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RESUMEN 

En recientes trabajos, este autor ha esbozado planteamientos generales a propósito de la supergravedad 

cuántica relativista, la misma que, en sentido estricto, se tiene como una teoría del todo. La 

supergravedad cuántica relativista, es un pilar esencial en la Teoría Cuántica de Campos Relativistas o 

Curvos, planteada por este investigador, en la medida en que, unifica la relatividad general y la 

relatividad especial con la mecánica cuántica. Sin embargo, a diferencia de los postulados que son 

propios de la supergravedad, la supergravedad cuántica relativista, usa la supersimetría en grupos de 

gauge infinitos (supersimetrías de gauge) con la finalidad de integrar la gravedad a escala subatómica, 

a partir de la existencia de superpartículas, capaces de deformar el espacio – tiempo cuántico, en 

dimensiones más altas (supersimetrías de gauge en dimensiones D), lo que ocurre, por interacción de la 

propia superpartícula a razón de su masa y energía extremadamente densas, o por interacción de la 

superpartícula con el supergravitón, incluyendo, aquellas interacciones con regiones de antimateria, lo 

que supone, la permeabilización del campo cuántico repercutido por el campo supergravitónico. En este 

trabajo, se robustecerá este concepto esencial que explica la Teoría Cuántica de Campos Relativistas o 

Curvos. 

 

Palabras clave: Supersimetría, Supergravedad en D dimensiones, relatividad general, grupos de gauge, 

superpartículas, supergravitón. 
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ABSTRACT 

In recent works, this author has outlined general approaches to relativistic quantum supergravity, which, 

strictly speaking, is considered a theory of everything. Relativistic quantum supergravity is an essential 

pillar in the Quantum Theory of Relativistic or Curved Fields, proposed by this researcher, insofar as it 

unifies general relativity and special relativity with quantum mechanics. However, unlike the postulates 

that are typical of supergravity, relativistic quantum supergravity uses supersymmetry in infinite gauge 

groups (gauge supersymmetries) in order to integrate gravity at the subatomic scale, based on the 

existence of superparticles, capable of deforming quantum space-time, in higher dimensions (gauge 

supersymmetries in D dimensions).  which occurs by interaction of the superparticle itself due to its 

extremely dense mass and energy, or by interaction of the superparticle with the supergraviton, including 

those interactions with regions of antimatter, which supposes the permeabilization of the supergravitonic 

field, which supposes the permeabilization of the quantum field impacted by the supergravitonic field. 

In this work, this essential concept that explains the Quantum Theory of Relativistic or Curved Fields 

will be strengthened. 

 

Keywords: Supersymmetry, Supergravity in D dimensions, general relativity, gauge groups, 
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INTRODUCCIÓN. 

A diferencia de otras líneas de investigación relacionadas a la supergravedad, en este trabajo, abordaré 

la supergravedad a escala cuántica y en dimensión relativista, en D dimensiones, sin regulación por 

campos de gauge finitos, sino en contrario, suponiendo que, a escala cuántica, la supersimetría de gauge, 

está dada en infinitas dimensiones, a propósito de la distorsión del espacio – tiempo cuántico, en 

dimensiones más altas, a causa de la interacción de la superpartícula, por su propio centro de masa o 

energía (en el caso de las partículas estrella o blancas), o por interacción de la superpartícula con el 

supergravitón, incluyendo, aquellas interacciones con regiones de antimateria. 

En este trabajo, esbozaré un modelo matemático unitario, a propósito de la supergravedad cuántica 

relativista, concebida así, en la Teoría Cuántica de Campos Relativistas o Curvos, esto es, la 

deformación del espacio – tiempo cuántico, y su desdoblamiento en dimensiones infinitas, por efectos 

de la gravedad causada por la interacción de la superpartícula, con el supergravitón, lo que supone, la 

permeabilización del campo cuántico repercutido por el campo supergravitónico, o en su propio campo 

cuántico, en condiciones relativistas, a razón de su masa y energía, extremadamente densas, como ocurre 

con las partículas blancas. 

RESULTADOS Y DISCUSIÓN. 

Los cálculos aquí contenidos, complementan con el desarrollo matemático desplegado en el volumen I 

de este trabajo. 

Supersimetrías compactas en planos cuánticos relativistas. 

SO0(2,2) ≅ (SL(2,ℝ) × SL(2,ℝ))/ℤ2 

{𝒟𝛼
𝑖𝑖‾, 𝒟𝛽

𝑗𝑗‾
}  = 2i𝜀𝑖𝑗𝜀𝑖𝑗𝒟𝛼𝛽 + 2i𝜀𝛼𝛽𝑋 (𝜀

𝑖𝑗𝐋𝑖𝑗 − 𝜀𝑖𝑗𝐑𝑖𝑗)

[𝒟𝛼
𝑖𝑖‾, 𝒟𝑏]  = 0, [𝒟𝑎 , 𝒟𝑏] = 0

 

𝒟𝐴 = 𝐸𝐴 
𝑀𝜕𝑀 +

1

2
Ω𝐴 

𝛽𝛾ℳ𝛽𝛾 +Φ𝐴 
𝑗𝑘𝐋𝑗𝑘 +Φ𝐴 

𝑗𝑘𝐑𝑗𝑘  

[𝐋𝑘𝑙 , 𝒟𝛼
𝑖𝑖‾] = 𝜀𝑖(𝑘𝒟𝛼

𝑙)𝑖‾
, [𝐑𝑘

‾ 𝑙‾, 𝒟𝛼
𝑖𝑖‾] = 𝜀𝑖‾(𝑘

‾
𝒟𝛼
𝑖𝑙‾)  

{𝒟𝛼
𝑖𝑖‾, 𝒟𝛽

𝑗𝑗‾
} =2i𝜀𝑖𝑗𝜀𝑖‾𝑗‾(𝛾𝑐)𝛼𝛽𝒟𝑐 + 2i𝜀𝛼𝛽𝜀

𝑖‾𝑗‾(2𝒮 + 𝑋)𝐋𝑖𝑗 − 2i𝜀𝛼𝛽𝜀
𝑖𝑗𝒮𝑘𝑙𝑖‾𝑗‾𝐋𝑘𝑙 + 4i𝐶𝛼𝛽

𝑖‾𝑗‾
𝐋𝑖𝑗

+2i𝜀𝛼𝛽𝜀
𝑖𝑗(2𝒮 − 𝑋)𝐑𝑖‾𝑗‾ − 2i𝜀𝛼𝛽𝜀

𝑖‾𝑗‾𝒮𝑖𝑗𝑘
‾ 𝑙‾𝐑𝑘‾ 𝑙‾ + 4i𝐵𝛼𝛽

𝑖𝑗
𝐑𝑖‾𝑗‾  

 +2i𝜀𝛼𝛽(𝜀
𝑖‾𝑗‾𝐵𝛾𝛿𝑖𝑗 + 𝜀𝑖𝑗𝐶𝛾𝛿𝑖‾𝑗‾)ℳ𝛾𝛿 − 4i(𝒮

𝑖𝑖‾𝑗‾ + 𝜀𝑖𝑗𝜀𝑖‾𝑗‾𝒮)ℳ𝛼𝛽
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𝔐:SU(2)L⟷ SU(2)R  

𝔐 ⋅ 𝒮 = 𝒮, 𝔐 ⋅ 𝒮𝑖𝑗𝑖𝑗 = 𝒮𝑖𝑗𝑖𝑗 , 𝔐 ⋅ 𝑋 = −𝑋,

𝔐 ⋅ 𝐶𝑎
𝑖𝑗
= 𝐵𝑎

𝑖𝑗
, 𝔐 ⋅ 𝐵𝑎

𝑖𝑗
= 𝐶𝑎

𝑖𝑗
.

 

𝒟𝛼
𝑖𝑖‾𝒮 = 0,𝒟𝛼

𝑖𝑖‾𝒮𝑗𝑘𝑗𝑘
‾
 = 0,

𝒟𝛼
𝑖𝑖‾𝐵𝛽𝛾

𝑗𝑘
 = 0,𝒟𝛼

𝑖𝑖‾𝐶𝛽𝛾
𝑗‾𝑘‾
 = 0.

 

[𝒟𝛼
𝑖𝑖‾, 𝒟𝛽𝛾] ={𝜀𝛼(𝛽 [2𝛿𝛾)

𝛿 (𝒮𝑖𝑗𝑖𝑗 + 𝜀𝑖𝑗𝜀𝑖𝑗𝒮) +
4

3
(𝜀𝑖𝑗𝐵𝛾  

𝛿𝑖𝑗 + 𝜀𝑖𝑗𝐶𝛾 
𝛿𝑖‾)]

+𝛿(𝛼
𝛿 (𝜀𝑖𝑗𝐵𝛽𝛾)

𝑖𝑗
+ 𝜀𝑖𝑗𝐶𝛽𝛾

𝑖𝑗
)}𝒟𝛿𝑗𝑗‾

[𝒟𝛼𝛽, 𝒟𝛾𝛿] =𝜀𝛼(𝛾𝐵𝛿)𝛽
𝑖𝑗
(2𝒮 + 𝑋)𝐋𝑖𝑗 + 𝜀𝛽(𝛾𝐵𝛿)𝛼

𝑖𝑗
(2𝒮 + 𝑋)𝐋𝑖𝑗

 +𝜀𝛼(𝛾𝐶𝛿)𝛽
𝑖𝑗
(2𝒮 − 𝑋)𝐑𝑖𝑗 + 𝜀𝛽(𝛾𝐶𝛿)𝛼

𝑖𝑗
(2𝒮 − 𝑋)𝐑𝑖𝑗

 +𝜀𝛼(𝛾 (𝐵𝛿)𝛽
𝑖𝑗
𝐵𝑖𝑗
𝜆𝜌
+ 𝐶𝛿)𝛽

𝑖𝑗
𝐶
𝑖𝑗

𝜆𝜌
)ℳ𝜆𝜌 + 𝜀𝛽(𝛾 (𝐵𝛿)𝛼

𝑖𝑗
𝐵𝑖𝑗
𝜆𝜌
+ 𝐶𝛿)𝛼

𝑖𝑗
𝐶
𝑖𝑗

𝜆𝜌
)ℳ𝜆𝜌

 − (𝒮𝑖𝑗𝑖𝑗𝒮𝑖𝑗𝑖𝑗 + 4𝒮
2) (𝜀𝛼(𝛾ℳ𝛿)𝛽 + 𝜀𝛽(𝛾ℳ𝛿)𝛼)

 

𝒟𝛼𝛽𝒮 = 0,𝒟𝛼𝛽𝒮
𝑖𝑖‾𝑖‾𝑗‾ = 0,𝒟𝛼𝛽𝑋 = 0

(𝒟𝛼𝛽 − 2𝒮ℳ𝛼𝛽)𝐵𝛾𝛿
𝑖𝑗
= 0, (𝒟𝛼𝛽 − 2𝒮ℳ𝛼𝛽)𝐶𝛾𝛿

𝑖‾𝑗‾
= 0

 

𝒟̃𝐴 = (𝒟̃𝛼
𝑖𝑖‾, 𝒟̃𝑎), 𝒟̃𝛼

𝑖𝑖‾ = 𝒟𝛼
𝑖𝑖‾, 𝒟̃𝑎 = 𝒟𝑎 − 2𝒮ℳ𝑎  

𝐵𝛼𝛽𝑖𝑗𝒮
𝑖𝑗𝑖𝑗 = 0, 𝐶𝛼𝛽𝑖𝑗𝒮

𝑖𝑗𝑖𝑗  = 0, 𝐵𝛼𝛽  
(𝑖 𝑘𝒮

𝑗)𝑘𝑖𝑗 + 𝐶𝛼𝛽 
(𝑖‾ 𝑘‾𝒮

𝑖𝑗𝑗‾)𝑘‾

𝐵𝛼𝛽 
(𝑖𝑗𝒮𝑘𝑙)𝑖𝑗 = 0, 𝐶𝛼𝛽(𝑖‾𝑗𝒮

𝑖𝑗𝑘‾ 𝑙‾) = 0, 𝐵(𝛼  
𝛾𝑖𝑗𝐶𝛽)𝛾  

𝑖𝑗 + 𝒮𝑖𝑗𝑘
‾ (𝑖‾𝐶𝛼𝛽 

𝑗‾) 𝑘‾  = 0,

𝐵𝛼𝛽𝑖𝑗𝐶𝛼𝛽
𝑖𝑗‾
= 0, 𝐵(𝛼𝛽

𝑖𝑗
𝐶𝛾𝛿)
𝑖𝑗‾
 = 0, 𝐵(𝛼  

𝛾𝑖𝑗𝐶𝛽)𝛾 
𝑖𝑗‾ − 𝒮𝑘(𝑖𝑖‾𝑗‾𝐵𝛼𝛽 

𝑗) 𝑘

𝐵(𝛼  
𝛾𝑘(𝑖𝐵𝛽)𝛾𝑘  

𝑗) + (2𝒮 + 𝑋)𝐵𝛼𝛽
𝑖𝑗
 = 0, 𝐶(𝛼 

𝛾𝑘‾ (𝑖‾𝐶𝛽)𝛾𝑘‾  
𝑗‾) + (2𝒮 − 𝑋)𝐶𝛼𝛽

𝑖𝑗‾
 = 0,

𝒮𝑘(𝑖𝑘
‾ (𝑖‾𝒮𝑗) 𝑘 

𝑗‾ 𝑘‾ + 2𝒮𝒮
𝑖𝑗𝑖‾  = 0, 𝑋𝒮𝑖𝑗𝑖‾ = 0

 

𝐵𝛼𝛽
𝑖𝑗
𝐶𝛾𝛿
𝑖𝑗
= 0, 𝐵(𝛼  

𝛾𝑘(𝑖𝐵𝛽)𝛾𝑘  
𝑗) + 2𝒮𝐵𝛼𝛽

𝑖𝑗
= 0,𝐶(𝛼  

𝛾𝑘‾ (𝑖‾𝐶
𝛽)𝛾𝑘‾
𝑗‾)

+ 2𝒮𝐶𝛼𝛽
𝑖𝑗
= 0  

(𝑖): 𝒮 = 0 ⟹ 𝐵𝛼𝛽
𝑖𝑗
= 𝐵𝛼𝛽𝐵

𝑖𝑗, 𝐵𝑖𝑗𝐵𝑖𝑗 = 2

(𝑖𝑖): 𝒮 ≠ 0 ⟹ 𝐵𝛼𝛽
𝑖𝑗
= −2𝒮Λ𝛼𝛽 ,

 

[𝒟̃𝛼𝛽, 𝒟̃𝛾𝛿] =4𝒮𝜀𝛼(𝛾𝒟̃𝛿)𝛽 + 4𝒮𝜀𝛽(𝛾𝒟̃𝛿)𝛼 + 2𝒮 (𝜀𝛼(𝛾𝐵𝛿)𝛽
𝑖𝑗
+ 𝜀𝛽(𝛾𝐵𝛿)𝛼

𝑖𝑗
)𝐋𝑖𝑗

 + (𝜀𝛼(𝛾𝐵𝛿)𝛽
𝑖𝑗
𝐵𝑖𝑗
𝜆𝜌
+ 𝜀𝛽(𝛾𝐵𝛿)𝛼

𝑖𝑗
𝐵𝑖𝑗
𝜆𝜌
)ℳ𝜆𝜌 + 2𝒮

2(𝜀𝛼(𝛾ℳ𝛿)𝛽 + 𝜀𝛽(𝛾ℳ𝛿)𝛽)
 

[𝒟̃𝛼𝛽, 𝒟̃𝛾𝛿]𝐵𝜆𝜌
𝑖𝑗
= 0 ⟺  𝒮 = 0  

𝐵𝛼𝛽
𝑖𝑗
𝐶𝛾𝛿
𝑖‾𝑗‾
= 0, 𝐵(𝛼  

𝛾𝑘(𝑖𝐵𝛽)𝛾𝑘 
𝑗) + (2𝒮 + 𝑋)𝐵𝛼𝛽

𝑖𝑗
= 0, 𝐶(𝛼 

𝛾𝑘‾ (𝑖‾𝐶𝛽)𝛾𝑘‾  
𝑗‾) + (2𝒮 − 𝑋)𝐶𝛼𝛽

𝑖‾𝑗‾
= 0,  

(𝑖): 2𝒮 + 𝑋 = 0 ⟹ 𝐵𝛼𝛽
𝑖𝑗
= 𝐵𝛼𝛽𝐵

𝑖𝑗, 𝐵𝑖𝑗𝐵𝑖𝑗 = 2

(𝑖𝑖): 2𝒮 + 𝑋 ≠ 0 ⟹ 𝐵𝛼𝛽
𝑖𝑗
= −(2𝒮 + 𝑋)Λ𝛼𝛽, 

𝛾𝛿𝛿𝛾
𝑘𝛿𝛿

𝑙 (𝑅𝑇)𝑘𝑙, 
𝑖𝑗
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[𝒟̃𝛼𝛽 , 𝒟̃𝛾𝛿] = 4𝒮𝜀𝛼(𝛾𝒟̃𝛿)𝛽 + 4𝒮𝜀𝛽(𝛾𝒟̃𝛿)𝛼 − (𝜀𝛼(𝛾𝐵𝛿)𝛽𝐵
𝜆𝜌 + 𝜀𝛽(𝛾𝐵𝛿)𝛼𝐵

𝜆𝜌)ℳ𝜆𝜌  

[𝒟̃𝛼𝛽, 𝒟̃𝛾𝛿] =4𝒮𝜀𝛼(𝛾𝒟̃𝛿)𝛽 + 4𝒮𝜀𝛽(𝛾𝒟̃𝛿)𝛼 + (2𝒮 + 𝑋) (𝜀𝛼(𝛾𝐵𝛿)𝛽
𝑖𝑗
+ 𝜀𝛽(𝛾𝐵𝛿)𝛼

𝑖𝑗
)𝐋𝑖𝑗

 + (𝜀𝛼(𝛾𝐵𝛿)𝛽
𝑖𝑗
𝐵𝑖𝑗
𝜆𝜌
+ 𝜀𝛽(𝛾𝐵𝛿)𝛼

𝑖𝑗
𝐵𝑖𝑗
𝜆𝜌
)ℳ𝜆𝜌 + 2𝒮

2(𝜀𝛼(𝛾ℳ𝛿)𝛽 + 𝜀𝛽(𝛾ℳ𝛿)𝛽)
 

[𝒟̃𝛼𝛽, 𝒟̃𝛾𝛿]𝐵𝜆𝜌
𝑖𝑗
= 0⟺ 𝒮 = 0,  

[𝒟𝑎, 𝒟𝑏] = −𝑋𝜀𝑎𝑏𝑐𝐵
𝑐𝑖𝑗𝐋𝑖𝑗 + 𝑋

2ℳ𝑎𝑏  

0 = (−1)𝜀𝐴𝜀𝐶[𝒟𝐴, [𝒟𝐵, 𝒟𝐶}] + ( two cycles ).  

𝐵𝛼𝛽
𝑖𝑗
= 0, 𝐶𝛼𝛽

𝑖𝑗
= 0, 𝒮𝑘(𝑖𝑘

‾ (𝑖‾𝒮𝑗) 𝑘
𝑗‾)
 𝑘‾ + 2𝒮𝒮

𝑖𝑗𝑖𝑗 = 0,  

(𝑖): 𝒮 = 0 ⟹ 𝒮𝑖𝑗𝑖‾𝑗‾ = 𝒮̂𝑙𝑖𝑗𝑟𝑖‾𝑗‾, 𝑙𝑖𝑘𝑙𝑘𝑗 = 𝛿𝑗
𝑖, 𝑟𝑖‾𝑘

‾
𝑟𝑘‾ 𝑗‾ = 𝛿𝑗‾

𝑖‾, 𝒮̂ ∈ ℝ,

(𝑖𝑖): 𝒮 ≠ 0 ⟹ 𝒮𝑖𝑗𝑖‾𝑗‾ = −𝒮(𝑤𝑖𝑖‾𝑤𝑗𝑗‾ +𝑤𝑗𝑖‾𝑤𝑖𝑗‾), 𝑤𝑖𝑘
‾
𝑤𝑗𝑘‾ = 𝛿𝑗

𝑖, 𝑤𝑘𝑖‾𝑤𝜅𝑗‾ = 𝛿𝑗‾
𝑖‾

 

{𝒟𝛼, 𝒟𝛽} = −2i𝒟𝛼𝛽 − 2i𝜀𝛼𝛽𝑋𝒵̂, {𝒟𝛼, 𝒟𝛽} = 0

[𝒟𝛼, 𝒟𝑏] = 0, [𝒟𝑎 , 𝒟𝑏] = 0
 

𝒵̂: = 𝐋12 − 𝐑12, [𝒵̂, 𝒟𝛼
11] = [𝒵̂, (−𝒟𝛼

22)] = 0 ⟹ [𝒵̂, 𝒟𝛼] = 0  

0 = [𝜉 +
1

2
Λ𝛾𝛿ℳ𝛾𝛿 + Λ

𝑘𝑙𝐋𝑘𝑙 + Λ
𝑘‾ 𝑙‾𝐑𝑘‾ 𝑙‾, 𝒟𝐴]  

𝒟𝛼
𝑖𝑖‾𝜉𝛽𝛾  = 4i𝜀𝛼(𝛽𝜉𝛾)

𝑖𝑖‾

𝒟𝛼
𝑖𝑖‾𝜉𝛽

𝑗𝑗‾
 =
1

2
Λ𝛼𝛽𝜀

𝑖𝑗𝜀𝑖𝑗‾ + Λ𝑖𝑗𝜀𝑖‾𝑗‾𝜀𝛼𝛽 + Λ
𝑖‾𝑗‾𝜀𝑖𝑗𝜀𝛼𝛽

𝒟𝛼
𝑖𝑖‾Λ𝛽𝛾  = 0

𝒟𝛼
𝑖𝑖‾Λ𝑘𝑙  = −2i𝜀𝑖(𝑘𝜉𝛼

𝑙)𝑖‾
𝑋

𝒟𝛼
𝑖𝑖‾Λ𝑘

‾ 𝑙‾= 2i𝜀𝑖‾(𝑘
‾
𝜉𝛼  

𝑖𝑙‾)𝑋

 

𝒟𝑎𝜉𝑏  = Λ𝑎𝑏

𝒟𝑎𝜉𝑗𝑗‾
𝛽
 = 0, 𝒟𝑎Λ

𝛽𝛾 = 0,𝒟𝑎Λ
𝑘𝑙 = 0,𝒟𝑎Λ

𝑘‾ 𝑙‾ = 0
 

𝛿𝜉𝔗 = (𝜉 +
1

2
Λ𝛾𝛿ℳ𝛾𝛿 + Λ

𝑘𝑙𝐋𝑘𝑙 + Λ
𝑘‾ 𝑙‾𝐑𝑘‾ 𝑙‾)𝔗  

𝔗|:= 𝔗(𝑥, 𝜃𝑖𝑗‾)|𝜃12=𝜃21=0
 

𝜏𝑎: = 𝜉𝑎|, 𝜏𝛼: = 𝜉11
𝛼 |, 𝜏‾𝛼 = 𝜉22

𝛼 |, 𝑡: = i (Λ12 + Λ12)| = 𝑡‾, 𝑡𝑎𝑏: = Λ𝑎𝑏 ∣

𝜀𝛼:= −𝜉
12
𝛼 |, 𝜀‾𝛼 = 𝜉

21
𝛼 |, 𝜎: = i (Λ12 − Λ12) ∣= 𝜎‾

Λ‾ L:= Λ
11|, ΛL = Λ

22|, Λ‾R = Λ
11 |, ΛR = Λ

22|

 

2Λ12 |𝐋12 + 2Λ
12|𝐑12 = i𝑡𝒥̂ + i𝜎𝒵̂, 𝒥̂: = 𝐋

12 + 𝐑12  
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[𝒥̂, 𝒟𝛼] = 𝒟𝛼, [𝒥̂, 𝒟𝛼] = −𝒟𝛼  

[𝜏 +
1

2
𝑡𝑏𝑐ℳ𝑏𝑐 + i𝑡𝒥̂ + i𝜎𝒵̂, 𝒟𝐴] = 0  

𝒟𝛼𝑡 = 0
𝒟𝛼𝜎 = 2𝑋𝜏𝛼

𝒟𝑎𝜏𝑏  = 𝑡𝑎𝑏 = −𝑡𝑏𝑎
𝒟𝛼𝑡𝑏𝑐  = 0

𝒟𝛼𝜏
𝛽  = 0

𝒟𝛼𝜏
𝛽  =

1

2
𝑡𝛼  

𝛽 + i𝛿𝛼  
𝛽𝑡

𝒟𝛼𝜏
𝛽𝛾  = −2i(𝛿𝛼  

𝛽𝜏‾𝛾 + 𝛿𝛼  
𝛾𝜏‾𝛽)

 

𝒟𝛼ΛL = 0, 𝒟𝛼ΛL = −2i𝑋𝜀𝛼

𝒟𝛼ΛR = 0, 𝒟𝛼ΛR = −2i𝑋𝜀‾𝛼
𝒟𝛼𝜀𝛽 = 𝜀𝛼𝛽Λ‾R, 𝒟𝛼𝜀‾𝛽 = −𝜀𝛼𝛽Λ‾ L

𝒟𝛼𝜀𝛽 = 𝜀𝛼𝛽ΛL, 𝒟𝛼𝜀‾𝛽 = −𝜀𝛼𝛽ΛR

 

𝒵̂ΛL = −ΛL, 𝒵̂𝜀
𝛼 = −𝜀𝛼  

𝒵̂ΛR = ΛR, 𝒵̂𝜀‾
𝛼 = 𝜀‾𝛼  

𝜀𝛼 = 𝒟𝛼𝜌‾L, 𝒵̂𝜌‾L = −𝜌‾L, 𝒟𝛼𝜌‾L = 0  

𝜌‾L = −
i

2𝑋
Λ‾R, 𝜌L =

i

2𝑋
ΛR  

ΛL = −
1

2
𝒟
2
𝜌‾L, Λ‾ L = −

1

2
𝒟2𝜌L  

𝜀𝛼 = −𝒟𝛼𝜌R, 𝒵̂𝜌R = −𝜌R, 𝒟𝛼𝜌R = 0  

𝜌R = −
i

2𝑋
ΛL, 𝜌‾R =

i

2𝑋
Λ‾ L  

𝜌R =
i

4𝑋
𝒟
2
𝜌‾L, 𝜌L = −

i

4𝑋
𝒟
2
𝜌‾R

ΛR = −
1

2
𝒟
2
𝜌‾R, Λ‾R = −

1

2
𝒟2𝜌R

 

𝒟𝛼
(1)𝑖‾

∶= 𝑣𝑖𝒟𝛼
𝑖𝑖‾

𝒟𝛼
(1)𝑖

∶= 𝑣𝑖‾𝒟𝛼
𝑖𝑖‾

 

{𝒟𝛼
(1)𝑖‾
, 𝒟𝛽

(1)𝑗‾
}  = 2i𝜀𝛼𝛽𝜀

𝑖𝑗𝑋𝐋(2), 𝐋(2):= 𝑣𝑖𝑣𝑗𝐋
𝑖𝑗

{𝒟𝛼
(1)𝑖
, 𝒟𝛽

(1)𝑗
}  = −2i𝜀𝛼𝛽𝜀

𝑖𝑗𝑋𝐑(2), 𝐑(2):= 𝑣𝑖‾𝑣𝑗‾𝐑
𝑖𝑗

 

𝑄L
(𝑛)(𝑧, 𝑐𝑣L) = 𝑐

𝑛𝑄L
(𝑛)(𝑧, 𝑣L), 𝑐 ∈ ℂ

∗ ≡ ℂ ∖ {0}  
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𝛿𝜉𝑄L
(𝑛)
 = (𝜉 + Λ𝑖𝑗𝐋𝑖𝑗)𝑄L

(𝑛)

Λ𝑖𝑗𝐋𝑖𝑗𝑄L
(𝑛)
 = − (Λ(2)𝝏L

(−2)
− 𝑛Λ(0))𝑄L

(𝑛)
, 𝝏L
(−2)

:=
1

(𝑣L, 𝑢L)
𝑢𝑖

𝜕

𝜕𝑣𝑖
 

Λ(2):= Λ𝑖𝑗𝑣𝑖𝑣𝑗, Λ
(0): = Λ𝑖𝑗

𝑣𝑖𝑢𝑗
(𝑣L, 𝑢L)

, (𝑣L, 𝑢L):= 𝑣
𝑖𝑢𝑖  

𝒟𝛼
(1)𝑖‾
𝑄L
(𝑛)
= 0  

𝝏L
(2)
𝑄L
(𝑛)
= 0 ⟹ 𝝏L

(2)
𝛿𝜉𝑄L

(𝑛)
= 0, 𝝏L

(2)
:=

1

(𝑣L, 𝑢L)
𝑣𝑖

𝜕

𝜕𝑢𝑖
 

𝐋(2)𝑄L
(𝑛)
= 0⟹ {𝒟𝛼

(1)𝑖‾
, 𝒟𝛽

(1)𝑗‾
}𝑄L

(𝑛)
= 0  

𝑄L
(𝑛)
(𝑣𝑖) ⟶ 𝑄‾L

(𝑛)
(𝑣‾𝑖) ⟶ 𝑄‾L

(𝑛)
(𝑣‾𝑖 → −𝑣𝑖) =: 𝑄̆L

(𝑛)
(𝑣𝑖),  

𝑄̆L
(𝑛)(𝑣L) = (−1)

𝑛𝑄L
(𝑛)(𝑣L)  

𝑣𝑖 = 𝑣1(1, 𝜁L), 𝑣𝑖 = 𝑣
1(−𝜁L, 1)  

𝑄L
(𝑛)(𝑧, 𝑣L) ⟶ 𝑄L

[𝑛](𝑧, 𝜁L) ∝ 𝑄L
(𝑛)(𝑧, 𝑣L),

𝜕

𝜕𝜁‾L
𝑄L
[𝑛]
= 0  

𝒟𝛼
12𝑄L

[𝑛]
=
1

𝜁L
𝒟𝛼
22𝑄L

[𝑛]
, 𝒟𝛼

21𝑄L
[𝑛]
= 𝜁L𝒟𝛼

11𝑄L
[𝑛]

 

𝑄L
[𝑛](𝑧, 𝜁L) =∑  

𝑝

𝑞

 𝑄𝑘(𝑧)𝜁L
𝑘, −∞ ≤ 𝑞 < 𝑝 ≤ +∞  

ΥL
(𝑛)
(𝑣L) = (𝑣

1)𝑛ΥL
[𝑛]
(𝜁L), ΥL

[𝑛]
(𝜁L) = ∑  

∞

𝑘=0

 Υ𝑘𝜁L
𝑘  

ῨL
(𝑛)(𝑣L) = (𝑣

2)𝑛ῨL
[𝑛](𝜁L) = (𝑣

1)𝑛𝜁L
𝑛ῨL

[𝑛](𝜁L), ῨL
[𝑛](𝜁L) = ∑  

∞

𝑘=0

 Υ‾𝑘
(−1)𝑘

𝜁L
𝑘  

𝐺L
(2𝑛)(𝑣L)  = (i𝑣

1𝑣2)𝑛𝐺L
[2𝑛](𝜁L) = (𝑣

1)2𝑛(i𝜁)𝑛𝐺L
[2𝑛](𝜁L)

𝐺L
[2𝑛](𝜁L)  = ∑  

𝑝

𝑘=−𝑝

 𝐺𝑘𝜁L
𝑘, 𝐺‾𝑘 = (−1)

𝑘𝐺−𝑘
 

𝐺L
(2𝑛)(𝑣L) = 𝐺

𝑖1…𝑖2𝑛𝑣𝑖1 …𝑣𝑖2𝑛 = 𝐺̆L
(2𝑛)(𝑣L).  

𝒟𝛼
(𝑗𝑗‾
𝐺𝑖1…𝑖2𝑛) = 0  

𝐺𝑖1…𝑖2𝑛 = 𝐺𝑖1…𝑖2𝑛 = 𝜀𝑖1𝑗1⋯𝜀𝑖2𝑛𝑗2𝑛𝐺
𝑗1…𝑗2𝑛  

𝒟𝛼
(𝑗𝑗‾
𝒬𝑖1…𝑖𝑛) = 0  
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𝒬L
(𝑛)
(𝑣L) = 𝒬

𝑖1…𝑖𝑛𝑣𝑖1 …𝑣𝑖𝑛  

𝒟𝛼
(1)𝑖
𝑄R
(𝑛)
= 0  

𝑣𝑖‾ = 𝑣1(1, 𝜁R), 𝑣𝑖‾ = 𝑣
1(−𝜁R, 1)  

𝑄R
(𝑛)
(𝑧, 𝑣R) ⟶ 𝑄R

[𝑛]
(𝑧, 𝜁R) ∝ 𝑄R

(𝑛)
(𝑧, 𝑣R),

𝜕

𝜕𝜁‾R
𝑄R
[𝑛]
= 0  

𝒟𝛼
12𝑄R

[𝑛]
= 𝜁R𝒟𝛼

11𝑄R
[𝑛]
, 𝒟𝛼

21𝑄R
[𝑛]
=
1

𝜁R
𝒟𝛼
22𝑄R

[𝑛]
 

𝑈|:= 𝑈(𝑥, 𝜃𝑖𝑗‾)|𝜃12=𝜃21=0
,  

𝑢𝑖 = (1,0)  ⟹ (𝑣L, 𝑢L) = 𝑣
1  

𝛿𝜉ΥL
[𝑛]
∣= [𝜏 + i𝑡 (𝜁

𝜕

𝜕𝜁
−
𝑛

2
) + 𝜁𝜀‾𝛼𝒟𝛼 −

1

𝜁
𝜀𝛼𝒟

𝛼
+ i𝜎 (𝜁

𝜕

𝜕𝜁
−
𝑛

2
)

+(𝜁Λ‾ L +
1

𝜁
ΛL) 𝜁

𝜕

𝜕𝜁
− 𝑛𝜁Λ‾ L] ΥL

[𝑛]
∣

 

𝛿𝜉ῨL
[𝑛]
∣= [𝜏 + i𝑡 (𝜁

𝜕

𝜕𝜁
+
𝑛

2
) + 𝜁𝜀‾𝛼𝒟𝛼 −

1

𝜁
𝜀𝛼𝒟

𝛼
+ i𝜎 (𝜁

𝜕

𝜕𝜁
+
𝑛

2
)

+(𝜁Λ‾ L +
1

𝜁
ΛL) 𝜁

𝜕

𝜕𝜁
+ 𝑛

1

𝜁
ΛL] ῨL

[𝑛]
∣

 

ΥL
[1]
(𝜁) ∣ = ∑  

∞

𝑛=0

  𝜁𝑛Υ𝑛 = Φ+ 𝜁Σ +⋯ ,𝒟𝛼Φ = 0,𝒟
2
Σ = 0

ῨL
[1]
(𝜁) ∣ = ∑  

∞

𝑛=0

  (−𝜁)−𝑛Υ‾𝑛

 

𝒵̂Φ = −
1

2
Φ, 𝒵̂Σ =

1

2
Σ  

𝛿Φ = 𝜀𝛼𝒟𝛼Σ + ΛLΣ = −
1

2
𝒟
2
(𝜌‾LΣ)

𝛿Σ = (𝜀‾𝛼𝒟𝛼 − Λ‾ L)Φ −𝒟𝛼(𝜀
𝛼Υ2) = 𝒟𝛼 {

i

2𝑋
𝒟𝛼(Λ‾LΦ) − 𝜀

𝛼Υ2}

 

𝛿𝜉𝐺L
[2𝑛]

∣= [𝜏 + i𝑡𝜁
𝜕

𝜕𝜁
+ 𝜁𝜀‾𝛼𝒟𝛼 −

1

𝜁
𝜀𝛼𝒟

𝛼
+ i𝜎𝜁

𝜕

𝜕𝜁

+(Λ‾L𝜁 + ΛL
1

𝜁
) 𝜁

𝜕

𝜕𝜁
+ 𝑛 (ΛL

1

𝜁
− Λ‾ L𝜁)]𝐺L

[2𝑛]
∣

 

𝒟𝛼
(𝑖𝑖‾
𝑊𝑘𝑙) = 0  

𝑊L
(2)
(𝑣)  = i(𝑣1)2𝜁𝑊L

[2]
(𝜁)

𝑊L
[2]
(𝜁)  =

1

𝜁
𝜑 + 𝐺 − 𝜁𝜑‾, 𝒟𝛼𝜑 = 0,𝒟

2
𝐺 = 0
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𝜑:= −i𝑊22|, 𝐺: = 2i𝑊12|, 𝜑‾ = i𝑊11 ∣.  

𝒵̂𝜑 = −𝜑, 𝒵̂𝐺 = 0  

𝛿𝜑 = (𝜀𝛼𝒟𝛼 + ΛL)𝐺 = −
1

2
𝒟
2
(𝜌‾L𝐺)

𝛿𝐺 = (𝜀‾𝛼𝒟𝛼 − 2Λ‾ L)𝜑 − (𝜀
𝛼𝒟𝛼 + 2ΛL)𝜑‾

 = 𝒟𝛼(𝜀‾𝛼𝜑) + 𝒟𝛼(𝜀
𝛼𝜑‾) = 𝒟𝛼(𝜑𝒟𝛼𝜌L) + 𝒟𝛼 (𝜑‾𝒟

𝛼
𝜌‾L)

 = −𝒟𝛼𝒟𝛼(𝜌‾R𝜑 − 𝜌R𝜑‾)

 

𝒟𝛼
(𝑖𝑖‾
𝑞𝑗) = 0  

𝑄+: = 𝑞
2|, 𝒟𝛼𝑄+ = 0; 𝑄‾−:= 𝑞

1|, 𝒟𝛼𝑄‾− = 0  

𝒵̂𝑄+ = −
1

2
𝑄+, 𝒵̂𝑄‾− =

1

2
𝑄‾−  

𝛿𝑄+ =
1

2
𝒟
2
(𝜌‾L𝑄‾−), 𝛿𝑄‾− = −

1

2
𝒟2(𝜌L𝑄+)  

𝛿𝑄± = ±
1

2
𝒟
2
(𝜌‾L𝑄‾∓)  

𝒵̂𝑄± = −
1

2
𝑄±  

𝛿𝜉𝑄R
(𝑛)
= (𝜉 + Λ𝑖𝑗𝐑𝑖𝑗)𝑄R

(𝑛)
 

𝛿𝜉ΥR
[𝑛]
∣= [𝜏 + i𝑡 (𝜁

𝜕

𝜕𝜁
−
𝑛

2
) − 𝜁𝜀𝛼𝒟𝛼 +

1

𝜁
𝜀‾𝛼𝒟

𝛼
− i𝜎 (𝜁

𝜕

𝜕𝜁
−
𝑛

2
)

+(𝜁Λ‾R +
1

𝜁
ΛR) 𝜁

𝜕

𝜕𝜁
− 𝑛𝜁Λ‾R] ΥL

[𝑛]
∣

𝛿𝜉ῨR
[𝑛]
∣= [𝜏 + i𝑡 (𝜁

𝜕

𝜕𝜁
+
𝑛

2
) − 𝜁𝜀𝛼𝒟𝛼 +

1

𝜁
𝜀‾𝛼𝒟

𝛼
− i𝜎 (𝜁

𝜕

𝜕𝜁
+
𝑛

2
)

+(𝜁Λ‾R +
1

𝜁
ΛR) 𝜁

𝜕

𝜕𝜁
+ 𝑛

1

𝜁
ΛR] ῨR

[𝑛]
∣

 

ΥR
[1]
(𝜁) ∣ = ∑  

∞

𝑛=0

  𝜁𝑛Υ𝑛 = Φ+ 𝜁Σ +⋯ ,𝒟𝛼Φ = 0,𝒟
2
Σ = 0

ῨR
[1]
(𝜁) ∣ = ∑  

∞

𝑛=0

  (−𝜁)−𝑛Υ‾𝑛

 

𝒵̂Φ =
1

2
Φ, 𝒵̂Σ = −

1

2
Σ  

𝛿Φ = 𝜀‾𝛼𝒟
𝛼
Σ + ΛRΣ = −

1

2
𝒟
2
(𝜌‾RΣ)

𝛿Σ = −(𝜀𝛼𝒟𝛼 + Λ‾R)Φ − 𝒟𝛼(𝜀
𝛼Υ2)

 



pág. 2468 

𝐺R
(2𝑛)

(𝑣R)  = (i𝑣
1𝑣2)

𝑛
𝐺R
[2𝑛]
(𝜁) = (𝑣1)

2𝑛
(i𝜁)𝑛𝐺R

[2𝑛]
(𝜁)

𝐺R
[2𝑛]
(𝜁)  = ∑  

𝑝

𝑘=−𝑝

 𝐺𝑘𝜁
𝑘, 𝐺‾𝑘 = (−1)

𝑘𝐺−𝑘

 

𝛿𝜉𝐺R
[2𝑛]

∣= [𝜏 + i𝑡𝜁
𝜕

𝜕𝜁
− 𝜁𝜀𝛼𝒟𝛼 +

1

𝜁
𝜀‾𝛼𝒟

𝛼
− i𝜎𝜁

𝜕

𝜕𝜁

+(Λ‾R𝜁 + ΛR
1

𝜁
) 𝜁

𝜕

𝜕𝜁
+ 𝑛 (ΛR

1

𝜁
− Λ‾R𝜁)]𝐺R

[2𝑛]
∣

 

𝒟𝛼
𝑖(𝑖‾
𝑊𝑘‾ 𝑙‾) = 0  

𝑊R
(2)
(𝑣)  = i (𝑣1)

2
𝜁𝑊R

[2]
(𝜁)

𝑊R
[2]
(𝜁)  =

1

𝜁
𝜑 + 𝐺 − 𝜁𝜑‾, 𝒟𝛼𝜑 = 0,𝒟

2
𝐺 = 0

 

𝜑:= −i𝑊22 |, 𝐺: = 2i𝑊12| , 𝜑‾ = i𝑊11 ∣.  

𝒵̂𝜑 = 𝜑, 𝒵̂𝐺 = 0  

𝛿𝜑 = −
1

2
𝒟
2
(𝜌‾R𝐺), 𝛿𝐺 = −𝒟

𝛼(𝜀𝛼𝜑) − 𝒟𝛼(𝜀‾
𝛼𝜑‾)  

𝛿𝜑 =
i

8𝑋
𝒟
2
(𝐺𝒟2𝜌L), 𝛿𝐺 = 𝒟

𝛼𝒟𝛼(𝜌L𝜑‾ − 𝜌‾L𝜑)  

𝒟𝛼
𝑖(𝑖‾
𝑞𝑗‾) = 0  

𝑄+ = 𝑞
2 |, 𝒟𝛼𝑄+ = 0; 𝑄‾− = 𝑞

1| , 𝒟𝛼𝑄‾− = 0  

𝒵̂𝑄± =
1

2
𝑄±, 𝒵̂𝑄‾± = −

1

2
𝑄‾±  

𝛿𝑄± = ±
1

2
𝒟
2
(𝜌‾R𝑄‾∓), 𝛿𝑄‾± = ±

1

2
𝒟2(𝜌R𝑄∓).  

𝑆 = 𝑆left + 𝑆right  

𝑆 (ℒL
(2)
) = ∫  d3∣4𝑧∮   𝐶

 d𝜁

2𝜋i𝜁
ℒL
[2]
, ℒL
(2𝑛)(𝑣L) = i𝜁(𝑣

1)2ℒL
[2𝑛](𝜁L)  

𝛿𝜉ℒL
[2]
= [𝜏 + i𝑡𝜁

𝜕

𝜕𝜁
+ 𝜁𝜀‾𝛼𝒟𝛼 −

1

𝜁
𝜀𝛼𝒟

𝛼
+ i𝜎𝜁

𝜕

𝜕𝜁

+(Λ‾ L𝜁 + ΛL
1

𝜁
) 𝜁

𝜕

𝜕𝜁
+ (ΛL

1

𝜁
− Λ‾ L𝜁)] ℒL

[2]
 

ℒL
(2)
= i𝔎L (ΥL

(1)
, ῨL
(1)
) ⟹ ℒL

[2]
(ΥL, ῨL; 𝜁) =

1

𝜁
𝔎L(ΥL, 𝜁ῨL)  
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(Φ𝐼
𝜕

𝜕Φ𝐼
+ Ω‾ 𝐼‾

𝜕

𝜕Ω‾ 𝐼‾
)𝔎(Φ,Ω‾ ) = 2𝔎(Φ,Ω‾ )  

𝔎(Φ‾ ,−Ω) = −𝔎(Ω,Φ‾ )  

ΥL
𝐼(𝜁) = ∑  

∞

𝑛=0

  𝜁𝑛ΥL𝑛
𝐼 = ΦL

𝐼 + 𝜁ΣL
𝐼 +⋯ , ῨL

𝐼‾(𝜁) = ∑  

∞

𝑛=0

  (−𝜁)−𝑛Υ‾L𝑛
𝐼‾  

𝜕𝕃L

𝜕ΥL𝑛
𝐼 = 0, 𝑛 = 2,3, … , 𝕃L: = ∮   𝐶

 d𝜁

2𝜋i𝜁
ℒL
[2]

 

(ΦL
𝐼
𝜕

𝜕ΦL
𝐼 − ΣL

𝐼
𝜕

𝜕ΣL
𝐼)𝕃L = (Φ

‾
L
𝐼‾
𝜕

𝜕Φ‾ L
𝐼‾
− Σ‾L

𝐼‾
𝜕

𝜕Σ‾L
𝐼‾
)𝕃L.  

(Φ𝐼
𝜕

𝜕Φ𝐼
+ Σ𝐼

𝜕

𝜕Σ𝐼
+Φ‾ 𝐼‾

𝜕

𝜕Φ‾ 𝐼‾
+ Σ‾ 𝐼‾

𝜕

𝜕Σ‾ 𝐼‾
)𝕃L = 2𝕃L.  

(ΦL
𝐼
𝜕

𝜕ΦL
𝐼 + Σ

‾
L
𝐼‾
𝜕

𝜕Σ‾L
𝐼‾
)𝕃L = 𝕃L  

𝑆dual = ∫  d
3∣4𝑧𝕂L(ΦL, ΨL, Φ‾ L, Ψ‾L),𝕂L = 𝕃L + ΣL

𝐼ΨL𝐼 + Σ‾L
𝐽‾Ψ‾ L𝐽‾  

𝜙L
a
𝜕

𝜕𝜙L
a𝕂L = 𝕂L, 𝜙L

a = (ΦL
𝐼 , ΨL𝐼)  

𝒵̂𝜙L
a = −

1

2
𝜙L
a  

𝜔ab = (
0 𝛿𝐼

𝐽

−𝛿𝐽
𝐼 0

)  

𝛿ΦL
𝐼 = −

1

2
𝒟
2
(𝜌‾L

𝜕𝕂L
𝜕ΨL𝐼

) , 𝛿ΨL𝐼 =
1

2
𝒟
2
(𝜌‾L

𝜕𝕂L

𝜕ΦL
𝐼)  

𝛿𝜙L
a = −

1

2
𝒟
2
(𝜌‾L𝜔

ab𝜕b𝕂L)  

Φ𝐼
𝜕

𝜕Φ𝐼
𝐾(Φ,Φ‾ ) = 𝐾(Φ,Φ‾ ),Φ‾ 𝐼‾

𝜕

𝜕Φ‾ 𝐼‾
𝐾(Φ,Φ‾ ) = 𝐾(Φ,Φ‾ ).  

ℒL
[2]
(ΥL, ῨL; 𝜁) =

1

𝜁
𝔎L(ΥL, 𝜁ῨL) = 𝐾(ΥL, ῨL)  

𝜔L
ab𝜔Rbc = 0,𝜔L

ab𝜔Lbc + 𝜔R
ab𝜔Rbc = −𝛿c

a  

(𝑃L)
a b = −𝜔L

ac𝜔Lcb,(𝑃R)
a b = −𝜔R

ac𝜔Rcb
𝑃L𝑃R = 0,𝑃L + 𝑃R = 𝟙.

 

𝜒 = 𝜒a(𝜙)
𝜕

𝜕𝜙a
+ 𝜒‾a(𝜙‾)

𝜕

𝜕𝜙‾a
.  
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𝜒L
a = (𝑃L)

a b𝜒
b, 𝜒R

a = (𝑃R)
a b𝜒

b,  

𝐾 = 𝜒a𝜒a = 𝜒L
a𝜒La + 𝜒R

a𝜒Ra = 𝐾L + 𝐾R  

Δ = Δa(𝜙)
𝜕

𝜕𝜙a
+ Δ‾a(𝜙‾)

𝜕

𝜕𝜙‾a
= i𝒵̂  

Δ𝐾 = Δa𝐾a + Δ‾
a𝐾a = 0  

Δa = −
i

2
𝜒L
a +

i

2
𝜒R
a  

𝛿𝜙a = −
1

2
𝒟
2
(𝜌‾LΩL

a) −
1

2
𝒟
2
(𝜌‾RΩR

a ),  

𝐾(𝜙, 𝜙‾) = 𝐾L(𝜙, 𝜙‾) + 𝐾R(𝜙, 𝜙‾)  

𝜑a ∶= 𝜙a |, 𝜓𝛼
a:=

1

√2
𝒟𝛼𝜙

a|

𝐹a ∶= −
1

4
𝑔a𝑏

‾
𝒟2𝐾𝑏‾ |= −

1

4
(𝒟2𝜙a + Γbc

a 𝒟𝛼𝜙b𝒟𝛼𝜙
c)|

 

𝒟̂𝑚𝜓𝛼
a:= 𝒟𝑚𝜓𝛼

a + Γa bc𝒟𝑚𝜑
b𝜓𝛼

c  

Δ𝜑a = Δa(𝜑), Δ𝜓𝛼
a = 𝜓𝛼

b𝜕bΔ
a(𝜑)  

𝐿 =−𝑔aa𝒟𝑚𝜑
a𝒟𝑚𝜑‾a − i𝑔aa𝜓‾𝛼

a𝒟̂𝛼𝛽𝜓𝛽
a +

1

4
𝑅aa b b(𝜓

a𝜓b) (𝜓‾a𝜓‾b) 

 −
i

2
𝑋 (𝜓a𝜓‾b) (𝑃L − 𝑃R)a b −

1

4
𝑋2(𝐾L + 𝐾R)

 

𝑉 =
1

4
𝑋2(𝐾L + 𝐾R)  

𝐾(𝜙, 𝜙‾):= 𝑔aa(𝜙, 𝜙‾)𝜒
a(𝜙)𝜒‾b(𝜙‾)  

𝛿𝑉L = i(𝜆̆L − 𝜆L)  

𝑊𝑖‾𝑗‾ =
i

4
𝒟𝑖𝑗𝑖𝑗∮   𝛾

(𝑣L, d𝑣L)

2𝜋

𝑢𝑖𝑢𝑗
(𝑣L, 𝑢L)

2
𝑉L(𝑣L) = 𝑊

𝑗𝑖 = 𝑊𝑖𝑗,  

𝒟𝑖𝑗𝑖‾𝑗‾: = 𝒟𝛼(𝑖(𝑖‾𝒟𝛼
𝑗)𝑗‾)  

𝒟𝛼
𝑖(𝑖‾
𝑊𝑘‾ 𝑙‾) = 0  

𝛿𝑉R = i(𝜆̆R − 𝜆R)  

𝑊𝑖𝑗 =
i

4
𝒟𝑖𝑗𝑖𝑗∮   𝛾

(𝑣R, d𝑣R)

2𝜋

𝑢𝑖‾𝑢𝑗‾
(𝑣R, 𝑢R)

2
𝑉R(𝑣R) = 𝑊

𝑗𝑖 = 𝑊𝑖𝑗  

𝒟𝛼
(𝑖𝑖‾
𝑊𝑘𝑙) = 0  
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ℒL
(2)
= ℱL (𝑊𝐼

(2)
) ,𝑊𝐼

(2) 𝜕

𝜕𝑊𝐼
(2)
ℱL = ℱL  

ℒL
(2)
= −𝑊L

(2)
ln 

𝑊L
(2)

i𝚼L
(1)
𝚼̆L
(1)

 

ℒL
(2)
= iῨL

(1)
e𝑒𝑉LΥL

(1)
−𝑊L

(2)
ln 

𝑊L
(2)

iΥL
(1)
ῨL
(1)

 

𝛿ΥL
(1)
= 𝑒𝜆LΥL

(1)
 

𝕃L = ∮   𝐶
 d𝜁

2𝜋i𝜁
ℒL
[2]

 

(𝐺𝐼
𝜕

𝜕𝐺𝐼
+ 𝜑𝐼

𝜕

𝜕𝜑𝐼
+ 𝜑‾𝐼

𝜕

𝜕𝜑‾𝐼
) 𝐿 = 𝐿

𝜑𝐼
𝜕𝐿

𝜕𝜑𝐼
− 𝜑‾𝐼

𝜕𝐿

𝜕𝜑‾𝐼
 = 0

𝜕2𝐿

𝜕𝐺𝐼𝜕𝜑𝐽
−

𝜕2𝐿

𝜕𝐺𝐽𝜕𝜑𝐼
 = 0

 

𝐿(𝐺, 𝜑, 𝜑‾) = √𝐺2 + 4𝜑𝜑‾ − 𝐺ln (
𝐺 + √𝐺2 + 4𝜑𝜑‾

√4𝜑𝜑‾
)  

𝑾𝑖𝑗: = −
i

12
𝒟𝑖𝑗𝑖𝑗𝑊𝑖𝑗

 

𝒟𝛼
(𝑖𝑖‾
𝑾𝑘𝑙) = 0  

ℒL
(2)
= iῨL

(1)
e𝑒𝑉LΥL

(1)
+

1

2𝑔2
𝑉L𝑾L

(2)
 

ℒL
(2)
= 𝑉L𝑊L

(2)
 ⟺ ℒR

(2)
= 𝑉R𝑊R

(2)
,  

𝐺𝑖𝑗 =
i

4
(𝒟𝑖𝑗𝑖𝑗 + 8i𝒮𝑖𝑗𝑖𝑗) (

𝑊𝑖‾𝑗‾

𝑊R
) ,𝑊R: = √𝑊

𝑖‾𝑗‾𝑊𝑖‾𝑗‾  

𝑊𝑖‾𝑗‾ =
i

√2𝜅
(𝜎1)𝑖𝑗 + Δ𝑊𝑖𝑗 ,  

𝐷𝛼
𝑖(𝑖‾
Δ𝑊𝑘‾ 𝑙‾) = 0  

𝐺𝑖𝑗 = −
i

6𝜅
𝐷𝑖𝑗𝑖‾𝑗‾Δ𝑊𝑖‾𝑗‾.  

𝒟𝛼 = 𝑒
−𝒱̂𝐷𝛼𝑒

𝒱̂ = 𝐷𝛼 − 2i𝑋𝜃‾𝛼𝒵̂, 𝒟𝛼 = 𝐷‾𝛼, 𝒱̂ = −2i𝑋𝜃‾
𝛼𝜃𝛼𝒵̂  

{𝐷𝛼, 𝐷‾𝛽} = −2i𝜕𝛼𝛽 = −2i𝒟𝛼𝛽 , {𝐷𝛼, 𝐷𝛽} = 0  
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{∇𝛼 , ∇‾𝛽}  = −2i∇𝛼𝛽 − 2i𝜀𝛼𝛽𝑋𝒵̂ + i𝜀𝛼𝛽𝐺

[∇𝛼, ∇𝑎]  = −
1

2
(𝛾𝑎)𝛼 

𝛽∇𝛽𝐺, [∇‾𝛼, ∇𝑎] =
1

2
(𝛾𝑎)𝛼  

𝛽∇‾𝛽𝐺

[∇𝑎 , ∇𝑏]  = −
i

8
𝜀𝑎𝑏𝑐(𝛾

𝑐)𝛼𝛽[∇𝛼, ∇‾𝛽]𝐺

 

∇2𝐺 = ∇‾2𝐺 = 0  

e𝑉 → ei𝜆
†
e𝑉e−i𝜆  

∇𝛼= e
−𝑉𝐷𝛼e

𝑉, ∇‾𝛼= 𝐷‾𝛼  

𝐺 =
i

2
𝐷‾ 𝛼(e−𝑉𝐷𝛼e

𝑉)  

𝑆YM
𝒩=2 = −

1

2𝑔2
tr∫   d3∣4𝑧 [𝐺2 + i𝑋∫  

1

0

  d𝑡𝐷‾ 𝛼(e−𝑡𝑉𝐷𝛼e
𝑡𝑉)e−𝑡𝑉𝜕𝑡e

𝑡𝑉]  

𝔇𝐴 = 𝒟𝐴 + i𝔙𝐴,  

{𝔇𝛼
𝑖𝑖‾, 𝔇𝛽

𝑗𝑗‾
} = 2i𝜀𝑖𝑗𝜀𝑖𝑗𝔇𝛼𝛽 + 2i𝜀𝛼𝛽𝑋 (𝜀

𝑖𝑗𝐋𝑖𝑗 − 𝜀𝑖𝑗𝐑𝑖𝑗) + 2𝜀𝛼𝛽𝜀
𝑖𝑗𝔚𝑖𝑗  

𝔇𝛾
𝑖(𝑖‾
𝔚𝑗‾𝑘‾ ) = 0  

∇𝛼Φ‾ = 0, ∇‾𝛼Φ = 0  

Φ‾ = e−𝑉𝜑‾e𝑉, Φ = 𝜑  

𝒵̂𝜑 = 𝜑, 𝒵̂𝜑‾ = −𝜑‾  

𝑆YMCS
𝒩=4 =

1

𝑔2
tr∫   d3∣4𝑧 [Φ‾ Φ −

1

2
𝐺2 −

i𝑋

2
∫  
1

0

  d𝑡𝐷‾ 𝛼(e−𝑡𝑉𝐷𝛼e
𝑡𝑉)e−𝑡𝑉𝜕𝑡e

𝑡𝑉]  

Δ𝑉:= e−𝑉𝛿e𝑉 = 2i(𝜌‾Φ − 𝜌Φ‾ )

ΔΦ:= 𝛿𝜑 =
i

8𝑋
∇‾2(𝐺𝒟2𝜌)

ΔΦ‾ := e−𝑉𝛿𝜑‾e𝑉 = −
i

8𝑋
∇2 (𝐺𝒟

2
𝜌‾)

 

𝒟𝑎𝜌 = 0,𝒟𝛼𝜌 = 0, 𝒵̂𝜌 = 𝜌  

𝒟
𝛼
𝒟2𝜌 = −4i𝑋𝒟𝛼𝜌,𝒟

2
𝒟2𝜌 = −16𝑋2𝜌  

𝜑 → ei𝜆𝜑e−i𝜆, 𝜑‾ → ei𝜆
†
𝜑‾e−i𝜆

†
, e𝑉 → ei𝜆

†
e𝑉e−i𝜆  

𝑆VM
𝒩=4 = ∫  d3∣4𝑧 (𝜑‾𝜑 −

1

2
𝐺2 −

𝑋

2
𝑉𝐺)  

𝒟𝛼𝑄± = 0, 𝒵̂𝑄± = −
1

2
𝑄±  
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𝑄+ → ei𝜆𝑄+, 𝑄− → 𝑄−e
−i𝜆  

𝒬± = 𝑄±, 𝒬+ = 𝑄
‾
+e
𝑉, 𝒬− = e

−𝑉𝑄‾−  

∇‾𝛼𝒬± = 0, ∇𝛼𝒬± = 0  

𝑆hyper = ∫  d
3∣4𝑧[𝒬+𝒬+ + 𝒬−𝒬−] − i∫   d

3∣2𝑧𝒬−Φ𝒬+ + i∫   d
3∣2𝑧‾𝒬+Φ

‾ 𝒬−  

𝛿𝒬± = ±
1

2
∇‾2(𝜌‾𝒬∓), 𝛿𝒬± = ±

1

2
∇2(𝜌𝒬∓).  

𝑄±|= 𝑓±, 𝐷
𝛼𝑄±| = 𝜒±

𝛼 ,  −
1

4
𝐷2𝑄±|  = 𝐹±  

𝑆hyper = −
i

2
∫   d3𝑥 [𝜒+

𝛼((𝛾𝑎)𝛼𝛽∇𝑎 + 𝜀𝛼𝛽𝑋/2)𝜒‾+
𝛽
+ 𝜒−

𝛼((𝛾𝑎)𝛼𝛽∇𝑎 + 𝜀𝛼𝛽𝑋/2)𝜒‾−
𝛽] + ⋯  

Γ = Γodd [𝑉] + Γeven [𝑉, 𝜑]  

𝛿Γ = ∫  d3∣4𝑧𝛿𝑉⟨𝐽⟩  

⟨𝐽⟩ = ⟨
𝛿𝑆hyper 

𝛿𝑉
⟩ = ⟨𝒬+𝒬+⟩ − ⟨𝒬−𝒬−⟩ = ∑  

𝑒=±

 𝑒⟨𝒬𝑒𝒬𝑒⟩  

i⟨𝒬𝑒(𝑧)𝒬𝑒(𝑧
′)⟩ =

1

16

1

◻̂𝑒
∇‾2∇′2[𝛿3∣4(𝑧 − 𝑧′)ℐ(𝑧, 𝑧′)]  

◻̂𝑒 𝒬𝑒 ≡
1

16
∇‾2∇2𝒬𝑒  

◻̂𝑒= ∇
𝑎∇𝑎 −

i𝑒

2
𝑊𝛼∇𝛼 −

i𝑒

4
(∇𝛼𝑊𝛼) − (−𝑋𝒵̂ +

𝑒

2
𝐺)

2

,  

⟨𝒬𝑒(𝑧)𝒬𝑒(𝑧)⟩ = √−i∫  
∞

0

 
d𝑠

(4𝜋𝑠)3/2
e−i

𝑠
4
(𝑋+𝑒𝐺)2 = −

1

8𝜋
|𝑋 + 𝑒𝐺|  

⟨𝐽⟩odd = −
1

8𝜋
[(𝑋 + 𝐺) − (𝑋 − 𝐺)] = −

𝐺

4𝜋
.  

Γodd = −
1

8𝜋
∫   d3∣4𝑧𝑉𝐺  

Γ =
1

4𝜋𝑋
∫   d3∣4𝑧 (𝜑‾𝜑 −

1

2
𝐺2 −

𝑋

2
𝑉𝐺)  

1

8𝜋

𝑚

|𝑚|
∫  d3𝑥𝜀𝑎𝑏𝑐𝐴𝑎𝜕𝑏𝐴𝑐  

(𝛾0)𝛼𝛽 = 𝟙, (𝛾1)𝛼𝛽 = 𝜎1, (𝛾2)𝛼𝛽 = 𝜎3

(𝛾𝑚)
𝛼𝛽 = (𝛾𝑚)

𝛽𝛼 = 𝜀𝛼𝛾𝜀𝛽𝛿(𝛾𝑚)𝛾𝛿
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𝜀𝛼𝛽 = (
0 −1
1 0

) , 𝜀𝛼𝛽 = (
0 1
−1 0

) , 𝜀𝛼𝛾𝜀𝛾𝛽 = 𝛿𝛽
𝛼  

𝜓𝛼 = 𝜀𝛼𝛽𝜓𝛽 , 𝜓𝛼 = 𝜀𝛼𝛽𝜓
𝛽  

𝛾𝑚: = (𝛾𝑚)𝛼  
𝛽 = 𝜀𝛽𝛾(𝛾𝑚)𝛼𝛾  

{𝛾𝑚, 𝛾𝑛} = 2𝜂𝑚𝑛𝟙
𝛾𝑚𝛾𝑛 = 𝜂𝑚𝑛𝟙 + 𝜀𝑚𝑛𝑝𝛾

𝑝  

(𝛾𝑎)𝛼𝛽(𝛾𝑎)𝛾𝛿  = 2𝜀𝛼(𝛾𝜀𝛿)𝛽

𝜀𝑎𝑏𝑐(𝛾
𝑏)
𝛼𝛽
(𝛾𝑐)𝛾𝛿  = 𝜀𝛾(𝛼(𝛾𝑎)𝛽)𝛿 + 𝜀𝛿(𝛼(𝛾𝑎)𝛽)𝛾

tr[𝛾𝑎𝛾𝑏𝛾𝑐𝛾𝑑]  = 2𝜂𝑎𝑏𝜂𝑐𝑑 − 2𝜂𝑎𝑐𝜂𝑑𝑏 + 2𝜂𝑎𝑑𝜂𝑏𝑐

 

𝑉𝛼𝛽:= (𝛾
𝑎)𝛼𝛽𝑉𝑎 = 𝑉𝛽𝛼 , 𝑉𝑎 = −

1

2
(𝛾𝑎)

𝛼𝛽𝑉𝛼𝛽  

𝐹𝑎 =
1

2
𝜀𝑎𝑏𝑐𝐹

𝑏𝑐, 𝐹𝑎𝑏 = −𝜀𝑎𝑏𝑐𝐹
𝑐  

𝐹𝛼𝛽:= (𝛾
𝑎)𝛼𝛽𝐹𝑎 =

1

2
(𝛾𝑎)𝛼𝛽𝜀𝑎𝑏𝑐𝐹

𝑏𝑐  

−𝐹𝑎𝐺𝑎 =
1

2
𝐹𝑎𝑏𝐺𝑎𝑏 =

1

2
𝐹𝛼𝛽𝐺𝛼𝛽  

ℳ𝑎𝑏𝑉𝑐 = 2𝜂𝑐[𝑎𝑉𝑏]  

ℳ𝑎𝑏𝜓𝛼 =
1

2
𝜀𝑎𝑏𝑐(𝛾

𝑐)𝛼  
𝛽𝜓𝛽  

ℳ𝑎𝜓𝛼 = −
1

2
(𝛾𝑎)𝛼  

𝛽𝜓𝛽 ,ℳ𝛼𝛽𝜓𝛾 = 𝜀𝛾(𝛼𝜓𝛽)  

(𝜓𝛼)∗ = 𝜓𝛼 , (𝜓𝛼)
∗ = 𝜓𝛼  

(Σ𝐼)𝑖𝑖‾ = (𝟙, i𝜎1, i𝜎2, i𝜎3), 𝐼 = 𝟏,⋯ , 𝟒, 𝑖 = 1,2, 𝑖‾ = 1, 2  

((Σ𝐼)𝑖𝑖‾)
∗ = (Σ𝐼)

𝑖𝑖‾ = 𝜀𝑖𝑗𝜀𝑖𝑗(Σ𝐼)𝑗𝑗‾  

𝜓𝑖 = 𝜀𝑖𝑗𝜓𝑗, 𝜓𝑖 = 𝜀𝑖𝑗𝜓
𝑗 , 𝜒𝑖‾ = 𝜀𝑖𝑗𝜒𝑗‾, 𝜒𝑖‾ = 𝜀𝑖𝑗𝜒

𝑗‾  

(𝜏𝐼)𝑖𝑖‾: =
1

√2
(Σ𝐼)𝑖𝑖‾  

(𝜏(𝐼)𝑖𝑗‾
(𝜏𝐽))

𝑗𝑗‾

=
1

2
𝛿𝐼𝐽𝛿𝑖

𝑗
 , (𝜏(𝐼)𝑗𝑖‾

(𝜏𝐽))

𝑗𝑗‾

=
1

2
𝛿𝐼𝐽𝛿𝑖‾

𝑗‾

(𝜏𝐼)𝑖𝑖‾(𝜏
𝐼)𝑗𝑗‾ = 𝜀𝑖𝑗𝜀𝑖𝑗 , (𝜏𝐼)𝑖𝑖‾(𝜏𝐽)

𝑖𝑖‾
= 𝛿𝐼𝐽

 

𝐴𝑖𝑖‾: = (𝜏𝐼)𝑖𝑖‾𝐴
𝐼  ⟷ 𝐴𝐼 = (𝜏𝐼)

𝑖𝑖‾𝐴𝑖𝑖‾  
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𝛿𝐼
𝐽
→ 𝛿𝑖

𝑗
𝛿𝑖‾
𝑗‾
, 𝐴𝐼𝐵

𝐼 = 𝐴𝑖𝑖‾𝐵
𝑖𝑖‾  

𝐴𝑖𝑖‾𝑗𝑗‾ = 𝜀𝑖𝑗𝐴𝑖‾𝑗‾ + 𝜀𝑖‾𝑗‾𝐴𝑖𝑗 ⟶ 𝐴𝑖𝑖‾𝑗‾ = −𝜀𝑖𝑗𝐴𝑖‾𝑗‾ − 𝜀𝑖‾𝑗‾𝐴𝑖𝑗, 𝐴𝑖𝑗 = 𝐴𝑗𝑖 , 𝐴𝑖‾𝑗‾ = 𝐴𝑗‾𝑖‾  

1

2
𝐴𝐼𝐽𝐵𝐼𝐽 = 𝐴

𝑖𝑗𝐵𝑖𝑗 + 𝐴
𝑖𝑗𝐵𝑖‾𝑗‾  

𝜀𝑖𝑖‾𝑗𝑗‾𝑘𝑘‾ 𝑙𝑙‾: = 𝜀𝐼𝐽𝐾𝐿(𝜏
𝐼)𝑖𝑖‾(𝜏

𝐽)𝑗𝑗‾(𝜏
𝐾)𝑘𝑘‾ (𝜏

𝐿)𝑙𝑙‾ = (𝜀𝑖𝑗𝜀𝑘𝑙𝜀𝑖‾𝑙‾𝜀𝑗‾𝑘‾ − 𝜀𝑖𝑙𝜀𝑗𝑘𝜀𝑖‾𝑗‾𝜀𝑘‾ 𝑙‾).  

𝜒 = 𝜒a
𝜕

𝜕𝜙a
+ 𝜒‾a

𝜕

𝜕𝜙‾a
≡ 𝜒𝜇

𝜕

𝜕𝜑𝜇
 

∇𝜈𝜒
𝜇 = 𝛿𝜈  

𝜇  ⟺ ∇b𝜒
a = 𝛿b 

a, ∇b𝜒
a = 𝜕b𝜒

a = 0  

𝜒a: = 𝑔a b𝜒‾
b = 𝜕a𝐾 ⟹ 𝜒a𝐾a = 𝐾  

𝐾:= 𝑔a b𝜒
a𝜒‾b  

𝑉𝜇 = −
1

2
𝐽𝜈
𝜇
𝜒𝜈 , ∇𝜇𝑉𝜈 + ∇𝜈𝑉𝜇 = 0  

𝜒 = 𝜙a
𝜕

𝜕𝜙a
+ 𝜙‾a

𝜕

𝜕𝜙‾a
 

𝜙a𝐾a(𝜙, 𝜙‾) = 𝐾(𝜙, 𝜙‾)  

𝑉𝐴
𝜇
: = −

1

2
(𝐽𝐴)

𝜇 𝜈𝜒
𝜈  

[𝑉𝐴, 𝜒] = 0, [𝑉𝐴, 𝑉𝐵] = 𝜖𝐴𝐵𝐶𝑉𝐶  

ℒ𝑉𝐴𝐽𝐵 = 𝜖𝐴𝐵𝐶𝐽𝐶  

𝑉|= 0,𝒟𝛼𝑉| = 𝒟𝛼𝑉|= 0,𝒟
2𝑉| = 𝒟

2
𝑉 ∣= 0,  

1

2
[𝐷𝛼, 𝐷‾𝛽]𝑉|   = (𝛾

𝑚)𝛼𝛽𝐴𝑚 + i𝜀𝛼𝛽𝜎

1

4
𝐷2𝐷‾𝛼𝑉|   = i𝜆‾𝛼,  

1

4
𝐷‾ 2𝐷𝛼𝑉|  = −i𝜆𝛼

−
1

8
{𝐷2, 𝐷‾ 2}𝑉|   = 𝐷

 

𝜑 |=
i

√2
𝑓, 𝐷𝛼𝜑| =

i

√2
𝜓𝛼 , −

1

4
𝐷2𝜑 | =

i

√2
𝐹.  

𝜙I = (𝜙1, 𝜙2, 𝜎) = (
𝑓 + 𝑓‾

√2
, i
𝑓 − 𝑓‾

√2
, 𝜎) , I = 1,2,3.  

𝜓‾1𝛼 = 𝜆‾𝛼, 𝜓1𝛼 = 𝜆𝛼 , 𝜓2𝛼 =
1

√2
𝜓‾𝛼 , 𝜓‾

2𝛼 =
1

√2
𝜓𝛼  
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𝑆YM
𝒩=4  =

1

𝑔2
tr∫   d3𝑥(ℒvector + ℒscalar + ℒspinor )

ℒvector  = −
1

4
𝐹𝑚𝑛𝐹𝑚𝑛 +

𝑋

2
𝜀𝑚𝑛𝑝 (𝐴𝑚𝜕𝑛𝐴𝑝 +

2

3
𝐴𝑚𝐴𝑛𝐴𝑝)

ℒscalar  =
1

2
𝜙I(∇𝑚∇𝑚 − 𝑋

2)𝜙I −
i

2
𝑋𝜀IJK𝜙I[𝜙J, 𝜙K] +

1

4
[𝜙I, 𝜙J] [𝜙I, 𝜙J]

ℒspinor  = i𝜓‾
𝑖𝛼 ((𝛾𝑚)𝛼  

𝛽∇𝑚 + 𝑋𝛿𝛼
𝛽
)𝜓𝑖𝛽 + i(𝜎

I)
𝑖
 𝑗𝜓‾ 𝑖𝛼[𝜙I, 𝜓𝑗𝛼]

 

𝐹𝑚𝑛 = 𝜕𝑚𝐴𝑛 − 𝜕𝑛𝐴𝑚 + i[𝐴𝑚, 𝐴𝑛] ∝ 𝜀𝑚𝑛𝑝(𝛾
𝑝)𝛼𝛽[∇𝛼, ∇‾𝛽]𝐺|𝜃=0

 

(𝜎I)
𝑗
 𝑖(𝜎J)

𝑖
 𝑘 = i𝜀IJK(𝜎K)𝑗 

𝑘 + 𝛿IJ𝛿𝑖
𝑘 , (𝜎I)

𝑖𝑗
(𝜎I)

𝑘𝑙 = −(𝛿𝑖
𝑘𝛿𝑗

𝑙 + 𝛿𝑖
𝑙𝛿𝑗
𝑘)  

𝛿𝐴𝑚  = i(𝛾𝑚)𝛼  
𝛽(𝜖‾𝑖𝛼𝜓𝑖𝛽 + 𝜖𝑖𝛽𝜓‾

𝑖𝛼)

𝛿𝜙I  = (𝜎I)
𝑖
 𝑗(𝜖‾

𝑗𝛼𝜓𝑖𝛼 + 𝜖𝑖𝛼𝜓‾
𝑗𝛼)

𝛿𝜓‾ 𝑖𝛼  = −
1

2
𝜀𝑚𝑛𝑝(𝛾𝑝)

𝛼
 𝛽𝜖‾

𝑖𝛽𝐹𝑚𝑛 − i(𝛾
𝑚)𝛼  𝛽(𝜎

I)
𝑖
 𝑗∇𝑚𝜙I𝜖‾

𝑗𝛽

 −i𝑋𝜙I(𝜎I)
𝑖 𝑗𝜖‾

𝑗𝛼 +
1

2
𝜀IJK(𝜎K)

𝑖 𝑗[𝜙I, 𝜙J]𝜖‾
𝑗𝛼

𝛿𝜓𝑖𝛼  =
1

2
𝜀𝑚𝑛𝑝(𝛾𝑝)𝛼  

𝛽𝜖𝑖𝛽𝐹𝑚𝑛 − i(𝛾
𝑚)𝛼  

𝛽(𝜎I)
𝑖
 𝑗∇𝑚𝜙

I𝜖𝑗𝛽

 +i𝑋𝜙I(𝜎I)𝑖 
𝑗𝜖𝑗𝛼 −

1

2
𝜀IJK(𝜎K)𝑖 

𝑗[𝜙I, 𝜙J]𝜖𝑗𝛼

 

Estructuras Holográficas AdS/SCFT. 

𝑆EE
(univ)

= −
(𝜛,𝜛)

5
,  

d𝑠2 = 4𝑘𝑄M5𝐻M′
−1/3

( d𝑠AdS3
2 + d𝑠𝕊3/ℤ𝑘

2 ) + 𝐻
M′
2/3
( d𝑧2 + d𝜌2 + 𝜌2 d𝑠S̃3/ℤ

𝑘′

2 )  

∇
ℝ𝜌̂
3

2 𝐻M5′(𝑧, 𝜌̂) +
𝑘′𝜕𝑧

2𝐻M5′(𝑧, 𝜌̂)

𝜌̂
= 0  

 

𝐻M′(𝑧, 𝜌) =
4√2

𝑔3
1

𝑃+𝑃−

√𝑃+
2 + 𝑃−

2 − 4𝛼2 + 2𝑃+𝑃−

𝑃+
2 + 𝑃−

2 + 2𝑃+𝑃−
 

𝑃± = √𝑧
2 + (𝜌 ± 𝛼)2 

𝜌 = 𝛼
cos 𝜉

√1 − 𝜇5

𝑧 = 𝛼𝜇
5
2
sin 𝜉

√1 − 𝜇5

 

𝐻M5′(𝜇, 𝜉) = 2
27/4(√𝑔𝑘𝑄M5)

3 𝜇5/2(1 − 𝜇5)3/2

𝜇5cos2 𝜉 + sin2 𝜉
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ℛ = 𝐻
M5′
−2/3

[
1

6

(𝜕𝑧𝐻M5′)
2 + (𝜕𝜌𝐻M′)

2

𝐻M5′
2 −

2

3

𝜕𝑧
2𝐻M′ + 𝜕𝜌

2𝐻M′

𝐻M′
− 2

𝜕𝜌𝐻M5′

𝜌𝐻M5′
]  

ℛ =
𝑔2(2𝛼2 − 3𝜌2)2

12𝜌2/3(𝜌2 − 𝛼2)5/3
+ 𝒪(𝑧2)  

ℛ =
𝑔2𝛼2/3(𝛼2 − 𝜌2)

12𝑧8/3
+𝒪 (

1

𝑧2/3
)  

[𝑇𝑖
(𝑎)
, 𝑇𝑗
(𝑏)
] = 𝑖𝛿𝑎𝑏𝜀𝑖𝑗𝑘𝜂𝑎

𝑘𝑙𝑇𝑙
(𝑎)
  for 𝑖, 𝑗 ∈ {1,2,3}  

{𝐹𝐴1𝐴2𝐴3 , 𝐹𝐵1𝐵2𝐵3} = 𝛽1𝐶𝐴2𝐵2𝐶𝐴3𝐵3(𝐶𝜎
𝑖)
𝐴1𝐵1

𝑇𝑖
(1)

 +𝛽2𝐶𝐴1𝐵1𝐶𝐴3𝐵3(𝐶𝜎
𝑖)
𝐴2𝐵2

𝑇𝑖
(2)

 +𝛽3𝐶𝐴1𝐵1𝐶𝐴2𝐵2(𝐶𝜎
𝑖)
𝐴3𝐵3

𝑇𝑖
(3)

 

{𝐹𝐴1𝐴2𝐴3 , 𝐹𝐵1𝐵2𝐵3} = 𝛽1 (𝐶𝐴2𝐵2𝐶𝐴3𝐵3(𝐶𝜎
𝑖)
𝐴1𝐵1

𝑇𝑖
(1)
− 𝐶𝐴1𝐵1𝐶𝐴3𝐵3(𝐶𝜎

𝑖)
𝐴2𝐵2

𝑇𝑖
(2)
)  

𝔡(2,1; 𝛾; 0) = 𝔬𝔰𝔭(4∗ ∣ 2)   𝛾 ∈ {−2,−1/2}
𝔡(2,1; 𝛾; 0) = 𝔬𝔰𝔭(4 ∣ 2;ℝ)   𝛾 = 1

 

𝔰𝔬(2,2) ⊕ 𝔰𝔬(4)⊕ 𝔰𝔬(4)  

(AdS3 × 𝕊
3 × 𝕊̃3) ⋉ Σ2,  

𝜕𝑤𝜕𝑤‾ ℎ = 0  

𝜕𝑤𝐺 =
1

2
(𝐺 + 𝐺‾)𝜕𝑤ln ℎ  

d𝑠2 = 𝑓AdS3
2  d𝑠AdS3

2 + 𝑓𝕊3
2  d𝑠𝕊3

2 + 𝑓𝕊̃3
2  d𝑠𝕊̃3

2 + 𝑓Σ2
2  d𝑠Σ2

2  

 

𝑊±: = |𝐺 ± 𝑖|
2 + 𝛾±1(𝐺𝐺‾ − 1)  

 

𝑓AdS3
6  =

ℎ2𝑊+𝑊−

𝛽1
6(𝐺𝐺‾ − 1)2

𝑓𝕊3
6  =

ℎ2(𝐺𝐺‾ − 1)𝑊−

𝛽2
3𝛽3

3𝑊+
2

𝑓𝑆̃3
6  =

ℎ2(𝐺𝐺‾ − 1)𝑊+

𝛽2
3𝛽3

3𝑊−
2

𝑓Σ2
6  =

|𝜕𝑤ℎ|
6

𝛽2
3𝛽3

3ℎ4
(𝐺𝐺‾ − 1)𝑊+𝑊−
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𝒞(3) =∑ 

3

𝑖=1

 𝑏ℳ𝑖
volℳ𝑖

 

𝑏AdS3 ∶=
𝜏1

𝛽1
3 [−

ℎ(𝐺 + 𝐺‾)

1 − 𝐺𝐺‾
+ (2 + 𝛾 + 𝛾−1)Φ − (𝛾 − 𝛾−1)ℎ̃ + 𝑏1

0]

𝑏𝕊3 ∶=
𝜏2

𝛽2
3 [−

𝛾ℎ(𝐺 + 𝐺‾)

𝑊+
+ 𝛾(Φ − ℎ̃) + 𝑏2

0]

𝑏𝕊̃3 ∶=
𝜏3

𝛽3
3 [
ℎ(𝐺 + 𝐺‾)

𝛾𝑊−
−
Φ+ ℎ̃

𝛾
+ 𝑏3

0]

 

𝜕𝑤ℎ̃  = −𝑖𝜕𝑤ℎ

𝜕𝑤Φ = 𝐺‾𝜕𝑤ℎ
 

∏ 

3

𝑖=1

 𝛽𝑖𝑓ℳ𝑖
+ ℎ∏ 

3

𝑖=1

  𝜏𝑖 = 0  

ℎ = −𝑖ℎ0𝑤 +  c.c. =
2ℎ0sin 𝜗

𝜚
 

𝐺 = −𝑖 + 𝑎1𝜚𝑒
𝑖𝜗sin 𝜗 + 𝒪(𝜚2)  

d𝑠2 = 𝐿2
 d𝜚2

𝜚2
−

2𝛾𝐿2

𝑎1(1 + 𝛾)
2𝜚
( d𝑠AdS3

2 +
(1 + 𝛾)2

𝛾2
 d𝑠𝕊3

2 ) + 𝐿2( d𝜗2 + sin2 𝜗 d𝑠𝕊̃3
2 ) + ⋯  

𝐿6 =
𝑎1
2ℎ0
2(1 + 𝛾)6

𝛽1
6𝛾2

 

𝐺 = −𝑖 (1 + ∑  

2𝑛+2

𝑗=1

  (−1)𝑗
𝑤 − 𝜉𝑗

|𝑤 − 𝜉𝑗|
)  

𝐺 = −𝑖(1 + 𝛾−1𝐹)  

d𝑠2 = [
4ℎ2

𝛽̂6(𝐹 + 𝐹‾)
]

1
3

( d𝑠AdS3
2 + d𝑠𝕊3

2 ) + [
ℎ2(𝐹 + 𝐹‾)2

16𝛽̂6
]

1
3

( d𝑠𝕊̃3
2 +

4|𝜕𝑤ℎ|
2

ℎ2
 d𝑤 d𝑤‾ )  

𝑏AdS3 = 𝑏𝕊3 = −
2ℎ̃

𝛽̂3
, 𝑏Φ̃3 =

ℎ

2𝛽̂3

−𝑖(𝐹 − 𝐹‾)

2
− Φ̂  

𝜕𝑤Φ̂ = 𝐹‾
𝜕𝑤ℎ̃

𝛽̂3
 

𝐹 =
2𝜌2

ℎ1
𝐻 + 𝑖𝐹𝐼  

d𝑠2 = ℎ1𝐻
−
1
3( d𝑠AdS3

2 + d𝑠𝕊3
2 ) + 𝐻

2
3( d𝑧2 + d𝜌2 + 𝜌2 d𝑠𝕊̃3

2 )  
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𝜕𝑤𝐹 =
1

2
(𝐹 − 𝐹‾)𝜕𝑤ln ℎ  

𝜕𝜌
2𝐻 +

3

𝜌
𝜕𝜌𝐻 + 𝜕𝑧

2𝐻 = 0  

𝑏AdS3 = 𝑏𝕊3 = 2ℎ1𝑧, 𝑏𝕊̃3 =
ℎ1𝜌

2
𝐹𝐼 + Φ̂  

𝜕𝜌𝑏𝕊̃3 = 𝜌
3𝜕𝑧𝐻, 𝜕𝑧𝑏𝕊̃3 = −𝜌

3𝜕𝜌𝐻  

𝑧 → 𝜆𝑧, 𝜌 → 𝜆𝜌,𝐻 → 𝜆−3𝐻, ℎ1 → 𝜆−1ℎ1  

d𝑠𝕊3
2 →  d𝑠𝕊3/ℤ𝑘

2  =
1

4
[(

 d𝜒

𝑘
+ 𝜔)

2

+ d𝑠𝕊2
2 ]

d𝑠𝕊̃3
2 →  d𝑠𝕊̃3/ℤ

𝑘′

2  =
1

4
[(

 d𝜙

𝑘′
+ 𝜂)

2

+ d𝑠𝕊̃2
2 ]

 

𝜉𝑗 = 𝜈𝑗 − 𝛾
−1𝜉̂𝑗 ∈ 𝜕Σ2    𝑗 ∈ {1,2,… ,2𝑛 + 2}  

𝜈𝑘 ≡ 𝜈𝑘+1 ≡ ⋯ ≡ 𝜈𝑘+2𝑚+1  

 

𝜈2𝑖−1 ≡ 𝜈2𝑖  for  𝑖 ∈ {1,2,… , 𝑛 + 1}  

𝐹(𝑤,𝑤‾ ) = ∑  

2𝑛+2

𝑗=1

  (−1)𝑗𝜉̂𝑗
𝑤‾ − 𝑤

2(𝑤‾ − 𝜈𝑗)|𝑤 − 𝜈𝑗|
 

𝐻(𝑧, 𝜌) =
ℎ1
2
∑  

2𝑛+2

𝑗=1

 
(−1)𝑗𝜉̂𝑗

(𝜌2 + (𝑧 − 𝜈𝑗)
2
)
3/2  

𝐹1PV(𝑤,𝑤‾ )  = 𝜉̂
𝑤‾ − 𝑤

𝑤‾ |𝑤|

𝐻1PV(𝑧, 𝜌)  =
ℎ1𝜉̂

(𝑧2 + 𝜌2)
3
2

 

ℛ|(𝑧,𝜌)=(𝜈2𝑗,0) =
3

2𝐿𝕊4
2 (

𝜉2𝑗 − 𝜉̂2𝑗−1

𝑚̂1
)

−2/3

,  

ℛ =
3

2𝐿𝕊4
2 ,  
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d𝑠2 =
4𝐿𝕊4
2

𝑣2
[ d𝑣2 + 𝛼1( d𝑠AdS3

2 + d𝑠𝕊3
2 )] + 𝐿𝕊4

2 [𝛼3 d𝜙2 + 𝛼4sin
2 𝜙 d𝑠𝕊̃3

2 ]  

𝑚̂𝑘: = ∑  

2𝑛+2

𝑗=1

  (−1)𝑗𝜉̂𝑗
𝑘  

𝐿𝕊4
3 =

ℎ1𝑚̂1
2

 

d𝑠AdS7
2 = 4𝐿𝕊4

2 [ d𝑥2 + cosh2 𝑥 d𝑠AdS3
2 + sinh2 𝑥 d𝑠𝕊3

2 ],  

 

Φ = −ℎ̃ =
4𝑚̂1cos 𝜙

𝑣2
+
2𝑛̂1
𝑚̂1

+
𝑚̂1𝑛̂2 − 𝑛̂1

2

𝑚̂1
3 cos 𝜙𝑣2 + 𝒪(𝑣4),  

ℱ(4)

𝐿𝕊4
3 = −

16cos 𝜙

𝑣3
 d𝑣 ∧ (vol𝕊3 + volAdS3) −

8sin 𝜙

𝑣2
 d𝜙 ∧ (vol𝕊3 + volAdS3)

 +3sin3 𝜙 d𝜙 ∧ vol𝕊̃3 + 4cos 𝜙
𝑚̂1𝑛̂2 − 𝑛̂1

2

𝑚̂1
4 𝑣 d𝑣 ∧ (vol𝕊3 + volAdS3) + 𝒪(𝑣

2)

 

d𝑠1PV
2 (𝛾)

𝐿𝕊4
2 =

4

𝑣2
[ d𝑣2 + (1 +

2𝛾 + 3 − (2𝛾 + 1)𝑐2𝜙

16(𝛾 + 1)2
𝑣2)d𝑠AdS3

2

+(
(𝛾 + 1)2

𝛾2
+
2𝛾 − 1 − (2𝛾 + 1)𝑐2𝜙

16𝛾2
𝑣2)d𝑠𝕊3

2 + 𝒪(𝑣4)]

 + [(1 +
(2𝛾 + 1)(2𝑐2𝜙 + 1)

12(𝛾 + 1)2
𝑣2)𝑠𝜙

2  d𝑠𝕊̃3
2 + (1 +

(2𝛾 + 1)𝑐𝜙
2

4(𝛾 + 1)2
𝑣2)d𝜙2 + 𝒪(𝑣4)]

 

cos 𝑥 ≡ 𝑐𝑥 ,  and  sin 𝑥 ≡ 𝑠𝑥  

d𝑠1PV
2 (𝛾 → −∞) =

4𝐿𝕊4

𝑣2
[ d𝑣2 + d𝑠AdS3

2 + d𝑠𝕊3
2 + 𝒪(𝑣4)] + 𝐿𝕊4

2 [𝑠𝜙
2  d𝑠𝕊̃3

2 + d𝜙2 + 𝒪(𝑣4)]  

ℭ𝑎 ≡ {𝑅𝑒
𝑖𝜃 − 𝜈2𝑎−1 ∣ 0 ≤ 𝜃 ≤ 𝜋} × 𝕊̃

3,  

ℭ𝑎
′ ≡ {

1

2
(𝜈2𝑎+1 − 𝜈2𝑎−1)𝑒

𝑖𝜃 +
1

2
(𝜈2𝑎+1 + 𝜈2𝑎−1)|  0 ≤ 𝜃 ≤ 𝜋} × 𝕊

3,  
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ℱ(4)  = 2ℎ1volAdS3 ∧  d𝑧 + 2ℎ1vol𝕊3 ∧  d𝑧

 +𝜕𝑧𝐻𝜌
3 d𝜌 ∧ vol𝕊̃3 − 𝜕𝜌𝐻𝜌

3 d𝑧 ∧ vol𝕊̃3
 

∫  
ℭ𝑎

 𝑃ℭ𝑎[ℱ(4)] = 2ℎ1Vol(𝕊̃
3)(𝜉̂2𝑎 − 𝜉̂2𝑎−1)  

𝑀𝑎 =
1

2(4𝜋2𝐺𝑁)
1/3
∫  
ℭ𝑎

 𝑃ℭ𝑎[ℱ(4)]  

∫  
ℭ𝑏𝑐

 𝑃ℭ𝑏𝑐[ℱ(4)] = 2ℎ1Vol(𝕊̃
3)∑  

𝑐

𝑎=𝑏

  (𝜉̂2𝑎 − 𝜉̂2𝑎−1)  

∫  
ℭ𝑎
′
 𝑃ℭ𝑎′ [ℱ(4)] = 2ℎ1Vol(𝕊

3)(𝜈2𝑎+1 − 𝜈2𝑎−1)  

𝑀𝑎
′ =

1

2(4𝜋2𝐺𝑁)
1/3
∫  
ℭ𝑎
′
 𝑃ℭ𝑎′ [ℱ(4)],  

∫  
ℭ′
 𝑃ℭ′[ℱ(4)] = 2ℎ1Vol(𝕊

3)∑  

𝑎

  (𝜈2𝑎+1 − 𝜈2𝑎−1).  

𝑁𝑎 = ∑  

𝑛

𝑏=𝑎

 𝑀𝑏
′ =

ℎ1Vol(𝕊
3)

(4𝜋2𝐺𝑁)
1/3
∑  

𝑛

𝑏=𝑎

  (𝜈2𝑏+1 − 𝜈2𝑏−1).  

𝑚̂1 = ∑  

2𝑛+2

𝑗=1

  (−1)𝑗𝜉̂𝑗 =
(4𝜋2𝐺𝑁)

1/3

ℎ1Vol(𝕊̃
3)
𝑀  

𝐿𝕊4
3 =

ℎ1𝑚̂1
2

=
(𝐺𝑁)

1/3

(2𝜋)4/3
𝑀  

∑  

𝑗

𝑘=0

  (−1)𝑗+𝑘
𝑗!

𝑘! (𝑗 − 𝑘)!
𝜈2𝑛+1
𝑘 𝑛̂𝑗−𝑘 = (

𝐺𝑁
1/3

ℎ1𝜋(2𝜋)
1/3
)

𝑗+1

∑  

𝑛+1

𝑎=1

 𝑀𝑎𝑁𝑎
𝑗
,  
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𝑛̂1
2 − 𝑚̂1𝑛̂2 =

𝐺𝑁
4/3

ℎ1
4𝜋4(2𝜋)4/3

[(∑  

𝑛+1

𝑎=1

 𝑀𝑎𝑁𝑎)

2

−𝑀∑  

𝑛+1

𝑎=1

 𝑀𝑎𝑁𝑎
2] ,  

𝜉̂2𝑎 − 𝜉̂2𝑎−1⟶ ∑  

𝐾𝑎

𝑗=𝐼𝑎

  (−1)𝑗𝜉̂𝑗  

𝑆EE = min
𝜁
 
𝒜[𝜁]

4𝐺N
,  

𝑆EE
(univ)

= 𝑅
 d

 d𝑅
(𝑆EE[Υ2] − 𝑆EE[∅])|

𝑅→0
 

𝑆EE
(univ)

=
1

3
(𝑎Υ −

3

5
𝑑2)  

d𝑠AdS3
2 =

1

𝑢2
( d𝑢2 − d𝑡2 + d𝑥‖

2)  

𝐴[𝜁] = Vol(𝕊3)Vol(𝕊̃3)∫  d𝑢∫  
Σ2

  d𝜌 d𝑧ℒ  

ℒ =
ℎ1
2𝜌3

𝑢2
[ℎ1 ((𝜕𝜌𝑥‖)

2
+ (𝜕𝑧𝑥‖)

2
)𝐻(𝑧, 𝜌) + 𝑢2 (1 + (𝜕𝑢𝑥‖)

2
)𝐻(𝑧, 𝜌)2]

1/2
 

𝑥‖
2 + 𝑢2 = 𝑅2  

𝐴[𝜁RT] = ℎ1
3Vol(𝕊3)Vol(𝕊̃3)log (

2𝑅

𝜖𝑢
)∫  

Σ2

  d𝜌 d𝑧𝜌3 ∑  

2𝑛+2

𝑗=1

 
(−1)𝑗𝜉̂𝑗

(𝜌2 + (𝑧 − 𝜈𝑗)
2
)
3/2
+ 𝒪(𝜖𝑢

2)  

𝑆EE[Υ2] =
𝜋4𝐿𝕊4

9

𝐺N
log (

2𝑅

𝜖𝑢
) [
64

3

1

𝜖𝑣
4 +

16

5

𝑛̂1
2

𝑚̂1
4 −

16

5

𝑛̂2

𝑚̂1
3 + 𝒪(𝜖𝑣

2)] + 𝒪(𝜖𝑢
2)  

𝑆EE
1PV =

𝜋4𝐿𝕊4
9

𝐺N
log (

2𝑅

𝜖𝑢
) [
64

3

1

𝜖𝑣
4 + 𝒪(𝜖𝑣

2)] + 𝒪(𝜖𝑢
2)  
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𝑆EE
(univ) 

 =
16

5

𝜋4𝐿𝕊4
9

𝐺N

𝑛̂1
2 − 𝑚̂1𝑛̂2

𝑚̂1
4

 =
1

5𝑀
[(∑  

𝑛+1

𝑎=1

 𝑀𝑎𝑁𝑎)

2

−𝑀∑  

𝑛+1

𝑎=1

 𝑀𝑎𝑁𝑎
2]

 

𝑆EE
(univ )

= −
(𝜛,𝜛)

5
 

𝑆EE
(univ,bulk-def. )

=
8

3

𝜋4𝐿𝕊4
9

𝐺N
=
𝑀3

6
 

𝑆EE
(univ )

⟶
Vol(𝕊3/ℤ𝑘)Vol(𝕊̃

3/ℤ𝑘′)

Vol(𝕊3)Vol(𝕊̃3)
𝑆EE
(univ )

=
𝑆EE
(univ )

𝑘𝑘′
 

d𝑠2 =
4𝐿𝕊4
2

𝑣2
[ d𝑣2 + 𝛼1 d𝑠AdS3

2 + 𝛼2 d𝑠𝕊3
2 ] + 𝐿𝕊4

2 [𝛼3 d𝜙2 + 𝛼4𝑠𝜙
2  d𝑠𝕊̃3

2 ]  

𝑟 = √𝑧2 + 𝜌2  and  𝜃 = arctan (𝜌/𝑧)  

𝑟(𝑣, 𝜙) = −
2(𝛾 + 1)2𝑚1

𝛾𝑣2
+
(2𝛾 + 1)𝑚1(𝑐2𝜙 − 3)

24𝛾
+
𝑚2𝑐𝜙

2𝑚1
+ [
3𝛾2𝑚2

2(7𝑐2𝜙 + 1)

4𝑚1
3

 −
𝛾2𝑚3(5𝑐2𝜙 + 3)

𝑚1
2 −

2𝛾(2𝛾 + 1)𝑚2𝑐𝜙𝑠𝜙
2

𝑚1
−
1

16
(8𝛾(𝛾 + 1) + 3)𝑚1𝑐2𝜙

+
37

48
𝛾(𝛾 + 1)𝑚1 +

73𝑚1
192

+
19

192
(2𝛾 + 1)2𝑚1𝑐4𝜙]

𝑣2

48𝛾(𝛾 + 1)2
+ 𝒪(𝑣4)

 

𝜃(𝑣, 𝜙) = 𝜙 +
(2𝛾 + 1)𝑚1

2𝑐𝜙 + 3𝛾𝑚2

12(𝛾 + 1)2𝑚1
2 𝑠𝜙𝑣

2 + [
9𝛾2𝑚2

2𝑠2𝜙

8𝑚1
4 −

5𝛾2𝑚3𝑠2𝜙

6𝑚1
3

 +
𝑐𝜙𝑠𝜙(5(2𝛾 + 1)

2𝑐2𝜙 − 24𝛾(𝛾 + 1) − 7)

48

+
𝛾(2𝛾 + 1)𝑚2(3𝑐2𝜙 − 1)𝑠𝜙

12𝑚1
2 ]

𝑣4

16(𝛾 + 1)4
+ 𝒪(𝑣6)

 

𝑚𝑘: = ∑  

2𝑛+2

𝑗=1

  (−1)𝑗𝜉𝑗
𝑘  
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𝛼1(𝛾) = 1 +
2𝛾 + 3 − (1 + 2𝛾)𝑐2𝜙

16(𝛾 + 1)2
𝑣2 + [9(4(3𝛾 − 13)𝛾 + 16𝛾2𝜅 − 17)

−67(2𝛾 + 1)2𝑐4𝜙 + 12(8(3𝛾 + 1)𝛾 + 20𝛾
2𝜅 + 3)𝑐2𝜙]

𝑣4

18432(𝛾 + 1)4
+ 𝒪(𝑣6)

𝛼2(𝛾) =
(𝛾 + 1)2

𝛾2
+
2𝛾 − 1 − (1 + 2𝛾)𝑐2𝜙

16𝛾2
𝑣2 + [9(4(3𝛾 + 19)𝛾 + 16𝛾2𝜅 + 47)

−67(2𝛾 + 1)2𝑐4𝜙 + 12(8(3𝛾 + 5)𝛾 + 20𝛾
2𝜅 + 19)𝑐2𝜙]

𝑣4

18432𝛾2(𝛾 + 1)2
+ 𝒪(𝑣6)

𝛼3(𝛾) = 1 +
(2𝛾 + 1)𝑐𝜙

2

4(𝛾 + 1)2
𝑣2 + [−12(𝛾 + 1)𝛾 − 24𝛾2𝜅 − 9 + 6(2𝛾 + 1)2𝑐2𝜙

+7(2𝛾 + 1)2𝑐4𝜙]
𝑣4

768(𝛾 + 1)4
+ 𝒪(𝑣6)

𝛼4(𝛾) = 1 +
(2𝛾 + 1)(2𝑐2𝜙 + 1)

12(𝛾 + 1)2
𝑣2 + [−52(𝛾 + 1)𝛾 − 24𝛾2𝜅 − 19

+79(2𝛾 + 1)2𝑐4𝜙 + 12(−2(𝛾 + 1)𝛾 − 10𝛾
2𝜅 − 3)𝑐2𝜙]

𝑣4

4608(𝛾 + 1)4
+ 𝒪(𝑣6)

 

𝜅 ≡
3𝑚2

2 − 4𝑚1𝑚3

𝑚1
4

 

𝐿𝕊4
3 =

|1 + 𝛾|3

𝛾2
ℎ1𝑚1
2

.  

