝛿𝑚,−𝑛

[𝒞𝑚, 𝒞𝑛]  = 0
[𝒟𝑚, 𝒟𝑛]  = −𝑚𝛿𝑚,−𝑛

 

[𝑈𝑚, 𝑈𝑛] = [𝑈̇𝑚, 𝑈̇𝑛] = −2𝑚𝛿𝑚,−𝑛 , [𝑉𝑚, 𝑉𝑛] = 4𝑚𝛿𝑚,−𝑛  

[𝒞𝑚, (𝒬
𝑎 𝛼)𝑛]  = [𝒞𝑚, (𝒮

𝛼  𝑎)𝑛] = [𝒞𝑚, (𝒬̇𝛼̇𝑎)𝑛] = [𝒞𝑚, (𝒮̇
𝛼̇𝑎)

𝑛
]

 = [𝒞𝑚, (𝒫𝛼𝛽̇)𝑛
] = [𝒞𝑚, (𝒦

𝛼𝛽̇)
𝑛
] = 0

 

[ℬ𝑚, (𝒬
𝑎 𝛼)𝑛] =

1

2
(𝒬𝑎 𝛼)𝑚+𝑛, [ℬ𝑚, (𝒮

𝛼  𝑎)𝑛] = −
1

2
(𝒮𝛼  𝑎)𝑚+𝑛

[ℬ𝑚, (𝒬̇𝛼̇𝑎)𝑛] = −
1

2
(𝒬̇𝛼̇𝑎)𝑚+𝑛, [ℬ𝑚, (𝒮̇

𝛼̇𝑎)
𝑛
] =

1

2
(𝒮̇𝛼̇𝑎)

𝑚+𝑛

[ℬ𝑚, (𝒫𝛼𝛽̇)𝑛
] = 0, [ℬ𝑚, (𝒦

𝛼𝛽̇)
𝑛
] = 0

 



pág. 1927 

[𝒟𝑚, (𝒬
𝑎  𝛼)𝑛] =

1

2
(𝒬𝑎 𝛼)𝑚+𝑛 , [𝒟𝑚, (𝒮

𝛼  𝑎)𝑛] = −
1

2
(𝒮𝛼  𝑎)𝑚+𝑛

[𝒟𝑚, (𝒬̇𝛼̇𝑎)𝑛] =
1

2
(𝒬̇𝛼̇𝑎)𝑚+𝑛, [𝒟𝑚, (𝒮̇

𝛼̇𝑎)
𝑛
] = −

1

2
(𝒮̇𝛼̇𝑎)

𝑚+𝑛

[𝒟𝑚, (𝒫𝛼𝛽̇)𝑛
] = (𝒫𝛼𝛽̇)𝑚+𝑛

, [𝒟𝑚, (𝒦
𝛼𝛽̇)

𝑛
] = −(𝒦𝛼𝛽̇)

𝑚+𝑛

 

[(𝒦𝛼  𝛽̇)𝑚
, (𝒫𝛾̇  𝛿)𝑛] =  −𝛿𝛽̇

𝛾̇(ℒ𝛼  𝛿)𝑚+𝑛 + 𝛿𝛿
𝛼(ℒ̇ 𝛾̇ 𝛽̇)𝑚+𝑛

− 𝛿𝛿
𝛼𝛿
𝛽̇

𝛾̇
(𝒟𝑚+𝑛 +𝑚𝛿𝑚,−𝑛)

{(𝒮𝛼  𝑎)𝑚, (𝒬
𝑏 𝛽)𝑛

} = 𝛿𝑎
𝑏(ℒ𝛼  𝛽)𝑚+𝑛

+ 𝛿𝛽
𝛼(ℛ𝑏  𝑎)𝑚+𝑛

 +
1

2
𝛿𝑎
𝑏𝛿𝛽

𝛼(𝒟𝑚+𝑛 + 𝒞𝑚+𝑛 + 2𝑚𝛿𝑚,−𝑛)

{(𝒮̇𝑎 𝛼̇)𝑚, (𝒬̇
𝛽̇  𝑏)𝑛} = 𝛿𝑏

𝑎(ℒ̇ 𝛽̇  𝛼̇)𝑚+𝑛 + 𝛿𝛼̇
𝛽̇(ℛ𝑎  𝑏)𝑚+𝑛

 −
1

2
𝛿𝑏
𝑎𝛿𝛽̇

𝛼̇(𝒟𝑚+𝑛 − 𝒞𝑚+𝑛 + 2𝑚𝛿𝑚,−𝑛)

 

𝜆0
1|𝑚1, 𝑚2; 𝑚̇1, 𝑚̇2⟩  = 2𝑚1 |𝑚1 −

1

2
,𝑚2; 𝑚̇1, 𝑚̇2⟩

𝜆0
2|𝑚1, 𝑚2; 𝑚̇1, 𝑚̇2⟩  = 2𝑚2 |𝑚1, 𝑚2 −

1

2
; 𝑚̇1, 𝑚̇2⟩

(𝜇1
†)
0
|𝑚1, 𝑚2; 𝑚̇1, 𝑚̇2⟩  = |𝑚1 +

1

2
,𝑚2; 𝑚̇1, 𝑚̇2⟩

(𝜇2
†)
0
|𝑚1, 𝑚2; 𝑚̇1, 𝑚̇2⟩  = |𝑚1, 𝑚2 +

1

2
; 𝑚̇1, 𝑚̇2⟩ ,

 

𝜇0
1|𝑚1, 𝑚2; 𝑚̇1, 𝑚̇2⟩  = |𝑚1,𝑚2; 𝑚̇1 +

1

2
, 𝑚̇2⟩

𝜇0
2|𝑚1, 𝑚2; 𝑚̇1, 𝑚̇2⟩  = |𝑚1, 𝑚2; 𝑚̇1, 𝑚̇2 +

1

2
⟩

(𝜆1
†)
0
|𝑚1,𝑚2; 𝑚̇1, 𝑚̇2⟩  = −2𝑚̇1 |𝑚1,𝑚2; 𝑚̇1 −

1

2
, 𝑚̇2⟩

(𝜆2
†)
0
|𝑚1, 𝑚2; 𝑚̇1, 𝑚̇2⟩  = −2𝑚̇2 |𝑚1, 𝑚2; 𝑚̇1, 𝑚̇2 −

1

2
⟩

 

𝜓0
𝑎|𝑚1, 𝑚2; 𝑚̇1, 𝑚̇2⟩ = 0, 𝑎 = 1,2,3,4  

𝐽0
3|𝑚1, 𝑚2; 𝑚̇1, 𝑚̇2⟩  = (𝑚2 −𝑚1)|𝑚1,𝑚2; 𝑚̇1, 𝑚̇2⟩

𝑈0|𝑚1, 𝑚2; 𝑚̇1, 𝑚̇2⟩  = 2 (𝑚1 +𝑚2 +
1

2
) |𝑚1, 𝑚2; 𝑚̇1, 𝑚̇2⟩

𝐽0
3|𝑚1, 𝑚2; 𝑚̇1, 𝑚̇2⟩  = (𝑚̇1 − 𝑚̇2)|𝑚1,𝑚2; 𝑚̇1, 𝑚̇2⟩

𝑈̇0|𝑚1, 𝑚2; 𝑚̇1, 𝑚̇2⟩  = −2 (𝑚̇1 + 𝑚̇2 +
1

2
) |𝑚1, 𝑚2; 𝑚̇1, 𝑚̇2⟩

 

𝐽0
+|𝑚1, 𝑚2; 𝑚̇1, 𝑚̇2⟩  = 2𝑚1 |𝑚1 −

1

2
,𝑚2 +

1

2
; 𝑚̇1, 𝑚̇2⟩

𝐽0
−|𝑚1, 𝑚2; 𝑚̇1, 𝑚̇2⟩  = 2𝑚2 |𝑚1 +

1

2
,𝑚2 −

1

2
; 𝑚̇1, 𝑚̇2⟩

𝐽0
+|𝑚1, 𝑚2; 𝑚̇1, 𝑚̇2⟩  = −2𝑚̇2 |𝑚1, 𝑚2; 𝑚̇1 +

1

2
, 𝑚̇2 −

1

2
⟩

𝐽0
−|𝑚1, 𝑚2; 𝑚̇1, 𝑚̇2⟩  = −2𝑚̇1 |𝑚1, 𝑚2; 𝑚̇1 −

1

2
, 𝑚̇2 +

1

2
⟩ .

 

𝐶𝔰𝔲(2) = 𝐽0
3𝐽0
3 +

1

2
(𝐽0
+𝐽0
− + 𝐽0

−𝐽0
+) = 𝑗(𝑗 + 1)  

𝐶𝔰𝔲(2) = 𝑗(𝑗 + 1) = (𝑚1 +𝑚2)(𝑚1 +𝑚2 + 1),

𝐶̂𝔰𝔲(2) = 𝚥(𝚥 + 1) = (𝑚̇1 + 𝑚̇2)(𝑚̇1 + 𝑚̇2 + 1).
 

(𝜓𝑏
†𝜓𝑎)

0
|𝑚1,𝑚2; 𝑚̇1, 𝑚̇2⟩ = 0, 𝑉0|𝑚1, 𝑚2; 𝑚̇1, 𝑚̇2⟩ = −2|𝑚1,𝑚2; 𝑚̇1, 𝑚̇2⟩.  

ℬ0|𝑚1, 𝑚2; 𝑚̇1, 𝑚̇2⟩  = (𝑚1 +𝑚2 − 𝑚̇1 − 𝑚̇2)|𝑚1, 𝑚2; 𝑚̇1, 𝑚̇2⟩

𝒞0|𝑚1,𝑚2; 𝑚̇1, 𝑚̇2⟩  = (𝑚1 +𝑚2 − 𝑚̇1 − 𝑚̇2 − 1)|𝑚1, 𝑚2; 𝑚̇1, 𝑚̇2⟩

𝒟0|𝑚1, 𝑚2; 𝑚̇1, 𝑚̇2⟩  = (𝑚1 +𝑚2 + 𝑚̇1 + 𝑚̇2 + 1)|𝑚1, 𝑚2; 𝑚̇1, 𝑚̇2⟩.
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𝒥2 =
1

2
𝒟0
2 +

1

2
ℒ𝛾  𝛿ℒ

𝛿  𝛾 +
1

2
ℒ̇ 𝛾̇  𝛿̇ℒ̇

𝛿̇ 𝛾̇ −
1

2
ℛ𝑐  𝑑ℛ

𝑑  𝑐

 −
1

2
[𝒬𝑐 𝛾, 𝒮

𝛾  𝑐] +
1

2
[𝒬̇𝛾̇ 𝑐 , 𝒮̇

𝑐 𝛾̇] +
1

2
{𝒫𝛾̇  𝛿 , 𝒦

𝛿  𝛾̇} + ℬ0𝒞0,

 

𝒥2|𝑚1,𝑚2; 𝑚̇1, 𝑚̇2⟩ =
5

2
𝒞0
2|𝑚1, 𝑚2; 𝑚̇1, 𝑚̇2⟩  

◻◻:𝑡2((0,0; [0,2,0])(0)⊕ (0,0; [0,0,0])(−2))

+𝑡
5
2 ((

1

2
, 0; [0,1,1])

(0)

⊕ (
1

2
, 0; [1,0,0])

(−2)

⊕(0,
1

2
; [1,1,0])

(0)

⊕(0,
1

2
; [0,0,1])

(−2)

) 

+𝑡3 ((
1

2
,
1

2
; [0,2,0])

(0)

⊕2 ⋅ (1,0; [0,1,0])(0/−2)⊕2 ⋅ (0,1; [0,1,0])(0/−2)  

⊕ (0,0; [0,0,2])(0)⊕ (0,0; [2,0,0])(0)  

 ⊕ 2 ⋅ (
1

2
,
1

2
; [1,0,1])

(0/−2)

⊕2 ⋅ (
1

2
,
1

2
; [0,0,0])) + 𝒪(𝑡7/2)

 

◻◻: [0,0; [0,2,0]]2
(0)
⊕⨁ 

∞

𝑝=1

  [𝑝 − 1, 𝑝 − 1; [0,0,0]]2𝑝
(−2𝑝)

.  

◻◻◻: 𝑡3((0,0; [0,3,0])(0)⊕ (0,0; [0,1,0])(−3))

 +𝑡
7
2 ((

1

2
, 0; [0,2,1])

(0)

⊕(0,
1

2
; [1,2,0])

(0)

⊕(
1

2
, 0; [1,1,0])⊕ (0,

1

2
; [0,1,1])

 ⊕ (
1

2
, 0; [0,0,1])⊕ (0,

1

2
; [1,0,0]))

+𝑡4 ((
1

2
,
1

2
; [0,3,0])

(0)

⊕2 ⋅ (1,0; [0,2,0])(0/−3)⊕2 ⋅ (0,1; [0,2,0])(0/−3)

⊕ (0,0; [2,1,0])(0)⊕ (0,0; [0,1,2])(0)⊕2 ⋅ (
1

2
,
1

2
; [1,1,1])  

⊕ (1,0; [1,0,1]) ⊕ (0,1; [1,0,1])  

⊕ (
1

2
,
1

2
; [2,0,0])⊕ (

1

2
,
1

2
; [0,0,2])⊕ 4 ⋅ (

1

2
,
1

2
; [0,1,0]) ⊕ 2 ⋅ (0,0; [1,0,1]) 

 ⊕ 2 ⋅ (1,0; [0,0,0]) ⊕ 2 ⋅ (0,1; [0,0,0])) + 𝒪(𝑡9/2)

 

◻
◻
◻
: 𝑡3((0,0; [2,0,0])(−3)⊕ (0,0; [0,0,2])(−3))

+𝑡
7
2 ((

1

2
, 0; [1,1,0]) ⊕ (0,

1

2
; [0,1,1])⊕ (

1

2
, 0; [1,0,2])⊕ (0,

1

2
; [2,0,1]) 

+ (
1

2
, 0; [0,0,1])⊕ (0,

1

2
; [1,0,0]))

+𝑡4(2 ⋅ (0,0; [0,2,0])(−3)⊕ (1,0; [0,1,2])(−3)⊕ (0,1; [2,1,0])(−3)

⊕ 2 ⋅ (
1

2
,
1

2
; [1,1,1]) ⊕ 2 ⋅ (1,0; [1,0,1]) ⊕ 2 ⋅ (0,1; [1,0,1])  

⊕ 2 ⋅ (
1

2
,
1

2
; [2,0,0]) ⊕ 2 ⋅ (

1

2
,
1

2
; [0,0,2])⊕ 3 ⋅ (

1

2
,
1

2
; [0,1,0])  

 ⊕ 2 ⋅ (0,0; [1,0,1]) ⊕ 2 ⋅ (0,0; [0,0,0])) + 𝒪(𝑡9/2)

 

◻◻◻: [0,0; [0,3,0]]3
(0)

⏟          
𝒱0,0

⊕ [0,0; [0,1,0]]3
(−3)

⏟          
𝒱0,2

⊕⋯
 

◻
◻
◻
: [0,0; [2,0,0]]3

(−3)
⏟          

𝒱−1,0

⊕ [0,0; [0,0,2]]3
(−3)

⏟          
𝒱1,0

⊕⋯ ,  
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◻◻:𝑡2(0,0)(0) + 𝑡3 (
1

2
,
1

2
)
(0)

+ 𝑡4(2 ⋅ (1,1)(0/−2)⊕ (0,0)(0))

 +𝑡5 (2 ⋅ (
3

2
,
3

2
)
(0/−2)

⊕ (
1

2
,
3

2
)
(−2)

⊕(
3

2
,
1

2
)
(−2)

⊕(
1

2
,
1

2
)
(0)

) + 𝒪(𝑡6)

 

 

 

{𝜓𝑟
𝛼 , 𝜒𝑠

𝛽
} = 𝜖𝛼𝛽𝛿𝑟,−𝑠 , [𝜉𝑟

𝛼 , 𝜂𝑠
𝛽
] = 𝜖𝛼𝛽𝛿𝑟,−𝑠  

𝐽𝑚
3  = −

1

2
(𝜂+𝜉−)𝑚 −

1

2
(𝜂−𝜉+)𝑚, 𝐾𝑚

3  = −
1

2
(𝜒+𝜓−)𝑚 −

1

2
(𝜒−𝜓+)𝑚

𝐽𝑚
±  = (𝜂±𝜉±)𝑚, 𝐾𝑚

±  = ±(𝜒±𝜓±)𝑚

𝑆𝑚
𝛼𝛽+

 = (𝜒𝛽𝜉𝛼)
𝑚
, 𝑆𝑚
𝛼𝛽−

 = −(𝜂𝛼𝜓𝛽)
𝑚

𝑈𝑚  = −
1

2
(𝜂+𝜉−)𝑚 +

1

2
(𝜂−𝜉+)𝑚, 𝑉𝑚  = −

1

2
(𝜒+𝜓−)𝑚 +

1

2
(𝜒−𝜓+)𝑚

 

𝜉𝑟
± = 𝜉

𝑟±
𝑤
2

± , 𝜂̃𝑟
± = 𝜂

𝑟±
𝑤
2

± , 𝜓̃𝑟
± = 𝜓

𝑟∓
𝑤
2

± , 𝜒̃𝑟
± = 𝜒

𝑟∓
𝑤
2

±
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𝐽𝑛
3 = 𝐽𝑛

3 −
𝑤

2
𝛿𝑛,0         𝐾̃𝑛

3 = 𝐾𝑛
3 −

𝑤

2
𝛿𝑛,0        

𝑈̃𝑚= 𝑈𝑛          𝑉̃𝑛= 𝑉𝑛          

𝐿̃𝑛 = 𝐿𝑛 −𝑤(𝐾𝑛
3 − 𝐽𝑛

3),        𝑍̃𝑛 = 𝑍𝑛         

 

𝜂𝑟
±|0⟩ = 𝜉𝑟

±|0⟩ = 𝜒𝑟
±|0⟩ = 𝜓𝑟

±|0⟩ = 0 𝑟 ≥
1

2
 

𝑈0|0⟩ = 𝑉0|0⟩ = 𝑍0|0⟩ = 0  

|0⟩1 = |
1

2
, 0⟩  

𝐽0
3|𝑚1, 𝑚2⟩  = (𝑚1 +𝑚2)|𝑚1,𝑚2⟩

𝑈0|𝑚1, 𝑚2⟩  = (𝑚1 −𝑚2 −
1

2
) |𝑚1, 𝑚2⟩

 

𝜒0
+|𝑚1,𝑚2⟩ = 𝜓0

+|𝑚1, 𝑚2⟩ = 0,𝐾0
3|𝑚1, 𝑚2⟩ = +

1

2
|𝑚1, 𝑚2⟩  

 

𝜒ℎ
(BPS)

(𝑡, 𝑦) =
𝑡ℎ+1

1 − 𝑡
(𝜒ℎ+1(𝑦) + 2𝑡

1/2𝜒
ℎ+
1
2
(𝑦) + 𝑡𝜒ℎ(𝑦))  

 

 

∑  

∞

𝑛=0

  𝑐𝑛𝑥
𝑛 =

1

(1 − 𝑥2)(1 − 𝑥3)
 

 

𝑐𝑛 = 1 + ⌊
𝑛

6
⌋ − 𝛿𝑛,1

(6)
, 𝛿𝑛,1
(6)
= {
1  if 𝑛 = 1mod6
0  otherwise 

 

𝑆2
𝜂𝜉
= 𝜂1

+𝜉1
+, 𝑆1

𝜂𝜉
= 𝜂1

+𝜉0
+ + 𝜂0

+𝜉1
+  

𝑆2
𝜂𝜉
𝑆2
𝜒𝜓
 = 𝑆2

𝜒𝜉
𝑆2
𝜂𝜓

𝑆2
𝜂𝜉
𝑆1
𝜒𝜓
+ 𝑆1

𝜂𝜉
𝑆2
𝜒𝜓
 = 𝑆2

𝜒𝜉
𝑆1
𝜂𝜓
+ 𝑆1

𝜒𝜉
𝑆2
𝜂𝜓

 

(𝑆2
𝜂𝜉
)
3𝑚−1

𝑆2
𝜒𝜓
|0⟩3  ⟷ 𝜒1

2
(𝑦)𝜒

3𝑚+
1
2

𝒩=4 (𝑡, 𝑦),  (C.20) 

(𝑆2
𝜂𝜉
)
3𝑚−𝑟

(𝑆1
𝜂𝜉
)
2𝑟−1

𝑆1
𝜒𝜓
|0⟩3  ⟷ 𝜒1

2
(𝑦)𝜒

3𝑚+
1
2
+𝑟

𝒩=4 (𝑡, 𝑦), (𝑟 = 1,… ,3𝑚), (𝑟 = 0,… ,3𝑚 − 2),

(𝑆2
𝜂𝜉
)
3𝑚−2−𝑟

(𝑆1
𝜂𝜉
)
2𝑟+1

𝑆1
𝜒𝜉
𝑆2
𝜒𝜓
|0⟩3  ⟷ 𝜒3𝑚+𝑟+1

𝒩=4 (𝑡, 𝑦), (𝑟 = 0,… ,3𝑚 − 2),

(𝑆2
𝜂𝜉
)
3𝑚−2−𝑟

(𝑆1
𝜂𝜉
)
2𝑟+1

𝑆1
𝜂𝜓
𝑆2
𝜒𝜓
|0⟩3  ⟷ 𝜒3𝑚+𝑟+1

𝒩=4 (𝑡, 𝑦), (𝑟 = 0,… ,3𝑚 − 2),
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(𝑆2
𝜂𝜉
)
3𝑚+1−𝑟

(𝑆1
𝜂𝜉
)
2𝑟
𝑆1
𝜒𝜓
|0⟩3⟷ 𝜒1

2
(𝑦)𝜒

3𝑚+
5
2
+𝑟

𝒩=4 (𝑡, 𝑦), (𝑟 = 0,… ,3𝑚 + 1) 

(𝑆2
𝜂𝜉
)
3𝑚−𝑟

(𝑆1
𝜂𝜉
)
2𝑟
𝑆1
𝜒𝜉
𝑆2
𝜒𝜓
|0⟩3⟷ 𝜒3𝑚+𝑟+2

𝒩=4 (𝑡, 𝑦), (𝑟 = 0,… ,3𝑚)  

(𝑆2
𝜂𝜉
)
3𝑚−𝑟

(𝑆1
𝜂𝜉
)
2𝑟
𝑆1
𝜂𝜓
𝑆2
𝜒𝜓
|0⟩3 ⟷ 𝜒3𝑚+𝑟+2

𝒩=4 (𝑡, 𝑦), (𝑟 = 0,… ,3𝑚)

 

𝑍𝐿0=−6𝑚
(3)

(𝑡, 𝑦)  = ∑  

3𝑚

𝑟=0

 𝜒1
2
(𝑦)𝜒

3𝑚+
1
2
+𝑟

𝒩=4 (𝑡, 𝑦) + 2 ∑  

3𝑚−2

𝑟=0

 𝜒3𝑚+1+𝑟
𝒩=4 (𝑡, 𝑦)

𝑍𝐿0=−6𝑚−3
(3)

(𝑡, 𝑦)  = ∑  

3𝑚+1

𝑟=0

 𝜒1
2
(𝑦)𝜒

3𝑚+
5
2
+𝑟

𝒩=4 (𝑡, 𝑦) + 2∑  

3𝑚

𝑟=0

 𝜒3𝑚+2+𝑟
𝒩=4 (𝑡, 𝑦)

 

𝑍◻◻◻
(3)

(𝑡, 𝑦) + 𝑍◻
◻
◻

(3)
(𝑡, 𝑦) = 𝜒1

2

(BPS)
(𝑡, 𝑦) + ∑  

∞

𝑚=0

  [𝑍𝐿0=−6𝑚−6
(3)

(𝑡, 𝑦) + 𝑍𝐿0=−6𝑚−3
(3)

(𝑡, 𝑦)]  

(𝜕𝜙1 , 𝜕𝜙2), (𝜕𝜙‾1, 𝜕𝜙‾2), (𝜓1, 𝜓2), (𝜓‾1, 𝜓‾2)  

𝜕𝜙𝑖(𝑧)𝜕𝜙‾ 𝑗(𝑤) ∼
𝛿𝑖𝑗

(𝑧 − 𝑤)2
, 𝜓𝑖(𝑧)𝜓‾ 𝑗(𝑤) ∼

𝛿𝑖𝑗

𝑧 − 𝑤
 

𝐽 = 𝜓‾1𝜓1 + 𝜓‾2𝜓2

𝐺+  = √2(𝜕𝜙1𝜓‾1 + 𝜕𝜙2𝜓‾2)

𝐺−  = √2(𝜕𝜙‾1𝜓1 + 𝜕𝜙‾2𝜓2)

𝐿 =
1

2
(𝜕𝜓‾1𝜓1 −𝜓‾1𝜕𝜓1 + 𝜕𝜓‾2𝜓2 − 𝜓‾2𝜕𝜓2) + 𝜕𝜙‾1𝜕𝜙1 + 𝜕𝜙‾2𝜕𝜙2

 

𝐽+ = 𝜓‾1𝜓‾2, 𝐽− = 𝜓2𝜓1  

𝐺′+ = √2(𝜓‾1𝜕𝜙‾2 − 𝜓‾2𝜕𝜙‾1), 𝐺′− = √2(𝜓1𝜕𝜙2 − 𝜓2𝜕𝜙1)  

𝜕𝑙𝑆𝑖𝜕𝑚𝑆‾𝑖 , 𝑖 = 1,2, 𝜕𝑙𝑆1𝜕𝑚𝑆2, 𝜕𝑙𝑆‾1𝜕𝑚𝑆‾2  

𝑊(1) = 𝜓‾1𝜓1 − 𝜓‾2𝜓2.  

𝑆1 ↦ 𝑆2 ↦ −𝑆1, 𝑆‾1 ↦ 𝑆‾2 ↦ −𝑆‾1.  

𝜓‾−𝑟
1 |0⟩NS, 𝜓−𝑟

2 |0⟩NS, 𝛼‾−𝑛
1 |0⟩NS, 𝛼−𝑛

2 |0⟩NS,  

𝜓−𝑟
1 |0⟩NS, 𝜓‾−𝑟

2 |0⟩NS, 𝛼−𝑛
1 |0⟩NS, 𝛼‾−𝑛

2 |0⟩NS.  

𝛼0
𝑖 |0⟩(2) = 𝛼‾0

𝑖 |0⟩(2) = 0, 𝜓‾0
1|0⟩(2) = 𝜓‾0

2|0⟩(2) = 0  

𝐽0
−|0⟩(2) = 𝜓0

2𝜓0
1|0⟩(2) 

𝐺
−
1
2

− |0⟩(2) = (𝛼‾
−
1
2

1 𝜓0
1 + 𝛼‾

−
1
2

2 𝜓0
2) |0⟩(2)

𝐺
−
1
2

′− |0⟩(2) = (𝛼
−
1
2

2 𝜓0
1 − 𝛼

−
1
2

1 𝜓0
2) |0⟩(2)

 

|0⟩𝑤 = [|0⟩]
(𝑤) 

𝜆𝑟
𝛼[|0⟩](𝑤) = [𝜎𝑤(𝜆𝑟

𝛼)|0⟩](𝑤) 

𝜎𝑤(𝜆𝑟
𝛼) = 𝜆

𝑟+
𝑤
2

𝛼  

𝑆 =
1

𝑔2
Tr𝑈(𝑁̂) (

1

4
[𝐴̂𝜇 , 𝐴̂𝜈]

2
)  
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𝑆 = ∫  𝑑𝑑𝑥
1

𝑔̃2
tr (−

1

4
𝐹𝜇𝜈
2 )

∗
 

𝑆 =
𝑁̂

𝑔𝑚
2𝜋𝑖𝜏Str ({𝐴̂𝛼 , 𝐴̂𝛼̇}

2

)  

𝑆 =
𝑁̂

𝑔̃𝑚
∫  𝑑2𝜃2𝜋𝑖𝜏Tr𝑈(𝑁̂) (−

1

4

𝜕

𝜕𝜃‾𝛼̇
𝜕

𝜕𝜃‾𝛼̇
𝑒−𝒱̂

𝜕

𝜕𝜃𝛼
𝑒𝒱̂)

⋆

2

+  c.c.  

𝑆 = ∫  𝑑4𝑥𝑑2𝜃2𝜋𝑖𝜏Tr𝑈(𝑛) (−
1

4
𝐷‾ 𝛼̇𝐷‾

𝛼̇𝑒−𝑉𝐷𝛼𝑒
𝑉)
∗

2

+  c.c..  

𝑆 =
𝑁̂

𝑔𝑚
2𝜋𝑖𝜏Str (𝜖𝛼𝛽𝜖𝛼̇𝛽̇ {𝐴̂𝛼 , 𝐴̂

𝛼̇

} {𝐴̂𝛽 , 𝐴̂
𝛽̇

}) ,  

𝐴̂𝛼 = 𝐴𝑖𝛼
𝑎 𝑇𝑎⊗ 𝑡𝑖 

Str(𝑂̂) ≡ Tr ((
12𝑁̂

−12𝑁̂
) 𝑂̂)  

Tr𝐹𝜇𝜈𝐹̃
𝜇𝜈 → Tr(𝜖𝜇𝜈𝜌𝜎[𝐴̂𝜇 , 𝐴̂𝜈][𝐴̂𝜌, 𝐴̂𝜎]) = 0 

𝐴̂𝛼
′ = 𝑒−𝑖𝐾̂𝐴̂𝛼𝑒

𝑖𝐾̂ , 𝐴̂𝛼̇
′

= 𝑒−𝑖𝐾̂𝐴̂𝛼̇𝑒
𝑖𝐾̂  

𝐾̂ = 𝐾𝑖
𝑎𝑇𝑎⊗ 𝑡𝑖 

 

{𝐴̂𝛼 , 𝐴̂𝛽} = {𝐴̂𝛼̇ , 𝐴̂𝛽̇} = 0  

{𝜃̂𝛼 , 𝜃̂
𝛼̇

} = 𝛾𝛼𝛼̇

{𝜃̂𝛼 , 𝜃̂𝛽} = {𝜃̂
𝛼̇

, 𝜃̂
𝛽̇

} = 0

 

𝜃̂1 = √𝛾(

0 0 0 1
0 0 0 0
0 −1 0 0
0 0 0 0

) , 𝜃̂2 = √𝛾(

0 0 1 0
0 0 0 0
0 0 0 0
0 1 0 0

) ,

𝜃̂
i

= √𝛾(

0 0 0 0
0 0 −1 0
0 0 0 0
1 0 0 0

) , 𝜃̂
2

= √𝛾(

0 0 0 0
0 0 0 1
1 0 0 0
0 0 0 0

) .

 

𝑂̂ = ∫  24𝑑2𝜅𝑑2𝜅‾𝑂̃(𝜅, 𝜅‾)𝑒𝜅
𝛼𝜃̂𝛼+𝜅‾ 𝛼̇𝜃̂

𝛼̇

⟷𝑂(𝜃, 𝜃‾) = ∫  24𝑑2𝜅𝑑2𝜅‾𝑂̃(𝜅, 𝜅‾)𝑒𝜅
𝛼𝜃𝛼+𝜅‾ 𝛼̇𝜃‾

𝛼̇
 

𝑂1 ⋆ 𝑂2(𝜃, 𝜃‾) = exp (−
1

2
𝛾𝛼𝛼̇ (

𝜕

𝜕𝜃1
𝛼

𝜕

𝜕𝜃‾2
𝛼̇
+

𝜕

𝜕𝜃‾1
𝛼̇

𝜕

𝜕𝜃2
𝛼))𝑂1(𝜃1, 𝜃‾1)𝑂2(𝜃2, 𝜃‾2)|

𝜃=𝜃1=𝜃2

 

𝜋̂𝛼 ≡ 𝛽𝛼𝛼̇𝜃̂
𝛼̇

, 𝜋̂𝛼̇ ≡ 𝛽𝛼𝛼̇𝜃̂
𝛼 , 𝜋̂𝛼 ≡ 𝛽𝛼𝛼̇𝜃̂

𝛼̇

, 𝜋̂𝛼̇ ≡ 𝛽𝛼𝛼̇𝜃̂
𝛼  

𝛾𝛼𝛼̇𝛽𝛼̇𝛽 = 𝛿𝛽
𝛼 , 𝛽𝛼̇𝛼𝛾

𝛼𝛽̇ = 𝛿𝛼̇
𝛽̇  

{𝜋̂𝛼 , 𝜃̂
𝛽} = 𝛿𝛼

𝛽
, {𝜋̂𝛼̇ , 𝜃̂

𝛽̇

} = 𝛿𝛼̇
𝛽̇
, {𝜋̂𝛼 , 𝜋̂𝛼̇} = 𝛽𝛼𝛼̇

{𝜋̂𝛼 , 𝜃̂
𝛼̇

} = {𝜋̂𝛼̇ , 𝜃̂
𝛼} = {𝜋̂𝛼 , 𝜋̂𝛽} = {𝜋̂𝛼̇ , 𝜋̂𝛽̇} = 0
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∫  𝑑2𝜃𝑑2𝜃‾𝑂 =
1

4𝛾2
Tr𝐺𝐿(4,𝑅) ((

12
−12

) 𝑂̂) ≡
1

4det𝛾
Str𝑂̂  

𝑆 =
𝑁̂

𝑔𝑚
2𝜋𝑖𝜏Str (𝜖𝛼𝛽𝜖𝛼̇𝛽̇ {𝐴̂𝛼 , 𝐴̂

𝛼̇

} {𝐴̂𝛽 , 𝐴̂
𝛽̇

} + Λ̂𝛼𝛽{𝐴̂𝛼 , 𝐴̂𝛽} + Λ̂𝛼̇𝛽̇ {𝐴̂
𝛼̇

, 𝐴̂
𝛽̇

}) ,  

[𝐴̂𝛼̇ , {𝐴̂
𝛼̇

, 𝐴̂𝛼}] + [Λ̂𝛼𝛽 , 𝐴̂𝛽] = 0

[𝐴̂𝛼 , {𝐴̂𝛼 , 𝐴̂𝛼̇}] + [Λ̂𝛼̇𝛽̇ , 𝐴̂
𝛽̇

] = 0

{𝐴̂𝛼 , 𝐴̂𝛽} = {𝐴̂𝛼̇ , 𝐴̂𝛽̇} = 0

 

𝐴̂𝛼 = 𝜋̂𝛼⊗1𝑁̂, 𝐴̂𝛼̇ = 𝜋̂𝛼̇⊗1𝑁̂, Λ̂𝛼𝛽 = Λ̂𝛼̇𝛽̇ = 0  

𝐴̂𝛼 = 𝑒
−𝜔̂𝜋̂𝛼𝑒

𝜔̂, 𝐴̂𝛼̇ = 𝑒𝜔̂𝜋‾̂𝛼̇𝑒
−𝜔̂  

𝑆 =
𝑁̂

𝑔𝑚
2𝜋𝑖𝜏Str ({𝑒−𝜔̂𝜋̂𝛼𝑒

𝜔̂, 𝑒𝜔̂𝜋̂𝛼̇𝑒
−𝜔̂}

2
)  

𝑆 =
𝑁̂

𝑔𝑚
4det𝛾∫  𝑑2𝜃𝑑2𝜃‾2𝜋𝑖𝜏Tr𝑈(𝑁̂) (({𝑒

−Ω̂
𝜕

𝜕𝜃𝛼
𝑒Ω̂, 𝑒Ω̂

𝜕

𝜕𝜃‾𝛼̇
𝑒−Ω̂} + 𝛽𝛼𝛼̇)

2

)
⋆

 

𝑆 =
𝑁̂

𝑔𝑚
4det𝛾∫  𝑑2𝜃𝑑2𝜃‾2𝜋𝑖𝜏Tr ({𝑒−Ω̂

𝜕

𝜕𝜃𝛼
𝑒Ω̂, 𝑒Ω̂

𝜕

𝜕𝜃‾𝛼̇
𝑒−Ω̂}

2

+2𝛽𝛼𝛼̇ {𝑒−Ω̂
𝜕

𝜕𝜃𝛼
𝑒Ω̂, 𝑒Ω̂

𝜕

𝜕𝜃‾𝛼̇
𝑒−Ω̂} + (𝛽𝛼𝛼̇)

2
)
⋆

 

𝑆 =
𝑁̂

𝑔𝑚
4det𝛾 ∫  𝑑2𝜃𝑑2𝜃‾2𝜋𝑖𝜏Tr ({𝑒−Ω̂

𝜕

𝜕𝜃𝛼
𝑒Ω̂, 𝑒Ω̂

𝜕

𝜕𝜃‾𝛼̇
𝑒−Ω̂}

2

)
⋆

=2
𝑁̂

𝑔𝑚
det𝛾∫  𝑑2𝜃𝑑2𝜃‾2𝜋𝑖𝜏Tr (𝑒−Ω̂ {𝑒−Ω̂

𝜕

𝜕𝜃𝛼
𝑒Ω̂, 𝑒Ω̂

𝜕

𝜕𝜃‾𝛼̇
𝑒−Ω̂} 𝑒Ω̂)

⋆

2

 +2
𝑁̂

𝑔𝑚
det𝛾 ∫  𝑑2𝜃𝑑2𝜃‾2𝜋𝑖𝜏Tr (𝑒Ω̂ {𝑒−Ω̂

𝜕

𝜕𝜃𝛼
𝑒Ω̂, 𝑒Ω̂

𝜕

𝜕𝜃‾𝛼̇
𝑒−Ω̂} 𝑒−Ω̂)

⋆

2

 

𝑒𝒱̂ ≡ 𝑒Ω̂𝑒Ω̂  

𝑆 = 2
𝑁̂

𝑔𝑚
det𝛾∫  𝑑2𝜃𝑑2𝜃‾2𝜋𝑖𝜏Tr (

𝜕

𝜕𝜃‾𝛼̇
𝑒−𝒱̂

𝜕

𝜕𝜃𝛼
𝑒𝒱̂)

⋆

2

 +2
𝑁̂

𝑔𝑚
det𝛾 ∫  𝑑2𝜃𝑑2𝜃‾2𝜋𝑖𝜏Tr (

𝜕

𝜕𝜃𝛼
𝑒𝒱̂

𝜕

𝜕𝜃‾𝛼̇
𝑒−𝒱̂)

⋆

2 

∫  𝑑2𝜃‾ = −
1

4
𝜖𝛼̇𝛽̇

𝜕

𝜕𝜃‾𝛼̇
𝜕

𝜕𝜃‾𝛽̇
 

𝑆 = 8
𝑁̂

𝑔𝑚
det𝛾∫  𝑑2𝜃2𝜋𝑖𝜏Tr (−

1

4

𝜕

𝜕𝜃‾𝛼̇
𝜕

𝜕𝜃‾𝛼̇
𝑒−𝒱̂

𝜕

𝜕𝜃𝛼
𝑒𝒱̂)

⋆

2

 

+8
𝑁̂

𝑔𝑚
det𝛾 ∫  𝑑2𝜃‾2𝜋𝑖𝜏Tr (−

1

4

𝜕

𝜕𝜃𝛼
𝜕

𝜕𝜃𝛼
𝑒𝒱̂

𝜕

𝜕𝜃‾𝛼̇
𝑒−𝒱̂)

⋆

2

 

𝑆 = −
1

𝑔2
Tr (

1

4
[𝐴̂𝜇 , 𝐴̂𝜈]

2
+
1

2
Ψ̂Γ𝜇[𝐴̂𝜇 , Ψ̂]) ,  

(𝛿𝑒𝒱̂)𝑒−𝒱̂
𝜕

𝜕𝜃𝛼
(𝑒𝒱̂ (−

1

4

𝜕

𝜕𝜃‾𝛼̇
𝜕

𝜕𝜃‾𝛼̇
𝑒−𝒱̂

𝜕

𝜕𝜃𝛼
𝑒𝒱̂) 𝑒−𝒱̂) = 0  

𝑒𝒱̂ = 𝑒−2𝜃𝜎
𝜇𝜃‾ 𝑝̂𝜇⊗1𝑛  
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𝐴̂𝜇 = 𝑝̂𝜇⊗1𝑛 

𝐴̂𝛼 = 𝑒
𝜃̂𝜎𝜇𝜃̂𝑝̂𝜇𝜋̂𝛼𝑒

−𝜃̂𝜎𝜇𝜃̂𝑝̂𝜇  

𝑒𝒱̂ = 𝑒−𝜃𝜎
𝜇𝜃‾ 𝑝̂𝜇𝑒𝑉̂𝑒−𝜃𝜎

𝜇𝜃‾ 𝑝̂𝜇 = 𝑒 𝐴̂𝑒𝑉̂𝑒 𝐴̂  

𝑆=
8𝑁̂det𝛾

𝑔𝑚
∫  𝑑2𝜃2𝜋𝑖𝜏Tr (−

1

4

𝜕

𝜕𝜃‾𝛼̇
𝜕

𝜕𝜃‾𝛼̇
𝑒−𝐴̂𝑒−𝑉̂𝑒−𝐴̂

𝜕

𝜕𝜃𝛼
𝑒 𝐴̂𝑒𝑉̂𝑒 𝐴̂)

2

+  c.c.  

=
8𝑁̂det𝛾

𝑔𝑚
∫  𝑑2𝜃2𝜋𝑖𝜏Tr (−

1

4

𝜕

𝜕𝜃‾𝛼̇
𝜕

𝜕𝜃‾𝛼̇
𝑒−𝐴̂𝑒−𝑉̂𝑒 𝐴̂𝑒−2𝐴̂

𝜕

𝜕𝜃𝛼
𝑒2𝐴̂𝑒−𝐴̂𝑒𝑉̂𝑒 𝐴̂)

2

+  c.c.  

 

𝑒−𝐴̂𝑓(𝑥̂)𝑒 𝐴̂  = 𝑒𝜃𝜎
𝜇𝜃‾ 𝑝̂𝜇𝑓(𝑥̂)𝑒−𝜃𝜎

𝜇𝜃‾ 𝑝̂𝜇 = 𝑓(𝑥̂ − 𝑖𝜃𝜎𝜇𝜃‾),

𝑒−2𝐴̂
𝜕

𝜕𝜃𝛼
𝑒2𝐴̂  =

𝜕

𝜕𝜃𝛼
− 2𝜎𝛼𝛼̇

𝜇
𝜃‾𝛼̇𝑝̂𝜇 − 2(𝜃𝜎

𝜇𝜃‾)𝜎𝛼𝛼̇
𝜈 𝜃‾𝛼̇𝑖𝐵𝜇𝜈 ,

𝜕

𝜕𝜃‾𝛼̇
𝑒−𝑉̂𝑝̂𝜇𝑒

𝑉̂  =
𝜕

𝜕𝜃‾𝛼̇
𝑒−𝑉̂[𝑝̂𝜇 , 𝑒

𝑉̂] +
𝜕

𝜕𝜃‾𝛼̇
𝑝̂𝜇 =

𝜕

𝜕𝜃‾𝛼̇
𝑒−𝑉̂[𝑝̂𝜇, 𝑒

𝑉̂],

 

𝑆 =
8𝑁̂det𝛾

𝑔𝑚(2𝜋)
2√det𝐶

2𝜋𝑖𝜏 ×

∫  𝑑4𝑥𝑑2𝜃Tr𝑈(𝑛) (−
1

4

𝜕

𝜕𝜃‾𝛼̇
𝜕

𝜕𝜃‾𝛼̇
𝑒−𝑉(𝑥−𝑖𝜃𝜎𝜃

‾ ,𝜃,𝜃‾ ) (
𝜕

𝜕𝜃𝛼
+ 2𝑖𝜎𝛼𝛼̇

𝜇
𝜃‾𝛼̇𝜕𝜇) 𝑒

𝑉(𝑥−𝑖𝜃𝜎𝜃‾ ,𝜃,𝜃‾ ))
∗

2

+  c.c. 

  

 

𝐷𝛼 =
𝜕

𝜕𝜃𝛼
+ 2𝑖𝜎𝛼𝛼̇

𝜇
𝜃‾𝛼̇

𝜕

𝜕𝑦𝜇
, 𝐷‾ 𝛼̇ = −

𝜕

𝜕𝜃‾𝛼̇
 

𝑁̂

𝑔𝑚
=
(2𝜋)2√det𝐶

8det𝛾
 

𝑆 = ∫  𝑑4𝑦𝑑2𝜃2𝜋𝑖𝜏Tr (−
1

4
𝐷‾ 𝛼̇𝐷‾

𝛼̇𝑒−𝑉𝐷𝛼𝑒
𝑉)
∗

2

+  c.c.  

𝐴̂𝛼 ↔ ∇𝛼 , 𝐴̂𝛼̇ ↔ ∇‾ 𝛼̇  

[𝐴̂𝛼̇ , Φ̂] = 0, [𝐴̂𝛼 , Φ̂] = 0  

𝑆 =
𝑁̂

𝑔𝑚
Str (2𝜋𝑖𝜏 {𝐴̂𝛼 , 𝐴̂𝛼̇}

2

+ 2Φ̂Φ̂) +
𝑁̂

𝑔𝑚
2Str′(𝑊(Φ̂)) +  c.c.  

{𝐴̂𝛼 , Θ̂
𝛽} = 𝛿𝛼

𝛽
, {𝐴̂𝛼̇ , Θ̂

𝛽̇

} = 𝛿𝛼̇
𝛽̇  

Str′𝑂̂ ≡ Str (Θ̂
2

𝑂̂)  

[𝜋̂𝛼̇ , Φ̂0] = 0, [𝜋̂𝛼 , Φ̂0] = 0  

Str′𝑊(Φ̂) = Str (𝜃̂
2

𝑊(Φ̂0))  = 4det𝛾 ∫  𝑑2𝜃𝑑2𝜃‾Tr𝑈(𝑁̂) (𝜃‾
2𝑊(Φ̂0(𝜃)))

⋆

 = 4det𝛾 ∫  𝑑2𝜃Tr𝑈(𝑁̂) (𝑊(Φ̂0(𝜃)))
⋆

 

𝑆 =
𝑁̂

𝑔𝑚
2Str (𝑒−𝒱̂Φ̂0𝑒

𝒱̂Φ̂0)

+
𝑁̂

𝑔𝑚
2Str𝜃̂

2

(2𝜋𝑖𝜏 (−
1

4
[𝜋̂𝛼̇ , {𝜋̂

𝛼̇
, 𝑒−𝒱̂[𝜋̂𝛼 , 𝑒

𝒱̂]}])
2

+𝑊(Φ̂0)) +  c.c. 
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𝑆 =
𝑁̂

𝑔𝑚
2𝜋𝑖𝜏Str ({𝐴̂𝛼 , 𝐴̂𝛼̇}

2

+ 2Φ̂Φ̂)  

𝛿𝜖𝐴̂𝛼 = 𝜖𝛼Φ̂

𝛿𝜖Φ̂ = −𝜖
𝛼 [𝐴̂𝛼̇ , {𝐴̂

𝛼̇

, 𝐴̂𝛼}]

𝛿𝜖‾ 𝐴̂𝛼̇ = 𝜖‾𝛼̇Φ̂

𝛿𝜖‾ Φ̂ = −𝜖‾𝛼̇ [𝐴̂
𝛼 , {𝐴̂𝛼 , 𝐴̂

𝛼̇

}]

 

(𝛿𝜖‾𝛿𝜖 − 𝛿𝜖𝛿𝜖‾ )Φ̂ = 2𝜖
𝛼𝜖‾𝛼̇ [{𝐴̂

𝛼̇

, 𝐴̂𝛼} , Φ̂]  

𝑆 =
𝑁̂

𝑔𝑚
Str ({𝐴̂𝛼 , 𝐴̂𝛼̇}

2

+ 2Φ̂1Φ̂1 + 2Φ̂2Φ̂2 + 2Φ̂3Φ̂3)

+
𝑁̂

𝑔𝑚
2Str′(Φ̂1[Φ̂2, Φ̂3]) +  c.c.  

 

{𝜃̂𝛼 , 𝜃̂ 𝛼̇} = 𝛾𝛼𝛼̇ , {𝜃̂𝛼 , 𝜃̂𝛽} = {𝜃̂𝛼̇, 𝜃̂𝛽̇} = 0  

{𝜃̂𝛼 , 𝜃̂𝛽} = 𝛾𝛼𝛽 , {𝜃̂
𝛼̇

, 𝜃̂
𝛽̇

} = 𝛾∗𝛼̇𝛽̇ , {𝜃̂𝛼 , 𝜃̂
𝛼̇

} = 0  

𝜋̂𝛼 = 𝛽𝛼𝛽𝜃̂
𝛽 , 𝜋̂𝛼̇ = 𝛽𝛼̇𝛽̇

∗ 𝜃̂
𝛽̇

 

𝛽𝛼𝛽𝛾
𝛽𝛾 = 𝛿𝛼

𝛾
, 𝛽𝛼̇𝛽̇
∗ 𝛾𝛽̇𝛾̇ = 𝛿𝛼̇

𝛾̇
 

𝐷‾ 𝛼̇Φ = 0, 𝐷𝛼Φ‾ = 0  

𝐷𝛼=
𝜕

𝜕𝜃𝛼
+ 𝑖𝜎𝛼𝛼̇

𝜇
𝜃‾𝛼̇𝜕𝜇 = 𝑒

−𝐴
𝜕

𝜕𝜃𝛼
𝑒𝐴  

𝐷‾ 𝛼̇ = −
𝜕

𝜕𝜃‾𝛼̇
− 𝑖𝜃𝛼𝜎𝛼𝛼̇

𝜇
𝜕𝜇 = 𝑒

𝐴 (−
𝜕

𝜕𝜃‾𝛼̇
) 𝑒−𝐴 

 

Φ = Φ(𝑒𝐴𝑥𝑒−𝐴, 𝑒𝐴𝜃𝑒−𝐴), Φ‾ = Φ‾ (𝑒−𝐴𝑥𝑒𝐴, 𝑒−𝐴𝜃‾𝑒𝐴)  

𝑒𝐴𝑥𝜇𝑒−𝐴 = 𝑥𝜇 + 𝑖𝜃𝜎𝜇𝜃‾ = 𝑦𝜇 , 𝑒𝐴𝜃𝛼𝑒−𝐴 = 𝜃𝛼

𝑒−𝐴𝑥𝜇𝑒𝐴 = 𝑥𝜇 − 𝑖𝜃𝜎𝜇𝜃‾ = 𝑦‾𝜇 , 𝑒−𝐴𝜃‾𝛼̇𝑒𝐴 = 𝜃‾𝛼̇
 

𝐷𝛼≡ 𝑒
−𝐴 ⋆

𝜕

𝜕𝜃𝛼
⋆ 𝑒𝐴 =

𝜕

𝜕𝜃𝛼
+ 𝑖𝜎𝛼𝛼̇

𝜇
𝜃‾𝛼̇𝜕𝜇 +⋯  

𝐷‾ 𝛼̇ ≡ 𝑒
𝐴 ⋆ (−

𝜕

𝜕𝜃‾𝛼̇
) ⋆ 𝑒−𝐴 = −

𝜕

𝜕𝜃‾𝛼̇
− 𝑖𝜃𝛼𝜎𝛼𝛼̇

𝜇
𝜕𝜇 +⋯ 

 

Φ = Φ(𝑒𝐴 ⋆ 𝑥 ⋆ 𝑒−𝐴, 𝑒𝐴 ⋆ 𝜃 ⋆ 𝑒−𝐴) = 𝑒𝐴 ⋆ Φ(𝑥, 𝜃) ⋆ 𝑒−𝐴

Φ‾ = Φ‾ (𝑒−𝐴 ⋆ 𝑥 ⋆ 𝑒𝐴, 𝑒−𝐴 ⋆ 𝜃‾ ⋆ 𝑒𝐴) = 𝑒−𝐴 ⋆ Φ‾ (𝑥, 𝜃‾) ⋆ 𝑒𝐴
 

𝑂(𝜃, 𝜃‾)  = ∫  24𝑑2𝜅𝑑2𝜅‾𝑂̃(𝜅, 𝜅‾)𝑒𝜅
𝛼𝜃𝛼+𝜅‾ 𝛼̇𝜃‾

𝛼̇

𝑂1 ⋆ 𝑂2(𝜃, 𝜃‾)  = exp (−
1

2
𝛾𝛼𝛽

𝜕

𝜕𝜃1
𝛼

𝜕

𝜕𝜃2
𝛽
−
1

2
𝛾𝛼̇𝛽̇

𝜕

𝜕𝜃‾1
𝛼̇

𝜕

𝜕𝜃‾2
𝛽̇
)𝑂1(𝜃1 , 𝜃‾1)𝑂2(𝜃2, 𝜃‾2)|

𝜃=𝜃1=𝜃2

 

𝑆 =∫  𝑑4𝑥𝑑2𝜃𝑑2𝜃‾Tr(𝑒−𝐴Φ‾ (𝑥, 𝜃‾)𝑒𝐴𝑒𝑉(𝑥,𝜃,𝜃
‾ )𝑒𝐴Φ(𝑥, 𝜃)𝑒−𝐴𝑒−𝑉(𝑥,𝜃,𝜃

‾ ))
⋆
 

+∫  𝑑4𝑥𝑑2𝜃Tr(2𝜋𝑖𝜏𝑊𝛼𝑊𝛼 +𝑊(Φ))⋆ +  c.c.   
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Str (∏ 

𝑖

 exp (𝜖𝑖
𝛼𝐴̂𝛼 + 𝜖𝑖

𝛼̇𝐴̂𝛼̇))  

[𝑥̂𝜇 , 𝑥̂𝜈] = −𝑖𝐶𝜇𝜈 ,  

𝑝̂𝜇 = 𝐵𝜇𝜈𝑥̂
𝜈  

[𝑝̂𝜇, 𝑥̂
𝜈] = −𝑖𝛿𝜇

𝜈 , [𝑝̂𝜇, 𝑝̂𝜈] = 𝑖𝐵𝜇𝜈  

𝑆 =
1

𝑔2
Tr (

1

4
[𝐴̂𝜇, 𝐴̂𝜈]

2
) ,  

𝐴𝜇 = 𝑝̂𝜇⊗1𝑛  

𝑆 =
1

𝑔2
Tr (

1

4
[𝑝̂𝜇 + 𝑎̂𝜇, 𝑝̂𝜈 + 𝑎̂𝜈]

2
)  

𝑂̂ = ∫  
𝑑𝑑𝑘

(2𝜋)𝑑
𝑒𝑖𝑘𝜇𝑥̂

𝜇
𝑂̃(𝑘) ↔ 𝑂(𝑥) = ∫  

𝑑𝑑𝑘

(2𝜋)𝑑
𝑒𝑖𝑘𝜇𝑥

𝜇
𝑂̃(𝑘)  

𝑂̂1𝑂̂2 ↔ 𝑂1 ∗ 𝑂2(𝑥) ≡ exp (−
𝑖

2
𝐶𝜇𝜈

𝜕

𝜕𝑥𝜇
𝜕

𝜕𝑦𝜇
)𝑂1(𝑥)𝑂2(𝑦)|

𝑦=𝑥
 

(2𝜋)
𝑑
2√det𝐶Tr𝑈(𝑁̂)(𝑂̂) = ∫  𝑑

4𝑥tr𝑈(𝑛)𝑂(𝑥)  

𝑆 = ∫  𝑑𝑑𝑥
1

𝑔̃2
tr𝑈(𝑛) (−

1

4
𝐹𝜇𝜈
2 )

∗
 

1

𝑔̃2
≡

1

(2𝜋)
𝑑
2√det𝐶

1

𝑔2  

𝐴̂𝜇
′ = 𝑒𝑖Λ̂𝐴̂𝜇𝑒

−𝑖Λ̂  

𝑆 = ∫  𝑑4𝑥𝑑2𝜃𝑑2𝜃‾Tr(Φ‾ 0𝑒
𝑉Φ0𝑒

−𝑉) + ∫  𝑑4𝑥𝑑2𝜃Tr(2𝜋𝑖𝜏𝑊0
𝛼𝑊0𝛼 +𝑊(Φ0)) +  c.c.  

𝑊0𝛼 = −
1

4
𝐷‾ 2𝑒−𝑉𝐷𝛼𝑒

𝑉  

Φ0
′= 𝑒−𝑖ΛΦ0𝑒

𝑖Λ  

Φ‾ 0
′= 𝑒−𝑖Λ‾Φ‾ 0𝑒

𝑖Λ‾  

𝑒𝑉
′
= 𝑒−𝑖Λ‾ 𝑒𝑉𝑒𝑖Λ 

 

∇𝑐𝛼  = 𝑒
−𝑉𝐷𝛼𝑒

𝑉(= 𝐷𝛼 + 𝑒
−𝑉(𝐷𝛼𝑒

𝑉))

∇‾ 𝑐𝛼̇  = 𝐷‾ 𝛼̇
∇𝑐𝛼𝛼̇  = −𝑖{∇𝑐𝛼 , ∇‾ 𝑐𝛼̇}

 

∇𝑐𝛼
′ = 𝑒−𝑖Λ𝑒−𝑉𝑒𝑖Λ‾𝐷𝛼𝑒

−𝑖Λ‾ 𝑒𝑉𝑒𝑖Λ = 𝑒−𝑖Λ𝑒−𝑉𝐷𝛼𝑒
𝑉𝑒𝑖Λ = 𝑒−𝑖Λ∇𝑐𝛼𝑒

𝑖Λ 

∇‾ 𝑐𝛼̇
′ = 𝐷‾ 𝛼̇ = 𝑒

−𝑖Λ𝐷‾ 𝛼̇𝑒
𝑖Λ = 𝑒−𝑖Λ∇‾ 𝑐𝛼̇𝑒

𝑖Λ  

∇𝑐𝛼𝛼̇
′ = −𝑖{∇𝑐𝛼

′ , ∇‾ 𝑐𝛼̇
′ } = 𝑒−𝑖Λ∇𝑐𝛼𝛼̇𝑒

𝑖Λ  

 

∇𝑎𝛼= 𝐷𝛼 , ∇‾𝑎𝛼̇= 𝑒
𝑉𝐷‾ 𝛼̇𝑒

−𝑉 , ∇𝑎𝛼𝛼̇= −𝑖{∇𝑎𝛼 , ∇‾𝑎𝛼̇}  

𝑊0𝛼= −
1

4
[∇‾ 𝑐𝛼̇ , {∇‾ 𝑐

𝛼̇ , ∇𝑐𝛼}]  

𝑊‾0𝛼̇ = −
1

4
[∇𝑎
𝛼 , {∇𝑎𝛼 , ∇‾𝑎𝛼̇}] 

 

(∇𝛼𝛼̇) = −∇𝛼𝛼̇ , (∇𝛼) = ∇𝛼̇ .  
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∇𝐴
′= 𝑒−𝑖𝐾∇𝐴𝑒

𝑖𝐾  

∇𝐴= 𝐷𝐴 − 𝑖Γ𝐴  

[∇𝐴, ∇𝐵} = 𝑇𝐴𝐵
𝐶 ∇𝐶 − 𝑖𝐹𝐴𝐵 

 

𝐷𝛼𝛼̇ = −2𝜎𝛼𝛼̇
𝜇
𝐷𝜇 = −2𝜎𝛼𝛼̇

𝜇
𝜕𝜇, 𝐷𝛼 

∇𝐴= (∇𝛼 , ∇‾ 𝛼̇ , −𝑖{∇𝛼 , ∇𝛼̇}).  

∇‾ 𝛼̇Φ = 0, ∇𝛼Φ‾ = 0  

Φ′ = 𝑒−𝑖𝐾Φ𝑒𝑖𝐾 , Φ‾ ′ = 𝑒−𝑖𝐾Φ‾ 𝑒𝑖𝐾  

−𝑖{∇‾ 𝛼̇ , ∇‾𝛽̇}Φ = 𝐹𝛼̇𝛽̇Φ = 0,𝐹𝛼𝛽Φ‾ = 0.  

𝐹𝛼̇𝛽̇ = −𝑖{∇‾ 𝛼̇ , ∇‾𝛽̇} = 0,

𝐹𝛼𝛽 = −𝑖{∇𝛼 , ∇𝛽} = 0.
 

∇𝛼= 𝑒
−Ω𝐷𝛼𝑒

Ω (= 𝐷𝛼 + 𝑒
−Ω(𝐷𝛼𝑒

Ω)) 

∇‾ 𝛼̇= 𝑒
Ω‾𝐷‾ 𝛼̇𝑒

−Ω‾  
 

{𝑒−Ω𝐷𝛼𝑒
Ω, 𝑒−Ω𝐷𝛽𝑒

Ω} = 𝑒−Ω{𝐷𝛼 , 𝐷𝛽}𝑒
Ω = 0  

𝑊𝛼= −
1

4
[∇‾ 𝛼̇ , {∇‾

𝛼̇ , ∇𝛼}]  

𝑊‾ 𝛼̇ = −
1

4
[∇𝛼 , {∇𝛼 , ∇‾ 𝛼̇}] 

 

∇‾ 𝛼̇𝑊𝛼 = ∇𝛼𝑊‾ 𝛼̇ = 0

∇𝛼𝑊𝛼 = ∇‾ 𝛼̇𝑊‾
𝛼̇  

𝑆 = ∫  𝑑4𝑥𝑑2𝜃𝑑2𝜃‾TrΦ‾ Φ + ∫  𝑑4𝑥𝑑2𝜃Tr(2𝜋𝑖𝜏𝑊𝛼𝑊𝛼 +𝑊(Φ)) +  c.c..  

𝑒Ω
′
= 𝑒Ω𝑒𝑖𝐾 , 𝑒Ω

‾ ′
= 𝑒−𝑖𝐾𝑒Ω

‾  

𝑒Ω
′
= 𝑒−𝑖Λ‾ 𝑒Ω, 𝑒Ω

‾ ′
= 𝑒Ω

‾
𝑒𝑖Λ  
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∫ 𝑑2𝜃𝑑2𝜃‾ 

𝜃̂1 = √𝛾(

0 0 0 1
0 0 0 0
0 −1 0 0
0 0 0 0

) , 𝜃̂2 = √𝛾(

0 0 1 0
0 0 0 0
0 0 0 0
0 1 0 0

), 

𝜃̂1 = √𝛾(

0 0 0 0
0 0 −1 0
0 0 0 0
1 0 0 0

) , 𝜃̂
2̇

= √𝛾(

0 0 0 0
0 0 0 1
1 0 0 0
0 0 0 0

) ⋅,

𝜃̂1𝜃̂2 − 𝜃̂2𝜃̂1 = 2𝛾(

0 1 0 0
0 0 0 0
0 0 0 0
0 0 0 0

) , 𝜃̂
i

𝜃̂
2̇

− 𝜃̂
2

𝜃̂
i

= 2𝛾(

0 0 0 0
−1 0 0 0
0 0 0 0
0 0 0 0

) ,

𝜃̂1𝜃̂
i

− 𝜃̂
i

𝜃̂1 = 𝛾(

1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 −1

) , 𝜃̂1𝜃̂
2̇

− 𝜃̂
2

𝜃̂1 = 2𝛾(

0 0 0 0
0 0 0 0
0 0 0 −1
0 0 0 0

) ,

𝜃̂2𝜃̂
2̇

− 𝜃̂
2

𝜃̂2 = 𝛾(

1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1

) , 𝜃̂2𝜃̂
i

− 𝜃̂
i

𝜃̂2 = 2𝛾(

0 0 0 0
0 0 0 0
0 0 0 0
0 0 −1 0

) .

{[𝜃̂1 , 𝜃̂2], 𝜃̂̂i} = 2𝛾
3
2

(

 
 

0 0 −1
0 0 0
0 0 0
0 1 0
0 0 )

 
 
, {[𝜃̂1, 𝜃̂2], 𝜃̂

2

} = 2𝛾
3
2(

0 0 0 1
0 0 0 0
0 1 0 0
0 0 0 0

) ,

{[𝜃̂
i

, 𝜃̂
2̇

] , 𝜃̂1} = 2𝛾
3
2(

0 0 0 0
0 0 0 −1
1 0 0 0
0 0 0 0

) , {[𝜃̂
i

, 𝜃̂
2̇

] , 𝜃̂2} = 2𝛾
3
2(

0 0 0 0
0 0 −1 0
0 0 0 0
−1 0 0 0

) .

(𝐶 ⋅ 4) [𝜃̂1, {𝜃̂2, [𝜃‾i, 𝜃̂
2̇

]}] = 2𝛾2(

−1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 1

) .

 

𝑢𝑘 = Tr𝑋
𝑘

𝑣𝑘 = −
1

16𝜋2
Tr𝑊𝛼𝑊𝛼𝑋

𝑘
 

𝑅(𝑧)  =∑  

𝑘≥0

 
⟨𝑢𝑘⟩

𝑧𝑘+1

𝑆(𝑧)  =∑  

𝑘≥0

 
⟨𝑣𝑘⟩

𝑧𝑘+1

 

𝐿 =
1

4𝜋
Im∫   d2𝜃Tr(𝜏(𝑋)𝑊𝛼𝑊𝛼) + 2𝑁Re∫   d

2𝜃Tr𝑊(𝑋)  

𝑁𝑉(𝑧) = 2𝑖𝜋𝜏(𝑧)  
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𝐿 = 2𝑁Re∫   d2𝜃𝒲  

𝒲 = −
1

16𝜋2
Tr𝑉(𝑋)𝑊𝛼𝑊𝛼 + Tr𝑊(𝑋)  

𝑉(𝑧)  = 𝜆−1 +∑  

𝑑𝑉

𝑘=0

 
𝜆𝑘
𝑘 + 1

𝑧𝑘+1

𝑊(𝑧)  = ∑  

𝑑𝑊

𝑘=0

 
𝑔𝑘
𝑘 + 1

𝑧𝑘+1

 

𝒲 = 𝜆−1𝑣0 +∑  

𝑘≥0

 
𝜆𝑘
𝑘 + 1

𝑣𝑘+1 +∑  

𝑘≥0

 
𝑔𝑘
𝑘 + 1

𝑢𝑘+1  

𝑡(𝑧) =∑  

𝑘≥1

 
𝑡𝑘
𝑘 + 1

𝑧𝑘+1  

𝑡′′(𝑧) = 𝑁𝑉(𝑧) = 2𝑖𝜋𝜏(𝑧)  

𝑡1 = 𝑁𝜆−1, 𝑡𝑘 =
𝑁𝜆𝑘−2
𝑘(𝑘 − 1)

  for 𝑘 ≥ 2  

𝑞 = 𝑒𝑡1 = 𝑒𝑁𝜆−1  

 

ℱ𝒩=2(𝑋) = 𝑡(𝑋).  

𝑣𝑘,mac(𝒔, 𝒈, 𝜀) = 𝑁𝜀⟨⟨𝒔|Tr𝑋
𝑘 ∣ 𝒔⟩⟩

𝜀
=
𝑁𝜀

𝑍mac
∫   d𝜇mac

𝑀 Tr𝑀𝑘

𝑍mac(𝒔, 𝒈, 𝜀) = ∫  d𝜇mac
𝑀 = exp 

ℱmac(𝒔, 𝒈, 𝜀)

𝜀2

 

d𝜇mac
𝑀 =∏ 

𝑛

𝐼=1

  d𝑀𝐼𝐼 ∏  

1≤𝐼<𝐽≤𝑛

  dRe𝑀𝐼𝐽 dIm𝑀𝐼𝐽exp (−
1

𝜀
Tr𝑊(𝑀)) .  

𝜀 =
𝑠

𝑛
,  

𝑠 =∑  

𝑖

  𝑠𝑖  

𝑣𝑘,mac(𝒔, 𝒈, 𝜀) = −𝑁𝑘
𝜕ℱmac
𝜕𝑔𝑘−1

, 𝑘 ≥ 1.  

𝑆mac(𝑧; 𝒔, 𝒈, 𝜀) =∑  

𝑘≥0

 
𝑣𝑘,mac(𝒔, 𝒈, 𝜀)

𝑧𝑘+1  

𝑣𝑘,mac(𝒔, 𝒈)  = lim
𝜀→0
 𝑣𝑘,mac(𝒔, 𝒈, 𝜀)

𝑆mac(𝑧; 𝒔, 𝒈)  = lim
𝜀→0
 𝑆mac(𝑧; 𝒔, 𝒈, 𝜀)

 

𝜆mac = 𝑆mac(𝑧; 𝒔, 𝒈)d𝑧,  
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𝑊mac(𝒔, 𝒈, 𝒕) =
1

2𝑖𝜋
∮   𝛼𝑉𝜆mac −∑  

𝑖

 𝑁𝑖
𝜕ℱmac
𝜕𝑠𝑖

,  

𝑢𝑘,mac(𝒔, 𝒈, 𝒕) = 𝑘
𝜕𝑊mac
𝑔𝑘−1

,  

𝑅mac(𝑧; 𝒔, 𝒈, 𝒕) =∑  

𝑘≥0

 
𝑢𝑘,mac(𝒔, 𝒈, 𝒕)

𝑧𝑘+1
.  

𝜕𝑊mac
𝜕𝑠𝑖

(𝑠 = 𝑠∗) = 0  

𝑆mac
∗ (𝑧; 𝒈, 𝒕)  = 𝑆mac(𝑧; 𝒔

∗, 𝒈)

𝑅mac
∗ (𝑧; 𝒈, 𝒕)  = 𝑅mac(𝑧; 𝒔

∗, 𝒈, 𝒕)
 

𝑆(𝑧; 𝒈, 𝒕) = 𝑆mac
∗ (𝑧; 𝒈, 𝒕),

𝑅(𝑧; 𝒈, 𝒕) = 𝑅mac
∗ (𝑧; 𝒈, 𝒕).

 

𝑋∞ = diag(𝑎1, … , 𝑎𝑁) = diag𝒂,  

𝑢𝑘, mic (𝒂, 𝒕, 𝜖) = ⟨𝒂|Tr𝑋
𝑘|𝒂⟩𝜖 =

1

𝑍mic 
∑ 

𝑝 

 𝜇mic 
𝑝 
𝑢𝑘,𝑝 

𝑍mic (𝒂, 𝒕, 𝜖) =∑  

𝑝 

 𝜇mic 
𝑝 

= exp 
ℱmic (𝒂, 𝒕, 𝜖)

𝜖2

 

𝑝𝑖,1 ≥ 𝑝𝑖,2 ≥ ⋯ ≥ 𝑝𝑖,𝑝̃𝑖,1 > 𝑝𝑖,𝑝̃𝑖,1+1 = 0

∑  

𝑝̃𝑖,1

𝛼=1

 𝑝𝑖,𝛼 = |p𝑖|
 

|p⃗ | = ∑  

𝑁

𝑖=1

  |p𝑖|  

𝑝̃𝑖,1 ≥ 𝑝̃𝑖,2 ≥ ⋯ ≥ 𝑝̃𝑖,𝑝𝑖,1 > 𝑝̃𝑖,𝑝𝑖,1+1 = 0

∑  

𝑝𝑖,1

𝛽=1

  𝑝̃𝑖,𝛽 = |p𝑖|
 

𝜇mic
𝑝 

= (𝜈mic
𝑝 )

2
 

𝜈mic
p⃗⃗ 

=
1

𝜖|p⃗ |
∏  

𝑁

𝑖=1

  [ ∏  

◻(𝛼,𝛽)∈𝑌p𝑖

 
1

𝑝𝑖,𝛼 − 𝛽 + 𝑝̃𝑖,𝛽 − 𝛼 + 1
∏  

𝑗≠𝑖

 
1

𝑎𝑖 − 𝑎𝑗 + 𝜖(𝛽 − 𝛼)
] ×

∏  

𝑖<𝑗

 ∏  

𝑝̃𝑖,1

𝛼=1

 ∏  

𝑝𝑗,1

𝛽=1

 
(𝑎𝑖 − 𝑎𝑗 + 𝜖(𝑝̃𝑗,𝛽 − 𝛼 − 𝛽 + 1)) (𝑎𝑖 − 𝑎𝑗 + 𝜖(𝑝𝑖,𝛼 − 𝛽 − 𝛼 + 1))

(𝑎𝑖 − 𝑎𝑗 + 𝜖(1 − 𝛼 − 𝛽)) (𝑎𝑖 − 𝑎𝑗 + 𝜖(𝑝̃𝑗,𝛽 − 𝛼 + 𝑝𝑖,𝛼 − 𝛽 + 1))
× 

exp (
1

2𝜖2
∑ 

𝑘≥1

 
𝑡𝑘
𝑘 + 1

𝑢𝑘+1,p⃗⃗ )

 

𝑢𝑘,p⃗⃗ =∑  

𝑁

𝑖=1

  [𝑎𝑖
𝑘 +∑  

𝑝̃𝑖,1

𝛼=1

 ((𝑎𝑖 + 𝜖(𝑝𝑖,𝛼 − 𝛼 + 1))
𝑘
−(𝑎𝑖 + 𝜖(𝑝𝑖,𝛼 − 𝛼))

𝑘
 

+(𝑎𝑖 − 𝜖𝛼)
𝑘 − (𝑎𝑖 − 𝜖(𝛼 − 1))

𝑘)].

 

𝑢2,p⃗⃗ =∑  

𝑁

𝑖=1

 𝑎𝑖
2 + 2𝜖2|p⃗ |  
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𝑢𝑘,mic(𝒂, 𝒕, 𝜖) = 2𝑘
𝜕ℱmic
𝜕𝑡𝑘−1

, 𝑘 ≥ 2.  

𝑅mic(𝑧; 𝒂, 𝒕, 𝜖) =∑  

𝑘≥0

 
𝑢𝑘,mic(𝒂, 𝒕, 𝜖)

𝑧𝑘+1  

𝑢𝑘,mic(𝒂, 𝒕)  = ⟨𝒂|Tr𝑋
𝑘|𝒂⟩ = lim

𝜖→0
 𝑢𝑘,mic(𝒂, 𝒕, 𝜖)

𝑅mic(𝑧; 𝒂, 𝒕)  = lim
𝜖→0
 𝑅mic(𝑧; 𝒂, 𝒕, 𝜖)

 

𝜆mic = 𝑧𝑅mic (𝑧; 𝒂, 𝒕)d𝑧,  

𝑊mic(𝒂,𝒈, 𝒕) = ⟨𝒂|Tr𝑊(𝑋)|𝒂⟩ =
1

2𝑖𝜋
∮
𝑊𝜆mic
𝑧

𝛼

 

𝑣0, mic (𝒂,𝒈, 𝒕) =
𝜕𝑊mic 

𝜕𝜆−1

𝑣𝑘, mic (𝒂,𝒈, 𝒕) = 𝑘
𝜕𝑊mic 

𝜕𝜆𝑘−1
  for 𝑘 ≥ 1

 

𝑣𝑘,mic(𝒂, 𝒈, 𝒕) =
𝑁

𝑘 + 1

𝜕𝑊mic
𝜕𝑡𝑘+1

.  

𝑆mic(𝑧; 𝒂, 𝒈, 𝒕) =∑  

𝑘≥0

 
𝑣𝑘,mic(𝒂,𝒈, 𝒕)

𝑧𝑘+1  

𝜕𝑊mic
𝜕𝑎𝑖

(𝒂 = 𝒂∗) = 0  

𝑅mic
∗ (𝑧; 𝒈, 𝒕)  = 𝑅mic(𝑧; 𝒂

∗, 𝒕)

𝑆mic
∗ (𝑧; 𝒈, 𝒕)  = 𝑆mic(𝑧; 𝒂

∗, 𝒈, 𝒕)
 

𝑅(𝑧; 𝒈, 𝒕) = 𝑅mic
∗ (𝑧; 𝒈, 𝒕),

𝑆(𝑧; 𝒈, 𝒕) = 𝑆mic
∗ (𝑧; 𝒈, 𝒕).

 

𝑅mac
∗ (𝑧; 𝒈, 𝒕) = 𝑅mic

∗ (𝑧; 𝒈, 𝒕)

𝑆mac
∗ (𝑧; 𝒈, 𝒕) = 𝑆mic

∗ (𝑧; 𝒈, 𝒕)
 

𝛿𝐿𝑛𝑋 = −𝜁𝑋
𝑛+1

𝛿𝐽𝑛𝑋 =
𝜁

16𝜋2
𝑊𝛼𝑊𝛼𝑋

𝑛+1
 

𝐿𝑛 = −𝑋
𝑛+1

𝛿

𝛿𝑋
, 𝐽𝑛 =

1

16𝜋2
𝑊𝛼𝑊𝛼𝑋

𝑛+1
𝛿

𝛿𝑋
 

𝐿𝑛 ⋅ 𝑢𝑚 = −𝑚𝑢𝑛+𝑚, 𝐽𝑛 ⋅ 𝑢𝑚 = −𝑚𝑣𝑛+𝑚, 𝐿𝑛 ⋅ 𝑣𝑚 = −𝑚𝑣𝑛+𝑚, 𝐽𝑛 ⋅ 𝑣𝑚 = 0  

[𝐿𝑛, 𝐿𝑚] = (𝑛 − 𝑚)𝐿𝑛+𝑚, [𝐿𝑛 , 𝐽𝑚] = (𝑛 − 𝑚)𝐽𝑛+𝑚, [𝐽𝑛, 𝐽𝑚] = 0  

 −𝑁𝑊′(𝑧)𝑅mac(𝑧) − 𝑁𝑉
′(𝑧)𝑆mac(𝑧) + 2𝑅mac(𝑧)𝑆mac(𝑧) + 𝑁

2Δ𝑅(𝑧) = 0

 −𝑁𝑊′(𝑧)𝑆mac(𝑧) + 𝑆mac(𝑧)
2 + 𝑁2Δ𝑆(𝑧) = 0

 

𝑆mac(𝑧) ∼
𝑧→∞

𝑣0,mac
𝑧

, 𝑅mac(𝑧) ∼
𝑧→∞

𝑁

𝑧
 

𝑢𝑁+𝑝,mac = 𝒫pert ,𝑝(𝑢1,mac, … , 𝑢𝑁,mac), 𝑝 ≥ 1.  

𝑢𝑁+𝑝,mac = 𝒫𝑝(𝑢1,mac, … , 𝑢𝑁,mac; 𝑞, 𝜆0, … , 𝜆𝑑𝑉)  

𝑆mac(𝑧; 𝒔, 𝒈) =
𝑁

2
(𝑊′(𝑧) − √𝑊′(𝑧)2 − 4Δ𝑆(𝑧))  
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𝑊′(𝑧)2 − 4Δ𝑆(𝑧) = 𝑁𝑑𝑊−𝑟(𝑧)
2𝑦mac,𝑟

2  

𝒞mac,𝑟: 𝑦mac,𝑟
2 =∏ 

𝑟

𝑖=1

  (𝑧 − 𝑤𝑖
−)(𝑧 − 𝑤𝑖

+)  

 

𝑠𝑖 =
1

2𝑖𝜋𝑁
∮ 𝜆mac
𝛼𝑖

 

𝑠 =∑  

𝑖

 𝑠𝑖 =
1

2𝑖𝜋𝑁
∮ 𝜆mac =

𝑣0,mac
𝑁

𝛼

 

𝑣0,mac(𝒔, 𝒈) = 𝑣0,mac(𝒔) = 𝑁∑  

𝑖

 𝑠𝑖  

∮ 𝑆mac
′ d𝑧 = 0

𝛼𝑖

 ∫  
𝛽𝑖

  𝑆mac
′ d𝑧 = 𝑁𝑊′(𝜇0)

 

𝑣0,mac(𝒔, 𝒈) =
𝜕𝑊mac
𝜕𝜆−1

𝑣𝑘,mac(𝒔, 𝒈) = 𝑘
𝜕𝑊mac
𝜕𝜆𝑘−1

  for  𝑘 ≥ 1
 

ℒmac(𝑧) = −∑  

𝑘≥1

 
𝑘

𝑧𝑘+1
𝜕

𝜕𝑔𝑘−1
.  

𝑆mac(𝑧)  =
𝑣0,mac
𝑧

+ 𝑁ℒmac(𝑧) ⋅ ℱmac

𝑅mac(𝑧)  =
𝑁

𝑧
− ℒmac(𝑧) ⋅ 𝑊mac

 

𝑅mac(𝑧) =
1

𝑁
∑  

𝑟

𝑖=1

 𝑁𝑖
𝜕𝑆mac(𝑧)

𝜕𝑠𝑖
−
1

2𝑖𝜋
∮ ℒmac(𝑧) ⋅ 𝑆mac(𝑧

′)𝑉(𝑧′)d𝑧′

𝛼

 

1

2𝑖𝜋
∮ ℎ𝑖 = 𝛿𝑖𝑗 ,

𝛼𝑗

 

ℎ𝑖 = 𝜓𝑖(𝑧)d𝑧 =
𝑝𝑖

𝑦mac,𝑟
 d𝑧  

𝜕𝑆mac(𝑧)

𝜕𝑠𝑖
=

𝑁𝜕Δ𝑆(𝑧)/𝜕𝑠𝑖

√𝑊′(𝑧)2 − 4Δ𝑆(𝑧)
 

𝜕𝑆mac(𝑧)

𝜕𝑠𝑖
= 𝑁𝜓𝑖(𝑧).  
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𝜕𝜆mac
𝜕𝑠𝑖

= 𝑁ℎ𝑖  

ℒmac(𝑧) ⋅ 𝑆mac(𝑧
′) =

𝑁

𝜀2
(⟨⟨𝑠|𝜀Tr

1

𝑧 − 𝑋
𝜀Tr

1

𝑧′ − 𝑋
|  𝑠⟩⟩

𝜀

−⟨⟨𝑠|𝜀Tr
1

𝑧 − 𝑋
|  𝑠⟩⟩

𝜀

⟨⟨𝑠|𝜀Tr
1

𝑧′ − 𝑋
|  𝑠⟩⟩

𝜀

) .

 

𝑅mac(𝑧; 𝒔, 𝒈, 𝒕) =∑  

𝑟

𝑖=1

 𝑁𝑖𝜓𝑖(𝑧) −
𝑁

𝜀2
(⟨⟨𝒔|𝜀Tr

1

𝑧 − 𝑋
𝜀Tr𝑉(𝑋)|  𝒔⟩⟩

𝜀

−⟨⟨𝒔|𝜀Tr
1

𝑧 − 𝑋
|  𝒔⟩⟩

𝜀

⟨⟨𝒔|𝜀Tr𝑉(𝑋) ∣ 𝒔⟩⟩

𝜀

)

 

ℒmac(𝑧) ⋅ 𝑆mac(𝑧
′) = ℒmac(𝑧

′) ⋅ 𝑆mac(𝑧)  

1

2𝑖𝜋
∮ ℒmac(𝑧) ⋅ 𝑆mac(𝑧

′)𝑉(𝑧′)d𝑧′

𝛼

=
1

2𝑖𝜋
∮ ℒmac(𝑧

′)𝑉(𝑧′)d𝑧′ ⋅ 𝑆mac(𝑧)

𝛼

 

 = −∑  

𝑘≥0

 𝜆𝑘
𝜕𝑆mac(𝑧)

𝜕𝑔𝑘

 

𝑅mac(𝑧; 𝒔, 𝒈, 𝒕) =∑  

𝑟

𝑖=1

 𝑁𝑖𝜓𝑖(𝑧) +∑  

𝑘≥0

 𝜆𝑘
𝜕𝑆mac(𝑧; 𝒔, 𝒈)

𝜕𝑔𝑘
 

𝑅mac(𝑧; 𝒔, 𝒈, 𝒕) =
𝑁

2
(𝑉′(𝑧) +

𝐷𝑅(𝑧)

𝑦mac,𝑟
)  

1

2𝑖𝜋
∮ 𝑅macd𝑧 = 𝑁𝑖
𝛼𝑖

 

𝑅mac(𝑧; 𝒔, 𝒈, 𝒕) =
𝑁

2
(𝑉′(𝑧) +

2Δ𝑅(𝑧) −𝑊
′(𝑧)𝑉′(𝑧)

√𝑊′(𝑧)2 − 4Δ𝑆(𝑧)
)  

𝑊mac(𝒔, 𝒈, 𝒕)  = ∑  

𝑘≥0

 𝑔𝑘
𝜕𝑊mac
𝜕𝑔𝑘

+∑  

𝑟

𝑖=1

  𝑠𝑖
𝜕𝑊mac
𝜕𝑠𝑖

 =
1

2𝑖𝜋
∮ 𝑅mac𝑊 d𝑧 +∑  

𝑟

𝑖=1

  𝑠𝑖
𝜕𝑊mac
𝜕𝑠𝑖

𝛼

 

𝑁𝜀⟨⟨𝑠|Tr𝑉(𝑋) ∣ 𝑠⟩⟩𝜀 =
1

2𝑖𝜋
∮ 𝑉𝜆mac =

𝑁𝜀

𝑍mac
∫   d𝜇mac

𝑀 Tr𝑉(𝑀),

𝛼

 

𝛿𝑠𝑖 = 𝜁𝑠𝑖 , 𝛿𝜀 = 𝜁𝜀  

1

2𝑖𝜋
∮∑  

𝑖

  𝑠𝑖𝑉
𝜕𝜆mac
𝜕𝑠𝑖

=
𝑁

2𝑖𝜋
𝛼

∮∑ 

𝑖

  𝑠𝑖𝑉ℎ𝑖 = 𝑁𝜀⟨⟨𝒔|Tr𝑉(𝑋)|𝒔⟩

𝛼

⟩

𝜀

+
𝑁

𝜀2
(⟨⟨𝒔|𝜀Tr𝑊(𝑋)𝜀Tr𝑉(𝑋)|𝒔⟩⟩ − ⟨⟨𝒔|𝜀Tr𝑊(𝑋)|𝒔⟩⟩ ⟨⟨𝒔|𝜀Tr𝑉(𝑋)|𝒔⟩⟩) .