𝜅

𝛾2
→
12(𝑛̂1

2 − 𝑚̂1𝑛̂2)

𝑚̂1
4

 

𝑛̂𝑘: = ∑  

2𝑛+2

𝑗=1

  (−1)𝑗𝜈𝑗
𝑘𝜉̂𝑗.  

𝛼1(𝛾 → −∞) = 1 +
(3 + 5𝑐2𝜙)(𝑛̂1

2 − 𝑚̂1𝑛̂2)

32𝑚̂1
4 𝑣4

 −
5(1 + 7𝑐2𝜙)(2𝑛̂1

3 − 3𝑚̂1𝑛̂1𝑛̂2 + 𝑚̂1
2𝑛̂3)𝑐𝜙

144𝑚̂1
6 𝑣6 + 𝒪(𝑣8)

𝛼3(𝛾 → −∞) = 1 +
3(𝑚̂1𝑛̂2 − 𝑛̂1

2)

8𝑚̂1
4 𝑣4 +

5(2𝑛̂1
3 − 3𝑚̂1𝑛̂1𝑛̂2 + 𝑚̂1

2𝑛̂3)𝑐𝜙

12𝑚̂1
6 𝑣6 + 𝒪(𝑣8)

𝛼4(𝛾 → −∞) = 1 +
(1 + 5𝑐2𝜙)(𝑚̂1𝑛̂2 − 𝑛̂1

2)

16𝑚̂1
4 𝑣4

 +
5(5𝑐𝜙 + 7𝑐3𝜙)(2𝑛̂1

3 − 3𝑚̂1𝑛̂1𝑛̂2 + 𝑚̂1
2𝑛̂3)

144𝑚̂1
6 𝑣6 + 𝒪(𝑣8)

 

𝑟(𝑣, 𝜙) =
2𝑚̂1
𝑣2

𝜃(𝑣, 𝜙) = 𝜙
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𝐻(𝑟, 𝜃) =

{
  
 

  
 ℎ1
2
∑  

2𝑛+2

𝑗=1

  (−1)𝑗𝜉̂𝑗|𝜈𝑗|
−3
(∑  

∞

𝑘=0

  𝑟𝑘𝜈𝑗
−𝑘𝑃𝑘(𝑐𝜃))

3

, 𝑟 ∈ [0, |𝜈𝑗|),

ℎ1
2
∑  

2𝑛+2

𝑗=1

  (−1)𝑗𝜉̂𝑗𝑟
−3 (∑  

∞

𝑘=0

  𝑟−𝑘𝜈𝑗
𝑘𝑃𝑘(𝑐𝜃))

3

, 𝑟 ∈ (|𝜈𝑗|, Λ𝑟(𝜖𝑣 , 0)],

 

Λ𝑟(𝜖𝑣, 𝜃) =
2𝑚̂1

𝜖𝑣
2 +

𝑛̂1𝑐𝜃
𝑚̂1

+
(3 + 5𝑐2𝜃)𝑚̂1𝑛̂2 − (5 + 3𝑐2𝜃)𝑛̂1

2

16𝑚̂1
3 𝜖𝑣

2 + 𝒪(𝜖𝑣
4)  

𝐴[𝜁RT] =
32𝜋4𝐿𝕊4

9

𝑚̂1
3 log (

2𝑅

𝜖𝑢
) ∑  

2𝑛+2

𝑗=1

  (−1)𝑗𝜉̂𝑗 (ℐ𝑗
(1)
+ ℐ𝑗

(2)
) + 𝒪(𝜖𝑢

2)  

ℐ𝑗
(1)
= ∫  

𝜋

0

 d𝜃 ∫  
|𝜈𝑗|

0

 d𝑟𝑟4𝑠𝜃
3 (

1

|𝜈𝑗|
∑  

∞

𝑘=0

 (
𝑟

𝜈𝑗
)

𝑘

𝑃𝑘(𝑐𝜃))

3

ℐ𝑗
(2)
= ∫  

𝜋

0

 d𝜃 ∫  
Λ𝑟(𝜖𝑣,𝜃)

|𝜈𝑗|

 d𝑟𝑟𝑠𝜃
3 (∑  

∞

𝑘=0

  (
𝜈𝑗

𝑟
)
𝑘

𝑃𝑘(𝑐𝜃))

3  

∫  
𝜋

0

 d𝜃𝑠𝜃𝑃ℓ1(𝑐𝜃)𝑃ℓ2(𝑐𝜃)𝑃ℓ3(𝑐𝜃) = 2 (
ℓ1 ℓ2 ℓ3
0 0 0

)
2

 

(
ℓ1 ℓ2 ℓ3
0 0 0

) =
(−1)ℓ/2(ℓ/2)!

√(ℓ + 1)!
∏  

3

𝑖=1

 
√(ℓ − 2ℓ𝑖)!

(ℓ/2 − ℓ𝑖)!
 

𝑃ℓ1𝑃ℓ2 = ∑  

ℓ1+ℓ2

ℓ3=|ℓ1−ℓ2|

  (
ℓ1 ℓ2 ℓ3
0 0 0

)
2

(2ℓ3 + 1)𝑃ℓ3  

∫  
𝜋

0

 d𝜃𝑠𝜃
3𝑃ℓ1𝑃ℓ2𝑃ℓ3 =

4

3
(
ℓ1 ℓ2 ℓ3
0 0 0

)
2

−
4

3
∑  

2+ℓ1

𝑘=|2−ℓ1|

  (2𝑘 + 1) (
2 ℓ1 𝑘
0 0 0

)
2

(
𝑘 ℓ2 ℓ3
0 0 0

)
2

 

ℐ𝑗
(1)
= ∑  

ℓ1,ℓ2,ℓ3

 
1

5 + ℓ

𝜈𝑗
ℓ+2

|𝜈𝑗|
ℓ
∫  
𝜋

0

 d𝜃𝑠𝜃
3𝑃ℓ1𝑃ℓ2𝑃ℓ3

ℐ𝑗
(2)
= ∑  

ℓ1,ℓ2,ℓ3
ℓ≠2

 
𝜈𝑗
ℓ

2 − ℓ
∫  
𝜋

0

 d𝜃𝑠𝜃
3𝑃ℓ1𝑃ℓ2𝑃ℓ3 [Λ𝑟

2−ℓ(𝜖𝑣, 𝜃) −
𝜈𝑗
2

|𝜈𝑗|
ℓ
]

 + ∑  
ℓ1,ℓ2,ℓ3
ℓ=2

 𝜈𝑗
2∫  

𝜋

0

 d𝜃𝑠𝜃
3𝑃ℓ1𝑃ℓ2𝑃ℓ3ln (

Λ𝑟(𝜖𝑣, 𝜃)

|𝜈𝑗|
)

 

∑  

2𝑛+2

𝑗=1

  (−1)𝑗𝜉̂𝑗 ∑  
ℓ1,ℓ2,ℓ3
ℓ=2

  𝜈𝑗
2∫  

𝜋

0

 d𝜃𝑠𝜃
3𝑃ℓ1𝑃ℓ2𝑃ℓ3ln (

Λ𝑟(𝜖𝑣, 𝜃)

|𝜈𝑗|
) = 𝒪(𝜖𝑣

4)  
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∑  

2𝑛+2

𝑗=1

  (−1)𝑗𝜉̂𝑗 ∑  
ℓ1,ℓ2,ℓ3
ℓ≠2

 
𝜈𝑗
ℓ

2 − ℓ
∫  
𝜋

0

 d𝜃𝑠𝜃
3𝑃ℓ1𝑃ℓ2𝑃ℓ3Λ𝑟

2−ℓ(𝜖𝑣, 𝜃) =
8𝑚̂1

3

3𝜖𝑣
4 +

2𝑛̂1
2

5𝑚̂1
+𝒪(𝜖𝑣

2)  

∑  
ℓ1,ℓ2,ℓ3
ℓ≠2

  (
1

5 + ℓ
−

1

2 − ℓ
)∫  

𝜋

0

 d𝜃𝑠𝜃
3𝑃ℓ1𝑃ℓ2𝑃ℓ3= ∑  

∞

𝑎=0
𝑎≠2

  (
1

5 + 𝑎
−

1

2 − 𝑎
) ∑  
ℓ1,ℓ2,ℓ3
ℓ=𝑎

 ∫  
𝜋

0

 d𝜃𝑠𝜃
3𝑃ℓ1𝑃ℓ2𝑃ℓ3 

 = −
2

5
−
5

6
∑  

ℓ1,ℓ2,ℓ3
ℓ=1

 ∫  
𝜋

0

 d𝜃𝑠𝜃
3𝑃ℓ1𝑃ℓ2𝑃ℓ3 +⋯

 

∑  

2𝑛+2

𝑗=1

  (−1)𝑗𝜉̂𝑗 (ℐ𝑗
(1)
+ ℐ𝑗

(2)
) =

8𝑚̂1
3

3𝜖𝑣
4 +

2

5

𝑛̂1
2 − 𝑛̂2𝑚̂1
𝑚̂1

+ 𝒪(𝜖𝑣
2)  

𝐴[𝜁RT] = 𝜋
4𝐿𝕊4
9 log (

2𝑅

𝜖𝑢
) [
256

3

1

𝜖𝑣
4 +

64

5

𝑛̂1
2

𝑚̂1
4 −

64

5

𝑛̂2

𝑚̂1
3 + 𝒪(𝜖𝑣

2)] + 𝒪(𝜖𝑢
2)  

Supercampos cuánticos relativistas bajo supergravedad. 

d𝐹⃗ = 𝑃⃗⃗(𝐹⃗):= (𝑃𝑖(𝐹⃗))
𝑖∈𝐼

 

𝐹⃗: = (𝐹i ∈ ΩdR
deg𝑖(𝑋))

𝑖∈𝐼
 

⋆ 𝐹⃗ = 𝜇(𝐹⃗) 

𝐹⃗ = (
𝐺4 ∈ ΩdR

4 (𝑋)

  𝐺7 ∈ ΩdR
7 (𝑋)

) ,
d𝐺4 = 0 

d𝐺7 =
1
2𝐺4 ∧ 𝐺4,

 

⋆ 𝐺4= 𝐺7,  

⋆ 𝐺7 = −𝐺4.
 

d𝐹⃗ = 𝑃⃗⃗(𝐹⃗)  ⇔ 𝐹⃗ ∈ ΩdR
1 (𝑋; 𝔞)clsd 

𝑣⃗: = (𝑣𝑖 ∈ 𝔞deg𝑖−1)𝑖∈𝐼
 

[−,⋯ ,−]: 𝔞⊗
𝑛
⟶ 𝔞 

[𝑣𝑗1 ,⋯ , 𝑣𝑗𝑛] = 𝑃𝑗1⋯𝑗𝑛
𝑖 𝑣𝑖,  where  𝑃𝑖 ((𝐹𝑗)

𝑗∈𝐼
) = ∑  

𝑛∈ℕ

𝑃𝑗1⋯𝑗𝑛
𝑖 𝐹𝑗1⋯𝐹𝑗𝑛 
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𝐺4
𝑠 ∶=

1

4!
(𝐺4)𝑎1⋯𝑎4𝑒

𝑎1⋯𝑒𝑎4 +
1

2
(𝜓‾Γ𝑎1𝑎2𝜓)𝑒

𝑎1𝑒𝑎2

𝐺7
𝑠 ∶=

1

7!
(𝐺7)𝑎1⋯𝑎7𝑒

𝑎1⋯𝑒𝑎7 +
1

5!
(𝜓‾Γ𝑎1⋯𝑎5𝜓)𝑒

𝑎1⋯𝑒𝑎5
 

d𝐺4
𝑠= 0  

 d𝐺7
𝑠 =

1

2
𝐺4
𝑠 ∧ 𝐺4

𝑠  

d𝐺7
𝑠 =

1

2
𝐺4
𝑠 ∧ 𝐺4

𝑠  ⇒  (𝐺7)𝑎1⋯𝑎7 =
1

4!
𝜖𝑎1⋯𝑎7𝑏1⋯𝑏4(𝐺4)

𝑏1⋯𝑏4 
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  𝐶3
𝑠 ∈ ΩdR

3 (𝑋)

 𝐶6
𝑠 ∈ ΩdR

6 (𝑋)
}  s.t. {

d𝐶3
𝑠 = 𝐺4

𝑠

 d𝐶6
𝑠 = 𝐺7

𝑠 −
1

2
𝐶3
𝑠𝐺4

𝑠  

(𝜂𝑈
∼)∗𝐺4

𝑠 =
1

4!
(𝐺4)𝑟1⋯𝑟4|

𝜃𝜌=0
⋅  d𝑥𝑟1⋯  d𝑥𝑟4 ,

(𝜂𝑈
∼)∗𝐺7

𝑠 =
1

7!
(𝐺7)𝑟1⋯𝑟7|

𝜃𝜌=0
⋅  d𝑥𝑟1⋯  d𝑥𝑟7 ,

 

(
1

4!
(𝐺4)𝑟1⋯𝑟4|

𝜃𝜌=0
+
1

2
(𝜓‾𝑟1Γ𝑟2𝑟3𝜓𝑟4)|

𝜃𝜌=0
)d𝑥𝑟1⋯  d𝑥𝑟4

(
1

7!
(𝐺7)𝑟1⋯𝑟7|

𝜃𝜌=0
+
1

5!
(𝜓‾𝑟1Γ𝑟2⋯𝑟6𝜓𝑟7)|

𝜃𝜌=0
)d𝑥𝑟1⋯  d𝑥𝑟7

 

d (
1

4!
(𝐺4)𝑎1⋯𝑎4𝑒

𝑎1⋯𝑒𝑎4) = 0

 d (
1

7!
(𝐺7)𝑎1⋯𝑎7𝑒

𝑎1⋯𝑒𝑎7) =
1

2
(
1

4!
(𝐺4)𝑎1⋯𝑎4𝑒

𝑎1⋯𝑒𝑎4)
2 

d (
1

2
(𝜓‾Γ𝑎1𝑎2)𝑒

𝑎1𝑒𝑎2) = 0

 d (
1

5!
(𝜓‾Γ𝑎1⋯𝑎5)𝑒

𝑎1⋯𝑒𝑎5) =
1

2
(
1

2
(𝜓‾Γ𝑎1𝑎2)𝑒

𝑎1𝑒𝑎2)
2 

d (
1

4!
(𝐺4)𝑎1⋯𝑎4𝑒

𝑎1⋯𝑒𝑎4 +
1

2
(𝜓‾Γ𝑎1𝑎2)𝑒

𝑎1𝑒𝑎2) = 0

 d (
1

7!
(𝐺7)𝑎1⋯𝑎7𝑒

𝑎1⋯𝑒𝑎7 +
1

5!
(𝜓‾Γ𝑎1⋯𝑎5)𝑒

𝑎1⋯𝑒𝑎5) =
1

2
(
1

4!
(𝐺4)𝑎1⋯𝑎4𝑒

𝑎1⋯𝑒𝑎4 +
1

2
(𝜓‾Γ𝑎1𝑎2)𝑒

𝑎1𝑒𝑎2)
2 
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ℝex,𝑠
1,10∣32 ⇝

𝜙0 
ℝ1,10∣32  

ℝex,𝑠
1,10∣𝟏𝟎⏞    
↭̃

≅ ℝ1,10 × Λ2(ℝ1,10∣𝟑𝟐)
∗
× Λ5(ℝ1,10∣𝟑𝟐)

∗
 

d(𝛼0(𝑠)𝑒𝑎1𝑎2𝑒
𝑎1𝑒𝑎2 +⋯⏟              

𝐻3
0

) = (𝜙0)∗(
1

2
(𝜓‾Γ𝑎1𝑎2𝜓)𝑒

𝑎1𝑒𝑎2
⏟            

𝐺4
0

). 

d((𝐻3)𝑎1𝑎2𝑎3𝑒
𝑎1𝑒𝑎2𝑒𝑎3) = 𝜙∗((𝐺4)𝑎1⋯𝑎4𝑒

𝑎1⋯𝑒𝑎4) 

d (
1

3!
(𝐻3)𝑎1𝑎2𝑎3𝑒

𝑎1𝑒𝑎2𝑒𝑎3 + 𝛼0(𝑠)𝑒𝑎1𝑎2𝑒
𝑎1𝑒𝑎2 +⋯) = (𝜙𝑠)∗ (

1

4!
(𝐺4)𝑎1⋯𝑎4𝑒

𝑎1⋯𝑒𝑎4 +
1

2!
(𝜓‾Γ𝑎1𝑎2𝜓)𝑒

𝑎1𝑒𝑎2) 

 

 

(𝜂𝑎𝑏)𝑎,𝑏=0
𝐷 = (𝜂𝑎𝑏)

𝑎,𝑏=0

𝐷
: = (diag(−1,+1,+1,⋯ ,+1))𝑎,𝑏=0

𝐷  

𝑉𝑎:= 𝑉𝑏𝜂
𝑎𝑏 , 𝑉𝑎 = 𝑉

𝑏𝜂𝑎𝑏 

𝑉[𝑎1⋯𝑎𝑝]: =
1

𝑝!
∑  

𝜎∈Sym(𝑛)

(−1)|𝜎|𝑉𝑎𝜎(1)⋯𝑎𝜎(𝑝) 

𝜖012⋯:= +1 hence 𝜖012⋯:= −1.  

𝛿𝑏1⋯𝑏𝑝
𝑎1⋯𝑎𝑝: = 𝛿[𝑏1

[𝑎1⋯𝛿
𝑏𝑝]

𝑎𝑝] = 𝛿[𝑏1
𝑎1 ⋯𝛿

𝑏𝑝]

𝑎𝑝 = 𝛿𝑏1
[𝑎1⋯𝛿𝑏𝑝

𝑎𝑝]
 

𝑉𝑎1⋯𝑎𝑝𝛿𝑏1⋯𝑏𝑝
𝑎1⋯𝑎𝑝 = 𝑉[𝑏1⋯𝑏𝑝]  and  𝜖𝑐1⋯𝑐𝑝𝑎1⋯𝑎𝑞𝜖𝑐1⋯𝑐𝑝𝑏1⋯𝑏𝑞 = −𝑝! ⋅ 𝑞! 𝛿𝑏1⋯𝑏𝑞

𝑎1⋯𝑎𝑞
 

Γ𝑎Γ𝑏 + Γ𝑏Γ𝑎 = +2𝜂𝑎𝑏 .  
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Γ𝑎1⋯𝑎𝑝:= Γ[𝑎1⋯Γ𝑎𝑝]: =
1

𝑝!
∑  

𝜎

  (−1)|𝜎|Γ𝑎𝜎(1)⋯Γ𝑎𝜎(𝑝) ,  

Γ𝑎1⋯𝑎𝑝 = {
Γ𝑎1⋯Γ𝑎𝑝  

0   
 

𝜂 = −𝜂CDF, Γ𝑎 = iΓ𝑎
CDF  

(𝑉 ⊗ 𝑉′)𝜎:= 𝑉0⊗𝑉0+𝜎
′ ⊕𝑉1⊗𝑉1+𝜎

′  

𝑉 ⊗ 𝑉′ ↭
br
𝑉,𝑉′

 

∼ 
𝑉′⊗𝑉  

𝑣 ∈ 𝑉𝜎 , 𝑣
′ ∈ 𝑉𝜎′

′  ⇒  brd𝑉,𝑉′(𝑣 ⊗ 𝑣′):= (−1)𝜎⋅𝜎
′
𝑣′⊗𝑣 

𝑉 ∈ Mod ⇒  {

𝑉odd ∈ sMod
(𝑉odd )0 = 0
(𝑉odd )1 = 𝑉

 

(𝑉∗)𝜎 ≅ (𝑉𝜎)
∗ 

(−) ⋅ (−): 𝐴 ⊗ 𝐴 ⟶ 𝐴 

𝑎 ∈ 𝐴𝜎 , 𝑎
′ ∈ 𝐴𝜎′ ⇒ {

𝑎 ⋅ 𝑎′ ∈ 𝐴𝜎+𝜎′

𝑎 ⋅ 𝑎′ = (−1)𝜎⋅𝜎
′
𝑎′ ⋅ 𝑎

 

(−)⊗ (−): sCAlg × sCAlg ⟶ sCAlg 

(𝐴 ⊗ 𝐴′)𝜎: = 𝐴0⊗𝐴𝜎
′ ⊕𝐴1⊗𝐴1+𝜎

′  

 SmthMfd  ↬ sCAlgop 

𝑋 ⇝ 𝐶∞(𝑋)
 

𝜃𝜌1𝜃𝜌2 = −𝜃𝜌2𝜃𝜌1 , 𝜃𝜌𝜃𝜌 = 0 

𝑎 +∑  

𝑞

𝜌=1

𝑎𝜌𝜃
𝜌 + ∑  

𝑞

𝜌1,𝜌2=1

1

2
𝑎𝜌1𝜌2𝜃

𝜌1𝜃𝜌2 +⋯+ 𝑎1⋯𝑞𝜃
1⋯𝜃𝑞 , 𝑎… ∈ ℝ 

 

 

{𝑈𝑖 ≅ ℝ
𝑛∣𝑞 ↭

𝜄𝑖 
ℝ𝑛∣𝑞}

𝑖∈𝐼
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 sSmthSet := 𝐿liso  Func(sCartS𝑝op, Set).  

 

 

 

 

𝑋 ∈ sSmthMfd ⇒  Plt(ℝ𝑛∣𝑞 , 𝑋): = HomsSmthMfd(ℝ
𝑛∣𝑞 , 𝑋). 

 sSmthMfd ↭  sSmthSet.  

 

 

 

 

 

𝑓(𝑥) +∑  

𝑞

𝜌=1

𝑓𝜌(𝑥)𝜃
𝜌 + ∑  

𝑞

𝜌1,𝜌2=1

1

2
𝑓(𝑥)𝜌1𝜌2𝜃

𝜌1𝜃𝜌2 +⋯+ 𝑓(𝑥)1⋯𝑞𝜃
1⋯𝜃𝑞  ⟼ 𝑓(𝑥) 

𝜂: sSmthMfd ⟶  sSmthMfd  
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𝑉 =⨁ 
𝑛∈ℤ
𝜎∈ℤ2

𝑉𝑛,𝜎 

(𝑉 ⊗ 𝑉′)𝑛,𝜎: = ⨁  

𝑘∈ℤ,𝜌∈ℤ2

𝑉𝑘,𝜎⊗𝑉𝑛−𝑘,𝜎−𝜌, 

𝑣 ∈ 𝑉𝑛,𝜎 , 𝑣
′ ∈ 𝑉𝑛′,𝜎′  ⇒  brd𝑉,𝑉′(𝑣 ⊗ 𝑣′) = (−1)𝑛⋅𝑛

′
(−1)𝜎⋅𝜎

′
𝑣′⊗𝑣 

 sgMod 
ft ↬  sgMod  

(𝑉∗)𝑛,𝜎 = (𝑉−𝑛,𝜎)
∗
.  

(𝑉∨)𝑛,𝜎:= (𝑉𝑛,𝜎)
∗

 

(𝑏𝑉)𝑛,𝜎:= 𝑉𝑛−1,𝜎  

𝐴 ≡⊕
𝑛∈ℤ

(𝐴𝑛,0⊕𝐴𝑛,1) 

(−) ⋅ (−): 𝐴 ⊗ 𝐴 ⟶ 𝐴 

𝑎 ∈ 𝐴𝑛,𝜎 , 𝑎
′ ∈ 𝐴𝑛′,𝜎′

′ ,⇒  {
𝑎 ⋅ 𝑎′ ∈ 𝐴𝑛+𝑛′,𝜎+𝜎′

𝑎 ⋅ 𝑎′ = (−1)𝑛⋅𝑛
′+𝜎⋅𝜎′𝑎′ ⋅ 𝑎

 

ℝ[𝑉]: = Sym(𝑉) ∈ sgCAlg 

𝑣𝑖 ⋅ 𝑣𝑖′
′ = (−1)𝑛𝑖⋅𝑛𝑖′

′ +𝜎𝑖⋅𝜎𝑖′
′

𝑣𝑖′
′ ⋅ 𝑣𝑖 

d: 𝐴 ⟶ 𝐴 

𝑎 ∈ 𝐴𝑛,𝜎 , 𝑎
′ ∈ 𝐴𝑛′,𝜎′

′ ⇒ {
d𝑎 ∈ 𝐴𝑛+1,𝜎
 d(𝑎 ⋅ 𝑎′) = (d𝑎) ⋅ 𝑎′ + (−1)𝑛𝑎 ⋅  d𝑎′

dd𝑎 = 0

 

(𝐴⊗ 𝐴′)𝑛,𝜎:= ⨁  

𝑘∈ℤ,𝜌∈ℤ2

𝐴𝑘,𝜎⊗𝐴𝑛−𝑘,𝜎−𝜌. 

 

[𝑣𝑖, 𝑣𝑗] = 𝑓𝑘
𝑖𝑗
𝑣𝑘 

𝜔𝑖𝜔𝑗 = −(−1)
𝜎𝑖⋅𝜎𝑗𝜔𝑗𝜔𝑖 

d𝜔𝑘 =
1

2
𝑓𝑘
𝑖𝑗
𝜔𝑖𝜔𝑗 

𝔦𝔰𝔬(ℝ1,10∣𝟑𝟐) ∈ shLAlgfr 
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CE (𝔦𝔰𝔬(ℝ1,𝐷−1∣𝟑𝟐)) = ℝ[

(𝑒𝑎)𝑎=0
10 , deg(𝑒𝑎) = (1,0)

(𝜔𝑎𝑏 = −𝜔𝑏𝑎)
𝑎,𝑏=0

10
, deg(𝜔𝑎𝑏) = (1,0)

(𝜓)𝛼=1
32 , deg(𝜓𝛼) = (1,1)

] /(

d𝑒𝑎 = −𝜔𝑎 𝑏𝑒
𝑏 + (𝜓‾Γ𝑎𝜓)

d𝜔𝑎𝑏 = −𝜔𝑎 𝑐𝜔
𝑐𝑏

 d𝜓𝛼 = 0

) 

 

ℝ1,10∣𝟑𝟐: = 𝔦𝔰𝔬(ℝ1,10∣𝟑𝟐)/𝔰𝔬(ℝ1,10∣𝟑𝟐)

CE(ℝ1,10∣𝟑𝟐) = ℝ [
(𝑒𝑎)𝑎=0

10 , deg(𝑒𝑎) = (1,0)

(𝜓)𝛼=1
32 , deg(𝜓𝛼) = (1,1)

] / (
d𝑒𝑎 = +(𝜓‾Γ𝑎𝜓)

d𝜓𝛼 = 0
)

 

[𝑄‾𝛼 , 𝑄𝛽] = Γ𝛼𝛽
𝑎 𝑃𝑎  

CE(𝔩𝑆4) ≅ ℝ[𝐺4, 𝐺7]/ (
d𝐺4 = 0

 d𝐺7 =
1
2
𝐺4𝐺4

)  

 

d𝐺7 =
1

2
𝐺4𝐺4

𝑣6 = [𝑣3, 𝑣3]
 

 

d (
1

2
(𝜓‾Γ𝑎1𝑎2𝜓)𝑒

𝑎1𝑒𝑎2) = 0

 d (
1

5!
(𝜓‾Γ𝑎1⋯𝑎5𝜓)𝑒

𝑎1⋯𝑒𝑎5) =
1

2
(
1

2
(𝜓‾Γ𝑎1𝑎2𝜓)𝑒

𝑎1𝑒𝑎2) (
1

2
(𝜓‾Γ𝑎1𝑎2𝜓)𝑒

𝑎1𝑒𝑎2)

} ∈ CE(ℝ1,10∣𝟑𝟐)  
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ΩdR
1 (ℝ𝑛∣𝑞) ≅ HomsSmthMfd

fib.lin. (𝑇(ℝ𝑛∣𝑞), ℝ × ℝodd)  

𝑇×𝑘(ℝ𝑛∣𝑞) ⟶ ℝ ×ℝodd  
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ΩdR
1 (ℝ𝑛∣𝑞; ℝ) ≅ ΩdR

1 (ℝ𝑛∣𝑞)
0

ΩdR
1 (ℝ𝑛∣𝑞; 𝑏𝑘ℝ) ≅ ΩdR

1+𝑘(ℝ𝑛∣𝑞)
0

ΩdR
1 (ℝ𝑛∣0; 𝑏𝑘ℝ) ≅ ΩdR

1+𝑘(ℝ)

ΩdR
1 (ℝ𝑛∣0; 𝑏𝑘ℝodd) ≅ 0

ΩdR
1 (ℝ0∣1; ℝ) ≅ ℝ⟨𝜃d𝜃⟩

ΩdR
1 (ℝ0∣1; ℝodd) ≅ ℝ⟨d𝜃⟩

ΩdR
1 (ℝ1∣1; ℝ) ≅ 𝐶∞(ℝ)⟨d𝑥⟩ ⊕ 𝐶∞(ℝ)⟨𝜃d𝜃⟩

ΩdR
1 (ℝ1∣1; ℝodd) ≅ 𝐶∞(ℝ)⟨𝜃d𝑥⟩ ⊕ 𝐶∞(ℝ)⟨d𝜃⟩

ΩdR
1 (ℝ1∣2; ℝ) ≅ 𝐶∞(ℝ)⟨d𝑥, 𝜃1𝜃2dx⟩ ⊕ 𝐶∞(ℝ)⟨𝜃1 d𝜃1, 𝜃2 d𝜃1, 𝜃1 d𝜃2, 𝜃2 d𝜃2⟩

ΩdR
1 (ℝ1∣2; ℝodd) ≅ 𝐶∞(ℝ)⟨𝜃1 d𝑥, 𝜃2 d𝑥⟩⊕ 𝐶∞(ℝ)⟨d𝜃1, d𝜃2⟩

 

 

𝐹: 𝑋 ⟶ ΩdR
1 (−; 𝑉). 

ΩdR
1 (𝑋; 𝑉): = HomsSmthSet(𝑋, ΩdR

1 (−;𝑉)).  

 

 

 

 

𝑇(ℝ𝑛∣𝑞) ⟶ 𝔞  

ΩdR
1 (−; 𝔞)clsd ↝ ΩdR

1 (−; 𝔞) ∈  sSmthSet.  

ΩdR
1 (𝑋; 𝔞)clsd := HomsSmthSet (𝑋;ΩdR

1 (−; 𝔞)clsd )  

ΩdR
1 (𝑋; 𝑏𝑘ℝ)

clsd
≅ {𝐹 ∈ ΩdR

1+𝑘(𝑋) ∣ d𝐹 = 0} 
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HomsSmthSet (𝑋, ΩdR
1 (−; 𝔩𝑆4)) ≅ ΩdR

1 (𝑋; 𝔩𝑆4). 

𝐹(0), 𝐹(1) ∈ ΩdR
1 (𝑋; 𝔞)clsd  

 

𝐻dR
1 (𝑋; 𝔞):= ΩdR

1 (𝑋; 𝔞)clsd /∼.  

𝐻dR
1 (𝑋; 𝑏𝑛ℝ) ≅ 𝐻dR

𝑛+1(𝑋), 
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𝜄0
∗𝐺̂4 = 0  

𝜄𝜕𝑡𝐶̂3 = 0  and  ∀
𝑡∈[0,1]

𝐶̂3(−, 𝑡) = ∫  
[0,𝑡]

𝐺̂4 

𝐺4 = 𝐴4 + d𝑡𝐵3,  with  𝜄𝜕𝑡𝐴4 = 0  and  𝜄𝜕𝑡𝐵3 = 0,  

d𝑋𝐴4 = 0  and  d[0,1]𝐴4 = d𝑡 d𝑋𝐵3  
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d∫  
[0,−]

 𝐺4 = (d[0,1] + d𝑋)∫  
[0,−]

 d𝑡′𝐵3(𝑡
′)          

 = d𝑡𝐵3 +∫  
[0,−]

 d𝑡′d𝑋𝐵3(𝑡
′)          

 = d𝑡𝐵3 +∫  
[0,−]

 d[0,1]𝐴4           

 = d𝑡𝐵3 + 𝐴4           

 = 𝐺4           

 

𝐶3 ∈ ΩdR
3 (𝑋)

𝐶6 ∈ ΩdR
6 (𝑋)

}   such that  {

d𝐶3 = 𝐺4

 d𝐶6 = 𝐺7 −
1

2
𝐶3𝐺4

 

(𝐶3, 𝐶6) ∼ (𝐶3
′ , 𝐶6

′)  ⇔  ∃
𝐵2 ∈ ΩdR

2 (𝑋)

𝐵5 ∈ ΩdR
5 (𝑋)

}  such that {
d𝐵2 = 𝐶3

′ − 𝐶3

 d𝐵5 = 𝐶6
′ − 𝐶6 −

1

2
𝐶3
′𝐶3

 

 

 

 

 

 

 

d∫  
[0,1]

  𝐹̂ = 𝜄1
∗𝐹̂ − 𝜄0

∗ 𝐹̂ − ∫  
[0,1]

 d𝐹̂  
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(𝐺4, 𝐺7) ∈ ΩdR
1 (𝑋 × [0,1]; 𝔩𝑆4)clsd  with  {

𝜄1
∗(𝐺̂4, 𝐺7) = (𝐺4, 𝐺7)

𝜄0
∗(𝐺̂4, 𝐺7) = 0

 

 

 

𝐶̂3 ∈ ΩdR
3 (𝑋 × [0,1]), 𝐶̂3(−, 𝑡): = ∫  

[0,𝑡]

𝐺4 

d𝐶̂3 = 𝐺4  and  𝜄0
∗ 𝐶̂3 = ∫  

[0,0]

 𝐺4 = 0, 𝜄1
∗𝐶̂3 = ∫  

[0,1]

 𝐺4 = 𝐶3  

d∫  
[0,1]

 (𝐺̂7 −
1

2
(∫  
[0,−]

 𝐺4) 𝐺̂4)= 𝜄1
∗ (𝐺7 −

1

2
(∫  
[0,−]

 𝐺4)𝐺4) − ∫  
[0,1]

 (𝐺7 −
1

2
(∫  
[0,−]

 𝐺4)𝐺4)
⏟              

=0

    

 = 𝐺7 −
1

2
𝐶3𝐺4

 

𝐺4:= 𝑡𝐺4 + dt𝐶3
𝐺7: = 𝑡

2𝐺7 + 2𝑡 d𝑡𝐶6
}  ≝  {

d(𝑡𝐺4 + d𝑡𝐶3) = 0

 d(𝑡2𝐺7 + 2𝑡 d𝑡𝐶6) =
1

2
(𝑡𝐺4 + d𝑡𝐶3)(𝑡𝐺4 + d𝑡𝐶3)

 

 ∫  
[0,𝑡′]

  (𝑡𝐺4 + d𝑡𝐶3) = 𝑡
′𝐶3

 ∫  
[0,1]

  (𝑡2𝐺7 + 2𝑡 d𝑡𝐶6⏟          
𝐺7

−
1

2
𝑡𝐶3⏟
𝐶̂3

(𝑡𝐺4 + d𝑡𝐶3)⏟        
𝒢̂4

) = 2𝐶6∫  
[0,1]

 𝑡 d𝑡 = 𝐶6

 

 

(𝐺̂̂4, 𝐺7) ∈ ΩdR
1 (𝑋 × [0,1]𝑡 × [0,1]𝑠; 𝔩𝑆

4)clsd,  such that:  {
𝜄𝑠=1
∗ (𝐺4, 𝐺7) = (𝐺4

′ , 𝐺7
′)

𝜄𝑠=0
∗ (𝐺4, 𝐺7) = (𝐺4, 𝐺7)
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𝐵2∶= ∫  
𝑠∈[0,1]

 ∫  
𝑡∈[0,1]

 𝐺4

𝐵5∶= ∫  
𝑠∈[0,1]

 ∫  
𝑡∈[0,1]

 (𝐺7 −
1

2
(∫  
𝑡′∈[0,−]

 𝐺4)𝐺4) −
1

2
𝐵2𝐶3

 

d∫  
𝑠∈[0,1]

 ∫  
𝑡∈[0,1]

 𝐺4

=𝜄𝑠=1
∗ ∫  

𝑡∈[0,1]

 𝐺4 − 𝜄𝑠=0
∗ ∫  

𝑡∈[0,1]

 𝐺4 −∫  
𝑠∈[0,1]

 d∫  
𝑡∈[0,1]

𝐺̂̂4  

= ∫  
𝑡∈[0,1]

  𝜄𝑠=1
∗ 𝐺̂̂4 −∫  

𝑡∈[0,1]

  𝜄𝑠=0
∗ 𝐺̂̂4 −∫  

𝑠∈[0,1]

 (𝜄𝑡=1
∗ 𝐺̂̂4 − 𝜄𝑡=0

∗ 𝐺̂̂4)⏟          
=0

+∫  
𝑠∈[0,1]

 ∫  
𝑡∈[0,1]

 d𝐺4⏟
=0

= ∫  
𝑡∈[0,1]

 𝐺4
′ −∫  

𝑡∈[0,1]

 𝐺4

=𝐶3
′ − 𝐶3

 

d∫  
𝑠∈[0,1]

 ∫  
𝑡∈[0,1]

 (𝐺7 −
1

2
(∫  
𝑡′∈[0,−]

 𝐺4)𝐺4)

= ∫  
𝑡∈[0,1]

  (𝐺̂7
′ −

1

2
𝐶̂3
′ 𝐺̂4
′) − ∫  

𝑡∈[0,1]

  (𝐺̂7 −
1

2
𝐶̂3𝐺̂4) − ∫  

𝑠∈[0,1]

 d∫  
𝑡∈[0,1]

 (𝐺̂̂7 −
1

2
(∫  
𝑡′∈[0,−]

 𝐺4)𝐺4)

=𝐶6
′ − 𝐶6 +

1

2
(∫  
𝑠∈[0,1]

 ∫  
𝑡∈[0,1]

 𝐺4)𝐺4

=𝐶6
′ − 𝐶6 +

1

2
𝐵2𝐺4

 

d𝐵5 = d∫  
𝑠∈[0,1]

 ∫  
𝑡∈[0,1]

 (𝐺̂̂7 −
1

2
(∫  
𝑡′∈[0,−]

 𝐺4)𝐺4) − d
1

2
𝐵2𝐶3   

 = 𝐶6
′ − 𝐶6 +

1

2
𝐵2𝐺4−

1

2
(𝐶3
′ − 𝐶3)𝐶3 −

1

2
𝐵2𝐺4⏟                

d(−
1
2
𝐵2𝐶3)

   

 = 𝐶6
′ − 𝐶6 −

1

2
𝐶3
′𝐶3

 

 

d(𝐶6
′ − 𝐶6) = −

1

2
(𝐶3

′ − 𝐶3)𝐺4,  
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𝜓 ∈ ΩdR
1 (𝑋;𝐍odd), 

[𝑋, 𝑌](ℝ𝑛∣𝑞):= HomsSmthSet(𝑋 × ℝ
𝑛∣𝑞 , 𝐹), 

[𝑋, 𝑌](ℝ𝑛∣𝑞) ≅ HomsSmthMfd(𝑋 × ℝ
𝑛∣𝑞 , 𝑌) 

 

 

 

[𝑋, ΩdR
1 (−; 𝑉)] ∈  sSmthSet  

HomsSmthSet(𝑋 × ℝ
𝑛∣𝑞 , ΩdR

1 (−; 𝑉)) ≅ ΩdR
1 (𝑋 × ℝ𝑛∣𝑞; 𝑉), 

[𝑇𝑋, 𝑉]fib.lin. ↪ [𝑇𝑋, 𝑉] 

[𝑇𝑋, 𝑉]fib.lin. (ℝ𝑛∣𝑞):= HomsSmthMfd 
fib.lin. (𝑇𝑋 × ℝ𝑛∣𝑞 , 𝑉). 

[𝑇𝑋, 𝑉]fib.lin. (ℝ𝑛∣𝑞) ≅ (ΩdR
1 (𝑋) ⊗̂ 𝐶∞(ℝ𝑛∣𝑞)⊗ (𝑉∨)∗)

(1,0)
 

 

 

𝜓𝛼 = 𝜓𝛼  𝑟 ⋅  d𝑥𝑟 
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∫  ΩdR
1 (−; 𝔞)clsd :  sCartSp op ⟶  SimpSet 

Kan 
.  

 

 

 sSmthGrpd  ∞: = 𝐿
lhe  Func(sCartS𝑝op,  SimpSet 

Kan 
),  

sCartSpop⟶ SimpSetKan 

ℝ𝑛∣𝑞  ⟼  Plt(ℝ𝑛∣𝑞 , 𝒳)
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𝐵2ℤ:= 𝐾(ℤ, 2) = 𝐻ℤ[2] 

𝐻2(𝑋; ℤ): = 𝐻1(𝑋; 𝐵ℤ) ≃ 𝜋0Map(𝑋̂, 𝐻ℤ[2]) 
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⊕
𝑘∈ℕ

ΩdR
2𝑘+1(−)clsd = ΩdR

1 (−;⊕
𝑘∈ℕ

𝑏2𝑘ℝ)
clsd

 

d𝐻3 = 0,  d𝐹2𝑘+1 = 𝐻3𝐹2𝑘−1 
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[𝐺4, 𝐺7] ∈ im(𝜋
𝜏(𝑋) →

ch 
𝐻dR
𝜏 (𝑋; 𝔩𝑆4))  ⇒  [𝐺4 +

1

4
𝑝1] ∈ 𝐻

4(𝑋; ℤ) → 𝐻dR
4 (𝑋)  

𝜓𝛼 , 𝜓𝛽 ∈ ΩdR
1 (−;𝟑𝟐odd )  ⇒  𝜓

𝛼𝜓𝛽 = 𝜓𝛽𝜓𝛼  ∈ ΩdR
2 (−;𝟑𝟐odd ⊗𝟑𝟐odd )  

𝑎 ⋅ 𝑏 = 𝑐, 𝑐 ⋅ 𝑎 = 𝑏, 𝑏 ⋅ 𝑐 = 𝑎, 𝑏 ⋅ 𝑎 = −𝑐 

𝐿𝑣:𝕆 → 𝕆 
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𝜏:= (
1 0
0 −1

) , 𝜖:= (
0 1
1 0

) , 𝐽: = 𝜏 ⋅ 𝜖:= (
0 1
−1 0

). 

𝟑𝟐:= 𝕆4 ≅ℝ ℝ
32.  

Γ𝑎1⋯𝑎𝑝 =
(−1)(𝑝+1)(𝑝−2)/2

(11 − 𝑝)!
𝜖𝑎1⋯𝑎𝑝𝑏1⋯𝑎11−𝑝Γ𝑏1⋯𝑏11−𝑝 .  

Γ𝑎1⋯𝑎11 = 𝜖𝑎1⋯𝑎11Id𝟑𝟐, Γ𝑎1⋯𝑎6 = +
1

5!
𝜖𝑎1⋯𝑎6𝑏1⋯𝑏5Γ𝑏1⋯𝑏5 ,

Γ𝑎1⋯𝑎10 = 𝜖𝑎1⋯𝑎10𝑏Γ𝑏 , Γ𝑎1⋯𝑎5 = −
1

6!
𝜖𝑎1⋯𝑎5𝑏1⋯𝑏6Γ𝑏1⋯𝑏6 .

 

Γ10 ⋅ Γ9 ⋅ Γ8 ⋅ Γ7 ⋅ Γ6 ⋅ Γ5 ⋅ Γ4 ⋅ Γ3 ⋅ Γ2 ⋅ Γ1 = 𝜏𝜖
3𝐽 ⊗ 𝐽𝜖𝜏 ⊗ 1 = −Id𝟑𝟐 ⋅ 

Γ0 ⋅ Γ1 ⋅ Γ2⋯Γ10 = +1,  

Γ𝑎1⋯𝑎11 = 𝜖𝑎1⋯𝑎11Id𝟑𝟐.  

Γ𝑎1⋯𝑎𝑝 =
−1

(11 − 𝑝)!
𝜖𝑏1⋯𝑏11−𝑝𝑎𝑝𝑎𝑝−1⋯𝑎1Γ𝑏1⋯𝑏11−𝑝 Γ𝑎𝑝𝑎𝑝−1⋯𝑎1⏟      

no sum 

Γ𝑎1𝑎2⋯𝑎𝑝   

=
−1

(11 − 𝑝)!
𝜖𝑏1⋯𝑏11−𝑝𝑎𝑝⋯𝑎1Γ𝑏1⋯𝑏11−𝑝   Γ𝑎𝜎(𝑖)Γ

𝑎𝜎(𝑖) = 1

=
−(−1)𝑝(𝑝−1)/2

(11 − 𝑝)!
𝜖𝑏1⋯𝑏11−𝑝𝑎1⋯𝑎𝑝Γ𝑏1⋯𝑏11−𝑝

=
−(−1)𝑝(𝑝−1)/2+𝑝(11−𝑝)

(11 − 𝑝)!
𝜖𝑎1⋯𝑎𝑝𝑏1⋯𝑏11−𝑝Γ𝑏1⋯𝑏11−𝑝

=
(−1)(𝑝+1)(𝑝−2)/2

(11 − 𝑝)!
𝜖𝑎1⋯𝑎𝑝𝑏1⋯𝑏11−𝑝Γ𝑏1⋯𝑏11−𝑝 .

 

Γ𝑎𝑗⋯𝑎1Γ𝑏1⋯𝑏𝑘 = ∑  

min(𝑗,𝑘)

𝑙=0

 ± 𝑙! (
𝑗

𝑙
) (
𝑘

𝑙
)𝛿[𝑏1⋯𝑏𝑙

[𝑎1⋯𝑎𝑙Γ𝑎𝑗⋯𝑎𝑙+1] 𝑏𝑙+1⋯𝑏𝑘]
 

Γ𝑎𝑗⋯𝑎1Γ𝑏1⋯𝑏𝑘 =
𝑗𝑘

𝑙
Γ[𝑎𝑗⋯𝑎2𝛿[𝑏1

𝑎1]Γ𝑏2⋯𝑏𝑘] 

Γ𝑎𝑗⋯𝑎1Γ𝑏1⋯𝑏𝑘 = (−1)
𝑗−1

𝑗𝑘

𝑙
𝛿[𝑏1
[𝑎1Γ𝑎𝑗⋯𝑎2]Γ𝑏2⋯𝑏𝑘] 

 

 

Tr (Γ𝑎1⋯𝑎𝑝) = 0.  
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𝜙 =
1

32
∑  

5

𝑝=0

 
(−1)𝑝(𝑝−1)/2

𝑝!
Tr (𝜙 ∘ Γ𝑎1⋯𝑎𝑝)Γ

𝑎1⋯𝑎𝑝 .  

𝟑𝟐 × 𝟑𝟐 ⟶ ℝ
 (𝜓, 𝜙) ⟼ (𝜓‾𝜙):= Re(𝜓† ⋅ Γ0 ⋅ 𝜙)

 

(𝜓‾𝜙) = −(𝜙‾𝜓).  

(Γ𝑎)
† = {

−Γ𝑎 ∣  𝑎 = 0
+Γ𝑎 ∣  𝑎 ≠ 0

} = Γ0Γ𝑎Γ0,  

(Γ𝑎𝜓𝜙) = Re((Γ𝑎𝜓)
†Γ0𝜙)                   

= Re(𝜓† Γ0Γ𝑎Γ0⏟  
(Γ𝑎)

†

Γ0𝜙)                   

 = −Re(𝜓†Γ0Γ𝑎𝜙)                   

 = −(𝜓‾Γ𝑎𝜙)                   

 

Γ𝑎1⋯𝑎𝑝 = (−1)
𝑝+𝑝(𝑝−1)/2Γ𝑎1⋯𝑎𝑝 .  

(𝜙‾1𝜓)(𝜓‾𝜙2) =
1

32
((𝜓‾Γ𝑎𝜓)(𝜙‾1Γ𝑎𝜙2) −

1

2
(𝜓‾Γ𝑎1𝑎2𝜓)(𝜙‾1Γ𝑎1𝑎2𝜙2) +

1

5!
(𝜓‾Γ𝑎1⋯𝑎5𝜓)(𝜙‾1Γ𝑎1⋯𝑎5𝜙2)) . 

𝜓(𝜓‾Γ𝑎1⋯𝑎𝑝𝜓) ∈ 𝟑𝟐. 

⟨𝜓𝛼 (𝜓‾Γ𝑎1⋯𝑎𝑝𝜓)⟩
𝑎𝑖∈{0,⋯,10},𝛼∈{1,⋯,32}

∈ Repℝ(Spin(1,10)). 

(32⊗ 32)sym≅ 11⊕ 55⊕ 462  

(32⊗ 32⊗ 32)sym ≅ 32⊕ 320⊕ 1408⊕ 4424

(32⊗ 32⊗ 32⊗ 32)sym ≅ 1⊕ 165⊕ 330⊕ 462⊕ 65⊕ 429⊕ 1144⊕ 17160⊕ 32604.

 

⟨Ξ𝑎1⋯𝑎𝑝
𝛼 = Ξ[𝑎1⋯𝑎𝑝]

𝛼 ⟩
𝑎𝑖∈{0,⋯,10},𝛼∈{1,⋯32}

∈ Repℝ(Spin(1,10))

  Γ𝑎1Ξ𝑎1𝑎2⋯𝑎𝑝 = 0
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𝜓‾𝜓 = 0,𝜓‾Γ[𝑎1𝑎2𝑎3]𝜓 = 0,𝜓
‾Γ[𝑎1⋯𝑎4]𝜓 = 0,𝜓

‾Γ[𝑎1⋯𝑎7]𝜓 = 0,𝜓
‾Γ[𝑎1⋯𝑎8]𝜓 = 0,𝜓

‾Γ[𝑎1⋯𝑎11]𝜓 = 0,  

(𝜓‾Γ𝑎𝜓) (
11

1
) = 11

(𝜓‾Γ𝑎𝑏𝜓) (
11

2
) = 55

(𝜓‾Γ𝑎1⋯𝑎5𝜓) (
11

5
) = 462.

 

(𝜓‾Γ[𝑎1⋯𝑎𝑝]𝜙) ≡ Re (𝜓
†Γ0Γ[𝑎1⋯𝑎𝑝]𝜙)

 = −Re (𝜙† (Γ[𝑎1⋯𝑎𝑝])
†
Γ0𝜓)

 = −Re (𝜙†Γ0Γ0
−1 (Γ[𝑎1⋯𝑎𝑝])

†
Γ0𝜓)

 = −(−1)𝑝+𝑝(𝑝−1)/2Re(𝜙†Γ0Γ[𝑎1⋯𝑎𝑝]𝜓)

 = −(−1)𝑝(𝑝+1)/2 (𝜙‾Γ[𝑎1⋯𝑎𝑝]𝜓) .

 

(𝜓‾Γ𝑎1𝜉) = 0,  and  (𝜓‾Γ𝑎1𝑎2𝜉) = 0  and  (𝜓‾Γ𝑎1⋯𝑎5𝜉) = 0  for all 𝑎1, 𝑎2⋯𝑎5, 

(𝜓‾Γ𝑎𝑏𝜓)(𝜓‾Γ
𝑎𝜓)= 0,  

(𝜓‾Γ𝑎𝑏1⋯𝑏4𝜓)(𝜓
‾Γ𝑎𝜓) = 3(𝜓‾Γ[𝑏1𝑏2𝜓)(𝜓

‾Γ𝑏3𝑏4]𝜓)

 = −
1

6
(𝜓‾Γ𝑎1𝑎2𝜓)(𝜓‾Γ𝑎1𝑎2𝑏1⋯𝑏4𝜓).

 

(32⊗ 32⊗ 32⊗ 32)sym⟶ 11. 

(𝜓‾Γ𝑎1𝑎2𝜓)(𝜓‾Γ𝑎1𝑎2𝑏1⋯𝑏4𝜓)

=
1

5!
(𝜓‾Γ𝑎1𝑎2𝜓)(𝜓‾Γ𝑐1⋯𝑐5𝜓)𝜖𝑎1𝑎2𝑏1⋯𝑏4𝑐1⋯𝑐5   

=
1

5!
(𝜓‾Γ𝑎1𝜓)(𝜓‾Γ𝑎2𝑐1⋯𝑐5𝜓)𝜖𝑎1𝑎2𝑏1⋯𝑏4𝑐1⋯𝑐5   

=
1

5! ⋅ 5!
(𝜓‾Γ𝑎1𝜓)(𝜓‾Γ𝑑1⋯𝑑5𝜓)𝜖

𝑎2𝑐1⋯𝑐5𝑑1⋯𝑑5𝜖𝑎1𝑎2𝑏1⋯𝑏4𝑐1⋯𝑐5   

= −
5! ⋅ 6!

5! ⋅ 5!
(𝜓‾Γ𝑎1𝜓)(𝜓‾Γ𝑑1⋯𝑑5𝜓)𝛿𝑎1𝑏1⋯𝑏4

𝑑1⋯𝑑5  

= −6(𝜓‾Γ𝑎1𝜓)(𝜓‾Γ𝑎1𝑏1⋯𝑏4𝜓)  

= −3 ⋅ 6(𝜓‾Γ[𝑏1𝑏2𝜓)(𝜓
‾Γ𝑏1𝑏2]𝜓)   

 

 

((𝑒𝑖
𝑎)𝑎=0
𝐷−1, (𝜓𝑖

𝛼)𝛼=1
𝑁 ) ∈ ΩdR

1 (𝑈𝑖; ℝ
1,𝐷−1∣𝐍)  
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((𝛾𝑖𝑗)
𝑎
 𝑏)

𝑎,𝑏=0

𝐷−1
∈ ΩdR

0 (𝑈𝑖 ∩ 𝑈𝑗; Spin(1,𝐷 − 1)) 

(𝜔𝑎  𝑏)𝑎,𝑏=0
𝑑 ∈ ΩdR

1 (𝑈𝑖; 𝔰𝔬(1, 𝐷 − 1))  

 

  ((𝑒𝑎)𝑎=0
𝐷−1, (𝜔𝑎𝑏)

𝑎,𝑏=0

𝐷−1
) ∈ ΩdR

1 (𝑈; 𝔦𝔰𝔬(ℝ1,𝐷−1))

  (𝜓𝛼)𝛼=1
𝑁 ∈ ΩdR

1 (𝑈; 𝐍odd)
 

𝑇𝑖
𝑎: = d𝑒𝑖

𝑎 + (𝜔𝑖)
𝑎  𝑏𝑒𝑖

𝑏 − (𝜓‾𝑖Γ
𝑎𝜓𝑖) = 0  

𝑒𝑎 = 𝑒𝑎 𝑟 d𝑥
𝜇 + 𝑒𝑎  𝜌d𝜃

𝜌, 𝜓𝛼 = 𝜓𝛼  𝑟 d𝑥
𝑟 + 𝜓𝛼  𝜌d𝜃

𝜌.  

 

𝑒𝑎 : = 𝛿𝑟
𝑎 d𝑥𝑟 + (𝜃‾Γ𝑎 d𝜃)

 𝜓𝛼 : = 𝛿𝜌
𝛼𝜃𝜌

  𝜔𝑎  𝑏 : = 0

 

 

 

d𝑇𝑎 +𝜔𝑏
𝑎𝑇𝑏⏞        

0

= +𝑅𝑎𝑏𝑒𝑏 + 2(𝜓‾Γ
𝑎𝜌),

d𝜌 +
1

4
𝜔𝑎𝑏Γ𝑎𝑏𝜌 = +

1

4
𝑅𝑎𝑏Γ𝑎𝑏𝜓,

 d𝑅𝑎𝑏 +𝜔𝑎 𝑎′𝑅
𝑎′𝑏 − 𝑅𝑎𝑏

′
𝜔𝑏 𝑏′ = 0,

 

𝜌 =: 
1

2
𝜌𝑎𝑏𝑒

𝑎𝑒𝑏 +𝐻𝑎𝜓𝑒
𝑎 + (𝜓‾𝜅𝜓) 
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d = d𝑥𝑟
𝜕

𝜕𝑥𝑟
+ d𝜃𝜌

𝜕

𝜕𝜃𝜌
= 𝑒𝑎𝜕𝑎 + 𝜓

𝛼𝜕𝛼 

𝜔:=
1

𝑝!
𝜔𝑎1⋯𝑎𝑝𝑒

𝑎1⋯𝑒𝑎𝑝 

d (
1

𝑝1
𝜔𝑎1⋯𝑎𝑝𝑒

𝑎1⋯𝑒𝑎𝑝) =
1

𝑝!
(∇𝑎0𝜔𝑎1⋯𝑎𝑝) 𝑒

𝑎0⋯𝑒𝑎𝑝 +
1

(𝑝 − 1)!
𝜔𝑎1𝑎2⋯𝑎𝑝(𝜓

‾Γ𝑎1𝜓)𝑒𝑎2⋯𝑒𝑎𝑝

+
1

𝑝!
(∇𝛼𝜔𝑎1⋯𝑎𝑝)𝜓

𝛼𝑒𝑎1⋯𝑒𝑎𝑝   

   

 

d(𝜅𝛼𝜓
𝛼) = (∇𝑎𝜅𝛼)𝑒

𝑎𝜓𝛼
  

+ 𝜅𝛼𝜌
𝛼

+(∇𝛽𝜅𝛼)𝜓
𝛽𝜓𝛼

 

 

d (
1

𝑝!
(𝜓‾Γ𝑎1⋯𝑎𝑝𝜓)𝑒

𝑎1⋯𝑒𝑎𝑝)

=
1

(𝑝 − 1)!
(𝜓‾Γ𝑎1⋯𝑎𝑝𝜓)(𝜓

‾Γ𝑎1𝜓)𝑒𝑎2⋯𝑒𝑎𝑝 −
2

𝑝!
(𝜓‾Γ𝑎1⋯𝑎𝑝𝜌)𝑒

𝑎1⋯𝑒𝑎𝑝 .

 

 

∇𝑟Γ𝑎
𝛼  𝛽 = 𝜕𝑟Γ𝑎

𝛼  𝛽⏟  
=0

+ 𝜔𝑟𝑎
𝑎′Γ𝑎′

𝛼  𝛽 +
1

4
𝜔𝑟
𝑏1𝑏2 ((Γ𝑏1𝑏2)

𝛼
 𝛼′Γ𝑎

𝛼′  𝛽 − Γ𝑎
𝛼  𝛽′(Γ𝑏1𝑏2)

𝛽′

 𝛽)  

= 𝜔𝑟𝑎  
𝑎′Γ𝑎′  

𝛼 𝛽 +
1

4
𝜔𝑟𝑏2[Γ𝑏1𝑏2 , Γ𝑎]

𝛼
⏟          

=−4𝜔𝑟𝑎 
𝑎′Γ𝑎′

 𝛽

= 𝜔𝑟𝑎  
𝑎′Γ𝑎′  

𝛼 𝛽 −𝜔𝑟𝑎  
𝑎′Γ𝑎′  

𝛼 𝛽 = 0  

 

∇𝐴𝜂𝑎1𝑎2 = 𝜕𝐴𝜂𝑎1𝑎2⏟    
0

+𝜔𝐴𝑎1  
𝑎1
′
𝜂𝑎1′𝑎2⏟        

𝜔𝐴𝑎1𝑎2

+𝜔𝐴𝑎2  
𝑎2
′
𝜂𝑎1𝑎2′⏟        

𝜔𝐴𝑎2𝑎1

= 0 

0 = ∇𝐴(𝜖𝑎1⋯𝑎11𝜖
𝑎1⋯𝑎11) = 2𝜖𝑎1⋯𝑎11∇𝐴𝜖

𝑎1⋯𝑎11  ⇒  ∇𝐴𝜖𝑎1⋯𝑎11 = 0  

(𝜓‾𝜙) = 𝜓𝛼𝜂𝛼𝛽𝜙
𝛽 

∇𝐴𝜓𝛽 = ∇𝐴(𝜂𝛽𝛽′𝜓
𝛽′) = 𝜂𝛽𝛽′∇𝐴(𝜓

𝛽′)  

(𝐺4
𝑠, 𝐺7

𝑠) ∈ ΩdR
1 (𝑋; 𝔩𝑆4)clsd 

∇[𝑎(𝐺4)𝑎1⋯𝑎4] = 0  

𝐻𝑎 =
1

6

1

3!
(𝐺4)𝑎𝑏1𝑏2𝑏3Γ

𝑏1𝑏2𝑏3 −
1

12

1

4!
(𝐺4)

𝑏1⋯𝑏4Γ𝑎𝑏1⋯𝑏4  

𝜓𝛼∇𝛼(𝐺4)𝑎1⋯𝑎4 = 12(𝜓
‾Γ[𝑎1𝑎2𝜌𝑎3𝑎4])  

(𝜓‾Γ𝑎1𝑎2(𝜓
‾𝜅𝜓)) = 0.  
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d (
1

4!
(𝐺4)𝑎1⋯𝑎4𝑒

𝑎1⋯𝑒𝑎4 +
1

2
(𝜓‾Γ𝑎1𝑎2𝜓)𝑒

𝑎1𝑒𝑎2) = 0

 ⇔

{
  
 

  
 
(𝜓0) (∇[𝑎(𝐺4)𝑎1⋯𝑎4])𝑒

𝑎𝑒𝑎1⋯𝑒𝑎4 = 0

(𝜓1) (
1

4!
𝜓𝛼∇𝛼(𝐺4)𝑎1⋯𝑎4 −

1

2
(𝜓‾Γ[𝑎1𝑎2𝜌𝑎3𝑎4])) 𝑒

𝑎1⋯𝑒𝑎4 = 0

(𝜓2)
1

3!
(𝐺4)𝑎𝑏1𝑏2𝑏3(𝜓

‾Γ𝑎𝜓)𝑒𝑏1𝑏2𝑏3 − (𝜓‾Γ[𝑎1𝑎2𝐻𝑏]𝜓)𝑒
𝑎1𝑒𝑎2𝑒𝑏 = 0

(𝜓3) (𝜓‾Γ𝑎1𝑎2(𝜓
‾𝜅𝜓))𝑒𝑎1𝑒𝑎2 = 0

 

𝐻𝑎 = ℵ1
1

3!
(𝐺4)𝑎𝑏1𝑏2𝑏3Γ

𝑏1𝑏2𝑏3 + const2
1

4!
(𝐺4)

𝑏1⋯𝑏4Γ𝑎𝑏1⋯𝑏4  

(𝜓‾Γ𝑎1𝑎2𝐻𝑎3𝜓)𝑒
𝑎1𝑒𝑎2𝑒𝑎3 =ℶ1

1

3!
(𝐺4)𝑎3𝑏1𝑏2𝑏3(𝜓

‾Γ𝑎1𝑎2Γ
𝑏1𝑏2𝑏3𝜓)𝑒𝑎1𝑒𝑎2𝑒𝑎3

 +ℷ2
1

4!
(𝐺4)

𝑏1⋯𝑏4(𝜓‾Γ𝑎1𝑎2Γ𝑎3𝑏1⋯𝑏4𝜓)𝑒
𝑎1𝑒𝑎2𝑒𝑎3

=1ℷ1
1

3!
(𝐺4)𝑎3𝑏1𝑏2𝑏3(𝜓

‾Γ𝑎1𝑎2
𝑏1𝑏2𝑏3𝜓)𝑒𝑎1𝑒𝑎2𝑒𝑎3

 +6ℸ1
1

3!
(𝐺4)𝑏3𝑎1𝑎2𝑎3(𝜓

‾Γ𝑏3𝜓)𝑒𝑎1𝑒𝑎2𝑒𝑎3

 +8ℑ2
1

4!
(𝐺4)

𝑏1⋯𝑏3  𝑎3(𝜓
‾Γ𝑎1𝑎2 𝑏1⋯𝑏3𝜓)𝑒

𝑎1𝑒𝑎2𝑒𝑎3 ,

 

1 = 1! (
2

0
)(
3

0
) , 6 = 2! (

2

2
) (
3

2
) , 8 = 1! (

2

1
) (
4

1
). 

(∇𝑎1
1

7!
(𝐺7)𝑎2⋯𝑎8)𝑒

𝑎1⋯𝑒𝑎8 =
1

2
(
1

4!
(𝐺4)𝑎1⋯𝑎4

1

4!
(𝐺4)𝑎5⋯𝑎8)𝑒

𝑎1⋯𝑒𝑎8  

𝜓𝛼∇𝛼(𝐺7)𝑎1⋯𝑎7 =
7!

5!
(𝜓‾Γ[𝑎1⋯𝑎5𝜌𝑎6𝑎7])  

(𝐺7)𝑎1⋯𝑎7 = 𝜖𝑎1⋯𝑎7𝑏1⋯𝑏4
1

4!
(𝐺4)

𝑏1⋯𝑏4 , (𝐺4)𝑎1⋯𝑎4 = −𝜖𝑎1⋯𝑎4𝑏1⋯𝑏7
1

7!
(𝐺7)

𝑏1⋯𝑏7  

(𝜓‾Γ𝑎1⋯𝑎5(𝜓
‾𝜅𝜓)) = 0  
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(−
2

6

1

5!

1

3!
3! (

5

3
) (
3

3
) +

2

12

1

5!

1

4!
4! (

5

4
) (
4

4
) +

1

2

1

4!
)

⏞                                
=0

(𝐺4)𝑎2⋯𝑎5(𝜓
‾Γ𝑎𝑎1𝜓)𝑒

𝑎𝑒𝑎1⋯𝑒𝑎6 ,

(−
2

6

1

5!

1

3!
1 (
5

1
)(
3

1
) +

2

12

1

5!

1

4!
2 (
5

2
) (
4

2
))

⏟                          
=0

(𝐺4)𝑎1𝑎2𝑏1𝑏2(𝜓
‾Γ𝑎3⋯𝑎6  

𝑏1𝑏2𝜓)𝑒𝑎1⋯𝑒𝑎6 .

 

(𝜓‾Γ𝑎1⋯𝑎5𝑎𝑏1⋯𝑏4𝜓) = +𝜖𝑎1⋯𝑎5𝑎𝑏1⋯𝑏4𝑏(𝜓
‾Γ𝑏𝜓) 

(
1

6!
(𝐺7)𝑎1⋯𝑎6𝑏 −

2

12

1

5!

1

4!
(𝐺4)

𝑏1⋯𝑏4𝜖𝑎1⋯𝑎6𝑏𝑏1⋯𝑏4) (𝜓
‾Γ𝑏𝜓)𝑒𝑎1⋯𝑒𝑎6 = 0  

(𝐺4)𝑎1⋯𝑎4 = 𝛿𝑏1⋯𝑏4
𝑎1⋯𝑎4(𝐺4)𝑎1⋯𝑎4 = −

1

4! ⋅ 7!
𝜖𝑐1⋯𝑐7𝑎1⋯𝑎4𝜖𝑐1⋯𝑐7𝑏1⋯𝑏4(𝐺4)𝑎1⋯𝑎4

= −
1

7!
𝜖𝑎1⋯𝑎4𝑐1⋯𝑐7(𝐺7)

𝑐1⋯𝑐7   

 

5

5!
(𝜓‾Γ𝑎1⋯𝑎5𝜓)(𝜓

‾Γ𝑎1)𝑒𝑎2⋯𝑒𝑎5 =
1

23
((𝜓‾Γ𝑎1𝑎2𝜓)𝑒

𝑎1𝑒𝑎2) ((𝜓‾Γ𝑎1𝑎2𝜓)𝑒
𝑎1𝑒𝑎2) 

∇𝑏(𝐺4)
𝑏𝑎1𝑎2𝑎3 = −

1

7!
𝜖𝑏𝑎1𝑎2𝑎3𝑐1⋯𝑐7∇𝑏(𝐺7)𝑐1⋯𝑐7

=
1

2

1

7!
𝜖𝑎1𝑎2𝑎3𝑏𝑐1⋯𝑐7 (

1

4!
(𝐺4)𝑏𝑐1⋯𝑐3

1

4!
(𝐺4)𝑐4⋯𝑐7)  

 

𝐻𝑎 =
1

6

1

3!
(𝐺4)𝑎𝑏1𝑏2𝑏3Γ

𝑏1𝑏2𝑏3 −
1

12

1

4!
(𝐺4)

𝑏1⋯𝑏4Γ𝑎𝑏1⋯𝑏4                   

=
1

6

1

3!
(𝐺4)𝑎𝑏1𝑏2𝑏3Γ

𝑏1𝑏2𝑏3 +
1

12

1

4!

1

6!
(𝐺4)

𝑏1⋯𝑏4𝜖𝑎𝑏1⋯𝑏4𝑐1⋯𝑐6Γ
𝑐1⋯𝑐6                    

 =
1

6

1

3!
(𝐺4)𝑎𝑏1𝑏2𝑏3Γ

𝑏1𝑏2𝑏3 +
1

12

1

6!
(𝐺7)𝑎𝑐1⋯𝑐6Γ

𝑐1⋯𝑐6                   

 

 

 

Γ𝑎Γ
𝑎𝑏1𝑏2𝜌𝑏1𝑏2⏟        
=0

= 9Γ𝑏1𝑏2𝜌𝑏1𝑏2 , Γ𝑐𝑎Γ
𝑎𝑏1𝑏2𝜌𝑏1𝑏2⏟        
=0

= 8Γ𝑐𝑏1𝑏2𝜌𝑏1𝑏2⏟        
=0

+ 18Γ𝑏𝜌𝑐𝑏 , 

Γ𝑎𝑐𝜌𝑐𝑏 =
1

2
Γ𝑎Γ𝑐𝜌𝑐𝑏
⏞      

=0

−
1

2
Γ𝑐Γ𝑎𝜌𝑐𝑏

 =
1

2
Γ𝑎Γ𝑐𝜌𝑐𝑏⏟      
=0

− 𝜂𝑎𝑐𝜌𝑐𝑏 = −𝜌
𝑎  𝑣,
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0 = Γ𝑐1𝑐2𝑎Γ
𝑎𝑏1𝑏2𝜌𝑏1𝑏2           

 = 7Γ𝑐1𝑐2𝑏1𝑏2𝜌
𝑏1𝑏2 + 32Γ[𝑐1  

𝑏𝜌𝑐2]𝑏 − 18𝜌𝑐1𝑐2           

 = 7Γ𝑐1𝑐2𝑏1𝑏2𝜌
𝑏1𝑏2 + 14𝜌𝑐1𝑐2           

 

 

∇[𝑎1𝜌𝑎2𝑎3] =
1

3
Γ𝑏[𝑎1∇

𝑏𝜌𝑎2𝑎3]⏟        
∎2

−
1

15
Γ[𝑎1𝑎2 ∇𝑏𝜌

𝑏𝑎3]⏟    
∎2

−
1

3
Γ𝑏1𝑏2Γ[𝑏1𝑏2∇𝑎1𝜌𝑎2𝑎3]⏟            

∎2
 

Γ[𝑎1𝑎2∇𝑎3𝜌𝑎4𝑎5] = 𝐻
‾ [𝑎1Γ𝑎2𝑎3𝜌𝑎4𝑎5] −

1

3
(𝐺4)𝑏[𝑎1𝑎2𝑎3Γ

𝑏𝜌𝑎4𝑎5]

∇𝑏𝜌
𝑏 𝑎 =

5

84
Γ𝑏1⋯𝑏4 Γ[𝑏1𝑏2∇𝑏3𝜌𝑏4𝑎]⏟        

∎2

Γ𝑎[𝑐1∇𝑎𝜌
𝑐2𝑐3] = −Γ[𝑐1𝑐2∇𝑏𝜌

|𝑏|𝑐3]⏞    
∎2

+ 2𝐻‾𝑏Γ
[𝑏𝑐1𝜌𝑐2𝑐3]

 +2
5! ⋅ 84

7! ⋅ 4!
𝜖𝑐1𝑐2𝑐3𝑎1⋯𝑎8 (

12

4! ⋅ 4!
(𝐺4)𝑎1⋯𝑎4Γ𝑎5𝑎6𝜌𝑎7𝑎8 −

1

6!
(𝐺7)𝑏𝑎1⋯𝑎6Γ

𝑏𝜌𝑎7𝑎8)

 

Γ𝑏1⋯𝑏4Γ[𝑏1𝑏2∇𝑏3𝜌𝑏4𝑎]  =
84

5
∇𝑏𝜌𝑎

𝑏

Γ𝑏1𝑏2Γ[𝑏1𝑏2∇𝑎1𝜌𝑎2𝑎3]  = Γ𝑏[𝑎1∇
𝑏𝜌𝑎2𝑎3] −

1

5
Γ[𝑎1𝑎2∇

𝑏𝜌|𝑏|𝑎3] − 3∇[𝑎1𝜌𝑎2𝑎3]

 

𝐻‾𝑎 =
1

6

1

3!
(𝐺4)𝑎𝑏1𝑏2𝑏3Γ

𝑏1𝑏2𝑏3 +
1

12

1

4!
(𝐺4)

𝑏1⋯𝑏4Γ𝑎𝑏1⋯𝑏4  

0 =dd
1

4!
(𝐺4)𝑎1⋯𝑎4𝑒

𝑎1⋯𝑒𝑎4

=d(
1

4!
(∇[𝑎1(𝐺4)𝑎2⋯𝑎5])𝑒

𝑎1⋯𝑒𝑎5 +
1

4!
𝜓𝛽(∇𝛽(𝐺4)𝑎1⋯𝑎4)𝑒

𝑎1⋯𝑒𝑎4

+
1

3!
(𝐺4)𝑏𝑎1𝑎2𝑎3(𝜓

‾Γ𝑏𝜓)𝑒𝑎1𝑒𝑎2  𝑒𝑎3)

=
1

4!
(𝐻[𝑎1𝜓)

𝛽
(∇|𝛽|(𝐺4)𝑎2⋯𝑎5])𝑒

𝑎1⋯𝑒𝑎5 −
1

4!
𝜓𝛽(∇[𝑎1∇|𝛽|(𝐺4)𝑎2⋯𝑎5])𝑒

𝑎1⋯𝑒𝑎5    

 −
1

3!
(𝐺4)𝑏𝑎1𝑎2𝑎3(𝜓

‾Γ𝑏𝜌𝑎4𝑎5)𝑒
𝑎2⋯𝑒𝑎5

 +𝒪(𝜓≠1)

=𝜓‾ (
1

2
𝐻‾ [𝑎1Γ𝑎2𝑎3𝜌𝑎4𝑎5] −

1

2
∇[𝑎1Γ𝑎2𝑎3𝜌𝑎4𝑎5] −

1

3!
(𝐺4)𝑏[𝑎1𝑎2𝑎3Γ

𝑏𝜌𝑎4𝑎5]) 𝑒
𝑎1⋯𝑒𝑎5    

 +𝒪(𝜓≠1)
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∇𝑏Γ[𝑏𝑐1𝜌𝑐2𝑐3] =
1

2
Γ𝑏[𝑐1∇

𝑏𝜌𝑐2𝑐3]⏟        
∎2

+
1

2
Γ[𝑐1𝑐2 ∇

𝑏𝜌|𝑏|𝑐3]⏟    
∎2

 

0 =dd
1

7!
(𝐺7)𝑎1⋯𝑎7𝑒

𝑎1⋯𝑒𝑎7

=d(
1

7!
(∇𝑎1(𝐺7)𝑎2⋯𝑎8)𝑒

𝑎1⋯𝑒𝑎8 +
1

7!
𝜓𝛽∇𝛽(𝐺7)𝑎1⋯𝑎7𝑒

𝑎1⋯𝑒𝑎7

 +
1

6!
(𝐺7)𝑏𝑎1⋯𝑎6(𝜓

‾Γ𝑏𝜓)𝑒𝑎1⋯𝑒𝑎6)

=(
1

7!
𝜓𝛽∇𝛽∇[𝑎1(𝐺7)𝑎2⋯𝑎8]

 +
1

7!
𝜓𝛽(𝐻‾ [𝑎1 − ∇[𝑎1)∇|𝛽|(𝐺7)𝑎2⋯𝑎8] −

1

6!
(𝐺7)𝑏𝑎1⋯𝑎6(𝜓

‾Γ𝑏𝜌𝑎7𝑎8)) 𝑒
𝑎1⋯𝑒𝑎8

 +𝒪(𝜓≠1)

= 𝜓‾(
12

4! ⋅ 4!
(𝐺4)[𝑎1⋯𝑎4Γ𝑎5𝑎6𝜌𝑎7𝑎8]

 +
1

5! ⋅ 84
(𝐻‾ [𝑎1 − ∇[𝑎1)𝜖𝑎2⋯𝑎8]𝑏1⋯𝑏4Γ

[𝑏1𝑏2𝜌𝑏3𝑏4] −
1

6!
(𝐺7)𝑏𝑎1⋯𝑎6(𝜓

‾Γ𝑏𝜌𝑎7𝑎8)) 𝑒
𝑎1⋯𝑒𝑎8

 +𝒪(𝜓≠1)

 

7! ⋅ 4!

5! ⋅ 84
(𝐻‾𝑎1 − ∇𝑎1)Γ

[𝑎1𝑐1𝜌𝑐2𝑐3]

 +𝜖𝑐1𝑐2𝑐3𝑎1⋯𝑎8(
12

4! ⋅ 4!
(𝐺4)𝑎1⋯𝑎4Γ𝑎5𝑎6𝜌𝑎7𝑎8 −

1

6!
(𝐺7)𝑏𝑎1⋯𝑎6⏟      

1
4!
𝜖𝑏𝑎1⋯𝑎6𝑑1⋯𝑑4(𝐺4)

𝑑1⋯𝑑4

Γ𝑏𝜌𝑎7𝑎8) = 0
 

Γ𝑎𝑏1𝑏2𝜌𝑏1𝑏2 = 0  

𝐽𝑎𝑏𝑐 = +Γ𝑎𝜌𝑏𝑐 − Γ𝑐𝜌𝑎𝑏 + Γ𝑏𝜌𝑐𝑎

𝐾𝑎1𝑎2 = +
1

6
((𝐺4)

𝑎1𝑎2𝑏1𝑏2Γ𝑏1𝑏2 +
1

4!
(𝐺4)𝑏1⋯𝑏4Γ

𝑎1𝑎2𝑏1⋯𝑏4)

= +
1

6
((𝐺4)

𝑎1𝑎2𝑏1𝑏2Γ𝑏1𝑏2 +
1

5!
(𝐺7)

𝑎1𝑎2𝑏1⋯𝑏5Γ𝑏1⋯𝑏5) ,

 

(𝜓‾𝜅𝜓) = 0  

𝑅𝑎𝑏𝑒𝑏 = −2(𝜓‾Γ
𝑎𝜌)

 ⇔

{
 
 

 
 
(𝜓0) 𝑅𝑎  [𝑏1𝑏2𝑏3]𝑒

𝑏1𝑒𝑏2𝑒𝑏3 = 0

(𝜓1) (𝜓‾𝐽𝑎𝑏1𝑏2)𝑒
𝑏1𝑒𝑏2 = +(𝜓‾Γ𝑎𝜌𝑏1𝑏2)𝑒

𝑏1𝑒𝑏2

(𝜓2) (𝜓‾𝐾𝑎𝑏𝜓)𝑒𝑏 = −2(𝜓‾Γ
𝑎𝐻𝑏𝜓)𝑒

𝑏

(𝜓3) 2(𝜓‾Γ𝑎(𝜓‾𝜅𝜓)) = 0

 

1

2
(𝐽𝑎𝑏1𝑏2 − 𝐽𝑎𝑏2𝑏1) = +Γ𝑎𝜌𝑏1𝑏2  
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 +Γ𝑎𝜌𝑏1𝑏2 − Γ𝑏2𝜌𝑎𝑏1 + Γ𝑏1𝜌𝑏2𝑎
 −Γ𝑎𝜌𝑏2𝑏1 + Γ𝑏1𝜌𝑎𝑏2 − Γ𝑏2𝜌𝑏1𝑎
 = +2Γ𝑎𝜌𝑏1𝑏2

 

(𝜓‾Γ𝑎𝐻𝑏𝜓) =
1

6

1

3!
(𝐺4)

𝑏𝑏1𝑏2𝑏3(𝜓‾Γ
𝑎Γ𝑏1𝑏2𝑏3𝜓) −

1

12

1

4!
(𝐺4)𝑏1⋯𝑏4(𝜓

‾Γ𝑎Γ𝑏𝑏1⋯𝑏4𝜓)

 = −
1

6

1

2!
(𝐺4)

𝑎𝑏𝑏2𝑏3(𝜓‾Γ𝑏2𝑏3𝜓) −
1

12

1

4!
(𝐺4)𝑏1⋯𝑏4(𝜓

‾Γ𝑎𝑏𝑏1⋯𝑏4𝜓)

 

𝐾𝑎𝑏 = +
1

6
((𝐺4)

𝑎𝑏𝑏1𝑏2Γ𝑏1𝑏2 +
1

4!
(𝐺4)𝑏1⋯𝑏4Γ

𝑎𝑏𝑏1⋯𝑏4)

= +
1

6
((𝐺4)

𝑎𝑏𝑏1𝑏2Γ𝑏1𝑏2 +
1

4! ⋅ 5!
(𝐺4)𝑏1⋯𝑏4𝜖

𝑎𝑏𝑏1⋯𝑏4𝑐1⋯𝑐5Γ𝑐1⋯𝑐5)

= +
1

6
((𝐺4)

𝑎𝑏𝑏1𝑏2Γ𝑏1𝑏2 +
1

5!
(𝐺7)

𝑎𝑏𝑐1⋯𝑐5Γ𝑐1⋯𝑐5)   

 

(𝜓‾Γ𝑎(𝜓‾𝜅𝜓)) = 0, (𝜓‾Γ𝑎1𝑎2(𝜓
‾𝜅𝜓)) = 0, (𝜓‾Γ𝑎1⋯𝑎5(𝜓

‾𝜅𝜓)) = 0  

d𝜌 +
1

4
𝜔𝑎𝑏Γ𝑎𝑏𝜌 = +

1

4
𝑅𝑎𝑏Γ𝑎𝑏𝜓

 ⇔

{
 
 
 
 

 
 
 
 
(𝜓0) (∇[𝑎1𝜌𝑎2𝑎3] +𝐻[𝑎1𝜌𝑎2𝑎3])𝑒

𝑎1𝑒𝑎2𝑒𝑎3 = 0

(𝜓1) (𝜓𝛼
1

2
(∇𝛼𝜌𝑎1𝑎2) + (∇[𝑎1𝐻𝑎2])𝜓 − 𝐻𝑎1𝐻𝑎2𝜓 −

1

4

1

2
𝑅𝑎𝑏 𝑎1𝑎2Γ𝑎𝑏𝜓)𝑒

𝑎1𝑒𝑎2 = 0

(𝜓2) 𝜌𝑎𝑏(𝜓‾Γ
𝑎𝜓)𝑒𝑏 + (

1

6

1

3!
𝜓𝛼(∇𝛼(𝐺4)𝑎𝑏1𝑏2𝑏3)Γ

𝑏1𝑏2𝑏3 −
1

12

1

4!
𝜓𝛼(∇𝛼(𝐺4)

𝑏1⋯𝑏4)Γ𝑎𝑏1⋯𝑏4)𝜓𝑒
𝑎

+(𝜓‾𝐽𝑏1𝑏2  𝑎)
1

4
Γ𝑏1𝑏2𝜓𝑒

𝑎 = 0

(𝜓3) 𝐻𝑎𝜓(𝜓‾Γ
𝑎𝜓) −

1

2
Γ𝑎𝑏𝜓(𝜓‾Γ

[𝑎𝐻𝑏]𝜓) = 0

 

𝜌𝑐𝑎(𝜓‾Γ
𝑐𝜓)𝑒𝑎 + (

1

6

1

3!
𝜓𝛼(∇𝛼(𝐺4)𝑎𝑏1𝑏2𝑏3)⏟            

4!
2
(𝜓‾ Γ[𝑎𝑏1𝜌𝑏2𝑏3]

𝛼 )

Γ𝑏1𝑏2𝑏3 +
1

12

1

4!
𝜓𝛼(∇𝛼(𝐺4)

𝑏1⋯𝑏4)⏟          
4!
2
(𝜓‾ Γ[𝑏1𝑏2𝜌𝑏3𝑏4])

Γ𝑎𝑏1⋯𝑏4)𝜓𝑒
𝑎 +(𝜓‾𝐽𝑏1𝑏2𝑎)⏟      

+(𝜓‾ (Γ𝑏1𝜌𝑏2𝑎−Γ𝑎𝜌𝑏1𝑏2+Γ𝑏2𝜌𝑎𝑏1))

1

4
Γ𝑏1𝑏2𝜓𝑒𝑎

= 𝜌𝑐𝑎(𝜓‾Γ
𝑐𝜓)𝑒𝑎 −

1

3
Γ𝑏1𝑏2𝑏3𝜓(𝜓‾Γ[𝑎𝑏1𝜌𝑏2𝑏3])𝑒

𝑎 +
1

24
Γ𝑎𝑏1⋯𝑏4𝜓(𝜓

‾Γ[𝑏1𝑏2𝜌𝑏3𝑏4]𝜓)𝑒𝑎

−
1

4
Γ𝑏1𝑏2𝜓 ((𝜓‾Γ𝑏1𝜌𝑏2𝑎) − (𝜓

‾Γ𝑎𝜌𝑏1𝑏2) + (𝜓
‾Γ𝑏2𝜌𝑎𝑏1)) 𝑒

𝑎

=:𝑄𝑐𝑎(𝜓‾Γ
𝑐𝜓) +

1

2
𝑄𝑐1𝑐2𝑎(𝜓

‾Γ𝑐1𝑐2𝜓) +
1

5!
𝑄𝑐1⋯𝑐5𝑎(𝜓

‾Γ𝑐1⋯𝑐5𝜓)
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32𝑄𝑐𝑎  = 32 ⋅ 𝜌𝑐𝑎 −
1

3
Γ𝑏1𝑏2𝑏3Γ𝑐Γ[𝑎𝑏1𝜌𝑏2𝑏3] +

1

24
Γ𝑎𝑏1⋯𝑏4Γ𝑐Γ

[𝑏1𝑏2𝜌𝑏3𝑏4] −
1

4
Γ𝑏1𝑏2Γ𝑐(Γ𝑏1𝜌𝑏2𝑎 − Γ𝑎𝜌𝑏1𝑏2 + Γ𝑏2𝜌𝑎𝑏1),

32𝑄𝑐1𝑐2𝑎  = +
1

3
Γ𝑏1𝑏2𝑏3Γ𝑐1𝑐2Γ[𝑎𝑏1𝜌𝑏2𝑏3] −

1

24
Γ𝑎𝑏1⋯𝑏4Γ𝑐1𝑐2Γ

[𝑏1𝑏2𝜌𝑏3𝑏4] +
1

4
Γ𝑏1𝑏2Γ𝑐1𝑐2(Γ𝑏1𝜌𝑏2𝑎 − Γ𝑎𝜌𝑏1𝑏2 + Γ𝑏2𝜌𝑎𝑏1),

32𝑄𝑐1⋯𝑐5𝑎  = −
1

3
Γ𝑏1𝑏2𝑏3Γ𝑐1⋯𝑐5Γ[𝑎𝑏1𝜌𝑏2𝑏3] +

1

24
Γ𝑎𝑏1⋯𝑏4Γ𝑐1⋯𝑐5Γ

[𝑏1𝑏2𝜌𝑏3𝑏4] −
1

4
Γ𝑏1𝑏2Γ𝑐1⋯𝑐5(Γ𝑏1𝜌𝑏2𝑎 − Γ𝑎𝜌𝑏1𝑏2 + Γ𝑏2𝜌𝑎𝑏1).

 

Γ𝑐𝑄𝑐𝑎  = −
261

2
Γ𝑏𝜌𝑎𝑏 −

31

12
Γ𝑎𝑏1𝑏2𝜌𝑏1𝑏2

Γ𝑎𝑄𝑐𝑎  =
43

2
Γ𝑏𝜌𝑐𝑏 +

53

12
Γ𝑐𝑏1𝑏2𝜌𝑏1𝑏2

 

𝑄𝑐𝑎 = 0 ⇒  Γ
𝑎𝑏1𝑏2𝜌𝑏1𝑏2 = 0 ⇒  Γ

𝑏𝜌𝑎𝑏 = 0  

Γ𝑏
′
𝜌𝑏𝑏′ = 0 ⇒  {

𝑄𝑐𝑎 = 0
𝑄𝑐1𝑐2𝑎 = 0

𝑄𝑐1⋯𝑐5𝑎 = 0
 

(−
1

6

1

3!
Γ[𝑎1𝑎2𝑎3𝜓(𝜓

‾Γ𝑎4]𝜓) −
1

12

1

4!
Γ𝑏𝑎1⋯𝑎4𝜓(𝜓

‾Γ𝑏𝜓)

 +
1

4 ⋅ 6
Γ[𝑎1𝑎2𝜓(𝜓

‾Γ𝑎3𝑎4]𝜓) +
1

4 ⋅ 6

1

24
Γ𝑏1𝑏2𝜓 (𝜓‾Γ𝑏1𝑏2𝑎1⋯𝑎4𝜓)⏟          

𝜖𝑏1𝑏2𝑎1⋯𝑎4𝑐1⋯𝑐5(𝜓
‾ Γ𝑐1⋯𝑐5𝜓)

)(𝐺4)
𝑎1⋯𝑎4

 

 −
1

12

1

4!
(𝜓‾Γ𝑏𝑎1⋯𝑎4𝜓)(𝜓

‾Γ𝑏𝜓) +
1

4 ⋅ 6
(𝜓‾Γ[𝑎1𝑎2𝜓)(𝜓

‾Γ𝑎3𝑎4]𝜓) +
1

4 ⋅ 6

1

24
(𝜓‾Γ𝑏1𝑏2𝜓)(𝜓‾Γ𝑏1𝑏2𝑎1⋯𝑎4𝜓)

 = (−
1

12

1

4!
+

1

3 ⋅ 4 ⋅ 6
−
1

4

1

24
) (𝜓‾Γ𝑏𝑎1⋯𝑎4𝜓)(𝜓

‾Γ𝑏𝜓)

 =
1

12
(−

2

48
+
8

48
−
6

48
) (𝜓‾Γ𝑏𝑎1⋯𝑎4𝜓)(𝜓

‾Γ𝑏𝜓) = 0

 

(−
1

6

1

3!

1

11
Γ[𝑎1𝑎2𝑎3Γ𝑎4] −

1

12

1

4!

1

11
Γ𝑏𝑎1⋯𝑎4Γ

𝑏 +
1

4 ⋅ 6

1

11
Γ[𝑎1𝑎2Γ𝑎3𝑎4] −

1

4 ⋅ 6

1

24

1

77

1

5!
Γ𝑏1𝑏2𝜖𝑏1𝑏2𝑎1⋯𝑎4𝑐1⋯𝑐5Γ

𝑐1⋯𝑐5) Ξ∎ = 0

−
1

6

1

3!
Γ[𝑎1𝑎2𝑎3Ξ𝑎4]

ℸ −
1

12

1

4!
Γ𝑎1⋯𝑎4
𝑏 Ξ𝑏

ℷ −
1

4 ⋅ 6

2

9
Γ[𝑎1𝑎2Γ𝑎3Ξ𝑎4]

ℶ +
1

4 ⋅ 6

1

24

5

9

1

5!
Γ𝑏1𝑏2𝜖

𝑏1𝑏2𝑎1⋯𝑎4𝑐1⋯𝑐5Γ[𝑐1⋯𝑐4Ξ𝑐5]
ℵ  = 0

1

4 ⋅ 6
Γ[𝑎1𝑎2Ξ𝑎3𝑎4]

ℸ +
1

4 ⋅ 6

1

24
2
1

5!
Γ𝑏1𝑏2𝜖

𝑏1𝑏2𝑎1⋯𝑎4𝑐1⋯𝑐5Γ[𝑐1𝑐2𝑐3Ξ𝑐4𝑐5]
ℌ

 = 0

1

4 ⋅ 6

1

24
𝜖𝑏1𝑏2𝑎1⋯𝑎4𝑐1⋯𝑐5Γ𝑏1𝑏2Ξ𝑐1⋯𝑐5

∎  = 0

 

d𝑅𝑎1𝑎2 +𝜔𝑎1𝑎1
′𝑅𝑎1

′𝑎2 − 𝑅𝑎1𝑎2
′
𝜔𝑎2𝑎2

′ = 0 

⇔

{
  
 

  
 (𝜓

0) ((∇𝑏1𝑅
𝑎1𝑎2  𝑏2𝑏3) − (𝐽

‾𝑎1𝑎2 𝑏1𝜌𝑏2𝑏3)) 𝑒
𝑏1𝑒𝑏2𝑒𝑏3 = 0

(𝜓1) (𝜓𝛼(∇𝛼𝑅
𝑎1𝑎2𝑏1𝑏2) − (𝜓‾∇𝑏1𝐽

𝑎1𝑎2𝑏2) + (𝐽‾
𝑎1𝑎2𝑏1𝐻𝑏2𝜓) − (𝜓

‾𝐾𝑎1𝑎2𝜌𝑏1𝑏2)) 𝑒
𝑏1𝑒𝑏2 = 0

(𝜓2) (2𝑅𝑎1𝑎2  𝑏𝑐(𝜓‾Γ
𝑏𝜓) + 𝜓𝛼 ((∇𝛼𝐽

𝑎1𝑎2𝑐)𝜓) + (𝜓‾∇𝑐𝐾
𝑎1𝑎2𝜓) − 2(𝜓‾𝐾𝑎1𝑎2𝐻𝑐𝜓)) 𝑒

𝑐 = 0

(𝜓3) (𝐽‾𝑎1𝑎2  𝑏𝜓)(𝜓‾Γ
𝑏𝜓) − 𝜓𝛼(𝜓‾∇𝛼𝐾

𝑎1𝑎2𝜓) = 0

 

𝑅𝑎  
𝑐 𝑏𝑐 −

1

2
𝑅𝑐1𝑐2  𝑐1𝑐2𝜂𝑎𝑏  = +

1

12
((𝐺4)𝑎𝑐1𝑐2𝑐3(𝐺4)𝑏 

𝑐1𝑐2𝑐3 −
1

8
(𝐺4)𝑐1⋯𝑐4(𝐺4)

𝑐1⋯𝑐4𝜂𝑎𝑏)

⇔ 𝑅𝑎  
𝑐  𝑏𝑐  = +

1

12
((𝐺4)𝑎𝑐1𝑐2𝑐3(𝐺4)𝑏 

𝑐1𝑐2𝑐3 −
1

12
(𝐺4)𝑐1⋯𝑐4(𝐺4)

𝑐1⋯𝑐4𝜂𝑎𝑏) .
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0 =−
1

2
(𝜓‾Γ𝑎

𝑏1𝑏2𝜓𝛼∇𝛼𝜌𝑏1𝑏2)  

 = (𝜓‾Γ𝑎
𝑏1𝑏2∇[𝑏1𝐻𝑏2]𝜓)⏟            

(C)

− (𝜓‾Γ𝑎
𝑏1𝑏2𝐻𝑏1𝐻𝑏2𝜓)⏟            

(𝐁)

−
1

4

1

2
𝑅𝑏1𝑏2𝑎1𝑎2(𝜓

‾Γ𝑎
𝑏1𝑏2Γ𝑎1𝑎2𝜓)

⏟                  
(A)

  

  

 

1

4
𝑅𝑏1𝑏2𝑎1𝑎2(𝜓

‾Γ𝑎 
𝑏1𝑏2Γ𝑎1𝑎2𝜓) =

1

4
𝑅𝑏1[𝑏2𝑎1𝑎2]⏞      
=0(𝜓‾ ℜ)

(𝜓‾Γ𝑎𝑏1𝑏2𝑎1𝑎2𝜓) −
1

2
𝑅𝑏1𝑏2  𝑎1𝑎2(𝛿𝑏1𝑏2

𝑎1𝑎2𝜂𝑎𝑐 − 𝛿𝑎𝑏2
𝑎1𝑎2𝜂𝑏1𝑐 + 𝛿𝑎𝑏1

𝑎1𝑎2𝜂𝑏2𝑐)(𝜓
‾Γ𝑐𝜓)

 = −
1

2
(𝑅𝑏1𝑏2  𝑏1𝑏2𝜂𝑎𝑐 − 𝑅𝑎 

𝑏 𝑐𝑏 − 𝑅𝑎 
𝑏 𝑐𝑏)(𝜓‾Γ

𝑐𝜓)

 = (𝑅𝑎 
𝑏 𝑐𝑏 −

1

2
𝑅𝑏1𝑏2  𝑏1𝑏2𝜂𝑎𝑐) (𝜓

‾Γ𝑐𝜓)

 

(𝜓‾Γ𝑎
𝑏1𝑏2𝐻𝑏1𝐻𝑏2𝜓)

 = (𝜓‾Γ𝑎
𝑏1𝑏2 (

1

6

1

3!
(𝐺4)𝑏1𝑐1𝑐2𝑐3Γ

𝑐1𝑐2𝑐3 −
1

12

1

4!
(𝐺4)

𝑐1⋯𝑐4Γ𝑏1𝑐1⋯𝑐4) (
1

6

1

3!
(𝐺4)𝑏2𝑐1𝑐2𝑐3Γ

𝑐1𝑐2𝑐3 −
1

12

1

4!
(𝐺4)

𝑐1⋯𝑐4Γ𝑏2𝑐1⋯𝑐4)𝜓)

 = −
1

24
((𝐺4)𝑎𝑏1𝑏2𝑏3(𝐺4)𝑐  

𝑏1𝑏2𝑏3 −
1

8
(𝐺4)𝑏1⋯𝑏4(𝐺4)

𝑏1⋯𝑏4𝜂𝑎𝑐) (𝜓‾Γ
𝑐𝜓) + 𝑄𝑎𝑎1𝑎2(𝜓

‾Γ𝑎1𝑎2𝜓) + 𝑄𝑎𝑎1⋯𝑎5(𝜓
‾Γ𝑎1⋯𝑎5𝜓)

 

(𝜓‾Γ𝑎  
𝑏1𝑏2∇[𝑏1𝐻𝑏2]𝜓) = (𝜓‾Γ𝑎 

𝑏1𝑏2∇[𝑏1 (
1

6

1

3!
(𝐺4)𝑏2]𝑐1𝑐2𝑐3Γ

𝑐1𝑐2𝑐3 −
1

12

1

4!
(𝐺4)

𝑐1⋯𝑐4Γ𝑏2]𝑐1⋯𝑐4)𝜓)

= 𝑄𝑎𝑎1𝑎2
′ (𝜓‾Γ𝑎1𝑎2𝜓) + 𝑄𝑎𝑎1⋯𝑎5

′ (𝜓‾Γ𝑎1⋯𝑎5𝜓)  

 

𝑅𝑐1𝑐2  𝑐1𝑐2 = +
1

24

1

12
(𝐺4)𝑐1⋯𝑐4(𝐺4)

𝑐1⋯𝑐4  

(𝐺4
𝑠, 𝐺7

𝑠): 𝑋 ⟶ ΩdR
1 (−; 𝔩𝑆4) 

 

𝜃𝜌𝑒𝜌
𝑎= 0  

𝜃𝜌𝜓𝜌
𝛼 = 0

𝜃𝜌𝜔𝜌 
𝑎 𝑏 = 0

 

(𝐺4)𝑎1⋯𝑎4(𝑥0, {𝜃
𝜌}𝜌=1
32 ) = (𝜂𝑋

↷)∗(𝐺4)𝑎1⋯𝑎4(𝑥0)⏟            
ordinary flux density 

+ 12(𝜃‾Γ[𝑎1𝑎2𝜌𝑎3𝑎4](𝑥0, {𝜃
𝜌}𝜌=1
32 ))⏟                    

its higher superfield components 

 

(∇𝑎0(𝜃
‾Γ[𝑎1𝑎2𝜌𝑎3𝑎4])) 𝑒

𝑎0⋯𝑒𝑎4 = (𝜃‾Γ[𝑎1𝑎2∇𝑎0𝜌𝑎3𝑎4])𝑒
𝑎0⋯𝑒𝑎4

 = 0
   (𝜓0) 

𝜓𝛼∇𝛼
1

7!
(𝐺7)𝑎1⋯𝑎7 =

1

7! ⋅ 4!
𝜓𝛼∇𝛼𝜖𝑎1⋯𝑎7𝑏1⋅𝑏4(𝐺4)

𝑏1⋯𝑏4  

= 𝑓
1

2 ⋅ 7!
𝜖𝑎1⋯𝑎7𝑏1⋯𝑏4(𝜓

‾Γ[𝑏1𝑏2𝜌𝑏3𝑏4])  

=
84

2 ⋅ 7!⏟
1/5!

(𝜓‾Γ[𝑎1⋯𝑎5𝜌𝑎6𝑎7])  
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Modelo Unificado de Supergravedad Cuántica Relativista AdS/SCFT en supersimetría de calibre 

y superespacios compactificados. 

⟨𝑂1⋯𝑂𝑛⟩ ∼ ∫  𝒟𝜙𝑂1(𝜙)⋯𝑂𝑛(𝜙)𝑒
𝑖
ℏ
𝑆(𝜙)

 

𝑆(𝜙) = ∫  𝑑𝐷𝑥 (
1

2
𝜙𝐾𝜙 − 𝑉(𝜙, 𝜕𝜙))  

𝑆𝐸𝐻(𝑔𝜇𝜈) ∼
1

𝜅2
∫  𝑑4𝑥√−𝑔(𝑅(𝑔) − Λ)  

𝑙Planck  = √
𝐺ℏ

𝑐3
∼ 10−35 m

𝑚Planck  = √
ℏ𝑐

𝐺
∼ 1019𝐺𝑒𝑣 ∼ 10−8Kg

𝑡Planck  = √
𝐺ℏ

𝑐5
∼ 10−44 s

 

𝜆𝑐(𝑚) =
2𝜋ℏ

𝑐

1

𝑚

𝑟𝑠(𝑚) =
2𝐺

𝑐2
𝑚

 

𝑟𝑠(𝑚Planck) =
1

𝜋
𝜆𝑐(𝑚Planck).  

𝛼′ ∼ 𝑙Planck 
2  

𝑇string =
1

2𝜋𝛼′
 

𝛼′𝑚2 ∼ 𝑁 − 1  

 

𝑔𝜇𝜈 = 𝜂𝜇𝜈 + ℎ𝜇𝜈 .  

𝒜 ∼ 𝑔∫  𝑑𝐷𝑝
1

𝑝2 +𝑚2
=  divergent  

 

𝑉(𝜙) → 𝑉(𝜙̃),  

𝜙̃ = 𝑒𝛼
′◻𝜙 → 𝑒−𝛼

′𝑝2𝜙(𝑝),  

𝒜 ∼ 𝑔∫  𝑑𝐷𝑝
𝑒−2𝛼

′𝑝2

𝑝2 +𝑚2
=  convergent  
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𝑆′ = −𝑚∫  𝑑𝜏√−𝑋̇2 = −𝑚∫  𝑑𝜏√−𝜂𝜇𝜈
𝑑𝑋𝜇

𝑑𝜏

𝑑𝑋𝜈

𝑑𝜏
,  

𝑋̃𝜇(𝜏̃) = 𝑋𝜇(𝜏) ⇒
𝑑𝑋𝜇

𝑑𝜏
=
𝑑𝜏̃

𝑑𝜏

𝑑𝑋̃𝜇

𝑑𝜏̃

𝑆[𝑋̃𝜇(𝜏̃)] = −𝑚∫  𝑑𝜏̃√−𝑋̇̃2 = −𝑚∫  𝑑𝜏
𝑑𝜏̃

𝑑𝜏
√−(

𝑑𝜏

𝑑𝜏̃
)
2

𝑋̇2 = 𝑆[𝑋𝜇(𝜏)]

 

𝑃𝜇 =
𝜕ℒ

𝜕𝑋̇𝜇
=
𝑚𝑋̇𝜇

√−𝑋̇2
 

𝑃𝜇𝑃
𝜇 +𝑚2 = 0  

𝐻 = 𝑃𝜇𝑋̇
𝜇 − ℒ = 0  

𝑆[𝑋, 𝑒] =
1

2
∫  𝑑𝜏 (

𝑋̇2

𝑒
− 𝑒𝑚2)  

𝑆[𝑋𝜇 , 𝑔𝜏𝜏] = −
1

2
∫  𝑑𝜏√−𝑔(𝑔𝜏𝜏𝑋̇𝜇𝑋̇𝜇 +𝑚

2)  

𝑔𝜏𝜏 =
1

𝑔𝜏𝜏
, 𝑔 = det𝑔 = 𝑔𝜏𝜏  

𝜙̃(𝜏̃) = 𝜙(𝜏) + 𝛿𝜙(𝜏) + 𝜙̇(𝜏)𝛿𝜏 ≡ 𝜙̃(𝜏) + 𝜙̇(𝜏)𝜃(𝜏),  

𝑒̃(𝜏̃)𝑑𝜏̃ = 𝑒(𝜏)𝑑𝜏,  

𝛿𝑒 = −
𝑑(𝑒𝜃)

𝑑𝜏
,

𝛿𝑋𝜇  = −𝜃𝑋̇(𝜏),
𝛿𝜏 = 𝜃(𝜏).

 

𝛿𝑆

𝛿𝑒
= 0 ⇒ 𝑋̇2 + 𝑒2𝑚2 = 0,

𝛿𝑆

𝛿𝑋𝜇
= 0 ⇒

𝑑

𝑑𝜏

𝑋̇𝜇

𝑒
= 0,

 

𝑒 = 𝑒̂ = 1  (fiducial value) .  

𝛿𝑒 = −𝜕𝜏(𝜃𝑒) = 1 − 𝑒.  

𝜃(𝜏) = −
1

𝑒
((𝜏 − 𝜏0) − ∫  

𝜏

𝜏0

 𝑑𝜏′𝑒(𝜏′))  

𝑆gauge-fixed (𝑋) = 𝑆(𝑋, 𝑒)|𝑒=1 =
1

2
∫  𝑑𝜏(𝑋̇2 −𝑚2)  
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𝑋̈𝜇 = 0.  

𝑃𝜇 = 𝑋̇𝜇 ,  

𝑋̇2 +𝑚2 = 0 ↔ 𝑃2 +𝑚2 = 0.  

𝑋𝜇(𝜏) = 𝑥𝜇 + 𝑝𝜇𝜏

𝑃𝜇(𝜏) = 𝑋̇𝜇 = 𝑝𝜇
 

[𝑋̂𝜇(𝜏), 𝑃̂𝜈(𝜏)] = 𝑖(ℏ)𝜂𝜇𝜈 ,  

 

[𝑥̂𝜇 , 𝑝̂𝜈] = 𝑖𝜂𝜇𝜈  

𝑝̂𝜇|0, 𝑝⟩  = 𝑝𝜇|0, 𝑝⟩

⟨0, 𝑝 ∣ 0, 𝑝′⟩  = 𝛿𝑑(𝑝 − 𝑝′)
 

|Ψ⟩ = ∫  𝑑𝑑𝑝𝜓(𝑝)|0, 𝑝⟩  

 (phys )⟨0, 𝑝′|(𝑝̂2 +𝑚2)|0, 𝑝⟩(phys ) = 0,   

(𝑝̂2 +𝑚2) ∣  phys ⟩ = 0  

𝜓(𝑝) = ∫  𝑑𝑑𝑥𝜓̃(𝑥)𝑒−𝑖𝑝⋅𝑥  

(◻ −𝑚2)𝜓̃(𝑥) = 0,  

𝛿𝜙𝑖 = 𝜉
𝑎𝛿𝑎𝜙𝑖  

[𝛿𝑎 , 𝛿𝑏] = 𝑓𝑎𝑏
𝑐 𝛿𝑐  

𝑍 = ∫  
𝒟𝜙𝑖
Vol(𝒢)

𝑒𝑖𝑆[𝜙𝑖]  

∫  𝒟𝜉𝑎𝛿(𝜉𝑎) = 1  

∫  𝒟𝜉𝑎𝛿(𝜉𝑎) = ∫  𝒟𝜉𝑎det [
𝛿𝐹𝐴 (𝜙𝑖

𝜉
)

𝛿𝜉𝑎
]

𝜉=0

𝛿 (𝐹𝐴 (𝜙𝑖
𝜉
)) = 1  

𝑍 = ∫  
𝒟𝜙𝑖
Vol(𝒢)

𝑒𝑖𝑆[𝜙𝑖]∫  𝒟𝜉𝑎det [
𝛿𝐹𝐴 (𝜙𝑖

𝜉
)

𝛿𝜉𝑎
]

𝜉=0

𝛿 (𝐹𝐴 (𝜙𝑖
𝜉
))  

𝑍 = ∫  𝒟𝜉𝑎∫  
𝒟𝜙𝑖
Vol(𝒢)

𝑒𝑖𝑆[𝜙𝑖]det [
𝛿𝐹𝐴 (𝜙𝑖

𝜉
)

𝛿𝜉𝑎
]

𝜉=0

𝛿(𝐹𝐴(𝜙𝑖))  
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𝛿(𝐹𝐴(𝜙𝑖)) = ∫  𝒟𝐵𝐴𝑒
𝑖𝐵𝐴𝐹

𝐴(𝜙)  

∫  𝑑𝑏1𝑑𝑐1…𝑑𝑏𝑚𝑑𝑐𝑚𝑒
−𝑏𝛼𝑀𝛼𝛽𝑐

𝛽
= det𝑀  

∫  𝑑𝜃𝜃𝑛 = 𝛿1,𝑛

∫  𝑑𝜃1𝑑𝜃2𝜃2𝜃1 = 1
 

𝑍 = ∫  𝒟𝜙𝑖𝒟𝐵𝐴𝒟𝑏𝐴𝒟𝑐
𝑎𝑒
𝑖[𝑆[𝜙𝑖]+𝐵𝐴𝐹

𝐴+𝑖𝑏𝐴
𝛿𝐹𝐴

𝛿𝜉𝑎
𝑐𝑎]

 

𝑆FP[𝜙𝑖, 𝐵𝐴, 𝑐𝑎 , 𝑏𝐴] = 𝑆[𝜙𝑖] + 𝐵𝐴𝐹
𝐴 + 𝑖𝑏𝐴

𝛿𝐹𝐴

𝛿𝜉𝑎
𝑐𝑎  

𝛿𝐵𝜙𝑖  = 𝑐
𝑎𝛿𝑎𝜙

𝛿𝐵𝐵𝐴  = 0
𝛿𝐵𝑏𝐴  = 𝑖𝐵𝐴

𝛿𝐵𝑐
𝑎  =

1

2
𝑓𝑏𝑐
𝑎 𝑐𝑏𝑐𝑐

 

𝛿𝐵
2 = 0  

𝛿𝐵
2𝐹[𝜑𝐼]= 𝛿𝐵

2𝜑𝐼
𝛿𝐹

𝛿𝜑𝐼
+ (−1)|𝜑𝐼|+1𝛿𝐵𝜑𝐼𝛿𝐵𝜑𝐽

𝛿2𝐹

𝛿𝜑𝐽𝛿𝜑𝐼
 

=
1

2
[(−1)|𝜑𝐼|+1𝛿𝐵𝜑𝐼𝛿𝐵𝜑𝐽

𝛿2𝐹

𝛿𝜑𝐽𝛿𝜑𝐼
+ (−1)|𝜑𝐽|+1𝛿𝐵𝜑𝐽𝛿𝐵𝜑𝐼

𝛿2𝐹

𝛿𝜑𝐼𝛿𝜑𝐽
] + 𝛿𝐵

2𝜑𝐼
𝛿𝐹

𝛿𝜑𝐼
 

=
1

2
[(−1)|𝜑𝐼|+1𝛿𝐵𝜑𝐼𝛿𝐵𝜑𝐽

𝛿2𝐹

𝛿𝜑𝐽𝛿𝜑𝐼
+ (−1)|𝜑𝐼|𝛿𝐵𝜑𝐼𝛿𝐵𝜑𝐽

𝛿2𝐹

𝛿𝜑𝐽𝛿𝜑𝐼
] + 𝛿𝐵

2𝜑𝐼
𝛿𝐹

𝛿𝜑𝐼
 

⟹𝛿𝐵
2𝐹[𝜑𝐼] = 𝛿𝐵

2𝜑𝐼
𝛿𝐹

𝛿𝜑𝐼

 

𝛿𝐵
2𝐵𝐴 = 𝛿𝐵0 = 0,

𝛿𝐵
2𝑏𝐴 = 𝑖𝛿𝐵𝐵𝐴 = 0,

𝛿𝐵
2𝜙𝑖 = 𝛿𝐵(𝑐

𝑎𝛿𝑎𝜙𝑖) = 𝛿𝐵𝑐
𝑎𝛿𝑎𝜙𝑖 − 𝑐

𝑎𝛿𝐵(𝛿𝑎𝜙𝑖) =
1

2
𝑓𝑏𝑐
𝑎 𝑐𝑏𝑐𝑐𝛿𝑎𝜙𝑖 − 𝑐

𝑎𝑐𝑏𝛿𝑎𝛿𝑏𝜙𝑖

=
1

2
𝑓𝑏𝑐
𝑎 𝑐𝑏𝑐𝑐𝛿𝑎𝜙𝑖 −

1

2
[𝑐𝑎𝑐𝑏𝛿𝑎𝛿𝑏𝜙𝑖 + 𝑐

𝑏𝑐𝑎𝛿𝑏𝛿𝑎𝜙𝑖]

=
1

2
𝑓𝑏𝑐
𝑎 𝑐𝑏𝑐𝑐𝛿𝑎𝜙𝑖 −

1

2
𝑐𝑎𝑐𝑏[𝛿𝑎 , 𝛿𝑏]𝜙𝑖 =

1

2
𝑓𝑏𝑐
𝑎 𝑐𝑏𝑐𝑐𝛿𝑎𝜙𝑖 −

1

2
𝑓𝑎𝑏
𝑐 𝑐𝑎𝑐𝑏𝛿𝑐𝜙𝑖

= 0,

𝛿𝐵
2𝑐𝑎 =

1

2
𝑓𝑏𝑐
𝑎 𝛿𝐵(𝑐

𝑏𝑐𝑐) =
1

2
𝑓𝑏𝑐
𝑎 𝛿𝐵(𝑐

𝑏)𝑐𝑐 −
1

2
𝑓𝑏𝑐
𝑎 𝑐𝑏𝛿𝐵(𝑐

𝑐)

=
1

4
𝑓𝑏𝑐
𝑎 𝑓𝑑𝑒

𝑏 𝑐𝑑𝑐𝑒𝑐𝑐 −
1

4
𝑓𝑏𝑐
𝑎 𝑓𝑑𝑒

𝑐 𝑐𝑏𝑐𝑑𝑐𝑒 =
1

4
𝑓𝑏𝑐
𝑎 𝑓𝑑𝑒

𝑏 𝑐𝑑𝑐𝑒𝑐𝑐 −
1

4
𝑓𝑐𝑏
𝑎 𝑓𝑑𝑒

𝑏 𝑐𝑐𝑐𝑑𝑐𝑒

=
1

2
𝑓𝑏𝑐
𝑎 𝑓𝑑𝑒

𝑏 𝑐𝑐𝑐𝑑𝑐𝑒 =
1

6
𝑓𝑏[𝑐
𝑎 𝑓𝑑𝑒]

𝑏 𝑐𝑐𝑐𝑑𝑐𝑒

= 0,
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𝛿𝐵(−𝑖𝑏𝐴𝐹
𝐴)= 𝐵𝐴𝐹

𝐴 + 𝑖𝑏𝐴𝛿𝐵𝐹
𝐴 = 𝐵𝐴𝐹

𝐴 + 𝑖𝑏𝐴𝛿𝐵𝜙𝑖
𝛿𝐹𝐴

𝛿𝜙𝑖
 

 = 𝐵𝐴𝐹
𝐴 + 𝑖𝑏𝐴𝛿𝑎𝜙𝑖

𝛿𝐹𝐴

𝛿𝜙𝑖
𝑐𝑎 = 𝐵𝐴𝐹

𝐴 + 𝑖𝑏𝐴
𝛿𝐹𝐴

𝛿𝜉𝑎
𝑐𝑎

 

𝛿𝐵𝑆𝐹𝑃 = 𝛿𝐵[𝑆[𝜙𝑖] + 𝛿𝐵(−𝑖𝑏𝐴𝐹
𝐴)] = 𝛿𝐵𝑆[𝜙𝑖] + 𝛿𝐵

2(−𝑖𝑏𝐴𝐹
𝐴) = 𝑐𝑎𝛿𝑎𝑆[𝜙𝑖] = 0,  

𝛿𝐵𝜑𝑖 = 𝑖[𝜑𝑖 , 𝑄𝐵] = 𝑖(−1)
|𝜑|+1[𝑄𝐵, 𝜑𝑖],  

0= 𝛿𝐵
2𝜑𝑖 = [𝑄𝐵, [𝑄𝐵, 𝜑𝑖]]  

= 𝑄𝐵(𝑄𝐵𝜑𝑖 − (−1)
|𝜑𝑖|𝜑𝑖𝑄𝐵) − (−1)

|𝜑𝑖|+1(𝑄𝐵𝜑𝑖 − (−1)
|𝜑𝑖|𝜑𝑖𝑄𝐵)𝑄𝐵 

= 𝑄𝐵
2𝜑𝑖 − 𝜑𝑖𝑄𝐵

2 = [𝑄𝐵
2 , 𝜑𝑖] ∀𝜑𝑖  

 ⟹ 𝑄𝐵
2 = 0

 

|Ψ⟩ ∼ |Ψ⟩ + 𝑄𝐵|Φ⟩, |Ψ⟩ ∈ Ker𝑄𝐵,  

H(QB) = Ker𝑄𝐵/Im𝑄𝐵.  

⟨𝑓 ∣ 𝑖⟩ = ∫  𝒟𝜑𝜑𝑓𝜑𝑖𝑒
𝑖𝑆𝐺𝐹  

 

𝛿𝐺𝐹⟨𝑓 ∣ 𝑖⟩= ∫  𝒟𝜑𝜑𝑓𝜑𝑖𝑒
𝑖(𝑆𝐺𝐹+𝛿𝐵(−𝑖𝑏𝐴𝛿𝐹

𝐴)) −∫  𝒟𝜑𝜑𝑓𝜑𝑖𝑒
𝑖𝑆𝐺𝐹  

= ∫  𝒟𝜑𝜑𝑓𝛿𝐵(𝑏𝐴𝛿𝐹
𝐴)𝜑𝑖𝑒

−𝑆𝐺𝐹 = ⟨𝑓|𝛿𝐵(𝑏𝐴𝛿𝐹
𝐴)|𝑖⟩  

 = 𝑖⟨𝑓|[𝑏𝐴𝛿𝐹
𝐴, 𝑄𝐵]|𝑖⟩ = 0

 

𝑄𝐵 ∣  phys ⟩ = 0  

⟨𝐸 ∣ 𝜙⟩ = ⟨Λ|𝑄𝐵|𝜙⟩ = 0, 𝑄𝐵|𝜙⟩ = 0  

𝑆[𝑋𝜇 , 𝑒] =
1

2
∫  𝑑𝜏 (

𝑋̇2

𝑒
− 𝑚2𝑒)  

𝛿𝑋𝜇  = −𝜃(𝜏)𝜕𝜏𝑋
𝜇

𝛿𝑒 = −𝜕𝜏(𝑒𝜃(𝜏))
 

𝜙𝑖  → {𝑋𝜇(𝜏), 𝑒(𝜏)}

𝜉𝑎  → 𝜃(𝜏′)
 

𝜉𝑎𝛿𝑎𝑋
𝜇(𝜏) → ∫  𝑑𝜏′𝜃(𝜏′)𝛿𝜏′𝑋

𝜇(𝜏) = −𝜃(𝜏)𝜕𝜏𝑋
𝜇(𝜏)

⟹ 𝛿𝜏′𝑋
𝜇(𝜏) = −𝛿(𝜏 − 𝜏′)𝜕𝜏𝑋

𝜇(𝜏)

𝜉𝑎𝛿𝑎𝑒(𝜏) → ∫  𝑑𝜏′𝜃(𝜏′)𝛿𝜏′𝑒(𝜏) = −
𝑑(𝜃𝑒)

𝑑𝜏
(𝜏)

⟹ 𝛿𝜏′𝑒(𝜏) = 𝛿
′(𝜏′ − 𝜏)𝑒(𝜏′)
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[𝛿𝜏1 , 𝛿𝜏2]𝑋
𝜇(𝜏)  = [𝛿(𝜏 − 𝜏1)𝜕𝜏𝛿(𝜏 − 𝜏2) − 𝛿(𝜏 − 𝜏2)𝜕𝜏𝛿(𝜏 − 𝜏1)]𝜕𝜏𝑋

𝜇(𝜏)

 = ∫  𝑑𝜏3𝑓𝜏1𝜏2
𝜏3 𝛿𝜏3𝑋

𝜇(𝜏)

⟹ 𝑓𝜏1𝜏2
𝜏3  = 𝛿(𝜏3 − 𝜏1)𝛿

′(𝜏3 − 𝜏2) − 𝛿(𝜏3 − 𝜏2)𝛿
′(𝜏3 − 𝜏1)

 

𝑓𝜏1𝜏2
𝜏3 = 𝛿′(𝜏1 − 𝜏2)(𝛿(𝜏1 − 𝜏3) + 𝛿(𝜏2 − 𝜏3))  

𝛿𝐵𝑋
𝜇  = [𝑐𝑎𝛿𝑎𝑋

𝜇] = ∫  𝑑𝜏1𝑐(𝜏1)𝛿𝜏1𝑋
𝜇(𝜏) = −𝑐𝑋̇𝜇

𝛿𝐵𝑒 = [𝑐
𝑎𝛿𝑎𝑒] = ∫  𝑑𝜏1𝑐(𝜏1)𝛿𝜏1𝑒(𝜏) = −

𝑑(𝑐𝑒)

𝑑𝜏
𝛿𝐵𝑏 = 𝑖𝐵

𝛿𝐵𝑐 = [
1

2
𝑓𝑎 𝑏𝑐𝑐

𝑏𝑐𝑐] =
1

2
∫  𝑑𝜏1𝑑𝜏2𝑓

𝜏 𝜏1𝜏2𝑐(𝜏1)𝑐(𝜏2)

 

=
1

2
∫  𝑑𝜏1𝑑𝜏2[𝛿(𝜏 − 𝜏1)𝛿

′(𝜏 − 𝜏2) − 𝛿(𝜏 − 𝜏2)𝛿
′(𝜏 − 𝜏1)]𝑐(𝜏1)𝑐(𝜏2) 

 =
1

2
[−𝑐𝑐̇ + 𝑐̇𝑐] = −𝑐𝑐̇

 

𝑆𝐺𝐹= 𝑆[𝑋
𝜇 , 𝑒] + 𝐵𝐴𝐹

𝐴 + 𝑖𝑏𝐴𝛿𝑎𝐹
𝐴𝑐𝑎  

= 𝑆[𝑋𝜇 , 𝑒] + ∫  𝑑𝜏𝐵(𝜏)(𝑒(𝜏) − 1) + 𝑖 ∫  𝑑𝜏𝑏(𝜏)𝑐𝑎𝛿𝑎(𝑒(𝜏) − 1) 

= ∫  𝑑𝜏 [
1

2
(
𝑋̇2

𝑒
− 𝑒𝑚2)+ 𝐵(𝑒 − 1) − 𝑖𝑏

𝑑(𝑐𝑒)

𝑑𝜏
]  

 = ∫  𝑑𝜏 [
1

2
(
𝑋̇2

𝑒
− 𝑒𝑚2) + 𝐵(𝑒 − 1) + 𝑖𝑏̇𝑐𝑒] .

 

𝑍= ∫  𝒟𝑋𝜇𝒟𝑒𝒟𝐵𝒟𝑏𝒟𝑐𝑒
𝑖 ∫  𝑑𝜏[

1
2
(
𝑋̇2

𝑒
−𝑒𝑚2)+𝐵(𝑒−1)+𝑖𝑏̇𝑐𝑒]

 

= ∫  𝒟𝑋𝜇𝒟𝑒𝒟𝑏𝒟𝑐𝑒
𝑖 ∫  𝑑𝜏[

1
2
(
𝑋̇2

𝑒
−𝑒𝑚2)+𝑖𝑏̇𝑐𝑒]

𝛿(𝑒 − 1)  

 = ∫  𝒟𝑋𝜇𝒟𝑏𝒟𝑐𝑒
𝑖 ∫  𝑑𝜏[

1
2(
𝑋̇2−𝑚2)+𝑖𝑏̇𝑐]

 

𝑆𝑅[𝑋, 𝑏, 𝑐] = ∫  𝑑𝜏 [
1

2
(𝑋̇2 −𝑚2) + 𝑖𝑏̇𝑐]  

𝛿𝑆𝐺𝐹
𝛿𝑒

|
𝑒=1
 = [𝐵 + 𝑖𝑏̇𝑐 −

1

2
(
𝑋̇2

𝑒2
+𝑚2)]

𝑒=1

= 𝐵 + 𝑖𝑏̇𝑐 −
1

2
(𝑋̇2 +𝑚2) = 0  

⟹ 𝐵 =
1

2
(𝑋̇2 +𝑚2) − 𝑖𝑏̇𝑐

 

𝛿𝐵𝑋
𝜇  = −𝑐𝑋̇𝜇

𝛿𝐵𝑐 = −𝑐𝑐̇

𝛿𝐵𝑏 = −𝑖𝐵 = 𝑖 (
1

2
(𝑋̇2 +𝑚2) − 𝑖𝑏̇𝑐)
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𝛿𝑆

𝛿𝑏
= 𝑐̇ = 0 ⟹ 𝑐(𝜏) = 𝑐0,

𝛿𝑆

𝛿𝑐
= 𝑏̇ = 0 ⟹ 𝑏(𝜏) = 𝑏0,

𝛿𝑆

𝛿𝑋𝜇
= 𝑋̈𝜇 = 0 ⟹ 𝑋𝜇(𝜏) = 𝑥𝜇 + 𝑝𝜇𝜏.

 

𝑃𝜇(𝜏)  =
𝜕ℒ

𝜕𝑋̇𝜇
= 𝑋̇𝜇 = 𝑝𝜇

𝑃𝑐(𝜏)  =
𝜕ℒ

𝜕𝑐̇
= −𝑖𝑏 = −𝑖𝑏0

𝑃𝑏(𝜏)  =
𝜕ℒ

𝜕𝑏̇
= −𝑖𝑐 = −𝑖𝑐0

 

[𝑋𝜇(𝜏), 𝑃𝜈(𝜏)]  = [𝑥
𝜇 , 𝑝𝜈] = 𝑖𝛿𝜈

𝜇

[𝑐, 𝑏]  = [𝑐0, 𝑏0] = 1
 

𝑥† = 𝑥, 𝑃† = 𝑃, 𝑐0
† = 𝑐0, 𝑏0

† = 𝑏0.  

𝑐0| ↑⟩ = 𝑐0
2| ↓⟩ = 0  

⟨↑∣↑⟩ = ⟨↓∣↓⟩ = 0, ⟨↓∣↑⟩ = ⟨↑∣↓⟩ = 1.  

⟨↓ |𝑐0| ↓⟩ = ⟨↑ |𝑏0| ↑⟩ = 1.  

[𝑄𝐵, 𝑐0] = [𝑄𝐵, 𝑝𝜇] = 0, [𝑄𝐵 , 𝑏0] =
1

2
(𝑝2 +𝑚2)  

0 = 2𝑄𝐵| ↓, 𝑝⟩ = (𝑝
2 +𝑚2)| ↑, 𝑝⟩ → 𝑝2 +𝑚2 = 0,

0 = 2𝑄𝐵| ↑, 𝑝⟩ = 𝑐0
2(𝑝2 +𝑚2)| ↓, 𝑝⟩ →  identically zero. 

 

Ker𝑄𝐵 = Span{| ↑, 𝑝⟩} ∪ Span{| ↓, 𝑝⟩|𝑝2+𝑚2=0}  

 

 

2𝑄| ↓, 𝑝⟩ = (𝑝2 +𝑚2)| ↑, 𝑝⟩,  

| ↑, 𝑝⟩ = 𝑄
2

𝑝2 +𝑚2
| ↓, 𝑝⟩, (𝑝2 +𝑚2 ≠ 0).  

H(𝑄𝐵) = {| ↓, 𝑝⟩ ⊕ | ↑, 𝑝⟩}𝑝2+𝑚2=0  

|𝜓⟩ = ∫  𝑑𝐷𝑝𝜓(𝑝)| ↓, 𝑝⟩,  

𝑄|𝜓⟩ = 0 →  (𝑝2 +𝑚2)𝜓(𝑝) = 0.  
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(◻ −𝑚2)𝜓̃(𝑥) = 0.  

𝑆[𝜓] =
1

2
⟨𝜓|𝑄|𝜓⟩  

𝑆[𝜓]=
1

2
∫  𝑑𝑑𝑝1𝑑

𝑑𝑝2⟨↓, 𝑝1|𝑄|↓, 𝑝2⟩𝜓
†(𝑝1)𝜓(𝑝2)  

=
1

2
∫  𝑑𝑑𝑝1𝑑

𝑑𝑝2𝜓
†(𝑝1)⟨↓, 𝑝1 ∣↑, 𝑝2⟩(𝑝2

2 +𝑚2)𝜓(𝑝2) 

=
1

2
∫  𝑑𝑑𝑝𝜓†(𝑝)(𝑝2 +𝑚2)𝜓(𝑝)  

 =
1

2
∫  𝑑𝑑𝑥𝜓†(𝑥)(− ◻ +𝑚2)𝜓(𝑥)

 

𝑄𝐵 ∼ 𝑐 ⋅ ( constraint ) = 𝑐0(𝑝
2 +𝑚2)  

[ℱ𝑗, ℱ𝑘] = 𝛾
𝑖  𝑗𝑘ℱ𝑖  

[𝑏𝑖, 𝑐
𝑗] = 𝛿𝑖

𝑗  

ℱ̃𝑖 = −𝛾𝑖𝑗  
𝑘𝑐𝑗𝑏𝑘,  

[ℱ̃𝑖, 𝑐
𝑙] = −𝛾𝑖𝑗 

𝑘[𝑐𝑗𝑏𝑘, 𝑐
𝑙] = −𝛾𝑖𝑗 

𝑘𝑐𝑗[𝑏𝑘, 𝑐
𝑙] = −𝛾𝑖𝑗  

𝑘𝑐𝑗𝛿𝑘
𝑙 = −𝛾𝑖𝑗  

𝑙𝑐𝑗,

[ℱ̃𝑖, 𝑏𝑙] = −𝛾𝑖𝑗 
𝑘[𝑐𝑗𝑏𝑘 , 𝑏𝑙] = 𝛾𝑖𝑙  

𝑘𝑏𝑘.
 

[ℱ̃𝑖, ℱ̃𝑗] = 𝛾𝑖𝑗  
𝑘ℱ̃𝑘 .  

[ℱ̃𝑖, ℱ̃𝑗]= [ℱ̃𝑖, −𝛾𝑗𝑘  
𝑙𝑐𝑘𝑏𝑙] = −𝛾𝑗𝑘  

𝑙([ℱ̃𝑖, 𝑐
𝑘]𝑏𝑙 + 𝑐

𝑘[ℱ̃𝑖, 𝑏𝑙]) 

= −𝛾𝑗𝑘  
𝑙(−𝛾𝑖𝑚 

𝑘𝑐𝑚𝑏𝑙 + 𝛾𝑖𝑙  
𝑚𝑐𝑘𝑏𝑚)  

= 𝛾𝑗𝑘  
𝑙𝛾𝑖𝑚 

𝑘𝑐𝑚𝑏𝑙 − 𝛾𝑗𝑘  
𝑙𝛾𝑖𝑙  

𝑚𝑐𝑘𝑏𝑚  

= (𝛾𝑗𝑘  
𝑙𝛾𝑖𝑚 

𝑘 − 𝛾𝑗𝑘  
𝑙𝛾𝑗𝑚 

𝑘)𝑐𝑚𝑏𝑙  

 = −𝛾𝑖𝑗 
𝑘𝛾𝑘𝑚 

𝑙𝑐𝑚𝑏𝑙 = 𝛾𝑖𝑗  
𝑘ℱ̃𝑘

 

𝛾𝑗𝑘
𝑙 𝛾𝑖𝑚

𝑘 + 𝛾𝑖𝑘
𝑙 𝛾𝑚𝑗

𝑘 + 𝛾𝑚𝑘
𝑙 𝛾𝑗𝑖

𝑘 = 0.  

𝑄 = 𝑐𝑖ℱ𝑖 +
1

2
𝑐𝑖ℱ̃𝑖 = 𝑐

𝑖ℱ𝑖 −
1

2
𝛾𝑖𝑗  

𝑘𝑐𝑖𝑐𝑗𝑏𝑘  

[𝑄, 𝑐𝑙]  =
1

2
𝑐𝑖[ℱ̃𝑖, 𝑐

𝑙] = −
1

2
𝛾𝑖𝑗  

𝑙𝑐𝑖𝑐𝑗,

[𝑄, 𝑏𝑙]  = ℱ𝑖[𝑐
𝑖, 𝑏𝑙] +

1

2
𝑐𝑖[ℱ̃𝑖, 𝑏𝑙] +

1

2
[𝑐𝑖, 𝑏𝑙]ℱ̃𝑖

 = ℱ𝑙 +
1

2
𝛾𝑙𝑖 

𝑘𝑐𝑖𝑏𝑘 +
1

2
ℱ̃𝑙 = ℱ𝑙 + ℱ̃𝑙 = ℱ𝑙

tot.
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𝑄2 =
1

2
[𝑄, 𝑄] =

1

2
[𝑐𝑖ℱ𝑖 +

1

2
𝑐𝑛ℱ̃𝑛, 𝑐

𝑗ℱ𝑗 +
1

2
𝑐𝑚ℱ̃𝑚]

=
1

2
[𝑐𝑖ℱ𝑖 , 𝑐

𝑗ℱ𝑗] +
1

4
[𝑐𝑖ℱ𝑖 , 𝑐

𝑚ℱ̃𝑚] +
1

4
[𝑐𝑛ℱ̃𝑛, 𝑐

𝑗ℱ𝑗] +
1

8
[𝑐𝑛ℱ̃𝑛, 𝑐

𝑚ℱ̃𝑚]

=
1

2
𝑐𝑖𝑐𝑗[ℱ𝑖, ℱ𝑗] +

1

2
𝑐𝑛[ℱ̃𝑛, 𝑐

𝑖]ℱ𝑖 +
1

8
𝑐𝑛𝑐𝑚[ℱ̃𝑛, ℱ̃𝑚]

+
1

8
𝑐𝑛[ℱ̃𝑛, 𝑐

𝑚]ℱ̃𝑚 +
1

8
𝑐𝑚[𝑐𝑛, ℱ̃𝑚]ℱ̃𝑛  

=
1

2
𝑐𝑖𝑐𝑗𝛾𝑖𝑗 

𝑘ℱ𝑘 −
1

2
𝑐𝑛𝛾𝑛𝑗 

𝑖𝑐𝑗ℱ𝑖 +
1

8
𝑐𝑛𝑐𝑚𝛾𝑛𝑚 

𝑘ℱ̃𝑘

=
1

8
𝛾𝑛𝑚 

𝑘𝛾𝑘𝑖 
𝑗𝑐𝑛𝑐𝑚𝑐𝑖𝑏𝑗 = −

1

8
𝛾[𝑛𝑚 

𝑘𝛾𝑖]𝑘  
𝑗𝑐𝑛𝑐𝑚𝑐𝑖𝑏𝑗 = 0,

 

 

𝑋𝜇: (𝜏, 𝜎)  ⟶ 𝑋𝜇(𝜏, 𝜎) ∈ ℝ1,𝐷−1.  

𝑆NG[𝑋] = −𝑇∫  
WS

 𝑑𝐴,  

𝑇 =
1

2𝜋𝛼′
,  

𝐺𝛼𝛽  = 𝜂𝜇𝜈
𝜕𝑋𝜇

𝜕𝜎𝛼
𝜕𝑋𝜈

𝜕𝜎𝛽
= (

𝐺𝜏𝜏 𝐺𝜏𝜎
𝐺𝜎𝜏 𝐺𝜎𝜎

)

𝐺 = det(𝐺𝛼𝛽) = 𝐺𝜏𝜏𝐺𝜎𝜎 − (𝐺𝜏𝜎)
2

 

𝑑𝐴 = √−𝐺𝑑2𝜎.  

𝑆NG[𝑋] = −𝑇∫  
WS

 𝑑2𝜎√−𝐺 = −𝑇∫  
WS

 𝑑2𝜎√−𝑋̇2(𝑋′)2 + (𝑋̇ ⋅ 𝑋′)2,  

⋅≡
𝜕

𝜕𝜏
,  ′ ≡

𝜕

𝜕𝜎
 

𝑆P[𝑋, ℎ] = −
1

4𝜋𝛼′
∫  
WS

 𝑑2𝜎√−ℎℎ𝛼𝛽𝜕𝛼𝑋
𝜇𝜕𝛽𝑋

𝜈𝜂𝜇𝜈  

𝛿ℎ𝑆P = −
1

4𝜋𝛼′
∫  
WS

 𝑑2𝜎[𝛿ℎ(√−ℎ)ℎ
𝛼𝛽𝜕𝛼𝑋

𝜇𝜕𝛽𝑋
𝜈𝜂𝜇𝜈 +√−ℎ𝛿ℎ(ℎ

𝛼𝛽)𝜕𝛼𝑋
𝜇𝜕𝛽𝑋

𝜈𝜂𝜇𝜈]

= −
1

4𝜋𝛼′
∫  
WS

 𝑑2𝜎√−ℎ𝛿ℎℎ
𝛼𝛽 [−

1

2
ℎ𝛼𝛽𝜕𝛾𝑋

𝜇𝜕𝛾𝑋𝜇 + 𝜕𝛼𝑋
𝜇𝜕𝛽𝑋𝜇]  

 =
1

4𝜋
∫  
WS

 𝑑2𝜎√−ℎ𝛿ℎℎ
𝛼𝛽𝑇𝛼𝛽
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ℎ𝛼𝛽ℎ𝛼𝛽 = 2

 𝛿ℎ(ℎ
𝛼𝛽ℎ𝛼𝛽) = 0 = 𝛿ℎ(ℎ

𝛼𝛽)ℎ𝛼𝛽 + ℎ
𝛼𝛽𝛿ℎ(ℎ𝛼𝛽)

 ⟹ 𝛿ℎ(ℎ
𝛼𝛽)ℎ𝛼𝛽 = −ℎ

𝛼𝛽𝛿ℎ(ℎ𝛼𝛽)

𝛿ℎℎ = 𝛿ℎ (det(ℎ𝛼𝛽)) = 𝛿ℎ (𝑒
Tr{log (ℎ𝛼𝛽)}) = det(ℎ𝛼𝛽)Tr {𝛿ℎ (log (ℎ𝛼𝛽))}

 = det(ℎ𝛼𝛽)Tr {
𝛿ℎ(ℎ𝛼𝛽)

det(ℎ𝛼𝛽)
} = ℎℎ𝛼𝛽𝛿ℎ(ℎ𝛼𝛽)

 = −ℎℎ𝛼𝛽𝛿ℎ(ℎ
𝛼𝛽)

 

𝛼′𝑇𝛼𝛽 =
1

2
ℎ𝛼𝛽𝜕𝛾𝑋

𝜇𝜕𝛾𝑋𝜇 − 𝜕𝛼𝑋
𝜇𝜕𝛽𝑋𝜇 

=
1

2
ℎ𝛼𝛽ℎ

𝛾𝛿𝐺𝛾𝛿 − 𝐺𝛼𝛽 .  

𝑇𝛼𝛽 = 0  

𝐺𝛼𝛽 = (
1

2
ℎ𝛾𝛿𝐺𝛾𝛿)ℎ𝛼𝛽 ,  

ℎ𝛼𝛽 = (
1

2
ℎ𝛾𝛿𝐺𝛾𝛿)

−1

𝐺𝛼𝛽

⟹ ℎ = (
1

2
ℎ𝛾𝛿𝐺𝛾𝛿)

−2

det(𝐺𝛼𝛽) = (
1

2
ℎ𝛾𝛿𝐺𝛾𝛿)

−2

𝐺 

 ⟹ √−ℎ = (
1

2
ℎ𝛼𝛽𝐺𝛼𝛽)

−1

√−𝐺

 

𝑆P= −
1

4𝜋𝛼′
∫  
WS

 𝑑2𝜎√−𝐺 (
1

2
ℎ𝛾𝛿𝐺𝛾𝛿)

−1

ℎ𝛼𝛽𝐺𝛼𝛽 

= −
1

2𝜋𝛼′
∫  
WS

 𝑑2𝜎√−𝐺  

 = 𝑆NG

 

𝛼′𝑇𝛼
𝛼= −(𝜕𝑋 ⋅ 𝜕𝑋) +

1

2
ℎ𝛼
𝛼(𝜕𝑋 ⋅ 𝜕𝑋)  

 = −(𝜕𝑋 ⋅ 𝜕𝑋) +
1

2
2(𝜕𝑋 ⋅ 𝜕𝑋) = 0

 

𝑇𝛼  𝛼 = 0  

𝛿𝑋𝑆P= −
1

2𝜋𝛼′
∫  
WS

 𝑑2𝜎√−ℎℎ𝛼𝛽𝜕𝛼𝛿𝑋𝑋
𝜇𝜕𝛽𝑋𝜇  

 =
 IBP 1

2𝜋𝛼′
∫  
WS

 𝑑2𝜎[𝛿𝑋𝑋
𝜇𝜕𝛼(√−ℎℎ

𝛼𝛽𝜕𝛽𝑋𝜇) − 𝜕𝛼(√−ℎℎ
𝛼𝛽𝛿𝑋𝑋

𝜇𝜕𝛽𝑋𝜇)]

 

{
𝜕𝛼(√−ℎℎ

𝛼𝛽𝜕𝛽𝑋𝜇) = 0

[√−ℎℎ𝛼𝛽𝛿𝑋𝑋𝜇𝜕𝛽𝑋𝜇]𝜕(WS)
= 0
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∫  
WS

 𝑑2𝜎 = ∫  
𝜋

0

 𝑑𝜎∫  
+∞

−∞

 𝑑𝜏  

∫  
+∞

−∞

 𝑑𝜏 ∫  
𝜋

0

 𝑑𝜎𝜕𝜎[𝛿𝑋
𝜇√−ℎℎ𝜎𝛽𝜕𝛽𝑋𝜇] =

= ∫  
+∞

−∞

 𝑑𝜏√−ℎℎ𝜎𝛽[𝛿𝑋𝜇𝜕𝛽𝑋𝜇]𝜎=0
𝜎=𝜋

= 0

 

𝑛𝛽  = ℎ𝜎𝛽

𝑡𝛽  = ℎ𝜏𝛽

𝑡𝛽𝑛
𝛽  = 𝛿𝜏

𝜎 = 0

 

{
𝜕𝛼(√−ℎℎ

𝛼𝛽𝜕𝛽𝑋𝜇) = 0  (WS bulk eq.) 

𝛿𝑋𝜇(𝑛𝛼𝜕𝛼𝑋𝜇)|𝜕 (WS) 
= 0  (WS boundary eq.) 

,  

{

𝑋′(𝜎′) = 𝑋(𝜎)

𝜕𝜎′𝛾

𝜕𝜎𝛼
𝜕𝜎′𝛿

𝜕𝜎𝛽
ℎ𝛾𝛿
′ (𝜎′) = ℎ𝛼𝛽(𝜎)

;  

ℎ𝛼𝛽
′ (𝜎) = 𝑒2𝜔(𝜎)ℎ𝛼𝛽(𝜎).  

(ℎ𝛼𝛽)
′
= 𝑒−2𝜔(𝜎)ℎ𝛼𝛽(𝜎),

ℎ′ = det(ℎ𝛼𝛽
′ ) = 𝑒4𝜔(𝜎)ℎ ⟹ √−ℎ′ = 𝑒2𝜔(𝜎)√−ℎ,

 

√−ℎ′ℎ′𝛼𝛽 = √−ℎℎ𝛼𝛽 .  

ℎ𝛼𝛽
′ = 𝑒2𝜔ℎ𝛼𝛽 = (1 + 2𝜔 + 𝒪(𝜔

2))ℎ𝛼𝛽 ,  

𝛿𝜔ℎ𝛼𝛽 = 2𝜔ℎ𝛼𝛽  

𝛿𝜔𝑆P ∝ ∫  
WS

 𝑑2𝜎√−ℎ𝛿𝜔ℎ
𝛼𝛽𝑇𝛼𝛽 = 0

⟹ ℎ𝛼𝛽𝑇𝛼𝛽 = 𝑇𝛼
𝛼 = 0

 

{
𝑋′𝜇 = Λ𝜈

𝜇
𝑋𝜈 + 𝑎𝜈

ℎ𝛼𝛽
′ = ℎ𝛼𝛽

.  

ℎ̂𝛼𝛽 = 𝑒
−𝜙𝜂𝛼𝛽 ,

ℎ̂𝛼𝛽 = 𝑒𝜙𝜂𝛼𝛽 ,
 

√−ℎ̂ = 𝑒−𝜙√−𝜂 = 𝑒−𝜙  

ℎ̂𝛼𝛽√−ℎ̂ = 𝜂𝛼𝛽 .  

𝑆[ℎ̂, 𝑋̂] = −
1

4𝜋𝛼′
∫  
WS

 𝑑2𝜎𝜂𝛼𝛽𝜕𝛼𝑋
𝜇𝜕𝛽𝑋𝜇  

𝜎± = 𝜏 ± 𝜎.  
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𝑑2𝜎 =
1

2
𝑑𝜎+𝑑𝜎−  

 

𝜏 =
𝜎+ + 𝜎−

2
, 𝜎 =

𝜎+ − 𝜎−

2
.  

𝜂++ = 𝜂−− = 0, 𝜂++ = 𝜂−− = 0

𝜂+− = 𝜂−+ = −
1

2
, 𝜂+− = 𝜂−+ = −2

 

𝜂 = (
0 −

1

2

−
1

2
0

) , 𝜂−1 = (
0 −2
−2 0

) .  

𝑆 =
1

2𝜋𝛼′
∫  
WS

 𝑑𝜎+𝑑𝜎−𝜕+𝑋
𝜇𝜕−𝑋𝜇  

𝜎′+  = 𝑓(𝜎+) = 𝑓+

𝜎′−  = 𝑔(𝜎−) = 𝑔−
 

−𝑑𝜎′−𝑑𝜎′+ = −(𝜕+𝑓+𝜕−𝑔−)𝑑𝑓
+𝑑𝑔−  

{
𝜕+𝜕−𝑋

𝜇(𝜎+, 𝜎−) = 0  (WS bulk eq.) 

𝛿𝑋𝜇𝜕𝜎𝑋
𝜇|
𝜎=0,𝜋

= 0  (WS boundary eq.) 
.  

𝑇𝛼𝛽 =
4𝜋

√−ℎ

𝛿𝑆

𝛿ℎ𝛼𝛽
=

1

2𝛼′
ℎ𝛼𝛽𝜕𝛾𝑋

𝜇𝜕𝛾𝑋𝜇 −
1

𝛼′
𝜕𝛼𝑋

𝜇𝜕𝛽𝑋𝜇  

𝑇++  = −
1

𝛼′
(𝜕+𝑋

𝜇𝜕+𝑋𝜇),

𝑇−−  = −
1

𝛼′
(𝜕−𝑋

𝜇𝜕−𝑋𝜇),

𝛼′𝑇+−  = 𝛼
′𝑇−+ = −𝜕+𝑋

𝜇𝜕−𝑋
𝜇 +

1

2
2(𝜕+𝑋

𝜇𝜕−𝑋
𝜇) = 0

 

𝜕𝛼𝑇𝛼𝛽 = 0⟺ {
𝜕+𝑇−− = 0
𝜕−𝑇++ = 0

 

{
𝑇++ = 𝑇++(𝜎

+)

𝑇−− = 𝑇−−(𝜎
−)

 

𝜕+𝜕−𝑋
𝜇(𝜎+, 𝜎−) = 0  

𝑋𝜇(𝜎+, 𝜎−) = 𝑋𝐿
𝜇(𝜎+) + 𝑋𝑅

𝜇(𝜎−)  

𝑋𝐿
𝜇(𝜎+) =

1

2
(𝑋0

𝜇
+ 𝑐𝜇) +

𝛼′

2
𝑃𝜇𝜎+ + 𝑖√

𝛼′

2
∑  

𝑛≠0

 
𝛼𝑛
𝜇

𝑛
𝑒−𝑖𝑛𝜎

+
 



pág. 2535 

𝑋𝑅
𝜇(𝜎−) =

1

2
(𝑋0

𝜇
− 𝑐𝜇) +

𝛼′

2
𝑃𝜇𝜎− + 𝑖√

𝛼′

2
∑  

𝑛≠0

 
𝛼̃𝑛
𝜇

𝑛
𝑒−𝑖𝑛𝜎

−
 

𝑋𝜇(𝜎+, 𝜎−) = 𝑋0
𝜇
+ 𝛼′𝑃𝜇𝜏 + 𝑖√

𝛼′

2
∑  

𝑛≠0

 
1

𝑛
(𝛼𝑛

𝜇
𝑒−𝑖𝑛𝜎

+
+ 𝛼̃𝑛

𝜇
𝑒−𝑖𝑛𝜎

−
)  

𝑋𝜇 = (𝑋𝜇)∗ ⟺ 𝛼
(∼)

−𝑛 = ( 𝛼
(∼)

𝑛)
∗

 

𝒫𝜇(𝜏, 𝜎)=
𝜕ℒ

𝜕𝑋̇𝜇
=

1

2𝜋𝛼′
𝑋̇𝜇  

 =
𝑃𝜇

2𝜋
+

1

2𝜋√2𝛼′
∑  

𝑛≠0

  (𝛼𝑛
𝜇
𝑒−𝑖𝑛(𝜏+𝜎) + 𝛼̃𝑛

𝜇
𝑒−𝑖𝑛(𝜏−𝜎))

 

∫  
2𝜋

0

 𝑑𝜎𝒫𝜇 = 𝑃𝜇  

[𝑋𝜇(𝜏, 𝜎), 𝒫𝜈(𝜏, 𝜎′)] = 𝑖𝜂𝜇𝜈𝛿(𝜎 − 𝜎′)  

 

[𝛼𝑛
𝜇
, 𝛼𝑚
𝜈 ] = [𝛼̃𝑛

𝜇
, 𝛼̃𝑚
𝜈 ]  = 𝑛𝜂𝜇𝜈𝛿𝑛+𝑚,0

[𝛼𝑛
𝜇
, 𝛼̃𝑚
𝜈 ]  = 0

[𝑋0
𝜇
, 𝑃𝜈]  = 𝑖𝜂𝜇𝜈

 

𝑎𝑛
𝜇
 =

1

√𝑛
𝛼𝑛
𝜇
  for 𝑛 > 0

𝑎𝑛
𝜇†
 =

1

√𝑛
𝛼−𝑛
𝜇
  for 𝑛 > 0

 

[𝑎𝑛
𝜇
, 𝑎𝑚
𝜈†] = 𝜂𝜇𝜈𝛿𝑚,𝑛  

𝛼𝑛|0⟩ = 0, ⟨0|𝛼−𝑛 = 0, ∀𝑛 > 0  

(𝛼𝑛
𝜇
)
†
= 𝛼−𝑛

𝜇  

𝛼−𝑛1
𝜇1 …𝛼−𝑛𝑘

𝜇𝑘 𝛼̃−𝑚1

𝜈1 … 𝛼̃−𝑚𝑘

𝜈𝑘 |0, 𝑃⟩  

𝑇++ = −
1

𝛼′
𝜕+𝑋

𝜇𝜕+𝑋𝜇 = 𝑇++(𝜎
+)  

𝑇−− = −
1

𝛼′
𝜕−𝑋

𝜇𝜕−𝑋𝜇 = 𝑇−−(𝜎
−)  

{
 
 

 
 𝑇++(𝜎

+) = −∑  

𝑛∈ℤ

 𝐿𝑛𝑒
−𝑖𝑛𝜎+

𝑇−−(𝜎
−) = −∑  

𝑛∈ℤ

  𝐿̃𝑛𝑒
−𝑖𝑛𝜎−
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𝐿𝑛 =
1

2
∑  

𝑘∈ℤ

 𝛼𝑛−𝑘
𝜇

𝛼𝑘
𝜈𝜂𝜇𝜈 , 𝐿̃𝑛 =

1

2
∑  

𝑘∈ℤ

  𝛼̃𝑛−𝑘
𝜇

𝛼̃𝑘
𝜈𝜂𝜇𝜈  

𝛼0
𝜇
= 𝛼̃0

𝜇
= √

𝛼′

2
𝑃𝜇   

𝐿𝑛≠0  =
1

2
∑  

𝑘∈ℤ

 𝛼𝑛−𝑘 ⋅ 𝛼𝑘 , 

𝐿0  ∼
1

2
∑  

𝑘∈ℤ

 𝛼−𝑘 ⋅ 𝛼𝑘 , 

 

[𝛼𝑛−𝑘
𝜇

, 𝛼𝑘
𝜈]  = 0

[𝛼−𝑘
𝜇
, 𝛼𝑘
𝜈]  ≠ 0

 

: 𝐿0: =
1

2
∑  

𝑘∈ℤ

  : 𝛼−𝑘 ⋅ 𝛼𝑘: =
1

2
𝛼0
2 +∑ 

𝑘≥0

 𝛼−𝑘 ⋅ 𝛼𝑘 ≡ 𝐿̂0.  

{
(𝐿̂0 − 𝑎)|phys⟩ = 0

(𝐿̂̃0 − 𝑎̃) |phys⟩ = 0
 

[𝐿𝑛, 𝛼𝑚
𝜇
] = −𝑚𝛼𝑛+𝑚

𝜇
 

[𝐿𝑛, 𝐿𝑚] =
1

2
∑  

𝑘∈ℤ

  [𝐿𝑛, : 𝛼𝑚−𝑘 ⋅ 𝛼𝑘: ]

=
1

2
(∑  

𝑘≥0

  [𝐿𝑛, 𝛼𝑚−𝑘 ⋅ 𝛼𝑘] +∑  

𝑘<0

  [𝐿𝑛, 𝛼𝑘 ⋅ 𝛼𝑚−𝑘])

=
1

2
(∑  

𝑘≥0

  {(𝑘 − 𝑚)𝛼𝑛+𝑚−𝑘 ⋅ 𝛼𝑘 − 𝑘𝛼𝑚−𝑘 ⋅ 𝛼𝑛+𝑘}

 +∑  

𝑘<0

  {−𝑘𝛼𝑛+𝑘 ⋅ 𝛼𝑚−𝑘 + (𝑘 −𝑚)𝛼𝑘 ⋅ 𝛼𝑛+𝑚−𝑘})

 

[𝐿𝑛, 𝐿𝑚] =
1

2
(∑  

𝑘≥0

  (𝑘 − 𝑚)𝛼𝑛+𝑚−𝑘 ⋅ 𝛼𝑘 +∑  

𝑞≥𝑛

  (𝑛 − 𝑞)𝛼𝑛+𝑚−𝑞 ⋅ 𝛼𝑞

 + ∑  

𝑞≤𝑛−1

  (𝑛 − 𝑞)𝛼𝑞 ⋅ 𝛼𝑛+𝑚−𝑞 +∑  

𝑘<0

  (𝑘 − 𝑚)𝛼𝑘 ⋅ 𝛼𝑛+𝑚−𝑘)

 

=
1

2
(∑  

𝑘≥0

  (𝑛 − 𝑚)𝛼𝑛+𝑚−𝑘 ⋅ 𝛼𝑘 +∑  

𝑛−1

𝑘=0

  (𝑘 − 𝑛)𝛼𝑛+𝑚−𝑘 ⋅ 𝛼𝑘 

 + ∑  

𝑘≤−1

  (𝑛 −𝑚)𝛼𝑘 ⋅ 𝛼𝑛+𝑚−𝑘 +∑  

𝑛−1

𝑘=0

  (𝑛 − 𝑘)𝛼𝑘 ⋅ 𝛼𝑛+𝑚−𝑘)
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∑  

𝑛−1

𝑘=0

  (𝑛 − 𝑘)𝛼𝑘 ⋅ 𝛼𝑛+𝑚−𝑘= ∑  

𝑛−1

𝑘=0

  (𝑛 − 𝑘)(𝛼𝑛+𝑚−𝑘 ⋅ 𝛼𝑘 − [𝛼𝑛+𝑚−𝑘
𝜇

, 𝛼𝑘
𝜈]𝜂𝜇𝜈)  

= ∑  

𝑛−1

𝑘=0

  (𝑛 − 𝑘)(𝛼𝑛+𝑚−𝑘 ⋅ 𝛼𝑘 − (−𝑘)𝜂
𝜇𝜈𝛿𝑛+𝑚,0𝜂𝜇𝜈) 

 = ∑  

𝑛−1

𝑘=0

  (𝑛 − 𝑘)(𝛼𝑛+𝑚−𝑘 ⋅ 𝛼𝑘 + 𝑘𝑑𝛿𝑛+𝑚,0)

 

[𝐿𝑛, 𝐿𝑚]=
1

2
(∑  

𝑘∈ℤ

  (𝑛 − 𝑚)𝛼𝑛+𝑚−𝑘 ⋅ 𝛼𝑘 +∑  

𝑛−1

𝑘=0

  (𝑛 − 𝑘)𝑘𝐷𝛿𝑛+𝑚,0) 

 = (𝑛 −𝑚)𝐿𝑛+𝑚 +
1

2
𝐷∑  

𝑛−1

𝑘=0

  (𝑛 − 𝑘)𝑘𝛿𝑛+𝑚,0

 

∑  

𝑛−1

𝑘=0

  (𝑛 − 𝑘)𝑘 =
1

6
𝑛(𝑛2 − 1)  

[𝐿𝑛, 𝐿𝑚] = (𝑛 −𝑚)𝐿𝑛+𝑚 +
𝐷

12
𝑛(𝑛2 − 1)𝛿𝑛+𝑚,0  

𝑐

12
𝑛(𝑛2 − 1)𝛿𝑛+𝑚,0 

[𝐿0, 𝐿1] = −𝐿1, [𝐿0, 𝐿−1] = +𝐿−1, [𝐿1, 𝐿−1] = 2𝐿0  

𝑓(𝑧) =
𝛼𝑧 + 𝛽

𝛾𝑧 + 𝛿
,  

det (
𝛼 𝛽
𝛾 𝛿

) = 1.  

|0, 𝑃⟩|𝑃=0 = |0⟩.  

𝑃𝜇|0⟩ = 0

𝛼0
𝜇
|0⟩ = 0

𝛼̃0
𝜇
|0⟩ = 0

 

𝐿+1|0⟩  = 0
𝐿0|0⟩  = 0
𝐿−1|0⟩  = 0
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𝐿+1|0⟩  =
1

2
∑  

𝑘∈ℤ

 𝛼1−𝑘 ⋅ 𝛼𝑘|0⟩ = {

0  for 𝑘 > 0 since 𝛼𝑘 annihilates |0⟩
0  for 𝑘 < 0 since 𝛼1−𝑘 annihilates |0⟩

0  for 𝑘 = 0 since 𝛼0|𝑃=0 = 0

𝐿0|0⟩  =
1

2
∑  

𝑘∈ℤ

 𝛼−𝑘 ⋅ 𝛼𝑘 = (
1

2
(𝛼0)

2 +
1

2
∑  

𝑘≠0

 𝛼−𝑘 ⋅ 𝛼𝑘) |0⟩

 = (
𝛼′𝑃2

4
|
𝑃=0

+∑  

𝑘>0

 𝛼−𝑘 ⋅ 𝛼𝑘) |0⟩

 = 0

 

𝐿−1|0⟩ =
1

2
∑  

𝑘∈ℤ

 𝛼−1−𝑘 ⋅ 𝛼𝑘|0⟩ = {

0  for 𝑘 > 0 since 𝛼−1−𝑘 annihilates |0⟩
0  for 𝑘 < 0 since 𝛼𝑘 annihilates |0⟩

0  for 𝑘 = 0 since 𝛼0|𝑃=0 = 0
.  

𝑒𝑖𝑃⋅𝑋̂0|0⟩ = |0, 𝑃⟩  

𝑃̂𝜇𝑒𝑖𝑃⋅𝑋̂0|0⟩= 0 + [𝑃̂𝜇 , 𝑒𝑖𝑃⋅𝑋̂0]|0⟩  

= 𝑖𝑃𝜈[𝑃̂
𝜇 , 𝑋̂0

𝜈]𝑒𝑖𝑃⋅𝑋̂0|0⟩ 

= 𝑖𝑃𝜈(−𝑖𝜂
𝜇𝜈)𝑒𝑖𝑃⋅𝑋̂0|0⟩ 

 = 𝑃𝜇𝑒𝑖𝑃⋅𝑋̂0|0⟩

 

𝐿𝑛 ∣  phys ⟩ =
?
0 ∀𝑛 ≠ 0  

⟨ phys |[𝐿𝑛, 𝐿𝑚] ∣  phys' ⟩ =

= 0  

= ⟨ phys | ((𝑛 −𝑚)𝐿𝑛+𝑚 +
𝐷

12
𝑛(𝑛2 − 1)𝛿𝑛+𝑚,0)|   phys' ⟩

 

⟨ phys | phys' ⟩ = 0  

⟨ phys |𝐿𝑛 ∣  phys' ⟩ = 0 ∀𝑛 ≠ 0  

𝐿𝑛 ∣  phys ⟩ = 0 ⟨ phys |𝐿−𝑛 = 0 ∀𝑛 > 0  

(𝐿0 − 𝑎) ∣  phys ⟩ = 0  

𝑄𝐵
2 = 0 ↔  𝐷 = 26  

𝑄𝐵|Ψ⟩ = 0 ⇒ {
𝐿𝑛|𝜓⟩

matter = 0 ∀𝑛 > 0

(𝐿0 − 1)|𝜓⟩
matter = 0

 

𝐿𝑛 ∣  phys ⟩ = 0 ∀𝑛 > 0
(𝐿0 − 𝑎) ∣  phys ⟩ = 0

 

|𝜒⟩ = ∑  

𝑛>0

 𝐿−𝑛|𝜒𝑛⟩  

⟨𝜒| phys ⟩ = 0  
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∣  null ⟩  = ∑  

𝑛>0

 𝐿−𝑛|𝜒𝑛⟩

𝐿𝑛 ∣  null ⟩  = 0 ∀𝑛 > 0
(𝐿0 − 𝑎) ∣  null ⟩  = 0

 

⟨ null | null 
′⟩ = 0, ⟨ null | phys ⟩ = 0  

∣  phys ⟩ ∼∣  phys ⟩+∣  null ⟩.  

 

𝑁(𝛼−1
𝜇
)
2
(𝛼−2
𝜈 )3|0, 𝑃⟩  = 8(𝛼−1

𝜇
)
2
(𝛼−2
𝜈 )3|0, 𝑃⟩

𝑁(𝛼−3
𝜇
)(𝛼−2

𝜈 )|0, 𝑃⟩  = 5(𝛼−3
𝜇
)(𝛼−2

𝜈 )|0, 𝑃⟩
 

𝐿
(∼)

0 =
𝛼′𝑃2

4
+ 𝑁
(∼)

 

(𝐿0 + 𝐿̃0)|0, 𝑃⟩= (
𝛼′𝑃2

2
+ 𝑁 + 𝑁̃) |0, 𝑃⟩  

 = (−
𝛼′𝑚2

2
+ 𝑁 + 𝑁̃) |0, 𝑃⟩ = 2𝑎|0, 𝑃⟩

(𝐿0 − 𝐿̃0)|0, 𝑃⟩ = (𝑁 − 𝑁̃)|0, 𝑃⟩ = 0

 

𝑁 = 𝑁̃  

−
𝛼′𝑚2

2
+ 2𝑁 = 2𝑎  

𝛼′𝑚2 = 4(𝑁 − 𝑎).  

𝐿
(∼)

𝑛|0, 𝑃⟩ = 0 ∀𝑛 > 0

(𝐿
∼

0|0, 𝑃⟩ = (
𝛼′𝑃2

4
+ 0) |0, 𝑃⟩ = 𝑎|0, 𝑃⟩

 

−
𝛼′𝑚2

4
= 𝑎 ⟹ 𝑚2 = −

4𝑎

𝛼′
 

𝛼−1
𝜇
𝛼̃−1
𝜈 |0, 𝑃⟩  

𝐺𝜇𝜈(𝑃)𝛼−1
𝜇
𝛼̃−1
𝜈 |0, 𝑃⟩  

𝐺𝜇𝜈 = ℎ𝜇𝜈 + 𝐵𝜇𝜈 +Φ𝜂𝜇𝜈 ,  
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‖

‖
ℎ𝜇𝜈  = 𝐺(𝜇𝜈) −

1

𝐷
𝜂𝜇𝜈𝐺𝜌

𝜌

⏟      
remove the trace 

 symmetric traceless 

𝐵𝜇𝜈  = 𝐺[𝜇𝜈] anti-symmetric 

Φ =
1

𝑑
𝐺𝜌
𝜌

⏟
trace 

 scalar ‖

‖

 

|𝜓⟩ = ∫  𝑑𝑑𝑃𝐺𝜇𝜈(𝑃)𝛼−1
𝜇
𝛼̃−1
𝜈 |0, 𝑃⟩  

𝐿1𝐺𝜇𝜈𝛼−1
𝜇
𝛼̃−1
𝜈 |0, 𝑃⟩= 0  

∝ 𝐺𝜇𝜈(𝛼0
𝜌
𝛼1
𝜎)𝜂𝜌𝜎𝛼−1

𝜇
𝛼̃−1
𝜈 |0, 𝑃⟩ 

 = 𝐺𝜌𝜈𝑃
𝜌𝛼̃−1

𝜈 |0, 𝑃⟩

 

{
𝑃𝜇𝐺

𝜇𝜈 = 0

𝐺𝜇𝜈𝑃𝜈 = 0
 

𝛼′𝑚2 = 4(1 − 𝑎),  

∣  state ⟩ = 𝜉𝜈𝛼−1
0 𝛼̃−1

𝜈 |0, 𝑃⟩  

𝛼′𝑃2

4
= 𝑎 − 1 > 0  

‖ state ⟩‖2 = 𝜂00(𝜉 ⋅ 𝜉)𝛿(𝑃 + 𝑃′) < 0  

𝑃2 = 0  

𝐺∗
𝜇𝜈
= 𝑃𝜇𝜉𝜈 + 𝑣𝜇𝑃𝜈  

‖𝐺∗
𝜇𝜈
𝛼−1
𝜇
𝛼̃−1
𝜈 |0, 𝑃⟩‖2 ∼ 𝑃2 = 0  

𝑃𝜇𝜉𝜈𝛼−1
𝜇
𝛼̃−1
𝜈 |0, 𝑃⟩ ∝ 𝐿−1(𝜉 ⋅ 𝛼̃−1)|0, 𝑃⟩

𝑣𝜇𝑃𝜈𝛼−1
𝜇
𝛼̃−1
𝜈 |0, 𝑃⟩ ∝ (𝑣 ⋅ 𝛼−1)𝐿̃−1|0, 𝑃⟩

 

∣  phys ⟩  ∼∣  phys ⟩+∣  null ⟩

𝐺𝜇𝜈  ∼ 𝐺𝜇𝜈 + 𝑃
𝜇𝜉𝜈 + 𝑣𝜇𝑃𝜈

 ( with 𝑃 ⋅ 𝜉 = 0, 𝑣 ⋅ 𝑃 = 0, 𝑃2 = 0)

 

ℎ𝜇𝜈  ∼ ℎ𝜇𝜈 + 𝑃(𝜇𝜃𝜈)
𝐵𝜇𝜈  ∼ 𝐵𝜇𝜈 + 𝑃[𝜇Λ𝜈]

Φ ∼ Φ

 

𝜃𝜇 =
𝜉𝜇 + 𝑣𝜇

2
, Λ𝜇 =

𝜉𝜇 − 𝑣𝜇

2
 

{

𝑃2ℎ𝜇𝜈 = 0

𝑃𝜇ℎ
𝜇𝜈 = 0

ℎ𝜇 
𝜇 = 0
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𝑃2ℎ𝜇𝜈 − 𝑃
𝜌𝑃(𝜇ℎ𝜈)𝜌 − 𝑃𝜇𝑃𝜈ℎ𝜌

𝜌
= 0.  

𝐵 = 𝐵𝜇𝜈𝑑𝑥
𝜇 ∧ 𝑑𝑥𝜈 .  

{
𝑃2𝐵𝜇𝜈 = 0

𝑃𝜇𝐵
𝜇𝜈 = 0

,  

𝐻 = 𝑑𝐵= 𝜕[𝜇𝐵𝜈𝜌]𝑑𝑥
𝜇 ∧ 𝑑𝑥𝜈 ∧ 𝑑𝑥𝜌 

 = 𝐻𝜇𝜈𝜌𝑑𝑥
𝜇 ∧ 𝑑𝑥𝜈 ∧ 𝑑𝑥𝜌

 

𝑆 ∼ ∫  𝑑𝐷𝑥𝐻𝜇𝜈𝜌𝐻
𝜇𝜈𝜌 ∼ ∫  𝐻 ∧∗ 𝐻  

◻𝐴𝜇 − 𝜕𝜇(𝜕 ⋅ 𝐴) = 0 ↔ 𝑃2𝐴𝜇 − 𝑃𝜇(𝑃 ⋅ 𝐴) = 0. 

{𝑃
2 = 0
𝑃 ⋅ 𝐴 = 0

 

{
∗ 𝑑 ∗ 𝐻 = 0 →◻ 𝐵𝜇𝜈 + 𝜕

𝜌𝜕[𝜇𝐵𝜈]𝜌 = 0

𝑑𝐻 = 0 (ℬ𝑏𝑖𝑎𝑛𝑐ℎ𝑖 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑖𝑒𝑠)
 

𝑃2Φ(𝑃) = 0  

𝑞∫  
𝑊𝐿

 𝐴 = 𝑞∫  𝑑𝜏𝑋̇𝜇(𝜏)𝐴𝜇(𝑋)  

𝑞 ∼ ∫  
𝑆𝐷−2

  ∗ 𝐹(2)  

−
1

4𝜋𝛼′
∫  
𝑊𝑆

 𝐵 = −
1

4𝜋𝛼′
∫  
𝑊𝑆

 𝑑2𝜎𝜖𝛼𝛽𝜕𝛼𝑋
𝜇𝜕𝛽𝑋

𝜈𝐵𝜇(𝑋)  

 Particle charge ∼ ∫  
𝑆𝑑−3

  ∗ 𝐻(3)  

|𝜒2⟩ = (2𝐿−2 + 3𝐿−1
2 )⏟        

 left 

 excitation 

(𝜃̃−2)⏟  
 right 

 excitation 

|0, 𝑃⟩,
 

(𝐿̃0 − 1)𝜃̃−2|0, 𝑃⟩  = 0

𝐿̃1𝜃̃−2|0, 𝑃⟩  = 0

𝐿̃2𝜃̃−2|0, 𝑃⟩  = 0

 

(𝐿0 − 1)|𝜒2⟩  = (
𝛼′𝑃2

4
+ 1) |𝜒2⟩ = 0 → 𝑚2 =

4

𝛼′

𝐿1|𝜒2⟩  = 0

𝐿2|𝜒2⟩  ∝ (𝐷 − 26)𝜃̃−2|0, 𝑃⟩

 

‖|𝜒⟩‖2 ∝ (26 − 𝐷)  

|Ψ⟩ = (𝛼−1 ⋅ 𝛼−1 + 𝑐2𝛼0 ⋅ 𝛼−2 + 2𝑐3(𝛼0 ⋅ 𝛼−1)
2)|0, 𝑃⟩.  
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⟨Ψ ∣ Ψ⟩ =
2(𝐷 − 1)[2(𝑎 − 2)(8𝑎 − 21) + (2𝑎 − 3)𝐷]

(9 − 4𝑎)2
⟨0, 𝑃 ∣ 0, 𝑃⟩.  

⟨Ψ ∣ Ψ⟩ ≥ 0 →  𝐷 ≤
2(2 − 𝑎)(21 − 8𝑎)

3 − 2𝑎
 

{
𝜕+𝜕−𝑋

𝜇(𝜎+, 𝜎−) = 0  (WS bulk eq.) 

𝛿𝑋𝜇𝜕𝜎𝑋
𝜇|
𝜎=0,𝜋

= 0  (WS boundary eq.) 
 

𝜕𝜎𝑋
𝜇|endpoint = 0  

𝛿𝑋𝜇|endpoint = 0  

𝑋𝜇(𝜎+, 𝜎−) = 𝑋𝐿
𝜇(𝜎+) + 𝑋𝑅

𝜇(𝜎−)  

𝑋̂𝜇(𝜏, 𝜎) = {
𝑋𝜇(𝜏, 𝜎)  if 𝜎 ∈ (0, 𝜋)

𝑋𝜇(𝜏, 2𝜋 − 𝜎)  if 𝜎 ∈ (𝜋, 2𝜋)
 

𝑋̂𝜇(𝜏, 2𝜋 + 𝜎) = 𝑋̂𝜇(𝜏, 𝜎)  

𝑋̂(𝜏, 𝜎) = 𝑋̂(𝜏, −𝜎)  

𝛼𝑛
𝜇
= 𝛼̃𝑛

𝜇
 

𝑋𝑁𝑁
𝜇 (𝜎+, 𝜎−) = 𝑋0

𝜇
+ 𝛼′𝑃𝜇𝜏 + 𝑖√

𝛼′

2
∑  

𝑛≠0

 
1

𝑛
𝛼𝑛
𝜇
(𝑒−𝑖𝑛𝜎

+
+ 𝑒−𝑖𝑛𝜎

−
).  

[𝛼𝑛
𝜇
, 𝛼𝑚
𝜈 ] = 𝑛𝜂𝜇𝜈𝛿𝑛+𝑚,0,  

[𝑋0
𝜇
, 𝑃𝜈] = 𝑖𝜂𝜇𝜈 .  

𝛼−𝑛1
𝜇1 …𝛼−𝑛𝑘

𝜇𝑘 |0, 𝑃⟩  

𝐿𝑛≠0  =
1

2
∑  

𝑘∈ℤ

 𝛼𝑛−𝑘 ⋅ 𝛼𝑘

𝐿0  =
1

2
∑  

𝑘∈ℤ

  : 𝛼−𝑘 ⋅ 𝛼𝑘: =
1

2
(𝛼0)

2 +𝑁 = 𝛼′𝑃2 +𝑁

 

𝛼0
𝜇
= √2𝛼′𝑃𝜇  

𝑋𝑖(𝜎 = 0) = 𝑥𝑖, 𝑋𝑖(𝜎 = 𝜋) = 𝑥𝑖  

𝑋𝑖(𝜏, 𝜎) = 𝑥𝑖 + 𝑌𝑖(𝜏, 𝜎)  

𝑌𝑖(𝜏, 𝜎)|
𝜎=0,𝜋

= 0  

𝑌̂𝑖(𝜏, 𝜎) = {
𝑌𝑖(𝜏, 𝜎)  if 𝜎 ∈ (0, 𝜋)

−𝑌𝑖(𝜏, 2𝜋 − 𝜎)  if 𝜎 ∈ (𝜋, 2𝜋)
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𝑌̂𝑖(𝜏, −𝜎) = 𝑌̂𝑖(𝜏, 2𝜋 − 𝜎) = −𝑌̂𝑖(𝜏, 𝜎).  

𝑌𝑖(𝜎+, 𝜎−) = 𝑖√
𝛼′

2
∑  

𝑛≠0

 
1

𝑛
𝛼𝑛
𝑖 (𝑒−𝑖𝑛𝜎

+
− 𝑒−𝑖𝑛𝜎

−
)  

𝑋𝐷𝐷
𝑖 (𝜏, 𝜎) = 𝑥𝑖 + 𝑖√

𝛼′

2
∑  

𝑛≠0

 
1

𝑛
𝛼𝑛
𝑖 (𝑒−𝑖𝑛𝜎

+
− 𝑒−𝑖𝑛𝜎

−
)  

𝜕𝜎𝑋
𝜇|𝜎=0 = 0,  𝑋

𝜇(𝜏, 𝜎)|𝜎=𝜋 = 𝑥
𝜇  

𝑋𝑁𝐷
𝜇
(𝜏, 𝜎) = 𝑥𝜇 + 𝑖√

𝛼′

2
∑  

𝑟∈ℤ+
1
2

 
1

𝑟
𝛼𝑟
𝜇
(𝑒−𝑖𝑟𝜎

+
+ 𝑒−𝑖𝑟𝜎

−
)  

𝑋𝐷𝑁
𝜇
(𝜏, 𝜎) = 𝑋0

𝜇
+ 𝑖√

𝛼′

2
∑  

𝑟∈ℤ+
1
2

 
1

𝑟
𝛼𝑟
𝜇
(𝑒−𝑖𝑟𝜎

+
− 𝑒−𝑖𝑟𝜎

−
)  

𝐿𝑛 =
1

2
∑  

𝑟∈ℤ+
1
2

  : 𝛼𝑛−𝑟 ⋅ 𝛼𝑟:  

[𝛼𝑟
𝜇
, 𝛼𝑠
𝜈]  = 𝑟𝜂𝜇𝜈𝛿𝑟+𝑠,0

[𝐿𝑛, 𝐿𝑚]  = (𝑛 −𝑚)𝐿𝑛+𝑚 +
1

12
𝑛(𝑛2 − 1)𝛿𝑛+𝑚,0

 

𝛼𝑟|0⟩𝑁𝐷 = 0, ∀𝑟 ∈ ℤ +
1

2
, 𝑟 ≥

1

2
.  

𝑇±±(𝜎
±) = −∑  

𝑛∈ℤ

 𝐿𝑛𝑒
−𝑖𝑛𝜎±

 

𝜕+𝑋𝑁𝑁(𝜎
+) = 𝜕−𝑋𝑁𝑁(𝜎

−)|𝜎=0,𝜋  

𝜕+𝑋𝐷𝐷(𝜎
+) = −𝜕−𝑋𝐷𝐷(𝜎

−)|𝜎=0,𝜋  

𝑇++(𝜎
+) = 𝑇−−(𝜎

−)|𝜎=0,𝜋  

𝜕+𝑋𝑁𝐷(𝜎
+) = 𝜕−𝑋𝑁𝐷(𝜎

−)|𝜎=0
𝜕+𝑋𝑁𝐷(𝜎

+) = −𝜕−𝑋𝑁𝐷(𝜎
−)|𝜎=𝜋

 

 

𝐿0 = 𝛼
′𝑃2 +𝑁(𝑁𝑁) +𝑁(𝐷𝐷) = 𝛼′𝑃2 +𝑁(tot).  

𝛼′𝑚2 = 𝑁(tot) − 𝑎.  

𝑡(𝑃)|0, 𝑃⟩,  
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𝛼′𝑚2 = −𝑎.  

𝑎 = 1,  

𝑚2 = −
1

𝛼′
.  

(𝐴𝜇(𝑃)𝛼−1
𝜇
+𝜙𝑖(𝑃)𝛼−1

𝑖 )|0, 𝑃⟩,  

𝑆𝑂(1, 𝑑 − 1) ⟶ 𝑆𝑂(1, 𝑝)⏟    
 Lorentz on 

 the 𝐷(𝑝)-brane 

× 𝑆𝑂(𝑑 − 𝑝 − 1)⏟        
 rotations in the 

 Dirichlet directions 

.
 

𝑚 = 0.  

{
𝑃𝜇𝐴

𝜇(𝑃) = 0

𝑃2𝐴𝜇(𝑃) = 0

𝑃2𝜙𝑖(𝑃) = 0

 

𝐴𝜇(𝑃) ∼ 𝐴𝜇(𝑃) + 𝜆(𝑃)𝑃𝜇 ⟶ 𝐴𝜇(𝑥) ∼ 𝐴𝜇(𝑥) + 𝑖𝜕𝜇𝜆(𝑥),  

(𝜉𝜇𝛼−2
𝜇
+ 𝜃𝜇𝜈𝛼−1

𝜇
𝛼−1
𝜈 )|0, 𝑃⟩  

𝜕+𝜕−𝑌
(12)(𝜏, 𝜎)  = 0 ( wave equation )

𝑌(12)(𝜏, 𝜎 = 0)  = 𝑦1 (BC)
 

 

𝑌(12)(𝜏, 𝜎 = 𝜋) = 𝑦2 (BC).  

𝑌(12)(𝜎+, 𝜎−) = (1 −
𝜎

𝜋
)𝑦1 +

𝜎

𝜋
𝑦2 + 𝑖√

𝛼′

2
∑  

𝑛≠0

 
1

𝑛
𝛼𝑛
(12)

(𝑒−𝑖𝑛𝜎
+
− 𝑒−𝑖𝑛𝜎

−
)  

(1 −
𝜎

𝜋
)𝑦1 +

𝜎

𝜋
𝑦2 = 𝑦1 +

Δ𝑦

2𝜋
(𝜎+ − 𝜎−).  
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𝛼0
(12)

=
Δ𝑦

2𝜋
√
2

𝛼′
,  

𝜕+𝑌
(12)(𝜎+, 𝜎−) =

Δ𝑦

2𝜋
+√

𝛼′

2
∑  

𝑛≠0

 𝛼𝑛
(12)

𝑒−𝑖𝑛𝜎
+
= √

𝛼′

2
∑  

𝑛∈ℤ

 𝛼𝑛
(12)

𝑒−𝑖𝑛𝜎
+
,

𝜕−𝑌
(12)(𝜎+, 𝜎−) = −

Δ𝑦

2𝜋
− √

𝛼′

2
∑  

𝑛≠0

 𝛼𝑛
(12)

𝑒−𝑖𝑛𝜎
−
= √

𝛼′

2
∑  

𝑛∈ℤ

 𝛼𝑛
(12)

𝑒−𝑖𝑛𝜎
+
.

 

𝑇±±
(𝑦)
= −

1

𝛼′
𝜕±𝑌𝜕±𝑌.  

𝛼′𝑚2 = −1 + 𝑁(tot) +
1

2
(
Δ𝑦

2𝜋
)
2 2

𝛼′
= −1+ 𝑁(tot) + (

Δ𝑦

2𝜋√𝛼′
)
2

.  

𝑡(12)(𝑃)|0, 𝑃⟩,  

𝛼′𝑚2 = −1 + (
Δ𝑦

2𝜋√𝛼′
)
2

.  

−1+ (
Δ𝑦

2𝜋√𝛼′
)
2

≥ 0  

(𝑊𝜇
(12)

(𝑃)𝛼−1
𝜇
+𝜙𝑖

(12)
𝛼−1
𝑖 ) |0, 𝑃⟩  

𝛼′𝑚2 = (
Δ𝑦

2𝜋√𝛼′
)
2

.  

{

𝑃𝜇𝑊𝜇
(12)

(𝑃) = 0

(𝛼′𝑃2 + (
Δ𝑦

2𝜋√𝛼′
)
2

)𝑊𝜇
(12)

= 0

(𝛼′𝑃2 + (
Δ𝑦

2𝜋√𝛼′
)
2

)𝜙𝑖
(12)

(𝑃) = 0

 

𝐿1𝜙𝑦
(12)

(𝑃)𝛼−1
𝑦
|0, 𝑃⟩ = 𝜙𝑦

(12)
(𝛼0

𝑦
𝛼1
𝑦
)𝛼−1

𝑦
|0, 𝑃⟩ ∼ (Δ𝑦)𝜙𝑦

(12)
(𝑃)|0, 𝑃⟩ ≠ 0  

(
𝜙𝑖≠𝑦
(11)

𝜙𝑖≠𝑦
(12)

𝜙𝑖≠𝑦
(21)

𝜙𝑖≠𝑦
(22)

) , (
𝜙𝑦
(11)

0

0 𝜙𝑦
(22)

) , (Δ𝑦 ≠ 0)  

(
𝐴𝜇
(11)

𝑊𝜇
(12)

𝑊𝜇
(21)

𝐴𝜇
(22)

)  

𝑈(1) × 𝑈(1)⏟        
𝐴𝜇 massless 

𝑊𝜇 massive 

→
Δ𝑦=0 

𝑈(2)⏟
𝐴𝜇 massless 

𝑊𝜇 massless 
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𝑍 =
1

Vol𝒢
∫  𝒟𝑋𝜇𝒟ℎ𝛼𝛽𝑒

𝑖𝑆[𝑋,ℎ]  

𝑆[ℎ, 𝑋] = −
1

4𝜋𝛼′
∫  
WS

 𝑑2𝜎√−ℎℎ𝛼𝛽𝜕𝛼𝑋
𝜇𝜕𝛽𝑋𝜇  

𝛿𝐷𝑋
𝜇 = 𝜉𝜌𝜕𝜌𝑋

𝜇;  𝛿𝐷ℎ𝛼𝛽 = ∇𝛼𝜉𝛽 + ∇𝛽𝜉𝛼 

𝛿Wℎ𝛼𝛽 = 𝜔ℎ𝛼𝛽 

∇𝛼𝜉𝛽 = 𝜕𝛼 − Γ𝛼𝛽
𝛾
𝜉𝛾  

Γ𝛼𝛽
𝛾
=
1

2
ℎ𝛾𝜎(𝜕𝛼ℎ𝜎𝛽 + 𝜕𝛽ℎ𝜎𝛼 − 𝜕𝜎ℎ𝛼𝛽).  

ℎ = ℎ̂𝑔 

𝐹(ℎ) = ℎ − ℎ̂ = 0 → ℎ = ℎ̂.  

1 = ∫  𝒟ℎ𝛿(ℎ − ℎ̂) = ∫  𝒟ℎ̂𝑔𝛿(ℎ̂𝑔 − ℎ̂) = ∫  𝒟𝑔𝛿(ℎ̂𝑔 − ℎ̂)det
𝛿ℎ̂𝑔

𝛿𝑔
|
𝑔=1

 

𝑍=
1

Vol𝒢
∫  𝒟𝑋𝒟ℎ𝒟𝑔𝛿(ℎ̂𝑔 − ℎ̂)det

𝛿ℎ̂𝑔

𝛿𝑔
|
𝑔=1

𝑒𝑖𝑆[𝑋,ℎ]  

=
1

Vol𝒢
∫  𝒟𝑋𝒟ℎ̂𝑔𝒟𝑔𝛿(ℎ̂𝑔 − ℎ̂)det

𝛿ℎ̂𝑔

𝛿𝑔
|
𝑔=1

𝑒𝑖𝑆[𝑋,ℎ̂
𝑔]  

=
1

Vol𝒢
∫  𝒟𝑋𝑔𝒟ℎ̂𝑔𝒟𝑔𝛿(ℎ̂𝑔 − ℎ̂)det

𝛿ℎ̂𝑔

𝛿𝑔
|
𝑔=1

𝑒𝑖𝑆[𝑋
𝑔,ℎ̂𝑔] 

=
1

Vol𝒢
∫  𝒟𝑋𝑔𝒟ℎ̂𝑔𝒟𝑔𝛿(ℎ̂𝑔 − ℎ̂)det

𝛿ℎ̂𝑔

𝛿𝑔
|
𝑔=1

𝑒𝑖𝑆[𝑋,ℎ̂]  

=
1

Vol𝒢
∫  𝒟𝑋𝒟𝑔det

𝛿ℎ̂𝑔

𝛿𝑔
|
𝑔=1

𝑒𝑖𝑆[𝑋,ℎ̂]  

 = ∫  𝒟𝑋det
𝛿ℎ̂𝑔

𝛿𝑔
|
𝑔=1

𝑒𝑖𝑆[𝑋,ℎ̂]

 

det
𝛿ℎ𝑔

𝛿𝑔
|
𝑔=1

= ∫  𝒟𝑏𝛼𝛽𝒟𝜆𝒟𝑐
𝜌exp [

1

4𝜋
∫  𝑑2𝜎√−ℎ̂𝑏𝛼𝛽

𝛿ℎ𝛼𝛽

𝛿𝑔𝑥
|
𝑔=1

𝑐𝑥] ,  

𝛿totℎ𝛼𝛽 = 𝛿Dℎ𝛼𝛽 + 𝛿Wℎ𝛼𝛽 = 𝜔ℎ𝛼𝛽 + ∇𝛼𝜉𝛽 + ∇𝛽𝜉𝛼 = Ωℎ𝛼𝛽 + 2(𝑃1𝜉)𝛼𝛽,  

Ω ≡ 𝜔 + ∇ ⋅ 𝜉  

(𝑃1𝜉)𝛼𝛽 ≡
1

2
(∇𝛼𝜉𝛽 + ∇𝛽𝜉𝛼 − ℎ𝛼𝛽∇ ⋅ 𝜉)  
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∫  𝑑2𝜎√−ℎ̂𝑏𝛼𝛽
𝛿ℎ𝛼𝛽

𝛿𝑔𝑥
|
𝑔=1

𝑐𝑥 = ∫  𝑑2𝜎√−ℎ̂𝑏𝛼𝛽 [ℎ̂
𝛼𝛽 (𝜆 +

1

2
∇ ⋅ 𝑐) + (2𝑃1𝑐)

𝛼𝛽] .  

𝑍 = ∫  𝒟𝑋𝜇𝒟𝑏𝛼𝛽𝒟𝑐
𝜌𝑒

𝑖(𝑆[𝑋,ℎ̂]−
𝑖
4𝜋 ∫

 𝑑2𝜎√−ℎ𝑏𝛼𝛽(2𝑃1𝑐)
𝛼𝛽))

 

𝑍𝑃𝑜𝑙[𝑋
𝜇 , 𝑏𝛼𝛽, 𝑐

𝜌] = ∫  𝒟𝑋𝜇𝒟𝑏𝛼𝛽𝒟𝑐
𝜌𝑒

𝑖(𝑆[𝑋,ℎ̂]−
𝑖
4𝜋 ∫

 𝑑2𝜎√−ℎ̂𝑏𝛼𝛽(∇
𝛼𝑐𝛽+∇𝛽𝑐𝛼))

 

𝑆GH = −
𝑖

4𝜋
∫  𝑑2𝜎√−ℎ̂𝑏𝛼𝛽(∇

𝛼𝑐𝛽 + ∇𝛽𝑐𝛼) = −
𝑖

2𝜋
∫  𝐷2𝜎√−ℎ̂𝑏𝛼𝛽∇

𝛼𝑐𝛽  

𝑖𝑆GH
′  =

1

2𝜋
∫  𝑑2𝜎√−ℎ𝑒−𝜔𝑒𝜔ℎ𝛼𝛽𝑏𝛽𝛿∇𝛼

′ 𝑐𝛿

 =
1

2𝜋
∫  𝑑2𝜎√−ℎℎ𝛼𝛽𝑏𝛽𝛿(𝜕𝛼𝑐

𝛿 + Γ𝛼𝜎
𝛿  ′𝑐𝜎)

 = −𝑆GH −
1

4𝜋
∫  𝑑2𝜎√−ℎℎ𝛼𝛽𝑏𝛽𝛿(ℎ𝛼

𝛿𝜕𝜎𝜔 + ℎ𝜎
𝛿𝜕𝛼𝜔 − ℎ𝛼𝜎𝜕

𝛿𝜔)𝑐𝜎

 

= 𝑖𝑆GH −
1

4𝜋
∫  𝑑2𝜎√−ℎ𝑏𝛼 𝛼𝜕𝜎𝜔𝑐

𝜎

⏟                
=0 because 𝑏𝛼

𝛼=0

−
1

4𝜋
∫  𝑑2𝜎√−ℎ(𝑏𝛿

𝛼𝑐𝛼𝜕
𝛿𝜔 − 𝑏𝛿

𝛼𝑐𝛿𝜕𝛼𝜔)⏟                        
=0 after index redefinition 

,
 

𝑆 = −
1

4𝜋𝛼′
∫  𝑑2𝜎𝜕𝛼𝑋

𝜇𝜕𝛼𝑋𝜇 −
𝑖

2𝜋
∫  𝑑2𝜎𝑏𝛼𝛽𝜕

𝛼𝑐𝛽  

𝑆BRST =−
1

4𝜋𝛼′
∫  𝑑2𝜎√−ℎℎ𝛼𝛽𝜕𝛼𝑋

𝜇𝜕𝛽𝑋𝜇 −
𝑖

2𝜋
∫  𝑑2𝜎√−ℎ𝑏𝛼𝛽∇𝛼𝑐𝛽 

 −
1

4𝜋
∫  𝑑2𝜎√−ℎ𝐵𝛼𝛽(ℎ

𝛼𝛽 − ℎ̂𝛼𝛽)

 

4𝜋

√−ℎ

𝛿𝑆BRST
𝛿ℎ𝛼𝛽

= −𝐵𝛼𝛽 + 𝑇𝛼𝛽
𝑀 + 𝑇𝛼𝛽

𝐺𝐻  

𝛿ℎ𝑆𝐺𝐻 = −
𝑖

2𝜋
∫  𝑑2𝜎 [−

1

2
√−ℎℎ𝜌𝜎𝛿ℎ

𝜌𝜎ℎ𝜇𝛼𝑏𝜇𝛽∇𝛼𝑐
𝛽 + √−ℎ𝛿ℎ𝜇𝛼𝑏𝜇𝛽∇𝛼𝑐

𝛽

+√−ℎ𝛿ℎ𝜇𝛼𝑏𝜇𝛽𝛿Γ𝛼𝛾
𝛽
𝑐𝛾]

 

𝛿Γ𝛼𝛾
𝛽
=
1

2
ℎ𝛽𝜆(∇𝛾𝛿ℎ𝜆𝛼 + ∇𝛼𝛿ℎ𝜆𝛾 − ∇𝜆𝛿ℎ𝛼𝛾)  

ℎ𝛼𝛽ℎ
𝛽𝛾 = 𝛿𝛼

𝛾
→ 𝛿ℎ𝛼𝛽ℎ

𝛽𝛾 + ℎ𝛼𝛽𝛿ℎ
𝛽𝛾 = 0⟹ 𝛿ℎ𝛼𝛽 = −ℎ𝛼𝛿ℎ𝛽𝛾𝛿ℎ

𝛿𝛾,  

𝛿Γ𝛼𝛾
𝛽
= −

1

2
ℎ𝛽𝛾(ℎ𝜆𝜇ℎ𝛼𝜈∇𝛾𝛿ℎ

𝜇𝜈 + ℎ𝜆𝜇ℎ𝛾𝜈∇𝛼𝛿ℎ
𝜇𝜈 + ℎ𝛼𝜇ℎ𝛾𝜈∇𝜆𝛿ℎ

𝜇𝜈).  
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𝛿ℎ𝜇𝛼𝑏𝜇𝛽𝛿Γ𝛼𝛾
𝛽
𝑐𝛾 = −

1

2
ℎ𝜌𝛼ℎ𝛽𝜆ℎ𝜆𝜇ℎ𝛼𝜈𝑏𝜌𝛽𝑐

𝛾∇𝛾𝛿ℎ
𝜇𝜈 +

 −
1

2
ℎ𝜌𝛼ℎ𝛽𝜆ℎ𝜆𝜇ℎ𝛾𝜈𝑏𝜌𝛽𝑐

𝛾∇𝛼𝛿ℎ
𝜇𝜈 +

 +
1

2
ℎ𝜌𝛼ℎ𝛽𝜆ℎ𝛼𝜇ℎ𝛾𝜈𝑏𝜌𝛽𝑐

𝛾∇𝜆𝛿ℎ
𝜇𝜈

 

𝛿ℎ𝜇𝛼𝑏𝜇𝛽𝛿Γ𝛼𝛾
𝛽
𝑐𝛾 =

1

2
𝛿ℎ𝜇𝜈[∇𝛾(𝑏𝜇𝜈𝑐

𝛾 + ∇𝛼(𝑏𝜇
𝛼𝑐𝜈) − ∇𝜆(𝑏𝜇

𝜆𝑐𝜈)] + boundary terms 

 =
1

2
𝛿ℎ𝜇𝜈∇𝛾(𝑏𝜇𝜈𝑐

𝛾) +  boundary terms 

 

𝛿ℎ𝑆𝐺𝐻 =−
𝑖

2𝜋
∫  𝑑2𝜎√−ℎ𝛿ℎ𝜇𝜈 [

1

2
∇𝛾(𝑏𝜇𝜈𝑐

𝛾) + 𝑏𝜇𝛽∇𝜈𝑐
𝛽 −

1

2
ℎ𝜇𝜈𝑏𝛽

𝛼∇𝛼𝑐
𝛽]  

=−
𝑖

4𝜋
∫  𝑑2𝜎√−ℎ𝛿ℎ𝜇𝜈[∇𝛾(𝑏𝜇𝜈𝑐

𝛾) + 𝑏𝜇𝛽∇𝜈 + 𝑏𝜈𝛽∇𝜇𝑐
𝛽 − ℎ𝜇𝜈𝑏𝛽

𝛼∇𝛼𝑐
𝛽] 

= −
𝑖

4𝜋
∫  𝑑2𝜎√−ℎ[𝛿ℎ𝜇𝜈𝑏𝜇𝜈∇𝛾𝑐

𝛾 + 𝛿ℎ𝜇𝜈∇𝛾𝑏𝜇𝜈𝑐
𝛾]

 −
𝑖

4𝜋
∫  𝑑2𝜎√−ℎ𝛿ℎ𝜇𝜈[𝑏𝜇𝛽∇𝜈𝑐

𝛽 + 𝑏𝜈𝛽∇𝜇𝑐
𝛽 − ℎ𝜇𝜈𝑏𝛽

𝛼∇𝛼𝑐
𝛽].

 

𝛿ℎ𝑆𝐺𝐻 = −
𝑖

4𝜋
∫  𝑑2𝜎√−ℎ𝛿ℎ𝜇𝜈[∇𝛾𝑏𝜇𝜈𝑐

𝛾 + 𝑏𝜇𝛽∇𝜈𝑐
𝛽 + 𝑏𝜈𝛽∇𝜇𝑐

𝛽 − ℎ𝜇𝜈𝑏𝛽
𝛼∇𝛼𝑐

𝛽]  

𝑇𝛼𝛽
𝐺𝐻 =

4𝜋

√−ℎ

𝛿𝑆

𝛿ℎ𝛼𝛽
= −𝑖(∇𝛾𝑏𝛼𝛽𝑐

𝛾 + 𝑏𝛼𝛾∇𝛽𝑐
𝛾 + 𝑏𝛽𝛾∇𝛼𝑐

𝛾 − ℎ𝛼𝛽𝑏𝛾
𝛿∇𝛿𝑐

𝛾).  