 

∑ 

𝑖

 𝑠𝑖
𝜕ℱmac
𝜕𝑠𝑖

− 2ℱmac =
1

2𝑖𝜋𝑁
∮ 𝑊𝜆mac
𝛼
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−
𝜕ℱmac
𝜕𝑠𝑖

+∑  

𝑗

  𝑠𝑗
𝜕2ℱmac
𝜕𝑠𝑖𝜕𝑠𝑗

=
1

2𝑖𝜋
∮ 𝑊ℎ𝑖
𝛼

 

∑ 

𝑖

 𝑠𝑖
𝜕𝑊mac
𝜕𝑠𝑖

=
𝑁

2𝑖𝜋
∮∑  

𝑖

 𝑠𝑖𝑉ℎ𝑖 −∑  

𝑖,𝑗

 𝑁𝑗𝑠𝑖
𝜕2ℱmac
𝜕𝑠𝑖𝜕𝑠𝑗

𝛼

 

=
1

2𝑖𝜋
∮ 𝑉𝜆mac −∑  

𝑖

 𝑁𝑖
𝜕ℱmac
𝜕𝑠𝑖

−
1

2𝑖𝜋
𝛼

∮ 𝑊∑ 

𝑖

 𝑁𝑖ℎ𝑖
𝛼

 

+
𝑁

𝜀2
(⟨⟨𝒔|𝜀Tr𝑊(𝑋)𝜀Tr𝑉(𝑥)|𝒔⟩⟩ − ⟨⟨𝒔|𝜀Tr𝑊(𝑋)|𝒔⟩⟩ ⟨⟨𝒔|𝜀Tr𝑉(𝑋)|𝒔⟩⟩)

 = 𝑊mac −
1

2𝑖𝜋
∮ 𝑅mac𝑊 d𝑧

𝛼

 

1

2𝑖𝜋
∮ 𝑅macd𝑧 ∈ ℤ

𝛽𝑖−𝛽𝑗

 

𝐹mac
∗ (𝑧; 𝒈, 𝒕) = ⟨det(𝑧 − 𝑋)⟩,  

𝐹mac
∗′ (𝑧; 𝒈, 𝒕)

𝐹mac
∗ (𝑧; 𝒈, 𝒕)

= 𝑅mac
∗ (𝑧; 𝒈, 𝒕),  

𝜕ℱmac
𝜕𝑠𝑖

=
1

𝑁
∫  
𝛽𝑖

  𝜆mac + 2𝑠ln 𝜇0 −𝑊(𝜇0).  

𝜕𝑊mac
𝜕𝑠𝑗

=
𝑁

2𝑖𝜋
∮ 𝑉ℎ𝑗 −

1

2𝑖𝜋
∑  

𝑟

𝑖=1𝛼

  ∮ 𝑅mac d𝑧

𝛼𝑖

∫  
𝛽𝑖

 ℎ𝑗 − 2𝑁ln 𝜇0.  

𝐻𝑗(𝑃) = ∫  
𝑃

𝑃0

 ℎ𝑗 + ln 𝜇0  

𝐻𝑗(𝑧) + 𝐻̂𝑗(𝑧) = ∫  
𝛽𝑟

 ℎ𝑗 + 2ln 𝜇0  

𝑅mac(𝑧) + 𝑅̂mac(𝑧) = 𝑁𝑉
′(𝑧)  

 

∫  
𝛽𝑗

 𝑅macd𝑧 −
1

2𝑖𝜋
∑  

𝑟

𝑖=1

  ∮ 𝑅macd𝑧

𝛼𝑖

∫  
𝛽𝑖

 ℎ𝑗 +
1

2𝑖𝜋
∮ 𝑅macd𝑧∫  

𝛽𝑟

 ℎ𝑗 =

𝛼

 −
1

2𝑖𝜋
∮ [𝑅mac𝐻𝑗 + (𝑁𝑉

′ − 𝑅mac) (∫  
𝛽𝑟

 ℎ𝑗 + 2ln 𝜇0 −𝐻𝑗)]

𝛼

 

 

∫  
𝛽𝑗

 𝑅macd𝑧 =
1

2𝑖𝜋
∑  

𝑟

𝑖=1

  ∮ 𝑅macd𝑧

𝛼𝑖

∫  
𝛽𝑖

 ℎ𝑗 + 2𝑁ln 𝜇0 +
1

2𝑖𝜋
∮(𝑁𝑉′𝐻𝑗 − 2𝑅mac𝐻𝑗)d𝑧

𝛼

 

1

2𝑖𝜋
∮ 𝑉′𝐻𝑗 d𝑧 = −

1

2𝑖𝜋
𝛼

∮ 𝑉ℎ𝑗 + 𝑉(𝜇0)

𝛼

 

1

2𝑖𝜋
∮ 𝑅mac𝐻𝑗 d𝑧 = 𝑁ln 𝜇0
𝛼
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𝜕𝑊mac
𝜕𝑠𝑖

= −∫  
𝛽𝑖

 𝑅mac d𝑧 + 𝑁𝑉(𝜇0) − 2𝑁ln 𝜇0  

∫  
𝛽𝑖

 𝑅mac
∗  d𝑧 = 𝑁𝑉(𝜇0) − 2𝑁ln 𝜇0 + 2𝑖𝜋ℤ  

∑ 

𝑟

𝑖=1

  [∮ 𝑅macd𝑧

𝛼𝑖

∫  
𝛽𝑖

 𝑆macd𝑧 − ∮ 𝑆macd𝑧

𝛼𝑖

∫  
𝛽𝑖

 𝑅macd𝑧] = 

 𝑁 ∮(𝑆mac𝑉 − 𝑅mac𝑊)d𝑧 + 2𝑖𝜋𝑁
2(𝑊(𝜇0) − 𝑠𝑉(𝜇0))

𝛼

 

𝜌(𝑃) = ∫  
𝑃

𝑃0

 𝑅macd𝑧 + 𝑁ln 𝜇0  

𝑆mac(𝑧) + 𝑆̂mac(𝑧) = 𝑁𝑊
′(𝑧)  

𝜌(𝑧) + 𝜌̂(𝑧) = 𝑁𝑉(𝑧) + ∫  
𝛽𝑟

 𝑅mac d𝑧 − 𝑁𝑉(𝜇0) + 2𝑁ln 𝜇0  

1

2𝑖𝜋
∮ 𝑆mac𝜌d𝑧 = 𝑁

2𝑠ln 𝜇0
𝛼

 

 

 

𝑅mic(𝑧; 𝒂, 𝒈, 𝒕) = 𝑅mic(𝑧; 𝒂, 𝒕)  

𝒞mic: 𝑦
2 =∏ 

𝑁

𝑖=1

  (𝑥 − 𝑥𝑖
−)(𝑥 − 𝑥𝑖

+)  

𝑅mic(𝑧; 𝒂, 𝒕) =
𝑁

2
(𝑉′(𝑧) +

𝐸𝑅(𝑧)

𝑦
)  
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𝑣𝑘, mic (𝒂,𝒈, 𝒕, 𝜖) =
𝑁

(𝑘 + 1)(𝑘 + 2)

1

𝜖2
(⟨𝒂|Tr𝑊(𝑋)Tr𝑋𝑘+2|𝒂⟩𝜖  

−⟨𝒂|Tr𝑊(𝑋)|𝒂⟩𝜖⟨𝒂|Tr𝑋
𝑘+2|𝒂⟩𝜖)

 

𝑆mic
′′ (𝑧; 𝒂, 𝒈, 𝒕) =

𝑁

𝜖2
(⟨𝒂|Tr

1

𝑧 − 𝑋
Tr𝑊(𝑋)|𝒂⟩𝜖

−⟨𝒂|Tr
1

𝑧 − 𝑋
|𝒂⟩𝜖⟨𝒂|Tr𝑊(𝑋)|𝒂⟩𝜖)

 

𝑢1,p⃗⃗ =∑  

𝑁

𝑖=1

 𝑎𝑖  

𝑢1,mic(𝒂, 𝒕) = 𝑢1,mic(𝒂) =∑  

𝑁

𝑖=1

 𝑎𝑖 = 𝑎  

⟨𝒂|Tr𝑋Tr𝑋𝑘|𝒂⟩𝜖 = ⟨𝒂|Tr𝑋|𝒂⟩𝜖⟨𝒂|Tr𝑋
𝑘|𝒂⟩𝜖  

 

ℒmic(𝑧) = −
1

𝑧

𝜕

𝜕𝜆−1
−∑  

𝑘≥1

 
𝑘

𝑧𝑘+1
𝜕

𝜕𝜆𝑘−1
,  

  

ℒmic
′′ (𝑧) = −𝑁∑  

𝑘≥2

 
𝑘

𝑧𝑘+1
𝜕

𝜕𝑡𝑘−1
.  

𝑅mic(𝑧)  =
𝑁

𝑧
+
𝑎

𝑧2
−
2

𝑁
ℒmic
′′ (𝑧) ⋅ ℱmic

𝑆mic(𝑧)  = −ℒmic(𝑧) ⋅ 𝑊mic

 

𝑆mic(𝑧) = −
1

2𝑖𝜋
∮ ℒmic(𝑧) ⋅ 𝑅mic(𝑧

′)𝑊(𝑧′)d𝑧′

𝛼

 

ℒmic 
′′ (𝑧) ⋅ 𝑅mic (𝑧

′) = −
𝑁

𝜖2
(⟨𝒂|Tr

1

𝑧 − 𝑋
Tr

1

𝑧′ − 𝑋
|𝒂⟩𝜖

−⟨𝒂|Tr
1

𝑧 − 𝑋
|𝒂⟩𝜖⟨𝒂|Tr

1

𝑧′ − 𝑋
|𝒂⟩𝜖)

 

ℒmic
′′ (𝑧) ⋅ 𝑅mic(𝑧

′) = ℒmic
′′ (𝑧′) ⋅ 𝑅mic(𝑧)  

1

2𝑖𝜋
∮ ℒmic

′′ (𝑧) ⋅ 𝑅mic(𝑧
′)𝑊(𝑧′)d𝑧′

𝛼

=
1

2𝑖𝜋
∮ ℒmic

′′ (𝑧′)𝑊(𝑧′)d𝑧′ ⋅ 𝑅mic(𝑧)

𝛼

 

 = −𝑁∑  

𝑘≥1

 𝑔𝑘
𝜕𝑅mic(𝑧)

𝜕𝑡𝑘

 

𝑆mic
′′ (𝑧; 𝒂, 𝒈, 𝒕) = 𝑁∑  

𝑘≥1

 𝑔𝑘
𝜕𝑅mic(𝑧; 𝒂, 𝒕)

𝜕𝑡𝑘
 

∮ 𝑆mic 
′′ d𝑧 = 0,

𝛼𝑖

 ∮ 𝑆mic 
′′ d𝑧 = 0

𝛿𝑖

 

𝑆mic
′ (𝑃) = ∫  

𝑃

𝑃0

 𝑆mic
′′ d𝑧  

𝐹mic(𝑃) = ⟨𝒂|det(𝑧 − 𝑋)|𝒂⟩ = 𝜇0
𝑁exp ∫  

𝑃

𝑃0

 𝑅mic d𝑧  

𝐹mic (𝑧) ∼
𝑧→∞

𝑧𝑁 , 𝐹̂mic (𝑧) ∼
𝑧→∞

𝑒𝑁𝑉(𝑧)

𝑧𝑁
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𝐹mic(𝑧) = 𝜙1(𝑧) + 𝜙2(𝑧)𝑦  

1

𝐹mic(𝑧)
= 𝜑1(𝑧) + 𝜑2(𝑧)𝑦  

𝑓𝛿(𝑧) =
𝛿𝐹mic
𝐹mic

= 𝛿ln 𝐹mic  

𝛿𝑦 =
𝜌𝛿
𝑦

 

𝑓𝛿(𝑧) = 𝑝𝛿(𝑧) +
𝑞𝛿(𝑧)

𝑦
 

𝑆mic
′ (𝑧; 𝒂, 𝒈, 𝒕) = 𝑁∑  

𝑘≥1

 𝑔𝑘
𝜕ln 𝐹mic(𝑧; 𝒂, 𝒕)

𝜕𝑡𝑘
 

𝑆mic
′ (𝑧) =

𝑁

2
(𝑝(𝑧) +

𝐸𝑆(𝑧)

𝑦
)  

𝑅mic(𝑧) + 𝑅̂mic(𝑧) = 𝑁𝑉
′(𝑧)  

𝑆mic
′′ (𝑧) + 𝑆̂mic

′′ (𝑧) = 𝑁𝑊′′′(𝑧)  

𝑆mic
′ (𝑧) + 𝑆̂mic

′ (𝑧) = 𝑁𝑊′′(𝑧) + 𝑐 = 𝑁𝑝(𝑧)  

∫  
𝛽𝑖

 𝑆mic
′′ d𝑧 = 𝑁𝑊′′(𝜇0)  

𝑆mic
′ (𝑧) =

𝑁

2
(𝑊′′(𝑧) +

𝐸𝑆(𝑧)

𝑦
)  

𝑆mic 
′ (𝑧) ∼

𝑧→∞
−
𝑣0, mic 

𝑧2
 

∮ 𝑆mic 
′ d𝑧 = 0

𝛼𝑖

 

∮ 𝑆mic 
′ d𝑧

𝛼𝑖

= − ∮ 𝑧𝑆mic 
′′ d𝑧

𝛼𝑖

= −𝑁∑  

𝑘≥1

 𝑔𝑘
𝜕

𝜕𝑡𝑘
∮ 𝜆mic 

𝛼𝑖

 

1

2𝑖𝜋
∮ ℎ𝑖 = 𝛿𝑖𝑗
𝛼𝑗

 

ℎ𝑖 = 𝜓𝑖 d𝑧 =
𝑝𝑖
𝑦

 d𝑧  

𝜕𝜆mic
𝜕𝑎𝑖

= ℎ𝑖 − d(𝑧𝜓𝑖)  

𝜆mic = 𝑧𝑅mic d𝑧 = −ln 𝐹mic d𝑧 + d(𝑧ln 𝐹mic )  

𝜕ln 𝐹mic
𝜕𝑎𝑖

= 𝑝(𝑧) +
𝑞(𝑧)

𝑦
 

1

𝐹mic

𝜕𝐹mic
𝜕𝑎𝑖

= 𝒪(1/𝑧)  
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𝜕ln 𝐹mic
𝜕𝑎𝑖

= −𝜓𝑖  

𝜕𝑊mic
𝜕𝑎𝑖

=
1

2𝑖𝜋
∮
𝑊

𝑧

𝜕𝜆mic
𝜕𝑎𝑖

𝛼

 

𝜕𝑊mic
𝜕𝑎𝑖

=
1

2𝑖𝜋
∮ 𝑊′ℎ𝑖
𝛼

 

∫  
𝛽𝑖

 𝑆mic 
′ d𝑧 = −

1

2𝑖𝜋
∮ [𝑆mic 

′ 𝐻𝑖 + (𝑁𝑊
′′ − 𝑆mic 

′ ) (∫  
𝛽𝑟

 ℎ𝑖 + 2ln 𝜇0 − 𝐻𝑖)]

𝛼

 = 𝑁𝑊′(𝜇0) −
𝑁

2𝑖𝜋
∮ 𝑊′ℎ𝑖
𝛼

 

𝜕𝑊mic
𝜕𝑎𝑖

= −
1

𝑁
∫  
𝛽𝑖

 𝑆mic
′ d𝑧 +𝑊′(𝜇0)  

∫  
𝛽𝑖

  𝑆mic
∗′ d𝑧 = 𝑁𝑊′(𝜇0)  

𝑆mic
∗ (𝑧) + 𝑆̂mic

∗ (𝑧) = 𝑁𝑊′(𝑧) + 𝑐̃  

∫  
𝛽𝑖

 𝑆mic
∗′ d𝑧 = 𝑁𝑊′(𝜇0) + 𝑐̃  

𝑆mic
∗ (𝑧)(𝑁𝑊′(𝑧) − 𝑆mic

∗ (𝑧)) = 𝑁2Δ𝑆,mic
∗ (𝑧)  

𝑆mic
∗ (𝑧; 𝒈, 𝒕) =

𝑁

2
(𝑊′(𝑧) − √𝑊′(𝑧)2 − 4Δ𝑆,mic

∗ (𝑧))  

𝑦2 = 𝑀𝑁−𝑟(𝑧)
2𝑦mic,𝑟
2

𝑊′(𝑧)2 − 4Δ𝑆,mic
∗ (𝑧) = 𝑁𝑑𝑊−𝑟(𝑧)

2𝑦mic,𝑟
2  

𝒞mic,𝑟: 𝑦mic,𝑟
2 =∏ 

𝑟

𝑖=1

  (𝑧 − 𝑣𝑖
−)(𝑧 − 𝑣𝑖

+)  

∮ 𝑅mic
∗  d𝑧 ∈ 2𝑖𝜋ℤ

𝛼𝑖

 ∫  
𝛽𝑖

 𝑅mic
∗  d𝑧 − 𝑁𝑉(𝜇0) + 2𝑁ln 𝜇0 ∈ 2𝑖𝜋ℤ

 

𝐿𝑛  = −
1

2𝑖𝜋
∑  

𝑁

𝑖=1

  ∮ 𝑧𝑛+1𝑅mic (𝑧; 𝒂, 𝒕)d𝑧
𝜕

𝜕𝑎𝑖
𝛼𝑖

𝐽𝑛  = −
1

2𝑖𝜋
∑  

𝑁

𝑖=1

  ∮ 𝑧𝑛+1𝑆mic (𝑧; 𝒂, 𝒈, 𝒕)d𝑧
𝜕

𝜕𝑎𝑖
𝛼𝑖

 

𝑁𝐿𝑛 ⋅ 𝑊mic(𝒂,𝒈, 𝒕) = 𝒜𝑛(𝒂, 𝒈, 𝒕),
𝑁𝐽𝑛 ⋅ 𝑊mic(𝒂, 𝒈, 𝒕) = ℬ𝑛(𝒂, 𝒈, 𝒕),

 

𝒜𝑛 = −𝑁∑  

𝑘≥0

 𝑔𝑘𝑢𝑛+𝑘+1,mic −𝑁∑  

𝑘≥0

  𝜆𝑘𝑣𝑛+𝑘+1,mic + 2 ∑  

𝑘1+𝑘2=𝑛

 𝑢𝑘1,mic𝑣𝑘2,mic

ℬ𝑛 = −𝑁∑  

𝑘≥0

 𝑔𝑘𝑣𝑛+𝑘+1,mic + ∑  

𝑘1+𝑘2=𝑛

  𝑣𝑘1,mic𝑣𝑘2,mic

 



pág. 1949 

𝒜(𝑧; 𝒂, 𝒈, 𝒕) =∑  

𝑛≥−1

 
𝒜𝑛(𝒂, 𝒈, 𝒕)

𝑧𝑛+2
= 𝑁𝐿(𝑧) ⋅ 𝑊mic(𝒂,𝒈, 𝒕)  

= −𝑁𝑊′(𝑧; 𝒈)𝑅mic(𝑧; 𝒂, 𝒕) − 𝑁𝑉
′(𝑧; 𝒕)𝑆mic(𝑧; 𝒂, 𝒈, 𝒕)

 +2𝑅mic(𝑧; 𝒂, 𝒕)𝑆mic(𝑧; 𝒂, 𝒈, 𝒕) + 𝑁
2Δ𝑅,mic(𝑧; 𝒂, 𝒈, 𝒕)

ℬ(𝑧; 𝒂, 𝒈, 𝒕) = ∑  

𝑛≥−1

 
ℬ𝑛(𝒂,𝒈, 𝒕)

𝑧𝑛+2
= 𝑁𝐽(𝑧) ⋅ 𝑊mic(𝒂,𝒈, 𝒕)

= −𝑁𝑊′(𝑧; 𝒈)𝑆mic(𝑧; 𝒂, 𝒈, 𝒕)

 +𝑆mic(𝑧; 𝒂, 𝒈, 𝒕)
2 + 𝑁2Δ𝑆,mic(𝑧; 𝒂, 𝒈, 𝒕)

 

𝑁𝐿𝑛 ⋅ 𝑊mic =
1

2𝑖𝜋
∑  

𝑖

  ∮ 𝑧𝑛+1𝑅mic d𝑧

𝛼𝑖

∫  
𝛽𝑖

  𝑆mic 
′ d𝑧 − 𝑁𝑊′(𝜇0)𝑢𝑛+1, mic  

𝑆mic(𝑧) + 𝑆̂mic(𝑧) = 𝑁𝑊
′(𝑧) + ∫  

𝛽𝑟

  𝑆mic
′ d𝑧 − 𝑁𝑊′(𝜇0)  

𝑁𝐿𝑛 ⋅ 𝑊mic = −𝑁𝑊
′(𝜇0)𝑢𝑛+1, mic + 𝑢𝑛+1, mic ∫  

𝛽𝑟

 𝑆mic 
′ d𝑧

+
1

2𝑖𝜋
∮ 𝑧𝑛+1 [𝑅mic 𝑆mic + (𝑁𝑉

′ − 𝑅mic )(𝑁𝑊
′ − 𝑆mic − 𝑁𝑊

′(𝜇0) + ∫  
𝛽𝑟

  𝑆mic 
′ d𝑧)]

𝛼

 

 =
1

2𝑖𝜋
∮ 𝑧𝑛+1(−𝑁𝑊′𝑅mic −𝑁𝑉

′𝑆mic + 2𝑅mic 𝑆mic )d𝑧 = 𝒜𝑛

𝛼

 

𝑁𝐽𝑛 ⋅ 𝑊mic =
1

2𝑖𝜋
∑  

𝑖

  ∮ 𝑧𝑛+1𝑆mic d𝑧

𝛼𝑖

∫  
𝛽𝑖

 𝑆mic 
′ d𝑧 − 𝑁𝑊′(𝜇0)𝑣𝑛+1, mic  

2 ×
1

2𝑖𝜋
∑  

𝑖

  ∮ 𝑧𝑛+1𝑆mic d𝑧

𝛼𝑖

∫  
𝛽𝑖

  𝑆mic 
′ d𝑧 = 2 × 𝑣𝑛+1, mic ∫ 𝑆mic 

′ d𝑧 
𝛽𝑟

 

 +
1

2𝑖𝜋
∮ 𝑧𝑛+1 [𝑆mic 

2 + (𝑁𝑊′ − 𝑆mic − 𝑁𝑊
′(𝜇0) + ∫  

𝛽𝑟

 𝑆mic 
′ d𝑧)

2

]

𝛼

 =
1

𝑖𝜋
∮ 𝑧𝑛+1(−𝑁𝑊′𝑆mic + 𝑆mic 

2 )d𝑧 + 2𝑁𝑊′(𝜇0)𝑣𝑛+1, mic 

𝛼

 

𝐿𝑛 ⋅ 𝑊mic = 0, 𝐽𝑛 ⋅ 𝑊mic = 0  
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𝒞: 𝑦2 =∏ 

𝑟

𝑖=1

  (𝑧 − 𝑧𝑖
−)(𝑧 − 𝑧𝑖

+)  

 

∮ 𝑓 d𝑧 = 0,

𝛼𝑖

 ∮ 𝑓 d𝑧 = 0

𝛿𝑖

 

𝐹(𝑃) = ∫  
𝑃

𝑂

 𝑓 d𝑧  

𝐺(𝑃) = ∫  
𝑃

𝑂

 𝑔 d𝑧  

ℐ = ∮ 𝑝𝐹𝐺 d𝑧,

𝛾
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ℐ = ∑  

𝑟−1

𝑖=1

  [∮ (𝑝𝐹𝐺 − 𝑝(𝐹 + ∮ 𝑓 d𝑢

𝛿𝑖

)(𝐺 + ∮ 𝑔 d𝑢

𝛿𝑖

))

𝛼𝑖

d𝑧

 + ∮ (𝑝𝐹𝐺 − 𝑝(𝐹 − ∮ 𝑓 d𝑢

𝛼𝑖

)(𝐺 − ∮ 𝑔 d𝑢

𝛼𝑖

))d𝑧

𝛿𝑖

]

= ∑  

𝑟−1

𝑖=1

  [∮ 𝑝𝐹 d𝑧 ∮ 𝑔

𝛼𝑖

d𝑧 + ∮ 𝑝𝐺 d𝑧

𝛿𝑖

∮ 𝑓 d𝑧

𝛼𝑖𝛿𝑖

 − ∮ 𝑔 d𝑧

𝛿𝑖

∮ 𝑝𝐹 d𝑧

𝛼𝑖

− ∮ 𝑓 d𝑧

𝛿𝑖

∮ 𝑝𝐺 d𝑧

𝛼𝑖

]

 

ℐ =∑  

𝑟

𝑖=1

 [∫  
𝛽𝑖

 𝑝𝐹 d𝑧 ∮ 𝑔 d𝑧

𝛼𝑖

+∫  
𝛽𝑖

 𝑝𝐺 d𝑧 ∮ 𝑓 d𝑧

𝛼𝑖

−∫  
𝛽𝑖

 𝑔 d𝑧 ∮ 𝑝𝐹 d𝑧

𝛼𝑖

−∫  
𝛽𝑖

 𝑓 d𝑧 ∮ 𝑝𝐺 d𝑧

𝛼𝑖

]

 −∫  
𝛽𝑟

 𝑝𝐹 d𝑧∮ 𝑔 d𝑧

𝛼

−∫  
𝛽𝑟

 𝑝𝐺 d𝑧 ∮ 𝑓 d𝑧

𝛼

+∫  
𝛽𝑟

 𝑔 d𝑧∮ 𝑝𝐹 d𝑧

𝛼

+∫  
𝛽𝑟

 𝑓 d𝑧 ∮ 𝑝𝐺 d𝑧

𝛼

 

∫  
𝛾1+𝛾2

 𝑝𝐹𝐺 d𝑧 = ∫  
𝛽𝑟

 𝑝(𝐹𝐺 − (𝐹 − 2𝑖𝜋𝑓0)(𝐺 − 2𝑖𝜋𝑔0))d𝑧  

ℐ = −∮ 𝑔 d𝑧

𝛼

∫  
𝛽𝑟

 𝑝𝐹 d𝑧 − ∮ 𝑓 d𝑧

𝛼

∫  
𝛽𝑟

 𝑝𝐺 d𝑧 + ∮ 𝑝𝐹𝐺 d𝑧

𝛼𝑃0+𝛽𝑃0

 

 

∑ 

𝑟

𝑖=1

  [∫  
𝛽𝑖

 𝑝𝐹 d𝑧 ∮ 𝑔 d𝑧

𝛼𝑖

+∫  
𝛽𝑖

 𝑝𝐺 d𝑧 ∮ 𝑓 d𝑧

𝛼𝑖

−∫  
𝛽𝑖

 𝑔 d𝑧 ∮ 𝑝𝐹 d𝑧

𝛼𝑖

−∫  
𝛽𝑖

 𝑓 d𝑧 ∮ 𝑝𝐺 d𝑧

𝛼𝑖

]

 +∫  
𝛽𝑟

 𝑔 d𝑧∮ 𝑝𝐹 d𝑧

𝛼

+∫  
𝛽𝑟

 𝑓 d𝑧 ∮ 𝑝𝐺 d𝑧

𝛼

= ∮ 𝑝𝐹𝐺 d𝑧

𝛼𝑃0+𝛽𝑃0

 

∮ 𝑝𝐹𝐺 d𝑧

𝛼𝑃0+𝛽𝑃0

= −∮ 𝑝(𝐹𝐺 + 𝐹̂𝐺̂)d𝑧

𝛼

 

∑ 

𝑟

𝑖=1

  [∫  
𝛽𝑖

 𝑝𝐹 d𝑧 ∮ 𝑔 d𝑧

𝛼𝑖

−∫  
𝛽𝑖

 𝑔 d𝑧 ∮ 𝑝𝐹 d𝑧

𝛼𝑖

] + ∫  
𝛽𝑟

 𝑔 d𝑧 ∮ 𝑝𝐹 d𝑧

𝛼

= −∮ 𝑝(𝐹𝐺 + 𝐹̂𝐺̂)d𝑧

𝛼

 

𝑊(𝑧) =
1

2
𝑚𝑧2, 𝑉(𝑧) = 𝜆−1 + 𝜆0𝑧 +

1

2
𝜆1𝑧

2  

𝑅(𝑧)  =
𝑁

2
[𝜆0 + 𝜆1𝑧 +

2 + 2𝑠𝜆1/𝑚 − 𝜆0𝑧 − 𝜆1𝑧
2

√𝑧2 − 4𝑠/𝑚
]

𝑆(𝑧)  =
𝑁𝑚

2
[𝑧 − √𝑧2 − 4𝑠/𝑚]

 

∫  
𝛽1

 𝑅 d𝑧 = 𝑁𝑉(𝜇0) − 2𝑁ln 𝜇0 + 2𝑖𝜋𝑘 = 𝑁∫  
𝜇0

2√𝑠/𝑚

 
𝜆1𝑧

2 + 𝜆0𝑧 − 2𝑠𝜆1/𝑚 − 2

√𝑧2 − 4𝑠/𝑚
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𝑞 = (
𝑠

𝑚
)
𝑁

𝑒−𝑁𝜆1𝑠/𝑚  

𝑠 = 𝑚𝑒2𝑖𝜋𝑘/𝑁𝑞1/𝑁 (1 + 𝜆1𝑒
2𝑖𝜋𝑘/𝑁𝑞1/𝑁 + 𝒪(𝜆1

2)) , 0 ≤ 𝑘 ≤ 𝑁 − 1  

𝑠 ≃ −
𝑚

𝑁𝜆1
(ln (𝜆1

𝑁𝑞) + 2𝑖𝜋𝑘), 𝑘 ∈ ℤ  

𝑠 ≃
𝑚

𝑁𝜆1
(
8𝜋2

𝑔YM
2 − 𝑖𝜗 − ln 𝜆1

𝑁)  

(𝜕𝑉)
sinh 𝐿𝑉 − 𝐿𝑉

𝐿𝑉
2 (𝜕𝑉) = (𝜕𝑉) (

𝐿𝑉
3!
+
𝐿𝑉
3

5!
+⋯) (𝜕𝑉)  

𝛿𝐴𝑀  = i𝜀‾
𝐼𝛾𝑀𝜆𝐼

𝛿𝐵 = i𝜀‾𝐼𝜆𝐼

𝛿𝜆𝐼  = 𝛾
𝑀𝑁𝐹𝑀𝑁𝜀𝐼 + 𝛾

𝑀𝐷𝑀𝐵𝜀𝐼 + i𝑋𝑖(𝜎
𝑖)
𝐼

𝐽
𝜀𝐽

𝛿𝑋𝑖  = 𝜀‾𝐼(𝜎𝑖)
𝐼

𝐽
𝛾𝑀𝐷𝑀𝜆𝐽 + i[𝐵, 𝜆𝐽](𝜎

𝑖)
𝐼

𝐽
𝜀‾𝐼

 

𝑉 = −𝜃𝜎𝜇𝜃‾𝐴𝜇 + i𝜃
2𝜃‾𝜆‾ − i𝜃‾2𝜃𝜆 +

1

2
𝜃4(𝑋3 − 𝐷5𝐵)

Φ = 𝐴5 + i𝐵 + 2𝜃𝜓 + 𝜃
2(𝑋1 + i𝑋2)

 

𝑒2𝑉 ⟶ 𝑒−iΛ‾ 𝑒2𝑉𝑒iΛ, Φ ⟶ 𝑒−iΛ(Φ − i𝜕5)𝑒
iΛ  

∇= 𝜕5 + iΦ  

𝑍 = 𝑒−2𝑉∇𝑒2𝑉 , 𝑍 ⟶ 𝑒−iΛ𝑍𝑒iΛ  

ℒ5  =
1

4
∫   d4𝜃tr𝑍2 +

1

4
(∫   d2𝜃tr𝑊𝛼𝑊𝛼 +  H.c. )

 = −
1

4
𝐹𝑀𝑁𝐹

𝑀𝑁 −
1

2
𝐷𝑀𝐵𝐷

𝑀𝐵 −
i

2
𝜆‾𝐼Γ𝑀𝐷𝑀𝜆𝐼 +

1

2
𝑋𝑖𝑋𝑖 +

1

2
𝜆‾𝐼[𝐵, 𝜆𝐼]

 

ℒ10 = −
1

4
𝐹𝑀̂𝑁̂𝐹

𝑀̂𝑁̂ −
i

2
Ξ‾Γ𝑀̂𝐷𝑀̂Ξ  

𝛿𝐴𝑀̂ =
i

2
𝜖‾Γ𝑀̂Ξ, 𝛿Ξ = −

1

4
𝐹𝑀̂𝑁̂Γ

𝑀̂𝑁̂𝜖  

Ψ𝐼 = 𝜀𝐼𝐽𝐶(Ψ‾
𝐽)𝑇  

ℒ7 =−
1

4
tr𝐹𝑀𝑁𝐹

𝑀𝑁 −
1

2
tr𝐷𝑀𝐵𝑖𝐷

𝑀𝐵𝑖 +
1

4
tr[𝐵𝑖 , 𝐵𝑗][𝐵

𝑖 , 𝐵𝑗] 

 −
i

2
trΨ‾ 𝐼Γ𝑀𝐷𝑀Ψ𝐼 −

i

2
trΨ‾ 𝐼 [𝐵𝑖(𝜎

𝑖)
𝐼

𝐽
, Ψ𝐽] .

 

𝛿𝐴𝑀  =
i

2
𝜀‾𝐼Γ𝑀Ψ𝐼

𝛿𝐵𝑖  =
1

2
𝜀‾𝐼(𝜎𝑖)𝐼

𝐽
Ψ𝐽

𝛿Ψ𝐼  = −
1

4
𝐹𝑀𝑁Γ

𝑀𝑁𝜀𝐼 +
i

2
Γ𝑀𝐷𝑀(𝐵𝑖𝜎

𝑖)
𝐼

𝐽
𝜀𝐽 +

1

4
𝜀𝑖𝑗𝑘[𝐵𝑖 , 𝐵𝑗](𝜎𝑘)𝐼

𝐽
𝜀𝐽

 

Γ∗ = iΓ
0Γ1Γ2Γ3 = (

−𝟙
𝟙

−𝟙
𝟙

)  
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𝐵 = Γ2Γ5 = (

0 0 −𝜖𝛼𝛽

0 𝜖𝛼𝛽 −𝜖𝛼̇𝛽̇ 0

𝜖𝛼̇𝛽̇ 0 0

) .  

Ψ1 =

(

 
 

𝜆1𝛼
𝜆‾2
𝛼̇

𝜆3𝛼
𝜆‾4
𝛼̇
)

 
 
,Ψ2 =

(

 
 

−𝜆4𝛼
−𝜆‾3

𝛼̇

𝜆2𝛼
𝜆‾1
𝛼̇
)

 
 

 

(
𝜆1
𝜆4
) , (

𝜆2
𝜆3
)  

(
𝜆1
𝜆3
) , (

𝜆2
𝜆4
)  

𝜙1 = 𝐴5 + i𝐵1, 𝜓1 = i(𝜆1 − 𝜆2),

𝜙2 = 𝐴6 + i𝐵2, 𝜓2 = −(𝜆1 + 𝜆2),

𝜙3 = 𝐴7 + i𝐵3, 𝜓3 = i(𝜆4 − 𝜆3).

 

𝛿𝜙𝑖 = √2𝜖𝜓𝑖 , 𝛿𝜓𝑖 = −√2i(𝜕𝜇𝜙𝑖 − 𝜕𝑖𝐴𝜇 + i[𝐴𝜇, 𝜙𝑖])𝜎
𝜇𝜖‾ − √2𝐹𝑖𝜖.  

𝐹𝑖 = −
1

2
𝜀𝑖𝑗𝑘(𝐹𝑗𝑘 + 2i𝐷𝑗𝐵𝑘 − i[𝐵𝑗 , 𝐵𝑘]).  

𝛿𝐴𝜇 = −
i

√2
(𝜖𝜎𝜇𝜒‾ − 𝜒𝜎𝜇𝜖‾), 𝛿𝜒 = −√2𝐹𝜇𝜈𝜎

𝜇𝜈𝜖 + √2i𝐷𝜖,  

[𝛿𝜖 , 𝛿𝜂]𝐴𝜇 = −2i(𝜖𝜎
𝜈𝜂‾ − 𝜂𝜎𝜈𝜖)𝜕𝜈𝐴𝜇 − 𝛿gauge  

i(𝜖𝜎𝜇𝜂‾ − 𝜂𝜎𝜇𝜖)𝐴𝜇  

𝑉 = −𝜃𝜎𝜇𝜃‾𝐴𝜇 +
1

√2
𝜃2𝜃‾𝜒‾ +

1

√2
𝜃‾2𝜃𝜒 +

1

2
𝜃4𝐷

Φ𝑖  = 𝜙𝑖 + √2i𝜃𝜓𝑖 + 𝜃
2𝐹𝑖

 

Φ𝑖 ⟶ 𝑒−iΛ(Φ𝑖 − i𝜕𝑖)𝑒
iΛ, 𝑒2𝑉 ⟶ 𝑒−iΛ‾ 𝑒2𝑉𝑒iΛ  

∇𝑖= 𝜕𝑖 + iΦ𝑖 ,  

∇𝑖𝑒
2𝑉 = 𝜕𝑖𝑒

2𝑉 + iΦ‾ 𝑖𝑒
2𝑉 − i𝑒2𝑉Φ𝑖  

1

16
∫   d2𝜃𝑊𝛼𝑊𝛼 +  H.c. = −

1

4
𝐹𝜇𝜈𝐹

𝜇𝜈 −
i

2
𝜒𝜎𝜇𝐷𝜇𝜒‾ +

1

2
𝐷2.  

𝑍𝑖 = 𝑒
−2𝑉∇𝑖𝑒

2𝑉 .  

Λ = 𝜆 + i𝜃𝜎𝜇𝜃‾𝜕𝜇𝜆 +
1

4
𝜃4 ◻ 𝜆  

𝛿𝑍𝑖 = i[𝑍𝑖 , Λ] = i[𝑍𝑖 , 𝜆] + i [𝑍𝑖 , i𝜃𝜎
𝜇𝜃‾𝜕𝜇𝜆 +

1

4
𝜃4 ◻ 𝜆]  

1

4
∫   d4𝜃tr𝑍𝑖𝑍𝑖 =−

1

2
𝐹𝜇𝑖𝐹

𝜇𝑖 −
1

2
𝐷𝜇𝐵𝑖𝐷

𝜇𝐵𝑖 −𝐷𝐷𝑖𝐵𝑖 + 2𝐹𝑖𝐹‾𝑖 

 −
i

2
𝜓𝑖𝜎

𝜇𝐷𝜇𝜓‾𝑖 −
1

2
𝜒𝐷𝑖𝜓𝑖 −

1

2
𝜒‾𝐷𝑖𝜓‾𝑖

 +
1

2
𝜒[𝐵𝑖 , 𝜓𝑖] −

1

2
𝜒‾[𝐵𝑖 , 𝜓‾𝑖]

 

𝑊 = 𝜀𝑖𝑗𝑘Φ𝑖 (𝜕𝑗Φ𝑘 +
i

3
[Φ𝑗 , Φ𝑘])  
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1

4
∫   d2𝜃𝑊 +  H.c. =

1

4
𝜀𝑖𝑗𝑘𝐹𝑖(𝐹𝑗𝑘 + 2i𝐷𝑗𝐵𝑘 − i[𝐵𝑗 , 𝐵𝑘])

 +
1

4
𝜀𝑖𝑗𝑘𝜓𝑖𝐷𝑗𝜓𝑘 −

1

4
𝜀𝑖𝑗𝑘𝜓𝑖[𝐵𝑗 , 𝜓𝑘] +  H.c. 

 

𝛿𝑊 =
1

3
𝜀𝑖𝑗𝑘(𝑒

−iΛ𝜕𝑖𝑒
iΛ)(𝑒−iΛ𝜕𝑗𝑒

iΛ)(𝑒−iΛ𝜕𝑘𝑒
iΛ)  

∫  d3𝑦𝛿𝑊 = ∎ ⋅ 𝑛 

∫  d3𝑦𝛿𝑊 = 𝑧 + 𝜃𝜁 + 𝜃2𝐹𝑍 

∫  d2𝜃𝛿𝑊 = 𝐹𝑍 

ℒSF =
1

4
∫   d4𝜃tr𝑍𝑖𝑍𝑖

+ [
1

16
∫   d2𝜃𝑊𝛼𝑊𝛼 +

1

4
∫   d2𝜃𝜀𝑖𝑗𝑘Φ𝑖 (𝜕𝑗Φ𝑘 +

i

3
[Φ𝑗 , Φ𝑘]) +  H.c. ] 

=−
1

4
𝐹𝜇𝜈𝐹

𝜇𝜈 −
1

2
𝐹𝜇𝑖𝐹

𝜇𝑖 −
1

2
𝐷𝜇𝐵𝑖𝐷

𝜇𝐵𝑖 +
1

2
𝐷2 − 𝐷𝐷𝑖𝐵𝑖  

 +
1

2
𝐹𝑖𝐹‾𝑖 + [

1

4
𝐹𝑖𝜀𝑖𝑗𝑘(𝐹𝑗𝑘 + 2i𝐷𝑗𝐵𝑘 − i[𝐵𝑗 , 𝐵𝑘]) +  H.c. ]

 −
i

2
𝜒𝜎𝜇𝐷𝜇𝜒‾ −

i

2
𝜓𝑖𝜎

𝜇𝐷𝜇𝜓‾𝑖

 −
1

2
[𝜒(𝐷𝑖𝜓𝑖 − [𝐵𝑖 , 𝜓𝑖]) −

1

2
𝜀𝑖𝑗𝑘𝜓𝑖(𝐷𝑗𝜓𝑘 − [𝐵𝑗 , 𝜓𝑘]) +  H.c. ] .

 

𝐹𝑖  = −
1

2
𝜀𝑖𝑗𝑘(𝐹𝑗𝑘 + 2i𝐷𝑗𝐵𝑘 − i[𝐵𝑗 , 𝐵𝑘])

𝐷 = 𝐷𝑖𝐵𝑖

 

ℒSF =−
1

4
𝐹𝑀𝑁𝐹

𝑀𝑁 −
1

2
𝐷𝑀𝐵𝑖𝐷

𝑀𝐵𝑖 +
1

4
[𝐵𝑖 , 𝐵𝑗][𝐵𝑖 , 𝐵𝑗]  

 −
i

2
𝜒𝜎𝜇𝐷𝜇𝜒‾ −

i

2
𝜓𝑖𝜎

𝜇𝐷𝜇𝜓‾𝑖

 −
1

2
[𝜒(𝐷𝑖𝜓𝑖 − [𝐵𝑖 , 𝜓𝑖]) −

1

2
𝜀𝑖𝑗𝑘𝜓𝑖(𝐷𝑗𝜓𝑘 − [𝐵𝑗 , 𝜓𝑘]) +  H.c. ]

 

Γ𝜇 = 𝟙⊗ 𝛾𝜇 , Γ3+𝑖 = 𝜎𝑖⊗ 𝛾5  

𝛾0 = (
0 𝟙
−𝟙 0

) , 𝛾𝑖 = ( 0 𝜎𝑖

𝜎𝑖 0
)  

𝛾5 = i𝛾0𝛾1𝛾2𝛾3 = (
−𝟙 0
0 𝟙

)  

𝐶Γ𝑀𝐶
−1 = −Γ𝑀

𝑇 , 𝐵Γ𝑀𝐵
−1 = Γ𝑀

∗  

Ψ𝐼  = 𝜀𝐼𝐽𝐶(Ψ‾
𝑇)𝐽, Ψ‾ 𝐼  = −𝜀𝐼𝐽Ψ𝐽

𝑇𝐶

Ψ𝐼  = 𝜀𝐼𝐽𝐵(Ψ
∗)𝐽 , (Ψ∗)𝐽  = 𝜀𝐼𝐽𝐵∗Ψ𝐽

 

𝐶 = Γ0Γ2Γ5 = (
0 𝜀 0
−𝜀 0 0
0 −𝜀 0

) , 𝐵 = Γ2Γ5 = (
0 0 −𝜀
0 𝜀 0
−𝜀 0 0

) .  

𝜓𝛼 = 𝜖𝛼𝛽𝜓𝛽 , 𝜓𝛼 = 𝜓
𝛽𝜖𝛽𝛼

𝜒‾𝛼̇ = 𝜒‾𝛽̇𝜖
𝛽̇𝛼̇ , 𝜒‾𝛼̇ = 𝜖𝛼̇𝛽̇𝜒‾

𝛽̇
 

𝜖12 = 𝜖
12 = 1, 𝜖1̇2̇ = 𝜖

1̇2̇ = −1  

𝜓𝜒 = 𝜓𝛼𝜒𝛼 = 𝜒𝜓,𝜓‾𝜒‾ = 𝜓‾𝛼̇𝜒‾
𝛼̇ = 𝜒‾𝜓‾  
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(𝜓𝛼)
† = 𝜓‾𝛼̇ , (𝜓

𝛼)† = 𝜓‾ 𝛼̇ ,⇒  (𝜓𝛼𝜒𝛼)
† = 𝜒‾𝛼̇𝜓‾

𝛼̇ = 𝜒‾𝜓‾  

𝜖𝛼𝛽𝜎
𝛽𝛽̇

𝜇
𝜖𝛽̇𝛼̇ = −(𝜎̃𝜇)𝛼̇𝛼 , 𝜖𝛼̇𝛽̇(𝜎̃

𝜇)𝛽̇𝛽𝜖𝛽𝛼 = −𝜎𝛼𝛼̇
𝜇

 

Γ𝑀⋯𝑃 = (

𝐴𝛼  
𝛽 𝐵𝛼𝛽̇ ∗

𝐶𝛼̇𝛽 𝐷𝛼̇  𝛽̇
∗

)  

𝐵 = Γ2Γ5 = (

0 0 −𝜖𝛼𝛽
0 𝜖𝛼𝛽 0

𝜖𝛼̇𝛽̇ 0 0

)  

Γ∗ = 𝑖Γ
0Γ1Γ2Γ3 = (

−𝟙
𝟙

−𝟙
𝟙

)  

Ψ1 =

(

 
 

𝜆1𝛼
𝜆‾2
𝛼̇

𝜆3𝛼
𝜆‾4
𝛼̇
)

 
 
,Ψ2 =

(

 
 

−𝜆4𝛼
−𝜆‾3

𝛼̇

𝜆2𝛼
𝜆‾1
𝛼̇
)

 
 

 

Ψ‾1 = (−𝜆2
𝛼 , 𝜆‾1𝛼̇ , −𝜆4

𝛼 , 𝜆‾3𝛼̇), Ψ‾ 2 = (𝜆3
𝛼 , −𝜆‾4𝛼̇ , −𝜆1

𝛼 , 𝜆‾2𝛼̇)  

Γ̂𝑀 = 𝜎3⊗𝜎3⊗ Γ𝑀,Γ̂7 = 𝜎2⊗ 𝟙⊗ 𝟙8
Γ̂8 = −𝜎1⊗𝟙⊗ 𝟙8,Γ̂

9 = 𝜎3⊗𝜎1⊗ 𝟙8
 

Γ̂∗ = Γ̂
0⋯ Γ̂9 = 𝜎3⊗𝜎2⊗𝟙8  

Ξ = (

i𝜉1
𝜉1
i𝜉2
−𝜉2

)  

𝐶̂ = 𝜎1⊗𝜎3⊗𝐶  

𝐶̂Γ̂𝑀̂𝐶̂
−1 = Γ̂𝑀̂

𝑇  

Ξ = (

i𝜉1
𝜉1
i𝜉2
−𝜉2

) = Ξ𝑐 = 𝐶̂Ξ‾𝑇 =

(

 
 

i𝐶𝜉‾2
𝑇

𝐶𝜉‾2
𝑇

−i𝐶𝜉‾1
𝑇

𝐶𝜉‾1
𝑇
)

 
 
,  

𝜉1 = 𝐶𝜉‾2
𝑇 , 𝜉2 = −𝐶𝜉‾1

𝑇  

Σ89: (
𝜉1
𝜉2
) ⟶ −

1

2
(
0 1
1 0

) (
𝜉1
𝜉2
) , Σ97: (

𝜉1
𝜉2
) ⟶ −

1

2
(
0 −i
i 0

) (
𝜉1
𝜉2
) ,

Σ78: (
𝜉1
𝜉2
) ⟶ −

1

2
(
1 0
0 −1

) (
𝜉1
𝜉2
) .

 

Ξ‾Γ̂7,8,9Ξ = −2i𝜉‾𝐼𝜎𝐼𝐽
1,2,3𝜉𝐽  

𝐴𝑀 = 𝐴̂𝑀 , 𝐵𝑖 = 𝐴̂6+𝑖 , Ψ𝐼 = √2𝜉𝐼  
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𝛿𝐴𝜇 =
i

2
[𝜖‾1𝜎̃𝜇𝜆1 − 𝜖1𝜎𝜇𝜆‾1 + 𝜖‾2𝜎̃𝜇𝜆2 − 𝜖2𝜎𝜇𝜆‾2

 +𝜖‾3𝜎̃𝜇𝜆3 − 𝜖3𝜎𝜇𝜆‾3 + 𝜖‾4𝜎̃𝜇𝜆4 − 𝜖4𝜎𝜇𝜆‾4]

𝛿𝐴4 =
i

2
[𝜖‾1𝜆‾4 − 𝜖1𝜆4 − 𝜖‾2𝜆‾3 + 𝜖2𝜆3 + 𝜖‾3𝜆‾2 − 𝜖3𝜆2 − 𝜖‾4𝜆‾1 + 𝜖4𝜆1]

𝛿𝐴5 =
1

2
[𝜖‾1𝜆‾4 + 𝜖1𝜆4 + 𝜖‾2𝜆‾3 + 𝜖2𝜆3 − 𝜖‾3𝜆‾2 − 𝜖3𝜆2 − 𝜖‾4𝜆‾1 − 𝜖4𝜆1]

𝛿𝐴6 =
i

2
[𝜖‾1𝜆‾2 − 𝜖1𝜆2 − 𝜖‾2𝜆‾1 + 𝜖2𝜆1 − 𝜖‾3𝜆‾4 + 𝜖3𝜆4 + 𝜖‾4𝜆‾3 − 𝜖4𝜆3]

𝛿𝐵1 =
1

2
[−𝜖‾1𝜆‾3 − 𝜖1𝜆3 + 𝜖‾2𝜆‾4 + 𝜖2𝜆4 + 𝜖‾3𝜆‾1 + 𝜖3𝜆1 − 𝜖‾4𝜆‾2 − 𝜖4𝜆2]

𝛿𝐵2 =
i

2
[𝜖‾1𝜆‾3 − 𝜖1𝜆3 + 𝜖‾2𝜆‾4 − 𝜖2𝜆4 − 𝜖‾3𝜆‾1 + 𝜖3𝜆1 − 𝜖‾4𝜆‾2 + 𝜖4𝜆2]

𝛿𝐵3 =
1

2
[𝜖‾1𝜆‾2 + 𝜖1𝜆2 − 𝜖‾2𝜆‾1 − 𝜖2𝜆1 + 𝜖‾3𝜆‾4 + 𝜖3𝜆4 − 𝜖‾4𝜆‾3 − 𝜖4𝜆3]

 

𝛿𝜆1 =−
1

2
(𝐹𝜇𝜈𝜎

𝜇𝜈 + i𝐹45)𝜖1 −
1

2
𝐹𝜇6𝜎

𝜇𝜖‾2 −
1

2
(𝐹64 − i𝐹65)𝜖3 −

1

2
(𝐹𝜇4 − i𝐹𝜇5)𝜎

𝜇𝜖‾4  

−
i

2
𝐷𝜇(𝐵1 − i𝐵2)𝜎

𝜇𝜖‾3 +
i

2
𝐷𝜇𝐵3𝜎

𝜇𝜖‾2 −
i

2
(𝐷4 − i𝐷5)(𝐵1 − i𝐵2)𝜖2  

 −
i

2
(𝐷4 − i𝐷5)𝐵3𝜖3 +

i

2
𝐷6(𝐵1 − i𝐵2)𝜖4 −

i

2
𝐷6𝐵3𝜖1

 +
1

2
[𝐵1, 𝐵2]𝜖1 −

i

2
[𝐵1 − i𝐵2, 𝐵3]𝜖4,

𝛿𝜆2 = −
1

2
(𝐹𝜇𝜈𝜎

𝜇𝜈 − i𝐹45)𝜖2 +
1

2
𝐹𝜇6𝜎

𝜇𝜖‾1 −
1

2
(𝐹64 + i𝐹65)𝜖4 +

1

2
(𝐹𝜇4 + i𝐹𝜇5)𝜎

𝜇𝜖‾3

 +
i

2
𝐷𝜇(𝐵1 + i𝐵2)𝜎

𝜇𝜖‾4 −
i

2
𝐷𝜇𝐵3𝜎

𝜇𝜖‾1 −
i

2
(𝐷4 + i𝐷5)(𝐵1 + i𝐵2)𝜖1

 −
i

2
(𝐷4 + i𝐷5)𝐵3𝜖4 +

i

2
𝐷6(𝐵1 + i𝐵2)𝜖3 −

i

2
𝐷6𝐵3𝜖2

 −
1

2
[𝐵1, 𝐵2]𝜖2 −

i

2
[𝐵1 + i𝐵2, 𝐵3]𝜖3,

𝛿𝜆3 = −
1

2
(𝐹𝜇𝜈𝜎

𝜇𝜈 − i𝐹45)𝜖3 +
1

2
𝐹𝜇6𝜎

𝜇𝜖‾4 +
1

2
(𝐹64 + i𝐹65)𝜖1 −

1

2
(𝐹𝜇4 + i𝐹𝜇5)𝜎

𝜇𝜖‾2

 +
i

2
𝐷𝜇(𝐵1 − i𝐵2)𝜎

𝜇𝜖‾1 +
i

2
𝐷𝜇𝐵3𝜎

𝜇𝜖‾4 +
i

2
(𝐷4 + i𝐷5)(𝐵1 − i𝐵2)𝜖4

 −
i

2
(𝐷4 + i𝐷5)𝐵3𝜖1 +

i

2
𝐷6(𝐵1 − i𝐵2)𝜖2 +

i

2
𝐷6𝐵3𝜖3

 +
1

2
[𝐵1, 𝐵2]𝜖3 +

i

2
[𝐵1 − i𝐵2, 𝐵3]𝜖2,

𝛿𝜆4 = −
1

2
(𝐹𝜇𝜈𝜎

𝜇𝜈 + i𝐹45)𝜖4 −
1

2
𝐹𝜇6𝜎

𝜇𝜖‾3 +
1

2
(𝐹64 − i𝐹65)𝜖2 +

1

2
(𝐹𝜇4 − i𝐹𝜇5)𝜎

𝜇𝜖‾1

 −
i

2
𝐷𝜇(𝐵1 + i𝐵2)𝜎

𝜇𝜖‾2 −
i

2
𝐷𝜇𝐵3𝜎

𝜇𝜖‾3 +
i

2
(𝐷4 − i𝐷5)(𝐵1 + i𝐵2)𝜖3

 −
i

2
(𝐷4 − i𝐷5)𝐵3𝜖2 +

i

2
𝐷6(𝐵1 + i𝐵2)𝜖1 +

i

2
𝐷6𝐵3𝜖4

 −
1

2
[𝐵1, 𝐵2]𝜖4 +

i

2
[𝐵1 + i𝐵2, 𝐵3]𝜖1.

 

𝐹𝛼𝛽 =
1

5!
Γ𝛼𝛽
𝑎1…𝑎5𝐽𝑎1…𝑎5  

  

 

𝐽𝑎𝑏𝑐𝑑𝑒
𝐴 = −

1

2
𝛼′2𝑀𝐴 𝐵𝐶𝐷(𝜆

𝐵Γ𝑓Γ𝑎𝑏𝑐𝑑𝑒Γ
𝑔𝜆𝐶)𝐹𝑓𝑔

𝐷  
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ℒ′= ℒ′(0) + 𝛼′2ℒ′(2)  

= −
1

4
𝐺𝐴𝑖𝑗𝐺𝑖𝑗

𝐴 +
1

2
𝜒𝐴D̸𝜒𝐴  

−6𝛼′2𝑀𝐴𝐵𝐶𝐷 [tr𝐺
𝐴𝐺𝐵𝐺𝐶𝐺𝐷 −

1

4
(tr𝐺𝐴𝐺𝐵)(tr𝐺𝐶𝐺𝐷)  

 −2𝐺𝐴𝑖  𝑘𝐺
𝐵𝑗𝑘(𝜒𝐶Γ𝑖𝐷𝑗𝜒

𝐷) +
1

2
𝐺𝐴𝑖𝑙𝐷𝑙𝐺

𝐵𝑗𝑘(𝜒𝐶Γ𝑖𝑗𝑘𝜒
𝐷)

 +
1

180
(𝜒𝐴Γ𝑖𝑗𝑘𝜒𝐵)(𝐷𝑙𝜒

𝐶Γ𝑖𝑗𝑘𝐷
𝑙𝜒𝐷) +

3

10
(𝜒𝐴Γ𝑖𝑗𝑘𝜒𝐵)(𝐷𝑖𝜒

𝐶Γ𝑗𝐷𝑘𝜒
𝐷)

 +
7

60
𝑓𝐷  𝐸𝐹𝐺

𝐴𝑖𝑗(𝜒𝐵Γ𝑖𝑗𝑘𝜒
𝐶)(𝜒𝐸Γ𝑘𝜒𝐹)

 −
1

360
𝑓𝐷  𝐸𝐹𝐺

𝐴𝑖𝑗(𝜒𝐵Γ𝑘𝑙𝑚𝜒𝐶)(𝜒𝐸Γ𝑖𝑗𝑘𝑙𝑚𝜒
𝐹)] + 𝑂(𝛼′3)

 

𝐽𝑎𝑏𝑐𝑑𝑒 = 10(𝜆Γ[𝑎𝑏𝑐𝜆)𝐹𝑑𝑒] +
1

2
(𝜆Γ𝑎𝑏𝑐𝑑𝑒  

𝑓𝑔𝜆)𝐹𝑓𝑔 = −
1

2
(𝜆Γ𝑓Γ𝑎𝑏𝑐𝑑𝑒Γ

𝑔𝜆)𝐹𝑓𝑔  

0 =𝐷𝑏𝐹𝑎𝑏 − 𝜆Γ𝑎𝜆 − 8𝐷
𝑏𝐾𝑎𝑏 + 36𝑤𝑎 −

4

3
{𝜆, 𝐽𝑎} − 2𝐽𝑏Γ𝑎𝐽

𝑏 +
1

140 ⋅ 3!
𝐽𝑏𝑐𝑑Γ𝑎𝐽

𝑏𝑐𝑑

 +
1

42
[𝐾𝑏𝑐𝑑𝑒 , 𝐽𝑎 

𝑏𝑐𝑑𝑒] +
1

42 ⋅ 4!
[𝐷𝑓𝐽𝑓𝑏𝑐𝑑𝑒 , 𝐽𝑎 

𝑏𝑐𝑑𝑒]

 

0 = D̸𝜆 − 30𝜓 +
4

3
𝐷𝑎𝐽𝑎 +

5

126 ⋅ 5!
Γ𝑎𝑏𝑐𝑑𝑒[𝜆, 𝐽𝑎𝑏𝑐𝑑𝑒]  

𝐽𝑎 =
1

1680
Γ𝑏𝑐𝑑𝑒𝐷𝐽𝑏𝑐𝑑𝑒𝑎

𝐽𝑎𝑏𝑐 = −
1

12
Γ𝑑𝑒𝐷𝐽𝑑𝑒𝑎𝑏𝑐 −

1

224
Γ[𝑎𝑏Γ

𝑑𝑒𝑓𝑔𝐷𝐽|𝑑𝑒𝑓𝑔|𝑐]

𝐽𝑎𝑏𝑐𝑑𝑒 = 𝐷𝐽𝑎𝑏𝑐𝑑𝑒 +
5

6
Γ[𝑎𝑏Γ

𝑓𝑔𝐷𝐽|𝑓𝑔|𝑐𝑑𝑒] +
1

24
Γ[𝑎𝑏𝑐𝑑Γ

𝑓𝑔ℎ𝑖𝐷𝐽|𝑓𝑔ℎ𝑖|𝑒]

𝐾𝑎𝑏 =
1

5376
(𝐷Γ𝑐𝑑𝑒𝐷)𝐽𝑐𝑑𝑒𝑎𝑏

𝐾𝑎𝑏𝑐𝑑 =
1

480
(𝐷Γ[𝑎

𝑓𝑔
𝐷) 𝐽|𝑓𝑔|𝑏𝑐𝑑]

 

𝜓𝛼 = −
1

840 ⋅ 3! ⋅ 5!
Γ𝑎𝑏𝑐 

𝛽𝛾Γ𝑑𝑒𝛼  
𝛿𝐷[𝛽𝐷𝛾𝐷𝛿]𝐽

𝑎𝑏𝑐𝑑𝑒  

𝑤𝑎 =
1

4032 ⋅ 4! ⋅ 5!
Γ𝑎𝑏𝑐
[𝛼𝛽
Γ𝑑𝑒𝑓
𝛾𝛿]
𝐷𝛼𝐷𝛽𝐷𝛾𝐷𝛿𝐽

𝑏𝑐𝑑𝑒𝑓  

𝐷𝐽𝑎𝑏𝑐𝑑𝑒 = 𝐽𝑎𝑏𝑐𝑑𝑒 + 10Γ[𝑎𝑏𝐽𝑐𝑑𝑒] + 5Γ[𝑎𝑏𝑐𝑑𝐽𝑒]  

Γ𝑎𝑏𝐷𝐾𝑎𝑏 = −
225

2
𝜓 +

5

2
𝐷𝑎𝐽𝑎 +

1

2016
Γ𝑎𝑏𝑐𝑑𝑒[𝜆, 𝐽𝑎𝑏𝑐𝑑𝑒]  

0 = D̸𝜆 +
2

3
𝐷𝑎𝐽𝑎 +

4

15
Γ𝑎𝑏𝐷𝐾𝑎𝑏 +

1

42 ⋅ 5!
Γ𝑎𝑏𝑐𝑑𝑒[𝜆, 𝐽𝑎𝑏𝑐𝑑𝑒]  

𝐷𝛼𝜆
𝛽 = Λ𝛿𝛼  

𝛽 +
1

2
(Γ𝑖𝑗)

𝛼
 𝛽Λ𝑖𝑗 +

1

24
(Γ𝑖𝑗𝑘𝑙)

𝛼
 𝛽Λ𝑖𝑗𝑘𝑙 
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𝐽𝑎 = −
3

70
𝐹𝑖𝑗𝐹𝑘𝑙Γ𝑎𝑖𝑗𝑘𝑙𝜆 +

9

35
𝐹𝑎 

𝑖𝐹𝑗𝑘Γ𝑖𝑗𝑘𝜆

−
1

5
𝐹𝑖𝑗𝐹

𝑖𝑗Γ𝑎𝜆 + 2𝐹𝑎𝑗𝐹
𝑖𝑗Γ𝑖𝜆  

+
1

42
(𝜆Γ𝑖𝑗𝑘𝜆)Γ𝑖𝑗𝑘𝐷𝑎𝜆 −

1

35
(𝜆Γ𝑖𝑗𝑘𝜆)Γ𝑎𝑖𝑗𝐷𝑘𝜆 +

3

35
(𝜆Γ𝑎 

𝑖𝑗𝜆)Γ𝑖𝐷𝑗𝜆 

𝐾𝑎𝑏  =
4

7
𝐹𝑖𝑗𝐹

𝑖𝑗𝐹𝑎𝑏 −
22

7
𝐹𝑎  

𝑖𝐹𝑏 
𝑗𝐹𝑖𝑗

 +
13

28
𝐹𝑖𝑗(𝜆Γ𝑎𝑏𝑖𝐷𝑗𝜆) +

25

56
𝐹𝑖𝑗(𝜆Γ𝑎 

𝑖𝑗𝐷𝑏𝜆)

 +
12

7
𝐹𝑎  

𝑖(𝜆Γ𝑏𝐷𝑖𝜆) +
43

28
𝐹𝑎 

𝑖(𝜆Γ𝑖𝐷𝑏𝜆) +
3

28
𝐷𝑎𝐹

𝑖𝑗(𝜆Γ𝑏𝑖𝑗𝜆)

 +
11

2688
(𝜆Γ𝑖𝑗𝑘𝜆){𝜆, Γ𝑎𝑏𝑖𝑗𝑘𝜆} −

3

448
(𝜆Γ𝑎𝑏 

𝑖𝜆){𝜆, Γ𝑖𝜆}

 

0 = D̸𝜆 +
28

5
𝐹𝑖𝑗𝐹𝑘𝑙Γ𝑖𝑗𝑘𝐷𝑙𝜆 + 24𝐹𝑘

𝑖𝐹𝑗𝑘Γ𝑖𝐷𝑗𝜆

−
16

5
𝐹𝑖𝑙𝐷𝑙𝐹

𝑗𝑘Γ𝑖𝑗𝑘𝜆 +
4

5
𝐹𝑗𝑘𝐷𝑖𝐹𝑗𝑘Γ

𝑖𝜆  

 −
17

60
(𝐷𝑙𝜆Γ𝑖𝑗𝑘𝐷𝑙𝜆)Γ

𝑖𝑗𝑘𝜆 −
9

5
(𝐷𝑖𝜆Γ𝑗𝐷𝑘𝜆)Γ

𝑖𝑗𝑘𝜆

 +
1

5
(𝜆Γ𝑖𝑗𝑘𝜆)[𝐹𝑖

𝑙 , Γ𝑗𝑘𝑙𝜆] +
1

2
(𝜆Γ𝑖𝑗𝑘𝜆)[𝐹𝑖𝑗 , Γ𝑘𝜆]

 +
5

48
𝐹𝑖𝑗{𝜆, Γ

𝑖𝑗𝑘𝑙𝑚𝜆}Γ𝑘𝑙𝑚𝜆 −
19

40
𝐹𝑖𝑗{𝜆, Γ𝑘𝜆}Γ𝑖𝑗𝑘𝜆 + 𝐹

𝑖𝑗{𝜆, Γ𝑖𝜆}Γ𝑗𝜆

 

𝐸1= 𝐹
𝑖𝑗𝐹𝑘𝑙Γ𝑖𝑗𝑘𝐷𝑙𝜆  

𝐸2= 𝐹𝑘
𝑖𝐹𝑗𝑘Γ𝑖𝐷𝑗𝜆  

𝐸3= 𝐹
𝑖𝑙𝐷𝑙𝐹

𝑗𝑘Γ𝑖𝑗𝑘𝜆  

𝐸4= 𝐹
𝑗𝑘𝐷𝑖𝐹𝑗𝑘Γ

𝑖𝜆  

𝐸5= (𝐷
𝑙𝜆Γ𝑖𝑗𝑘𝐷𝑙𝜆)Γ

𝑖𝑗𝑘𝜆  

𝐸6= (𝐷𝑖𝜆Γ𝑗𝐷𝑘𝜆)Γ
𝑖𝑗𝑘𝜆  

𝐸7 = (𝜆Γ
𝑖𝑗𝑘𝜆)[𝐹𝑙𝑚, Γ𝑖𝑗𝑘𝑙𝑚𝜆]

𝐸8= (𝜆Γ
𝑖𝑗𝑘𝜆)[𝐹𝑖

𝑙 , Γ𝑗𝑘𝑙𝜆]  

𝐸9= (𝜆Γ
𝑖𝑗𝑘𝜆)[𝐹𝑖𝑗 , Γ𝑘𝜆]  

𝐸10= 𝐹𝑖𝑗{𝜆, Γ
𝑖𝑗𝑘𝑙𝑚𝜆}Γ𝑘𝑙𝑚𝜆  

𝐸11= 𝐹
𝑖𝑗{𝜆, Γ𝑘𝜆}Γ𝑖𝑗𝑘𝜆  

𝐸12= 𝐹
𝑖𝑗{𝜆, Γ𝑖𝜆}Γ𝑗𝜆  

 

0 = D̸𝜆 +∑  

12

𝑛=1

𝑥𝑛𝐸𝑛 

(𝑥1, … , 𝑥12) = (
28

5
, 24,−

16

5
,
4

5
, −
17

60
,−
9

5
, 0,
1

5
,
1

2
,
5

48
,−
19

40
, 1) 

ℒ = 𝔉 +
1

2
𝜆D̸𝜆 + ∑  

10

𝑚=1

 𝑎𝑚ℒ𝑚  
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ℒ1= 𝐹
𝑖𝑗𝐹𝑘𝑙(𝜆Γ𝑖𝑗𝑘𝑙𝑚𝐷

𝑚𝜆)  

ℒ2= 𝐹
𝑖  𝑘𝐹

𝑗𝑘(𝜆Γ𝑖𝐷𝑗𝜆)  

ℒ3= 𝐹
𝑖𝑙𝐷𝑙𝐹

𝑗𝑘(𝜆Γ𝑖𝑗𝑘𝜆)  

ℒ4= 𝐹
𝑖𝑗𝐹𝑖𝑗(𝜆D̸𝜆)  

ℒ5= 𝐹
𝑖𝑗𝐷𝑙𝐹

𝑘𝑙(𝜆Γ𝑖𝑗𝑘𝜆)  

ℒ6= (𝜆Γ
𝑖𝑗𝑘𝜆)(𝐷𝑙𝜆Γ𝑖𝑗𝑘𝐷

𝑙𝜆)  

ℒ7= (𝜆Γ
𝑖𝑗𝑘𝜆)(𝐷𝑖𝜆Γ𝑗𝐷𝑘𝜆)  

ℒ8= (𝜆Γ
𝑖𝑗𝑘𝜆)(𝐷𝑙𝜆Γ𝑙𝑖𝑗𝑘𝑚𝐷

𝑚𝜆) 

ℒ9= 𝐹
𝑖𝑗(𝜆Γ𝑖𝑗𝑘𝜆){𝜆, Γ

𝑘𝜆}  

ℒ10= 𝐹
𝑖𝑗(𝜆Γ𝑘𝑙𝑚𝜆){𝜆, Γ𝑖𝑗𝑘𝑙𝑚𝜆}  

 

(𝑎1, … , 𝑎10) = (−
7

10
, 12,−

8

5
,−
13

5
,−
11

10
,−

1

30
,−
9

5
, 0,
11

20
,
1

60
) .  

ℒ = −
1

4
𝐹𝑖𝑗𝐹𝑖𝑗 +

1

2
𝜆D̸𝜆

 +𝛼′2[−6 (tr𝐹4 −
1

4
(tr𝐹2)2)

 −
7

10
𝐹𝑖𝑗𝐹𝑘𝑙(𝜆Γ𝑖𝑗𝑘𝑙𝑚𝐷

𝑚𝜆) + 12𝐹𝑖  𝑘𝐹
𝑗𝑘(𝜆Γ𝑖𝐷𝑗𝜆)

 −
8

5
𝐹𝑖𝑙𝐷𝑙𝐹

𝑗𝑘(𝜆Γ𝑖𝑗𝑘𝜆) −
13

5
𝐹𝑖𝑗𝐹𝑖𝑗(𝜆D̸𝜆) −

11

10
𝐹𝑖𝑗𝐷𝑙𝐹

𝑘𝑙(𝜆Γ𝑖𝑗𝑘𝜆)

 −
1

30
(𝜆Γ𝑖𝑗𝑘𝜆)(𝐷𝑙𝜆Γ𝑖𝑗𝑘𝐷

𝑙𝜆) −
9

5
(𝜆Γ𝑖𝑗𝑘𝜆)(𝐷𝑖𝜆Γ𝑗𝐷𝑘𝜆)

+
11

20
𝐹𝑖𝑗(𝜆Γ𝑖𝑗𝑘𝜆){𝜆, Γ

𝑘𝜆} +
1

60
𝐹𝑖𝑗(𝜆Γ𝑘𝑙𝑚𝜆){𝜆, Γ𝑖𝑗𝑘𝑙𝑚𝜆}] + 𝑂(𝛼

′3)

 

𝜆= 𝜒 + 𝛼′2[𝛼𝐺𝑖𝑗𝐺𝑖𝑗𝜒 + 𝛽𝐺
𝑖𝑗𝐺𝑘𝑙Γ𝑖𝑗𝑘𝑙𝜒], 

𝐴𝑎 = 𝐵𝑎 + 𝛾𝛼
′2𝐺𝑖𝑗(𝜒Γ𝑎𝑖𝑗𝜒),

 

ℒ′ = ℒ′(0) + 𝛼′2ℒ′(2)

 = −
1

4
𝐺𝑖𝑗𝐺𝑖𝑗 +

1

2
𝜒D̸𝜒

 −6𝛼′2[tr𝐺4 −
1

4
(tr𝐺2)2

 −2𝐺𝑖  𝑘𝐺
𝑗𝑘(𝜒Γ𝑖𝐷𝑗𝜒) +

1

2
𝐺𝑖𝑙𝐷𝑙𝐺

𝑗𝑘(𝜒Γ𝑖𝑗𝑘𝜒)

 +
1

180
(𝜒Γ𝑖𝑗𝑘𝜒)(𝐷𝑙𝜒Γ𝑖𝑗𝑘𝐷

𝑙𝜒) +
3

10
(𝜒Γ𝑖𝑗𝑘𝜒)(𝐷𝑖𝜒Γ𝑗𝐷𝑘𝜒)

 +
7

60
𝐺𝑖𝑗(𝜒Γ𝑖𝑗𝑘𝜒){𝜒, Γ

𝑘𝜒} −
1

360
𝐺𝑖𝑗(𝜒Γ𝑘𝑙𝑚𝜒){𝜒, Γ𝑖𝑗𝑘𝑙𝑚𝜒}] + 𝑂(𝛼

′3)

 

𝛿𝜀(𝜙)𝜃=0 = −(𝜀
𝛼𝐷̂𝛼𝜙)𝜃=0 

{𝐷̂𝛼 , 𝐷̂𝛽} = −𝑇𝛼𝛽  
𝑐𝜕𝑐 = −2Γ𝛼𝛽

𝑐 𝜕𝑐 

𝐷𝑎 = 𝜕𝑎 − 𝐴𝑎 , 𝐷𝛼 = 𝐷̂𝛼 − 𝐴𝛼  

[𝐷𝐴, 𝐷𝐵} = −𝑇𝐴𝐵
𝐶 𝐷𝐶 − 𝐹𝐴𝐵 

Λ = 𝜀𝛼𝐴𝛼 

𝑄𝜀 = 𝛿𝜀 + 𝑇[𝜀
𝛼𝐴𝛼] 

𝑄𝜀 ⋅ 𝐴𝑎= 𝜀
𝛼𝐹𝑎𝛼 = (𝜀Γ𝑎𝜆) − 7(𝜀𝐽𝑎)  

𝑄𝜀 ⋅ 𝜆 = −𝜀
𝛼𝐷𝛼𝜆 =

1

2
(𝐹𝑖𝑗 −

28

5
𝐾𝑖𝑗) Γ

𝑖𝑗𝜀 −
1

24
(2𝐾𝑖𝑗𝑘𝑙 +

7

30
𝐷𝑚𝐽𝑚𝑖𝑗𝑘𝑙) Γ

𝑖𝑗𝑘𝑙𝜀 
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𝑄𝜀 ⋅ (𝜀
′𝛼𝐹𝑎𝛼) − (𝜀 ↔ 𝜀′) = −2𝜀𝛼𝜀′𝛽𝐷(𝛼𝐹|𝑎|𝛽)

 = −𝜀𝛼𝜀′𝛽(2Γ𝛼𝛽
𝑖 𝐹𝑖𝑎 +𝐷𝑎𝐹𝛼𝛽) = −2(𝜀Γ

𝑖𝜀′)𝜕𝑖𝐴𝑎 + 𝐷𝑎(2(𝜀Γ
𝑖𝜀′)𝐴𝑖 − 𝜀

𝛼𝜀′𝛽𝐹𝛼𝛽)
 

[𝑄𝜀 , 𝑄𝜀′] = −2(𝜀Γ
𝑖𝜀′)𝜕𝑖 + 𝑇[2(𝜀Γ

𝑖𝜀′)𝐴𝑖 − 𝜀
𝛼𝜀′𝛽𝐹𝛼𝛽].  

𝑄𝜀 = −𝜀
𝛼𝐷̂𝛼 + 𝑇[𝜀

𝛼𝐴𝛼] = −𝜀
𝛼𝐷𝛼 

𝛿𝜂𝐴𝑎 = 0

𝛿𝜂𝜆 = 𝜂
}  ⟹ [𝛿𝜂 , 𝛿𝜂′] = 0  

𝛿𝜂
(2)
ℒ′(0) = (𝐷𝑗𝐺

𝑗𝑖 +
1

2
{𝜒, Γ𝑖𝜒}) 𝛿𝜂

(2)
𝐵𝑖 + 𝛿𝜂

(2)
𝜒D̸𝜒  

𝛿𝜂𝐵𝑎= −6𝛼
′2[2𝐺𝑎𝑖(𝜂Γ

𝑖𝜒) − 𝐺𝑖𝑗(𝜂Γ𝑎𝑖𝑗𝜒)],  

𝛿𝜂𝜒 = 𝜂 − 6𝛼
′2 [
1

2
𝐺𝑖𝑗𝐺𝑖𝑗𝜂 +

1

4
𝐺𝑖𝑗𝐺𝑘𝑙Γ𝑖𝑗𝑘𝑙𝜂 

−2(𝜂Γ𝑖𝜒)𝐷𝑖𝜒 +
1

15
(𝜂Γ𝑖𝑗𝑘𝜒)Γ𝑖𝑗𝐷𝑘𝜒  

+
19

25
(𝜂Γ𝑖𝜒)Γ𝑖D̸𝜒 −

1

90
(𝜂Γ𝑖𝑗𝑘𝜒)Γ𝑖𝑗𝑘D̸𝜒]

 

𝛿𝜂𝐴𝑎= −6𝛼
′2 [2𝐹𝑎𝑖(𝜂Γ

𝑖𝜆) −
1

6
𝐹𝑖𝑗(𝜂Γ𝑎𝑖𝑗𝜆)]  

𝛿𝜂𝜆 = 𝜂 − 6𝛼
′2 [

1

15
𝐹𝑖𝑗𝐹𝑖𝑗𝜂 +

2

15
𝐹𝑖𝑗𝐹𝑘𝑙Γ𝑖𝑗𝑘𝑙𝜂 

−2(𝜂Γ𝑖𝜆)𝐷𝑖𝜆 +
1

15
(𝜂Γ𝑖𝑗𝑘𝜆)Γ𝑖𝑗𝐷𝑘𝜆  

+
19

25
(𝜂Γ𝑖𝜆)Γ𝑖D̸𝜆 −

1

90
(𝜂Γ𝑖𝑗𝑘𝜆)Γ𝑖𝑗𝑘D̸𝜆]

 

[𝛿𝜂 , 𝛿𝜂′]𝐴𝑎= −24𝛼
′2(𝜂Γ𝑖𝜂′)𝐹𝑖𝑎  

[𝛿𝜂 , 𝛿𝜂′]𝜆 = −24𝛼
′2(𝜂Γ𝑖𝜂′)𝐷𝑖𝜆 

 

[𝑆𝜚 , 𝑆𝜚′] = −2(𝜚Γ
𝑖𝜚′)𝜕𝑖 + 𝑇[2(𝜚Γ

𝑖𝜚′)𝐴𝑖],  

 

[𝑄𝜀 , 𝑆𝜚] = 𝑇 [−
1

2√3𝜇𝛼′
(𝜀Γ𝑖𝜚)𝑥

𝑖 +
𝛼′

6√3𝜇
(𝜀Γ𝑖𝑗𝑘𝜚)(𝜆Γ𝑖𝑗𝑘𝜆)]  

𝔤 = 𝔲(𝑁) ≃ 𝔰𝔲(𝑁)⊕ 𝔲(1) 

𝑀𝐴′𝐵′𝐶′𝐷′ = 𝑎𝑑(𝐴′𝐵′𝐸
′𝑑𝐶′𝐷′)𝐸′ + 𝑏𝛿(𝐴′𝐵′𝛿𝐶′𝐷′) 

𝑀0𝐴′𝐵′𝐶′ = 𝑐𝑑𝐴′𝐵′𝐶′  

𝑀00𝐴′𝐵′ = 𝑑𝛿𝐴′𝐵′  

𝑀000𝐴′ = 0  

𝑀0000 = 𝜇  

 

𝑀𝐴𝐵𝐶𝐷 ∝ Tr(𝑇(𝐴𝑇𝐵𝑇𝐶𝑇𝐷)) 

𝑇𝐴′𝑇𝐵′ =
1

𝑁
𝛿𝐴′𝐵′ +

1

2
(𝑑𝐴′𝐵′

𝐶′ + 𝑓𝐴′𝐵′
𝐶′ ) 𝑇𝐶′  

𝑎 = 1, 𝑏 =
4

𝑁
 

𝑐 =
2

√𝑁
, 𝑑 = 𝜇 =

4

𝑁
 

(𝜆𝐴{𝜆), 𝐵𝜆} =
1

16
{𝜆, Γ𝑖𝜆}𝐵Γ𝑖𝐴

𝑡𝜆 +
1

32 ⋅ 5!
{𝜆, Γ𝑖𝑗𝑘𝑙𝑚𝜆}𝐵Γ𝑖𝑗𝑘𝑙𝑚𝐴

𝑡𝜆  
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(𝜆Γ[𝑎{𝜆), Γ𝑏]𝜆}=
1

16
{𝜆, Γ𝑖𝜆}Γ𝑎𝑏𝑖𝜆 +

1

96
{𝜆, Γ𝑎𝑏𝑖𝑗𝑘𝜆}Γ

𝑖𝑗𝑘𝜆,  

(𝜆Γ𝑖{𝜆), Γ𝑎𝑏𝑖𝜆}= {𝜆, Γ[𝑎𝜆}Γ𝑏]𝜆 −
3

8
{𝜆, Γ𝑖𝜆}Γ𝑎𝑏𝑖𝜆 +

1

48
{𝜆, Γ𝑎𝑏𝑖𝑗𝑘𝜆}Γ

𝑖𝑗𝑘𝜆,  

(𝜆Γ𝑎𝑏𝑖{𝜆), Γ
𝑖𝜆}= {𝜆, Γ[𝑎𝜆}Γ𝑏]𝜆 +

3

8
{𝜆, Γ𝑖𝜆}Γ𝑎𝑏𝑖𝜆 −

1

48
{𝜆, Γ𝑎𝑏𝑖𝑗𝑘𝜆}Γ

𝑖𝑗𝑘𝜆,  

(𝜆Γ𝑖𝑗[𝑎{𝜆), Γ
𝑖𝑗 𝑏]𝜆} =

7

4
{𝜆, Γ𝑖𝜆}Γ𝑎𝑏𝑖𝜆 −

1

24
{𝜆, Γ𝑎𝑏𝑖𝑗𝑘𝜆}Γ

𝑖𝑗𝑘𝜆,

(𝜆Γ𝑖𝑗𝑘{𝜆), Γ𝑎𝑏𝑖𝑗𝑘𝜆} = 42{𝜆, Γ[𝑎𝜆}Γ𝑏]𝜆 −
21

4
{𝜆, Γ𝑖𝜆}Γ𝑎𝑏𝑖𝜆 −

3

8
{𝜆, Γ𝑎𝑏𝑖𝑗𝑘𝜆}Γ

𝑖𝑗𝑘𝜆,

(𝜆Γ𝑎𝑏𝑖𝑗𝑘{𝜆), Γ
𝑖𝑗𝑘𝜆} = 42{𝜆, Γ[𝑎𝜆}Γ𝑏]𝜆 +

21

4
{𝜆, Γ𝑖𝜆}Γ𝑎𝑏𝑖𝜆 +

3

8
{𝜆, Γ𝑎𝑏𝑖𝑗𝑘𝜆}Γ

𝑖𝑗𝑘𝜆.

 

(𝜆𝐴{𝜆), 𝐵𝜆}=(𝜆𝐴𝐴𝜆𝐵)(𝐵𝜆𝐶)𝛼 − (𝜆
𝐴𝐴𝜆𝐶)(𝐵𝜆𝐵)𝛼 

𝜆𝛼
[𝐵
𝜆𝛽
𝐶]
=
1

16
(Γ𝑎)𝛼𝛽(𝜆

𝐵Γ𝑎𝜆
𝐶) +

1

32 ⋅ 5!
(Γ𝑎𝑏𝑐𝑑𝑒)𝛼𝛽(𝜆

𝐵Γ𝑎𝑏𝑐𝑑𝑒𝜆
𝐶)  

(Γ𝑎)𝛼𝛽(Γ𝑏)𝛼𝛽 = 16𝜂
𝑎𝑏  

(Γ𝑎1…𝑎5)𝛼𝛽(Γ𝑏1…𝑏5)𝛼𝛽
= tr (

1

2
(1̂ + Γ̂11)Γ̂𝑎1…𝑎5Γ̂𝑏1…𝑏5)  

= 16 ⋅ 5! 𝛿𝑏1…𝑏5
𝑎1…𝑎5 + 16𝜖𝑎1…𝑎5  𝑏1…𝑏5  

(Γ𝑎1…𝑎5)𝛼𝛽(Γ𝑏1…𝑏5)
𝛼𝛽
= tr (

1

2
(1̂ − Γ̂11)Γ̂𝑎1…𝑎5Γ̂𝑏1…𝑏5) 

= 16 ⋅ 5! 𝛿𝑏1…𝑏5
𝑎1…𝑎5 − 16𝜖𝑎1…𝑎5  𝑏1…𝑏5  

 

(𝜆Γ𝑖𝐷𝑗𝜆)Γ𝑖𝐷𝑗𝜆=
1

24
(𝐷𝑙𝜆Γ𝑖𝑗𝑘𝐷𝑙𝜆)Γ

𝑖𝑗𝑘𝜆  

(𝜆Γ𝑖𝐷𝑗𝜆)Γ𝑗𝐷𝑖𝜆=
1

48
(𝐷𝑙𝜆Γ𝑖𝑗𝑘𝐷𝑙𝜆)Γ

𝑖𝑗𝑘𝜆 +
1

4
(𝐷𝑖𝜆Γ𝑗𝐷𝑘𝜆)Γ

𝑖𝑗𝑘𝜆  

(𝜆Γ𝑖𝑗𝑘𝐷𝑙𝜆)Γ𝑖𝑗𝑘𝐷𝑙𝜆 = −
1

2
(𝐷𝑙𝜆Γ𝑖𝑗𝑘𝐷𝑙𝜆)Γ

𝑖𝑗𝑘𝜆

(𝜆Γ𝑖𝑗𝑘𝐷𝑙𝜆)Γ𝑖𝑗𝑙𝐷𝑘𝜆 = −
1

24
(𝐷𝑙𝜆Γ𝑖𝑗𝑘𝐷𝑙𝜆)Γ

𝑖𝑗𝑘𝜆 +
5

2
(𝐷𝑖𝜆Γ𝑗𝐷𝑘𝜆)Γ

𝑖𝑗𝑘𝜆

 

𝑆 =∫  𝑑3𝑥tr (−
1

4
𝐹𝜇𝜈𝐹

𝜇𝜈 +
𝑖

2
Λ‾Γ𝜇𝐷𝜇Λ + 𝐷𝜇𝜉

†𝐷𝜇𝜉 + 𝑖Ψ‾ 𝐷𝜇Γ
𝜇Ψ 

−𝑔[Ψ‾ Λ𝜉 + 𝜉†Λ‾Ψ])

 

𝐷𝜇Λ = 𝜕𝜇Λ + 𝑖𝑔[𝐴𝜇 , Λ], 𝐷𝜇𝜉 = 𝜕𝜇𝜉 + 𝑖𝑔𝐴𝜇𝜉, 𝐷𝜇Ψ = 𝜕𝜇Ψ+ 𝑖𝑔𝐴𝜇Ψ  

𝛿𝐴𝜇 =
𝑖

2
𝜀‾Γ𝜇Λ, 𝛿Λ =

1

4
𝐹𝜇𝜈Γ

𝜇𝜈𝜀,

𝛿𝜉 =
𝑖

2
𝜀‾Ψ, 𝛿Ψ = −

1

2
Γ𝜇𝜀𝐷𝜇𝜉.