𝐵𝛼𝛽 = [𝑇𝛼𝛽
𝑀 − 𝑖(𝜕𝛾𝑏𝛼𝛽𝑐

𝛾 + 𝑏𝛼𝛾𝜕𝛽𝑐
𝛾 + 𝑏𝛽𝛾𝜕𝛼𝑐

𝛾 − 𝜂𝛼𝛽𝑏𝛿
𝛾
𝜕𝛾𝑐

𝛿)].  

𝑏𝛼  𝛼 = 𝜂
𝛼𝛽𝑏𝛼𝛽 = 𝜂

+−𝑏+− + 𝜂
−+𝑏−+ = −4𝑏−+ = −4𝑏+− = 0,  

𝛿𝐵𝑋
𝜇  = 𝑐+𝜕+𝑋

𝜇 + 𝑐−𝜕−𝑋
𝜇

𝛿𝐵𝑐
±  = 𝑐±𝜕±𝑐

±

𝛿𝐵𝑏±±  = 𝑖 (−
1

𝛼′
𝜕±𝑋

𝜇𝜕±𝑋𝜇 − 𝑖(2𝑏±±𝜕±𝑐
± + 𝜕±𝑏±±𝑐

±))

 

𝑆 =
1

2𝜋𝛼′
∫  𝑑𝜎+𝑑𝜎−𝜕+𝑋

𝜇𝜕−𝑋𝜇 −
𝑖

2𝜋
∫  𝑑𝜎+𝑑𝜎−(𝑏++𝜕−𝑐

+ + 𝑏−−𝜕+𝑐
−)  

𝜕+𝜕−𝑋
𝜇 = 0

𝜕+𝑐
− = 𝜕−𝑐

+ = 𝜕+𝑏− = 𝜕−𝑏+ = 0
 

𝑐+ = 𝑐(𝜎+), 𝑐− = 𝑐̃(𝜎−)

𝑏+ = 𝑏(𝜎+), 𝑏− = 𝑏̃(𝜎−)
 

𝑐(𝜎+)  = ∑  

𝑛∈ℤ

  𝑐𝑛𝑒
−𝑖𝑛𝜎+ , 𝑐̃(𝜎−) = ∑  

𝑛∈ℤ

  𝑐̃𝑛𝑒
−𝑖𝑛𝜎−

𝑏(𝜎+)  = ∑  

𝑛∈ℤ

 𝑏𝑛𝑒
−𝑖𝑛𝜎+ , 𝑏̃(𝜎−) = ∑  

𝑛∈ℤ

  𝑏̃𝑛𝑒
−𝑖𝑛𝜎−

 

[𝑏(𝜏, 𝜎), 𝑐(𝜏, 𝜎′)] = [𝑏̃(𝜏, 𝜎), 𝑐̃(𝜏, 𝜎′)] = 2𝜋𝛿(𝜎 − 𝜎′)  
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[𝑏𝑛, 𝑐𝑚] = 𝛿𝑛+𝑚, [𝑏̃𝑛, 𝑐̃𝑚] = 𝛿𝑛+𝑚

[𝑐𝑛, 𝑐𝑚] = 0, [𝑏̃𝑛, 𝑏̃𝑚] = 0
 

[𝑏(𝜏, 𝜎), 𝑐(𝜏, 𝜎′)] =∑  

𝑛,𝑚

  [𝑏𝑛, 𝑐𝑚]𝑒
−𝑖(𝑛𝜎+𝑚𝜎′) =∑  

𝑛∈ℤ

  𝑒−𝑖𝑛(𝜎−𝜎
′) = 2𝜋𝛿(𝜎 − 𝜎′).  

ℋtot = ℋmatter ⊗ℋghost = ℋ𝑚⊗ℋ𝑔ℎ.  

𝑏𝑛| ↓⟩ = 𝑐𝑛| ↓⟩ = 0, ⟨↓ |𝑏−𝑛 = ⟨↓ |𝑐−𝑛 = 0, for 𝑛 > 0.  

 ⟨↓∣↑⟩ = ⟨↓ |𝑐0| ↓⟩ = 1,

 ⟨↑∣↑⟩ = ⟨↓∣↓⟩ = 0.
 

𝑏−𝑛1 …𝑏−𝑛𝑁𝑐−𝑚1
…𝑐−𝑚𝑀

| ↓⟩ 𝑛𝑖 > 0,𝑚𝑗 ≥ 0.  

𝑐𝑛|0⟩ = 0 ∀𝑛 ≥ 2
𝑏𝑚|0⟩ = 0 ∀𝑚 ≥ −1

 

𝑇++
(gh)

= 𝑖(2𝜕+𝑐
+𝑏++ + 𝑐

+𝜕+𝑏++) 

= 𝑖 ∑  

𝑛,𝑚∈ℤ

 2(−𝑖𝑛)𝑐𝑛𝑏𝑚𝑒
−𝑖(𝑛+𝑚)𝜎+ + 𝑖 ∑  

𝑛,𝑚∈ℤ

  (−𝑖𝑚)𝑐𝑛𝑏𝑚𝑒
−𝑖(𝑛+𝑚)𝜎+  

= ∑  

𝑛,𝑚∈ℤ

  (2𝑛 + 𝑚)𝑐𝑛𝑏𝑚𝑒
−𝑖(𝑛+𝑚)𝜎+ = − ∑  

𝑛,𝑘∈ℤ

  (𝑛 + 𝑘)𝑏𝑘−𝑛𝑐𝑛𝑒
−𝑖𝑘𝜎+ 

 = −∑  

𝑘∈ℤ

  [∑  

𝑛∈ℤ

  (𝑘 − 𝑛)𝑏𝑘+𝑛𝑐−𝑛] 𝑒
−𝑖𝑘𝜎+ =∑  

𝑘∈ℤ

 𝐿𝑘
(gh)

𝑒−𝑖𝑘𝜎
+
.

 

𝐿𝑘
(gh)

=∑  

𝑛∈ℤ

  (𝑛 − 𝑘)𝑏𝑘+𝑛𝑐−𝑛, ( classical )  

𝐿𝑘
(gh)

=∑  

𝑛∈ℤ

  (𝑛 − 𝑘): 𝑏𝑘+𝑛𝑐−𝑛: , ( quantum )  

[𝐿𝑛
(gh)

, 𝑏𝑚]= ∑  

𝑘≤−2

  (𝑛 − 𝑘)[𝑏𝑛+𝑘𝑐−𝑘, 𝑏𝑚] − ∑  

𝑘≥−1

(𝑛 − 𝑘)[𝑐−𝑘𝑏𝑛+𝑘 , 𝑏𝑚]   

 = ∑  

𝑘≤−2

  (𝑛 − 𝑘)𝑏𝑛+𝑘[𝑐−𝑘, 𝑏𝑚] + ∑  

𝑘≥−1

  (𝑛 − 𝑘)[𝑐−𝑘, 𝑏𝑚]𝑏𝑛+𝑘 = (𝑛 −𝑚)𝑏𝑛+𝑚

[𝐿𝑛
(gh)

, 𝑐𝑚] = ∑  

𝑘≤−2

  (𝑛 − 𝑘)[𝑏𝑛+𝑘𝑐−𝑘, 𝑐𝑚] − ∑  

𝑘≥−1

  (𝑛 − 𝑘)[𝑐−𝑘𝑏𝑛+𝑘, 𝑐𝑚]

 = − ∑  

𝑘≤−2

  (𝑛 − 𝑘)𝑐−𝑘𝛿𝑛+𝑚+𝑘,0 = −(2𝑛 +𝑚)𝑐𝑛+𝑚
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[𝐿𝑛
(gh)

, 𝐿𝑚
(gh)

] =

 = ∑  

𝑘≤−2

  (𝑚 − 𝑘) [𝐿𝑛
(gh)

, 𝑏𝑚+𝑘𝑐−𝑘] − ∑  

𝑘≥−1

  (𝑚 − 𝑘) [𝐿𝑛
(gh)

, 𝑐−𝑘𝑏𝑚+𝑘]

 = ∑  

𝑘≤−2

  (𝑚 − 𝑘)(𝑛 −𝑚 − 𝑘)𝑏𝑛+𝑚+𝑘𝑐−𝑘 − ∑  

𝑘≤−2

  (𝑚 − 𝑘)(2𝑛 − 𝑘)𝑏𝑚+𝑘𝑐𝑛−𝑘

 + ∑  

𝑘≥−1

  (𝑚 − 𝑘)(2𝑛 − 𝑘)𝑐𝑛−𝑘𝑏𝑚+𝑘 − ∑  

𝑘≥−1

  (𝑚 − 𝑘)(𝑛 −𝑚 − 𝑘)𝑐−𝑘𝑏𝑛+𝑚+𝑘

 = ∑  

𝑘≤−2

  (𝑚 − 𝑘)(𝑛 −𝑚 − 𝑘)𝑏𝑛+𝑚+𝑘𝑐−𝑘 − ∑  

𝑞≤−𝑛−2

  (𝑚 − 𝑛 − 𝑞)(𝑛 − 𝑞)𝑏𝑚+𝑛+𝑞𝑐−𝑞

 + ∑  

𝑞≥−𝑛−1

  (𝑛 − 𝑞)(𝑚 − 𝑛 − 𝑞)𝑐−𝑞𝑏𝑛+𝑚+𝑘 − ∑  

𝑘≥−1

  (𝑚 − 𝑘)(𝑛 −𝑚 − 𝑘)𝑐−𝑘𝑏𝑛+𝑚+𝑘

 = ∑  

𝑞≤−𝑛−2

  [(𝑚 − 𝑞)(𝑛 −𝑚 − 𝑞) − (𝑛 − 𝑞)(𝑚 − 𝑛 − 𝑞)]⏟                              
(𝑛−𝑚)(𝑛+𝑚−𝑞)

𝑏𝑞+𝑚+𝑛𝑐−𝑞

 

 − ∑  

𝑞≥−1

  [(𝑚 − 𝑞)(𝑛 −𝑚 − 𝑞) − (𝑛 − 𝑞)(𝑚 − 𝑛 − 𝑞)]𝑐−𝑞𝑏𝑞+𝑚+𝑛

 + ∑  

−2

𝑞=−𝑛−1

  (𝑚 − 𝑞)(𝑛 −𝑚 − 𝑞)𝑏𝑞+𝑚+𝑛𝑐−𝑞 + ∑  

−2

𝑞=−𝑛−1

  (𝑚 − 𝑞)(𝑛 −𝑚 − 𝑞)𝑐−𝑞𝑏𝑞+𝑚+𝑛⏟                    
In this range this is not normal ordered 

= ∑  

−1≤𝑞≤−𝑛−2

  (𝑛 − 𝑚)(𝑛 +𝑚 − 𝑞): 𝑏𝑞+𝑚+𝑛𝑐−𝑞:+ ∑  

−2

𝑞≤−𝑛−1

  (𝑛 − 𝑞)(𝑚 − 𝑛 − 𝑞)𝛿𝑛+𝑚

 + ∑  

−2

𝑞=−𝑛−1

  [(𝑚 − 𝑞)(𝑛 −𝑚 − 𝑞) − (𝑛 − 𝑞)(𝑚 − 𝑛 − 𝑞)]𝑏𝑞+𝑚+𝑛𝑐−𝑞

= (𝑛 − 𝑚)∑  

𝑞∈ℤ

  (𝑛 + 𝑚 − 𝑞): 𝑏𝑞+𝑚+𝑛𝑐−𝑞: −𝛿𝑚+𝑛 ∑  

−2

𝑞=−𝑛−1

  (𝑛 − 𝑞)(2𝑛 + 𝑞)

= (𝑛 − 𝑚)𝐿𝑚+𝑛
(gh)

−
13

6
(𝑛3 − 𝑛)𝛿𝑛+𝑚

 

[𝐿𝑛
(gh)

, 𝐿𝑚
(gh)

] = (𝑛 −𝑚)𝐿𝑚+𝑛
(gh)

+
−26

12
(𝑛3 − 𝑛)𝛿𝑛+𝑚.  

𝑐ghost = −26  

| ↓⟩ = 𝑐1|0⟩  

𝑐𝑛| ↓⟩ = 𝑐𝑛𝑐1|0⟩ = 0 ∀𝑛 > 0,
𝑐0| ↓⟩ = 𝑐0𝑐1|0⟩ ≠ 0 ⟹ | ↑⟩ = 𝑐0𝑐1|0⟩,

𝑏𝑛| ↓⟩ = 𝑏𝑛𝑐1|0⟩ = 0 ∀𝑛 ≥ 0,

 ⟨↑∣↑⟩ = ⟨↓ |𝑐0
2| ↓⟩ = 0,

 ⟨↓∣↓⟩ = ⟨↓ |[𝑏0, 𝑐0]| ↓⟩ = 0,
 ⟨↓∣↑⟩ = ⟨0|𝑐−1𝑐0𝑐1|0⟩ = 1.

 

|0⟩, | ↓⟩ = 𝑐1|0⟩, | ↑⟩ = 𝑐0𝑐1|0⟩, |0̂⟩ = 𝑐−1𝑐0𝑐1|0⟩.  

𝐽𝑔ℎ = −∑  

𝑘≥2

 𝑏−𝑘𝑐𝑘 + ∑  

𝑘≥−1

  𝑐−𝑘𝑏𝑘,  



pág. 2551 

𝐽𝑔ℎ|0⟩ = 0, 𝐽𝑔ℎ| ↓⟩ = | ↓⟩, 𝐽𝑔ℎ| ↑⟩ = 2| ↑⟩, 𝐽𝑔ℎ|0̂⟩ = 3|0̂⟩.  

|{𝑛𝑖}, {𝑚𝑗}⟩  = 𝑐−𝑛1 …𝑐−𝑛𝑘𝑏−𝑚1
…𝑏−𝑚𝑞

|0⟩,

𝐽𝑔ℎ|{𝑛𝑖}, {𝑚𝑗}⟩  = (𝑘 − 𝑞)|{𝑛𝑖}, {𝑚𝑗}⟩,  for 𝑛𝑖 ≥ −1,𝑚𝑗 ≥ 2.
 

𝐿𝑛 ∼ 0, 𝐿̃𝑚 ∼ 0.  

[𝐿𝑛, 𝐿𝑚] = (𝑛 −𝑚)𝐿𝑛+𝑚 +
𝐷

12
𝑛(𝑛2 − 1)𝛿𝑛+𝑚.  

𝑓𝑛𝑚
𝑘 = 𝛿𝑘,𝑛+𝑚(𝑛 − 𝑚).  

ℱ̃𝑖 = −𝑓𝑖𝑗
𝑘𝑐𝑗𝑏𝑘 = −∑  

𝑗,𝑘

  (𝑖 − 𝑗)𝛿𝑘,𝑖+𝑗𝑐
𝑗𝑏𝑘  

ℱ̃𝑖 = −∑ 

𝑗,𝑘

  (𝑖 − 𝑗)𝛿𝑘,𝑖+𝑗𝑐−𝑗𝑏𝑘 = −∑ 

𝑗,𝑘

  (𝑖 − 𝑗)𝑐−𝑗𝑏𝑖+𝑗 =∑ 

𝑗

  (𝑖 − 𝑗)𝑏𝑖+𝑗𝑐−𝑗 = 𝐿𝑖
𝑔ℎ
.  

𝑄 = 𝑐𝑖ℱ𝑖 +
1

2
𝑐𝑖ℱ̃𝑖 =∑  

𝑛∈ℤ

  [𝑐−𝑛𝐿𝑛
(m)

+
1

2
: 𝑐−𝑛𝐿𝑛

(gh)
: ] ,  

[𝐿𝑛
(tot)

, 𝐿𝑚
(tot)

] = (𝑛 −𝑚)𝐿𝑛+𝑚
(tot)

+
𝐷 − 26

12
𝑛(𝑛2 − 1)𝛿𝑛+𝑚  

𝑄2 =
1

2
[𝑄, 𝑄] =

1

2
∑  

𝑛,𝑚

  [[𝐿𝑛
(tot)

, 𝐿𝑚
(tot)

] − (𝑛 −𝑚)𝐿𝑛+𝑚
(tot)

] 𝑐−𝑛𝑐−𝑚 = 0  

[𝑄, 𝑏𝑛] = ℱ𝑛
𝑡𝑜𝑡 = 𝐿𝑛

(tot)
,  

[𝑄, 𝐿𝑛
(tot)

] = [𝑄, [𝑄, 𝑏𝑛]] = [[𝑄, 𝑄], 𝑏𝑛] − [𝑄, [𝑄, 𝑏𝑛]] → 2 [𝑄, 𝐿𝑛
(tot)

] = [𝑄2, 𝑏𝑛] = 0.  

[𝐿𝑛
(tot)

, 𝐿𝑚
(tot)

]  = [𝐿𝑛
(tot)

, [𝑄, 𝑏𝑚]] = [[𝐿𝑛
(tot)

, 𝑄] , 𝑏𝑚] + [𝑄, [𝐿𝑛
(tot)

, 𝑏𝑚]]

 = [𝑄, [𝐿𝑛
(gh)

, 𝑏𝑚]] = (𝑛 −𝑚)[𝑄, 𝑏𝑛+𝑚] = (𝑛 −𝑚)𝐿𝑛+𝑚
(tot)

 

 - ℋ𝑚 → [𝛼𝑛
𝜇
, 𝛼𝑚
𝜈 ] = 𝜂𝜇𝜈𝑛𝛿𝑛+𝑚; [𝑋̂

𝜇 , 𝑃̂𝜈] = 𝑖𝜂𝜇𝜈

 - ℋ𝑔ℎ → [𝑏𝑛, 𝑐𝑚] = 𝛿𝑛+𝑚
 

|0, 𝑃⟩  = 𝑒𝑖𝑋̂⋅𝑃|0⟩

| ↓, 𝑃⟩  = 𝑒𝑖𝑋̂⋅𝑃| ↓⟩ = 𝑒𝑖𝑋̂⋅𝑃𝑐1|0⟩

| ↑, 𝑃⟩  = 𝑒𝑖𝑋̂⋅𝑃| ↑⟩ = 𝑒𝑖𝑋̂⋅𝑃𝑐0𝑐1|0⟩

|0̂, 𝑃⟩  = 𝑒𝑖𝑋̂⋅𝑃|0̂⟩ = 𝑒𝑖𝑋̂⋅𝑃𝑐−1𝑐0𝑐1|0⟩

 

⟨0, 𝑃′|𝑐−1𝑐0𝑐1|0, 𝑃⟩ = 𝛿(𝑃 − 𝑃
′)  

𝑄 =∑  

𝑛∈ℤ

  (𝑐𝑛𝐿−𝑛 +
1

2
: 𝑐𝑛𝐿−𝑛

(gh)
: ) ,  
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𝐿𝑛 =
1

2
∑  

𝑘∈ℤ

  : 𝛼𝑛−𝑘𝛼𝑘: , 𝐿𝑛
(gh)

=∑  

𝑘∈ℤ

  (𝑛 − 𝑘): 𝑏𝑛+𝑘𝑐−𝑘:

[𝐿𝑛, 𝐿𝑚] = (𝑛 −𝑚)𝐿𝑛+𝑚 +
𝐷

12
(𝑛3 − 𝑛)𝛿𝑛+𝑚

[𝐿𝑛
(gh)

, 𝐿𝑚
(gh)

] = (𝑛 −𝑚)𝐿𝑛+𝑚
(gh)

+
−26

12
(𝑛3 − 𝑛)𝛿𝑛+𝑚

 

[𝑄, 𝑁(tot)] = [𝑄, 𝐿0
(tot)

] −
1

2
[𝑄, 𝛼0

2] = 0  

𝑄|𝜓⟩ = 𝑄𝑐1|𝜙𝑚⟩ = [𝑄, 𝑐1]|𝜙𝑚⟩ − 𝑐1𝑄|𝜙𝑚⟩  

[𝑄, 𝑐𝑛] = −∑  

𝑚∈ℤ

  (𝑚 + 2𝑛)𝑐−𝑚𝑐𝑛+𝑚  

[𝑄, 𝑐1]|𝜙𝑚⟩= −|𝜙𝑚⟩ ⊗ ∑  

𝑚∈ℤ

  (𝑚 + 2)𝑐−𝑚𝑐1+𝑚|0⟩𝑔ℎ  

= −|𝜙𝑚⟩ ⊗ (⋯− 𝑐3𝑐−2 + 𝑐1𝑐0 + 2𝑐0𝑐1 + 3𝑐−1𝑐2 +⋯)|0⟩𝑔ℎ 

 = −|𝜙𝑚⟩ ⊗ (−𝑐1𝑐0)|0⟩𝑔ℎ = 𝑐1𝑐0|𝜙𝑚⟩

 

𝑄|𝜓⟩= 𝑐1𝑐0|𝜙𝑚⟩ − 𝑐1∑ 

𝑛∈ℤ

  𝑐𝑛𝐿−𝑛|𝜙𝑚⟩  

= 𝑐1(𝑐0 + ⋯− 𝑐2𝐿−2⏟      
All zero over |𝜙𝑚⟩

− 𝑐1𝐿−1 − 𝑐0𝐿0 −∑  

𝑛≥1

  𝑐−𝑛𝐿𝑛)|𝜙𝑚⟩ 

 = (𝐿0 − 1)𝑐0𝑐1|𝜙𝑚⟩ +∑  

𝑛≥1

  𝑐−𝑛𝐿𝑛𝑐1|𝜙𝑚⟩ = 0,

 

(𝐿0 − 1)|𝜙𝑚⟩ = 0  

𝐿𝑛|𝜙𝑚⟩ = 0, ∀𝑛 ≥ 1,  

(𝐿0 − 1) ∣  null ⟩ = 0, 𝐿𝑛≥1 ∣  null ⟩ = 0, ∣  null ⟩ =∑  

𝑛≥1

 𝐿−𝑛|𝜒𝑛⟩  

|𝜓⟩ = 𝐴𝜇(𝑃)𝛼−1
𝜇
𝑐1|0, 𝑃⟩.  

𝑄𝜆(𝑃)|0, 𝑃⟩= ∑  

𝑛∈ℤ

  𝑐−𝑛𝐿𝑛|0, 𝑃⟩ = 𝜆(𝑃)(⋯+ 𝑐2𝐿−2⏟      
Identically zero 

+ 𝑐1𝐿−1 + 𝑐0𝐿0 +⋯⏟      
zero when 𝑃2=0

)|0, 𝑃⟩ 

 = 𝜆(𝑃)𝑐1𝐿−1|0, 𝑃⟩ ∼ 𝑃𝜇𝜆(𝑃)𝛼−1
𝜇
𝑐1|0, 𝑃⟩.

 

𝑐1 ∣  null ⟩ = 𝑄|Λ⟩.  

|𝜙𝑚⟩  ⟶ 𝑐1|𝜙𝑚⟩ = |𝜓⟩
∣  phys ⟩  ⟶ 𝑄|𝜓⟩ = 0

∣  null ⟩⟶ 𝑐1 ∣  null ⟩ = 𝑄|Λ⟩
 

|𝜓̂⟩ = 𝑐0𝑐1|𝜙𝑚⟩ = |𝜙𝑚⟩ ⊗ | ↑⟩ 
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𝑄|𝜓̂⟩= [𝑄, 𝑐0𝑐1]⏟    
=0

|𝜙𝑚⟩ + 𝑐0𝑐1𝑄|𝜙𝑚⟩  

= 𝑐0𝑐1 (⋯+ 𝑐1𝐿−1 + 𝑐0𝐿0 +∑  

𝑛≥1

  𝑐−𝑛𝐿𝑛) |𝜙𝑚⟩ = 0 

 ⟹ 𝐿𝑛|𝜙𝑚⟩ = 0∀𝑛 ≥ 1

 

ker(𝑄)|gh=2 = {|𝜓̂
∗⟩ = 𝑐0𝑐1|𝜙𝑚

∗ ⟩}
𝐿𝑛≥1|𝜙𝑚

∗ ⟩=0  

𝑏0|𝜓̂
∗⟩ = 𝑐1|𝜙𝑚

∗ ⟩ = |𝜓∗⟩  

𝑄|𝜓∗⟩ = 𝑄𝑏0|𝜓̂
∗⟩ = [𝑄, 𝑏0]|𝜓̂

∗⟩ − 𝑏0𝑄|𝜓̂
∗⟩⏟    

=0

= 𝐿0
(tot)

|𝜓̂∗⟩.  

|𝜓̂∗⟩ =
1

𝐿0
(tot)

𝑄|𝜓∗⟩ = 𝑄 [
1

𝐿0
(tot)

|𝜓∗⟩] = 𝑄 [
𝑏0

𝐿0
(tot)

|𝜓̂∗⟩]  

0 = 𝐿0
(tot)

|𝜓̂∗⟩= 𝐿0
(tot)

𝑐0𝑐1|𝜙𝑚
∗ ⟩ = (𝐿0 + 𝐿0

(gh)
) 𝑐0𝑐1|𝜙𝑚

∗ ⟩ 

 = 𝑐0𝑐1(𝐿0 − 1)|𝜙𝑚
∗ ⟩

 

𝑄|0̂⟩ = ∑  

𝑘∈ℤ

  (𝑘 − 2)𝑐−𝑘𝑐𝑘−1𝑐0𝑐1|0⟩
⏟                  

=0 for the properties of 𝑐𝑙|0⟩

− 𝑐−1𝑄𝑐0𝑐1|0⟩ = 𝑐−1𝑄
2𝑐1|0⟩ = 0

 

⟨0 ∣ 0̂⟩ = ⟨0|𝑐−1𝑐0𝑐1|0⟩ = 1  

|𝜙𝑖
𝑂𝐶𝑄

⟩ ⊗ | ↓⟩ = |𝜓𝑖⟩ at #𝑔ℎ = 1,

|𝜙𝑖
𝑂𝐶𝑄

⟩ ⊗ | ↑⟩ = |𝜓̂𝑖⟩ at #𝑔ℎ = 2,
 

⟨𝜓𝑖 ∣ 𝜓̂𝑗⟩ = 𝐺𝑖𝑗  

|Ψ⟩ = ∫  𝑑26𝑃(𝑡(𝑃)𝑐1𝑒
𝑖𝑋̂⋅𝑃|0⟩ + 𝐴𝜇(𝑃)𝑐1𝛼−1

𝜇
𝑒𝑖𝑋̂⋅𝑃|0⟩ + 𝑖𝐵(𝑃)𝑐0𝑒

𝑖𝑋̂⋅𝑃|0⟩ + ⋯).  

𝑄|Ψ⟩ = 0.  

𝑆[Ψ] =
1

2
⟨Ψ|𝑄|Ψ⟩.  

|Ψ⟩ ∼ |Ψ⟩ + 𝑄|Λ⟩,  

|Ψ⟩ = ∫  𝑑26𝑃𝑡(𝑃)𝑐1|0, 𝑃⟩, 𝑡 ∈ ℝ  

𝑆[𝑡] =
𝛼′

2
∫  𝑑26𝑃𝑡(𝑃2 +𝑚2)𝑡 with 𝑚2 = −

1

𝛼′
 

|Ψ⟩ = ∫  𝑑26𝑃(𝐴𝜇(𝑃)𝑐1𝛼−1
𝜇
+ 𝑖𝐵(𝑃)𝑐0)|0, 𝑃⟩, 𝐴𝜇 , 𝐵 ∈ ℝ  
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𝑆[Ψ] =
1

2
⟨Ψ, 𝑄Ψ⟩ +

1

3
⟨Ψ,Ψ,Ψ⟩  

(𝑏0 − 𝑏‾0)|Ψ𝑐⟩  = 0

(𝐿0 − 𝐿‾0)|Ψ𝑐⟩  = 0
 

⟨Ψ1, Ψ2⟩ ≡
1

2
⟨Ψ1|(𝑐0 − 𝑐‾0)|Ψ2⟩  

𝑆[Ψ𝑐] =
1

2
⟨Ψ𝑐 , 𝑄totΨ𝑐⟩  

𝑆[𝑋] =
1

2𝜋𝛼′
∫  
WS

 𝑑2𝜎𝜕+𝑋
𝜇𝜕−𝑋𝜇  

𝜎+⟶ 𝑓+(𝜎
+)

𝜎− ⟶ 𝑓−(𝜎
−)

 

𝑋𝐿
𝜇(𝜎+) ⟶ 𝑋𝐿

𝜇
(𝑓+(𝜎

+))

𝑋𝑅
𝜇(𝜎−) ⟶ 𝑋𝑅

𝜇
(𝑓−(𝜎

−))
 

𝑋± =
1

√2
(𝑋0 ± 𝑋𝐷−1)  

𝜇 = ( +,−⏟
0,𝐷−1

( lightcone )

, 𝑖⏟
1,…,𝐷−2

),
 

𝑋𝐿
+(𝜎+) =

𝑥0
+ + 𝑐0

+

2
+
𝛼′

2
𝑃+𝜎+, 𝑋𝑅

+(𝜎−) =
𝑥0
+ − 𝑐0

+

2
+
𝛼′

2
𝑃+𝜎−,  

𝑋+ = 𝑥0
+ + 𝛼′𝑃+𝜏  

𝛼𝑛≠0
+ = 0  

𝐿𝑛 =
1

2
∑  

𝑘∈ℤ

  (−2𝛼𝑛−𝑘
− 𝛼𝑘

+ + 𝛼𝑛−𝑘
𝑖 𝛼𝑘

𝑖 ) = −𝛼𝑛
−𝛼0

+ +
1

2
∑  

𝑘∈ℤ

 𝛼𝑛−𝑘
𝑖 𝛼𝑘

𝑖
 

𝛼𝑛
− =

1

2𝛼0
+∑ 

𝑘∈ℤ

 𝛼𝑛−𝑘
𝑖 𝛼𝑘

𝑖
 

[𝛼𝑛
𝑖 , 𝛼𝑚

𝑗
] = 𝑛𝛿𝑖𝑗𝛿𝑛+𝑚,0, 𝑖, 𝑗 = 1,⋯ ,𝐷 − 2.  

𝛼−𝑛1
𝑖1 …𝛼−𝑛𝑘

𝑖𝑘 |0, 𝑃⟩.  

𝐿0 =
1

2
(𝛼0)

2 +
1

2
∑  

𝑘≠0

 𝛼−𝑘
𝑖 𝛼𝑘

𝑖
 

𝐿0 =
1

2
(𝛼0)

2 +∑  

𝑘≥1

 𝛼−𝑘
𝑖 𝛼𝑘

𝑖 ,  (quantum)  



pág. 2555 

𝑁(lc) =∑  

𝑘≥1

 𝛼−𝑘
𝑖 𝛼𝑘

𝑖
 

𝐿0 − 𝑎 =
1

2
(𝛼0)

2 +𝑁(lc) − 𝑎 = 0  

𝑡(𝑃)|0, 𝑃⟩  

𝛼′𝑚2 = −𝑎.  

𝐴𝑖(𝑃)𝛼−1
𝑖 |0, 𝑃⟩,  

𝛼′𝑚2 = 1 − 𝑎.  

𝛼′𝑚2 = 0  

𝑎 = 1,  

(𝜉𝑖𝛼−2
𝑖 + 𝜉𝑖𝑗𝛼−1

𝑖 𝛼−1
𝑗
)|0, 𝑃⟩,  

𝛼′𝑚2 = 1.  

(◻ +◻traceful )
𝑆𝑂(𝐷−2)

= (◻traceless )
𝑆𝑂(𝐷−1)

,  

(𝐷 − 2) +
1

2
(𝐷 − 2)(𝐷 − 1) =

1

2
𝐷(𝐷 − 1) − 1  

𝐻̂=
1

2
(𝑃̂2 +𝜔2𝑥̂2)  

 = (𝑎†𝑎 + 𝑎𝑎†) = 𝑎†𝑎 +
1

2

 

𝐿0=
1

2
(𝛼0)

2 +
1

2
∑  

𝑘≠0

 𝛼−𝑘
𝑖 𝛼𝑘

𝑖  

=
1

2
(𝛼0)

2 +∑  

𝑘≥1

 𝛼−𝑘
𝑖 𝛼𝑘

𝑖 +
1

2
∑  

𝑘≥1

  [𝛼−𝑘
𝑖 , 𝛼𝑘

𝑖 ]  

 =
1

2
(𝛼0)

2 +∑  

𝑘≥1

 𝛼−𝑘
𝑖 𝛼𝑘

𝑖 +
1

2
(𝐷 − 2)∑  

𝑘≥1

 𝑘 = 𝐿0
quantum 

− 𝑎

 

𝑎 = −
1

2
(𝐷 − 2)∑  

𝑘≥1

 𝑘 = ∞.  

∑  

∞

𝑘=1

 𝑘 ⟶∑  

∞

𝑘=1

 𝑘𝑒−𝜖𝑘= −
1

2

1

1 − cosh 𝜖
=
1

𝜖2
−
1

12
+
𝜖2

240
+ 𝒪(𝜖4) 

 =
𝜖→0 1

𝜖2
−
1

12

 

𝑆 =
1

2𝜋𝛼′
∫  
WS

 𝑑2𝜎 (𝜕+𝑋
𝑖𝜕−𝑋𝑖 +

𝑟

𝜖2
) ,  
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(∑  

∞

𝑘=1

 𝑘)

renorm 

= −
1

12
.  

∑  

∞

𝑘=1

 𝑘 → 𝜁(−1) = −
1

12
 

𝑎(renorm ) = −
𝐷 − 2

2
(−

1

12
) =

𝐷 − 2

24
.  

𝛼−𝑘1
𝑖1 …𝛼−𝑘𝑛

𝑖𝑛 |0⟩  

Tr {𝑞𝐿0
𝐷=24

} = (∑  

𝑠

  ⟨𝑠|𝑞𝐿0
𝐷=1
|𝑠⟩)

24

 

⟨𝑠 ∣ 𝑠′⟩ = 𝛿𝑠,𝑠′ .  

Tr {𝑞𝐿0
𝐷=1
}= ∑  

∞

𝑛1,…,𝑛∞=0

  ⟨{𝑛𝑖}|𝑞
𝐿0|{𝑛𝑖}⟩  

= ∑  

∞

𝑛1,…,𝑛∞=0

 𝑞𝑛1+2𝑛2+⋯+𝑘𝑛𝑘+⋯  

= ∑  

∞

𝑛1=0

 𝑞𝑛1 ∑  

∞

𝑛2=0

  (𝑞2)𝑛2⋯ ∑  

∞

𝑛𝑘=0

  (𝑞𝑘)
𝑛𝑘⋯ 

=
1

1 − 𝑞

1

1 − 𝑞2
⋯

1

1 − 𝑞𝑘
⋯  

 =∏ 

∞

𝑘=1

 
1

1 − 𝑞𝑘

 

Tr{𝑞𝐿0} = (∏ 

∞

𝑘=1

 
1

1 − 𝑞𝑘
)

𝐷−2

= 𝒫(𝑞)  

𝒫(𝑞) =
𝑞→0

1 + 24𝑞 + 324𝑞2 +⋯  

#states (𝑁) ∼
1

√2
𝑁−

27
4 exp (4𝜋√𝑁)  

log #states ∼ 4𝜋√𝑁 ∼ 4𝜋𝛼
′𝐸  

𝐸 ∼ 𝑚 = √
𝑁 − 1

𝛼′
∼ √

𝑁

𝛼′
.  

𝑆micro (𝐸) = 𝐾log #states (𝐸) = 𝐾4𝜋𝛼
′𝐸,  

1

𝐾𝑇
=
1

𝐾

𝜕𝑆

𝜕𝐸
= 4𝜋𝛼′  
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𝐾𝑇𝐻 ≡
1

4𝜋𝛼′
 

{
𝑎 = 1
𝐷 = 26

 

𝐿0
tot = 𝐿0

(matter )
+ 𝐿0

(ghost )
=
1

2
(𝛼0)

2 +𝑁(matter ) +𝑁(ghost ),  

𝑁(matter )  =
1

2
∑  

𝑘≠0

 𝛼−𝑘 ⋅ 𝛼𝑘 = 𝑁
(±) +𝑁⊥

𝑁(ghost )  = ∑  

𝑘∈ℤ

 𝑘𝑏−𝑘𝑐𝑘

 

𝑁(ghost )  = ∑  

𝑘∈ℤ

 𝑘𝑏−𝑘𝑐𝑘 =∑ 

𝑘≥1

  (𝑏−𝑘𝑐𝑘 − 𝑏𝑘𝑐−𝑘) =∑  

𝑘≥1

  (𝑏−𝑘𝑐𝑘 + 𝑐−𝑘𝑏𝑘) −∑  

𝑘≥1

 𝑘

𝑁(±)  =
1

2
∑  

𝑘≠0

 𝛼−𝑘
𝜇‾
𝛼𝑘
𝜈‾𝜂𝜇‾ 𝜈‾ =∑  

𝑘≥1

 𝛼−𝑘
𝜇‾
𝛼𝑘
𝜈‾𝜂𝜇‾ 𝜈‾ +

1

2
𝜂𝜇‾
𝜇‾
∑ 

𝑘≥1

 𝑘

 = ∑  

𝑘≥1

 𝛼−𝑘
𝜇‾
𝛼𝑘
𝜈‾𝜂𝜇‾ 𝜈‾ +∑ 

𝑘≥1

 𝑘

 

 BRST =  matter +  ghosts = ( Le +  transverse ) +  ghosts .  

∫  𝒟𝑏𝒟𝑐𝒟𝑋+𝒟𝑋−𝒟𝑋𝑖(… )𝑒𝑆BRST[𝑋
±,𝑋𝑖,𝑏,𝑐] = ∫  𝒟𝑋𝑖𝑑𝑥0

+𝑑𝑥0
−(… )𝑒𝑆LC[𝑥0

±,𝑋𝑖]  

ℎ𝛼𝛽 = ℎ̂𝛼𝛽 .  

𝛿conf-diff ℎ̂𝛼𝛽 = ∇𝛼𝜉𝛽 + ∇𝛽𝜉𝛼 = −2𝜔(𝜎)ℎ̂𝛼𝛽  

𝛿Weylℎ̂𝛼𝛽 = 2𝜔(𝜎)ℎ̂𝛼𝛽 ,  

(𝛿conf diff + 𝛿Weyl )ℎ̂𝛼𝛽 = 0.  

𝑆 = ∫  𝑑𝜏
1

2
(𝑋̇2 −𝑚2)  

𝜏 ⟶ 𝜏 + 𝛿𝜏  with 𝛿𝜏 = 𝒢  

𝐻̂ ∣  state ⟩ = (𝑃̂2 +𝑚2) ∣  state ⟩ = 0  

ℎ̂𝛼𝛽 = (
0 −

1

2

−
1

2
0

) ,  

𝜕+𝜉+ = 𝜕+𝜉
− = 0

𝜕−𝜉− = 𝜕−𝜉
+ = 0

 

𝑆[𝑋, 𝑏, 𝑐] =
1

2𝜋𝛼′
∫  
WS

 𝑑2𝜎±𝜕+𝑋
𝜇𝜕−𝑋𝜇 −

𝑖

2𝜋
∫  
WS

 𝑑2𝜎±(𝑏++𝜕−𝑐
+ + 𝑏−−𝜕+𝑐

−)  
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𝜏 → −𝑖𝑡.  

𝜏 + 𝜎 → −𝑖𝑡 + 𝜎 = −𝑖(𝑡 + 𝑖𝜎) ≡ −𝑖𝑤,
𝜏 − 𝜎 → −𝑖𝑡 − 𝜎 = −𝑖(𝑡 − 𝑖𝜎) ≡ −𝑖𝑤‾ ,

 

𝑆[𝑋, 𝑏, 𝑐] =
1

2𝜋𝛼′
∫  
WS

 𝑑2𝑤𝜕𝑋𝜇𝜕‾𝑋𝜇 +
1

2𝜋
∫  
WS

 𝑑2𝑤(𝑏𝜕‾𝑐 + 𝑏‾𝜕𝑐‾),  

𝜕 = 𝜕𝑤 , 𝜕‾ = 𝜕𝑤‾
𝑏 = 𝑏𝑤𝑤, 𝑏‾ = 𝑏𝑤‾𝑤‾

𝑐 = 𝑐𝑤 , 𝑐‾ = 𝑐𝑤‾
 

𝑤 ⟶ 𝑓(𝑤)  such that 𝜕‾𝑓 = 0

𝑤‾ ⟶ 𝑓‾(𝑤‾ )  such that 𝜕𝑓‾ = 0
 

𝑋(𝑤) →
𝑓 
𝑋(𝑓(𝑤)).  

𝑏𝑤𝑤(𝑑𝑤)
2 = 𝑏𝑧𝑧(𝑑𝑧)

2 ⟹ 𝑏(𝑤) = (
𝑑𝑧

𝑑𝑤
)
2

𝑏(𝑧).  

𝑏(𝑤) →
𝑓 
[𝑓′(𝑤)]2𝑏(𝑓(𝑤)).  

𝑐𝑤𝜕𝑤 = 𝑐
𝑧𝜕𝑧 ⟹ 𝑐(𝑤) = (

𝑑𝑧

𝑑𝑤
)
−1

𝑐(𝑧)  

𝑐(𝑤) →
𝑓 
[𝑓′(𝑤)]−1𝑐(𝑓(𝑤)),  

𝑧 = 𝑒𝑤  

𝑧 = 0 ⟶ 𝑡 = −∞,
𝑧 = ∞ ⟶ 𝑡 = +∞,
|𝑧| = 1 ⟶ 𝑡 = 0.

 

𝜙cyl(𝑤,𝑤‾ ) = (
𝑑𝑧

𝑑𝑤
)
ℎ

(
𝑑𝑧‾

𝑑𝑤‾
)
ℎ‾

𝜙ℂ(𝑧, 𝑧‾)  
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𝜙cyl
(ℎ)
(𝑤)  = ∑  

𝑛∈ℤ

 𝜙𝑛𝑒
−𝑛𝑤 =∑  

𝑛∈ℤ

 𝜙𝑛(𝑧(𝑤))
−𝑛 =∑  

𝑛∈ℤ

 𝜙𝑛𝑧
−𝑛

𝜙ℂ
(ℎ)
(𝑧)  = (

𝑑𝑤

𝑑𝑧
)
ℎ

𝜙cyl
(ℎ)
(𝑤) = (

𝑑log 𝑧

𝑑𝑧
)
ℎ

𝜙cyl
(ℎ)
(𝑤) = 𝑧−ℎ∑ 

𝑛∈ℤ

 𝜙𝑛𝑧
−𝑛

 

𝜙ℂ
(ℎ)
(𝑧) = ∑  

𝑛∈ℤ

 𝜙𝑛𝑧
−𝑛−ℎ

 

𝜙𝑛 = ∮
𝑑𝑧

2𝜋𝑖
𝑧𝑛+ℎ−1𝜙(ℎ)(𝑧)

0
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𝑗𝜇(𝑧)  ≡ 𝑖√
2

𝛼′
𝜕𝑋𝜇 =∑  

𝑛∈ℤ

 𝛼𝑛
𝜇
𝑧−𝑛−1

𝑏(𝑧)  = ∑  

𝑛∈ℤ

 𝑏𝑛𝑧
−𝑛−2

𝑐(𝑧)  = ∑  

𝑛∈ℤ

  𝑐𝑛𝑧
−𝑛+1

 

 

𝑧′(𝑧) = 𝑧 + 𝜖(𝑧)  

𝜙(ℎ)(𝑧) ⟶ 𝜙′(ℎ)(𝑧′) = (
𝑑𝑧

𝑑𝑧′
)
ℎ

𝜙(ℎ)(𝑧)  

𝜙′(ℎ)(𝑧′)= 𝜙′(ℎ)  

 = (1 − ℎ𝜕𝜖(𝑧))𝜙(ℎ)(𝑧)
 

𝜙′(ℎ)(𝑧)= (1 − ℎ𝜕𝜖(𝑧))𝜙(𝑧 − 𝜖(𝑧))  

= (1 − ℎ𝜕𝜖(𝑧))(𝜙(𝑧) − 𝜖(𝑧)𝜕𝜙(𝑧))  

= 𝜙(𝑧) − ℎ𝜕𝜖(𝑧)𝜙(𝑧) − 𝜖(𝑧)𝜕𝜙(𝑧) + 𝒪(𝜖2) 

= 𝜙(𝑧) − (𝜖𝜕𝜙(𝑧) + ℎ(𝜕𝜖)𝜙(𝑧)) + 𝒪(𝜖2)  

 = 𝜙(𝑧) + 𝛿𝜖𝜙(𝑧) + 𝒪(𝜖
2)

 

𝛿𝜖𝜙(𝑧) = −(𝜖𝜕𝜙(𝑧) + ℎ(𝜕𝜖)𝜙(𝑧)).  

𝜖(𝑧) = ∑  

𝑛∈ℤ

  𝜖𝑛𝑧
−𝑛+1
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𝛿𝜖(𝑧) = 𝜖(𝑧)𝜕𝑧 =∑  

𝑛∈ℤ

 𝜖𝑛𝑧
−𝑛+1𝜕𝑧 = −∑  

𝑛∈ℤ

  𝜖𝑛𝑙−𝑛,  

𝑙𝑛 = −𝑧
𝑛+1𝜕𝑧  

[𝑙𝑛, 𝑙𝑚] = (𝑛 − 𝑚)𝑙𝑛+𝑚.  

[𝛿𝜖1 , 𝛿𝜖2] = 𝛿𝜖1𝜕
↔

𝜖2.  

𝑓(𝑧) = 𝑒𝜖(𝑧)𝜕𝑧𝑧.  

𝑇[𝜙1(𝑤1)𝜙2(𝑤2)] = {
𝜙1(𝑤1)𝜙2(𝑤2)  if Re(𝑤1) > Re(𝑤2)

𝜙2(𝑤2)𝜙1(𝑤1)  if Re(𝑤1) < Re(𝑤2)
.  

𝑅[𝜙1(𝑧1)𝜙2(𝑧2)] = {
𝜙1(𝑧1)𝜙2(𝑧2)  if |𝑧1| > |𝑧2|

𝜙2(𝑧2)𝜙1(𝑧1)  if |𝑧1| < |𝑧2|
.  

[𝜙1(𝑧1), 𝜙2(𝑧2)]||𝑧1|=|𝑧2| = lim
𝜀→0+

 {𝜙1(𝑧1)𝜙2(𝑧2)||𝑧1|=|𝑧2|+𝜀 − 𝜙2(𝑧2)𝜙1(𝑧1)||𝑧1|=|𝑧2|−𝜀}. 

{
𝑇𝑧𝑧 = 𝑇(𝑧)

𝑇𝑧‾𝑧‾ = 𝑇‾(𝑧‾)
.  

𝑇(𝑧) = ∑  

𝑛∈ℤ

 𝐿𝑛𝑧
−𝑛−2

 

𝑇𝜖 = ∮
𝑑𝑧

2𝜋𝑖
𝜖(𝑧)𝑇(𝑧)

0

 

𝛿𝜖𝜙(𝑧) = −[𝑇𝜖 , 𝜙(𝑧)].  

𝛿𝜖𝜙(𝑧)= − [∮
𝑑𝑧̃

2𝜋𝑖
𝜖(𝑧̃)𝑇(𝑧̃), 𝜙(𝑧)

0

]  

 = − [( ∮
𝑑𝑧̃

2𝜋𝑖
−

|𝑧̃|>|𝑧|

∮
𝑑𝑧̃

2𝜋𝑖
|𝑧̃|<|𝑧|

)𝜖(𝑧̃)𝑇(𝑧̃)𝜙(𝑧)]

 = −∮
𝑑𝑧̃

2𝜋𝑖
𝜖(𝑧̃)𝑇(𝑧̃)𝜙(𝑧)

𝑧
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𝜙𝑖(𝑧𝑖)𝜙𝑗(𝑧𝑗) =∑  

𝑘

 𝐶𝑖𝑗
𝑘(𝑧𝑖 − 𝑧𝑗)𝜙𝑘(𝑧𝑗),  

𝜙𝑖
(ℎ𝑖)(𝑧𝑖)𝜙𝑗

(ℎ𝑗)(𝑧𝑗) =∑ 

𝑘

 𝐶𝑖𝑗
𝑘𝜙𝑘

(ℎ𝑘)(𝑧𝑗)
1

(𝑧𝑖 − 𝑧𝑗)
ℎ𝑖+ℎ𝑗−ℎ𝑘

,  

𝑇(𝑧̃)𝜙(ℎ)(𝑧) =∑  

𝑘≥1

 
[𝑇𝜙]𝑘(𝑧)

(𝑧̃ − 𝑧)𝑘
+  ϱ (𝑘 < 1),  

𝛿𝜖𝜙(𝑧) = −∮
𝑑𝑧̃

2𝜋𝑖
𝜖(𝑧̃)𝑇(𝑧̃)𝜙(𝑧)

𝑧

=
 must 

− (𝜖𝜕𝜙(𝑧) + ℎ(𝜕𝜖)𝜙(𝑧)).  

𝑘 = 1 ⟹ [𝑇𝜙]1(𝑧) = 𝜕𝜙(𝑧)  

𝑘 = 2 ⟹ [𝑇𝜙]2(𝑧) = ℎ𝜙(𝑧)  

𝑘 > 2 ⟹ [𝑇𝜙]𝑘>2(𝑧) = 0.  

𝑇(𝑧̃)𝜙(ℎ)(𝑧) =
ℎ𝜙(𝑧)

(𝑧̃ − 𝑧)2
+
𝜕𝜙(𝑧)

(𝑧̃ − 𝑧)
+ ( ς ).  

[𝛿𝜖1 , 𝛿𝜖2]𝜙(0)= 𝛿𝜖1𝛿𝜖2𝜙(0) − 𝛿𝜖2𝛿𝜖1𝜙(0)  

 = [𝑇𝜖1 , [𝑇𝜖2 , 𝜙(0)]] − [𝑇𝜖2 , [𝑇𝜖1 , 𝜙(0)]]

 = ∮
𝑑𝑧2
2𝜋𝑖

0

∮
𝑑𝑧1
2𝜋𝑖

𝜖1(𝑧1)𝜖2(𝑧2)𝑇(𝑧1)𝑇(𝑧2)𝜙(0)

𝑧2

 = 𝛿𝜖1𝜕
↔

𝜖2𝜙(0)

 = −∮
𝑑𝑧2
2𝜋𝑖

(𝜖1𝜕𝜖2(𝑧2) − 𝜖2𝜕𝜖1(𝑧2))𝑇(𝑧2)𝜙(0)

0
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𝑇(𝑧1)𝑇(𝑧2) =∑  

𝑘≥1

 
[𝑇𝑇]𝑘(𝑧2)

(𝑧1 − 𝑧2)
𝑘
+  τ (𝑘 < 1),  

∑ 

𝑘≥1

 ∮
𝑑𝑧2
2𝜋𝑖

𝜖2(𝑧2)
𝜕𝑘−1𝜖1(𝑧2)

(𝑘 − 1)!
[𝑇𝑇]𝑘(𝑧2)𝜙(0) =

 must 

0

−∮
𝑑𝑧2
2𝜋𝑖

(𝜖1𝜕𝜖2(𝑧2) − 𝜖2𝜕𝜖1(𝑧2))𝑇(𝑧2)𝜙(0)

0

 

[𝑇𝑇]1 = 𝛼𝜕𝑇.  

∮
𝑑𝑧2
2𝜋𝑖

𝜖2𝜖1𝛼𝜕𝑇(𝑧2)𝜙(0) =
IBP

0

− 𝛼∮
𝑑𝑧2
2𝜋𝑖

𝜕(𝜖2𝜖1)𝑇(𝑧2)𝜙(0),

0

 

[𝑇𝑇]2 = 𝛽𝑇  

𝛽∮
𝑑𝑧2
2𝜋𝑖

𝜖2𝜕(𝜖1)𝑇(𝑧2)𝜙(0)

0

 

[𝑇𝑇]3 = 0  

[𝑇𝑇]4 = ℏ ≡
𝑐

2
 

𝑐

2
∮
𝑑𝑧2
2𝜋𝑖

1

6
𝜖2𝜕

3𝜖1(𝑧2)𝜙(0) = 0

0

 

𝑇(𝑧1)𝑇(𝑧2) =
𝑐

2

1

(𝑧1 − 𝑧2)
4
+

2𝑇(𝑧2)

(𝑧1 − 𝑧2)
2
+
𝜕𝑇(𝑧2)

(𝑧1 − 𝑧2)
+ ( ℏ )  

𝐿𝑛 = ∮
𝑑𝑧

2𝜋𝑖
𝑧𝑛+1𝑇(𝑧)

0
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[𝐿𝑛, 𝐿𝑚]= ∮
𝑑𝑧̃

2𝜋𝑖
∮   𝑧̃

𝑑𝑧

2𝜋𝑖
𝑧̃𝑚+1𝑧𝑛+1𝑇(𝑧̃)𝑇(𝑧)

0

 

 = (𝑛 − 𝑚)𝐿𝑛+𝑚 +
𝑐

12
𝑛(𝑛2 − 1)𝛿𝑛+𝑚,0

 

[𝐿𝑛, 𝜙
(ℎ)(𝑧)]  = 𝑧𝑛(𝑧𝜕 + (𝑛 + 1)ℎ)𝜙(𝑛)(𝑧)

[𝐿𝑛, 𝜙𝑚]  = (𝑛(ℎ − 1) −𝑚)𝜙𝑛+𝑚
 

𝛿𝜖𝑇(𝑧)= −[𝑇𝜖 , 𝑇(𝑧)]  

 = −
𝑐

12
𝜕3𝜖(𝑧) − 2(𝜕𝜖)𝑇(𝑧) − 𝜖𝜕𝑇(𝑧)

 

𝜖∗(𝑧) = 𝛼 + 𝛽𝑧 + 𝛾𝑧
2  

𝐿−1⟶−
𝑑

𝑑𝑧
   

𝐿0 ⟶−𝑧
𝑑

𝑑𝑧
 

𝐿1⟶−𝑧2
𝑑

𝑑𝑧
 

 

𝑒−𝐴𝐿−1: 𝑧 ⟶ 𝑧 + 𝐴
𝑒−𝐵𝐿0: 𝑧 ⟶ 𝑒𝐵𝑧

𝑒−𝐶𝐿1: 𝑧 ⟶
𝑧

1 + 𝐶𝑧

 

𝑓(𝑧) =
𝐴𝑧 + 𝐵

𝐶𝑧 + 𝐷
 

𝑧 →
ℐ 1

𝑧
→
𝒯 1

𝑧
+ 𝐶 →

ℐ 1

1
𝑧
+ 𝐶

=
𝑧

1 + 𝐶𝑧
.  

lim
𝑧→0
 𝑇(𝑧)|0⟩ = ℸ  

lim
𝑧→0
 𝑇(𝑧)|0⟩ = lim

𝑧→0
 ∑  

𝑛∈ℤ

 𝐿𝑛𝑧
−𝑛−2|0⟩ = ℶ  

𝐿𝑛|0⟩ = 0 ∀𝑛 ≥ −1  

⟨0|𝐿𝑛 = 0 ∀𝑛 ≤ 1  

𝐿−1, 𝐿0, 𝐿1|0⟩ = 0
 ⟨0|𝐿−1, 𝐿0, 𝐿1 = 0

 

lim
𝑧→0
 𝜙(ℎ)(𝑧)|0⟩ = lim

𝑧→0
 ∑  

𝑛∈ℤ

 𝜙𝑛𝑧
−𝑛−ℎ|0⟩  

𝜙𝑛|0⟩ = 0 ∀𝑛 ≥ −ℎ + 1,
 ⟨0|𝜙𝑛 = 0 ∀𝑛 ≤ ℎ − 1.
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𝜙(𝑧) ⟷ |𝜙⟩ = 𝜙(0)|0⟩.  

𝜙(ℎ)(𝑧) ⟷ |𝜙(ℎ)⟩ = 𝜙(ℎ)(0)|0⟩ = 𝜙−ℎ|0⟩.  

𝜙(ℎ)(0)|0⟩  = 𝜙−ℎ|0⟩

𝜕𝜙(ℎ)(0)|0⟩  = 𝜙−ℎ−1|0⟩
1

2
𝜕2𝜙(ℎ)(0)|0⟩  = 𝜙−ℎ−2|0⟩

 ⋮
1

𝑛!
𝜕𝑛𝜙(ℎ)(0)|0⟩  = 𝜙−ℎ−𝑛|0⟩

 

𝐿0𝜙𝑛|0⟩ = −𝑛𝜙𝑛|0⟩  

𝜙(𝑧) = 𝑒𝑧𝐿−1𝜙(0)𝑒−𝑧𝐿−1  

𝑒𝑧𝐿−1|𝜙⟩= 𝑒𝑧𝐿−1𝜙(0)|0⟩ = 𝑒𝑧𝐿−1𝜙(0)𝑒−𝑧𝐿−1𝑒𝑧𝐿−1|0⟩ 

 = 𝜙(𝑧)𝑒𝑧𝐿−1|0⟩ = 𝜙(𝑧)|0⟩
 

BPZ: 𝜙(ℎ)(𝑧) ⟶ ℐ ∘ 𝜙(ℎ)(𝑧)  

ℐ(𝑧) = −
1

𝑧
 

BPZ(|𝜙⟩) = ⟨0|ℐ ∘ 𝜙(0) = ⟨0|𝜙 (−
1

𝑧
)
1

𝑧2ℎ
|
𝑧=0

 

|𝜙(ℎ)⟩ = 𝜙−ℎ|0⟩ ⟹ BPZ(⟨𝜙(ℎ)|) = ⟨0|𝜙ℎ(−1)
2ℎ  

BPZ(𝜙𝑛) = (−1)
𝑛−ℎ𝜙−𝑛.  

⟨𝜙1, 𝜙2⟩ = ⟨𝜙1 ∣ 𝜙2⟩ = ⟨𝜙1(∞)𝜙2(0)⟩ = ⟨ℐ ∘ 𝜙1(0)𝜙2(0)⟩  

(|𝜙⟩)† = ⟨𝜙| = BPZ(|𝜙⟩)  ⟺ |𝜙⟩

(|𝜙⟩)† = −⟨𝜙| = −BPZ(|𝜙⟩)  ⟺ |𝜙⟩ 
 

𝑓 ∘ 𝜙(ℎ)(𝑧) = [𝑓′(𝑧)]ℎ𝜙(ℎ)(𝑓(𝑧)).  

 

𝑓 ∘ 𝜙(𝑧) = 𝑈𝑓𝜙(𝑧)𝑈𝑓
−1,  

𝑈𝑓 = 𝑒
∑  𝑛∈ℤ  𝑣𝑛𝐿−𝑛 ,  
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𝑣(𝑧) = ∑  

𝑛∈ℤ

 𝑣𝑛𝑧
𝑛+1

 

𝑒𝑣(𝑧)𝜕𝑧𝑧 = 𝑓(𝑧)  

𝐿0|𝜙
(ℎ)⟩  = ℎ|𝜙(ℎ)⟩

𝐿𝑛>0|𝜙
(ℎ)⟩  = 0

 

𝐿−𝑘1 …𝐿−𝑘𝑛−1𝐿−𝑘𝑛|𝜙
(ℎ)⟩ 𝑘𝑖 > 0∀𝑖.  

𝐿0(𝐿−𝑘1 …𝐿−𝑘𝑛|𝜙
(ℎ)⟩) = (ℎ +∑  

𝑖

 𝑘𝑖) (𝐿−𝑘1 …𝐿−𝑘𝑛|𝜙
(ℎ)⟩).  

⟨𝜙1(𝑧1)…𝜙𝑛(𝑧𝑛)⟩ = ⟨0|𝑅[𝜙1(𝑧1)…𝜙𝑛(𝑧𝑛)]|0⟩,  

⟨𝜙1(𝑧1)…𝜙𝑛(𝑧𝑛)⟩= ⟨0|𝜙1(𝑧1)…𝜙𝑛(𝑧𝑛)|0⟩  

= ⟨0|𝑈𝑓
−1𝑈𝑓𝜙1(𝑧1)𝑈𝑓

−1𝑈𝑓 …𝑈𝑓
−1𝑈𝑓𝜙𝑛(𝑧𝑛)𝑈𝑓

−1𝑈𝑓|0⟩ 

= ⟨0|𝑈𝑓𝜙1(𝑧1)𝑈𝑓
−1𝑈𝑓 …𝑈𝑓

−1𝑈𝑓𝜙𝑛(𝑧𝑛)𝑈𝑓
−1|0⟩  

 = ⟨0|𝑓 ∘ 𝜙1(𝑧1)…𝑓 ∘ 𝜙𝑛(𝑧𝑛)|0⟩.

 

⟨𝜙(ℎ)(𝑧)⟩ = ⟨𝜙(ℎ)(0)⟩ = ⟨0 ∣ 𝜙(ℎ)⟩,  

⟨𝜙(ℎ)(𝑧)⟩ = 𝐴𝛿ℎ,0  

𝑓(𝜉) =
Λ

(𝑧𝑖 − 𝑧𝑗)
(𝜉 − 𝑧𝑗)  

⟨𝑓 ∘ 𝜙𝑖(𝑧𝑖)𝑓 ∘ 𝜙𝑗(𝑧𝑗)⟩= (
Λ

(𝑧𝑖 − 𝑧𝑗)
)

ℎ𝑖+ℎ𝑗

⟨𝜙𝑖(Λ)𝜙𝑗(0)⟩  

= (
Λ

(𝑧𝑖 − 𝑧𝑗)
)

ℎ𝑖+ℎ𝑗

⟨𝜙𝑖(Λ)𝜙𝑗(0)⟩ ⋅
Λ−2ℎ𝑖

Λ−2ℎ𝑖⏟            
 for Λ→∞ it is the 

 BPZ scalar product 

 

 =
Λ→∞

⟨𝜙𝑖 ∣ 𝜙𝑗⟩ (
1

(𝑧𝑖 − 𝑧𝑗)
)

ℎ𝑖+ℎ𝑗

lim
Λ→∞

 Λℎ𝑗−ℎ𝑖 .

 

⟨𝜙𝑖(𝑧𝑖)𝜙𝑗(𝑧𝑗)⟩ =
𝐺𝑖𝑗

(𝑧𝑖 − 𝑧𝑗)
2ℎ
𝛿ℎ𝑖,ℎ𝑗  

𝐺𝑖𝑗 = ⟨𝜙𝑖 ∣ 𝜙𝑗⟩.  

𝑓(𝜉) =
(𝑧𝑗 − 𝑧𝑖)

(𝑧𝑗 − 𝑧𝑘)

(𝜉 − 𝑧𝑘)

(𝜉 − 𝑧𝑖)
 

⟨𝜙𝑖
(ℎ𝑖)(𝑧𝑖)𝜙𝑗

(ℎ𝑗)(𝑧𝑗)𝜙𝑘
(ℎ𝑘)(𝑧𝑘)⟩ =

𝐶𝑖𝑗𝑘

(𝑧𝑖 − 𝑧𝑗)
ℎ𝑖+ℎ𝑗−ℎ𝑘

(𝑧𝑗 − 𝑧𝑘)
−ℎ𝑖+ℎ𝑗+ℎ𝑘(𝑧𝑖 − 𝑧𝑘)

ℎ𝑖−ℎ𝑗+ℎ𝑘
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𝐶𝑖𝑗𝑘 = ⟨𝜙𝑖|𝜙𝑗(1)|𝜙𝑘⟩ = ⟨ℐ ∘ 𝜙𝑖(0)𝜙𝑗(1)𝜙𝑘(0)⟩.  

𝑆matter =
1

2𝜋𝛼′
∫  
WS

 𝑑2𝑧𝜕𝑋(𝑧, 𝑧‾) ⋅ 𝜕‾𝑋(𝑧, 𝑧‾)  

𝜕𝜕‾𝑋𝜇 = 0.  

𝑋𝜇(𝑧, 𝑧‾) = 𝑋𝜇(𝑧) + 𝑋‾𝜇(𝑧‾)  

𝑋𝜇(𝑧) =
𝑋0
𝜇
+ 𝑐𝜇

2
− 𝑖

𝛼′

2
𝑃𝜇log 𝑧 + 𝑖√

𝛼′

2
∑  

𝑛≠0

 
1

𝑛
𝛼𝑛
𝜇
𝑧−𝑛

𝑋‾𝜇(𝑧‾) =
𝑋0
𝜇
− 𝑐𝜇

2
− 𝑖

𝛼′

2
𝑃𝜇log 𝑧‾ + 𝑖√

𝛼′

2
∑  

𝑛≠0

 
1

𝑛
𝛼𝑛
𝜇
𝑧‾−𝑛

 

𝑗𝜇(𝑧) = 𝑖√
2

𝛼′
𝜕𝑋𝜇(𝑧) = ∑  

𝑛∈ℤ

 𝛼𝑛
𝜇
𝑧−𝑛−1

𝑗‾𝜇(𝑧‾) = 𝑖√
2

𝛼′
𝜕‾𝑋‾𝜇(𝑧‾) = ∑  

𝑛∈ℤ

  𝛼̃𝑛
𝜇
𝑧‾−𝑛−1

 

⟨𝑗(𝑧1)𝑗(𝑧2)⟩= ∑  

𝑛,𝑚∈ℤ

  𝑧1
−𝑛−1𝑧2

−𝑚−1⟨0|𝛼𝑛𝛼𝑚|0⟩ = ∑  

𝑛≥0

 𝑛𝑧1
−𝑛−1𝑧2

𝑛−1 

 =
1

𝑧1𝑧2
∑ 

𝑛≥0

 𝑛 (
𝑧2
𝑧1
)
𝑛

=
1

𝑧1𝑧2

𝑧2
𝑧1

(1 −
𝑧2
𝑧1
)
2

 =
1

(𝑧1 − 𝑧2)
2

 

⟨𝑗𝜇(𝑧1)𝑗
𝜈(𝑧2)⟩ =

𝜂𝜇𝜈

(𝑧1 − 𝑧2)
2

 

𝛼𝑛 = ∮
𝑑𝑧

2𝜋𝑖
𝑧𝑛𝑗(𝑧)

0

 

[𝛼𝑛, 𝛼𝑚] = 𝑛𝛿𝑛+𝑚,0 = ∮
𝑑𝑧1
2𝜋𝑖

0

∮
𝑑𝑧2
2𝜋𝑖

𝑧1
𝑛𝑧2
𝑚𝑗(𝑧1)𝑗(𝑧2).

𝑧1

 

𝑗(𝑧1)𝑗(𝑧2) =
𝐴

(𝑧1 − 𝑧2)
2
+

𝐵

(𝑧1 − 𝑧2)
+ ( ℸ ).  

𝑗(𝑧1)𝑗(𝑧2) =
1

(𝑧1 − 𝑧2)
2
+ ( ⋆ )  

𝐴(𝑧1)𝐵(𝑧2),  

: 𝐴(𝑧1)𝐵(𝑧2):  
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𝑗(𝑧1)𝑗(𝑧2) =
1

(𝑧1 − 𝑧2)
2  

𝜕𝑋(𝑧1)𝜕𝑋(𝑧2)  = −
𝛼′

2

1

(𝑧1 − 𝑧2)
2

𝜕𝑋(𝑧1)𝑋(𝑧2)  = −
𝛼′

2

1

(𝑧1 − 𝑧2)

𝑋(𝑧1)𝑋(𝑧2)  = −
𝛼′

2
log (𝑧1 − 𝑧2)

 

𝑇(m)(𝑧) = −
1

𝛼′
: 𝜕𝑋𝜕𝑋: (𝑧) =

1

2
: 𝑗𝑗: (𝑧),  

: 𝐴𝐵: (𝑧1)= lim
𝑧2→𝑧1

 (𝐴(𝑧1)𝐵(𝑧2) − 𝐴(𝑧1)𝐵(𝑧2)) 

 = ∮
𝑑𝑧2
2𝜋𝑖

𝐴(𝑧1)𝐵(𝑧2)

(𝑧1 − 𝑧2)
𝑧1

 

𝑇(m)(𝑧1)𝑇
(m)(𝑧2)=

1

4
(: 𝑗𝑗: (𝑧1): 𝑗𝑗: (𝑧2))  

=
1

4
(2

1

(𝑧1 − 𝑧2)
2

1

(𝑧1 − 𝑧2)
2
+ 4

1

(𝑧1 − 𝑧2)
2
: 𝑗(𝑧1)𝑗(𝑧2): )  

=
1

2

1

(𝑧1 − 𝑧2)
4
+

1

(𝑧1 − 𝑧2)
2
: (𝑗(𝑧2) + (𝑧1 − 𝑧2)𝜕𝑗(𝑧2) + ⋯)𝑗(𝑧2) 

: =
1

2

1

(𝑧1 − 𝑧2)
4
+
2𝑇(m)(𝑧2)

(𝑧1 − 𝑧2)
2
+
: (𝜕𝑗)𝑗: (𝑧2)

(𝑧1 − 𝑧2)
 

 =
1

2

1

(𝑧1 − 𝑧2)
4
+
2𝑇(m)(𝑧2)

(𝑧1 − 𝑧2)
2
+
𝜕𝑇(m)(𝑧2)

(𝑧1 − 𝑧2)

 

𝑐 = 1.  

𝑇(m)(𝑧1)𝑇
(m)(𝑧2) =

1

2

1

(𝑧1 − 𝑧2)
4
+
2𝑇(m)(𝑧2)

(𝑧1 − 𝑧2)
2
+
𝜕𝑇(m)(𝑧2)

(𝑧1 − 𝑧2)
+ ( ℷ). 

 

=
𝑗(𝑧2)

(𝑧1 − 𝑧2)
2
+

𝜕𝑗(𝑧2)

(𝑧1 − 𝑧2)
 

𝑇(m)(𝑧1)𝑗(𝑧2) =
𝑗(𝑧2)

(𝑧1 − 𝑧2)
2
+

𝜕𝑗(𝑧2)

(𝑧1 − 𝑧2)
+ ( †)  
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𝒱𝑃(𝑧, 𝑧‾)=: 𝑒
𝑖𝑃⋅𝑋: (𝑧, 𝑧‾)  

=: 𝑒𝑖𝑃⋅𝑋𝐿: (𝑧): 𝑒𝑖𝑃⋅𝑋𝑅 : (𝑧‾) 

 = 𝒱𝑃(𝑧)𝒱𝑃(𝑧‾)

 

: 𝑒𝑖𝑃⋅𝑋: (𝑧) = ∑  

∞

𝑛=0

 
(𝑖𝑃)𝑛

𝑛!
: 𝑋𝑛: (𝑧)  

: 𝑋𝑛: (𝑧) = 𝑋𝑛 − 𝑋𝑋⋯𝑋⏟    ⏞    
𝑛

 

𝑗(𝑧1)𝑋(𝑧2)= 𝑖√
2

𝛼′
𝜕𝑋(𝑧1)𝑋(𝑧2)  

= 𝑖√
2

𝛼′
(−

𝛼′

2
)

1

𝑧1 − 𝑧2
 

 = −𝑖√
𝛼′

2

1

𝑧1 − 𝑧2

 

𝑗(𝑧1): 𝑋
𝑛: (𝑧2)= 𝑛𝑗(𝑧1)𝑋(𝑧2): 𝑋

𝑛−1: (𝑧2)  

 = −𝑖𝑛√
𝛼′

2

1

𝑧1 − 𝑧2
: 𝑋𝑛−1: (𝑧2)

 

𝑗(𝑧1): 𝑒
𝑖𝑃⋅𝑋: (𝑧2)= ∑  

∞

𝑛=0

 
(𝑖𝑃)𝑛

𝑛!
(−𝑖𝑛√

𝛼′

2

1

𝑧1 − 𝑧2
) :𝑋𝑛−1: (𝑧2) 

=
𝑃√
𝛼′

2

𝑧1 − 𝑧2
∑  

∞

𝑛=1

 
(𝑖𝑃)𝑛−1

(𝑛 − 1)!
: 𝑋𝑛−1: (𝑧2)  

 =
𝑃√
𝛼′

2

𝑧1 − 𝑧2
: 𝑒𝑖𝑃⋅𝑋: (𝑧2)

 

𝑗(𝑧1)𝑋(𝑧2)  = −𝑖√
𝛼′

2

1

𝑧1 − 𝑧2
+ ( ⊡ )

𝑗(𝑧1): 𝑋
𝑛: (𝑧2)  = −𝑖𝑛√

𝛼′

2

1

𝑧1 − 𝑧2
: 𝑋𝑛−1: (𝑧2) + ( ⊞ )

𝑗(𝑧1): 𝑒
𝑖𝑃⋅𝑋: (𝑧2)  =

𝑃√
𝛼′

2

𝑧1 − 𝑧2
: 𝑒𝑖𝑃⋅𝑋: (𝑧2) + ( ⊠ )

 

|0, 𝑃⟩ =: 𝑒𝑖𝑃⋅𝑋: (𝑧, 𝑧‾)|𝑧=𝑧‾=0|0⟩  

|0, 𝑃⟩ = 𝑒𝑖𝑃⋅𝑋̂0|0⟩  

𝑋(𝑧, 𝑧‾) = 𝑋̂0 + 𝑖𝑃̂log |𝑧|
2 +  𝒪𝑜𝑠𝑐𝑖𝑙𝑙𝑎𝑡𝑜𝑟𝑠  
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𝑇(m)(𝑧1): 𝑒
𝑖𝑃⋅𝑋: (𝑧2) =

𝛼′𝑃2

4
: 𝑒𝑖𝑃⋅𝑋: (𝑧2)

(𝑧1 − 𝑧2)
2

+
𝜕: 𝑒𝑖𝑃⋅𝑋: (𝑧2)

(𝑧1 − 𝑧2)
+  (𝔎)  

𝑡(𝑃): 𝑒𝑖𝑃⋅𝑋: (𝑧, 𝑧‾)  

ℎ =
𝛼′𝑃2

4
= 1  

𝐺𝜇𝜈(𝑃)𝛼−1
𝜇
𝛼̃−1
𝜈 |0, 𝑃⟩  

𝐺𝜇𝜈(𝑃): 𝑗
𝜇𝑗‾𝜈𝑒𝑖𝑃⋅𝑋: (𝑧, 𝑧‾)  

𝛼′𝑃2 = 0  

𝑇(m)(𝑧1): 𝑗
𝜇𝑒𝑖𝑃⋅𝑋: (𝑧, 𝑧‾)𝐺𝜇𝜈(𝑃) =

=
√𝛼

′

2
𝑃𝜇𝐺𝜇𝜈

(𝑧1 − 𝑧2)
3
: 𝑒𝑖𝑃⋅𝑋: (𝑧2)

+(

𝛼′𝑃2

4
+ 1

(𝑧1 − 𝑧2)
2
+

𝜕𝑧2
(𝑧1 − 𝑧2)

) : 𝑗𝜇𝑒𝑖𝑃⋅𝑋: (𝑧2)𝐺𝜇𝜈 

 +( 𝔏)

 

{

𝛼′𝑃2

4
+ 1 = 1 ⟺ 𝑃2 = 0

𝑃𝜇𝐺𝜇𝜈 = 0
 

𝐺𝜇𝜈𝑃
𝜈 = 0  

⟨𝑗𝜇(𝑧1)⟩  = 0

⟨𝑗𝜇(𝑧1)𝑗
𝜈(𝑧2)⟩  =

𝜂𝜇𝜈

(𝑧1 − 𝑧2)
2
,

⟨𝑗𝜇(𝑧1)𝑗
𝜈(𝑧2)𝑗

𝜌(𝑧3)⟩  = 0

⟨𝑗𝜇(𝑧1)𝑗
𝜈(𝑧2)𝑗

𝜌(𝑧3)𝑗
𝜎(𝑧4)⟩  =

𝜂𝜇𝜈𝜂𝜌𝜎

(𝑧1 − 𝑧2)
2(𝑧3 − 𝑧4)

2

 +
𝜂𝜇𝜌𝜂𝜈𝜎

(𝑧1 − 𝑧3)
2(𝑧2 − 𝑧4)

2

 +
𝜂𝜇𝜎𝜂𝜈𝜌

(𝑧1 − 𝑧4)
2(𝑧2 − 𝑧3)

2

 

⟨𝒱𝑃1(𝑧1, 𝑧1)…𝒱𝑃𝑛(𝑧𝑛, 𝑧𝑛)⟩ = ⟨𝒱𝑃1(𝑧1)…𝒱𝑃𝑛(𝑧𝑛)⟩ ⋅ ⟨𝒱𝑃1(𝑧1)…𝒱𝑃𝑛(𝑧𝑛)⟩  

⟨𝒱𝑃1(𝑧1)…𝒱𝑃𝑛(𝑧𝑛)⟩= ⟨∏  

𝑛

𝑘=1

  : 𝑒𝑖𝑃𝑘⋅𝑋(𝑧𝑘): ⟩  

 =∏  

𝑘<𝑙

  (𝑧𝑘 − 𝑧𝑙)
𝛼′

2
𝑃𝑘⋅𝑃𝑙 ⋅ 𝛿 (∑  

𝑛

𝑘=1

 𝑃𝑘)
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: 𝑒𝑖𝑃𝑘⋅𝑋: (𝑧𝑘): 𝑒
𝑖𝑃𝑙⋅𝑋: (𝑧𝑙)= 𝑒 

𝑖𝑃𝑘⋅𝑋(𝑧𝑘)𝑖𝑃𝑙⋅𝑋(𝑧𝑙): 𝑒𝑖𝑃𝑘⋅𝑋(𝑧𝑘)𝑒
𝑖𝑃𝑙⋅𝑋(𝑧𝑙)  

∶= 𝑒
𝛼′

2
𝑃𝑘⋅𝑃𝑙log (𝑧𝑘−𝑧𝑙): 𝑒𝑖𝑃𝑘⋅𝑋(𝑧𝑘)𝑒

𝑖𝑃𝑙⋅𝑋(𝑧𝑙)

∶= (𝑧𝑘 − 𝑧𝑙)
𝛼′

2
𝑃𝑘⋅𝑃𝑙: 𝑒𝑖𝑃𝑘⋅𝑋(𝑧𝑘)𝑒

𝑖𝑃𝑙⋅𝑋(𝑧𝑙):

 

𝑗0
𝜇
= ∮   0

𝑑𝑧

2𝜋𝑖
𝑗𝜇(𝑧) = 𝛼0

𝜇
= √

2

𝛼′
𝑃𝜇  

⟨𝑗0 (𝒱𝑃1(𝑧1)…𝒱𝑃𝑛(𝑧𝑛))⟩= ⟨0|𝑗0 (𝒱𝑃1(𝑧1)…𝒱𝑃𝑛(𝑧𝑛)) |0⟩ = 0  

= ⟨ ∮
𝑑𝑧

2𝜋𝑖
𝑗𝜇(𝑧) (𝒱𝑃1(𝑧1)…𝒱𝑃𝑛(𝑧𝑛))

𝑧1…𝑧𝑛

⟩  

 = (∑  

𝑛

𝑘=1

 𝑃𝑘)(√
𝛼′

2
)

𝑛

⟨𝒱𝑃1(𝑧1)…𝒱𝑃𝑛(𝑧𝑛)⟩

 

𝑗0
𝜇
𝒱𝑃𝑘(𝑧𝑘)= ∮

𝑑𝑧

2𝜋𝑖
𝑗𝜇(𝑧)𝑒𝑖𝑃𝑘⋅𝑋(𝑧𝑘)

𝑧𝑘

 

= ∮
𝑑𝑧

2𝜋𝑖
𝑗𝜇(𝑧)𝑒𝑖𝑃𝑘⋅𝑋(𝑧𝑘)

𝑧𝑘

 

= ∮
𝑑𝑧

2𝜋𝑖
√
𝛼′

2

𝑃𝜇

(𝑧 − 𝑧𝑘)
𝒱𝑃𝑘(𝑧𝑘)

𝑧𝑘

 

 = √
𝛼′

2
𝑃𝜇𝒱𝑃𝑘(𝑧𝑘)

 

∑  

𝑛

𝑘=1

 𝑃𝑘 = 0  

𝑆ghost =
1

2𝜋
∫  
WS

 𝑑2𝑧(𝑏𝜕‾𝑐 + 𝑏‾𝜕𝑐‾)  

{
 

 𝑏(𝑧) = ∑  

𝑛∈ℤ

 𝑏𝑛𝑧
−𝑛−2

𝑏𝑛 = ∮  0
𝑑𝑧

2𝜋𝑖
𝑧𝑛+1𝑏(𝑧)

 

{
 

 𝑐(𝑧) = ∑  

𝑛∈ℤ

  𝑐𝑛𝑧
−𝑛+1

𝑐𝑛 = ∮  0
𝑑𝑧

2𝜋𝑖
𝑧𝑛−2𝑐(𝑧)

 

[𝑏𝑛, 𝑐𝑚] = 𝛿𝑛+𝑚,0  



pág. 2572 

𝑏(𝑧1)𝑐(𝑧2) =
1

(𝑧1 − 𝑧2)
+ ( 𝔐 )  

𝑇(gh)(𝑧) = −(2: 𝑏(𝜕𝑐):+: (𝜕𝑏)𝑐: )(𝑧)  

𝑇(gh)(𝑧1)𝑏(𝑧2) =
2𝑏(𝑧2)

(𝑧1 − 𝑧2)
2
+
𝜕𝑏(𝑧2)

(𝑧1 − 𝑧2)
+ ( 𝔑 )

𝑇(gh)(𝑧1)𝑐(𝑧2) = −
𝑐(𝑧2)

(𝑧1 − 𝑧2)
2
+

𝜕𝑐(𝑧2)

(𝑧1 − 𝑧2)
+ ( 𝔒 )

 

𝑏(𝑧1)𝑏(𝑧2) = 0,

𝑐(𝑧1)𝑐(𝑧2) = 0.
 

𝑇(gh)(𝑧1)𝑇
(gh)(𝑧2) =

−
26
2

(𝑧1 − 𝑧2)
4
+
2𝑇(gh)(𝑧2)

(𝑧1 − 𝑧2)
2
+
𝜕𝑇(gh)(𝑧2)

(𝑧1 − 𝑧2)
+ ( 𝔓) 

𝑗(gh)(𝑧) = −: 𝑏𝑐: (𝑧) = ∑  

𝑛∈ℤ

  𝑗𝑛
(gh)

𝑧−𝑛−1  

𝑇(gh)(𝑧1)𝑗
(gh)(𝑧2) =

−3

(𝑧1 − 𝑧2)
3
+
𝑗(gh)(𝑧2)

(𝑧1 − 𝑧2)
2
+
𝜕𝑗(gh)(𝑧2)

(𝑧1 − 𝑧2)
+ ( 𝔔 ) 

𝑁(gh) = ∮   0
𝑑𝑧

2𝜋𝑖
𝑗(gh)(𝑧)  

[𝑁(gh), 𝑐(𝑧)]  = 𝑐(𝑧)

[𝑁(gh), 𝑏(𝑧)]  = −𝑏(𝑧)
 

𝑐(𝑧), 𝑏(𝑧)
𝑐(𝜕𝑐)(𝑧), 𝑏(𝜕𝑏)(𝑧)

1

2
𝑐(𝜕𝑐)(𝜕2𝑐)(𝑧),

1

2
𝑏(𝜕𝑏)(𝜕2𝑏)(𝑧)

 

|0⟩  ⟷ 𝟙 (ℎ = 0)
𝑐1|0⟩  ⟷ 𝑐(𝑧) (ℎ = −1)

𝑐0𝑐1|0⟩  ⟷ (𝜕𝑐)𝑐(𝑧) (ℎ = −1)

𝑐−1𝑐0𝑐1|0⟩  ⟷
1

2
(𝜕2𝑐)(𝜕𝑐)𝑐(𝑧) (ℎ = 0)

 

⟨0 ∣ 0̂⟩ = ⟨0|𝑐−1𝑐0𝑐1|0⟩ = 1 ⟷
1

2
⟨𝑐(𝜕𝑐)(𝜕2𝑐)(𝑧)⟩ = 1  

𝑐(𝑧) = 𝑐−1𝑧
2 + 𝑐0𝑧 + 𝑐1  

⟨𝑐(𝑧1)𝑐(𝑧2)𝑐(𝑧3)⟩ = −det(

1 1 1
𝑧1 𝑧2 𝑧3
𝑧1
2 𝑧2

2 𝑧3
2
) = −(𝑧1 − 𝑧2)(𝑧2 − 𝑧3)(𝑧1 − 𝑧3)  
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𝑄𝐵=∑  

𝑛∈ℤ

  𝑐−𝑛𝐿𝑛
(m)

+
1

2
: 𝑐−𝑛𝐿𝑛

(gh)
:  

 = ∮
𝑑𝑧

2𝜋𝑖
(𝑐𝑇(m)(𝑧) +

1

2
: 𝑐𝑇(gh): (𝑧))

0

= ∮
𝑑𝑧

2𝜋𝑖
𝑗𝐵̃(𝑧)

0

 

𝑗𝐵(𝑧) = 𝑐𝑇
(m)(𝑧) +

1

2
: 𝑐𝑇(gh): (𝑧) +

3

2
𝜕2𝑐(𝑧),  

𝑇(tot)(𝑧) = 𝑇(m)(𝑧) + 𝑇(gh)(𝑧)  

[𝑄𝐵, 𝑋
𝜇(𝑧)] = ∮   𝑧

𝑑𝑧̃

2𝜋𝑖
𝑗𝐵(𝑧̃)𝑋

𝜇(𝑧) = 𝑐𝜕𝑋𝜇(𝑧)  

[𝑄𝐵, 𝑐(𝑧)] = 𝑐𝜕𝑐(𝑧)  

𝑄𝐵𝑐1|0⟩ = 𝑐1𝑐0|0⟩.  

𝑄𝐵
2 = 0  

[𝑄𝐵, 𝑗gh(𝑧)] = −𝑗𝐵(𝑧)  

[𝑁gh, 𝑄𝐵] = 𝑄𝐵  

𝑄𝐵
2 = ∮

𝑑𝑧̃

2𝜋𝑖
0

∮
𝑑𝑧

2𝜋𝑖
𝑗𝐵(𝑧)𝑗𝐵(𝑧̃)

𝑧̃

 

𝑗𝐵(𝑧)𝑗𝐵(𝑧̃) = ⋯+
𝑐(m) − 26

12

1

(𝑧 − 𝑧̃)
(𝜕3𝑐 ⋅ 𝑐)(𝑧̃) + ⋯  

|0⟩  ⟷ 𝟙 (𝑔ℎ = 0)

𝑐1𝒱ℎ=1
(m)
|0⟩  ⟷ 𝑐𝒱ℎ=1

(m)
(𝑧) (𝑔ℎ = 1)

𝑐0𝑐1𝒱ℎ=1
(m)
|0⟩  ⟷ 𝑐(𝜕𝑐)𝒱ℎ=1

(m)
(𝑧) (𝑔ℎ = 2)

𝑐−1𝑐0𝑐1|0⟩  ⟷
1

2
𝑐(𝜕𝑐)(𝜕2𝑐)(𝑧) (𝑔ℎ = 3)

 

[𝑄𝐵, 𝒱ℎ=1
(m)
(𝑧)] = 𝜕 (𝑐𝒱ℎ=1

(m)
) (𝑧)  

𝑐𝑐‾𝒱(𝑧, 𝑧‾) = ∫  𝑑𝑑𝑃Φ𝑖𝑗(𝑃): 𝑐𝒱𝑖𝑐‾𝒱𝑗𝑒
𝑖𝑃⋅𝑋: (𝑧, 𝑧‾)  

𝛼′𝑃2/4 + ℎ𝑖 − 1 = 𝛼
′𝑃2/4 + ℎ𝑗 − 1 = 0  

∫  𝑑𝑧𝑑𝑧‾𝒱(𝑧, 𝑧‾) = ∫  𝑑𝑧𝑑𝑧‾∫  𝑑𝑑𝑃Φ𝑖𝑗(𝑃): 𝒱𝑖𝒱𝑗𝑒
𝑖𝑃⋅𝑋: (𝑧, 𝑧‾)  

𝑧 ⟶ 𝑓(𝑧),

𝑧‾ ⟶ 𝑓‾(𝑧‾),
 

𝑓(𝑧) = 𝑓‾(𝑧‾)  for 𝑧 = 𝑧‾  
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𝑓(𝑧) =∑  

𝑛

 𝑓𝑛𝑧
𝑛  with 𝑓𝑛 = 𝑓‾𝑛 ⟺ 𝑓𝑛 ∈ ℝ.  

𝑇(𝑧) = 𝑇‾(𝑧‾)  for 𝑧 = 𝑧‾.  

𝑇(𝑧) = ∑  

𝑛∈ℤ

 𝐿𝑛𝑧
−𝑛−2

𝑇‾(𝑧‾) = ∑  

𝑛∈ℤ

  𝐿̃𝑛𝑧‾
−𝑛−2

 

𝐿𝑛 = 𝐿̃𝑛 ,  

𝑓(𝑧) =
𝐴𝑧 + 𝐵

𝐶𝑧 + 𝐷
  with 𝐴, 𝐵, 𝐶, 𝐷 ∈ ℝ, (𝐴𝐷 − 𝐵𝐶) ≠ 0.  

 

𝛿(𝜖,𝜖‾)𝜙(𝑧, 𝑧‾)= −([𝑇𝜖 , 𝜙(𝑧, 𝑧‾)] + [𝑇‾𝜖‾ , 𝜙(𝑧, 𝑧‾)])  

= −∮
𝑑𝑧̃

2𝜋𝑖
𝜖(𝑧̃)𝑇(𝑧̃)𝜙(𝑧, 𝑧‾)

𝑧

−∮
𝑑𝑧̃

2𝜋𝑖
𝜖(𝑧̃)𝑇‾(𝑧̃)𝜙(𝑧, 𝑧‾)

𝑧‾

 

 = −∮
𝑑𝑧̃

2𝜋𝑖
𝜖(𝑧̃)𝑇(𝑧̃)𝜙(𝑧, 𝑧‾)

𝑧

−∮
𝑑𝑧̃

2𝜋𝑖
𝜖(𝑧̃)𝑇‾(𝑧̃)𝜙(𝑧, 𝑧‾)

𝑧‾
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𝛿(𝜖,𝜖‾)𝜙(𝑧, 𝑧‾)= −∮
𝑑𝑧̃

2𝜋𝑖
𝜖(𝑧̃)𝑇(𝑧̃)𝜙(𝑧, 𝑧‾)

𝑧

+∮
𝑑𝑧̃

2𝜋𝑖
𝜖(𝑧̃)𝑇‾(𝑧̃)𝜙(𝑧, 𝑧‾)

𝑧‾

 

= −∮
𝑑𝑧̃

2𝜋𝑖
𝜖(𝑧̃)𝑇(𝑧̃)𝜙(𝑧, 𝑧∗)

𝑧

− ∮
𝑑𝑧̃

2𝜋𝑖
𝜖(𝑧̃)𝑇(𝑧̃)𝜙(𝑧, 𝑧∗)

𝑧∗

 

 = − ∮
𝑑𝑧̃

2𝜋𝑖
𝜖(𝑧̃)𝑇ℂ(𝑧̃)𝜙(𝑧, 𝑧

∗)

𝑧,𝑧∗

 

 

𝑇ℂ(𝑧̃) = {
𝑇UHP(𝑧̃)  for Im(𝑧̃) > 0  

𝑇‾UHP(𝑧̃)  for Im(𝑧̃) < 0 
.  

𝑆matter =
1

2𝜋𝛼′
∫  
WS

 𝑑2𝑧𝜕𝑋(𝑧, 𝑧‾) ⋅ 𝜕‾𝑋(𝑧, 𝑧‾),  

𝑋𝜇(𝑧, 𝑧‾) = 𝑋𝐿
𝜇
(𝑧) + 𝑋𝑅

𝜇
(𝑧‾)  

𝑋𝐿
𝜇
(𝑧) =

𝑋0
𝜇

2
+ 𝑐𝜇/2 − 𝑖𝛼′

𝑃𝜇

2
log 𝑧 + 𝑖√

𝛼′

2
∑  

𝑛≠0

 
1

𝑛
𝛼𝑛
𝜇
𝑧−𝑛,

𝑋𝑅
𝜇
(𝑧‾) =

𝑋0
𝜇

2
− 𝑐𝜇/2 − 𝑖𝛼′

𝑃𝜇

2
log 𝑧‾ + 𝑖√

𝛼′

2
∑  

𝑛≠0

 
1

𝑛
𝛼𝑛
𝜇
𝑧‾−𝑛,

 

𝑇(𝑧) = −
1

𝛼′
: 𝜕𝑋 ⋅ 𝜕𝑋: .  

𝑗𝜇(𝑧) = ΩA
(𝑗)
𝑗‾𝜇(𝑧‾)  for 𝑧 = 𝑧‾,  

ΩA = {
+1 for A =  𝒩Neumann 

−1 for A =  𝒟Dirichlet 
 

𝑋𝐿
𝜇
(𝑧) = ΩA

(𝑋)
𝑋𝑅
𝜇
(𝑧‾)  for 𝑧 = 𝑧‾  

𝑋𝐿
(N)
(𝑧) ⟶ 𝑋(𝑧), 𝑋𝑅

(N)
(𝑧‾) ⟶ 𝑋(𝑧∗),

𝑋𝐿
(D)
(𝑧) ⟶ 𝑋(𝑧), 𝑋𝑅

(D)
(𝑧‾) ⟶ −𝑋(𝑧∗).

 

𝑗𝜇(𝑧1)𝑗𝜇(𝑧2) =
1

(𝑧1 − 𝑧2)
2
 →
 osc  

 [𝛼𝑛
𝜇
, 𝛼𝑚
𝜇
] = 𝑛𝛿𝑛+𝑚,0

𝑗‾𝜇(𝑧‾1)𝑗‾𝜇(𝑧‾2) =
1

(𝑧‾1 − 𝑧‾2)
2
 →
 osc  

 [𝛼̃𝑛
𝜇
, 𝛼̃𝑚
𝜇
] = 𝑛𝛿𝑛+𝑚,0
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ΩA
(𝑗)
= ±1⟹ (ΩA

(𝑗)
)
2
= 1  

{
𝑇 =

1

2
: 𝑗 ⋅ 𝑗:

𝑇‾ =
1

2
: 𝑗‾ ⋅ 𝑗‾:

 ⟹ (ΩA
(𝑗)
)
2
= 1.  

𝑗ℂ
𝜇
(𝑧) = {

𝑗UHP
𝜇

(𝑧)  for Im(𝑧) > 0 

ΩA
(𝑗)
𝑗‾UHP
𝜇

(𝑧‾)  for Im(𝑧) < 0  
 

𝒱𝑖,ℂ
(ℎ)
(𝑧) = {

𝒱𝑖,UHP
(ℎ)

(𝑧)  for Im(𝑧) > 0 

(ΩA
(𝒱)
)
𝑖

𝑗
𝒱𝑗,UHP
(ℎ‾)

(𝑧‾)  for Im(𝑧) < 0  
 

𝜙(𝑧, 𝑧‾) = 𝜙𝑖𝑗𝒱
𝑖(𝑧)𝒱

𝑗
(𝑧‾)  

𝜙(𝑧, 𝑧∗) = 𝜙𝑖𝑗 (ΩA
(𝒱)
)
𝑘

𝑗
𝒱𝑖(𝑧)𝒱𝑘(𝑧∗).  

Φ(𝑧, 𝑧‾) = 𝑗(𝑧) ⋅ 𝑗‾(𝑧‾) ⟶ 𝛼−1 ⋅ 𝛼̃−1|0⟩  

Φ(N)(𝑧, 𝑧∗) = 𝑗(𝑧)ΩN
(𝑗)
𝑗(𝑧∗) = 𝑗(𝑧)𝑗(𝑧∗)

Φ(D)(𝑧, 𝑧∗) = 𝑗(𝑧)ΩD
(𝑗)
𝑗(𝑧∗) = −𝑗(𝑧)𝑗(𝑧∗)

 

⟨𝜙(ℎ,ℎ
‾ )(𝑧, 𝑧‾)⟩

(𝑎)
=

𝐶𝜙
(𝑎)

|𝑧 − 𝑧‾|2ℎ
𝛿ℎ,ℎ‾ .  

 

⟨𝑋(𝑧1, 𝑧‾1) ⋅ 𝑋(𝑧2, 𝑧‾2)⟩= ⟨𝑋𝐿(𝑧1) ⋅ 𝑋𝐿(𝑧2)⟩ + ⟨𝑋𝑅(𝑧1) ⋅ 𝑋𝑅(𝑧2)⟩ 

= −
𝛼′

2
(log (𝑧1 − 𝑧2) + log (𝑧1 − 𝑧2))  

 = −
𝛼′

2
log (|𝑧1 − 𝑧2|

2)
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⟨𝑋(𝑧1, 𝑧‾1) ⋅ 𝑋(𝑧2, 𝑧‾2)⟩UHP
(N)

=⟨(𝑋(𝑧1) + 𝑋(𝑧1
∗)) ⋅ (𝑋(𝑧2) + 𝑋(𝑧2

∗))⟩

=⟨𝑋(𝑧1) ⋅ 𝑋(𝑧2)⟩ + ⟨𝑋(𝑧1) ⋅ 𝑋(𝑧2
∗)⟩

+⟨𝑋(𝑧1
∗) ⋅ 𝑋(𝑧2)⟩ + ⟨𝑋(𝑧1

∗) ⋅ 𝑋(𝑧2
∗)⟩  

=−
𝛼′

2
log (|𝑧1 − 𝑧2|

2) −
𝛼′

2
(log (𝑧1 − 𝑧2

∗) + log (𝑧1
∗ − 𝑧2)) 

= −
𝛼′

2
(log (|𝑧1 − 𝑧2|

2) + log (|𝑧1 − 𝑧‾2|
2))

 

⟨𝑋(𝑧1, 𝑧‾1) ⋅ 𝑋(𝑧2, 𝑧‾2)⟩UHP
(D)

= −
𝛼′

2
(log (|𝑧1 − 𝑧2|

2) − log (|𝑧1 − 𝑧‾2|
2)).  

⟨𝜕𝑋 ⋅ 𝜕‾𝑋(𝑧, 𝑧‾)⟩UHP
(N)

 = +
𝛼′

2

1

|𝑧 − 𝑧‾|2

⟨𝜕𝑋 ⋅ 𝜕‾𝑋(𝑧, 𝑧‾)⟩UHP
(D)

 = −
𝛼′

2

1

|𝑧 − 𝑧‾|2

 

: 𝑒𝑖𝑃⋅𝑋: (𝑧, 𝑧‾) =: 𝑒𝑖𝑃⋅𝑋𝐿 : (𝑧): 𝑒𝑖𝑃⋅𝑋𝑅 : (𝑧‾)  

𝑒𝑖𝑃⋅𝑋: (𝑧, 𝑧‾) = 𝑒𝑖𝑃⋅𝑋𝐿(𝑧)𝑒𝑖𝑃⋅𝑋𝐿(𝑧∗) 

𝑒𝑖𝑃⋅𝑋: (𝑧, 𝑧‾) = 𝑒𝑖𝑃⋅𝑋𝐿(𝑧)𝑒−𝑖𝑃⋅𝑋𝐿(𝑧∗) 

⟨: 𝑒𝑖𝑃⋅𝑋: (𝑧, 𝑧‾)⟩
UHP

(N)
= ⟨𝑒𝑖𝑃⋅𝑋𝐿(𝑧)𝑒𝑖𝑃⋅𝑋𝐿(𝑧∗)⟩ = 0  

⟨: 𝑒𝑖𝑃⋅𝑋: (𝑧, 𝑧‾)⟩
UHP

(D)
= ⟨𝑒𝑖𝑃⋅𝑋𝐿(𝑧)𝑒−𝑖𝑃⋅𝑋𝐿(𝑧‾)⟩  

= (𝑧 − 𝑧‾)−𝛼
′𝑃2𝛿(0)  

 ∝ |𝑧 − 𝑧‾|−𝛼
′𝑃2 = 𝑒−𝛼

′Δ𝑃2

 

⟨: 𝑒𝑖𝑃⋅𝑋: (𝑧, 𝑧‾)⟩
UHP

(D),𝑋0 ∝ 𝑒𝑖𝑃⋅𝑋0𝑒−𝛼
′Δ𝑃2  

∫  𝑑𝑃𝑒𝑖𝑃⋅𝑋0𝑒−𝛼
′Δ𝑃2 ∝ 𝑒

−
(𝑋−𝑋0)

2

𝛼′Δ  

𝜙(ℎ)(𝑧, 𝑧‾) =∑  

𝑖,𝑗

 𝜙𝑖,𝑗𝒱𝑖
(ℎ)
(𝑧)𝒱𝑗

(ℎ)
(𝑧‾) =∑  

𝑖,𝑗

 𝜙𝑖,𝑗
𝒱𝑖
(ℎ)
(𝑧)

Ω𝑗
𝑘𝒱̇𝑘

(ℎ)(𝑧∗)
.  

𝒱𝑖
(ℎ)
(𝑧)𝒱𝑘

(ℎ)(𝑧∗) ∝∑  

𝑝

  (𝑧 − 𝑧∗)𝑘[𝒱𝑖𝒱𝑘]𝑝(0)  

𝜙A
(ℎ)
(𝑥) = lim

𝑧→𝑥
 𝜙(ℎ)(𝑧)  

𝜕𝑥 = 𝜕‖
𝜕𝑦 = 𝜕⊥

 

𝜕 = 𝜕𝑥 − 𝑖𝜕𝑦

𝜕‾ = 𝜕𝑥 + 𝑖𝜕𝑦
 

𝜕𝑋𝜇(𝑧) = 𝜕‾𝑋𝜇(𝑧‾)  for 𝑧 = 𝑧‾.  
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(𝜕 − 𝜕‾)𝑋𝜇(𝑧)|
𝑧=𝑧‾
= −2𝑖𝜕𝑦𝑋

𝜇(𝑧) = 0 

 
 

𝜕⊥𝑋
𝜇(𝑧) = 0  

𝜕𝑋𝜇(𝑥)= (𝜕⊥ + 𝜕‖)𝑋
𝜇(𝑧)|

𝑧→𝑥
 

= 𝜕‖𝑋
𝜇(𝑥)  

 = 𝜕𝑥𝑋
𝜇(𝑥)

 

𝜕𝑋𝜇(𝑧) = −𝜕‾𝑋𝜇(𝑧‾)|
𝑧=𝑧‾

 

𝜕‖𝑋
𝜇(𝑧) = 0  

𝜕𝑋𝜇(𝑥)= (𝜕⊥ + 𝜕‖)𝑋
𝜇(𝑧)|

𝑧→𝑥
 

= 𝜕⊥𝑋
𝜇(𝑥)  

 = 𝜕𝑦𝑋
𝜇(𝑥)

 

: 𝑒𝑖𝑃⋅𝑋: (𝑧, 𝑧‾) =: 𝑒𝑖𝑃⋅𝑋𝐿 : (𝑧): 𝑒𝑖𝑃⋅𝑋𝑅 : (𝑧‾)  

: 𝑒2𝑖𝑃⋅𝑋𝐿: (𝑧)|𝑧→𝑥 =:𝑒
2𝑖𝑃⋅𝑋𝐿 : (𝑥)  

𝑋𝜇( open )(𝑥) = 2𝑋𝐿
𝜇
(𝑧)|

𝑧→𝑥
 

𝛼0
(open )

= 2𝛼0
(closed )

= 𝛼0
(closed )

+ 𝛼̃0
(closed )

.  

𝑋(open) 
𝜇

(𝑥) = 𝑋0
𝜇
− 𝑖𝛼′𝑃𝜇log (𝑥) + 𝑖√

𝛼′

2
∑  

𝑛≠0

 
1

𝑛
𝛼𝑛
𝜇
𝑥−𝑛.  

: 𝑒𝑖𝑃⋅𝑋(open ) : (𝑥) =: 𝑒2𝑖𝑃⋅𝑋𝐿 : (𝑧)|𝑧→𝑥  

ℎ = 4
𝛼′𝑃2

4
= 𝛼′𝑃2  

𝐿0
(open )

= 𝐿0
(closed, L sector )

= 𝛼′𝑃2  

⟨𝑋𝐿(𝑧1) ⋅ 𝑋𝐿(𝑧2)⟩ = −
𝛼′

2
log (𝑧1 − 𝑧2).  
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⟨𝜙(ℎ)(𝑥)⟩
UHP

= 𝐴𝛿ℎ,0  

⟨𝜙1
(ℎ1)(𝑥1)𝜙2

(ℎ2)(𝑥2)⟩
UHP

=
𝐶

(𝑥1 − 𝑥2)
2ℎ1
𝛿ℎ1,ℎ2,  

⟨𝜙1
(ℎ1)(𝑥1)𝜙2

(ℎ2)(𝑥2)𝜙3
(ℎ3)(𝑥3)⟩

UHP
=

 =
𝐶123

(𝑥1 − 𝑥2)
ℎ1+ℎ2−ℎ3(𝑥2 − 𝑥3)

−ℎ1+ℎ2+ℎ3(𝑥1 − 𝑥3)
ℎ1−ℎ2+ℎ3

 

{

𝑥1 ⟶ Λ
𝑥2 ⟶ 1
𝑥3 ⟶ 0

 

⟨𝜙1
(ℎ1)(𝑥1)𝜙2

(ℎ2)(𝑥2)𝜙3
(ℎ3)(𝑥3)⟩

UHP
=

= ⟨𝑓 ∘ 𝜙1
(ℎ1)(𝑥1)𝑓 ∘ 𝜙2

(ℎ2)(𝑥2)𝑓 ∘ 𝜙3
(ℎ3)(𝑥3)⟩

UHP
 

= [𝑓′(𝑥1)]
ℎ1[𝑓′(𝑥2)]

ℎ2[𝑓′(𝑥3)]
ℎ3 ⟨𝜙1

(ℎ1)(Λ)𝜙2
(ℎ2)(1)𝜙3

(ℎ3)(0)⟩
UHP

 

=
Λ2ℎ1 1

Λ2ℎ1
[𝑓′(𝑥1)]

ℎ1[𝑓′(𝑥2)]
ℎ2[𝑓′(𝑥3)]

ℎ3 ⟨ℐ ∘ 𝜙1
(ℎ1) (−

1

Λ
)𝜙2

(ℎ2)(1)𝜙3
(ℎ3)(0)⟩

UHP
 

 =
Λ→∞ 𝐶123

(𝑥1 − 𝑥2)
ℎ1+ℎ2−ℎ3(𝑥2 − 𝑥3)

−ℎ1+ℎ2+ℎ3(𝑥1 − 𝑥3)
ℎ1−ℎ2+ℎ3

 

𝐶123 = ⟨ℐ ∘ 𝜙1
(ℎ1) (−

1

Λ
)𝜙2

(ℎ2)(1)𝜙3
(ℎ3)(0)⟩

UHP
.  

⟨𝑒𝑖𝑃1⋅𝑋(𝑥1)⋯𝑒
𝑖𝑃𝑛⋅𝑋(𝑥𝑛)⟩UHP

(N)
=

= ⟨𝑒2𝑖𝑃1⋅𝑋𝐿(𝑧1)⋯𝑒
2𝑖𝑃𝑛⋅𝑋𝐿(𝑧𝑛)⟩|𝑧𝑖→𝑥𝑖

 

=∏  

𝑘<𝑙

  𝑒⟨2𝑖𝑃𝑘⋅𝑋𝐿(𝑧𝑘)2𝑖𝑃𝑙⋅𝑋𝐿(𝑧𝑙)⟩|

𝑧𝑖→𝑥𝑖

⋅ 𝛿 (∑  

𝑛

𝑘=1

 𝑃𝑘) 

 =∏ 

𝑘<𝑙

  𝑒−4𝑃𝑘⋅𝑃𝑙⟨𝑋𝐿(𝑧𝑘)𝑋𝐿(𝑧𝑙)⟩|

𝑧𝑖→𝑥𝑖

⋅ 𝛿 (∑  

𝑛

𝑘=1

 𝑃𝑘)

=∏ 

𝑘<𝑙

  𝑒4𝑃𝑘⋅𝑃𝑙
𝛼′

2
log (𝑧𝑘−𝑧𝑙)|

𝑧𝑖→𝑥𝑖

⋅ 𝛿 (∑  

𝑛

𝑘=1

 𝑃𝑘)  

 =∏ 

𝑘<𝑙

  (𝑥𝑘 − 𝑥𝑙)𝑒
2𝛼′𝑃𝑘⋅𝑃𝑙 ⋅ 𝛿 (∑  

𝑛

𝑘=1

 𝑃𝑘)

 

(
|AA⟩ |AB⟩
|BA⟩ |BB⟩

) ,  
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𝜙𝑖
(AB)

(𝑥)𝜙𝑗
(CD)

(𝑦) ∼ 𝛿BC∑ 

𝑘

 𝐶𝑖𝑗𝑘
ABD𝜙𝑘

(AD)
(𝑦),  
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(
|𝜙11⟩ |𝜙12⟩

|𝜙21⟩ |𝜙22⟩
)  

|𝜙11⟩ = 𝑡(𝑃)𝑒𝑖𝑃⋅𝑋(0)|0⟩ = 𝑡(𝑃)|0, 𝑃⟩  

|𝜙12⟩ = 𝑡(𝑃)𝑒𝑖𝑃⋅𝑋Δ(0)|0⟩ = 𝑡(𝑃)|0, 𝑃⟩1,2  

Δ(𝑥) = 𝑒
𝑖
Δ𝑦
𝜋𝛼′

𝑋𝐿
𝑦

(𝑥).  

𝑇(𝑧)Δ(𝑥) = (
Δ𝑦

2𝜋√𝛼′
)
2 Δ(𝑥)

(𝑧 − 𝑥)2
+
𝜕Δ(𝑥)

(𝑧 − 𝑥)
+ ( ℜ ).  

𝑏(𝑧) = 𝑏‾(𝑧‾)  for 𝑧 = 𝑧‾.  

𝑏(𝑧1)𝑐(𝑧2) =
1

(𝑧1 − 𝑧2)
+ (𝔖 )

𝑏‾(𝑧‾1)𝑐‾(𝑧‾2) =
1

(𝑧‾1 − 𝑧‾2)
+ ( 𝔗 )

 

𝑐(𝑧) = 𝑐‾(𝑧‾)  for 𝑧 = 𝑧‾.  

𝑄𝐵 =∑  

𝑛∈ℤ

  𝑐𝑛𝐿−𝑛
(m)

+
1

2
: 𝑐𝑛𝐿−𝑛

(gh)
: ,  

𝑄𝐵 = 𝑄‾𝐵 .  

𝑐𝒱(𝑥),  

∫  
ℝ

 𝒱(𝑥),  
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𝜙𝑖(𝑧𝑖, 𝑧‾𝑖) =∑  

𝑘𝑖,𝑙𝑖

  (Φ𝑖)𝑘𝑖𝑙𝑖𝒱𝑘𝑖(𝑧𝑖)𝒱𝑙𝑖(𝑧‾𝑖)  

⟨𝜙1(𝑧1, 𝑧‾1)⋯𝜙𝑛(𝑧𝑛, 𝑧‾𝑛)⟩ =∏  

𝑛

𝑖=1

 (∑  

𝑘𝑖,𝑙𝑖

  (Φ𝑖)𝑘𝑖𝑙𝑖)⟨∏  

𝑛

𝑖=1

 𝒱𝑘𝑖(𝑧𝑖)⟩ ⋅ ⟨∏  

𝑛

𝑖=1

 𝒱𝑙𝑖(𝑧‾𝑖)⟩ .  

 

𝜙𝑖(𝑧𝑖, 𝑧𝑖) =∑  

𝑘𝑖,𝑙𝑖

  (Φ𝑖)𝑘𝑖𝑙𝑖Ω𝑖𝒱𝑘𝑖(𝑧𝑖)𝒱𝑙𝑖(𝑧𝑖
∗)  

⟨𝜙1(𝑧1, 𝑧‾1)⋯𝜙𝑛(𝑧𝑛, 𝑧‾𝑛)⟩UHP
(A)

=∏ 

𝑛

𝑖=1

 (∑  

𝑘𝑖,𝑙𝑖

  (Φ𝑖)𝑘𝑖𝑙𝑖Ω𝑖) ⟨∏  

𝑛

𝑖=1

 𝒱𝑘𝑖(𝑧𝑖)𝒱𝑙𝑖(𝑧𝑖
∗)⟩ ,  

 

𝜓𝑖(𝑥𝑖) = Ψ𝑖𝒱𝑖(𝑥𝑖),  

⟨𝜓1(𝑥1)⋯𝜓𝑛(𝑥𝑛)⟩UHP
(A)

= Tr {∏ 

𝑛

𝑖=1

 Ψ𝑖} ⟨∏  

𝑛

𝑖=1

 𝒱𝑖(𝑥𝑖)⟩ .  
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⟨𝜓1(𝑥1)⋯𝜓𝑛(𝑥𝑛)𝜙1(𝑧1, 𝑧‾1)⋯𝜙𝑛(𝑧𝑛, 𝑧‾𝑛)⟩

 = Tr {∏  

𝑛

𝑖=1

 Ψ𝑖}∏  

𝑛

𝑖=1

 (∑  

𝑘𝑖,𝑙𝑖

  (Φ𝑖)𝑘𝑖𝑙𝑖Ω𝑖) ⟨∏  

𝑛

𝑖=1

 𝒱𝑖(𝑥𝑖)∏  

𝑛

𝑖=1

 𝒱𝑘𝑖(𝑧𝑖)𝒱𝑙𝑖(𝑧𝑖
∗)⟩ .

 

 

 

𝒜(1,… , 𝑛) = ∫  
𝒟ℎ𝛼𝛽𝒟𝑋

𝜇

Vol(𝒢)
𝒱1…𝒱𝑛𝑒

−𝑆[ℎ,𝑥]  
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𝒱𝑖 = ∫  𝑑
2𝜎√ℎ𝒱𝑖(𝜎)  

∫  𝒟ℎ𝛼𝛽 = ∑  

𝑔∈ Top 

 ∫  𝒟ℎ𝛼𝛽
(𝑔)

 

 

 

𝑆𝐸𝐻 =
1

2𝑑𝜋
∫  𝑑𝑑𝑥√ℎ𝑅(𝑑)  

 

𝑆𝐸𝐻 =
1

4𝜋
∫  𝑑2𝑧√ℎ𝑅(2) = 𝜒  

𝜒 = 2 − 2𝑔  
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𝑆𝑇[ℎ, 𝑋] = −
1

4𝜋𝛼
∫  𝑑2𝑧√−ℎℎ𝛼𝛽𝜕𝛼𝑋𝜇𝜕𝛽𝑋

𝜇 +
𝜆

4𝜋
∫  𝑑2𝑧√−ℎ𝑅(2)
⏟          

=8𝜋(1−𝑔)

 

𝒵=∑ 

𝑔

  𝑒−2𝜆(1−𝑔)∫  
𝒟ℎ𝛼𝛽

(𝑔)
𝒟𝑋𝜇

Vol(𝒢)
𝑒−𝑆Pol[ℎ,𝑋]  

 = ∑  

𝑔

  (𝑒𝜆)
2(𝑔−1)

∫  
𝒟ℎ𝛼𝛽

(𝑔)
𝒟𝑋𝜇

Vol(𝒢)
𝑒−𝑆Pol[ℎ,𝑋]

 

𝑔𝑠 = 𝑒
𝜆 

 

 

𝜒(Σ𝑔,𝑛) = 2(1 − 𝑔) − 𝑛  

𝜒0 ⟶ 𝜒 = 𝜒0 −∫  𝑑
2𝑧√−ℎ𝛿(2)(𝑧 − 𝑧∗) = 𝜒0 − 1,  

𝒜(1,… , 𝑛)= 𝑔𝑠
𝑛∑  

∞

𝑔=0

 𝑔𝑠
2(𝑔−1)

∫  
𝒟ℎ𝑔𝒟𝑋

Vol(𝒢)
𝒱1…𝒱𝑛𝑒

−𝑆Pol[ℎ,𝑋] 

 = 𝑔𝑠
𝑛∑  

∞

𝑔=0

 𝑔𝑠
2(𝑔−1)

⟨⟨𝒱1…𝒱𝑛⟩⟩
(𝑔)
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⟨⟨𝒱1…𝒱𝑛⟩⟩
(0)

 = ∫  
𝒟ℎ𝑔𝒟𝑋

Vol(𝒢)
∫  𝑑2𝑧1√ℎ…𝑑

2𝑧𝑛√ℎ𝒱1…𝒱𝑛𝑒
−𝑆Pol[ℎ,𝑋]

 = ∫  𝒟𝑋𝒟𝑐𝒟𝑏𝑑2𝑧1…𝑑
2𝑧𝑛𝒱1(𝑧1, 𝑧‾1)…𝒱𝑛(𝑧𝑛, 𝑧‾𝑛), 𝑒

−𝑆[𝑋,𝑏,𝑐]

 = ∫  𝑑2𝑧1…𝑑
2𝑧𝑛 ⟨𝒱1(𝑧1, 𝑧‾1)…𝒱𝑛(𝑧𝑛, 𝑧‾𝑛)⟩⏟                

CFT correlator on ℂ

= 𝒜0

 

 

⟨0|1|0⟩ = ⟨0 ∣ 0⟩ = 0.  

𝒜0 = 0 ×∞, 

∫  𝒟𝑏𝒟𝑏‾𝒟𝑐𝒟𝑐‾(1)𝑒−
1
2𝜋∫

 𝑑2𝑧(𝑏𝜕‾ 𝑐+𝑏‾𝜕𝑐‾)
 

𝑐(0)(𝑧) =∑  

𝑛≤1

  𝑐𝑛𝑧
−𝑛+1

 

ℐ ∘ 𝑐(0)(𝑧) = (
1

𝑧2
)
−1

∑ 

𝑛≤1

  𝑐𝑛(−1)
𝑛𝑧𝑛−1 =∑  

𝑛≤1

 𝑐𝑛(−1)
𝑛𝑧𝑛+1  

𝑐(0)(𝑧) = 𝑐1 + 𝑐0𝑧 + 𝑐−1𝑧
2  

𝒜0 = ∫  𝑑
2𝑧1…𝑑

2𝑧𝑛⏟          
=∞

∫  ∏  

𝑖=0,±1

 𝑑𝑐𝑖𝑑𝑐‾𝑖
⏟          

=0

⟨𝒱1…𝒱𝑛⟩
′⏟      

no zero modes 
 

𝒜0 = ∫  𝑑
2𝑧4…𝑑

2𝑧𝑛⟨𝑐𝑐‾𝒱1(𝑧1, 𝑧‾1)… 𝑐𝑐‾𝒱3(𝑧3, 𝑧‾3)𝒱4(𝑧4, 𝑧‾4)…𝒱𝑛(𝑧𝑛 , 𝑧‾𝑛)⟩  

⟨𝑐𝑐‾(𝑧1)𝑐𝑐‾(𝑧2)𝑐𝑐‾(𝑧3)⟩ = ⟨0|𝑐−1𝑐‾−1𝑐0𝑐‾0𝑐1𝑐‾1|0⟩⏟              
=1

|

1 1 1
𝑧1 𝑧2 𝑧3
𝑧1
2 𝑧2

2 𝑧3
2
|

2

= |𝑧12𝑧13𝑧23|
2  

𝒜0 = ∫  
𝑑2𝑧1…𝑑

2𝑧𝑛
Vol(𝑆𝐿(2, ℂ))

⟨𝒱1(𝑧1, 𝑧‾1)…𝒱𝑛(𝑧𝑛, 𝑧‾𝑛)⟩  

𝛿𝜖𝑧 = 𝜖1 + 𝜖2𝑧 + 𝜖3𝑧
2, 𝛿𝜖𝑧‾ = 𝜖‾1 + 𝜖‾2𝑧‾ + 𝜖‾3𝑧‾

2  
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1= ∫  |𝑑𝜖1𝑑𝜖2𝑑𝜖3|
2|𝛿(𝜖1)𝛿(𝜖2)𝛿(𝜖3)|

2 = ∫  [𝑑𝜖]∏  

3

𝑖=1

  |𝛿(𝑧𝑖 − 𝑧̂𝑖)|
2 |
𝛿𝑧𝑖
𝛿𝜖𝑗
|  

 = ∫  [𝑑𝜖]∏  

3

𝑖=1

  |𝛿(𝑧𝑖 − 𝑧̂𝑖)|
2 |

1 1 1
𝑧̂1 𝑧̂2 𝑧̂3
𝑧̂1
2 𝑧̂2

2 𝑧̂3
2
|

2

= ∫  [𝑑𝜖]∏  

3

𝑖=1

  |𝛿(𝑧𝑖 − 𝑧̂𝑖)|
2|𝑧12𝑧13𝑧23|

2

 

𝒜0= (∫  [𝑑𝜖]
1

Vol(𝑆𝐿(2, ℂ))
)

⏟              
=1

∫  𝑑2𝑧1…𝑑
2𝑧𝑛∏ 

3

𝑖=1

  |𝛿(𝑧𝑖 − 𝑧̂𝑖)|
2|𝑧12𝑧13𝑧23|

2⟨𝒱1…𝒱𝑛⟩ 

 = ∫  𝑑2𝑧4…𝑑
2𝑧𝑛|𝑧̂12𝑧̂13𝑧̂23|

2⟨𝒱1(𝑧̂1, 𝑧‾1)…𝒱3(𝑧̂3, 𝑧‾3)𝒱4(𝑧4, 𝑧‾4)…𝒱𝑛(𝑧𝑛, 𝑧‾𝑛)⟩

 

𝒜0 −𝒜0
′ → [𝑐𝑐‾𝒱(𝑧̂1, 𝑧̂1) − 𝑐𝑐‾𝒱(𝑤̂1, 𝑤̂1)].  

𝑐𝑐‾𝒱(𝑧̂1, 𝑧̂1) − 𝑐𝑐‾𝒱(𝑤̂1, 𝑤̂1) =∑  

𝑖𝑗

 Φ𝑖𝑗[𝑐𝒱𝑖(𝑧̂1)𝑐‾𝒱𝑗(𝑧̂1) − 𝑐𝒱𝑖(𝑤̂1)𝑐‾𝒱𝑗(𝑤̂1)].  

𝑐𝒱𝑖(𝑧̂) = 𝑐𝒱𝑖(𝑤̂) − ∫  
𝑤̂

𝑧̂

 𝑑𝜉[𝑄, 𝒱𝑖(𝜉)]

𝑐‾𝒱𝑖(𝑧̂) = 𝑐‾𝒱𝑖(𝑤̂) − ∫  
𝑤̂̂

𝑧̂

 𝑑𝜉‾[𝑄‾ , 𝒱𝑖(𝜉‾)]

 

[𝑐𝑐‾𝒱(𝑧̂1, 𝑧̂1) − 𝑐𝑐‾𝒱(𝑤̂1, 𝑤̂1)] =

=∑ 

𝑖𝑗

 Φ𝑖𝑗 {− [𝑄,∫  
𝑤̂

𝑧̂

 𝑑𝜉𝒱𝑖(𝜉)] 𝑐‾𝒱𝑗(𝑤̂) − 𝑐𝒱𝑖(𝑤‾ ) [𝑄‾ ,∫  
𝑤̂

𝑧̂

 𝑑𝜉‾𝒱𝑗(𝜉‾)] 

 + [𝑄𝑄‾,∫  
𝑤̂

𝑧̂

 𝑑𝜉 ∫  
𝑤̂

𝑧̂

 𝑑𝜉‾𝒱𝑖(𝜉)𝒱𝑗(𝜉‾)]}

 =∑  

𝑖𝑗

  {[𝑄, 𝐴𝑖𝑗] + [𝑄‾ , 𝐵𝑖𝑗] + [𝑄𝑄‾, 𝐶𝑖𝑗]}

 

𝒜0 −𝒜0
′ = ∫  𝑑2𝑧4…𝑑

2𝑧𝑛⟨[𝑄𝐵, … ]𝒱2(𝑧̂2, 𝑧̂2)𝒱3(𝑧̂3, 𝑧̂3)𝒱4…𝒱𝑛⟩ = 0  

𝑄𝐵𝑐𝑐‾𝒱(𝑧, 𝑧‾)  = 0

𝑄𝐵∫  𝑑𝑧𝑑𝑧‾𝒱(𝑧, 𝑧‾)  = 0  
 

𝒜(𝑝1, 𝑝2, 𝑝3)= 𝑔𝑠𝑡1(𝑝1)𝑡2(𝑝2)𝑡3(𝑝3)⟨𝑐𝑐‾𝑒
𝑖𝑝1⋅𝑋(𝑧1, 𝑧‾1)𝑐𝑐‾𝑒

𝑖𝑝2⋅𝑋(𝑧2, 𝑧‾2)𝑐𝑐‾𝑒
𝑖𝑝3⋅𝑋(𝑧3, 𝑧‾3)⟩ 

 = 𝑔𝑠𝑡1(𝑝1)𝑡2(𝑝2)𝑡3(𝑝3)𝛿(𝑝1 + 𝑝2 + 𝑝3)
 

𝒜(𝑝1, 𝑝2, 𝑝3, 𝑝4) =𝑔𝑠
2𝑡1(𝑝1)𝑡2(𝑝2)𝑡3(𝑝3)𝑡4(𝑝4)

 × ∫  𝑑2𝑧⟨𝑐𝑐‾𝑒𝑖𝑝1⋅𝑋(𝑧1, 𝑧‾1)𝑐𝑐‾𝑒
𝑖𝑝2⋅𝑋(𝑧2, 𝑧‾2)𝑐𝑐‾𝑒

𝑖𝑝3⋅𝑋(𝑧3, 𝑧‾3)𝑒
𝑖𝑝4⋅𝑋(𝑧, 𝑧‾)⟩.

 

⟨𝑐𝑐‾(Λ, Λ‾)𝑐𝑐‾(1, 1)𝑐𝑐‾(0, 0)⟩ = |(Λ − 1)Λ|2 ∼ |Λ|4  
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⟨𝑒𝑖𝑝1⋅𝑋(Λ, Λ‾)𝑒𝑖𝑝2⋅𝑋(1, 1)𝑒𝑖𝑝3⋅𝑋(0, 0)𝑒𝑖𝑝4⋅𝑋(𝑧, 𝑧‾)⟩

= |Λ − 1|𝛼
′𝑝1⋅𝑝2|Λ|𝛼

′𝑝1⋅𝑝3|Λ − 𝑧|𝛼
′𝑝1⋅𝑝4|1 − 𝑧|𝛼

′𝑝2⋅𝑝4|𝑧|𝛼
′𝑝3⋅𝑝4𝛿(𝑃)  

∼ |Λ|𝛼
′𝑝1⋅(𝑝2+𝑝3+𝑝4)|1 − 𝑧|𝛼

′𝑝2⋅𝑝4|𝑧|𝛼
′𝑝3⋅𝑝4𝛿(𝑃)  

 = |Λ|−𝛼
′𝑝1⋅𝑝1|1 − 𝑧|𝛼

′𝑝2⋅𝑝4|𝑧|𝛼
′𝑝3⋅𝑝4 = |Λ|−4|1 − 𝑧|𝛼

′𝑝2⋅𝑝4|𝑧|𝛼
′𝑝3⋅𝑝4𝛿(𝑃),

 

𝒜(𝑝1, 𝑝2, 𝑝3, 𝑝4) = 𝑔𝑠
2∏ 

4

𝑖=1

  𝑡𝑖(𝑝𝑖)𝛿(𝑃)∫  𝑑
2𝑧|1 − 𝑧|𝛼

′𝑝2⋅𝑝4|𝑧|𝛼
′𝑝3⋅𝑝4

 = 𝑔𝑠
2∏ 

4

𝑖=1

  𝑡𝑖(𝑝𝑖)𝛿(𝑃)∫  𝑑
2𝑧|1 − 𝑧|−𝛼

′𝑡
2
−4|𝑧|−𝛼

′𝑠
2
−4

 

𝑠 ≡ −(𝑝1 + 𝑝2)
2 = −(𝑝3 + 𝑝4)

2

𝑡 ≡ −(𝑝1 + 𝑝3)
2 = −(𝑝2 + 𝑝4)

2

𝑢 ≡ −(𝑝1 + 𝑝4)
2 = −(𝑝3 + 𝑝2)

2

 

𝑠 + 𝑡 + 𝑢 = 4 × (−
4

𝛼′
)  

∫  𝑑2𝑧|𝑧|2(𝑎−1)|1 − 𝑧|2(𝑏−1) = 2𝜋
Γ(𝑎)Γ(𝑏)Γ(1 − 𝑎 − 𝑏)

Γ(1 − 𝑎)Γ(1 − 𝑏)Γ(𝑎 + 𝑏)
 

𝒜(𝑝1, 𝑝2, 𝑝3, 𝑝4) = 2𝜋𝑔𝑠
2∏ 

4

𝑖=1

  𝑡𝑖(𝑝𝑖)𝛿(𝑃)
Γ (−

𝛼′𝑠
4 − 1) Γ (−

𝛼′𝑡
4 − 1)Γ (−

𝛼′𝑢
4 − 1)

Γ (
𝛼′𝑠
4
+ 2) Γ (

𝛼′𝑡
4
+ 2) Γ (

𝛼′𝑢
4
+ 2)

 

𝛼′𝑠 = 𝛼′𝑚2 = 4(𝑛 − 1), 𝑛 = 0,1,2,3,⋯  

𝜆𝜒 = 𝜆 (
1

4𝜋
∫  
𝑀

 𝑑2𝑧√ℎ𝑅(2) +
1

2𝜋
∫  
𝜕𝑀

 𝑑𝑠𝑘)  

𝑘 =
1

2
𝑡𝛼𝑡𝛽∇𝛼𝑛𝛽  

𝛾(𝜃) = 𝑅(cos 𝜃, sin 𝜃), 𝑡(𝜃) = (−sin 𝜃, cos 𝜃), 𝑛(𝜃) = (cos 𝜃, sin 𝜃),  

𝑘 =
1

𝑅
 

𝜒 =
1

2𝜋
∫  
𝜕𝑀

 𝑑𝑠𝑘 =
1

2𝜋
∫  
𝜕𝑀

 
𝑑𝑠

𝑅
= ∫  

2𝜋

0

 
𝑑𝜃

2𝜋
= 1  

𝜒 = 2(1 − 𝑔) − 𝑏  

𝜒 = 2(1 − 𝑔) − 𝑏 − 𝑛𝑐 −
𝑛𝑜
2
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𝒜(𝑛𝑐 , 𝑛𝑜) = 𝑔𝑠
𝑛𝑐+

𝑛𝑜
2 ∑ 

∞

𝑛=0

 𝑔𝑠
2(𝑔−1)

∑  

∞

𝑏=1

 𝑔𝑠
𝑏 ⟨⟨𝒱1

𝑐…𝒱𝑛𝑐
𝑐 𝒱1

𝑜…𝒱𝑛𝑜
𝑜 ⟩⟩

𝑔,𝑏
,  

𝑔open = √𝑔closed  

⟨⟨𝒱1
𝑐…𝒱𝑛𝑐

𝑐 𝒱1
𝑜…𝒱𝑛𝑜

𝑜 ⟩⟩
𝑔=0,𝑏=1

=∫  
𝒟𝑋𝒟ℎ

Vol(𝒢)
𝑒−𝑆Pol[𝑋,ℎ]  

× ∫  
ℝ

 𝑑𝑥1⋯∫  
ℝ

 𝑑𝑥𝑛𝑜Tr𝒫[𝒱1
𝑜(𝑥1)…𝒱𝑛𝑜

𝑜 (𝑥𝑛𝑜)]  

 × ∫  
UHP

 𝑑2𝑧1⋯∫  
UHP

 𝑑2𝑧𝑛𝑐𝒱1
𝑐(𝑧1, 𝑧‾1)…𝒱𝑛𝑐

𝑐 (𝑧𝑛𝑐 , 𝑧‾𝑛𝑐).

 

𝒫[…𝒱𝑖(𝑥𝑖)…𝒱𝑗(𝑥𝑗)… ] = {
[…𝒱𝑖(𝑥𝑖)…𝒱𝑗(𝑥𝑗)… ] 𝑥𝑖 > 𝑥𝑗

(−1)𝜖[…𝒱𝑗(𝑥𝑗)…𝒱𝑖(𝑥𝑖)… ] 𝑥𝑗 < 𝑥𝑖
,  

⟨⟨𝒱1
𝑜…𝒱𝑛𝑜

𝑜 ⟩⟩
𝑔=0,𝑏=1

= Tr∫  𝒟𝑋𝒟𝑐𝒟𝑏∫  
ℝ

 𝑑𝑥1…𝑑𝑥𝑛𝑜𝒫[𝒱1
𝑜(𝑥1)…𝒱𝑛𝑜

𝑜 (𝑥𝑛𝑜)]𝑒
−𝑆[𝑋,𝑏,𝑐] 

 = Tr∫  
ℝ

 𝑑𝑥1…𝑑𝑥𝑛𝑜𝒫⟨𝒱1
𝑜(𝑥1)…𝒱𝑛𝑜

𝑜 (𝑥𝑛𝑜)⟩UHP

 

∫  𝑑𝑥𝑖𝒱𝑖
𝑜(𝑥𝑖) → 𝑐𝒱𝑖

𝑜(𝑥𝑖), 𝑖 = 1,2,3.  

⟨⟨𝒱1
𝑜…𝒱𝑛𝑜

𝑜 ⟩
𝑔=0,𝑏=1

=Tr∫  
ℝ

 𝑑𝑥4…𝑑𝑥𝑛𝑜𝒫⟨𝑐𝒱1(𝑥1)𝑐𝒱2(𝑥2)𝑐𝒱3(𝑥3)𝒱(𝑥4)…𝒱(𝑥𝑛𝑜)⟩

 +Tr∫  
ℝ

 𝑑𝑥4…𝑑𝑥𝑛𝑜𝒫⟨𝑐𝒱1(𝑥1)𝑐𝒱3(𝑥2)𝑐𝒱2(𝑥3)𝒱(𝑥4)…𝒱(𝑥𝑛𝑜)⟩.
 

𝑃1 + 𝑃2 + 𝑃3 = 0, 𝛼
′𝑃𝑖
2 = 1, 𝑖 = 1,… ,3,  

𝒱𝑖(𝑥) = 𝑡(𝑃𝑖): 𝑒
𝑖𝑃𝑖⋅𝑋: (𝑥).  

𝒜(1,2,3) = 𝑔𝑠

1
2(⟨𝑐𝒱1(𝑥1)𝑐𝒱2(𝑥2)𝑐𝒱3(𝑥3)⟩ + ⟨𝑐𝒱1(𝑥1)𝑐𝒱3(𝑥2)𝑐𝒱2(𝑥3)⟩),
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⟨𝑐(𝑥1)𝑐(𝑥2)𝑐(𝑥3)⟩ = 𝑥12𝑥13𝑥23

⟨𝑒𝑖𝑃1⋅𝑋(𝑥1)𝑒
𝑖𝑃2⋅𝑋(𝑥2)𝑒

𝑖𝑃3⋅𝑋(𝑥3)⟩ = 𝑥12
2𝛼′𝑃1⋅𝑃2𝑥13

2𝛼′𝑃1⋅𝑃3𝑥23
2𝛼′𝑃2⋅𝑃3 ,

 

𝑃1
2 + 𝑃2

2 + 2𝑃1 ⋅ 𝑃2 = 𝑃3
2 ⟹𝑃1 ⋅ 𝑃2 = −

1

2𝛼′
= 𝑃𝑖 ⋅ 𝑃𝑗  for  𝑖 ≠ 𝑗  

𝒜(1,2,3) = 2𝑔𝑠

1
2𝑡(𝑃1)𝑡(𝑃2)𝑡(𝑃3)𝛿(𝑃1 + 𝑃2 + 𝑃3)

 

𝒜(1,… ,4) =𝑔𝑠∫  
+∞

−∞

 𝑑𝑥𝒫⟨𝑐𝒱1(𝑥1)𝑐𝒱2(𝑥2)𝑐𝒱3(𝑥3)𝒱4(𝑥)⟩

 +𝑔𝑠∫  
+∞

−∞

 𝑑𝑥𝒫⟨𝑐𝒱1(𝑥1)𝑐𝒱3(𝑥3)𝑐𝒱2(𝑥2)𝒱4(𝑥)⟩

 

⟨𝑐(Λ)𝑐(1)𝑐(0)⟩ = Λ(Λ − 1)

⟨𝑒𝑖𝑃1⋅𝑋(Λ)𝑒𝑖𝑃2⋅𝑋(1)𝑒𝑖𝑃3⋅𝑋(0)𝑒𝑖𝑃4⋅𝑋(𝑥)⟩ =  (Λ − 1)2𝛼
′𝑃1⋅𝑃2Λ2𝛼

′𝑃1⋅𝑃3(Λ − 𝑥)2𝛼
′𝑃1⋅𝑃4 ×

 × |𝑥|2𝛼
′𝑃3⋅𝑃4|1 − 𝑥|2𝛼

′𝑃2⋅𝑃4

 

Λ2𝛼
′(𝑃2+𝑃3+𝑃4)⋅𝑃1 = Λ−2𝛼

′𝑃1
2
= Λ−2  

⟨𝑐𝒱1(Λ)𝑐𝒱2(1)𝑐𝒱3(0)𝒱4(𝑥)⟩|Λ→∞=
Λ(Λ − 1)

Λ2
|
Λ→∞

|𝑥|2𝛼
′𝑃3⋅𝑃4|1 − 𝑥|2𝛼

′𝑃2⋅𝑃4 

 = |𝑥|2𝛼
′𝑃3⋅𝑃4|1 − 𝑥|2𝛼

′𝑃2⋅𝑃4

 

∫  
+∞

−∞

 𝑑𝑥|𝑥|2𝛼
′𝑃3⋅𝑃4|1 − 𝑥|2𝛼

′𝑃2⋅𝑃4 = 𝐼1 + 𝐼2 + 𝐼3  
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𝐼1 = ∫  
1

0

 𝑑𝑥𝑥2𝛼
′𝑃3⋅𝑃4(1 − 𝑥)2𝛼

′𝑃2⋅𝑃4

𝐼2 = ∫  
∞

1

 𝑑𝑥𝑥2𝛼
′𝑃3⋅𝑃4(𝑥 − 1)2𝛼

′𝑃2⋅𝑃4

𝐼3 = ∫  
0

−∞

 𝑑𝑥(−𝑥)2𝛼
′𝑃3⋅𝑃4(1 − 𝑥)2𝛼

′𝑃2⋅𝑃4

 

𝐼2= −∫  
0

1

 
𝑑𝑦

𝑦2
𝑦−2𝛼

′𝑃3⋅𝑃4 (
1 − 𝑦

𝑦
)
2𝛼′𝑃2⋅𝑃4

 

= ∫  
1

0

 𝑑𝑦𝑦−2−2𝛼
′(𝑃2+𝑃3)⋅𝑃4(1 − 𝑦)2𝛼

′𝑃2⋅𝑃4 

 = ∫  
1

0

 𝑑𝑥𝑥2𝛼
′𝑃1⋅𝑃4(1 − 𝑦)2𝛼

′𝑃2⋅𝑃4

 

𝐼3= −∫  
0

1

 
𝑑𝑦

(1 − 𝑦)2
(
𝑦

1 − 𝑦
)
2𝛼′𝑃3⋅𝑃4

(1 − 𝑦)−2𝛼
′𝑃2⋅𝑃4 

= ∫  
1

0

 𝑑𝑦𝑦2𝛼
′𝑃3⋅𝑃4(1 − 𝑦)−2−2𝛼

′𝑃4⋅(𝑃3+𝑃2)  

 = ∫  
1

0

 𝑑𝑥𝑥2𝛼
′𝑃3⋅𝑃4(1 − 𝑥)2𝛼

′𝑃1⋅𝑃4

 

𝑠 = −(𝑃1 + 𝑃2)
2, 𝑡 = −(𝑃1 + 𝑃3)

2, 𝑢 = −(𝑃1 + 𝑃4)
2,  

𝑠 + 𝑡 + 𝑢 = 4 × (−
1

𝛼′
) , 𝛼′𝑃𝑖 ⋅ 𝑃𝑗 = −2− 𝛼

′𝑠𝑖𝑗  

𝑠12 = 𝑠, 𝑠13 = 𝑡, 𝑠14 = 𝑢  

𝒜(1,… ,4) = 2𝑔𝑜
2𝛿(𝑃1 + 𝑃2 + 𝑃3 + 𝑃4)[𝐼(𝑠, 𝑡) + 𝐼(𝑡, 𝑢) + 𝐼(𝑢, 𝑠)]  

𝐼(𝑎, 𝑏) = ∫  
1

0

 𝑑𝑥𝑥−2−𝛼
′𝑎(1 − 𝑥)−2−𝛼

′𝑏 = 𝐵(−1 − 𝛼′𝑎,−1 − 𝛼′𝑏)  
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𝐼(𝑠, 𝑡) =
Γ(−𝛼′𝑠 − 1)Γ(−𝛼′𝑡 − 1)

Γ(−𝛼′(𝑠 + 𝑡) − 2)
 

Γ(𝑧) =
(−1)𝑛

𝑛!

1

𝑧 + 𝑛
  for 𝑧 ∼ −𝑛 ∈ −ℕ  

𝐼(𝑠, 𝑡)=
(−1)𝑛

𝑛!

1

𝑛 − 1 − 𝛼′𝑠

Γ(−1 − 𝛼′𝑡)

Γ(−1 − 𝑛 − 𝛼′𝑡)
 

=
1

𝑛!

1

𝑛 − 1 − 𝛼′𝑠
(𝛼′𝑡 + 1)… (𝛼′𝑡 + 𝑛 + 1) 

𝑡 → ∞
(𝛼′𝑡)𝑛

𝑠 + 𝑚𝑛
2

 

𝒜 ∼
𝑡𝐽

𝑠 + 𝑚2
, 𝑠 ∼ −𝑚2  

𝛼′𝑚2 = 𝐽 − 1  

𝒱(𝑥) = 𝔸𝜇(𝑃): 𝑗
𝜇𝑒𝑖𝑃⋅𝑋: (𝑥)  with  𝑃2 = 0  

𝒜 = 𝑔𝑜 Tr⟨𝑐𝒱1(𝑥1)𝑐𝒱2(𝑥2)𝑐𝒱3(𝑥3)⟩⏟                  
𝒜123

+ 𝑔𝑜 Tr⟨𝑐𝒱1(𝑥1)𝑐𝒱3(𝑥2)𝑐𝒱2(𝑥3)⟩⏟                  
𝒜132

 

𝒜123= Tr⟨𝑐𝔸𝜇(𝑃1): 𝑗
𝜇𝑒𝑖𝑃1⋅𝑋: (Λ)𝑐𝔸𝜈(𝑃2): 𝑗

𝜈𝑒𝑖𝑃2⋅𝑋: (1)𝑐𝔸𝜌(𝑃3): 𝑗
𝜌𝑒𝑖𝑃3⋅𝑋: (0)⟩ 

 = Λ(Λ − 1)Tr[𝔸𝜇(𝑃1)𝔸𝜈(𝑃2)𝔸𝜌(𝑃3)]

 × ⟨: 𝑗𝜇𝑒𝑖𝑃1⋅𝑋: (Λ): 𝑗𝜈𝑒𝑖𝑃2⋅𝑋: (1): 𝑗𝜌𝑒𝑖𝑃3⋅𝑋: (0)⟩

 

𝒜123 = Tr [𝔸𝜇
(1)
𝔸𝜈
(2)
𝔸𝜌
(3)
] (𝑃1

𝜌
𝜂𝜇𝜈 + 𝑃2

𝜇
𝜂𝜌𝜈 + 𝑃3

𝜈𝜂𝜌𝜇 + 2𝛼′𝑃1
𝜌
𝑃2
𝜇
𝑃3
𝜈)𝛿(𝑃),

𝒜132 = Tr [𝔸𝜇
(1)
𝔸𝜌
(3)
𝔸𝜈
(2)
] (𝑃1

𝜈𝜂𝜇𝜌 + 𝑃3
𝜇
𝜂𝜈𝜌 + 𝑃2

𝜌
𝜂𝜇𝜈 + 2𝛼′𝑃1

𝜈𝑃3
𝜇
𝑃2
𝜌
)⏟                          

𝑡132
𝜇𝜌𝜈

𝛿(𝑃),  
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𝒜 = 𝑔𝑜𝛿(𝑃)Tr [𝔸𝜇
(1)
𝔸𝜌
(3)
𝔸𝜈
(2)
] (𝑡123

𝜇𝜈𝜌
+ 𝑡132

𝜇𝜌𝜈
) + 𝑔𝑜𝛿(𝑃)𝑡123

𝜇𝜈𝜌
Tr [𝔸𝜇

(1)
[𝔸𝜈
(2)
, 𝔸𝜌
(3)
]] ,  

𝑡123
𝜇𝜈𝜌

+ 𝑡132
𝜇𝜌𝜈

= −𝑃1
𝜇
(𝜂𝜈𝜌 − 2𝛼′𝑃3

𝜈𝑃2
𝜌
) − 𝑃2

𝜈(𝜂𝜇𝜌 − 2𝛼′𝑃3
𝜇
𝑃2
𝜌
) − 𝑃3

𝜌
(𝜂𝜇𝜈 − 2𝛼′𝑃2

𝜇
𝑃3
𝜈) = 0  

𝒜 = 𝑔𝑜𝛿(𝑃)𝑡123
𝜇𝜈𝜌
Tr [𝔸𝜇

(1)
[𝔸𝜈
(2)
, 𝔸𝜌
(3)
]]  

ℒeff ⊃ −
1

4
Tr[𝜕𝜇𝐴𝜈 − 𝜕𝜈𝐴𝜇]

2
−
1

2
𝑔𝑜Tr [𝜕𝜇𝐴𝜈[𝐴

𝜇 , 𝐴𝜈]]  

ℒeff ⊃ −
1

4
Tr[𝐹𝜇𝜈𝐹

𝜇𝜈]  

ℒeff ⊃ −
1

4
Tr[𝐹𝜇𝜈𝐹

𝜇𝜈 + 𝛼′𝐹𝜇 
𝜈𝐹𝜈 

𝜌𝐹𝜌 
𝜇] + 𝑂(𝛼′2)  

𝑆[𝑋] =
1

2𝜋𝛼′
∫  𝑑2𝑧𝜕𝑋𝜇𝜕‾𝑋𝜈𝐺𝜇𝜈(𝑋)  

𝐺𝜇𝜈(𝑋) = 𝜂𝜇𝜈 + ℎ𝜇𝜈(𝑋)  

𝑆𝜂+ℎ=
1

2𝜋𝛼′
∫  𝑑2𝑧𝜕𝑋𝜇𝜕‾𝑋𝜈𝜂𝜇𝜈 +

1

2𝜋𝛼′
∫  𝑑2𝑧𝜕𝑋𝜇𝜕‾𝑋𝜈ℎ𝜇𝜈(𝑋) 

 = 𝑆𝜂 +
1

2𝜋𝛼′
∫  𝑑2𝑧𝑉ℎ(𝑧, 𝑧‾)

 

𝒱ℎ(𝑧, 𝑧‾) = ∫  𝑑𝑝ℎ𝜇𝜈(𝑝)𝜕𝑋
𝜇𝜕‾𝑋𝜈𝑒𝑖𝑝⋅𝑋(𝑧, 𝑧‾)  

ℎ𝜇𝜈(𝑋) = ∫  𝑑𝑝𝑒
𝑖𝑝⋅𝑋ℎ𝜇𝜈(𝑝)  

{
𝑃2 = 0
𝑃𝜇ℎ

𝜇𝜈 = ℎ𝜇𝜈𝑃𝜈 = 0
 

𝑍 = ∫  𝒟𝑋𝑒−𝑆[𝑋]−∫  𝑑
2𝑧𝒱ℎ(𝑧,𝑧‾) = ∫  𝒟𝑋𝑒−𝑆[𝑋]𝑒−∫  𝑑

2𝑧𝒱ℎ(𝑧,𝑧‾)  

𝑒−∫  𝑑
2𝑧𝒱ℎ(𝑧,𝑧‾) = 1 −∫  𝑑2𝑧𝒱ℎ(𝑧, 𝑧‾) −

1

2
∫  𝑑2𝑧′∫  𝑑2𝑧𝒱ℎ(𝑧, 𝑧‾)𝒱ℎ

′(𝑧′, 𝑧‾′) + ⋯  

𝐺𝜇𝜈(𝑋) = 𝐺𝜇𝜈(𝑋0) + 𝐺𝜇𝜈,𝜌(𝑋0)𝑌
𝜌 + 𝐺𝜇𝜈,𝜌𝜎(𝑋0)𝑌

𝜌𝑌𝜎 + 𝒪(𝑌3)  

𝑆[𝑌] =
1

2𝜋𝛼′
∫  𝑑2𝑧(𝜕𝑌𝜇𝜕‾𝑌𝜈𝐺𝜇𝜈(𝑋0) + 𝜕𝑌

𝜇𝜕‾𝑌𝜈 ⋅ 𝑌𝜌𝐺𝜇𝜈,𝜌(𝑋0) + ⋯)  

𝐺𝜇𝜈(𝑋) = 𝐺𝜇𝜈(𝑋0)⏟    
𝜂𝜇𝜈

−
1

3
𝑅𝜇𝜌𝜈𝜎(𝑋 − 𝑋0)

𝜌(𝑋 − 𝑋0)
𝜎 +𝒪(𝑋3)  

𝑋𝜇 = 𝑋0
𝜇
+ √𝛼′𝑌𝜇  
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𝐺𝜇𝜈(𝑋) = 𝐺𝜇𝜈(𝑋0) −
1

3
𝛼′𝑅𝜇𝜌𝜈𝜎𝑌

𝜌𝑌𝜎 + 𝒪(𝑋3)  

𝑆[𝑌] =
1

2𝜋𝛼′
∫  𝑑2𝑧𝛼′𝜕𝑌𝜇𝜕‾𝑌𝜈 (𝜂𝜇𝜈 −

1

3
𝛼′𝑅𝜇𝜌𝜈𝜎𝑌

𝜌𝑌𝜎 +⋯)  

 

 

 

 

𝛼′𝑅 ≪ 1,  

 

 

∫  𝑑2𝑞
1

𝑞2
→ 𝜇−𝜖∫  

𝑑2+𝜖𝑞

𝑞2
∼ 𝜇−𝜖∫ 𝑑

∞

𝑑𝑞𝑞𝜖−1 ∼ 𝜇−𝜖
1

𝜖
,  
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𝑆ren = 𝑆bare +∫  𝑑
2𝑧𝜕𝑌𝜇𝜕‾𝑌𝜈 (−

𝛼′

3
)𝜇−𝜖

𝑅𝜇𝜈

𝜖
= ∫  𝑑2𝑧𝜕𝑌𝜇𝜕‾𝑌𝜈𝐺𝜇𝜈

ren,  

 

𝐺𝜇𝜈
ren = 𝐺𝜇𝜈

bare − 𝜇−𝜖
𝛼′

3
𝑅𝜇𝜈

1

𝜖
 

𝛽𝜇𝜈 = 𝜇
𝜕

𝜕𝜇
𝐺𝜇𝜈
ren|

𝜖→0

∝ 𝛼′𝑅𝜇𝜈 ,  

𝛽𝜇𝜈 = 0  

𝑅𝜇𝜈 = 0,  

𝐺𝜇𝜈(𝑋) = 𝐺𝜇𝜈(𝑋0) −
1

3
𝛼′𝑅𝜇𝜈𝜌𝜎𝑌

𝜌𝑌𝜎 +
8

180
(𝛼′)2𝑅𝜇𝛼𝛽𝜆𝑅𝜈𝛾𝛿  

𝜆𝑌𝛼𝑌𝛽𝑌𝛾𝑌𝛿 + 𝒪(𝑌5).  

𝛽𝜇𝜈 ∝ 𝛼
′𝑅𝜇𝜈 + ♯(𝛼′)2𝑅𝜇𝜌𝑅𝜈  

𝜌.  

𝑆[𝑋] = ∫  𝑑2+𝜖𝑧√𝛾𝛾𝑎𝑏𝜕𝑎𝑋
𝜇𝜕‾𝑏𝑋

𝜈𝐺𝜇𝜈(𝑋),  

𝛾𝑎𝑏 = 𝑒+𝜙𝛿𝑎𝑏

𝛾𝑎𝑏 = 𝑒
−𝜙𝛿𝑎𝑏

 

𝛾 = det(𝛾𝑎𝑏) = 𝑒
Tr{log 𝛾𝑎𝑏}

= 𝑒−𝜙Tr{𝛿𝑎𝑏} = 𝑒−𝜙(2+2𝜖)

√𝛾𝛾𝑎𝑏 = 𝑒−𝜖𝜙𝛿𝑎𝑏 = (1 − 𝜖𝜙)𝛿𝑎𝑏
 

𝑆[𝑋] = ∫  𝑑2+𝜖𝑧(1 − 𝜖𝜙)𝜕𝑋𝜇𝜕‾𝑋𝜈𝐺𝜇𝜈(𝑋)  

𝑆[𝑋]= ∫  𝑑2+𝜖𝑧(1 − 𝜖𝜙)𝜕𝑋𝜇𝜕‾𝑋𝜈 (𝐺𝜇𝜈 −
𝛼′

3𝜖
𝑅𝜇𝜈)  

 =
𝜖→0

∫  𝑑2𝑧 (𝜕𝑋𝜇𝜕‾𝑋𝜈𝐺𝜇𝜈 + 𝛼
′𝜙𝑅𝜇𝜈𝜕𝑋

𝜇𝜕‾𝑋𝜈 −
𝛼′

3𝜖
𝑅𝜇𝜈𝜕𝑋

𝜇𝜕‾𝑋𝜈)

 

𝛿𝑤𝑆 =
𝛿𝑆

𝛿𝛾𝑎𝑏
𝛿𝑤𝛾

𝑎𝑏 = 𝑇𝑎𝑏(−𝑤𝛾
𝑎𝑏) = −𝑤𝑇𝑎

𝑎  
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𝛿𝑤𝑆 = 0 ⟺ 𝑇𝑎
𝑎 = 0  

 

 

 



pág. 2597 

 

 



pág. 2598 

 

 



pág. 2599 

 

 

 



pág. 2600 

 

 

 

 



pág. 2601 

 

 

 



pág. 2602 

 

 

 

 

 



pág. 2603 

 

 

 

 

 



pág. 2604 

 

 

 



pág. 2605 

 

 

 

𝑇𝑎𝑏 =
𝛿𝑆

𝛿𝛾𝑎𝑏
=

𝛿𝑆

𝛿(𝑒−𝜙𝛿𝑎𝑏)
=

𝛿𝑆

𝛿((1 − 𝜙)𝛿𝑎𝑏)
= −

𝛿𝑆

𝛿𝜙
𝛿𝑎𝑏

= −𝛼′𝑅𝜇𝜈𝜕𝑋
𝜇 ⋅ 𝜕‾𝑋𝜈𝛿𝑎𝑏

𝛿𝑤𝑆 = −𝑤𝑇𝑎
𝑎 = 𝛼′𝑅𝜇𝜈𝜕𝑋

𝜇 ⋅ 𝜕‾𝑋𝜈𝑤𝛿𝑎
𝑎

 ∝ 𝑤𝛼′𝑅𝜇𝜈𝜕𝑋
𝜇 ⋅ 𝜕‾𝑋𝜈

 

𝑇𝑎
𝑎 = −𝛼′𝑅𝜇𝜈𝜕𝑋

𝜇 ⋅ 𝜕‾𝑋𝜈  

𝑇𝑎
𝑎 = 0 ⟺ 𝑅𝜇𝜈 = 0  

𝑆[𝑋] =
1

2𝜋𝛼′
∫  𝑑2𝜎[√𝛾𝛾𝑎𝑏𝜕𝑎𝑋

𝜇𝜕‾𝑏𝑋
𝜈𝐺𝜇𝜈(𝑋) + 𝑖𝜖

𝑎𝑏𝜕𝑎𝑋
𝜇𝜕‾𝑏𝑋

𝜈𝐵𝜇𝜈(𝑋) + 𝛼
′𝑅(2)Φ(𝑋)]  

𝛽𝜇𝜈
𝐺  = 𝛼′ (𝑅𝜇𝜈 + ∇𝜇∇𝜈Φ−

1

4
𝐻𝜇𝜌𝜎𝐻𝜈

𝜌𝜎
) + 𝒪((𝛼′)2)

𝛽𝜇𝜈
𝐵  = 𝛼′ (−

1

2
Φ∇𝜌𝐻𝜇𝜈

𝜌
+ ∇𝜌Φ𝐻𝜇𝜈

𝜌
) + 𝒪((𝛼′)2)

𝛽Φ  =
𝐷 − 26

6
+ 𝛼′ (−

1

2
∇2Φ+ ∇𝜇Φ∇

𝜇Φ−
1

24
𝐻𝜇𝜈𝜌𝐻

𝜇𝜈𝜌) + 𝒪((𝛼′)2)
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{

𝐺𝜇𝜈(𝑋) = 𝜂𝜇𝜈
𝐵𝜇𝜈(𝑋) = 0

Φ(𝑋) = Φ0 ∈ ℝ
𝐷 = 26

 

𝑆=
1

2𝜋𝛼′
∫  𝑑2𝜎(√𝛾𝛾𝑎𝑏𝜕𝑎𝑋

𝜇𝜕‾𝑏𝑋𝜇 + 𝛼
′Φ0𝑅

(2)) 

 = (
1

2𝜋𝛼′
∫  𝑑2𝜎√𝛾𝛾𝑎𝑏𝜕𝑎𝑋

𝜇𝜕‾𝑏𝑋𝜇) + Φ0𝜒

 

𝑔𝑠 = 𝑒
𝜆  

𝑔𝑠 = 𝑒
⟨Φ⟩  

{
 

 
𝐺𝜇𝜈(𝑋) = 𝜂𝜇𝜈
𝐵𝜇𝜈(𝑋) = 0

Φ(𝑋) = Φ0 + 𝑣𝜇𝑋
𝜇

𝐷 ≠ 26

 

𝑣𝜇𝑣
𝜇 =

26 − 𝐷

6𝛼′
.  

𝒜(1,… , 𝑛) =∑  

𝑔,𝑏

 𝑔𝑠
𝑛𝑐+𝑛𝑜/2𝑔𝑠

2(𝑔−1)+𝑏
⟨⟨𝒱1…𝒱𝑛𝑐𝑉1…𝑉𝑛𝑜⟩⟩

Σ𝑔,𝑏

,

⟨⟨𝒱1…𝒱𝑛𝑐𝑉1…𝑉𝑛𝑜⟩⟩
Σ𝑔,𝑏

= ∫  
𝒟ℎ(𝑔,𝑏)𝒟𝑋

Vol(𝒢)
𝒱1…𝒱𝑛𝑐𝑉1…𝑉𝑛𝑜𝑒

−𝑆Pol[𝑋,ℎ
(𝑔,𝑏)].

 

ℎ̂𝛼𝛽 = ℎ̂𝛼𝛽(𝑡
𝑖)  

ℎ𝛼𝛽(𝑡
𝑖) = (ℎ̂𝛼𝛽(𝑡

𝑖))
𝜁

 

∫  
𝒟ℎ

Vol(𝒢)
= ∫  

𝒟gauge ℎ𝒟modℎ

Vol(𝒢)
= ∫  

𝒟𝜁

Vol(𝒢)
𝑑𝑛𝑡𝑖det (

𝒟ℎ̂

𝒟𝜁
,
𝜕ℎ̂

𝜕𝑡
) 

 = ∫  
ℳ𝑔,𝑏

 𝑑𝑛𝑡𝑖det (
𝒟ℎ̂

𝒟𝜁
,
𝜕ℎ̂

𝜕𝑡
)

 

det (
𝒟ℎ̂

𝒟𝜁
,
𝜕ℎ̂

𝜕𝑡
) = ∫  𝒟𝑏𝒟𝑐 ∏  

dimℳ

𝑖=1

 (𝑏, 𝜕𝑡𝑖ℎ̂(𝑡))𝑒
−
1
4𝜋
(𝑏,2𝑃1𝑐)  

(𝜓, 𝜒) ≡ ∫  𝑑2𝜎√ℎ̂𝜓𝛼𝛽ℎ̂
𝛼𝛾ℎ̂𝛽𝛿𝜒𝛾𝛿  

(𝑃1𝑐)𝛼𝛽 ≡
1

2
(∇̂𝛼𝑐𝛽 + ∇̂𝛽𝑐𝛼) − ℎ̂𝛼𝛽∇̂ ⋅ 𝑐.  

(𝑏, 𝑃1𝑐) = ∫  𝑑
2𝜎√ℎ̂𝑏𝛼𝛽(𝑃1𝑐)

𝛼𝛽 = ∫  𝑑2𝜎√ℎ̂(𝑃1
𝑇𝑏)𝛼𝑐

𝛼  

(𝑃1
𝑇𝛿ℎ)𝛼 = −2∇̂

𝛽𝛿ℎ𝛼𝛽  



pág. 2607 

𝑃1
𝑇𝛿ℎ = 0   

𝑃1
𝑇𝑏 = 0   

dimℳ𝑔,𝑏 − dimCKG𝑔,𝑏 = dimKer𝑃1
𝑇 − dimKer𝑃1 = −3𝜒 = 6𝑔 + 3𝑏 − 6.  

𝑧 ∼ 𝑧 + 𝑛𝜆1 +𝑚𝜆2,  

Λ = {𝜉 ∈ ℂ ∣ 𝜉 = 𝑛𝜆1 +𝑚𝜆2, 𝑛,𝑚 ∈ ℤ}  

 

 

𝜏 = 𝜆2/𝜆1 ∈ ℂ  

𝑧 → 𝛼𝑧 ↔  𝜆1,2 → 𝛼𝜆1,2  

Λ′ = (
𝜆1
′

𝜆2
′ ) = (

𝑎 𝑏
𝑐 𝑑

) (
𝜆1
𝜆2
) = 𝐴Λ  

𝐴−1 =
1

𝑎𝑑 − 𝑏𝑐
(
𝑑 −𝑏
−𝑐 𝑎

) ∈ ℤ  

det(𝐴) = 𝑎𝑑 − 𝑏𝑐 = 1 

𝜏′ =
𝜆2
′

𝜆1
′ =

𝑐𝜆1 + 𝑑𝜆2
𝑎𝜆1 + 𝑏𝜆2

=
𝑑𝜏 + 𝑐

𝑏𝜏 + 𝑎
 

ℱ = UHP/𝑆𝐿(2, ℤ)  
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  𝑇: 𝜏 → 𝜏 + 1 ⟹ 𝑇 = (
1 1
0 1

) ,

 𝑆: 𝜏 → −
1

𝜏
 ⟹ 𝑆 = (

0 −1
1 0

) ,
 

𝑧 = 𝜎1 + 𝜏𝜎2
𝑧‾ = 𝜎1 + 𝜏‾𝜎2

 

𝜎1,2 ∈ (0,2𝜋]  
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𝑑𝑧 ⊗sym 𝑑𝑧‾ = (𝑑𝜎1 + 𝜏𝑑𝜎2)⊗sym (𝑑𝜎1 + 𝜏‾𝑑𝜎2)  

𝑧 = 𝜎1 + 𝜏𝜎2⟶ 𝜎1 +
𝑎𝜏 + 𝑏

𝑐𝜏 + 𝑑
𝜎2=

1

𝑐𝜏 + 𝑑
[(𝑑𝜎1 + 𝑏𝜎2) + 𝜏(𝑐𝜎1 + 𝑎𝜎2)] 

 =
1

𝑐𝜏 + 𝑑
(𝜎1
′ + 𝜏𝜎2

′)

 

(
𝜎1
′

𝜎2
′) ≃ (

𝑑 𝑏
𝑐 𝑎

) (
𝜎1
𝜎2
)  

∫  
𝒟ℎ

𝑉𝑜𝑙(𝐺)
→ ∫  

ℱ

 𝑑2𝜏[ ghosts ]  

CKG𝑇2 ∼ 𝑈(1) × 𝑈(1).  
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𝒜 = ∫  
ℱ

 
𝑑2𝜏

4𝜋2Im(𝜏)
𝑓(𝜏, 𝜏‾),  

𝑓(𝜏, 𝜏‾) = ∫  𝒟𝑋𝒟𝑐𝒟𝑏[𝐵0𝐵‾0][𝐶0𝐶‾0]𝒱1…𝒱𝑛𝑒
−𝑆[𝑋,𝑏,𝑐]  

𝑓(𝜏, 𝜏‾) = ∫  𝒟𝑏𝒟𝑐𝒟𝑋+𝒟𝑋−𝒟𝑋𝑖[𝐵0𝐵‾0][𝐶0𝐶‾0]𝑒
−𝑆[𝑋,𝑏,𝑐] ∼ ∫  𝒟𝑥0

±𝒟𝑋𝑖𝑒−𝑆𝑙𝑐[𝑥0
±,𝑋𝑖],  

𝑓(𝜏, 𝜏‾) = ⟨[𝐵0𝐵‾0][𝐶0𝐶‾0]⟩Torus 𝜏

(matter 2 hosts) 
= ⟨1⟩Torus 𝜏

(light cone )
,  

 

 

𝑓(𝜏, 𝜏‾) =∑  

𝑠

  ⟨𝑠|𝑒−2𝜋𝑖Re𝜏𝑃𝑒−2𝜋Im(𝜏)𝐻|𝑠⟩ = Tr[𝑒−2𝜋𝑖Re𝜏𝑃𝑒−2𝜋Im(𝜏)𝐻]  

𝐻 = ∫  
𝑑𝜎

2𝜋
𝑇𝑡𝑡(𝑡, 𝜎) = ∫  

𝑑𝑤

2𝜋𝑖
𝑇(𝑤) + ∫  

𝑑𝑤‾

2𝜋𝑖
𝑇‾(𝑤‾ )  

𝑇(𝑤) = 𝑇(𝑧)𝑧2 −
𝑐

24
, 𝑇‾(𝑤‾ ) = 𝑇‾(𝑧‾)𝑧‾2 −

𝑐

24
 

𝐻= ∮
𝑑𝑧

2𝜋𝑖

1

𝑧
(𝑇(𝑧)𝑧2 −

𝑐

24
) + ∮   

𝑑𝑧‾

2𝜋𝑖

1

𝑧‾
(𝑇‾(𝑧‾)𝑧‾2 −

𝑐

24
)   

 = 𝐿0 + 𝐿‾0 −
𝑐

12

 

𝑃= ∫  
𝑑𝜎

2𝜋
𝑇𝑡𝜎 = ∫  

𝑑𝑤

2𝜋𝑖
𝑇(𝑤) − ∫  

𝑑𝑤‾

2𝜋𝑖
𝑇‾(𝑤‾ )  

= ∮
𝑑𝑧

2𝜋𝑖

1

𝑧
(𝑇(𝑧)𝑧2 −

𝑐

24
) − ∮   

𝑑𝑧‾

2𝜋𝑖

1

𝑧‾
(𝑇‾(𝑧‾)𝑧‾2 −

𝑐

24
)   

 = 𝐿0 − 𝐿‾0

 

𝑓(𝜏, 𝜏‾) = Tr [𝑞𝐿0−
𝑐
24𝑞‾𝐿

‾0−
𝑐
24]  

𝑞 = 𝑒2𝜋𝑖𝜏  
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𝒜Vacuum 
1− loop 

= ∫  
ℱ

 
𝑑2𝜏

(Im(𝜏))2
[

1

√Im(𝜏)

1

|𝜂(𝜏)|2
]

24

 

𝜏′ =
𝑎𝜏 + 𝑏

𝑐𝜏 + 𝑑
, 𝜏‾′ =

𝑎𝜏‾ + 𝑏

𝑐𝜏‾ + 𝑑
, 𝐴 = (

𝑎 𝑏
𝑐 𝑑

) ∈ 𝑆𝐿(2, ℤ)  

Im(𝜏′)=
1

|𝑐𝜏 + 𝑑|2
Im((𝑎𝜏 + 𝑏)(𝑐𝜏‾ + 𝑑)) 

=
1

|𝑐𝜏 + 𝑑|2
Im(𝑏𝑐𝜏‾ + 𝑎𝑑𝜏)  

 =
det(𝐴)

|𝑐𝜏 + 𝑑|2
Im(𝜏) =

Im(𝜏)

|𝑐𝜏 + 𝑑|2

𝑑𝜏′ =
𝑑𝜏𝑎

𝑐𝜏 + 𝑑
−

𝑎𝜏 + 𝑏

(𝑐𝜏 + 𝑑)2
𝑑𝜏𝑐
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=
𝑑𝜏𝜏𝑎𝑐 + 𝑑𝜏𝑎𝑑 − 𝑑𝜏𝜏𝑎𝑐 − 𝑑𝜏𝑏𝑐

(𝑐𝜏 + 𝑑)2
 

 =
det(𝐴)

(𝑐𝜏 + 𝑑)2
𝑑𝜏 =

𝑑𝜏

(𝑐𝜏 + 𝑑)2

 

𝑑𝜏′𝑑𝜏‾′

(Im(𝜏′))
2 =

|𝑐𝜏 + 𝑑|4

(Im(𝜏))2
𝑑𝜏

(𝑐𝜏 + 𝑑)2
𝑑𝜏‾

(𝑐𝜏‾ + 𝑑)2
=

𝑑𝜏𝑑𝜏‾

(Im(𝜏))2
 

𝑓(𝜏, 𝜏‾) = [
1

√Im(𝜏)

1

|𝜂(𝜏)|2
]

24

 

𝜂(𝜏 + 1) = 𝑒
𝑖𝜋
12𝜂(𝜏), 𝜂 (−

1

𝜏
) = √−𝑖𝜏𝜂(𝜏).  

𝑓(𝑇(𝜏)) = 𝑓(𝜏 + 1) =

[
 
 
 
 

1

√Im(𝜏)

1

|𝑒
𝑖𝜋
12𝜂(𝜏)|

2

]
 
 
 
 
24

= 𝑓(𝜏).  

Im(−
1

𝜏
) = −Im(

𝜏‾

|𝜏|2
) =

Im(𝜏)

|𝜏|2
,  

𝑓(𝑆(𝜏)) = 𝑓 (−
1

𝜏
) = [

|𝜏|

√Im(𝜏)

1

|√−𝑖𝜏𝜂(𝜏)|2
]

24

= 𝑓(𝜏)  

𝒜𝑝𝑝= ∫  
∞

0

 
𝑑𝑡

Vol(𝐶𝐾𝐺)
∑  

𝑠

  ⟨𝑠|𝑒−2𝜋𝑡𝐻|𝑠⟩ = ∫  
∞

0

 
𝑑𝑡

Vol(𝐶𝐾𝐺)
Tr(𝑒−2𝜋𝑡𝐻) 

 = ∫  
∞

0

 
𝑑𝑡

2𝜋𝑡
∫  

𝑑𝑑𝑝

(2𝜋)𝑑
𝑒−2𝜋𝑡(𝑝

2+𝑚2) = ∫  
∞

0

 
𝑑𝑡

2𝜋𝑡
(
1

8𝜋2𝑡
)

𝑑
2
𝑒−2𝜋𝑡𝑚

2

 

𝒜𝑔=1(1,… , 𝑛)∫  
ℱ

 
𝑑2𝜏

(Im(𝜏))2
𝑓𝑛(𝜏, 𝜏‾)  
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𝒜Vacuum 
1− loop 

= ∫  
∞

0

 
𝑑𝑡

Vol(𝐶𝐾𝐺)
Tr[𝑒−2𝜋𝑡𝐻]𝑙𝑐 = ∫  

∞

0

 
𝑑𝑡

2𝜋𝑡
Tr [𝑒

−2𝜋𝑡(𝐿0−
𝑐
24
)
]
𝑙𝑐

 

𝐿0 = 𝛼
′𝑃2 + 𝑁̂𝑁 + 𝑁̂𝐷 

𝒜Vacuum 
1− loop 

= ∫  
∞

0

 
𝑑𝑡

2𝜋𝑡
Tr [𝑒−2𝜋𝑡𝛼

′𝑝2𝑒−2𝜋𝑡(𝑁̂𝑁+𝑁̂𝐷)𝑒2𝜋𝑡
𝐷−2
24 ]  

= ∫  
∞

0

 
𝑑𝑡

2𝜋𝑡
∫  

𝑑𝑝+1𝑃

(2𝜋)𝑝+1
𝑒−2𝜋𝑡𝛼

′𝑃2𝑞−
𝐷−2
24 [∏  

∞

𝑛=1

 
1

1 − 𝑞𝑛
]

𝐷−2

 

 ∝ ∫  
∞

0

 
𝑑𝑡

2𝑡
(
1

2𝑡
)

𝑝+1
2
[
1

𝜂(𝑖𝑡)
]
𝐷−2

 

𝐿0 = 𝛼
′𝑃2 + (

Δ𝑌

2𝜋√𝛼′
)
2

+ 𝑁̂𝑁 + 𝑁̂𝐷  
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𝒜Vacuum 
1− loop 

 = ∫  
∞

0

 
𝑑𝑡

(2𝑡)2
(
1

2𝑡
)

𝑝−1
2
𝑒
−2𝜋𝑡[

Δ𝑌

2𝜋√𝛼′
]
2

[
1

𝜂(𝑖𝑡)
]
𝐷−2

 = ∫  
∞

0

 
𝑑𝑡

(2𝑡)2
Trℋopen 

𝑎𝑏 [𝑒
−2𝜋𝑡(𝐿0−

𝑐
24
)
]

 

Trℋopen 
𝑎𝑏 [𝑒

−2𝜋𝑡(𝐿0−
𝑐
24
)
] = ∫  

𝑋(𝜎,𝜏+2𝜋𝑡)=𝑋(𝜎,𝜏)
𝐹𝑎(𝑋(0,𝜏))=0,𝐹𝑏(𝑋(𝜋,𝜏))=0

 
𝒟𝑋𝒟ℎ(𝑡)

Vol(𝒢)
𝑒−𝑆[𝑋,ℎ(𝑡)]  

 

Trℋopen𝑎𝑏 [𝑒
−2𝜋𝑡(𝐿0−

𝑐
24
)
] = ⟨𝐵𝑏|𝑒

−
𝜋
𝑡
(𝐿0+𝐿‾0−

𝑐
12
)|𝐵𝑎⟩.  

⟨𝐵𝑎 ∣ 𝒱⟩ ≡ ⟨𝒱(0,0)⟩Disk 

(𝑎)
, ∀𝒱 ∈ ℋclosed  

𝑧 → 𝑤 =
1 + 𝑖𝑧

1 − 𝑖𝑧

𝑧‾ → 𝑤‾  =
1 − 𝑖𝑧‾

1 + 𝑖𝑧‾

 

𝒱(𝑤,𝑤‾ ) = (
𝜕𝑤

𝜕𝑧
)
ℎ

(
𝜕𝑤‾

𝜕𝑧‾
)
ℎ‾

𝒱(𝑧(𝑤), 𝑧‾(𝑤‾ ))

⟹ ⟨𝒱(0,0)⟩Disk 

(𝑎)
= (2𝑖)ℎ(−2𝑖)ℎ

‾
𝛿ℎ,ℎ‾ ⟨𝒱(𝑖, −𝑖)⟩UHP

(𝑎)
.

 

 

𝒱(𝑧, 𝑧‾) = 𝑗(𝑧)𝑗‾(𝑧‾) = −
2

𝛼′
𝜕𝑋𝜕‾𝑋.  

⟨𝐵𝐷,𝑁 ∣ 𝒱⟩= −
2

𝛼′
⟨𝜕𝑋(0)𝜕‾𝑋(0)⟩Disk

𝐷,𝑁  

= −
8

𝛼′
⟨𝜕𝑋(𝑖)𝜕‾𝑋(−𝑖)⟩UHP

𝐷,𝑁  

= −
8

𝛼′
(±

𝛼′

2

1

(2𝑖)2
)  

 = ±1
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Trℋopen 
𝑎𝑏 [𝑒

−2𝜋𝑡(𝐿0−
𝑐
24
)
] = ⟨𝐵𝑏|𝑒

−
𝜋
𝑡
(𝐿0+𝐿‾0−

𝑐
12
)|𝐵𝑎⟩.  

∫  
∞

0

 
𝑑𝑡

(2𝑡)2
Trℋopen𝑎𝑏 [𝑒

−2𝜋𝑡(𝐿0−
𝑐
24
)
] =

1

4𝜋
∫  
∞

0

 𝑑𝑠⟨𝐵𝑏|𝑒
−𝑠(𝐿0+𝐿‾0−

𝑐
12
)|𝐵𝑎⟩  

 

𝑆 ∼ [
1

2
⟨Φ|𝐾|Φ⟩ + ⟨Φ ∣ 𝐵𝑎⟩] ,  

𝑆𝐸𝑀 = ∫  𝑑
𝑑𝑥 [

1

4
𝐹𝜇𝜈𝐹

𝜇𝜈 + 𝐴𝜇𝐽
𝜇]  

 

𝒜Vacuum 
1− loop 

= ∫  
∞

0

 
𝑑𝑡

(2𝑡)2
TrBCFT[𝑒

−2𝜋𝑡(𝐿0−1)]  

 =
1

4𝜋
∫  
∞

0

 𝑑𝑠⟨𝐵𝑎|𝑒
−𝑠(𝐿0+𝐿‾0−2)|𝐵𝑏⟩

 

𝒜Vacuum 
1− loop 

= ∫  
∞

0

 
𝑑𝑡

(2𝑡)2
1

(2𝑡)
𝑝−1
2

1

𝜂(𝑖𝑡)24
=
1

4𝜋
∫  
∞

0

 𝑑𝑠 (
𝑠

2𝜋
)

𝑝−1
2
𝜂 (−

𝜋

𝑖𝑠
)
−24

 

=
1

4𝜋
∫  
∞

0

 𝑑𝑠 (
𝑠

2𝜋
)

𝑝−1
2
(
𝜋

𝑠
)
−12

𝜂 (
𝑖𝑠

𝜋
)
−24

 

 =
1

4𝜋
∫  
∞

0

 𝑑𝑠 (
𝑠

2𝜋
)

𝑝−25
2
[√2𝜂 (

𝑖𝑠

𝜋
)]
−24
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⟨𝐵𝑝|𝑒
−𝑠(𝐿0+𝐿‾0−2)|𝐵𝑝⟩ = (

𝑠

2𝜋
)

𝑝−25
2
[√2𝜂 (

𝑖𝑠

𝜋
)]
−24

 

⟨𝐵𝑝|𝑒
−𝑠(𝐿0+𝐿‾0−2)|𝐵𝑝

Δ𝑌⟩ = (
𝑠

2𝜋
)

𝑝−25
2
𝑒
−
Δ𝑌2

2𝑠𝛼′ [√2𝜂 (
𝑖𝑠

𝜋
)]
−24

.  

(
𝜙𝑎𝑎 𝜙𝑎𝑏
𝜙𝑏𝑎 𝜙𝑏𝑏

)  

𝒜Vacuum 
1− loop 

=Tr𝐶𝑃 [𝑒
−2𝜋𝑡(𝐿0−

𝑐
24
)
] = Tr𝐶𝑃 [(

⟨𝑎𝑎| ⟨𝑎𝑏|
⟨𝑏𝑎| ⟨𝑏𝑏|

) 𝑞𝐿0−
𝑐
24 (

|𝑎𝑎⟩ |𝑎𝑏⟩
|𝑏𝑎⟩ |𝑏𝑏⟩

)]

=Tr𝑎𝑎 [𝑞
𝐿0−

𝑐
24] + Tr𝑏𝑏 [𝑞

𝐿0−
𝑐
24] + 2Tr𝑎𝑏 [𝑞

𝐿0−
𝑐
24]

=⟨𝐵𝑎|𝑒
−𝑠(𝐿0+𝐿‾0−

𝑐
12
)|𝐵𝑎⟩ + ⟨𝐵𝑏|𝑒

−𝑠(𝐿0+𝐿‾0−
𝑐
12
)|𝐵𝑏⟩ +

 +2⟨𝐵𝑎|𝑒
−𝑠(𝐿0+𝐿‾0−

𝑐
12
)|𝐵𝑏⟩

 

𝒜 =
1

4𝜋
∫  
∞

0

 𝑑𝑠 (
2𝜋

𝑠
)

𝑑⊥
2
𝑒
−
Δ𝑌2

2𝛼′𝑠 (√2𝜂 (
𝑖𝑠

𝜋
))

−24

 

 

𝜂 (
𝑖𝑠

𝜋
) ∼ 𝑒2𝑠 + 24 + 324𝑒−2𝑠 +⋯  

𝒜 ∼
1

4𝜋
∫  
∞

0

 𝑑𝑠 (
2𝜋

𝑠
)

𝑑⊥
2
𝑒
−
Δ𝑌2

2𝛼′𝑠(24) = 𝐺(Δ𝑌)  

𝐺(Δ𝑌) =
6

𝜋
∫  
∞

0

 
𝑑𝑡

𝑡2
(2𝜋𝑡)

𝑑⊥
2 𝑒

−𝑡
Δ𝑌2

2𝛼′

 = 12(2𝜋)
𝑑⊥
2
−1∫  

∞

0

 𝑑𝑡𝑡
𝑑⊥
2
−2𝑒

−𝑡
Δ𝑌2

2𝛼′
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𝐺(Δ𝑌)= 12(2𝜋)
𝑑⊥
2
−1 (

2𝛼′

Δ𝑌2
)

𝑑⊥
2
−1

∫  
∞

0

 𝑑𝑡𝑥
𝑑⊥
2
−2𝑒−𝑥 

 = 12(
4𝜋𝛼′

Δ𝑌2
)

𝑑⊥
2
−1

Γ (
𝑑⊥
2
− 1) ∝

1

Δ𝑌𝑑⊥−2

 

𝑆 = ∫  𝑑𝑑𝑥 [
1

4
𝐹𝜇𝜈𝐹

𝜇𝜈 − 𝑗𝜇𝐴
𝜇]  

𝑗𝜇(𝑥)  = 𝑗𝜇
(1)
(𝑥) + 𝑗𝜇

(2)
(𝑥)

𝑗𝜇
(𝑖)
(𝑥)  = 𝑞𝑖𝛿𝜇,0𝛿

𝑑⊥(𝑥⃗ − 𝑦⃗𝑖) = 𝑞𝑖𝛿𝜇,0∫  𝑑
𝑑⊥ 𝑘⃗⃗𝑒𝑖𝑘⃗⃗⋅(𝑥−𝑦⃗⃗𝑖), 𝑖 = 1,2

 

𝐺(Δ𝑥) = ⟨𝑗(1)(𝑦⃗1)𝑗
(2)(𝑦⃗2)⟩ ∼ 𝑞1𝑞2∫  𝑑

𝑑⊥ 𝑘⃗⃗𝑒𝑖𝑘⃗⃗⋅Δ𝑦
⃗⃗ ⃗⃗ ⃗⃗ 1

𝑘⃗⃗2
,  

1

𝑘⃗⃗2
= ∫  

∞

0

 𝑑𝑠𝑒−𝑠𝑘⃗⃗
2

 

𝐺(Δ𝑦) ∼ 𝑞1𝑞2∫  
∞

0

 𝑑𝑠
1

𝑠
𝑑
2

𝑒−
Δ𝑦2

4𝑠  

𝐺(Δ𝑦) ∼
𝑞1𝑞2

|Δ𝑦|𝑑⊥−2
 

𝑆 = ∫  𝑑𝑑𝑥 [−
1

2
ℎ𝜇𝜈∇𝜇𝜈𝜌𝜆ℎ

𝜌𝜆 − 𝑇𝜇𝜈ℎ
𝜇𝜈]  

∇𝜌𝜆
𝜇𝜈
= (𝛿𝜌

(𝜇
𝛿𝜆
𝜈)
− 𝜂𝜇𝜈𝜂𝜌𝜆) ◻ −2𝛿(𝜌

(𝜇
𝜕𝜈)𝜕𝜆) + 𝜂𝜌𝜆𝜕

𝜇𝜕𝜈 + 𝜂𝜇𝜈𝜕𝜌𝜕𝜆  

𝑇𝜇𝜈(𝑥) = 𝑚1𝜂
𝜇0𝜂𝜈0𝛿(𝑥⃗ − 𝑦⃗1) + 𝑚2𝜂

𝜇0𝜂𝜈0𝛿(𝑥⃗ − 𝑦⃗2)  

𝑉(Δ𝑦) = 𝑚1𝑚2∫  𝑑
𝑑⊥𝑝

𝑒𝑖𝑝⃗⋅Δ⃗⃗⃗𝑦

|𝑝|2
∝

𝑚1𝑚2
|Δ𝑦|𝑑⊥−2

 

 

ℒ𝑒𝑓𝑓(ℎ) = 𝑇̃𝜇𝜈ℎ
𝜇𝜈 + ℎ𝐾ℎ + 𝑔𝑠ℎ

3 + 𝑔𝑠
2ℎ4 +⋯ .  
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ℒ𝐸𝐻 ∼
𝑅

𝑔𝑠
2 + 𝑇𝜇𝜈ℎ̂

𝜇𝜈 =
1

𝑔𝑠
2 (ℎ̂𝐾ℎ̂ + ℎ̂

3 + ℎ̂4 +⋯) + 𝑇𝜇𝜈ℎ̂
𝜇𝜈,  

ℒ𝑒𝑓𝑓(ℎ̂) =
1

𝑔𝑠
𝑇̃𝜇𝜈ℎ̂

𝜇𝜈 +
1

𝑔𝑠
2 [ℎ̂𝐾ℎ̂ + ℎ̂

3 + ℎ̂4 +⋯].  

𝜏𝑝 ∝
1

𝑔𝑠
. 

𝑆𝑜𝑐(Ψ𝑜, Ψ𝑐) =
1

𝑔𝑠
(
1

2
⟨Ψ𝑜|𝐾𝑜|Ψ𝑜⟩ +  (open particle interactions) )

+
1

𝑔𝑠
2 (
1

2
⟨Ψ𝑐|𝐾𝑐|Ψ𝑐⟩ +  (closed particle interactions) )  

 +
1

𝑔𝑠
(⟨𝐵 ∣ Ψ𝑐⟩ +  (open-closed particle interactions) ),

 

𝑆𝑜𝑐(Ψ𝑜
∗, Ψ𝑐 ≡ 0) ∼

1

𝑔𝑠
 

Ψ𝑜 → Ψ𝑜
∗ + 𝜑𝑜,⟶ |𝐵⟩ → |𝐵∗⟩ = |𝐵⟩+∣  interactions with Ψ𝑜

∗⟩.  

𝑆 =
1

4𝜋
∫  
WS

 𝑑2𝑧 (
2

𝛼′
𝜕𝑋𝜇𝜕‾𝑋𝜇 + 𝜓

𝜇𝜕‾𝜓𝜇 + 𝜓‾
𝜇𝜕𝜓‾𝜇)  

𝑋𝜇(𝑧, 𝑧‾)𝑋𝜈(0,0)  = −
𝛼′

2
𝜂𝜇𝜈log |𝑧| + ( r𝔘 )

𝜓𝜇(𝑧)𝜓𝜈(0)  = 𝜂𝜇𝜈
1

𝑧
+ ( 𝔙 )

𝜓‾𝜇(𝑧‾)𝜓‾𝜈(0)  = 𝜂𝜇𝜈
1

𝑧‾
+ ( 𝔚 )

 

𝑇(m)(𝑧) = −
1

𝛼′
: 𝜕𝑋 ⋅ 𝜕𝑋:−

1

2
: 𝜓 ⋅ 𝜕𝜓:

𝑇‾ (m)(𝑧‾) = −
1

𝛼′
: 𝜕‾𝑋 ⋅ 𝜕‾𝑋:−

1

2
: 𝜓‾ ⋅ 𝜕‾𝜓‾:

 

𝑇(m)(𝑧1)𝑇
(m)(𝑧2) =

𝑐

2

1

(𝑧1 − 𝑧2)
4
+
2𝑇(m)(𝑧2)

(𝑧1 − 𝑧2)
2
+
𝜕𝑇(m)(𝑧2)

(𝑧1 − 𝑧2)
+ ( 𝔛 ),  

𝑐 = 𝑐𝑋 + 𝑐𝜓 = 𝑑 +
1

2
𝑑 =

3

2
𝑑  

{
 
 

 
 
𝛿𝜖
c𝑋𝜇(𝑧, 𝑧‾) = −[𝜖(𝑧)𝜕𝑋𝜇(𝑧, 𝑧‾) + 𝜖‾(𝑧‾)𝜕‾𝑋𝜇(𝑧, 𝑧‾)]

𝛿𝜖
c𝜓𝜇(𝑧) = − [𝜖𝜕𝜓𝜇(𝑧) +

1

2
(𝜕𝜖)𝜓𝜇(𝑧)]

𝛿𝜖
c𝜓‾𝜇(𝑧‾) = − [𝜖‾𝜕‾𝜓‾𝜇(𝑧‾) +

1

2
(𝜕‾𝜖‾)𝜓‾𝜇(𝑧‾)]

 

𝜖(𝑧) =∑  

𝑛

  𝜖𝑛𝑧
−𝑛+1,  
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〈

𝛿𝜂
sc𝑋𝜇(𝑧, 𝑧‾)  = √

𝛼′

2
[𝜂(𝑧)𝜓𝜇(𝑧) + 𝜂‾(𝑧‾)𝜓‾𝜇(𝑧‾)]

𝛿𝜂
sc𝜓𝜇(𝑧)  = √

2

𝛼′
[−𝜂(𝑧)𝜕𝑋𝜇(𝑧)]

𝛿𝜂
sc𝜓‾𝜇(𝑧‾)  = √

2

𝛼′
[−𝜂‾(𝑧‾)𝜕‾𝑋‾𝜇(𝑧‾)]

〉 

𝜂(𝑧) =∑  

𝑟

 𝜂𝑟𝑧
−𝑟+

1
2  

𝛿𝜂
sc𝑆 =

1

2𝜋
∫  
WS

 𝑑2𝑧 [
1

√2
𝜕(𝜂𝜓) ⋅ 𝜕‾𝑋 +

1

√2
𝜕𝑋 ⋅ 𝜕‾(𝜂𝜓)

 +
1

2
(−√2𝜂𝜕𝑋) +

1

2
𝜓 ⋅ 𝜕(−√2𝜂𝜕𝑋)]

 =
1

2𝜋
∫  
WS

 𝑑2𝑧 [
2

√2
𝜕(𝜂𝜓) ⋅ 𝜕‾𝑋 − √2(𝜂𝜕𝑋) ⋅ 𝜕‾𝜓]

 =
 IBP 1

2𝜋
∫  
WS

 𝑑2𝑧√2[𝜕(𝜂𝜓) ⋅ 𝜕‾𝑋 + 𝜂(𝜕‾𝜕𝑋) ⋅ 𝜓]

 =
 IBP 1

2𝜋
∫  
WS

 𝑑2𝑧√2[𝜕(𝜂𝜓) ⋅ 𝜕‾𝑋 − 𝜕‾𝑋 ⋅ 𝜕(𝜂𝜓)] = 0

 

 

[𝛿𝜂1
sc, 𝛿𝜂2

sc]𝑋𝜇 = (𝛿𝜂1
sc𝛿𝜂2

sc − 𝛿𝜂2
sc𝛿𝜂1

sc)𝑋𝜇

 = 𝛿𝜂1
sc (

1

√2
𝜂2𝜓

𝜇) − 𝛿𝜂2
sc (

1

√2
𝜂1𝜓

𝜇)

 =
1

√2
𝜂2(−√2𝜂1𝜕𝑋

𝜇) +
1

√2
𝜂1(−√2𝜂2𝜕𝑋

𝜇)

 = −𝜂2𝜂1𝜕𝑋
𝜇 + 𝜂1𝜂2𝜕𝑋

𝜇

 

= 2𝜂1𝜂2𝜕𝑋
𝜇  

 = 𝛿2𝜂1𝜂2
c 𝑋𝜇 = 𝛿2𝜂2𝜂1

c 𝑋𝜇

[𝛿𝜂1
sc, 𝛿𝜂2

sc]𝜓𝜇 = (𝛿𝜂1
sc𝛿𝜂2

sc − 𝛿𝜂2
sc𝛿𝜂1

sc)𝜓𝜇

 = 𝛿𝜂1
sc(−√2𝜂2𝜕𝑋

𝜇) − 𝛿𝜂2
sc(−√2𝜂1𝜕𝑋

𝜇)

 = −√2𝜂2𝜕(√
1

2
𝜂1𝜓

𝜇)+ √2𝜂1𝜕(√
1

2
𝜂2𝜓

𝜇)

 = −𝜂2𝜕(𝜂1𝜓
𝜇) + 𝜂1𝜕(𝜂2𝜓

𝜇)

 = [−𝜂2𝜕𝜂1 − (𝜕𝜂2)𝜂1]𝜓
𝜇 − 2𝜂2𝜂1𝜕𝜓

𝜇

 = − [
1

2
𝜕(2𝜂2𝜂1)𝜓

𝜇 + 2𝜂2𝜂1(𝜕𝜓
𝜇)]

 = 𝛿2𝜂2𝜂1
c 𝜓𝜇

 

[𝛿𝜂1
sc, 𝛿𝜂2

sc] = 𝛿2𝜂2𝜂1
c  

𝑇𝜖(𝑧) = ∮   0
𝑑𝑧

2𝜋𝑖
𝜖(𝑧)𝑇(m)(𝑧)  
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𝛿𝜖
c𝜙(𝑧) = −[𝑇𝜖 , 𝜙(𝑧)]  

𝐺𝜂(𝑧) = ∮   0
𝑑𝑧

2𝜋𝑖
𝜂(𝑧)𝐺(m)(𝑧)  

𝛿𝜂
sc𝜙(𝑧) = −[𝐺𝜂 , 𝜙(𝑧)]  

𝐺(m)(𝑧) = 𝑖√
2

𝛼′
𝜓𝜇𝜕𝑋𝜇 = 𝜓 ⋅ 𝑗  

𝐺(m)(𝑧1)𝐺
(m)(𝑧2) =

𝑑

(𝑧1 − 𝑧2)
3
+
2𝑇(m)(𝑧2)

(𝑧1 − 𝑧2)

𝑇(m)(𝑧1)𝐺
(m)(𝑧2) =

3
2
𝐺(m)(𝑧2)

(𝑧1 − 𝑧2)
2
+
𝜕𝐺(m)(𝑧2)

(𝑧1 − 𝑧2)

 

𝑇(m)(𝑧1)𝑇
(m)(𝑧2) =

𝑐
2

(𝑧1 − 𝑧2)
4
+
2𝑇(m)(𝑧2)

(𝑧1 − 𝑧2)
2
+
𝜕𝑇(m)(𝑧2)

(𝑧1 − 𝑧2)
+ (ℸ )

𝐺(m)(𝑧1)𝐺
(m)(𝑧2) =

2
3 𝑐

(𝑧1 − 𝑧2)
3
+
2𝑇(m)(𝑧2)

(𝑧1 − 𝑧2)
+ ( ℷ )

𝑇(m)(𝑧1)𝐺
(m)(𝑧2) =

3
2𝐺

(m)(𝑧2)

(𝑧1 − 𝑧2)
2
+
𝜕𝐺(m)(𝑧2)

(𝑧1 − 𝑧2)
+ ( ℵ )

 

𝑇(m)(𝑧1)𝜙
(ℎ)(𝑧2) =

ℎ𝜙(ℎ)(𝑧2)

(𝑧1 − 𝑧2)
2
+
𝜕𝜙(ℎ)(𝑧2)

(𝑧1 − 𝑧2)
+ ( ℵ)  

𝐺(m)(𝑧1)𝜙
(ℎ)(𝑧2) =

𝜓
(ℎ+

1
2
)(𝑧2)

(𝑧1 − 𝑧2)
+ ( ℵ )  

𝐺(m)(𝑧1)𝜓
𝜇(𝑧2) = 𝑗 ⋅ 𝜓(𝑧1)𝜓

𝜇(𝑧2) =
𝑗𝜇(𝑧1)

(𝑧1 − 𝑧2)
=

 Taylor 𝑗𝜇(𝑧2)

(𝑧1 − 𝑧2)
+ 𝑂(1)  

𝐺(m)(𝑧1)𝑗
𝜇(𝑧2) = 𝜓 ⋅ 𝑗(𝑧1)𝑗

𝜇(𝑧2) =
𝜓𝜇(𝑧1)

(𝑧1 − 𝑧2)
2

=
 Taylor 𝜓𝜇(𝑧2)

(𝑧1 − 𝑧2)
2
+
𝜕𝜓𝜇(𝑧2)

(𝑧1 − 𝑧2)
,  

𝐺(m)(𝑧1)𝑖√
2

𝛼′
𝑋𝜇(𝑧2) =

𝜓𝜇(𝑧2)

(𝑧1 − 𝑧2)
 

𝐺(m)(𝑧1): 𝑒
𝑖𝑃⋅𝑋𝐿 : (𝑧2)= 𝜓 ⋅ 𝑗(𝑧1): 𝑒

𝑖𝑃⋅𝑋𝐿 : (𝑧2)  

= 𝜓𝜇(𝑧1)𝑖𝑃𝜈𝑗
𝜇(𝑧1)𝑋𝐿

𝜈(𝑧2): 𝑒
𝑖𝑃⋅𝑋𝐿: (𝑧2) 

 = √
𝛼′

2
𝑃𝜇𝜓

𝜇: 𝑒𝑖𝑃⋅𝑋𝐿 : (𝑧2)
1

(𝑧1 − 𝑧2)

 

[𝐿−1,⋅] = ∮
𝑑𝑧

2𝜋𝑖
𝑇(m)(𝑧)

0
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[𝐿−1, 𝜙(𝑧2)] = ∮
𝑑𝑧1
2𝜋𝑖

𝑇(m)(𝑧1)𝜙(𝑧2) = 𝜕𝜙(𝑧2)

0

 

𝛿SUSY = ∮
𝑑𝑧

2𝜋𝑖
𝐺(m)(𝑧)

0

 

𝐺(m)(𝑧) = ∑  

𝑟∈ℤ+
1
2

 𝐺𝑟𝑧
−𝑟−

3
2

 

𝛿SUSY = [𝐺−1
2
,⋅]  

𝛿SUSY(𝑖√
2

𝛼′
𝑋𝜇(𝑧))  = 𝜓𝜇(𝑧)

𝛿SUSY(𝜓
𝜇(𝑧))  = 𝑗𝜇(𝑧)

𝛿SUSY(𝑗
𝜇(𝑧))  = 𝜕𝜓𝜇(𝑧)

 

[𝛿SUSY, 𝛿SUSY] = 𝜕𝑧  

𝑆gh =
1

2𝜋
∫  
WS

 𝑑2𝑧(𝑏𝜕‾𝑐 + 𝑏‾𝜕𝑐‾ + 𝛽𝜕‾𝛾 + 𝛽‾𝜕𝛾‾)  

𝑏(𝑧1)𝑐(𝑧2)  =
1

(𝑧1 − 𝑧2)
+ ( ℵ )

𝑐(𝑧1)𝑏(𝑧2)  =
1

(𝑧1 − 𝑧2)
+ ( ℘ )

𝛽(𝑧1)𝛾(𝑧2)  = −
1

(𝑧1 − 𝑧2)
+ ( ℶ )

𝛾(𝑧1)𝛽(𝑧2)  =
1

(𝑧1 − 𝑧2)
+ ( ϰ)

 

𝑇(gh)(𝑧) = 𝑇(𝑏,𝑐)(𝑧) + 𝑇(𝛽,𝛾)(𝑧)  

𝑇(𝑏,𝑐)(𝑧)  =: (𝜕𝑏)𝑐: (𝑧) − 2: 𝜕(𝑏𝑐): (𝑧)

𝑇(𝛽,𝛾)(𝑧)  =: (𝜕𝛽)𝛾: (𝑧) −
3

2
: 𝜕(𝛽𝛾): (𝑧)

 

𝑇(𝑏,𝑐)(𝑧1)𝑇
(𝑏,𝑐)(𝑧2)  ≈

1
2 (−26)

(𝑧1 − 𝑧2)
4

𝑇(𝛽,𝛾)(𝑧1)𝑇
(𝛽,𝛾)(𝑧2)  ≈

1
2 (11)

(𝑧1 − 𝑧2)
4

 

𝑐(𝑏,𝑐) = −26
𝑐(𝛽,𝛾) = 11

 

𝑐(gh) = 𝑐(𝑏,𝑐) + 𝑐(𝛽,𝛾) = −15  
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𝐺(gh)(𝑧) = −
1

2
(𝜕𝛽)𝑐 +

3

2
𝜕(𝛽𝑐) − 2𝑏𝛾  

𝑐(tot) = 𝑐(m) + 𝑐(gh) =
3

2
𝑑 − 15  

𝑑 = 10  

𝑗B(𝑧) = 𝑐𝑇
(m)(𝑧) +

1

2
: 𝑐𝑇(gh): (𝑧).  