 

𝜀‾𝑞𝜇 =
𝑖

4
𝜀‾Γ𝛼𝛽Γ𝜇tr(Λ𝐹𝛼𝛽) +

𝑖

2
𝐷𝜇𝜉†𝜀‾Ψ +

𝑖

2
𝜉†𝜀‾Γ𝜇𝜈𝐷𝜈Ψ

 −
𝑖

2
Ψ‾ 𝜀𝐷𝜇𝜉 +

𝑖

2
𝐷𝜈Ψ‾ Γ

𝜇𝜈𝜀𝜉

 

𝜀‾𝑄 =∫  𝑑𝑥−𝑑𝑥2 (
𝑖

4
𝜀‾Γ𝛼𝛽Γ+tr(Λ𝐹𝛼𝛽) +

𝑖

2
𝐷−𝜉

†𝜀‾Ψ +
𝑖

2
𝜉†𝜀‾Γ+𝜈𝐷𝜈Ψ 

−
𝑖

2
Ψ‾ 𝜀𝐷+𝜉 +

𝑖

2
𝐷𝜈Ψ‾ Γ

+𝜈𝜀𝜉)

 

Γ0 = 𝜎2, Γ
1 = 𝑖𝜎1, Γ

2 = 𝑖𝜎3  

Λ = (𝜆, 𝜆̃)𝑇 , Ψ = (𝜓, 𝜓̃)𝑇 , 𝑄 = (𝑄+, 𝑄−)𝑇  

{𝑄+, 𝑄+} = 2√2𝑃+, {𝑄−, 𝑄−} = 2√2𝑃−, {𝑄+, 𝑄−} = 0  
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𝑄+  = 2∫  𝑑𝑥− (𝜆𝜕−𝐴
2 +

𝑖

2
𝜕−𝜉

†𝜓 −
𝑖

2
𝜓†𝜕−𝜉 −

𝑖

2
𝜉†𝜕−𝜓 +

𝑖

2
𝜕−𝜓

†𝜉)

𝑄−  = −2∫  𝑑𝑥− (−𝜆𝜕−𝐴
− + 𝑖𝜉†𝐷2𝜓 − 𝑖𝐷2𝜓

†𝜉 +
𝑖

√2
𝜕−(𝜓̃

†𝜉 − 𝜉†𝜓̃))

 

𝜕−𝜆̃  = −
𝑖𝑔

√2
([𝐴2, 𝜆] + 𝑖𝜉𝜓† − 𝑖𝜓𝜉†)

𝜕−𝜓̃  = −
𝑖𝑔

√2
𝐴2𝜓 +

𝑔

√2
𝜆𝜉

 

𝜕−
2𝐴− = 𝑔𝐽  

𝐽 ≡ 𝑖[𝐴2, 𝜕−𝐴
2] +

1

√2
{𝜆, 𝜆} − 𝑖ℎ𝜕−𝜉𝜉

† + 𝑖𝜉𝜕−𝜉
† + √2𝜓𝜓†  

𝐴𝑖𝑗
2 (0, 𝑥−)  =

1

√4𝜋
∑  

∞

𝑘=1

 
1

√𝑘
(𝑎𝑖𝑗(𝑘)𝑒

−𝑖𝑘𝜋𝑥−/𝐿 + 𝑎𝑗𝑖
† (𝑘)𝑒𝑖𝑘𝜋𝑥

−/𝐿)

𝜆𝑖𝑗(0, 𝑥
−)  =

1

2
1
4√2𝐿

∑  

∞

𝑘=1

  (𝑏𝑖𝑗(𝑘)𝑒
−𝑖𝑘𝜋𝑥−/𝐿 + 𝑏𝑗𝑖

†(𝑘)𝑒𝑖𝑘𝜋𝑥
−/𝐿)

𝜉𝑖(0, 𝑥
−)  =

1

√4𝜋
∑  

∞

𝑘=1

 
1

√𝑘
(𝑐𝑖(𝑘)𝑒

−𝑖𝑘𝜋𝑥−/𝐿 + 𝑐̃𝑖
†(𝑘)𝑒𝑖𝑘𝜋𝑥

−/𝐿)

𝜓𝑖(0, 𝑥
−)  =

1

2
1
4√2𝐿

∑  

∞

𝑘=1

  (𝑑𝑖(𝑘)𝑒
−𝑖𝑘𝜋𝑥−/𝐿 + 𝑑̃𝑖

†(𝑘)𝑒𝑖𝑘𝜋𝑥
−/𝐿)

 

[𝐴𝑖𝑗
2 (0, 𝑥−), 𝜕−𝐴𝑘𝑙

2 (0, 𝑦−)]  = 𝑖 (𝛿𝑖𝑙𝛿𝑘𝑗 −
1

𝑁
𝛿𝑖𝑗𝛿𝑘𝑙) 𝛿(𝑥

− − 𝑦−)

{𝜆𝑖𝑗(0, 𝑥
−), 𝜆𝑘𝑙(0, 𝑦

−)}  = √2 (𝛿𝑖𝑙𝛿𝑘𝑗 −
1

𝑁
𝛿𝑖𝑗𝛿𝑘𝑙) 𝛿(𝑥

− − 𝑦−)

[𝜉𝑖(0, 𝑥
−), 𝜕−𝜉𝑗(0, 𝑦

−)]  = 𝑖𝛿𝑖𝑗𝛿(𝑥
− − 𝑦−)

{𝜓𝑖(0, 𝑥
−), 𝜓𝑗(0, 𝑦

−)}  = √2𝛿𝑖𝑗𝛿(𝑥
− − 𝑦−)

 

[𝑎𝑖𝑗 , 𝑎𝑘𝑙
† ]  = (𝛿𝑖𝑙𝛿𝑘𝑗 −

1

𝑁
𝛿𝑖𝑗𝛿𝑘𝑙) , {𝑏𝑖𝑗 , 𝑏𝑘𝑙

† } = (𝛿𝑖𝑙𝛿𝑘𝑗 −
1

𝑁
𝛿𝑖𝑗𝛿𝑘𝑙) ,

[𝑐𝑖 , 𝑐𝑗
†]  = 𝛿𝑖𝑗 , [𝑐̃𝑖 , 𝑐̃𝑗

†] = 𝛿𝑖𝑗 , {𝑑𝑖 , 𝑑𝑗
†} = 𝛿𝑖𝑗 {𝑑̃𝑖 , 𝑑̃𝑗

†} = 𝛿𝑖𝑗

 

𝑄− = 𝑄𝑠
− + 𝑄1

− + 𝑄2
− + 𝑄3

−  

𝑄1
−  = −

𝑔

√2
∫  𝑑𝑥−(𝑖√2𝜉𝜕−𝜉

† − 𝑖√2𝜕−𝜉𝜉
†)
1

𝜕−
𝜆

𝑄2
−  = −

𝑔

√2
∫  𝑑𝑥−(2𝜓𝜓†)

1

𝜕−
𝜆

𝑄3
−  = −2𝑔∫  𝑑𝑥−(𝜉†𝐴2𝜓 +𝜓†𝐴2𝜉)

 

𝑄𝛼
− =

𝑖2−1/4𝑔√𝐿

𝜋
∑  

∞

𝑘1,𝑘2,𝑘3=1

 𝑞𝛼
−(𝑘1, 𝑘2, 𝑘3)  
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𝑞1
− =

(𝑘2 + 𝑘3)

2𝑘1√𝑘2𝑘3
[𝑐̃𝑖
†(𝑘2)𝑐̃𝑗(𝑘3)𝑏̃𝑗𝑖(𝑘1) − 𝑐̃𝑖

†(𝑘2)𝑏𝑖𝑗
† (𝑘1)𝑐̃𝑗(𝑘3)

+𝑏𝑗𝑖
†(𝑘1)𝑐𝑖

†(𝑘2)𝑐𝑗(𝑘3) − 𝑐𝑖
†(𝑘2)𝑏𝑖𝑗(𝑘1)𝑐𝑗(𝑘3)]𝛿𝑘3,𝑘1+𝑘2 ,

𝑞2
− =

1

𝑘1
[𝑑̃𝑖
†(𝑘2)𝑏𝑖𝑗

† (𝑘1)𝑑̃𝑗(𝑘3) + 𝑑̃𝑗
†(𝑘3)𝑑̃𝑖(𝑘2)𝑏𝑖𝑗(𝑘1) +

𝑑𝑖
†(𝑘2)𝑏𝑖𝑗

† (𝑘1)𝑑𝑗(𝑘3) + 𝑑𝑗
†(𝑘3)𝑑𝑖(𝑘2)𝑏𝑖𝑗(𝑘1)]𝛿𝑘3,𝑘1+𝑘2 ,

𝑞3
− =

−𝑖

2√𝑘2𝑘3
[(𝑑𝑗

†(𝑘1)𝑐̃𝑖(𝑘3)𝑎𝑖𝑗(𝑘2) + 𝑐̃𝑖
†(𝑘3)𝑎𝑖𝑗

† (𝑘2)𝑑𝑗(𝑘1) +

(𝑑̃𝑖
†(𝑘1)𝑎𝑖𝑗(𝑘2)𝑐𝑗(𝑘3) + 𝑎𝑖𝑗

† (𝑘2)𝑐𝑗
†(𝑘3)𝑑̃𝑖(𝑘1)) 𝛿𝑘1,𝑘3+𝑘2

(𝑐̃𝑗
†(𝑘3)𝑑𝑖(𝑘1)𝑎𝑖𝑗(𝑘2) + 𝑑𝑖

†(𝑘1)𝑎𝑖𝑗
† (𝑘2)𝑐̃𝑗(𝑘3) +

(𝑐𝑖
†(𝑘3)𝑎𝑖𝑗(𝑘2)𝑑̃𝑗(𝑘1) + 𝑎𝑖𝑗

† (𝑘2)𝑑̃𝑗
†(𝑘1)𝑐𝑖(𝑘3)) 𝛿𝑘3,𝑘1+𝑘2] .

 

𝑓‾𝑖1
†(𝑘1)𝑎𝑖1𝑖2

† (𝑘2)…𝑏𝑖𝑛𝑖𝑛+1
† (𝑘𝑛−1)…𝑓𝑖𝑝

†(𝑘𝑛)|0⟩.  

ℒ = ℒSQCD +
𝜅

2
ℒCS  

ℒCS = 𝜖
𝜇𝜈𝜆 (𝐴𝜇𝜕𝜈𝐴𝜆 +

2𝑖

3
𝑔𝐴𝜇𝐴𝜈𝐴𝜆) + 2Ψ‾ Ψ  

𝑄𝐶𝑆
− = (

2−1/4√𝐿

√𝜋
)∑  

𝑛

 
𝜅

√𝑛
(𝑎𝑖𝑗
† (𝑛)𝑏𝑖𝑗(𝑛) + 𝑏𝑖𝑗

† (𝑛)𝑎𝑖𝑗(𝑛)).  

𝑄⊥
− = 𝑖 (

2−1/4√𝐿

√𝜋
)∑  

𝑛,𝑛⊥

 
𝑘⊥

√𝑛
(𝑎𝑖𝑗

† (𝑛, 𝑛⊥)𝑏𝑖𝑗(𝑛, 𝑛⊥) − 𝑏𝑖𝑗
† (𝑛, 𝑛⊥)𝑎𝑖𝑗(𝑛, 𝑛⊥)) ,  

𝑀2 = 𝑚2𝐾 [
1

𝐾 − 𝑛
+
1

𝑛
] ,  
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𝑆 = 𝑆𝑆𝑌𝑀 + 𝑆Gravity +⋯  

𝑆𝑆𝑌𝑀 = 𝐾∫  𝑑
𝑑+2𝑋√−𝐺𝛿(𝑊(𝑋)) {−

1

4𝑔𝑌𝑀
2 Ω2

𝑑−4
𝑑−2𝐹𝑀𝑁

𝑎 𝐹𝑎
𝑀𝑁 +

𝑖

2
[𝜆‾𝑎𝑉𝐷‾ 𝜆𝑎 + 𝜆‾𝑎 𝒟⃗⃗⃐𝑉‾𝜆𝑎]}  

𝑆Gravity = 𝐾∫  𝑑
𝑑+2𝑋√𝐺 [

𝛿(𝑊) {𝑎𝑑Ω
2𝑅(𝐺) +

1

2
𝜕Ω ⋅ 𝜕Ω − 𝑉(Ω)}

+𝛿′(𝑊){𝑎𝑑Ω
2(4 − ∇2𝑊) + 𝑎𝑑𝜕𝑊 ⋅ 𝜕Ω2}

]  

𝑉 ≡ Γ𝑀𝑉𝑀 = Γ
𝑖𝑉𝑖 

𝑉‾ ≡ Γ‾𝑀𝑉𝑀 = Γ‾
𝑖𝑉𝑖 

Γ𝑀 = Γ𝑖𝐸𝑖
𝑀 

𝑉𝑀(𝑋) ≡
1

2
𝜕𝑀𝑊 

𝐹𝑀𝑁
𝑎 = 𝜕𝑀𝐴𝑁

𝑎 − 𝜕𝑁𝐴𝑀
𝑎 + 𝑓𝑎𝑏𝑐𝐴𝑀

𝑏 𝐴𝑁
𝑐 −

1

4𝑔2
Ω2

𝑑−4
𝑑−2𝐹𝑀𝑁

𝑎 𝐹𝑃𝑄
𝑎 𝐺𝑀𝑃𝐺𝑁𝑄  

𝐷‾ 𝜆𝑎 ≡ Γ‾𝑀𝐷𝑀𝜆
𝑎 = Γ‾𝑘𝐸𝑘

𝑀 (𝜕𝑀𝜆
𝑎 +

1

4
𝜔𝑀
𝑖𝑗
Γ𝑖𝑗𝜆

𝑎 + 𝑓𝑎𝑏𝑐𝐴𝑀
𝑏 𝜆𝑐)  

𝑉𝑀 =
1

2
𝜕𝑀𝑊,𝑉

𝑀 = 𝐺𝑀𝑁𝑉𝑁, 𝑉
𝑖 = 𝑉𝑀𝐸𝑀

𝑖

𝑊 = 𝑉𝑖𝑉𝑖 = 𝐺
𝑀𝑁𝑉𝑀𝑉𝑁 =

1

2
𝑉𝑀𝜕𝑀𝑊

𝐺𝑀𝑁 = ∇𝑀𝑉𝑁 =
1

2
(𝜕𝑀𝜕𝑁𝑊 − Γ𝑀𝑁

𝑃 𝜕𝑃𝑊)

𝐸𝑀
𝑖 = 𝐷𝑀𝑉

𝑖 = 𝜕𝑀𝑉
𝑖 + 𝜔𝑀

𝑖𝑗
𝑉𝑗

(𝑉𝑀𝜕𝑀 +
𝑑 − 2

2
)Ω = 0

 

SO(𝑑, 2), Γ𝑖𝑗 =
1

2
(Γ𝑖Γ𝑗 − Γ𝑗Γ𝑖)

 (Γ𝑖𝑘)
(𝐴𝐵
(Γ𝑘
𝑗
)
𝐶)𝐷

+ (Γ𝑗𝑘)
(𝐴𝐵
(Γ𝑘
𝑖)
𝐶)𝐷

=
2𝜂𝑖𝑗

𝑑 + 2
(Γ𝑘𝑙)(𝐴𝐵(Γ𝑙𝑘)𝐶)𝐷

 

{−
𝑑 − 4

𝑑 − 2
(Γ‾𝑃𝑄𝑁Γ𝑀𝜀)𝐴𝑉𝑁𝜕𝑀ln Ω + (Γ‾

𝑀Γ𝑃𝑄𝑁𝐷𝑀𝜀)𝐴𝑉𝑁 = 𝑉
𝑃𝑈𝐴

𝑄
− 𝑉𝑄𝑈𝐴

𝑄
}
𝑊=0
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𝛿𝜀𝜆𝐴
𝑎 =

𝑖

𝑔𝑌𝑀
Ω
𝑑−4
𝑑−2𝐹𝑀𝑁

𝑎 (Γ𝑀𝑁𝜀)𝐴, 𝛿𝜀𝐴𝑀
𝑎 = Ω−

𝑑−4
𝑑−2[−2𝜀‾Γ𝑀𝑉‾𝜆

𝑎 +𝑊𝜀‾Γ𝑀𝑁𝐷
𝑁𝜆𝑎] + ℎ. 𝑐. .  

𝜀‾𝐽𝑀 = 𝛿(𝑊)√𝐺Ω
𝑑−4
𝑑−2𝐹𝑃𝑄

𝑎 𝑉𝑁𝜀‾(Γ
𝑃𝑄𝑁Γ‾𝑀)𝜆𝑎  

𝑉𝑀𝐹𝑀𝑁
𝑎 = 0, (𝑉 ⋅ 𝐷 +

𝑑

2
) 𝜆𝐴

𝑎 = 0  

(𝑉𝐷‾ 𝜆𝑎)𝐴 = 0, 𝐷̂𝑁 (Ω
2(𝑑−4)
𝑑−2 𝐹𝑎

𝑁𝑀) = 𝑓𝑎𝑏𝑐 (𝜆
𝑏Γ𝑀𝑁𝜆𝑐)𝑉𝑁.  

𝑉 ⋅ 𝐷𝜀𝐴 ≡ 𝑉
𝑀 (𝜕𝑀𝜀𝐴 +

1

4
𝜔𝑀
𝑖𝑗
(Γ𝑖𝑗𝜀)𝐴

) = 0  

𝛿𝑆 ∼ ∫  𝛿Φ[𝛼(𝑋)𝛿(𝑊) + 𝛽(𝑋)𝛿′(𝑊)] = 0 

Δ𝐽𝐴
𝑀 = 𝛿(𝑊)√𝐺𝑉𝑀𝜉𝐴 

Δ𝐽𝐴
𝑀 = 𝛿′(𝑊)√𝐺𝑉𝑀𝜉𝐴 

Δ𝐽𝐴
𝑀 = 𝛿(𝑊)√𝐺𝑉𝑀Ω

𝑑−4
𝑑−2𝐹𝑃𝑄

𝑎 (Γ𝑃𝑄𝜆𝑎)𝐴 

𝜕𝑀(√𝐺𝑉
𝑀) = √𝐺∇𝑀𝑉

𝑀 = √𝐺𝛿𝑀
𝑀 = (𝑑 + 2)√𝐺 

𝑉 ⋅ 𝜕𝛿(𝑊) = 𝛿′(𝑊)𝑉 ⋅ 𝜕𝑊 = 2𝑊𝛿′(𝑊) = −2𝛿(𝑊) 

𝑉 ⋅ 𝜕𝛿′(𝑊) = −4𝛿′(𝑊) 

𝜕𝑀(𝜀‾𝐽
𝑀) = √𝐺𝛿(𝑊)

{
 
 

 
 2Ω−

𝑑−4
𝑑−2𝑓𝑎𝑏𝑐𝑉𝑁𝑉

𝑃(𝜀‾Γ𝑄𝑁𝜆𝑎)(𝜆‾𝑏Γ𝑄𝑃𝜆
𝑐)

+𝐹𝑃𝑄𝑉𝑁 [
−𝜕𝑀Ω

𝑑−4
𝑑−2(𝜀‾Γ𝑀Γ‾𝑃𝑄𝑁𝜆)

+(𝐷𝑀𝜀‾)Γ
𝑃𝑄𝑁Γ‾𝑀𝜆

]

}
 
 

 
 

 

𝑓𝑎𝑏𝑐𝑉𝑁𝑉
𝑃(𝜀‾Γ𝑄𝑁𝜆𝑎)(𝜆‾𝑏Γ𝑄𝑃𝜆

𝑐)𝛿(𝑊) =
2

𝑑 + 2
𝑓𝑎𝑏𝑐(𝜆‾

𝑏Γ𝑘𝑙𝜆
𝑎)(𝜀‾Γ𝑘𝑙𝜆𝑐)𝑊𝛿(𝑊) = 0  

[𝐷𝑀𝜀]𝑊=0 ≡ [𝜕𝑀𝜀 +
1

4
𝜔𝑀
𝑖𝑗
Γ𝑖𝑗𝜀]

𝑊=0
⊠ [(Γ𝑀𝜀)𝐴 (𝜕𝑀ln Ω

𝑑−4
𝑑−2)]

𝑊=0
 

𝐴𝑀
𝑎 (𝑋) = {

𝐴𝜇
𝑎 = 𝐴𝜇

𝑎(𝑥), 𝐹𝑀𝑁
𝑎 (𝑋) = {

𝐹𝜇𝜈
𝑎 = 𝐹𝜇𝜈

𝑎 (𝑥),

𝐴𝑤 = 𝐴𝑢 = 0,

𝐹𝑤𝜇
𝑎 = 𝐹𝑢𝜇

𝑎 = 𝐹𝑤𝑢
𝑎 = 0,

𝜆𝐴
𝑎(𝑋) = (

𝜆𝛼(𝑥)

0
) 𝑒(𝑑−1)𝑢, 𝐺𝑀𝑁(𝑋) = 𝑒

(𝑑−2)𝑢𝜙(𝑥),

𝐺𝜇𝜈 = 𝑒
−4𝑢𝑔𝜇𝜈(𝑥), 𝐺𝑤𝑢 = −1,

𝐺𝑤𝑤 = 𝐺𝑤𝜇 = 𝐺𝑢𝜇 = 0.

 

𝑆 = 𝑆𝑆𝑌𝑀 +∫  𝑑
𝑑𝑥√−𝑔 (

𝑑 − 2

8(𝑑 − 1)
𝜙2𝑅(𝑔) +

1

2
𝜕𝜙 ⋅ 𝜕𝜙)

𝑆𝑆𝑌𝑀 = ∫  𝑑
𝑑𝑥√−𝑔 (−

1

4𝑔𝑌𝑀
2 𝜙2

𝑑−4
𝑑−2𝐹𝜇𝜈

𝑎 𝐹𝑎
𝜇𝜈
+ 𝑖𝜆‾𝑎𝛾𝜇𝐷𝜇𝜆𝑎)

 

𝑔̂𝑌𝑀 = 𝑔𝑌𝑀𝜙0
−
𝑑−4
𝑑−2  

𝛿𝜀𝜆
𝑎 =

𝑖

𝑔𝑌𝑀
𝜙
𝑑−4
𝑑−2𝐹𝜇𝜈

𝑎 𝛾𝜇𝜈𝜀, 𝛿𝜀𝐴𝜇
𝑎 = −2𝜙−

𝑑−4
𝑑−2𝜀‾𝛾𝜇𝜆

𝑎 + ℎ. 𝑐.  

𝐷𝜇𝜀 =
1

𝑑
𝛾𝜇(𝛾‾ ⋅ 𝐷𝜀) and (𝑑 − 4)𝛾‾𝜇𝐷𝜇 (𝜙

𝑑
𝑑−2𝜀) = 0  
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𝐷𝜇𝜀𝛼(𝑥) = 𝜕𝜇𝜀𝛼(𝑥) +
1

4
𝜔𝜇
𝑎𝑏(𝑥)(𝛾𝑎𝑏𝜀(𝑥))𝛼 

𝑊 = 𝑉𝑀𝑉𝑀 = 𝑤, 𝑉𝑀 = (
1

2
, 0,0)

𝑀
, 𝑉𝑀 = (2𝑤,−

1

2
, 0)

𝑀

𝑉𝑖 = 𝐸𝑖
𝑀𝑉𝑀 = (

1

2
,−𝑤, 0)

𝑖
, 𝑉 = 𝑉𝑖Γ

𝑖 = (
1

2
Γ−

′
− 𝑤Γ+

′
) = (

0 −𝑖√2𝑤
𝑖

√2
0

) ,

 

𝑑𝑑+2𝑋√𝐺𝛿(𝑊) = (𝑑𝑑𝑥𝑑𝑢𝑑𝑤)𝑒−2𝑑𝑢√−𝑔𝛿(𝑤)  

 

 

 

 

 

𝑉𝑀Γ𝑀𝑁
𝑃 = 2𝑤Γ𝑤𝑁

𝑃 −
1

2
Γ𝑢𝑁
𝑃 = 𝛿𝑀

𝑃 − 2𝛿𝑤
𝑃𝛿𝑀

𝑤 , 𝑉𝑀𝜔𝑀
𝑖𝑗
= 2𝑤𝜔𝑤

𝑖𝑗
−
1

2
𝜔𝑢
𝑖𝑗
= −𝛿

+′
[𝑖
𝛿
−′
𝑗]  

(2𝑤𝜕𝑤 −
1

2
𝜕𝑢 +

𝑑 − 2

2
)Ω(𝑋) = 0 

(2𝑤𝐷𝑤 −
1

2
𝐷𝑢) 𝜀(𝑋) = (2𝑤𝜕𝑤 −

1

2
𝜕𝑢 +

1

2
Γ+

′− ′) 𝜀(𝑋) = 0 

Ω(𝑋) = 𝑒(𝑑−2)𝑢Ω̂(𝑥, 𝑤𝑒4𝑢), 𝜀(𝑋) = exp (𝑢Γ+
′−′)𝜀(𝑥, 𝑤𝑒4𝑢)  

0 = 𝑉 ⋅ 𝛿Λ𝐴
𝑎 = 𝑉 ⋅ 𝐷Λ𝑎 = 𝑉 ⋅ 𝜕Λ𝑎 = (2𝑤𝜕𝑤 −

1

2
𝜕𝑢)Λ

𝑎  

Λ𝑎(𝑋) = Λ̂𝑎(𝑥, 𝑤𝑒4𝑢)  
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0 = 𝑉𝑀𝐹𝑀𝑁
𝑎 = (𝑉 ⋅ ∇ + 1)𝐴𝑁

𝑎  

∇𝑀𝑉𝑁 = 𝐺𝑀𝑁 

0 = (𝑉 ⋅ ∇ + 1)𝐴𝑁
𝑎 = (2𝑤𝜕𝑤 −

1

2
𝜕𝑢 + 1)𝐴𝑁

𝑎 − (2𝑤Γ𝑤𝑁
𝑃 −

1

2
Γ𝑢𝑁
𝑃 )𝐴𝑃

𝑎 .  

𝐴𝑤
𝑎 (𝑋) = 𝑒4𝑢𝐴̂𝑤

𝑎 (𝑥, 𝑤𝑒4𝑢), 𝐴𝑢
𝑎(𝑋) = 𝐴̂𝑢

𝑎(𝑥, 𝑤𝑒4𝑢), 𝐴𝜇
𝑎(𝑋) = 𝐴̂𝜇

𝑎(𝑥, 𝑤𝑒4𝑢).  

0 = (𝑉 ⋅ 𝐷 +
𝑑

2
) 𝜆𝑎 = (2𝑤𝐷𝑤 −

1

2
𝐷𝑢 +

𝑑

2
) 𝜆𝑎

 ⇒ 𝜆𝑎 = exp (𝑢𝑑 + 𝑢Γ+
′−′)𝜆̂𝑎(𝑥, 𝑤𝑒4𝑢)

 

 8𝛿𝑠𝐴𝑀
𝑎 = 𝑊𝑠𝑀

𝑎 (𝑋) and 𝛿𝜅𝜆
𝑎 = 𝑉𝜅1

𝑎(𝑋) +𝑊𝜅2
𝑎(𝑋) 

𝛿𝑠𝐴̂𝑀
𝑎 = 𝑤𝑒4𝑢𝑠̂𝑀

𝑎 (𝑥, 𝑤𝑒4𝑢)

𝛿𝜅𝜆̂
𝑎 = (

1

2
Γ−

′
−𝑤𝑒4𝑢Γ+

′
) 𝜅̂1

𝑎(𝑥,𝑤𝑒4𝑢) + 𝑤𝑒4𝑢𝜅̂2
𝑎(𝑥, 𝑤𝑒4𝑢)

 

𝐴̂𝑀
𝑎 (𝑥, 𝑤𝑒4𝑢) → 𝐴𝑀(𝑥), 𝜆̂𝐴

𝑎(𝑥,𝑤𝑒4𝑢) → (
𝜆𝛼(𝑥)

0
) , 𝜆̂𝑎(𝑥, 𝑤𝑒4𝑢) → 𝑖(0𝜆𝑎(𝑥))  

𝑋𝑀 = (𝑥𝑚, 𝑦𝐼), {
𝑥𝑚SO(4,2)

𝑦𝐼SO(6)
 

𝑉𝑀(𝑥, 𝑦) =
1

2
𝐺𝑀𝑁𝜕𝑀𝑊 = (

𝑚 𝐼
𝑥𝑚 , 0

)  and 𝑉𝑖 = 𝑉𝑀𝐸𝑀𝑖 = (
𝛼

𝛿𝑚
𝛼 𝑥𝑚,, 0) .

 

£𝑉𝐺𝑀𝑁 = 2𝐺𝑀𝑁, £𝑉𝐸𝑀
𝑖 = 𝐸𝑀

𝑖 .  

𝑥 ⋅ 𝜕ln 𝑎 = 1, or 𝑎(𝑡𝑥, 𝑦) = 𝑡𝑎(𝑥, 𝑦).  

(𝑥 ⋅ 𝜕 +
𝑑 − 2

2
)Ω = 0 

Ω(𝑡𝑥, 𝑦) = 𝑡−4Ω(𝑥, 𝑦) for 𝑑 + 2 = 12.  

 

𝑇𝑀𝑁
𝑖 = 𝐷[𝑀𝐸𝑁]

𝑖 = 𝜕[𝑀𝐸𝑁]
𝑖 + 𝜔[𝑀

𝑖𝑗
𝐸𝑁]𝑗 = 𝑅𝑀𝑁

𝑖𝑗
𝑉𝑗 = 0 

𝐹𝑚𝐼 = 𝐷𝑚𝐴𝐼 = 𝜕𝑚𝐴𝐼 + 𝐴𝑚 × 𝐴𝐼;  𝐹𝐼𝐽 = 𝐴𝐼 × 𝐴𝐽 ,  

(𝐴𝑚 × 𝐴𝐼)𝑎 ≡ 𝑓𝑎𝑏𝑐𝐴𝑚
𝑏 𝐴𝐼

𝑐 , etc.  

−
1

4𝑔𝑌𝑀
2 𝛿(𝑊)Ω3/2√𝐺𝐺𝑀𝑃𝐺𝑁𝑄𝐹𝑀𝑁𝐹𝑁𝑄  

= −
1

4𝑔𝑌𝑀
2 𝛿(𝑥2)Ω3/2𝑎6 ((𝐹𝑚𝑛)

2 + 2𝑎−2(𝐷𝑚𝐴𝐼)
2 + 𝑎−4(𝐴𝐼 × 𝐴𝐽)

2
)  

 = −
1

4𝑔𝑌𝑀
2 𝛿(𝑥2)Ω3/2𝑎6 ((𝐹𝑚𝑛)

2 + 2(𝐷𝑚
𝐴𝐼
𝑎
+
𝐴𝐼
𝑎
𝜕𝑚ln 𝑎)

2

+ (
𝐴𝐼
𝑎
×
𝐴𝐽

𝑎
)
2

)

 

𝜙𝐼(𝑥) =
1

𝑔𝑌𝑀

𝐴𝐼(𝑥)

𝑎(𝑥, 𝑦)
SO (6).  
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𝐷𝑚 (
𝐴𝐼
𝑎𝑔𝑌𝑀

) + (
𝐴𝐼
𝑎𝑔𝑌𝑀

) 𝜕𝑚ln 𝑎 = (𝐷𝑚𝜙𝐼 +𝜙𝐼𝜕𝑚ln 𝑎)  

−
1

2
𝛿(𝑥2)(𝐷𝑚𝜙𝐼 + 𝜙𝐼𝜕𝑚ln 𝑎)

2  

= −
1

2
𝛿(𝑥2)((𝐷𝑚𝜙𝐼)

2 + 𝜕𝑚ln 𝑎𝜕𝑚𝜙
2 +𝜙2(𝜕𝑚ln 𝑎)

2)  

 =

{
 

 +
1

2
𝛿(𝑥2)𝜙𝐼𝐷𝑚

2 𝜙𝐼 +
1

2
𝜙2 {

𝛿′(𝑥2)(−2 + 2𝑥 ⋅ 𝜕ln 𝑎)

+𝛿(𝑥2)(𝜕𝑚
2 ln 𝑎 − (𝜕𝑚ln 𝑎)

2)
}

+
1

2
𝜕𝑚[−𝛿(𝑥2)𝜙𝐼𝐷𝑚𝜙𝐼 + 𝛿

′(𝑥2)𝑥𝑚𝜙
2 − 𝛿(𝑥2)(𝜕𝑚ln 𝑎)𝜙

2]
}
 

 
 

𝛿(𝑥2)Ω3/2𝑎6 {
1

2
𝜙𝐼𝐷

2𝜙𝐼 +
1

2
𝜙𝐼
2(𝜕𝑚

2 ln 𝑎 − (𝜕𝑚ln 𝑎)
2)} .  

𝜕2ln 𝑎 − (𝜕𝑚ln 𝑎)
2 = 0 →  𝑎(𝑥) = 𝑥 ⋅ 𝑏 and 𝑏𝑚𝑏𝑚 = 0.  

𝑎(𝑥) = Ω−
1
4(𝑥) = 𝑥 ⋅ 𝑏  

1

2
𝛿(𝑥2)𝜙𝐼𝐷𝑚

2 𝜙𝐼  

−
1

2
𝛿(𝑥2)𝜂𝑚𝑛𝐷𝑚𝜙𝐼𝐷𝑛𝜙𝐼 

−
1

2
𝛿(𝑥2)(𝐷𝑚𝜙𝐼 + 𝜙𝐼𝜕𝑚ln 𝑎)

2 =
1

2
𝛿(𝑥2)𝜙𝐼𝐷

2𝜙𝐼 +  total derivative  

𝜆𝐴(𝑥, 𝑦) = 𝑎
−3(𝑥)𝜓𝐴(𝑥), 𝐴 = 1,2,⋯ ,32.  

𝑖

2
𝛿(𝑊)√𝐺𝜆‾𝑉𝐷𝜆 + ℎ. 𝑐

 =
𝑖

2
𝛿(𝑥2)√𝐺𝑎−3𝜓‾𝑥(Γ𝑚𝐷𝑚 + Γ

𝑎𝐸𝑎
𝐼 (𝜕𝐼 + 𝜔𝐼 + 𝐴𝐼 ×))(𝜓𝑎

−3) + ℎ. 𝑐

 =
𝑖

2
𝛿(𝑥2)(𝑎6𝑎−6)𝜓‾𝑥 (

Γ𝑚𝐷𝑚 + Γ
𝑚𝜕𝑚ln 𝑎

−3

+
1
𝑎
Γ𝐼 (

𝜕𝐼ln 𝑎
−3−

1
2
Γ𝛽Γ𝑎𝜔𝐼

𝛽𝑎

+
1
4
Γ𝑐𝑑𝜔𝐼

𝑐𝑑+𝐴𝐼×
)
)𝜓(𝑥) + ℎ. 𝑐

 

𝜔𝐼
𝑐𝑑 = 𝛿𝐼

[𝑐
𝛿𝑑]𝐽(𝜕𝐽ln 𝑎) = 0 

𝜔𝐼
𝛽𝑎
= 𝛿𝐼

𝑎𝛿𝛽𝑚𝜕𝑚ln 𝑎 

−3Γ𝑚𝜕𝑚ln 𝑎 +
1

2
Γ𝐼Γ𝐼Γ𝑚𝜕𝑚ln 𝑎 = 0.  

𝑖

2
𝛿(𝑊)√𝐺𝜆‾𝑉𝐷𝜆 =

𝑖

2
𝛿(𝑥2)𝜓‾[𝑥(Γ𝑚𝐷𝑚 + 𝑔Γ

𝐼𝜙𝐼 ×)]𝜓(𝑥) 

𝐿𝑆𝑌𝑀(𝑥, 𝑦) = 𝛿(𝑥
2)

(

 
−

1
4𝑔𝑌𝑀

2 (𝐹𝑚𝑛)
2 +

1
2
𝜙𝐼𝐷

2𝜙𝐼 −
𝑔𝑌𝑀
2

4
(𝜙𝐼 × 𝜙𝐽)

2

+
𝑖
2
𝜓‾[𝑥(Γ‾𝑚𝐷𝑚 + 𝑔𝑌𝑀Γ‾

𝐼𝜙𝐼 ×)]𝜓(𝑥) +  h.c 
)

  

𝐿𝒩=4(𝑥) = 𝛿(𝑥2)

{
 

 −
1

4𝑔𝑌𝑀
2 𝐹𝑚𝑛

𝑎 𝐹𝑎
𝑚𝑛 +

1

2
𝜙𝐼
𝑎𝐷𝑚𝐷𝑚𝜙𝐼

𝑎 −
𝑔𝑌𝑀
2

4
∑ (𝑓𝑎𝑏𝑐𝜙𝐼

𝑏𝜙𝐽
𝑐)
2

+
𝑖

2
[𝜓‾𝑎𝑟𝑥𝐷‾𝜓𝑟

𝑎 + 𝑔𝑌𝑀𝑓𝑎𝑏𝑐(𝜓𝑟
𝑎𝐶𝑥‾𝜓𝑠

𝑏)(𝛾‾𝐼)𝑟𝑠𝜙𝐼
𝑐] + ℎ. 𝑐. }

 

 

 

𝜑𝑟𝑠 = (𝛾
𝐼)𝑟𝑠𝜙𝐼

𝑐 =
1

2
𝜀𝑟𝑠𝑡𝑢𝜑‾

𝑡𝑢 
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𝐿𝑌𝑀 = −
1

4𝑔𝑌𝑀
2 √𝐺𝛿(𝑊)Ω

3
2
1

2
Tr(𝐹𝑀𝑁𝐹𝑁𝑄)𝐺

𝑀𝑃𝐺𝑁𝑄  

𝑋𝑀 = (𝜎𝑚, 𝑥𝜇)  

𝐹𝑚𝑛 = 𝜕𝑚𝐴𝑛 − 𝜕𝑛𝐴𝑚 − 𝑖[𝐴𝑚, 𝐴𝑛]

𝐹𝑚𝜇 = 𝐷𝑚𝐴𝜇 = 𝜕𝑚𝐴𝜇 − 𝑖[𝐴𝑚, 𝐴𝜇], 𝐹𝜇𝜈 = −𝑖[𝐴𝜇 , 𝐴𝜈]
 

𝐺𝑀𝑁 = (
𝑔𝑚𝑛(𝜎) 0

0 𝑎2(𝜎)𝜂𝜇𝜈
) , √𝐺 = √𝑔𝑎10.  

𝑉𝑀  = (𝑣𝑚(𝜎),0)𝑀, 𝑉
𝑀 = (𝑣𝑚, 0)𝑀, 𝑣𝑚 =

1

2
𝜕𝑚𝑊, 𝑣

𝑚 = 𝑔𝑚𝑛𝑣𝑛

0 = (𝑣 ⋅ 𝜕 − 1)𝑎(𝜎), (𝑣 ⋅ 𝜕 + 4)Ω(𝜎), £𝑣𝑔𝑚𝑛 = 2𝑔𝑚𝑛

 

𝑎(𝜎) = Ω−1/4(𝜎)  

√𝐺Ω3/2 = √𝑔Ω3/2𝑎10 = √𝑔𝑎4 

𝐿𝑌𝑀  = −
1

4𝑔𝑌𝑀
2 𝛿(𝑊)√𝐺Ω

3
2
1

2
Tr(𝐹𝑀𝑁𝐹𝑃𝑄)𝐺

𝑀𝑃𝐺𝑁𝑄

 = −
1

4𝑔𝑌𝑀
2 𝛿(𝑊)√𝑔

1

2
Tr {

𝑎4𝐹𝑚𝑛𝐹
𝑚𝑛 + 2𝑎2(𝐷𝑚𝐴𝜇)(𝐷

𝑚𝐴𝜇)

−[𝐴𝜇 , 𝐴𝜈][𝐴
𝜇 , 𝐴𝜈]

}

 

𝐿𝑌𝑀
shadow =

1

4𝑔𝑌𝑀
2

1

2
Tr([𝐴𝜇 , 𝐴𝜈][𝐴

𝜇 , 𝐴𝜈])  

[𝐴𝜇 , 𝐴𝜈]𝑖
𝑗
↔ {𝑋𝜇 , 𝑋𝜈}(𝜉

𝛼) =
𝜕𝑋𝜇

𝜕𝜏

𝜕𝑋𝜈
𝜕𝑠

−
𝜕𝑋𝜇

𝜕𝜎

𝜕𝑋𝜈
𝜕𝜏

 

Tr ↔ ∫  𝑑2𝜉 

∫  𝑑2𝜉det(𝑔) 

𝑔𝛼𝛽 =
𝜕𝑋𝜇

𝜕𝜉𝛼
𝜕𝑋𝜈

𝜕𝜉𝛽
𝜂𝜇𝜈 , det(𝑔) = {𝑋𝜇 , 𝑋𝜈}{𝑋

𝜇, 𝑋𝜈}  

∫  𝑑2𝜉det(−𝑔) ↔ ∫  𝑑2𝜉det√−𝑔  

𝐿𝑆𝑌𝑀
𝑓𝑒𝑟𝑚𝑖

=
𝑖

2
√−𝐺𝛿(𝑊(𝑋))

1

2
Tr[𝜆‾𝑉𝐷‾ 𝜆 + 𝜆‾𝐷←𝑉‾𝜆]  

√−𝐺𝛿(𝑊(𝑋)) = √−𝑔𝑎10𝛿(𝑊(𝜎)) 

𝛿(𝑊(𝑋))√−𝐺𝜆‾𝑉𝐷‾ 𝜆

 = 𝛿(𝑊(𝜎))√−𝑔𝑎10𝜆‾(𝑣𝑛Γ
𝑛) {Γ‾𝑚𝐷𝑚𝜆 + Γ‾

𝜇 (
1

4
𝜔𝜇
𝑖𝑗
Γ𝑖𝑗𝜆 − 𝑖[𝐴𝜇 , 𝜆])}

 

 

2

4
𝜔𝜇
𝑚̂𝜇̂
Γ‾𝜇Γ𝑚̂Γ‾𝜇̂ =

1

2
𝛿𝜇
𝜇̂
𝛿𝑚̂𝑛𝜕𝑛ln 𝑎(−Γ𝑚̂Γ

𝜇Γ‾𝜇̂) = −
10

2
Γ‾𝑛𝜕𝑛ln 𝑎  
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(𝑎5𝜆‾)(𝑣𝑛Γ
𝑛){Γ‾𝑚𝐷𝑚(𝜆𝑎

5) + Γ‾𝜇(−𝑖[𝐴𝜇 , (𝜆𝑎
5)])}  

𝜓 ≡ (𝜆𝑎5)√4𝑔𝑌𝑀  

𝐿𝑆𝑌𝑀
𝑓𝑒𝑟𝑚𝑖

=
1

4𝑔𝑌𝑀
2 𝛿(𝑊(𝜎))√−𝑔

1

2
Tr {

1

2
(𝑖𝜓‾𝑣Γ‾𝑚𝐷𝑚𝜓 +  h.c. ) + 𝜓‾𝑣Γ‾𝜇[𝐴𝜇 , 𝜓]}  

𝑆𝑆𝑌𝑀
reduced =

1

8𝑔𝑌𝑀
2 ∫  𝑑2𝜎𝛿(𝑊(𝜎))√−𝑔𝑇𝑟

{
 
 

 
 −𝑎

4𝐹𝑚𝑛𝐹
𝑚𝑛 − 2𝑎2(𝐷𝑚𝐴𝜇)(𝐷

𝑚𝐴𝜇)

+
1

2
(𝑖𝜓‾𝑣Γ‾𝑚𝐷𝑚𝜓 + ℎ. 𝑐. )

+[𝐴𝜇, 𝐴𝜈][𝐴
𝜇, 𝐴𝜈] + 𝜓‾𝑣Γ‾𝜇[𝐴𝜇 , 𝜓] }

 
 

 
 

 

𝐿𝑆𝑌𝑀
shadow =

1

8𝑔𝑌𝑀
2 Tr{[𝐴𝜇 , 𝐴𝜈][𝐴

𝜇 , 𝐴𝜈] + 𝜓‾+𝛾‾
𝜇[𝐴𝜇 , 𝜓+]}  

𝑑𝑠𝑑+2
2  = 𝑑𝑋𝑖𝑑𝑋𝑗𝜂𝑖𝑗 = −(𝑑𝑋

0′)
2
+ (𝑑𝑋1

′
)
2
+ 𝑑𝑋𝛼𝑑𝑋𝑎𝜂𝑎𝑏

 = −2𝑑𝑋+
′
𝑑𝑋−

′
+ 𝑑𝑋𝛼𝑑𝑋𝑎𝜂𝑎𝑏 ,

 

𝑋+
′
=
𝑋0

′
+ 𝑋1

′

√2
= ±𝑒−2Σ, 𝑋𝑎 = 𝑒−2Σ𝑞𝑎 ,

𝑋−
′
=
𝑋0

′
− 𝑋1

′

√2
= ±𝑒−2Σ

𝑞2

2
∓ 𝑒2Σ

𝑤

2
,

 

𝑑𝑠𝑑+2
2 = −2𝑑𝑤(𝑑Σ) − 4𝑤(𝑑Σ)2 + 𝑒−4Σ(𝑑𝑞)2.  

Σ(𝑤, 𝑢, 𝑥) = 𝑢 +
1

2
𝜎(𝑥, 𝑤𝑒4𝑢), 𝑞𝑎(𝑤, 𝑢, 𝑥) = 𝑞𝑎(𝑥, 𝑤𝑒4𝑢).  

𝑑𝑠𝑑+2
2 =

{
 
 
 
 

 
 
 
 
−(𝑑𝑤)2[𝜎′(1 + 𝑤𝑒4𝑢𝜎′) − 𝑒−2𝜎(𝑞′)2]𝑒4𝑢

+(𝑑𝑢)2[−4𝑤 + 16(𝑤𝑒4𝑢)2[𝜎′(1 + 𝑤𝑒4𝑢𝜎′) − 𝑒−2𝜎(𝑞′)2]]

+𝑑𝑥𝜇𝑑𝑥𝜈[−(𝑤𝑒4𝑢)𝜕𝜇𝜎𝜕𝜈𝜎 + 𝑒
−2𝜎𝜕𝜇𝑞 ⋅ 𝜕𝜈𝑞]𝑒

−4𝑢

+2𝑑𝑤𝑑𝑢[−1 − 4𝑧(𝜎′(1 + 𝑤𝑒4𝑢𝜎′) − 𝑒−2𝜎(𝑞′)2)]

+2𝑑𝑤𝑑𝑥𝜇 [− (
1

2
+ 𝑤𝑒4𝑢𝜎′) 𝜕𝜇𝜎 + 𝑒

−2𝜎𝜕𝜇𝑞 ⋅ 𝑞
′]

+2𝑑𝑢𝑑𝑥𝜇 [− (
1

2
+ 𝑤𝑒4𝑢𝜎′) 𝜕𝜇𝜎 + 𝑒

−2𝜎𝜕𝜇𝑞 ⋅ 𝑞
′] 4𝑤 }

 
 
 
 

 
 
 
 

 

𝑞𝑎
′ ≡

𝑑𝑞𝑎(𝑥, 𝑧)

𝑑𝑧
, 𝜎′ ≡

𝑑𝜎(𝑞𝑎(𝑥, 𝑧), 𝑧)

𝑑𝑧
=
𝜕𝜎

𝜕𝑧
+
𝜕𝜎

𝜕𝑞𝑎
𝑞𝑎
′  

𝑑𝑠2 = −2𝑑𝑤𝑑𝑢 − 4𝑤(𝑑𝑢)2 + 𝑒−4𝑢𝑔𝜇𝜈(𝑥, 𝑤𝑒
4𝑢)𝑑𝑥𝜇𝑑𝑥𝜈  

𝑒−2𝜎(𝑞′)2  = 𝜎′(1 + 𝑤𝑒4𝑢𝜎′)

2𝜕𝜇𝑞 ⋅ 𝑞
′  = (1 + 2𝑤𝑒4𝑢𝜎′)𝑒2𝜎𝜕𝜇𝜎

 

𝜕𝜇𝜎 =
𝜕𝑞𝑎

𝜕𝑥𝜇
𝜕𝜎

𝜕𝑞𝑎
 

𝑞𝑎
′  =

𝑒2𝜎𝜕𝑎𝜎

2√1 − 𝑧𝑒2𝜎(𝜕𝑎𝜎)
2

𝜎′  =
𝑒2𝜎(𝜕𝑎𝜎)

2

2√1 − 𝑧𝑒2𝜎(𝜕𝑎𝜎)
2(1 + √1 − 𝑧𝑒2𝜎(𝜕𝑎𝜎)

2)

 

𝜕𝑎𝜎 ≡
𝜕𝜎

𝜕𝑞𝑎
 

(𝜕𝑎𝜎)
2 ≡ 𝜂𝑎𝑏𝜕𝑎𝜎𝜕𝑏𝜎 
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𝑞𝑎(𝑥, 𝑧) = 𝑞0
𝑎(𝑥) + ∫  

𝑧

0

 𝑑𝑧′
𝑒2𝜎𝜕𝑏𝜎𝜂

𝑎𝑏

2√1 − 𝑧′𝑒2𝜎(𝜕𝑎𝜎)
2

 

𝑞𝑎(𝑥, 𝑧)  = 𝑞0
𝑎(𝑥) + 𝑧𝑞1

𝑎(𝑥) +
𝑧2

2
𝑞2
𝑎(𝑥) +⋯

𝜎(𝑞𝑎(𝑥, 𝑧), 𝑧)  = 𝜎0(𝑞0(𝑥)) + 𝑧𝜎1(𝑞0(𝑥)) +
𝑧2

2
𝜎2(𝑞0(𝑥)) + ⋯

 

𝜕𝑎𝜎 =
𝜕𝜎

𝜕𝑞𝑎
=
𝜕𝜎

𝜕𝑞0
𝑎 

𝑞𝑎(𝑥, 𝑧) = 𝑞0
𝑎(𝑥) + 𝑧𝑒2𝜎0

𝜕𝜎0(𝑞0)

2𝜕𝑞0
𝑎 +⋯

𝜎(𝑥, 𝑧) = 𝜎0(𝑞0) + 𝑧𝑒
2𝜎0 (

𝜕𝜎0(𝑞0)

2𝜕𝑞0
𝑎 )

2

+⋯

𝑞0
𝑎(𝑥), 𝜎0(𝑞0(𝑥)) 

 

𝑑𝑠2 = −2𝑑𝑤𝑑𝑢 − 4𝑤(𝑑𝑢)2 + 𝑒−4𝑢𝑔𝜇𝜈(𝑥, 𝑤𝑒
4𝑢)𝑑𝑥𝜇𝑑𝑥𝜈  

𝑔𝜇𝜈(𝑥, 𝑧)  = 𝑒
−2𝜎𝜕𝜇𝑞

𝑎𝜕𝜈𝑞
𝑏𝜂𝑎𝑏 − 𝑧𝜕𝜇𝜎𝜕𝜈𝜎

 = 𝑔𝜇𝜈
(0)
(𝑥) + 𝑧𝑔𝜇𝜈

(1)
(𝑥) +

𝑧2

2
𝑔𝜇𝜈
(2)
(𝑥) + ⋯

 

𝑔𝜇𝜈
(0)
(𝑥)  = 𝑒𝜇

𝑎(𝑥)𝑒𝜈
𝑏(𝑥)𝜂𝑎𝑏 , where 𝑒𝜇𝑎(𝑥) = 𝑒−𝜎0(𝑥)

𝜕𝑞0
𝑎(𝑥)

𝜕𝑥𝜇

𝑔𝜇𝜈
(1)
(𝑥)  = −

1

2
(𝜕𝑎𝜎0)

2𝜕𝜇𝑞0 ⋅ 𝜕𝜈𝑞0 + 𝜕𝜇𝜎0𝜕𝜈𝜎0 + (𝜕𝜇𝑞0
𝑏𝜕𝜈𝑞0

𝑎)𝜕𝑏𝜕𝑎𝜎0

𝑔𝜇𝜈
(2)
(𝑥)  = ⋯

 

𝜕𝑎𝜎0(𝑥(𝑞0)) =
𝜕𝑥𝜇

𝜕𝑞0
𝑎 𝜕𝜇𝜎0(𝑥) = 𝑒

−𝜎0(𝑥)𝑒𝑎
𝜇
(𝑥)𝜕𝜇𝜎0(𝑥),  

𝜕𝑎(𝑒
𝜎0) = 𝑒𝑎

𝜇
(𝑥)𝜕𝜇𝜎0(𝑥) 

𝑔𝜇𝜈
(0)
(𝑥) = 𝑒𝜇

𝑎(𝑥)𝑒𝜈
𝑏(𝑥)𝜂𝑎𝑏 

𝑒𝜇
𝑎(𝑥) = 𝑒−𝜎0(𝑥)

𝜕𝑞0
𝑎(𝑥)

𝜕𝑥𝜇
 

[−
𝑑 − 4

𝑑 − 2
(Γ‾𝑃𝑄𝑁Γ𝑀𝜀)𝐴𝑉𝑁𝜕𝑀ln Ω + (Γ‾

𝑀Γ𝑃𝑄𝑁𝐷𝑀𝜀)𝐴𝑉𝑁]
𝑊=0

= [𝑉𝑃𝑈𝐴
𝑄
− 𝑉𝑄𝑈𝐴

𝑃]
𝑊=0

 

𝑉𝑁 = (2𝑤,−
1

2
, 0)

𝑁

 

[−
𝑑 − 4

𝑑 − 2
(Γ‾𝑃𝑄𝑤Γ𝑀𝜀)𝐴𝜕𝑀ln Ω + (Γ‾

𝑀Γ𝑃𝑄𝑤𝐷𝑀𝜀)𝐴 = −(𝛿𝑢
𝑃𝑈𝐴

𝑄
− 𝛿𝑢

𝑄
𝑈𝐴
𝑃)]

𝑤=0
 

[−
𝑑 − 4

𝑑 − 2
(Γ‾𝑤𝑢𝑤Γ𝑀𝜀)𝐴𝜕𝑀ln Ω + (Γ‾

𝑀Γ𝑤𝑢𝑤𝐷𝑀𝜀)𝐴 = −(𝛿𝑢
𝑤𝑉𝑤𝑈𝐴

𝑢 − 𝛿𝑢
𝑢𝑈𝐴

𝑤)]
𝑤=0

 

𝑈𝐴
𝑤 = 0.  

[−
𝑑 − 4

𝑑 − 2
(Γ‾𝑤𝜆𝑤Γ𝑀𝜀)

𝐴
𝜕𝑀ln Ω + (Γ‾

𝑀Γ𝑤𝜆𝑤𝐷𝑀𝜀)𝐴 = −(𝛿𝑢
𝑤𝑈𝐴

𝜆 − 𝛿𝑢
𝜆𝑈𝐴

𝑤)]
𝑤=0

 

[−
𝑑 − 4

𝑑 − 2
(Γ‾𝑢𝜆𝑤Γ𝑀𝜀)

𝐴
𝜕𝑀ln Ω + (Γ‾

𝑀Γ𝑢𝜆𝑤𝐷𝑀𝜀)𝐴 = −(𝛿𝑢
𝑢𝑈𝐴

𝜆 − 𝛿𝑢
𝜆𝑈𝐴

𝑢)]
𝑤=0

 

𝑈𝜆 = −Γ‾𝑤𝑢 [−
𝑑 − 4

𝑑 − 2
Γ‾𝜆Γ𝑀𝜀𝜕𝑀ln Ω + (Γ̃

𝑀Γ𝜆𝐷𝑀𝜀)]
𝑤=0
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Γ̃𝑀 = Γ‾𝑤𝑢Γ‾𝑀Γ‾𝑤𝑢 = (−Γ𝑤 , −Γ𝑢 , Γ𝜇)𝑀 

Ω(𝑋) = 𝑒(𝑑−2)𝑢Ω̂(𝑥, 𝑤𝑒4𝑢) 

𝜀(𝑋) = exp (𝑢Γ+
′− ′)𝜀(𝑥, 𝑤𝑒4𝑢) 

[−
𝑑 − 4

𝑑 − 2
(Γ‾𝜈𝜆𝑤Γ𝑀𝜀)𝜕𝑀ln Ω + (Γ‾

𝑀Γ𝜈𝜆𝑤𝐷𝑀𝜀) = −(𝛿𝑢
𝜈𝑈𝐴

𝜆 − 𝛿𝑢
𝜆𝑈𝐴

𝜈)]
𝑤=0

 

[−
𝑑 − 4

𝑑 − 2
(Γ‾𝜈𝜆Γ‾𝑤Γ𝑀𝜀)𝜕𝑀ln Ω + (Γ‾

𝑀Γ𝜈𝜆Γ𝑤𝐷𝑀𝜀)]
𝑤=0

= 0  

0 = {Γ‾𝑤Γ𝜈𝜆 [−(𝑑 − 4)Γ𝑢𝜀 −
𝑑 − 4

𝑑 − 2
(𝜕𝜇ln Ω)Γ

𝜇𝜀] − Γ‾𝑤Γ𝜇Γ‾𝜈𝜆𝐷𝜇𝜀}
𝑤=0

 

[𝜀𝐴(𝑋)]𝑤=0 = (
𝑒−𝑢𝜀1(𝑥)

𝑒+𝑢𝜀2(𝑥)
)  

0 = −(𝑑 − 4)(−𝑖√2)𝛾‾𝜈𝜆𝜀2 − 𝜕𝜇ln 𝜙
𝑑−4
𝑑−2𝛾‾𝜈𝜆𝛾‾𝜇𝜀1 − 𝛾‾

𝜇𝛾𝜈𝜆(𝐷𝜇𝜀1 + 𝑖√2𝛾𝜇𝜀2) 

𝛾‾𝜇𝛾𝜈𝜆𝛾𝜇 = (𝑑 − 4)𝛾
𝜈𝜆 

−𝛾‾𝜈𝜆𝛾‾𝜇𝜀1 (𝜕𝜇ln 𝜙
𝑑−4
𝑑−2) − 𝛾‾𝜇𝛾𝜈𝜆𝐷𝜇𝜀1 = 0, 𝜀2(𝑥) = 𝔄𝑎𝑟𝑏𝑖𝑡𝑟𝑎𝑟𝑦  

𝛾‾𝜈𝜆𝛾‾
𝜈𝜆 = −𝑑(𝑑 − 1), 𝛾‾𝜈𝜆𝛾‾

𝜇𝛾𝜈𝜆 = −(𝑑 − 1)(𝑑 − 4)𝛾‾𝜇  

(𝜕𝜇ln 𝜙
𝑑
𝑑−2𝛾‾𝜇𝜀1 + 𝛾‾

𝜇𝐷𝜇𝜀1) (𝑑 − 1)(𝑑 − 4) = 0  

𝐷𝜇𝜀1 =
1

𝑑
𝛾𝜇(𝛾‾ ⋅ 𝐷𝜀1) and (𝑑 − 4)𝛾‾𝜇𝐷𝜇 (𝜙

𝑑
𝑑−2𝜀1) = 0, 𝜀2(𝑥) = 𝔄𝑎𝑟𝑏𝑖𝑡𝑟𝑎𝑟𝑦  

𝜀‾𝐽𝑀 = 𝛿(𝑊)√𝐺Ω
𝑑−4
𝑑−2𝐹𝑃𝑄

𝑎 𝑉𝑁𝜀‾(Γ
𝑃𝑄𝑁Γ‾𝑀)𝜆𝑎  

𝜆 = (
𝜆1
0
) 𝑒(𝑑−1)𝑢, 𝐹𝑤𝑢 = 𝐹𝑤𝜇 = 𝐹𝑢𝜇 = 0,Ω = 𝜙𝑒

(𝑑−2)𝑢

√𝐺  = 𝑒−2𝑑𝑢√−𝑔, Γ𝑤 ∼ (
0 0
1 0

) , Γ𝑢 ∼ (
0 1
0 0

)
 

𝜀‾𝐽𝑤  =
1

2
𝛿(𝑤)𝑒−5𝑢√−𝑔𝜙

𝑑−4
𝑑−2𝐹𝑃𝑞

𝑎 𝜀‾(Γ𝑃𝑞Γ𝑤Γ‾𝑤) (
𝜆1
0
) = 0

𝜀‾𝐽𝑢  =
1

2
𝛿(𝑤)𝑒−5𝑢√−𝑔𝜙

𝑑−4
𝑑−2𝐹𝑃𝑞

𝑎 𝜀‾(Γ𝑃𝑞Γ𝑤Γ‾𝑢) (
𝜆1
0
) = 0

𝜀‾𝐽𝜇  =
1

2
𝛿(𝑤)𝑒−5𝑢√−𝑔𝜙

𝑑−4
𝑑−2𝐹𝑃𝑞

𝑎 𝜀‾(Γ𝑃𝑞Γ𝑤Γ‾𝜇) (
𝜆1
0
)

 ∼ −
1

2
𝛿(𝑤)𝑒−5𝑢√−𝑔𝜙

𝑑−4
𝑑−2𝐹𝑃𝑞

𝑎 (𝜀‾2𝜀‾1)(Γ
𝑃𝑞Γ‾𝜇) (

0

𝜆1
)

 = −
1

2
𝛿(𝑤)𝑒−5𝑢√−𝑔𝜙

𝑑−4
𝑑−2𝐹𝑃𝑞

𝑎 𝜀‾1(−𝛾‾
𝑃𝑞𝛾𝜇)𝜆1

 

𝜓‾ = 𝜓†𝜂;𝜓‾𝑟
𝜌
= (𝜓†)

𝑟𝜎̇
𝜂𝜎̇𝜌  

𝜓𝑐 = 𝐶𝜓‾𝑇;  (𝜓𝑐)𝜌̇𝑟 = 𝐶𝜌̇𝜎(𝜓‾
𝑇)𝑟
𝜎 = 𝐶𝜌̇𝜎(𝜂

𝑇)𝜎𝜅̇(𝜓∗)𝜅̇𝑟 = 𝐶̃𝜌̇𝜅̇(𝜓
∗)𝜅̇𝑟  

𝜓𝐴 =
1

√2
(
𝜓𝜌
𝑟

(𝜓𝑐)𝜌𝑟̇
) ∼ 32 = (

(4, 4)

(4, 4)
)  

𝛿𝜔𝜓𝐴 = −
1

4
𝜔𝑀𝑁(Γ𝑀𝑁)𝐴

𝐵𝜓𝐵  
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(𝛿𝜔𝜓)𝜌
𝑟  = −

1

4
𝜔𝑚𝑛(𝛾𝑚𝑛𝜓)𝜌

𝑟 +
1

4
𝜔𝐼𝐽(𝜓𝛾𝐼𝐽)𝜌

𝑟
+
1

2
𝜔𝑚𝐼(𝛾𝑚𝜓

𝑐𝛾𝐼)𝜌
𝑟

 = −
1

4
𝜔𝑚𝑛(𝛾𝑚𝑛)𝜌

𝜎𝜓𝜎
𝑟 +

1

4
𝜔𝐼𝐽𝜓𝜌

𝑠(𝛾𝐼𝐽)𝑠
𝑟
+
1

2
𝜔𝑚𝐼(𝛾𝑚)𝜌

𝜎̇(𝜓𝑐)𝜎̇𝑠(𝛾‾𝐼)
𝑠𝑟

 

(𝛿𝜔𝜓
𝑐)𝜌̇𝑟  = −

1

4
𝜔𝑚𝑛(𝛾‾𝑚𝑛𝜓

𝑐)𝜌̇𝑟 +
1

4
𝜔𝐼𝐽(𝜓𝑐𝛾‾𝐼𝐽)𝜌̇𝑟 +

1

2
𝜔𝑚𝐼(𝛾‾𝑚𝜓𝛾𝐼)𝜌̇𝑟

 = −
1

4
𝜔𝑚𝑛(𝛾‾𝑚𝑛)𝜌̇

𝜎̇(𝜓𝑐)𝜎̇𝑟 +
1

4
𝜔𝐼𝐽(𝜓𝑐)𝜌𝑠˙ (𝛾‾𝐼𝐽)𝑟

𝑠
+
1

2
𝜔𝑚𝐼(𝛾‾𝑚)𝜌̇

𝜎𝜓𝜎
𝑠(𝛾𝐼)𝑠𝑟

 

𝛿𝜔𝜓
𝑐 = 𝐶(𝛿𝜔𝜓)

𝑇
= 𝐶𝜂𝑇(𝛿𝜔𝜓)

∗ 

𝐶𝜂𝑇(𝛾𝑚𝑛)
∗(𝜂𝑇)−1𝐶−1 = 𝛾‾𝑚𝑛 , 𝐶𝜂

𝑇(𝛾𝑚)
∗(𝜂𝑇)−1𝐶−1 = −𝛾‾𝑚

(𝛾𝐼𝐽)
∗
= 𝛾‾𝐼𝐽, (𝛾‾𝐼)

∗ = −𝛾𝐼;  also (𝛾𝐼)𝑟𝑠, (𝛾‾𝐼)𝑟𝑠
 

(𝛾‾𝐼)
† = 𝛾𝐼 , and (𝛾𝐼𝐽)

†
= −𝛾𝐼𝐽 , (𝛾‾𝐼𝐽)

†
= −𝛾‾𝐼𝐽  

(𝛾𝐼)𝑟𝑠 = ((𝜎2 × 𝑖𝜎2𝜎 ), (𝜎2𝜎 × 𝜎2)), ( note 𝑖𝜎2𝜎 = (𝜎1, 𝑖, −𝜎3))
(𝛾‾𝐼)

𝑟𝑠 = ((𝜎2 × 𝑖𝜎2𝜎 
∗), (−𝜎2𝜎 

∗ × 𝜎2)), ( note (−𝜎2𝜎 ∗) = (𝑖𝜎3, 1, −𝑖𝜎1))
 

(𝛾𝐼𝛾‾𝐽 + 𝛾𝐽𝛾‾𝐼)𝑟
𝑠
= 2𝛿𝐼𝐽𝛿𝑟

𝑠  

(𝛾‾𝐼)
𝑟𝑠 =

1

2
𝜀𝑟𝑠𝑢𝑣(𝛾𝐼)𝑢𝑣  

𝛿𝜔𝜓𝐴 = −
1

4
𝜔𝑚𝑛(𝛾𝑚𝑛)𝐴

𝐵𝜓𝐵 

𝛿𝜔 (
𝜓

𝜓𝑐
)  = −

1

4
𝜔𝑀𝑁(Γ𝑀𝑁) (

𝜓

𝜓𝑐
)

𝜔𝑀𝑁(Γ𝑀𝑁)  = (
𝜔𝑚𝑛(𝛾𝑚𝑛⊗14) + 𝜔

𝐼𝐽(14⊗𝛾𝐼𝐽) 2𝜔𝑚𝐼(𝛾𝑚⊗ 𝛾‾𝐼)

2𝜔𝑚𝐼(𝛾‾𝑚⊗𝛾𝐼) 𝜔𝑚𝑛(𝛾‾𝑚𝑛⊗14) + 𝜔
𝐼𝐽(14⊗ 𝛾‾𝐼𝐽)

)

 

32 = (
(4,4)

(4, 4)
) , versus 32 = (

(4, 4)

(4, 4)
) = (

𝜓

𝜓𝑐
)  

Γ‾𝑚 (
(𝜓)𝜌

𝑟

(𝜓𝑐)𝜌𝑟̇
) = (

(𝛾𝑚𝜓
𝑐)𝜌𝑟

(𝛾‾𝑚𝜓)𝜌̇
𝑟 ) ∼ 32, and Γ‾𝐼 (

(𝜓)𝜌
𝑟

(𝜓𝑐)𝜌𝑟̇
) = (

(𝜓𝛾𝐼)𝜌𝑟
−(𝜓𝑐𝛾‾𝐼)𝜌̇

𝑟) ∼ 32  

32 × 32, (Γ‾𝑀)
𝐴̇𝐵: Γ‾𝑚 = (

0 𝛾𝑚⊗14
𝛾‾𝑚⊗14 0

) , Γ‾𝐼 = (
14⊗ 𝛾𝐼 0
0 −14⊗ 𝛾‾𝐼

)

32 × 32, (Γ𝑀)𝐴𝐵̇: Γ𝑚 = (
0 𝛾𝑀⊗14

𝛾‾𝑚⊗14 0
) , Γ𝐼 = (

14⊗ 𝛾‾𝐼 0
0 −14⊗ 𝛾𝐼

)
 

Γ𝑀Γ‾𝑁 + Γ𝑁Γ‾𝑀 = 2𝜂𝑀𝑁, and Γ‾𝑀Γ𝑁 + Γ‾𝑁Γ𝑁 = 2𝜂𝑀𝑁  

Γ𝑚Γ‾𝑛 + Γ𝑛Γ‾𝑚  = (
0 𝛾𝑚⊗14

𝛾‾𝑚⊗14 0
) (

0 𝛾𝑛⊗14
𝛾‾𝑛⊗14 0

) + (𝑚 ↔ 𝑛)

 = (
(𝛾𝑚𝛾‾𝑛 + (𝑚 ↔ 𝑛)) ⊗ 14 0

0 (𝛾‾𝑚𝛾𝑛 + (𝑚 ↔ 𝑛)) ⊗ 14
) = 2𝜂𝑚𝑛

 

Γ𝐼Γ‾𝐽 + Γ𝐽Γ‾𝐼  = (
14⊗ 𝛾‾𝐼 0
0 −14⊗ 𝛾𝐼

)(
14⊗𝛾𝐽 0

0 −14⊗ 𝛾‾𝐽
) + (𝐼 ↔ 𝐽)

 = (
14⊗ (𝛾𝐽𝛾‾𝐼 + (𝐼 ↔ 𝐽)) 0

0 14⊗ (𝛾‾𝐽𝛾𝐼 + (𝐼 ↔ 𝐽))
) = 2𝛿𝐼𝐽
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Γ𝑚Γ‾𝐼 + Γ𝐼Γ‾𝑚  = (
0 𝛾𝑚⊗14

𝛾‾𝑚⊗14 0
) (
14⊗𝛾𝐼 0
0 −14⊗𝛾‾𝐼

)

 + (
14⊗𝛾‾𝐼 0
0 −14⊗𝛾𝐼

) (
0 𝛾𝑚⊗14

𝛾‾𝑚⊗14 0
)

 = (
0 −(𝛾𝑚⊗ 𝛾‾𝐼) + (𝛾𝑚⊗𝛾‾𝐼)

(𝛾‾𝑚⊗𝛾𝐼) − (𝛾‾𝑚⊗ 𝛾𝐼) 0
)

 = 0

 

(Γ𝑀𝑁)𝐴
𝐵 =

1

2
(Γ𝑀Γ‾𝑁 − Γ𝑁Γ‾𝑀)𝐴

𝐵 

Γ𝑚𝑛  = (
𝛾𝑚𝑛⊗14 0

0 𝛾‾𝑚𝑛⊗14
) , Γ𝐼𝐽 = (

−14⊗𝛾𝐼𝐽 0

0 −14⊗ 𝛾‾𝐼𝐽
)

Γ𝑚𝐼  = (
0 −𝛾𝑚⊗𝛾‾𝐼

𝛾‾𝑚⊗ 𝛾𝐼 0
)

 

𝑎𝐴𝐵 = (
0 𝐶 ⊗ 14

𝐶‾ ⊗ 14 0
) .  

(Γ𝑀𝐶‾)𝑇  = −(Γ𝑀𝐶‾), (Γ𝑀𝑁𝐶)𝑇 = (Γ‾𝑀𝑁𝐶)

(Γ𝐼)𝑇  = −(Γ𝐼), (Γ𝐼𝐽)𝑇 = (Γ‾𝐼𝐽)
 

 𝑊curvature = 𝑋 ⋅ 𝑋 = 𝜂𝑀𝑁𝑋
𝑀𝑋𝑁, 𝑉𝑀

curvature = 𝑋𝑀, 𝐺𝑀𝑁
curvature = 𝜂𝑀𝑁, (Γ𝑀𝑁

𝑝
)

curvature 
= 0 = (𝜔𝑀

𝑖𝑗
)

curvature 
 and 

Ωcurvature = (𝑐 ⋅ 𝑋)
1−𝑑/2 

𝐺𝑀𝑁 = 𝜂𝑀𝑁 + ℎ𝑀𝑁(𝑋) 

𝑊 = 𝜂𝑀𝑁𝑋
𝑀𝑋𝑁, 𝑉𝑀 = 𝑋𝑀, 𝑉𝑀 = 𝜂𝑀𝑁𝑋

𝑁 

𝑠𝑤
𝑎(𝑋) = 𝑠̂𝑤

𝑎(𝑥, 𝑤𝑒4𝑢), 𝑠𝑢
𝑎(𝑋) = 𝑒4𝑢𝑠̂𝑢

𝑎(𝑥, 𝑤𝑒4𝑢) 

𝑠𝜇
𝑎(𝑋) = 𝑒4𝑢𝑠̂𝜇

𝑎(𝑥, 𝑤𝑒4𝑢) 

𝜅1
𝑎(𝑋) = exp (𝑢Γ+

′−′ + 𝑢(𝑑 + 2))𝜅̂1
𝑎(𝑥, 𝑤𝑒4𝑢) 

𝜅2
𝑎(𝑋) = exp (𝑢Γ+

′−′ + 𝑢(𝑑 + 4))𝜅̂2
𝑎(𝑥, 𝑤𝑒4𝑢) 

Γ𝑖Γ‾𝑗 + Γ𝑗Γ‾ 𝑖 = 2𝜂𝑖𝑗: Γ+
′
= (0 −𝑖√2

0 0
) , Γ−

′
= (

0 0

−𝑖√2 0
), Γ𝜇 = (

𝛾‾𝜇 0
0 −𝛾𝜇

) with 𝛾𝜇 = (−1, 𝛾𝑖), 𝛾‾𝜇 = (1, 𝛾𝑖) and Γ‾+
′
=

(0 −𝑖√2
0 0

) , Γ‾−
′
= (

0 0

−𝑖√2 0
) , Γ‾𝜇 = (

𝛾𝜇 0
0 −𝛾‾𝜇

) 

Ψ = (𝜓1
𝜓2
) Ψ‾ = 𝑖(𝜓‾2, 𝜓‾1) 

[𝐴𝑀 , 𝐴𝑁] = 𝑖𝑡
𝑎(𝑓𝑎𝑏𝑐𝐴𝑀

𝑏 𝐴𝑁
𝑐 ) 

 Tr(𝑡𝑎𝑡𝑏) = 2𝛿𝑎𝑏 

(𝐷𝜇𝜀)𝐴
= (𝜕𝜇 +

1

4
𝜔𝜇
𝑎𝑏Γ‾𝑎𝑏 +

1

2
𝜔𝜇
+′𝑏Γ‾𝑏Γ

−′ +
1

2
𝜔𝜇
−′𝑏Γ‾𝑏Γ

+′) 𝜀𝐴 
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{𝑄𝑖𝛼 , 𝑄𝑗𝛽} = 𝐶𝛼𝛽𝑍𝑖𝑗 , {𝑄‾ 𝑖  𝛼̇ , 𝑄‾
𝑗 𝛽̇} = 𝐶𝛼̇𝛽̇𝑍‾

𝑖𝑗 ,

{𝑄𝑖𝛼 , 𝑄‾
𝑗 𝛽̇} = 2𝛿𝑖  

𝑗(𝜎𝜇)𝛼𝛽̇𝑃𝜇 , [𝑃𝜇, 𝑃𝜈] = 0,

[𝑄𝑖𝛼 , 𝑃𝜇] = 0, [𝑄‾ 𝑖  𝛼̇, 𝑃𝜇] = 0,

[𝐽𝜇𝜈, 𝑄𝑖𝛼] =
𝑖

2
(𝜎𝜇𝜈)𝛼

 𝛽𝑄𝑖𝛽 , [𝐽𝜇𝜈, 𝑄‾
𝑖𝛼̇] =

𝑖

2
(𝜎‾𝜇𝜈)

𝛼̇
 𝛽̇𝑄‾

𝑖𝛽̇ ,

[𝐽𝜇𝜈 , 𝑃𝜌] = 𝑖(𝜂𝜇𝜌𝑃𝜈 − 𝜂𝜈𝜌𝑃𝜇), [𝐽𝜇𝜈 , 𝐽𝜌𝜎] = 𝑖(𝜂𝜈𝜌𝐽𝜇𝜎 − 𝜂𝜈𝜎𝐽𝜇𝜌

−𝜂𝜇𝜌𝐽𝜈𝜎 + 𝜂𝜇𝜎𝐽𝜈𝜌),

[𝑅𝑎, 𝑄𝑖𝛼] = (𝑋𝑎)𝑖  
𝑗𝑄𝑗𝛼 , [𝑅𝑎, 𝑄‾ 𝑖  𝛼̇] = −(𝑋𝑎)𝑗 

𝑖𝑄‾ 𝑗 𝛼̇ ,

[𝑅𝑎, 𝑃𝜇] = 0, [𝑅𝑎, 𝐽𝜇𝜈] = 0,

[𝑍𝑖𝑗 , any ] = 0, [𝑍‾𝑖𝑗 , any ] = 0,

 

𝑄‾ 𝑖  𝛼̇ = (𝑄𝑖𝛼)
†,  

𝑄𝑖𝛼 ∈ (𝟐, 𝟎, 𝑵), 𝑄‾
𝑖  𝛼̇ ∈ (𝟎, 𝟐, 𝑵),  under  𝑆𝐿(2, ℂ) × 𝑆𝑈(𝑁);  

𝑍𝑖𝑗 + 𝑍𝑗𝑖 = 0, 𝑍‾
𝑖𝑗 + 𝑍‾𝑗𝑖 = 0  

𝑍𝑖𝑗 ∈
𝑁(𝑁 − 1)

2
, 𝑍‾𝑖𝑗 ∈

𝑁(𝑁 − 1)

2
  under  𝑆𝑈(𝑁),  

 

𝑍‾𝑖𝑗 = (𝑍𝑖𝑗)
∗
, 𝑍‾ + 𝑍† = 0  

 

𝜂𝜇𝜌𝜂𝜌𝜈 = 𝜂𝜈
𝜇
: = 𝛿𝜈

𝜇
 

𝑃𝜇 ∈ (𝟐, 𝟐), 𝐽𝜇𝜈 ∈ (𝟑, 𝟎) ⊕ (𝟎, 𝟑)  under  𝑆𝐿(2, ℂ)  

exp (−
𝑖

2
𝜔𝜇𝜈𝐽𝜇𝜈) ∈ 𝑆𝑂(1,3)  

 

𝑅𝑎 ∈ 𝔰𝔲(𝑁)  

 

exp (𝑖∑  

𝑎

  𝑡𝑎𝑅𝑎) ∈ 𝑆𝑈(𝑁)  

(𝑋𝑎)𝑖
𝑗
∈ (𝑁𝟐 − 𝟏)  under  𝑆𝑈(𝑁)  

 

(𝑋𝑎∗)𝑗
𝑖 : = ((𝑋𝑎)𝑖

𝑗
)
∗
= (𝑋𝑎)𝑗

𝑖   

 
𝐶𝛼𝛽 + 𝐶𝛽𝛼 = 0, 𝐶𝛼̇𝛽̇ + 𝐶𝛽̇𝛼̇ = 0  

 
𝐶𝛼𝛽 ∈ (𝟏, 𝟎), 𝐶𝛼̇𝛽̇ ∈ (𝟎, 𝟏)  under  𝑆𝐿(2, ℂ)  

 

𝐶𝛼̇𝛽̇ = (𝐶𝛼𝛽)
∗

 

 

𝐶𝛼𝛾𝐶
𝛽𝛾 = 𝛿𝛼  

𝛽 , 𝐶𝛼̇𝛾̇𝐶
𝛽̇𝛾̇ = 𝛿𝛼̇

𝛽̇
;  

𝜎𝜇 = (𝟏, 𝜏𝑖), 𝜎‾𝜇 = (𝟏,−𝜏𝑖)  

(𝜎𝜇)𝛼𝛽̇ ∈ (𝟐, 𝟐), (𝜎‾
𝜇)𝛼̇𝛽 ∈ (𝟐, 𝟐)  under  𝑆𝐿(2, ℂ)  

 

(𝜎𝜇𝜎‾𝜈 + 𝜎𝜈𝜎‾𝜇)𝛼  
𝛽 = 2𝜂𝜇𝜈𝛿𝛼  

𝛽 , (𝜎‾𝜇𝜎𝜈 + 𝜎‾𝜈𝜎𝜇)𝛽̇
𝛼̇ = 2𝜂𝜇𝜈𝛿𝛽̇

𝛼̇;  

 

(𝜎𝜇𝜈)𝛼
𝛽
:=
1

2
(𝜎𝜇𝜎‾𝜈 − 𝜎𝜈𝜎‾𝜇)𝛼

𝛽
, (𝜎‾𝜇𝜈)𝛽̇

𝛼̇: =
1

2
(𝜎‾𝜇𝜎𝜈 − 𝜎‾𝜈𝜎𝜇)𝛽̇

𝛼̇  

𝜎𝜇𝜈 ∈ (𝟑, 𝟎), 𝜎‾𝜇𝜈 ∈ (𝟎, 𝟑)  under  𝑆𝐿(2, ℂ).  

𝒜 = 𝔰𝔲(𝑁)⊕𝒜1⊕𝒜2 

[𝐵𝑙 , 𝑄𝐼𝛼]  = (𝑆
𝑙)𝐼
𝐽
𝑄𝐽𝛼 , [𝐵

𝑙 , 𝑄‾𝛼̇
𝐼 ]  = −(𝑆𝑙)𝐽

𝐼𝑄‾𝛼̇
𝐽

[𝐵𝑙 , 𝑃𝜇]  = 0, [𝐵
𝑙 , 𝐽𝜇𝜈]  = 0.

 



pág. 1980 

{𝑄𝐼𝛼 , 𝑄𝐽𝛽} = 𝐶𝛼𝛽𝑍𝐼𝐽 +
1

2
(𝜎𝜇𝜈)𝛼𝛽(𝑌𝜇𝜈)𝐼𝐽

 

𝑍𝐼𝐽 =∑  

𝑙

  (𝑎𝑙)𝐼𝐽𝐵
𝑙 ∈ 𝒜, (𝑌𝜇𝜈)𝐼𝐽

= 𝑌𝐼𝐽𝐽𝜇𝜈  

[𝑍𝐼𝐽, 𝐵
𝑙] = 0, {𝑄𝐼𝛼 , 𝑄𝐽𝛽} = 𝐶𝛼𝛽𝑍𝐼𝐽  

(𝑋𝑎)𝑖
𝑘𝑍𝑘𝑗 + 𝑍𝑖𝑘(𝑋

𝑎)𝑗
𝑘 = 0  

𝑍𝑖𝑗 = ∑  

𝐵𝑙∈𝒜

(𝑎𝑙)𝑖𝑗𝐵
𝑙  

(𝑋𝑎)𝑖  
𝑘(𝑎𝑙)𝑘𝑗 = −(𝑎

𝑙)𝑖𝑘(𝑋
𝑎∗)𝑘  𝑗 .  

(𝑋𝑎)𝑖
𝑗
= (𝑎𝑙)𝑖𝑘(𝑋

𝑎∗)𝑘  𝑙(𝑎
𝑙)𝑙𝑗  

(𝑎𝑙)𝑖𝑗: = (((𝑎𝑙)𝑇)−1)𝑖𝑗  

0 = (𝑁2 − 𝑁 − 2)(𝑎𝑙)𝑖𝑚 = (𝑁 − 2)(𝑁 + 1)(𝑎
𝑙)𝑖𝑚,  

(𝑋𝑎)𝑖
𝑗
= Ω𝑖𝑘(𝑋

𝑎∗)𝑘  𝑙Ω
𝑙𝑗 , Ω𝑖𝑗: = ((Ω𝑇)−1)𝑖𝑗  

2𝑚 ⩾ 𝑧𝑙  

{𝑄𝑖𝛼 , 𝑄‾
𝑗 𝛽̇} = 2𝑚𝛿𝛼𝛽̇𝛿𝑖  

𝑗

{𝑄𝑖𝛼 , 𝑄𝑗𝛽} = 0, {𝑄‾
𝑖  𝛼̇ , 𝑄‾

𝑗 𝛽̇} = 0
 

𝑎𝑖𝛼: =
1

√2𝑚
𝑄𝑖𝛼 , (𝑎𝑖𝛼)

†: =
1

√2𝑚
𝑄‾ 𝑖𝛼̇  

{𝑎𝑖𝛼 , (𝑎𝑗𝛽)
†
} = 𝛿𝛼

𝛽
𝛿𝑖
𝑗

{𝑎𝑖𝛼 , 𝑎𝑗𝛽} = 0, {(𝑎𝑖𝛼)
†, (𝑎𝑗𝛽)

†
} = 0

 

𝑎𝑖: =
1

2√𝑃0
𝑄1𝑖 , (𝑎𝑖)

†: =
1

2√𝑃0
𝑄‾ 𝑖

𝑏𝑖 ∶=
1

2√𝑃0
𝑄2𝑖 , (𝑏𝑖)

†: =
1

2√𝑃0
𝑄‾ 𝑖

 

{𝑎𝑖 , (𝑎𝑗)
†
} = 𝛿𝑖

𝑗
 

{𝑎𝑖 , 𝑎𝑗} = 0, {(𝑎𝑖)
†, (𝑎𝑗)

†
} = 0  

{𝑏𝑖 , (𝑏𝑗)
†
} = 0, {𝑏𝑖 , 𝑏𝑗} = 0, {(𝑏𝑖)

†, (𝑏𝑗)
†
} = 0

{𝑎𝑖 , 𝑏𝑗} = 0, {(𝑎𝑖)
†, (𝑏𝑗)

†
} = 0, {𝑎𝑖 , (𝑏𝑗)

†
} = 0, {(𝑎𝑖)

†, 𝑏𝑗} = 0
 

{𝑄𝑖𝛼 , 𝑄‾
𝑗 𝛽̇} = 2𝑚𝛿𝛼𝛽̇𝛿𝑖  

𝑗

{𝑄𝑖𝛼 , 𝑄𝑗𝛽} = 𝐶𝛼𝛽𝑍𝑖𝑗 , {𝑄‾
𝑖  𝛼̇ , 𝑄‾

𝑗 𝛽̇} = 𝐶𝛼̇𝛽̇(𝑍
∗)𝑖𝑗

 

𝑍𝑖𝑗 = 𝑈𝑖  
𝑘(𝑍std)

𝑘𝑙
𝑈𝑗
𝑙

(𝑍std)
𝑖𝑗
: = 𝑖𝐶 ⊗ 𝑍d (𝑁 even ) (𝑍std)

𝑖𝑗
: = (𝑖𝐶 ⊗ 𝑍d 0

0 0
) (𝑁 odd ),

 

𝑍d = diag(𝑧1, ⋯ , 𝑧rank(𝑍)) with 𝑧𝑙 ⩾ 0 

(𝐴𝑖  
𝑘) ⊗ (𝐵𝑗  

𝑙) = (𝐴𝑖  
𝑘𝐵𝑗 

𝑙) 
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(𝑖, 𝑗) = (1,1),⋯ , (𝑛, 1),⋯ , (1, 𝑛),⋯ , (𝑛, 𝑛),  

𝑄̃𝑖𝛼 = (𝑈
−1)𝑖  

𝑗𝑄𝑗𝛼 , (𝑄̃𝑖𝛼)
†
= 𝑄‾̃𝛼̇

𝑖 = 𝑈𝑗 
𝑖𝑄‾ 𝑗 𝛼̇  

{𝑄̃𝑎𝑚𝛼 , (𝑄̃𝑏𝑛𝛽)
†
} = 2𝑚𝛿𝛼  

𝛽𝛿𝑎 
𝑏𝛿𝑚 

𝑛

{𝑄̃𝑎𝑚𝛼 , 𝑄̃𝑏𝑛𝛽} = 𝑖𝐶𝛼𝛽𝐶𝑎𝑏(𝑍
d)
𝑚𝑛
, {(𝑄̃𝑎𝑚𝛼)

†
, (𝑄̃𝑏𝑛𝛽)

†
} = 𝑖𝐶𝛼𝛽𝐶𝑎𝑏(𝑍d)

𝑚𝑛  

𝑍d = diag(𝑧1, ⋯ , 𝑧rank𝑍, 0,⋯ ,0)  

𝑎𝑚𝛼: =
1

√2
(𝑄̃1𝑚𝛼 + 𝑖𝐶𝛼𝛾(𝑄̃2 

𝑚𝛾)
†
) , (𝑎𝑚𝛼)

†: =
1

√2
((𝑄̃1𝑚𝛼)

†
− 𝑖𝐶𝛼𝛾𝑄̃2 

𝑚𝛾) ,

𝑏𝑚𝛼: =
1

√2
(𝑄̃1𝑚𝛼 − 𝑖𝐶𝛼𝛾(𝑄̃2 

𝑚𝛾)
†
) , (𝑏𝑚𝛼)

†: =
1

√2
((𝑄̃1𝑚𝛼)

†
+ 𝑖𝐶𝛼𝛾𝑄̃2 

𝑚𝛾) ,

 

{𝑎𝑚𝛼 , (𝑎𝑛𝛽)
†
} = 𝛿𝛼𝛽 (2𝑚𝛿𝑚𝑛 + (𝑍

d)
𝑚𝑛
) , {𝑏𝑚𝛼 , (𝑏𝑛𝛽)

†
} = 𝛿𝛼𝛽 (2𝑚𝛿𝑚𝑛 − (𝑍

d)
𝑚𝑛
) ,

{𝑎𝑚𝛼 , 𝑎𝑛𝛽} = 0, {𝑏𝑚𝛼 , 𝑏𝑛𝛽} = 0, {(𝑎𝑚𝛼)
†, (𝑎𝑛𝛽)

†
} = 0, {(𝑏𝑚𝛼)

†, (𝑏𝑛𝛽)
†
} = 0,

{𝑎𝑚𝛼 , 𝑏𝑛𝛽} = 0, {(𝑎𝑚𝛼)
†, (𝑏𝑛𝛽)

†
} = 0, {𝑎𝑚𝛼 , (𝑏𝑛𝛽)

†
} = 0, {(𝑎𝑚𝛼)

†, 𝑏𝑛𝛽} = 0.

 

2𝑚 ⩾ 𝑧𝑙 ,  for 𝑙 = 1,⋯ , rank𝑍.  

𝑧𝑖 = 2𝑚  for 𝑖 = 1,⋯ , 𝑟 ⩽ rank𝑍  

 

𝐽𝛼𝛽: =
1

4
(𝜎𝜇𝜈)𝛼𝛽𝐽𝜇𝜈 , 𝐽𝛼̇𝛽̇:=

1

4
(𝜎‾𝜇𝜈)𝛼̇𝛽̇𝐽𝜇𝜈  

{𝑄𝑖𝛼 , 𝑄𝑗𝛽}  = 𝐶𝑖𝑗𝐶𝛼𝛽𝑍, {𝑄‾
𝑖  𝛼̇ , 𝑄‾

𝑗 𝛽̇}  = 𝐶
𝑖𝑗𝐶𝛼̇𝛽̇𝑍,

{𝑄𝑖𝛼 , 𝑄‾
𝑗 𝛽̇}  = 𝛿𝑖  

𝑗𝑃𝛼𝛽̇ , [𝑃𝛼𝛽̇ , 𝑃𝛾𝛿̇]  = 0,

[𝑄𝑖𝛼 , 𝑃𝛾𝛿̇]  = 0, [𝑄‾
𝑖  𝛼̇ , 𝑃𝛾𝛿̇]  = 0,

[𝐽𝛼𝛽 , 𝑄𝑖𝛾]  =
𝑖

2
𝐶𝛾(𝛼𝑄𝑖𝛽), [𝐽𝛼𝛽 , 𝑄‾

𝑖  𝛾̇]  = 0,

[𝐽𝛼̇𝛽̇ , 𝑄𝑖𝛾]  = 0, [𝐽𝛼̇𝛽̇ , 𝑄‾
𝑖  𝛾̇]  =

𝑖

2
𝐶𝛾(𝛼̇𝑄‾

𝑖  𝛽̇),

[𝐽𝛼𝛽 , 𝑃𝛾𝛿̇]  =
𝑖

2
𝐶𝛾(𝛼𝑃𝛽)𝛿̇ , [𝐽𝛼̇𝛽̇ , 𝑃𝛾𝛿̇]  =

𝑖

2
𝐶𝛿̇(𝛼̇𝑃𝛾𝛽̇),

 

[𝐽𝛼𝛽 , 𝐽𝛾𝛿]  =
𝑖

2
𝐶(𝛼∣(𝛾𝐽𝛿)∣𝛽), [𝐽𝛼̇𝛽̇ , 𝐽𝛾̇𝛿̇]  =

𝑖

2
𝐶(𝛼̇∣(𝛾̇𝐽𝛿̇)∣𝛽̇)

[𝐽𝛼𝛽 , 𝐽𝛾̇𝛿̇]  = 0, [𝑍, any ]  = 0

[𝑅𝑖𝑗 , 𝑄𝑘𝛾]  =
𝑖

2
𝐶𝑘(𝑖𝑄𝑗)𝛾 , [𝑅𝑖𝑗 , 𝑄‾𝑘𝛾]  =

𝑖

2
𝐶𝑘(𝑖𝑄‾𝑗)𝛾

[𝑅𝑖𝑗 , 𝑅𝑘𝑙]  =
𝑖

2
𝐶(𝑖∣(𝑘𝑅𝑙)∣𝑗), [𝑅𝑖𝑗 , 𝑃𝛼𝛽̇]  = 0

[𝑅𝑖𝑗 , 𝐽𝛼𝛽]  = 0, [𝑅𝑖𝑗 , 𝐽𝛼̇𝛽̇]  = 0

 

𝐽𝛼𝛽
′ : = 𝐽𝛼𝛽 + 𝑅𝛼𝛽 ,  or  𝐽

𝛼̇𝛽̇
′ : = 𝐽𝛼̇𝛽̇ + 𝑅𝛼̇𝛽̇.  
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𝟐 → (𝟐, 𝟏)
𝑖 → 𝛼

,  or  𝟐 → (𝟏, 𝟐)
𝑖 → 𝛼̇

 

𝟐⊗ 𝟐 = 𝟏 ⊕ 𝟑
𝑄𝛼𝛽 → 𝑄[𝛼𝛽], 𝑄(𝛼𝛽)

 

𝑄:=
1

2
𝐶𝛼𝛽𝑄[𝛼𝛽], 𝐻𝛼𝛽:= 𝑄(𝛼𝛽), 𝐺𝛼𝛽̇: = 𝑄‾𝛼𝛽̇  

{𝑄, 𝑄}  = 𝑍, {𝐻𝛼𝛽 , 𝐻𝛾𝛿}  = 𝐶(𝛼∣(𝛾𝐶𝛿)∣𝛽)𝑍,

{𝐺𝛼𝛽̇ , 𝐺𝛾𝛿̇}  = 𝐶𝛼𝛽𝐶𝛽̇𝛿̇𝑍, {𝑄, 𝐻𝛼𝛽}  = 0,

{𝑄, 𝐺𝛼𝛽̇}  = 𝑃𝛼𝛽̇ , {𝐻𝛼𝛽 , 𝐺𝛾𝛿̇}  = 𝐶𝛼(𝛾𝑃𝛽)𝛿̇

[𝑄, 𝑃𝛾𝛿̇]  = 0, [𝐻𝛼𝛽 , 𝑃𝛾𝛿̇]  = 0,

[𝐺𝛼𝛽̇ , 𝑃𝛾𝛿̇]  = 0, [𝑃𝛼𝛽̇ , 𝑃𝛾𝛿̇]  = 0,

[𝐽𝛼𝛽 , 𝑄]  = 0, [𝐽𝛼̇𝛽̇ , 𝑄]  = 0,

[𝐽𝛼𝛽 , 𝐻𝛾𝛿]  =
𝑖

2
𝐶(𝛼∣(𝛾𝐻𝛿)∣𝛽), [𝐽𝛼̇𝛽̇, 𝐻𝛾𝛿]  = 0,

 

[𝐽𝛼𝛽 , 𝐺𝛾𝛿̇]  =
𝑖

2
𝐶(𝛼∣𝛾𝐺𝛽)𝛿̇ , [𝐽𝛼̇𝛽̇ , 𝐺𝛾𝛿̇]  =

𝑖

2
𝐶(𝛼̇∣𝛿̇𝐺𝛾𝛽̇)

[𝐽𝛼𝛽 , 𝑃𝛾𝛿̇]  =
𝑖

2
𝐶(𝛼∣𝛾𝑃𝛽)𝛿̇ , [𝐽𝛼̇𝛽̇ , 𝑃𝛾𝛿̇]  =

𝑖

2
𝐶(𝛼̇∣𝛿̇𝑃𝛾𝛽̇)

[𝐽𝛼𝛽 , 𝐽𝛾𝛿]  =
𝑖

2
𝐶(𝛼∣(𝛾𝐽𝛿)∣𝛽), [𝐽𝛼̇𝛽̇ , 𝐽𝛾̇𝛿̇]  =

𝑖

2
𝐶(𝛼̇∣(𝛾̇𝐽𝛿̇)∣𝛽̇)

[𝐽𝛼𝛽 , 𝐽𝛾̇𝛿̇]  = 0, [𝑍, any ]  = 0

 

𝐴𝛼𝛽̇  → 𝐴𝛼𝛽̇
𝜆𝑖𝛽  → 𝜆𝛼𝛽 → 𝜂, 𝜒𝛼𝛽

𝜆‾𝑖𝛽̇  → 𝜓𝛼𝛽̇
𝜙 → 𝜙

𝜙‾  → 𝜌
𝐺𝑖𝑗  → 𝐺𝛼𝛽

 

𝜂 = 𝐶𝛼𝛽𝜓𝛼𝛽 , 𝜒𝛼𝛽 = 𝜓(𝛼𝛽) 

 

{

𝑆𝑈(4) → 𝑆𝑈(2) × 𝑆𝑈(2),

𝔰𝔲(4) → 𝔰𝔲(2)⊕ 𝔰𝔲(2) = {√1/2(𝑋s,a
12 + 𝑋s,a

34), √1/2𝑋1 +√1/6(√2𝑋3 − 𝑋2)}

 ⊕ {√1/2(𝑋s,a
13 + 𝑋s,a

24), √1/3(√2𝑋2 + 𝑋3)}

{

𝑆𝑈(4) → 𝑆𝑈(2) × 𝑆𝑈(2) × 𝑈(1) ,

𝔰𝔲(4) → 𝔰𝔲(2) ⊕ 𝔰𝔲(2)⊕ 𝔲̃(1) = {𝑋s,a
12, 𝑋1} ⊕ {𝑋s,a

34, √1/3(√2𝑋3 − 𝑋2)}

 ⊕ {√1/3(√2𝑋2 + 𝑋3)}

 

𝑆𝑈(2)L × 𝑆𝑈(2)I,  or equivalently , 𝑆𝑈(2)R × 𝑆𝑈(2)I,  

{
𝟒 → (𝟐, 𝟏)⊕ (𝟐, 𝟏),
𝑖 → 𝑎𝛼,

  or equivalently,  {𝟒 → (𝟏, 𝟐) ⊕ (𝟏, 𝟐)
𝑖 → 𝑎𝛼̇

 

𝑆𝑈(2)L × 𝑆𝑈(2)I × 𝑈,  or equivalently , 𝑆𝑈(2)R × 𝑆𝑈(2)I × 𝑈,  

𝑆𝑈(2)L × 𝑆𝑈(2)R × 𝑈,  

{
𝟒 → (𝟐, 𝟏) ⊕ (𝟏, 𝟏) ⊕ (𝟏, 𝟏),
𝑖 → (𝛼, 𝑎) ≡ 𝑎 ⊕ 𝛼,

  or equivalently,  {
𝟒 → (𝟏, 𝟐)⊕ (𝟏, 𝟏) ⊕ (𝟏, 𝟏)

𝑖 → (𝛼̇, 𝑎) ≡ 𝛼̇ ⊕ 𝑎
 

|
𝟒 → (𝟐, 𝟏)⊕ (𝟏, 𝟐)
𝑖 → (𝛼, 𝛼̇) ≡ 𝛼 ⊕ 𝛼̇

⟩ 
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𝑆𝑈(4) → 𝑆𝑈(2)L × 𝑆𝑈(2)I, {
𝟒 → (𝟐, 𝟏)⊕ (𝟐, 𝟏)
𝑖 → 𝑎𝛼

 

{
𝑄𝑖𝛽 → 𝑄𝑎𝛼,𝛽 → 𝑄𝑎, 𝑄𝑎𝛼𝛽

𝑄‾𝛽̇
𝑖 → 𝑄𝛼𝛽̇

𝑎  

𝐴𝛼𝛽̇  → 𝐴𝛼𝛽̇
𝜆𝑖𝛽  → 𝜆𝑎𝛼,𝛽 → 𝜂𝑎 , 𝜒𝑎𝛼𝛽

𝜆‾𝛽̇
𝑖  → 𝜓𝛼𝛽̇

𝑎

𝜙𝑖𝑗  → 𝜙𝑎𝛼,𝑏𝛽 → 𝜑𝑎𝑏 , 𝐺𝛼𝛽

 

 

{
𝑄𝑖𝛽 → 𝑄𝑎⊕𝛼,𝛽 → 𝑄𝑎𝛽

(−1)
, 𝑄(+1), 𝑄𝛼𝛽

(+1)

𝑄‾ 𝑖  𝛽̇ → 𝑄𝑎⊕𝛼  𝛽̇ → 𝑄
𝑎𝛽̇

(+1)
, 𝑄
𝛼𝛽̇

(−1)  

𝐴𝛼𝛽̇  → 𝐴𝛼𝛽
(0)

𝜆𝑖𝛽  → 𝜆𝑎⊕𝛼𝛽 → 𝜆𝑎𝛽
(+1)

, 𝜂(−1), 𝜒𝛼𝛽
(−1)

𝜆‾𝛽̇
𝑖  → 𝜆‾𝑎⊕𝛼  𝛽̇ → 𝜓

𝛼𝛽̇

(+1)
, 𝜁
𝛽̇

(−1)𝑎

𝜙𝑖𝑗  → 𝜙𝑎⊕𝛼,𝑏⊕𝛽 → 𝐵(−2), 𝐶(+2), 𝐺𝑎𝛼
(0)
(= 𝜙𝑎𝛽 , 𝜙𝑏𝛼).

 

𝑆𝑈(4) → 𝑆𝑈(2)L × 𝑆𝑈(2)R × 𝑈(1), {
𝟒 → (𝟐, 𝟏) ⊕ (𝟏, 𝟐)

𝑖 → (𝛼, 𝛽̇) ≡ 𝛼 ⊕ 𝛽̇
 

{
𝑄𝑖𝛾 → 𝑄𝛼⊕𝛽̇,𝛾 → 𝑄(+1), 𝑄

𝛾𝛽̇

(−1)
, 𝑄𝛼𝛾

(+1)

𝑄‾𝛾̇
𝑖 → 𝑄‾𝛾̇

𝛼⊕𝛽̇
→ 𝑄̃(+1), 𝑄̃𝛼𝛾̇

(−1)
, 𝑄̃
𝛽̇𝛾̇

(+1)
 

𝐴𝛼𝛽̇  → 𝐴
𝛼𝛽̇

(0)

𝜆𝑖𝛾  → 𝜆𝛼⊕𝛽̇𝛾 → 𝜓̃
𝛾𝛽̇

(+1)
, 𝜂(−1), 𝜒𝛼𝛾

(−1)

𝜆‾𝛾̇
𝑖  → 𝜆‾𝛼⊕𝛽̇𝛾̇ → 𝜓𝛼𝛾̇

(+1)
, 𝜂̃(−1), 𝜒̃

𝛽̇𝛾̇

(−1)

𝜙𝑖𝑗  → 𝜙𝛼⊕𝛽̇,𝛾⊕𝛿̇ → 𝐵(−2), 𝐶(+2), 𝑉
𝛼𝛽̇

(0)

 

𝑄‾𝐴𝛼 =∑  

𝐵𝛽

  (𝑄𝐵𝛽)
†
(Γ0)𝐵

𝐴(Γ0)𝛽
𝛼

 

𝑄𝐴𝛼 = (𝑄c)𝐴𝛼: = 𝐶𝐴𝐵𝐶𝛼𝛽(𝑄‾
𝑇)𝐵𝛽,  

𝐶𝑇 = 𝜀′𝐶, 𝐶†𝐶 = 1, 𝐶𝛾𝜇𝐶−1 = 𝜂′(𝛾𝜇)𝑇 , 𝐶𝛾𝑖𝐶−1 = 𝜂′(𝛾𝑖)
𝑇
, 𝜀′, 𝜂′ = ±1.  

 

𝑄𝛼𝛽 = ∑  

𝐷

𝑝=0

 
1

𝑝!
𝑄𝜇1⋯𝜇𝑝(𝛾

𝜇1⋯𝜇𝑝𝐶−1)𝛼𝛽 , 𝑄𝜇1⋯𝜇𝑝: = (−1)
𝑝(𝑝−1)/2

1

2𝐷/2
(𝐶𝛾𝜇1⋯𝜇𝑝)

𝛼𝛽
𝑄𝛼𝛽  

𝑄:=
1

2𝐷/2
𝐶𝛼𝛽𝑄𝛼𝛽 
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𝑄̃: =
1

2𝐷/2
(𝐶Γ5)𝛼𝛽𝑄𝛼𝛽 

𝑄𝜇1⋯𝜇𝑝
± :=

1

2
(𝑄𝜇1⋯𝜇𝑝 ±

1

(𝐷 − 𝑝)!
(−1)𝐷/4+𝑝(𝑝+1)/2𝜀𝜇1⋯𝜇𝑝

𝜇𝑝+1⋯𝜇𝐷𝑄𝜇𝑝+1⋯𝜇𝐷) 

 =
1

2𝐷/2
(−1)𝑝(𝑝−1)/2 (𝐶𝛾𝜇1⋯𝜇𝑝

1

2
(1 ± Γ5))

𝛼𝛽

𝑄𝛼𝛽

 

{𝑄𝐴𝛼 , 𝑄𝐵𝛽} = 2𝐶𝐴𝐵
−1(𝛾𝜇𝐶−1)𝛼𝛽𝑃𝜇 + Γ𝛼𝛽𝑍𝐴𝐵

[𝐽𝜇𝜈, 𝑄𝐴𝛼] =
𝑖

2
(𝛾𝜇𝜈)𝛼

 𝛽𝑄𝐴𝛽 , [𝑅𝑖𝑗 , 𝑄𝐴𝛼] =
𝑖

2
(𝛾𝑖𝑗)𝐴

 𝐵𝑄𝐵𝛼
 

{𝑄𝜇1⋯𝜇𝑝 , 𝑄𝜈1⋯𝜈𝑝−1} =
2

2𝐷/2
𝜂𝜇1⋯𝜇𝑝,𝜈1⋯𝜈𝑝𝑃

𝜈𝑝 , {𝑄𝜇1⋯𝜇𝑝 , 𝑄𝜈1⋯𝜈𝑝} =
1

2𝐷/2
𝜂𝜇1⋯𝜇𝑝,𝜈1⋯𝜈𝑝𝑍

[𝐽𝜇𝜈 , 𝑄𝜌1⋯𝜌𝑝] =
𝑖

2
𝜀′(−1)𝑝(𝑝−1)/2 (𝑄𝜇𝜈𝜌1⋯𝜌𝑝 +∑  

𝑝

𝑖=1

 𝜂[𝜇∣𝜌𝑖𝑄𝜌1⋯𝜈]⋯𝜌𝑝

+ ∑  

1⩽𝑖<𝑗⩽𝑝

  (−1)𝑖+𝑗 (𝜂[𝜇∣𝜌𝑖𝜂𝜈]𝜌𝑗)𝑄𝜌1⋯𝜌̆𝑖⋯𝜌̆𝑗⋯𝜌𝑝)

[𝑅𝜇𝜈 , 𝑄𝜌1⋯𝜌𝑝] =
𝑖

2
𝜀′(−1)𝑝(𝑝−1)/2 (−𝑄𝜇𝜈𝜌1⋯𝜌𝑝 +∑  

𝑝

𝑖=1

  𝜂[𝜇∣𝜌𝑖𝑄𝜌1⋯𝜈]⋯𝜌𝑝

− ∑  

1⩽𝑖<𝑗⩽𝑝

  (−1)𝑖+𝑗 (𝜂[𝜇∣𝜌𝑖𝜂𝜈]𝜌𝑗)𝑄𝜌1⋯𝜌̆𝑖⋯𝜌̆𝑗⋯𝜌𝑝)

 

[𝐽𝜇𝜈
′ , 𝑄𝜌1⋯𝜌𝑝] = 𝑖𝜀

′(−1)𝑝(𝑝−1)/2∑ 

𝑝

𝑖=1

 𝜂[𝜇∣𝜌𝑖𝑄𝜌1⋯𝜈]⋯𝜌𝑝  

𝑄:= 𝐶𝛼𝛽𝑄𝛼𝛽 , 𝑄𝜇: = (𝐶𝛾𝜇)
𝛼𝛽
𝑄𝛼𝛽 , 𝑄𝜇𝜈: = (𝐶𝛾𝜇𝜈)

𝛼𝛽
𝑄𝛼𝛽,

𝑄̃: = (𝐶𝛾5)𝛼𝛽𝑄𝛼𝛽 , 𝑄̃𝜇: = (𝐶𝛾
5𝛾𝜇)

𝛼𝛽
𝑄𝛼𝛽 , 𝑄̃𝜇𝜈: = (𝐶𝛾

5𝛾𝜇𝜈)
𝛼𝛽
𝑄𝛼𝛽 .

 

𝛾𝜇 : = (
0 𝜎𝜇

𝜎‾𝜇 0
) , 𝜎𝜇 = (𝟏, 𝑖𝜏𝑖), 𝜎‾𝜇 = (𝟏,−𝑖𝜏𝑖)  

𝐶:= 𝑖𝛾1𝛾3 = (−𝜏
2 0
0 −𝜏2

) , 𝛾5: = 𝛾0𝛾1𝛾2𝛾3 = (
1 0
0 −1

)  

𝜓𝛼 → (
𝜓𝛼
𝜓𝛼̇
) , 𝑄𝛼𝛽 → (

𝑄𝛼𝛽 𝑄𝛼
𝛽̇

𝑄𝛽
𝛼̇ 𝑄𝛼̇𝛽̇

)  

𝑄 = 𝐶(2)
𝛼𝛽
𝑄𝛼𝛽 + 𝐶𝛼̇𝛽̇

(2)
𝑄𝛼̇𝛽̇ , 𝑄̃  = 𝐶(2)

𝛼𝛽
𝑄𝛼𝛽 − 𝐶𝛼̇𝛽̇

(2)
𝑄𝛼̇𝛽̇

𝑄𝜇  = −(𝜎𝜇)𝛼𝛽̇
𝑄𝛼𝛽̇ + (𝜎‾𝜇)

𝛼̇𝛽
𝑄𝛼̇𝛽 , 𝑄̃𝜇  = (𝜎𝜇)𝛼𝛽̇

𝑄𝛼𝛽̇ + (𝜎‾𝜇)
𝛼̇𝛽
𝑄𝛼̇𝛽

𝑄𝜇𝜈  = (𝜎𝜇𝜈)
𝛼𝛽
𝑄𝛼𝛽 + (𝜎‾𝜇𝜈)𝛼̇𝛽̇

𝑄𝛼̇𝛽̇ , 𝑄̃𝜇𝜈  = (𝜎𝜇𝜈)
𝛼𝛽
𝑄𝛼𝛽 − (𝜎‾𝜇𝜈)𝛼̇𝛽̇

𝑄𝛼̇𝛽̇

 

𝑄[𝛼𝛽]  =
1

2
(𝑄 + 𝑄̃)𝐶𝛼𝛽

(2)
, 𝑄[𝛼̇𝛽̇]  =

1

2
(𝑄 − 𝑄̃)𝐶(2)

𝛼̇𝛽̇

𝑄𝛼𝛽̇  =
1

4
(𝑄𝜇 + 𝑄̃𝜇)(𝜎

𝜇)𝛼𝛽̇ , 𝑄
𝛼̇𝛽  = −

1

4
(𝑄𝜇 − 𝑄̃𝜇)(𝜎‾

𝜇)𝛼̇𝛽

𝑄(𝛼𝛽)  =
1

4
(𝑄𝜇𝜈 + 𝑄̃𝜇𝜈)(𝜎

𝜇𝜈)𝛼𝛽 , 𝑄
(𝛼̇𝛽̇)  =

1

4
(𝑄𝜇𝜈 − 𝑄̃𝜇𝜈)(𝜎‾

𝜇𝜈)𝛼̇𝛽̇
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{𝑄𝑖𝛼 , 𝑄𝑗𝛽} = 𝐶𝛼𝛽Ω𝑖𝑗𝑍, {𝑄‾𝑖𝛼̇ , 𝑄‾𝑗𝛽̇} = 𝐶𝛼̇𝛽̇Ω𝑖𝑗𝑍,

{𝑄𝑖𝛼 , 𝑄‾𝑗𝛽̇} = 2Ω𝑖𝑗(𝜎
𝜇)𝛼𝛽̇𝑃𝜇, [𝑃𝜇 , 𝑃𝜈] = 0,

[𝑄𝑖𝛼 , 𝑃𝜇] = 0, [𝑄‾𝑖𝛼̇ , 𝑃𝜇] = 0,

[𝐽𝜇𝜈 , 𝑄𝑖𝛼] =
𝑖

2
(𝜎𝜇𝜈)𝛼

 𝛽𝑄𝑖𝛽 , [𝐽𝜇𝜈 , 𝑄‾𝑖  
𝛼̇] =

𝑖

2
(𝜎‾𝜇𝜈)

𝛼̇
 𝛽̇𝑄‾𝑖  

𝛽̇ ,

[𝐽𝜇𝜈 , 𝑃𝜌] = 𝑖(𝜂𝜈𝜌𝑃𝜇 − 𝜂𝜇𝜌𝑃𝜈), [𝐽𝜇𝜈 , 𝐽𝜌𝜎] = 𝑖(𝜂𝜈𝜌𝐽𝜇𝜎 − 𝜂𝜈𝜎𝐽𝜇𝜌

−𝜂𝜇𝜌𝐽𝜈𝜎 + 𝜂𝜇𝜎𝐽𝜈𝜌),

[𝑅𝑎, 𝑄𝑖𝛼] = (𝑋𝑎)𝑖  
𝑗𝑄𝑗𝛼 , [𝑅𝑎 , 𝑄‾𝑖𝛼̇] = (𝑋𝑎)𝑖  

𝑗𝑄‾𝑗𝛼̇ ,

[𝑅𝑎, 𝑃𝜇] = 0, [𝑅𝑎, 𝐽𝜇𝜈] = 0,

[𝑍, any ] = 0,

 

𝑄‾ 𝑖  𝛼̇:= (𝑄𝑖𝛼)
†,  

𝑄𝑖 = Ω𝑖𝑗𝑄𝑗 , 𝑄𝑖 = 𝑄
𝑗Ω𝑗𝑖 , Ω𝑖𝑗 + Ω𝑗𝑖 = 0, Ω

𝑖𝑘Ω𝑗𝑘 = 𝛿𝑗
𝑖  

(𝑋𝑎)𝑖𝑗 = (𝑋
𝑎)𝑗𝑖 , (𝑋

𝑎)𝑖𝑗: = (𝑋
𝑎)𝑖  

𝑘Ω𝑘𝑗  

𝑍† = 𝑍  

𝑆 = tr∫  𝑑4𝑥(−
1

4
𝐹𝜇𝜈𝐹

𝜇𝜈 −
1

2
𝑉𝜇𝑉

𝜇 +
1

2
𝐷𝜇𝜙𝑖𝑗𝐷

𝜇𝜙𝑖𝑗 +
1

2
𝐻𝑖𝑗𝐻

𝑖𝑗 

−
𝑖

4
𝜆‾𝑖D̸
↔

𝜆𝑖 − 𝜆‾
𝑖[𝜆𝑗 , 𝜙𝑖𝑗] +

1

4
[𝜙𝑖𝑗 , 𝜙𝑘𝑙][𝜙

𝑖𝑗 , 𝜙𝑘𝑙])

 

𝜆𝑖𝛼 = 𝜆‾
𝑗𝛽(𝐶−1)𝛽𝛼Ω𝑗𝑖 ,  

𝛿𝐴𝜇 = 𝑖𝜁‾
𝑖(𝛾𝜇)𝜆𝑖

𝛿𝜙𝑖𝑗 = −𝑖 (𝜁‾𝑖𝜆𝑗 − 𝜁‾𝑗𝜆𝑖 +
1

2
Ω𝑖𝑗𝜁‾

𝑘𝜆𝑘)

𝛿𝜆𝑖 =  −
1

2
𝛾𝜇𝜈𝐹

𝜇𝜈𝜁𝑖 + 2𝛾
𝜇𝐷𝜇𝜙𝑖

𝑗
𝜁𝑗 + 𝛾

5𝛾𝜇𝑉𝜇𝜁𝑖 + 2𝛾
5𝐻𝑖

𝑗
𝜁𝑗 − 2𝑖[𝜙𝑖𝑘 , 𝜙

𝑘𝑗]𝜁𝑗

𝛿𝐻𝑖𝑗 = 𝑖 (𝜁‾𝑖𝛾
5𝛾𝜇𝐷𝜇𝜆𝑗 − 𝜁‾𝑗𝛾

5𝛾𝜇𝐷𝜇𝜆𝑖 +
1

2
Ω𝑖𝑗𝜁‾

𝑘𝛾5𝛾𝜇𝐷𝜇𝜆𝑘)

 −2 (𝜁‾𝑖𝛾
5[𝜆𝑙 , 𝜙𝑗𝑙] − 𝜁‾𝑗𝛾

5[𝜆𝑙 , 𝜙𝑖𝑙] +
1

2
Ω𝑖𝑗𝜁‾

𝑘𝛾5[𝜆𝑙 , 𝜙𝑘𝑙]) + 𝜁‾
𝑘𝛾5[𝜆𝑘 , 𝜙𝑖𝑗]

𝛿𝑉𝜇 = 𝑖𝜁‾
𝑖𝛾5𝛾𝜇𝜈𝐷

𝜈𝜆𝑖 + 2𝜁‾
𝑖𝛾5𝛾𝜇[𝜆

𝑗 , 𝜙𝑖𝑗]

 

 
𝛿𝑧𝐴𝜇  = 𝜔𝑉𝜇
𝛿𝑧𝜙𝑖𝑗  = −𝜔𝐻𝑖𝑗

𝛿𝑧𝜆𝑖  = −𝜔(𝛾
5𝛾𝜇𝐷𝜇𝜆𝑖 − 2𝑖𝛾

5[𝜆𝑗 , 𝜙𝑖𝑗])

𝛿𝑧𝐻𝑖𝑗  = 𝜔 (−𝐷
𝜇𝐷𝜇𝜙𝑖𝑗 + 𝑖 (

1

4
Ω𝑖𝑗{𝜆‾𝑘 , 𝜆

𝑘}) − [[𝜙𝑘𝑙 , 𝜙
𝑘𝑙], 𝜙𝑖𝑗])

𝛿𝑧𝑉𝜇  = 𝜔 (𝐷𝜈𝐹𝜇
𝜈 −

1

2
{𝜆‾, 𝛾𝜇𝜆} + 𝑖[𝜙

𝑖𝑗 , 𝐷𝜇𝜙𝑖𝑗])

 

0 = 𝐷𝜇𝑉𝜇 +
1

2
{𝜆‾𝑖 , 𝛾5𝜆𝑖} − 𝑖[𝜙

𝑖𝑗 , 𝐻𝑖𝑗]  

 

𝑃𝜇 = 𝑖𝜕𝜇  

𝑄𝑖𝛼  =
𝜕

𝜕𝜃𝑖𝛼
− 𝑖(𝜎𝜇)𝛼𝛽̇𝜃‾𝑖  

𝛽̇𝜕𝜇 −
𝑖

2
𝜃𝑖𝛼𝜕𝑧

𝑄‾𝑖𝛼̇  =
𝜕

𝜕𝜃‾𝑖𝛼̇
− 𝑖𝜃𝑖  

𝛽(𝜎𝜇)𝛽𝛼̇𝜕𝜇 −
𝑖

2
𝜃‾𝑖𝛼̇𝜕𝑧

𝑍 = 𝑖𝜕𝑧

 

 

{𝑄𝑖𝛼 , 𝑄𝑗𝛽} = −𝐶𝛼𝛽Ω𝑖𝑗𝑍, {𝑄‾𝑖𝛼̇ , 𝑄‾𝑗𝛽̇} = −𝐶𝛼̇𝛽̇Ω𝑖𝑗𝑍,

{𝑄𝑖𝛼 , 𝑄‾𝑗𝛽̇} = −2Ω𝑖𝑗(𝜎
𝜇)𝛼𝛽̇𝑃𝜇, [𝑃𝜇, 𝑃𝜈] = 0,

[𝑄𝑖𝛼 , 𝑃𝜇] = 0, [𝑄‾𝑖𝛼̇ , 𝑃𝜇] = 0,

[𝑍, any ] = 0.
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𝐷𝜇  = 𝜕𝜇

𝐷𝑖𝛼  =
𝜕

𝜕𝜃𝑖𝛼
+ 𝑖(𝜎𝜇)𝛼𝛽̇𝜃‾𝑖  

𝛽̇𝜕𝜇 +
𝑖

2
𝜃𝑖𝛼𝜕𝑧

𝐷‾ 𝑖𝛼̇  =
𝜕

𝜕𝜃‾𝑖𝛼̇
+ 𝑖𝜃𝑖  

𝛽(𝜎𝜇)𝛽𝛼̇𝜕𝜇 +
𝑖

2
𝜃‾𝑖𝛼̇𝜕𝑧

𝐷𝑧  = 𝜕𝑧

 

{𝐷𝑖𝛼 , 𝐷𝑗𝛽}  = 𝑖𝐶𝛼𝛽Ω𝑖𝑗𝐷𝑧, {𝐷‾ 𝑖𝛼̇ , 𝐷‾𝑗𝛽̇}  = 𝑖𝐶𝛼̇𝛽̇Ω𝑖𝑗𝐷𝑧,

{𝐷𝑖𝛼 , 𝐷‾𝑗𝛽̇}  = 2𝑖Ω𝑖𝑗(𝜎
𝜇)𝛼𝛽̇𝐷𝜇 , [𝐷𝜇, 𝐷𝜈]  = 0,

[𝐷𝑖𝛼 , 𝐷𝜇]  = 0, [𝐷‾ 𝑖𝛼̇ , 𝐷𝜇]  = 0,

[𝐷𝑧, any ]  = 0, {𝑄‾𝑖𝛼̇ , any 𝐷}  = 0,
{𝑄𝑖𝛼 , any 𝐷}  = 0, [𝑍, any 𝐷]  = 0,

 

∇𝐼: = 𝐷𝐼 − 𝑖Γ𝐼  

∇𝐼
′= 𝑒𝐾∇𝑒−𝐾 ,  or  𝛿𝐾∇𝐼= [∇𝐼 , 𝐾], 𝛿𝐾Γ𝐼 = 𝑖[∇𝐼 , 𝐾],  

𝐾 = 𝜅(𝑥, 𝑧) + 𝜃𝑖𝛼(𝑖Γ𝑖𝛼 − 𝑖[𝜅(𝑥, 𝑧), Γ𝑖𝛼]) + 𝜃‾
𝑖𝛼̇(𝑖Γ‾𝑖𝛼̇ − 𝑖[𝜅(𝑥, 𝑧), Γ‾𝑖𝛼̇]) + 𝐾

′(𝑥, 𝑧, 𝜃, 𝜃‾)  

𝜕𝑧𝜅(𝑥, 𝑧) = 𝑖[Γ𝑧(𝑥, 𝜃 = 0, 𝜃‾ = 0, 𝑧), 𝜅(𝑥, 𝑧)] + 𝑖Γ𝑧(𝑥, 𝜃 = 0, 𝜃‾ = 0, 𝑧).  

Γ𝑖𝛼
′ |= Γ𝑖𝛼 + 𝛿Γ𝑖𝛼| = 0, Γ‾𝑖𝛼̇

′ |= Γ‾𝑖𝛼̇ + 𝛿Γ‾𝑖𝛼̇| = 0, Γ𝑧
′|= Γ𝑧 + 𝛿Γ𝑧| = 0,  

𝐵 ∣:= 𝐵(𝑥, 𝜃 = 0, 𝜃‾ = 0, 𝑧)  

Γ𝑖𝛼|= Γ‾𝑖𝛼̇|Γ𝑧 ∣= 0  

[∇𝐼 , ∇𝐽]± = −𝑖𝐹𝐼𝐽  

𝛿𝐾𝐹𝐼𝐽  = 𝑖[𝛿𝐾∇𝐼 , ∇𝐽]± + 𝑖[∇𝐼 , 𝛿𝐾∇𝐽]± = 𝑖 [
[∇𝐼 , 𝐾], ∇𝐽]

±
+ 𝑖 [∇𝐼 , [∇𝐽, 𝐾]]

±

 = 𝑖 [[∇𝐼 , ∇𝐽]±, 𝐾] = [𝐹𝐼𝐽, 𝐾]
 

{∇𝑖𝛼 , ∇‾𝑗𝛽̇}±
= 2Ω𝑖𝑗(𝜎

𝜇)𝛼𝛽̇∇𝜇 − 𝑖{𝐷𝑖𝛼 , Γ‾𝑗𝛽̇} − 𝑖{𝐷‾𝑗𝛽̇ , Γ𝑖𝛼} − {Γ𝑖𝛼 , Γ‾𝑗𝛽̇} + 2𝑖Ω𝑖𝑗(𝜎
𝜇)𝛼𝛽̇Γ𝜇.  

{∇𝑖𝛼 , ∇𝑗𝛽} = 𝑖Ω𝑖𝑗𝐶𝛼𝛽∇𝑧 − 𝑖𝐹𝑖𝑗𝛼𝛽 ,

{∇𝑖𝛼 , ∇‾𝑗𝛽̇} = 𝑖Ω𝑖𝑗(𝜎
𝜇)𝛼𝛽̇∇𝜇 − 𝑖𝐹𝑖𝑗𝛼𝛽̇ ,

 

𝐹𝑖𝑗𝛼𝛽 = 𝐹𝑗𝑖𝛽𝛼  

𝐹𝑖𝑗𝛼𝛽 = 𝑊𝑖𝑗𝛼𝛽
a +𝑊𝑖𝑗𝛼𝛽

s ,  

𝑊𝑖𝑗𝛼𝛽
a +𝑊𝑗𝑖𝛼𝛽

a = 𝑊𝑖𝑗𝛼𝛽
a +𝑊𝑖𝑗𝛽𝛼

a = 0

𝑊𝑖𝑗𝛼𝛽
s = 𝑊𝑗𝑖𝛼𝛽

s = 𝑊𝑖𝑗𝛽𝛼
s  

𝑊𝑖𝑗𝛼𝛽
a = 𝐶𝛼𝛽𝑊𝑖𝑗

a,𝑊𝑖𝑗
a +𝑊𝑗𝑖

a = 0.  

𝑊𝑖𝑗
a = 𝑊𝑖𝑗 +Ω𝑖𝑗𝑊,  where  Ω𝑖𝑗𝑊𝑖𝑗 = 0 (ℵ).  

𝑊𝑖𝑗𝛼𝛽
s =

1

2
∑  

𝑎

  (𝜎𝜇𝜈)𝛼𝛽
(𝑋𝑎)𝑖𝑗𝑊

𝜇𝜈𝑎,

 (𝑋𝑎)𝑖𝑗 ∈ 𝔲𝔰𝔭(4),
 

(𝜎𝜇𝜈)𝛼𝛽
= (𝜎𝜇𝜈)𝛽𝛼

 

[𝑆𝑖
±, 𝑆𝑗

±] = 𝑖𝜖𝑖𝑗𝑘𝑆
±𝑘 , [𝑆𝑖

±, 𝑆𝑗
∓] = 0, 𝑆𝑖

±: =
1

2
(−
1

2
𝜖𝑖𝑗𝑘𝐽

𝑗𝑘 ∓ 𝐽𝑖
4) = −

1

2
𝜖𝑖𝑗𝑘(𝐽

±)𝑗𝑘  
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𝐽: = (𝑆+)3 + (𝑆−)3 = 𝐽12  

[𝐽𝜇𝜈, 𝑄𝑖𝛼] =
𝑖

2
(𝜎𝜇𝜈)𝛼

 𝛽𝑄𝑖𝛽, [𝐽𝜇𝜈 , 𝑄‾𝑖𝛼̇] =
𝑖

2
(𝜎‾𝜇𝜈)

𝛽̇𝛼̇
𝑄‾ 𝑖𝛽̇  

[𝐽, 𝐹𝑖𝑗1i] = +𝐹𝑖𝑗1i, [𝐽, 𝐹𝑖𝑗22̇] = −𝐹𝑖𝑗22̇

[𝐽, 𝐹𝑖𝑗12̇] = [𝐽, 𝐹𝑖𝑗2i] = 0
 

[𝐽,𝑊𝑖𝑗11
s ] = +𝑊𝑖𝑗11

s , [𝐽,𝑊𝑖𝑗22
s ] = −𝑊𝑖𝑗22

s

[𝐽,𝑊𝑖𝑗12
s ] = [𝐽,𝑊𝑖𝑗21

s ] = 0
 

∇𝐼1⋯∇𝐼𝑟𝐹,  

𝐹𝑖𝑗𝛼𝛽̇ = 𝑊
s = 0  

{∇𝑖𝛼 , ∇𝑗𝛽} = 𝑖Ω𝑖𝑗𝐶𝛼𝛽∇𝑧 − 𝑖Ω𝑖𝑗𝐶𝛼𝛽𝑊− 𝑖𝐶𝛼𝛽𝑊𝑖𝑗 ,

{∇𝑖𝛼 , ∇‾𝑗𝛽̇} = 𝑖Ω𝑖𝑗(𝜎
𝜇)𝛼𝛽̇∇𝜇,

 

(𝑊𝑖𝑗)
∗
≡ 𝑊‾ 𝑖𝑗 = 𝑊𝑖𝑗 ,𝑊∗ = 𝑊  

𝑊𝑖𝑗: = Ω𝑖𝑘Ω𝑗𝑙𝑊𝑘𝑙  

{∇𝑖𝛼 , ∇𝑗𝛽}  = 𝑖Ω𝑖𝑗𝐶𝛼𝛽∇𝑧 − 𝑖𝐶𝛼𝛽𝑊𝑖𝑗 , {∇‾ 𝑖𝛼̇ , ∇‾𝑗𝛽̇}  = 𝑖Ω𝑖𝑗𝐶𝛼̇𝛽̇∇𝑧 + 𝑖𝐶𝛼̇𝛽̇𝑊𝑖𝑗

{∇𝑖𝛼 , ∇‾𝑗𝛽̇}  = 𝑖Ω𝑖𝑗(𝜎
𝜇)𝛼𝛽̇∇𝜇 ,

[∇𝑖𝛼 , ∇𝜇]  = −𝑖𝐹𝑖𝛼𝜇, [∇‾ 𝑖𝛼̇ , ∇𝜇]  = +𝑖𝐹‾𝑖𝛼̇𝜇
[∇𝑖𝛼 , ∇𝑧]  = −𝑖𝐺𝑖𝛼 , [∇‾ 𝑖𝛼̇ , ∇𝑧]  = +𝑖𝐺‾𝑖𝛼̇
[∇𝜇 , ∇𝑧]  = −𝑖𝑔𝜇[∇𝜇, ∇𝜈]  = −𝑖𝐹𝜇𝜈

 

Ω𝑖𝑗𝑊𝑖𝑗 = 0, (𝑊𝑖𝑗)
∗
= 𝑊𝑖𝑗  

[∇𝐴, [∇𝐵, ∇𝐶}} ± [∇𝐵, [∇𝐶 , ∇𝐴}} ± [∇𝐶 , [∇𝐴, ∇𝐵}} = 0  

[∇𝑗𝛼 ,𝑊𝑖
𝑗
]  = 5𝑖𝐺𝑖𝛼 , [∇‾𝑗𝛼̇ ,𝑊𝑖

𝑗
]  = 5𝑖𝐺‾𝑖𝛼̇

𝐺𝑖𝛼  = −
1

4
(𝜎𝜇𝐶)𝛼  

𝛽̇𝐹‾𝑖𝛽̇𝜇, 𝐺‾𝑖𝛼̇  = −
1

4
(𝐶𝜎𝜇)𝛼̇

𝛽
𝐹𝑖𝛽𝜇

[∇𝑖𝛼 ,𝑊𝑗𝑘]  = 2𝑖Ω𝑖[𝑗𝐺𝑘]𝛼 + 𝑖Ω𝑗𝑘𝐺𝑖𝛼 , [∇‾ 𝑖𝛼̇ ,𝑊𝑗𝑘]  = 2𝑖Ω𝑖[𝑗𝐺‾𝑘]𝛼̇ + 𝑖Ω𝑗𝑘𝐺‾𝑖𝛼̇

𝐹𝑖𝛼𝜇  = (𝜎‾𝜇𝐶)
𝛾̇
 𝛼𝐺‾𝑖𝛾̇ , 𝐹‾𝑖𝛼̇  = (𝐶𝜎‾𝜇)𝛼̇

 𝛽𝐺𝑖𝛽

 

{∇𝑖𝛼 , 𝐺𝑗𝛽}  = −
𝑖

4
Ω𝑖𝑗(𝜎

𝜇𝜈)𝛼𝛽𝐹𝜇𝜈 −
1

2
𝐶𝛼𝛽[∇𝑧,𝑊𝑖𝑗] −

1

4
𝐶𝛼𝛽[𝑊𝑖𝑘,𝑊𝑗

𝑘],

{∇‾ 𝑖𝛼̇ , 𝐺‾𝑗𝛽̇}  = −
𝑖

4
Ω𝑖𝑗(𝜎‾

𝜇𝜈)𝛼̇𝛽̇𝐹𝜇𝜈 −
1

2
𝐶𝛼̇𝛽̇[∇𝑧,𝑊𝑖𝑗] +

1

4
𝐶𝛼̇𝛽̇[𝑊𝑖𝑘 ,𝑊𝑗

𝑘],

{∇‾ 𝑖𝛼̇ , 𝐺𝑗𝛽}  = −
1

2
(𝜎𝜇)𝛽𝛼̇(𝑖Ω𝑖𝑗𝑔𝜇 − [∇𝜇,𝑊𝑖𝑗]),

{∇𝑖𝛼 , 𝐺‾𝑗𝛽̇}  = −
1

2
(𝜎𝜇)𝛼𝛽̇(𝑖Ω𝑖𝑗𝑔𝜇 + [∇𝜇,𝑊𝑖𝑗]).
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[∇𝑖𝛼 , 𝑔𝜇] =  −(𝜎
𝜇𝜈)𝛼  

𝛽[∇𝜈, 𝐺𝑖𝛽] + (𝜎‾𝜇𝐶)
𝛽̇
 𝛼[𝐺‾

𝑗 𝛽̇ ,𝑊𝑖𝑗],

[∇‾ 𝑖𝛼̇ , 𝑔𝜇] =  −(𝜎‾
𝜇𝜈)𝛼̇

𝛽̇
[∇𝜈, 𝐺‾𝑖𝛽̇] + (𝐶𝜎‾𝜇)𝛼̇

 𝛽[𝐺𝑗 𝛽 ,𝑊𝑖𝑗],

[∇𝑧, 𝐺𝑖𝛼] =  −(𝜎
𝜇𝐶)𝛼  

𝛼̇[∇𝜇, 𝐺‾𝑖𝛼̇] + [𝐺
𝑗 𝛼 ,𝑊𝑖𝑗],

[∇𝑧, 𝐺‾𝑖𝛼̇] =  −(𝐶𝜎
𝜇)𝛽  𝛼̇[∇𝜇, 𝐺𝑖𝛽] − [𝐺‾

𝑗  𝛼̇ ,𝑊𝑖𝑗],

[∇𝑖𝛼 , [∇𝑧,𝑊𝑗𝑘]] =  −𝑖(𝜎
𝜇𝐶)𝛼  

𝛼̇(Ω𝑗𝑘[∇𝜇, 𝐺‾𝑖𝛼̇] + 2Ω𝑖[𝑗[∇𝜇, 𝐺‾𝑘]𝛼̇])

 +𝑖(Ω𝑗𝑘[𝐺𝛼
𝑙 ,𝑊𝑖𝑙] + 2Ω𝑖[𝑗[𝐺𝛼

𝑙 ,𝑊𝑘]𝑙])

 −𝑖[𝐺𝑖𝛼 ,𝑊𝑗𝑘],

[∇‾ 𝑖𝛼̇ , [∇𝑧,𝑊𝑗𝑘]] =  −𝑖(𝐶𝜎
𝜇)𝛽  𝛼̇(Ω𝑗𝑘[∇𝜇, 𝐺𝑖𝛽] + 2Ω𝑖[𝑗[∇𝜇, 𝐺𝑘]𝛽])

 −𝑖(Ω𝑗𝑘[𝐺‾𝛼̇
𝑙 ,𝑊𝑖𝑙] + 2Ω𝑖[𝑗[𝐺‾𝛼̇

𝑙 ,𝑊𝑘]𝑙])

 +𝑖[𝐺‾𝑖𝛼̇ ,𝑊𝑗𝑘].

 

[∇𝑧, [∇𝑧,𝑊𝑗𝑘]] = [∇𝜇, [∇
𝜇,𝑊𝑗𝑘]]

+𝑖(Ω𝑗𝑘{𝐺𝑖𝛼 , 𝐺
𝑖𝛼} − 4{𝐺𝑗𝛼 , 𝐺𝑘  

𝛼})  

−𝑖(Ω𝑗𝑘{𝐺‾𝑖𝛼̇ , 𝐺‾
𝑖𝛼̇} − 4{𝐺‾𝑗𝛼̇ , 𝐺‾𝑘  

𝛼̇})  

 +
1

4
[𝑊[𝑗∣𝑙 , [𝑊𝑘]𝑚,𝑊

𝑚𝑙]]

[∇𝑧, 𝑔𝜇] = [∇
𝜈 , 𝐹𝜇𝜈] − 2(𝜎‾

𝛼̇𝛼){𝐺𝑖𝛼 , 𝐺‾𝛼̇
𝑖 } +

𝑖

4
[𝑊𝑖𝑗 , [∇𝜇,𝑊𝑖𝑗]]

[∇𝜇, 𝑔𝜇] = −{𝐺𝑖𝛼 , 𝐺
𝑖𝛼} − {𝐺‾𝑖𝛼̇ , 𝐺‾

𝑖𝛼̇} +
𝑖

4
[𝑊𝑖𝑗 , [∇𝑧,𝑊𝑖𝑗]]

 

𝜙𝑖𝑗: = 𝑊𝑖𝑗 ∣,  

𝜆𝑖𝛼 ∶ = 2𝑖𝐺𝑖𝛼 |=
2

5
[∇𝑗𝛼 ,𝑊𝑖

𝑗
]| = −2[∇𝑖𝛼 , ∇𝑧]|  ,

𝜆‾𝑖𝛼̇ ∶ = −2𝑖𝐺‾𝑖𝛼̇ |= −
2

5
[∇‾𝑗𝛼̇ ,𝑊𝑖

𝑗
]| = −2[∇‾ 𝑖𝛼̇ , ∇𝑧]|  ,

𝐻𝑖𝑗 ∶= −𝑖[∇𝑧,𝑊𝑖𝑗] ∣

 =
1

10
{∇[𝑖𝛼 , [∇𝑘

𝛼 ,𝑊𝑗]
𝑘]} |=

𝑖

2
{∇[𝑖𝛼 , 𝐺𝑗]

𝛼}|

 =
1

10
{∇‾ [𝑖𝛼̇ , [∇‾𝑘

𝛼̇ ,𝑊𝑗]
𝑘]} |=

𝑖

2
{∇‾ [𝑖𝛼̇ , 𝐺‾𝑗]

𝛼̇}| ,

𝑉𝜇 ∶= 𝑖𝑔𝜇|= −[∇𝜇, ∇𝑧]|

=
𝑖

20
(𝜎‾𝜇)

𝛽̇𝛽
{∇𝑖𝛽 , [∇‾𝑗𝛽̇ ,𝑊

𝑗𝑖]}| 

=
𝑖

20
(𝜎‾𝜇)

𝛽̇𝛽
{∇‾ 𝑖𝛽̇ , [∇𝑗𝛽 ,𝑊

𝑗𝑖]}| ,

𝐴𝜇 ∶= 𝑖∇𝜇∣,

𝐹𝜇𝜈 ∶= 𝑖[∇𝜇, ∇𝜈] ∣

=
𝑖

8
((𝜎𝜇𝜈)

𝛼𝛽
{∇𝑖𝛼 , 𝐺

𝑖  𝛽} + (𝜎‾𝜇𝜈)
𝛼̇𝛽̇
{∇‾ 𝑖𝛼̇ , 𝐺‾

𝑖  𝛽})| 

=
1

40
((𝜎𝜇𝜈)

𝛼𝛽
{∇𝑖𝛼 , [∇𝑗𝛽 ,𝑊

𝑗𝑖]} + (𝜎‾𝜇𝜈)
𝛼̇𝛽̇
{∇‾ 𝑖𝛼̇ , [∇‾𝑗𝛽̇ ,𝑊

𝑗𝑖]})| )

 

𝛿𝑏 = 𝛿(𝐵 ∣):= (𝛿𝐵)|= [𝜉𝑖𝛼𝑄𝑖𝛼 + 𝜉‾
𝑖𝛼𝑄‾𝑖𝛼̇ , 𝐵]| = |𝜉

𝑖𝛼𝐷𝑖𝛼 + 𝜉‾
𝑖𝛼𝐷‾ 𝑖𝛼̇ , 𝐵|  

𝛿𝑏 = 𝜉𝑖𝛼[𝐷𝑖𝛼 , 𝐵]± + 𝜉‾
𝑖𝛼̇[𝐷‾ 𝑖𝛼̇ , 𝐵]±|= 𝜉

𝑖𝛼[∇𝑖𝛼 , 𝐵]± + 𝜉‾
𝑖𝛼̇[∇‾ 𝑖𝛼̇ , 𝐵]±|  

𝛿𝑧𝑏 = 𝛿𝑧(𝐵 ∣):= (𝛿𝑧𝐵)|= [𝑖𝜔𝐷𝑧, 𝐵]| = |𝑖𝜔[∇𝑧, 𝐵]|  
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𝛿𝜙𝑖𝑗 =𝛿𝑊𝑖𝑗 ∣

=𝜉𝑘𝛼[∇𝑘𝛼 ,𝑊𝑖𝑗] + 𝜉‾
𝑘𝛼̇[∇‾𝑘𝛼̇ ,𝑊𝑖𝑗] ∣

=(𝜉[𝑖  
𝛼𝜆𝑗]𝛼 +

1

2
Ω𝑖𝑗𝜉

𝑘𝛼𝜆𝑘𝛼) − (𝜉‾[𝑖  
𝛼𝜆‾𝑗]𝛼̇ +

1

2
Ω𝑖𝑗𝜉‾

𝑘𝛼̇𝜆‾𝑘𝛼̇)

𝛿𝜆𝑖𝛼 =2𝑖(𝜉
𝑘𝛽{∇𝑘𝛽 , 𝐺𝑖𝛼} + 𝜉‾

𝑘𝛽̇{∇‾𝑘𝛽̇ , 𝐺𝑖𝛼}) ∣

=
1

2
𝜉𝑖  
𝛽(𝜎𝜇𝜈)𝛽𝛼𝐹𝜇𝜈

 +𝑖(𝜎𝜇)𝛼𝛽̇𝜉‾
𝑘𝛽̇[∇𝜇, 𝜙𝑘𝑖] − 𝑖(𝜎

𝜇)𝛼𝛽̇𝜉‾𝑖  
𝛽̇𝑉𝜇 + 𝑖𝜉

𝑘  𝛼𝐻𝑘𝑖 −
𝑖

2
𝜉𝑘  𝛼[𝜙𝑘𝑙 , 𝜙

𝑙  𝑖]

𝛿𝜆‾𝑖𝛼̇ = −2𝑖(𝜉
𝑘𝛽{∇𝑘𝛽 , 𝐺‾𝑖𝛼̇} + 𝜉‾

𝑘𝛽̇{∇‾𝑘𝛽̇ , 𝐺‾𝑖𝛼̇}) ∣

= −
1

2
𝜉‾𝑖  
𝛽̇(𝜎‾𝜇𝜈)𝛽𝛼𝐹𝜇𝜈

 +𝑖(𝜎𝜇)𝛽𝛼̇𝜉
𝑘𝛽[∇𝜇, 𝜙𝑘𝑖] + 𝑖(𝜎

𝜇)𝛽𝛼̇𝜉𝑖  
𝛽𝑉𝜇 + 𝑖𝜉‾

𝑘  𝛼̇𝐻𝑘𝑖 −
𝑖

2
𝜉‾𝑘  𝛼̇[𝜙𝑘𝑙 , 𝜙

𝑙 𝑖]

𝛿𝐻𝑖𝑗 = −𝑖 (𝜉
𝑘𝛽 [∇𝑘𝛽 , [∇𝑧,𝑊𝑖𝑗]] + 𝜉‾

𝑘𝛽̇ [∇‾𝑘𝛽̇ , [∇𝑧,𝑊𝑖𝑗]]) ∣

= −𝑖 (𝜉[𝑖  
𝛽(𝜎𝜇)𝛽𝛽̇[∇𝜇, 𝜆‾𝑗] 

𝛽̇] +
1

2
Ω𝑖𝑗𝜉

𝑘𝛽(𝜎𝜇)𝛽𝛽̇
[∇𝜇, 𝜆‾𝑘  

𝛽̇])

 −𝑖 (𝜉‾[𝑖𝛽̇(𝜎‾
𝜇)𝛽̇𝛽[∇𝜇, 𝜆𝑗]𝛽] +

1

2
Ω𝑖𝑗𝜉‾

𝑘  𝛽̇(𝜎‾𝜇)
𝛽̇𝛽
[∇𝜇, 𝜆𝑘𝛽])

 −𝑖 (𝜉[𝑖  
𝛽[𝜆𝑙 𝛽 , 𝜙𝑗]𝑙] +

1

2
Ω𝑖𝑗𝜉

𝑘𝛽[𝜆𝑙 𝛽 , 𝜙𝑘𝑙])

 −𝑖 (𝜉‾[𝑖  
𝛽̇[𝜆‾𝑙 𝛽̇ , 𝜙𝑗]𝑙] +

1

2
Ω𝑖𝑗𝜉‾

𝑘𝛽̇[𝜆‾𝑙 𝛽̇ , 𝜙𝑘𝑙])

 +
𝑖

2
𝜉𝑘𝛽[𝜆𝑘𝛽, 𝜙𝑖𝑗] +

𝑖

2
𝜉‾𝑘𝛽̇[𝜆‾𝑘𝛽̇ , 𝜙𝑖𝑗]

𝛿𝑉𝜇 =𝑖𝜉
𝑖𝛼[∇𝑖𝛼, 𝑔𝜇] + 𝑖𝜉‾

𝑖𝛼̇[∇‾ 𝑖𝛼̇ , 𝑔𝜇] ∣

= −
1

2
𝜉𝑖𝛼(𝜎𝜇𝜈)𝛼

 𝛽[∇𝜈 , 𝜆𝑖𝛽] +
1

2
𝜉‾𝑖  𝛼̇(𝜎‾𝜇𝜈)

𝛼̇
 𝛽̇[∇

𝜈 , ∇‾ 𝑖  
𝛽̇]

 +
1

2
𝜉𝑖𝛼(𝜎𝜇)𝛼𝛼̇

[𝜆‾𝑗𝛼̇ , 𝜙𝑖𝑗] +
1

2
𝜉‾𝑖  𝛼̇(𝜎‾𝜇)

𝛼̇𝛼
[𝜆𝑗 𝛼, 𝜙𝑖𝑗]

𝛿𝐴𝜇 =𝑖(𝜉
𝑖𝛼[∇𝑖𝛼 , ∇𝜇] + 𝜉‾

𝑖𝛼̇[∇‾ 𝑖𝛼̇ , ∇𝜇]) ∣

= −
𝑖

2
𝜉𝑖𝛼(𝜎𝜇)𝛼𝛼̇

𝜆‾𝑖
𝛼̇ +

𝑖

2
𝜉‾𝑖  𝛼̇(𝜎‾𝜇)

𝛼̇𝛼
𝜆𝑖𝛼

 

𝛿𝑧𝜙𝑖𝑗= 𝑖𝜔[∇𝑧,𝑊𝑖𝑗] ∣ 

 = −𝜔𝐻𝑖𝑗
 

𝛿𝑧𝜆𝑖𝛼 =−2𝜔[∇𝑧, 𝐺𝑖𝛼] ∣  

=𝑖𝜔((𝜎𝜇)𝛼𝛼̇[∇𝜇, 𝜆‾𝑖
𝛼̇] + [𝜆𝛼

𝑗
, 𝜙𝑖𝑗])

𝛿𝑧𝜆‾𝑖𝛼̇ = −2𝜔[∇𝑧, 𝐺𝑖𝛼] ∣

= −𝑖𝜔((𝐶𝜎‾𝜇)𝛼̇
𝛼[∇𝜇, 𝜆𝑖𝛼] + [𝜆‾𝛼̇

𝑗
, 𝜙𝑖𝑗])

𝛿𝑧𝐻𝑖𝑗 =𝜔 [∇𝑧, [∇𝑧,𝑊𝑖𝑗]] ∣

=𝜔 ([∇𝜇 , [∇
𝜇, 𝜙𝑖𝑗]] −

1

4
[𝜙[𝑖∣𝑘 , [𝜙𝑗]𝑙 , 𝜙

𝑘𝑙]]

 −𝑖 (
1

4
Ω𝑖𝑗{𝜆𝑘𝛾, 𝜆

𝑘𝛾} − {𝜆𝑖𝛾, 𝜆𝑗
𝛾
})

 +𝑖 (
1

4
Ω𝑖𝑗{𝜆‾𝑘𝛾̇ , 𝜆‾

𝑘𝛾̇} − {𝜆‾𝑖𝛾̇ , 𝜆‾𝑗
𝛾̇
}))

𝛿𝑧𝑉𝜇 = −𝜔[∇𝑧, 𝑔𝜇] ∣

=𝜔 ([∇𝜈 , 𝐹𝜇
𝜈] −

1

2
(𝜎‾)𝛼̇𝛼{𝜆‾𝑖𝛼̇ , 𝜆𝛼

𝑖 } +
1

4
[𝜙𝑖𝑗 , [∇𝜇, 𝜙𝑖𝑗]])

𝛿𝑧𝐴𝜇 = −𝜔[∇𝑧, ∇𝜇] ∣

= −𝜔𝑉𝜇 .
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(𝛿1𝛿2 − 𝛿2𝛿1)𝑏 =−𝑖 ((𝜉1)𝑖𝛼(𝜉2)
𝑖𝛼 + (𝜉‾1)𝑖𝛼̇(𝜉

‾
2)
𝑖𝛼̇
) [𝜕𝑧, 𝑏]  

 −𝑖 ((𝜉1)𝑖
𝛼(𝜎𝜇)𝛼𝛼̇(𝜉‾2)

𝑖𝛼̇
− (𝜉2)𝑖

𝛼(𝜎𝜇)𝛼𝛼̇(𝜉‾1)
𝑖𝛼̇
) [𝜕𝜇, 𝑏].

 

𝛿𝑏 =𝜉𝑖𝛼[∇𝑖𝛼 , 𝐵]± + 𝜉‾
𝑖𝛼̇[∇‾ 𝑖𝛼̇ , 𝐵]± ∣

𝛿1𝛿2𝑏 = −(𝜉1)
𝑗𝛽(𝜉2)

𝑖𝛼[∇𝑗𝛽 , [∇𝑖𝛼 , 𝐵]±]∓
− (𝜉‾1)

𝑗𝛽̇
(𝜉2)

𝑖𝛼[∇‾𝑗𝛽̇ , [∇𝑖𝛼 , 𝐵]±]∓

 −(𝜉1)
𝑗𝛽(𝜉‾2)

𝑖𝛼̇
[∇𝑗𝛽 , [∇‾ 𝑖𝛼̇ , 𝐵]±]∓

− (𝜉‾1)
𝑗𝛽̇
(𝜉‾2)

𝑖𝛼̇
[∇‾𝑗𝛽̇ , [∇‾ 𝑖𝛼̇ , 𝐵]±]∓

∣,

 

(𝛿1𝛿2 − 𝛿2𝛿1)𝑏 = −𝑖 ((𝜉1)𝑖
𝛼(𝜎𝜇)𝛼𝛼̇(𝜉‾2)

𝑖𝛼̇
− (𝜉2)𝑖

𝛼(𝜎𝜇)𝛼𝛼̇(𝜉‾1)
𝑖𝛼̇
) [∇𝜇, 𝐵]

 −𝑖((𝜉1)𝑖𝛼(𝜉2)
𝑖𝛼 + (𝜉1)𝑖𝛼̇(𝜉2)

𝑖𝛼̇)[∇𝑧, 𝐵] − 𝑖((𝜉1)𝛼
𝑖 (𝜉2)

𝑗𝛼 − (𝜉1)𝛼̇
𝑖 (𝜉2)

𝑗𝛼̇)[𝑊𝑖𝑗 , 𝐵] ∣
 

(𝛿1𝛿2 − 𝛿2𝛿1)𝑏 = −𝑖 ((𝜉1)𝑖
𝛼(𝜎𝜇)𝛼𝛼̇(𝜉‾2)

𝑖𝛼̇
− (𝜉2)𝑖

𝛼(𝜎𝜇)𝛼𝛼̇(𝜉‾1)
𝑖𝛼̇
) [𝒟𝜇 , 𝑏] 

−𝑖((𝜉1)𝑖𝛼(𝜉2)
𝑖𝛼 + (𝜉1)𝑖𝛼̇(𝜉2)

𝑖𝛼̇)[𝜕𝑧, 𝑏] + 𝑖[((𝜉1)𝛼
𝑖 (𝜉2)

𝑗𝛼 − (𝜉1)𝛼̇
𝑖 (𝜉2)

𝑗𝛼̇)𝜙𝑖𝑗 , 𝑏]  

(𝛿1𝛿2 − 𝛿2𝛿1)𝐴𝜇 =−[𝒟𝜇 , ((𝜉1)𝛼
𝑖 (𝜉2)

𝑗𝛼 − (𝜉1)𝛼̇
𝑖 (𝜉2)

𝑗𝛼̇)𝜙𝑖𝑗]  

−𝑖((𝜉1)𝑖𝛼(𝜉2)
𝑖𝛼 + (𝜉1)𝑖𝛼̇(𝜉2)

𝑖𝛼̇)[𝜕𝑧, 𝐴𝜇]  

 −𝑖 ((𝜉1)𝑖
𝛼(𝜎𝜈)𝛼𝛼̇(𝜉‾2)

𝑖𝛼̇
− (𝜉2)𝑖

𝛼(𝜎𝜈)𝛼𝛼̇(𝜉‾1)
𝑖𝛼̇
)𝐹𝜈𝜇

 

[∇𝜇, 𝑔𝜇] = −{𝐺𝑖𝛼 , 𝐺
𝑖𝛼} − {𝐺‾𝑖𝛼̇ , 𝐺‾

𝑖𝛼̇} +
𝑖

4
[𝑊𝑖𝑗 , [∇𝑧,𝑊𝑖𝑗]] 

[∇𝜇, 𝑔𝜇] = 0  

𝑔𝜇 = [∇
𝜈 , (∗ 𝐴)𝜇𝜈], (∗ 𝐴)𝜇𝜈 + (∗ 𝐴)𝜈𝜇 = 0  

𝑆 ∼ tr∫  𝑑4𝑥({∇, [∇, 𝐺𝐺]} + {∇‾ , [∇‾ , 𝐺𝐺]}) ∣ 

𝐴(𝑖1⋯𝑖𝑝): = ∑  

𝜎∈𝔖𝑝

 𝐴𝑖𝜎(1)⋯𝑖𝜎(𝑝), 𝐴[𝑖1⋯𝑖𝑝]: = ∑  

𝜎∈𝔖𝑝

 sgn(𝜎)𝐴𝑖𝜎(1)⋯𝑖𝜎(𝑝).  

𝜏𝑖𝜏𝑗 = 𝛿𝑖𝑗𝟏 + 𝑖∑  

3

𝑘=1

 𝜖𝑖𝑗𝑘𝜏𝑘 , 𝜏2𝜏𝑖𝜏2 = −(𝜏𝑖)
∗

 

𝜎𝜇: = (𝟏, 𝜏𝑖), 𝜎‾𝜇: = (𝟏, −𝜏𝑖)  

𝐶↓: = 𝜏
2, 𝐶↑: = (𝐶↓

𝑇)
−1
≡ −𝜏2, 𝐶↓

∗: = (𝐶↓)
∗ ≡ −𝜏2, 𝐶↑∗: = (𝐶↑)

∗
≡ ((𝐶↓

∗)𝑇)−1 ≡ 𝜏2.  

𝐶↑ = −(𝐶↓)
−1, 𝐶↑∗ = −(𝐶↓

∗)−1.  

𝜎𝜇𝜎‾𝜈 + 𝜎𝜈𝜎‾𝜇 = 2𝜂𝜇𝜈 , 𝜎‾𝜇𝜎𝜈 + 𝜎‾𝜈𝜎𝜇 = 2𝜂𝜇𝜈  

(𝜎‾𝜇)𝑇 = 𝐶↑𝜎𝜇(𝐶↑∗)
𝑇
,  or  (𝜎𝜇)𝑇 = 𝐶↓

∗𝜎‾𝜇(𝐶↓)
𝑇  

(𝜎𝜇)† = 𝜎𝜇, (𝜎‾𝜇)† = 𝜎‾𝜇  

(𝜎𝜇)𝛼𝛽̇ , (𝜎‾
𝜇)𝛼̇𝛽  

(𝐶↓)𝛼𝛽 =:𝐶𝛼𝛽 , (𝐶
↑)
𝛼𝛽
=:𝐶𝛼𝛽 , (𝐶↓

∗)𝛼̇𝛽̇: = 𝐶𝛼̇𝛽̇ , (𝐶
↑∗)

𝛼̇𝛽̇
: = 𝐶𝛼̇𝛽̇  

𝐶𝛼𝛽𝐶
𝛾𝛽 = 𝛿𝛼

𝛾
, 𝐶𝛼̇𝛽̇𝐶

𝛾̇𝛽̇ = 𝛿𝛼̇
𝛽̇

(𝜎𝜇)𝛼𝛾̇(𝜎‾
𝜈)𝛾̇𝛽 + (𝜎𝜈)𝛼𝛾̇(𝜎‾

𝜇)𝛾̇𝛽 = 2𝜂𝜇𝜈𝛿𝛼
𝛽
, (𝜎‾𝜇)𝛼̇𝛾(𝜎𝜈)𝛾𝛽̇ + (𝜎‾

𝜈)𝛼̇𝛾(𝜎𝜇)𝛾𝛽̇ = 2𝜂
𝜇𝜈𝛿

𝛽̇
𝛼̇;

(𝜎‾𝜇)𝛼̇𝛽 = 𝐶𝛽𝛿𝐶𝛼̇𝛾̇(𝜎𝜇)𝛿𝛾̇, (𝜎
𝜇)𝛼𝛽̇ = 𝐶𝛽̇𝛿̇𝐶𝛼𝛾(𝜎‾

𝜇)𝛿̇𝛾
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tr𝜎𝜇𝜎‾𝜈 = 2𝜂𝜇𝜈  

(𝜎𝜇)𝛼𝛾̇(𝜎‾𝜇)
𝛿̇𝛽
= 2𝛿𝛼  

𝛽𝛿𝛿̇𝛾̇  

(𝜎𝜇)𝛼𝛾̇(𝜎𝜇)𝛽𝛿̇
= 2𝐶𝛼𝛽𝐶𝛾̇𝛿̇ , (𝜎‾

𝜇)𝛼̇𝛾(𝜎‾𝜇)
𝛽̇𝛿
= 2𝐶𝛼̇𝛽̇𝐶𝛾𝛿  

𝜎𝜇𝜎‾𝜌𝜎𝜈 + 𝜎𝜈𝜎‾𝜌𝜎𝜇 = 2(𝜂𝜇𝜌𝜎𝜈 + 𝜂𝜈𝜌𝜎𝜇 − 𝜂𝜇𝜈𝜎𝜌)

𝜎‾𝜇𝜎𝜌𝜎‾𝜈 + 𝜎‾𝜈𝜎𝜌𝜎‾𝜇 = 2(𝜂𝜇𝜌𝜎‾𝜈 + 𝜂𝜈𝜌𝜎‾𝜇 − 𝜂𝜇𝜈𝜎‾𝜌)
 

tr(𝜎𝜇𝜎‾𝜌𝜎𝜈𝜎‾𝜎 − 𝜎𝜈𝜎‾𝜌𝜎𝜇𝜎‾𝜎), tr(𝜎‾𝜇𝜎𝜌𝜎‾𝜈𝜎𝜎 − 𝜎‾𝜈𝜎𝜌𝜎‾𝜇𝜎𝜎)  

𝜎𝜇𝜎‾𝜌𝜎𝜈 − 𝜎𝜈𝜎‾𝜌𝜎𝜇 = 2𝑖𝜀𝜇𝜈𝜌𝜎𝜎𝜎
𝜎‾𝜇𝜎𝜌𝜎‾𝜈 − 𝜎‾𝜈𝜎𝜌𝜎‾𝜇 = −2𝑖𝜀𝜇𝜈𝜌𝜎𝜎‾𝜎

 

𝜎𝜇𝜈:=
1

2
(𝜎𝜇𝜎‾𝜈 − 𝜎𝜈𝜎‾𝜇), 𝜎‾𝜇𝜈: =

1

2
(𝜎‾𝜇𝜎𝜈 − 𝜎‾𝜈𝜎𝜇).  

(𝜎𝜇𝜈)𝛼
𝛽
, (𝜎‾𝜇𝜈)𝛽̇

𝛼̇ ,  

tr𝜎𝜇𝜈 = (𝜎𝜇𝜈)𝛼
𝛼 = 0, tr𝜎‾𝜇𝜈 = (𝜎‾𝜇𝜈)𝛼̇

𝛼̇ = 0.  

(𝜎𝜇𝜈)𝛼𝛽: = (𝜎
𝜇𝜈)𝛼

𝛾
𝐶𝛾𝛽 , (𝜎

𝜇𝜈)𝛼𝛽: = 𝐶𝛼𝛾(𝜎𝜇𝜈)𝛾
𝛽

(𝜎‾𝜇𝜈)𝛼̇𝛽̇: = 𝐶𝛽̇𝛾̇(𝜎‾𝜇𝜈)𝛾̇
𝛼̇ , (𝜎‾𝜇𝜈)𝛼̇𝛽̇: = (𝜎‾

𝜇𝜈)
𝛽̇

𝛾̇
𝐶𝛾̇𝛼̇ ,

 

𝜎𝜇𝜈𝐶↓ =
1

2
(𝜎𝜇𝐶↑∗(𝜎𝜈)𝑇 + (𝜎𝜇𝐶↑∗(𝜎𝜈)𝑇)

𝑇
) ,  

(𝜎𝜇𝜈)† = −𝜎‾𝜇𝜈 , (𝜎‾𝜇𝜈)† = −𝜎𝜇𝜈  

𝜎̃𝜇𝜈: =
1

2
𝜀𝜇𝜈𝜌𝜎𝜎𝜌𝜎 = 𝑖𝜎

𝜇𝜈 , 𝜎‾̃𝜇𝜈: =
1

2
𝜀𝜇𝜈𝜌𝜎𝜎‾𝜌𝜎 = −𝑖𝜎‾

𝜇𝜈  

tr𝜎𝜇𝜈𝜎𝜌𝜎 = −4℘+𝜇𝜈𝜌𝜎 , tr𝜎‾𝜇𝜈𝜎‾𝜌𝜎 = −4℘−𝜇𝜈𝜌𝜎  

℘+𝜇𝜈𝜌𝜎: =
1

2
(𝜂𝜇𝜌𝜂𝜈𝜎 − 𝜂𝜇𝜎𝜂𝜈𝜌 − 𝑖𝜀𝜇𝜈𝜌𝜎), ℘−𝜇𝜈𝜌𝜎: =

1

2
(𝜂𝜇𝜌𝜂𝜈𝜎 − 𝜂𝜇𝜎𝜂𝜈𝜌 + 𝑖𝜀𝜇𝜈𝜌𝜎)  

1

2
℘±𝜇𝜈𝜌𝜎℘±𝜌𝜎𝜏𝜆 = ℘±𝜇𝜈𝜏𝜆 ,

1

2
℘±𝜇𝜈𝜌𝜎℘∓𝜌𝜎𝜏𝜆 = 0

℘±𝜌𝜎𝜇𝜈 = ℘±𝜇𝜈𝜌𝜎 , ℘±𝜈𝜇𝜌𝜎 = ℘±𝜇𝜈𝜎𝜌 = −℘±𝜇𝜈𝜌𝜎
 

(𝐶𝛼𝛽 , (𝜎
𝜇𝜈)𝛼𝛽), (𝐶𝛼̇𝛽̇ , (𝜎‾

𝜇𝜈)𝛼̇𝛽̇),  

tr𝐶↓𝐶
↑ = −2, tr𝜎𝜇𝜈𝐶↓ = 0,  etc.  

𝐶𝛼𝛽𝐶
𝛾𝛿 +

1

2
(𝜎𝜇𝜈)𝛼𝛽(𝜎𝜇𝜈)

𝛾𝛿
= 2𝛿𝛼

𝛾
𝛿𝛽
𝛿

𝐶𝛼̇𝛽̇𝐶
𝛾̇𝛿̇ +

1

2
(𝜎‾𝜇𝜈)𝛼̇𝛽̇(𝜎‾𝜇𝜈)

𝛾̇𝛿̇
= 2𝛿𝛼̇

𝛾̇
𝛿
𝛽̇
𝛿̇

 

𝐶𝛼𝛽𝐶𝛾𝛿 = 𝐶𝛼𝛾𝐶𝛽𝛿 − 𝐶𝛼𝛿𝐶𝛽𝛾,
1

2
(𝜎𝜇𝜈)𝛼𝛽(𝜎𝜇𝜈)𝛾𝛿

= 𝐶𝛼𝛾𝐶𝛽𝛿 + 𝐶𝛼𝛿𝐶𝛽𝛾 ,  

𝜓𝛼
′ = exp (+

1

4
𝜔𝜇𝜈𝜎

𝜇𝜈)
𝛼
 𝛽𝜓𝛽 , 𝜓‾𝛼̇

′ = exp (−
1

4
𝜔𝜇𝜈𝜎‾

𝜇𝜈)
𝛽̇

 𝛼̇𝜓‾𝛽̇  

𝜓′𝛼 = exp (−
1

4
𝜔𝜇𝜈𝜎

𝜇𝜈)
𝛽

𝛼

𝜓𝛽 , 𝜓‾ ′𝛼̇ = exp (+
1

4
𝜔𝜇𝜈𝜎‾

𝜇𝜈)
𝛼̇

 𝛽̇𝜓‾
𝛽̇  

𝜓𝛼 = 𝐶𝛼𝛽𝜓𝛽 , 𝜓𝛼 = 𝜓
𝛽𝐶𝛽𝛼  
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𝜓𝛼𝜒
𝛼 = −𝜓𝛼𝜒𝛼 = +𝜒𝛼𝜓

𝛼  

exp (−
1

4
𝜔𝜇𝜈𝜎‾

𝜇𝜈)
𝛼̇

𝛽̇

= (exp (+
1

4
𝜔𝜇𝜈𝜎

𝜇𝜈)
𝛼

𝛽

)

†

,  i.e.  𝜓‾𝛼̇ = (𝜓𝛼)†, 𝜓‾ 𝛼̇ = (𝜓𝛼)†  

(𝐶∗)𝛼̇𝛽̇ , (𝜎
𝜇)† 𝛼𝛽̇ = (𝜎

𝜇)𝛼𝛽̇ 

(𝜓𝛼𝜒
𝛼)† = (𝜓𝛼𝐶

𝛼𝛽𝜒𝛽)
†
= (𝜒𝛽)

†
(𝐶𝜂̇𝛼̇)(𝜓𝛼)

† = 𝜒‾𝛽̇𝜓‾
𝛽̇  

{
𝜕

𝜕𝜃𝛼
, 𝜃𝛽} = 𝛿𝛼  

𝛽 , {
𝜕

𝜕𝜃‾𝛼̇
, 𝜃‾𝛽̇} = 𝛿𝛼̇

𝛽̇  

(
𝜕

𝜕𝜃𝛼
)
†

=
𝜕

𝜕(𝜃𝛼)†
=

𝜕

𝜕𝜃‾𝛼̇
 

𝐶𝛼𝛽
𝜕

𝜕𝜃𝛽
= −

𝜕

𝜕𝜃𝛼
,  etc.  

𝜎𝜇: = (𝟏, 𝑖𝜏𝑖), 𝜎‾𝜇: = (𝟏, −𝑖𝜏𝑖)  

𝜎𝜇𝜎‾𝜈 + 𝜎𝜈𝜎‾𝜇 = 2𝜂𝜇𝜈 , 𝜎‾𝜇𝜎𝜈 + 𝜎‾𝜈𝜎𝜇 = 2𝜂𝜇𝜈  

(𝜎𝜇)† = 𝜎‾𝜇 , (𝜎‾𝜇)† = 𝜎𝜇  

(𝜎𝜇𝜈)† = −(𝜎𝜇𝜈), (𝜎‾𝜇𝜈)† = −(𝜎‾𝜇𝜈)  

(𝜓𝛼)
† = 𝜓𝛼 , (𝜓‾𝛼̇)

† = 𝜓‾ 𝛼̇ ,  etc.  

𝑆𝑈(𝑁) = {(𝑀𝑖  
𝑗) ∈ 𝐺𝐿(𝑁, ℂ) ∣ (𝑀†)

𝑖
 𝑘𝑀𝑘 

𝑗 = 𝛿𝑖  
𝑗 , det𝑀 = 1} .  

𝔰𝔲(𝑁) = {(𝑋𝑖  
𝑗) ∈ 𝔤𝔩(𝑁, ℂ) ∣ (𝑋†)

𝑖
 𝑗 = 𝑋𝑖  

𝑗 , tr𝑋 = 0} .  

⟨𝑋, 𝑌⟩:= tr(𝑋†𝑌), 𝑋, 𝑌 ∈ 𝑀(𝑛, ℂ),  

⟨𝑋𝑎, 𝑋𝑏⟩ =
1

2
𝛿𝑎𝑏 .  