𝑄B = ∮
𝑑𝑧

2𝜋𝑖
𝑗B(𝑧)

0

 

𝑄B
2 = 0 ⟺ 𝑐(m) + 𝑐(gh) = 0.  

𝑇(m) = 0,

𝐺(m) = 0,
 

𝑗B(𝑧) = 𝑐𝑇
(m)(𝑧) + 𝛾𝐺(m)(𝑧) +

1

2
(: 𝑐𝑇(gh): (𝑧)+: 𝛾𝐺(gh): (𝑧))  

𝑄B = ∮
𝑑𝑧

2𝜋𝑖
𝑗B(𝑧).

0

 

𝑄B
2 = 0 ⟺ 𝑐(m) + 𝑐(gh) = 0,  

[𝑄B, 𝑏(𝑧)]  = 𝑇
(tot)(𝑧) = 𝑇(m)(𝑧) + 𝑇(gh)(𝑧),

[𝑄B, 𝛽(𝑧)]  = 𝐺
(tot)(𝑧) = 𝐺(m)(𝑧) + 𝐺(gh)(𝑧).

 

𝜓𝜇 (ℎ =
1

2
) ⟷ 𝑋𝜇(ℎ = 0)

𝛾 (ℎ = −
1

2
) ⟷ 𝑐(ℎ = −1)

𝛽 (ℎ =
3

2
) ⟷ 𝑏(ℎ = 2).

 

𝜒(𝑤 + 2𝜋𝑖) = {
+𝜒(𝑤)  Ramond (R) sector 

−𝜒(𝑤)  Neveu-Schwarz (NS) sector 
.  

𝐺(𝑤 + 2𝜋𝑖) = {
+𝐺(𝑤) (R)
−𝐺(𝑤) (NS)

 

𝜓(𝑧)(𝑑𝑧)
1
2 = 𝜓(𝑤)(𝑑𝑤)

1
2  
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𝜓(𝑧)= (
𝑑𝑧

𝑑𝑤
)

1
2
𝜓(𝑤(𝑧))  

= (
𝑑(𝑒𝑤)

𝑑𝑤
)

1
2

𝜓(log (𝑧)) 

 =
1

√𝑧
𝜓(log (𝑧))

 

{
 
 

 
 𝜓NS

𝜇
(𝑧) = ∑  

𝑟∈ℤ+
1
2

 𝜓𝑟
𝜇
𝑧−𝑟−

1
2

𝜓R
𝜇
(𝑧) = ∑  

𝑛∈ℤ

 𝜓𝑛
𝜇
𝑧−𝑛−

1
2

 

𝜓(𝑧1)𝑆(𝑧2) =
(⋯ )

(𝑧1 − 𝑧2)
±
1
2

 

 

𝜓(𝑧1)𝜓(𝑧2) =
1

(𝑧1 − 𝑧2)
+ ( ð ),  

 NS)  [𝜓𝑟
𝜇
, 𝜓𝑠

𝜈] = 𝜂𝜇𝜈𝛿𝑟+𝑠,0,  with 𝑟, 𝑠 ∈ ℤ +
1

2
 R)  [𝜓𝑛

𝜇
, 𝜓𝑚

𝜈 ] = 𝜂𝜇𝜈𝛿𝑛+𝑚,0,  with 𝑛,𝑚 ∈ ℤ
 

{
 
 

 
 𝛽NS(𝑧) = ∑  

𝑟∈ℤ+
1
2

 𝛽𝑟𝑧
−𝑟−

3
2

𝛽R(𝑧) = ∑  

𝑛∈ℤ

 𝛽𝑛𝑧
−𝑛−

3
2

{
 
 

 
 𝛾NS(𝑧) = ∑  

𝑟∈ℤ+
1
2

 𝛾𝑟𝑧
−𝑟+

1
2

𝛾R(𝑧) = ∑  

𝑛∈ℤ

 𝛾𝑛𝑧
−𝑛+

1
2
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 NS)  [𝛽𝑟, 𝛾𝑠] = 𝛿𝑟+𝑠,0,  with 𝑟, 𝑠 ∈ ℤ +
1

2
 R)  [𝛽𝑛, 𝛾𝑚] = 𝛿𝑛+𝑚,0,  with 𝑛,𝑚 ∈ ℤ.

 

{
 
 

 
 𝐺NS(𝑧) = ∑  

𝑟∈ℤ+
1
2

 𝐺𝑟𝑧
−𝑟−

3
2

𝐺R(𝑧) = ∑  

𝑛∈ℤ

 𝐺𝑛𝑧
−𝑛−

3
2

,  

 NS)  [𝐺𝑟 , 𝐺𝑠] = 2𝐿𝑟+𝑠 +
𝑐

12
(4𝑟2 − 1)𝛿𝑟+𝑠,0,  with 𝑟, 𝑠 ∈ ℤ +

1

2
,

 R)  [𝐺𝑛, 𝐺𝑚] = 2𝐿𝑛+𝑚 +
𝑐

12
(4𝑛2 − 1)𝛿𝑛+𝑚,0,  with 𝑛,𝑚 ∈ ℤ.

 

[𝐿𝑛, 𝐿𝑚]  = (𝑛 −𝑚)𝐿𝑛+𝑚 +
𝑐

12
𝑛(𝑛2 − 1)𝛿𝑛+𝑚,0,

[𝐿𝑛, 𝐺𝑟]  =
𝑛 − 2𝑟

2
𝐺𝑛+𝑟,

 NS) [𝐺𝑟, 𝐺𝑠]  = 2𝐿𝑟+𝑠 +
𝑐

12
(4𝑟2 − 1)𝛿𝑟+𝑠,0,  with 𝑟, 𝑠 ∈ ℤ +

1

2
,

 R) [𝐺𝑟, 𝐺𝑠]  = 2𝐿𝑟+𝑠 +
𝑐

12
(4𝑟2 − 1)𝛿𝑟+𝑠,0,  with 𝑟, 𝑠 ∈ ℤ,

 

𝛼𝑛
𝜇
|0, 𝑃⟩NS = 0  for 𝑛 ≥ 1

𝜓𝑟
𝜇
|0, 𝑃⟩NS = 0  for 𝑟 ≥

1

2

 

𝛼𝑛
𝜇
|0, 𝑃⟩R = 0  for 𝑛 ≥ 1,

𝜓𝑛
𝜇
|0, 𝑃⟩R = 0  for 𝑛 ≥ 1.

 

[𝜓0
𝜇
, 𝜓0

𝜈] = 𝜂𝜇𝜈  

𝜓0
𝜇
|𝛼, 𝑃⟩R = (𝜓

𝜇)𝛼𝛽|𝛽, 𝑃⟩R  

Γ𝜇 = √2𝜓0
𝜇

 

[Γ𝜇 , Γ𝜈] = 2𝜂𝜇𝜈  

|𝛼⟩R = |𝛼⟩⏟
16𝑐

⊕ |𝛼̇⟩⏟
16𝑠

,
 

Γ|𝛼⟩  = +|𝛼⟩
Γ|𝛼̇⟩  = −|𝛼̇⟩

 

|0, 𝑃⟩NS
matter = |0, 𝑃⟩⏟  

𝑋 sector 

⊗ |0⟩NS⏟  
𝜓 sector 

= |0, 𝑃⟩ ⊗ |0⟩,
 

|𝛼, 𝑃⟩R
matter = |0, 𝑃⟩⏟  

𝑋 sector 

⊗ |𝛼⟩R⏟
𝜓 sector 

= |0, 𝑃⟩ ⊗ (|𝛼⟩ ⊕ |𝛼̇⟩).
 

|𝛼
(⋅)
⟩ = 𝑆(⋅)(0)|0⟩.  
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𝐺{𝜇1…𝜇𝑘}{𝜈1…𝜈𝑞}(𝑃)(𝛼−𝑛1
𝜇1 …𝛼−𝑛𝑘

𝜇𝑘 ) (𝜓−𝑟1
𝜈1 …𝜓−𝑟𝑞

𝜈𝑞 ) |0, 𝑃⟩NS  

𝜒𝛼{𝜇1…𝜇𝑘}{𝜈1…𝜈𝑞}(𝑃)(𝛼−𝑛1
𝜇1 …𝛼−𝑛𝑘

𝜇𝑘 ) (𝜓−𝑟1
𝜈1 …𝜓−𝑟𝑞

𝜈𝑞 ) |𝛼, 𝑃⟩R,  

(𝐿0 − 𝑎NS)|phys⟩NS  = 0
𝐿𝑛>0|phys⟩NS  = 0
𝐺
𝑟≥
1
2
|phys⟩NS  = 0

 

(𝐿0 − 𝑎R)|phys⟩R  = 0
𝐿𝑛>0|phys⟩R  = 0
𝐺𝑛≥0|phys⟩R  = 0

 

𝑎NS =
1

2
, 𝑎R =

5

8
 

𝐿0
(tot)

= 𝐿0
(m)

+ 𝐿0
(gh)

 

= 𝐿0
(m)

− 𝑎  

= 𝐿0
(m)

− 1  

 = 0

 

𝑐1|0⟩NS = 𝑐𝒱1
2

(𝛽,𝛾)
(0)|0⟩,  

𝐿0
(tot)

 = 𝐿0
(m)

+ 𝐿0
(gh)

 = 𝐿0
(m)

− 𝑎NS
 

= 𝐿0
(m)

−
1

2
 

 = 0.

 

𝑐1|𝛼
(⋅)
⟩R = 𝑆( 𝛼̇)𝑐𝒱3

8

(𝛽,𝛾)
(0)|0⟩,  

𝐿0
(tot)

 = 𝐿0
(m)

+ 𝐿0
(gh)

 = 𝐿0
(m)

− 𝑎R

 = 𝐿0
(m)

+ (−1 +
3

8
)

 = 𝐿0
(m)

−
5

8
 = 0(6.87)

 

 NS)  𝐿𝑛  =
1

2
∑  

𝑘∈ℤ

 𝛼𝑛−𝑘 ⋅ 𝛼𝑘 +
1

4
∑  

𝑟∈ℤ+
1
2

  (2𝑟 − 𝑛): 𝜓𝑛−𝑟 ⋅ 𝜓𝑟: ,

 R)  𝐿𝑛  =
1

2
∑  

𝑘∈ℤ

 𝛼𝑛−𝑘 ⋅ 𝛼𝑘 +
1

4
∑  

𝑘∈ℤ

  (2𝑘 − 𝑛):𝜓𝑛−𝑘 ⋅ 𝜓𝑘:+
𝑑

16
𝛿𝑛,0.
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𝐺𝑟 =∑  

𝑛∈ℤ

 𝛼𝑛 ⋅ 𝜓𝑛−𝑟,  

𝐿0 =
1

2
(𝛼0)

2 +𝑁,  

NS) 𝑁NS  =
1

2
∑  

𝑘∈ℤ

 𝛼−𝑘 ⋅ 𝛼𝑘 +
1

4
∑  

𝑟∈ℤ+
1
2

  (2𝑟): 𝜓−𝑟 ⋅ 𝜓𝑟:

 R)  𝑁R  =
1

2
∑  

𝑘∈ℤ

 𝛼−𝑘 ⋅ 𝛼𝑘 +
1

4
∑  

𝑘∈ℤ

  (2𝑘): 𝜓−𝑘 ⋅ 𝜓𝑘:+
5

8

 

𝑡(𝑃)|0, 𝑃⟩NS  

𝐿0
(m)

− 𝑎NS = 𝐿0
(m)

−
1

2
= 0 ⟹ 

𝛼′𝑃2

4
=
1

2
= 𝑎NS  ⟹ 𝑚2 = −

2

𝛼′
 

𝜉𝜇(𝑃)𝜓1
2

𝜇
|0, 𝑃⟩NS  

𝑚2 =
4

𝛼′
(
1

2
− 𝑎NS) = 0  

𝐺1
2
=∑ 

𝑛

 𝛼𝑛 ⋅ 𝜓1
2
−𝑛  

𝐺1
2
= 0⟹ 𝛼0 ⋅ 𝜉 = 0 ⟹ 𝑃 ⋅ 𝜉 = 0  

𝑢𝛼(𝑃)|𝛼, 𝑃⟩R + 𝑣𝛼̇(𝑃)|𝛼̇, 𝑃⟩R,  

𝐺0 =∑ 

𝑛

 𝛼𝑛 ⋅ 𝜓−𝑛,  

𝐺0 = 𝛼0 ⋅ 𝜓0 = √
𝛼′

2
𝑃 ⋅ Γ

1

√2
=
√𝛼′

2
P̸,  

P̸𝑢(𝑃) = 0 ⟹ 𝑚2 = 0,

P̸𝑣(𝑃) = 0 ⟹ 𝑚2 = 0.
 

𝑆𝑂(8) ⟶ 8𝐶⏟
left 

⊕ 8𝑆⏟
right 

.
 

NS R 

𝑁NS = 0: tachyon 𝑁R = 0: 

𝑁NS =
1

2
: 8𝑉 massless 8𝐶⊕8𝑆 massless 
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𝑋𝐿
+(𝑧) =

𝑋0
+

2
− 𝑖𝛼′𝑃+log 𝑧  (no 𝒪oscillators)  

𝑗+(𝑧) = 𝑖√
2

𝛼′
𝜕𝑋+(𝑧) = √

𝛼′

2
𝑃+
1

𝑧
 

𝛿𝜂
sc𝜓+(𝑧) = −𝑖𝜂𝑗+(𝑧)  

𝜓+(𝑧) = 0  

{
𝑋𝐿
+(𝑧) =

𝑋0
+

2
− 𝑖𝛼′𝑃+log 𝑧

𝜓+(𝑧) = 0

 

‖
𝜕𝑋𝐿

−(𝑧)  =
𝑧

2𝑃+
(
2

𝛼′
𝜕𝑋𝑗𝜕𝑋𝑗 + 𝑖𝜓

𝑗𝜕𝜓𝑗)

𝜓−(𝑧)  =
2𝑧

𝛼′𝑃+
𝜓𝑗𝜕𝑋𝐿,𝑗

‖ 

NS) (𝛼−𝑛1
𝑖1 …𝛼−𝑛𝑘

𝑖𝑘 ) (𝜓−𝑟1
𝑗1 …𝜓−𝑟𝑞

𝑗𝑞 ) |0, 𝑃⟩NS

R) (𝛼−𝑛1
𝑖1 …𝛼−𝑛𝑘

𝑖𝑘 ) (𝜓−𝑟1
𝑗1 …𝜓−𝑟𝑞

𝑗𝑞 ) |𝛼
(⋅)
, 𝑃⟩R

 

NS) 𝐿0
(lc)
− 𝑎NS

(lc)
= 0  

 R)  𝐿0
(lc)
− 𝑎R

(lc)
= 0.  

𝑡(𝑃)|0, 𝑃⟩NS  

𝑚2 = −𝑎NS
(lc) 4

𝛼′
 

𝜉𝑖(𝑃)𝜓
−
1
2

𝑖 |0, 𝑃⟩NS  

𝛼′𝑚2

4
=
1

2
− 𝑎NS

(lc)  

𝑎NS
(lc)

=
1

2
,  
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𝐿0
(lc)
=
𝛼′𝑃2

4
+ 𝑁⊥  

=
𝛼′𝑃2

4
+
1

2
∑  

𝑘∈ℤ

 𝛼−𝑘
𝑖 𝛼𝑘,𝑖 +

1

2
∑  

𝑟∈ℤ+
1
2

 𝑟𝜓−𝑟
𝑖 𝜓𝑟,𝑖  

=
𝛼′𝑃2

4
+∑  

𝑘≥1

  (𝛼−𝑘
𝑖 𝛼𝑘,𝑖 +

1

2
𝑘(𝑑 − 2)) +∑  

𝑟≥
1
2

 (𝑟𝜓−𝑟
𝑖 𝜓𝑟,𝑖 −

1

2
𝑟(𝑑 − 2)) 

 =
𝛼′𝑃2

4
+ 𝑁̂⊥ +

1

2
(𝑑 − 2)∑  

𝑘≥1

 𝑘 −
1

2
(𝑑 − 2)∑  

𝑟≥
1
2

 𝑟

⏟                      
infinite zero point energies 

,

 

∑ 

𝑘≥𝜈

 𝑘 ⟶∑  

𝑘≥𝜈

 𝑘𝑒−𝜖𝑘 =
𝑒𝜖𝜈(𝜈 + 𝑒𝜖(1−𝜈))

(1 − 𝑒𝜖)2
=
𝜖→0 1

𝜖2
−
1

12
(1 − 6𝜈 + 6𝜈2) + 𝑂(𝜖)  

𝜁(𝑠, 𝜈) = ∑  

∞

𝑛=0

  (𝑛 + 𝜈)−𝑠, 𝜁(−1, 𝜈) = −
1

12
(1 − 6𝜈 + 6𝜈2)  

∑ 

𝑘≥1

 𝑘 = −
1

12
,∑  

𝑟≥
1
2

 𝑟 =
1

24  

𝐿0
(lc)

=
𝛼′𝑃2

4
+ 𝑁̂⊥ −

𝑑 − 2

16
 

𝑎NS
(lc)

=
𝑑 − 2

16
=
1

2
⟹ 𝑑 = 10  

𝑢𝛼(𝑃)|𝛼, 𝑃⟩R + 𝑣𝛼̇(𝑃)|𝛼̇, 𝑃⟩R  

𝐿0
(lc)
=
𝛼′𝑃2

4
+
1

2
∑  

𝑘∈ℤ

 𝛼−𝑘
𝑖 𝛼𝑘,𝑖 +

1

2
∑  

𝑛∈ℤ

 𝑛𝜓−𝑛
𝑖 𝜓𝑛,𝑖  

 =
𝛼′𝑃2

4
+ 𝑁̂⊥ +

1

2
(𝑑 − 2)∑  

𝑘≥1

 𝑘 −
1

2
(𝑑 − 2)∑  

𝑛≥1

 𝑛

 

𝑎R
(lc)

= 0.  
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𝑍1-loop = ∫  
ℱ

 
𝑑𝜏𝑑𝜏‾

(Im(𝜏))2
Tr⊥ [(−1)

𝔽𝑞𝐿0−
𝑐
24𝑞‾𝐿

‾0−
𝑐
24]  

 

𝐿0 −
𝑐

24
= (𝐿0

𝑋 −
8

24
) + (𝐿0

𝜓
−
4

24
) .  

 NS) 𝐿0NS
𝜓

= 𝑁NS

 R) 𝐿0R
𝜓
= 𝑁R +

8

16
= 𝑁R +

1

2

 

𝐿0|𝑎⟩𝑅 =
1

2
|𝑎⟩𝑅  

𝑓(𝜏, 𝜏‾)  = Tr⊥ [(−1)
𝔽𝑞𝐿0−

𝑐
24𝑞‾𝐿

‾0−
𝑐
24]

 = Tr𝑋 [𝑞
𝐿0−

1
3𝑞‾𝐿

‾0−
1
3] (TrNS [𝑞

𝑁−
1
6] − TrR [𝑞

𝑁+
1
3]) (TrNS [𝑞‾

𝑁‾−
1
6] − TrR [𝑞‾

𝑁‾+
1
3])

 = (
1

√Im𝜏𝜂(𝜏)𝜂(𝜏‾)
)

8

(TrNS [𝑞
𝑁−

1
6] − TrR [𝑞

𝑁+
1
3]) (TrNS [𝑞‾

𝑁‾−
1
6] − TrR [𝑞‾

𝑁‾+
1
3])

 

𝜂(𝜏) = 𝑞
1
24∏ 

∞

𝑛=1

  (1 − 𝑞𝑛), 𝑞 = 𝑒2𝜋𝑖𝜏  

TrNS [𝑞
𝑁−

1
6]= 𝑞−

1
6

(

 
 
∏ 

𝑟≥
1
2

  (1 + 𝑞𝑟)

)

 
 

8

=

(

 
∏  ∞
𝑛=1   (1 − 𝑞

𝑛) (1 + 𝑞𝑛−
1
2)
2

𝜂(𝜏)

)

 

4

 

 ≡
𝜃3(𝜏)

4

𝜂(𝜏)4
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TrR [𝑞
𝑁+

1
3] = 𝑞−

1
6
+
1
2(∏ 

𝑛≥0

  (1 + 𝑞𝑛))

8

= (
𝑞
1
8∏  ∞

𝑛=1   (1 − 𝑞
𝑛)(1 + 𝑞𝑛)2(1 + 𝑞0)2

𝜂(𝜏)
)

4

≡
𝜃2(𝜏)

4

𝜂(𝜏)4
 

 

NS) (−1)𝐹  = −𝑒
𝑖𝜋∑  

𝑟≥
1
2
 𝜓−𝑟
𝑖 𝜓𝑟

𝑖

R) (−1)𝐹  = 𝑒𝑖𝜋∑  𝑛≥0  𝜓−𝑛
𝑖 𝜓𝑛

𝑖
→ Γ9𝑒

𝑖𝜋∑  𝑛≥1  𝜓−𝑛
𝑖 𝜓𝑛

𝑖
 

(−1)𝐹|0, 𝑃⟩NS = −|0, 𝑃⟩NS  

(−1)𝐹𝜓
−
1
2

𝑖 |0, 𝑃⟩NS = +𝜓
−
1
2

𝑖 |0, 𝑃⟩NS  

 (−1)𝐹|𝛼, 𝑃⟩R = +|𝛼, 𝑃⟩R
 (−1)𝐹|𝛼̇, 𝑃⟩R = −|𝛼̇, 𝑃⟩R

 

TrNS [(−1)
𝐹𝑞𝑁−

1
6]= −𝑞

−
1
6

(

 
 
∏ 

𝑟≥
1
2

  (1 − 𝑞𝑟)

)

 
 

8

= −

(

 
∏  ∞
𝑛=1   (1 − 𝑞

𝑛) (1 − 𝑞𝑛−
1
2)
2

𝜂(𝜏)

)

 

4

 

 ≡ −
𝜃4(𝜏)

4

𝜂(𝜏)4

 

 

TrR [(−1)
𝐹𝑞𝑁+

1
3]= 𝑞−

1
6
+
1
2(∏ 

𝑛≥0

  (1 − 𝑞𝑛))

8

= (
𝑞
1
8∏  ∞

𝑛=1   (1 − 𝑞
𝑛)(1 + 𝑞𝑛)2(1 − 𝑞0)2

𝜂(𝜏)
)

4

 

 ≡
𝜃1(𝜏)

4

𝜂(𝜏)4
≡ 0

 

𝜃1(𝜏) ≡ 0  

𝜃2(𝜏 + 1)  = 𝑒
𝑖
𝜋
4𝜃2(𝜏)

𝜃3(𝜏 + 1)  = 𝜃4(𝜏)
𝜃4(𝜏 + 1)  = 𝜃3(𝜏)

𝜂(𝜏 + 1)  = 𝑒𝑖
𝜋
12𝜂(𝜏)

 

𝜃2 (−
1

𝜏
)  = (−𝑖𝜏)

1
2𝜃4(𝜏)

𝜃3 (−
1

𝜏
)  = (−𝑖𝜏)

1
2𝜃3(𝜏)

𝜃4 (−
1

𝜏
)  = (−𝑖𝜏)

1
2𝜃2(𝜏)

𝜂 (−
1

𝜏
)  = (−𝑖𝜏)

1
2𝜂(𝜏)
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Tr𝜓 [(−1)
𝔽𝑞𝐿0−

𝑐
24𝑞‾𝐿

‾0−
𝑐
24] = |

𝜃3(𝜏)
4 − 𝜃2(𝜏)

4

𝜂(𝜏)4
|

2

 

𝒫±
(R,NS)

=
1

2
(1 ± (−1)𝐹(R,NS))  

𝒫𝐼𝐼𝐴 ≡ (𝒫+
(NS)

+𝒫+
(R)
) (𝒫+

(NS)
+𝒫−

(R)
)

𝒫𝐼𝐼𝐵 ≡ (𝒫+
(NS)

+𝒫+
(R)
) (𝒫+

(NS)
+𝒫+

(R)
)

 

Tr𝜓 [𝒫𝐼𝐼𝐴(−1)
𝔽𝑞𝐿0−

𝑐
24𝑞‾𝐿

‾0−
𝑐
24]= Tr𝜓 [𝒫𝐼𝐼𝐵(−1)

𝔽𝑞𝐿0−
𝑐
24𝑞‾𝐿

‾0−
𝑐
24] 

 = |
𝜃3(𝜏)

4 − 𝜃4(𝜏)
4 − 𝜃2(𝜏)

4

𝜂(𝜏)4
|

2  

 

𝜃3(𝜏)
4 − 𝜃4(𝜏)

4 − 𝜃2(𝜏)
4 = 0  

𝑍1−loop
𝐼𝐼𝐴,𝐵  = ∫  

ℱ

 
𝑑𝜏𝑑𝜏‾

(Im(𝜏))2
Tr⊥ [𝒫𝐼𝐼𝐴,𝐵(−1)

𝔽𝑞𝐿0−
1
2𝑞‾𝐿

‾0−
1
2]

 = ∫  
ℱ

 
𝑑𝜏𝑑𝜏‾

(Im(𝜏))2
(

1

√Im𝜏𝜂(𝜏)𝜂(𝜏‾)
)

8

|
𝜃3(𝜏)

4 − 𝜃4(𝜏)
4 − 𝜃2(𝜏)

4

𝜂(𝜏)4
|

2

= 0

 

𝒫0𝐴 ≡ 𝒫+
(NS)

𝒫+
(NS)

+𝒫−
(NS)𝒫−

(NS)
+𝒫+

(R)
𝒫−
(R)
+𝒫−

(R)𝒫+
(R)

𝒫0𝐵 ≡ 𝒫+
(NS)

𝒫+
(NS)

+𝒫−
(NS)𝒫−

(NS)
+𝒫+

(R)
𝒫+
(R)
+𝒫−

(R)𝒫−
(R)

 

Tr𝜓 [𝒫0𝐴𝑞
𝐿0−

𝑐
24𝑞‾𝐿

‾0−
𝑐
24]= Tr𝜓 [𝒫0𝐵𝑞

𝐿0−
𝑐
24𝑞‾𝐿

‾0−
𝑐
24]  

 =
|𝜃3(𝜏)|

8 + |𝜃4(𝜏)|
8 + |𝜃2(𝜏)|

8

|𝜂(𝜏)|8

 

𝑍1− loop 
0𝐴,𝐵  = ∫  

ℱ

 
𝑑𝜏𝑑𝜏‾

(Im(𝜏))2
Tr⊥ [𝒫0𝐴,𝐵𝑞

𝐿0−
1
2𝑞‾𝐿

‾0−
1
2]

 = ∫  
ℱ

 
𝑑𝜏𝑑𝜏‾

(Im(𝜏))2
(

1

√Im𝜏𝜂(𝜏)𝜂(𝜏‾)
)

8
|𝜃3(𝜏)|

8 + |𝜃4(𝜏)|
8 + |𝜃2(𝜏)|

8

|𝜂(𝜏)|8

 

𝑡𝑖𝑗 = 𝛿𝑖𝑗Φ+ 𝑎[𝑖𝑗] + 𝑠(𝑖𝑗)  

8𝑉⊗8𝑉 = 1⊕ 28𝑎⊕35𝑠,  

8𝑉⊗8𝑆 = 8𝐶⊕56𝑆,  

𝜂𝛽 = Γ𝛽𝛼̇
𝑖 𝜒𝛼̇

𝑖 ;  

𝜓𝛽̇
𝑖 = 𝜒𝛽̇

𝑖 −
1

𝐷 − 2
Γ𝛽̇𝛼
𝑖 𝜂𝛼.  

8𝐶⊗8𝑉 = 8𝑆⊕56𝐶 ,  
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𝜂𝛽̇ = Γ𝛽̇𝛼
𝑖 𝜒𝛼

𝑖 ;  

𝜓𝛽
𝑖 = 𝜒𝛽

𝑖 −
1

𝐷 − 2
Γ𝛽𝛼̇
𝑖 𝜂𝛼̇.  

𝐻𝛼𝛼̇ = 𝐶𝑖Γ𝛼𝛼̇
𝑖 + 𝐶𝑖𝑗𝑘Γ𝛼𝛼̇

𝑖𝑗𝑘
,  

Γ𝑖1…𝑖𝑛 =
1

𝑛!
Γ[𝑖1⋯Γ𝑖𝑛].  

8𝐶⊗8𝑆 = 8𝑉⊕56𝑎,  

𝐹𝜇𝜈 = 𝜕[𝜇𝐶𝜈];  

𝐹𝜇𝜈𝜌𝜎 = 𝜕[𝜇𝐶𝜈𝜌𝜎].  

 

 

 

𝑆IIA =
1

2𝐾10
2 ∫  𝑑

10𝑥√−𝐺 {𝑒−2Φ (𝑅 + 4(𝜕Φ)2 −
1

2
|𝐻(3)|

2
) −

1

2
|𝐹(2)|

2
−
1

2
|𝐹(4)|

2
}

+
1

4𝐾10
2 ∫  𝐵(2) ∧ 𝑑𝐶(3) ∧ 𝑑𝐶(3)  

+( 𝔉fermions couplings )  

 +(𝛼′corrections)
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𝑆IIB =
1

2𝐾10
2 ∫  𝑑

10𝑥√−𝐺 {𝑒−2Φ (𝑅 + 4(𝜕Φ)2 −
1

2
|𝐻(3)|

2
)

 −
1

2
|𝐹(1)|

2
−
1

2
|𝐹(3)|

2
−
1

2
|𝐹(5)|

2
}

+
1

4𝐾10
2 ∫  𝐶(4) ∧ 𝐻(3) ∧ 𝐹(3)  

+( 𝔉fermions couplings )  

 +(𝛼′corrections)

 

𝐹(1) = 𝑑𝐶

𝐹(3) = 𝑑𝐶(2) − 𝐶𝑑𝐵(2)

𝐹(5) = 𝑑𝐶(4) −
1

2
𝑑𝐶(2) ∧ 𝐵(2) +

1

2
𝐵(2) ∧ 𝑑𝐶(2)

 

𝐻𝛼𝛼̇ = 𝐶𝑖Γ𝛼𝛼̇
𝑖 + 𝐶𝑖1…𝑖3Γ𝛼𝛼̇

𝑖1…𝑖3 + 𝐶𝑖1…𝑖5Γ𝛼𝛼̇
𝑖1…𝑖5 + 𝐶𝑖1…𝑖7Γ𝛼𝛼̇

𝑖1…𝑖7 .  

Γ𝑖1…𝑖𝑛 ∝ 𝜀𝑖1…𝑖𝑛𝑗1…𝑗8−𝑛Γ𝑗1…𝑗8−𝑛  

𝐶𝑖1…𝑖7 ∝ 𝜀𝑖1…𝑖7  
𝑗𝐶𝑗  ⟹ 𝐶(7) =⋆8 𝐶(1),

𝐶𝑖1…𝑖3 ∝ 𝜀𝑖1…𝑖3
𝑗1…𝑗5𝐶𝑗1…𝑗5  ⟹ 𝐶(3) =⋆8 𝐶(5),

 

 R) 𝑆𝛼(0)|0⟩  with 𝛼 ∈ 16𝐶 ,

R) 𝑆𝛼̇(0)|0⟩  with 𝛼̇ ∈ 16𝑆.
 

𝒞−1(Γ𝜇)𝑇𝒞 = Γ𝜇  

𝑆𝛼
†Γ0 = 𝑆𝛼

𝑇𝒞  

𝐹𝜇1…𝜇𝑝(𝑃)((𝑆(𝑧))
𝑇𝒞Γ𝜇1…𝜇𝑝𝑆̃(𝑧‾)).  

(Γ11𝑆)𝛼 = +𝑆𝛼
(Γ11𝑆̃)

𝛼̇
= −𝑆̃𝛼̇

 

(𝑆)𝑇𝒞Γ𝜇1…𝜇𝑝𝑆̃ = (𝑆)𝑇(Γ11)𝑇𝒞Γ𝜇1…𝜇𝑝𝑆̃  

(𝑆𝛼)
𝑇𝒞Γ𝜇1…𝜇𝑝𝑆̃𝛽̇= (𝑆𝛼)

𝑇(Γ11)𝑇𝒞Γ𝜇1…𝜇𝑝𝑆̃𝛽̇  

= (−1)𝑝+1(𝑆𝛼)
𝑇𝒞Γ𝜇1…𝜇𝑝Γ11𝑆̃𝛽̇  

= (−1)𝑝+1(𝑆𝛼)
𝑇𝒞Γ𝜇1…𝜇𝑝(−𝑆̃𝛽̇) 

 = (−1)𝑝(𝑆𝛼)
𝑇𝒞Γ𝜇1…𝜇𝑝𝑆̃𝛽̇

 

∣  state ⟩ = 𝐹𝜇1…𝜇𝑝(𝑆𝛼)
𝑇𝒞Γ𝜇1…𝜇𝑝𝑆̃𝛽̇𝑒

𝑖𝑃⋅𝑋(0,0)|0⟩  

𝐺0 ∣  state ⟩ = 0 ⟹ 𝑃𝜇𝜓0𝜇 = 0,

𝐺‾0 ∣  state ⟩ = 0 ⟹ 𝑃𝜇𝜓‾0𝜇 = 0,
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𝐺0 ∣  state ⟩= 𝑃𝜇𝐹𝜇1…𝜇𝑝(𝑆𝛼)
𝑇(Γ𝜇)𝑇𝒞Γ𝜇1…𝜇𝑝𝑆̃𝛽̇(0,0)|0⟩  

= 𝑃𝜇𝐹𝜇1…𝜇𝑝(𝑆𝛼)
𝑇𝒞Γ𝜇Γ𝜇1…𝜇𝑝𝑆̃𝛽̇(0,0)|0⟩  

= 𝑃𝜇𝐹𝜇1…𝜇𝑝(𝑆𝛼)
𝑇𝒞 (Γ𝜇

𝜇1…𝜇𝑝 + 𝑝𝛿𝜇
[𝜇1Γ𝜇2…𝜇𝑝]) 𝑆̃𝛽̇(0,0)|0⟩ 

 = 0

 

𝑃[𝜇𝐹𝜇1…𝜇𝑝] = 0 ⟹ 𝑑𝐹(𝑝) = 0  

𝑃𝜇𝐹𝜇1…𝜇𝑝
𝜇

= 0⟹ 𝑑 ⋆10 𝐹
(𝑝) = 0  

𝐹(6) =⋆10 𝐹
(4),

𝐹(8) =⋆10 𝐹
(2),

 

(⋆10 𝐹
(𝑝))

𝜇1…𝜇𝑑−𝑝
= √−𝑔𝜀𝜇1…𝜇𝑑−𝑝𝜈1…𝜈𝑝𝐹

𝜈1…𝜈𝑝 .  

𝑆= ∫  𝑑𝑑𝑥√−𝑔𝐹𝜇1…𝜇𝑝𝐹
𝜇1…𝜇𝑝 

= ∫  𝑑𝑑𝑥√−𝑔|𝐹(𝑝)|
2

 

 = ∫  
ℳ𝑑

 𝐹(𝑝) ∧⋆ 𝐹(𝑝)

 

𝐹𝜇𝜈 = (

0 𝐸1 𝐸2 𝐸3
−𝐸1 0 𝐵3 −𝐵2
−𝐸2 −𝐵3 0 𝐵1
−𝐸3 𝐵2 −𝐵1 0

) .  

(⋆ 𝐹)𝜇𝜈 = 𝜀
𝜇𝜈𝜌𝜎𝐹𝜌𝜎 = 𝐹̃

𝜇𝜈 = (

0 𝐵1 𝐵2 𝐵3
−𝐵1 0 −𝐸3 𝐸2
−𝐵2 𝐸3 0 𝐸1
−𝐵3 −𝐸2 𝐸1 0

) .  

𝐸⃗⃗ ⟶ 𝐵⃗⃗

𝐵⃗⃗ ⟶ −𝐸⃗⃗
 

𝜕𝜇𝐹
𝜇𝜈 = 0;  

𝜕𝜇𝐹̃
𝜇𝜈 = 0  

𝜕𝜇𝐹
𝜇𝜈 = 𝑗electr. 

𝜈

𝜕𝜇𝐹̃
𝜇𝜈 = 𝑗magn. 

𝜈  

𝐹 ⟷ 𝐹̃ =⋆ 𝐹
𝑗electr.  ⟷ 𝑗magn. .

 

∫  
𝒮2

  ⋆ 𝐹(2) = ∫  
𝒮2

  𝐸⃗⃗ ⋅ 𝑑𝑠 = 𝑞𝑒  

∫  
𝒮2

 𝐹(2) = ∫  
𝒮2

  𝐵⃗⃗ ⋅ 𝑑𝑠 = 𝑞𝑚  
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∫ 
𝛾

 𝐴(1) = ∫  𝑑𝜏𝐴𝜇𝑥̇
𝜇

 

Ψ𝑞𝑒(𝑥⃗) ⟶ 𝑒
𝑖𝑞𝑒 ∫  𝛾  𝐴

(1)

Ψ𝑞𝑒(𝑥⃗).
 

𝛾 = 𝜕𝐷1 = −𝜕𝐷2.  

∫ 
𝛾

 𝐴(1) = ∫  
𝜕𝐷1

 𝐴(1) = ∫  
𝐷1

 𝐹(2),  

∫ 
𝛾

 𝐴(1) = ∫  
−𝜕𝐷2

 𝐴(1) = −∫  
𝐷2

 𝐹(2)  

−∫  
𝐷2

 𝐹(2) = −∫  
𝒮2

 𝐹(2) +∫  
𝐷1

 𝐹(2)  

 

𝑒−𝑖𝑞𝑒 ∫  
𝑆2
 𝐹(2) = 𝑒−𝑖𝑞𝑒𝑞𝑚 = 1,  

𝑞𝑒𝑞𝑚 = 2𝜋𝑛,  with 𝑛 ∈ ℤ,  

𝑞̂𝑒𝑞̂𝑚 = 2𝜋.  

𝑞∫ 
𝛾

 𝐴(1) = 𝑞∫  𝑑𝜏𝐴𝜇𝑥̇
𝜇

 

1

2𝜋𝛼′
∫  
WS

 𝐵(2) =
1

2𝜋𝛼′
∫  
WS

 𝑑2𝜎𝐵𝜇𝜈𝜕𝑋
𝜇𝜕‾𝑋𝜈  

⟨𝐷(𝑝) ∣ 𝒱⟩ = ⟨𝒱(0,0)⟩disk
𝐷(𝑝)BC
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Tr{𝑒−2𝜋𝑡𝐻} =
 Cardy 

⟨𝐵𝑎|𝑒
−2
𝜋
𝑡
(𝐻+𝐻‾ )|𝐵𝑎⟩ = ⟨𝐵𝑎|𝟙𝑒

−2
𝜋
𝑡
(𝐻+𝐻‾ )𝟙|𝐵𝑎⟩

= ∑  

𝒱,𝒱′

  ⟨𝐵𝑎 ∣ 𝒱⟩⟨𝒱|𝑒
−2
𝜋
𝑡
(𝐻+𝐻‾ )|𝒱′⟩⟨𝒱′ ∣ 𝐵𝑎⟩ =∑  

𝒱

  |⟨𝒱 ∣ 𝐵𝑎⟩|
2𝑒−

𝜋
𝑡
(ℎ𝒱+ℎ𝒱) 
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⟨𝐷(𝑝)| = 𝑇𝑝⟨NSNS| + 𝜇𝑝⟨RR|,  

𝜇𝑝 = ∫  
𝒮8−𝑝

  ⋆ 𝐹(𝑝+2) = ∫  
𝒮8−𝑝

 𝐹(8−𝑝)  
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𝜇𝑝𝜇6−𝑝 = 2𝜋.  

{
𝐷(0)-brane: ⟨𝐷(0)| = 𝑇0⟨NSNS| + 𝜇0⟨RR|

 anti- 𝐷(0)-brane: ⟨𝐷(0)| = 𝑇0⟨NSNS| − 𝜇0⟨RR|

{
𝐷(2)-brane: ⟨𝐷(2)| = 𝑇2⟨NSNS| + 𝜇2⟨RR|

 anti- 𝐷(2)-brane: ⟨𝐷(2)| = 𝑇2⟨NSNS| − 𝜇2⟨RR|

⋮

 

⟨𝐷(𝑝) − 𝐷(𝑝)| = 2𝑇𝑝⟨NSNS|.  

⟨𝐷(1)| = 𝑇1⟨NSNS|.  

𝑇(𝑧)  = 𝑇‾(𝑧‾)

NS) 𝐺(𝑧)  = 𝐺‾(𝑧‾)

R) 𝐺(𝑧)  = {
+𝐺‾(𝑧‾)  for 𝑧 = 𝑧‾ < 0

−𝐺‾(𝑧‾)  for 𝑧 = 𝑧‾ > 0

 

𝑇ℂ = {
𝑇UHP(𝑧)  for Im(𝑧) > 0

𝑇‾UHP(𝑧
∗)  for Im(𝑧) < 0

 

𝜖 = {
+1  for NS
−1  for R

.  

𝐺ℂ
(𝜖)
(𝑧) = {

𝐺UHP(𝑧)  for Im(𝑧) > 0

{
𝐺‾UHP(𝑧

∗)  for Im(𝑧) > 0, Re(𝑧) < 0

𝜖𝐺‾UHP(𝑧
∗)  for Im(𝑧) > 0, Re(𝑧) > 0

 

𝐺ℂ
(𝜖)
(𝑧𝑒2𝑖𝜋) = 𝜖𝐺ℂ

(𝜖)
(𝑧),  

𝑗𝜇(𝑧) = ΩA
(𝑗)
𝑗‾𝜇(𝑧‾)  for 𝑧 = 𝑧‾  
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ΩA
(𝑗)
= {
+1 for A =  𝔑 

−1 for A =  𝔇
 

𝛿SUSY
(𝜖)

𝜓𝜇(𝜖)(𝑧) = 𝑗𝜇(𝑧)  

𝜓𝜇(𝜖)(𝑧) = {
ΩA
(𝜓)
𝜓‾𝜇(𝜖)(𝑧‾)  for 𝑧 = 𝑧‾ < 0

𝜖ΩA
(𝜓)
𝜓‾𝜇(𝜖)(𝑧‾)  for 𝑧 = 𝑧‾ > 0

 

⟨𝐷(𝑝1)|𝑒
−
𝜋
𝑡
(𝐿0+𝐿‾0−

𝑐
12
)|𝐷(𝑝2)⟩ = Trℋ12 {𝑒

−2𝜋𝑡(𝐿0−
𝑐
24
)
}  

(
𝜙11 𝜙12
𝜙21 𝜙22

)  

(
𝜙11 𝜙12
𝜙21 𝜙22

) ⟶ (
GSO±(+) GSO±(+)

GSO±(+) GSO±(+)
)  

 ∫  
∞

0

 
𝑑𝑡

(2𝑡)2
Tr⊥ [(−1)𝔽

1

2
(1 + (−1)𝐹)𝑒

−2𝜋𝑡(𝐿0−
1
2
)
] =

 = ∫  
∞

0

 
𝑑𝑡

(2𝑡)2
(
1

2𝑡
)

𝑝−1
2
𝑒
−
𝑡(Δ𝑦)2

2𝜋𝛼′ (
1

𝜂(𝑖𝑡)
)
8

(
𝜃3 

4 − 𝜃4 
4 − 𝜃2 

4

𝜂4
) (𝑖𝑡)

 =
1

4𝜋
∫  
∞

0

 𝑑𝑠 (
𝜋

𝑠
)

𝑑⊥
2
𝑒
−
(Δ𝑦)2

2𝛼′𝑠 (
1

√2𝜂 (
𝑖𝑠
𝜋)
)

8

(
𝜃3 

4 − 𝜃4 
4 − 𝜃2 

4

𝜂4
)(
𝑖𝑠

𝜋
)

 =
1

4𝜋
∫  
∞

0

 𝑑𝑠⟨𝐷(𝑝)|𝑒
−𝑠(𝐿0+𝐿‾0−

𝑐
12
)
|𝐷(𝑝)⟩ = 0

 

 

(
1

𝜂 (
𝑖𝑠
𝜋)
)

8

(
[𝜃3 

4 − 𝜃4 
4]NSNS − [𝜃2 

4]RR
𝜂4

)(
𝑖𝑠

𝜋
) ∼
𝑠→∞

(16NSNS − 16RR) + (0)𝑒
−𝑠 +⋯  

( 16⏞
NS

− 16⏞
R

⏟    
=0

 matching of bosonic 

 and fermionic d.o.f. 

)𝐺(Δ𝑦) = 0,
 

 tension ⏟    
 produces gravitational attraction 

 between the two 𝐷(𝑝)-branes 

=  R-R charge ⏟        
 produces electric repulsion 

 between the two 𝐷(𝑝)-branes 

.
 

  𝑋𝜇 , 𝜓𝜇 ⟶ {
NS) GSONS

+

R) GSOR
+

 𝑋𝑖, 𝜓𝑖  ⟶ {
NS) GSONS

+

R) GSOR
+

 

𝐴𝜇(𝑃)𝜓1
2

𝜇
|0, 𝑃⟩NS + 𝜆𝑖(𝑃)𝜓

−
1
2

𝜇
|0, 𝑃⟩NS  

𝐺1
2
⟹ 𝑃 ⋅ 𝐴 = 0, 𝐿0⟹ 𝑃2 = 0  
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𝜒𝛼(𝑃)|𝛼, 𝑃⟩R + 𝜒𝛼̇(𝑃)|𝛼̇, 𝑃⟩R,  

𝛼 = (±
1

2
,±
1

2
,±
1

2
,±
1

2
,±
1

2
) ,  

𝛼 = (±
1

2
,±
1

2⏟    
𝑎,𝑎̇

, ±
1

2
,±
1

2
,±
1

2⏟        
𝐼,𝐼‾

),
 

 

 

𝑆𝒩=4
SYM =

1

𝑔𝑠
∫  𝑑4𝑥Tr{𝐹𝜇𝜈𝐹

𝜇𝜈 + 𝐷𝜇𝜆
𝑖𝐷𝜇𝜆𝑖 + [𝜆𝑖, 𝜆𝑗][𝜆

𝑖, 𝜆𝑗]

+𝜒‾𝐼‾ϕ̸𝐼 + 𝜒‾𝐼[𝜒𝐼‾, 𝜆𝑖]𝛾𝑖
𝐼,𝐼‾} + (𝛼′ corrections )
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1

4𝜋
∫  
∞

0

 𝑑𝑠⟨𝐷‾ (𝑝)|𝑒
−𝑠(𝐿0+𝐿‾0−

𝑐
12
)
|𝐷(𝑝)⟩ =

=
1

4𝜋
∫  
∞

0

 𝑑𝑠 (
𝜋

𝑠
)

𝑑⊥
2
𝑒
−
(Δ𝑦)2

2𝛼′𝑠 (
1

√2𝜂 (
𝑖𝑠
𝜋)
)

8

(
𝜃3 

4 − 𝜃4 
4 + 𝜃2 

4

𝜂4
)(
𝑖𝑠

𝜋
) 

 = ∫  
∞

0

 
𝑑𝑡

(2𝑡)2
(
1

2𝑡
)

𝑝−1
2
𝑒
−
𝑡(Δ𝑦)2

2𝜋𝛼′ (
1

𝜂(𝑖𝑡)
)
8

(
𝜃3 

4 + 𝜃4 
4 − 𝜃2 

4

𝜂4
)(𝑖𝑡)

 

𝜃2/𝜂 ↔ 𝜃4/𝜂. 

(
𝜙11 𝜙12
𝜙21 𝜙22

) ⟶ (
GSO+(+) GSO+(−)
GSO−(−) GSO−(+)

)  

|𝐷(𝑝) − 𝐷(𝑝)⟩ = 2𝑇𝑝|NS − NS⟩  

◻ 𝑡 − 𝑉′(𝑡) = 0  

𝑡 = 0,  

𝑡 = 𝑡∗𝑒
𝑖𝜃  
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lim
𝑥→∞

 𝑡(𝑥⃗) = lim
|𝑥|→∞

 𝑡(|𝑥|𝑒𝑖𝜃𝑥) = 𝑡∗𝑒
𝑖𝜃𝑡 ,  
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𝑚: 𝒮1
(𝑥)
⟶ 𝒮1

(𝑡)
,  

|𝛼⟩R  = 𝑆𝛼(0)|0⟩
|𝛼̇⟩R  = 𝑆𝛼̇(0)|0⟩

 

𝜓𝐼
+(𝑧1)𝜓𝐽

−(𝑧2) =
𝛿𝐼𝐽

(𝑧1 − 𝑧2)

𝜓𝐼
±(𝑧1)𝜓𝐽

±(𝑧2) = 0

 

𝐻𝐼(𝑧1)𝐻𝐽(𝑧2) = −𝛿𝐼𝐽log (𝑧1 − 𝑧2)  

𝑇𝐻(𝑧) =
1

2
: 𝜕𝐻 ⋅ 𝜕𝐻: (𝑧).  

𝑒+𝑖𝐻𝐼(𝑧1)𝑒
−𝑖𝐻𝐽(𝑧2) =

𝛿𝐼𝐽
(𝑧1 − 𝑧2)

,

𝑒±𝑖𝐻𝐼(𝑧1)𝑒
±𝑖𝐻𝐽(𝑧2) = 0.

 

𝜓𝐼
±(𝑧) = 𝑒±𝑖𝐻𝐼(𝑧)  

𝑆𝛼(𝑧) = 𝑒
𝑖 ∑  𝐼  𝑠𝐼𝐻𝐼(𝑧)  

𝑠𝐼 = {±
1

2
,±
1

2
,±
1

2
,±
1

2
,±
1

2
}  

ℎ(𝑆𝛼) = ℎ(𝑆𝛼̇) =
5

8
 

(𝜂, 𝜉) ⊕ 𝜑  

𝛽(𝑧) = 𝑒−𝜑𝜕𝜉(𝑧)

𝛾(𝑧) = 𝜂𝑒𝜑(𝑧)
 

ℎ(𝜂) = 1, ℎ(𝜉) = 0  

𝜉(𝑧1)𝜂(𝑧2) =
1

(𝑧1 − 𝑧2)
.  

𝑇(𝜂,𝜉)(𝑧) =: (𝜕𝜂)𝜉: (𝑧) − 𝜕(: 𝜂𝜉: )(𝑧)  

⟨0|𝜉0|0⟩ = 1  

𝜑(𝑧1)𝜑(𝑧2) = −log (𝑧1 − 𝑧2).  

𝑇𝜑(𝑧) = −
1

2
(𝜕𝜑)(𝜕𝜑) − 𝜕2𝜑  

ℎ(𝑒𝑞𝜑) = −
𝑞

2
(𝑞 + 2)  

𝑒𝑞𝜑 = {
𝟙 ⟶ 𝑞 = 0

𝑒−2𝜑 ⟶ 𝑞 = −2
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⟨𝟙⟩ = 0, ⟨𝑒−2𝜑⟩ = 1 ≠ 0  

𝑄𝜑 = ∮   0
𝑑𝑧

2𝜋𝑖
(−𝜕𝜑) = ∮   0

𝑑𝑧

2𝜋𝑖
𝑗𝜑(𝑧)  

[𝑄𝜑, 𝑒
𝑞𝜑] = 𝑞𝑒𝑞𝜑  

𝑇𝜑(𝑧1)𝑗𝜑(𝑧2) = −
2

(𝑧1 − 𝑧2)
3
+

𝑗𝜑(𝑧2)

(𝑧1 − 𝑧2)
2
+
𝜕𝑗𝜑(𝑧2)

(𝑧1 − 𝑧2)
+ ( 𝔖 )  

𝑄𝜑|0⟩ = 0 →
ℐ(𝑧)=−

1
𝑧
 

⟨0|(𝑄𝜑 + 2) = 0,
 

⟨∏  

𝑖

 𝑒𝑞𝑖𝜑(𝑧1)⟩ ≠ 0 ⟺∑ 

𝑖

 𝑞𝑖 = −2.  

|0⟩NS = 𝑒
−𝜑(0)|0⟩, |𝛼

(⋅)
⟩R = 𝑆(⋅)𝑒

−
𝜑
2(0)|0⟩  

𝑗𝑝(𝑧) =: 𝜉𝜂: (𝑧) − 𝜕𝜑(𝑧) =: 𝜉𝜂: (𝑧) + 𝑗𝜑(𝑧)  

Field 𝑝 

𝛽 0 

𝛾 0 

𝜂 -1 

𝜉 1 

𝑒−𝑞𝜑 −𝑞 

|0⟩NS -1 

|𝛼⟩R −
1

2
 

 

⟨𝜉𝑒−2𝜑
1

2
(𝜕2𝑐)(𝜕𝑐)𝑐(𝑧)⟩

LHS

chiral

= 1  

𝜉(𝑧) = ∑  

∞

𝑛=0

  𝜉𝑛𝑧
−𝑛 = 𝜉0 +∑  

∞

𝑛=1

 𝜉𝑛𝑧
−𝑛  
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⟨… ⟩SHS = ⟨𝜉0(… )⟩LHS  

⟨𝑒−2𝜑
1

2
(𝜕2𝑐)(𝜕𝑐)𝑐(𝑧)⟩

SHS

chiral

= 1  

𝜉0 = ∮   0
𝑑𝑧

2𝜋𝑖

1

𝑧
𝜉(𝑧), 𝜂0 = ∮   0

𝑑𝑧

2𝜋𝑖
𝜂(𝑧)  

[𝜂0, 𝜉0] = 1  

𝜕

𝜕𝜉0
= 𝜂0 = 0  

SHS = ℋ𝑆 = ker(𝜂0).  

𝑄𝐵 = ∮   0
𝑑𝑧

2𝜋𝑖
𝑗B(𝑧),  

𝑄𝐵
2 = 0, 𝜂0

2 = 0  

[𝑄𝐵, 𝜂0] = 0.  

[𝜂0, 𝜉(𝑧)] = 1, [𝑄𝐵, −𝑐𝜉𝜕𝜉𝑒
−2𝜑(𝑧)] = 1.  

𝒳(𝑧) = [𝑄𝐵 , 𝜉(𝑧)]

𝒴(𝑧) = [𝜂0, −𝑐𝜉𝜕𝜉𝑒
−2𝜑(𝑧)] = 𝑐𝜕𝜉𝑒−2𝜑(𝑧)

 

{
[𝑄𝐵, 𝒳(𝑧)] = 0
[𝜂0, 𝒳(𝑧)] = 0

, {
[𝑄𝐵, 𝒴(𝑧)] = 0
[𝜂0, 𝒴(𝑧)] = 0

,  

lim
𝑧→0
 𝒳(𝑧)𝒴(0) = 1  

𝒳0 = ∮   0
𝑑𝑧

2𝜋𝑖

1

𝑧
𝒳  

𝒳0𝜙𝑝 = 𝜙𝑝+1, 𝑄𝐵𝜙𝑝+1 = 0  

… ⇄
𝒳

𝒴
𝜙𝑝−1 ⇄

𝒳

𝒴
𝜙𝑝 ⇄

𝒳

𝒴
𝜙𝑝+1 ⇄

𝒳

𝒴
… .  

𝜓𝐼
±(𝑧)  = 𝑒±𝑖𝐻𝐼(𝑧)

𝛽(𝑧)  = 𝑒−𝜑𝜕𝜉(𝑧)

𝛾(𝑧)  = 𝜂𝑒𝜑(𝑧)

 

∣  NS state ⟩  = 𝑒𝑖𝑣𝐼𝐻𝐼+𝑣6𝜑,  with 𝑣𝐼 , 𝑣6 ∈ ℤ,

∣  R state ⟩  = 𝑒𝑖𝑠𝐼𝐻𝐼+𝑠6𝜑,  with 𝑠𝐼 , 𝑠6 ∈ ℤ +
1

2
.

 

 integer +  integer  =  integer 

 integer +  half-integer  =  half-integer 

 half-integer +  half-integer  =  integer 
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∣ NS state ⟩ ⋅∣ NS state ⟩  ≈∣ NS state ⟩
∣ NS state ⟩ ⋅∣ R state ⟩  ≈∣ R state ⟩
∣ R state ⟩ ⋅∣ R state ⟩  ≈∣ NS state ⟩

 

NS ⟶

{
 
 

 
 GSONS

+ where ∑ 

𝐼

 𝑣𝐼 + 𝑣6 is even 

GSONS
− where ∑ 

𝐼

 𝑣𝐼 + 𝑣6 is odd 

R ⟶

{
 
 

 
 GSOR

+ where ∑ 

𝐼

  𝑠𝐼 + 𝑠6 is even 

GSOR
− where ∑ 

𝐼

  𝑠𝐼 + 𝑠6 is odd 

 

GSONS
+ ⋅ GSONS

+ ≈ GSONS
+  

𝑒𝑖𝑝𝐼𝐻𝐼+𝑝6𝜑(𝑧1)𝑒
𝑖𝑞𝐼𝐻𝐼+𝑞6𝜑(𝑧2) = (𝑧1 − 𝑧2)

−𝑝𝐼𝑞𝐼+𝑝6𝑞6𝑒𝑖(𝑝𝐼+𝑞𝐼)𝐻𝐼+(𝑝6+𝑞6)𝜑(𝑧2).  

−𝑝𝐼𝑞𝐼 + 𝑝6𝑞6 ∈ ℤ  

GSONS
− (𝑧1) ⋅ GSOR

±(𝑧2) ≈
1

√𝑧1 − 𝑧2

GSOR
−(𝑧1) ⋅ GSOR

+(𝑧2) ≈
1

√𝑧1 − 𝑧2

 

GSONS
+ ⊕GSOR

+, GSONS
+ ⊕GSOR

−.  

𝑄𝛼(𝑧)  = 𝑆𝛼𝑒
−
𝜑
2(𝑧)

𝑄‾𝛼̇(𝑧)  = 𝑆‾𝛼̇𝑒
−
𝜑‾
2(𝑧‾)

 

𝑆𝛼(𝑧1)𝑆𝛽(𝑧2)  =
1

√2

(Γ𝜇)𝛼𝛽

(𝑧1 − 𝑧2)
3
4

𝜓𝜇(𝑧2)

𝑆𝛼(𝑧1)𝑆𝛽̇(𝑧2)  =
𝐶𝛼𝛽̇

(𝑧1 − 𝑧2)
5
4

+
1

2

Γ𝜇Γ𝜈

(𝑧1 − 𝑧2)
1
4

: 𝜓𝜇𝜓𝜈: (𝑧2)

𝑒−
𝜑
2(𝑧1)𝑒

−
𝜑
2(𝑧2)  =

1

(𝑧1 − 𝑧2)
1
4

𝑒−𝜑(𝑧2)
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𝑄𝛼(𝑧1)𝑄𝛽(𝑧2) =
1

√2

(Γ𝜇)𝛼𝛽
(𝑧1 − 𝑧2)

𝜓𝜇𝑒−𝜑(𝑧2),  

𝒳0(𝜓
𝜇𝑒−𝜑) = 𝑗𝜇 .  

𝑄𝛼(𝑧1)𝑄𝛽̇(𝑧2) =
𝐶𝛼𝛽̇

(𝑧1 − 𝑧2)
3
2

𝑒−𝜑(𝑧2) +
1

2

Γ𝜇Γ𝜈

(𝑧1 − 𝑧2)
1
2

: 𝜓𝜇𝜓𝜈: (𝑧2).  

𝑄𝛼(𝑧) = 𝒫𝛼
𝛽
𝑄‾𝛽(𝑧‾)  for 𝑧 = 𝑧‾  

𝑄𝛼(𝑧1)𝑄𝛽(𝑧2) =
1

√2

(Γ𝑀)𝛼𝛽
(𝑧1 − 𝑧2)

𝜓𝑀𝑒−𝜑(𝑧2).  
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𝒫𝛼
𝛾
𝑄‾𝛾(𝑧‾1)𝒫𝛽

𝛿𝑄‾𝛿(𝑧‾2) =
1

√2

(Γ𝑀)𝛼𝛽
(𝑧1 − 𝑧2)

Ω𝑁
(𝜓)
 𝑁
𝑀𝜓‾𝑁𝑒−𝜑‾ .  

Ω𝑁
𝑀 = (

𝛿𝜈
𝜇

0

0 −𝛿𝑗
𝑖) ⟷ Ω𝐴 = {

+1 for A =  𝒩
−1 for A =  𝒟 

 

{
𝑗𝑀(𝑧) = Ω𝑁

𝑀𝑗‾𝑁(𝑧‾)  for 𝑧 = 𝑧‾

𝜓𝑀(𝑧) = Ω𝑁
𝑀𝜓‾𝑁(𝑧‾)  for 𝑧 = 𝑧‾

.  

𝒫𝛼  
𝛾𝒫𝛽  

𝛿(Γ𝑁)𝛾𝛿 = (Γ𝑀)𝛼𝛽Ω𝑀
𝑁 ,  

𝒫Γ𝑁𝒞
−1𝒫𝑇 = Ω𝑁

𝑀Γ𝑀𝒞
−1,  

𝒫𝑝
± = ± ∏  

9

𝑖=𝑝+2

  (Γ𝑖Γ),  

𝑄𝛼(𝑧) = 𝒫𝛼
𝛽̇
𝑄𝛽̇(𝑧‾)  for 𝑧 = 𝑧‾  

𝑄(𝑧) = 𝒫𝑄‾(𝑧‾)  for 𝑧 = 𝑧‾  

𝒫𝑝
± = ± ∏  

9

𝑖=𝑝+2

  (Γ𝑖Γ)  

∫  
ℳ𝑝+1

𝐶(𝑝+1)⟶ {
> 0 ⇒  positive orientation 

< 0 ⇒  negative orientation 
⇒ 𝐷(𝑝)-brane  

𝑄 + 𝒫𝑞𝑄‾ = 𝑄 + (𝒫𝑝𝒫𝑝
−1)𝒫𝑞𝑄‾ = 𝑄 +𝒫𝑝 (∏  

𝑖∈ND

 Γ𝑖)𝑄‾.  

𝒫𝑝
−1𝒫𝑞𝑄‾ = 𝑄‾,  

𝑝 − 𝑞 = 4𝑛,  with 𝑛 ∈ ℕ.  

𝑔𝑠
heterotic =

1

𝑔𝑠
type I  

ℳ1,𝑑 = ℝ1,𝑑−1 × 𝒮𝑅
1,  

𝑦 ∼ 𝑦 + 2𝜋𝑅.  

◻𝜙(𝑥𝜇 , 𝑦) = 0,  

𝜙(𝑥𝜇 , 𝑦) = ∑  

𝑛∈ℤ

 𝜙𝑛(𝑥
𝜇)𝑒𝑖𝑛

𝑦
𝑅 ,  

𝜙−𝑛
∗ (𝑥𝜇) = 𝜙𝑛(𝑥

𝜇).  
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◻𝜙(𝑥𝜇 , 𝑦) = ∑  

𝑛∈ℤ

 (◻𝑥−
𝑛2

𝑅2
)𝜙𝑛(𝑥

𝜇)𝑒𝑖𝑛
𝑦
𝑅 = 0.  

(◻𝑥−
𝑛2

𝑅2
)𝜙𝑛(𝑥

𝜇) = 0.  

𝑚𝑛
2 =

𝑛2

𝑅2
 

𝐴𝜇(𝑥, 𝑦) = 𝐴𝜇
0(𝑥) +∑  

𝑛≠0

 𝐴𝜇
𝑛(𝑥)𝑒𝑖𝑛𝑦/𝑅  

𝐴𝑦(𝑥, 𝑦) = 𝐴𝑦
0(𝑥) +∑  

𝑛≠0

 𝐴𝑦
𝑛(𝑥)𝑒𝑖𝑛𝑦/𝑅  

−
1

4
∫  𝑑𝑑𝑥𝑑𝑦𝐹𝑀𝑁𝐹

𝑀𝑁 = −
1

4
∫  𝑑𝑑𝑥(𝐹𝜇𝜈𝐹

𝜇𝜈 + 𝜕𝜇𝜙𝜕
𝜇𝜙 +  𝒦fields  )  

𝑔𝑀𝑁 = (
𝑔𝜇𝜈 − 𝑒

2𝜙𝐴𝜇𝐴𝜈 𝑒2𝜙𝐴𝜇

𝑒2𝜙𝐴𝜇 𝑒2𝜙.
)  

∫  𝑑𝑑𝑥𝑑𝑦𝑅(𝑑+1) = ∫  𝑑𝑑𝑥 (𝑅(𝑑) −
1

4
𝑒2𝜙𝐹𝜇𝜈𝐹

𝜇𝜈 − 2𝑒−𝜙 ◻ 𝑒𝜙 +  𝒦fields  ) .  

𝑌(𝑅)(𝑤,𝑤‾ ) = 𝑌(𝑤,𝑤‾ ) + 𝐴𝜎,  

𝜎 → 𝜎 + 2𝜋 ⟹  𝑦 → 𝑦 + 2𝜋𝑅𝜔,  

𝐴 = 𝑅𝜔  

𝑧 = 𝑒𝑤, 𝑤 = 𝑡 + 𝑖𝜎  

𝑌(𝑧, 𝑧‾) = 𝑌0 −
𝑖

2
𝛼′(𝑃𝑦 + 𝑅𝜔/𝛼

′)log 𝑧 −
𝑖

2
𝛼′(𝑃𝑦 − 𝑅𝜔/𝛼

′)log 𝑧‾ +  (𝒪oscillators)  

𝑃𝑦 =
𝑛

𝑅
,  with 𝑛 ∈ ℤ  

𝑌(𝑧, 𝑧‾) = 𝑌0 −
𝑖

2
𝛼′ (

𝑛

𝑅
+
𝑅𝜔

𝛼′
) log 𝑧 −

𝑖

2
𝛼′ (

𝑛

𝑅
−
𝑅𝜔

𝛼′
) log 𝑧‾ +  (𝒪oscillators)  

𝑌(𝑧, 𝑧‾) = 𝑌𝐿(𝑧) + 𝑌𝑅(𝑧‾)

{
 
 

 
 
𝑌𝐿(𝑧) =

𝑌0 − 𝑐

2
−
𝑖

2
(𝛼′

𝑛

𝑅
+ 𝑅𝜔) log 𝑧 + 𝑖√

𝛼′

2
∑  

𝑚≠0

 
𝛼𝑚
𝑦

𝑚
𝑧−𝑚

𝑌𝑅(𝑧‾) =
𝑌0 + 𝑐

2
−
𝑖

2
(𝛼′

𝑛

𝑅
− 𝑅𝜔) log 𝑧‾ + 𝑖√

𝛼′

2
∑  

𝑚≠0

 
𝛼̃𝑚
𝑦

𝑚
𝑧‾−𝑚
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{
 
 

 
 
𝑗(𝑧) = 𝑖√

2

𝛼′
𝜕𝑌𝐿(𝑧) = ∑  

𝑚∈ℤ

 𝛼𝑚
𝑦
𝑧−𝑚−1

𝑗‾(𝑧‾) = 𝑖√
2

𝛼′
𝜕‾𝑌𝑅(𝑧‾) = ∑  

𝑚∈ℤ

  𝛼̃𝑚
𝑦
𝑧‾−𝑚−1

 

{
  
 

  
 
𝛼0
𝑦
= ∮

𝑑𝑧

2𝜋𝑖
𝑗(𝑧) = √

𝛼′

2
(
𝑛

𝑅
+
𝑅𝜔

𝛼′
) ≡ √

𝛼′

2
𝑝𝐿

0

𝛼̃0
𝑦
= ∮

𝑑𝑧‾

2𝜋𝑖
𝑗‾(𝑧‾) = √

𝛼′

2
(
𝑛

𝑅
−
𝑅𝜔

𝛼′
) ≡ √

𝛼′

2
𝑝𝑅

0

 

𝒫̂  =
1

√2𝛼′
(𝛼0

𝑦
+ 𝛼̃0

𝑦
),

𝒲̂  =
1

√2𝛼′
(𝛼0

𝑦
− 𝛼̃0

𝑦
),

 

|
𝑛

𝑅
⟩ = 𝑒𝑖

𝑛
𝑅
(𝑌𝐿+𝑌𝑅)(𝑧, 𝑧‾)|0⟩|

𝑧=𝑧‾=0
 

𝒫̂ |
𝑛

𝑅
⟩ =

𝑛

𝑅
|
𝑛

𝑅
⟩  

|
𝜔𝑅

𝛼′
⟩ = 𝑒

𝑖
𝜔𝑅
𝛼′
(𝑌𝐿−𝑌𝑅)(𝑧, 𝑧‾)|0⟩|

𝑧=𝑧‾=0
 

𝒲̂ |
𝜔𝑅

𝛼′
⟩ =

𝜔𝑅

𝛼′
|
𝜔𝑅

𝛼′
⟩  

⟦

𝑌(𝑧, 𝑧‾)  = 𝑌𝐿(𝑧) + 𝑌𝑅(𝑧‾)

 = 𝑌0 − 𝑖
𝛼′

2
𝒫̂log 𝑧𝑧‾ − 𝑖

𝛼′

2
𝒲̂log 

𝑧

𝑧‾
+ 𝑖√

𝛼′

2
∑  

𝑚≠0

 (
𝛼𝑚
𝑦

𝑚
𝑧−𝑚 +

𝛼̃𝑚
𝑦

𝑚
𝑧‾−𝑚)

𝑌̃(𝑧, 𝑧‾)  = 𝑌𝐿(𝑧) − 𝑌𝑅(𝑧‾𝑧)

 = 𝐶 − 𝑖
𝛼′

2
𝒲̂log 𝑧𝑧‾ − 𝑖

𝛼′

2
𝒫̂log 

𝑧

𝑧‾
+ 𝑖√

𝛼′

2
∑  

𝑚≠0

 (
𝛼𝑚
𝑦

𝑚
𝑧−𝑚 −

𝛼̃𝑚
𝑦

𝑚
𝑧‾−𝑚)

⟧ 
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𝒱𝑛,𝜔(𝑧, 𝑧‾)= 𝑒
𝑖
𝑛
𝑅
𝑌(𝑧, 𝑧‾) ⋅ 𝑒

𝑖
𝑅𝜔
𝛼′
𝑌̃
(𝑧, 𝑧‾)  

 = 𝑒
𝑖(
𝑛
𝑅
+
𝑅𝜔
𝛼′
)𝑌𝐿(𝑧) ⋅ 𝑒

𝑖(
𝑛
𝑅
−
𝑅𝜔
𝛼′
)𝑌𝑅(𝑧‾)

 

[𝐿0, 𝒱𝑛,𝜔(𝑧, 𝑧‾)] =
𝛼′

4
(
𝑛

𝑅
+
𝑅𝜔

𝛼′
)
2

𝒱𝑛,𝜔(𝑧, 𝑧‾)

[𝐿‾0, 𝒱𝑛,𝜔(𝑧, 𝑧‾)] =
𝛼′

4
(
𝑛

𝑅
−
𝑅𝜔

𝛼′
)
2

𝒱𝑛,𝜔(𝑧, 𝑧‾)

 

𝐿0 + 𝐿‾0=
1

2
(𝛼0
2 + 𝛼̃0

2) + 𝑁 + 𝑁̃ = 2  

 

 = (
𝛼′𝑃2

2
+
𝛼′

2
(
𝑛

𝑅
)
2

+
𝛼′

2
(
𝑅𝜔

𝛼′
)
2

) + 𝑁 + 𝔑̃

 

𝛼′𝑃2

2
= −

𝛼′𝑚2

2
 

𝑚2 = (
𝑛

𝑅
)
2

⏟
 Kaluza-Klein 

 momentum 

+ (
𝑅𝜔

𝛼′
)
2

⏟  
winding 

+
2(𝑁 + 𝑁̃)

𝛼′⏟      
oscillators 

−
4

𝛼′⏟
 zero point 

 energy 

,
 

𝐿0 − 𝐿‾0=
1

2
(𝛼0
2 − 𝛼̃0

2) + 𝑁 − 𝔑̃ = 0  

=
1

2
((𝛼0

𝑦
)
2
− (𝛼̃0

𝑦
)
2
) + 𝑁 − 𝔑̃ 

=
1

2
(4
𝛼′

2

𝑛

𝑅

𝑅𝜔

𝛼′
) + 𝑁 − 𝔑̃  

=
1

2
(2𝑛𝜔) + 𝑁 − 𝔑̃,  

 

 

𝑛𝜔 = 𝑁̃ − 𝑁  

𝐺𝑀𝑁(𝑃)𝛼−1
𝑀 𝛼̃−1

𝑁 |0, 𝑃⟩.  

𝑆𝑂(1, 𝑑) ⟶ 𝑆𝑂(1, 𝑑 − 1)⏟        
𝜇

 

𝐺𝑀𝑁 ⟶ {

𝐺𝜇𝜈
𝐺𝜇𝑦 , 𝐺𝑦𝜈
𝐺𝑦𝑦

 

ℎ𝑀𝑁  ⟶ ℎ𝜇𝜈 , 𝐴𝜇 = ℎ𝜇𝑦( and 𝐴𝜈 = ℎ𝑦𝜈), 𝜑 = ℎ𝑦𝑦

𝐵𝑀𝑁  ⟶ 𝐵𝜇𝜈 , 𝐵𝜇 = 𝐵𝜇𝑦( and 𝐵𝜈 = 𝐵𝑦𝜈)

Φ ⟶ Φ

 

1

𝑅
=
𝑅

𝛼′
.  

𝑅 = √𝛼′.  
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𝛼′𝑚2 = 𝑛2 +𝜔2 + 2(𝑁 + 𝑁̃) − 4.  

{
𝑛 = ±2,𝜔 = 0
𝑛 = 0,𝜔 = ±2

 

{
𝑛 = ±1,𝜔 = ±1
𝑛 = ±1,𝜔 = ∓1

 

{1 = 𝑁 − 𝑁̃
−1 = 𝑁 − 𝑁̃

⟹ {
𝑁 = 1, 𝑁̃ = 0

𝑁 = 0, 𝑁̃ = 1
 

{
 
 

 
 | ± 1,±1⟩ = 𝑒

±
2𝑖

√𝛼′
𝑌𝐿
(𝑧)|0⟩|

𝑧=0

| ± 1,∓1⟩ = 𝑒
±
2𝑖

√𝛼′
𝑌𝑅
(𝑧‾)|0⟩|

𝑧‾=0

 

𝐴𝐿,𝜇
(0)
𝑗𝜇𝑗𝑦𝑒𝑖𝑃⋅𝑋(𝑧, 𝑧‾)

𝐴𝐿,𝜇
(+)
𝑗𝜇𝑒

2𝑖

√𝛼′
𝑌𝑅
𝑒𝑖𝑃⋅𝑋(𝑧, 𝑧‾)

𝐴𝐿,𝜇
(−)
𝑗𝜇𝑒

−2𝑖

√𝛼′
𝑌𝑅
𝑒𝑖𝑃⋅𝑋(𝑧, 𝑧‾)

 

𝐴𝑅,𝜇
(0)
𝑗𝑦

−𝑗𝜇𝑒𝑖𝑃⋅𝑋(𝑧, 𝑧‾)

𝐴𝑅,𝜇
(+)
𝑒
2𝑖

√𝛼′
𝑌𝐿
𝑗‾𝜇𝑒𝑖𝑃⋅𝑋(𝑧, 𝑧‾)

𝐴𝑅,𝜇
(−)
𝑒
−2𝑖

√𝛼′
𝑌𝐿
𝑗‾𝜇𝑒𝑖𝑃⋅𝑋(𝑧, 𝑧‾)

 

𝑗0  = 𝑗𝑦

𝑗+  = 𝑒
2𝑖

√𝛼′
𝑌𝐿

𝑗−  = 𝑒
−
2𝑖

√𝛼′
𝑌𝐿

 

𝑗1  =
1

√2
(𝑗+ + 𝑗−) = √2cos (2𝑌)

𝑗2  =
1

√2
(𝑗+ − 𝑗−) = √2sin (2𝑌)

𝑗3  = 𝑗0

 

𝑗𝑎(𝑧1)𝑗
𝑏(𝑧2) =

𝛿𝑎𝑏

(𝑧1 − 𝑧2)
2
+ 𝑖𝜀𝑐

𝑎𝑏
𝑗𝑐(𝑧2)

(𝑧1 − 𝑧2)
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{𝑚
2 = (

𝑛

𝑅
)
2

+ (
𝑅𝜔

𝛼′
)
2

+
2(𝑁 + 𝑁̃)

𝛼′
−
4

𝛼′

𝑛𝜔 = 𝑁 − 𝑁̃

 

{𝑅 ⟶
𝛼′

𝑅
𝑛 ⟶

 

𝑌 → 𝑌̃ ⟹ {
𝑌𝐿 → 𝑌𝐿
𝑌𝑅 → −𝑌𝑅

 

𝑗𝑦(𝑧) = Ω(𝑗
𝑦)𝑗‾(𝑧‾),  for 𝑧 = 𝑧‾  

𝑗𝑦(𝑧) = −Ω(𝑗
𝑦)𝑗‾(𝑧‾),  for 𝑧 = 𝑧‾  

 𝔑 ⟷
𝑇-duality 

 𝔇.  

 

{
𝛿SUSY√2/𝛼

′𝑌 = 𝜓𝑦

𝛿SUSY𝜓
𝑦 = 𝑗𝑦

 

𝑌𝑅 →
𝑇-duality  

− 𝑌𝑅  ⟹ 𝜓‾𝑦 →
𝑇-duality  

−𝜓‾𝑦,  

𝜓‾0
𝑦

→
𝑇-duality  

−𝜓‾0
𝑦  

(−1)𝐹‾ = Γ‾11𝑒
−𝑖𝜋∑  𝑛≥1  𝜓‾ −𝑛⋅𝜓‾ 𝑛  

Γ‾11𝑒
−𝑖𝜋∑  𝑛≥1  𝜓‾ −𝑛⋅𝜓‾ 𝑛 →

𝑇-duality  
− Γ‾11(−1)

−𝑖𝜋∑  𝑛≥1  𝜓‾ −𝑛⋅𝜓‾ 𝑛 .  

 type IIA 𝑇-duality  type IIB 

 compactified on 𝑆𝑅
1 ⟷  compactified on 𝑆𝛼′/𝑅

1  

𝑋𝑅 
9 →
𝑇-duality  

− 𝑋𝑅 
9,  

𝑆̃𝛼 →
𝑇-duality  

(Γ11Γ
9𝑆̃)

𝛼
 

𝑆𝑇𝒞Γ𝑗𝑆̃ →
𝑇-duality  

{
𝑆𝑇𝒞Γ𝑗Γ9𝑆̃  for 𝑗 ≠ 9

𝑆𝑇𝒞𝑆̃  for 𝑗 = 9
 

𝐹(𝑝)𝑆𝑇𝒞Γ𝜇1…𝜇9𝑆̃ →
𝑇-duality  

{
𝐹(𝑝−1)  for 9 ∈ {𝜇1, … , 𝜇9}

𝐹(𝑝+1)  for 9 ∉ {𝜇1, … , 𝜇9}
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𝐷(2𝑝)-brane →
𝑇-duality  

{
 

 𝐷(2𝑝 − 1)-brane 
 if the 𝐷(2𝑝)-brane was 

 wrapped around 𝒮1

𝐷(2𝑝 + 1)-brane 
 if the 𝐷(2𝑝)-brane was not 

 wrapped around 𝒮1

.  

𝑒−Φ →
𝑇-duality  

𝑒−Φ
′
= 𝑒−Φ

𝑅

√𝛼′
,  

𝑔𝑠 = 𝑒
⟨Φ⟩  →

𝑇-duality  
𝑔𝑠
′ = 𝑔𝑠

√𝛼′

𝑅
,  

𝑆IIB =
1

2𝐾10
2 ∫  𝑑

10𝑥√−𝐺 {𝑒−2Φ (𝑅 + 4(𝜕Φ)2 −
1

2
|𝐻(3)|

2
) +⋯}  

𝐺𝑀𝑁
(E)
= 𝑒−

1
2
Φ𝐺𝑀𝑁

(s)  

𝑆IIB =
1

2𝐾10
2 ∫  𝑑

10𝑥√−𝐺(𝐸) {𝑅 −
𝜕𝜇𝜏𝜕

𝜇𝜏‾

2(Im(𝜏))2
−
1

2

|𝐺(3)|
2

Im(𝜏)
−
1

4
|𝐹(5)|}

 +
1

8𝑖𝐾10
2 ∫  

1

Im(𝜏)
𝐺(4) ∧ 𝐺(3) ∧ 𝐺‾(3)

 

𝜏 = 𝐶(0) + 𝑖𝑒
−Φ  

𝐺(3) = 𝐹(3) − 𝑖𝑒
−Φ𝐻(3)  

𝜏 ⟶ 
𝑎𝜏 + 𝑏

𝑐𝜏 + 𝑑
 

(
𝐶(2)
𝐵(2)

)  ⟶ (
𝑎 𝑏
𝑐 𝑑

)(
𝐶(2)
𝐵(2)

)  

𝑆: 𝜏 ⟶ −
1

𝜏
 

𝑆: 𝑔𝑠 ⟶
1

𝑔𝑠
.  

𝐵2 → −𝐶2
𝐶2 → 𝐵2.

 

𝑇𝑝 =
1

𝑔𝑠
(
1

2𝜋
)
𝑝

(𝛼′)−
𝑝+1
2 .  
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𝑇𝐷(1) =
1

2𝜋𝑔𝑠𝛼
′
⟷
𝑆 1

2𝜋𝛼′
,  

𝑆: 𝛼′⟶ 𝑔𝑠𝛼
′.  

𝐷(3) ⟷
𝑆
𝐷(3)  

𝑇𝐷(3) =
1

(2𝜋)3𝑔𝑠(𝛼
′)2
⟷
𝑆 𝑔𝑠
(2𝜋)3(𝑔𝑠𝛼

′)2
=

1

(2𝜋)3𝑔𝑠(𝛼
′)2
= 𝑇𝐷(3).  

𝐹(5)⟷
𝑆
𝐹(5).  

𝐷(5) ⟷
𝑆
𝑁𝑆(5)-brane  

𝑇𝐷(5) =
1

(2𝜋)5𝑔𝑠(𝛼
′)3
⟷
𝑆 1

(2𝜋)5𝑔𝑠
2(𝛼′)3

 

𝑇𝐷(0) =
1

𝑔𝑠√𝛼
′

 

𝑇𝑛𝐷(0) = 𝑛𝑇𝐷(0)  

(𝑚𝑛𝐷(0))
2
= (

𝑛

𝑔𝑠√𝛼′
)

2

 

𝑚𝑛
2 = (

𝑛

𝑅
)
2

 

𝑅 = 𝑔𝑠√𝛼
′.  

𝑆𝑑=11 =
1

2𝐾11
2 ∫  𝑑

11𝑥√−𝐺 (𝑅 −
1

2
|𝑑𝐴(3)|

2
)

 +
1

2𝐾11
2 (−

1

6
)∫  𝐴(3) ∧ 𝐹(4) ∧ 𝐹(4)

 

ℳ11 = ℝ1,9 × 𝒮𝑅
1  

𝐾11
2 = 2𝜋𝑅𝐾10

2  
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𝐺𝑀𝑁 ⟶ {

𝐺𝜇𝜈(𝜇, 𝜈 = 0,1,… ,9)

𝐺𝜇10 → 𝐶𝜇

𝐺1010 → 𝑒2Φ   

 

𝐴𝑀𝑁𝑃 ⟶ {
𝐴𝜇𝜈𝜌(𝜇, 𝜈, 𝜌 = 0,1,… ,9)   

𝐴𝜇𝜈10 → 𝐵𝜇𝜈     
 

 

𝑇𝑀(2) =
(𝑚11)

3

(2𝜋)2
 

𝐾10 =
(4𝜋𝛼′)2

2√𝜋
𝑔𝑠

𝐾11
2 = 2𝜋𝑅𝐾10

2 =
1

4𝜋
(
2𝜋

𝑚11
)
2

.

 

𝑅11 = 𝑔𝑠√𝛼
′  

𝑚11 = 𝑔𝑠
−
1
3
1

√𝛼′
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𝛼′ =
𝑙11
3

𝑅11
, 𝑔𝑠 = (

𝑅11
𝑙11
)

3
2
,  

𝑇𝑀(2) =
1

(2𝜋)2
1

𝑔𝑠

1

(𝛼′)
3
2

= 𝑇𝐷(2)  

𝑇𝑀(2)/𝒮1 = 2𝜋𝑅𝑇𝑀(2) =
1

2𝜋𝛼′
 

𝐹(7) =⋆11 𝐹
(4) = 𝑑𝐴(6)  

𝑇𝑀(5) =
𝑚11
6

(2𝜋)5
 

𝑇𝑀(2)𝑇𝑀(5) =
2𝜋

2𝐾11
2  

𝑇𝑀(5) =
𝑚11
6

(2𝜋)5
=

1

(2𝜋)5
1

𝑔𝑠
2

1

(𝛼′)3
= 𝑇𝑁𝑆(5)  

𝑇𝑀(5)/𝒮1 = 2𝜋𝑅𝑇𝑀(5) =
1

(2𝜋)4
1

𝑔𝑠

1

(𝛼′)
5
2

= 𝑇𝐷(4)  

(0,1), (2,3), … , (𝑑 − 2, 𝑑 − 1)  

𝐼 = 0,1, … ,
𝑑

2
− 1 = (0, 𝑗)  with 𝑗 = 1,… ,

𝑑

2
− 1  

[𝜓𝜇 , 𝜓𝜈] = 𝜂𝜇𝜈  

𝜓0
±  ≡

𝑖

√2
(𝜓0

0 ± 𝜓0
1)

𝜓𝑗
±  ≡

1

√2
(𝜓0

2𝑗
± 𝑖𝜓0

2𝑗+1
)

 

[𝜓𝐼
+, 𝜓𝐽

−] = 𝛿𝐼,𝐽,

[𝜓𝐼
±, 𝜓𝐽

±] = 0.
 

𝜓+| + 1/2⟩ = 0
𝜓−| + 1/2⟩ = | − 1/2⟩
𝜓−| − 1/2⟩ = 0

 

|0⟩ = | + 1/2⟩ ⊗ | + 1/2⟩⊗⋯⊗ | + 1/2⟩⏟                        
𝑑
2

 times 

= |+1/2,+1/2,… ,+1/2⏟              
𝑑
2

 times 

⟩,
 

|𝛼⟩ = | ± 1/2⟩ ⊗ | ± 1/2⟩⊗⋯⊗ | ± 1/2⟩⏟                        
𝑑
2

 times 

= |±1/2,±1/2,… ,±1/2⏟              
𝑑
2

 times 

⟩.
 

𝛼 = 1,⋯ , 2
𝑑
2 .  
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[𝜓0
+, 𝜓0

−] = 𝜓0
+𝜓0

− + 𝜓0
−𝜓0

+ = 𝛿0,0 = 1.  

−𝜓0
0𝜓0

1=
1

2
(𝜓0

+ + 𝜓0
−)(𝜓0

+ − 𝜓0
−) 

= −
1

2
(𝜓0

−𝜓0
+ − 𝜓0

+𝜓0
−)  

 = 𝜓0
+𝜓0

− −
1

2
,

−𝑖𝜓0
2𝑗
𝜓0
2𝑗+1

 = 𝜓𝑗
+𝜓𝑗

− −
1

2
.

 

𝜒𝐼 = {
−𝜓0

0𝜓0
1  if 𝐼 = 0

−𝑖𝜓0
2𝑗
𝜓0
2𝑗+1

 if 𝐼 = 𝑗
 ⇒  𝜒𝐼 = 𝜓𝐼

+𝜓𝐼
− −

1

2
,  

𝜒𝐼| + 1/2⟩ = 𝜓𝐼
+𝜓𝐼

− −
1

2
| + 1/2⟩ = (1 −

1

2
) | + 1/2⟩ =

1

2
| + 1/2⟩

𝜒𝐼| − 1/2⟩ = 𝜓𝐼
+𝜓𝐼

− −
1

2
| − 1/2⟩ = (0 −

1

2
) | + 1/2⟩ = −

1

2
| + 1/2⟩

 

Γ = 2𝑛∏ 

𝑛−1

𝐼=0

 𝜒𝐼 = −(−𝑖)
𝑛−1Γ0Γ1…Γ(2𝑛−2)Γ(2𝑛−1)  

 

Γ|𝛼⟩  = +|𝛼⟩
Γ|𝛼̇⟩  = −|𝛼̇⟩

 

Γ𝜇𝜈 = [Γ𝜇 , Γ𝜈]  

[Γ𝜇𝜈 , Γ] = 0  

𝜂̃(𝜏) = 𝑞
1
24∏ 

∞

𝑙=1

  (1 − 𝑞𝑙),  with 𝑞 = 𝑒2𝜋𝑖𝜏, |𝑞| < 1  

𝜂 (−
1

𝜏
) = √−𝑖𝜏𝜂(𝜏)  

1

12
𝑖𝜋𝜏 − log 𝜂(𝜏) = −∑ 

∞

𝑙=1

 log (1 − 𝑞𝑙) = ∑  

∞

𝑘,𝑙=1

 
1

𝑘
𝑞𝑙𝑘 =∑  

∞

𝑘=1

 
1

𝑘

1

𝑞−𝑘 − 1
.  

−
𝑖𝜋

12𝜏
− log 𝜂 (−

1

𝜏
) = −

𝑖𝜋

12𝜏
−
1

2
log 

𝜏

𝑖
− log 𝜂(𝜏) = ∑  

∞

𝑘=1

 
1

𝑘

1

𝑒
2𝜋𝑖𝑘
𝜏 − 1

.  
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𝜋𝑖

12
(𝜏 +

1

𝜏
) +

1

2
log 

𝜏

𝑖
= ∑  

∞

𝑘=1

 
1

𝑘
[

1

𝑒−2𝜋𝑖𝑘𝜏 − 1
−

1

𝑒2𝜋𝑖𝑘/𝜏 − 1
] .  

𝑓𝜈(𝑧) =
1

𝑧
𝑔(𝜈𝑧), 𝜈 = (𝑛 +

1

2
)𝜋, (𝑛 = 0,1,… )  

Res𝑧𝑘(𝑓𝜈) =
1

𝜋𝑘
cot 

𝜋𝑘

𝜏
, Res𝑧𝑘

𝜏(𝑓𝜈) =
1

𝜋𝑘
cot 𝜋𝑘𝜏  

Res0(𝑓𝜈) = −
1

3
(𝜏 +

1

𝜏
)  

 

𝜋𝑖

12
(𝜏 +

1

𝜏
) +

1

8
∫ 
𝒞

 𝑓𝜈(𝑧)𝑑𝑧=
𝑖

2
∑  

𝑛

𝑘=1

 
1

𝑘
(cot 𝜋𝑘𝜏 + cot 𝜋𝑘/𝜏)  

 = ∑  

𝑛

𝑘=1

 
1

𝑘
[

1

𝑒−2𝜋𝑖𝑘𝜏 − 1
−

1

𝑒2𝜋𝑖𝑘/𝜏 − 1
]
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lim
𝑛→∞

 ∫  
𝒞

 𝑓𝜈(𝑧)𝑑𝑧 = (∫  
𝜏

1

 − ∫  
−1

𝜏

 + ∫  
−𝜏

−1

 − ∫  
1

−𝜏

 )
𝑑𝑧

𝑧
= 4log 

𝜏

𝑖
 

𝜙𝑖𝜑
𝑖  = ∑  

𝑖

 𝜙𝑖𝜑𝑖

𝜙𝑎𝜑
𝑎  = ∫  𝑑𝑎𝜙(𝑎)𝜑(𝑎)

 

 ∫  𝑑𝑥𝜕𝑥𝛿(𝑥 − 𝑥0)𝑓(𝑥) = lim
ℎ→0

 ∫  𝑑𝑥
𝛿(𝑥+ℎ−𝑥0)−𝛿(𝑥−𝑥0)

ℎ
𝑓(𝑥) = lim

ℎ→0
 
𝑓(𝑥0−ℎ)−𝑓(𝑥0)

ℎ
= −𝑓′(𝑥0) 

∫  𝑑𝑥𝜕𝑥0𝛿(𝑥 − 𝑥0)𝑓(𝑥) = limℎ→0
 ∫  𝑑𝑥

𝛿(𝑥−ℎ−𝑥0)−𝛿(𝑥−𝑥0)

ℎ
𝑓(𝑥) = lim

ℎ→0
 
𝑓(𝑥0+ℎ)−𝑓(𝑥0)

ℎ
= 𝑓′(𝑥0). 

 𝛿𝐵𝜙 = 𝑖[𝜙, 𝑄𝐵], for 𝜙 = (𝑋𝜇 , 𝑐, 𝑏). 

 𝐴𝑝 = 𝐴𝜇1⋯𝜇𝑝𝑑𝑥
𝜇1 ∧ ⋯∧ 𝑑𝑥𝜇𝑝 , ( 𝐷 − 𝑝 )-form ∗ 𝐴𝑝 = 𝐴

𝜇1⋯𝜇𝑝𝜖𝜇1⋯𝜇𝑑𝑑𝑥
𝜇𝑝+1 ∧ ⋯∧ 𝑑𝑥𝜇𝐷 

 𝐿0
tot  𝑏0|𝜓⟩ = 𝑄|𝜓⟩ = 0 [𝑄, 𝑏0]|𝜓⟩ = 𝐿0

tot |𝜓⟩ = 0. 

 𝜕𝜇𝐴
𝜇 = 0, 𝛿𝐴𝜇 = 𝜕𝜇𝜆 ◻ 𝜆 = 0. 

 𝜙′(𝑧′) = 𝜙(𝑧) + 𝛿𝜙(𝑧) + 𝜕𝜙(𝑧)𝛿𝑧, 𝑧′ = 𝑧 + 𝛿𝑧. 

 ∫  
∞

−∞
𝑑𝑥1𝑑𝑥2𝑑𝑥3. 

 ( ℎ, ℎ‾ ), 𝑠 = ℎ − ℎ‾. 

 ∼ 𝑐𝑒−𝜑/2𝑆𝛼|0⟩𝑆𝐿(2,ℂ). 

8𝑖⊗8𝑖 = 1⊕ 28⊕ 35,  with 𝑖 = 𝑉, 𝐶, 𝑆,
8𝑖⊗8𝑗 = 8𝑘⊕56,  with 𝑖 ≠ 𝑗 ≠ 𝑘.

 

𝑑𝑠2 = 𝑔𝜇𝜈𝑑𝑥
𝜇𝑑𝑥𝜈 .  

𝛿𝑣𝛼 = −Γ𝛼  𝜇𝜈𝑣
𝜇𝑑𝑥𝜈 , ∇𝜇𝑣𝜈 = 𝜕𝜇𝑣𝜈 − Γ𝜇𝜈

𝜆 𝑣𝜆 .  

Γ{𝜇𝜈}
𝛼 =

1

2
𝑔𝛼𝜆(𝜕𝜇𝑔𝜆𝜈 + 𝜕𝜈𝑔𝜇𝜆 − 𝜕𝜆𝑔𝜇𝜈), Γ[𝜇𝜈]

𝛼 = 0.  