∑  

𝑁2−1

𝑎=0

  (𝑋𝑎)𝑖
𝑗(𝑋𝑎)𝑘

𝑙 =
1

2
𝛿𝑖
𝑙𝛿𝑘
𝑗
,

∑  

𝑁2−1

𝑎=1

  (𝑋𝑎)𝑖
𝑗(𝑋𝑎)𝑘

𝑙 =
1

2𝑁
(𝑁𝛿𝑖

𝑙𝛿𝑘
𝑗
− 𝛿𝑖

𝑗
𝛿𝑘
𝑙 ).

 

𝐹𝑎𝑏𝑐: = 2⟨𝑋𝑎, 𝑋𝑏𝑋𝑐⟩ = ⟨𝑋𝑎, {𝑋𝑏 , 𝑋𝑐}⟩ + ⟨𝑋𝑎, [𝑋𝑏 , 𝑋𝑐]⟩.  

⟨𝑋𝑎, {𝑋𝑏 , 𝑋𝑐}⟩
∗
 = ⟨{𝑋𝑏 , 𝑋𝑐}, 𝑋𝑎⟩ = ⟨𝑋𝑎, {𝑋𝑏 , 𝑋𝑐}⟩,

⟨𝑋𝑎, [𝑋𝑏 , 𝑋𝑐]⟩
∗
 = ⟨[𝑋𝑏 , 𝑋𝑐], 𝑋𝑎⟩ = −⟨𝑋𝑎, [𝑋𝑏 , 𝑋𝑐]⟩,

 

⟨𝑋𝑎, {𝑋𝑏 , 𝑋𝑐}⟩ = 𝑑𝑎𝑏𝑐: = ℜ𝐹𝑎𝑏𝑐 , −𝑖⟨𝑋𝑎, [𝑋𝑏 , 𝑋𝑐]⟩ = 𝑓𝑎𝑏𝑐: = ℑ𝐹𝑎𝑏𝑐 ,  

{𝑋𝑎, 𝑋𝑏} =
1

√2𝑁
𝛿𝑎𝑏 + ∑  

𝑁2−1

𝑐=1

 𝑑𝑎𝑏𝑐𝑋𝑐  

[𝑋𝑎, 𝑋𝑏] = 𝑖 ∑  

𝑁2−1

𝑐=1

 𝑓𝑎𝑏𝑐𝑋𝑐  

(𝑋R)
𝑇 = 𝑋R, (𝑋I)

𝑇 + 𝑋I = 0,  where  𝑋R: = ℜ𝑋, 𝑋I: = ℑ𝑋.  
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(𝑋𝑚)𝑘𝑙 ∶=
1

√2𝑚(𝑚 + 1)
(∑  

𝑚

𝑖=1

  𝛿𝑖  𝑘𝛿
𝑖  𝑙 −𝑚𝛿

𝑚+1 𝑘𝛿
𝑚+1 𝑙) , (𝑚 = 1,⋯ ,𝑁 − 1),

(𝑋s
𝑖𝑗
)
𝑘𝑙
∶=
1

2
(𝛿𝑖  𝑘𝛿

𝑗 𝑙 + 𝛿
𝑗  𝑘𝛿

𝑖  𝑙), (𝑋a
𝑖𝑗
)
𝑘𝑙
: =
1

2
𝑖(𝛿𝑖  𝑘𝛿

𝑗 𝑙 − 𝛿
𝑗  𝑘𝛿

𝑖  𝑙), (1 ⩽ 𝑖 < 𝑗 ⩽ 𝑁),

 

𝜈𝑚 = (0,⋯ ,0, −
𝑚 − 1

√2(𝑚 − 1)𝑚
,

1

√2𝑚(𝑚 + 1)
,⋯ ,

1

√2(𝑁 − 1)𝑁
) ∈ ℝ𝑁−1, (𝑚 = 1,⋯ ,𝑁 − 1),

𝜈𝑁 = (0,⋯ ,0,−
𝑁 − 1

√2(𝑁 − 1)𝑁
) ∈ ℝ𝑁−1,

 

‖𝜈𝑖‖
2
=
𝑁 − 1

2𝑁
, 𝜈𝑖 ⋅ 𝜈𝑗 = −

1

2𝑁
, (𝑖 ≠ 𝑗),∑  

𝑁

𝑖=1

 𝜈𝑖 = 0  

𝛼𝑖 : = 𝜈𝑖 − 𝜈𝑖+1, (𝑖 = 1,⋯ ,𝑁 − 1)

 with  ‖𝛼𝑖‖
2
= 1, 𝛼𝑖 ⋅ 𝛼𝑗 = {

0, (𝑗 ≠ 𝑖, 𝑖 ± 1)

−
1

2
, (𝑗 = 𝑖 ± 1)

 

 

𝜇𝑗: = ∑  

𝑗

𝑖=1

  𝜈𝑖  

∑ 

𝑁

𝑖=1

  𝜈𝑖 = 0,  i.e.  ∑  

𝑗

𝑖=1

 𝜈𝑖 = − ∑  

𝑁

𝑖=𝑗+1

 𝜈𝑖 ,  

[𝑗] = [𝑁 − 𝑗], 𝑁‾ = [𝑁 − 1]  

𝑁⊗𝑁‾ = 𝟏⊕ (𝑁𝟐 − 𝟏)  

 ∀𝑣 ∈ 𝑉, 𝑣̃: = 𝐺(𝑣)  s.t.   ∀𝑤 ∈ 𝑉, 𝑣̃(𝑤) = 𝜔(𝑣,𝑤).  

 ∀𝜙 ∈ 𝑉∗, 𝜙̃: = 𝐺−1(𝜙)  s.t.   ∀𝜓 ∈ 𝑉∗, 𝜓(𝜙̃) = 𝜔̃(𝜓, 𝜙).  

𝜔𝑖𝑗: = 𝜔(𝑒𝑖 , 𝑒𝑗), 𝜔𝑖𝑗: = 𝜔̃(𝑒𝑖 , 𝑒𝑗), 𝑣𝑖 : = 𝑒𝑖(𝑣), 𝜙
𝑖: = 𝜙(𝑒𝑖), 𝑣 ∈ 𝑉, 𝜙 ∈ 𝑉∗,  

𝜔𝑖𝑘𝜔
𝑗𝑘 = 𝛿𝑖

𝑗
, 𝑣̃𝑖 = 𝜔𝑖𝑗𝑣𝑗 , 𝜙̃𝑖 = 𝜙

𝑗𝜔𝑗𝑖  

𝜔(𝑓(𝑣), 𝑓(𝑤)) = 𝜔(𝑣, 𝑤), for∀𝑣,𝑤 ∈ 𝑉  

𝑀𝑘 
𝑖𝜔𝑘𝑙𝑀𝑙 

𝑗 = 𝜔𝑖𝑗 ,  equivalently,  𝑀𝑖  𝑘𝜔𝑘𝑙𝑀𝑗
𝑙 = 𝜔𝑖𝑗 ,  

𝑔(𝑒𝑖 , 𝑒𝑗) = 𝛿𝑖‾𝑗  

𝜔(𝑒𝑖 , 𝑒′𝑗) = Ω𝑖𝑗: = (
0 +1
−1 0

)  

𝜔̃(𝑒′𝑖 , 𝑒′𝑗) = Ω𝑖𝑗: = (
0 +1
−1 0

)  

𝑈𝑆𝑝(2𝑛) = {(𝑀𝑖
𝑗
) ∈ 𝐺𝐿(2𝑛, ℂ) ∣ 𝑀𝑘

𝑖Ω𝑘𝑙𝑀𝑙
𝑗
= Ω𝑖𝑗 , (𝑀†)

𝑖

𝑘
𝑀𝑘
𝑗
= 𝛿𝑖

𝑗
}  

𝜔↓ + (𝜔↓)
𝑇 = 0,𝜔↑ + (𝜔↑)

𝑇
= 0,𝜔↓ = ((𝜔

↑)
𝑇
)
−1
, (𝜔↓)

† = 𝑐(𝜔↓)
−1 = −𝑐𝜔↑,  

𝑀(𝜔↓)
†𝑀𝑇 = (𝜔↓)

†,  and  𝑀(𝜔↓)−1𝑀𝑇 = (𝜔↓)
−1  
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(Ω↓)
† = (Ω↓)

−1 = −Ω↑  

𝔲𝔰𝔭(2𝑛) = {(𝑋𝑖  
𝑗) ∈ 𝔤𝔩(2𝑛, ℂ) ∣ 𝑋𝑘  

𝑖Ω𝑘𝑗 + Ω𝑖𝑘𝑋𝑘  
𝑗 = 0, (𝑋†)

𝑖
 𝑗 = 𝑋𝑖  

𝑗}  

𝑋 = (
𝑇 𝑆
𝑆′ 𝑇′

) , 𝑇, 𝑇′, 𝑆, 𝑆′ ∈ 𝔤𝔩(𝑛, ℂ)  

𝑇† = 𝑇, 𝑆𝑇 = 𝑆, 𝑇′ = −𝑇𝑇 , 𝑆′ = 𝑆†  

𝑋0 = (
1 0
0 −1

) , 𝑋𝑎 = (
𝑇𝑎 0
0 −(𝑇𝑎)∗

) , 𝑇𝑎 ∈ 𝔰𝔲(𝑛), (𝑎 = 1,⋯ , 𝑛2 − 1)

𝑋s
𝑎 = (

0 𝑆R
𝑆R 0

) , 𝑋a
𝑎 = (

0 −𝑖𝑆I
𝑖𝑆I 0

) , 𝑆R,I ∈ 𝔤𝔩(𝑛, ℝ), 𝑆R,I
𝑇 = 𝑆R,I

(𝑎 = 1,⋯ ,
1

2
𝑛(𝑛 + 1))

 

𝑋̃0: =
1

√2𝑛
𝑋0, 𝑋̃𝑚: = (

𝑋𝑚 0
0 −𝑋𝑚

) , (𝑚 = 1,⋯ , 𝑛 − 1),  

±(𝜈𝑖 +
1

√2𝑛
𝜈𝑛+1)  

𝜈𝑖 − 𝜈𝑗 , (𝑖 ≠ 𝑗), ±(𝜈𝑖 + 𝜈𝑗 +√
2

𝑛
𝜈𝑛+1)  

𝛼𝑖 =

{
 

 
𝜈𝑖 − 𝜈𝑖+1, (𝑖 = 1,⋯ , 𝑛 − 1),

2𝜈𝑛 +√
2

𝑛
𝜈𝑛+1, (𝑖 = 𝑛),

 

‖𝛼𝑖‖
2
= {

1, (𝑖 = 1,⋯ , 𝑛 − 1),
2, (𝑖 = 𝑛)

 𝛼𝑖 ⋅ 𝛼𝑗 = {
−
1

2
, (𝑗 = 𝑖 + 1, 𝑖 = 1,⋯ , 𝑛 − 1, or 𝑖 ↔ 𝑗)

−1, (𝑖 = 𝑛 − 1, 𝑗 = 𝑛, or 𝑖 ↔ 𝑗)

0,  (otherwise) 

 

 

𝜂𝜇𝜈 = (+,⋯ ,+⏟    
𝑡

, −,⋯ ,−⏟    
𝑠

).
 

{𝛾𝜇 , 𝛾𝜈} = 2𝜂𝜇𝜈  

𝜂𝜇𝜈𝜂𝜈𝜌 = 𝜂
𝜇  𝜌 ≡ 𝛿

𝜇  𝜌.  

 

tr𝛾𝜇1⋯𝜇𝑝𝛾𝜈1⋯𝜈𝑞 = (−1)𝑝(𝑝−1)/2dim𝑉𝛿𝑝𝑞𝜂𝜇1⋯𝜇𝑝,𝜈1⋯𝜈𝑝  

𝜂𝜇1⋯𝜇𝑝,𝜈1⋯𝜈𝑝: = ∑  

𝜎𝔖𝑝

 sgn(𝜎)𝜂𝜇1𝜈𝜎(1)⋯𝜂𝜇𝑝𝜈𝜎(𝑝)  

tr𝛾𝜇1⋯𝜇𝑝 = 0, (1 ⩽ 𝜇1 < ⋯ < 𝜇𝑝 ⩽ 𝐷, 1 ⩽ 𝑝 ⩽ 𝐷)  
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𝛾 = ∑  

𝐷

𝑝=0

 
1

𝑝!
(−1)𝑝(𝑝−1)/2

1

dim𝑉
𝛾𝜇1⋯𝜇𝑝tr𝛾𝜇1⋯𝜇𝑝𝛾,  for ∀𝛾 ∈ 𝒞(𝑡, 𝑠)  

Γ5: = 𝑖(𝑡−𝑠)/2(−1)𝑠𝛾1⋯𝛾𝐷  

{Γ5, 𝛾𝜇} = 0, (Γ5)2 = 1  

𝛾𝜇1⋯𝜇𝑝Γ5 =
1

(𝐷 − 𝑝)!
𝑖(𝑡−𝑠)/2(−1)𝑝(𝑝−1)/2𝜀𝜇1⋯𝜇𝑝  𝜇𝑝+1⋯𝜇𝐷𝛾

𝜇𝑝+1⋯𝜇𝐷  

𝜀𝜇1⋯𝜇𝐷 =
1

|det𝑔|
𝜖𝜇1⋯𝜇𝐷 , 𝜖1⋯𝐷 = 1  

{−(𝛾𝜇)∗, −(𝛾𝜈)∗} = 2𝜂𝜇𝜈  

𝐵𝛾𝜇𝐵−1 = 𝜂(𝛾𝜇)∗, 𝐵†𝐵 = 1,𝐵∗𝐵 = 𝜀, 𝜂 = ±1, 𝜀 = ±1  

{(−𝛾𝜇)𝑇 , (−𝛾𝜈)𝑇} = 2𝜂𝜇𝜈  

𝐶𝛾𝜇𝐶−1 = 𝜂′(𝛾𝜇)𝑇 , 𝐶†𝐶 = 1, 𝐶𝑇 = 𝜀′𝐶, 𝜂′ = ±1, 𝜀′ = ±1  

𝐶∗𝐵𝛾𝜇𝐵−1𝐶∗−1 = 𝜂(𝐶𝛾𝜇𝐶−1)∗ = 𝜂𝜂′(𝛾𝜇)†  

Γ0(𝛾𝜇)†(Γ0)−1 = 𝜅𝛾𝜇 , (Γ0)†Γ0 = 1, Γ0: = 𝜀(−1)𝑡(𝑡−1)/2𝐵−1𝐶∗−1, 𝜅: = 𝜂𝜂′  

{
(𝛾t)2 = +𝟏,

(𝛾s)2 = −𝟏,
  i.e.  {

(𝛾t)†(𝛾t) = +𝜅t
′𝟏

(𝛾s)†(𝛾s) = −𝜅s
′𝟏

 

{
(𝛾t)† = +(𝛾t)

(𝛾s)† = −(𝛾s)
 

{
Γ0 = 𝛾1⋯𝛾𝑡 ,

𝜅 = (−1)𝑡+1,
  or  {Γ

0 = 𝛾𝑡+1⋯𝛾𝐷

𝜅 = (−1)𝑠
 

{
𝜂′ = (−1)𝑡+1𝜂,

𝜀′ = 𝜀𝜂𝑡(−1)𝑡(𝑡−1)/2,
  or  {

𝜂′ = (−1)𝑠𝜂

𝜀′ = 𝜀𝜂𝑠(−1)𝑠(𝑠−1)/2
 

(𝐶𝛾𝜇1⋯𝜇𝑝)𝑇 = (−1)𝑝(𝑡+1)+𝑝(𝑝−1)/2+𝑡(𝑡−1)/2𝜂𝑡+𝑝𝜀(𝐶𝛾𝜇1⋯𝜇𝑝)  

 

 

(−1)𝑝(𝑡+1)+𝑝(𝑝−1)/2+𝑡(𝑡−1)/2𝜂𝑡+𝑝𝜀 = −1,  i.e.  (−1)𝑝(𝑡+1)+𝑝(𝑝−1)/2𝜂𝑝 = −(−1)𝑡(𝑡−1)/2𝜂𝑡𝜀  
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#(AS) = ∑  

𝐷

𝑝=0

  (
𝐷

𝑝
)
1

2
(1 + ℜ√2𝑒−𝑖

𝜋
4
+𝑖
𝑛𝜋
2 )

 =
1

2
2𝐷/2 (2𝐷/2 − √2cos 

𝜋

4
(𝐷 + 3))

 

#(AS) = ∑  

𝐷

𝑝=0

  (
𝐷

𝑝
)
1

2
(1 − ℜ√2𝑒−𝑖

𝜋
4
+𝑖
𝑛𝜋
2 )

 =
1

2
2𝐷/2 (2𝐷/2 − (−1)√2cos 

𝜋

4
(𝐷 + 3))

 

#(AS) = ∑  

𝐷

𝑝=0

  (
𝐷

𝑝
)
1

2
(1 + ℜ√2𝑒𝑖

𝜋
4
+𝑖
𝑛𝜋
2 )

 =
1

2
2𝐷/2 (2𝐷/2 − √2cos 

𝜋

4
(−𝐷 + 3))

 

#(AS) = ∑  

𝐷

𝑝=0

  (
𝐷

𝑝
)
1

2
(1 − ℜ√2𝑒𝑖

𝜋
4
+𝑖
𝑛𝜋
2 )

 =
1

2
2𝐷/2 (2𝐷/2 − (−1)√2cos 

𝜋

4
(−𝐷 + 3))

 

 

𝜀 = −√2𝜂𝑡(−1)𝑡(𝑡−1)/2cos 
1

4
𝜋(𝜂(−1)𝑡+1𝐷 + 3) = cos 

1

4
𝜋(𝑠 − 𝑡) − 𝜂sin 

1

4
𝜋(𝑠 − 𝑡)  

𝐵Γ5𝐵−1 = (−1)(𝑡−𝑠)/2(Γ5)∗, 𝐶Γ5𝐶−1 = (−1)𝐷/2(Γ5)𝑇

Γ0(Γ5)†(Γ0)−1 = (−1)𝑡Γ5, (Γ5)† = Γ5
 

𝐵Γ0𝐵−1 = 𝜂𝑡(Γ0)∗, 𝐶Γ0𝐶−1 = 𝜂𝑡(−1)𝑡(𝑡−1)/2(Γ0)𝑇 , (Γ0)2 = (−1)𝑡(𝑡−1)/2𝟏  

Σ𝜇𝜈: =
𝑖

4
[𝛾𝜇 , 𝛾𝜈] ≡

𝑖

2
𝛾𝜇𝜈  

[Σ𝜇𝜈 , Σ𝜌𝜎] = 𝑖(𝜂𝜈𝜌Σ𝜇𝜎 − 𝜂𝜈𝜎Σ𝜇𝜌 − 𝜂𝜇𝜌Σ𝜈𝜎 + 𝜂𝜇𝜎Σ𝜈𝜌)  

Spin(𝑡, 𝑠): = {𝛾 ∈ 𝒞(𝑡, 𝑠) | 𝛾 = exp (−𝑖
1

2
𝜔𝜇𝜈Σ

𝜇𝜈)}  

𝛾𝛾𝜇𝛾−1 = exp (𝜔)𝜇 𝜈𝛾
𝜈  

𝑊 = ⟨{𝛾1, ⋯ , 𝛾𝐷}⟩  

Γ ∈ Spin(𝑡, 𝑠), 𝛾 ∈ 𝑊, Ad(Γ)(𝛾) = Γ𝛾Γ−1  

𝛾𝑝 = Γ𝛾𝑝Γ−1,  i.e.  𝛾𝑝(Γ0 + 𝛾𝑝Γ′) = (Γ0 + 𝛾𝑝Γ′)𝛾𝑝 ,  

(𝛾𝑝)2Γ′ = 𝛾𝑝Γ′𝛾𝑝 = −(𝛾𝑝)2Γ′,  i.e.  Γ′ = 0  

[Γ5, Σ𝜇𝜈] = 0  

𝑃± =
1 ± Γ5

2
 

𝑃±𝑃± = 𝑃±, 𝑃±𝑃∓ = 0, (𝑃±)† = 𝑃±, 𝑃+ + 𝑃− = 1  

[Σ2𝑎−1,2𝑎, Σ2𝑏−1,2𝑏] = 0  
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𝑆𝑎: = (−𝑖)𝛿𝑎,(𝑡+1)/2+𝜃(𝑎−(𝑡+2)/2)Σ2𝑎−1,2𝑎 = Γ𝑎+Γ𝑎− −
1

2
.  

𝜓± = 𝑃±𝜓, 𝑃±𝜓± = ±𝜓±  

𝜓 = (𝑃+ + 𝑃−)𝜓 = 𝜓+ + 𝜓−

𝟐𝑫/𝟐 = 𝟐𝑫/𝟐−𝟏⊕𝟐𝑫/𝟐−𝟏
 

𝛾𝛼
𝛽
, (𝛾−1)𝛼

𝛽
, (𝛾†)

𝛼

𝛽
, (𝛾𝑇)𝛼  𝛽 = 𝛾𝛽

𝛼 , (𝛾∗)𝛼  𝛽 = (𝛾𝛼
𝛽
)
∗
,  

ℭ𝛼𝛽 , (ℭ−1)𝛼𝛽 , (ℭ
𝑇)𝛼𝛽 = ℭ𝛽𝛼 , (ℭ∗)𝛼𝛽 = (ℭ

𝛼𝛽)
∗
, (ℭ†)

𝛼𝛽
= (ℭ𝛽𝛼)

∗
 

(Γ0)𝛼
𝛽
= (𝐵−1)𝛼𝛾(𝐶

∗−1)𝛾𝛽 .  

𝜓𝛼
′ = exp (−

𝑖

2
𝜔𝜇𝜈Σ

𝜇𝜈)𝛼𝛽𝜓𝛽 ,  or  𝛿𝜓𝛼 =
1

4
𝜔𝜇𝜈(𝛾

𝜇𝜈)𝛼  
𝛽𝜓𝛽  

𝜓′𝛼 = exp (+
𝑖

2
𝜔𝜇𝜈Σ

𝜇𝜈)𝛽𝛼𝜓𝛽 ,  or  𝛿𝜓𝛼 = −
1

4
𝜔𝜇𝜈(𝛾

𝜇𝜈)𝛽  
𝛼𝜓𝛽.  

𝜓‾𝛼: = ∑  

𝛽

  (𝜓𝛽)
†
((Γ0)−1)𝛽

𝛼
 

Γ0(Σ𝜇𝜈)†(Γ0)−1 = Σ𝜇𝜈  

𝜓‾ ′𝛼 = (𝜓𝛾)
†
exp (+

𝑖

2
𝜔𝜇𝜈(Σ𝜇𝜈)

†
) 𝛾𝛽(Γ0)𝛽

−1𝛼 = 𝜓‾𝛽exp (+
𝑖

2
𝜔𝜇𝜈Σ𝜇𝜈)

𝛽

𝛼

 

𝜓‾𝛼: = (Γ
0)−1 𝛼  

𝛽(𝜓𝛽)
†
,  

𝜓‾ = (Γ0)−1(𝜓‾)† = (Γ0)−1Γ0𝜓 = 𝜓  

𝜓̃𝛼: = (𝜓𝑇)𝛽(𝐶
𝑇)𝛽𝛼 = 𝐶𝛼𝛽𝜓𝛽  

𝜓̃𝛼: = (𝐶
−1)𝛼𝛽(𝜓

𝑇)𝛽  

𝐶Σ𝜇𝜈𝐶−1 = −(Σ𝜇𝜈)𝑇  

𝜓̃𝛼
′ = (𝐶−1)𝛼𝛽exp (+

𝑖

2
𝜔𝜇𝜈Σ𝜇𝜈)

𝑇

 𝛾(𝜓
𝑇)𝛾 = exp (−

𝑖

2
𝜔𝜇𝜈Σ𝜇𝜈)𝛼

𝛽𝜓̃𝛽  

(𝜓𝑐)𝛼: = (𝐶
−1)𝛼𝛽(𝜓‾

𝑇)𝛽 = 𝜓‾̃𝛼 ,  with  𝜓𝑐𝑐 = 𝜀𝜓  

(𝜓𝑐)
𝛼: = 𝐶𝛼𝛽𝜓‾𝛽 = 𝜓‾̃

𝛼 ,  with  𝜓𝑐𝑐 = 𝜀𝜓  

(𝜓𝑏)𝛼: = (𝐵
−1)𝛼𝛽(𝜓

∗)𝛽 , (𝜓∗)𝛼: = (𝜓𝛼)
∗

(𝜓𝑏)
𝛼: = 𝜂𝑡𝐵𝛼𝛽(𝜓∗)𝛽 , (𝜓

∗)𝛼: = (𝜓
𝛼)∗

 

𝜓𝑖𝛼 = 𝑀𝑖𝑗(𝜓𝑐)𝛼
𝑗
,𝑀𝑖𝑗𝑀

𝑖𝑘 = 𝛿𝑗
𝑘  

 
(𝜓𝑐)

𝑖  𝛼 = (𝐶
−1)𝛼𝛽(𝜓‾

𝑇)𝑖𝛽 = (𝐶−1)𝛼𝛽((Γ
0)−1𝑇)𝛽  𝛾(𝜓

∗)𝑗𝛾 , (𝜓∗)𝑖𝛼: = (𝜓𝑖𝛼),  

𝜓𝑖𝛼 = 𝜀𝑀𝑖𝑘(𝑀
∗)𝑘𝑗𝜓𝑗𝛼  

 

𝑀𝑖𝑘(𝑀
∗)𝑘𝑗 = 𝜀,  i.e.,  𝑀† = 𝜀(𝑀−1)𝑇  

(𝜓±)c = 𝜓
±  

𝑃±(−1)
𝑡
= 𝐶𝑃±𝐶−1 = 𝑃±(−1)

𝐷/2
,  i.e.  𝑃±𝜎 = 𝟙, 𝜎: = (−1)(𝑠−𝑡)/2  
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{∇𝑖𝛼 , ∇𝑗𝛽} = 𝑖Ω𝑖𝑗𝐶𝛼𝛽∇𝑧 − 𝑖𝐶𝛼𝛽𝑊𝑖𝑗 , {∇‾ 𝑖𝛼̇ , ∇‾𝑗𝛽̇} = 𝑖Ω𝑖𝑗𝐶𝛼̇𝛽̇∇𝑧 + 𝑖𝐶𝛼̇𝛽̇𝑊𝑖𝑗 , 

{∇𝑖𝛼 , ∇‾𝑗𝛽̇} = 𝑖Ω𝑖𝑗(𝜎
𝜇)𝛼𝛽̇∇𝜇,        

[∇𝑖𝛼 , ∇𝜇] = −𝑖𝐹𝑖𝛼𝜇,         [∇‾ 𝑖𝛼̇ , ∇𝜇] = +𝑖𝐹‾𝑖𝛼̇𝜇,

[∇𝑖𝛼 , ∇𝑧] = −𝑖𝐺𝑖𝛼 ,         [∇‾ 𝑖𝛼̇ , ∇𝑧] = +𝑖𝐺‾𝑖𝛼̇ ,

[∇𝜇, ∇𝑧] = −𝑖𝑔𝜇 ,         [∇𝜇, ∇𝜈] = −𝑖𝐹𝜇𝜈 ,

Ω𝑖𝑗𝑊𝑖𝑗 = 0,         (𝑊𝑖𝑗)
∗
 = 𝑊𝑖𝑗 ,

 

 

𝐺𝑖𝛼  = 𝑖[∇𝑖𝛼 , ∇𝑧] = 𝑖 [∇𝑖𝛼 , −
𝑖

8
𝐶𝛽𝛾Ω𝑗𝑘{∇𝑗𝛽 , ∇𝑘𝛾}]

 = −
1

8
𝐶𝛽𝛾Ω𝑗𝑘([∇𝑗𝛽 , {∇𝑘𝛾 , ∇𝑖𝛼}] + [∇𝑘𝛾, {∇𝑖𝛼 , ∇𝑗𝛽}])

 = −
1

8
𝐶𝛽𝛾Ω𝑗𝑘([∇𝑗𝛽 , 𝑖Ω𝑘𝑖𝐶𝛾𝛼∇𝑧 − 𝑖𝐶𝛾𝛼𝑊𝑘𝑖] + [∇𝑘𝛾, 𝑖Ω𝑖𝑗𝐶𝛼𝛽∇𝑧 − 𝑖𝐶𝛼𝛽𝑊𝑖𝑗])

 = −
𝑖

4
([∇𝑖𝛼 , ∇𝑧] + [∇𝑗𝛼 ,𝑊𝑖

𝑗
]) = −

𝑖

4
(−𝑖𝐺𝑖𝛼 + [∇𝑗𝛼 ,𝑊𝑖

𝑗
]),

 

[∇𝑗𝛼 ,𝑊𝑖
𝑗
] = 5𝑖𝐺𝑖𝛼 .  

[∇‾𝑗𝛼̇ ,𝑊
𝑗 𝑖] = 5𝑖𝐺‾𝑖𝛼̇  

𝐺𝑖𝛼  = 𝑖[∇𝑖𝛼 , ∇𝑧] = 𝑖 [∇𝑖𝛼 , −
𝑖

8
𝐶𝛽̇𝛾̇Ω𝑗𝑘{∇‾𝑗𝛽̇ , ∇‾𝑘𝛾̇}]

 = −
1

8
𝐶𝛽̇𝛾̇Ω𝑗𝑘([∇‾𝑗𝛽̇ , 𝑖Ω𝑖𝑘(𝜎

𝜇)𝛼𝛾̇∇𝜇] + [∇‾𝑘𝛾̇ , 𝑖Ω𝑖𝑗(𝜎
𝜇)𝛼𝛽̇∇𝜇])

 =
𝑖

4
(𝜎𝜇𝐶)𝛼  

𝛽̇[∇‾ 𝑖𝛽̇ , ∇𝜇] = −
1

4
(𝜎𝜇𝐶)𝛼  

𝛽̇𝐹‾𝑖𝛽̇𝜇 ,

 

𝐺𝑖𝛼 = −
1

4
(𝜎𝜇𝐶)𝛼  

𝛽̇𝐹‾𝑖𝛽̇𝜇  

𝐺‾𝑖𝛼̇ = −
1

4
(𝐶𝜎𝜇)𝛽  𝛼̇𝐹𝑖𝛽𝜇,  

[∇𝑖𝛼 ,𝑊𝑗𝑘] =[∇𝑖𝛼 ,
𝑖

2
𝐶𝛽𝛾({∇𝑗𝛽 , ∇𝑘𝛾} − 𝑖𝐶𝛽𝛾Ω𝑗𝑘∇𝑧)]

= −
𝑖

2
𝐶𝛽𝛾([∇𝑗𝛽 , 𝑖Ω𝑘𝑖𝐶𝛾𝛼∇𝑧 − 𝑖𝐶𝛾𝛼𝑊𝑘𝑖] + [∇𝑘𝛾, 𝑖Ω𝑖𝑗𝐶𝛼𝛽∇𝑧 − 𝑖𝐶𝛼𝛽𝑊𝑖𝑗])

 +Ω𝑗𝑘[∇𝑖𝛼 , ∇𝑧]

= −
1

2
(Ω𝑘𝑖[∇𝑗𝛼 , ∇𝑧] + Ω𝑖𝑗[∇𝑘𝛼 , ∇𝑧]) + Ω𝑗𝑘[∇𝑖𝛼 , ∇𝑧]

 +
1

2
([∇𝑗𝛼 ,𝑊𝑘𝑖] + [∇𝑘𝛼 ,𝑊𝑖𝑗]),

 

[∇𝑖𝛼 ,𝑊𝑗𝑖] =
𝑖

2
Ω𝑖[𝑗𝐺𝑘]𝛼 − 𝑖Ω𝑗𝑘𝐺𝑖𝛼 +

1

2
[∇[𝑗𝛼 ,𝑊𝑘]𝑖] 

[∇‾ 𝑖𝛼̇ ,𝑊𝑗𝑘] =
𝑖

2
Ω𝑖[𝑗𝐺‾𝑘]𝛼̇ − 𝑖Ω𝑗𝑘𝐺‾𝑖𝛼̇ +

1

2
[∇‾ [𝑗𝛼̇ ,𝑊𝑘]𝑖] 

[∇𝑖𝛼 ,𝑊𝑗𝑘] =[∇𝑖𝛼 , −
𝑖

2
𝐶𝛽̇𝛾̇({∇‾𝑗𝛽̇ , ∇‾𝑘𝛾̇} − 𝑖𝐶𝛽̇𝛾̇Ω𝑗𝑘∇𝑧)]

=
𝑖

2
𝐶𝛽̇𝛾̇([∇‾𝑗𝛽̇ , 𝑖Ω𝑖𝑘(𝜎

𝜇)𝛼𝛾̇∇𝜇] + [∇‾𝑘𝛾̇ , 𝑖Ω𝑖𝑗(𝜎
𝜇)𝛼𝛽̇∇𝜇])

 −Ω𝑗𝑘[∇𝑖𝛼 , ∇𝑧]

= −
𝑖

2
Ω𝑖[𝑗(𝜎

𝜇𝐶)𝛼  
𝛽̇𝐹‾𝑘]𝛽̇𝜇 + 𝑖Ω𝑗𝑘𝐺𝑖𝛼

 

[∇𝑖𝛼 ,𝑊𝑗𝑘] = 2𝑖Ω𝑖[𝑗𝐺𝑘]𝛼 + 𝑖Ω𝑗𝑘𝐺𝑖𝛼  

[∇‾ 𝑖𝛼̇ ,𝑊𝑗𝑘] = 2𝑖Ω𝑖[𝑗𝐺‾𝑘]𝛼̇ + 𝑖Ω𝑗𝑘𝐺‾𝑖𝛼̇  
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𝐹𝑖𝛼𝜇 = 𝑖[∇𝑖𝛼 , ∇𝜇] = 𝑖 [∇𝑖𝛼 , −
𝑖

8
Ω𝑗𝑘(𝜎‾𝜇)

𝛾̇𝛽
{∇𝑗𝛽 , ∇‾𝑘𝛾̇}]

 = −
1

8
Ω𝑗𝑘(𝜎‾𝜇)

𝛾̇𝛽
([∇𝑗𝛽 , 𝑖Ω𝑖𝑘(𝜎

𝜈)𝛼𝛾̇∇𝜈] + [∇‾𝑘𝛾̇, 𝑖Ω𝑖𝑗𝐶𝛼𝛽∇𝑧 − 𝑖𝐶𝛼𝛽𝑊𝑖𝑗])

 = −
1

8
(𝜎𝜇𝜎‾𝜇)𝛼

 𝛽𝐹𝑖𝛽𝜈 +
3

4
(𝜎‾𝜇𝐶)

𝛾̇
 𝛼𝐺‾𝑖𝛾̇

 

= −
1

4
𝐹𝑖𝛼𝜇 −

1

8
(𝜎‾𝜇𝐶)

𝛾̇
 𝛼(𝐶𝜎

𝜈)𝛽  𝛾̇𝐹𝑖𝛽𝜈 +
3

4
(𝜎‾𝜇𝐶)

𝛾̇
 𝛼𝐺‾𝑖𝛾̇ 

𝐹𝑖𝛼𝜇 = (𝜎‾𝜇𝐶)
𝛾̇
 𝛼𝐺‾𝑖𝛾̇  

𝐹‾𝑖𝛼̇𝜇 = (𝐶𝜎‾𝜇)𝛼̇
 𝛽𝐺𝑖𝛽 ,  

{∇𝑖𝛼 , 𝐺𝑗𝛽} = 𝑖{∇𝑖𝛼 , [∇𝑗𝛽 , ∇𝑧]}

 = −{∇𝑗𝛽 , 𝐺𝑖𝛼} + [∇𝑧, Ω𝑖𝑗𝐶𝛼𝛽∇𝑧 − 𝐶𝛼𝛽𝑊𝑖𝑗]
 

{∇𝑖𝛼 , 𝐺𝑗𝛽} + {∇𝑗𝛽 , 𝐺𝑖𝛼} = −𝐶𝛼𝛽[∇𝑧,𝑊𝑖𝑗]. 

{∇‾ 𝑖𝛼̇ , 𝐺‾𝑗𝛽̇} + {∇‾𝑗𝛽̇ , 𝐺‾𝑖𝛼̇} = −𝐶𝛼̇𝛽̇[∇𝑧,𝑊𝑖𝑗]. 

{∇𝑖𝛼 , 𝐺𝑗𝛽} = −
𝑖

5
{∇𝑖𝛼 , [∇𝑘𝛽 ,𝑊𝑗

𝑘]}

=
1

5
({∇𝑗𝛽 , 𝐺𝑖𝛼} − 2{∇𝑖𝛽 , 𝐺𝑗𝛼} + 2Ω𝑖𝑗{∇𝑘𝛽 , 𝐺𝛼

𝑘}

 −𝐶𝛼𝛽[∇𝑧,𝑊𝑖𝑗] + 𝐶𝛼𝛽[𝑊𝑗
𝑘 ,𝑊𝑖𝑘])

 

{∇(𝑖𝛼 , 𝐺𝑗)𝛽} = −
1

2
[𝑊𝑖𝑘 ,𝑊𝑗

𝑘],  

{∇[𝑖𝛼 , 𝐺𝑗]𝛽} = −𝐶𝛼𝛽[∇𝑧,𝑊𝑖𝑗] +
1

2
Ω𝑖𝑗{∇𝑘𝛼 , 𝐺𝛽

𝑘}. 

{∇‾ (𝑖𝛼̇ , 𝐺‾𝑗)𝛽̇} =
1

2
𝐶𝛼̇𝛽̇[𝑊𝑖𝑘 ,𝑊𝑗

𝑘],

{∇‾ [𝑖𝛼̇ , 𝐺‾𝑗]𝛽̇} = −𝐶𝛼̇𝛽̇[∇𝑧,𝑊𝑖𝑗] +
1

2
Ω𝑖𝑗 {∇‾𝑘𝛼̇ , 𝐺‾𝛽̇

𝑘} .

 

{∇𝑖𝛼 , 𝐺𝑗𝛽} = −
1

4
(𝜎𝜇𝐶)𝛽  

𝛽̇{∇𝑖𝛼 , 𝐹‾𝑗𝛽̇𝜇} =
𝑖

4
(𝜎𝜇𝐶)𝛽  

𝛽̇{∇𝑖𝛼 , [∇‾𝑗𝛽̇ , ∇𝜇]} 

= −
1

2
𝐶𝛼𝛽{∇‾𝑗𝛼̇ , 𝐺‾𝑖

𝛼̇} −
𝑖

4
Ω𝑖𝑗(𝜎

𝜇𝜈)𝛼𝛽𝐹𝜇𝜈 

{∇𝑖𝛼 , 𝐺𝛽
𝑖 } =

1

2
𝐶𝛼𝛽{∇‾ 𝑖𝛼̇ , 𝐺‾

𝑖𝛼̇} − 𝑖(𝜎𝜇𝜈)𝛼𝛽𝐹𝜇𝜈 = −𝑖(𝜎
𝜇𝜈)𝛼𝛽𝐹𝜇𝜈 , 

{∇[𝑖𝛼 , 𝐺𝑗]𝛽} = −𝐶𝛼𝛽[∇𝑧,𝑊𝑖𝑗] −
𝑖

2
Ω𝑖𝑗(𝜎

𝜇𝜈)𝛼𝛽𝐹𝜇𝜈  

{∇𝑖𝛼 , 𝐺𝑗𝛽} = −
𝑖

4
Ω𝑖𝑗(𝜎

𝜇𝜈)𝛼𝛽𝐹𝜇𝜈 −
1

2
𝐶𝛼𝛽[∇𝑧,𝑊𝑖𝑗] −

1

4
𝐶𝛼𝛽[𝑊𝑖𝑘 ,𝑊𝑗

𝑘].  

{∇‾ [𝑖𝛼̇ , 𝐺‾𝑗]𝛽̇} = −𝐶𝛼̇𝛽̇[∇𝑧,𝑊𝑖𝑗] −
𝑖

2
Ω𝑖𝑗(𝜎‾

𝜇𝜈)𝛼̇𝛽̇𝐹𝜇𝜈

{∇‾ 𝑖𝛼̇ , 𝐺‾𝑗𝛽̇} = −
𝑖

4
Ω𝑖𝑗(𝜎‾

𝜇𝜈)𝛼̇𝛽̇𝐹𝜇𝜈 −
1

2
𝐶𝛼̇𝛽̇[∇𝑧,𝑊𝑖𝑗] +

1

4
𝐶𝛼̇𝛽̇[𝑊𝑖𝑘 ,𝑊𝑗

𝑘].

 

{∇‾ 𝑖𝛼̇ , 𝐺𝑗𝛽} = 𝑖{∇‾ 𝑖𝛼̇ , [∇𝑗𝛽 , ∇𝑧]}

 = −𝑖(𝑖{∇𝑗𝛽 , 𝐺‾𝑖𝛼̇} + 𝑖Ω𝑗𝑖(𝜎
𝜇)𝛽𝛼̇[∇𝑧, ∇𝜇]) = {∇𝑗𝛽 , 𝐺‾𝑖𝛼̇} − 𝑖Ω𝑖𝑗(𝜎

𝜇)𝛽𝛼̇𝑔𝜇
 

{∇𝑖𝛼 , 𝐺‾𝑗𝛽̇} = {∇‾𝑗𝛽̇ , 𝐺𝑖𝛼} − 𝑖Ω𝑖𝑗(𝜎
𝜇)𝛼𝛽̇𝑔𝜇 . 
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{∇‾ 𝑖𝛼̇ , 𝐺𝑗𝛽} = −
𝑖

5
{∇‾ 𝑖𝛼̇ , [∇𝑘𝛽 ,𝑊𝑗

𝑘]}

 =
1

5
({∇𝑗𝛽 , 𝐺‾𝑖𝛼̇} − 2{∇𝑖𝛽 , 𝐺‾𝑗𝛼̇} + 2Ω𝑖𝑗{∇𝑘𝛽 , 𝐺‾𝛼̇

𝑘}) +
1

5
(𝜎𝜇)𝛽𝛼̇[∇𝜇,𝑊𝑖𝑗]

 

{∇‾ (𝑖𝛼̇ , 𝐺𝑗)𝛽} = 0  

{∇‾ [𝑖𝛼̇ , 𝐺𝑗]𝛽} = −5𝑖Ω𝑖𝑗(𝜎
𝜇)𝛽𝛼̇𝑔𝜇 − 2Ω𝑖𝑗{∇‾𝑘𝛼̇ , 𝐺

𝑘  𝛽} + (𝜎
𝜇)𝛽𝛼̇[∇𝜇,𝑊𝑖𝑗]. 

{∇‾𝑘𝛼̇ , 𝐺
𝑘  𝛽} = −2𝑖(𝜎

𝜇)𝛽𝛼̇𝑔𝜇 

{∇‾ [𝑖𝛼̇ , 𝐺𝑗]𝛽} = −𝑖Ω𝑖𝑗(𝜎
𝜇)𝛽𝛼̇𝑔𝜇 + (𝜎

𝜇)𝛽𝛼̇[∇𝜇,𝑊𝑖𝑗].  

{∇‾ 𝑖𝛼̇ , 𝐺𝑗𝛽} = −
1

2
(𝜎𝜇)𝛽𝛼̇(𝑖Ω𝑖𝑗𝑔𝜇 − [∇𝜇,𝑊𝑖𝑗]).  

{∇(𝑖𝛼 , 𝐺‾𝑗)𝛽̇} = 0

{∇[𝑖𝛼 , 𝐺‾𝑗]𝛽̇} = −𝑖Ω𝑖𝑗(𝜎
𝜇)𝛼𝛽̇𝑔𝜇 − (𝜎

𝜇)𝛼𝛽̇[∇𝜇,𝑊𝑖𝑗]

{∇𝑖𝛼 , 𝐺‾𝑗𝛽̇} = −
1

2
(𝜎𝜇)𝛼𝛽̇(𝑖Ω𝑖𝑗𝑔𝜇 + [∇𝜇,𝑊𝑖𝑗])

 

𝑔𝜇 = 𝑖[∇𝜇, ∇𝑧] =
1

8
(𝜎‾𝜇)𝛽̇𝛼 [{∇𝑖𝛼 , ∇‾𝛽̇

𝑖 } , ∇𝑧] =
𝑖

8
(𝜎‾𝜇)𝛽̇𝛼 ({∇𝑖𝛼 , 𝐺‾𝛽̇

𝑖 } + {∇‾ 𝑖𝛽̇ , 𝐺𝛼
𝑖 }) 

𝑔𝜇  = 𝑖[∇𝜇, ∇𝑧] =
1

8
Ω𝑖𝑗𝐶𝛼𝛽[∇𝜇, {∇𝑖𝛼 , ∇𝑗𝛽}]

 =
𝑖

4
(𝜎‾𝜇)

𝛽̇𝛼
{∇𝑖𝛼 , 𝐺‾𝛽̇

𝑖 }

 

𝑔𝜇 =
𝑖

4
(𝜎‾𝜇)

𝛽̇𝛼
{∇‾ 𝑖𝛽̇ , 𝐺𝛼

𝑖 } 

[∇𝑖𝛼 , 𝑔𝜇] = 𝑖 [∇𝑖𝛼 , [∇𝜇, ∇𝑧]] = [∇𝜇, 𝐺𝑖𝛼] − (𝜎‾𝜇𝐶)
𝛼̇
 𝛼[∇𝑧, 𝐺‾𝑖𝛼̇] 

[∇‾ 𝑖𝛼̇ , 𝑔𝜇] = −[∇𝜇, 𝐺‾𝑖𝛼̇] + (𝐶𝜎‾𝜇)𝛼̇
𝛼
[∇𝑧, 𝐺𝑖𝛼]. 

[∇𝑖𝛼 , 𝑔𝜇] =
𝑖

4
(𝜎‾𝜇)𝛽̇𝛽[∇𝑖𝛼 , {∇𝑗𝛽 , 𝐺‾

𝑗 𝛽̇}], 

[∇𝑖𝛼 , {∇𝑗𝛽 , 𝐺‾𝛽̇
𝑗
}] =[∇𝑗 𝛽 , −

1

2
(𝜎𝜇)𝛼𝛽̇(𝑖Ω𝑖𝑗𝑔𝜇 + [∇𝜇,𝑊𝑖𝑗])] − [𝐺‾𝛽̇

𝑗
, 𝑖Ω𝑖𝑗𝐶𝛼𝛽∇𝑧 − 𝑖𝐶𝛼𝛽𝑊𝑖𝑗]

=
𝑖

2
(𝜎𝜇)𝛼𝛽̇[∇𝑖𝛽 , 𝑔𝜇] −

5

2
𝑖(𝜎𝜇)𝛼𝛽̇[∇𝜇, 𝐺𝑖𝛽]

 +2𝑖𝐶𝛼𝛽[𝐺‾
𝑗 𝛽̇ ,𝑊𝑖𝑗] − 𝑖𝐶𝛼𝛽[∇𝑧, 𝐺‾𝑖𝛽̇].

 

[∇𝑖𝛼 , 𝑔𝜇] = −
1

8
(𝜎𝜈𝜎‾𝜇)𝛼

 𝛽[∇𝑖𝛽 , 𝑔𝜈] −
5

8
(𝜎𝜈𝜎‾𝜇)𝛼

 𝛽[∇𝜈, 𝐺𝑖𝛽]

 +
1

2
(𝜎‾𝜇𝐶)

𝛽̇
 𝛼[𝐺‾

𝑗 𝛽̇ ,𝑊𝑖𝑗] −
1

4
(𝜎‾𝜇𝐶)

𝛽̇
 𝛼[∇𝑧, 𝐺‾𝑖𝛽̇].

 

[∇‾ 𝑖𝛼̇ , 𝑔𝜇] = −
1

8
(𝜎‾𝜇𝜎

𝜈)
𝛼̇

𝛽̇
[∇‾ 𝑖𝛽̇ , 𝑔𝜈] −

5

8
(𝜎‾𝜇𝜎𝜈)𝛼̇

𝛽̇
[∇𝜈 , 𝐺‾𝑖𝛽̇]

 +
1

2
(𝐶𝜎‾𝜇)𝛼̇

 𝛽[𝐺𝑗 𝛽 ,𝑊𝑖𝑗] +
1

4
(𝐶𝜎‾𝜇)𝛼̇

 𝛽[∇𝑧, 𝐺𝑖𝛽].

 

[∇𝑖𝛼 , 𝑔𝜇] =
𝑖

4
(𝜎‾)𝛽̇𝛽 [∇𝑖𝛼 , {∇‾𝑗𝛽̇ , 𝐺𝛽

𝑗
}] 
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[∇𝑖𝛼 , 𝑔𝜇] =
5

8
([∇𝜇, 𝐺𝑖𝛼] − (𝜎‾𝜇𝐶)𝛼

𝛽̇
[∇𝑧, 𝐺‾𝑖𝛽̇])

 −
3

8
((𝜎𝜇𝜈)𝛼

𝛽
[∇𝜈 , 𝐺𝑖𝛽] − (𝜎‾𝜇𝐶)𝛼

𝛽̇
[𝐺‾
𝛽̇

𝑗
,𝑊𝑖𝑗])

 

(𝜎𝜈𝜎‾𝜇)𝛼
𝛽
[∇𝑖𝛽, 𝑔𝜈] = −2(𝜎𝜇𝜈)𝛼

𝛽
[∇𝜈 , 𝐺𝑖𝛽] + (𝜎‾𝜇𝐶)𝛼

𝛽̇
[𝐺‾
𝛽̇

𝑗
,𝑊𝑖𝑗] + 3(𝜎‾𝜇𝐶)𝛼

𝛽̇
[∇𝑧, 𝐺‾𝑖𝛽̇] 

[∇𝑖𝛼 , 𝑔𝜇] =
1

2
((𝜎𝜇𝜈)𝛼

𝛽
[∇𝜈 , 𝐺𝑖𝛽] − (𝜎‾𝜇𝐶)𝛼

𝛽̇
[𝐺‾
𝛽̇

𝑗
,𝑊𝑖𝑗])

 +
3

2
([∇𝜇, 𝐺𝑖𝛼] − (𝜎‾𝜇𝐶)𝛼

𝛽̇
[∇𝑧, 𝐺‾𝑖𝛽̇])

 

[∇𝜇, 𝐺𝑖𝛼] − (𝜎‾𝜇𝐶)𝛼
𝛽̇
[∇𝑧, 𝐺‾𝑖𝛽̇] = −(𝜎𝜇𝜈)𝛼

𝛽
[∇𝜈 , 𝐺𝑖𝛽] + (𝜎‾𝜇𝐶)𝛼

𝛽̇
[𝐺‾𝑗 𝛽̇ ,𝑊𝑖𝑗] 

[∇𝑖𝛼 , 𝑔𝜇]= [∇𝜇, 𝐺𝑖𝛼] − (𝜎‾𝜇𝐶)𝛼
𝛽̇
[∇𝑧, 𝐺‾𝑖𝛽̇]  

 = −(𝜎𝜇𝜈)𝛼
𝛽
[∇𝜈, 𝐺𝑖𝛽] + (𝜎‾𝜇𝐶)𝛼

𝛽̇
[𝐺‾
𝛽̇

𝑗
,𝑊𝑖𝑗]

 

[∇𝑧, 𝐺‾𝑖𝛼̇] = −(𝐶𝜎
𝜇)𝛼̇
𝛼[∇𝜇, 𝐺𝑖𝛼] − [𝐺‾𝛼̇

𝑗
,𝑊𝑖𝑗].  

[∇‾ 𝑖𝛼̇ , 𝑔𝜇] = −
5

8
([∇𝜇, 𝐺‾𝑖𝛼̇] − (𝐶𝜎‾𝜇)𝛼̇

𝛽
[∇𝑧, 𝐺𝑖𝛽])

−
3

8
((𝜎‾𝜇𝜈)

𝛽̇
𝛼̇[∇𝜈 , 𝐺‾𝑖𝛽̇] − (𝐶𝜎‾𝜇)𝛼̇

𝛽
[𝐺𝑗  𝛽 ,𝑊𝑖𝑗])  

[∇‾ 𝑖𝛼̇ , 𝑔𝜇] = −[∇𝜇, 𝐺‾𝑖𝛼̇] + (𝐶𝜎‾𝜇)𝛼̇
𝛽
[∇𝑧, 𝐺𝑖𝛽]

 = −(𝜎‾𝜇𝜈)𝛼̇
𝛽̇
[∇𝜈 , 𝐺‾𝑖𝛽̇] + (𝐶𝜎‾𝜇)𝛼̇

𝛽
[𝐺𝑗 𝛽 ,𝑊𝑖𝑗]

[∇𝑧, 𝐺𝑖𝛼] = −(𝜎
𝜇𝐶)𝛼  

𝛽̇[∇𝜇, 𝐺‾𝑖𝛽̇] + [𝐺
𝑗  𝛼 ,𝑊𝑖𝑗]

 

[∇𝑖𝛼 , [∇𝑧,𝑊𝑗𝑘]] =𝑖[∇𝑧, Ω𝑗𝑘𝐺𝑖𝛼 + 2Ω𝑖[𝑗𝐺𝑘]𝛼] − 𝑖[𝐺𝑖𝛼 ,𝑊𝑗𝑘]

=−𝑖(𝜎𝜇𝐶)𝛼
𝛼̇(Ω𝑗𝑘[∇𝜇, 𝐺‾𝑖𝛼̇] + 2Ω𝑖[𝑗[∇𝜇, 𝐺‾𝑘]𝛼̇]) 

+𝑖(Ω𝑗𝑘[𝐺𝛼
𝑙 ,𝑊𝑖𝑙] + 2Ω𝑖[𝑗[𝐺𝛼

𝑙 ,𝑊𝑘]𝑙])  

 −𝑖[𝐺𝑖𝛼 ,𝑊𝑗𝑘].

 

[∇‾ 𝑖𝛼̇ , [∇𝑧,𝑊𝑗𝑘]] = −𝑖(𝐶𝜎
𝜇)𝛼  𝛼̇(Ω𝑗𝑘[∇𝜇, 𝐺𝑖𝛼] + 2Ω𝑖[𝑗[∇𝜇, 𝐺𝑘]𝛼])

 −𝑖(Ω𝑗𝑘[𝐺‾𝛼̇
𝑙 ,𝑊𝑖𝑙] + 2Ω𝑖[𝑗[𝐺‾𝛼̇

𝑙 ,𝑊𝑘]𝑙])

 +𝑖[𝐺‾𝑖𝛼̇ ,𝑊𝑗𝑘].
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[∇𝑧, [∇𝑧,𝑊𝑗𝑘]] = −
𝑖

8
[{∇‾ 𝑖𝛼̇ , ∇‾

𝑖𝛼̇}, [∇𝑧,𝑊𝑗𝑘]] = −
𝑖

4
{∇‾ 𝑖𝛼̇ , [∇‾ 𝑖𝛼̇ , [∇𝑧,𝑊𝑗𝑘]]}

=[∇𝜇, [∇𝜇,𝑊𝑗𝑘]] +
1

4
[𝑊[𝑗∣𝑙 , [𝑊𝑘]𝑚,𝑊

𝑚𝑙]]

 +𝑖(Ω𝑗𝑘{𝐺𝑖𝛼 , 𝐺
𝑖𝛼} − 4{𝐺𝑗𝛼 , 𝐺𝑘  

𝛼}) − 𝑖(Ω𝑗𝑘{𝐺‾𝑖𝛼̇ , 𝐺‾
𝑖𝛼̇} − 4{𝐺‾𝑗𝛼̇ , 𝐺‾𝑘 

𝛼̇})

 +
1

4
(Ω𝑗𝑘 [𝑊𝑖𝑙 , [∇𝑧,𝑊

𝑖𝑙]] − 2 [𝑊[𝑗∣𝑙 , [∇𝑧,𝑊𝑘]
𝑙 ]])

 

Ω𝑗𝑘 [𝑊𝑖𝑙 , [∇𝑧,𝑊
𝑖𝑙]] − 2 [𝑊[𝑗∣𝑙 , [∇𝑧,𝑊𝑘]

𝑙 ]] = 0 

[∇𝑧, [∇𝑧,𝑊𝑗𝑘]] =[∇𝜇, [∇𝜇,𝑊𝑗𝑘]] +
1

4
[𝑊[𝑗∣𝑙 , [𝑊𝑘]𝑚,𝑊

𝑚𝑙]]

 +𝑖(Ω𝑗𝑘{𝐺𝑖𝛼 , 𝐺
𝑖𝛼} − 4{𝐺𝑗𝛼 , 𝐺𝑘  

𝛼}) − 𝑖(Ω𝑗𝑘{𝐺‾𝑖𝛼̇ , 𝐺‾
𝑖𝛼̇} − 4{𝐺‾𝑗𝛼̇ , 𝐺‾𝑘  

𝛼̇})
 

 

𝜀𝜇𝜈𝜌𝜎 [∇𝜈 , [∇𝜌, ∇𝜎]] = 0 

[∇𝑧, 𝑔𝜇] = [∇
𝜈 , 𝐹𝜇𝜈] − 2(𝜎‾𝜇)

𝛼̇𝛼
{𝐺𝑖𝛼 , 𝐺‾𝛼̇

𝑖 } +
𝑖

4
[𝑊𝑖𝑗 , [∇𝜈 ,𝑊𝑖𝑗]] .  
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[∇𝑧, 𝑔𝜇]  = ℘𝜇
− 𝜈𝜌𝜎[∇𝜈 , 𝐹𝜌𝜎] − 2(𝜎‾𝜇)

𝛼̇𝛼
{𝐺𝑖𝛼, 𝐺‾𝛼̇

𝑖 } +
𝑖

4
[𝑊𝑖𝑗 , [∇𝜈 ,𝑊𝑖𝑗]]

 = [∇𝜈 , 𝐹𝜇𝜈] − 2(𝜎‾𝜇)
𝛼̇𝛼
{𝐺𝑖𝛼, 𝐺‾𝛼̇

𝑖 } +
𝑖

4
[𝑊𝑖𝑗 , [∇𝜈 ,𝑊𝑖𝑗]] .

 

[∇𝜇, 𝑔𝜇] = −
𝑖

8
(𝜎‾𝜇)𝛼̇𝛼[{∇𝑖𝛼 , ∇‾ 𝛼̇

𝑖 }, 𝑔𝜇]

 = −
𝑖

8
(𝜎‾𝜇)𝛼̇𝛼 ({−(𝜎‾𝜇𝜈)𝛼̇

𝛽̇
[∇𝜈 , 𝐺‾𝛽̇

𝑖 ] + (𝐶𝜎‾𝜇)𝛼̇
𝛽
[𝐺𝛽

𝑗
,𝑊𝑗

𝑖] , ∇𝑖𝛼}

 

{−(𝜎𝜇𝜈)𝛼
𝛽
[∇𝜈, 𝐺𝑖𝛽] + (𝜎‾𝜇𝐶)𝛼

𝛽̇
[𝐺‾
𝛽̇

𝑗
,𝑊𝑖𝑗] , ∇‾ 𝛼̇

𝑖 })

|

|

(

 
 
 
 

{[∇𝜈 , 𝐺‾𝛽̇
𝑖 ] , ∇𝑖𝛼} = −2𝑖(𝜎

𝜌)𝛼𝛽̇[∇
𝜈 , 𝑔𝜌] − 𝑖(𝜎‾

𝜈𝐶)𝛼
𝛾̇
 𝛼 {𝐺‾𝑖𝛾̇, 𝐺‾𝛽̇

𝑖 } ,

{[𝐺𝑗  𝛽 ,𝑊
𝑖  𝑗], ∇𝑖𝛼} = −5𝑖{𝐺𝑗𝛼 , 𝐺

𝑗 𝛽} +
1

2
𝐶𝛼𝛽 [[∇𝑧,𝑊𝑖𝑗],𝑊

𝑖𝑗] ,

{[∇𝜈 , 𝐺𝑖𝛽], ∇‾ 𝛼̇
𝑖 } = 2𝑖(𝜎𝜌)𝛽𝛼̇[∇

𝜈 , 𝑔𝜌] + 𝑖(𝐶𝜎‾
𝜈)𝛼̇
𝛾
{𝐺𝑖  𝛾 , 𝐺𝑖𝛽},

{[𝐺‾𝑗 𝛽̇ ,𝑊𝑖𝑗], ∇‾ 𝛼̇
𝑖 } = 5𝑖{𝐺‾𝑗𝛼̇ , 𝐺‾

𝑗 𝛽̇} −
1

2
𝐶𝛼̇𝛽̇ [[∇𝑧,𝑊

𝑖𝑗],𝑊𝑖𝑗] , )

 
 
 
 

= −3[∇𝜌, 𝑔𝜌] − 4{𝐺‾𝑖𝛾̇ , 𝐺‾
𝑖𝛾̇} − 4{𝐺𝑖𝛾 , 𝐺

𝑖𝛾} + 𝑖 [𝑊𝑖𝑗 , [∇𝑧,𝑊𝑖𝑗]] ,

 

[∇𝜇, 𝑔𝜇] = −{𝐺‾𝑖𝛾̇, 𝐺‾
𝑖𝛾̇} − {𝐺𝑖𝛾, 𝐺

𝑖𝛾} +
𝑖

4
[𝑊𝑖𝑗 , [∇𝑧,𝑊𝑖𝑗]] .  

𝑍(𝛽, 𝑔) = tr[𝑈̂(𝑔)𝑒−𝛽𝐻̂]  

𝑍(𝛽, 𝑔) = tr[𝑈̂(𝜂)𝑈̂(𝑔)𝑈̂(𝜂)−1𝑒−𝛽𝐻] = tr[𝑈̂(𝜂𝑔𝜂−1)𝑒−𝛽𝐻] = 𝑍(𝛽, 𝜂𝑔𝜂−1)  

𝑍(𝛽, 𝛾𝑝) = tr𝑒
−𝛽𝐻̂𝑒𝑖𝛾𝑝𝑄̂𝑝  

𝑍(𝛽, 𝜇𝑝) ≡ trexp [−𝛽(𝐻̂ − 𝜇𝑝𝑄̂𝑝)]  

𝜙𝑖𝑗 ≡
1

2
𝜖𝑖𝑗𝑘𝑙𝜙𝑘𝑙 .  

𝜙12 = 𝜙34
∗ , 𝜙13 = 𝜙42

∗ , 𝜙14 = 𝜙23
∗ ,  

𝜙1 ≡ 𝜙12 , 𝜙2 ≡ 𝜙13, 𝜙3 ≡ 𝜙14.  

𝑄1
4 =

1

2
diag(1,1,−1,−1),

𝑄2
4 =

1

2
diag(1,−1,1, −1),

𝑄3
4 =

1

2
diag(1,−1,−1,1).

 

𝜙𝑇 ≡ (𝜙1, 𝜙1
∗, 𝜙2, 𝜙2

∗ , 𝜙3, 𝜙3
∗)𝑇  

𝑄1
𝟔 = diag(1,−1,0,0,0,0),

𝑄2
𝟔 = diag(0,0,1,−1,0,0),

𝑄3
𝟔 = diag(0,0,0,0,1,−1).

 

∑  

3

𝑝=1

 𝜇𝑝𝑄𝑝
6 = diag(𝜇1, −𝜇1, 𝜇2, −𝜇2, 𝜇3, −𝜇3).  

𝜇̃1 ≡
1

2
(𝜇1 + 𝜇2 + 𝜇3), 𝜇̃2 ≡

1

2
(𝜇1 − 𝜇2 − 𝜇3),

𝜇̃3 ≡
1

2
(−𝜇1 + 𝜇2 − 𝜇3), 𝜇̃4 ≡

1

2
(−𝜇1 − 𝜇2 + 𝜇3),

 

𝐷𝜈 → 𝐷𝜈 − 𝜇𝑝𝑄𝑝𝛿𝜈0  
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𝜆𝛼(𝜏𝜈)𝛼𝛽̇ (𝐷
↔

𝜈 − 𝜇̃𝛿𝜈,0) 𝜆‾
𝛽̇ =

1

2
𝜓‾(D̸ − 𝜇̃𝛾0𝛾5)𝜓  

𝜏𝜈 ≡ (𝟏, 𝑖𝜎 ), 𝜏‾𝜈 ≡ (𝟏,−𝑖𝜎 )

𝛾𝜈 ≡ (
0 𝜏𝜈
𝜏‾𝜈 0

) , 𝛾5 ≡ 𝛾0𝛾1𝛾2𝛾3 = (
𝟏 0
0 −𝟏

)
 

𝜓 = 𝐶𝜓‾,  

[𝑇𝑎, 𝑇𝑏] = 𝑖𝑓𝑎𝑏𝑐𝑇𝑐  

tr(𝑇𝑎𝑇𝑏) =
1

2
𝛿𝑎𝑏  

Φ ≡ (𝑋1, 𝑌1, 𝑋2, 𝑌2, 𝑋3, 𝑌3).  

ℒ =tr {
1

2
(𝐹𝜇𝜈)

2
+ (𝐷𝜈𝑋𝑝 − 𝑖𝜇𝑝𝛿𝜈,0𝑌𝑝)

2
+ (𝐷𝜈𝑌𝑝 + 𝑖𝜇𝑝𝛿𝜈,0𝑋𝑝)

2
+ 𝑅−2(Φ𝐴)

2

+𝑖𝜓‾𝑖(D̸ − 𝜇̃𝑖𝛾0𝛾5)𝜓𝑖 +
1

2
𝑔2(𝑖[Φ𝐴, Φ𝐵])

2 − 𝑔𝜓‾𝑖[(𝛼𝑖𝑗
𝑝
𝑋𝑝 + 𝑖𝛽𝑖𝑗

𝑞
𝛾5𝑌𝑞), 𝜓𝑗]}

 

{𝛼𝑝 , 𝛼𝑞} = −2𝛿𝑝𝑞𝟏4×4, {𝛽
𝑝 , 𝛽𝑞} = −2𝛿𝑝𝑞𝟏4×4, [𝛼

𝑝 , 𝛽𝑞] = 0  

𝛼1 = (
0 𝜎1
−𝜎1 0

) , 𝛼2 = (
0 −𝜎3
𝜎3 0

) , 𝛼3 = (
𝑖𝜎2 0
0 𝑖𝜎2

) ,

𝛽1 = (
0 𝑖𝜎2
𝑖𝜎2 0

) , 𝛽2 = (
0 𝜎0
−𝜎0 0

) , 𝛽3 = (
−𝑖𝜎2 0
0 𝑖𝜎2

) .
 

𝑍 = ∫  𝒟𝐴𝜇𝒟𝜓𝑖𝒟Φ𝐴𝑒
−∫  𝑑4𝑥ℒ  

𝐴0(𝑥) ⟶ 𝐴̃0(𝑥) + 𝑎/𝑔  

(𝜔𝑘 + 𝑞𝑚 − 𝑞𝑛 ± 𝑖𝜇𝑝)
2
+ (ℎ + 1)2,  

𝑆eff(𝑈) = −∑  

∞

𝑛=1

 
1

𝑛
{𝑧𝐵(𝑥

𝑛) + (−1)𝑛+1𝑧𝐹(𝑥
𝑛)}[tr(𝑈𝑛)tr(𝑈†𝑛) − 1],  

𝑧𝐵(𝑥) ≡ 𝑧𝑆(𝑥) + 𝑧𝑉(𝑥)

𝑧𝑉(𝑥) ≡
6𝑥2 − 2𝑥3

(1 − 𝑥)3

𝑧𝑆(𝑥) ≡
𝑥 + 𝑥2

(1 − 𝑥)3
(𝑥𝜇1 + 𝑥−𝜇1 + 𝑥𝜇2 + 𝑥−𝜇2 + 𝑥𝜇3 + 𝑥−𝜇3)

𝑧𝐹(𝑥) ≡
2𝑥3/2

(1 − 𝑥)3
(𝑥

1
2
𝜇1 + 𝑥−

1
2
𝜇1) (𝑥

1
2
𝜇2 + 𝑥−

1
2
𝜇2) (𝑥

1
2
𝜇3 + 𝑥−

1
2
𝜇3)

 

𝑍(𝑥) = ∫  𝑑𝑈exp [−𝑆eff(𝑈)]  

𝑆eff[𝜌] = 𝑁𝑐
2∑  

∞

𝑛=1

 𝑉𝑛𝜌𝑛
2,  

𝜌𝑛 ≡ ∫  
𝜋

−𝜋

𝑑𝜃𝜌(𝜃)cos (𝑛𝜃) 

𝑉𝑛 ≡
1

𝑛
{1 − [𝑧𝐵(𝑥

𝑛) + (−1)𝑛+1𝑧𝐹(𝑥
𝑛)]}.  

𝐹 = min
{𝜌}
 
𝑆eff[𝜌]

𝛽
+ 𝒪(𝑁𝑐

0)  

𝑧𝐵(𝑥
𝑛) + (−1)𝑛+1𝑧𝐹(𝑥

𝑛) < 1  
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𝑧𝐵(𝑥) + 𝑧𝐹(𝑥) = 1  

⟨
1

𝑁𝑐
tr𝒫 (𝑒𝑖𝑔 ∫  

𝛽

0
 𝑑𝑥0𝐴0)⟩ = ⟨

1

𝑁𝑐
tr𝑒𝑖𝛽𝑎⟩ = ⟨

1

𝑁𝑐
tr𝑈⟩ = ∫  

𝜋

−𝜋

 𝑑𝜃𝜌(𝜃)𝑒𝑖𝜃 = 𝜌1  

𝑒−𝛽(1−𝜇1) + 𝑒−𝛽(1−𝜇2) + 𝑒−𝛽(1−𝜇3) + 2𝑒−
1
2
𝛽(3−𝜇1−𝜇2−𝜇3) = 1,  

lim
𝑁𝑐→∞

 
𝛽𝐹

𝑁𝑐
2 = −

𝜖2

4
+ 𝒪(𝜖3)  

𝑞𝑝 ≡ lim
𝑁𝑐→∞

 
𝑄𝑝

𝑁𝑐
2  

𝐴𝑖 ≡ √𝑍1𝑇𝐴̃𝑖 , 𝐴0 ≡ √𝑍2𝑇𝐴̃0, Φ𝐴 ≡ √𝑍3𝑇Φ̃𝐴  

ℒESYM3
= 𝑓 + tr [

1

2
(𝐹̃𝑖𝑗)

2
+ (𝐷𝑖𝐴̃0)

2
+𝑀𝐷

2𝐴̃0
2 + (𝐷𝑖Φ̃𝐴)

2
+𝑚𝐴

2Φ̃𝐴
2] + 𝑉(𝐴̃0, Φ̃𝐴)  

𝑓 = −
𝑁𝑐
2𝑇3

12
{2𝜋2 − 3𝜆 −

3

𝑇2𝑅2
+∑  

3

𝑝=1

 
2𝜇𝑝

2

𝑇2
+∑  

4

𝑖=1

 
𝜇̃𝑖
2

𝑇2
+ 𝒪(𝜆2)}  

𝑚𝐴
2 = 𝑅−2 − 𝜇𝐴

2 + 𝛿𝑚2(𝑇),  

𝜇𝐴 ≡ {

𝜇1, 𝐴 = 1 or 2
𝜇2, 𝐴 = 3 or 4
𝜇3, 𝐴 = 5 or 6

 

𝛿𝑚2(𝑇) = 𝑇2[𝜆 + 𝒪(𝜆2)].  

𝑀𝐷
2 = 𝑇2[2𝜆 + 𝒪(𝜆2)].  

𝑉(𝐴̃0, Φ̃𝐴) = 𝑉tree (𝐴̃0, Φ̃𝐴) + 𝛿𝑉(𝐴̃0, Φ̃𝐴).  

𝑉tree (𝐴̃0, Φ̃𝐴) = tr {2𝑔3𝜇𝑝([𝐴̃0, 𝑋̃𝑝]𝑌̃𝑝) + 𝑔3
2(𝑖[𝐴̃0, Φ̃𝐴])

2
+
1

2
𝑔3
2(𝑖[Φ̃𝐴, Φ̃𝐵])

2
} .  

𝛿𝑉quartic (Φ̃𝐴) =
ln 2

2𝜋2
𝑔3
4

𝑇
tr (Φ̃𝐵

adj 
Φ̃𝐶

adj 
Φ̃𝐵

adj 
Φ̃𝐶

adj 
)  

𝛿𝑉flat (Φ̃𝐴)=
1

2
𝜋2𝑇3tr [(ln 2) (

𝑔3
2

𝜋2𝑇2
∑ 

𝐴

  Φ̃𝐴
adj 
Φ̃𝐴

adj 
)

2

 

+∑  

∞

𝑙=3

 8(1 − 4−𝑙+2)
(2𝑙 − 5)!!

(2𝑙)!!
𝜁(2𝑙 − 3)(−

𝑔3
2

𝜋2𝑇2
∑ 

𝐴

  Φ̃𝐴
adj 
Φ̃𝐴

adj 
)

𝑙

]

 

𝜌𝐴
𝑚 ≡

𝑔3
𝜋𝑇
𝜆̃𝐴
𝑚  

tr [(
𝑔3
2

𝜋2𝑇2
∑ 

𝐴

  Φ̃𝐴
adj
Φ̃𝐴
adj
)

𝑙

] =∑  

𝑚,𝑛

 ∑  

𝐴

  (𝜌𝐴
𝑚 − 𝜌𝐴

𝑛)2𝑙  

𝜇𝐴
2 < 𝑅−2 + 𝜆𝑇2.  

Φ̃𝐴 = 0, 𝐴̃0 = 0  

1

2
𝑁𝑐
2𝑇∫  

𝑑3𝑝

(2𝜋)3
ln (𝑝2 +𝑚2) = −𝑁𝑐

2𝑇
𝑚3

12𝜋
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−
𝑁𝑐
2𝑇

12𝜋
(𝑀𝐷

3 +∑  

6

𝐴=1

 𝑚𝐴
3) .  

𝐹plasma = −
𝑁𝑐
2

12
𝑇4𝒱{2𝜋2−3𝜆 −

3

𝑇2𝑅2
+∑  

3

𝑝=1

 
2𝜇𝑝

2

𝑇2
+∑  

4

𝑖=1

 
𝜇̃𝑖
2

𝑇2
 

+
(2𝜆)3/2

𝜋
+
2

𝜋
∑  

3

𝑝=1

 (𝜆 +
1

𝑇2𝑅2
−
𝜇𝑝
2

𝑇2
)

3/2

+ 𝒪(𝜆2)}

 

(𝜌𝐴
𝑚)2 ∼

|𝑚𝐴
2|

𝜆𝑇2
.  

−𝑁𝑐
2𝑇3 [max

𝐴
 (−

𝑚𝐴
2

𝜆𝑇2
)]

2

 

Φ̃𝐴 = ⟨Φ̃𝐴⟩ + 𝛿Φ̃𝐴,  

⟨(Φ̃𝐴)𝑚𝑛⟩ =
(𝜋𝑇/𝑔3)𝜌𝐴

𝑚𝛿𝑚𝑛  

𝛿𝑉tree (Φ̃𝐴) =∑  

𝑚,𝑛

 𝑀𝑚𝑛
2 {|(𝐴̃0)𝑚𝑛|

2
+∑  

𝐵

  |(𝛿Φ̃𝐵)𝑚𝑛|
2
} + 𝒪(𝛿Φ̃3) + 𝒪(𝛿Φ̃𝐴̃0

2)  

𝑀𝑚𝑛
2 ≡ 𝜋2𝑇2∑ 

𝐴

  (𝜌𝐴
𝑚 − 𝜌𝐴

𝑛)2  

ℒHSYM3
= tr [

1

2
(𝐹̃𝑖𝑗)

2
+ (𝐷𝑖𝐴̃0)

2
+𝑀𝐷

2𝐴̃0
2 + (𝐷𝑖Φ̃𝐴)

2
] + 𝑉‾(Φ̃𝐴)  

𝑉‾(Φ̃𝐴) = 𝑓 + tr(𝑚𝐴
2Φ̃𝐴

2) + 𝛿𝑉flat (Φ̃𝐴) + 𝛿𝑉off-diag (Φ̃𝐴),  

𝛿𝑉off-diag (Φ̃𝐴) = −
2

3
𝜋2𝑇3tr [(

𝑔3
2

𝜋2𝑇2
∑ 

𝐴

  Φ̃𝐴
adj 
Φ̃𝐴

adj 
)

3/2

]  

𝑉‾(𝜌𝐴
𝑚) =

1

2
𝜋2𝑇3∑ 

𝑚,𝑛

  [ℎ(𝜌𝑚𝑛) +∑  

𝐴

 𝛿𝑚̂𝐴
2(𝜌𝐴

𝑚 − 𝜌𝐴
𝑛)2]  

𝜌𝑚𝑛 ≡ [∑  

𝐴

  (𝜌𝐴
𝑚 − 𝜌𝐴

𝑛)2]

1/2

 

𝛿𝑚̂𝐴
2 ≡

𝑚𝐴
2

𝜆𝑇2
− 1 =

𝑅−2 − 𝜇𝐴
2

𝜆𝑇2
,  

 

ℎ(𝑣) = −
1

3
+ 𝑣2 −

4

3
𝑣3 + (ln 2)𝑣4 +∑  

∞

𝑙=3

 8(1 − 4−𝑙+2)
(2𝑙 − 5)!!

(2𝑙)!!
𝜁(2𝑙 − 3)(−𝑣2)𝑙  

ℎ(𝑣) = −
1

3
+ 𝑣2 −

4

3
𝑣3 +

8

3
∑  

∞

𝑗=1

  (−1)𝑗−1 [(𝑗2 + 𝑣2)3/2 − 𝑗3 −
3

2
𝑣2𝑗]  

ℎ(𝑣) ∼ −
4

𝜋2
(2𝑣)3/2𝑒−𝜋𝑣  

𝜌𝐴
𝑚 = 𝑣𝛿𝐴,1(𝛿𝑚,1 − 1/𝑁𝑐)  

𝑉‾(𝑣) = −
1

6
𝜋2𝑇3𝑁𝑐

2 + 𝜋2𝑇3𝑁𝑐 [ℎ(𝑣) +
1

3
+ 𝛿𝑚̂1

2𝑣2] + 𝒪(𝑁𝑐
0).  

Δ𝑉‾ ≡ max
𝑣
 𝑉‾ (𝑣) − 𝑉‾(0) = 𝒪(𝑁𝑐𝑇

3).  
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𝑒−𝒱Δ𝑉‾ = 𝑒−𝒪(𝑁𝑐(𝑇𝑅)
3),  

𝑒−𝑆bounce = 𝑒−𝒪(𝑁𝑐𝜆
−3/2)  

𝜇max(𝑇) = √𝜆𝑇
2 + 𝑅−2 × [1 + 𝒪(𝜆)]  

𝐴𝜈(𝑥) ⟶ 𝐴̃𝜈(𝑥) + 𝛿𝜈,0𝑎/𝑔  

tr {(𝜕𝜈𝐴̃𝜈 + 𝑖[𝑎, 𝐴̃0])
2
}  

◻𝑚𝑛≡ (𝜕𝜈 + 𝑖𝑞
𝑚𝑛𝛿𝜈,0)

2
 

ℒ̂quad =∑  

𝑚,𝑛

 {(𝐴̃𝜈)𝑚𝑛
∗
(− ◻𝑚𝑛)(𝐴̃𝜈)𝑚𝑛

+((𝑋𝑝)𝑚𝑛
∗
, (𝑌𝑝)𝑚𝑛

∗
) (

−◻𝑚𝑛+ 1 − 𝜇𝑝
2 2𝑖𝜇𝑝(𝜕0 + 𝑖𝑞

𝑚𝑛)

−2𝑖𝜇𝑝(𝜕0 + 𝑖𝑞
𝑚𝑛) − ◻𝑚𝑛+ 1 − 𝜇𝑝

2 )(
(𝑋𝑝)𝑚𝑛
(𝑌𝑝)𝑚𝑛

) 

+(𝜓‾𝑖)𝑚𝑛
∗ (𝑖 ∂̸ − 𝛾0𝑞

𝑚𝑛 − 𝑖𝜇̃𝑖𝛾0𝛾5)(𝜓𝑖)𝑚𝑛}

 

ln 𝑍g = −
1

2
[∑  

𝑘

 ∑  

𝑚,𝑛

 trln {(𝜔𝑘 + 𝑞
𝑚𝑛)2 + Δ𝑔

2 } − trln (𝜔𝑘
2 + Δ𝑔

2)] .  

ln 𝑍s = −
1

2
∑  

𝑘

 ∑  

𝑝

 [∑  

𝑚,𝑛

 trln [{(𝜔𝑘 + 𝑞
𝑚𝑛 + 𝑖𝜇𝑝)

2
+ Δ𝑠

2} {(𝜔𝑘 + 𝑞
𝑚𝑛 − 𝑖𝜇𝑝)

2
+ Δ𝑠

2}]

−trln [{(𝜔𝑘 + 𝑖𝜇𝑝)
2
+ Δ𝑠

2} {(𝜔𝑘 − 𝑖𝜇𝑝)
2
+ Δ𝑠

2}]] .

 

ln 𝑍f =
1

2
∑  

𝑘

 ∑  

𝑖

  [∑  

𝑚,𝑛

 trln [{(𝜔𝑘 + 𝑞
𝑚𝑛 + 𝑖𝜇̃𝑖)

2 + Δ𝑓
2}{(𝜔𝑘 + 𝑞

𝑚𝑛 − 𝑖𝜇̃𝑖)
2 + Δ𝑓

2}]

−trln [{(𝜔𝑘 + 𝑖𝜇̃𝑖)
2 + Δ𝑓

2}{(𝜔𝑘 − 𝑖𝜇̃𝑖)
2 + Δ𝑓

2}]] .

 

ln 𝑍g = −
1

2
∑  

𝑚,𝑛

 trln [{1 − 𝑒−𝛽(Δ𝑔+𝑖𝑞
𝑚𝑛)}{1 − 𝑒−𝛽(Δ𝑔−𝑖𝑞

𝑚𝑛)}] + trln (1 − 𝑒−𝛽Δ𝑔)

ln 𝑍s = −∑  

𝑝

  [
1

2
∑  

𝑚,𝑛

 trln [{1 − 𝑒−𝛽(Δ𝑠+𝜇𝑝+𝑖𝑞
𝑚𝑛)}{1 − 𝑒−𝛽(Δ𝑠+𝜇𝑝−𝑖𝑞

𝑚𝑛)}

× {1 − 𝑒−𝛽(Δ𝑠−𝜇𝑝+𝑖𝑞
𝑚𝑛)}{1 − 𝑒−𝛽(Δ𝑠−𝜇𝑝−𝑖𝑞

𝑚𝑛)}]

−trln [{1 − 𝑒−𝛽(Δ𝑠+𝜇𝑝)}{1 − 𝑒−𝛽(Δ𝑠−𝜇𝑝)}]]

ln 𝑍f =∑  

𝑖

  [
1

2
∑  

𝑚,𝑛

 trln [{1 + 𝑒−𝛽(Δ𝑓+𝜇̃𝑖+𝑖𝑞
𝑚𝑛)}{1 + 𝑒−𝛽(Δ𝑓+𝜇̃𝑖−𝑖𝑞

𝑚𝑛
}

× {1 + 𝑒−𝛽(Δ𝑓−𝜇̃𝑖+𝑖𝑞
𝑚𝑛)}{1 + 𝑒−𝛽(Δ𝑓−𝜇̃𝑖−𝑖𝑞

𝑚𝑛)}]

 −trln [{1 + 𝑒−𝛽(Δ𝑓+𝜇̃𝑖)}{1 + 𝑒−𝛽(Δ𝑓−𝜇̃𝑖)}]

 

−∑ 

𝑝

  [
1

2
∑  

𝑚,𝑛

 trln {1 − 𝑒−𝛽(Δ𝑠+𝜇𝑝+𝑖𝑞
𝑚𝑛)} −

1

2
trln {1 − 𝑒−𝛽(Δ𝑠+𝜇𝑝)}]  

=
1

2
∑  

𝑝

 ∑  

∞

ℎ=0

  (ℎ + 1)2∑ 

∞

𝑙=1

 
1

𝑙
𝑒−𝑙𝛽Δ𝑠𝑒−𝑙𝛽𝜇𝑝 (∑  

𝑚,𝑛

  𝑒−𝑖𝑙𝛽𝑞
𝑚
𝑒𝑖𝑙𝛽𝑞

𝑛
− 1)  

=
1

2
∑  

∞

𝑙=1

 
1

𝑙
(∑  

∞

ℎ=0

  (ℎ + 1)2𝑒−𝑙𝛽Δ𝑠)(∑  

𝑝

 𝑒−𝑙𝛽𝜇𝑝)(∑  

𝑚

 𝑒−𝑖𝑙𝛽𝑞
𝑚
∑ 

𝑛

  𝑒𝑖𝑙𝛽𝑞
𝑛
− 1) 

 =
1

2
∑  

∞

𝑙=1

 
1

𝑙

𝑥𝑙 + 𝑥2𝑙

(1 − 𝑥𝑙)3
(∑ 

𝑝

 𝑥𝑙𝜇𝑝) (tr𝑈𝑙tr𝑈†𝑙 − 1)
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ln 𝑍𝑔  = ∑  

∞

𝑙=1

 
1

𝑙

6𝑥2𝑙 − 2𝑥3𝑙

(1 − 𝑥𝑙)3
(tr𝑈𝑙tr𝑈†𝑙 − 1)

ln 𝑍𝑠  = ∑  

∞

𝑙=1

 
1

𝑙

𝑥𝑙 + 𝑥2𝑙

(1 − 𝑥𝑙)3
[∑  

3

𝑝=1

  (𝑥𝑙𝜇𝑝 + 𝑥−𝑙𝜇𝑝)] (tr𝑈𝑙tr𝑈†𝑙 − 1)

ln 𝑍𝑓  = ∑  

∞

𝑙=1

 
(−1)𝑙+1

𝑙

2𝑥
3
2
𝑙

(1 − 𝑥𝑙)3
[∑  

4

𝑖=1

  (𝑥𝑙𝜇̃𝑖 + 𝑥−𝑙𝜇̃𝑖)] (tr𝑈𝑙tr𝑈†𝑙 − 1)

 =∑  

∞

𝑙=1

 
(−1)𝑙+1

𝑙

2𝑥
3
2
𝑙

(1 − 𝑥𝑙)3
[∏  

3

𝑝=1

  (𝑥
1
2
𝑙𝜇𝑝 + 𝑥−

1
2
𝑙𝜇𝑝)] (tr𝑈𝑙tr𝑈†𝑙 − 1)

 

𝑆eff(𝑈) ≡ −ln 𝑍𝑔 − ln 𝑍𝑠 − ln 𝑍𝑓 ,  

𝐹

𝒱
= −

𝜋2

45
𝑇4 +

𝑚2 − 2𝜇2

12
𝑇2 −

(𝑚2 − 𝜇2)3/2

6𝜋
𝑇 +⋯ ,  

𝐹𝑛=0

𝒱
= 𝑇∫  

𝑑3𝑝

(2𝜋)3
ln (𝑝2 +𝑚2 − 𝜇2) = −

(𝑚2 − 𝜇2)3/2

6𝜋
𝑇.  

𝐹𝑛≠0

𝒱
= −𝑇4 {

𝜋2

45
−
1

12
(
𝑚2 − 2𝜇2

𝑇2
) + 𝒪 (

𝜇2𝑚2

𝑇4
,
𝑚4

𝑇4
,
𝜇4

𝑇4
)} .  

𝐹𝐵
𝑛≠0

𝒱
= −𝑁𝑐

2𝑇4 {
4𝜋2

45
−
1

12
[
3

𝑇2𝑅2
−
2(𝜇1

2 + 𝜇2
2 + 𝜇3

2)

𝑇2
] + 𝒪(𝜆2)} ,  

𝐹

𝒱
= −𝑇4 (

7𝜋2

360
+

𝜇2

12𝑇2
+

𝜇4

24𝑇4
)  

𝐹𝐹
𝒱
= −𝑁𝑐

2𝑇4 {
7𝜋2

90
+
1

12
(
𝜇̃1
2 + 𝜇̃2

2 + 𝜇̃3
2 + 𝜇̃4

2

𝑇2
) + 𝒪(𝜆2)}  

𝐹1− loop 

𝒱
= −

𝑁𝑐
2𝑇4

12
{2𝜋2 −

3

𝑇2𝑅2
+
2(𝜇1

2 + 𝜇2
2 + 𝜇3

2)

𝑇2
+
𝜇̃1
2 + 𝜇̃2

2 + 𝜇̃3
2 + 𝜇̃4

2

𝑇2
+ 𝒪(𝜆2)} .  

𝐹2− loop 

𝒱
=
1

4
𝑁𝑐
2𝑇4𝜆 + 𝒪(𝜆2)  

𝑓 = −
𝑁𝑐
2𝑇3

12
{2𝜋2 − 3𝜆 −

3

𝑇2𝑅2
+
2(𝜇1

2 + 𝜇2
2 + 𝜇3

2)

𝑇2
+
𝜇̃1
2 + 𝜇̃2

2 + 𝜇̃3
2 + 𝜇̃4

2

𝑇2
+ 𝒪(𝜆2)}  

𝒴𝑝
′ ≡ (

𝑒𝛾𝐸Λ2

4𝜋
)

𝜖

𝑇∑  

𝑛≠0

 ∫  
𝑑3−2𝜖𝑝

(2𝜋)3−2𝜖
.  

 (𝑆1) = −
5

12
𝜆𝑇2

 (𝑆2) = −
1

12
(3 + 𝛼)𝜆𝑇2

 (𝑆3) =
𝛼

12
𝜆𝑇2 +

𝜆

16𝜋2
(
1

𝜖
+ 𝐿𝑏) (3 − 𝛼)𝑝

2 + 𝒪 (
𝑝4

𝑇2
)

 (𝑆4) = −
1

3
𝜆𝑇2 −

𝜆

4𝜋2
(
1

𝜖
+ 𝐿𝑓) 𝑝

2 + 𝒪 (
𝑝4

𝑇2
)

 (𝑆5) = −𝛿𝑍(1)𝑝2

 

𝐿𝑏 ≡ ln 
Λ2

𝑇2
− 2ln (4𝜋) + 2𝛾𝐸 , 𝐿𝑓 ≡ ln 

Λ2

𝑇2
− 2ln (4𝜋) + 2𝛾𝐸 + 4ln 2  
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−Πhard(𝑝)≡ (𝑆1) + (𝑆2) + (𝑆3) + (𝑆4) + (𝑆5)  

 = −𝜆𝑇2 + 𝑝2
𝜆

16𝜋2
{(3 − 𝛼)𝐿𝑏 − 4𝐿𝑓 −

1 + 𝛼

𝜖
} − 𝑝2𝛿𝑍(1) + 𝒪 (

𝑝4

𝑇2
)

 

𝛿𝑍(1) = −(1 + 𝛼)
𝜆

16𝜋2𝜖
 

−Πhard(𝑝) = −𝜆𝑇
2 + 𝑝2

𝜆

16𝜋2
{(3 − 𝛼)𝐿𝑏 − 4𝐿𝑓} + 𝒪 (

𝑝4

𝑇2
)  

⟨Φ𝐴(𝑥)Φ𝐵(𝑦)⟩ = 𝛿𝐴𝐵𝑇∫  
𝑑3𝑝

(2𝜋)3
𝑒𝑖𝑝 ⋅(𝑥 −𝑦⃗ )𝐺(𝑝)  

𝐺−1(𝑝)= 𝑝2 + Πhard(𝑝) + Πsoft(𝑝)  

 = 𝑝2(1 + 𝐴) + 𝜆𝑇2 + Πsoft(𝑝) + 𝒪(𝑝
4/𝑇2) + 𝒪(𝜆2𝑇2)

 

⟨Φ̃𝐴(𝑥)Φ̃𝐵(𝑦)⟩ = 𝛿𝐴𝐵∫  
𝑑3𝑝

(2𝜋)3
𝑒𝑖𝑝 ⋅(𝑥 −𝑦⃗ )𝐺̃(𝑝)  

𝐺̃−1(𝑝) = 𝑝2 + 𝛿𝑚2(𝑇) + Πsoft(𝑝),  

𝑍3 = (1 + 𝐴)
−1 = 1 +

𝜆

16𝜋2
{(3 − 𝛼)𝐿𝑏 − 4𝐿𝑓} + 𝒪(𝜆

2),  

𝛿𝑚2(𝑇) = 𝜆𝑇2 + 𝒪(𝜆2𝑇2).  

 

(Γ1)𝐴𝐵𝐶𝐷
𝑎𝑏𝑐𝑑 ≡ 𝑁𝑐

−2[tr(𝑉𝑎𝑉𝑏𝑉𝑐𝑉𝑑)(𝛿𝐴𝐵𝛿𝐶𝐷 + 𝛿𝐴𝐷𝛿𝐵𝐶 − 2𝛿𝐴𝐶𝛿𝐵𝐷)

+tr(𝑉𝑎𝑉𝑏𝑉𝑑𝑉𝑐)(𝛿𝐴𝐶𝛿𝐵𝐷 + 𝛿𝐴𝐵𝛿𝐶𝐷 − 2𝛿𝐴𝐷𝛿𝐵𝐶)  

+tr(𝑉𝑎𝑉𝑐𝑉𝑏𝑉𝑑)(𝛿𝐴𝐶𝛿𝐵𝐷 + 𝛿𝐴𝐷𝛿𝐵𝐶 − 2𝛿𝐴𝐵𝛿𝐶𝐷)]

(Γ2)𝐴𝐵𝐶𝐷
𝑎𝑏𝑐𝑑 ≡ 𝑁𝑐

−2[tr(𝑉𝑎𝑉𝑏𝑉𝑐𝑉𝑑)(𝛿𝐴𝐵𝛿𝐶𝐷 + 𝛿𝐴𝐷𝛿𝐵𝐶)

 +tr(𝑉𝑎𝑉𝑏𝑉𝑑𝑉𝑐)(𝛿𝐴𝐶𝛿𝐵𝐷 + 𝛿𝐴𝐵𝛿𝐶𝐷)

+tr(𝑉𝑎𝑉𝑐𝑉𝑏𝑉𝑑)(𝛿𝐴𝐶𝛿𝐵𝐷 + 𝛿𝐴𝐷𝛿𝐵𝐶)]

 

 (𝑄1) =
𝜆2

16𝜋2
(
1

𝜖
+ 𝐿𝑏) [4(Γ1)𝐴𝐵𝐶𝐷

𝑎𝑏𝑐𝑑 + 5(Γ2)𝐴𝐵𝐶𝐷
𝑎𝑏𝑐𝑑 ],

 (𝑄2) = (3 + 𝛼2)
𝜆2

16𝜋2
(
1

𝜖
+ 𝐿𝑏) (Γ2)𝐴𝐵𝐶𝐷

𝑎𝑏𝑐𝑑 ,

 (𝑄3) = −2𝛼2
𝜆2

16𝜋2
(
1

𝜖
+ 𝐿𝑏) (Γ2)𝐴𝐵𝐶𝐷

𝑎𝑏𝑐𝑑 ,

 (𝑄4) = 𝛼2
𝜆2

16𝜋2
(
1

𝜖
+ 𝐿𝑏) (Γ2)𝐴𝐵𝐶𝐷

𝑎𝑏𝑐𝑑 ,

 (𝑄5) = −4𝛼
𝜆2

16𝜋2
(
1

𝜖
+ 𝐿𝑏) (Γ1)𝐴𝐵𝐶𝐷

𝑎𝑏𝑐𝑑 ,

 (𝑄6) = −8
𝜆2

16𝜋2
(
1

𝜖
+ 𝐿𝑓) [(Γ1)𝐴𝐵𝐶𝐷

𝑎𝑏𝑐𝑑 + (Γ2)𝐴𝐵𝐶𝐷
𝑎𝑏𝑐𝑑 ],

 (𝑄7) = −4𝜆𝛿𝑍(1)(Γ1)𝐴𝐵𝐶𝐷
𝑎𝑏𝑐𝑑 .

 

(𝑄7) = 4
𝜆2

16𝜋2𝜖
(1 + 𝛼)(Γ1)𝐴𝐵𝐶𝐷

𝑎𝑏𝑐𝑑  
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⟨Φ𝐴
𝑎Φ𝐵

𝑏Φ𝐶
𝑐Φ𝐷

𝑑⟩
1PI
= (Γ1)𝐴𝐵𝐶𝐷

𝑎𝑏𝑐𝑑 (−2𝜆 +
𝜆2

4𝜋2
[(1 − 𝛼)𝐿𝑏 − 2𝐿𝑓]) 

 +(Γ2)𝐴𝐵𝐶𝐷
𝑎𝑏𝑐𝑑

𝜆2

2𝜋2
[𝐿𝑏 − 𝐿𝑓] + 𝒪(𝜆

3)

 

⟨Φ̃𝐴
𝑎Φ̃𝐵

𝑏Φ̃𝐶
𝑐 Φ̃𝐷

𝑑⟩
1PI

= −2𝜆𝑇2(Γ1)𝐴𝐵𝐶𝐷
𝑎𝑏𝑐𝑑 − (ln 4)

𝜆2𝑇2

𝜋2
[(Γ2)𝐴𝐵𝐶𝐷

𝑎𝑏𝑐𝑑 − (Γ1)𝐴𝐵𝐶𝐷
𝑎𝑏𝑐𝑑 ] + 𝒪(𝜆3)  

1

2
𝑔3
2tr(𝑖[Φ̃𝐴, Φ̃𝐵])

2
+
ln 2

2𝜋2
𝑔3
4

𝑇
tr(Φ̃𝐴

𝑎𝑉𝑎Φ̃𝐵
𝑏𝑉𝑏)

2
 

1

𝜉
tr {(𝜕𝜇𝐴𝜇 − 𝑖𝜉𝑔[𝜎𝐴, Φ‾ 𝐴])

2
}  

𝑀𝑚𝑛
2 ≡ 𝑔2∑ 

𝐴

  (𝜆𝐴
𝑚 − 𝜆𝐴

𝑛)2  

∑ 

𝑚,𝑛

  [(𝐴𝜇)𝑚𝑛
∗
(−𝜕2 +𝑀𝑚𝑛

2 )(𝐴𝜇)𝑚𝑛
+ (𝜎𝐴)𝑚𝑛

∗ (−𝜕2 +𝑀𝑚𝑛
2 )(𝜎𝐴)𝑚𝑛

+(𝜓‾𝑖)𝑚𝑛 [𝛿𝑖𝑗𝑖 ∂̸ − 𝑔{𝛼𝑖𝑗
𝑝
+ 𝑖𝛾5𝛽𝑖𝑗

𝑝
}(𝜆𝑝

𝑚 − 𝜆𝑝
𝑛)] (𝜓𝑗)𝑚𝑛

]

 

𝐼 = 𝒴𝑝
′ ln (𝑝2 +𝑀𝑚𝑛

2 ),  

𝐼dark particle

𝜋2𝑇4
= −

1

45
+
1

3
(
𝑀𝑚𝑛
2

4𝜋2𝑇2
) −

1

2
(
1

𝜖
+ 𝐿𝑏) (

𝑀𝑚𝑛
2

4𝜋2𝑇2
)

2

−∑  

∞

𝑙=3

 8
(2𝑙 − 5)!!

(2𝑙)!!
𝜁(2𝑙 − 3)(

−𝑀𝑚𝑛
2

4𝜋2𝑇2
)

𝑙

,

 

𝐼white particle

𝜋2𝑇4
=

7

360
−
1

6
(
𝑀𝑚𝑛
2

4𝜋2𝑇2
) −

1

2
(
1

𝜖
+ 𝐿𝑓) (

𝑀𝑚𝑛
2

4𝜋2𝑇2
)

2

−∑  

∞

𝑙=3

  (4𝑙 − 8)
(2𝑙 − 5)!!

(2𝑙)!!
𝜁(2𝑙 − 3)(

−𝑀𝑚𝑛
2

4𝜋2𝑇2
)

𝑙

,

 

𝑉‾(Φ‾ 𝐴) =
1

2
𝜋2𝑇3∑ 

𝑚,𝑛

  [−
1

3
+(

𝑀𝑚𝑛
2

𝜋2𝑇2
) + (ln 2) (

𝑀𝑚𝑛
2

𝜋2𝑇2
)

2

 

+∑  

∞

𝑙=3

 8(1 − 4−𝑙+2)
(2𝑙 − 5)!!

(2𝑙)!!
𝜁(2𝑙 − 3)(−

𝑀𝑚𝑛
2

𝜋2𝑇2
)

𝑙

] .

 

(Φ‾ 𝐴
adj
)
𝑎𝑏
= 2tr(𝑇𝑎[Φ‾ 𝐴, 𝑇𝑏])  

tr (Φ‾ 𝐴
adj
Φ‾ 𝐵
adj
)= 2∑  

𝑎

 tr(𝑇𝑎[Φ‾ 𝐴, [Φ‾ 𝐵 , 𝑇𝑎]])  

= 2 ∑  

𝑎,𝑚,𝑛

  (𝑇𝑎)𝑛𝑚(𝜆𝐴
𝑚 − 𝜆𝐴

𝑛)(𝜆𝐵
𝑚 − 𝜆𝐵

𝑛)(𝑇𝑎)𝑚𝑛 

 =∑  

𝑚,𝑛

  (𝜆𝐴
𝑚 − 𝜆𝐴

𝑛)(𝜆𝐵
𝑚 − 𝜆𝐵

𝑛)

 

∑ 

𝑎

(𝑇𝑎)𝑖𝑗(𝑇𝑎)𝑘𝑙 =
1

2
(𝛿𝑖𝑙𝛿𝑗𝑘 −

1

𝑁𝑐
𝛿𝑖𝑗𝛿𝑘𝑙) 

tr [𝑔2∑ 

𝐴

 Φ‾ 𝐴
adj 
Φ‾ 𝐴

adj 
] = 𝑔2 ∑  

𝐴,𝑚,𝑛

(𝜆𝐴
𝑚 − 𝜆𝐴

𝑛)2 =∑  

𝑚,𝑛

𝑀𝑚𝑛
2  

1

2
𝑔2𝑇2tr (Φ‾ 𝐴

adj
Φ‾ 𝐴
adj
) =

1

2
𝑇2∑ 

𝑚,𝑛

 𝑀𝑚𝑛
2 = 𝑔2𝑇2𝑁𝑐∑ 

𝐴,𝑚

  (𝜆𝐴
𝑚)2 = 𝜆𝑇2tr(Φ‾ 𝐴)

2,  

tr [(𝑔2∑ 

𝐴

 Φ‾ 𝐴
adj
Φ‾ 𝐴
adj
)

𝑙

] =∑  

𝑚,𝑛

  (𝑀𝑚𝑛
2 )𝑙  
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𝛽

2𝜋2
(ln 2)𝑔4tr [(Φ‾ 𝐴

adj 
Φ‾ 𝐴

adj 
)
2
] 

−𝑁𝑐
2∫  𝑑𝜃𝑑𝜃′𝜌(𝜃)𝜌(𝜃′)ln |2sin (

𝜃

2
−
𝜃′

2
)| 𝑆eff [𝜌] 

ln |2sin 
𝑥

2
| = −∑  

∞

𝑛=1

1

𝑛
cos 𝑛𝑥 

𝑁𝑐
2∑  

∞

𝑛=1

1

𝑛
𝜌𝑛
2 

⟨tr𝑈⟩ = 𝑁𝑐 [1 + (1 −
1

𝑁𝑐
2)

𝜆3/2

8√2𝜋
+ 𝒪(𝜆2)] 

ℎ(𝑧) = −
1

3
+ 𝑣2 +

4

3
lim
𝜖→0

 ∫  
𝐶

𝑑𝑧

2𝑖
csc (𝜋𝑧) [(𝑧2 + 𝑣2)3/2 − (𝑧2 + 𝜖2)3/2 −

3

2
𝑣2(𝑧2 + 𝜖2)1/2] 

∫  𝑑3𝑦 [
1

2
(∇𝜌)2 + ℎ(𝜌)] 

tr(𝑉𝑎𝑉𝑏)  = 𝑁𝑐𝛿
𝑎𝑏

tr(𝑉𝑎𝑉𝑏𝑉𝑐)  = −
𝑖

2
𝑁𝑐𝑓

𝑎𝑏𝑐

tr(𝑉𝑎𝑉𝑏𝑉𝑐𝑉𝑑)  = 𝑁𝑐tr(𝑇
𝑎𝑇𝑏𝑇𝑐𝑇𝑑 + 𝑇𝑏𝑇𝑎𝑇𝑑𝑇𝑐) +

1

2
(𝛿𝑎𝑏𝛿𝑐𝑑 + 𝛿𝑎𝑐𝛿𝑏𝑑 + 𝛿𝑎𝑑𝛿𝑏𝑐)

tr(𝑉𝑎𝑉𝑏𝑉𝑐𝑉𝑑)  − tr(𝑉𝑏𝑉𝑎𝑉𝑐𝑉𝑑) = −2𝑁𝑐𝑓
𝑎𝑏𝑒𝑓𝑐𝑑𝑒
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𝑛′ + 𝑛′′ + 𝑘 ≥ 2𝑛.  

𝑛𝑓 ≥ 2𝑛.  

𝐴 = (𝑀 0), 𝐵 = (
0

𝑁
)  

 

𝑛𝑖 =∑  

𝑖

𝑗=1

  ℓ𝑗 − ∑  

𝑎∣ℓ̃𝑎<𝑖

  (𝑖 − ℓ̃𝑎)  

𝑛𝑃 =∑  

𝑃

𝑗=1

  ℓ𝑗 − ∑  

𝑎∣ℓ̃𝑎<𝑃

  (𝑃 − ℓ̃𝑎).  

𝑛 =∑  

𝑃

𝑗=1

  ℓ𝑗 −∑  

𝑄

𝑎=1

  (𝑃 − ℓ̃𝑎) =∑  

𝑃

𝑗=1

  ℓ𝑗 +∑  

𝑄

𝑎=1

  ℓ̃𝑎 − 𝑃𝑄.  

∑ 

𝑖

𝑗=1

 ℓ𝑗 > ∑  

𝑎∣ℓ̃𝑎<𝑖

  (𝑖 − ℓ̃𝑎)  

∑ 

𝑖

𝑗=1

  ℓ𝑗 +∑  

𝑏

𝑎=1

  ℓ̃𝑎 > 𝑏𝑖  

𝑛̃𝑏 =∑  

𝑏

𝑎=1

  ℓ̃𝑎 − ∑  

𝑗∣ℓ𝑗<𝑏

  (𝑏 − ℓ𝑗)  

𝐹 =
𝑎

2
⋆  d

1

|𝑥 − 𝑥 0|
 

𝑞𝑅 =
1

2
∑  

𝑠

𝑖=1

  |𝑎𝑞𝑖|,  

𝐹 =
𝜌(1)

2
⋆  d

1

|𝑥 − 𝑥 0|
 

𝑞𝑅 =
1

2
(∑ 

𝑖

  |ℎ𝑖| −∑  

𝑗

  |𝑣𝑗|) .  

𝑞𝑅 =
𝑛𝑓

2
∑  

𝑛𝑐

𝑖=1

  |𝑎𝑖| − ∑  

1≤𝑖<𝑗≤𝑛𝑐

  |𝑎𝑖 − 𝑎𝑗|  

𝑞𝑅 =
𝑛𝑓 − 2𝑛𝑐 + 2

2
∑  

𝑛𝑐

𝑖=1

  |𝑎𝑖| + ∑  

1≤𝑖<𝑗≤𝑛𝑐

  (|𝑎𝑖| + |𝑎𝑗| − |𝑎𝑖 − 𝑎𝑗|).  

𝑒𝑖 = 𝑚𝑖 + 𝑛𝑖−1 + 𝑛𝑖+1 − 2𝑛𝑖  

𝑚𝑖
2
∑  

𝑛𝑖

𝑘=1

  |𝑎𝑖,𝑘|  



pág. 2013 

−
1

2
∑  

𝑛𝑖

𝑘=1

 ∑  

𝑛𝑖

𝑡=1

  |𝑎𝑖,𝑘 − 𝑎𝑖,𝑡|  

1

2
∑  

𝑛𝑖

𝑘=1

 ∑  

𝑛𝑖+1

𝑡=1

  |𝑎𝑖,𝑘 − 𝑎𝑖+1,𝑡|  

Δ𝑖 =
𝑒𝑖
2
∑  

𝑛𝑖

𝑘=1

  |𝑎𝑖,𝑘|  

𝐴𝑖 =
1

2
∑  

𝑛𝑖

𝑘=1

 ∑  

𝑛𝑖

𝑡=1

  (|𝑎𝑖,𝑘| + |𝑎𝑖,𝑡| − |𝑎𝑖,𝑘 − 𝑎𝑖,𝑡|)

𝐵𝑖 = −
1

2
∑  

𝑛𝑖

𝑘=1

 ∑  

𝑛𝑖+1

𝑡=1

  (|𝑎𝑖,𝑘| + |𝑎𝑖+1,𝑡| − |𝑎𝑖,𝑘 − 𝑎𝑖+1,𝑡|).

 

𝐴𝑖 =
1

2
∑  

𝑛𝑖

𝑘=1

 ∑  

𝑛𝑖

𝑡=1

 2min(𝑎𝑖,𝑘 , 𝑎𝑖,𝑡) = ∑  

𝑛𝑖

𝑘=1

 𝑎𝑖,𝑘(2𝑛𝑖 − 2𝑘 + 1)  

𝐵𝑖 = −
1

2
∑  

𝑛𝑖

𝑘=1

 ∑  

𝑛𝑖+1

𝑡=1

 2min(𝑎𝑖,𝑘 , 𝑎𝑖+1,𝑡)  

𝐵𝑖 ≥ −∑  

𝑛𝑖

𝑘=1

 𝑎𝑖,𝑘(𝑛𝑖 − 𝑘) − ∑  

𝑛𝑖+1

𝑡=1

 𝑎𝑖+1,𝑡(𝑛𝑖+1 − 𝑡 + 1)  

∑  

𝑃−1

𝑖=1

  (𝐴𝑖 + 𝐵𝑖) ≥ ∑  

𝑛1

𝑘=1

 𝑎1,𝑘(𝑛1 − 𝑘 + 1) + ∑  

𝑛𝑃−1

𝑘=1

 𝑎𝑃−1,𝑘(𝑛𝑃−1 − 𝑘).  

𝑞𝑅 ≥ ∑  

𝑃−1

𝑖=1

 
𝑒𝑖
2
∑  

𝑛𝑖

𝑘=1

 𝑎𝑖,𝑘 +∑  

𝑛1

𝑘=1

 𝑎1,𝑘(𝑛1 − 𝑘 + 1) + ∑  

𝑛𝑃−1

𝑘=1

 𝑎𝑃−1,𝑘(𝑛𝑃−1 − 𝑘).  

𝐵𝑖 ≥ −∑  

𝑛𝑖

𝑘=1

 𝑎𝑖,𝑘(𝑛𝑖 − 𝑘 + 1) −∑  

𝑛𝑖+1

𝑡=1

 𝑎𝑖+1,𝑡(𝑛𝑖+1 − 𝑡)  

𝑞𝑅 ≥ ∑  

𝑃−1

𝑖=1

 
𝑒𝑖
2
∑  

𝑛𝑖

𝑘=1

 𝑎𝑖,𝑘 +∑  

𝑛1

𝑘=1

 𝑎1,𝑘(𝑛1 − 𝑘) +∑  

𝑛𝑠

𝑘=1

 𝑎𝑠,𝑘 + ∑  

𝑛𝑃−1

𝑘=1

 𝑎𝑃−1,𝑘(𝑛𝑃−1 − 𝑘)  

𝑞𝑅 ≥ ∑  

𝑖≠𝑠0

 
𝑒𝑖
2
∑  

𝑛𝑖

𝑘=1

 𝑎𝑖,𝑘 +∑  

𝑛1

𝑘=1

 𝑎1,𝑘(𝑛1 − 𝑘) +
1

2
∑  

𝑛𝑠0

𝑘=1

 𝑎𝑠0,𝑘 + ∑  

𝑛𝑃−1

𝑘=1

 𝑎𝑃−1,𝑘(𝑛𝑃−1 − 𝑘).  
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1

2𝜋
∫  
𝑦=0

 𝐴 ∧ 𝑑𝐵  
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𝔅̃∨ = 𝔅 ×𝑈(2) 𝑇(𝑆𝑈(2)).  
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𝐴𝑖+1𝐵𝑖+1= 𝐵𝑖𝐴𝑖 , 𝑖 = 1,… , 𝑛 − 2 

𝐴1𝐵1 = 0
 

𝑀2 = 𝐵𝑛−1𝐴𝑛−1𝐵𝑛−1𝐴𝑛−1 = 𝐵𝑛−1𝐵𝑛−2𝐴𝑛−2𝐴𝑛−1  

𝑀𝑎 = ∏  

𝑛−𝑎

𝑖=𝑛−1

 𝐵𝑖 ∏  

𝑛−1

𝑗=𝑛−𝑎

 𝐴𝑗  

𝐴𝑖+1𝐵𝑖+1= 𝐵𝑖𝐴𝑖 + 𝑡𝑖+1, 𝑖 = 1,… , 𝑛 − 2 

𝐴1𝐵1 = 𝑡1
 

𝑀2 = 𝐵𝑛−1𝐴𝑛−1𝐵𝑛−1𝐴𝑛−1 = 𝐵𝑛−1𝐵𝑛−2𝐴𝑛−2𝐴𝑛−1 + 𝑡𝑛−1𝑀  

𝑀(𝑀 − 𝑡𝑛−1)(𝑀 − 𝑡𝑛−1 − 𝑡𝑛−2)⋯(𝑀 − ∑  

𝑛−1

𝑖=𝑛−𝑎

  𝑡𝑖) = ∏  

𝑛−𝑎

𝑖=𝑛−1

 𝐵𝑖 ∏  

𝑛−1

𝑗=𝑛−𝑎

 𝐴𝑗  

𝑀(𝑀 − 𝑡𝑛−1)(𝑀 − 𝑡𝑛−1 − 𝑡𝑛−2)⋯(𝑀 −∑  

𝑛−1

𝑖=1

  𝑡𝑖) = 0  
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𝐴𝑖+1𝐵𝑖+1  = 𝐵𝑖𝐴𝑖 + 𝑡𝑖+1, 𝑖 = 1,… , 𝑘 − 2
𝐴1𝐵1  = 𝑡1
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𝔅̃∨ = 𝔅𝐻 ×𝐻 𝑇
𝜌(𝑆𝑈(𝑛)).  

𝑊(𝑝) = 𝑃exp ∫ 
𝑆

 𝒜  

𝑊̂ = lim
𝜖→0
 𝜖−𝑖𝑡3𝑊𝜖(𝑝)  
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ℳ𝑇(𝐺) =⋃  

𝛼∈𝑆

 𝒞𝛼 ×ℋ𝛼  

ℳ𝑇(𝐺) =⋃  

𝛼∈𝑆

 𝒪𝜌𝛼 × 𝒪𝜌𝛼∨  
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ℳ𝑇𝜌∨(𝐺) =⋃ 

𝛼∈𝑆

 𝒪𝜌𝛼 × (𝒮𝜌∨ ∩ 𝒪𝜌𝛼∨)  
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ℳ𝑇𝜌
′∨(𝐺) =⋃  

𝛼∈𝑆

  (𝒮𝜌 ∩ 𝒪𝜌𝛼) × (𝒮𝜌∨ ∩ 𝒪𝜌𝛼∨).  
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1

2𝜋
∫  𝐶 ∧ 𝑑𝐵  

𝐽 =
⋆ 𝐹𝐵
2𝜋

 

𝑰 =
1

𝑒2
∫  
𝑀

 𝐹𝐵 ∧⋆ 𝐹𝐵  

𝐵→ 𝐵 + 𝑏  
𝒌 → 𝒌 + 𝑑𝑏

 

1

2𝜋
∫  
𝑀

𝐶 ∧ 𝑑𝒌 =
1

2𝜋
∫  
𝑀

𝐹𝐶 ∧ ℱ 

𝑰̂ =
1

2𝜋
∫  
𝑀

 𝐹𝐶 ∧ ℱ +
1

𝑒2
∫  
𝑀

 ℱ ∧⋆ ℱ  

𝑰𝐶 =
𝑒2

16𝜋2
∫  
𝑀

 𝐹𝐶 ∧⋆ 𝐹𝐶  

2

𝑒2
⋆ 𝐹𝐶|

𝜕𝑀
=
1

2𝜋
𝐹𝐴.  

𝑰𝐶 =
𝑒2

16𝜋2
∫  
𝑀

 𝐹𝐶 ∧⋆ 𝐹𝐶 +
1

2𝜋
∫  
𝜕𝑀

 𝐶 ∧ 𝑑𝐴  

4𝜋

𝑒2
⋆ 𝐹𝐶|

𝜕𝑀
= 𝐹𝐴 

𝐵|𝑁 = 𝐴|𝑁 .  
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1

2𝜋
∫  
𝑁

 𝐶 ∧ 𝑑𝐴  

ℳ =∪𝛼∈𝑆 𝒞𝛼 ×ℋ𝛼  

𝑌⃗ (0)= 𝜁  

𝑋 (𝐿) = 𝐦⃗⃗⃗ 
 

𝑞𝑅 =
1

2
(∑ 

𝑖

  |ℎ𝑖| −∑  

𝑗

  |𝑣𝑗|) .  

(
0 𝛼
−𝛼 0

)  

𝑞𝑅 =
𝑛𝑓

2
∑  

𝑖

  |𝑎𝑖| −
1

2
( ∑  

1≤𝑖<𝑗≤𝑘

  |𝑎𝑖 − 𝑎𝑗| − ∑  

1≤𝑖≤𝑘

  |𝑎𝑖|) .  

𝑞𝑅 =
𝑛𝑓 + 2 − 𝑘

2
∑  

𝑖

  |𝑎𝑖| +
1

2
∑  

𝑖<𝑗

  (|𝑎𝑖| + |𝑎𝑗| − |𝑎𝑖 − 𝑎𝑗|).  

𝑛𝑓 ≥ 𝑘 − 1.  

𝑒 = 𝑛𝑓 − 𝑘 + 1  

𝑞𝑅 =
𝑛𝑓

2
∑  

𝑖

  |𝑎𝑖| −
1

2
( ∑  

1≤𝑖<𝑗≤2𝑡

  |𝑎𝑖 − 𝑎𝑗| + ∑  

1≤𝑖≤2𝑡

  |𝑎𝑖|) ,  

𝑞𝑅 =
𝑛𝑓 − 2𝑡

2
∑  

𝑖

  |𝑎𝑖| +
1

2
∑  

𝑖<𝑗

  (|𝑎𝑖| + |𝑎𝑗| − |𝑎𝑖 − 𝑎𝑗|).  

𝑛𝑓 ≥ 2𝑡 + 1  

𝑒 = 𝑛𝑓 − 2𝑡 − 1  

𝑞𝑅 =∑  

𝑖

  (Δ𝑖 + 𝜖𝑖𝐴𝑖 + 𝜖𝑖,𝑖+1𝐵𝑖)  

Δ𝑖 =
𝑒𝑖
2
∑  

𝑛𝑖

𝑘=1

  |𝑎𝑖,𝑘|

𝐴𝑖=
1

2
∑  

𝑛𝑖

𝑘=1

 ∑  

𝑛𝑖

𝑡=1

  (|𝑎𝑖,𝑘| + |𝑎𝑖,𝑡| − |𝑎𝑖,𝑘 − 𝑎𝑖,𝑡|)  

𝐵𝑖 = −
1

2
∑  

𝑛𝑖

𝑘=1

 ∑  

𝑛𝑖+1

𝑡=1

  (|𝑎𝑖,𝑘| + |𝑎𝑖+1,𝑡| − |𝑎𝑖,𝑘 − 𝑎𝑖+1,𝑡|)
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𝑞𝑅 ≥ ∑  

𝑃−1

𝑖=1

 
𝑒𝑖
2
∑  

𝑛𝑖

𝑚=1

  |𝑎𝑖,𝑚| +
1

2
∑  

𝑛1

𝑚=1

  |𝑎1,𝑚|(𝑛1 −𝑚 + 1) +
1

2
∑  

𝑛𝑃−1

𝑚=1

  |𝑎𝑃−1,𝑚|(𝑛𝑃−1 −𝑚)  

𝑞𝑅 ≥ ∑  

𝑃−1

𝑖=1

 
𝑒𝑖
2
∑  

𝑛𝑖

𝑚=1

  |𝑎𝑖,𝑚| +
1

2
∑  

𝑛1

𝑚=1

  |𝑎1,𝑚|(𝑛1 −𝑚) +
1

2
∑  

𝑛𝑠

𝑚=1

  |𝑎𝑠,𝑚| +
1

2
∑  

𝑛𝑃−1

𝑚=1

  |𝑎𝑃−1,𝑚|(𝑛𝑃−1 −𝑚)  

(
0 1
−1 0

) , (
0 −1
1 0

)  
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𝑞𝑅 = 𝑞𝑅
+ + 𝑞𝑅

−  

𝑞𝑅
+ ≥∑  

𝑃

𝑖=1

 
𝑒𝑖
2

∑  

𝑘∣𝑎𝑖,𝑘≥0

 𝑎𝑖,𝑘 + ∑  

𝑘∣𝑎1,𝑘≥0

 𝑎1,𝑘(𝑛1 − 𝑘) + ∑  

𝑛𝑠

𝑘∣𝑎𝑠,𝑘≥0

 𝑎𝑠,𝑘 −
1

2
∑  

𝑘∣𝑎𝑃,𝑘≥0

 𝑎𝑃,𝑘  

2𝑛𝑖 − ∑  

𝑗∣(𝑖,𝑗)∈𝐸

 𝑛𝑗 = 𝑚𝑖  

ℭ𝔫 = 𝔪.  

Δ𝑖 =
𝑒𝑖
2
∑  

𝑛𝑖

𝑘=1

𝑎𝑖,𝑘 

𝐴𝑖 = ∑  

𝑛𝑖

𝑘=1

𝑎𝑖,𝑘(2𝑛𝑖 − 2𝑘 + 1) 

𝐵𝑖𝑗 = −
1

2
∑  

𝑛𝑖

𝑘=1

∑ 

𝑛𝑗

𝑡=1

2min(𝑎𝑖,𝑘 , 𝑎𝑗,𝑡) 

𝐵𝑖𝑗 ≥ −∑  

𝑛𝑖

𝑘=1

 𝑎𝑖,𝑘(𝑛𝑖 − 𝑘) −∑  

𝑛𝑗

𝑡=1

 𝑎𝑗,𝑡(𝑛𝑗 − 𝑡 + 1).  

𝐵1𝑐 = 𝐵12 + 𝐵13 = −
1

2
∑  

𝑛1

𝑘=1

  ∑  

𝑛2+𝑛3

𝑡=1

 2min(𝑎1,𝑘 , 𝑎𝑐,𝑡)  

𝐵1𝑐 ≥ −∑  

𝑛1

𝑘=1

 𝑎1,𝑘(𝑛1 − 𝑘 + 1) − ∑  

𝑛2+𝑛3

𝑡=1

 𝑎𝑐,𝑡(𝑛2 + 𝑛3 − 𝑡)  

− ∑  

𝑛2+𝑛3

𝑡=1

 𝑎𝑐,𝑡(𝑛2 + 𝑛3 − 𝑡) =− ∑  

𝑛2−𝑛3

𝑡=1

 𝑎2,𝑡(𝑛2 + 𝑛3 − 𝑡) −∑  

𝑛3

𝑡=1

 𝑎3,𝑡(𝑛2 + 𝑛3 − (𝑛2 − 𝑛3 + 2𝑡 − 1)) 

 − ∑  

𝑛2

𝑡=𝑛2−𝑛3+1

 𝑎2,𝑡(𝑛2 + 𝑛3 − (2𝑡 − 𝑛2 + 𝑛3))

 

𝐵1𝑐 ≥ −∑  

𝑛1

𝑘=1

 𝑎1,𝑘(𝑛1 − 𝑘 + 1) −∑  

𝑛3

𝑡=1

 𝑎3,𝑡(2𝑛3 − 2𝑡 + 1) −∑  

𝑛2

𝑡=1

 𝑎2,𝑡(2𝑛2 − 2𝑡),  



pág. 2032 

𝐵1𝑐 ≥ −∑  

𝑛1

𝑘=1

 𝑎𝑖,𝑘(𝑛𝑖 − 𝑘 + 1) −∑  

𝑛3

𝑡=1

 𝑎3,𝑡(2𝑛3 − 2𝑡) −∑  

𝑛2

𝑡=1

 𝑎2,𝑡(2𝑛2 − 2𝑡 + 1),  

𝐵1𝑐 ≥ −∑  

𝑛1

𝑘=1

 𝑎1,𝑘(𝑛1 − 𝑘) − ∑  

𝑛2+𝑛3

𝑡=1

 𝑎𝑐,𝑡(𝑛2 + 𝑛3 − 𝑡 + 1)  

𝐵1𝑐 ≥ −∑  

𝑛1

𝑘=1

 𝑎𝑖,𝑘(𝑛𝑖 − 𝑘) −∑  

𝑛3

𝑡=1

 𝑎3,𝑡(2𝑛3 − 2𝑡 + 2) −∑  

𝑛2

𝑡=1

 𝑎2,𝑡(2𝑛2 − 2𝑡 + 1)  

𝑞𝑅 ≥∑  

𝑗∈𝑁

 Δ𝑗 +∑  

𝑛2

𝑘=1

 𝑎2,𝑘 +∑  

𝑛0

𝑘=1

 𝑎0,𝑘(𝑛0 − 𝑘)  

𝑞𝑅 ≥∑ Δ𝑖 +∑  

𝑛3

𝑘=1

 𝑎3,𝑘 +∑  

𝑛0

𝑘=1

 𝑎0,𝑘(𝑛0 − 𝑘)  

𝑞𝑅 ≥∑ Δ𝑖 −∑  

𝑛3

𝑘=1

 𝑎3,𝑘 +∑  

𝑛𝑠

𝑘=1

 𝑎𝑠,𝑘 +∑  

𝑛0

𝑘=1

 𝑎0,𝑘(𝑛0 − 𝑘)  

𝔤 = 𝔥⊕ 𝔥⊥ 

𝑋 +(0) = 0 = 𝑌⃗ −(0).  

(
0 1
−1 0

)  
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𝑋 +(0) + 𝜇 𝑍= 0  

𝑌⃗ −(0) = 0
 

𝑋 +(0) + 𝜇 𝑍 = 𝑣 

𝑌⃗ −(0) = 𝑤⃗⃗ .
 

(
∗ 0
0 ∗

) ,  

𝑋 (0) = (
𝑐 1 ⋅ 1𝑛/2 ∗

∗ 𝑐 2 ⋅ 1𝑛/2
) .  

𝑋 (0) = (
𝐦⃗⃗⃗ ⋅ 1𝑛/2 ∗

∗ −𝐦⃗⃗⃗ ⋅ 1𝑛/2
) .  

𝑑𝑋 /𝑑𝑦 + 𝑋 × 𝑋 = 0 

𝑋 = 𝑓
𝑡 

𝑦 + 𝑦0
𝑓−1,  
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Φ(−𝑥 ) = −Φ(𝑥 ),  

 

𝐹 =⋆ 𝐷Φ.  

Φ = 𝑓(𝑟)𝑥 ⋅ 𝑡 ,  
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𝜏̃ = (
0 𝜙
−𝜙 0

)  
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𝐸 = ℒ ⊕ ℒ, 𝑐1(ℒ) = 2𝑠 
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1

2𝜋
∫  
𝜕𝑀

 𝐴 ∧ 𝑑𝐵 +
𝑘

4𝜋
∫  
𝜕𝑀

 𝐵 ∧ 𝑑𝐵  
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−
1

4𝜋𝑘
∫  
𝜕𝑀

 𝐴 ∧ 𝑑𝐴  

𝑒−1ℒ = 𝑅 −
1

2
(𝜕𝜙)2 +

8

𝐿2
𝑒
𝜙

√6 +
4

𝐿2
𝑒
−2𝜙

√6 − 𝑒
−4𝜙

√6 𝑓𝜇𝜈𝑓
𝜇𝜈 − 2𝑒

2𝜙

√6𝐹𝜇𝜈𝐹
𝜇𝜈 − 2𝜖𝜇𝜈𝜌𝜎𝜏𝑓𝜇𝜈𝐹𝜌𝜎𝐴𝜏  

𝑑𝑠2  = 𝑒2𝐴(𝑟)(−ℎ(𝑟)𝑑𝑡2 + 𝑑𝑥 2) +
𝑒2𝐵(𝑟)

ℎ(𝑟)
𝑑𝑟2

𝑎𝜇𝑑𝑥
𝜇  = Φ1(𝑟)𝑑𝑡, 𝐴𝜇𝑑𝑥

𝜇 = Φ2(𝑟)𝑑𝑡, 𝜙 = 𝜙(𝑟)

 

𝐴(𝑟)= log 
𝑟

𝐿
+
1

6
log (1 +

𝑄1
2

𝑟2
) +

1

3
log (1 +

𝑄2
2

𝑟2
)  

𝐵(𝑟) = −log 
𝑟

𝐿
−
1

3
log (1 +

𝑄1
2

𝑟2
) −

2

3
log (1 +

𝑄2
2

𝑟2
)

ℎ(𝑟) = 1 −
𝑟2(𝑟𝐻

2 + 𝑄1
2)(𝑟𝐻

2 + 𝑄2
2)2

𝑟𝐻
2(𝑟2 + 𝑄1

2)(𝑟2 + 𝑄2
2)2

, 𝜙(𝑟) = −√
2

3
log (1 +

𝑄1
2

𝑟2
) + √

2

3
log (1 +

𝑄2
2

𝑟2
)

Φ1(𝑟) =
𝑄1(𝑟𝐻

2 + 𝑄2
2)

2𝐿𝑟𝐻√𝑟𝐻
2 + 𝑄1

2
(1 −

𝑟𝐻
2 + 𝑄1

2

𝑟2 + 𝑄1
2) ,Φ2(𝑟) =

𝑄2√𝑟𝐻
2 + 𝑄1

2

2𝐿𝑟𝐻
(1 −

𝑟𝐻
2 + 𝑄2

2

𝑟2 + 𝑄2
2)

 

𝑇 =
2𝑟𝐻

4 +𝑄1
2𝑟𝐻
2 − 𝑄1

2𝑄2
2

2𝜋𝐿2𝑟𝐻
2√𝑟𝐻

2 + 𝑄1
2
, 𝜇1 =

𝑄1(𝑟𝐻
2 + 𝑄2

2)

𝐿2𝑟𝐻√𝑟𝐻
2 +𝑄1

2
, 𝜇2 =

√2𝑄2√𝑟𝐻
2 + 𝑄1

2

𝐿2𝑟𝐻
,

𝑠 =
1

4𝐺𝐿3
(𝑟𝐻
2 + 𝑄1

2)1/2(𝑟𝐻
2 +𝑄2

2), 𝜌1 =
𝑄1𝑠

2𝜋𝑟𝐻
, 𝜌2 =

√2𝑄2𝑠

2𝜋𝑟𝐻
,

 

2𝑟𝐻
4 + 𝑄1

2𝑟𝐻
2 −𝑄1

2𝑄2
2 = 0 ( 𝔈𝑒𝑥𝑡𝑟𝑒𝑚𝑎𝑙(2 + 1)〈QBH〉),  

𝑒2𝐴 →
𝑟2

𝐿2
, 𝑒2𝐵 →

𝐿2

𝑟2
, ℎ → 1,𝜙 → 0,Φ𝑖 → 𝔊  

 

𝐴(𝑟) = log 
𝑟

𝐿
+
1

3
log (1 +

𝑄2
2

𝑟2
) , 𝐵(𝑟) = −log 

𝑟

𝐿
−
2

3
log (1 +

𝑄2
2

𝑟2
)

ℎ(𝑟) = 1 −
(𝑟𝐻
2 + 𝑄2

2)2

(𝑟2 + 𝑄2
2)2

, 𝜙(𝑟) = √
2

3
log (1 +

𝑄2
2

𝑟2
) ,Φ2(𝑟) =

𝑄2
2𝐿
(1 −

𝑟𝐻
2 +𝑄2

2

𝑟2 +𝑄2
2)

 

𝑇 =
𝑟𝐻
𝜋𝐿2

, 𝜇2 =
√2𝑄2
𝐿2

, 𝑠 =
𝑟𝐻(𝑟𝐻

2 +𝑄2
2)

4𝐺𝐿3
, 𝜌2 =

√2𝑄2𝑠

2𝜋𝑟𝐻
 

𝑟𝐻 = 0 (𝔈𝑒𝑥𝑡𝑟𝑒𝑚𝑎𝑙〈2QBH〉).  

𝑄1𝑄2

𝑟𝐻
2 → 0 ( 𝔈𝑒𝑥𝑡𝑟𝑒𝑚𝑎𝑙〈2〉)  

𝑄1𝑄2

𝑟𝐻
2 → √2 ( 𝔈𝑒𝑥𝑡𝑟𝑒𝑚𝑎𝑙  〈2 + 1〉)  

Φ1 →
𝑄2

√2𝐿
 

lim
𝑄1→0,𝑇=0

 
𝜇1
𝜇2
→ 1.  

𝑄1
𝑄2
=
√2𝜌1
𝜌2

 

(𝑖𝛾𝜇∇𝜇 −𝑚(𝜙) + 𝑔𝑞1𝛾
𝜇𝑎𝜇 + 𝑔𝑞2𝛾

𝜇𝐴𝜇 + 𝑖𝑝1𝑒
−2𝜙

√6 𝑓𝜇𝜈𝛾
𝜇𝜈 + 𝑖𝑝2𝑒

𝜙

√6𝐹𝜇𝜈𝛾
𝜇𝜈)𝜒 = 0  
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𝑚(𝜙) ≡ 𝑔(𝑚1𝑒
−
𝜙

√6 +𝑚2𝑒
2𝜙

√6)  

 

|𝑝1| =
1

4
 

𝑚2 = −2𝑞1𝑝1  

𝜒 = 𝑒−2𝐴ℎ−1/4𝑒−𝑖𝜔𝑡+𝑖𝑘𝑥Ψ  

(𝜕𝑟 + 𝑋𝜎3 + 𝑌𝑖𝜎2 + 𝑍𝜎1)𝜓𝛼 = 0  

𝑋 ≡
𝑚𝑒𝐵

√ℎ
, 𝑌 ≡ −

𝑒𝐵−𝐴

√ℎ
𝑢, 𝑍 ≡ −

𝑒𝐵−𝐴

√ℎ
((−1)𝛼𝑘 − 𝑣)  

𝑢 ≡
1

√ℎ
(𝜔 + 𝑔𝑞1Φ1 + 𝑔𝑞2Φ2), 𝑣 ≡ 2𝑒

−𝐵 (𝑝1𝑒
−
2𝜙

√6𝜕𝑟Φ1 + 𝑝2𝑒
𝜙

√6𝜕𝑟Φ2)  

𝜓𝛼 = (
𝜓𝛼−
𝜓𝛼+

)  

𝑈± ≡ 𝜓− ± 𝑖𝜓+  

𝑈−
′ + 𝑖𝑌𝑈− = (−𝑋 + 𝑖𝑍)𝑈+
𝑈+
′ − 𝑖𝑌𝑈+ = (−𝑋 − 𝑖𝑍)𝑈−

 

𝑈−
′′ + 𝑝𝑈−

′ + (𝑖𝑌′ − 𝑋2 + 𝑌2 − 𝑍2 + 𝑖𝑌𝑝)𝑈− = 0

𝑈+
′′ + 𝑝‾𝑈+

′ + (−𝑖𝑌′ − 𝑋2 + 𝑌2 − 𝑍2 − 𝑖𝑌𝑝‾)𝑈+ = 0
 

𝑝 ≡ −𝜕𝑟log (−𝑋 + 𝑖𝑍)  

𝜓+ ∼ 𝐴(𝜔, 𝑘)𝑟
𝑚𝐿 + 𝐵(𝜔, 𝑘)𝑟−𝑚𝐿−1, 𝜓− ∼ 𝐶(𝜔, 𝑘)𝑟

𝑚𝐿−1 +𝐷(𝜔, 𝑘)𝑟−𝑚𝐿  

𝐺𝑅 =
𝐷

𝐴
 

𝐴(𝜔 = 0, 𝑘 = 𝑘𝐹) ≡ 0  

𝑒𝐴 → 𝑘0, 𝑒
𝐵 →

𝜏0𝐿2
𝑘0

, ℎ → (
𝜏0
𝑘0
)
2

(𝑟 − 𝑟𝐻)
2, Φ𝑖 → 𝛽𝑖(𝑟 − 𝑟𝐻), 𝜙 → 𝜙0,  

𝑑𝑠2 = −𝜏0
2(𝑟 − 𝑟𝐻)

2𝑑𝑡2 +
𝐿2
2𝑑𝑟2

(𝑟 − 𝑟𝐻)
2 + 𝑘0

2𝑑𝑥 2  

𝑈′′ + (
1

𝑟 − 𝑟𝐻
+⋯)𝑈′ + (

𝐿4(𝑄2
4 − 𝑟𝐻

4)𝜔2

16(2𝑄2
2 − 𝑟𝐻

2)(𝑟 − 𝑟𝐻)
4
+

#𝜔

(𝑟 − 𝑟𝐻)
3 −

𝜈2

(𝑟 − 𝑟𝐻)
2 +⋯)𝑈 = 0,  
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𝜈2 =
(𝑚1(1 − 𝜇𝑅)

2 +𝑚2𝜇𝑅
2)2

(1 − 𝜇𝑅
4)

+
𝑘̃2

𝜇2
2

1

2(1 + 𝜇𝑅
2)
−
(√2𝑞1𝜇𝑅

3 + 𝑞2(1 − 𝜇𝑅
2))

2

4(1 − 𝜇𝑅
2)(1 + 𝜇𝑅

2)2
,  

𝑘̃ ≡ 𝑘 − (−1)𝛼(2𝑝1𝜇1 + √2𝑝2𝜇2).  

𝑈′′ +
1

𝑟 − 𝑟𝐻
𝑈′ + (

𝐿4(𝑄2
4 − 𝑟𝐻

4)𝜔2

16(2𝑄2
2 − 𝑟𝐻

2)(𝑟 − 𝑟𝐻)
4
+

#𝜔

(𝑟 − 𝑟𝐻)
3 −

𝜈2

(𝑟 − 𝑟𝐻)
2)𝑈 = 0.  

𝑈′′ +
1

𝑟 − 𝑟𝐻
𝑈′ −

𝜈2

(𝑟 − 𝑟𝐻)
2 𝑈 = 0.  

𝑈 ∼ (𝑟 − 𝑟𝐻)
−
1
2
±𝜈 .  

𝑈 ∼ (𝑟 − 𝑟𝐻)
−
1
2
+𝜈 + 𝒢(𝜔)(𝑟 − 𝑟𝐻)

−
1
2
−𝜈 ,  

𝒢(𝜔) = |𝑐(𝑘)|𝑒𝑖𝛾𝑘(2𝜔)2𝜈  

𝑈′′ +
1

𝑟 − 𝑟𝐻
𝑈′ −

𝜈2

(𝑟 − 𝑟𝐻)
2𝑈 = 0  

𝜂±
0 → (𝑟 − 𝑟𝐻)

−
1
2
±𝜈 ,  

𝑈 ∼ 𝜂+
0 + 𝒢(𝜔)𝜂−

0  

𝜂± = 𝜂±
0 + 𝜔𝜂±

1 +⋯  

𝑈 ∼ 𝜂+ + 𝒢(𝜔)𝜂−.  

𝐺 =
𝐷

𝐴
=
𝑏+
0 + 𝜔𝑏+

1 +⋯+ 𝒢(𝜔)(𝑏−
0 + 𝜔𝑏−

1 +⋯)

𝑎+
0 + 𝜔𝑎+

1 +⋯+ 𝒢(𝜔)(𝑎−
0 + 𝜔𝑎−

1 +⋯)
,  

𝐺𝑅(𝑘, 𝜔) ∼
ℎ1

𝑘⊥ −
1
𝑣𝐹
𝜔 +⋯− ℎ2𝑒

𝑖𝛾𝑘𝐹(2𝜔)2𝜈𝑘𝐹
 

𝑘⊥ =
1

𝑣𝐹
𝜔 +⋯+ ℎ2cos 𝛾𝑘𝐹(2𝜔)

2𝜈𝑘𝐹 + 𝑖ℎ2sin 𝛾𝑘𝐹(2𝜔)
2𝜈𝑘𝐹  

Γ

𝜔∗
= tan 

𝛾𝜈𝐹
2𝜈𝐹

 

𝑍 ∼ (𝑘⊥)
1
2𝜈𝑘

−1  

𝑋 =
𝑎

𝑟2
+ 𝑏, 𝑌 =

𝑐𝜔

𝑟2
+ 𝑑𝜔 + 𝑓, 𝑍 =

𝑃

𝑟
 

𝑎 = 𝑚2𝜇𝐿
2, 𝑏 =

1

𝜇𝐿2
(2𝑚1 +

3

2
𝑚2) , 𝑐 = −

𝐿2

2
, 𝑑 = −

1

2𝜇2𝐿2
, 𝑓 = −

𝑞2

√2

1

𝜇𝐿2
,  

𝑃 = −(−1)𝛼
𝑘

𝜇
+ √2𝑝2  

𝑝 =
2

𝑟
+
𝑖𝑃

𝑎
+ 𝒪(𝑟)  

𝑖𝑌′ + 𝑖𝑌𝑝 = −
𝑐𝜔𝑃

𝑎𝑟2
+ 𝒪 (

1

𝑟
)  
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𝜓′′ + (
2

𝑟
+ ⋯)𝜓′ + (

𝑐2(𝜔2 − Δ2)

𝑟4
+

1
4
− 4𝜈2 + 𝒪(|𝜔| − Δ)

𝑟2
+⋯)𝜓 = 0  

Δ ≡ |
𝑎

𝑐
| = 2|𝑚2|𝜇  

𝜈2 ≡
1

4
(𝑃 −

1

2
sgn(𝜔𝑚2))

2

+
1

4
𝑚2
2 +𝑚1𝑚2 −

sgn(𝜔𝑚2)

2√2
𝑞2𝑚2  

𝜓′′ +
2

𝑟
𝜓′ +

𝑐2(𝜔2 − Δ2)

𝑟4
𝜓 = 0  

𝜖2 ≡
𝜔2

Δ2
− 1  

𝜓 ∼ exp (±
𝑖Δ𝐿2𝜖

2𝑟
)  

𝜓 ∼ exp (±
Δ𝐿2|𝜖|

2𝑟
)  

𝜓′′ +
2

𝑟
𝜓′ +

1
4
− 4𝜈2

𝑟2
𝜓 = 0  

𝜓 ∼ 𝑟−
1
2
±2𝜈  

𝜓′′ +
2

𝑟
𝜓′ + (

𝑎2𝜖2

𝑟4
+

1
4
− 4𝜈2

𝑟2
)𝜓 = 0  

𝜓 ∼
1

√𝑟
𝐽2𝜈 (

Δ𝐿2𝜖

2𝑟
) ,
1

√𝑟
𝑌2𝜈 (

Δ𝐿2𝜖

2𝑟
) , 𝜔 > Δ.  

𝜓 ∼
1

√𝑟
𝐾2𝜈 (

Δ𝐿2|𝜖|

2𝑟
) ,
1

√𝑟
𝐼2𝜈 (

Δ𝐿2|𝜖|

2𝑟
) , 𝜔 < Δ.  

𝜓 =
1

√𝑟
𝐻2𝜈
(1)
(
Δ𝐿2𝜖

2𝑟
) → √

2

𝜖𝜋
𝑒−

𝑖𝜋
4
−
2𝜋𝑖𝜈
2 exp (

𝑖Δ𝐿2𝜖

2𝑟
)  

𝐻2𝜈
(1)
(𝑥) = −

𝑖Γ(2𝜈)

𝜋
(
𝑥

2
)
−2𝜈

+⋯−
𝑖Γ(−2𝜈)

𝜋
𝑒−2𝜋𝑖𝜈 (

𝑥

2
)
2𝜈

+⋯  

𝜓 = −
𝑖

𝜋
(Γ(2𝜈) (

Δ𝐿2𝜖

4
)

−2𝜈

𝑟2𝜈−
1
2 +⋯+ Γ(−2𝜈)𝑒−2𝜋𝑖𝜈 (

Δ𝐿2𝜖

4
)

2𝜈

𝑟−2𝜈−
1
2)  

𝒢+(𝜖)= 𝑒
−2𝜋𝑖𝜈

Γ(−2𝜈)

Γ(2𝜈)
(
Δ𝐿2𝜖

4
)

4𝜈

 

 = 𝑒−2𝜋𝑖𝜈
Γ(−2𝜈)

Γ(2𝜈)
(
𝐿4(𝜔2 − Δ2)

16
)

2𝜈  

𝒢+(𝜖) ≈ 𝑒
−2𝜋𝑖𝜈

Γ(−2𝜈)

Γ(2𝜈)
(
𝐿4Δ(|𝜔| − Δ)

8
)

2𝜈

 

𝛾 ≡ arg 𝒢 = −2𝜋𝜈  

|𝜖| = √1 − 𝜔2/Δ2 
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𝜓 =
1

√𝑟
𝐾2𝜈 (

Δ𝐿2|𝜖|

2𝑟
)  

𝜓 =
Γ(2𝜈)

2
(
Δ𝐿2|𝜖|

4
)

−2𝜈

𝑟2𝜈−
1
2 +⋯+

Γ(−2𝜈)

2
(
Δ𝐿2|𝜖|

4
)

2𝜈

𝑟−2𝜈−
1
2 +⋯  

𝒢−(𝜖) =
Γ(−2𝜈)

Γ(2𝜈)
(
Δ𝐿2|𝜖|

4
)

4𝜈

=
Γ(−2𝜈)

Γ(2𝜈)
(
𝐿4(Δ2 −𝜔2)

16
)

2𝜈

 

𝒢−(𝜖) ≈
Γ(−2𝜈)

Γ(2𝜈)
(
𝐿4Δ(Δ − |𝜔|)

8
)

2𝜈

 

𝐾2𝜈(𝑥) =
𝜋

2
𝑖2𝜈+1𝐻2𝜈

(1)
(𝑖𝑥)  

𝜓 = 𝜂+ + 𝒢(𝜖)𝜂−  

𝜂± ∼ 𝑟
−
1
2
±2𝜈  

𝜖2 ≈
2(|𝜔| − Δ)

Δ
 

𝐺𝑅 =
𝐷

𝐴
=
𝑏+
(0)
+ 𝜖2𝑏+

(2)
+⋯+ 𝒢(𝜖)(𝑏−

(0) + 𝜖2𝑏−
(2) +⋯)

𝑎+
(0)
+ 𝜖2𝑎+

(2)
+⋯+ 𝒢(𝜖) (𝑎−

(0)
+ 𝜖2𝑎−

(2)
+⋯)

 

𝐺𝑅 ∼
ℎ1

(𝑘 − 𝑘Δ) −
|𝜔| − Δ
𝑣𝐹

+⋯− ℎ2𝑒
−2𝜋𝑖𝜈𝑘Δ(|𝜔| − Δ)2𝜈𝑘Δ

,
 

Γ

𝜔∗
= tan 

−2𝜋𝜈Δ
2𝜈Δ

= 0  

𝑍 ∼ (𝑘 − 𝑘Δ)
1
2𝜈Δ

−1  

𝐺𝑅 ∼
ℎ1

(𝑘 − 𝑘Δ) +
|𝜔| − Δ
𝑣𝐹

+⋯− ℎ2(Δ − |𝜔|)
2𝜈𝑘Δ

 

𝜔 = 𝜔2+1 +
√2𝑞1𝑄2
𝐿2

 = 𝜔2+1 + 𝑞1𝜇2

 

𝜔 = 𝜔2+1 + 𝑞1𝜇1  

|𝑞1| = 2|𝑚2|  

𝜔 = 𝜔2+1 + sgn(𝑞1)Δ  

𝑘̃

𝜇2
→
𝑘

𝜇2
− (−1)𝛼(2𝑝1 + √2𝑝2) = −(−1)

𝛼(𝑃 + 2𝑝1)  

𝜈2 →
4𝑚2

2 − 𝑞1
2

16(1 − 𝜇𝑅)
+
1

4
((𝑃 + 2𝑝1)

2 + 4𝑚1𝑚2 +
7𝑞1

2

8
−
5𝑚2

2

2
−
𝑞1𝑞2

√2
) + 𝒪(1 − 𝜇𝑅)  

𝜈2 →
1

4
((𝑃 + 2𝑝1)

2 + 4𝑚1𝑚2 +𝑚2
2 − sgn(𝑞1𝑚2)√2𝑞2𝑚2)  

sgn(𝑚2) = −sgn(𝑞1)sgn(𝑝1)  
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𝜈2 →
1

4
((𝑃 −

1

2
sgn(𝜔𝑚2))

2

+ 4𝑚1𝑚2 +𝑚2
2 − sgn(𝜔𝑚2)√2𝑞2𝑚2) ,  

𝛾𝑘 ≡ arg (Γ(−2𝜈𝑘)(𝑒
−2𝜋𝑖𝜈𝑘 − 𝑒−2𝜋(𝑞𝑒)eff))  

(𝑞𝑒)eff
2 =

(√2𝑞1𝜇𝑅
3 + 𝑞2(1 − 𝜇𝑅

2))
2

4(1 − 𝜇𝑅
2)(1 + 𝜇𝑅

2)2
 

𝛾𝑘 → −2𝜋𝜈𝑘  

𝜓′′ +
2

𝑟
𝜓′ +(

𝑞1
2 − 4𝑚2

2

2𝑟4
+

1
4
− 4𝜈2

𝑟2
)𝜓 = 0  

 

Δ ≡ 2|𝑚2|𝜇 =
𝜇

2
 

𝑘𝐹
𝜇
≈ 0.83934.  

𝜔 ≈ 𝑣𝐹𝑘⊥, 𝑣𝐹 ≈ 0.724,  

𝑘−Δ − 𝑘𝐹
𝜇

≈ −0.92513,  

𝜈𝑘−Δ = 0.33211,  

𝑘Δ − 𝑘𝐹
𝜇

≈ 0.743052,  

𝑘Δ
𝜇
= 1.58239,  

𝜈𝑘Δ = 0.08211.  

𝑘Δ
𝜇
≈ −0.58239  

 

𝑘𝐹
𝜇
≈ 0.05202  

𝑘Δ
𝜇
≈ 0.79289  

𝜈𝑘Δ = 0.22855  
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𝑑𝑠2 = −
2𝑟8/3

𝐿2𝑄2/3
𝑑𝑡2 +

𝑟2/3𝑄4/3

𝐿2
𝑑𝑥 2 +

𝐿2

2𝑟4/3𝑄2/3
𝑑𝑟2  

𝑒
𝜙

2√6 = (
𝑄

𝑟
)
1/3

.  

𝑑𝑠̂2= 𝑒2𝛼𝜙𝑑𝑠2 + 𝑒2𝛽𝜙(𝑑𝑧 +𝒜)2  

 = 𝑒
𝜙

√6𝑑𝑠2 + 𝑒
−
3𝜙

√6(𝐿𝑑𝜑3 +𝒜)
2

 

𝛼 =
1

2√6
, 𝛽 = −3𝛼 = −

3

2√6
 

𝑑𝑠̂2 = −
2𝑟2

𝐿2
𝑑𝑡2 +

𝐿2

2𝑟2
𝑑𝑟2 +

𝑟2𝐿2

𝑄2
𝑑𝜑3

2 +
𝑄2

𝐿2
𝑑𝑥 2  

ℒ𝐸𝐻 = √−𝑔̂𝑅̂ = √−𝑔 (𝑅 −
1

2
(𝜕𝜙)2 −

1

4
𝑒
−4𝜙

√6 ℱ2)  

𝑎𝜇 ≡
1

2
𝒜𝜇  

ℒΛ = √−𝑔̂Λ̂,  

ℒΛ = √−𝑔𝑒
𝜙

√6Λ̂  

ℒpot = √−𝑔(
8

𝐿2
𝑒
𝜙

√6 +
4

𝐿2
𝑒
−2𝜙

√6 )  

Λ̂ =
8

𝐿2
 

ℒΛ = √−𝑔̂
8

𝐿2
 

−
1

2
𝐹̂2 ∧∗̂ 𝐹̂2 = −

1

2
𝑒−2𝛼𝜙𝐹2 ∧∗ 𝐹2 −

1

2
𝑒6𝛼𝜙𝐹1 ∧∗ 𝐹1  

𝐹2 ≡ 𝑑𝐴1 − 𝑑𝐴0 ∧ 𝒜1, 𝐹1 = 𝑑𝐴0  

−
1

2
𝐻̂3 ∧∗̂ 𝐻̂3 = −

1

2
𝑒−4𝛼𝜙𝐻3 ∧∗ 𝐻3 −

1

2
𝑒4𝛼𝜙𝐻2 ∧∗ 𝐻2,  

𝐻3 ≡ 𝑑𝐵2 − 𝑑𝐵1 ∧ 𝒜1, 𝐻2 = 𝑑𝐵1  

𝐵𝜇 ∝ 𝐴𝜇  
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𝑆𝜂 ≡ −∫  𝑑
6𝑥√−𝑔̂𝑔̂𝑀𝑁𝜕𝑀𝜂̂𝜕𝑁𝜂̂  

𝜂̂(𝑥̂𝑀) = 𝑒𝑖𝑛𝜑3𝜂(𝑥𝜇),  

𝑆𝜂 → −2𝜋𝐿∫  𝑑5𝑥√−𝑔 (𝑔𝜇𝜈𝐷𝜇𝜂𝐷𝜈𝜂 + 𝑒
4𝜙

√6
𝑛2

𝐿2
|𝜂|2)  

𝐷𝜇 ≡ 𝜕𝜇 − 𝑖
𝑛

𝐿
𝒜𝜇 = 𝜕𝜇 − 𝑖𝑔𝑛𝑎𝜇  

𝑚 = ±
𝑛

𝐿
𝑒
2𝜙

√6  

𝑘𝑀𝑘𝑀  =
𝑄2

𝑟2𝐿2
𝑛2 −

𝐿2

2𝑟2
𝜔2

 =
𝐿2

2𝑟2
(Δ2 − 𝜔2)

 

Γ𝜆𝑎 = 𝜀𝜆𝑎, 𝜆𝑎 = 𝐵6Ω𝑎𝑏(𝜆
𝑏)∗  

ℒ = √−𝑔̂
𝑖

2
𝜆‾𝑎Γ𝑀𝑒̂𝑀

𝑁∇̂𝑁𝜆𝑎  

∇̂𝑁= 𝜕𝑁 −
1

4
𝜔̂𝑁−

𝑃𝑄
Γ𝑃𝑄.  

𝜆1(𝑧, 𝑥
𝜇) ≡ 𝑒𝑖𝑛𝜑3𝑒

𝜂

√6
𝜙
(
𝜒1(𝑥

𝜇)

0
) , 𝜆2(𝑧, 𝑥

𝜇) ≡ 𝑒−𝑖𝑛𝜑3𝑒
𝜂

√6
𝜙
(
𝜒2(𝑥

𝜇)

0
) ,  

𝑒−1ℒ =
𝑖

2
𝜒‾𝛾𝜇∇𝜇𝜒 +

1

2
𝜒‾ (
𝑛𝜀

𝐿
) 𝑒

2𝜙

√6𝜏3𝜒 +
1

2
𝜒‾ (
2𝑛

𝐿
) 𝛾𝜇𝑎𝜇𝜏3𝜒 +

𝑖

2
𝜒‾ (
𝜀

4
) 𝑒

−2𝜙

√6 𝛾𝜇𝜈𝑓𝜇𝜈𝜒,  

ℒ =
1

2
(𝑖𝜒‾𝛾𝜇∇𝜇𝜒 − 𝑚𝜒‾𝜏3𝜒 + 𝑞𝜒‾𝛾

𝜇𝑎𝜇𝜏3𝜒 + 𝑖𝑝𝜒‾𝛾
𝜇𝜈𝑓𝜇𝜈𝜒),  

𝑚(𝜙) = 𝑔(𝑚1𝑒
−𝜙

√6 +𝑚2𝑒
2𝜙

√6) ≈
2𝑚2
𝐿
𝑒
2𝜙

√6 +⋯ ,  

𝑚2 = −
𝑛𝜀

2
, 𝑞1 = 𝑛, 𝑝1 =

𝜀

4
.  

𝑚2 = −2𝑞1𝑝1  

 

ℒPauli =
𝑖

2
√−𝑔̂𝜆‾𝑎Γ𝑀𝑁𝑃𝐻𝑀𝑁𝑃𝜆𝑎  

ℒPauli ∼ −
𝑖𝜀

2
𝑒
𝜙

√6√−𝑔𝜒‾𝑎𝛾𝜇𝜈𝐹𝜇𝜈𝜒𝑎  
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(𝜕𝑟 + (
𝑎

𝑟2
+ 𝑏) 𝜎3 + (

𝑐𝜔

𝑟2
+ 𝑑𝜔 + 𝑓) 𝑖𝜎2 +

𝑃

𝑟
𝜎1)𝜓 = 0  

𝜈(|𝑃| ≫ 1) → |𝑃| ∓
1

2
≈ |𝑃|.  

𝜓±
′′ − 𝐹±𝜓±

′ + (∓𝑋′ − 𝑋2 + 𝑌2 − 𝑍2 ± 𝑋𝐹±)𝜓±  

𝐹± ≡ 𝜕𝑟log (∓𝑌 + 𝑍)  

𝐹± = −
2

𝑟
∓
𝑃

𝑐𝜔
+ 𝒪(𝑟)  

∓𝑋′ ± 𝑋𝐹± = −
𝑎𝑃

𝑐𝜔𝑟2
+ 𝒪 (

1

𝑟
)  

𝑐𝜔𝑃

𝑎
→
𝑎𝑃

𝑐𝜔
.  

{𝛾𝜇 , 𝛾𝜈} = −2𝜂𝜇𝜈 ,  

𝛾4 = 𝛾0𝛾1𝛾2𝛾3.  

𝐵𝛾𝜇𝐵−1 = (𝛾𝜇)∗, 𝐶𝛾𝜇𝐶−1 = (𝛾𝜇)𝑇  

𝐵−1 = 𝐵, 𝐵𝑇 = 𝐵∗ = −𝐵, 𝐶−1 = 𝐶𝑇 = −𝐶, 𝐶∗ = 𝐶.  

Γ𝜇 = 𝛾𝜇⊗𝜎1, Γ
5 = 𝕀⊗ 𝑖𝜎2,  

Γ ≡ Γ0Γ1Γ2Γ3Γ4Γ5 = 𝕀⊗ 𝜎3  

Γ2 = 1, {Γ, Γ𝜇} = 0  

𝐵6Γ
𝑀𝐵6

−1 = (Γ𝑀)∗, 𝐶6Γ
𝑀𝐶6

−1 = (Γ𝑀)𝑇 ,  

𝐵6 = 𝐵⊗ 𝕀2×2, 𝐶6 = 𝐶 ⊗ 𝜎1.  

𝐵6 ≡ −𝑖Γ
4Γ5Γ, 𝐶6 = Γ

0𝐵6 = −𝑖Γ
0Γ4Γ5Γ 

𝜒𝑎 = Ω𝑎𝑏𝜒
𝑏 , 𝜒𝑎 = Ω𝑎𝑏𝜒𝑏,  

𝜒𝑎 = 𝐵(𝜒𝑎)
∗ = 𝐵Ω𝑎𝑏(𝜒

𝑏)∗  

𝜒‾𝑎 ≡ (𝜒𝑎)
†𝛾0,  

𝜒‾𝑎 = (𝜒𝑎)𝑇𝐶  

𝜒‾𝑎𝛾𝜇1⋯𝛾𝜇𝑛𝜓𝑏 = 𝜓‾𝑏𝛾𝜇𝑛⋯𝛾𝜇1𝜒𝑎  

ℒ =
1

2
(𝑖𝜒‾𝛾𝜇∇𝜇𝜒 − 𝑚𝜒‾𝜏3𝜒 + 𝑞𝜒‾𝛾

𝜇𝐴𝜇𝜏3𝜒 + 𝑖𝑝𝜒‾𝛾
𝜇𝜈𝐹𝜇𝜈𝜒)  

(𝑖𝛾𝜇∇𝜇 −𝑚𝜏3 + 𝑞𝛾
𝜇𝐴𝜇𝜏3 + 𝑖𝑝𝛾

𝜇𝜈𝐹𝜇𝜈)𝜒 = 0  

[𝐵6, Γ] = 0  

Γ𝜆 = ±𝜆  

𝑑𝑠̂2 = 𝑒2𝛼𝜙𝑑𝑠2 + 𝑒2𝛽𝜙(𝑑𝑧 +𝒜)2  

𝑒̂𝜇  𝜈 = 𝑒
𝛼𝜙𝑒𝜇 𝜈 , 𝑒̂

𝜇 𝑧 = 0, 𝑒̂
𝑧 𝑧 = 𝑒

𝛽𝜙 , 𝑒̂𝑧 𝜈 = 𝑒
𝛽𝜙𝒜𝜈  
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𝑒̂𝜈
𝜇
= 𝑒−𝛼𝜙𝑒𝜈

𝜇
, 𝑒̂𝑧
𝜇
= 0, 𝑒̂𝑧

𝑧 = 𝑒−𝛽𝜙, 𝑒̂𝜈
𝑧 = −𝑒−𝛼𝜙𝑒𝜈

𝜇
𝒜𝜇.  

𝜔̂𝜇  
𝜈𝜌
 = 𝜔𝜇  

𝜈𝜌
 + 𝛼(𝑒𝜈 𝜇𝜕

𝜌𝜙 − 𝑒𝜌 𝜇𝜕
𝜈𝜙) −

1

2
𝑒2(𝛽−𝛼)𝜙𝒜𝜇ℱ𝜈  

𝜔̂𝜇  
𝜈𝑧 =

1

2
𝑒(𝛽−𝛼)𝜙ℱ𝜇𝜈 − 𝛽𝑒

(𝛽−𝛼)𝜙𝒜𝜇𝜕
𝜈𝜙

𝜔̂𝑧 
𝜈𝜌 = −

1

2
𝑒2(𝛽−𝛼)𝜙ℱ𝜈𝜌

𝜔̂𝑧𝜈𝑧 = −𝛽𝑒
(𝛽−𝛼)𝜙𝜕𝜈𝜙

 

𝜔̂𝜇  
𝜈𝜌
 = 𝜔𝜇  

𝜈𝜌
 + 𝛼(𝑒𝜈 𝜇𝜕

𝜌𝜙 − 𝑒𝜌 𝜇𝜕
𝜈𝜙) +𝒜𝜇𝜔̂𝑧 

𝜈𝜌

𝜔̂𝜇  
𝜈𝑧 =

1

2
𝑒(𝛽−𝛼)𝜙ℱ𝜇  

𝜈 +𝒜𝜇𝜔̂𝑧  
𝜈𝑧

 

Γ = 𝕀4×4⊗𝜎3 

ℒ𝜕 = √−𝑔̂
𝑖

2
(𝜆𝑎)

†Γ0 (Γ𝜇𝑒̂𝜇
𝜈𝜕𝜈 + Γ

5𝑒̂𝑧
𝑧𝜕𝑧 + Γ

𝜇𝑒̂𝜇
𝑧𝜕𝑧)𝜆𝑎,  

Γ0Γ𝜇 = 𝛾0𝛾𝜇⊗ 𝕀2×2  

ℒkin = 𝑒
𝜙

√6√−𝑔
𝑖

2
𝑒
2𝜂𝜙

√6 (𝜒𝑎)
†𝛾0𝛾𝜇𝑒

−𝜙

2√6𝑒𝜈 𝜇𝜕𝜈𝜒𝑎 +⋯ = √−𝑔𝑒
(1+4𝜂)𝜙

2√6
𝑖

2
𝜒‾𝑎𝛾𝜇𝜕𝜇𝜒𝑎 +⋯  

ℒkin = √−𝑔 (
𝑖

2
𝜒‾𝑎𝛾𝜇𝜕𝜇𝜒𝑎 −

𝑖

8√6
𝜒‾𝑎𝛾𝜇(𝜕𝜇𝜙)𝜒𝑎)  

𝜕𝑧𝜆1 =
𝑖𝑛

𝐿
𝜆1, 𝜕𝑧𝜆2 = −

𝑖𝑛

𝐿
𝜆2  

𝜕𝑧𝜆 =
𝑖𝑛

𝐿
𝜏3𝜆  

Γ0Γ5 = −𝛾0𝜎3  

ℒmass  = 𝑒
𝜙

√6√−𝑔
𝑛

2𝐿
𝑒
−
𝜙

2√6(𝜒𝑎)
†𝜎3𝛾

0𝑒
3𝜙

2√6(𝜏3)𝑎 
𝑏𝜒𝑏

 = 𝑒
2𝜙

√6√−𝑔
𝑛𝜀

2𝐿
𝜒‾𝑎(𝜏3)𝑎  

𝑏𝜒𝑏

 

ℒKKgauge  = √−𝑔̂
𝑖

2
(𝜆𝑎)

†Γ0Γ𝜇𝑒̂𝜇
𝑧𝜕𝑧𝜆𝑎

 = √−𝑔
𝑛

2𝐿
𝜒‾𝑎𝛾𝜇𝒜𝜇(𝜏3)𝑎  

𝑏𝜒𝑏

 

ℒKKgauge = √−𝑔
1

2
𝜒‾ (
2𝑛

𝐿
) 𝛾𝜇𝑎𝜇𝜏3𝜒  

ℒ𝜕 = √−𝑔(
𝑖

2
𝜒‾𝛾𝜇𝜕𝜇𝜒 +

1

2
𝜒‾ (
𝑛𝜀

𝐿
𝑒
2𝜙

√6) 𝜏3𝜒 +
1

2
𝜒‾ (
2𝑛

𝐿
) 𝛾𝜇𝑎𝜇𝜏3𝜒 −

𝑖

8√6
𝜒‾𝛾𝜇(𝜕𝜇𝜙)𝜒)  

ℒ𝜔 = −
𝑖

8
√−𝑔̂𝜆‾𝑎Γ𝑀𝑒̂𝑀

𝑁𝜔̂𝑁  
𝑃𝑄Γ𝑃𝑄𝜆𝑎  

Γ𝑀𝑒̂𝑀
𝑁𝜔̂𝑁𝑃𝑄Γ𝑃𝑄= Γ

𝜇𝑒̂𝜇
𝜈𝜔̂𝜈𝑃𝑄Γ𝑃𝑄 + Γ

𝜇𝑒̂𝜇
𝑧𝜔̂𝑧𝑃𝑄Γ𝑃𝑄 + Γ

𝑧𝑒̂𝑧
𝑧𝜔̂𝑧

𝑃𝑄

 
Γ𝑃𝑄  

 = 𝜎1𝑒
−𝛼𝜙𝛾𝜇 (𝜔̂𝜇𝑃𝑄 −𝒜𝜇𝜔̂𝑧𝑃𝑄)Γ𝑃𝑄 + 𝑖𝜎2𝑒

−𝛽𝜙𝜔̂𝑧𝑃𝑄Γ𝑃𝑄

 

𝜎1𝑒
−𝛼𝜙𝛾𝜇 (𝜔̂𝜇𝑃𝑄 −𝒜𝜇𝜔̂𝑧𝑃𝑄)Γ𝑃𝑄 = 𝜎1𝑒

−𝛼𝜙 (𝛾𝜇𝜔𝜇𝜈𝜌𝛾𝜈𝜌 − 8𝛼𝛾
𝜇𝜕𝜇𝜙 − 𝜎3𝑒

(𝛽−𝛼)𝜙𝛾𝜇𝜈ℱ𝜇𝜈)  

𝛾𝜇𝛾𝜇𝜈 = −4𝛾𝜈  
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𝑖𝜎2𝑒
−𝛽𝜙𝜔̂𝑧 →

𝑃𝑄 
Γ𝑃𝑄 = −2𝛽𝜎1𝑒

−𝛼𝜙𝛾𝜇𝜕𝜇𝜙 −
𝑖

2
𝜎2𝑒

(𝛽−2𝛼)𝜙𝛾𝜇𝜈ℱ𝜇𝜈  

Γ𝑀𝑒̂𝑁  𝑀𝜔̂𝑁  
𝑃𝑄Γ𝑃𝑄 = 𝜎1𝑒

−𝛼𝜙 (𝛾𝜇𝜔𝜇  
𝜈𝜌𝛾𝜈𝜌 − 2𝛼𝛾

𝜇𝜕𝜇𝜙 −
1

2
𝜎3𝑒

(𝛽−𝛼)𝜙𝛾𝜇𝜈ℱ𝜇𝜈)  

ℒ𝜔 = √−𝑔𝜒‾
𝑎 (−

𝑖

8
𝛾𝜇𝜔𝜇𝛾𝜈𝜌

𝜈𝜌
+

𝑖

8√6
𝛾𝜇𝜕𝜇𝜙 +

𝑖𝜀

16
𝑒(𝛽−𝛼)𝜙𝛾𝜇𝜈ℱ𝜇𝜈) 𝜒𝑎  

𝑒−1ℒ =
𝑖

2
𝜒‾𝛾𝜇∇𝜇𝜒 +

1

2
𝜒‾ (
𝑛𝜀

𝐿
) 𝑒

2𝜙

√6𝜏3𝜒 +
1

2
𝜒‾ (
2𝑛

𝐿
) 𝛾𝜇𝑎𝜇𝜏3𝜒 +

𝑖

2
𝜒‾ (
𝜀

4
) 𝑒

−2𝜙

√6 𝛾𝜇𝜈𝑓𝜇𝜈𝜒  

⟨𝜆2⟩𝑘 =
16𝜋2

𝑔2
𝑀PV
3 exp (

2𝜋𝑖(𝜏 + 𝑘)

𝑇𝐺
) = 3𝑇𝐺Λ

3exp (
2𝜋𝑖𝑘

𝑇𝐺
) ,  

𝒵 =
𝑇𝐺
8𝜋2

∫   d𝑧
𝜕

𝜕𝑧
𝜆2  

𝒵𝑘𝑛 = ⟨𝑘𝑛|𝒵|𝑘𝑛⟩ =
𝑇𝐺
8𝜋2

(⟨𝜆2⟩𝑘+𝑛 − ⟨𝜆
2⟩𝑛)  

𝑇𝑘 = |𝒵𝑘𝑛| =
3

4𝜋2
𝑇𝐺
2Λ3sin 

𝜋𝑘

𝑇𝐺
,  

𝜈𝑘 = Tr𝑘𝑛[𝐹(−1)
𝐹],  

𝜈𝑘 = TrWV[(−1)
𝐹].  

𝑆𝐿 = ∫  𝑑𝑡 [
1

2𝑒2
𝐴̇𝑖
2 −

𝑁

8𝜋
𝜖𝑖𝑗𝐴𝑖𝐴̇𝑗]  

𝜈𝑘 = (
𝑁

𝑘
) ≡

𝑁!

𝑘! (𝑁 − 𝑘)!
 