𝑅𝜎𝜇𝜈
𝜌
(𝑔) = 𝜕𝜇Γ𝜈𝜎

𝜌
(𝑔) − 𝜕𝜈Γ𝜇𝜎

𝜌
(𝑔) + Γ𝜇𝜆

𝜌
(𝑔)Γ𝜈𝜎

𝜆 (𝑔) − Γ𝜈𝜆
𝜌
(𝑔)Γ𝜇𝜎

𝜆 (𝑔),  

𝑆 =
1

16𝜋𝐺
∫   d4𝑥√−𝑔(𝑅(𝑔) − 2Λ) + 𝑆𝑚𝑎𝑡𝑡𝑒𝑟  

𝑅𝜇𝜈 −
1

2
𝑔𝜇𝜈𝑅 + Λ𝑔𝜇𝜈 = 8𝜋𝐺𝑇𝜇𝜈  

𝑇𝜇𝜈
𝛼 − 𝑔𝛼 𝜇𝑇𝜈𝜌

𝜌
− 𝑔𝛼  𝜈𝑇𝜌𝜇

𝜌
= 8𝜋𝐺𝑆𝜇𝜈

𝛼  

𝑑𝑥𝑎 = 𝑒𝜇
𝑎𝑑𝑥𝜇  
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𝜂𝑎𝑏 = 𝑔𝜇𝜈(𝑥)𝑒𝑎
𝜇
(𝑥)𝑒𝑏

𝜈(𝑥)  and  𝑔𝜇𝜈(𝑥) = 𝜂𝑎𝑏𝑒𝜇
𝑎(𝑥)𝑒𝜈

𝑏(𝑥)  

𝐷𝜇
𝜔𝑋𝑎 = 𝜕𝜇𝑋

𝑎 +𝜔𝜇𝑏
𝑎 𝑋𝑏 , 𝐷𝜇

𝜔𝑌𝑎𝑏 = 𝜕𝜇𝑌
𝑎𝑏 +𝜔𝜇𝑐

𝑎 𝑌𝑐𝑏 +𝜔𝜇𝑐
𝑏 𝑌𝑎𝑐  

𝑒𝑎 = 𝑒𝜇
𝑎𝑑𝑥𝜇 , 𝜔𝑎𝑏 = 𝜔𝜇

𝑎𝑏𝑑𝑥𝜇  

𝑅𝜇𝜈  
𝑎𝑏(𝜔) = 𝜕𝜇𝜔𝜈  

𝑎𝑏 − 𝜕𝜈𝜔𝜇 
𝑎𝑏 + 𝜔𝜇 

𝑎  𝑐𝜔𝜈 
𝑐𝑏 −𝜔𝜈  

𝑎 𝑐𝜔𝜇 
𝑐𝑏 , 

𝑅𝑎𝑏(𝜔) = 𝑑𝜔𝑎𝑏 +𝜔𝑐
𝑎 ∧ 𝜔𝑐𝑏 =

1

2
𝑅𝜇𝜈
𝑎𝑏(𝜔)𝑑𝑥𝜇 ∧ 𝑑𝑥𝜈 

𝑇𝜇𝜈
𝑎 = 𝑇𝜇𝜈

𝜌
𝑒𝜌
𝑎 𝑇𝜇𝜈

𝑎 = 𝐷𝜇
𝜔𝑒𝜈

𝑎 − 𝐷𝜈
𝜔𝑒𝜇

𝑎

𝑇𝑎 = 𝐷𝜔𝑒𝑎 = 𝑑𝑒𝑎 +𝜔𝑏
𝑎 ∧ 𝑒𝑏

 

𝐷𝜔𝑅𝑎𝑏 = 0,𝐷𝜔𝑇𝑎 = 𝑅𝑎𝑏 ∧ 𝑒𝑏  

𝑆 =
1

64𝜋𝐺
∫  𝑑4𝑥𝜖𝑎𝑏𝑐𝑑 (𝑅𝜇𝜈𝑎𝑏(𝜔)𝑒𝜌𝑘𝑒𝜎𝑑 −

Λ

3
𝑒𝜇𝑎𝑒𝜈𝑏𝑒𝜌𝑐𝑒𝜎𝑑) 𝜖

𝜇𝜈𝜌𝜎  

𝑆(𝜔, 𝑒) =
1

32𝜋𝐺
∫  (𝑅𝑎𝑏(𝜔) ∧ 𝑒𝑐 ∧ 𝑒𝑑 −

Λ

6
𝑒𝑎 ∧ 𝑒𝑏 ∧ 𝑒𝑐 ∧ 𝑒𝑑) 𝜖𝑎𝑏𝑐𝑑  

𝐷(𝑒𝑎 ∧ 𝑒𝑏𝜖𝑎𝑏𝑐𝑑) = 0, (𝑅
𝑎𝑏(𝜔) ∧ 𝑒𝑐 −

Λ

3
𝑒𝑎 ∧ 𝑒𝑏 ∧ 𝑒𝑐) 𝜖𝑎𝑏𝑐𝑑 = 0  

0 = 𝐷𝜔𝑒𝑎 = 𝑑𝑒𝑎 +𝜔𝑏
𝑎 ∧ 𝑒𝑏  

𝜔𝜇
𝑎𝑏(𝑒) = 𝑒𝜈𝑎∇𝜇𝑒𝜈

𝑏 = 𝑒𝜈𝑎(𝜕𝜇𝑒𝜈
𝑏 − Γ𝜇𝜈

𝜆 (𝑔)𝑒𝜆
𝑏)  

𝑅𝜎𝜇𝜈
𝜌
(𝑔) = 𝑅𝜇𝜈

𝑎𝑏(𝜔(𝑒))𝑒𝑎
𝜌
𝑒𝜎𝑏  

𝑆 =
1

32𝜋𝐺
∫  𝑅𝑎𝑏 ∧ 𝑒𝑐 ∧ 𝑒𝑑𝜖𝑎𝑏𝑐𝑑  

𝐴𝜇
𝑎𝑏 = 𝜔𝜇

𝑎𝑏, 𝐴𝜇
𝑎4 =

1

ℓ
𝑒𝜇
𝑎  

Λ

3
= −

1

ℓ2
 

𝐹𝐼𝐽(𝐴) =
1

2
𝐹𝜇𝜈
𝐼𝐽
𝑑𝑥𝜇 ∧ 𝑑𝑥𝜈 

𝐹𝐼𝐽(𝐴) = 𝑑𝐴𝐼𝐽 + 𝐴𝐼𝐾 ∧ 𝐴𝐾
𝐽 , 𝐹𝜇𝜈

𝐼𝐽 = 𝜕𝜇𝐴𝜈
𝐼𝐽 − 𝜕𝜈𝐴𝜇

𝐼𝐽 + 𝐴𝜇𝐾
𝐼 𝐴𝜈

𝐾𝐽 − 𝐴𝜈𝐾
𝐼 𝐴𝜇

𝐾𝐽
 

𝐹𝜇𝜈
𝑎4 =

1

ℓ
(𝜕𝜇𝑒𝜈

𝑎 +𝜔𝜇 
𝑎  𝑏𝑒𝜈

𝑏 − 𝜕𝜈𝑒𝜇
𝑎 −𝜔𝜈  

𝑎 𝑏𝑒𝜇
𝑏) =

1

ℓ
(𝐷𝜇

𝜔𝑒𝜈
𝑎 − 𝐷𝜈

𝜔𝑒𝜇
𝑎) =

1

ℓ
𝑇𝜇𝜈
𝑎  

𝐹𝜇𝜈
𝑎𝑏 = 𝑅𝜇𝜈

𝑎𝑏 +
1

ℓ2
(𝑒𝜇
𝑎𝑒𝜈
𝑏 − 𝑒𝜈

𝑎𝑒𝜇
𝑏)  
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𝑅𝜇𝜈
𝑎𝑏 = 𝜕𝜇𝜔𝜈

𝑎𝑏 − 𝜕𝜈𝜔𝜇
𝑎𝑏 + 𝜔𝜇𝑐

𝑎 𝜔𝜈
𝑐𝑏 −𝜔𝜈𝑐

𝑎 𝜔𝜇
𝑐𝑏  

𝐹𝐼𝐽  →  𝐹̂𝐼𝐽 = 𝐹𝑎𝑏  where  𝐹𝑎𝑏 = 𝑅𝑎𝑏 +
1

ℓ2
𝑒𝑎 ∧ 𝑒𝑏  

𝑆𝑀𝑀(𝐴) =
ℓ2

64𝜋𝐺
∫  tr(𝐹̂ ∧⋆ 𝐹̂)

𝑆𝑀𝑀(𝐴) =
ℓ2

64𝜋𝐺
∫  (𝑅𝑎𝑏 +

1

ℓ2
𝑒𝑎 ∧ 𝑒𝑏) ∧ (𝑅𝑐𝑑 +

1

ℓ2
𝑒𝑐 ∧ 𝑒𝑑) 𝜖𝑎𝑏𝑐𝑑

 

32𝜋𝐺𝑆𝑀𝑀 = ∫   𝔈Einstein/ℭCartan +
1

2ℓ2
∫   𝛬cosmological +

ℓ2

2
∫   𝜁Euler   

1

2
𝜖𝑎𝑏𝑐𝑑 (𝑅

𝑎𝑏 +
1

ℓ2
𝑒𝑎 ∧ 𝑒𝑏) ∧ 𝑒𝑐  = 16𝜋𝐺𝑡𝑑

𝜖𝑎𝑏𝑐𝑑𝑇
𝑐 ∧ 𝑒𝑑  = 16𝜋𝐺𝑠𝑎𝑏

 

𝑡𝑑 =
1

3!
𝑇𝑑𝑓𝜖

𝑎𝑏𝑐𝑓𝑒𝑎 ∧ 𝑒𝑏 ∧ 𝑒𝑐 , 𝑠𝑚𝑛 =
1

3!
𝑆𝑚𝑛
𝑓
𝜖𝑎𝑏𝑐𝑓𝑒𝑎 ∧ 𝑒𝑏 ∧ 𝑒𝑐  

(𝜖𝐼𝐽𝐾𝐿𝑎𝐹
𝐾𝐿 ∧ 𝐴𝑎4 − 16𝜋𝐺𝑠𝐼𝐽) ∧ 𝛿𝐴

𝐼𝐽 = 0

𝛿(𝜖𝑎𝑏𝑐𝑑4𝐹
𝑎𝑏 ∧ 𝐹𝑐𝑑) − 16𝜋𝐺𝑠𝐼𝐽 ∧ 𝛿𝐴

𝐼𝐽 = 0
 

𝑠𝐼𝐽 = {
𝑠𝑎𝑏
𝑠𝑎4 = 𝑡𝑎

 

16𝜋𝑆𝐵𝐹(𝐴, 𝐵) = ∫  tr (𝐵 ∧ 𝐹 −
𝛼

4
𝐵̂ ∧⋆ 𝐵̂) ,  

𝛿𝐵𝑎5: 𝐹
𝑎5 =

1

ℓ
𝑇𝑎 = 0, 𝛿𝐵𝑎𝑏: 𝐹

𝑎𝑏 =
𝛼

2
𝜖𝑎𝑏𝑐𝑑𝐵𝑐𝑑 

𝑆𝐵𝐹(𝐴, 𝐵) ≡ 𝑆𝑀𝑀(𝐴) 

𝜔𝑖
𝑎 = 𝜔𝑖

0𝑎 +
𝑖

2
𝜖0𝑎𝑏𝑐𝜔𝑖𝑏𝑐, 𝒫𝑎

𝑖 =
4

16𝜋𝐺
𝜖𝑎𝑏𝑐𝜖

𝑖𝑗𝑘𝑒𝑗
𝑏𝑒𝑘
𝑐 

 𝛾𝜔𝑖
𝑎 = 𝜔𝑖

0𝑎 +
𝛾

2
𝜖0𝑎𝑏𝑐𝜔𝑖𝑏𝑐 ,  and  𝒫𝑎

𝑖 =
4

16𝜋𝐺
𝜖𝑎𝑏𝑐𝜖

𝑖𝑗𝑘𝑒𝑗
𝑏𝑒𝑘
𝑐, 

{ 𝛾𝜔𝑖
𝑎(𝑥), 𝒫𝑏

𝑗
(𝑦)} = 𝛾𝛿(𝑥 − 𝑦)𝛿𝑖

𝑗
𝛿𝑏
𝑎 

2

64𝜋𝐺𝛾
𝜖𝜇𝜈𝜌𝜎𝑅𝜇𝜈

𝑎𝑏𝑒𝜌𝑎𝑒𝜎𝑏  

ℒ𝐸𝐶 = 𝑅
𝑎𝑏 ∧ 𝑒𝑐 ∧ 𝑒𝑑𝜖𝑎𝑏𝑐𝑑  

ℒΛ = 𝑒
𝑎 ∧ 𝑒𝑏 ∧ 𝑒𝑐 ∧ 𝑒𝑑𝜖𝑎𝑏𝑐𝑑  

𝐻4 = 𝑅
𝑎𝑏 ∧ 𝑒𝑎 ∧ 𝑒𝑏  
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ℰ4= 𝑅
𝑎𝑏 ∧ 𝑅𝑐𝑑𝜖𝑎𝑏𝑐𝑑  

𝒫4= 𝑅
𝑎𝑏 ∧ 𝑅𝑎𝑏  

𝒩𝒴4 = 𝑇
𝑎 ∧ 𝑇𝑎 − 𝑅

𝑎𝑏 ∧ 𝑒𝑎 ∧ 𝑒𝑏

 

𝐹𝐼𝐽(𝐴) ∧ 𝐹𝐼𝐽(𝐴) = 𝑅
𝑎𝑏(𝜔) ∧ 𝑅𝑎𝑏(𝜔) −

2

ℓ2
(𝑇𝑎 ∧ 𝑇𝑎 − 𝑅𝑎𝑏 ∧ 𝑒

𝑎 ∧ 𝑒𝑏)

𝒫5(𝐴) = 𝒫4(𝜔) −
2

ℓ2
𝒩𝒴4

 

𝑃4 =
1

4
∫  𝑑4𝑥𝑅𝜇𝜈𝑎𝑏𝑅𝜌𝜎

𝑎𝑏𝜖𝜇𝜈𝜌𝜎

𝐸4 =
1

4
∫  𝑑4𝑥𝑅𝜇𝜈𝑎𝑏𝑅𝜌𝜎𝑐𝑑𝜖

𝑎𝑏𝑐𝑑𝜖𝜇𝜈𝜌𝜎

𝑁𝑌4 =
1

4
∫  𝑑4𝑥(𝑇𝜇𝜈𝑎𝑇𝜌𝜎

𝑎 − 2𝑅𝜇𝜈𝑎𝑏𝑒𝜈
𝑎𝑒𝜌
𝑏)𝜖𝜇𝜈𝜌𝜎

 

𝑁𝑌4= 2∫  𝜕𝜇(𝑒𝜈𝛼𝑇𝜌𝜎
𝛼 )𝜖𝜇𝜈𝜌𝜎 = 4∫  𝜕𝜇(𝑒𝜈𝛼𝒟𝜌

𝜔𝑒𝜎
𝛼)𝜖𝜇𝜈𝜌𝜎 

𝑃4 = ∫  𝑅𝜇𝜈𝑎𝑏𝑅𝜌𝜎
𝑎𝑏𝜖𝜇𝜈𝜌𝜎 = 4∫  𝜕𝜇𝐶

𝜇(𝜔)
 

𝐶𝜇(𝜔) = (𝜔𝜈𝑎𝑏𝜕𝜌𝜔𝜎
𝑎𝑏 +

2

3
𝜔𝜈𝑎𝑏𝜔𝜌

𝑎  𝑐𝜔𝜎
𝑐𝑏) 𝜖𝜇𝜈𝜌𝜎  

𝐶𝜇(𝐴) = 𝐶𝜇(𝜔) −
2

ℓ2
(𝑒𝑎𝜈𝐷𝜌

𝜔𝑒𝜎
𝑎)𝜖𝜇𝜈𝜌𝜎  

±𝜔𝜇𝑎𝑏=
1

2
(𝜔𝜇

𝑎𝑏 ∓
𝑖

2
𝜖𝑐𝑑
𝑎𝑏𝜔𝜇

𝑐𝑑)

 ±𝑅𝜇𝜈
𝑎𝑏 =

1

2
(
1

2
𝛿𝑐𝑑
𝑎𝑏 ∓

𝑖

2
𝜖𝑐𝑑
𝑎𝑏)𝑅𝜇𝜈

𝑐𝑑 ,  ±𝑅𝜇𝜈
𝑎𝑏 =

1

2
(𝑅𝜇𝜈

𝑎𝑏 ∓
𝑖

2
𝜖𝑐𝑑
𝑎𝑏𝑅𝜇𝜈

𝑐𝑑) ,

 

𝜖𝜇𝜈𝜎𝜌±𝑅𝜇𝜈
𝑎𝑏±𝑅𝜌𝜎𝑎𝑏 =

1

4
𝜖𝜇𝜈𝜎𝜌(2𝑅𝜇𝜈

𝑎𝑏𝑅𝜌𝜎𝑎𝑏 ∓ 𝑖𝑅𝜇𝜈
𝑎𝑏𝑅𝜌𝜎

𝑐𝑑𝜖𝑎𝑏𝑐𝑑).

4𝜕𝜇𝒞
𝜇( ±𝜔) =

1

4
(2𝒫4(𝜔) ∓ 𝑖ℰ4(𝜔)).

 

𝑃4 = 4∫  (𝜕𝜇𝒞
𝜇( +𝜔) + 𝜕𝜇𝒞

𝜇( −𝜔))

𝐸4 = 8𝑖 ∫  (𝜕𝜇𝒞
𝜇( +𝜔) − 𝜕𝜇𝒞

𝜇( −𝜔))
 

16𝜋𝑆(𝐴, 𝐵) = ∫  𝐹𝐼𝐽 ∧ 𝐵𝐼𝐽 −
𝛽

2
𝐵𝐼𝐽 ∧ 𝐵𝐼𝐽 −

𝛼

4
𝜖𝑎𝑏𝑐𝑑4𝐵𝑎𝑏 ∧ 𝐵𝑐𝑑  

𝛼 =
𝐺Λ

3(1 + 𝛾2)
, 𝛽 =

𝛾𝐺Λ

3(1 + 𝛾2)
  with  Λ = −

3

ℓ2
 

𝐹𝑎4 = 𝛽𝐵𝑎4

𝐹𝑎𝑏 = 𝛽𝐵𝑎𝑏 +
𝛼

2
𝜖𝑎𝑏𝑐𝑑𝐵𝑐𝑑
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𝐵𝑎𝑏 =
1

𝛼2 + 𝛽2
(𝛽𝐹𝑎𝑏 −

𝛼

2
𝜖𝑎𝑏𝑐𝑑𝐹𝑐𝑑) .  

𝑆(𝜔, 𝑒) =
1

16𝜋
∫  (

1

4
𝑀𝑎𝑏𝑐𝑑𝐹𝑎𝑏 ∧ 𝐹𝑐𝑑 −

1

𝛽ℓ2
𝑇𝑎 ∧ 𝑇𝑎)  

 

𝑀𝑎𝑏  𝑐𝑑 =
𝛼

(𝛼2 + 𝛽2)
(𝛾𝛿𝑐𝑑

𝑎𝑏 − 𝜖𝑐𝑑
𝑎𝑏) ≡ −

ℓ2

𝐺
(𝛾𝛿𝑐𝑑

𝑎𝑏 − 𝜖𝑐𝑑
𝑎𝑏).  

32𝜋𝐺𝑆= ∫  𝑅𝑎𝑏 ∧ 𝑒𝑐 ∧ 𝑒𝑑𝜖𝑎𝑏𝑐𝑑 +
1

2ℓ2
∫  𝑒𝑎 ∧ 𝑒𝑏 ∧ 𝑒𝑐 ∧ 𝑒𝑑𝜖𝑎𝑏𝑐𝑑 +

2

𝛾
∫𝑅𝑎𝑏 ∧ 𝑒𝑎 ∧ 𝑒𝑏  

+
ℓ2

2
∫  𝑅𝑎𝑏 ∧ 𝑅𝑐𝑑𝜖𝑎𝑏𝑐𝑑 − ℓ

2𝛾∫  𝑅𝑎𝑏 ∧ 𝑅𝑎𝑏  

 +
𝛾2 + 1

𝛾
∫  2(𝑇𝑎 ∧ 𝑇𝑎 − 𝑅

𝑎𝑏 ∧ 𝑒𝑎 ∧ 𝑒𝑏)

 

64𝜋𝐺𝑆= ∫  𝜖𝑎𝑏𝑐𝑑 (𝑅𝜇𝜈𝑎𝑏𝑒𝜌𝑐𝑒𝜎𝑑 −
Λ

3
𝑒𝜇𝑎𝑒𝜈𝑏𝑒𝜌𝑐𝑒𝜎𝑑) 𝜖

𝜇𝜈𝜌𝜎 +
2

𝛾
∫  𝑅𝜇𝜈𝑎𝑏𝑒𝜈

𝑎𝑒𝜌
𝑏𝜖𝜇𝜈𝜌𝜎 

 +
𝛾2 + 1

𝛾
𝑁𝑌4 +

3𝛾

2Λ
𝑃4 −

3

4Λ
𝐸4

 

(𝐷𝐴𝐵)𝐼𝐽 = 0

𝐹𝐼𝐽 − 𝛽𝐵𝐼𝐽 −
𝛼

2
𝜖𝐼𝐽𝐾𝐿4𝐵𝐾𝐿 = 0

 

(𝐷𝐴𝐵)𝐼𝐽 = 𝑑𝐵𝐼𝐽 + 𝐴𝐼 𝐾 ∧ 𝐵
𝐾𝐽 + 𝐴𝐽 𝐾 ∧ 𝐵

𝐼𝐾 .  

𝐷𝜔𝐵𝑎𝑏 +
1

ℓ
𝑒𝑎 ∧ 𝐵𝑏4 −

1

ℓ
𝑒𝑏 ∧ 𝐵𝑎4 = 0

𝐷𝜔𝐵𝑎4 −
1

ℓ
𝑒𝑏 ∧ 𝐵

𝑎𝑏 = 0

 

(
1

𝛾
𝛿𝑐𝑑
𝑎𝑏 + 𝜖𝑐𝑑

𝑎𝑏)𝐹𝑎𝑏 ∧ 𝑒
𝑐 = 0,𝐷𝜔 ((

1

𝛾
𝛿𝑐𝑑
𝑎𝑏 + 𝜖𝑐𝑑

𝑎𝑏) 𝑒𝑎 ∧ 𝑒𝑏) = 0  

(𝑅𝑎𝑏 ∧ 𝑒𝑐 +
1

ℓ2
𝑒𝑎 ∧ 𝑒𝑏 ∧ 𝑒𝑐) 𝜖𝑎𝑏𝑐𝑑 = 0  

[ℳ𝐼𝐽,ℳ𝐾𝐿] = −𝑖(𝜂𝐼𝐾ℳ𝐽𝐿 + 𝜂𝐽𝐿ℳ𝐼𝐾 − 𝜂𝐼𝐿ℳ𝐽𝐾 − 𝜂𝐽𝐾ℳ𝐼𝐿),  

[ℳ𝑎𝑏,ℳ𝑐𝑑] = −𝑖(𝜂𝑎𝑐ℳ𝑏𝑑 + 𝜂𝑏𝑑ℳ𝑎𝑐 − 𝜂𝑎𝑑ℳ𝑏𝑐 − 𝜂𝑏𝑐ℳ𝑎𝑑)

[ℳ𝑎𝑏 , 𝒫𝑐] = −𝑖(𝜂𝑎𝑐𝒫𝑏 − 𝜂𝑏𝑐𝒫𝑎), [𝒫𝑎 , 𝒫𝑏] = −𝑖𝜂44ℳ𝑎𝑏 = 𝑖ℳ𝑎𝑏
 

𝔸𝜇 =
1

2
𝐴𝜇
𝐼𝐽ℳ𝐼𝐽 =

1

2
𝜔𝜇
𝑎𝑏ℳ𝑎𝑏 +

1

ℓ
𝑒𝜇
𝑎𝒫𝑎  

𝔽𝜇𝜈(𝔸) = 𝜕𝜇𝔸𝜈 − 𝜕𝜈𝔸𝜇 − 𝑖[𝔸𝜇 , 𝔸𝜈]  

{𝛾𝑎 , 𝛾𝑏} = 2𝜂𝑎𝑏 , 𝜂𝑎𝑏 = diag(−,+,+,+)  
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𝛾5 = (−𝑖𝜎
2 0

0 𝑖𝜎2
)   and  𝛾0 = ( 0 −𝑖𝜎2

−𝑖𝜎2 0
) 

𝛾1 = (𝜎
3 0
0 𝜎3

) 𝛾2 = ( 0 𝑖𝜎2

−𝑖𝜎2 0
) 𝛾3 = (−𝜎

1 0
0 −𝜎1

) .  

𝑚𝑎4 =
1

2
𝛾𝑎 ,𝑚

𝑎4 = −
1

2
𝛾𝑎 ,𝑚𝑎𝑏 = 𝑚

𝑎𝑏 =
1

4
[𝛾𝑎 , 𝛾𝑏] =

1

2
𝛾𝑎𝑏 

[𝑀𝐼𝐽, 𝑄𝛼] = −𝑖(𝑚𝐼𝐽)𝛼
𝛽
𝑄𝛽 ,  i.e.  [𝑀𝑎𝑏 , 𝑄] = −

𝑖

2
𝛾𝑎𝑏𝑄, [𝑃𝑎 , 𝑄] = −

𝑖

2
𝛾𝑎𝑄  

{𝑄𝛼 , 𝑄𝛽} = −𝑖𝑚𝛼𝛽
𝐼𝐽
ℳ𝐼𝐽, which can be split to {𝑄𝛼 , 𝑄𝛽} = −

𝑖

2
(𝛾𝑎𝑏)

𝛼𝛽
ℳ𝑎𝑏 + 𝑖𝛾

𝑎𝒫𝑎  

[𝑏1, {𝑓2, 𝑓3}] + {𝑓2, [𝑓3, 𝑏1]} − {𝑓3, [𝑏1, 𝑓2]} = 0 

𝜅2 =
4𝜋𝐺

ℓ
 

𝔸𝜇 =
1

2
𝜔𝜇
𝑎𝑏ℳ𝑎𝑏 +

1

ℓ
𝑒𝜇
𝑎𝒫𝑎 + 𝜅𝜓‾𝜇

𝛼𝑄𝛼  

𝔽𝜇𝜈 =
1

2
𝐹𝜇𝜈
(𝑠)𝐼𝐽

ℳ𝐼𝐽 + ℱ𝜇𝜈
𝛼
𝑄𝛼 =

1

2
𝐹𝜇𝜈
(𝑠)𝑎𝑏

ℳ𝑎𝑏 + 𝐹𝜇𝜈
(𝑠)𝑎

𝒫𝑎 + ℱ𝜇𝜈
𝛼
𝑄𝛼  

𝐹𝜇𝜈
(𝑠)𝑎𝑏

 = 𝐹𝜇𝜈
𝑎𝑏 − 𝜅2𝜓‾𝜇𝛾

𝑎𝑏𝜓𝜈

𝐹𝜇𝜈
(𝑠)𝑎

 = 𝐹𝜇𝜈
𝑎 + 𝜅2𝜓‾𝜇𝛾

𝑎𝜓𝜈
 

𝐹𝜇𝜈
𝑎𝑏 = 𝑅𝜇𝜈

𝑎𝑏 +
1

ℓ2
(𝑒𝜇
𝑎𝑒𝜈
𝑏 − 𝑒𝜈

𝑎𝑒𝜇
𝑏) ℓ𝐹𝜇𝜈

𝑎 = 𝐷𝜇
𝜔𝑒𝜈

𝑎 −𝐷𝜈
𝜔𝑒𝜇

𝑎. 

𝒟𝜇𝜓𝜈  = 𝜕𝜇𝜓𝜈 +
1

4
𝜔𝜇
𝑎𝑏𝛾𝑎𝑏𝜓𝜈 +

1

2ℓ
𝑒𝜇
𝑎𝛾𝑎𝜓𝜈 = 𝒟𝜇

𝜔𝜓𝜈 +
1

2ℓ
𝑒𝜇
𝑎𝛾𝑎𝜓𝜈

𝒟𝜇𝜓‾𝜈  = 𝜕𝜇𝜓‾𝜈 −
1

4
𝜔𝜇
𝑎𝑏𝜓‾𝜈𝛾𝑎𝑏 −

1

2ℓ
𝑒𝜇
𝑎𝜓‾𝜈𝛾𝑎 = 𝒟𝜇

𝜔𝜓‾𝜈 −
1

2ℓ
𝑒𝜇
𝑎𝛾𝑎𝜓‾𝜈

 

ℱ𝜇𝜈 = 𝜅(𝐷𝜇𝜓𝜈 − 𝐷𝜈𝜓𝜇) = 𝜅 (𝒟𝜇
𝜔𝜓𝜈 −𝒟𝜈

𝜔𝜓𝜇 +
1

2ℓ
(𝑒𝜇
𝑎𝛾𝑎𝜓𝜈 − 𝑒𝜈

𝑎𝛾𝑎𝜓𝜇))  

𝛿Θ𝔸𝜇 = 𝜕𝜇Θ − 𝑖[𝔸𝜇 , Θ] ≡ 𝐷𝜇
𝔸Θ  

Θ =
1

2
𝜆𝑎𝑏ℳ𝑎𝑏 + 𝜉

𝑎𝒫𝑎 + 𝜖‾
𝛼𝑄𝛼  

𝛿𝜖𝑒𝜇
𝑎 = −ℓ𝜅𝜖‾𝛾𝑎𝜓, 𝛿𝜖𝜔𝜇

𝑎𝑏 = 𝜅𝜖‾𝛾𝑎𝑏𝜓𝜇, 𝛿𝜖𝜓‾𝜇 =
1

𝜅
(𝒟𝜇

𝜔𝜖‾−
1

2𝑙
𝑒𝜇
𝑎𝜖‾𝛾𝑎) ,  

𝐷𝜇
𝜔𝜖‾ = 𝜕𝜇𝜖‾ −

1

4
𝜔𝜇
𝑎𝑏𝜖‾𝛾𝑎𝑏  

𝛿𝔽𝜇𝜈 = 𝐷𝜇𝛿𝔸𝜈 − 𝐷𝜈𝛿𝔸𝜇 = [𝐷𝜇 , 𝐷𝜈]Θ = 𝑖[Θ, 𝔽𝜇𝜈],  
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𝛿𝜖𝐹
(𝑠)𝑎4  = −𝜖‾𝛾𝑎ℱ 𝛿𝜖𝐹

(𝑠)𝑎𝑏 = 𝜖‾𝛾𝑎𝑏ℱ

𝛿𝜖ℱ  = −
1

4
𝜖‾𝛾𝑎𝑏𝐹𝑎𝑏

(𝑠)
−
1

2
𝜖‾𝛾𝑎𝐹

(𝑠)𝑎
 

16𝜋ℒ(sugra-topological ) = 16𝜋(ℒ (sugra-topological, ,𝑏) − 4ℒ(sugra-topopological, ,𝑓))

=𝜖𝜇𝜈𝜌𝜎 (𝐵𝜇𝜈
(𝑠)𝐼𝐽

𝐹𝜌𝜎
(𝑠)
𝐼𝐽 −

𝛽

2
𝐵𝜇𝜈
(𝑠)𝐼𝐽

𝐵𝜌𝜎𝐼𝐽
(𝑠)

) − 4𝜖𝜇𝜈𝜌𝜎 (ℬ𝜇𝜈ℱ𝜌𝜎 −
𝛽

2
ℬ𝜇𝜈ℬ𝜌𝜎)

 

𝛿𝜖𝐵
(𝑠)𝑎4 = −𝜖‾𝛾𝑎ℬ 𝛿𝜖𝐵

(𝑠)𝑎𝑏 = 𝜖‾𝛾𝑎𝑏ℬ, 𝛿𝜖ℬ = −
1

4
𝜖‾𝛾𝑎𝑏𝐵𝑎𝑏

(𝑠)
−
1

2
𝜖‾𝛾𝑎𝐵

(𝑠)𝑎  

16𝜋ℒ sugra-gb = −
𝛼

4
𝜖𝜇𝜈𝜌𝜎 (𝜖𝑎𝑏𝑐𝑑𝐵𝜇𝜈

(𝑠)𝑎𝑏
𝐵𝜌𝜎
(𝑠)𝑐𝑑

− 8ℬ𝜇𝜈𝛾
5ℬ𝜌𝜎)  

2𝛼𝜖𝜇𝜈𝜌𝜎𝐵𝜇𝜈
(𝑠)𝑎

𝜖‾𝛾𝑎𝛾
5ℬ𝜌𝜎  

𝐵𝜌𝜎
(𝑠)𝑎

=
1

𝛽
(𝐹𝜌𝜎

𝑎 + 𝜅2𝜓‾𝜌𝛾
𝑎𝜓𝜎)

𝐵𝜌𝜎
(𝑠)𝑎𝑏

=
𝛽

𝛼2 + 𝛽2
(𝐹𝜌𝜎

𝑎𝑏 − 𝜅2𝜓‾𝜌𝛾
𝑎𝑏𝜓𝜎) −

𝛼

2(𝛼2 + 𝛽2)
(𝐹𝜌𝜎

𝑐𝑑 − 𝜅2𝜓‾𝜌𝛾
𝑐𝑑𝜓𝜎)𝜖𝑐𝑑

𝑎𝑏

 

ℬ =
1

𝛼2 + 𝛽2
(𝛽𝟙 − 𝛼𝛾5)ℱ  

16𝜋ℒ𝑓 = 𝜖𝜇𝜈𝜌𝜎
𝛼

(𝛼2 + 𝛽2)
ℱ𝜇𝜈 (

𝛽𝟙 − 𝛼𝛾5

2𝛼
)ℱ𝜌𝜎

16𝜋ℒ𝑏 = 𝜖𝜇𝜈𝜌𝜎 (
1

𝛽
𝐹(𝑠)𝑎4 𝜇𝜈𝐹𝑎4

(𝑠)
 𝜌𝜎 +

1

4
𝑀𝑎𝑏𝑐𝑑𝐹𝑎𝑏

(𝑠)
 𝜇𝜈𝐹𝑐𝑑

(𝑠)
 𝜌𝜎)

 

ℱ𝜇𝜈 (
𝟙𝛽 − 𝛾5𝛼

2𝛼
)ℱ𝜌𝜎𝜖

𝜇𝜈𝜌𝜎 = 4
𝜅2

2
(𝐷𝜇𝜓‾𝜈)(𝛾𝟙 − 𝛾

5)(𝐷𝜌𝜓𝜎)𝜖
𝜇𝜈𝜌𝜎  

ℱ𝜇𝜈 (
𝟙𝛽 − 𝛾5𝛼

2𝛼
)ℱ𝜌𝜎𝜖

𝜇𝜈𝜌𝜎=
𝜅2

4
𝜓‾𝜇(𝛾𝟙 − 𝛾

5) (𝛾𝑎𝑏𝐹𝜈𝜌
𝑎𝑏 + 𝛾𝑎

2

ℓ
𝑇𝜈𝜌
𝑎 )𝜓𝜎𝜖

𝜇𝜈𝜌𝜎  

 +𝜅2𝜓‾𝜇 (
1

ℓ2
𝛾5𝛾𝑎𝑏𝑒𝜈

𝑎𝑒𝜌
𝑏 +

2

ℓ
𝛾5𝛾𝑎𝑒𝜈

𝑎𝒟𝜌
𝜔)𝜓𝜎𝜖

𝜇𝜈𝜌𝜎

 

16𝜋ℒ = −(
𝜅2

𝐺
𝜓‾𝜇𝛾

5𝛾𝑎𝑏𝑒𝜈
𝑎𝑒𝜌
𝑏 +

2𝜅2ℓ

𝐺
𝜓‾𝜇𝛾

5𝛾𝑎𝑒𝜈
𝑎𝒟𝜌

𝜔𝜓𝜎)𝜖
𝜇𝜈𝜌𝜎

 −𝜓‾𝜇 (
1

4𝛽

2𝜅2

ℓ
𝛾𝑎𝑇𝜈𝜌

𝑎 +
2𝜅2ℓ

4𝐺
(𝛾𝟙 − 𝛾5)𝛾𝑎𝑇𝜈𝜌

𝑎 )𝜓𝜎𝜖
𝜇𝜈𝜌𝜎

 

−
1

4𝛽
(
1

ℓ2
𝑇𝜇𝜈
𝑎 𝑇𝜌𝜎𝑎 + 𝜅

4𝜓‾𝜇𝛾
𝑎𝜓𝜈𝜓‾𝜌𝛾𝑎𝜓𝜎) 𝜖

𝜇𝜈𝜌𝜎  

 +
1

16
𝑀𝑎𝑏𝑐𝑑(𝐹𝜇𝜈

𝑎𝑏𝐹𝜌𝜎
𝑐𝑑 + 𝜅4𝜓‾𝜇𝛾

𝑎𝑏𝜓𝜈𝜓‾𝜌𝛾
𝑐𝑑𝜓𝜎)𝜖

𝜇𝜈𝜌𝜎

 +ξ. 

 

𝜖𝜇𝜈𝜌𝜎𝜓‾𝜇Γ
𝐴𝜓𝜈 = 0,  for  Γ𝐴 = (1, 𝛾5, 𝛾5𝛾𝑎) 
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16𝜋ℒ = (
1

16
𝑀𝑎𝑏𝑐𝑑𝐹𝜇𝜈

𝑎𝑏𝐹𝜌𝜎
𝑐𝑑 −

1

4𝛽ℓ2
𝑇𝜇𝜈
𝑎 𝑇𝜌𝜎𝑎) 𝜖

𝜇𝜈𝜌𝜎

−(
𝜅2

𝐺
𝜓‾𝜇𝛾

5𝛾𝑎𝑏𝑒𝜈
𝑎𝑒𝜌
𝑏 +

2𝜅2ℓ

𝐺
𝜓‾𝜇𝛾

5𝛾𝑎𝑒𝜈
𝑎𝒟𝜌

𝜔𝜓𝜎)𝜖
𝜇𝜈𝜌𝜎 

 +
𝜅2ℓ

2𝛾𝐺
𝜓‾𝜇𝛾𝑎𝜓𝜈𝑇𝜌𝜎

𝑎 𝜖𝜇𝜈𝜌𝜎 + ξ 

 

ℒsugra =
1

64𝜋𝐺
(𝑅𝜇𝜈

𝑎𝑏𝑒𝜌
𝑐𝑒𝜎
𝑑 +

1

ℓ2
𝑒𝜇
𝑎𝑒𝜈

𝑎𝑒𝜌
𝑐𝑒𝜎
𝑑) 𝜖𝑎𝑏𝑐𝑑𝜖

𝜇𝜈𝜌𝜎  

 + (
1

2
𝜓‾𝜇𝛾5𝛾𝑎𝑒𝜈

𝑎𝐷𝜌
𝜔𝜓𝜎 +

1

4ℓ
𝜓‾𝜇𝛾5𝛾𝑎𝑏𝑒𝜈

𝑎𝑒𝜌
𝑏𝜓𝜎) 𝜖

𝜇𝜈𝜌𝜎

 

ℒ𝑎𝑑𝑑 =
1

𝛾
(
2

64𝜋𝐺
𝑅𝜇𝜈
𝑎𝑏𝑒𝜌𝑎𝑒𝜎𝑏 +

1

4
𝜓‾𝜇𝛾𝑎𝜓𝜈𝐷𝜌

𝜔𝑒𝜎
𝑎) 𝜖𝜇𝜈𝜌𝜎  

32𝜋𝐺

ℓ2
ℒboundary = 𝜕𝜇 [(

1

𝛾
+ 𝑖)𝒮𝒞𝜇( +𝜔) + (

1

𝛾
− 𝑖) 𝒮𝒞𝜇( −𝜔) − (

1

𝛾
+ 𝛾) 𝒮𝒞𝜇(𝐴)] 

+4𝜅2𝜕𝜇 [𝜓‾𝜈
1

2
(
1

𝛾
𝕀 − 𝛾5)

1

2
𝐴𝜌
𝐼𝐽
𝑚𝐼𝐽𝜓𝜎) 𝜖

𝜇𝜈𝜌𝜎]

 

𝒮𝒞𝜇(𝐴)= (𝐴𝜈𝐼𝐽𝜕𝜌𝐴𝜎
𝐼𝐽
+
2

3
𝐴𝜈𝐼𝐽𝐴𝜌𝐾

𝐼 𝐴𝜎
𝐾𝐽
) 𝜖𝜇𝜈𝜌𝜎 + 4𝜅2(𝜓‾𝜈𝐷𝜌

𝐴𝜓𝜎)𝜖
𝜇𝜈𝜌𝜎 

 = 𝒞𝜇(𝐴) + 4𝜅2(𝜓‾𝜈𝐷𝜌
𝐴𝜓𝜎)𝜖

𝜇𝜈𝜌𝜎

𝒮𝒞𝜇( ±𝜔) = 𝒞𝜇( ±𝜔) + 4𝜅2( ±𝜓‾𝜈𝐷𝜌
±𝜔 ± 𝜓𝜎)𝜖

𝜇𝜈𝜌𝜎

 

𝛿𝐼 = 𝛿𝑒
𝛿𝐼

𝛿𝑒
|
𝜓,𝜔(𝑒,𝜓)

+ 𝛿𝜓
𝛿𝐼

𝛿𝜓
|
𝑒,𝜔(𝑒,𝜓)

+
𝛿𝐼

𝛿𝜔
|
𝑒,𝜓
(𝛿𝑒

𝛿𝜔(𝑒, 𝜓)

𝛿𝑒
+ 𝛿𝜓

𝛿𝜔(𝑒, 𝜓)

𝛿𝜓
)  

(
1

ℓ
𝑇𝜇𝜈
𝑎 + 𝜅2𝜓‾𝜇𝛾

𝑎𝜓𝜈)𝑒𝜌
𝑏 (
1

𝛾
𝛿𝑎𝑏𝑐𝑑 + 𝜖𝑎𝑏𝑐𝑑) 𝜖

𝜇𝜈𝜌𝜎𝛿𝜔𝜎
𝑐𝑑 = 0  

𝑇𝜇𝜈
𝑎 = −4𝜋𝐺𝜓‾𝜇𝛾

𝑎𝜓𝜈  

 

𝜕𝜇𝑒𝜈
𝑎 − 𝜕𝜈𝑒𝜇

𝑎 +𝜔𝜇 
𝑎  𝑏𝑒𝜈

𝑏 −𝜔𝜈  
𝑎 𝑏𝑒𝜇

𝑏 + 4𝜋𝐺𝜓‾𝜇𝛾
𝑎𝜓𝜈 = 0  

1

4𝛾
𝜖𝜇𝜈𝜌𝜎𝛿𝜓‾𝜇𝛾𝑎𝜓𝜈𝐷𝜌

𝜔𝑒𝜎
𝑎  

𝜖𝜇𝜈𝜌𝜎𝛾𝑎𝜓𝜈𝜓‾𝜌𝛾
𝑎𝜓𝜎 = 0  

1

𝛾
(
2

8𝜋𝐺
𝑅𝜇𝜈
𝑎𝑏𝑒𝜌𝑎𝛿𝑒𝜎𝑏 + 𝜓‾𝜇𝛾𝑎𝜓𝜈𝐷𝜌

𝜔𝛿𝑒𝜎
𝑎) 𝜖𝜇𝜈𝜌𝜎  

𝜖𝜇𝜈𝜌𝜎𝑅𝜇𝜈
𝑎𝑏𝑒𝜌𝑎 = −2𝜖

𝜇𝜈𝜌𝜎𝐷𝜇
𝜔𝐷𝜈

𝜔𝑒𝜌
𝑏 

1

𝛾
(
1

4𝜋𝐺
𝑇𝜈𝜌
𝑏 𝐷𝜇

𝜔𝛿𝑒𝜎𝑏 +𝜓‾𝜇𝛾𝑎𝜓𝜈𝐷𝜌
𝜔𝛿𝑒𝜎  

𝑎) 𝜖𝜇𝜈𝜌𝜎  
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𝑑𝑀 =
𝜅

8𝜋𝐺
𝑑𝐴 + Ω𝑑𝐽 (black hole dynamics) 

𝑑𝐸 = 𝑇𝑑𝑆 + 𝑑𝑊 (thermodynamics), 
 

 Entropy =
 Area 

4𝑙𝑝
2 ,  where  𝑙𝑝 = √𝐺ℏ/𝑐

3,  

 Temperature = ℏ𝑐
𝜅

2𝜋
 

𝑆𝐿𝑄𝐺 =
𝛾𝑀
𝛾

 Area 

4𝐺
 

𝛿ℒ(𝜑, 𝜕𝜑) = ( f.e. ) ⋅ 𝛿𝜑 + 𝑑Θ 

𝐽[𝜉] = Θ[𝜑, 𝐿𝜉𝜑] − 𝐼𝜉ℒ 

𝐼𝜉𝛼𝑝 =
1

(𝑝 − 1)!
𝜉𝜇𝛼𝜇𝜈1…𝜈𝑝−1𝑑𝑥

𝜈1 ∧ …∧ 𝑑𝑥𝜈
𝑝−1

 

𝑄[𝜉𝑡 + Ω𝜉𝜑]𝐻
=
𝜅

2𝜋
 Entropy  

 Mass = 𝑄[𝜉𝑡]∞ =
1

2
𝑀 + lim

𝑟→∞
 
𝑟3

2𝐺ℓ2
.  

32𝜋𝐺𝑆 = ∫  𝑅𝑎𝑏 ∧ 𝑒𝑐 ∧ 𝑒𝑑𝜖𝑎𝑏𝑐𝑑 +
1

2ℓ2
∫  𝑒𝑎 ∧ 𝑒𝑏 ∧ 𝑒𝑐 ∧ 𝑒𝑑𝜖𝑎𝑏𝑐𝑑 + 𝜌∫  𝑅

𝑎𝑏 ∧ 𝑅𝑐𝑑𝜖𝑎𝑏𝑐𝑑  

 Mass = 𝑄[𝜕𝑡]∞ =
𝑀

2
(1 +

2

ℓ2
𝜌) + lim

𝑟→∞
 
𝑟3

2𝐺ℓ2
(1 −

2

ℓ2
𝜌) .  

(𝑅𝑎𝑏(𝜔) +
1

ℓ2
𝑒𝑎 ∧ 𝑒𝑏)|

∞
= 0  

𝛿𝑆
(Einstein / Cartan +Λ+

ℓ2

2
 Euler )

= ∫  
ℳ

  ( f.e. )𝑎𝛿𝑒
𝑎 +∫  

ℳ

  ( f.e. )𝑎𝑏𝛿𝜔
𝑎𝑏 +∫  

ℳ

 𝑑Θ = 0  

Θ|𝜕ℳ = 𝜖𝑎𝑏𝑐𝑑𝛿𝜔
𝑎𝑏 ∧ (𝑅𝑐𝑑(𝜔) +

1

ℓ2
𝑒𝑐 ∧ 𝑒𝑑)|

𝜕ℳ
= 0  

∫  
𝜕𝑀

 𝛿𝐴𝐼𝐽 ∧ 𝐵𝐼𝐽  →  ∫  
𝜕𝑀

 𝛿𝜔𝑎𝑏 ∧ 𝐵𝑎𝑏 = ∫  
𝜕𝑀

 𝛿𝜔𝑎𝑏 ∧𝑀𝑎𝑏𝑐𝑑𝐹
𝑎𝑏 = 0  

[ 𝔈Einstein/ℭCartan with Λ +
ℓ2

2
 𝔼Euler ] − 𝛾 [ ℌHolst +

ℓ2

2
 𝔓Pontryagin ], 

16𝜋𝛿𝑆 = ∫  (𝛿𝐵𝐼𝐽 ∧ (𝐹𝐼𝐽 − 𝛽𝐵𝐼𝐽 −
𝛼

2
𝐵𝐾𝐿𝜖𝐼𝐽𝐾𝐿4) +

+𝛿𝐴𝐼𝐽 ∧ (𝐷
𝐴𝐵𝐼𝐽) + 𝑑(𝐵𝐼𝐽 ∧ 𝛿𝐴𝐼𝐽))

 

Θ = 𝐵𝐼𝐽 ∧ 𝛿𝐴𝐼𝐽  
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𝐽[𝜉] = Θ[𝜙, 𝐿𝜉𝜙] − 𝐼𝜉ℒ, 𝐽[𝜉] = 𝐵
𝐼𝐽 ∧ 𝐿𝜉𝐴𝐼𝐽 − 𝐼𝜉ℒ  

𝐼𝜉𝛼𝑝 =
1

(𝑝 − 1)!
𝜉𝜇𝛼𝜇𝜈1…𝜈𝑝−1𝑑𝑥

𝜈1 ∧ …∧ 𝑑𝑥𝜈
𝑝−1

 

16𝜋𝐽[𝜉] = (𝐹𝐼𝐽 − 𝛽𝐵𝐼𝐽 −
𝛼

2
𝐵𝐾𝐿𝜖𝐼𝐽𝐾𝐿4) ∧ 𝐼𝜉𝐵𝐼𝐽

 +𝐼𝜉𝐴𝐼𝐽 ∧ (𝐷
𝐴𝐵𝐼𝐽) + 𝑑(𝐵𝐼𝐽 ∧ 𝐼𝜉𝐴𝐼𝐽)

 

𝑄[𝜉] =
1

16𝜋
∫  
𝜕Σ

 𝐵𝐼𝐽𝐼𝜉𝐴𝐼𝐽  

𝑄 =
1

16𝜋
∫  
𝜕Σ

  (
1

2
𝑀𝑐𝑑
𝑎𝑏𝐹𝑎𝑏𝐼𝜉𝜔

𝑐𝑑 −
2

𝛽ℓ2
𝑇𝑎𝐼𝜉𝑒

𝑎)  

𝑄[𝜉] =
1

16𝜋
∫  
𝜕Σ

 
𝛿ℒ

𝛿𝐹𝐼𝐽
𝐼𝜉𝐴

𝐼𝐽 + ( f.e. )𝐼𝐽𝐼𝜉𝐴
𝐼𝐽  

𝑄[𝜉] =
1

16𝜋
∫  
𝜕Σ

  𝐼𝜉𝜔
𝑐𝑑 (

1

2
𝑀𝑐𝑑
𝑎𝑏𝐹𝑎𝑏)  

𝑄[𝜉] =
ℓ2

32𝜋𝐺
∫  
𝜕Σ

  𝐼𝜉𝜔𝑎𝑏(𝜖
𝑎𝑏 𝑐𝑑𝐹𝜃𝜑

𝑐𝑑 − 2𝛾𝐹𝜃𝜑
𝑎𝑏)𝑑𝜃𝑑𝜑  

𝑑𝑠2 = −𝑓(𝑟)2𝑑𝑡2 + 𝑓(𝑟)−2𝑑𝑟2 + 𝑟2(𝑑𝜃2 + sin2 𝜃𝑑𝜑2), 𝑓(𝑟)2 = (1 −
2𝐺𝑀

𝑟
+
𝑟2

ℓ2
)  

𝑄[𝜕𝑡] =
4ℓ2

32𝜋𝐺
∫  
𝜕Σ

 𝜔𝑡
01(𝜖0123𝐹𝜃𝜑

23 − 𝛾𝐹𝜃𝜑01)𝑑𝜃𝑑𝜑  

𝑄[𝜕𝑡] =
4ℓ2

32𝜋𝐺
∫  
𝜕Σ

 (
1

2

𝜕𝑓(𝑟)2

𝜕𝑟
)(1 − 𝑓(𝑟)2 +

𝑟2

ℓ2
) sin 𝜃𝑑𝜃𝑑𝜑  

𝑄[𝜉]∞ = lim
𝑟→∞

 
1

4𝜋
∫  
𝜕Σ∞

 (𝑀 +
ℓ2𝐺𝑀2

𝑟3
) sin 𝜃𝑑𝜃𝑑𝜑 = 𝑀  

𝐼𝜉𝜔𝑏
𝑎𝜉𝑏 = 𝜅𝜉𝑎  

𝜅 = 𝜔𝑡
01|

𝑟𝐻
= (

1

2

𝜕𝑓(𝑟)2

𝜕𝑟
)|
𝑟𝐻

 𝑇 =
𝜅

2𝜋
,  

𝑓(𝑟𝐻)
2 = 0,

𝑟𝐻
3

ℓ2
+ 𝑟𝐻 − 2𝐺𝑀 = 0 

𝑄[𝜉𝑡]𝐻 =
𝜅ℓ2

8𝜋𝐺
(1 +

𝑟𝐻
2

ℓ2
)∫  

𝜕Σ𝐻

 sin 𝜃𝑑𝜃𝑑𝜑 =
𝜅

2𝜋

4𝜋(𝑟𝐻
2 + ℓ2)

4𝐺
,  

 Entropy =
 Area 

4𝐺
+
4𝜋ℓ2

4𝐺
.  
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𝑓(𝑟)2 = (𝑘 −
2𝐺𝑀

𝑟

4𝜋

Σ𝑘
+
𝑟2

ℓ2
)  

𝑑Σ𝑘 = {

sinh 𝜃𝑑𝜃𝑑𝜙  for 𝑘 = −1
𝑑𝜃𝑑𝜙  for 𝑘 = 0
sin 𝜃𝑑𝜃𝑑𝜙  for 𝑘 = 1

 

𝑄[𝜉] =
4ℓ2

32𝜋𝐺
∫  
𝜕Σ

 (
1

2

𝜕𝑓(𝑟)2

𝜕𝑟
)(𝑘 − 𝑓(𝑟)2 +

𝑟2

ℓ2
)𝑑Σ𝑘  

𝑄[𝜉𝑡]∞ =
𝑀

Σ𝑘
∫  
𝜕Σ∞

 𝑑Σ𝑘 = 𝑀,𝑄[𝜉]𝐻 =
𝜅

2𝜋

(ℓ2𝑘 + 𝑟𝐻
2)

4𝐺
∫  
𝜕Σ𝐻

 𝑑Σ𝑘  

 Entropy =
 Area 

4𝐺
+
4𝜋ℓ2𝑘

4𝐺
,  

𝑒0=
√Δ𝑟
𝜌
(𝑑𝑡 −

𝑎

Ξ
sin2 𝜃𝑑𝜑) , 𝑒1 = 𝜌

𝑑𝑟

√Δ𝑟
 

𝑒2 = 𝜌
𝑑𝜃

√Δ𝜃
, 𝑒3 =

√Δ𝜃
𝜌
sin 𝜃 (

(𝑟2 + 𝑎2)

Ξ
𝑑𝜑 − 𝑎𝑑𝑡)

 

𝜌2 = 𝑟2 + 𝑎2cos2 𝜃, Δ𝑟 = (𝑟
2 + 𝑎2) (1 +

𝑟2

𝑙2
) − 2𝑀𝐺𝑟

Δ𝜃 = 1 −
𝑎2

𝑙2
cos2 𝜃, Ξ = 1 −

𝑎2

𝑙2

 

Ω̃ = −
𝑔𝑡𝜑

𝑔𝜑𝜑
=

𝑎Ξ(Δ𝜃(𝑟
2 + 𝑎2) − Δ𝑟)

(𝑟2 + 𝑎2)2Δ𝜃 − 𝑎
2Δ𝑟sin

2 𝜃
 

Ω𝐻 =
𝑎 (1 −

𝑎2

ℓ2
)

𝑟𝐻
2 + 𝑎2

 

𝑄 [
𝜕

𝜕𝑡
] =

𝑀

Ξ
,𝑄 [

𝜕

𝜕𝜑
] =

𝑀𝑎

Ξ2
 

 Mass = 𝑄 [𝜕𝑡 −
𝑎

𝑙2
𝜕𝜑] =

𝑀

Ξ2
 

Ω = Ω𝐻 − Ω∞ =
𝑎 (1 +

𝑟𝐻
2

ℓ2
)

𝑟𝐻
2 + 𝑎2

 

𝜅 =

𝑟𝐻 (
𝑎2

𝑙2
−
𝑎2

𝑟𝐻
2 +

3𝑟𝐻
2

𝑙2
+ 1)

2(𝑎2 + 𝑟𝐻
2)

,  Entropy =
4𝜋(𝑟𝐻

2 + 𝑎2)

4𝐺 (1 −
𝑎2

𝑙2
)
+
4𝜋𝑙2

4𝐺
,  

𝜔𝜒
𝑎𝑏 = 𝑒𝜈𝑎∇𝜒𝑒𝜈

𝑏 = 𝑒𝜈𝑎(𝜕𝜒𝑒𝜈
𝑏 − Γ𝜒𝜈

𝜆 𝑒𝜆
𝑏) 
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𝑄[𝜕𝜒]=
2

32𝜋𝐺
∫  
𝜕Σ

  (𝜖𝜇𝜈 𝜃𝜑Γ𝜇𝜒𝜈 − 𝛾(Γ𝜃𝜒𝜑 − Γ𝜑𝜒𝜃))  

 +
ℓ2

32𝜋𝐺
∫  
𝜕Σ

  (𝜖𝜇𝜈𝜌𝜎𝑅𝜌𝜎𝜃𝜑Γ𝜇𝜒𝜈 − 2𝛾𝑅𝜃𝜑
𝜇𝜈
Γ𝜇𝜒𝜈)

 

−𝛾∫  
𝜕Σ

  (Γ𝜃𝑡𝜑 − Γ𝜑𝑡𝜃) = 𝛾∫  
𝜕Σ

 𝜕𝜃𝑔𝑡𝜑  

𝑒0 = 𝑓(𝑟)𝑑𝑡 + 2𝑛𝑓(𝑟)cos 𝜃𝑑𝜑 𝑒1 =
1

𝑓(𝑟)
𝑑𝑟,

𝑒2 = √𝑛2 + 𝑟2𝑑𝜃, 𝑒3 = √𝑛2 + 𝑟2sin 𝜃𝑑𝜑,

 

𝑑𝑠2 = −𝑓(𝑟)2(𝑑𝑡 + 2𝑛cos 𝜃𝑑𝜑)2 +
𝑑𝑟2

𝑓(𝑟)2
+ (𝑛2 + 𝑟2)𝑑Ω2  

𝑓(𝑟)2 =
𝑟2 − 2𝐺𝑀𝑟 − 𝑛2 + (𝑟4 + 6𝑛2𝑟2 − 3𝑛4)ℓ−2

𝑛2 + 𝑟2
,  

𝑄[𝜕𝑡]=
𝑓(𝑟)𝑓′(𝑟)(𝑛2 + 𝑟2)

2𝐺
+ 𝛾

𝑛𝑓(𝑟)2

2𝐺
 

+
ℓ2

2𝐺
(𝑓(𝑟)𝑓′(𝑟) (1 +

5𝑛2 − 𝑟2

𝑛2 + 𝑟2
𝑓(𝑟)2) −

2𝑟𝑛2𝑓(𝑟)4

(𝑟2 + 𝑛2)2
)  

 +𝛾
ℓ2𝑛

2𝐺
(−2(𝑓(𝑟)𝑓′(𝑟))2 +

2𝑟𝑓(𝑟)2

𝑟2 + 𝑛2
𝑓(𝑟)𝑓′(𝑟) +

𝑓(𝑟)2

𝑟2 + 𝑛2
(1 +

3𝑛2 − 𝑟2

𝑟2 + 𝑛2
𝑓(𝑟)2))

 

𝑀𝑎𝑠𝑠 = 𝑀 + 𝛾
𝑛(ℓ2 + 4𝑛2)

𝐺ℓ2
 

𝑄[𝜕𝑡]Einstein + Holst =
𝑓(𝑟)𝑓′(𝑟)(𝑛2 + 𝑟2)

2𝐺
+
𝛾𝑛𝑓(𝑟)2

2𝐺
 

𝜅 = (
1

2

𝜕𝑓(𝑟)2

𝜕𝑟
)|
𝑟𝐻

=
1

2
(
1

𝑟𝐻
+
3(𝑛2 + 𝑟𝐻

2)

ℓ2𝑟𝐻
)  

𝑄[𝜕𝑡]𝐻 =
𝜅

2𝜋

4𝜋(𝑟𝐻
2 + 𝑛2 + ℓ2(1 − 2𝑛𝛾𝜅))

4𝐺
 

 Entropy =
 Area 

4𝐺
+
4𝜋ℓ2

4𝐺
− 𝛾

2𝜋𝑛ℓ2

𝐺
𝜅  

 Entropy =
 Area 

4𝐺
(1 − 𝛾

3𝑛

𝑟𝐻
) +

4𝜋ℓ2

4𝐺
(1 − 𝛾

𝑛

𝑟𝐻
)  

[𝒫𝑎, 𝒫𝑏] = −𝑖𝒵𝑎𝑏  

[ℳ𝑎𝑏 , 𝒵𝑐𝑑] = −𝑖(𝜂𝑎𝑐𝒵𝑏𝑑 + 𝜂𝑏𝑑𝒵𝑎𝑐 − 𝜂𝑎𝑑𝒵𝑏𝑐 − 𝜂𝑏𝑐𝒵𝑎𝑑).  
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[𝒫𝑎 , 𝒫𝑏]= 𝑖(ℳ𝑎𝑏 − 𝒵𝑎𝑏),  
[ℳ𝑎𝑏 ,ℳ𝑐𝑑]= −𝑖(𝜂𝑎𝑐ℳ𝑏𝑑 + 𝜂𝑏𝑑ℳ𝑎𝑐 − 𝜂𝑎𝑑ℳ𝑏𝑐 − 𝜂𝑏𝑐ℳ𝑎𝑑), 
[ℳ𝑎𝑏 , 𝒵𝑐𝑑] = −𝑖(𝜂𝑎𝑐𝒵𝑏𝑑 + 𝜂𝑏𝑑𝒵𝑎𝑐 − 𝜂𝑎𝑑𝒵𝑏𝑐 − 𝜂𝑏𝑐𝒵𝑎𝑑),

[𝒵𝑎𝑏 , 𝒵𝑐𝑑] = −𝑖(𝜂𝑎𝑐𝒵𝑏𝑑 + 𝜂𝑏𝑑𝒵𝑎𝑐 − 𝜂𝑎𝑑𝒵𝑏𝑐 − 𝜂𝑏𝑐𝒵𝑎𝑑),

[ℳ𝑎𝑏 , 𝒫𝑐] = −𝑖(𝜂𝑎𝑐𝒫𝑏 − 𝜂𝑏𝑐𝒫𝑎),

[𝒵𝑎𝑏 , 𝒫𝑐] = 0.

 

𝔸𝜇 =
1

2
𝜔𝜇
𝑎𝑏ℳ𝑎𝑏 +

1

ℓ
𝑒𝜇
𝑎𝒫𝑎 +

1

2
ℎ𝜇
𝑎𝑏𝒵𝑎𝑏  

𝔽𝜇𝜈 = 𝜕𝜇𝔸𝜈 − 𝜕𝜈𝔸𝜇 − 𝑖[𝔸𝜇 , 𝔸𝜈] 

𝔽𝜇𝜈 =
1

2
𝐹𝜇𝜈
𝑎𝑏ℳ𝑎𝑏 +

1

ℓ
𝑇𝜇𝜈
𝑎 𝒫𝑎 +

1

2
𝐺𝜇𝜈
𝑎𝑏𝒵𝑎𝑏  

𝐺𝜇𝜈
𝑎𝑏 = 𝐷𝜇

𝜔ℎ𝜈
𝑎𝑏 − 𝐷𝜈

𝜔ℎ𝜇
𝑎𝑏 −

1

ℓ2
(𝑒𝜇
𝑎𝑒𝜈
𝑏 − 𝑒𝜈

𝑎𝑒𝜇
𝑏) + (ℎ𝜇

𝑎𝑐ℎ𝜈𝑐  
𝑏 − ℎ𝜈

𝑎𝑐ℎ𝜇𝑐  
𝑏),

𝐺𝑎𝑏 =
1

2
𝐺𝜇𝜈
𝑎𝑏𝑑𝑥𝜇 ∧ 𝑑𝑥𝜈 = 𝑑ℎ𝑎𝑏 +𝜔𝑎𝑐 ∧ ℎ𝑐  

𝑏 +𝜔𝑏𝑐 ∧ ℎ𝑎 𝑐 −
1

ℓ2
𝑒𝑎 ∧ 𝑒𝑏 + ℎ𝑎𝑐 ∧ ℎ𝑐  

𝑏 .

 

𝜖𝜇𝜈𝜌𝜎𝐷𝜇
𝔸𝔽𝜈𝜌(𝔸) = 0  

𝜖𝜇𝜈𝜌𝜎𝐷𝜇
𝜔𝑅𝜈𝜌

𝑎𝑏  = 0

𝜖𝜇𝜈𝜌𝜎(𝐷𝜇
𝜔𝑇𝜈𝜌

𝑎 − 𝑅𝜇𝜈
𝑎𝑏𝑒𝜌𝑏)  = 0

𝜖𝜇𝜈𝜌𝜎 (𝐷𝜇
(𝜔+ℎ)

𝐺𝜈𝜌
𝑎𝑏 + 2ℎ𝜇

𝑎𝑐𝐹𝜈𝜌𝑐 
𝑏 −

2

ℓ2
𝑒𝜇
𝑎𝑇𝜇𝜈

𝑏 )  = 0

 

𝜖𝜇𝜈𝜌𝜎𝐷𝜇
(𝜔+ℎ)

(𝐺𝜈𝜌
𝑎𝑏 + 𝐹𝜈𝜌

𝑎𝑏) = 𝜖𝜇𝜈𝜌𝜎𝐷𝜇
(𝜔+ℎ)

𝑅𝜈𝜌
𝑎𝑏(𝜔 + ℎ) = 0  

𝛿Θ𝔸𝜇 = 𝜕𝜇Θ − 𝑖[𝔸𝜇 , Θ] ≡ 𝐷𝜇
𝔸Θ, 𝛿Θ𝔽𝜇𝜈 = 𝑖[Θ, 𝔽𝜇𝜈]  

Θ =
1

2
𝜆𝑎𝑏ℳ𝑎𝑏 + 𝜉

𝑎𝒫𝑎 +
1

2
𝜏𝑎𝑏𝒵𝑎𝑏  

𝛿Θℎ𝜇
𝑎𝑏= 𝐷𝜇

𝜔𝜏𝑎𝑏 −
1

ℓ
(𝑒𝜇
𝑎𝜉𝑏 − 𝑒𝜇

𝑏𝜉𝑎) + ℎ𝜇
𝑎𝑐(𝜆𝑐

𝑏 + 𝜏𝑐
𝑏) + ℎ𝜇

𝑏𝑐(𝜆𝑐
𝑎 + 𝜏𝑐

𝑎) 

𝛿Θ𝜔𝜇
𝑎𝑏 = 𝐷𝜇

𝜔𝜆𝑎𝑏 +
1

ℓ
(𝑒𝜇
𝑎𝜉𝑏 − 𝑒𝜇

𝑏𝜉𝑎)

1

ℓ
𝛿Θ𝑒𝜇

𝑎 = 𝐷𝜇
𝜔𝜉𝑎 −

1

ℓ
𝜆𝑏
𝑎𝑒𝜇
𝑏

 

𝛿Θ𝐺𝜇𝜈
𝑎𝑏=

1

ℓ
[𝜉, 𝑇𝜇𝜈]

𝑎𝑏
− [𝜏, 𝐹𝜇𝜈]

𝑎𝑏
− [(𝜆 + 𝜏), 𝐺𝜇𝜈]

𝑎𝑏
 

𝛿Θ𝐹𝜇𝜈
𝑎𝑏 = −

1

ℓ
[𝜉, 𝑇𝜇𝜈]

𝑎𝑏
− [𝜆, 𝐹𝜇𝜈]

𝑎𝑏
 

1

ℓ
𝛿Θ𝑇𝜇𝜈

𝑎 = −
1

ℓ
𝜆𝑏
𝑎𝑇𝜇𝜈

𝑏 + 𝜉𝑏𝐹𝜇𝜈
𝑎𝑏 

2𝐵𝑎 ∧ 𝑇
𝑎 + 𝐵𝑎𝑏 ∧ 𝐹

𝑎𝑏 + 𝐶𝑎𝑏 ∧ 𝐺
𝑎𝑏,  with  𝐵𝑎 = 𝐵𝑎4. 
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𝛿𝜉𝐵
𝑎𝑏 = (𝐵𝑎𝜉𝑏 − 𝐵𝑏𝜉𝑎), 𝛿𝜉𝐶

𝑎𝑏 = 0, 𝛿𝜉𝐵
𝑎 = (𝐵𝑎𝑏 − 𝐶𝑎𝑏)𝜉𝑏

𝛿𝜆𝐵
𝑎𝑏 = −[𝜆, 𝐵]𝑎𝑏 , 𝛿𝜆𝐶

𝑎𝑏 = −[𝜆, 𝐶]𝑎𝑏 , 𝛿𝜆𝐵
𝑎 = −𝜆𝑏

𝑎𝐵𝑏

𝛿𝜏𝐵
𝑎𝑏 = −[𝜏, 𝐶]𝑎𝑏 , 𝛿𝜏𝐶

𝑎𝑏 = −[𝜏, 𝐶]𝑎𝑏 , 𝛿𝜏𝐵
𝑎 = 0

 

𝐶𝑎𝑏 ∧ 𝐶𝑎𝑏  and  2𝐵𝑎 ∧ 𝐵𝑎 + 𝐵
𝑎𝑏 ∧ 𝐵𝑎𝑏 − 2𝐶

𝑎𝑏 ∧ 𝐵𝑎𝑏 . 

𝜖𝑎𝑏𝑐𝑑𝐶𝑎𝑏 ∧ 𝐶𝑐𝑑  and  𝜖𝑎𝑏𝑐𝑑(𝐵𝑎𝑏 ∧ 𝐵𝑐𝑑 − 2𝐶𝑎𝑏 ∧ 𝐵𝑐𝑑). 

16𝜋𝑆(𝐴, 𝐵) =∫  2 (𝐵𝑎4 ∧ 𝐹𝑎4 −
𝛽

2
𝐵𝑎4 ∧ 𝐵𝑎4)  

+𝐵𝑎𝑏 ∧ 𝐹𝑎𝑏 −
𝛽

2
𝐵𝑎𝑏 ∧ 𝐵𝑎𝑏 −

𝛼

4
𝜖𝑎𝑏𝑐𝑑𝐵𝑎𝑏 ∧ 𝐵𝑐𝑑 

+𝐶𝑎𝑏 ∧ 𝐺𝑎𝑏 −
𝜌

2
𝐶𝑎𝑏 ∧ 𝐶𝑎𝑏 −

𝜎

4
𝜖𝑎𝑏𝑐𝑑𝐶𝑎𝑏 ∧ 𝐶𝑐𝑑  

 +𝛽𝐶𝑎𝑏 ∧ 𝐵𝑎𝑏 +
𝛼

2
𝜖𝑎𝑏𝑐𝑑𝐶𝑎𝑏 ∧ 𝐵𝑐𝑑

 

1

ℓ
𝑇𝑎  = 𝛽𝐵𝑎

𝐺𝑎𝑏  = 𝜌𝐶𝑎𝑏 +
𝜎

2
𝜖𝑎𝑏𝑐𝑑𝐶𝑐𝑑 − 𝛽𝐵

𝑎𝑏 −
𝛼

2
𝜖𝑎𝑏𝑐𝑑𝐵𝑐𝑑

𝐹𝑎𝑏  = 𝛽𝐵𝑎𝑏 +
𝛼

2
𝜖𝑎𝑏𝑐𝑑𝐵𝑐𝑑 − 𝛽𝐶

𝑎𝑏 −
𝛼

2
𝜖𝑎𝑏𝑐𝑑𝐶𝑐𝑑

 

16𝜋𝑆(𝐴, 𝐵) =
1

2
∫  (𝐵𝑎𝑏 ∧ 𝐹𝑎𝑏 + 𝐶

𝑎𝑏 ∧ 𝐺𝑎𝑏 +
2

𝛽
𝐵𝑎4 ∧ 𝐹𝑎4) ,  

16𝜋𝑆(𝜔, ℎ, 𝑒) = ∫(
1

4
𝑀𝑎𝑏𝑐𝑑𝐹𝑎𝑏 ∧ 𝐹𝑐𝑑 −

1

𝛽ℓ2
𝑇𝑎 ∧ 𝑇𝑎) 

+∫  
1

4
𝑁𝑎𝑏𝑐𝑑(𝐹𝑎𝑏 + 𝐺𝑎𝑏) ∧ (𝐹𝑐𝑑 + 𝐺𝑐𝑑) 

 

𝑁𝑎𝑏𝑐𝑑 =
(𝜎 − 𝛼)

(𝜎 − 𝛼)2 + (𝜌 − 𝛽)2
(
𝜌 − 𝛽

𝜎 − 𝛼
𝛿𝑎𝑏𝑐𝑑 − 𝜖𝑎𝑏𝑐𝑑)  

𝐹𝑎𝑏(𝜔, 𝑒) + 𝐺𝑎𝑏(ℎ, 𝑒) = 𝑅𝑎𝑏(𝜔 + ℎ) ≡ 𝑑(𝜔 + ℎ)𝑎𝑏 + (𝜔 + ℎ)𝑎  𝑐 ∧ (𝜔 + ℎ)
𝑐𝑏 
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[ℳ𝑎𝑏 , 𝑄𝛼]= −
𝑖

2
(𝛾𝑎𝑏𝑄)𝛼  

[ℳ𝑎𝑏 , Σ𝛼]= −
𝑖

2
(𝛾𝑎𝑏Σ)𝛼  

[𝒵𝑎𝑏 , 𝑄𝛼]= −
𝑖

2
(𝛾𝑎𝑏Σ)𝛼  

[𝒵𝑎𝑏 , Σ𝛼]= −
𝑖

2
(𝛾𝑎𝑏Σ)𝛼  

[𝒫𝑎 , 𝑄𝛼]= −
𝑖

2
𝛾𝑎(𝑄𝛼 − Σ𝛼)  

[𝒫𝑎 , Σ𝛼]= 0  

{𝑄𝛼 , 𝑄𝛽}= −
𝑖

2
(𝛾𝑎𝑏)

𝛼𝛽
ℳ𝑎𝑏 + 𝑖(𝛾

𝑎)𝛼𝛽𝒫𝑎 

{𝑄𝛼, Σ𝛽}= −
𝑖

2
(𝛾𝑎𝑏)

𝛼𝛽
𝒵𝑎𝑏  

{Σ𝛼 , Σ𝛽} = −
𝑖

2
(𝛾𝑎𝑏)

𝛼𝛽
𝒵𝑎𝑏

 

𝔸𝜇 =
1

2
𝜔𝜇
𝑎𝑏ℳ𝑎𝑏 +

1

ℓ
𝑒𝜇
𝑎𝒫𝑎 +

1

2
ℎ𝜇
𝑎𝑏𝒵𝑎𝑏 + 𝜅𝜓‾𝜇

𝛼𝑄𝛼 + 𝜅̃𝜒‾𝜇
𝛼Σ𝛼  

𝔽𝜇𝜈 =
1

2
𝐹𝜇𝜈
(𝑠)𝑎𝑏

ℳ𝑎𝑏 + 𝐹𝜇𝜈
(𝑠)𝑎

ℳ𝑎 +
1

2
𝐺𝜇𝜈
(𝑠)𝑎𝑏

𝒵𝑎𝑏 + ℱ𝜇𝜈
𝛼
𝑄𝛼 + 𝒢𝜇𝜈

𝛼
Σ𝛼  

𝐺𝜇𝜈
(𝑠)𝑎𝑏

= 𝐺𝜇𝜈
𝑎𝑏 − 𝜅̃𝜅(𝜓‾𝜇𝛾

𝑎𝑏𝜒𝜈 + 𝜒‾𝜇𝛾
𝑎𝑏𝜓𝜈) − 𝜅̃

2𝜒‾𝜇𝛾
𝑎𝑏𝜒𝜈  

𝐺𝜇𝜈
𝑎𝑏 = 𝐷𝜇

𝜔ℎ𝜈
𝑎𝑏 −𝐷𝜈

𝜔ℎ𝜇
𝑎𝑏 −

1

ℓ2
(𝑒𝜇
𝑎𝑒𝜈
𝑏 − 𝑒𝜈

𝑎𝑒𝜇
𝑏) + (ℎ𝜇

𝑎𝑐ℎ𝜈𝑐
𝑏 − ℎ𝜈

𝑎𝑐ℎ𝜇𝑐
𝑏 )  

𝒢𝜇𝜈= 𝜅̃ ((𝒟𝜇
𝜔𝜒𝜈 −𝒟𝜈

𝜔𝜒𝜇) +
1

4
(ℎ𝜇
𝑎𝑏𝛾𝑎𝑏𝜒𝜈 − ℎ𝜈

𝑎𝑏𝛾𝑎𝑏𝜒𝜇)  

+
𝜅

4𝜅̃
(ℎ𝜇
𝑎𝑏𝛾𝑎𝑏𝜓𝜈 − ℎ𝜈

𝑎𝑏𝛾𝑎𝑏𝜓𝜇) −
1

2ℓ

𝜅

𝜅̃
(𝑒𝜇
𝑎𝛾𝑎𝜓𝜈 − 𝑒𝜈

𝑎𝛾𝑎𝜓𝜇))

 

64𝜋ℒ= (𝐵𝜇𝜈
𝐼𝐽𝐹𝜌𝜎𝐼𝐽

(𝑠)
−
𝛽

2
𝐵𝜇𝜈
𝐼𝐽𝐵𝜌𝜎𝐼𝐽 −

𝛼

4
𝜖𝑎𝑏𝑐𝑑𝐵𝜇𝜈

𝑎𝑏𝐵𝜌𝜎
𝑐𝑑) 𝜖𝜇𝜈𝜌𝜎  

+ (𝐶𝜇𝜈
𝑎𝑏𝐺𝜌𝜎𝑎𝑏

(𝑠)
−
𝜌

2
𝐶𝜇𝜈
𝑎𝑏𝐶𝜌𝜎𝑎𝑏 −

𝜎

4
𝜖𝑎𝑏𝑐𝑑𝐶𝜇𝜈

𝑎𝑏𝐶𝜌𝜎
𝑐𝑑) 𝜖𝜇𝜈𝜌𝜎  

+ (𝛽𝐶𝜇𝜈
𝑎𝑏𝐵𝜌𝜎𝑎𝑏 +

𝛼

2
𝜖𝑎𝑏𝑐𝑑𝐶𝜇𝜈

𝑎𝑏𝐵𝜌𝜎
𝑐𝑑) 𝜖𝜇𝜈𝜌𝜎  

+4 (ℬ𝜇𝜈ℱ𝜌𝜎 −
𝛽

2
ℬ𝜇𝜈ℬ𝜌𝜎 −

𝛼

2
ℬ𝜇𝜈𝛾

5ℬ𝜌𝜎) 𝜖
𝜇𝜈𝜌𝜎  

+4 (𝒞𝜇𝜈𝒢𝜌𝜎 −
𝜌

2
𝒞𝜇𝜈𝒞𝜌𝜎 −

𝜎

2
𝒞𝜇𝜈𝛾

5𝒞𝜌𝜎) 𝜖
𝜇𝜈𝜌𝜎  

 +4 (
𝛽

2
𝒞𝜇𝜈ℬ𝜌𝜎 +

𝛽

2
ℬ𝜇𝜈𝒞𝜌𝜎 +

𝛼

2
𝒞𝜇𝜈𝛾

5ℬ𝜌𝜎 +
𝛼

2
ℬ𝜇𝜈𝛾

5𝒞𝜌𝜎) 𝜖
𝜇𝜈𝜌𝜎

 

ℬ − 𝒞 =
1

𝛼2 + 𝛽2
(𝛽𝟙 − 𝛼𝛾5)ℱ,  and  𝒞 =

(𝜌 − 𝛽)𝟙 − (𝜎 − 𝛼)𝛾5

(𝜎 − 𝛼)2 + (𝜌 − 𝛽)2
(𝒢 + ℱ)  
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16𝜋ℒ𝑓= 𝜖𝜇𝜈𝜌𝜎
𝛼

(𝛼2 + 𝛽2)
ℱ𝜇𝜈 (

𝛽𝟙 − 𝛼𝛾5

2𝛼
)ℱ𝜌𝜎  

 +𝜖𝜇𝜈𝜌𝜎
(𝜎 − 𝛼)

(𝜎 − 𝛼)2 + (𝜌 − 𝛽)2
(𝒢𝜇𝜈 + ℱ𝜇𝜈)(

(𝜌 − 𝛽)𝟙 − (𝜎 − 𝛼)𝛾5

2(𝜎 − 𝛼)
) (𝒢𝜌𝜎 + ℱ𝜌𝜎)

 

16𝜋ℒ𝑏= 𝜖𝜇𝜈𝜌𝜎 (
1

𝛽
𝐹(𝑠)𝑎4 𝜇𝜈𝐹𝑎4

(𝑠)
𝜌𝜎 +

1

4
𝑀𝑎𝑏𝑐𝑑𝐹𝑎𝑏

(𝑠)
 𝜇𝜈𝐹𝑐𝑑

(𝑠)
𝜌𝜎)  

 +𝜖𝜇𝜈𝜌𝜎
1

4
𝑁𝑎𝑏𝑐𝑑 (𝐺𝑎𝑏

(𝑠)
 𝜇𝜈 + 𝐹𝑎𝑏

(𝑠)
 𝜇𝜈) (𝐺𝑐𝑑

(𝑠)
𝜌𝜎 + 𝐹𝑐𝑑

(𝑠)
𝜌𝜎)

 

𝑀𝑎𝑏𝑐𝑑=
𝛼

(𝛼2 + 𝛽2)
(𝛾𝛿𝑎𝑏𝑐𝑑 − 𝜖𝑎𝑏𝑐𝑑)  

𝑁𝑎𝑏𝑐𝑑 =
(𝜎 − 𝛼)

(𝜎 − 𝛼)2 + (𝜌 − 𝛽)2
(
𝜌 − 𝛽

𝜎 − 𝛼
𝛿𝑎𝑏𝑐𝑑 − 𝜖𝑎𝑏𝑐𝑑)

 

𝐺𝜇𝜈
(𝑠)𝑎𝑏

+ 𝐹𝜇𝜈
(𝑠)𝑎𝑏

= 𝑅𝜇𝜈
𝑎𝑏(𝜔 + ℎ) − (𝜅𝜓‾𝜇 + 𝜅̃𝜒‾𝜇)𝛾

𝑎𝑏(𝜅𝜓𝜈 + 𝜅̃𝜒𝜈) 

𝒢𝜇𝜈 + ℱ𝜇𝜈  = 𝒟𝜇
(𝜔+ℎ)

(𝜅𝜓𝜈 + 𝜅̃𝜒𝜈) − 𝒟𝜈
(𝜔+ℎ)

(𝜅𝜓𝜇 + 𝜅̃𝜒𝜇).
 

16𝜋ℒ= −(
𝜅2

𝐺
𝜓‾𝜇𝛾

5𝛾𝑎𝑏𝑒𝜈
𝑎𝑒𝜌
𝑏 +

2𝜅2ℓ

𝐺
𝜓‾𝜇𝛾

5𝛾𝑎𝑒𝜈
𝑎𝒟𝜌

𝜔𝜓𝜎) 𝜖
𝜇𝜈𝜌𝜎

−𝜓‾𝜇 (
1

4𝛽

2𝜅2

ℓ
𝛾𝑎𝑇𝜈𝜌

𝑎 +
2𝜅2ℓ

4𝐺
(𝛾𝟙 − 𝛾5)𝛾𝑎𝑇𝜈𝜌

𝑎 )𝜓𝜎𝜖
𝜇𝜈𝜌𝜎  

 −
1

4𝛽
(
1

ℓ2
𝑇𝜇𝜈
𝑎 𝑇𝜌𝜎𝑎 + 𝜅

4𝜓‾𝜇𝛾
𝑎𝜓𝜈𝜓‾𝜌𝛾𝑎𝜓𝜎) 𝜖

𝜇𝜈𝜌𝜎

 +
1

16
𝑀𝑎𝑏𝑐𝑑(𝐹𝜇𝜈

𝑎𝑏𝐹𝜌𝜎
𝑐𝑑 + 𝜅4𝜓‾𝜇𝛾

𝑎𝑏𝜓𝜈𝜓‾𝜌𝛾
𝑐𝑑𝜓𝜎)𝜖

𝜇𝜈𝜌𝜎

 +
1

16
𝑁𝑎𝑏𝑐𝑑(𝜅𝜓‾𝜇 + 𝜅‾𝜒‾𝜇)𝛾

𝑎𝑏(𝜅𝜓𝜈 + 𝜅‾𝜒𝜈) (𝜅𝜓‾ 𝜌 + 𝜅‾𝜒‾𝜌) 𝛾
𝑐𝑑(𝜅𝜓𝜎 + 𝜅‾𝜒𝜎)𝜖

𝜇𝜈𝜌𝜎

 +ξ

 

𝐹0𝑖
𝐼𝐽 = 𝐴̇𝑖

𝐼𝐽 − 𝜕𝑖𝐴0
𝐼𝐽 + 𝐴0

𝐼  𝐾𝐴𝑖 
𝐾𝐽 − 𝐴𝑖 

𝐼 𝐾𝐴0 
𝐾𝐽 = 𝐴̇𝑖

𝐼𝐽 −𝒟𝑖𝐴0
𝐼𝐽

𝐹𝑖𝑗
𝐼𝐽 = 𝜕𝑖𝐴𝑗

𝐼𝐽 + 𝐴𝑖
𝐼 𝐾𝐴𝑗 

𝐾𝐽 − 𝑖 ↔ 𝑗
 

𝐵𝜇𝜈
𝐼𝐽 → (𝐵0𝑖

𝐼𝐽 ≡ 𝐵𝑖
𝐼𝐽 , 𝒫𝑖𝐼𝐽 ≡ 2𝜖𝑖𝑗𝑘𝐵𝑗𝑘

𝐼𝐽
).  

𝑆 = ∫  𝑑𝑡ℒ, ℒ = ∫  𝑑3𝑥(𝒫𝑖 𝐼𝐽𝐴̇𝑖 
𝐼𝐽 + 𝐵𝑖  

𝐼𝐽Π𝑖  𝐼𝐽 + 𝐴0 
𝐼𝐽Π𝐼𝐽)  

Π𝐼𝐽(𝑥) = (𝒟𝑖𝒫
𝑖)
𝐼𝐽
(𝑥) = (𝜕𝑖𝒫𝐼𝐽

𝑖 + 𝐴𝑖𝐼 
𝐾𝒫𝑖 𝐾𝐽 + 𝐴𝑖𝐽 

𝐾𝒫𝑖 𝐼𝐾)(𝑥) ≈ 0

Π𝑖 𝐼𝐽(𝑥) = (2𝜖
𝑖𝑗𝑘𝐹𝑗𝑘𝐼𝐽 − 𝛽𝒫𝐼𝐽

𝑖 −
𝛼

2
𝜖𝐼𝐽𝐾𝐿4𝒫

𝑖𝐾𝐿) (𝑥) ≈ 0
 

{𝐴𝑖
𝐼𝐽(𝑥), 𝒫𝑗 𝐾𝐿(𝑦)} =

1

2
𝛿(𝑥 − 𝑦)𝛿𝑖

𝑗
𝛿𝐾𝐿
𝐼𝐽  
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Φ𝛼
𝑖  = 𝒫𝛼

𝑖 −
4

ℓ𝛽
𝜖𝑖𝑗𝑘𝒟𝑗

𝜔𝑒𝑘𝛼 ≈ 0

Φ𝛼𝛽
𝑖  = 𝒫𝛼𝛽

𝑖 −𝑀𝛼𝛽
𝛾𝛿
𝐹𝑗𝑘𝛾𝛿𝜖

𝑖𝑗𝑘 ≈ 0

Π𝛼𝛽  =
2

ℓ2
𝜖𝑖𝑗𝑘𝒟𝑖

𝜔 (𝐾𝛼𝛽
𝛾𝛿
𝑒𝑗𝛾𝑒𝑘𝛿) ≈ 0

Π𝛼  =
1

ℓ
𝜖𝑖𝑗𝑘𝐾𝛼𝛽

𝛾𝛿
𝑒𝑖
𝛽
𝑅𝑗𝑘𝛾𝛿 −

2𝛼

(𝛼2 + 𝛽2)ℓ3
𝜖𝑖𝑗𝑘𝜖𝛼𝛽𝛾𝛿𝑒𝑖

𝛽
𝑒𝑗
𝛾
𝑒𝑘
𝛿 ≈ 0

 

𝑀𝛼𝛽 𝛾𝛿 ≡
𝛼

(𝛼2 + 𝛽2)
(𝛾𝛿𝛾𝛿

𝛼𝛽
− 𝜖𝛼𝛽 𝛾𝛿) , 𝐾

𝛼𝛽  𝛾𝛿 ≡
𝛼

(𝛼2 + 𝛽2)
(
1

𝛾
𝛿𝛾𝛿
𝛼𝛽
+ 𝜖𝛼𝛽 𝛾𝛿) ,  

𝐻 = −2𝐴𝛼Π𝛼 − 𝐴
𝛼𝛽Π𝛼𝛽 − 2𝐵𝑖

𝛼Φ𝛼
𝑖 − 𝐵𝑖

𝛼𝛽
Φ𝛼𝛽
𝑖  

𝑆𝑇=
2𝛼

(𝛼2 + 𝛽2)

𝛽

𝛼
∫  𝜕𝜇(𝒞

𝜇( +𝜔) + 𝒞𝜇( −𝜔)) − 𝑖
2𝛼

(𝛼2 + 𝛽2)
∫  𝜕𝜇(𝒞

𝜇( +𝜔) − 𝒞𝜇( −𝜔)) 

 +
4

𝛽ℓ2
∫  𝜕𝜇(𝑒𝜈𝛼𝒟𝜌

𝜔𝑒𝜎
𝛼)𝜖𝜇𝜈𝜌𝜎

 

𝑊(𝑒,𝜔) =
4

𝛽ℓ2
∫ 
Σ

 𝜖𝑖𝑗𝑘(𝑒𝑖𝛼𝒟𝑗
𝜔𝑒𝑘

𝛼) +
2𝛼

(𝛼2 + 𝛽2)
∫ 
Σ

  ((𝛾 − 𝑖)ℒ𝐶𝑆( 
+𝜔) + (𝛾 + 𝑖)ℒ𝐶𝑆( 

−𝜔))  

𝒫𝛼
𝑖 = 𝒫𝛼

𝑖 + {𝒫𝛼
𝑖 ,𝑊(𝜔, 𝑒)}, 𝒫𝛼𝛽

𝑖 = 𝒫𝛼𝛽
𝑖 + {𝒫𝛼𝛽

𝑖 ,𝑊(𝜔, 𝑒)}  

{𝑒𝑖
𝛼, 𝒫𝛽

𝑗
} =

1

2
ℓ𝛿𝑖

𝑗
𝛿𝛽
𝛼  and  {𝜔𝑖

𝛼𝛽
, 𝒫𝛾𝛿

𝑗
} =

1

2
𝛿𝑖
𝑗
𝛿𝛼𝛽
𝛾𝛿  

1

2

𝛿𝑊

𝛿𝜔𝑖
𝛼𝛽
 = 𝑀𝛼𝛽

𝛾𝛿
𝑅𝑗𝑘𝛾𝛿𝜖

𝑖𝑗𝑘 −
4

𝛽ℓ2
𝑒𝑗𝛼𝑒𝑘𝛽𝜖

𝑖𝑗𝑘

1

2

𝛿𝑊

𝛿𝑒𝑖
𝛼  =

4

ℓ𝛽
𝜖𝑖𝑗𝑘𝒟𝑗

𝜔𝑒𝑘𝛼

 

Φ𝛼
𝑖  = 𝒫𝛼

𝑖 ≈ 0

Φ𝛼𝛽
𝑖  = 𝒫𝛼𝛽

𝑖 −
2

ℓ2
𝐾𝛼𝛽 

𝛾𝛿𝑒𝑗𝛾𝑒𝑘𝛿𝜖
𝑖𝑗𝑘 ≈ 0

Π𝛼𝛽  =
2

ℓ2
𝜖𝑖𝑗𝑘𝐾𝛼𝛽 

𝛾𝛿𝒟𝑖
𝜔(𝑒𝑗𝛾𝑒𝑘𝛿) ≈ 0

Π𝛼  =
1

ℓ
𝜖𝑖𝑗𝑘𝐾𝛼𝛽 

𝛾𝛿𝑒𝑖
𝛽
𝐹𝑗𝑘𝛾𝛿 ≈ 0

 

𝑒𝑖
0 ≈ 0  

−𝑤𝑖
𝑎 = 𝜔𝑖

0𝑎 −
1

2𝛾
𝜖𝑎𝑏𝑐𝜔𝑖𝑏𝑐  

−
4𝛼

(𝛼2 + 𝛽2)ℓ2
𝜖𝑖𝑗𝑘𝜖𝑎𝑏𝑐𝑒𝑗

𝑏𝑒𝑘
𝑐 

𝐴 ∧ 𝐵 = (−1)𝑝𝑞𝐵 ∧ 𝐴

𝑑(𝐴 ∧ 𝐵) = 𝑑𝐴 ∧ 𝐵 + (−1)𝑝𝐴 ∧ 𝑑𝐵
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𝑑𝐴 = 𝑑 (𝐴𝑘1𝑘2…𝑘𝑝𝑑𝑥
𝑘1 ∧ 𝑑𝑥𝑘2 ∧ …∧ 𝑑𝑥𝑘𝑝) =

𝜕𝐴𝑘1𝑘2…𝑘𝑝
𝜕𝑥𝑘

𝑑𝑥𝑘 ∧ 𝑑𝑥𝑘1 ∧ 𝑑𝑥𝑘2 ∧ …∧ 𝑑𝑥𝑘𝑝 

𝜖𝑎𝑏𝑚𝑛𝜖𝑚𝑛𝑐𝑑 = −(4 − 2)! 𝛿𝑐𝑑
𝑎𝑏 = −2(𝛿𝑐

𝑎𝛿𝑑
𝑏 − 𝛿𝑑

𝑎𝛿𝑐
𝑏) 

(det𝑒𝜇
𝑖 )
2
= −det𝑔𝜇𝜈 = −𝑔, 𝑒 = √−𝑔

𝑒 =
1

4!
𝜖𝑎𝑏𝑐𝑑𝑒𝜇

𝑎𝑒𝜈
𝑏𝑒𝜌
𝑐𝑒𝜎
𝑑𝜖𝜇𝜈𝜌𝜎, 𝜖𝜇𝜈𝜌𝜎𝜖𝜇𝜈𝜌𝜎 = 4!√−𝑔

 

𝛾5 = 𝛾0𝛾1𝛾2𝛾3 𝛾5 = 𝛾0𝛾1𝛾2𝛾3

𝛾5 = −
1

4!
𝜖𝑎𝑏𝑐𝑑𝛾

𝑎𝛾𝑏𝛾𝑐𝛾𝑑  𝛾5 =
1

4!
𝜖𝑎𝑏𝑐𝑑𝛾𝑎𝛾𝑏𝛾𝑐𝛾𝑑

 

𝛾𝑎𝑏  =
1

2
𝜖𝑎𝑏𝑐𝑑𝛾𝑐𝑑𝛾5, 𝛾𝑎𝑏 = −

1

2
𝜖𝑎𝑏𝑐𝑑𝛾

𝑐𝑑𝛾5

𝛾𝑐𝛾𝑎𝑏  = 𝜂𝑐𝑎𝛾𝑏 − 𝜂𝑐𝑏𝛾𝑎 − 𝜖𝑎𝑏𝑐𝑑𝛾
𝑑𝛾5

𝛾𝑎𝑏𝛾𝑐  = 𝜂𝑐𝑏𝛾𝑎 − 𝜂𝑐𝑎𝛾𝑏 − 𝜖𝑎𝑏𝑐𝑑𝛾
𝑑𝛾5

 

𝜓‾𝜇Γ
𝐴𝜓𝜈𝜖

𝜇𝜈𝜌𝜎 = 0  where  Γ𝐴 = {1, 𝛾5, 𝛾5𝛾𝑎}  

𝜓‾𝜒 = 𝜒‾𝜓 𝜓‾𝛾5𝜒 = 𝜒‾𝛾5𝜓 𝜓‾𝛾5𝛾𝑖𝜒 = 𝜒‾𝛾5𝛾𝑖𝜓 

(𝜓‾𝜇Γ𝜓𝜈)(𝜓‾𝜌Γ𝜓𝜎)𝜖
𝜇𝜈𝜌𝜎 = 0  

𝒟𝜇𝜓‾𝜈= 𝜕𝜇𝜓‾𝜈 −
1

4
𝜔𝜇
𝑎𝑏𝜓‾𝜈𝛾𝑎𝑏 −

1

2ℓ
𝑒𝜇
𝑎𝜓‾𝜈𝛾𝑎  

𝒟𝜇𝜓𝜈 = 𝜕𝜇𝜓𝜈 +
1

4
𝜔𝜇
𝑎𝑏𝛾𝑎𝑏𝜓𝜈 +

1

2ℓ
𝑒𝜇
𝑎𝛾𝑎𝜓𝜈

 

ℛ𝑎𝑏  ≡  d𝜔𝑎𝑏 + 𝜔𝑎𝑐 ∧ 𝜔𝑐
𝑏

𝑇𝑎  ≡ 𝒟𝑉𝑎 −
𝑖

2
Ψ‾𝐴Γ

𝑎 ∧ Ψ𝐴

𝜌𝐴  ≡ 𝒟Ψ𝐴 −
1

2ℓ
𝐴𝜖𝐴𝐵 ∧ Ψ𝐵

𝐹 ≡  d𝐴 − Ψ‾𝐴 ∧ Ψ𝐵𝜖𝐴𝐵 = ℱ −Ψ‾𝐴 ∧ Ψ𝐵𝜖𝐴𝐵

 

 

ℒbulk =
1

4
ℛ𝑎𝑏 ∧ 𝑉𝑐 ∧ 𝑉𝑑𝜖𝑎𝑏𝑐𝑑 +Ψ‾𝐴Γ𝑎Γ5 ∧ 𝜌𝐴 ∧ 𝑉

𝑎  

+
1

4
𝜖𝑎𝑏𝑐𝑑𝐹̃

𝑐𝑑𝑉𝑎 ∧ 𝑉𝑏 ∧ 𝐹 −
1

48
𝐹̃ℓ𝑚𝐹̃

ℓ𝑚𝑉𝑎 ∧ 𝑉𝑏 ∧ 𝑉𝑐 ∧ 𝑉𝑑𝜖𝑎𝑏𝑐𝑑 

+
𝑖

2
(𝐹 +

1

2
Ψ‾𝐴 ∧ Ψ𝐵𝜖𝐴𝐵) ∧ Ψ‾𝐶Γ5 ∧ Ψ𝐷𝜖𝐶𝐷  

 −
𝑖

2ℓ
Ψ‾𝐴Γ𝑎𝑏Γ5 ∧ Ψ𝐴 ∧ 𝑉

𝑎 ∧ 𝑉𝑏 −
1

8ℓ2
𝑉𝑎 ∧ 𝑉𝑏 ∧ 𝑉𝑐 ∧ 𝑉𝑑𝜖𝑎𝑏𝑐𝑑

 

 

𝒜 = ∫  
ℳ4⊂ℳ

4∣8
 ℒ  
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𝑇𝑎 ≡ 𝒟𝑉𝑎 −
𝑖

2
Ψ‾𝐴Γ

𝑎Ψ𝐴 = 0  

𝛿𝜖Φ = ℓ𝜖Φ = d𝜄𝜖(Φ) + 𝜄𝜖(dΦ),  

𝛿𝜖Φ = ℓ𝜖Φ = ∇𝜄𝜖(Φ) + 𝜄𝜖(∇Φ).  

𝜄𝜖(Ψ𝐴) = 𝜖𝐴, 𝜄𝜖(𝑉
𝑎) = 0, 𝜄𝜖(𝜔

𝑎𝑏) = 0, 𝜄𝜖(𝐴) = 0  

ℛ𝑎𝑏 =ℛ̃𝑎𝑏 𝑐𝑑𝑉
𝑐𝑉𝑑 + Θ‾𝐴

𝑎𝑏∣𝑐Ψ𝐴𝑉𝑐 +
1

2ℓ
Ψ‾𝐴Γ

𝑎𝑏Ψ𝐵𝛿𝐴𝐵

 −
1

2
𝜖𝐴𝐵 (𝐹̃

𝑎𝑏Ψ‾𝐴 ∧ Ψ𝐵 +
𝑖

2
𝜖𝑎𝑏𝑐𝑑𝐹̃𝑐𝑑Ψ‾𝐴Γ5 ∧ Ψ𝐵) ,

𝑇𝑎 =0,

 

𝜌𝐴 =𝜌̃𝑎𝑏𝑉
𝑎𝑉𝑏 −

𝑖

2
𝜖𝐴𝐵 (𝐹̃𝑎𝑏 −

𝑖

2
𝜖𝑎𝑏𝑐𝑑𝐹̃

𝑐𝑑Γ5) Γ
𝑎Ψ𝐵𝑉

𝑏

 +
𝑖

2ℓ
Γ𝑎Ψ𝐴𝑉

𝑎 ,

𝐹 =𝐹̃𝑎𝑏𝑉
𝑎𝑉𝑏,

 

𝛿𝜖𝒜 = ∫  
ℳ4⊂ℳ

4∣8
 ℓ𝜖ℒ = ∫  

ℳ4

  (𝑑𝜄𝜖(ℒ) + 𝜄𝜖(𝑑ℒ)).  

𝜄𝜖(𝑑ℒ) = 0  

𝛿𝜖𝒜 = ∫  
ℳ4

 𝑑𝜄𝜖(ℒ) = ∫  
𝜕ℳ4

  𝜄𝜖(ℒ) = 0.  