𝑉𝑎 = 𝜙𝑎 + 𝜏𝜎𝑎  

𝒲 ∝ [∑  

𝑁−1

𝑎=1

  𝑒−𝑉
𝑎
+ 𝑒2𝜋𝑖𝜏𝑒∑  𝑎  𝑉

𝑎
]  

𝒲 = Tr(𝑚𝑀) +
(Λ𝑁−1)

2𝑁+1

det𝑀
 

𝑀𝑓
𝑔
= 𝑄𝑓𝑄‾

𝑔  

det𝑀 = (Λ𝑁)
2𝑁,  

𝒲tree = Tr(𝑚𝑀),  

𝒲 = Tr(𝑚𝑀) + 𝜆[det𝑀 − (Λ𝑁)
2𝑁]  

⟨𝑀⟩𝑘 = 𝑚
−1𝜇Λ𝑁

2 𝜔𝑁
𝑘 , 𝑘 = 0,…𝑁 − 1  

𝜇 = (det𝑚)1/𝑁  

𝑚 = (

𝑚𝑁
𝑁 0⋯0

0
⋮ 𝑚′

0

) ,𝑚𝑁
𝑁 ≫ (𝑚′)𝑓

𝑔
, 𝑓, 𝑔 = 1,… , 𝑁 − 1  

𝒲 = Tr(𝑚′𝑀′) +
(Λ𝑁−1)

2𝑁+1

det𝑀′
, (Λ𝑁−1)

2𝑁+1 = 𝑚𝑁
𝑁(Λ𝑁)

2𝑁  

𝑋 = 𝑚𝑀(𝜇Λ𝑁)
−2  
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𝒲 = 𝜇Λ𝑁
2 [Tr𝑋 + 𝜆(det𝑋 − 1)]  

𝒦 ∝ Tr[𝑋‾𝑚‾ −1𝑚−1𝑋]1/2 

𝒵 = ∫  d𝑧
𝜕

𝜕𝑧
{2𝒲̂}𝜃=0, 𝒲̂ = 𝒲tree −

𝑇𝐺 − ∑  𝑓  𝑇(𝑅𝑓)

16𝜋2
Tr𝑊2  

𝒵𝑘𝑛 = 2[𝒲𝑘+𝑛 −𝒲𝑛]  

𝑋𝑘 = 𝜔𝑁
𝑘 ⋅ 𝟙,𝒲𝑘 = 𝑁𝜇Λ𝑁

2 𝜔𝑁
𝑘 ,  

𝒵𝑘𝑛 = |𝒵𝑘𝑛|𝑒
𝑖𝛾𝑘𝑛 = 4𝑖𝑁𝜇Λ𝑁

2 sin 
𝜋𝑘

𝑁
exp (

𝑖𝜋(2𝑛 + 𝑘)

𝑁
) ,  

𝑔𝑎‾𝑏𝜕𝑧𝑋
𝑏 = 𝑒𝑖𝛾𝜕𝑎‾𝒲  

𝑔𝑎‾𝑏 = 𝜕𝑎‾𝜕𝑏𝒦 

𝜕𝑧𝒲 = 𝑒𝑖𝛾‖𝜕𝑖𝑋‖
2  

𝜈𝑘 = Δ𝑛 ∘ Δ𝑛+𝑘  

ℳ = ℝ× ℳ̃  

𝒲 = 𝜇Λ𝑁
2 [∑  

𝑁

𝑖=1

 𝜂𝑖 + 𝜆(∏  

𝑁

𝑖=1

  𝜂𝑖 − 1)]  

𝑤𝑖 =
1

2𝜋𝑖
∫ 
Γ

 
𝑑𝜂𝑖
𝜂𝑖

 

𝑤1 = 𝑘/𝑁,𝑤2 = (𝑘/𝑁) − 1  

 

𝑁(𝑤1) = 𝑘, 𝑁(𝑤2) = 𝑁 − 𝑘.  

𝒲 = 𝜇Λ𝑁
2 {𝑙𝜂1 + (𝑁 − 𝑙)𝜂2 + 𝜆[𝜂1

𝑙 𝜂2
𝑁−𝑙 − 1]}.  

SU(𝑘) × SU(𝑁 − 𝑘) × U(1).  

ℳ̃𝑘 = 𝐺(𝑘, 𝑁) ≡
U(𝑁)

U(𝑘) × U(𝑁 − 𝑘)
 

𝑋 = √𝑁(𝑋0𝑇0 + 𝑖𝑋
𝐴𝑇𝐴)  
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⟨𝑋0⟩ = 𝜔𝑁
𝑘 , ⟨𝑋𝐴⟩ = 0  

𝒲 = 𝜇Λ𝑁
2 𝑋0  

𝑋0(𝑡) = 𝑓(𝑡) ≡ (1 − 𝑡) + 𝑡𝜔𝑁
𝑘 ,  

det[𝑋0(𝑡)𝟙 + 𝑖√𝑁𝑋𝐴𝑇𝐴] = 1  

 

∑  

3

𝑎=0

  (𝑋𝑎)2 = 1,  

𝑟2 = Tr(𝑋‾𝑋),  

𝑑𝑠𝐶
2 = 𝐾′(𝑟2)Tr(𝑑𝑋‾𝑑𝑋) + 𝐾′′(𝑟2)|Tr(𝑋‾𝑑𝑋)|2.  

𝑑𝑠𝑟→1
2 = Λ2

2 [𝑑𝜌2 + 𝑑Ω3
2 +

1

2
𝜌2𝑑Ω2

2]  

𝑋𝑎 = cosh (√𝑝𝑏𝑝𝑏)𝑥
𝑎 + 𝑖

sinh (√𝑝𝑏𝑝𝑏)

√𝑝𝑐𝑝𝑐
𝑝𝑎, 𝑎, 𝑏, 𝑐 = 0,1,2,3  

∑  

3

𝑎=0

  (𝑥𝑎)2 = 1,∑  

3

𝑎=0

  𝑥𝑎𝑝𝑎 = 0  

𝒲 = 𝜇Λ𝑁
2 cosh (√𝑝𝐴𝑝𝐴)𝑥

0 

𝐸 = ∑  

3

𝑎=0

(𝑝𝑎)
2/2 

 

𝑑𝑠𝑟=1
2 = Λ2

2𝑑Ω3
2, 𝑑Ω3

2 = 𝑑𝜃2 + sin2 𝜃(𝑑𝜉2 + sin2 𝜉𝑑𝜙2),  

 
𝒲|trajectory = 2𝜇Λ2

2cos 𝜃.  

𝜕𝑧𝜃 = 2𝜇sin 𝜃, 𝜕𝑧𝜉 = 𝜕𝑧𝜙 = 0,  

𝜃(𝑧) = 2arctan 𝑒2𝜇(𝑧−𝑧0).  

ℳN=2 = ℝ× ℂℙ1,  

 

𝐿particle = −𝑀 +
1

2
𝑀𝑧̇0

2 + 𝑅ℳ̃(𝜉
2 + sin2 𝜉𝜙̇2),  
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𝑅ℳ̃ ∼ 𝐿2
Λ2
2

𝜇
 

𝒲|trajectory = 𝑁𝜇Λ𝑁
2 𝑒𝑖𝜋𝑘/𝑁 [cos 

𝑘𝜋

𝑁
− 𝑖sin 

𝑘𝜋

𝑁
cos 𝜃] .  

𝒦 = Λ𝑁
2 [𝜃2 + Tr𝑓(𝑋̃̃𝑋̃)]  

𝜕𝑧𝜃 = 𝑁𝜇sin 
𝑘𝜋

𝑁
sin 𝜃,  

𝜃(𝑧) = 2arctan 𝑒2𝜇̃(𝑧−𝑧0), 𝜇̃ =
𝑁

2
𝜇sin 

𝑘𝜋

𝑁
.  

∏ 

𝑁

𝑖=1

  𝜂𝑖(𝑥(𝑡)) = 1  

𝑋 → 𝑓(𝑡)𝟙 + 𝑥√𝑁Ω  

Ω = diag{−√
𝑁 − 𝑘

𝑁𝑘
𝟙𝑘 , √

𝑘

𝑁(𝑁 − 𝑘)
𝟙𝑁−𝑘} ,  

(𝑓(𝑡) + √
𝑁 − 𝑘

𝑘
𝑥)

𝑘

(𝑓(𝑡) − √
𝑘

𝑁 − 𝑘
𝑥)

𝑁−𝑘

= 1.  

𝑦𝑘 = 𝑓(𝑡) − √
𝑘

𝑁 − 𝑘
𝑥, 𝑦−(𝑁−𝑘) = 𝑓(𝑡) + √

𝑁 − 𝑘

𝑘
𝑥.  

𝒲ansatz 

𝜇Λ𝑁
2 = 𝑁𝑓(𝑡) = 𝑘𝑦𝑘−𝑁 + (𝑁 − 𝑘)𝑦𝑘 ,  

ℳ̃𝑘 = 𝐺(𝑘, 𝑁),  

𝜈𝑘 = 𝜒(𝐺(𝑘, 𝑁)) = (
𝑁

𝑘
) ≡

𝑁!

𝑘! (𝑁 − 𝑘)!
,  

𝒲 = 𝜇Λ𝑁
2 [∑  

𝑁

𝑖=1

 𝜂𝑖 + 𝜆(∏  

𝑁

𝑖=1

  𝜂𝑖 − 1)]  

𝑀ℳ̃ ∝
Λ2
2

𝜇
=

3Λ3

8𝜋2𝜇2
 

𝑚 = diag{𝑚1, 𝑚2},𝑚1 ≪ 𝑚2 ≪ Λ2.  

𝜉 ≡
𝑚2 −𝑚1

√𝑚1𝑚2
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𝑇2 − 2𝑇1 = −
3𝜋Λ3

4𝑁
+ 𝒪(𝑁−3)  

2(ℝ × ℂℙ𝑁−1) ⟶ ℝ× 𝐺(2,𝑁)  

𝒮𝑇𝑆𝑌𝑀 =
1

𝑔2
tr∫  𝑑4𝑥 (

1

2
𝐹𝜇𝜈
+𝐹+𝜇𝜈 +

1

2
𝜙‾{𝜓𝜇, 𝜓𝜇}

 −𝜒𝜇𝜈(𝐷𝜇𝜓𝜈 − 𝐷𝜈𝜓𝜇)
+
+ 𝜂𝐷𝜇𝜓

𝜇 −
1

2
𝜙‾𝐷𝜇𝐷

𝜇𝜙

−
1

2
𝜙{𝜒𝜇𝜈 , 𝜒𝜇𝜈} −

1

8
[𝜙, 𝜂]𝜂 −

1

32
[𝜙, 𝜙‾][𝜙, 𝜙‾])

 

𝛿𝜖
𝑔
𝐴𝜇  = −𝐷𝜇𝜖

𝛿𝜖
𝑔
𝜆 = [𝜖, 𝜆], 𝜆 = 𝜒, 𝜓, 𝜂, 𝜙,𝜙‾

 

{𝒬𝛼
𝑖 , 𝒬𝑗𝛼̇} = 𝛿𝑗

𝑖𝜕𝛼𝛼̇ + 𝔾𝑔𝑎𝑢𝑔𝑒 𝑡𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛𝑠 +𝔐𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠 𝑜𝑓 𝑚𝑜𝑡𝑖𝑜𝑛

{𝒬𝛼
𝑖 , 𝒬𝛽

𝑗
} = {𝒬𝛼̇

𝑖
, 𝒬𝛽̇

𝑗
} = 𝔾𝑔𝑎𝑢𝑔𝑒 𝑡𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛𝑠 +𝔐𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠 𝑜𝑓 𝑚𝑜𝑡𝑖𝑜𝑛

 

𝛿 =
1

√2
𝜀𝛼𝛽𝒬𝛽𝛼 , 𝛿𝜇 =

1

√2
𝒬𝛼𝛼̇(𝜎‾𝜇)

𝛼̇𝛼

𝛿𝜇𝜈  =
1

√2
(𝜎𝜇𝜈)

𝛼𝛽
𝒬𝛽𝛼 = −𝛿𝜈𝜇

 

𝛿2 =  𝔾𝑔𝑎𝑢𝑔𝑒 𝑡𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛𝑠 +𝔐𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠 𝑜𝑓 𝑚𝑜𝑡𝑖𝑜𝑛

{𝛿, 𝛿𝜇} = 𝜕𝜇 +  𝔾𝑔𝑎𝑢𝑔𝑒 𝑡𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛𝑠 +𝔐𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠 𝑜𝑓 𝑚𝑜𝑡𝑖𝑜𝑛  

{𝛿𝜇, 𝛿𝜈} =  𝔾𝑔𝑎𝑢𝑔𝑒 𝑡𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛𝑠 +𝔐𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠 𝑜𝑓 𝑚𝑜𝑡𝑖𝑜𝑛  

{𝛿, 𝛿𝜇𝜈} = {𝛿𝜇𝜈 , 𝛿𝜌𝜎} = 𝔾𝑔𝑎𝑢𝑔𝑒 𝑡𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛𝑠 +𝔐𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠 𝑜𝑓 𝑚𝑜𝑡𝑖𝑜𝑛 

{𝛿𝜇, 𝛿𝜌𝜎} = −𝜀𝜇𝜌𝜎𝜈𝜕
𝜈 − 𝑔𝜇[𝜌𝜕𝜎] +𝔾𝑔𝑎𝑢𝑔𝑒 𝑡𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛𝑠 +𝔐𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠 𝑜𝑓 𝑚𝑜𝑡𝑖𝑜𝑛

 

𝜓‾𝛼̇
𝑖 →
𝑡𝑤𝑖𝑠𝑡 

𝜓‾𝛼𝛼̇ ⟶𝜓𝜇 = (𝜎‾𝜇)
𝛼̇𝛼
𝜓‾𝛼𝛼̇  

𝜓[𝛼𝛽] ⟶ 𝜂 = 𝜀𝛼𝛽𝜓[𝛼𝛽],

𝜓(𝛼𝛽)⟶ 𝜒𝜇𝜈 = 𝜒𝜇𝜈 = (𝜎𝜇𝜈)
𝛼𝛽
𝜓(𝛼𝛽).

 

𝒮𝑌𝑀
𝑁=2(𝐴𝜇 , 𝜓𝛼

𝑖 , 𝜓‾𝛼̇
𝑖 , 𝜙, 𝜙‾) →

 twist  
𝒮𝑇𝑆𝑌𝑀(𝐴𝜇 , 𝜓𝜇 , 𝜒𝜇𝜈 , 𝜂, 𝜙, 𝜙‾). 

𝛿𝒲𝐴𝜇 = 𝜓𝜇, 𝛿𝒲𝜓𝜇 = −𝐷𝜇𝜙, 𝛿𝒲𝜙 = 0

𝛿𝒲𝜒𝜇𝜈 = 𝐹𝜇𝜈
+ , 𝛿𝒲𝜙‾ = 2𝜂, 𝛿𝒲𝜂 =

1

2
[𝜙,𝜙‾]
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𝛿𝜇𝐴𝜈  =
1

2
𝜒𝜇𝜈 +

1

8
𝑔𝜇𝜈𝜂

𝛿𝜇𝜓𝜈  = 𝐹𝜇𝜈 −
1

2
𝐹𝜇𝜈
+ −

1

16
𝑔𝜇𝜈[𝜙, 𝜙‾]

𝛿𝜇𝜂 =
1

2
𝐷𝜇𝜙‾

𝛿𝜇𝜒𝜎𝜏  =
1

8
(𝜀𝜇𝜎𝜏𝜈𝐷

𝜈𝜙‾ + 𝑔𝜇𝜎𝐷𝜏𝜙‾ − 𝑔𝜇𝜏𝐷𝜎𝜙‾)

𝛿𝜇𝜙 = −𝜓𝜇

𝛿𝜇𝜙‾  = 0

 

𝛿𝒲𝒮𝑇𝑆𝑌𝑀 = 𝛿𝜇𝒮𝑇𝑆𝑌𝑀 = 0  

𝑠𝐴𝜇 = −𝐷𝜇𝑐, 𝑠𝑐 = 𝑐2 , 𝑠𝜙 = [𝑐, 𝜙]

𝑠𝜓𝜇 = {𝑐, 𝜓𝜇}, 𝑠𝜒𝜇𝜈 = {𝑐, 𝜒𝜇𝜈}, 𝑠𝜂 = {𝑐, 𝜂}

𝑠𝜙‾ = [𝑐, 𝜙‾],

𝑠𝒮𝑇𝑆𝑌𝑀 = 0, 𝑠2 = 0

 

𝒬 = 𝑠 + 𝜔𝛿𝒲 + 𝜀𝜇𝛿𝜇 + 𝑣
𝜇𝜕𝜇 − 𝜔𝜀

𝜇
𝜕

𝜕𝑣𝜇
 

𝑠𝜔 = 0, 𝛿𝒲𝜔 = 0, 𝛿𝒲𝑐 = −𝜔𝜙.  

𝒬𝑐 = 𝑐2 − 𝜔2𝜙 −𝜔𝜀𝜇𝐴𝜇 +
𝜀2

16
𝜙‾ + 𝑣𝜇𝜕𝜇𝑐

𝒬𝜔 = 0, 𝒬𝜀𝜇 = 0,𝒬𝑣𝜇 = −𝜔𝜀𝜇
 

 

𝒬2 = 0  on  (𝐴, 𝜙,𝜙‾, 𝜂, 𝑐, 𝜔, 𝜀, 𝑣)  

𝒬2𝜓𝜎 =
𝑔2

4
𝜔𝜀𝜇

𝛿𝒮𝑇𝑌𝑀
𝛿𝜒𝜇𝜎

 +
𝑔2

32
𝜀𝜇𝜀𝜈 (𝑔𝜇𝜎

𝛿𝒮𝑇𝑌𝑀
𝛿𝜓𝜈

+ 𝑔𝜈𝜎
𝛿𝒮𝑇𝑌𝑀
𝛿𝜓𝜇

− 2𝑔𝜇𝜈
𝛿𝒮𝑇𝑌𝑀
𝛿𝜓𝜎

)

𝒬2𝜒𝜎𝜏 = −
𝑔2

2
𝜔2
𝛿𝒮𝑇𝑌𝑀
𝛿𝜒𝜎𝜏

 +
𝑔2

8
𝜔𝜀𝜇 (𝜀𝜇𝜎𝜏𝜈

𝛿𝒮𝑇𝑌𝑀
𝛿𝜓𝜈

+ 𝑔𝜇𝜎
𝛿𝒮𝑇𝑌𝑀
𝛿𝜓𝜏

− 𝑔𝜇𝜏
𝛿𝒮𝑇𝑌𝑀
𝛿𝜓𝜎

)

 

𝒬𝑐‾ = 𝑏 + 𝑣𝜇𝜕𝜇𝑐‾, 𝒬𝑏 = 𝜔𝜀
𝜇𝜕𝜇𝑐‾ + 𝑣

𝜇𝜕𝜇𝑏  

𝒮𝑔𝑓  = 𝑄∫  𝑑
4𝑥tr(𝑐‾𝜕𝐴)

 = tr∫  𝑑4𝑥 (𝑏𝜕𝐴 + 𝑐‾𝜕𝐷𝑐 − 𝜔𝑐‾𝜕𝜓 −
𝜀𝜈

2
𝑐‾𝜕𝜇𝜒𝜈𝜇 −

𝜀𝜇

8
𝑐‾𝜕𝜇𝜂)

 

𝒮𝑒𝑥𝑡 = tr∫  𝑑
4𝑥(Φ∗𝑖𝒬Φ𝑖)  

𝒮quad = tr∫  𝑑
4𝑥 (

𝑔2

8
𝜔2𝜒∗𝜇𝜈𝜒𝜇𝜈

∗ −
𝑔2

4
𝜔𝜒∗𝜇𝜈𝜀𝜇𝜓𝑣

∗ −
𝑔2

32
𝜀𝜇𝜀𝜈𝜓𝜇

∗𝜓𝑣
∗ +

𝑔2

32
𝜀2𝜓∗𝜇𝜓𝜇

∗)  

Σ = 𝒮𝑇𝑆𝑌𝑀 + 𝒮𝑔𝑓 + 𝒮𝑒𝑥𝑡 + 𝒮𝑞𝑢𝑎𝑑  

𝒮(Σ)  = tr∫  𝑑4𝑥 (
𝛿Σ

𝛿Φ∗𝑖
𝛿Σ

𝛿Φ𝑖
+ (𝑏 + 𝑣𝜇𝜕𝜇𝑐‾)

𝛿Σ

𝛿𝑐‾

+(𝜔𝜀𝜇𝜕𝜇𝑐‾ + 𝑣
𝜇𝜕𝜇𝑏)

𝛿Σ

𝛿𝑏
) − 𝜔𝜀𝜇

𝜕Σ

𝜕𝑣𝜇
= 0
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𝜕Σ

𝜕𝑣𝜇
=Δ𝜇

𝑐𝑙 = tr∫  𝑑4𝑥(𝑐∗𝜕𝜇𝑐 − 𝜙
∗𝜕𝜇𝜙 − 𝐴

∗𝜈𝜕𝜇𝐴𝜈 + 𝜓
∗𝜈𝜕𝜇𝜓𝜈 − 𝜙‾

∗𝜕𝜇𝜙‾

+𝜂∗𝜕𝜇𝜂 +
1

2
𝜒∗𝜈𝜎𝜕𝜇𝜒𝜈𝜎)

 

Σ = Σ̂ + 𝑣𝜇Δ𝜇
𝑐𝑙 ,
𝜕Σ̂

𝜕𝑣𝜇
= 0  

𝒮(Σ̂) = 𝜔𝜀𝜇Δ𝜇
𝑐𝑙 .  

𝛿Σ̂

𝛿𝑏
= 𝜕𝐴,

𝛿Σ̂

𝛿𝑐‾
+ 𝜕𝜇

𝛿Σ̂

𝛿𝐴𝜇
∗ = 0

 ∫  𝑑4𝑥 (
𝛿Σ̂

𝛿𝑐
+ [𝑐‾,

𝛿Σ̂

𝛿𝑏
]) = Δ𝑐

𝑐𝑙

 

Δ𝑐
𝑐𝑙 = ∫  𝑑4𝑥 ([𝑐, 𝑐∗] − [𝐴, 𝐴∗] − [𝜙, 𝜙∗] + [𝜓, 𝜓∗] − [𝜙‾, 𝜙‾∗] + [𝜂, 𝜂∗] +

1

2
[𝜒, 𝜒∗]) .  

Σ̂ = 𝒮̃ + tr∫  𝑑4𝑥𝑏𝜕𝐴,  

𝒮(𝒮̃) = tr∫  𝑑4𝑥 (
𝛿𝒮̃

𝛿Φ∗𝑖
𝛿𝒮̃

𝛿Φ𝑖
) = 𝜔𝜀𝜇Δ𝜇

𝑐𝑙  

ℬ𝒮̃ = tr∫  𝑑
4𝑥 (

𝛿𝒮̃

𝛿Φ𝑖
𝛿

𝛿Φ𝑖
∗ +

𝛿𝒮̃

𝛿Φ𝑖
∗

𝛿

𝛿Φ𝑖
)  

ℬ𝒮ℬ𝒮 = 𝜔𝜀
𝜇𝒫𝜇,  

ℬ𝒮Δ
𝐺 = 0,𝐺 = 0,1.  

ℬ𝒮̃ = 𝑏𝒮 + 𝜀
𝜇𝒲𝜇 +

1

2
𝜀𝜇𝜀𝜈𝒲𝜇𝜈 ,  

𝑏𝒮𝑏𝒮 = 0, {𝑏𝓈̃,𝒲𝜇} = 𝜔𝒫𝜇

{𝒲𝜇 ,𝒲𝜈} + {𝑏𝑆,𝒲𝜇𝜈} = 0

{𝒲𝜇,𝒲𝜈𝜌} + {𝒲𝜈 ,𝒲𝜌𝜇} + {𝒲𝜌,𝒲𝜇𝜈} = 0

{𝒲𝜇𝜈 ,𝒲𝜌𝜎} + {𝒲𝜇𝜌,𝒲𝜈𝜎} + {𝒲𝜇𝜎 ,𝒲𝜈𝜌} = 0

 

𝑏𝒮 = 𝑠 + 𝜔𝛿𝒲  

𝑏𝒮Ω4
𝐺 +𝜔𝜕𝜇Ω7

2𝜇

𝐺  = 0,

𝑏𝒮Ω7
2
𝜇

𝐺 + 𝜔𝜕𝜈Ω3[𝜇𝜈]
𝐺  = 0,

𝑏𝒮Ω3[𝜇𝜈]
𝐺 + 𝜔𝜕𝜌Ω5

2[𝜇𝜈𝜌]

𝐺  = 0,

𝑏𝒮Ω5
2
[𝜇𝜈𝜌]

𝐺 +𝜔𝜕𝜎Ω2[𝜇𝜈𝜌𝜎]
𝐺  = 0,

𝑏𝒮Ω2[𝜇𝜈𝜌𝜎]
𝐺  = 0,

 

Δ =
1

2
tr𝜙2  

Δ𝜇𝜈 = 𝑎 (𝐹𝜇𝜈
+𝜙 +

𝑔2𝜔

2
𝜒𝜇𝜈
∗ 𝜙) ,  

Δ =
1

2
𝑏𝒮tr (−

1

𝜔2
𝑐𝜙 +

1

3𝜔4
𝑐3)

Δ𝜇𝜈 = 𝑎𝑏𝒮tr (
1

𝜔
𝜙𝜒𝜇𝜈)
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Ω0= 𝜀𝜇𝜈𝜌𝜏𝒲𝜇𝒲𝜈𝒲𝜌𝒲𝜏∫  𝑑
4𝑥Δ +𝒲𝜇𝒲𝜈∫  𝑑4𝑥Δ𝜇𝜈 + 𝑏𝑠̃ −𝔙  

 = 𝒮𝑇𝑆𝑌𝑀 + 𝑎Ξ + 𝑏𝑠̃Ω̃
−1

 

Ξ =∫  𝑑4𝑥 (
𝑔2𝜔

4
𝐹+𝜇𝜈𝜒𝜇𝜈

∗ +
𝑔4𝜔2

8
𝜒𝜇𝜈
∗ 𝜒∗𝜇𝜈 −

1

4
𝜒𝜇𝜈(𝐷𝜇𝜓𝜈 − 𝐷𝜈𝜓𝜇)

+
 

−
1

4
𝜙{𝜒𝜇𝜈 , 𝜒𝜇𝜈} −

3

4
𝜓𝜇𝐷𝜇𝜂 −

3

4
𝜔𝑔2𝜙𝐷𝜇𝜓𝜇

∗ −
3

4
𝜔𝑔2𝜓𝜇𝐴𝜇

∗  

+
3

16
𝜙{𝜂, 𝜂} −

3

2
𝜔2𝑔2𝜙𝑐∗ +

3

4
𝜔𝑔2𝜙[𝜙‾, 𝜂∗])

 

𝒲𝜇Ω
0 = 𝒲𝜇(𝒮𝑇𝑆𝑌𝑀 + 𝑎Ξ + 𝑏𝒮Ω̃

−1) = 0  

𝑎𝒲𝜇Ξ = 𝑏𝒮Λ𝜇
−1,  

𝒲𝜇Ξ = −
1

𝜔
𝑏𝒮 (

3

8
𝐹𝜇𝜈
−𝐷𝜈𝜙‾ +

3

64
[𝜙,𝜙‾]𝐷𝜇𝜙‾ −

3

8
𝜓𝜈[𝜒𝜇𝜈 , 𝜙‾]

 +
3

32
𝜓𝜇[𝜂, 𝜙‾] −

1

16
𝜔𝑔2𝜒𝜇𝜈

∗ 𝐷𝜈𝜙‾ +
1

4
𝜔𝑔2𝜒𝜇𝜈𝐴

∗𝜈

−
3

8
𝜔𝑔2𝐹𝜇𝜈

−𝜓∗𝜈 −
3

64
𝜔𝑔2𝜓𝜇

∗ [𝜙, 𝜙‾] −
3

4
𝜔𝑔2𝜓𝜇𝑐

∗ +
1

16
𝜔2𝑔4𝜒𝜇𝜈

∗ 𝜓∗𝜈)

 

Ω0 = 𝒮𝑇𝑆𝑌𝑀 + 𝑏𝒮Ω̃
−1 = 𝜀𝜇𝜈𝜌𝜏𝒲𝜇𝒲𝜈𝒲𝜌𝒲𝜏∫  𝑑

4𝑥
1

2
tr𝜙2 + 𝑏𝒮 −  𝔙  

𝒮𝑇𝑆𝑌𝑀 ≈ 𝜀
𝜇𝜈𝜌𝜏𝒲𝜇𝒲𝜈𝒲𝜌𝒲𝜏∫  𝑑

4𝑥
1

2
tr𝜙2,  

⟨𝒪̂𝛼(𝑥)𝒪̂𝛽(0)⟩ =
𝛿𝛼𝛽

|𝑥|2Δ𝛼
 

𝐷𝒪̂𝛼 = Δ𝛼𝒪̂𝛼  

𝐷0 = TrΦ𝑚Φ̌𝑚  

 

Φ̌𝑚 =
𝛿

𝛿Φ𝑚
= 𝑇𝑎

𝛿

𝛿Φ𝑚
(𝑎)
.  

𝐷 = ∑  

∞

𝑘=0

 (
𝑔YM
2

16𝜋2
)

𝑘

𝐷2𝑘 ,  

𝐷2 = −:Tr[Φ𝑚, Φ𝑛][Φ̌𝑚, Φ̌𝑛]: −
1

2
: Tr[Φ𝑚, Φ̆𝑛][Φ𝑚, Φ̆𝑛]: .  

𝒬𝑛𝑚 = TrΦ𝑛Φ𝑚 −
1

6
𝛿𝑛𝑚TrΦ𝑘Φ𝑘   and  𝒦 = TrΦ𝑘Φ𝑘  

Δ𝒬 = 2  and  Δ𝒦 = 2 +
3𝑔YM

2 𝑁

4𝜋2
 

𝒪 = (

TrΦ𝑚Φ𝑛TrΦ𝑚Φ𝑛
TrΦ𝑚Φ𝑚TrΦ𝑛Φ𝑛
TrΦ𝑚Φ𝑛Φ𝑚Φ𝑛
TrΦ𝑚Φ𝑚Φ𝑛Φ𝑛

)  

𝐷2 = 𝑁

(

 
 
 
 
 

0 4 −
20

𝑁

20

𝑁

0 24 −
24

𝑁

24

𝑁

−
24

𝑁

4

𝑁
8 −4

−
4

𝑁

14

𝑁
−4 18)
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𝐷2TrΦ𝑚Φ𝑛TrΦ𝑚Φ𝑛 =0TrΦ𝑚Φ𝑛TrΦ𝑚Φ𝑛 + 4𝑁TrΦ𝑚Φ𝑚TrΦ𝑛Φ𝑛
 −20TrΦ𝑚Φ𝑛Φ𝑚Φ𝑛 + 20TrΦ𝑚Φ𝑚Φ𝑛Φ𝑛

 

𝜔4 − 25𝜔3 + (188 −
160

𝑁2
)𝜔2 − (384 −

1760

𝑁2
)𝜔 −

7680

𝑁2
= 0  

Δ = 4 +
𝑔YM
2 𝑁

8𝜋2
𝜔  

𝐷0 =Tr𝑍𝑍̌ + Tr𝜙𝜙̌,

𝐷2 =−2:Tr[𝜙, 𝑍][𝜙̌, 𝑍̌]: ,  

𝐷4 =−2:Tr[[𝜙, 𝑍], 𝑍̌][[𝜙̌, 𝑍̌], 𝑍]:  

−2: Tr[[𝜙, 𝑍], 𝜙̌][[𝜙̌, 𝑍̌], 𝜙]:  

 −2: Tr[[𝜙, 𝑍], 𝑇𝑎][[𝜙̌, 𝑍̌], 𝑇𝑎]: ,

 

𝒦′ = Tr[𝜙, 𝑍][𝜙, 𝑍].  

Δ𝒦′ = 4 +
3𝑔YM

2 𝑁

4𝜋2
−
3𝑔YM

4 𝑁2

16𝜋4
 

Δ𝒦′ = 4 +
3𝑔YM

2 𝑁

4𝜋2
−
3𝑔YM

4 𝑁2

16𝜋4
+
21𝑔YM

6 𝑁3

256𝜋6
 

Φ𝑚
+ = Φ𝑚(𝑥), Φ𝑚

− = Φ𝑚(0)  

𝒪𝛼(Φ) = TrΦ𝑚Φ𝑛Φ𝑚…TrΦ𝑛 … ,𝒪𝛼
± = 𝒪𝛼(Φ

±)  

⟨𝒪𝛼
+𝒪𝛽

−⟩
tree 

= exp (𝑊0(𝑥, Φ̌
+, Φ̌−))𝒪𝛼

+𝒪𝛽
−|
Φ=0

 

𝑊0(𝑥, Φ̌
+, Φ̌−) = 𝐼0𝑥TrΦ̌𝑚

+ Φ̌𝑚
−  

⟨𝒪𝛼
+𝒪𝛽

−⟩
one-loop 

= exp (𝑊0(𝑥, Φ̌
+, Φ̌−)) (1 + 𝑔2𝑊2(𝑥, Φ̌

+, Φ̌−))𝒪𝛼
+𝒪𝛽

−|
Φ=0

,  

⟨𝒪𝛼
+𝒪𝛽

−⟩
one-loop 

= exp (𝑊0(𝑥, Φ̌
+, Φ̌−)) (1 + 𝑔2𝑉2

−(𝑥))𝒪𝛼
+𝒪𝛽

−|
Φ=0

 

𝑉2(𝑥) =:𝑊2(𝑥, 𝐼0𝑥
−1Φ, Φ̆): .  

𝒪̃ = (1 −
1

2
𝑔2𝑉2(𝑥0))𝒪,  

⟨𝒪̃𝛼
+𝒪̃𝛽

−⟩
one-loop 

= exp (𝑊0(𝑥, Φ̌
+, Φ̌−)) (1 + 𝑔2𝑉2

−(𝑥) − 𝑔2𝑉2
−(𝑥0))𝒪𝛼

+𝒪𝛽
−|
Φ=0

 

𝑉2(𝑥) =
Γ(1 − 𝜖)

|
1
2
𝜇2𝑥2|

−𝜖 𝑉2  

lim
𝜖→0
 (𝑉2(𝑥) − 𝑉2(𝑥0)) = log (𝑥0

2/𝑥2)𝐷2,  

𝐷2 = −lim
𝜖→0
 𝜖𝑉2  

⟨𝒪̃𝛼
+𝒪̃𝛽

−⟩
one-loop 

= exp (𝑊0)exp (log (𝑥0
2/𝑥2)𝑔2𝐷2

−)𝒪𝛼
+𝒪𝛽

−|
Φ=0

,  
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𝑊2,𝑎 =
1

4
𝑋00𝑥𝑥Tr[Φ̌𝑚

+ , Φ̌𝑛
+][Φ̌𝑚

− , Φ̌𝑛
−]

𝑊2,𝑏 =
1

4
𝑋00𝑥𝑥(Tr[Φ̌𝑚

+ , Φ̌𝑛
−][Φ̌𝑚

+ , Φ̌𝑛
−] + Tr[Φ̌𝑚

+ , Φ̌𝑛
−][Φ̌𝑚

− , Φ̌𝑛
+]),

𝑊2,𝑐 = (−
1

2
𝐻̃0𝑥,0𝑥 − 𝑌00𝑥𝐼0𝑥 +

1

4
𝑋00𝑥𝑥)Tr[Φ̌𝑚

+ , Φ̌𝑚
− ][Φ̌𝑛

+, Φ̌𝑛
−],

𝑊2,𝑑 = −𝑌00𝑥Tr[Φ̌𝑚
+ , 𝑇𝑎][𝑇𝑎, Φ̌𝑚

− ].

 

Tr[Φ̌𝑚
+ , Φ̌𝑛

−][Φ̌𝑚
− , Φ̌𝑛

+] = Tr[Φ̌𝑚
+ , Φ̌𝑛

+][Φ̌𝑚
− , Φ̌𝑛

−] − Tr[Φ̌𝑚
+ , Φ̌𝑚

− ][Φ̌𝑛
+, Φ̌𝑛

−].  

𝑊2,𝐴 = 𝑋00𝑥𝑥 (
1

2
Tr[Φ̌𝑚

+ , Φ̌𝑛
+][Φ̌𝑚

− , Φ̌𝑛
−] +

1

4
Tr[Φ̌𝑚

+ , Φ̌𝑛
−][Φ̌𝑚

+ , Φ̌𝑛
−]) ,

𝑊2,𝐵 = −
1

2
𝐻̃0𝑥,0𝑥Tr[Φ̌𝑚

+ , Φ̌𝑚
− ][Φ̌𝑛

+, Φ̌𝑛
−]

𝑊2,𝐶 = −𝑌00𝑥(𝐼0𝑥Tr[Φ̌𝑚
+ , Φ̌𝑚

− ][Φ̌𝑛
+, Φ̌𝑛

−] + Tr[Φ̌𝑚
+ , 𝑇𝑎][𝑇𝑎, Φ̌𝑚

− ]).

 

𝑉2,𝐴= 𝑋00𝑥𝑥𝐼0𝑥
−2 (

1

2
: Tr[Φ𝑚, Φ𝑛][Φ̌𝑚, Φ̌𝑛]: +

1

4
: Tr[Φ𝑚, Φ̌𝑛][Φ𝑚, Φ̌𝑛]: ) , 

𝑉2,𝐵= −
1

2
𝐻̃0𝑥,0𝑥𝐼0𝑥

−2: Tr[Φ𝑚, Φ̌𝑚][Φ𝑛, Φ̌𝑛]: ,  

𝑉2,𝐶  = −𝑌00𝑥𝐼0𝑥
−1(: Tr[Φ𝑚, Φ̌𝑚][Φ𝑛, Φ̌𝑛]: +: Tr[Φ𝑚, 𝑇

𝑎][𝑇𝑎, Φ̌𝑚]: ).

 

𝑉2,𝐶= −𝑌00𝑥𝐼0𝑥
−1Tr[Φ𝑚, Φ̌𝑚][Φ𝑛, Φ̌𝑛]  

= −𝑌00𝑥𝐼0𝑥
−1Tr([𝑇𝑎, Φ𝑚]Φ̌𝑚)Tr([𝑇

𝑎, Φ𝑛]Φ̌𝑛) 

 = −𝑌00𝑥𝐼0𝑥
−1𝐺𝑎𝐺𝑎 .

 

𝑋00𝑥𝑥

𝐼0𝑥
2 = (

2

𝜖
+ 2 + 𝒪(𝜖2))

Γ(1 − 𝜖)

|
1
2
𝜇2𝑥2|

−𝜖  

𝐻̃0𝑥,0𝑥

𝐼0𝑥
2  = (−48𝜁(3)𝜖 + 𝒪(𝜖2))

Γ(1 − 𝜖)

|
1
2
𝜇2𝑥2|

−𝜖

 

𝐷2 = 𝐷2,𝐴 = −:Tr[Φ𝑚, Φ𝑛][Φ̌𝑚, Φ̌𝑛]: −
1

2
: Tr[Φ𝑚, Φ̌𝑛][Φ𝑚, Φ̌𝑛]:  

𝐷4 = −2: TrΦ𝑚 [Φ𝑛, [Φ̌𝑚, [Φ𝑝, [Φ̌𝑛, Φ̌𝑝]]]] : +: TrΦ𝑚 [Φ𝑛, [𝑇
𝑎, [𝑇𝑎, [Φ̌𝑚, Φ̌𝑛]]]] :  

(𝑎, 𝑏, 0) ≃ [𝑏, 𝑎 − 𝑏, 𝑏]  with  Δ0 = 𝑎 + 𝑏  

 

𝑍 =
1

√2
(Φ5 + 𝑖Φ6), 𝜙 =

1

√2
(Φ1 + 𝑖Φ2).  
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𝐷0 =Tr𝑍𝑍̌ + Tr𝜙𝜙̌,

𝐷2 =−2:Tr[𝜙, 𝑍][𝜙̌, 𝑍̌]: ,  

𝐷4 =−2:Tr[[𝜙, 𝑍], 𝑍̌][[𝜙̌, 𝑍̌], 𝑍]:  

−2: Tr[[𝜙, 𝑍], 𝜙̌][[𝜙̌, 𝑍̌], 𝜙]:  

 −2: Tr[[𝜙, 𝑍], 𝑇𝑎][[𝜙̌, 𝑍̌], 𝑇𝑎]:

 

 

: TrΦ𝑚 [Φ𝑛, [Φ̌𝑚, [Φ𝑝, [Φ̌𝑛, Φ̌𝑝]]]] :  

: Tr… [… , [… , [… , [… ,… ]]]]:  

[𝑇𝑎, [𝑇𝑎, [𝑋, 𝑌]]] = [𝑋, [𝑇𝑎, [𝑇𝑎, 𝑌]]] = 2(Tr𝑇𝑎𝑇𝑎/Tr1)[𝑋, 𝑌]  

[𝑇𝑎, [𝑋, [𝑇𝑎, 𝑌]]] = (Tr𝑇𝑎𝑇𝑎/Tr1)[𝑋, 𝑌].  

TrΦ𝑚 [Φ𝑛, [𝑇
𝑎, [𝑇𝑎, [Φ̌𝑚, Φ̌𝑛]]]] ∼ 𝑁Tr[Φ𝑚, Φ𝑛][Φ̌𝑚, Φ̌𝑛],  

: TrΦ𝑚 [Φ̌𝑚, [𝑇
𝑎, [𝑇𝑎, [Φ𝑛, Φ̌𝑛]]]] : ∼ 𝑁: Tr[Φ𝑚, Φ̌𝑚][Φ𝑛, Φ̌𝑛]:  

: Tr𝑇𝑎 [𝑋1, [𝑋2, [𝑋3, [𝑋4, 𝑇
𝑎]]]] :  

: Tr𝑇𝑎 [Φ𝑚, [Φ̌𝑚, [Φ𝑛, [Φ̌𝑛, 𝑇
𝑎]]]] :  

TrΦ𝑚 [𝑇
𝑎, [𝑇𝑎, [𝑇𝑏 , [𝑇𝑏, Φ̌𝑚]]]] ∼ 𝑁

2TrΦ𝑚Φ̌𝑚 − 𝑁TrΦ𝑚TrΦ̌𝑚  
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2𝐽∑  

𝐽−1

𝑝=1

  (𝑁Tr𝑍𝑝Tr𝑍𝐽−𝑝 + Tr𝑍2Tr𝑍𝑝−1Tr𝑍𝐽−1−𝑝)  

𝐷4 = 𝛼: TrΦ𝑚 [Φ𝑛, [Φ̌𝑚, [Φ𝑝, [Φ̌𝑛, Φ̌𝑝]]]] : +𝛽TrΦ𝑚 [Φ𝑛, [𝑇
𝑎, [𝑇𝑎, [Φ̌𝑚, Φ̌𝑛]]]] .  

−
(2𝛽 + 𝛼)𝑔YM

4 𝑁2𝑛2

16𝜋2𝐽2
+
𝛼𝑔YM

4 𝑁2𝑛4

8𝐽4
 

−
1

4
𝜆′2𝑛4 = −

𝑔YM
4 𝑁2𝑛4

4𝐽4
 

𝛼 = −2, 𝛽 = 1  

𝒦′ = 𝒪a= Tr[𝜙, 𝑍][𝜙, 𝑍],  
𝒪b= Tr[𝜙, 𝑍][𝜙, 𝑍]𝑍,  

𝒪c = Tr[𝜙, 𝑍][𝜙, 𝑍][𝜙, 𝑍],

 

𝒦 = 𝒪a,0= TrΦ𝑚Φ𝑚  

𝒪b,0= TrΦ𝑚Φ𝑚Φ𝑛  

𝒪c,0 = TrΦ𝑚Φ𝑚[Φ𝑛, Φ𝑝]

 

Δ𝒦′ = Δa= 4 +
3𝑔YM

2 𝑁

4𝜋2
−
3𝑔YM

4 𝑁2

16𝜋4
 

Δb= 5 +
𝑔YM
2 𝑁

2𝜋2
−
3𝑔YM

4 𝑁2

32𝜋4
 

Δc = 6 +
3𝑔YM

2 𝑁

4𝜋2
−
9𝑔YM

4 𝑁2

64𝜋4

 

𝒪 = (
Tr[𝜙, 𝑍][𝜙, 𝑍]𝑍2

Tr[𝜙, 𝑍]𝑍[𝜙, 𝑍]𝑍
Tr𝑍2Tr[𝜙, 𝑍][𝜙, 𝑍]

)  

𝐷2 = 𝑁

(

 
 
 
+12 −2 +

6

𝑁

−8 +8 −
4

𝑁

+
16

𝑁
−
16

𝑁
+12)

 
 
 

 

𝐷4 = 𝑁
2

(

 
 
 
−52 −

24

𝑁2
+4 +

24

𝑁2
−
52

𝑁

+48 +
16

𝑁2
−16 −

16

𝑁2
+
48

𝑁

−
144

𝑁
+
80

𝑁
−48 −

64

𝑁2)

 
 
 

 

𝒪 =

(

 
 

Tr[𝜙, 𝑍][𝜙, 𝑍]𝑍3

Tr[𝜙, 𝑍]𝑍[𝜙, 𝑍]𝑍2

Tr𝑍2Tr[𝜙, 𝑍][𝜙, 𝑍]𝑍

Tr𝑍3Tr[𝜙, 𝑍][𝜙, 𝑍] )

 
 
,  

𝐷2 = 𝑁

(

 
 
 
 
 
+12 0 0 +

6

𝑁

−4 +4 +
4

𝑁
−
6

𝑁

+
8

𝑁
−
8

𝑁
+8 0

+
24

𝑁
−
24

𝑁
0 +12)
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𝐷4 = 𝑁
2

(

 
 
 
 
 
−48 −

36

𝑁2
−12 +

36

𝑁2
0 −

48

𝑁

+20 +
4

𝑁2
−
4

𝑁2
−
16

𝑁
+
20

𝑁

−
54

𝑁
+
16

𝑁
−24 +

8

𝑁2
−
24

𝑁2

−
192

𝑁
+
72

𝑁
+
24

𝑁2
−48 −

72

𝑁2)

 
 
 
 
 

 

𝜔3  − 8𝜔2 + (20 −
10

𝑁2
)𝜔 − (15 −

10

𝑁2
)

 +
𝑔YM
2 𝑁

16𝜋2
((29 +

26

𝑁2
)𝜔2 − (141 −

54

𝑁2
)𝜔 + (150 −

100

𝑁2
))

 

Δ = 6 +
𝑔YM
2 𝑁

4𝜋2
𝜔  

𝒟 =∑  

𝑖,𝑗

 𝑐𝑖,𝑗
(𝑔2𝑁)𝑖

𝑁2𝑗
,  

Δsingle = 6 +
𝑔YM
2 𝑁

𝜋2
(
5 ± √5

8
+
5 ± 2√5

2𝑁2
−
75 ± 34√5

𝑁4
)

 +
𝑔YM
4 𝑁2

𝜋4
(−

17 ± 5√5

128
−
131 ± 57√5

64𝑁2
+
1675 ± 751√5

16𝑁4
)

 

Δdouble = 6 +
𝑔YM
2 𝑁

𝜋2
(
3

4
−
5

𝑁2
+
150

𝑁4
) +

𝑔YM
4 𝑁2

𝜋4
(−

3

16
+

59

16𝑁2
−
1675

8𝑁4
). 

𝒟 =∑  

𝑖,𝑗

 𝑐𝑖,𝑗
(𝑔2𝑁)𝑖

𝑁2𝑗  

Δsingle = 7 +
𝑔YM
2 𝑁

𝜋2
(
1

4
+

11

16𝑁2
+
253

64𝑁4
) +

𝑔YM
4 𝑁2

𝜋4
(−

3

128
−

103

1024𝑁2
−

5541

8192𝑁4
)

Δdouble = 7 +
𝑔YM
2 𝑁

𝜋2
(
1

2
−

1

2𝑁2
−
17

2𝑁4
) +

𝑔YM
4 𝑁2

𝜋4
(−

3

32
+

7

32𝑁2
+
129

32𝑁4
)

 

Δremaining  = 7 +
𝑔YM
2 𝑁

𝜋2
(ℳ ± √𝒟)

ℳ = (
3

4
−

3

32𝑁2
+

291

128𝑁4
) +

𝑔YM
2 𝑁

𝜋2
(−

45

256
−

537

2048𝑁2
−

27483

16384𝑁4
)

𝒟 = (
27

32𝑁2
−

531

1024𝑁4
) +

𝑔YM
2 𝑁

𝜋2
(−

3123

4096𝑁2
+

29295

32768𝑁4
) +

9𝑔YM
4 𝑁2

65536𝜋4

 

Δsingle,curve = 7 +
3𝑔YM

2 𝑁

4𝜋2
−
21𝑔YM

4 𝑁2

128𝜋4
 

Δdouble,curve  = 7 +
3𝑔YM

2 𝑁

4𝜋2
−
3𝑔YM

4 𝑁2

16𝜋4

 

Δone−loop = 7 +
𝑔YM
2 𝑁

𝜋2
(
3

4
±
3√6

8𝑁
−

3

32𝑁2
∓
59√6

512𝑁3
)  

𝒪𝑝
𝐽0;𝐽1,…,𝐽𝑘  = Tr(𝜙𝑍𝑝𝜙𝑍𝐽0−𝑝)∏  

𝑘

𝑖=1

 Tr𝑍𝐽𝑖

𝒬𝐽0,𝐽1;𝐽2,…,𝐽𝑘  = Tr(𝜙𝑍𝐽0)Tr(𝜙𝑍𝐽1)∏  

𝑘

𝑖=2

 Tr𝑍𝐽𝑖

 

(𝑔2𝐷2 + 𝑔
4𝐷4) (

𝒪

𝒬
) = (

∗ 0
∗ 0

)(
𝒪

𝒬
)  
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𝐷2 =−2: Tr[𝑍, 𝜙][𝑍̌, 𝜙̌]:  

𝐷4 =2: Tr[𝑍, 𝜙][𝑍̌, [𝑍, [𝑍̌, 𝜙̌]]]:

 +4𝑁: Tr[𝑍, 𝜙][𝑍̌, 𝜙̌]:

 +2: Tr[𝑍, 𝜙][𝜙̌, [𝜙, [𝑍̌, 𝜙̌]]]:

 

𝐷4  = −
1

4
(𝐷2)

2 + 2: Tr[𝑍,𝜙][𝜙̌, [𝜙, [𝑍̌, 𝜙̌]]]:

 ≡ −
1

4
(𝐷2)

2 + 𝛿𝐷4

 

𝐷2 ≡ 𝑁𝐷2;0 + 𝐷2;+ + 𝐷2;−  

𝐷2;0𝒪𝑝
𝐽0;𝐽1,…,𝐽𝑘 =  −4(𝛿𝑝≠𝐽0𝒪𝑝+1

𝐽0;𝐽1,…,𝐽𝑘 − (𝛿𝑝≠𝐽0 + 𝛿𝑝≠0)𝒪𝑝
𝐽0;𝐽1,…,𝐽𝑘

 +𝛿𝑝≠0𝒪𝑝−1
𝐽0;𝐽1,…,𝐽𝑘)

𝐷2;+𝒪𝑝
𝐽0;𝐽1,…,𝐽𝑘 = 4 ∑  

𝑝−1

𝐽𝑘+1=1

 (𝒪𝑝−𝐽𝑘+1
𝐽0−𝐽𝑘+1;𝐽1,…,𝐽𝑘+1 − 𝒪𝑝−1−𝐽𝑘+1

𝐽0−𝐽𝑘+1;𝐽1,…,𝐽𝑘+1)

 −4 ∑  

𝐽0−𝑝−1

𝐽𝑘+1=1

  (𝒪𝑝+1
𝐽0−𝐽𝑘+1;𝐽1,…,𝐽𝑘+1 − 𝒪𝑝

𝐽0−𝐽𝑘+1;𝐽1,…,𝐽𝑘+1),

𝐷2;−𝒪𝑝
𝐽0;𝐽1,…,𝐽𝑘 = 4∑  

𝑘

𝑖=1

  𝐽𝑖(𝒪𝐽𝑖+𝑝
𝐽0+𝐽𝑖;𝐽1,…,ℱ𝑖,…,𝐽𝑘 − 𝒪𝐽𝑖+𝑝−1

𝐽0+𝐽𝑖;𝐽1,…,ℱ𝑖,…,𝐽𝑘)

 −4∑  

𝑘

𝑖=1

  𝐽𝑖(𝒪𝑝+1
𝐽0+𝐽𝑖;𝐽1,…,ℱ𝑖,…,𝐽𝑘 − 𝒪𝑝

𝐽0+𝐽𝑖;𝐽1,…,ℋ𝑖,…,𝐽𝑘).

 

𝛿𝐷4 = 𝑁
2𝛿𝐷4;0 + 𝑁𝛿𝐷4;+ + 𝑁𝛿𝐷4;− + 𝛿𝐷4;++ + 𝛿𝐷4;−− + 𝛿𝐷4;+−  

𝛿𝐷4;0𝒪𝑝
𝐽0;𝐽1,…,𝐽𝑘 = 4(𝛿𝑝,0 + 𝛿𝑝,𝐽0 − 𝛿𝑝,1 − 𝛿𝑝,𝐽0−1)(𝒪1

𝐽0;𝐽1,…,𝐽𝑘 − 𝒪0
𝐽0;𝐽1,…,𝐽𝑘)  

𝐷2;0 = 4 ⋅

(

 
 
 

+1 −1
−1 +2 −1

⋱ ⋱ ⋱
⋱ ⋱ ⋱

−1 +2 −1
−1 +1)

 
 
 

 

𝒪𝑛
𝐽
=

1

𝐽 + 1
∑  

𝐽

𝑝=0

 cos (
𝜋𝑛(2𝑝 + 1)

𝐽 + 1
)𝒪𝑝

𝐽  

𝒪𝑝
𝐽
= 𝒪𝑛=0

𝐽
+ 2 ∑  

[𝐽/2]

𝑛=1

 cos (
𝜋𝑛(2𝑝 + 1)

𝐽 + 1
)𝒪𝑛

𝐽  

𝐷4;0 = −
1

4
(𝐷2;0)

2
+ 4 ⋅

(

 
 
 
 

−1 +1
+1 −1

0
⋱

0
−1 +1
+1 −1)

 
 
 
 

 

𝛿𝐷4;0𝒪𝑛
𝐽
= −

256

𝐽 + 1
sin2 

𝜋𝑛

𝐽 + 1
cos 

𝜋𝑛

𝐽 + 1
∑  

[𝐽/2]

𝑚=1

  sin2 
𝜋𝑚

𝐽 + 1
cos 

𝜋𝑚

𝐽 + 1
𝒪𝑚
𝐽  

Δ𝑛
𝐽
= 𝐽 + 2 +

𝑔YM
2 𝑁

𝜋2
sin2 

𝜋𝑛

𝐽 + 1
−
𝑔YM
4 𝑁2

𝜋4
sin4 

𝜋𝑛

𝐽 + 1
(
1

4
+
cos2 

𝜋𝑛
𝐽 + 1

𝐽 + 1
)  
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𝒪𝑛
𝐽
→ 𝒪𝑛

𝐽
−
𝑔YM
2 𝑁

𝜋2
1

𝐽 + 1
∑  

[𝐽/2]

𝑚=1

  𝛿𝑚≠𝑛

sin2 
𝜋𝑛
𝐽 + 1

cos 
𝜋𝑛
𝐽 + 1

sin2 
𝜋𝑚
𝐽 + 1

cos 
𝜋𝑚
𝐽 + 1

sin2 
𝜋𝑛
𝐽 + 1

− sin2 
𝜋𝑚
𝐽 + 1

𝒪𝑚
𝐽

 

𝐽 → ∞,𝑁 → ∞, 𝜆′ =
𝑔YM
2 𝑁

𝐽2
, 𝑔2 =

𝐽2

𝑁
  fixed.  

𝒪𝑝
𝐽0;𝐽1,…,𝐽𝑘 → |𝑥; 𝑟1, … , 𝑟𝑘⟩ = |𝑟0 − 𝑥; 𝑟1, … , 𝑟𝑘⟩,  

𝑥 ∈ [0, 𝑟0], 𝑟0, 𝑟𝑖 ∈ [0,1]  and  𝑟0 = 1 − (𝑟1 +⋯+ 𝑟𝑘),  

|𝑥; 𝑟1, … , 𝑟𝑘⟩ = |𝑥; 𝑟𝜋(1), … , 𝑟𝜋(𝑘)⟩ 

𝑔2𝐷2 =
𝜆′

4𝜋2
𝑑2  

𝑑2;0|𝑥; 𝑟1, … , 𝑟𝑘⟩ =  −𝜕𝑥
2|𝑥; 𝑟1, … , 𝑟𝑘⟩

𝑑2;+|𝑥; 𝑟1, … , 𝑟𝑘⟩ =  ∫  
𝑥

0

 𝑑𝑟𝑘+1𝜕𝑥|𝑥 − 𝑟𝑘+1; 𝑟1, … , 𝑟𝑘+1⟩

 −∫  
𝑟0−𝑥

0

 𝑑𝑟𝑘+1𝜕𝑥|𝑥; 𝑟1, … , 𝑟𝑘+1⟩

𝑑2;−|𝑥; 𝑟1, … , 𝑟𝑘⟩ =  ∑  

𝑘

𝑖=1

 𝑟𝑖𝜕𝑥|𝑥 + 𝑟𝑖; 𝑟1, … , ℛ𝑖 , … , 𝑟𝑘⟩

 −∑  

𝑘

𝑖=1

  𝑟𝑖𝜕𝑥|𝑥; 𝑟1, … , ℛ𝑖 , … , 𝑟𝑘⟩

 

|𝑛; 𝑟1, … , 𝑟𝑘⟩ =
1

𝑟0
∫  
𝑟0

0

 𝑑𝑥cos (2𝜋𝑛𝑥/𝑟0)|𝑥; 𝑟1, … , 𝑟𝑘⟩  

|𝑥; 𝑟1, … , 𝑟𝑘⟩ = |0; 𝑟1, … , 𝑟𝑘⟩ + 2 ∑  

∞

𝑚=1

 cos (2𝜋𝑚𝑥/𝑟0)|𝑚; 𝑟1, … , 𝑟𝑘⟩.  

𝑑2;0|𝑛; 𝑟1, … , 𝑟𝑘⟩ = (
2𝜋𝑛

𝑟0
)
2

|𝑛; 𝑟1, … , 𝑟𝑘⟩

𝑑2;+|𝑛; 𝑟1, … , 𝑟𝑘⟩ =
8

𝑟0
∫  
𝑟0

0

 𝑑𝑟𝑘+1 ∑  

∞

𝑚=1

 
(
2𝜋𝑚

𝑟0 − 𝑟𝑘+1
)
2

sin2 (𝜋𝑛
𝑟𝑘+1
𝑟0
)

(
2𝜋𝑚

𝑟0 − 𝑟𝑘+1
)
2

− (
2𝜋𝑛
𝑟0
)
2

|𝑚; 𝑟1, … , 𝑟𝑘+1⟩

𝑑2;−|𝑛; 𝑟1, … , 𝑟𝑘⟩ = 8∑  

𝑘

𝑖=1

 
𝑟𝑖
𝑟0
∑  

∞

𝑚=1

 
(
2𝜋𝑚
𝑟0 + 𝑟𝑖

)
2

sin2 (𝜋𝑚
𝑟𝑖

𝑟0 + 𝑟𝑖
)

(
2𝜋𝑚
𝑟0 + 𝑟𝑖

)
2

− (
2𝜋𝑛
𝑟0
)
2

|𝑚; 𝑟1, … , 𝓍𝑖 , … , 𝑟𝑘⟩

 

𝑔4𝐷4 = (
𝜆′

4𝜋2
)

2

𝑑4  

𝒪1
𝐽0;𝐽1,…,𝐽𝑘 − 𝒪0

𝐽0;𝐽1,…,𝐽𝑘 ∼
1

𝐽0
2  

𝑑4 = −
1

4
(𝑑2)

2  

𝐷 − 𝐽 ⟶ 2 + (
𝜆′

4𝜋2
)𝑑2 −

1

4
(
𝜆′

4𝜋2
)

2

(𝑑2)
2  

Δ(𝜆′, 𝑔2) − Δ0 =∑  

∞

𝑘=1

 (
𝜆′

4𝜋2
)

𝑘

Δ𝑘(𝑔2)  
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Δ2(𝑔2) = −
1

4
(Δ1(𝑔2))

2
, ∀𝑔2  

Δ ⟶ 𝐽 + 2√1 + 𝜆′𝑛2  

𝐷 − 𝐷0 ⟶ 2√1 + (
𝜆′

4𝜋2
)𝑑2  

(𝐷2)
𝑙 ∼ 2𝑙−1𝜙(𝑎0)𝐷2

𝑎0𝑎1𝐷2
𝑎1𝑎2 …𝐷2

𝑎𝑙−1𝑎𝑙𝜙̌(𝑎𝑙)  

𝐷2
𝑎𝑏 = −2: Tr[𝑍, 𝑇𝑎][𝑍̌, 𝑇𝑏]:  

𝐷2𝑙 = (−2)
1−𝑙

(2𝑙 − 2)!

(𝑙 − 1)! 𝑙!
𝜙(𝑎0)𝐷2

𝑎0𝑎1𝐷2
𝑎1𝑎2 …𝐷2

𝑎𝑙−1𝑎𝑙𝜙̌(𝑎𝑙) +⋯ ,  

𝑃Tr𝑍3𝜙2𝑍𝜙 = Tr𝜙𝑍𝜙2𝑍3 = Tr𝑍3𝜙𝑍𝜙2.  

𝑃𝐷 = 𝐷𝑃.  

𝒪− = Tr[𝜙, 𝑍][𝜙, 𝑍][𝜙, 𝑍]𝑍,  

𝒪+ = (
2Tr𝑍4𝜙3 + 2Tr𝑍2𝜙𝑍2𝜙2 + 2Tr𝑍2𝜙𝑍𝜙𝑍𝜙 − 3Tr𝑍3𝜙{𝜙, 𝑍}𝜙

Tr𝑍𝜙Tr𝑍2[𝜙, 𝑍]𝜙 − Tr𝑍2Tr𝑍[𝜙, 𝑍]𝜙2
) .  

Δ− = 7 +
5𝑔YM

2 𝑁

8𝜋2
−
15𝑔YM

4 𝑁2

128𝜋4
 

𝐷2 = 𝑁(
10

8

𝑁
20

𝑁
8

) ,𝐷4 = 𝑁
2(
−30 −

40

𝑁2
−
40

𝑁

−
140

𝑁
−24 −

64

𝑁2

)  

Δ+ = 7 +
𝑔YM
2 𝑁

16𝜋2
(9 ± √1 +

160

𝑁2
)−

𝑔YM
4 𝑁2

256𝜋4

(

 27 +
52

𝑁2
±
3 +

948
𝑁2

√1 +
160
𝑁2 )

  

[𝐷, 𝑈] = {𝑃, 𝑈} = 0  

𝐷2 = 𝑁∑  

𝐿

𝑘=1

 𝐷2,𝑘(𝑘+1),  
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𝐷2,𝑘(𝑘+1) = 2𝐼𝑘(𝑘+1) − 2𝑃𝑘(𝑘+1) +𝐾𝑘(𝑘+1).  

𝑈2 = ∑  

𝐿

𝑘=1

 𝑈2,𝑘(𝑘+1)(𝑘+2), 𝑈2,𝑘(𝑘+1)(𝑘+2) = [𝐷2,(𝑘+1)(𝑘+2), 𝐷2,𝑘(𝑘+1)].  

𝑈2𝒪+,1 = −60𝒪−, 𝑈2𝒪− = +4𝒪+,1,  

𝑅0𝑘(𝑢) = 𝑃0𝑘 ((1 −
3

2
𝑢 +

1

2
𝑢2) 𝐼0𝑘 + 𝑢 (1 −

3

2
𝑢)
1

2
𝐷2,0𝑘 +

1

2
𝑢2 (

1

2
𝐷2,0𝑘)

2

) ,  

𝑅12(𝑢)𝑅13(𝑢 + 𝑣)𝑅23(𝑣) = 𝑅23(𝑣)𝑅13(𝑢 + 𝑣)𝑅12(𝑢),  

𝑡1 =
1

2𝑁
𝐷2 −

3

2
𝐿,  

𝑡2 = −
1

8
𝑈2 +

1

2
(𝑡1)

2 −
5

8
𝐿  

[𝐷2, 𝑈2] = 0  

{𝑛1, 𝑛2, … } = ∑  

𝐿

𝑘=1

 𝑃𝑘+𝑛1,𝑘+𝑛1+1𝑃𝑘+𝑛2,𝑘+𝑛2+1…  

𝐷2 = 2({} − {0}), 𝑈2 = 4({1,0} − {0,1})  

𝐷4 = 2(−4{} + 6{0} − ({0,1} + {1,0}))  

[𝐷4, 𝑈2] + [𝐷2, 𝑈4] = 0,  and  {𝑃, 𝑈4} = 0  

𝑈4 = 8({2,1,0} − {0,1,2})  

𝑄𝑘 =∑  

∞

𝑙=0

 (
𝑔YM
2

16𝜋2
)

𝑙

𝑄𝑘,2𝑙 ,  

𝐷6 = 4(15{} − 26{0} + 6({0,1} + {1,0}) + {0,2} − ({0,1,2} + {2,1,0})).  

Δ𝒦′ = 4 +
3𝑔YM

2 𝑁

4𝜋2
−
3𝑔YM

4 𝑁2

16𝜋4
+
21𝑔YM

6 𝑁3

256𝜋6
 

𝐷6 =
1

8
(𝐷2)

3 + 4 ⋅

(

 
 

+9 −10 +1
−10 +10
+1 −1

0
⋱)
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𝛿Δ𝑛
𝐽
=
𝑔YM
6 𝑁3

𝜋6
sin6 

𝜋𝑛

𝐽 + 1
(
1

8
+
cos2 

𝜋𝑛
𝐽 + 1

4(𝐽 + 1)2
(3𝐽 + 2(𝐽 + 6)cos2 

𝜋𝑛

𝐽 + 1
)) ,  

𝐷′ = (1 + 𝛽′𝑔6[𝐷2, 𝐷4])
−1𝐷(1 + 𝛽′𝑔6[𝐷2, 𝐷4]).  

𝛽′𝑔8[𝐷2, [𝐷2, 𝐷4]]  

𝒪 = ∑  

Δ0−4

𝑘=1

  (−1)𝑘Tr𝜙𝑍𝑘𝜙𝑍Δ0−3−𝑘𝜙  

Δ = Δ0 +
3𝑔YM

2 𝑁

4𝜋2
−
9𝑔YM

4 𝑁2

64𝜋4
 

Δ = Δ0 +
3𝑔YM

2 𝑁

4𝜋2
−
9𝑔YM

4 𝑁2

64𝜋2
+
66𝑔YM

6 𝑁3

1024𝜋6
−
645𝑔YM

8 𝑁4

16384𝜋8
 

Δ = 8 +
3𝑔YM

2 𝑁

4𝜋2
−
9𝑔YM

4 𝑁2

64𝜋2
+
66𝑔YM

6 𝑁3

1024𝜋6
−
648𝑔YM

8 𝑁4

16384𝜋8
,  

Δ = 6 +
3𝑔YM

2 𝑁

4𝜋2
−
9𝑔YM

4 𝑁2

64𝜋2
+
63𝑔YM

6 𝑁3

1024𝜋6
−
621𝑔YM

8 𝑁4

16384𝜋8
 

⟨𝒪𝛼(𝑥1)𝒪𝛽(𝑥2)𝒪𝛾(𝑥3)⟩ =
𝐶𝛼𝛽𝛾

|𝑥12|
Δ𝛼+Δ𝛽−Δ𝛾|𝑥23|

Δ𝛽+Δ𝛾−Δ𝛼|𝑥31|
Δ𝛾+Δ𝛼−Δ𝛽

.  

𝑆 =
1

2
∫  

𝑑4−2𝜖𝑥

(2𝜋)2−𝜖
Tr (

1

4
𝐹𝜇𝜈𝐹𝜇𝜈 +

1

2
𝒟𝜇Φ𝑚𝒟𝜇Φ𝑚 −

1

4
𝑔2𝜇2𝜖[Φ𝑚, Φ𝑛][Φ𝑚 , Φ𝑛]

 +
1

2
Ψ⊤Σ𝜇𝐷𝜇Ψ−

𝑖

2
𝑔𝜇𝜖Ψ⊤Σ𝑚[Φ𝑚, Ψ]) ,

𝒟𝜇𝑋 =𝜕𝜇𝑋 − 𝑖𝑔𝜇
𝜖[𝐴𝜇 , 𝑋],

𝐹𝜇𝜈 =𝜕𝜇𝐴𝜈 − 𝜕𝜈𝐴𝜇 − 𝑖𝑔𝜇
𝜖[𝐴𝜇 , 𝐴𝜈].

 

𝑔2 =
𝑔YM
2

4(2𝜋)2−𝜖
→
𝑔YM
2

16𝜋2
 

Tr𝑇𝑎𝑇𝑏 = 𝛿𝑎𝑏 ,∑  

𝑎

  (𝑇𝑎)𝛽
𝛼(𝑇𝑎)𝛿

𝛾
= 𝛿𝛿

𝛼𝛿𝛽
𝛾

 

Tr𝑇𝑎𝐴Tr𝑇𝑎𝐵 = Tr𝐴𝐵, Tr𝑇𝑎𝐴𝑇𝑎𝐵 = Tr𝐴Tr𝐵  

Φ̌𝑚 =
𝛿

𝛿Φ𝑚
= 𝑇𝑎

𝛿

𝛿Φ𝑚
(𝑎)
.  

𝐼𝑥𝑦 =
Γ(1 − 𝜖)

|
1
2
(𝑥 − 𝑦)2|

1−𝜖  

𝑌𝑥1𝑥2𝑥3= 𝜇
2𝜖∫  

𝑑4−2𝜖𝑧

(2𝜋)2−𝜖
𝐼𝑥1𝑧𝐼𝑥2𝑧𝐼𝑥3𝑧  

𝑋𝑥1𝑥2𝑥3𝑥4  = 𝜇
2𝜖∫  

𝑑4−2𝜖𝑧

(2𝜋)2−𝜖
𝐼𝑥1𝑧𝐼𝑥2𝑧𝐼𝑥3𝑧𝐼𝑥4𝑧

𝐻̃𝑥1𝑥2,𝑥3𝑥4  =
1

2
𝜇2𝜖 (

𝜕

𝜕𝑥1
+
𝜕

𝜕𝑥3
)
2

∫  
𝑑4−2𝜖𝑧1𝑑

4−2𝜖𝑧2
(2𝜋)4−2𝜖

𝐼𝑥1𝑧1𝐼𝑥2𝑧1𝐼𝑧1𝑧2𝐼𝑧2𝑥3𝐼𝑧2𝑥4
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𝑌00𝑥
𝐼0𝑥

=
1

𝜖(1 − 2𝜖)
𝜉  

𝑋00𝑥𝑥

𝐼0𝑥
2  =

2(1 − 3𝜖)𝛾

𝜖(1 − 2𝜖)2
𝜉

𝐻̃0𝑥,0𝑥

𝐼0𝑥
2  = −

2(1 − 3𝜖)(𝛾 − 1)

𝜖2(1 − 2𝜖)
𝜉

 

𝜉 =
Γ(1 − 𝜖)

|
1
2
𝜇2𝑥2|

−𝜖 , 𝛾 =
Γ(1 − 𝜖)Γ(1 + 𝜖)2Γ(1 − 3𝜖)

Γ(1 − 2𝜖)2Γ(1 + 2𝜖)
= 1 + 6𝜁(3)𝜖3 + 𝒪(𝜖4)  

⟨𝒪𝛼
+𝒪𝛽

−⟩ = exp (𝑊0)exp (∑  

∞

𝑙=1

 𝑔2𝑙𝑊2𝑙(𝑥, Φ̌
+, Φ̌−))𝒪𝛼

+𝒪𝛽
−|

Φ=0

 

⟨𝒪𝛼
+𝒪𝛽

−⟩ = exp (𝑊0): exp (∑  

∞

𝑙=1

 𝑔2𝑙𝑊2𝑙(𝑥, 𝐼0𝑥
−1Φ−, Φ̌−)) : 𝒪𝛼

+𝒪𝛽
−|
Φ=0

 

⟨𝒪𝛼
+𝒪𝛽

−⟩ = exp (𝑊0)exp (𝑉
−(𝑥))𝒪𝛼

+𝒪𝛽
−|
Φ=0

 

𝑉(𝑥) =∑  

∞

𝑙=1

 𝑔2𝑙𝑉2𝑙(𝑥) −
1

48
𝑔8[𝑉2(𝑥), [𝑉2(𝑥), 𝑉4(𝑥)]] + ⋯ .  

exp (𝑉(𝑥)) =: exp (∑  

∞

𝑙=1

 𝑔2𝑙𝑊2𝑙(𝑥, 𝐼0𝑥
−1Φ, Φ̌)) : ,  

𝑉4(𝑥) =:𝑊4(𝑥, 𝐼0𝑥
−1Φ, Φ̆):−

1

2
(𝑉2(𝑥)𝑉2(𝑥)−: 𝑉2(𝑥)𝑉2(𝑥): ).  

exp (𝑊0)𝑉2𝑙
−(𝑥) = exp (𝑊0)𝑉2𝑙

+(𝑥)  

exp (𝑊0)𝑋
− = exp (𝑊0)𝑋

⊤+  

𝑉2𝑙
⊤(𝑥) = 𝑉2𝑙(𝑥)  

𝒪̃ = exp (−
1

2
𝑍(𝑥0))𝒪  

𝑍(𝑥0) =∑  

∞

𝑙=1

 𝑔2𝑙𝑉2𝑙(𝑥0) −
1

12
𝑔6[𝑉2(𝑥0), 𝑉4(𝑥0)] + ⋯  

⟨𝒪𝛼
+𝒪𝛽

−⟩ = exp (𝑊0)exp (𝑉
−(𝑥))exp (−

1

2
𝑍+(𝑥0))𝒪𝛼

+exp (−
1

2
𝑍−(𝑥0))𝒪𝛽

−|
Φ=0

.  

⟨𝒪𝛼
+𝒪𝛽

−⟩ = exp (𝑊0)exp (−
1

2
𝑍⊤−(𝑥0)) exp (𝑉

−(𝑥))exp (−
1

2
𝑍−(𝑥0))𝒪𝛼

+𝒪𝛽
−|
Φ=0

 

𝑍⊤(𝑥0) =∑  

∞

𝑙=1

 𝑔2𝑙𝑉2𝑙(𝑥0) +
1

12
𝑔6[𝑉2(𝑥0), 𝑉4(𝑥0)] +⋯  

𝑉2𝑙(𝑥) = 𝜉
𝑙𝑉2𝑙 , 𝜉 =

Γ(1 − 𝜖)

|
1
2
𝜇2𝑥2|

−𝜖  

∑ 

∞

𝑙=1

  (𝜉𝑙 − 𝜉0
𝑙)𝑔2𝑙𝑉2𝑙

− −
1

48
𝑔8(𝜉 − 𝜉0)

4[𝑉2
−, [𝑉2

−, 𝑉4
−]] + ⋯  
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⟨𝒪̃𝛼
+𝒪̃𝛽

−⟩ = exp (𝑊0)exp (log (𝑥0
2/𝑥2)∑  

∞

𝑙=1

 𝑔2𝑙𝐷2𝑙
−)𝒪𝛼

+𝒪𝛽
−|

Φ=0

 

𝐷2𝑙 = −𝑙lim
𝜖→0
 𝜖𝑉2𝑙  

Δ = 5 +
5𝑔YM

2 𝑁

4𝜋2
 

Δ = 5 +
𝑔YM
2 𝑁

4𝜋2
𝜔  

𝜔6−17𝜔5 + (110 −
50

𝑁2
)𝜔4 − (335 −

565

𝑁2
)𝜔3 + (475 −

2440

𝑁2
+
400

𝑁4
)𝜔2 

 − (250 −
4850

𝑁2
+
1600

𝑁4
)𝜔 − (

3750

𝑁2
−
4000

𝑁4
) = 0

 

Δ = 6 +
7𝑔YM

2 𝑁

8𝜋2
 

Δ = 6 +
𝑔YM
2 𝑁

𝜋2
 

Δ = 6 +
𝑔YM
2 𝑁

8𝜋2
𝜔  

𝜔6 − 43𝜔5 + 731𝜔4 − 6238𝜔3 + 27936𝜔2 − 61776𝜔 + 52272 = 0.  

Δ = 6 +
𝑔YM
2 𝑁

𝜋2
 

Δ = 6 +
5𝑔YM

2 𝑁

4𝜋2
 

Δ = 6 +
𝑔YM
2 𝑁

8𝜋2
𝜔  

𝜔3 − 23𝜔2 + 158𝜔 − 308 = 0  

Δ = 6 +
𝑔YM
2 𝑁

8𝜋2
𝜔  

𝜔5 − 43𝜔4 + 701𝜔3 − 5338𝜔2 + 18480𝜔 − 21960 = 0.  

Δ = 8 +
𝑔YM
2 𝑁

2𝜋2
−
5𝑔YM

4 𝑁2

64𝜋4
 

Δ = 8 +
3𝑔YM

2 𝑁

4𝜋2
−
9𝑔YM

4 𝑁2

64𝜋4
 

Δ = 9 +
𝑔YM
2 𝑁

16𝜋2
𝜔  

𝜔3 − 34𝜔2 + 360𝜔 − 1176 +
𝑔YM
2 𝑁

16𝜋2
(102𝜔2 − 2100𝜔 + 9912) = 0  

Δ = 10 +
3𝑔YM

2 𝑁

4𝜋2
−
9𝑔YM

4 𝑁2

64𝜋4
 

Δ = 10 +
𝑔YM
2 𝑁

16𝜋2
𝜔  

𝜔3 − 30𝜔2 + 276𝜔 − 768 + 𝑔YM
2 𝑁(86𝜔2 − 1516𝜔 + 5984) = 0  
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Δ = 8 +
𝑔YM
2 𝑁

16𝜋2
𝜔  

𝜔3 − 40𝜔2 + 464𝜔 − 1600 +
𝑔YM
2 𝑁

16𝜋2
(128𝜔2 − 2720𝜔 + 12800) = 0  

Δ = 9 +
5𝑔YM

2 𝑁

8𝜋2
−
15𝑔YM

4 𝑁2

128𝜋4
 

Δ = 9 +
𝑔YM
2 𝑁(3 ± √3)

4𝜋2
−
𝑔YM
4 𝑁2(18 ± 9√3)

128𝜋4
 

Δ = 10 +
𝑔YM
2 𝑁(11 ± √5)

16𝜋2
−
𝑔YM
4 𝑁2(31 ± 3√5)

256𝜋4
 

Δ = 10 +
𝑔YM
2 𝑁

4𝜋2
𝜔  

 
𝜔6  − 21𝜔5 + 173𝜔4 − 711𝜔3 + 1525𝜔2 − 1603𝜔 + 637

 +
𝑔YM
2 𝑁

16𝜋2
(67𝜔5 − 1074𝜔4 + 6409𝜔3 − 17623𝜔2 + 22078𝜔 − 9947) = 0

 

Δ = 10 +
𝑔YM
2 𝑁

4𝜋2
𝜔  

𝜔4 − 15𝜔3 + 78𝜔2 − 165𝜔 + 120

 +
𝑔YM
2 𝑁

16𝜋2
(47𝜔3 − 472𝜔2 + 1430𝜔 − 1305) = 0

 

𝒪1−0
𝐽0;𝐽1,…,𝐽𝑘 = 𝒪1

𝐽0;𝐽1,…,𝐽𝑘 − 𝒪0
𝐽0;𝐽1,…,𝐽𝑘  

𝛿𝐷4;0𝒪𝑝
𝐽0;𝐽1,…,𝐽𝑘 = 4(𝛿𝑝,0 + 𝛿𝑝,𝐽0 − 𝛿𝑝,1 − 𝛿𝑝,𝐽0−1)𝒪1−0

𝐽0;𝐽1,…,𝐽𝑘  

𝛿𝐷4;+𝒪𝑝
𝐽0;𝐽1,…,𝐽𝑘 =4𝛿𝑝≠0,𝑝≠𝐽0(𝒪1−0

𝑝;𝐽1,…,𝐽𝑘,𝐽0−𝑝 + 𝒪1−0
𝐽0−𝑝;𝐽1,…,𝐽𝑘,𝑝)

−8𝛿𝑝>1𝒪1−0
𝐽0−𝑝+1;𝐽1,…,𝐽𝑘,𝑝−1  

−8𝛿𝑝<𝐽0−1𝒪1−0
𝑝+1;𝐽1,…,𝐽𝑘,𝐽0−𝑝−1  

 +4(𝛿𝑝,0 + 𝛿𝑝,𝐽0) ∑  

𝐽0−1

𝐽𝑘+1=1

 𝒪1−0
𝐽0−𝐽𝑘+1;𝐽1,…,𝐽𝑘+1

 

𝛿𝐷4;++𝒪𝑝
𝐽0;𝐽1,…,𝐽𝑘 =4𝛿𝑝≠0 ∑  

𝐽0−𝑝−1

𝐽𝑘+1=1

 𝒪1−0
𝐽0−𝑝−𝐽𝑘+1;𝐽1,…,𝐽𝑘+1,𝑝

+4𝛿𝑝≠𝐽0 ∑  

𝑝−1

𝐽𝑘+1=1

 𝒪1−0
𝑝−𝐽𝑘+1;𝐽1,…,𝐽𝑘+1,𝐽0−𝑝 

−4 ∑  

𝐽0−𝑝−2

𝐽𝑘+1=1

 𝒪1−0
𝑝+1;𝐽1,…,𝐽𝑘+1,𝐽0−𝑝−𝐽𝑘+1−1  

 −4 ∑  

𝑝−2

𝐽𝑘+1=1

 𝒪1−0
𝐽0−𝑝+1;𝐽1,…,𝐽𝑘+1,𝑝−𝐽𝑘+1−1

 

𝛿𝐷4;−𝒪𝑝
𝐽0;𝐽1,…,𝐽𝑘 = 4(𝛿𝑝,0 + 𝛿𝑝,𝐽0)∑  

𝑘

𝑖=1

  𝐽𝑖𝒪1−0
𝐽0+𝐽𝑖;𝐽1,…,𝒴𝑖,…,𝐽𝑘 ,  
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𝛿𝐷4;+−𝒪𝑝
𝐽0;𝐽1,…,𝐽𝑘 =4𝛿𝑝≠0∑ 

𝑘

𝑖=1

  𝐽𝑖𝒪1−0
𝐽0+𝐽𝑖−𝑝;𝐽1,…,𝒳𝑖,…,𝐽𝑘,𝑝

+4𝛿𝑝≠𝐽0∑ 

𝑘

𝑖=1

  𝐽𝑖𝒪1−0
𝐽𝑖+𝑝;𝐽1,…,𝒳𝑖,…,𝐽𝑘,𝐽0−𝑝 

−4∑  

𝑘

𝑖=1

  𝐽𝑖𝒪1−0
𝑝+1;𝐽1,…,𝒲𝑖,…,𝐽𝑘,𝐽0+𝐽𝑖−𝑝−1  

 −4∑  

𝑘

𝑖=1

  𝐽𝑖𝒪1−0
𝐽0−𝑝+1;𝐽1,…,𝒦𝑖,…,𝐽𝑘,𝐽𝑖+𝑝−1

 

{𝑛1, 𝑛2, … } = ∑  

𝐿

𝑘=1

 𝑃𝑘+𝑛1,𝑘+𝑛1+1𝑃𝑘+𝑛2,𝑘+𝑛2+1…  

{… , 𝑛, 𝑛 ± 1, 𝑛, … } ={… ,… } − {… , 𝑛, … } − {… , 𝑛 ± 1,… }  

 +{… , 𝑛, 𝑛 ± 1,… } + {… , 𝑛 ± 1, 𝑛, … }
 

 

 

 

 

𝐷2Tr𝜙
′𝑍𝑝𝜙𝑍𝐽−𝑝 = 𝑃𝐷2Tr𝜙

′𝑍𝑝𝜙𝑍𝐽−𝑝 = 𝐷2𝑃Tr𝜙
′𝑍𝑝𝜙𝑍𝐽−𝑝 = 𝐷2Tr𝑍

𝐽−𝑝𝜙𝑍𝑝𝜙′ = 𝐷2Tr𝜙𝑍
𝑝𝜙′Tr𝑍𝐽−𝑝 
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𝑑𝜔 +
1

2
[𝜔,𝜔] = 0  

𝐿 =∑  

𝑘

Ω0,𝑘⊗𝑀𝑎𝑡𝑛 = Ω⊗𝑀𝑎𝑡𝑛 

𝑄𝑎 = 𝑄𝑏
𝑎𝑥𝑏 + 𝑄𝑏𝑐

𝑎 𝑥𝑏𝑥𝑐 +⋯ 

(𝑢𝛼 , 𝜃𝛼 , 𝑧𝑙)∷ (𝜆𝑢𝛼 , (𝜃𝛼 − 𝜀𝑢𝛼), (𝑧𝑙 − 𝜀Γ𝛼𝛽
𝑙 𝑢𝛼𝜃𝛽)) 

𝐷𝛼 =
𝜕

𝜕𝜃𝛼
− Γ𝛼𝛽

𝑚 𝜃𝛽
𝜕

𝜕𝑥𝑚
 

𝑆𝑆𝑌𝑀(𝐴𝑚, 𝜒
𝑎) = −

1

4
Tr𝐹𝑚𝑛𝐹

𝑚𝑛 +
1

2
Tr𝜒𝛼Γ𝛼𝛽

𝑚 [𝒟𝑚, 𝜒
𝛽]  

𝒟𝑚 =
𝜕

𝜕𝑥𝑚
+ 𝐴𝑚(𝑥) 

𝐹𝑛𝑚 = 𝜕𝑚𝐴𝑛 − 𝜕𝑛𝐴𝑚 + [𝐴𝑚, 𝐴𝑛] 

Γ𝑚 = (
0 Γ𝑚

𝛼𝛽

(Γ𝑚)𝛼𝛽 0
) 

𝑉𝜙(𝐴𝑚) = [𝒟𝑚, 𝜙], 𝑉𝜙(𝜒
𝛼) = [𝜒𝛼 , 𝜙]. 

𝛿𝜖(𝐴𝑚) = 𝜖
𝛼(Γ𝑚)𝛼𝛽𝜒

𝛽

𝛿𝜖(𝜒
𝛼) =

1

2
(Γ𝑚𝑛)𝛼  𝛽𝜖

𝛽𝐹𝑚𝑛
 

𝛿𝜖(𝐴𝑚) = 0, 𝛿𝜖(𝜒
𝛼) = 𝜖𝛼 

𝐷𝑚 = 𝜕𝑚 + 𝐴𝑚(𝑥, 𝜃), 𝐷𝛼 = 𝐷𝛼 + 𝐴𝛼(𝑥, 𝜃) 

𝜕𝑚 =
𝜕

𝜕𝑥𝑚
, 𝐷𝛼 =

𝜕

𝜕𝜃𝛼
− Γ𝛼𝛽  

𝑚𝜃𝛽𝜕𝑚, 𝐴𝑚  

𝐹𝛼𝛽 = {𝒟𝛼 , 𝒟𝛽} + 2Γ𝛼𝛽
𝑚𝒟𝑚

𝐹𝛼𝑚 = [𝒟𝛼 , 𝒟𝑚], 𝐹𝑚𝑛 = [𝒟𝑚, 𝒟𝑛]
 

𝐹𝛼𝛽 = 0  

𝐴𝑚 ↦ 𝑔−1𝐴𝑚𝑔 + 𝑔
−1𝒟𝑚𝑔, 𝐴𝛼 ↦ 𝑔−1𝐴𝛼𝑔 + 𝑔

−1𝒟𝛼𝑔  

𝛿𝛾(𝒟𝑚) = [𝒟𝑚, 𝐷̃𝛾], 𝛿𝛾(𝒟𝛼) = {𝒟𝛼 , 𝐷̃𝛾}  

𝐷̃𝛼 =
𝜕

𝜕𝜃𝛼
+ Γ𝛼𝛽

𝑚 𝜃𝛽𝜕𝑚  

Γ𝛼𝛽
𝑚𝒟𝑚𝜒

𝛽 = 0

𝒟𝑚𝐹
𝑚𝑛 =

1

2
Γ𝛼𝛽
𝑛 {𝜒𝛼 , 𝜒𝛽}

 

𝜃𝛼𝐴𝛼 = 0  

{𝐷(𝑢), 𝐷(𝑢)} = 0 

𝔭 = (𝑊 ⊗𝑊∗) ⊕ Λ2(𝑊∗) 
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[𝑚,𝑚′] = [𝑛, 𝑛′] = 0

[𝑚, 𝑛]𝑎
𝑏 = 𝑚𝑎𝑐𝑛

𝑐𝑏

[𝑚, 𝑘]𝑎𝑏 = 𝑚𝑎𝑐𝑘𝑏
𝑐 +𝑚𝑐𝑏𝑘𝑎

𝑐

[𝑛, 𝑘]𝑎𝑏 = 𝑛
𝑎𝑐𝑘𝑐

𝑏 + 𝑛𝑐𝑏𝑘𝑐
𝑎

 

𝐷 = 𝑢𝛼𝐷𝛼 = 𝑢
𝛼 (

𝜕

𝜕𝜃𝛼
+ Γ𝛼𝛽  

𝑚𝜃𝛽
𝜕

𝜕𝑥𝑚
) 

𝐸 = 𝑢𝛼
𝜕

𝜕𝑢𝛼
 

Ω⊗𝑀𝑎𝑡𝑛  

𝜕‾𝜔 +
1

2
{𝜔,𝜔} = 0 

𝐿𝐷𝜔 = 𝐿𝐷‾𝜔 = 𝑖𝐷𝜔 = 𝑖𝐷‾𝜔 = 0
𝐿𝐸𝜔 = 𝐿𝐸‾𝜔 = 𝑖𝐸𝜔 = 𝑖𝐸‾𝜔 = 0

 

𝑔𝐷𝑔−1 = 𝐷 + 𝑢𝛼𝐴𝛼 = 𝑢
𝛼(𝐷𝛼 + 𝐴𝛼) 

𝑔𝐷𝑔−1 = 𝐷(𝑢) = 𝑢𝛼(𝐷𝛼 + 𝐴𝛼) 

𝑔−1 ⋅ 𝐷‾ ⋅ 𝑔 = 𝐷‾ , 𝑔−1 ⋅ 𝐸 ⋅ 𝑔 = 𝐸, 𝑔−1 ⋅ 𝐸‾ ⋅ 𝑔 = 𝐸‾  

𝐷‾𝑔 = 0, 𝐸𝑔 = 0, 𝐸‾𝑔 = 0. 

𝐸 = 𝑢𝛼
𝜕

𝜕𝑢𝛼
+ 𝜃𝛼

𝜕

𝜕𝜃𝛼
 

𝑑 = 𝑢𝛼
𝜕

𝜕𝜃𝛼
 

(Λ2(𝑊) +Λ4(𝑊)) ⊗ 𝑑𝑒𝑡−
1
2(𝑊) 

𝑓(𝜔) = Tr (
1

2
𝜔𝜕‾𝜔 +

2

3
𝜔[𝜔,𝜔])  

𝜓 = 𝐶𝐴1…𝐴𝑘(𝑧)𝜌(𝑧) 

Ω𝑖𝑛𝑡
−𝑘 = Ber⊗ Λ𝑘(𝑇) =⨁ 

𝑖+𝑗=𝑘

Berℂ⊗Λ𝑖(𝑇ℂ) ⊗ Berℂ⊗Λ𝑗(𝑇‾ℂ) 

Berℂ⊗Berℂ⊗Λ3(𝑇‾ℂ) 

(Λ3(𝑊)⊕ Λ1(𝑊))⊗ det−1(𝑊)⊗ Λ3(𝑊)⊗ det−1(𝑊) 

tr ∈ Λ7(Λ3(𝑊)⊕ Λ1(𝑊))⊗ det−7(𝑊)⊗ Λ7(Λ3(𝑊)) ⊗ det−7(𝑊)  
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Tr(𝑎) = ∫  
ℛ0

< 𝑡𝑟, 𝑎 > 

𝜎(𝑎, 𝑏) = Tr(𝑎 ∧ 𝑏) 

𝑑 = 𝑢𝛼
𝜕

𝜕𝜃𝛼
 

𝑑 = 𝑢𝛼 (
𝜕

𝜕𝜃𝛼
+ Γ𝛼𝛽

𝑚 𝜃𝛽
𝜕

𝜕𝑥𝑚
) 

𝑓(𝜔) = Tr (
1

2
𝜔𝑑𝜔 +

2

3
𝜔[𝜔,𝜔])  

Tr(𝜔)𝜆 = 𝑝(𝜔) 

𝑊 = 〈𝑝1, … , 𝑝3〉 ⊕ 〈𝑢1, … , 𝑢3〉 ⊕ 〈𝑧1, 𝑧2〉 ⊕ 〈𝑤1, 𝑤2〉 

𝐴̃ = ℂ[𝑝1, … , 𝑝3, 𝑢
1, … , 𝑢3, 𝑧1, 𝑧2, 𝑤1, 𝑤2]/𝐼  

𝑝1𝑢
1 + 𝑝2𝑢

2 + 𝑝3𝑢
3 

𝐴̃ ⊗ Λ[𝜋𝛼𝑖] ⊗ Λ [𝜓𝑗
𝛽
] 

𝑑(𝜋𝛼𝑖) = 𝑝𝛼𝑧𝑖  (1 ≤ 𝛼 ≤ 3,1 ≤ 𝑖 ≤ 2)

𝑑 (𝜓𝑗
𝛽
) = 𝑢𝛽𝑤𝑗 (1 ≤ 𝛽 ≤ 3,1 ≤ 𝑗 ≤ 2)

𝑑(𝑝𝛼) = 0

𝑑(𝑢𝛽) = 0

𝑑(𝑧𝑖) = 0

𝑑(𝑤𝑗) = 0

 

𝑅𝑁=3 = 𝐴⊗ Λ[𝜋𝛼𝑖] ⊗ Λ [𝜓𝑗
𝛽
]  

𝑆𝐼𝐾𝐾𝑇(𝐴, 𝜒) = tr (−
1

4
𝛿𝑖𝑗𝛿𝑘𝑙[𝐴𝑖 , 𝐴𝑘][𝐴𝑗 , 𝐴𝑙] +

1

2
Γ𝛼𝛽
𝑖 [𝐴𝑖 , 𝜒

𝛼]𝜒𝛽) 

𝛿𝐴𝑖 = [𝐴𝑖 , 𝜀]; 𝛿𝜒
𝛼 = [𝜒𝛼 , 𝜀] 

𝑆 = 𝑆𝐼𝐾𝐾𝑇 + tr𝐴
∗𝑖[𝐴𝑖 , 𝑐] + tr𝜒𝛼

∗ [𝜒𝛼 , 𝑐] +
1

2
tr[𝑐, 𝑐]𝑐∗ 
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𝑄𝐴∗𝑙 = 𝛿𝑖𝑗𝛿𝑘𝑙 [𝐴𝑖 , [𝐴𝑗 , 𝐴𝑘]] −
1

2
Γ𝛼𝛽
𝑙 {𝜒𝛼 , 𝜒𝛽} − [𝐴∗𝑙 , 𝑐]

𝑄𝜒𝛼
∗ = −Γ𝛼𝛽

𝑖 [𝐴𝑖 , 𝜒
𝛽] − [𝜒𝛼

∗ , 𝑐]

𝑄𝑐∗ = −[𝐴∗𝑖 , 𝐴𝑖] − [𝜒𝛼
∗ , 𝜒𝛼] + [𝑐, 𝑐∗]

𝑄𝑐 =
1

2
[𝑐, 𝑐]

𝑄𝐴𝑖 = [𝐴𝑖 , 𝑐]

𝑄𝜒𝛼 = [𝜒𝛼 , 𝑐]

 

 

𝐶0 = ℂ, 𝐶1 = 𝐶2 = {0}, 𝐶3 = 𝑉, 𝐶4 = 𝑆, 𝐶5 = Λ
2(𝑉), 𝐶6 = Λ

2(𝑉), 𝐶7 = 𝑆
∗, 𝐶8 = 𝑉,𝐶9 = 𝐶10 = {0}, 𝐶11 = ℂ 

𝐶3⊗𝐶3 = 𝑉 ⊗𝑉 → Λ2(𝑉) = 𝐶6 

𝐶3⊗𝐶4 = 𝑉 ⊗ 𝑆 →
Γ 
𝑆∗ = 𝐶7 

𝐶5⊗𝐶4 = Λ
2(𝑉) ⊗ 𝑉 → 𝑉 = 𝐶8 

𝑆(𝑎) = tr (
1

2
𝑎 ∗ 𝑑(𝑎) +

2

3
𝑎 ∗ 𝑎 ∗ 𝑎)  

𝑢𝛼Γ𝛼𝛽
𝑚 𝑢𝛽 = 0, 𝑢𝛼𝑢𝛽 = 𝑢𝛽𝑢𝛼 

Γ𝑚1,𝑚2,𝑚3,𝑚4,𝑚5

𝛼𝛽
(𝜆𝛼𝜆𝛽 + 𝜆𝛽𝜆𝛼) = 0  

Γ𝑚1

𝛼𝛿1Γ𝑚2𝛿1𝛿2Γ𝑚3

𝛿2𝛿3Γ𝑚4𝛿3𝛿4Γ𝑚5

𝛿4𝛽  

[𝜆𝛼 , 𝜆𝛽]+
= 𝜆𝛼𝜆𝛽 + 𝜆𝛽𝜆𝛼 

Γ𝑚⊗Γ𝑛 → Γ𝑚+𝑛 

Γ =⨁ 

𝑛≥0

Γ𝑛 

𝛼1
⊗𝑛1 ⊗⋯⊗𝛼𝑘

⊗𝑛𝑘(𝑛1, … , 𝑛𝑘 ≥ 0) 

𝑢𝛼Γ𝛼𝛽
𝑚 𝑢𝛽 = 0, 𝑢𝛼𝑢𝛽 = 𝑢𝛽𝑢𝛼 , 𝜃𝛼𝜃𝛽 + 𝜃𝛽𝜃𝛼 = 0, 𝑢𝛼𝜃𝛽 = 𝜃𝛽𝑢𝛼 

Γ𝑚1,…𝑚5

𝛼𝛽
(𝜆𝛼𝜆𝛽 + 𝜆𝛽𝜆𝛼) = 0, 𝑡𝛼𝑡𝛽 − 𝑡𝛽𝑡𝛼 = 0, 𝜆𝛼𝑡𝛽 − 𝜆𝛽𝑡𝛼 = 0 

𝐴𝑚 = Γ𝑚
𝛼𝛽
𝜆𝛼𝜆𝛽   and  𝜒𝛼 = Γ𝑚

𝛼𝛽
[𝜆𝛽 , 𝐴

𝑚] 

[𝐴𝑖 , [𝐴𝑖 , 𝐴𝑘]] −
1

2
Γ𝛼𝛽
𝑘 {𝜒𝛼 , 𝜒𝛽} = 0

−Γ𝛼𝛽
𝑖 [𝐴𝑖 , 𝜒

𝛽] = 0
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𝐻0,𝑘(𝛽̂⊗𝑛)𝑛 ≥ 0 

(Ω(𝒬̂) ⊗ Λ(𝑆∗), 𝜕‾ + 𝑑) 

Ω(𝒬̂) ⊗ Λ(𝑆∗) 

(Ω(𝒬̂) ⊗ Λ(𝑆∗), 𝜕‾ + 𝑑) 

Ω(𝒬̂ × Π𝑆) = Ω(𝒬̂) ⊗ Λ(𝑆∗) ⊗ Λ(𝑆‾∗) ⊗ 𝑆(𝑆‾∗) 

𝜆 = (det𝑊)−1/2, (ℂ + Λ2(𝑊) + Λ4(𝑊)) ⊗ (det𝑊)−1/2)  

({0}, det𝑊−1/2 + {0}) ⊂ 𝜆 

𝜘 = (Λ2(𝑊) + Λ4(𝑊)) ⊗ (det𝑊)−1/2 

𝒦𝑓1,…,𝑓𝑛 = (𝒦𝑓1,…,𝑓𝑟)
𝑓𝑟+1,…,𝑓𝑛

 

𝑉 ⊗ 𝑇𝐿⊕𝑉∗⊗𝑇𝑅⊕𝑇𝐿⊕𝑇𝑅 

𝑡𝛼1𝑧2 − 𝑡𝛼2𝑧1 = det (𝑠𝑗
𝛽
)

𝑠1
𝛼𝑤2 − 𝑠2

𝛼𝑤1 = det(𝑡𝛼𝑖)

𝑠𝑖
𝛼𝑡𝛼𝑗 = 0

 

𝒩⊗ℂ[𝑤𝑖 , 𝑧𝑗] 

𝐻∎(𝑉 ⊗ 𝐴𝑥1,…,𝑥𝑟) = 𝑉 ⊗ 𝐻∎(𝐴𝑥1,…,𝑥𝑟) 

𝐻∎(𝒦𝑤𝑖,𝑧𝑗) = 𝐻∎(𝑉 ⊗ ℂ[𝑤𝑖 , 𝑧𝑗]
𝑤𝑖,𝑧𝑗

) = 𝑉 ⊗ 𝐻∎(ℂ[𝑤𝑖 , 𝑧𝑗]
𝑤𝑖,𝑧𝑗

) 

𝜌(𝑡𝛼𝑖) = 𝑝𝛼𝑧𝑖

𝜌 (𝑠𝑗
𝛽
) = 𝑢𝛽𝑤𝑗

 

𝑄𝑎(𝑧) = ∑  

∞

𝑘=1

  ∑  

𝑖1,…,𝑖𝑘

   (𝑘)𝑚𝑖1,…,𝑖𝑘
𝑎 𝑧𝑖1 …𝑧𝑖𝑘  

∑  

𝑛+1

𝑘,𝑙=0
𝑘+𝑙=𝑛+1

 ∑  

𝑘

𝑝=1

  ∑  
𝑝𝑒𝑟𝑚

𝑖1,…,𝑖𝑝,…,𝑖𝑘
𝑗1,…,𝑗𝑙

 ±(𝑘)𝑚𝑖1,…,𝑖𝑝,…,𝑖𝑘
𝑎  (𝑙)𝑚𝑗1,…,𝑗𝑙

𝑖𝑝 = 0
 

𝑑𝑏
𝑎 =  (1)𝑚𝑏′

𝑎′ 

𝑓𝑏𝑐
𝑎 = ±(2)𝑚𝑏′𝑐′

𝑎′  

±= (−1)(𝜖(𝑎
′)+1)𝜖(𝑏′) 

𝑓𝑏𝑐
𝑎 = (−1)𝜖(𝑏)𝜖(𝑐)+1𝑓𝑐𝑏

𝑎  

𝑑𝑏
𝑚𝑑𝑚

𝑐 = 0

𝑓𝑚𝑏
𝑟 𝑑𝑐

𝑚 + (−1)𝜖(𝑏)𝜖(𝑐)𝑓𝑚𝑐
𝑟 𝑑𝑏

𝑚 + 𝑑𝑚
𝑟 𝑓𝑐𝑏

𝑚 = 0
 

𝑓𝑚𝑏
𝑟 𝑓𝑐𝑑

𝑚 + (−1)(𝜖(𝑏)+𝜖(𝑑))𝜖(𝑐)𝑓𝑚𝑐
𝑟 𝑓𝑑𝑏

𝑚 + (−1)(𝜖(𝑐)+𝜖(𝑑))𝜖(𝑏)𝑓𝑚𝑑
𝑟 𝑓𝑏𝑐

𝑚 = 0  

∑ 

∞

𝑘=1

1

𝑘!
𝑚𝑘(𝑎, … , 𝑎) = 0 
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𝑆(𝑎) = ∑  

∞

𝑘=1

 
1

𝑘!
𝜇𝑘(𝑎, … , 𝑎)  

𝑄𝑥𝑖 =∑ 𝑚𝑖1,…,𝑖𝑘
𝑖 𝑥𝑖1 …𝑥𝑖𝑛 

𝑚𝑘(𝑒𝑖1 , … , 𝑒𝑖𝑘) = ±𝑚𝑖1,…,𝑖𝑘
𝑎 𝑒𝑎  

∑  

𝑖+𝑗=𝑛+1

∑  

0≤𝑙≤𝑖

𝜖(𝑙, 𝑗)𝑚𝑖(𝑎0, … , 𝑎𝑙−1, 𝑚𝑗(𝑎𝑙 , … , 𝑎𝑙+𝑗−1), 𝑎𝑙+𝑗 , … , 𝑎𝑛) = 0 

𝜖(𝑙, 𝑗) = (−1)𝑗 ∑  0≤𝑠≤𝑙−1  deg(𝑎𝑠)+𝑙(𝑗−1)+𝑗(𝑖−1) 

𝑇(𝑉) =⨁ 

𝑛≥0

𝑉⊗𝑛 

𝑚𝑘: 𝐴
⊗𝑘 → 𝐴 

𝑚𝑛
𝐵: 𝐵⊗𝑛 → Π𝑛𝐵 

𝑚1
𝐵: = 𝑑𝐵 = 𝑝 ∘ 𝑚1 ∘ 𝑖 

𝑚2
𝐵 = 𝑝 ∘ 𝑚2 ∘ (𝑖 ⊗ 𝑖); 

𝑚𝑛
𝐵 =∑  

𝑇

±𝑚𝑛,𝑇 , 𝑛 ≥ 3 

𝑚𝑘 ((𝑒𝑖𝑘)𝛼1

𝛽1
, … , (𝑒𝑖𝑘)𝛼𝑘

𝛽𝑘
) = 𝑚𝑖1,…,𝑖1

𝑎 𝛿𝛽1
𝛼2𝛿𝛽2

𝛼3 …𝛿𝛽𝑛−1
𝛼𝑛 𝛿𝛽

𝛼1𝛿𝛽𝑛
𝛼 (𝑒𝑎)𝛼

𝛽
 

𝑆 =
𝐿𝑇

2
∫  𝑑𝜏 ∫  

2𝜋

0

 𝑑𝜎𝑑𝜌 [(𝐷𝜏𝑋
𝑖)
2
−
1

2𝐿2
{𝑋𝑖 , 𝑋𝑗}

2
]

𝐷𝜏𝑋
𝑖 = 𝜕𝜏𝑋

𝑖 −
1

𝐿
{𝐴, 𝑋𝑖}

 {𝐴, 𝐵} ≡ 𝜕𝜎𝐴𝜕𝜌𝐵 − 𝜕𝜌𝐴𝜕𝜎𝐵

 

𝑋𝑖(𝜎, 𝜌)  = ∑  

∞

𝑘1,𝑘2=−∞

 𝑋(𝑘1,𝑘2)
𝑖 𝑒𝑖𝑘1𝜎+𝑖𝑘2𝜌

𝐴(𝜎, 𝜌)  = ∑  

∞

𝑘1,𝑘2=−∞

 𝐴(𝑘1,𝑘2)𝑒
𝑖𝑘1𝜎+𝑖𝑘2𝜌

 

𝑋9(𝜎, 𝜌)  = 𝑤1𝐿1𝜌 + ∑  

∞

𝑘1,𝑘2=−∞

 𝑌(𝑘1,𝑘2)
1 𝑒𝑖𝑘1𝜎+𝑖𝑘2𝜌 ≡ 𝑤1𝐿1𝜌 + 𝑌

1(𝜎, 𝜌)

𝑋𝑘(𝜎, 𝜌)  = ∑  

∞

𝑘1,𝑘2=−∞

 𝑋(𝑘1,𝑘2)
𝑘 𝑒𝑖𝑘1𝜎+𝑖𝑘2𝜌

𝐴(𝜎, 𝜌)  = ∑  

∞

𝑘1,𝑘2=−∞

 𝐴(𝑘1,𝑘2)𝑒
𝑖𝑘1𝜎+𝑖𝑘2𝜌

 

𝑋9(𝜎, 𝜌)  = 𝑤1𝐿1𝜌 + ∑  

∞

𝑘1,𝑘2=−∞

 𝑌(𝑘1,𝑘2)
1 𝑒𝑖𝑘1𝜎+𝑖𝑘2𝜌 = 𝑤1𝐿1𝜌 + 𝑌

1(𝜎, 𝜌)

𝑋8(𝜎, 𝜌)  = 𝑤2𝐿2𝜎 + ∑  

∞

𝑘1,𝑘2=−∞

 𝑌(𝑘1,𝑘2)
2 𝑒𝑖𝑘1𝜎+𝑖𝑘2𝜌 ≡ 𝑤2𝐿2𝜎 + 𝑌

2(𝜎, 𝜌)

𝑋𝑚(𝜎, 𝜌)  = ∑  

∞

𝑘1,𝑘2=−∞

 𝑋(𝑘1,𝑘2)
𝑚 𝑒𝑖𝑘1𝜎+𝑖𝑘2𝜌

𝐴(𝜎, 𝜌)  = ∑  

∞

𝑘1,𝑘2=−∞

 𝐴(𝑘1,𝑘2)𝑒
𝑖𝑘1𝜎+𝑖𝑘2𝜌
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𝑓 ∗ 𝑔 = 𝑓exp (𝑖
1

2
Θ𝜖𝛼𝛽𝜕←𝛼𝜕 𝛽)𝑔. (𝛼, 𝛽 = 𝜎, 𝜌)  

[𝑒𝑖𝑘1𝜎+𝑖𝑘2𝜌, 𝑒𝑖𝑘1
′𝜎+𝑖𝑘2

′𝜌]
∗
= −2𝑖sin (

1

2
Θ𝑘 × 𝑘′) 𝑒𝑖(𝑘1+𝑘1

′)𝜎+𝑖(𝑘2+𝑘2
′)𝜌.  

{𝑓, 𝑔} = −𝑖lim
Θ→0

 Θ−1[𝑓, 𝑔]∗  

𝑒𝑖(𝑘1+𝑝𝑁)𝜎+𝑖𝑘2𝜌  ≈ (−1)𝑝𝑘2𝑒𝑖𝑘1𝜎+𝑖𝑘2𝜌,

𝑒𝑖𝑘1𝜎+𝑖(𝑘2+𝑟𝑁)𝜌  ≈ (−1)𝑟𝑘1𝑒𝑖𝑘1𝜎+𝑖𝑘2𝜌.
 

𝑋𝑖(𝜎, 𝜌)  = ∑  

𝑀

𝑘1,𝑘2=−𝑀

 𝑋(𝑘1,𝑘2)
𝑖 𝑒𝑖𝑘1𝜎+𝑖𝑘2𝜌

𝐴(𝜎, 𝜌)  = ∑  

𝑀

𝑘1,𝑘2=−𝑀

 𝐴(𝑘1,𝑘2)𝑒
𝑖𝑘1𝜎+𝑖𝑘2𝜌

 

𝑒𝑖𝑘1𝜎+𝑖𝑘2𝜌 → 𝜆−𝑘1𝑘2/2𝑉𝑘2𝑈𝑘1 ,  

𝑈 =

(

 
 

1 0
𝜆 0

𝜆2

⋱
0 𝜆𝑁−1)

 
 
,

𝑉 =

(

 
 

0 1
0 1

⋮ ⋱ ⋱
0 0 1
1 0 ⋯ 0)

 
 
.

 

 
𝑈𝑁  = 𝑉𝑁 = 1
𝑉𝑈 = 𝜆𝑈𝑉

 

𝑆 =
1

√𝑁

(

 
 

1 1 1 1
1 𝜆 𝜆2 ⋯ 𝜆(𝑁−1)

1 𝜆2 𝜆4 ⋯ 𝜆2(𝑁−1)

⋮ ⋮ ⋮ ⋱ ⋮

1 𝜆𝑁−1 𝜆2(𝑁−1) ⋯ 𝜆(𝑁−1)
2
)

 
 

 

𝑋𝑖(𝜎, 𝜌)  → 𝑋𝑖 = ∑  

𝑀

𝑘1,𝑘2=−𝑀

 𝑋(𝑘1,𝑘2)
𝑖 𝜆−𝑘1𝑘2/2𝑉𝑘2𝑈𝑘1

𝐴(𝜎, 𝜌)  → 𝐴 = ∑  

𝑀

𝑘1,𝑘2=−𝑀

 𝐴(𝑘1,𝑘2)𝜆
−𝑘1𝑘2/2𝑉𝑘2𝑈𝑘1

 

{⋅,⋅}  → −𝑖
𝑁

2𝜋
[⋅,⋅]

∫  
2𝜋

0

 𝑑𝜎𝑑𝜌 →
(2𝜋)2

𝑁
Tr

 

𝑆0+1 =  (2𝜋)
2𝐿𝑇∫  𝑑𝜏Tr [(𝐷𝜏𝑋

𝑖)
2
+

1

2(2𝜋𝐿)2
[𝑋𝑖 , 𝑋𝑗]

2
]

𝐷𝜏𝑋
𝑖 = 𝜕𝜏𝑋

𝑖 + 𝑖
1

2𝜋𝐿
[𝐴, 𝑋𝑖]

 

[𝑒𝑖𝑘1𝜎+𝑖𝑘2𝜌, 𝑒𝑖𝑘1
′𝜎+𝑖𝑘2

′𝜌]
∗
 = −2𝑖sin (

𝜋

𝑁
𝑘 × 𝑘′) 𝑒𝑖(𝑘1+𝑘1

′)𝜎+𝑖(𝑘2+𝑘2
′)𝜌

[𝜌, 𝑒𝑖𝑘1𝜎+𝑖𝑘2𝜌]
∗
 =
2𝜋𝑘1
𝑁

𝑒𝑖𝑘1𝜎+𝑖𝑘2𝜌
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𝑋9(𝜎, 𝜌)= 𝑤1𝐿1𝜌 + ∑  

∞

𝑘1=−∞

  ∑  

𝑀

𝑘2=−𝑀

 𝑌(𝑘1,𝑘2)
1 𝑒𝑖𝑘1𝜎+𝑖𝑘2𝜌  

 = 𝑤1𝐿1𝜌 + ∑  

∞

𝑝=−∞

  ∑  

𝑀

𝑞=−𝑀

  ∑  

𝑀

𝑘=−𝑀

 𝑌(𝑝𝑁+𝑞,𝑘)
1 𝑒𝑖(𝑝𝑁+𝑞)𝜎+𝑖𝑘𝜌,

 

𝑋𝑘(𝜎, 𝜌)= ∑  

∞

𝑘1=−∞

  ∑  

𝑀

𝑘2=−𝑀

 𝑋(𝑘1,𝑘2)
𝑘 𝑒𝑖𝑘1𝜎+𝑖𝑘2𝜌  

 = ∑  

∞

𝑝=−∞

  ∑  

𝑀

𝑞=−𝑀

  ∑  

𝑀

𝑘=−𝑀

 𝑋(𝑝𝑁+𝑞,𝑘)
𝑘 𝑒𝑖(𝑝𝑁+𝑞)𝜎+𝑖𝑘𝜌

𝐴(𝜎, 𝜌) = ∑  

∞

𝑘1=−∞

  ∑  

𝑀

𝑘2=−𝑀

 𝐴(𝑘1,𝑘2)𝑒
𝑖𝑘1𝜎+𝑖𝑘2𝜌

 = ∑  

∞

𝑝=−∞

  ∑  

𝑀

𝑞=−𝑀

  ∑  

𝑀

𝑘=−𝑀

 𝐴(𝑝𝑁+𝑞,𝑘)𝑒
𝑖(𝑝𝑁+𝑞)𝜎+𝑖𝑘𝜌

 

𝑒𝑖(𝑝𝑁+𝑞)𝜎+𝑖𝑘𝜌  → 𝑒𝑖(𝑝𝑁+𝑞)𝜃1/𝑁𝜆−𝑘𝑞/2𝑉𝑘𝑈𝑞 ,
𝜌 → −2𝜋𝑖𝜕𝜃1𝐼,

 

𝑋9(𝜎, 𝜌)→ −2𝜋𝑖𝑤1𝐿1𝜕𝜃1𝐼 + 𝑌
1(𝜃1)  

 = −2𝜋𝑖𝑤1𝐿1𝜕𝜃1𝐼 + ∑  

∞

𝑝=−∞

  ∑  

𝑀

𝑞=−𝑀

  ∑  

𝑀

𝑘=−𝑀

 𝑌(𝑝𝑁+𝑞,𝑘)
1 𝑒𝑖(𝑝𝑁+𝑞)𝜃1/𝑁𝜆−𝑘𝑞/2𝑉𝑘𝑈𝑞 ,

𝑋𝑘(𝜎, 𝜌) → 𝑋𝑘(𝜃1) = ∑  

∞

𝑝=−∞

  ∑  

𝑀

𝑞=−𝑀

  ∑  

𝑀

𝑘=−𝑀

 𝑋(𝑝𝑁+𝑞,𝑘)
𝑘 𝑒𝑖(𝑝𝑁+𝑞)𝜃1/𝑁𝜆−𝑘𝑞/2𝑉𝑘𝑈𝑞 ,

𝐴(𝜎, 𝜌) → 𝐴(𝜃1) = ∑  

∞

𝑝=−∞

  ∑  

𝑀

𝑞=−𝑀

  ∑  

𝑀

𝑘=−𝑀

 𝐴(𝑝𝑁+𝑞,𝑘)𝑒
𝑖(𝑝𝑁+𝑞)𝜃1/𝑁𝜆−𝑘𝑞/2𝑉𝑘𝑈𝑞 .

 

𝑌1(𝜃1 + 2𝜋)  = 𝑉𝑌
1(𝜃1)𝑉

†,

𝑋𝑘(𝜃1 + 2𝜋)  = 𝑉𝑋
𝑘(𝜃1)𝑉

†,

𝐴(𝜃1 + 2𝜋)  = 𝑉𝐴(𝜃1)𝑉
†,

 

{⋅,⋅}  → −𝑖
𝑁

2𝜋
[⋅,⋅]

∫  
2𝜋

0

 𝑑𝜎𝑑𝜌 →
2𝜋

𝑁
∫  
2𝜋

0

 𝑑𝜃1Tr
 

𝑆1+1 =
2𝜋𝐿𝑇

2
∫  𝑑𝜏 ∫  

2𝜋

0

 𝑑𝜃1Tr [(𝐹𝜏𝜃1)
2
+ (𝐷𝜏𝑋

𝑘)2

−(𝐷𝜃1𝑋
𝑘)
2
+

1

2(2𝜋𝐿)2
[𝑋𝑘 , 𝑋𝑙]2]

𝐹𝜏𝜃1 = 𝜕𝜏𝑌
1 −

𝐿1
𝐿
𝜕𝜃1𝐴 + 𝑖

1

2𝜋𝐿
[𝐴, 𝑌1]

𝐷𝜏𝑋
𝑘 = 𝜕𝜏𝑋

𝑘 + 𝑖
1

2𝜋𝐿
[𝐴, 𝑋𝑘]

𝐷𝜃1𝑋
𝑘 =

𝐿1
𝐿
𝜕𝜃1𝑋

𝑘 + 𝑖
1

2𝜋𝐿
[𝑌1, 𝑋𝑘]

 

𝑆𝑌𝑀  = −
1

4𝑔𝑌𝑀
2 ∫  𝑑𝐷𝑥Tr𝐹𝜇𝜈𝐹

𝜇𝜈

𝐹𝜇𝜈  = 𝜕𝜇𝐴𝜈 − 𝜕𝜈𝐴𝜇 + 𝑖[𝐴𝜇, 𝐴𝜈]
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𝑌1(𝜃1)  → 𝛼𝐴1(𝑥
1),

𝑋𝑘(𝜃1)  → 𝛼𝜙𝑘(𝑥1),

𝐴(𝜃1)  → 𝛼𝐴0(𝑥
1),

𝜃1  →
𝑥1

Σ1
,

𝜏 →
𝑥0

Σ
,

 

𝑆1+1 =
2𝜋𝐿𝑇

2

1

Σ1Σ
∫  𝑑𝑥0∫  

2𝜋Σ1

0

𝑑𝑥1Tr [(𝐹𝜏𝜃1)
2
+ (𝐷𝜏𝑋

𝑘)2 

 −(𝐷𝜃1𝑋
𝑘)
2
+

𝛼4

2(2𝜋𝐿)2
[𝜙𝑘 , 𝜙𝑙]2] ,

𝐹𝜏𝜃1 = Σ𝛼𝜕0𝐴1 −
𝐿1
𝐿
Σ1𝛼𝜕1𝐴0 + 𝑖

𝛼2

2𝜋𝐿
[𝐴0, 𝐴1],

𝐷𝜏𝑋
𝑘 = Σ𝛼𝜕0𝜙

𝑘 + 𝑖
𝛼2

2𝜋𝐿
[𝐴0, 𝜙

𝑘],

𝐷𝜃1𝑋
𝑘 =

𝐿1
𝐿
Σ1𝛼𝜕1𝜙

𝑘 + 𝑖
𝛼2

2𝜋𝐿
[𝐴1, 𝜙

𝑘].

 

Σ =
𝛼

2𝜋𝐿

Σ1  =
𝛼

2𝜋𝐿1

 

𝑆1+1 =
1

2𝑔𝑌𝑀
2 ∫  𝑑𝑥0∫  

2𝜋Σ1

0

 𝑑𝑥1Tr [(𝐹01)
2 + (𝐷0𝜙

𝑘)2 − (𝐷1𝜙
𝑘)2 +

1

2
[𝜙𝑘 , 𝜙𝑙]2]

𝐹01 = 𝜕0𝐴1 − 𝜕1𝐴0 + 𝑖[𝐴0, 𝐴1]

𝐷0𝜙
𝑘 = 𝜕0𝜙

𝑘 + 𝑖[𝐴0, 𝜙
𝑘]

𝐷1𝜙
𝑘 = 𝜕1𝜙

𝑘 + 𝑖[𝐴1, 𝜙
𝑘]

 

𝐴0(𝑥
1 + 2𝜋Σ1)  = 𝑉𝐴0(𝑥

1)𝑉†,

𝐴1(𝑥
1 + 2𝜋Σ1)  = 𝑉𝐴1(𝑥

1)𝑉†,

𝜙𝑘(𝑥1 + 2𝜋Σ1)  = 𝑉𝜙
𝑘(𝑥1)𝑉†,

 

𝑔𝑌𝑀
2 = (2𝜋)−3Σ1

−2𝐿1
−3𝑇−1 

𝑔̃𝑌𝑀
2 ≡ 𝑔𝑌𝑀

2 (2𝜋Σ1)
2 = (2𝜋)−1𝐿1

−3𝑇−1 = 2𝜋
𝑙11
3

𝐿1
3

 

1

2𝜋𝛼′
 = 2𝜋𝐿1𝑇

𝑔𝑠  =
𝐿1

√𝛼′

 

𝑔̃𝑌𝑀
2 =

2𝜋

𝑔𝑠
2  

[𝑒𝑖𝑘1𝜎+𝑖𝑘2𝜌, 𝑒𝑖𝑘1
′𝜎+𝑖𝑘2

′𝜌]
∗
 = −2𝑖sin (

𝜋

𝑁
𝑘 × 𝑘′) 𝑒𝑖(𝑘1+𝑘1

′)𝜎+𝑖(𝑘2+𝑘2
′)𝜌

[𝜎, 𝑒𝑖𝑘1𝜎+𝑖𝑘2𝜌]
∗
 = −

2𝜋𝑘2
𝑁

𝑒𝑖𝑘1𝜎+𝑖𝑘2𝜌

[𝜌, 𝑒𝑖𝑘1𝜎+𝑖𝑘2𝜌]
∗
 =
2𝜋𝑘1
𝑁

𝑒𝑖𝑘1𝜎+𝑖𝑘2𝜌

[𝜎, 𝜌]∗  = 𝑖
2𝜋

𝑁
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𝑋9(𝜎, 𝜌)= 𝑤1𝐿1𝜌 + ∑  

∞

𝑘1,𝑘2=−∞

 𝑌(𝑘1,𝑘2)
1 𝑒𝑖𝑘1𝜎+𝑖𝑘2𝜌  

 = 𝑤1𝐿1𝜌 + ∑  

∞

𝑝,𝑟=−∞

  ∑  

𝑀

𝑞,𝑠=−𝑀

 𝑌(𝑝𝑁+𝑞,𝑟𝑁+𝑠)
1 𝑒𝑖(𝑝𝑁+𝑞)𝜎+𝑖(𝑟𝑁+𝑠)𝜌

𝑋8(𝜎, 𝜌) = 𝑤2𝐿2𝜎 + ∑  

∞

𝑘1,𝑘2=−∞

 𝑌(𝑘1,𝑘2)
2 𝑒𝑖𝑘1𝜎+𝑖𝑘2𝜌

 = 𝑤2𝐿2𝜎 + ∑  

∞

𝑝,𝑟=−∞

  ∑  

𝑀

𝑞,𝑠=−𝑀

 𝑌(𝑝𝑁+𝑞,𝑟𝑁+𝑠)
2 𝑒𝑖(𝑝𝑁+𝑞)𝜎+𝑖(𝑟𝑁+𝑠)𝜌

𝑋𝑚(𝜎, 𝜌) = ∑  

∞

𝑘1,𝑘2=−∞

 𝑋(𝑘1,𝑘2)
𝑚 𝑒𝑖𝑘1𝜎+𝑖𝑘2𝜌

 = ∑  

∞

𝑝,𝑟=−∞

  ∑  

𝑀

𝑞,𝑠=−𝑀

 𝑋(𝑝𝑁+𝑞,𝑟𝑁+𝑠)
𝑚 𝑒𝑖(𝑝𝑁+𝑞)𝜎+𝑖(𝑟𝑁+𝑠)𝜌

𝐴(𝜎, 𝜌) = ∑  

∞

𝑘1,𝑘2=−∞

 𝐴(𝑘1,𝑘2)𝑒
𝑖𝑘1𝜎+𝑖𝑘2𝜌

 = ∑  

∞

𝑝,𝑟=−∞

  ∑  

𝑀

𝑞,𝑠=−𝑀

 𝐴(𝑝𝑁+𝑞,𝑟𝑁+𝑠)𝑒
𝑖(𝑝𝑁+𝑞)𝜎+𝑖(𝑟𝑁+𝑠)𝜌

 

𝑒𝑖(𝑝𝑁+𝑞)𝜎+𝑖(𝑟𝑁+𝑠)𝜌  → 𝑒𝑖(𝑝𝑁+𝑞)𝜃1/𝑁𝑒−𝑖(𝑟𝑁+𝑠)𝜃2/𝑁𝜆−𝑠𝑞/2𝑉𝑠𝑈𝑞

𝜌 → −2𝜋𝑖𝜕𝜃1𝐼

𝜎 → −2𝜋𝑖𝜕𝜃2𝐼 +
𝜃1
𝑁
𝐼

 

𝑋9(𝜎, 𝜌) →−2𝜋𝑖𝑤1𝐿1𝜕𝜃1𝐼 + 𝑌
1(𝜃1, 𝜃2)  

=−2𝜋𝑖𝑤1𝐿1𝜕𝜃1𝐼  

 + ∑  

∞

𝑝,𝑟=−∞

  ∑  

𝑀

𝑞,𝑠=−𝑀

 𝑌(𝑝𝑁+𝑞,𝑟𝑁+𝑠)
1 𝑒𝑖(𝑝𝑁+𝑞)𝜃1/𝑁𝑒−𝑖(𝑟𝑁+𝑠)𝜃2/𝑁𝜆−𝑠𝑞/2𝑉𝑠𝑈𝑞 ,

𝑋8(𝜎, 𝜌) → −2𝜋𝑖𝑤2𝐿2𝜕𝜃2𝐼 +
𝑤2𝐿2
𝑁

𝜃1𝐼 + 𝑌
2(𝜃1, 𝜃2)

= −2𝜋𝑖𝑤2𝐿2𝜕𝜃2𝐼 +
𝑤2𝐿2
𝑁

𝜃1𝐼

 

 + ∑  

∞

𝑝,𝑟=−∞

  ∑  

𝑀

𝑞,𝑠=−𝑀

 𝑌(𝑝𝑁+𝑞,𝑟𝑁+𝑠)
2 𝑒𝑖(𝑝𝑁+𝑞)𝜃1/𝑁𝑒−𝑖(𝑟𝑁+𝑠)𝜃2/𝑁𝜆−𝑠𝑞/2𝑉𝑠𝑈𝑞 ,

𝑋𝑚(𝜎, 𝜌)  → 𝑋𝑚(𝜃1, 𝜃2)

=  ∑  

∞

𝑝,𝑟=−∞

  ∑  

𝑀

𝑞,𝑠=−𝑀

 𝑋(𝑝𝑁+𝑞,𝑟𝑁+𝑠)
𝑚 𝑒𝑖(𝑝𝑁+𝑞)𝜃1/𝑁𝑒−𝑖(𝑟𝑁+𝑠)𝜃2/𝑁𝜆−𝑠𝑞/2𝑉𝑠𝑈𝑞 ,

𝐴(𝜎, 𝜌)  → 𝐴(𝜃1, 𝜃2)

=  ∑  

∞

𝑝,𝑟=−∞

  ∑  

𝑀

𝑞,𝑠=−𝑀

 𝐴(𝑝𝑁+𝑞,𝑟𝑁+𝑠)𝑒
𝑖(𝑝𝑁+𝑞)𝜃1/𝑁𝑒−𝑖(𝑟𝑁+𝑠)𝜃2/𝑁𝜆−𝑠𝑞/2𝑉𝑠𝑈𝑞 .

 

𝑌1(𝜃1 + 2𝜋, 𝜃2)  = 𝑉𝑌
1(𝜃1 , 𝜃2)𝑉

†

𝑌2(𝜃1 + 2𝜋, 𝜃2)  = 𝑉𝑌
2(𝜃1, 𝜃2)𝑉

†

𝑋𝑚(𝜃1 + 2𝜋, 𝜃2)  = 𝑉𝑋
𝑚(𝜃1, 𝜃2)𝑉

†

𝐴(𝜃1 + 2𝜋, 𝜃2)  = 𝑉𝐴(𝜃1, 𝜃2)𝑉
†

𝑌1(𝜃1, 𝜃2 + 2𝜋)  = 𝑈𝑌
1(𝜃1 , 𝜃2)𝑈

†

𝑌2(𝜃1, 𝜃2 + 2𝜋)  = 𝑈𝑌
2(𝜃1, 𝜃2)𝑈

†

𝑋𝑚(𝜃1, 𝜃2 + 2𝜋)  = 𝑈𝑋
𝑚(𝜃1, 𝜃2)𝑈

†

𝐴(𝜃1 , 𝜃2 + 2𝜋)  = 𝑈𝐴(𝜃1, 𝜃2)𝑈
†

 

𝑉𝑈𝑉† = 𝜆𝑈𝑈𝑉𝑈† = 𝜆−1𝑉 
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{⋅,⋅}  → −𝑖
𝑁

2𝜋
[⋅,⋅]

∫  
2𝜋

0

 𝑑𝜎𝑑𝜌 →
1

𝑁
∫  
2𝜋

0

 𝑑𝜃1𝑑𝜃2Tr
 

𝑆2+1 =
𝐿𝑇

2
∫  𝑑𝜏∫  

2𝜋

0

 𝑑𝜃1𝑑𝜃2Tr[(𝐹𝜏𝜃1)
2
+ (𝐹𝜏𝜃2)

2
− (𝐹𝜃1𝜃2)

2
+ (𝐷𝜏𝑋

𝑚)2 − (𝐷𝜃1𝑋
𝑚)

2

−(𝐷𝜃2𝑋
𝑚)

2
+

1

2(2𝜋𝐿)2
[𝑋𝑚, 𝑋𝑛]2]

 

𝐹𝜏𝜃1 = 𝜕𝜏𝑌
1 −

𝐿1
𝐿
𝜕𝜃1𝐴 + 𝑖

1

2𝜋𝐿
[𝐴, 𝑌1]

𝐹𝜏𝜃2 = 𝜕𝜏𝑌
2 −

𝐿2
𝐿
𝜕𝜃2𝐴 + 𝑖

1

2𝜋𝐿
[𝐴, 𝑌2]

𝐹𝜃1𝜃2 =
1

𝑁𝐿
𝐿1𝐿2𝐼 +

𝐿1
𝐿
𝜕𝜃1𝑌

2 −
𝐿2
𝐿
𝜕𝜃2𝑌

1 + 𝑖
1

2𝜋𝐿
[𝑌1, 𝑌2]

𝐷𝜏𝑋
𝑚 = 𝜕𝜏𝑋

𝑘 + 𝑖
1

2𝜋𝐿
[𝐴, 𝑋𝑚]

𝐷𝜃1𝑋
𝑚 =

𝐿1
𝐿
𝜕𝜃1𝑋

𝑚 + 𝑖
1

2𝜋𝐿
[𝑌1, 𝑋𝑚]

𝐷𝜃2𝑋
𝑚 =

𝐿2
𝐿
𝜕𝜃2𝑋

𝑚 + 𝑖
1

2𝜋𝐿
[𝑌2, 𝑋𝑚]

 

𝑌1(𝜃1, 𝜃2)  → 𝛼𝐴1(𝑥
1, 𝑥2)

𝑌2(𝜃1, 𝜃2)  → 𝛼𝐴2(𝑥
1, 𝑥2)

𝑋𝑚(𝜃1 , 𝜃2)  → 𝛼𝜙𝑚(𝑥1, 𝑥2)

𝐴(𝜃1, 𝜃2)  → 𝛼𝐴0(𝑥
1, 𝑥2)

𝜃1  →
𝑥1

Σ1

𝜃2  →
𝑥2

Σ2

𝜏 →
𝑥0

Σ

 

𝑆1+1 =
𝐿𝑇

2

1

Σ1Σ2Σ
∫  𝑑𝑥0∫  

2𝜋Σ1

0

 𝑑𝑥1∫  
2𝜋Σ2

0

 𝑑𝑥2Tr [(𝐹𝜏𝜃1)
2
+ (𝐹𝜏𝜃2)

2
− (𝐹𝜃1𝜃2)

2
+ (𝐷𝜏𝑋

𝑚)2

 −(𝐷𝜃1𝑋
𝑚)

2
− (𝐷𝜃2𝑋

𝑚)
2
+

𝛼4

2(2𝜋𝐿)2
[𝜙𝑚, 𝜙𝑛]2]

𝐹𝜏𝜃1 = Σ𝛼𝜕0𝐴1 −
𝐿1
𝐿
Σ1𝛼𝜕1𝐴0 + 𝑖

𝛼2

2𝜋𝐿
[𝐴0, 𝐴1]

𝐹𝜏𝜃2 = Σ𝛼𝜕0𝐴2 −
𝐿2
𝐿
Σ2𝛼𝜕2𝐴0 + 𝑖

𝛼2

2𝜋𝐿
[𝐴0, 𝐴2]

𝐹𝜃1𝜃2 =
1

𝑁𝐿
𝐿1𝐿2𝐼 +

𝐿1
𝐿
Σ1𝛼𝜕1𝐴2 −

𝐿2
𝐿
Σ2𝛼𝜕2𝐴1 + 𝑖

𝛼2

2𝜋𝐿
[𝐴1, 𝐴2]

𝐷𝜏𝑋
𝑚 = Σ𝛼𝜕0𝜙

𝑚 + 𝑖
𝛼2

2𝜋𝐿
[𝐴0, 𝜙

𝑚]

𝐷𝜃1𝑋
𝑚 =

𝐿1
𝐿
Σ1𝛼𝜕1𝜙

𝑚 + 𝑖
𝛼2

2𝜋𝐿
[𝐴1, 𝜙

𝑚]

𝐷𝜃2𝑋
𝑚 =

𝐿2
𝐿
Σ2𝛼𝜕2𝜙

𝑚 + 𝑖
𝛼2

2𝜋𝐿
[𝐴2, 𝜙

𝑚]

 

Σ =
𝛼

2𝜋𝐿

Σ1  =
𝛼

2𝜋𝐿1

Σ2  =
𝛼

2𝜋𝐿2
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𝑆1+1 =
1

2𝑔𝑌𝑀
2 ∫  𝑑𝑥0∫  

2𝜋Σ1

0

 𝑑𝑥1∫  
2𝜋Σ2

0

 𝑑𝑥2Tr[(𝐹01)
2 + (𝐹02)

2 − (𝐹12)
2 + (𝐷0𝜙

𝑚)2

 −(𝐷1𝜙
𝑚)2 − (𝐷2𝜙

𝑚)2 +
1

2
[𝜙𝑚, 𝜙𝑛]2]

𝐹01 = 𝜕0𝐴1 − 𝜕1𝐴0 + 𝑖[𝐴0, 𝐴1]

𝐹02 = 𝜕0𝐴2 − 𝜕2𝐴0 + 𝑖[𝐴0, 𝐴2]

𝐹12 =
1

2𝜋𝑁Σ1Σ2
𝐼 + 𝜕1𝐴2 − 𝜕2𝐴1 + 𝑖[𝐴1, 𝐴2]

𝐷0𝜙
𝑚 = 𝜕0𝜙

𝑚 + 𝑖[𝐴0, 𝜙
𝑚]

𝐷1𝜙
𝑚 = 𝜕1𝜙

𝑚 + 𝑖[𝐴1 , 𝜙
𝑚]

𝐷2𝜙
𝑚 = 𝜕2𝜙

𝑚 + 𝑖[𝐴2, 𝜙
𝑚]

 

𝐴0(𝑥
1 + 2𝜋Σ1, 𝑥

2)  = 𝑉𝐴0(𝑥
1, 𝑥2)𝑉†

𝐴1(𝑥
1 + 2𝜋Σ1, 𝑥

2)  = 𝑉𝐴1(𝑥
1, 𝑥2)𝑉†

𝐴2(𝑥
1 + 2𝜋Σ1, 𝑥

2)  = 𝑉𝐴2(𝑥
1, 𝑥2)𝑉†

𝜙𝑚(𝑥1 + 2𝜋Σ1, 𝑥
2)  = 𝑉𝜙𝑚(𝑥1, 𝑥2)𝑉†

𝐴0(𝑥
1, 𝑥2 + 2𝜋Σ2)  = 𝑈𝐴0(𝑥

1, 𝑥2)𝑈†

𝐴1(𝑥
1, 𝑥2 + 2𝜋Σ2)  = 𝑈𝐴1(𝑥

1, 𝑥2)𝑈†

𝐴2(𝑥
1, 𝑥2 + 2𝜋Σ2)  = 𝑈𝐴2(𝑥

1, 𝑥2)𝑈†

𝜙𝑚(𝑥1, 𝑥2 + 2𝜋Σ2)  = 𝑈𝜙
𝑚(𝑥1, 𝑥2)𝑈†

 

𝑔𝑌𝑀
2 = (2𝜋)−2(Σ1Σ2)

−1/2(𝐿1𝐿2)
−3/2𝑇−1 

𝑔̃𝑌𝑀
2 ≡ 𝑔𝑌𝑀

2 (2𝜋Σ12𝜋Σ2)
1/2 = (2𝜋)−1(𝐿1𝐿2)

−3/2𝑇−1 = 2𝜋
𝑙11
3

(𝐿1𝐿2)
3/2

 

Tr(𝜙𝐼𝑍𝐿−𝐼), Tr(𝜙𝐼−1𝑍𝜙𝑍𝐿−𝐼−1), Tr(𝜙𝐼−2𝑍𝜙2𝑍𝐿−𝐼−1), …  

𝐻𝔰𝔲(2) = 𝐼 +∑  

𝑛

  (
𝜆

8𝜋2
)
𝑛

𝐻𝔰𝔲(2)
(2𝑛)

 

{𝑛1, 𝑛2, … } = ∑  

𝐿

𝑘=1

 𝑃𝑘+𝑛1,𝑘+𝑛1+1𝑃𝑘+𝑛2,𝑘+𝑛2+1⋯  

𝐻𝔰𝔲(2)
(2)

 = 2({} − {0})

𝐻𝔰𝔲(2)
(4)

 = 2(−4{} + 6{0} − ({0,1} + {1,0}))

𝐻𝔰𝔲(2)
(6)

 = 4(15{} − 26{0} + 6({0,1} + {1,0}) + {0,2} − ({0,1,2} + {2,1,0}))

 

Tr(𝜙2𝑍6) Tr(𝜙𝑍𝜙𝑍5) Tr(𝜙𝑍2𝜙𝑍4) Tr(𝜙𝑍3𝜙𝑍3).  

𝐻𝔰𝔲(2)
(2)

= (

2 −2 0 0
−2 4 −2 0

0 −2 4 −2√2

0 0 −2√2 4

)  

𝐸𝔰𝔲(2)
(2)

= 8sin2 (
𝜋𝑛

𝐿 − 1
)  𝑛 = 0,… , 𝑛max = {

(𝐿 − 2)/2, 𝐿 even 
(𝐿 − 3)/2, 𝐿 odd .  

𝐸({𝑛𝑖}) = 𝐼 +
𝜆

2𝜋2
∑ 

𝐼

𝑖=1

  sin2 
𝑛𝑖𝜋

𝐿
+ ∑  

2𝐼

𝑁=2

 
𝜆

𝐿2𝑁−1
𝑉𝑁− body (𝑛1, … , 𝑛𝐼) + ⋯  

𝑉𝑁 = ∑  

𝑛𝑖,𝑚𝑖

 𝛿𝑛1+⋯+𝑛𝑁,𝑚1+⋯+𝑚𝑁
𝑓𝑁({𝑛𝑖}, {𝑚𝑖})∏  

𝑁

𝑖=1

  𝑏𝑛𝑖
† ∏ 

𝑁

𝑖=1

 𝑏𝑚𝑖
,  

𝑆± =
1

2
(𝜎𝑥 ± 𝑖𝜎𝑦) 𝑆

𝑧 =
1

2
𝜎𝑧  
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𝑃𝑖,𝑖+1 = 𝑆𝑖
+𝑆𝑖+1

− + 𝑆𝑖
−𝑆𝑖+1

+ + 2𝑆𝑖
𝑧𝑆𝑖+1
𝑧 +

1

2
 

𝐻𝔰𝔲(2)
(2)

= −∑  

𝐿

𝑗=1

  (𝑆𝑗
+𝑆𝑗+1

− + 𝑆𝑗
−𝑆𝑗+1

+ ) − 2∑  

𝐿

𝑗=1

 𝑆𝑗
𝑧𝑆𝑗+1
𝑧 +

1

2
.  

𝑆𝑗
+= 𝑏𝑗

†𝐾(𝑗) = 𝐾(𝑗)𝑏𝑗
† 

𝑆𝑗
−= 𝐾(𝑗)𝑏𝑗 = 𝑏𝑗𝐾(𝑗)  

𝑆𝑗
𝑧 = 𝑏𝑗

†𝑏𝑗 − 1/2,

 

𝐾(𝑗) = exp (𝑖𝜋∑  

𝑗−1

𝑘=1

  𝑏𝑘
†𝑏𝑘)  

[𝐾(𝑗), 𝐒𝑘] = 0  

𝑏𝑗
† = 𝑆𝑗

+𝐾(𝑗) 𝑏𝑗 = 𝑆𝑗
−𝐾(𝑗),  

{𝑏𝑗 , 𝑏𝑘
†} = 𝛿𝑗𝑘  {𝑏𝑗

†, 𝑏𝑘
†} = {𝑏𝑗 , 𝑏𝑘} = 0.  

𝑏𝐿+1 = (−1)
𝐼+1𝑏1 𝐼 ≡ ∑  

𝐿

𝑗=1

  𝑏𝑗
†𝑏𝑗  

𝐻𝔰𝔲(2)
(2)

=∑  

𝐿

𝑗=1

  (𝑏𝑗
†𝑏𝑗 + 𝑏𝑗+1

† 𝑏𝑗+1 − 𝑏𝑗+1
† 𝑏𝑗 − 𝑏𝑗

†𝑏𝑗+1 + 2𝑏𝑗
†𝑏𝑗+1
† 𝑏𝑗𝑏𝑗+1).  

𝑏𝑗 =
1

√𝐿
∑  

𝐿−1

𝑝=0

 𝑒−
2𝜋𝑖𝑗
𝐿
𝑝𝑏̃𝑝  

𝐻𝔰𝔲(2)
(2)

= 4∑  

𝐿−1

𝑝=0

  sin2 (
𝜋𝑝

𝐿
) 𝑏̃𝑝

†𝑏̃𝑝 +
2

𝐿
∑  

𝐿−1

𝑝,𝑞,𝑟,𝑠=0

  𝑒
2𝜋𝑖(𝑞−𝑠)

𝐿 𝑏̃𝑝
†𝑏̃𝑞
†𝑏̃𝑟𝑏̃𝑠𝛿𝑝+𝑞,𝑟+𝑠.  

𝑏̃𝑘1
† 𝑏̃𝑘2

† 𝑏̃𝑘3
† |𝐿⟩ 𝑘1 + 𝑘2 + 𝑘3 = 0 mod𝐿  

𝑏̃0
†𝑏̃1
†𝑏̃5
†|𝐿⟩ 𝑏̃0

†𝑏̃2
†𝑏̃4
†|𝐿⟩ 𝑏̃1

†𝑏̃2
†𝑏̃3
†|𝐿⟩ 𝑏̃3

†𝑏̃4
†𝑏̃5
†|𝐿⟩,  

𝐻𝔰𝔲(2)
(2)

=

(

 
 
 
 

1

3
−1

1

3

1

3
−1 3 −1 −1
1

3
−1

19

3

1

3
1

3
−1

1

3

19

3 )

 
 
 
 

 

𝐸𝐿({𝑘𝑖}) =
𝜆

𝐿2
𝐸(1,2)({𝑘𝑖}) +

𝜆

𝐿3
𝐸(1,3)({𝑘𝑖}) + 𝑂(𝜆𝐿

−4).  
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(
𝑢𝑖 +

𝑖
2
𝑉𝑞𝑖

𝑢𝑖 −
𝑖
2
𝑉𝑞𝑖

)

𝐿

=∏ 

𝐼

𝑗≠𝑖

 (
𝑢𝑖 − 𝑢𝑗 +

𝑖
2
𝑀𝑞𝑖,𝑞𝑗

𝑢𝑖 − 𝑢𝑗 −
𝑖
2
𝑀𝑞𝑖,𝑞𝑗

)  

𝑉𝑞𝑖 = 2𝛼
(𝑞𝑖) ⋅ 𝜇/(𝛼(𝑞𝑖))

2
 

𝑀𝑞𝑖,𝑞𝑗 = 2𝛼
(𝑞𝑖) ⋅ 𝛼(𝑞𝑗)/(𝛼(𝑞𝑗))

2
 

1 =∏  

𝐼

𝑖

 (
𝑢𝑖 +

𝑖
2
𝑉𝑞𝑖

𝑢𝑖 −
𝑖
2
𝑉𝑞𝑖

)  

𝐸 =∑  

𝐼

𝑗=1

 (
𝑉𝑞𝑗

𝑢𝑗
2 + 𝑉𝑞𝑗

2/4
)  

𝑢𝑖 =
1

2𝜋𝑘𝑖
(𝐿 + 𝐴𝑖√𝐿 + 𝐵𝑖 +⋯)  

(
𝑢𝑖 + 𝑖/2

𝑢𝑖 − 𝑖/2
)
𝐿

=∏ 

𝐼

𝑗≠𝑖

 (
𝑢𝑖 − 𝑢𝑗 + 𝑖

𝑢𝑖 − 𝑢𝑗 − 𝑖
)

1 =∏  

𝐼

𝑖

 (
𝑢𝑖 + 𝑖/2

𝑢𝑖 − 𝑖/2
)

 

𝑢1 =
𝐿 − 4

2𝜋𝑘1
+

3𝑘1
𝜋(𝑘1 − 𝑘2)(2𝑘1 + 𝑘2)

+ 𝑂(𝐿−1)

𝑢2 =
(𝐿 − 4)𝑘1

2 + (𝐿 − 4)𝑘1𝑘2 − 2(𝐿 − 1)𝑘2
2

2𝜋𝑘2(𝑘1
2 + 𝑘1𝑘2 − 2𝑘2

2)
+ 𝑂(𝐿−1)

𝑢3 = −
(𝐿 − 1)𝑘1

2 − (8 − 5𝐿)𝑘1𝑘2 + 2(𝐿 − 1)𝑘2
2

2𝜋(𝑘1 + 𝑘2)(2𝑘1 + 𝑘2)(𝑘1 + 2𝑘2)
+ 𝑂(𝐿−1).

 

𝐸𝔰𝔲(2)
(2) (𝑘1 , 𝑘2) =

8𝜋2

𝐿3
(𝑘1
2 + 𝑘1𝑘2 + 𝑘2

2)(𝐿 + 2) + 𝑂(𝐿−4) (𝑘1 ≠ 𝑘2 ≠ 𝑘3).  

𝑢1 =
−7 + 3𝑖√𝐿 + 3𝐿

6𝜋𝑘1
+𝑂(𝐿−1/2)

𝑢2 = −
7 + 3𝑖√𝐿 − 3𝐿

6𝜋𝑘1
+𝑂(𝐿−1/2)

𝑢3 =
4 − 3𝐿

12𝜋𝑘1
+ 𝑂(𝐿−1/2).

 

𝐸𝔰𝔲(2)
(2) (𝑘1) =

8𝜋2

𝐿3
𝑘1
2(3𝐿 + 7) + 𝑂(𝐿−4) (𝑘1 = 𝑘2, 𝑘3 = −2𝑘1)  

𝐻𝔰𝔲(2)
(4)

=∑  

𝐿

𝑗=1

  {−
1

2
[𝑏𝑗+2
† 𝑏𝑗 + 𝑏𝑗

†𝑏𝑗+2 − 4(𝑏𝑗+1
† 𝑏𝑗 + 𝑏𝑗

†𝑏𝑗+1)] − 3𝑏𝑗
†𝑏𝑗 − 4𝑏𝑗

†𝑏𝑗+1
† 𝑏𝑗𝑏𝑗+1 

+𝑏𝑗+1
† 𝑏𝑗+2

† 𝑏𝑗𝑏𝑗+1 + 𝑏𝑗
†𝑏𝑗+1
† 𝑏𝑗+1𝑏𝑗+2 + 𝑏𝑗

†𝑏𝑗+2
† 𝑏𝑗𝑏𝑗+2}

 

𝐻𝔰𝔲(2)
(4)

=−8∑  

𝐿−1

𝑝=0

  sin4 (
𝑝𝜋

𝐿
) 𝑏̃𝑝

†𝑏̃𝑝  

 +
1

𝐿
∑  

𝐿−1

𝑝,𝑞,𝑟,𝑠=0

  (𝑒
2𝜋𝑖(𝑞+𝑟)

𝐿 + 𝑒
−2𝜋𝑖(𝑝+𝑠)

𝐿 + 𝑒
4𝜋𝑖(𝑞−𝑠)

𝐿 − 4𝑒
2𝜋𝑖(𝑞−𝑠)

𝐿 ) 𝑏̃𝑝
†𝑏̃𝑞
†𝑏̃𝑟𝑏̃𝑠𝛿𝑝+𝑞,𝑟+𝑠

 

𝐸𝐿
(2)({𝑘𝑖}) =

𝜆2

𝐿4
𝐸(2,4)({𝑘𝑖}) +

𝜆2

𝐿5
𝐸(2,5)({𝑘𝑖}) + 𝑂(𝜆

2𝐿−6).  
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𝐸𝔰𝔲(2)
(2,4)

= −(𝑘1
2 + 𝑘2

2 + 𝑘3
2)2/16 𝑘1 + 𝑘2 + 𝑘3 = 0

𝐸𝔰𝔲(2)
(2,5)

/𝐸𝔰𝔲(2)
(2,3)

= 8 (𝑘1 ≠ 𝑘2 ≠ 𝑘3)

𝐸𝔰𝔲(2)
(2,5)

/𝐸𝔰𝔲(2)
(2,3)

=
76

9
(𝑘1 = 𝑘2, 𝑘3 = −2𝑘1)

 

 

𝐻𝔰𝔲(2)
(6)

=32∑  

𝐿−1

𝑝=0

  sin6 (
𝑝𝜋

𝐿
) 𝑏̃𝑝

†𝑏̃𝑝 +
1

2𝐿
∑  

𝐿−1

𝑝,𝑞,𝑟,𝑠=0

  {−10𝑒
2𝜋𝑖(𝑞+𝑟)

𝐿 + 𝑒
2𝜋𝑖(2𝑞+𝑟)

𝐿 + 𝑒
2𝜋𝑖(𝑞+2𝑟)

𝐿 + 𝑒
2𝜋𝑖(𝑞−3𝑠)

𝐿

+𝑒
2𝜋𝑖(2𝑞−2𝑟−3𝑠)

𝐿 + 𝑒
2𝜋𝑖(3𝑞−2𝑟−3𝑠)

𝐿 + 𝑒
2𝜋𝑖(𝑞−𝑟−3𝑠)

𝐿 + 𝑒
2𝜋𝑖(2𝑞−𝑟−3𝑠)

𝐿 − 𝑒
2𝜋𝑖(𝑞−2𝑠)

𝐿  

−10𝑒
2𝜋𝑖(𝑞−𝑟−2𝑠)

𝐿  − 𝑒
2𝜋𝑖(2𝑞−𝑟−2𝑠)

𝐿 − 𝑒
2𝜋𝑖(3𝑞−𝑟−2𝑠)

𝐿 − 𝑒
2𝜋𝑖(𝑞+𝑟−2𝑠)

𝐿 + 29𝑒
2𝜋𝑖(𝑞−𝑠)

𝐿 − 10𝑒
4𝜋𝑖(𝑞−𝑠)

𝐿 + 𝑒
6𝜋𝑖(𝑞−𝑠)

𝐿

−𝑒
2𝜋𝑖(2𝑞−𝑠)

𝐿 + 𝑒
2𝜋𝑖(3𝑞−𝑠)

𝐿 − 𝑒
2𝜋𝑖(𝑞+𝑟−𝑠)

𝐿 + 𝑒
2𝜋𝑖(2𝑞+𝑟−𝑠)

𝐿 + 𝑒
2𝜋𝑖(𝑞+2𝑟−𝑠)

𝐿 } 𝑏̃𝑝
†𝑏̃𝑞
†𝑏̃𝑟𝑏̃𝑠𝛿𝑝+𝑞,𝑟+𝑠

+
1

𝐿2
∑  

𝐿−1

𝑝,𝑞,𝑟,𝑠,𝑡,𝑢=0

  {𝑒
2𝜋𝑖(𝑞+3𝑟−2𝑡−3𝑢)

𝐿 + 𝑒
2𝜋𝑖(𝑞+2𝑟−𝑠−2𝑡−3𝑢)

𝐿  

+𝑒
2𝜋𝑖(2𝑞+3𝑟−𝑡−3𝑢)

𝐿 + 𝑒
2𝜋𝑖(𝑞+2𝑟+𝑠−𝑢)

𝐿 } 𝑏̃𝑝
†𝑏̃𝑞
†𝑏̃𝑟
†𝑏̃𝑠𝑏̃𝑡𝑏̃𝑢𝛿𝑝+𝑞+𝑟,𝑠+𝑡+𝑢

 

 

𝑒𝑖𝐿𝑝𝑖 =∏ 

𝐼

𝑗≠𝑖

 
𝜑(𝑝𝑖) − 𝜑(𝑝𝑗) + 𝑖

𝜑(𝑝𝑖) − 𝜑(𝑝𝑗) − 𝑖
 ∑  

𝐼

𝑖=1

 𝑝𝑖 = 0.  
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𝜑(𝑝𝑖) ≡
1

2
cot (𝑝𝑖/2)√1 +

𝜆

𝜋2
sin2 (𝑝𝑖/2)  

𝐸𝔰𝔲(2) =∑  

𝐼

𝑖=1

 
8𝜋2

𝜆
(√1 +

𝜆

𝜋2
sin2 (𝑝𝑖/2) − 1)  

𝑝𝑖 =
2𝜋𝑘𝑖
𝐿

+∑  

𝑛=1

 
𝑝𝑖
(𝑛)

𝐿
𝑛+2
2

,  

𝐸𝔰𝔲(2) =𝐿 − 𝐼 +∑  

𝐼

𝑖=1

 

(

 √1 + 𝜆′𝑘𝑖
2 −

𝜆′

𝐿 − 𝐼

𝐼𝑘𝑖
2

√1 + 𝜆′𝑘𝑖
2

)

 

 −
𝜆′

𝐿 − 𝐼
∑  

𝐼

𝑖,𝑗=1
𝑖≠𝑗

 
2𝑘𝑖

2𝑘𝑗

𝑘𝑖
2 − 𝑘𝑗

2 (𝑘𝑗 + 𝑘𝑖√
1 + 𝜆′𝑘𝑗

2

1 + 𝜆′𝑘𝑖
2)+ 𝑂(𝐿

−2),

 

𝐸𝔰𝔲(2)
(1,2)

= 𝑘1
2 + 𝑘1𝑘2 + 𝑘2

2𝐸𝔰𝔲(2)
(1,3)

= 2(𝑘1
2 + 𝑘1𝑘2 + 𝑘2

2)

𝐸𝔰𝔲(2)
(2,4)

= −
1

4
(𝑞2 + 𝑞𝑟 + 𝑟2)2𝐸𝔰𝔲(2)

(2,5)
= −2(𝑞2 + 𝑞𝑟 + 𝑟2)2.

 

𝐸𝔰𝔲(2) = 𝐿 − 3 + 2√1 + 𝜆
′𝑛2 + √1 + 𝜆′4𝑛2

 −
𝜆′𝑛2

𝐿 − 3
(

1

1 + 𝜆′𝑛2
+

6

√1 + 𝜆′𝑛2
+

12

√1 + 𝜆′4𝑛2
−

8

√1 + 𝜆′𝑛2√1 + 𝜆′4𝑛2
)

 

𝐸𝔰𝔲(2)
(1,2)

 = 3𝑛2         𝐸𝔰𝔲(2)
(1,3)

 = 7𝑛2         

𝐸𝔰𝔲(2)
(2,4)

= −
9

4
𝑛4         𝐸𝔰𝔲(2)

(2,5)
= −19𝑛4         

 

𝐸𝔰𝔲(2)
(3,6)

=
1

16
(2𝑘1

6 + 6𝑘1
5𝑘2 + 15𝑘1

4𝑘2
2 + 20𝑘1

3𝑘2
3 + 15𝑘1

2𝑘2
4 + 6𝑘1𝑘2

5 + 2𝑘2
6)  

𝐸𝔰𝔲(2)
(3,7)

 =
1

4
(8𝑘1

6 + 24𝑘1
5𝑘2 + 51𝑘1

4𝑘2
2 + 62𝑘1

3𝑘2
3 + 51𝑘1

2𝑘2
4 + 24𝑘1𝑘2

5 + 8𝑘2
6)

 

𝐸𝔰𝔲(2)
(3,6)

=
33

8
𝑛6 𝐸𝔰𝔲(2)

(3,7)
= 58𝑛6,  

 

|𝐿⟩ = Tr(𝑍𝐿) 𝑏𝑗
†|𝐿⟩ = Tr(𝑍1⋯𝑍𝑗−1𝜓𝑍𝑗+1⋯𝑍𝐿).  

{
𝐴1…𝐴𝑁
𝐵1…𝐵𝑁

} 
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𝐻𝔰𝔲(∣1)
(2)

= {
𝑍𝜓
𝑍𝜓
} + {

𝜓𝑍
𝜓𝑍
} − {

𝑍𝜓
𝜓𝑍
} − {

𝜓𝑍
𝑍𝜓
} + 2 {

𝜓𝜓
𝜓𝜓
} .  

𝐻𝔰𝔲(1∣1)
(2)

=∑  

𝐿

𝑗=1

  (𝑏𝑗
†𝑏𝑗 + 𝑏𝑗+1

† 𝑏𝑗+1 − 𝑏𝑗+1
† 𝑏𝑗 − 𝑏𝑗

†𝑏𝑗+1).  

⟨𝐿|𝑏𝑖+1𝑏𝑖 (𝐻𝔰𝔲(1∣1)
(2)

) 𝑏𝑖
†𝑏𝑖+1
† |𝐿⟩ = 2  

𝐻𝔰𝔲(1∣1)
(2)

= 4∑  

𝐿−1

𝑝=0

  sin2 (
𝑝𝜋

𝐿
) 𝑏̃𝑝

†𝑏̃𝑝  

𝐻𝔰𝔲(1∣1)
(4)

 = −8∑  

𝐿−1

𝑝=0

  sin4 (
𝑝𝜋

𝐿
) 𝑏̃𝑝

†𝑏̃𝑝 +
1

4𝐿
∑  

𝐿−1

𝑝,𝑞,𝑟,𝑠=0

  {𝑒
2𝜋𝑖(𝑞−2𝑟)

𝐿 + 𝑒
2𝜋𝑖(2𝑞−𝑟)

𝐿 − 4𝑒
2𝜋𝑖(𝑞−𝑟)

𝐿

−2𝑒
2𝜋𝑖(𝑞−2𝑟−𝑠)

𝐿 − 2𝑒
2𝜋𝑖(𝑞+𝑠)

𝐿 + 𝑒
2𝜋𝑖(𝑞−𝑟+𝑠)

𝐿 + 𝑒
2𝜋𝑖(2𝑞−2𝑟−𝑠)

𝐿 } 𝑏̃𝑝
†𝑏̃𝑞
†𝑏̃𝑟𝑏̃𝑠𝛿𝑝+𝑞,𝑟+𝑠

 

𝐻𝔰𝔲(∣1)
(6)

=32∑  

𝐿−1

𝑝=0

  sin6 (
𝑝𝜋

𝐿
) 𝑏̃𝑝

†𝑏̃𝑝 −
1

16
∑  

𝐿−1

𝑝,𝑞,𝑟,𝑠=0

  𝑒
60𝜋𝑖(𝑞−𝑟)

𝐿 {2𝑒−
2𝜋𝑖(27𝑞−29𝑟)

𝐿 + 2𝑒−
2𝜋𝑖(28𝑞−29𝑟)

𝐿

−4𝑒−
2𝜋𝑖(27𝑞−28𝑟)

𝐿 + 37𝑒−
2𝜋𝑖(29𝑞−28𝑟)

𝐿 − 6𝑒−
2𝜋𝑖(29𝑞−27𝑟)

𝐿 + 8𝑒−
56𝜋𝑖(𝑞−𝑟)

𝐿 − 72𝑒−
58𝜋𝑖(𝑞−𝑟)

𝐿  

−6𝑒−
2𝜋𝑖(29𝑞−29𝑟−2𝑠)

𝐿 − 40𝑒−
2𝜋𝑖(29𝑞−30𝑟−𝑠)

𝐿 + 37𝑒−
2𝜋𝑖(29𝑞−29𝑟−𝑠)

𝐿 − 8𝑒−
2𝜋𝑖(29𝑞−28𝑟−𝑠)

𝐿  

+8𝑒−
2𝜋𝑖(27𝑞−28𝑟+𝑠)

𝐿 + 2𝑒−
2𝜋𝑖(28𝑞−28𝑟+𝑠)

𝐿 − 40𝑒−
2𝜋𝑖(29𝑞−28𝑟+𝑠)

𝐿 − 4𝑒−
2𝜋𝑖(27𝑞−27𝑟+𝑠)

𝐿  

+8𝑒−
2𝜋𝑖(29𝑞−27𝑟+𝑠)

𝐿 + 2𝑒−
2𝜋𝑖(27𝑞−27𝑟+2𝑠)

𝐿 + 8𝑒−
2𝜋𝑖(29𝑞−30𝑟−2𝑠)

𝐿 } 𝑏̃𝑝
†𝑏̃𝑞
†𝑏̃𝑟𝑏̃𝑠𝛿𝑝+𝑞,𝑟+𝑠

+
1

16
∑  

𝐿−1

𝑝,𝑞,𝑟,𝑠,𝑡,𝑢=0

  {2𝑒
2𝜋𝑖(𝑞+2𝑟−3𝑠−2𝑡)

𝐿 − 𝑒
2𝜋𝑖(𝑞+3𝑟−3𝑠−2𝑡)

𝐿 − 4𝑒
2𝜋𝑖(𝑞+2𝑟−3𝑠−𝑡)

𝐿  

−𝑒
2𝜋𝑖(2𝑞+3𝑟−3𝑠−𝑡)

𝐿 + 8𝑒
2𝜋𝑖(𝑞+2𝑟−2𝑠−𝑡)

𝐿 + 2𝑒
2𝜋𝑖(2𝑞+3𝑟−2𝑠−𝑡)

𝐿 − 4𝑒
2𝜋𝑖(𝑞+2𝑟−3𝑠−2𝑡−𝑢)

𝐿  

+2𝑒
2𝜋𝑖(𝑞+3𝑟−3𝑠−2𝑡−𝑢)

𝐿 + 2𝑒
2𝜋𝑖(𝑞+2𝑟−2𝑠+𝑢)

𝐿  

−4𝑒
2𝜋𝑖(𝑞+2𝑟−𝑠+𝑢)

𝐿 − 4𝑒
2𝜋𝑖(𝑞+2𝑟−2𝑠−𝑡+𝑢)

𝐿 } 𝑏̃𝑝
†𝑏̃𝑞
†𝑏̃𝑟
†𝑏̃𝑠𝑏̃𝑡𝑏̃𝑢𝛿𝑝+𝑞+𝑟,𝑠+𝑡+𝑢

 

𝐸𝔰𝔲(1∣1)
(1,2)

= (𝑘1
2 + 𝑘1𝑘2 + 𝑘2

2)𝐸𝔰𝔲(1∣1)
(1,3)

= 0

𝐸𝔰𝔲(1∣1)
(2,4)

−
1

4
(𝑘1
2 + 𝑘1𝑘2 + 𝑘2

2)2𝐸𝔰𝔲(1∣1)
(2,5)

= −(𝑘1
2 + 𝑘1𝑘2 + 𝑘2

2)2
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(
𝑢𝑖 +

𝑖
2

𝑢𝑖 −
𝑖
2

)

𝐿

= 1  

𝑢𝑖 =
1

2
cot (

𝑘𝑖𝜋

𝐿
)  

𝐸𝔰𝔲(1∣1) = 4∑  

𝐼

𝑖=1

  sin2 (
𝜋𝑘𝑖
𝐿
) ,  

Tr(𝒟𝐼𝑍𝑍𝐿−1), Tr(𝒟𝐼−1𝑍𝒟𝑍𝑍𝐿−2), Tr(𝒟𝐼−1𝑍𝑍𝒟𝑍𝑍𝐿−3), …  

(𝑎𝑖
†)
𝑛
|𝐿⟩ ∼ Tr(𝑍𝑖−1𝒟𝑛𝑍𝑍𝐿−𝑖), …  

𝐻𝔰𝔩(2)
(2)

=∑  

𝐿

𝑗=1

 𝐻𝑗,𝑗+1
𝔰𝔩(2)

,

𝐻1,2
𝔰𝔩(2)

(𝑎1
†)
𝑗
(𝑎2
†)
𝑛−𝑗
|𝐿⟩ = ∑  

𝑛

𝑗′=0

  [𝛿𝑗=𝑗′(ℎ(𝑗) + ℎ(𝑛 − 𝑗)) −
𝛿𝑗≠𝑗′

|𝑗 − 𝑗′|
] (𝑎1

†)
𝑗′

(𝑎2
†)
𝑛−𝑗′

|𝐿⟩

 

𝐻𝔰𝔩(2)
(2)

= −∑ 

𝐿

𝑗=1

  [(𝑎𝑗+1
† − 2𝑎𝑗

† + 𝑎𝑗−1
† ) (𝑎𝑗 −

1

2
𝑎𝑗
†𝑎𝑗
2) +

1

4
(𝑎𝑗+1
†2 − 2𝑎𝑗

†2 + 𝑎𝑗−1
†2 )𝑎𝑗

2] + ⋯  
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𝐻𝔰𝔩(2)
(2)

=∑  

𝐿−1

𝑝=0

 4sin2 
𝑝𝜋

𝐿
𝑎̃𝑝
†𝑎̃𝑝  

 +
1

𝐿
∑  

𝐿−1

𝑝,𝑞,𝑟,𝑠=0

  𝛿𝑝+𝑞,𝑟+𝑠 (−sin
2 
𝑝𝜋

𝐿
− sin2 

𝑞𝜋

𝐿
+ sin2 

(𝑝 + 𝑞)𝜋

𝐿
) 𝑎̃𝑝

†𝑎̃𝑞
†𝑎̃𝑟𝑎̃𝑠 +⋯

 

𝑎̃𝑘1
† 𝑎̃𝑘2

† 𝑎̃𝑘3
† ⋯|𝐿⟩  

𝐸𝔰𝔩(2)
(1,2)

= (𝑘1
2 + 𝑘1𝑘2 + 𝑘2

2) 𝐸𝔰𝔩(2)
(1,3)

/𝐸𝔰𝔩(2)
(1,2)

= −2 𝑘1 ≠ 𝑘2 ≠ 𝑘3

𝐸𝔰𝔩(2)
(1,2)

= 3𝑛2 𝐸𝔰𝔩(2)
(1,3)

/𝐸𝔰𝔩(2)
(1,2)

= −7/3 𝑘1 = 𝑘2 = 𝑛, 𝑘3 = −2𝑛,
 

(
𝑢𝑖 − 𝑖/2

𝑢𝑖 + 𝑖/2
)
𝐿

=∏ 

𝑛

𝑗≠𝑖

 (
𝑢𝑖 − 𝑢𝑗 + 𝑖

𝑢𝑖 − 𝑢𝑗 − 𝑖
)

1 =∏  

𝑛

𝑖

 (
𝑢𝑖 − 𝑖/2

𝑢𝑖 + 𝑖/2
)

 

 

𝑢1 = −
2(1 + 𝐿)𝑘1

2 − (4 + 𝐿)𝑘1𝑘2 − (4 + 𝐿)𝑘2
2

2𝜋𝑘1(𝑘2
2 + 𝑘1𝑘2 − 2𝑘1

2)
+ 𝑂(𝐿−1)

𝑢2 = −
2(1 + 𝐿)𝑘2

2 − (4 + 𝐿)𝑘1𝑘2 − (4 + 𝐿)𝑘1
2

2𝜋𝑘2(𝑘1
2 + 𝑘1𝑘2 − 2𝑘2

2)
+ 𝑂(𝐿−1)

𝑢3 = −
2(1 + 𝐿)𝑘1

2 + (8 + 5𝐿)𝑘1𝑘2 + 2(1 + 𝐿)𝑘2
2

2𝜋(𝑘1 + 𝑘2)(2𝑘1 + 𝑘2)(𝑘1 + 2𝑘2)
+ 𝑂(𝐿−1).

 

𝐸𝔰𝔩(2)
(2) (𝑘1, 𝑘2) =

𝜆

𝐿3
(𝑘1
2 + 𝑘1𝑘2 + 𝑘2

2)(𝐿 − 2) + 𝑂(𝐿−4) (𝑘1 ≠ 𝑘2 ≠ 𝑘3).  

𝑢1 =
7 − 3√𝐿 + 3𝐿

6𝜋𝑛
+ 𝑂(𝐿−1/2)

𝑢2 =
7 + 3√𝐿 + 3𝐿

6𝜋𝑛
+ 𝑂(𝐿−1/2)

𝑢3 = −
4 + 3𝐿

12𝜋𝑛
+ 𝑂(𝐿−1/2),

 

𝐸𝔰𝔩(2)
(2)
(𝑛) =

𝜆𝑛2

𝐿3
(3𝐿 − 7) + 𝑂(𝐿−4) (𝑘1 = 𝑘2 = 𝑛, 𝑘3 = −2𝑛).  
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CONCLUSIONES 

Según los resultados antes referidos, se concluye que, en un campo cuántico – relativista, los quarks y 

gluones, para lograr el confinamiento de color, intermedia la gravedad o supergravedad cuánticas, según 

el caso, es decir, según la naturaleza de la partícula subatómica de origen (partícula oscura o blanca, 

según corresponda), lo que permite la formación de hadrones (mesones y bariones respectivamente), los 

cuales, al igual que las partículas que los originan, pueden ser partículas blancas u oscuras, según sea el 

caso. Téngase en cuenta, que si bien es cierto, que el quark top, es un candidato genuino para actuar 

como partícula oscura, debido a su enorme masa, sin embargo, no es susceptible de hadronización, 

debido a que se desintegra inmediatamente sin que le sea posible confinarse, más, como se ha dicho, 

esta partícula supermasiva, es capaz de producir gravedad, incluso en condiciones extremas y entrópicas. 

Aclaraciones finales 

Algunas aclaraciones finales a tener en consideración y aplicar, a propósito de la Teoría Cuántica de 

Campos Relativistas o Curvos (TCCR) propuesta por este autor: 

1. En todos los casos, este símbolo † será reemplazado por este símbolo†o por este símbolo †, 

equivaliendo lo mismo. 

Símbolo a ser reemplazado. Símbolos de reemplazo. 

† † 

† 

 

2. En todos los casos, este símbolo ‡, será reemplazado por este símbolo‡o por este símbolo ‡. 

Símbolo a ser reemplazado. Símbolos de reemplazo. 

‡ ‡ 

‡ 

 

3. En todos los casos, se añadirá y por ende, se calculará la magnitud§que equivale a un campo de Yang 

– Mills y por ende, a la teoría de Yang – Mills en sentido amplio, en relación a la Teoría Cuántica de 

Campos Relativistas propuesta por este autor. 
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4. Este símbolo • podrá usarse como exponente u operador, según sea el caso. 

Las aclaraciones antes referidas aplican tanto a este trabajo como a todos los trabajos previos y 

posteriores publicados por este autor, según corresponda. 
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