ℒbulk → ℒfull ≡ ℒbulk + ℒbdy  

𝜄𝜖(ℒfull)|𝜕ℳ4
= 0  

ℒbdy = −
ℓ2

8
(ℛ𝑎𝑏ℛ𝑐𝑑𝜖𝑎𝑏𝑐𝑑 +

8𝑖

ℓ
𝜌‾𝐴Γ5𝜌𝐴

−
2𝑖

ℓ
ℛ𝑎𝑏Ψ‾𝐴Γ𝑎𝑏Γ5Ψ𝐴 +

4𝑖

ℓ2
𝑑𝐴Ψ‾𝐴Γ5Ψ𝐵𝜖𝐴𝐵)

 

ℛ𝑎𝑏|
𝜕ℳ4

 = [
1

ℓ2
𝑉𝑎𝑉𝑏 +

1

2ℓ
𝛿𝐴𝐵Ψ‾𝐴Γ

𝑎𝑏Ψ𝐵]
𝜕ℳ4

𝒟𝑉𝑎|𝜕ℳ4
 = [

𝑖

2
Ψ‾𝐴Γ

𝑎Ψ𝐴]
𝜕ℳ4

𝜌𝐴|𝜕ℳ4
 = [

𝑖

2ℓ
𝛿𝐴𝐵Γ𝑎Ψ𝐵𝑉

𝑎]
𝜕ℳ4

𝐹|𝜕ℳ4
 = 0
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R𝑎𝑏  ≡  d𝜔𝑎𝑏 +𝜔𝑎𝑐𝜔𝑐
𝑏 −

1

ℓ2
𝑉𝑎𝑉𝑏 −

1

2ℓ
𝛿𝐴𝐵Ψ‾𝐴Γ

𝑎𝑏Ψ𝐵 → 0

 T𝑎  ≡  d𝑉𝑎 +𝜔𝑎𝑏𝑉𝑏 −
𝑖

2
Ψ‾𝐴Γ

𝑎Ψ𝐴 = 0

𝜌̂𝐴  ≡  dΨ𝐴 +
1

4
𝜔𝑎𝑏Γ𝑎𝑏Ψ𝐴 −

1

2ℓ
𝐴𝜖𝐴𝐵Ψ𝐵 −

𝑖

2ℓ
𝛿𝐴𝐵Γ𝑎Ψ𝐵𝑉

𝑎 → 0

𝐹 ≡  d𝐴 − Ψ‾𝐴Ψ𝐵𝜖𝐴𝐵 → 0

 

𝐸±
𝑖 ≡ ±

1

2
(𝑉𝑖 ∓ ℓℎ𝑖)  

Ψ𝐴 = Ψ+𝐴 +Ψ−𝐴, Γ
3Ψ±𝐴 = ±𝑖Ψ±𝐴  

ℛ 𝑖𝑗  ≡ 𝑑𝜔𝑖𝑗 +𝜔𝑘
𝑖 ∧ 𝜔𝑘𝑗 = −

4

ℓ2
𝐸+
[𝑖
∧ 𝐸−

𝑗] +
1

ℓ
Ψ‾+𝐴Γ

𝑖𝑗Ψ−𝐴

𝑑𝑉3  = −𝜔𝑖
3 ∧ 𝑉𝑖 +Ψ‾+𝐴Ψ−𝐴

 

𝒟𝐸±
𝑖  ≡ 𝑑𝐸±

𝑖 +𝜔𝑗
𝑖 ∧ 𝐸±

𝑗
= ±

𝑖

2
Ψ‾±𝐴Γ

𝑖Ψ±𝐴 ±
1

ℓ
𝐸±
𝑖 ∧ 𝑉3

𝒟Ψ±𝐴  ≡ 𝑑Ψ±𝐴 +
1

4
𝜔𝑖𝑗Γ

𝑖𝑗 ∧ Ψ±𝐴

 = ∓
𝑖

ℓ
𝐸±𝑖 ∧ Γ

𝑖Ψ∓𝐴 − 𝜖𝐴𝐵𝐴
(4) ∧ Ψ±∣𝐵 ±

1

2ℓ
Ψ±𝐴 ∧ 𝑉

3

𝑑𝐴(4)  = 𝜖𝐴𝐵Ψ‾𝐴 ∧ Ψ𝐵 = 2𝜖𝐴𝐵Ψ‾+𝐴 ∧ Ψ−𝐵

 

𝜔𝑖
3|
𝜕ℳ4

= (ℎ𝑖∣𝑗𝑉
𝑗)
𝜕ℳ4

 with ℎ𝑖∣𝑗 = ℎ𝑗∣𝑖;  Ψ‾+𝐴Ψ−𝐴 = 0  

𝐸+
𝑖 (𝑥, 𝑟)=

𝑟

2ℓ
[𝐸𝑖(𝑥) + 𝒪 (

ℓ2

𝑟2
)] ; 𝐸−

𝑖 (𝑥, 𝑟) = −
ℓ

2𝑟
𝐸𝑖(𝑥) + 𝒪 (

ℓ2

𝑟2
)  

𝜔𝑖𝑗(𝑥, 𝑟)= 𝜔𝑖𝑗(𝑥) + 𝒪 (
ℓ

𝑟
) ; 𝐴(4)(𝑥, 𝑟) = 2ℓ𝜀𝐴𝜇(𝑥)𝑑𝑥

𝜇 + 𝒪 (
ℓ

𝑟
)  

Ψ+𝐴𝜇(𝑥, 𝑟)= √
𝑟

2ℓ
[(
𝜓𝐴𝜇
𝟎
) + 𝒪 (

ℓ

𝑟
)] ;Ψ−𝐴𝜇(𝑥, 𝑟) = √

ℓ

2𝑟
[(

𝟎

𝜀𝜓𝐴𝜇
) + 𝒪 (

ℓ

𝑟
)] 

𝑉3(𝑟) =
ℓ

𝑟
[𝑑𝑟 + 𝒪 (

ℓ2

𝑟2
)]

 

ℛ 𝑖𝑗  =
1

ℓ2
𝐸𝑖𝐸𝑗 +

𝜀

2ℓ
𝜓‾𝐴𝛾

𝑖𝑗𝜓𝐴,

𝒟𝐸𝑖  =
𝑖

2
𝜓‾𝐴𝛾

𝑖𝜓𝐴,

𝒟𝜓𝐴  = −𝜀
𝑖

2ℓ
𝐸𝑖𝛾

𝑖𝜓𝐴 − 𝜖𝐴𝐵𝐴𝜓𝐵,

𝑑𝐴 = −
𝜀

ℓ
𝜖𝐴𝐵𝜓‾𝐴𝜓𝐵,

 

 

ℒ(3) =(ℛ𝑖𝑗 −
1

3ℓ2
𝐸𝑖𝐸𝑗 −

𝜀

2ℓ
𝜓‾𝐴𝛾

𝑖𝑗𝜓𝐴)𝐸
𝑘𝜖𝑖𝑗𝑘 −

𝜀

2ℓ
𝐴𝑑𝐴

 +2𝜓‾𝐴 (𝒟𝜓𝐴 −
𝜀

2ℓ
𝜖𝐴𝐵𝐴𝜓𝐵)
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𝜔(±𝜀)
𝑖𝑗

= 𝜔𝑖𝑗 ±
𝜀

ℓ
𝐸𝑘𝜖

𝑖𝑗𝑘 ≡ 𝜖𝑖𝑗𝑘𝜔(±𝜀)𝑘 ,  

ℛ(𝜀)
𝑖 = 𝑖

𝜀

ℓ
𝜓‾𝐴𝛾

𝑖𝜓𝐴, ℛ(−𝜀)
𝑖 = 0, 𝑑𝐴 = −

𝜀

ℓ
𝜖𝐴𝐵𝜓‾𝐴𝜓𝐵

𝒟(𝜀)𝜓𝐴 = −𝜖𝐴𝐵𝐴𝜓𝐵
 

ℛ(±)𝑖 ≡
1

2
𝜖𝑖𝑗𝑘ℛ(±)

𝑗𝑘
= 𝑑𝜔(±)𝑖 −

1

2
𝜔(±)
𝑗
𝜔(±)
𝑘 𝜀𝑖𝑗𝑘 𝒟(𝜀) 𝜔(+𝜀)

𝑖𝑗
𝔬𝔰𝔭(2 ∣ 2)(𝜀) × 𝔰𝔬(1,2)(−𝜀) 

ℒ (3) = 𝜀(ℒ(𝜀) − ℒ(−𝜀)) + 𝑑ℬ ≡ ℒ+
(3)
− ℒ−

(3) + 𝑑ℬ  

ℒ(𝜀)  =
ℓ

2
(𝜔(𝜀)

𝑖 𝑑𝜔(𝜀)∣𝑖 −
1

3
𝜔(𝜀)
𝑖 𝜔(𝜀)

𝑗
𝜔(𝜀)
𝑘 𝜀𝑖𝑗𝑘) + 2𝜀𝜓‾𝐴∇

(𝜀)𝜓𝐴 −
𝜀

2ℓ
𝐴𝑑𝐴

∇(𝜀)𝜓𝐴  ≡ (𝑑 +
1

4
𝜔(𝜀)
𝑖𝑗
𝛾𝑖𝑗)𝜓𝐴 + 𝐴𝜓𝐵𝜖𝐴𝐵

ℒ(−𝜀)  =
ℓ

2
(𝜔(−𝜀)

𝑖 𝑑𝜔(−𝜀)∣𝑖 −
1

3
𝜔(−𝜀)
𝑖 𝜔(−𝜀)

𝑗
𝜔(−𝜀)
𝑘 𝜀𝑖𝑗𝑘)

ℬ = −
ℓ

2
𝜔(+)
𝑖 𝜔(−)𝑖

 

𝛿𝜔(−𝜀)
𝑖  = 0, 𝛿𝜔(𝜀)

𝑖 = 𝜀
2𝑖

ℓ
𝜖‾𝐴𝛾

𝑖𝜓𝐴, 𝛿𝐴 = 2𝜖𝐴𝐵𝜖‾𝐴𝜓𝐵

𝛿𝜓𝐴  = 𝒟(𝜀)𝜖𝐴 −
𝜀

2ℓ
𝜖𝐴𝐵𝐴𝜖𝐵 ≡ ∇

(𝜀)𝜖𝐴

 

𝔸 =
1

2
𝜔𝑖𝑗𝕁𝑖𝑗 + 𝐴 ⋅ 𝕋 + 𝜓‾𝐴ℚ

𝐴 +ℚ𝐴𝜓
𝐴,  

𝒜 = ∫  
ℳ3

 ℒ(𝔸) = ∫  
ℳ3

  ⟨𝔸 ∧ 𝑑𝔸 +
2

3
𝔸 ∧ 𝔸 ∧ 𝔸⟩  

𝜓𝜇𝐴 = 𝑖𝑒𝜇
𝑖𝛾𝑖𝜒𝐴  

𝒟(𝜀)𝑒𝑖 = 𝜏0𝜖
𝑖 𝑗𝑘𝑒

𝑗𝑒𝑘,  
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∇𝑖
(𝜀)
𝜒𝐴 = 𝑖

𝜀

ℓ
𝛾𝑖𝜒𝐴  

𝑑(𝜒‾𝜒) = 0  

ℛ(𝜀)
𝑖 = −

𝜀

ℓ
𝜒‾𝐴𝜒𝐴𝜖

𝑖𝑗𝑘𝑒𝑗𝑒𝑘, 𝑑𝐴 = 𝑖𝜖𝐴𝐵𝜒‾𝐴𝛾
𝑘𝜒𝐵𝑒

𝑖𝑒𝑗𝜖𝑖𝑗𝑘  

𝑒𝑖 → 𝜆(𝑥)𝑒𝑖, 𝜒𝐴 →
1

𝜆(𝑥)
𝜒𝐴, 𝜆 ≠ 0  

𝒟(𝜀)𝑒𝑖 = 𝑇̂𝑗𝑘
𝑖 𝑒𝑗 ∧ 𝑒𝑘 = 𝛽 ∧ 𝑒𝑖 + 𝜏𝑒𝑗 ∧ 𝑒𝑘𝜖𝑗𝑘

𝑖 + 𝑇
∘
𝑖ℓ𝜖𝑗𝑘ℓ𝑒

𝑗 ∧ 𝑒𝑘  

ℛ(𝜀)
𝑖 =

𝜀

ℓ
𝜒‾𝐴𝜒𝐴𝑒

𝑗 ∧ 𝑒𝑘𝜖𝑖𝑗𝑘 =
1

2
𝜖𝑗𝑘
𝑖 ℛ(𝜀)

𝑗𝑘  

(𝒟(𝜀))
2
𝑒𝑖 = 0 

𝛽 = −
𝑑𝜏

𝜏
 

𝑒𝑖 → 𝜆(𝑥)𝑒𝑖  ⇒  𝒟(𝜀)𝑒𝑖 → 𝜆 (𝒟(𝜀)𝑒𝑖 +
𝑑𝜆

𝜆
∧ 𝑒𝑖)  

𝛽 → 𝛽 +
𝑑𝜆

𝜆
, 𝜏 →

𝜏

𝜆
, .  

𝜔′𝑖 = 𝜔(𝜀)
𝑖 + 𝜏0𝑒

𝑖  

ℛ 𝑖𝑗[𝜔′] = (𝜏0
2 +

𝜀

ℓ
𝜒‾𝐴𝜒𝐴) 𝑒

𝑖 ∧ 𝑒𝑗  

 ∗𝑑𝛽 = −2𝜏 (𝛽 +
𝑑𝜏

𝜏
)  

𝜔(±𝜀)
𝑖𝑗

 𝜔𝑖 =
1

2
(𝜔(𝜀)

𝑖 +𝜔(−𝜀)
𝑖 ) 𝜏0 = −

𝜀

ℓ
 

𝒟(𝜀)𝑒
𝑖 = −

𝜀

ℓ
𝜖𝑖 𝑗𝑘𝑒

𝑗𝑒𝑘,  

𝒟(𝜀)𝐸
𝑖 = −

𝜀

ℓ
𝜖𝑖𝑗𝑘𝐸𝑗𝐸𝑘 +

1

2
𝜒‾𝐴𝜒𝐴𝜖

𝑖𝑗𝑘𝑒𝑗𝑒𝑘  

𝐸𝑖 = 𝑀(𝜒‾𝜒)𝑒𝑖,  with: 𝑀(𝜒‾𝜒) = (1 + 𝜀
ℓ

2
𝜒‾𝜒 −

ℓ2

4
(𝜒‾𝜒)2)  

𝜒𝐴 = −
𝑖

3
𝛾𝑖𝑒

𝑖∣𝜇𝜓𝐴𝜇  
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Γ𝑎𝑉
𝑎∣𝜇̂Ψ𝐴𝜇̂ = 0  

Ψ+𝐴3 =
3𝑖𝜀

2𝑀(𝜒‾𝜒)
(
ℓ

𝑟
)

5
2
(
𝜒𝐴
𝟎
) ,Ψ−𝐴3 =

3𝑖

𝑀(𝜒‾𝜒)
(
ℓ

𝑟
)

3
2
(
𝟎

𝜒𝐴
) .  

𝑑𝜔𝑎𝑏 +𝜔𝑐
𝑎 ∧ 𝜔𝑐𝑏 − ℓ−2𝑉𝑎 ∧ 𝑉𝑏 −

1

2ℓ
(Ψ‾𝐴 ∧ Γ

𝑎𝑏Ψ𝐴) = 0

𝑑𝑉𝑎 + 𝜔𝑏
𝑎 ∧ 𝑉𝑏 −

𝑖

2
(Ψ‾𝐴 ∧ Γ

𝑎Ψ𝐴) = 0

𝑑𝐴𝐶𝐷 + 𝐴𝐵
𝐶 ∧ 𝐴𝐵𝐷 − (Ψ‾ 𝐶 ∧ Ψ𝐷) = 0

𝑑Ψ𝐴 +
1

4
𝜔𝑎𝑏 ∧ Γ𝑎𝑏Ψ

𝐴 +
𝑖

2ℓ
𝑉𝑎 ∧ Γ𝑎Ψ

𝐴 −
1

2ℓ
𝐴𝐴𝐵 ∧ Ψ𝐵 = 0

 

𝐸±
𝑖 ≡ ±

1

2
(𝑉𝑖 ∓ ℓ𝜔3𝑖) 

Γ3: Ψ𝐴 = Ψ+
𝐴 +Ψ−

𝐴, Γ3Ψ±
𝐴 = ±𝑖Ψ±

𝐴 

[𝑑𝜔𝑖𝑗 +𝜔𝑘
𝑖 ∧ 𝜔𝑘𝑗 +

4

ℓ2
𝐸+
[𝑖
∧ 𝐸−

𝑗] −
1

ℓ
(Ψ‾+

𝐴 ∧ Γ𝑖𝑗Ψ𝐴−)]
𝜕ℳ

= 0

[𝑑𝐸±
𝑖 +𝜔𝑗

𝑖 ∧ 𝐸±
𝑗
∓
1

ℓ
𝐸±
𝑖 ∧ 𝑉3 ∓

𝑖

2
(Ψ‾±

𝐴 ∧ Γ𝑖Ψ𝐴±)]
𝜕ℳ

= 0

[𝑑𝑉3 −
1

ℓ
(𝐸+

𝑖 + 𝐸−
𝑖 ) ∧ 𝑉𝑖 +Ψ‾−

𝐴 ∧ Ψ𝐴+]
𝜕ℳ

= 0

[𝑑𝐴𝐶𝐷 + 𝐴𝐶  𝑀 ∧ 𝐴
𝑀𝐷 − 2(Ψ‾+

[𝐶
∧ Ψ−

𝐷])]
𝜕ℳ

= 0

[𝑑Ψ±
𝑀𝛽
+
1

4
𝜔𝑖𝑗 ∧ (Γ𝑖𝑗Ψ±

𝑀)
𝛽
±
𝑖

ℓ
𝐸±
𝑖 ∧ (Γ𝑖Ψ∓

𝑀)
𝛽
±
1

2ℓ
𝑉3 ∧ Ψ±

𝑀𝛽
+

 −
1

2ℓ
𝛿𝑀 [𝐶𝛿𝐷]𝐵𝐴

𝐶𝐷 ∧ Ψ±
𝐵𝛽
]
𝜕ℳ

= 0

 

 

𝐴𝐴𝐵(𝑟, 𝑥) = −2ℓ𝐴𝜇
𝐴𝐵(𝑥)𝑑𝑥𝜇 + 𝒪 (

ℓ

𝑟
)  

Ψ+𝜇
𝐴 (𝑟, 𝑥)𝑑𝑥𝜇  = √

𝑟

2ℓ
(
𝜓𝐴(𝑥)

𝟎
) + 𝑂 (

ℓ

𝑟
)

Ψ−𝜇
𝐴 (𝑟, 𝑥)𝑑𝑥𝜇  = √

ℓ

2𝑟
(

𝟎

𝜂𝐴𝐵𝜓𝐵(𝑥)
) + 𝑂 (

ℓ

𝑟
)

 

O(𝒩) → O(𝑝) × O(𝑞), 𝑝 + 𝑞 = 𝒩 

𝜂𝐴𝐵 = (
𝛿𝑎1𝑏1 𝟎

𝟎 −𝛿𝑎2𝑏2
)  
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𝑅±
𝑖 ≡ 𝑑Ω±

𝑖 −
1

2
𝜖𝑖𝑗𝑘Ω±𝑗 ∧ Ω±𝑘 = ±

𝑖

ℓ
(𝜓‾± ∧ 𝛾

𝑖𝜓±)

𝒟[Ω±, 𝐴±]𝜓± = 0

ℱ𝑎1𝑏1 ≡ 𝑑𝐴𝑎1𝑏1 + 𝐴𝑎1  𝑐1 ∧ 𝐴
𝑐1𝑏1 = −

1

ℓ
(𝜓‾𝑎1 ∧ 𝜓𝑏1)

ℱ𝑎2𝑏2 ≡ 𝑑𝐴𝑎2𝑏2 + 𝐴𝑎2  𝑐2 ∧ 𝐴
𝑐2𝑏2 =

1

ℓ
(𝜓‾𝑎2 ∧ 𝜓𝑏2)

 

Ω(±)
𝑖 ≡ 𝜔𝑖 ±

𝐸𝑖

ℓ
, 𝐴+ ≡ (𝐴

𝑎1𝑏1), 𝐴− ≡ (𝐴
𝑎2𝑏2)

𝜓+ ≡ (𝜓
𝑎1),𝒟[Ω+, 𝐴+]𝜓+ ≡ (𝑑𝜓

𝑎1 +
𝑖

2
Ω+
𝑖 ∧ 𝛾𝑖𝜓

𝑎1 + 𝐴𝑎1𝑏1 ∧ 𝜓𝑏1
𝛽
)

𝜓− ≡ (𝜓
𝑎2), 𝒟[Ω−, 𝐴−]𝜓− ≡ (𝑑𝜓

𝑎2 +
𝑖

2
Ω−
𝑖 ∧ 𝛾𝑖𝜓

𝑎2 + 𝐴𝑎2𝑏2 ∧ 𝜓𝑏2)

 

ℒ = ℒ(+) − ℒ(−) −
1

2
𝑑(Ω+𝑘 ∧ Ω−

𝑘 )  

ℒ(±) ≡
1

2
(Ω±𝑖𝑑Ω±

𝑖 −
1

3
𝜖𝑖𝑗𝑘Ω±

𝑖 ∧ Ω±
𝑗
∧ Ω±

𝑘) ±
2

ℓ
𝜓‾± ∧ 𝒟[Ω±, 𝐴±]𝜓± +

 +Tr (𝐴± ∧ 𝑑𝐴± +
2

3
𝐴± ∧ 𝐴± ∧ 𝐴±)

 

𝐸𝑖 → 𝒪𝑌 
𝑖 𝑗𝐸

𝑗, 𝜔𝑖 → −𝒪𝑌 
𝑖 𝑗𝜔

𝑗 ⇒ Ω±
𝑖 → −𝒪𝑌 

𝑖 𝑗Ω∓
𝑗
.  

SO(1,2)+ × SO(1,2)−  ⟶  SO(1,2)− × SO(1,2)+ 

𝜓± → 𝜓̃± = 𝜎
1𝜓∓, 𝐴± → 𝐴̃± = 𝐴∓  

𝜓𝜇𝐴 = 𝑖𝑒𝜇
𝑖𝛾𝑖𝜒𝐴  

𝑅±
𝑖  = ±

1

ℓ
𝜒‾±𝜒±𝜖

𝑖𝑗𝑘𝑒𝑗 ∧ 𝑒𝑘

𝒟[Ω±]𝐸
𝑖  = ∓

1

ℓ
𝜖𝑖𝑗𝑘𝐸𝑗 ∧ 𝐸𝑘 +

1

2
(𝜒‾+𝜒+ + 𝜒‾−𝜒−)𝜖

𝑖𝑗𝑘𝑒𝑗 ∧ 𝑒𝑘

ℱ𝑎1𝑏1  = −
𝑖

ℓ
(𝜒‾𝑎1𝛾𝑖𝜒𝑏1)𝜖𝑖𝑗𝑘𝑒

𝑗 ∧ 𝑒𝑘

ℱ𝑎2𝑏2  =
𝑖

ℓ
(𝜒‾𝑎2𝛾𝑖𝜒𝑏2)𝜖𝑖𝑗𝑘𝑒

𝑗 ∧ 𝑒𝑘

 

𝐸𝑖 = 𝑓𝑒𝑖  

𝑇±
𝑖 = 𝒟[Ω±]𝑒

𝑖 = 𝛽±𝑒
𝑖 + 𝜏±𝜖

𝑖𝑗𝑘𝑒𝑗 ∧ 𝑒𝑘  

𝛽± → 𝛽± +
𝑑𝜆

𝜆
, 𝜏± →

1

𝜆
𝜏±  

𝒟[Ω±]
2𝑒𝑖 = −𝜖𝑖𝑗𝑘𝑅±𝑗𝑒𝑘 = 0 

𝛽± = −
𝑑𝜏±
𝜏±

= −𝑑ln (|𝜏±|)  



pág. 2684 

Ω±
𝑖 = 𝜔𝑖 ± 𝐸𝑖/ℓ  

𝒟[𝜔]𝑒𝑖 = 𝛽 ∧ 𝑒𝑖 + 𝜏𝜖𝑖𝑗𝑘𝑒𝑗 ∧ 𝑒𝑘  

𝒟[Ω±]𝑒
𝑖 = 𝒟[𝜔]𝑒𝑖 ∓ (𝑓/ℓ)𝜖𝑖𝑗𝑘𝑒𝑗 ∧ 𝑒𝑘  

(𝛽+ − 𝛽−)𝑒
𝑖 + (𝜏+ − 𝜏− + 2𝑓/ℓ)𝜖

𝑖𝑗𝑘𝑒𝑗 ∧ 𝑒𝑘 = 0  

𝛽+ = 𝛽− = 𝛽, 𝜏+ +
𝑓

ℓ
= 𝜏− −

𝑓

ℓ
= 𝜏  

𝑑𝑓 + 𝛽𝑓 = 0

𝑓𝜏 =
1

2
(𝜒‾+𝜒+ + 𝜒‾−𝜒−)

 

𝒟[Ω±]𝑅±
𝑖 = 0 ⇒ 𝑑(𝜒‾±𝜒±) = −2𝛽𝜒‾±𝜒±  

D̸[Ω±, 𝐴±]𝜒± = −3𝑖𝜏±𝜒±  

𝒟[Ω+, 𝐴+]𝜒+
𝑎1 ≡ 𝑑𝜒𝑎1 +

𝑖

2
Ω+
𝑖 𝛾𝑖𝜒

𝑎1 + 𝐴𝑎1𝑏1𝜒𝑏1 

𝒟[Ω−, 𝐴−]𝜒− 

𝜔′𝑖 = Ω+
𝑖 + 𝜏+𝑒

𝑖 = Ω−
𝑖 + 𝜏−𝑒

𝑖.  

 

𝑚± =
3

2
𝜏±.  

𝑅𝑖[𝜔′] =
1

2
(
𝑓2

ℓ2
+ 𝜏2 +

𝜂𝐴𝐵𝜒‾
𝐴𝜒𝐵

ℓ
) 𝜖𝑖𝑗𝑘𝑒𝑗 ∧ 𝑒𝑘 .  

Ω(𝜆)
𝑖 ≡ 𝜔𝑖 +

𝜆

ℓ
𝐸𝑖 

Ω(𝜆)
′𝑖 ≡ 𝜔′𝑖 +

𝜆

ℓ
𝑒𝑖 

𝜏 =
𝜆

ℓ
(𝑓 − 1),  

𝜏± =
1

ℓ
[𝜆(𝑓 − 1) ∓ 𝑓].  

𝜆𝑓(𝑓 − 1) =
ℓ

2
(𝜒‾+𝜒+ + 𝜒‾−𝜒−)  
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𝜒(+) ≡ 𝜒𝑎1=1 + 𝑖𝜒𝑎1=2, 𝜒(−) ≡ 𝜒𝑎2=1 + 𝑖𝜒𝑎2=2  

𝜁 = (
√𝑛𝐴𝑒

𝑖𝛼𝐴

√𝑛𝐵𝑒
𝑖𝛼𝐵
)  

𝑛 ≡ 𝑛𝐴 + 𝑛𝐵 = 𝜁
†𝜁, Δ𝑛 ≡ 𝑛𝐵 − 𝑛𝐴 = 𝜁‾𝜁 ≡ 𝜁

†𝛾0𝜁  

𝜒 = √
ℓ

2
𝑈𝜁  

𝑈 =
1

√2
(
1 1
−𝑖 𝑖

) 

𝜒‾𝜒 =
ℓ

2
𝜁‾𝜁 =

ℓ

2
(𝑛𝐵 − 𝑛𝐴)  

𝜆 = 0: 𝜒‾𝜒 = 0 ⇒ 𝑛𝐴 = 𝑛𝐵,  

𝑛𝐴 = 𝑛𝐴
(+) + 𝑛𝐴

(−); 𝑛𝐵 = 𝑛𝐵
(+) + 𝑛𝐵

(−)
, and 𝑛𝐴

(±), 𝑛𝐵
(±)

 

𝜒‾+𝜒+ = −𝜒‾−𝜒−, and 𝑛𝐴 = 𝑛𝐵 

𝜒(±) → 𝜒̃(±) = −𝜎
1𝜒(∓)  

𝑒𝑖 → 𝑒̃𝑖 = 𝒪𝑌 
𝑖 𝑗𝑒

𝑗  

𝐊: 𝐸𝐪𝜒𝐊(𝐪) = [𝛾
0(𝛾1𝑞1 + 𝛾2𝑞2 +𝑚𝐊)]𝜒𝐊(𝐪)

𝐊′: 𝐸𝐪𝜒𝐊′(𝐪) = [𝛾
0(𝛾1𝑞1 − 𝛾2𝑞2 +𝑚𝐊′)]𝜒𝐊′(𝐪)

 

𝐊: 𝑖𝜕𝑡𝜒𝐊(𝑥) = [𝛾
0(−𝑖𝛾1𝜕𝑥 − 𝑖𝛾

2𝜕𝑦 +𝑚𝐊)]𝜒𝐊(𝑥)

𝐊′: 𝑖𝜕𝑡𝜒𝐊′(𝑥) = [𝛾
0(−𝑖𝛾1𝜕𝑥 + 𝑖𝛾

2𝜕𝑦 +𝑚𝐊
′ )]𝜒𝐊′(𝑥)

 

(∇𝜇
𝐊≡ 𝒟𝜇[𝜔

′, 𝐴𝐊], ∇𝜇
𝐊′≡ 𝒟𝜇[𝜔

′, 𝐴𝐊′]) 

𝐊: 𝑖∇𝑡
𝐊𝜒𝐊(𝑥) = [−𝑖𝛾

0(𝛾1∇𝑥
𝐊 + 𝛾2∇𝑦

𝐊 + 𝑖𝑚𝐊)]𝜒𝐊(𝑥),

𝐊′: 𝑖∇𝑡
𝐊′𝜒𝐊

′ (𝑥) = [−𝑖𝛾0(𝛾1∇𝑥
𝐊′ − 𝛾2∇𝑦

𝐊′ + 𝑖𝑚𝐊
′ )]𝜒𝐊

′ (𝑥),
 

𝜒𝐊(𝑥
𝜇) = 𝜒+(𝑥

𝜇), 𝜒𝐊′(𝑥
0, 𝑥1, 𝑥2) = 𝜎1𝜒−(−𝑥

0, 𝑥1, 𝑥2)  

𝐴K = 𝐴+, 𝐴K′ = 𝐴−,  

𝑚𝐊 = 𝑚+ =
3

2
𝜏+,𝑚𝐊′ = 𝑚− =

3

2
𝜏−.  

𝑚𝐊 = 𝑀 − 3√3𝑡2sin 𝜑,𝑚𝐊′ = 𝑀 + 3√3𝑡2sin 𝜑  

𝜏± = 𝜏 ∓ 2
𝑓

ℓ
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𝑀 =
3

2
𝜏, √3𝑡2sin (𝜑) =

𝑓

ℓ
 

𝑆 = ∫  
ℝ1,4

 (
𝑀P
3

2
⋆ 𝑅 −

𝑀P
3

4
𝑔𝑖𝑗 d𝜑

𝑖 ∧⋆  d𝜑𝑗 −
𝑀P
4
𝑓𝐼𝐽𝐹

𝐼 ∧⋆ 𝐹𝐽 −
1

12
ℱ𝐼𝐽𝐾𝐴

𝐼 ∧ 𝐹𝐽 ∧ 𝐹𝐾)  

ℱ[𝐗] =
1

3!
ℱ𝐼𝐽𝐾𝑋

𝐼𝑋𝐽𝑋𝐾 ,  

ℱ[𝐗] = 1.  

𝑓𝐼𝐽 = ℱ𝐼ℱ𝐽 − ℱ𝐼𝐽,  

ℱ𝐼: =
𝜕ℱ

𝜕𝑋𝐼
=
1

2
ℱ𝐼𝐽𝐾𝑋

𝐽𝑋𝐾 

ℱ𝐼𝐽: =
𝜕2ℱ

𝜕𝑋𝐼𝜕𝑋𝐽
= ℱ𝐼𝐽𝐾𝑋

𝐾 

𝑓𝐼𝐽 = 𝑔𝑖𝑗𝜕𝑖𝑋
𝐼𝜕𝑗𝑋

𝐽 +
1

3
𝑋𝐼𝑋𝐽,  

𝑔𝑖𝑗 = 𝑓𝐼𝐽𝜕𝑖𝑋
𝐼𝜕𝑗𝑋

𝐽  

𝐗 = 𝑋𝐼𝐾𝐼 .  

ℱ𝐼𝐽𝐾 =:𝐾𝐼 ⋅ 𝐾𝐽 ⋅ 𝐾𝐾  

ℱ[𝐗] =
1

3!
𝐗 ⋅ 𝐗 ⋅ 𝐗  

𝑆part = −∫ 
ℒ

 d𝜏√−𝛾𝑀part + 𝑞𝐼∫ 
ℒ

 𝐴𝐼  

𝑀part = 𝑀P𝑞𝐼𝑋
𝐼  

𝔮part
2 =

2

𝑀P
𝑞𝐼𝑓

𝐼𝐽𝑞𝐽  

𝑀P
3𝔮part
2 =

2

3
𝑀part
2 + 2𝑔𝑖𝑗𝜕𝑖𝑀part𝜕𝑗𝑀part  

𝑆str = −∫  
𝒲

 d2𝜉√−ℎ𝒯str + 𝑝
𝐼∫  
𝒲

 𝐵𝐼  

𝒯str =
𝑀P
2

2
𝑝𝐼ℱ𝐼  

𝒬str
2 =

𝑀P
2
𝑝𝐼𝑓𝐼𝐽𝑝

𝐽  

𝑀P
3𝒬str

2 =
2

3
𝒯str
2 + 2𝑔𝑖𝑗𝜕𝑖𝒯str𝜕𝑗𝒯str  
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𝑀P ≡ 1  

𝒞part = {𝐪: 𝐪 superparticles },  

Δ = {𝐗 ∈ ℝ𝑛+1: 𝑞𝐼𝑋
𝐼 ≥ 0 ∀𝐪 ∈ 𝒞part }  

𝒞part = Δ
∨ ∩ 𝑁ℤ,  

ℝ𝑛+1, 𝐞1 = (1,0, … ,0)𝑇 , 𝐞2 = (0,1,0,… ,0)𝑇 , … , 𝐞𝑛+1 = (0,… ,0,1)𝑇 ⋅ 

𝒞part = {𝐪 ∈ ℕ
𝑛+1}  

Δ = {𝐗 ∈ ℝ≥0
𝑛+1}  

Γ = {ℱ ∈ ℝ𝑛+1: ℱ𝐼 =
𝜕ℱ

𝜕𝑋𝐼
|
𝐗∈Δ
}  

𝒞str = Γ
∨ ∩ 𝑁ℤ,  

 

𝒞SUGRA = Δ ∩ 𝑁ℤ  

𝒞SUGRA ⊆ 𝒞str  

𝑘(𝐩):𝒜 ×𝒜 ⟶ ℝ  

𝑘𝐼𝐽
(𝐩)
:= 𝑘(𝐾𝐼 , 𝐾𝐽) = ℱ𝐼𝐽𝐾𝑝

𝐾  

sgn (𝑘𝐼𝐽
(𝐩)
) = (1, 𝑟 − 1) ∀𝐩 ∈ 𝒞SUGRA   with  𝑟 ≤ 𝑛:= 𝑛𝑉 + 1.  

𝑘̃𝐼𝐽
(𝐩)
:= 𝑘(𝐾̃𝐼 , 𝐾̃𝐽) = diag(1,−1,… ,−1,0,… ,0).  

ℱ𝐼𝐽𝐾 ≥ 0 ∀𝐼, 𝐽, 𝐾 ∈ 𝒥  

𝒯𝐩(𝐼) ⟶
1

4
ℱ𝐼𝐼𝐼(𝑋

𝐼)2  

ℱ𝐼𝐼𝐼 ≥ 0,  

𝒯𝐩(𝐼) ⟶
1

4
ℱ𝐼𝐽𝐽(𝑋

𝐽)2.  

ℱ𝐼𝐽𝐽 ≥ 0.  

𝑘(𝐾𝐼 , 𝐾𝐼) ≥ 0, 𝑘(𝐾𝐽, 𝐾𝐽) ≥ 0, 𝑘(𝐾𝐾 , 𝐾𝐾) ≥ 0  

𝑘(𝐾𝐼 , 𝐾𝐽) ≥ 0, 𝑘(𝐾𝐼 , 𝐾𝐾) ≥ 0.  

 

𝔮2 ∼ 𝒬 ⟶ 0  
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d(𝜑0
𝑖 , 𝜑∞

𝑖 ) = ∫  
∞

1

 d𝜆√
1

2
𝑔𝑖𝑗(𝜑)

d𝜑𝑖

 d𝜆

 d𝜑𝑗

 d𝜆
 

𝒫 = {𝐗(𝜆) ∈ Δ:ℱ[𝐗] = 1, 𝜆 ∈ [1,∞[}  

d(𝑋0
𝐼 , 𝑋∞

𝐼 ) = ∫  
∞

1

 d𝜆√
1

2
𝑓𝐼𝐽

 d𝑋𝐼

 d𝜆

 d𝑋𝐽

 d𝜆
|

ℱ[𝐗]=1

 

𝑋0 ∼ 𝜆, 𝑋𝐼 ≾ 𝜆 ∀𝐼 ∈ 𝒥 ∖ {0}.  

𝒥𝜆 = {𝐼 ∈ 𝒥 ∣ 𝑋
𝐼 ∼ 𝜆}.  

ℱ𝑎𝑏𝑐 = 0 ∀𝑎, 𝑏, 𝑐 ∈ 𝒥𝜆,  

𝒥 =⨆  

3

𝑘=0

 𝒥𝑘  

𝒥1 = {𝑖 ∈ 𝒥: ℱ00𝑖 ≠ 0},

𝒥2 = {𝜇 ∈ 𝒥:ℱ00𝜇 = 0 and ∃𝜈 ∈ 𝒥2: ℱ0𝜇𝜈 ≠ 0},

𝒥3 = {𝑟 ∈ 𝒥: ℱ00𝑟 = 0 and ℱ0𝑟𝑠 = 0∀𝑠 ∈ 𝒥2 ⊔ 𝒥3}.

 

𝐴min = ∑  

𝑖∈𝒥1

  𝑐𝑖𝐴
𝑖 ,  

ℱ =
1

2
ℱ00𝑖(𝑋

0)2𝑋𝑖 +
1

2
ℱ0𝑖𝑗𝑋

0𝑋𝑖𝑋𝑗 +
1

6
ℱ0𝑖𝑟𝑋

0𝑋𝑖𝑋𝑟

 +
1

6
ℱ𝑖𝑗𝑘𝑋

𝑖𝑋𝑗𝑋𝑘 +
1

2
ℱ𝑖𝑗𝑟𝑋

𝑖𝑋𝑗𝑋𝑟 +
1

2
ℱ𝑖𝑟𝑠𝑋

𝑖𝑋𝑟𝑋𝑠(4.1)

 

ℱ0 ⊃ ℱ00𝑖𝑋
0𝑋𝑖 ∼ 𝜆−1, ℱ𝑖 ⊃ ℱ00𝑖(𝑋

0)2 ∼ 𝜆2, ℱ𝑟 ⊃ ℱ0𝑖𝑟𝑋
0𝑋𝑖 ∼ 𝜆−1,  

𝑓𝑖𝑗 = ℱ𝑖ℱ𝑗 − ℱ𝑖𝑗 ∼ 𝜆
4,  

𝔮min
2 ∼ 𝜆−4.  

𝒬𝐩
2 =

1

2
(𝑝0)2𝑓00 + 𝑝

0𝑓0𝑖𝑝
𝑖 + 𝑝0𝑓0𝑟𝑝

𝑟 +
1

2
𝑝𝑖𝑓𝑖𝑗𝑝

𝑗 + 𝑝𝑖𝑓𝑖𝑟𝑝
𝑟 +

1

2
𝑝𝑟𝑓𝑟𝑠𝑝

𝑠.  

𝑓00 ∼ 𝜆
−2, 𝑓𝑟𝑟 ∼ 𝜆

−2,  

𝒬𝐩
2 ≿ 𝜆−2 ∀𝐩 ∈ 𝒞SUGRA  

𝑓00|𝒪(𝜆−2) = ℱ00𝑖𝑋
𝑖(ℱ00𝑗(𝑋

0)2𝑋𝑗 + 2ℱ0𝑗𝑟𝑋
0𝑋𝑗𝑋𝑟 − 1) + ℱ00𝑖𝛽𝑠(𝑖)ℱ0𝑗𝑟𝑋

𝑖𝑋𝑗𝑋𝑟𝑋𝑠  

𝛽𝑟(𝑖) =
ℱ0𝑖𝑟
ℱ00𝑖
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lim
𝜆→∞

 ℱ[𝐗] =
1

2
ℱ00𝑖(𝑋

0)2𝑋𝑖 + ℱ0𝑖𝑟𝑋
0𝑋𝑖𝑋𝑟 +

1

2
ℱ𝑖𝑟𝑠𝑋

𝑖𝑋𝑟𝑋𝑠 = 1  

𝑓00|𝒪(𝜆−2)

ℱ00𝑖𝑋
𝑖
=
1

2
ℱ00𝑗(𝑋

0)2𝑋𝑗 + ℱ0𝑗𝑟𝑋
0𝑋𝑗𝑋𝑟 + (ℱ0𝑗𝑟𝛽𝑠 −

1

2
ℱ𝑗𝑟𝑠)𝑋

𝑗𝑋𝑟𝑋𝑠  

𝑘(𝐾0, 𝐾𝑟)𝑘(𝐾0, 𝐾𝑠)

𝑘(𝐾0, 𝐾0)
−
1

2
𝑘(𝐾𝑟, 𝐾𝑠) ≥ 0  

𝑓𝑟𝑟|𝒪(𝜆−2)

ℱ𝑖𝑟𝑟𝑋
𝑖
= (𝛽2ℱ𝑗𝑟𝑟 −

1

2
ℱ00𝑗) (𝑋

0)2𝑋𝑗 + (2𝛽𝛾𝑠ℱ𝑗𝑟𝑟 − ℱ0𝑗𝑠)𝑋
0𝑋𝑗𝑋𝑠

 + (𝛾𝑠𝛾𝑡ℱ𝑗𝑟𝑟 −
1

2
ℱ𝑗𝑠𝑡)𝑋

𝑗𝑋𝑠𝑋𝑡
 

𝛽 =
ℱ0𝑗𝑟

ℱ𝑗𝑟𝑟
  and  𝛾𝑠 =

ℱ𝑗𝑟𝑠

ℱ𝑗𝑟𝑟
.  

𝑓𝑖𝑗|𝒪(𝜆4)
= (

1

2
ℱ00𝑖(𝑋

0)2 + ℱ0𝑖𝑟𝑋
0𝑋𝑟 +

1

2
ℱ𝑖𝑟𝑠𝑋

𝑟𝑋𝑠)

 × (
1

2
ℱ00𝑗(𝑋

0)2 + ℱ0𝑗𝑡𝑋
0𝑋𝑡 +

1

2
ℱ𝑖𝑡𝑢𝑋

𝑡𝑋𝑢)

 

( 𝑓𝑖𝑗|𝒪(𝜆4)
 ) rk (𝑓𝑖𝑗|𝒪(𝜆4)

) = 1 

𝑐𝑖𝑓𝑗𝑘|𝒪(𝜆4)
= 𝑐𝑗𝑓𝑖𝑘|𝒪(𝜆4)

 ∀𝑘 ∈ 𝒥1  

𝑐𝑖ℱ𝑗𝑎𝑏 = 𝑐𝑗ℱ𝑖𝑎𝑏  for all 𝑎, 𝑏 ∈ {0} ⊔ 𝒥3,  

𝐴min = ∑  

𝑖∈𝒥1

 𝑐𝑖𝐴
𝑖

 

ℱ00𝐼 = 0 ∀𝐼 ∈ 𝒥,  

ℱ =
1

2
ℱ0𝜇𝜈𝑋

0𝑋𝜇𝑋𝜈 +
1

6
ℱ𝜇𝜈𝜌𝑋

𝜇𝑋𝜈𝑋𝜌  

ℱ0 ∼ 𝜆
−1, ℱ𝜇 ≻ 𝜆

−1  

𝑋𝜈 ≾ 𝜆−1/2 ∀𝜈 ∈ 𝒥2.  

𝒬min
2 = 𝒬𝜹0

2 =
1

2
𝑓00 ∼ 𝜆

−2  

𝑓′ = (𝑓𝜇𝜈)|𝒪(𝜆) = (ℱ0𝜇𝜌ℱ0𝜈𝜎
(𝑋0)2𝑋𝜌𝑋𝜎|

𝒪(𝜆)
− ℱ0𝜇𝜈𝑋

0) ,  

𝒞 = ⟨𝐾𝜇 ∣ 𝜇 ∈ 𝒥2⟩ ⊂ 𝒜 

𝑘𝜇𝜈
(𝜹0)

= 𝑘𝜇𝜈 = ℱ0𝜇𝜈 , 𝑓
′ 
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𝑓𝜇𝜈
′ = 𝑋0(𝑘𝜇𝜌𝑘𝜈𝜎𝑋

0𝑋𝜌𝑋𝜎 − 𝑘𝜇𝜈)  

𝑓𝜇𝜈
′ = 𝑋0(𝑘̃𝜇𝜌𝑘̃𝜈𝜎𝑋

0𝑋̃𝜌𝑋̃𝜎 − 𝑘̃𝜇𝜈),  

𝑓′ = 𝑋0 (
𝑋0(𝛿0𝜌𝑋̃

𝜌)
2
− 1 0 0

0 (𝑋0𝛿𝛼𝛾𝑋̃
𝛾𝛿𝛽𝜏𝑋̃

𝜏 + 𝛿𝛼𝛽) 0

0 0 0

) ,  

𝐴𝐼 ⟼ Λ𝐽
𝐼𝐴𝐽, 𝑋𝐼 ⟼Λ𝐽

𝐼𝑋𝐽 

𝑘𝐼𝐽 ⟼ Σ𝐼
𝐿Σ𝐽
𝑀𝑘𝐿𝑀, ℱ𝐼𝐽𝐾 ⟼ Σ𝐼

𝐿Σ𝐽
𝑀Σ𝐾

𝑁ℱ𝐿𝑀𝑁, 𝑓𝐼𝐽 ⟼ Σ𝐼
𝐿Σ𝐽
𝑀𝑓𝐿𝑀, 

𝑓𝜇0𝜌|𝒪(𝜆−1/2)
= 𝑐𝑓𝜈0𝜌|𝒪(𝜆−1/2)

 

𝑓𝜇0𝜌
′ = 𝑐𝑓𝜈0𝜌

′ ,  𝑓𝜇0𝜌|𝒪(𝜆−1/2)
= 𝑐𝑓𝜈0𝜌|𝒪(𝜆−1/2)  

(ℱ𝜇0 − 𝑐ℱ𝜈0)(1 − ℱ0𝜌𝜎𝑋
0𝑋𝜌𝑋𝜎) =

1

2
ℱ𝜌𝛾𝛿𝑋

𝜌𝑋𝛾𝑋𝛿(ℱ0𝜇0𝜈 − 𝑐ℱ𝜈0𝜈)𝑋
0𝑋𝜈  

1

2
(ℱ𝜇0𝛼𝛽 − 𝑐ℱ𝜈0𝛼𝛽)𝑋

𝛼𝑋𝛽(1 − ℱ0𝜌𝜎𝑋
0𝑋𝜌𝑋𝜎) = 0  

𝔮min
2 ∼ 𝜆−1  

𝑁min = rk(𝑓
′) ≥ 1  

𝑋𝜇0 ∼ 𝜆−1/2+𝑥,  for some 𝑥 ∈ (0,
3

2
) .  

𝒬max
2 ⊃

1

2
𝑓𝜈𝜈 ∼ 𝜆

1+2𝑥 ∼ 𝔮min
−2 ,  

𝒬min
2 ≥

2

3
𝒯min
2 ≻ 𝜆−2  

𝒬min
2 ≻ 𝜆−2  

∅ ≠ 𝒥2
𝜇0 ⊆ 𝒥2 (𝑓𝜇𝜈|𝒪(𝜆1+2𝑥)

) 𝜇, 𝜈 ∈ 𝒥2
𝜇0 

𝑐𝜇ℱ0𝜇0𝜈 = 𝑐𝜈ℱ0𝜇0𝜇 ,  

𝐴min = ∑  

𝜇∈𝒥2
𝜇0

  𝑐𝜇𝐴
𝜇 .

 

𝒥2
′ = {𝜇′ ∈ 𝒥2: ℱ𝑎𝑏𝜇′ = 0 ∀𝑎, 𝑏 ∈ 𝒥𝜆}

𝒥2
′′ = {𝜇′′ ∈ 𝒥2: ℱ𝑎𝑏𝜇′′ ≠ 0 ∀𝑎 ≠ 𝑏 ∈ 𝒥𝜆}

 

𝒥 = 𝒥𝜆 ⊔ 𝒥2
′ ⊔ 𝒥2

′′ 

𝑋𝜇
′′
≾ 𝜆−2 ∀𝜇′′ ∈ 𝒥2

′′, 𝑋𝜇
′
≺ 𝜆 ∀𝜇′ ∈ 𝒥2

′  
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𝑋𝑎 = 𝜆𝑋̂𝑎  𝑎 = 0, 𝛼, 𝛼 ∈ 𝒥𝜆
′  

𝐾𝐷:= ∑  

𝑎∈𝒥𝜆

  𝑋̂𝑎𝐾𝑎  

𝐗 = 𝜆𝐾𝐷 + 𝑋
𝜇′𝐾𝜇′ + 𝑋

𝜇′′𝐾𝜇′′ , 𝑋
𝜇′ , 𝑋𝜇

′′
≺ 𝜆.  

ℱ𝐷𝐷𝐷 = 0,ℱ𝐷𝐷𝛼 = 0,ℱ𝐷𝐷𝜇′ = 0,ℱ𝐷𝐷𝜇′′ ≠ 0  

{𝐷} ⟷ {0}, 𝒥𝜆
′ ∪ 𝒥2

′ ⟷𝒥3, 𝒥2
′′ ⟷𝒥1  

𝔮min
−2 ∼ 𝒬max

2 ∼ 𝜆4 ∼ 𝑓𝜇′′𝜈′′  

(𝑓𝜇′′𝜈′′|𝒪(𝜆4)
) 𝔮min 

2 ∼ 𝜆−4 

rk (𝑓𝜇′′𝜈′′|𝒪(𝜆4)
) = 1.  

𝒬min
2 ∼ 𝜆−2, 𝒬max

2 ∼ 𝔮min
−2 ∼ 𝜆4.  

d𝑋0

 d𝜆
= 𝑋̂0,

 d𝑋𝑖

 d𝜆
= −2𝜆−3𝑋̂𝑖,

 d𝑋0

 d𝜆
= 𝑋̂𝑟 ,  

lim
𝜆→∞

 ℱ[𝐗] =
1

2
ℱ00𝑖(𝑋

0)2𝑋𝑖 + ℱ0𝑖𝑟𝑋
0𝑋𝑖𝑋𝑟 +

1

2
ℱ𝑖𝑟𝑠𝑋

𝑖𝑋𝑟𝑋𝑠 = 1  

𝑓𝐼𝐽
 d𝑋𝐼

 d𝜆

 d𝑋𝐽

 d𝜆
= 6𝜆−2 + 𝒪(𝜆−3)  

𝔮min ∼ 𝜆
−2 = exp (−𝛼d(𝑋0

𝐼 , 𝑋𝜆
𝐼)) , 𝛼 =

2

√3
= √

𝑑 − 1

𝑑 − 2
|

𝑑=5

.  

𝛼 = √
𝑑 − 1

𝑑 − 2
|

𝑑=5

 

𝑚KK
𝑀Pl

∼ exp (−𝛼d(𝑋0
𝐼 , 𝑋𝜆

𝐼))  

𝛼 = √
𝑑 − 1

𝑑 − 2
|

𝑑=5

 

𝒬min
2 ∼ 𝜆−2 ∼ 𝔮min

4  

lim
𝜆→∞

 ℱ[𝐗] =
1

2
ℱ0𝜇𝜈𝑋

0𝑋𝜇𝑋𝜈 = 1,  

d𝑋0

 d𝜆
= 𝑋̂0,

 d𝑋𝜇

d𝜆
= −

1

2
𝜆−3/2𝑋̂𝜇  
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𝑓𝐼𝐽
 d𝑋𝐼

 d𝜆

 d𝑋𝐽

 d𝜆
=
3

2
𝜆−2 + 𝒪(𝜆−3),  

𝒬min
1/2

∼ 𝔮min ∼ exp (−𝛼d(𝑋0, 𝑋𝜆)), 𝛼 =
1

√3
=

1

√𝑑 − 2
|
𝑑=5

.  

𝑀str
𝑀P

∼ exp (−𝛼d(𝑋0, 𝑋𝜆)),  

𝑆𝐴𝑅𝑅 =
1

192
∫  
ℝ1,4

 𝐶𝐼𝐴
𝐼 ∧ tr(ℛ ∧ ℛ)  

𝑐𝐿 = 𝐶0, 𝑐𝑅 =
1

2
𝐶0  

𝐶0 ∈ 12ℕ0  

ℱ00𝐼 = 0 ∀𝐼 ∈ 𝒥 ⟹
 ESC 

 𝐶0 ∈ {0,24}.  

ℱ𝐼𝐽𝐾 ≥ 0 ∀𝐼, 𝐽, 𝐾 ∈ 𝒥  

𝑘(𝐾𝐼 , 𝐾𝐽) = ℱ𝐼𝐼𝐽 = 0, 𝑘(𝐾𝐽, 𝐾𝐽) = ℱ𝐼𝐽𝐽 = 0  

𝐾𝐼 = 𝑎0𝐾̃0 + 𝑎𝛼𝐾̃𝛼 + 𝑎𝜁𝐾̃𝜁

𝐾𝐽 = 𝑏0𝐾̃0 + 𝑏𝛼𝐾̃𝛼 + 𝑏𝜁𝐾̃𝜁
 

𝑎0𝑏0 = 𝑎𝛼𝑏𝛼 , 𝑏0
2 = 𝑏𝛼𝑏𝛼  

𝑎0
2 =

(𝑎𝛼𝑏𝛼)
2

𝑏0
2 =

(𝑎𝛼𝑏𝛼)
2

𝑏𝛼𝑏𝛼
≤ 𝑎𝛼𝑎𝛼  

𝑏0
2 > 𝑏𝛼𝑏𝛼 , 𝑎0𝑏0 = 𝑎𝛼𝑏𝛼  

𝑎0
2 =

(𝑎𝛼𝑏𝛼)
2

𝑏0
2 <

(𝑎𝛼𝑏𝛼)
2

𝑏𝛼𝑏𝛼
≤ 𝑎𝛼𝑎𝛼  

ℱ[𝑋]=
1

2
ℱ𝐼𝐼𝐾(𝑋

𝐼)2𝑋𝐾 + ℱ𝐼𝐽𝐾𝑋
𝐼𝑋𝐽𝑋𝐾 +

1

2
ℱ𝐼𝐾𝐾𝑋

𝐼(𝑋𝐾)2  

 +
1

2
ℱ𝐽𝐽𝐾(𝑋

𝐽)2𝑋𝐾 +
1

2
ℱ𝐽𝐾𝐾𝑋

𝐽(𝑋𝐾)2 +
1

6
ℱ𝐾𝐾𝐾(𝑋

𝐾)3
 

𝒬
𝜹𝐼
2 = ℱ𝐼

2 − ℱ𝐼𝐼 = (ℱ𝐼𝐼𝐾𝑋
𝐼𝑋𝐾 + ℱ𝐼𝐽𝐾𝑋

𝐽𝑋𝐾 +𝒪 (
1

𝜆4
))

2

− ℱ𝐼𝐼𝐾𝑋
𝐾  

𝑋𝐼 = −
ℱIJK 

ℱIIK 

𝑋𝐽 

ℱ𝐼𝐽𝐾 ≥ 0 ∀𝐼, 𝐽, 𝐾 ∈ 𝒥.  

𝐾0 = 𝑎0𝐾̃0 + 𝑎𝛼𝐾̃𝛼 + 𝑎𝜁𝐾̃𝜁 , 𝐾𝜇 = 𝑏0
𝜇
𝐾̃0 + 𝑏𝛼

𝜇
𝐾̃𝛼 + 𝑏𝜁

𝜇
𝐾̃𝜁  



pág. 2693 

0 = ℱ000 = 𝑘(𝐾0, 𝐾0) = 𝑎0
2 − 𝑎𝛼𝑎𝛼 , 0 = ℱ00𝜇 = 𝑘(𝐾0, 𝐾𝜇) = 𝑎0𝑏0

𝜇
− 𝑎𝛼𝑏𝛼

𝜇
 

𝑎0
2 = 𝑎𝛼𝑎𝛼 , 𝑏0

𝜇
=
𝑎𝛼𝑏𝛼

𝜇

𝑎0
 

ℱ0𝜇𝜇 = 𝑘(𝐾𝜇 , 𝐾𝜇) = (𝑏0
𝜇
)
2
− 𝑏𝛼

𝜇
𝑏𝛼
𝜇
=
(𝑎𝛼𝑏𝛼

𝜇
)
2

𝑎0
2 − 𝑏𝛼

𝜇
𝑏𝛼
𝜇  

ℱ0𝜇𝜇 ≤
(𝑎𝛼𝑎𝛼) (𝑏𝛽

𝜇
𝑏𝛽
𝜇
)

𝑎0
2 − 𝑏𝛼

𝜇
𝑏𝛼
𝜇
= 0  

𝐾0|ℬ0 = 𝛽(𝜇)𝐾𝜇|ℬ0
 

0= ℱ00𝜇 = 𝑘(𝐾0, 𝐾𝜇) = 𝑎0𝑏0
𝜇
− 𝑎𝛼𝑏𝛼

𝜇
 

 = 𝛽(𝜈)(𝑏0
𝜈𝑏0
𝜇
− 𝑏𝛼

𝜈𝑏𝛼
𝜇
) = 𝛽(𝜈)𝑘(𝐾𝜈 , 𝐾𝜇) = 𝛽(𝜈)ℱ0𝜇𝜈

 

 

𝐾0|ℬ0 = 𝛽(𝜇)𝐾𝜇|ℬ0
 

𝑎0 = 𝛽(𝜇)𝑏0
𝜇
, 𝑎𝛼 = 𝛽(𝜇)𝑏𝛼

𝜇
 

𝒥2 = ∅.  

𝐾0 = 𝑎0𝐾̃0 + 𝑎𝛼𝐾̃𝛼 + 𝑎𝜁𝐾̃𝜁 , 𝐾𝑟 = 𝑐0𝐾̃0 + 𝑐𝛼𝐾̃𝛼 + 𝑐𝜁𝐾̃𝜁  

ℱ00𝑖 = 𝑘(𝐾0, 𝐾0) = 𝑎0
2 − 𝑎𝛼𝑎𝛼 > 0

ℱ𝑖𝑟𝑟 = 𝑘(𝐾𝑟, 𝐾𝑟) = 𝑐0
2 − 𝑐𝛼𝑐𝛼 ≥ 0

 

|𝑎0| > √𝑎𝛼𝑎𝛼 and |𝑐0| ≥ √𝑐𝛼𝑐𝛼 

 

𝑘(𝐾0, 𝐾𝑟) = ℱ0𝑖𝑟 = 𝑎0𝑐0 − 𝑎𝛼𝑐𝛼  

|𝑐0| =
|𝑎𝛼𝑐𝛼|

|𝑎0|
<
|𝑎𝛼𝑐𝛼|

√𝑎𝛼𝑎𝛼
≤ √𝑐𝛼𝑐𝛼,  

ℱ0𝑖𝑟 ≠ 0  for all 𝑖 ∈ 𝒥1 and 𝑟 ∈ 𝒥3.  

𝐾0 = 𝑎0𝐾̃0 + 𝑎𝛼𝐾̃𝛼 + 𝑎𝜁𝐾̃𝜁 , 𝐾𝑠 = 𝑏0
𝑠𝐾̃0 + 𝑏𝛼

𝑠 𝐾̃𝛼 + 𝑏𝜁
𝑠𝐾̃𝜁  

𝑎0
2 − 𝑎𝛼𝑎𝛼 = 0, 𝑎0𝑏0

𝑠 − 𝑎𝛼𝑏𝛼
𝑠 = 0  

𝑘(𝐾𝑠, 𝐾𝑠) = ℱ𝑟𝑠𝑠 ≥ 0 

|𝑏0
𝑠| =

|𝑎𝛼𝑏𝛼
𝑠 |

|𝑎0|
=
|𝑎𝛼𝑏𝛼

𝑠 |

√𝑎𝛼𝑎𝛼
, |𝑏0

𝑠| ≥ √𝑏𝛼
𝑠𝑏𝛼
𝑠
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|𝑏0
𝑠| ≤ √𝑏𝛼

𝑠𝑏𝛼
𝑠  

|𝑏0
𝑠| = √𝑏𝛼

𝑠𝑏𝛼
𝑠  

𝑎𝛼 = 𝛽(𝑠)𝑏𝛼
𝑠  

𝑎0 = 𝛽(𝑠)𝑏0 

𝐾0|ℬ
𝑟 = 𝛽(𝑠)𝐾𝑠|ℬ𝑟

 

𝐾0|ℬ = 𝛽(𝑡)𝐾𝑡|ℬ𝑟
 

𝑘(𝐾𝐼 , 𝐾0) = ℱ𝑟𝐼0 = 0 

ℱ𝑟𝑠𝑡 = 𝑘(𝐾𝑠, 𝐾𝑡) =
1

𝛽(𝑠)𝛽(𝑡)
𝑘(𝐾0, 𝐾0) =

1

𝛽(𝑠)𝛽(𝑡)
ℱ00𝑟 = 0  

ℱ𝑟𝑠𝑡 = 0  for all 𝑟, 𝑠, 𝑡 ∈ 𝒥3.  

𝛽(𝑟)𝐾0|ℬ0
= 𝐾𝑟|ℬ0 

ℱ0𝑖𝑟 = 𝑘(𝐾𝑖, 𝐾𝑟) = 𝛽(𝑟)𝑘(𝐾0, 𝐾𝑖) =
𝑘(𝐾0, 𝐾𝑖)

𝑘(𝐾0, 𝐾𝑗)
𝑘(𝐾𝑗, 𝐾𝑟),  

𝑐𝑖ℱ0𝑗𝑟 = 𝑐𝑗ℱ0𝑖𝑟   for all 𝑖, 𝑗 ∈ 𝒥1 and 𝑟 ∈ 𝒥3,  

𝑐𝑖 = ℱ00𝑖  

𝛽(𝑠)
′ 𝐾0|ℬ𝑟

= 𝐾𝑠|ℬ𝑟 

𝑐𝑖ℱ𝑗𝑎𝑏 = 𝑐𝑗ℱ𝑖𝑎𝑏  for all 𝑎, 𝑏 ∈ {0} ⊔ 𝒥3.  

𝐵 = 𝑘(𝐾𝑟, 𝐴)𝐾0 − 𝑘(𝐾0, 𝐴)𝐾𝑟 {𝐾̃0, 𝐾̃𝛼 , 𝐾̃𝜁} 

𝐾𝑠 = 𝑎0𝐾̃0 + 𝑎𝛼𝐾̃𝛼 + 𝑎𝜁𝐾̃𝜁 , 𝐵 = 𝑏0𝐾̃0 + 𝑏𝛼𝐾̃𝛼 + 𝑏𝜁𝐾̃𝜁  

𝑘(𝐾𝑠, 𝐾𝑠) = 𝑎0
2 − 𝑎𝛼𝑎𝛼 ≥ 0, 𝑘(𝐾𝑠, 𝐵) = 𝑎0𝑏0 − 𝑎𝛼𝑏𝛼 = 0  

𝑘(𝐾𝑟, 𝐾𝑠)
2𝑘(𝐾0, 𝐾0) + 𝑘(𝐾0, 𝐾𝑠)

2𝑘(𝐾𝑟, 𝐾𝑟) − 2𝑘(𝐾𝑟, 𝐾𝑠)𝑘(𝐾0, 𝐾𝑠)𝑘(𝐾𝑟 , 𝐾0) ≤ 0.  

𝑘(𝐾0, 𝐾𝑟)𝑘(𝐾0, 𝐾𝑠) ≥
𝑘(𝐾0, 𝐾0)𝑘(𝐾𝑟, 𝐾𝑠)

2
 

𝑘(𝐾0, 𝐾𝑟)
2 ≥

𝑘(𝐾0, 𝐾0)𝑘(𝐾𝑟, 𝐾𝑟)

2
, 𝑘(𝐾0, 𝐾𝑟)𝑘(𝐾𝑟, 𝐾𝑠) ≥

𝑘(𝐾0, 𝐾𝑠)𝑘(𝐾𝑟, 𝐾𝑟)

2

𝑘(𝐾𝑟, 𝐾𝑠)𝑘(𝐾𝑟, 𝐾𝑡) ≥
𝑘(𝐾𝑟, 𝐾𝑟)𝑘(𝐾𝑠, 𝐾𝑡)

2
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𝑘𝐼𝐽
(𝐩)
= 𝑘𝐼𝐽 =∑  

𝐿

 ℱ𝐿𝐼𝐽  

𝐾0 = 𝑎0𝐾̃0 + 𝑎𝛼𝐾̃𝛼, 𝐾𝑟 = 𝑏0
𝑟𝐾̃0 + 𝑏𝛼

𝑟𝐾̃𝛼  

𝑘(𝐾0, 𝐾0) =∑  

𝐿

 𝑘𝐿00 = 𝑎0𝑎0 − 𝑎𝛼𝑎𝛼 = 0,

𝑘(𝐾𝑟, 𝐾𝑟) =∑  

𝐿

 𝑘𝐿𝑟𝑟 = 𝑏0
𝑟𝑏0
𝑟 − 𝑏𝛼

𝑟𝑏𝛼
𝑟 ≥ 0,

 

|𝑏0
𝑟| ≥ √𝑏𝛼

𝑟𝑏𝛼
𝑟  

 

𝑘(𝐾0, 𝐾𝑟) =∑  

𝐿

 𝑘𝐿0𝑟 = 𝑎0𝑏0
𝑟 − 𝑎𝛼𝑏𝛼

𝑟
 

|𝑏0
𝑟| =

|𝑎𝛼𝑏𝛼
𝑟|

√𝑎𝛼𝑎𝛼
≤ √𝑏𝛼

𝑟𝑏𝛼
𝑟 .  

|𝑏0
𝑟| = √𝑏𝛼

𝑟𝑏𝛼
𝑟  

𝑘(𝐾0, 𝐾𝑟) =∑  

𝐿

𝑘𝐿0𝑟 =∑ 

𝑖

𝑘𝐼0𝑟 

𝒥3 = ∅  

𝑘(𝜹
𝑎)(𝐾𝑏, 𝐾𝜇′) = 𝑘(𝐾𝑏 , 𝐾𝜇′) = ℱ𝑎𝑏𝜇′ = 0  

𝑘(𝐾𝜇′ , 𝐾𝜇′) = 𝐾𝜇′|ℬ𝑎
∝ 𝐾𝑏|

ℬ𝑎
 

ℱ𝑎𝜇′𝜈′ = 𝑘(𝐾𝜇′ , 𝐾𝜈′) ∝ 𝑘(𝐾𝑏 , 𝐾𝜈′) = ℱ𝑎𝑏𝜈′  

ℱ𝑎𝜇′𝜈′ = 0  

𝑘(𝐾𝑏 , 𝐾𝑏) = 𝑘(𝐾𝑏 , 𝐾𝜇′) = 0  

𝐾𝑏|ℬ𝑎 = 𝛽𝐾𝜇′|ℬ𝑎
 

 

ℱ𝑎𝑏𝜈′′ = 𝑘(𝐾𝑏 , 𝐾𝜈′′) = 𝛽𝑘(𝐾𝜇′ , 𝐾𝜈′′) = ℱ𝑎𝜇′𝜈′′  

 

ℱ𝑎𝜇′𝜈′′ ≠ 0  

𝑘𝐼𝐽
(𝜹𝜇

′
)
= 𝑘𝐼𝐽 = ℱ𝜇′𝐼𝐽 



pág. 2696 

𝐾𝑎 = 𝑎0𝐾̃0 + 𝑎𝛼𝐾̃𝛼 + 𝑎𝜁𝐾̃𝜁 , 𝐾𝜈′ = 𝑏0𝐾̃0 + 𝑏𝛼𝐾̃𝛼 + 𝑏𝜁𝐾̃𝜁  

𝐾𝑎|ℬ𝜇′ = 𝛽𝜈′
𝑎 𝐾𝜈′|ℬ𝜇′ ,  

ℱ𝜇′𝜈′𝜌′ = 𝛽𝜈′
𝑎 ℱ𝑎𝜇′𝜌′ = 𝛽𝜈′

𝑎 𝛽𝜌′
𝑏 ℱ𝑎𝑏𝜇′  

ℱ𝜇′𝜈′𝜌 = 0.  

ℱ = 𝑋0ℱ0 +
1

6
ℱ𝜇𝜈𝜌𝑋

𝜇𝑋𝜈𝑋𝜌,  with  ℱ0 =
1

2
ℱ0𝜇𝜈𝑋

𝜇𝑋𝜈  

ℱ0𝜇𝜈𝑋
𝜇𝑋𝜈 ≾ 𝜆−1, ℱ0𝜈𝜌𝑋

𝜈𝑋𝜌 ≾ 𝜆−1, ℱ0𝜌𝜇𝑋
𝜌𝑋𝜇 ≾ 𝜆−1  

𝐾0 = 𝑎0𝐾̃0 + 𝑎𝛼𝐾̃𝛼 + 𝑎𝜁𝐾̃𝜁 , 𝐾𝜇 = 𝑏0𝐾̃0 + 𝑏𝛼𝐾̃𝛼 + 𝑏𝜁𝐾̃𝜁  

𝑘(𝐾0, 𝐾0) = 𝑎0
2 − 𝑎𝛼𝑎𝛼 = 0, 𝑘(𝐾𝜇 , 𝐾𝜇) = 𝑏0

2 − 𝑏𝛼𝑏𝛼 ≥ 0  

|𝑏0| =
|𝑎𝛼𝑏𝛼|

√𝑎𝛼𝑎𝛼
≤ √𝑏𝛼𝑏𝛼  

|𝑏0| = √𝑏𝛼𝑏𝛼 

𝐾𝜇|ℬ𝜈
= 𝛽𝐾0|ℬ𝜈 

𝛽ℱ0𝜌𝜈 = 𝛽𝑘(𝐾0, 𝐾𝜌) = 𝑘(𝐾𝜇 , 𝐾𝜌) = ℱ𝜇𝜈𝜌 > 0  

ℱ0 ∼ 𝜆
−1.  

ℱ𝜇 = ℱ0𝜇𝜈𝑋
0𝑋𝜈 +

1

2
ℱ𝜇𝜌𝜎𝑋

𝜌𝑋𝜎 ≺ 𝜆−1  

𝑋𝜌0𝑋𝜎0 ∼ 𝜆−1  and  ℱ0𝜌0𝜎0 ≠ 0  

𝑘(𝐾𝜇 , 𝐾𝜇) = ℱ𝜇𝜇𝜎0 ≥ 0, 𝑘(𝐾𝜌0 , 𝐾𝜌0) = ℱ𝜌0𝜌0𝜎0 ≥ 0  

𝐾𝜇 = 𝑎0𝐾̃0 + 𝑎𝛼𝐾̃𝛼 + 𝑎𝜁𝐾̃𝜁 , 𝐾𝜌0 = 𝑏0𝐾̃0 + 𝑏𝛼𝐾̃𝛼 + 𝑏𝜁𝐾̃𝜁  

|𝑏0| ≥ √𝑏𝛼𝑏𝛼, ℱ0𝜇𝜎0 = 𝑘(𝐾0, 𝐾𝜇) = 0 

 

|𝑏0| =
|𝑎𝛼𝑏𝛼|

|𝑎0|
≤
|𝑎𝛼𝑏𝛼|

√𝑎𝛼𝑎𝛼
≤ √𝑏𝛼𝑏𝛼  

𝐾𝜌0|ℬ𝜎0
= 𝛽𝐾𝜇|ℬ𝜎0  

0 ≠ ℱ0𝜌0𝜎0 = 𝑘(𝐾0, 𝐾𝜌0) = 𝛽𝑘(𝐾0, 𝐾𝜇) = 𝛽ℱ0𝜇𝜎0  
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𝐾𝜇 = 𝑎0𝐾̃0 + 𝑎𝛼𝐾̃𝛼 + 𝑎𝜁𝐾̃𝜁

𝐾𝜌0 = 𝑏0𝐾̃0 + 𝑏𝛼𝐾̃𝛼 + 𝑏𝜁𝐾̃𝜁 , 𝐾𝜎0 = 𝑐0𝐾̃0 + 𝑐𝛼𝐾̃𝛼 + 𝑐𝜁𝐾̃𝜁
 

𝑘(𝐾𝜇 , 𝐾𝜌0) = 0, 𝑘(𝐾𝜇 , 𝐾𝜎0) = 0 

𝑎0𝑏0 − 𝑎𝛼𝑏𝛼 = 0, 𝑎0𝑐0 − 𝑎𝛼𝑐𝛼 = 0  

𝑘(𝐾𝜇 , 𝐾𝜇) = 𝑎0
2 − 𝑎𝛼𝑎𝛼 ≥ 0 

|𝑏0| =
√𝑎𝛼𝑏𝛼
|𝑎0|

≤
√𝑎𝛼𝑏𝛼

√𝑎𝛼𝑎𝛼
≤ √𝑏𝛼𝑏𝛼  

|𝑐0| ≤ √𝑐𝛼𝑐𝛼, |𝑎0| ≤ √𝑎𝛼𝑎𝛼 

𝑘(𝐾𝜌0 , 𝐾𝜌0) ≤ 0, 𝑘(𝐾𝜎0 , 𝐾𝜎0) ≤ 0 

𝑘(𝐾𝜌0 , 𝐾𝜎0) = 𝑏0𝑐0 − 𝑏𝛼𝑐𝛼 = 𝛽𝑘(𝐾𝜎0 , 𝐾𝜎0) = 0 

ℱ𝜇 ≻ 𝜆
−1  

𝒥 = 𝒥𝜆 ⊔ 𝒥2
′ ⊔ 𝒥2

′′  

𝒥2
′ = {𝜇′ ∈ 𝒥2: ℱ𝑎𝑏𝜇′ = 0∀𝑎, 𝑏 ∈ 𝒥𝜆},

𝒥2
′′ = {𝜇′′ ∈ 𝒥2: ℱ𝑎𝑏𝜇′′ ≠ 0∀𝑎 ≠ 𝑏 ∈ 𝒥𝜆}.

 

𝑘𝑎0𝐼
(𝛿𝑎0)

= ℱ𝑎0𝑎0𝐼 𝐼 ∈ 𝒥𝜆𝑘
(𝜹𝑎0) 𝑘(𝜹

𝑎0)(𝐾𝑏0 , 𝐾𝑏0) = ℱ𝑎0𝑏0𝑏0 𝑘(𝜹
𝑎0)(𝐾𝜇 , 𝐾𝜇) = ℱ𝑎0𝜇𝜇 𝑘(𝜹

𝑎0)(𝐾𝑏0 , 𝐾𝜇) =

ℱ𝑎0𝑏0𝜇 𝑘(𝛿
𝑎0)(𝐾𝜇 , 𝐾𝜇)𝐾𝜇 ∣ ℬ

𝑎0 = 𝛽𝐾𝑏0∣ℬ𝑎0𝛽 

ℱ𝑎0𝑏𝜇 = 𝑘
(𝜹𝑎0)(𝐾𝑏, 𝐾𝜇) = 𝛽𝑘

(𝜹𝑎0)(𝐾𝑏, 𝐾𝑏0) = 𝛽ℱ𝑎0𝑏0𝑏 = 0  

𝑘(𝜹
𝑏)(𝐾𝑎0 , 𝐾𝑎0) = 𝑘

(𝜹𝑏)(𝐾𝜇 , 𝐾𝜇)𝑘
(𝜹𝑏)(𝐾𝑎0 , 𝐾𝜇) = ℱ𝑎0𝑏𝜇 

𝑘(𝜹
𝑏)(𝐾𝜇 , 𝐾𝜇) = 𝐾𝜇|ℬ𝑏 = 𝛽

′𝐾𝑎0|ℬ𝑏
𝒜 ∖ ℬ𝑏 

ℱ𝑎𝑏𝜇 = 𝑘
(𝜹𝑏)(𝐾𝑎, 𝐾𝜇) = 𝛽

′𝑘(𝜹
𝑏)(𝐾𝑎, 𝐾𝑎0) = 𝛽

′ℱ𝑎𝑎0𝑏 = 0  

𝒥 = 𝒥𝜆 ⊔ 𝒥2
′ ⊔ 𝒥2

′′.  

 𝑋𝜇0 ∼ 𝜆−1/2+𝑥 ∼ 𝑋𝜈0ℱ0𝜇0𝜇0 = ℱ0𝜇0𝜈0 = ℱ0𝜈0𝜈0 𝐾𝜇0|ℬ0
∝ 𝐾𝜈0|ℬ0

 

𝐺𝑀𝑁 = 8𝜋𝐺𝐷𝑇𝑀𝑁  

𝐺𝑀𝑁 = 𝑅𝑀𝑁 −
1

2
𝑔𝑀𝑁𝑅 

𝑆EH =
1

16𝜋𝐺𝐷
∫  𝑑𝐷𝑥√−𝑔𝑅 + 𝑆matter  
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𝑇𝑀𝑁 = −
2

√−𝑔

𝛿𝑆matter 

𝛿𝑔𝑀𝑁
 

𝑑𝑠2 = −[1 − (
𝑟0
𝑟
)
𝐷−3

] 𝑑𝑡2 + [1 − (
𝑟0
𝑟
)
𝐷−3

]
−1

𝑑𝑟2 + 𝑟2𝑑Ω𝐷−2
2  

𝑀 =
(𝐷 − 2)Ω𝐷−2𝑟0

𝐷−3

16𝜋𝐺𝐷
, 𝑇 =

𝜅

2𝜋
=
𝐷 − 3

4𝜋𝑟0
, 𝐴 = Ω𝐷−2𝑟0

𝐷−2  

is 𝑆 = 𝐴/(4𝐺𝐷) 

𝑑𝑀 = 𝑇𝑑𝑆 

(𝐷 − 3)𝑀 = (𝐷 − 2)𝑇𝑆 

𝑑𝑠5D
2 = 𝑔𝑀𝑁𝑑𝑋

𝑀𝑑𝑋𝑁 = 𝑒𝜙/√3𝑔𝜇𝜈𝑑𝑥
𝜇𝑑𝑥𝜈 + 𝑒−2𝜙/√3(𝑑𝑦 + 𝐴𝜇𝑑𝑥

𝜇)
2

 

𝑆=
1

16𝜋𝐺5
∫  𝑑5𝑋√−𝑔5𝑅5D  

 =
1

16𝜋𝐺4
∫  𝑑4𝑥√−𝑔 (𝑅4D −

1

2
𝜕𝜇𝜙𝜕

𝜇𝜙 −
1

4
𝑒−√3𝜙𝐹𝜇𝜈𝐹

𝜇𝜈)

 

𝐺4 = 𝐺5/(2𝜋𝑅).  

𝜙(𝑥, 𝑦) =∑ 

𝑛

 𝜙𝑛(𝑥)𝑒
𝑖𝑛𝑦/𝑅

 

𝑑𝑠5D
2 = −(1 −

2𝐺4𝑀

𝑟
)𝑑𝑡2 + (1 −

2𝐺4𝑀

𝑟
)
−1

𝑑𝑟2 + 𝑟2𝑑Ω2
2 + 𝑑𝑦2  

 

𝑑𝑠2 = −𝑑𝑡2 +
𝜇𝑟2

Δ
(𝑑𝑡 + 𝑎1cos

2 𝜃𝑑𝜙1 + 𝑎2sin
2 𝜃𝑑𝜙2)

2

 +
Δ

(𝑟2 + 𝑎1
2)(𝑟2 + 𝑎2

2) − 𝜇𝑟2
𝑑𝑟2

 +(𝑟2 + 𝑎1
2)(sin2 𝜃𝑑𝜃2 + cos2 𝜃𝑑𝜙1

2) + (𝑟2 + 𝑎2
2)(cos2 𝜃𝑑𝜃2 + sin2 𝜃𝑑𝜙2

2)
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Δ = (𝑟2 + 𝑎1
2)(𝑟2 + 𝑎2

2) (1 −
𝑎1
2cos2 𝜃

𝑟2 + 𝑎1
2 −

𝑎2
2sin2 𝜃

𝑟2 + 𝑎2
2 ) .  

𝑀 =
3𝜋𝜇

8𝐺5
, 𝐽𝑖 =

𝜋𝜇

4𝐺5
𝑎𝑖  

𝑑𝑀 = 𝑇𝑑𝑆 + Ω1𝑑𝐽1 + Ω2𝑑𝐽2 

 

𝒜̃ = √27/(256𝜋𝐺5
3)𝒜 

𝐽 = √27𝜋/(32𝐺5)𝐽 

𝑀3 ≥ (𝐽1
2 + 𝐽2

2 + 2|𝐽1𝐽2|), where 𝐽𝑖 = √27𝜋/32𝐺5𝐽𝑖𝐽1
2 < 𝑀3 

 

𝑑𝑠2 = −𝑑𝑡2 +
𝜇

𝑟𝐷−5𝜌2
(𝑑𝑡 + 𝑎sin2 𝜃𝑑𝜙)2 + (𝑟2 + 𝑎2)sin2 𝜃𝑑𝜙2

 +𝜌2𝑑𝜃2 + 𝑟2cos2 𝜃𝑑Ω𝐷−4
2 +

𝜌2

Δ
𝑑𝑟2

 

𝜌2 = 𝑟2 + 𝑎2cos2 𝜃  and  Δ = 𝑟2 + 𝑎2 −
𝜇

𝑟𝐷−5
 

𝑀 = (𝐷 − 2)Ω𝐷−2𝜇/(16𝜋𝐺𝐷) 

𝐽 = 2𝑀𝑎/(𝐷 − 2) 

ℒ = 𝑖𝜒†𝜎‾𝜇𝜕𝜇𝜒 − 𝜕𝜇𝜙‾𝜕
𝜇𝜙 +

1

2
𝑔𝜙𝜒𝜒 +

1

2
𝑔∗𝜙‾𝜒†𝜒† −

1

4
|𝑔|2|𝜙|4  

𝛿𝜖𝜙 = 𝜖
𝛼𝜒𝛼 ,         𝛿𝜖𝜙‾ = 𝜖𝛼̇

†𝜒†𝛼̇         

𝛿𝜖𝜒𝛼= −𝑖𝜎𝛼𝛽̇
𝜇
𝜖†𝛽̇𝜕𝜇𝜙 +

1

2
𝑔∗𝜙‾2𝜖𝛼        𝛿𝜖𝜒𝛼̇

†= 𝑖𝜕𝜇𝜙‾𝜖
𝛽𝜎𝛽𝛼̇

𝜇
+
1

2
𝑔𝜙2𝜖𝛼̇

† .         
 

[𝛿𝜖1 , 𝛿𝜖2] ∼ (𝜖1
†𝜎𝜇𝜖2)𝜕𝜇 

{𝑄†, 𝑄} ∼ 𝑃𝜇 , {𝑄, 𝑄} = 0, {𝑄†, 𝑄†} = 0  
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𝑆 =
1

16𝜋𝐺𝐷
∫  𝑑𝐷𝑥√−𝑔[𝑅 − 𝜓‾𝜇𝛾

𝜇𝜈𝜌𝐷𝜈𝜓𝜌]  

𝐷𝜈𝜓𝜌 = 𝜕𝜈𝜓𝜌 +
1

4
𝜔𝜈𝑎𝑏𝛾

𝑎𝑏𝜓𝜌  

𝜔𝜇
𝑎𝑏 = 2𝑒𝜈[𝑎𝜕[𝜇𝑒𝜈]

𝑏]
− 𝑒𝜈[𝑎𝑒𝑏]𝜌𝑒𝜇𝑐𝜕𝜈𝑒𝜌

𝑐  

𝛿𝜖𝑒𝜇
𝑎 =

1

2
𝜖‾𝛾𝑎𝜓𝜇 , 𝛿𝜖𝜓𝜇 = 𝐷𝜇𝜖  

𝛿𝜖(√−𝑔𝑅) → √−𝑔(𝑅𝜇𝜈 −
1

2
𝑔𝜇𝜈𝑅) (−𝜖‾𝛾

𝜇𝜓𝜈).  

𝛿𝜖(−√−𝑔𝜓‾𝜇𝛾
𝜇𝜈𝜌𝐷𝜈𝜓𝜌)|lin. 𝜓

→
1

4
√−𝑔𝜖‾𝛾𝜇𝜈𝜌𝛾𝑎𝑏𝑅𝜇𝜈𝑎𝑏𝜓𝜌  

𝛿𝜖(−√−𝑔𝜓‾𝜇𝛾
𝜇𝜈𝜌𝐷𝜈𝜓𝜌)|lin. 𝜓

→ √−𝑔 (𝑅𝜇𝜈 −
1

2
𝑔𝜇𝜈𝑅) (𝜖‾𝛾

𝜇𝜓𝜈)  

𝑆 =
1

16𝜋𝐺11
∫  𝑑11𝑥 [√−𝑔 (𝑅 −

1

4!
𝐹𝜇𝜈𝜌𝜎
(4)

𝐹(4)𝜇𝜈𝜌𝜎) −
√2

3
𝐴(3) ∧ 𝐹(4) ∧ 𝐹(4)]  

𝑄E ∝ ∫  
𝑆7
⋆ 𝐹(4) 

𝑄M ∝ ∫  
𝑆4
𝐹(4) 

𝑄E ∝ ∫  
𝑆7
⋆ 𝐻 

𝛿𝜖𝐵 = 𝜖‾𝑓(𝐵)𝐹 + 𝑂(𝐹
3),  and  𝛿𝜖𝐹 = 𝑔(𝐵)𝜖 + 𝑂(𝐹

2)  

0 = 𝛿𝜖𝜓𝜇 = 𝐷𝜇𝜖 −
1

2𝐿
𝛾𝜇𝜖  

𝐷̂𝜇𝜖 ≡ 𝐷𝜇𝜖 −
1

4
𝐹𝜈𝜌𝛾

𝜈𝛾𝜌𝛾𝜇𝜖 = 0  

𝑀 ≥ (𝑄2 + 𝑃2)1/2  

𝑀 ≥
√3

2
𝑄 

𝑆EH=
1

2𝜅2
∫  𝑑𝐷𝑥√−𝑔𝑅  

 = ∫  𝑑𝐷𝑥[ℎ𝜕2ℎ + 𝜅ℎ2𝜕2ℎ + 𝜅2ℎ3𝜕2ℎ + 𝜅3ℎ4𝜕2ℎ +⋯ ]
 

𝜕𝜇ℎ𝜇𝜈 =
1

2
𝜕𝜈ℎ𝜇 

𝜇 
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ℎ𝜕2ℎ → −
1

2
ℎ𝜇𝜈 ◻ ℎ

𝜇𝜈 +
1

4
ℎ𝜇 

𝜇 ◻ ℎ𝜈  
𝜈.  

𝑃𝜇1𝜈1,𝜇2𝜈2 = −
𝑖

2
(𝜂𝜇1𝜇2𝜂𝜈1𝜈2 + 𝜂𝜇1𝜈2𝜂𝜈1𝜇2 −

2

𝐷 − 2
𝜂𝜇1𝜈1𝜂𝜇2𝜈2)

1

𝑘2
.  

𝑒−
𝜇𝜈(𝑝𝑖) = 𝜖−

𝜇(𝑝𝑖)𝜖−
𝜈(𝑝𝑖), 𝑒+

𝜇𝜈(𝑝𝑖) = 𝜖+
𝜇(𝑝𝑖)𝜖+

𝜈(𝑝𝑖)  

𝑀4
tree (1234) = −𝑠𝐴4

tree [1234]𝐴4
tree [1243],  

 graviton 
±2(𝑝𝑖) =  gluon 

±1(𝑝𝑖) ⊗  gluon 
±1(𝑝𝑖),  

 gravity 1-loop diagram ∼ ∫ 𝑑4
Λ

𝑑4𝑘
(𝑘2)𝑚

(𝑘2)𝑚
∼ Λ4  

𝑆[𝑋𝜇 , 𝛾𝑎𝑏] =
1

4𝜋ℓ𝑠
2∫  𝑑𝜏𝑑𝜎√−𝛾𝛾

𝑎𝑏𝜕𝑎𝑋
𝜇𝜕𝑏𝑋

𝜈𝑔𝜇𝜈  

∫  𝐷𝑋𝜇𝐷𝜓𝜇𝐷𝛾𝑎𝑏𝑒
−𝑆[𝑋𝜇,𝜓𝜇,𝛾𝑎𝑏]  

1

4𝜋
∫  𝜙ℛ[𝛾] 

𝑆BH ∼ 𝑀𝑟0 ∼ 𝑀ℓ𝑠 ∼ 𝑆superparticle  

𝑟0 = 2𝐺4𝑀 ∼ ℓ𝑠 𝑔𝑠 ∼ (𝑀ℓ𝑠)
−1/2 

𝑆 =
1

16𝜋𝐺10
∫  𝑑10𝑥√−𝑔 [𝑒−2𝜙[𝑅 + 4(∇𝜙)2] −

1

12
𝐹3
2]  

𝑄1 =
1

4𝜋2𝑔𝑠
∫  𝑒2𝜙 ∗ 𝐹3, 𝑄5 =

1

4𝜋2𝑔𝑠
∫  𝐹3  

𝑑𝑠2 = 𝑓(𝑟)−1 [−𝑑𝑡2 + 𝑑𝑥5
2 +

𝑟0
2

𝑟2
(cosh 𝜎𝑑𝑡 + sinh 𝜎𝑑𝑥5)

2 + (1 +
𝑔𝑠𝑄1
𝑟2

)𝑑𝑥𝑖𝑑𝑥
𝑖]

+𝑓(𝑟) [(1 −
𝑟0
2

𝑟2
)

−1

𝑑𝑟2 + 𝑟2𝑑Ω3
2]

 

 

𝑓(𝑟) = (1 +
𝑔𝑠𝑄1
𝑟2

)
1/2

(1 +
𝑔𝑠𝑄5
𝑟2

)
1/2

 

𝑒−2𝜙  = (1 +
𝑔𝑠𝑄5
𝑟2

) (1 +
𝑔𝑠𝑄1
𝑟2

)
−1

𝐹3  = 2𝑔𝑠𝑄5𝜖3 + 2𝑔𝑠𝑄1𝑒
−2𝜙 ∗ 𝜖3

 

𝑛 =
𝑟0
2𝑅2sinh 2𝜎

2𝑔𝑠
2
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𝐸 =
𝑅𝑄1
𝑔𝑠

+
𝑅𝑄5
𝑔𝑠

+
𝑛

𝑅
+
𝑅𝑟0

2𝑒−2𝜎

2𝑔𝑠
2 .  

𝑆BH =
𝐴

4𝐺10
= 2𝜋√𝑄1𝑄5

𝑟0𝑅cosh 𝜎

𝑔𝑠
.  

𝑆BH = 2𝜋√𝑄1𝑄5𝑛.  

𝑆 = 2𝜋√𝑄1𝑄5𝑛,  

𝑟0
2 ≪ 𝑔𝑠𝑄1, 𝑔𝑠𝑄5 and 𝑔𝑠

2𝑛/𝑅2 ≪ 𝑔𝑠𝑄1, 𝑔𝑠𝑄5 

𝑆 = 2𝜋√𝑄1𝑄5(√𝑛𝑅 +√𝑛𝐿),  

𝑃 = (𝑛𝑅 − 𝑛𝐿)/𝑅(𝑛𝑅 + 𝑛𝐿)/𝑅 

𝑛𝑅 =
𝑟0
2𝑅2𝑒2𝜎

4𝑔𝑠
2 , 𝑛𝐿 =

𝑟0
2𝑅2𝑒−2𝜎

4𝑔𝑠
2 .  

𝑑

𝑑𝑡
𝒪(𝑡) = 𝑖[𝐻, 𝒪(𝑡)]  

𝑑𝑠2 = 𝐻−1/2[−𝑑𝑡2 + 𝑑𝑥1
2 + 𝑑𝑥2

2 + 𝑑𝑥3
2] + 𝐻1/2[𝑑𝑟2 + 𝑟2𝑑Ω5

2]  

𝐻(𝑟) = 1 +
𝐿4

𝑟4
, 𝐿4 = 4𝜋𝑔𝑠𝑁ℓ𝑠

4  

𝑑𝑠2 =
𝑟2

𝐿2
[−𝑑𝑡2 + 𝑑𝑥1

2 + 𝑑𝑥2
2 + 𝑑𝑥3

2] +
𝐿2𝑑𝑟2

𝑟2
 

( 𝑔𝑠, 𝐿/ℓ𝑠 )(𝑔YM, 𝑁)4𝜋𝑔𝑠 = 𝑔YM
2 (𝐿/ℓ𝑠)

4 = 𝑔YM
2 𝑁𝐺10 ∼ 𝑔𝑠

2ℓ𝑠
8𝐿4 ∼ 𝑁ℓ𝑝

4ℓ𝑝  

𝑁 → ∞,𝑔YM → 0 with 𝜆 ≡ 𝑔YM
2 𝑁 

𝐺10 ∼ 𝑔𝑠
2ℓ𝑠
8 ∼ 𝐿8/𝑁2 𝐸 < 𝑂(𝑁2)𝑂(𝑁2)𝐸 ∼ 𝑂(𝑁2) 

𝒩 = 4 SYM𝑟 → 𝑎𝑟, (𝑡, 𝑥𝑖) → (𝑡, 𝑥𝑖)/𝑎 

𝑆SYM ∼ 𝑁
2𝑇3𝑉3,  

𝑑𝑠2 =
𝑟2

𝐿2
[(1 −

𝑟0
4

𝑟4
)𝑑𝑡2 + 𝑑𝑥𝑖𝑑𝑥

𝑖] + (1 −
𝑟0
4

𝑟4
)

−1
𝐿2𝑑𝑟2

𝑟2
+ 𝐿2𝑑Ω5

2  

𝑇 = 3𝑟0/4𝜋𝐿
2 

𝑆BH =
𝐴

4𝐺10
∼
𝐿8𝑇3𝑉3
𝐺10

∼ 𝑁2𝑇3𝑉3  

𝑆[Φ0] = 𝑆SYM +∫  Φ0𝒪  
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𝑍quantum supergravity (Φ → Φ0) = ∫  𝐷𝐴𝐷𝜙𝑒
𝑖𝑆[Φ0] ≡ 𝑍SYM[Φ0]  

𝑅𝜇𝜈 = 𝐹𝜇𝛼𝛽𝛾𝛿𝐹𝜈
𝛼𝛽𝛾𝛿

 

𝐽/𝑁 ≤ 1  

𝜂

𝑠
=
1

4𝜋
 

𝑆 = ∫  𝑑4𝑥√−𝑔(𝑅 +
6

𝐿2
−
1

4
𝐹𝜇𝜈𝐹

𝜇𝜈 − |∇Ψ − 𝑖𝑞𝐴Ψ|2 −𝑚2|Ψ|2)  

Λ = −3/𝐿2Ψ 𝑚eff 
2 = 𝑚2 + 𝑞2𝑔𝑡𝑡𝐴𝑡

2𝑚eff 
2  

|𝜎(𝜔)| = 𝐵/𝜔2/3 + 𝐶 

𝑆EE = −Tr𝜌𝐴ln 𝜌𝐴  

𝑆EE = 𝐴Σ/4𝐺 

 ℓ𝑠 = 1 

 Φ → Φ0/𝑟
Δ 

Morfología y fenomenología de una partícula blanca o estrella en supergravedad cuántica. 

𝑑𝐿𝑟
𝑑𝑟

= 4𝜋𝑟2𝜚𝜖  

𝑑𝑇

𝑑𝑟
= −

3𝜅𝜚

16𝜎𝑇3
𝐿𝑟
4𝜋𝑟2

 

𝑑𝑇

𝑑𝑟
= −(1 −

1

𝛾
)
𝐺N𝑀𝑟𝜚𝑇

𝑟2𝑃
 

𝑑𝑀𝑟
𝑑𝑟

= 4𝜋𝑟2𝜚  

𝑑𝑃

𝑑𝑟
= −

𝐺N𝑀𝑟
𝑟2

𝜚  

 

Layer Region Temperature 𝑇 

Energy density 

𝜌 

Matter 
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Empty 

𝑅⋆ ≤ 𝑟

< ∞ 
𝑇⋆√

1−
𝑟H
𝑅⋆

1 −
𝑟H
𝑟

 0 (𝛾) 

Atmosphere 

𝑅∗ ≤ 𝑟

≤ 𝑅∗ 
𝑇⋆ (1 −

𝐺N𝜈∗
2𝑐2

+⋯) 

(𝑚‾ 𝑐2

+
3

2
𝑘B𝑇) 𝑛̂g 

NR( +𝛾 ) 

Interior 

𝑅c ≤ 𝑟

≤ 𝑅∗ 
𝑇(𝑅∗) (

𝑅∗
𝑟
)
2(1−

1
𝛾b
)

 𝜌(𝑅∗) (
𝑅∗
𝑟
)
2

 

NR

+ B(+𝛾) 

Core 

0 < 𝑟

≤ 𝑅c  

𝑇(𝑅c)
2√𝑟c

2 − 𝑅c
2

3√𝑟c
2 − 𝑅c

2 −√𝑟c
2 − 𝑟2

 𝜌c D 

 

 

𝑟H =
2𝐺N𝑀⋆
𝑐2

, 𝑟c = √
3𝑐2

8𝜋𝐺N𝜌c
, 𝑀⋆ 

𝑔𝜇𝜈d𝑥
𝜇d𝑥𝜈 = −𝑒𝜈(𝑐𝑑𝑡)2 + 𝑒𝜆d𝑟2 + 𝑟2( d𝜃2 + (cos 𝜃)2 d𝜙2),  

𝑇𝜇𝜈 = (𝜌 + 𝑃)
𝑢𝜇

𝑐

𝑢𝜈
𝑐
+ 𝑃𝑔𝜇𝜈  

𝑃′  = −
(𝑃 + 𝜌)

2
𝜈′

𝜆′  = 𝑟𝑒𝜆8𝜋𝐺
𝜌

𝑐2
−
𝑒𝜆 − 1

𝑟

𝜈′  = 𝑟𝑒𝜆8𝜋𝐺
𝑃

𝑐2
+
𝑒𝜆 − 1

𝑟
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𝑃′ = −
(𝑃 + 𝜌)

𝑐2
𝐺(𝐸̌𝑟 + 4𝜋𝑟

3𝑃)

𝑟2 (1 − 2
𝐺𝐸̌𝑟
𝑟𝑐2

)

𝐸̌𝑟
′ = 4𝜋𝑟2𝜌

 

𝑇𝑠 = 𝑢 + 𝑃𝑣, 𝑇𝑠′ = 𝑢′ + 𝑃𝑣′  

𝑣 = 𝑟2cos 𝜃 (1 −
2𝐺𝐸̌𝑟
𝑟𝑐2

)

−
1
2

, 𝑢 = 𝜌𝑣 

𝑇′ =
𝑃′

𝑃 + 𝜌
𝑇  

𝑇′ = −
𝐺(𝐸̌𝑟 + 4𝜋𝑟

3𝑃)

𝑐2𝑟2 (1 − 2
𝐺𝐸̌𝑟
𝑟𝑐2

)

𝑇
 

𝑇‾ (
𝜕𝑃‾

𝜕𝑇‾
)
𝑉‾ ,𝑁‾

= (
𝜕𝑈‾

𝜕𝑉‾
)
𝑇‾ ,𝑁‾

+ 𝑃‾  

(
𝜕𝑃‾

𝜕𝑇
)
𝑉‾ ,𝑁‾

=
𝑇‾

𝑃+𝜌‾
, where 𝜌‾ = (

𝜕𝑈‾

𝜕𝑉
)
𝑇‾ ,𝑁‾

 

𝑃 ≪ 𝜌, 𝑃 ≪
𝐸̌𝑟

4𝜋𝑟3
,
2𝐺𝑁𝐸̌𝑟

𝑐2
≪ 𝑟 so that 𝜌 → 𝜚𝑐2, 𝐸̌𝑟 → 𝑀𝑟𝑐

2 

𝐸̌𝑟 =

𝑐2𝑟2𝜈′

𝐺
− 8𝜋𝑟3𝑃

2(1 + 𝑟𝜈′)
,  

𝜈′′ +
2𝜈′

𝑟
+ 𝜈′2 −

4𝜋𝐺

𝑐2
((𝑟𝜈′ + 1)(𝑟𝜈′ + 2)𝜌 − (2𝑟2𝜈′′ + 𝑟𝜈′(𝑟𝜈′ − 3) − 6)𝑃) = 0.  

∇2𝜈 =
8𝜋𝐺

𝑐2
(𝑔𝜔𝜇 + 2𝑢𝜔𝑢𝜇)𝑇𝜔𝜇  

∇2𝜈= 𝑒−𝜆 (𝜈′′ + (
2

𝑟
+
𝜈′ − 𝜆′

2
)𝜈′)  

 = 𝑒−𝜆𝜈′′ +
𝜈′ + 4𝜋𝐺𝑟/𝑐2(𝑃(𝑟𝜈′ + 3) − (𝑟𝜈′ + 1)𝜌) + 2/𝑟

𝑟𝜈′ + 1
𝜈′

 

∇2𝜈 =
1

√|𝑔|
𝜕𝜔√|𝑔|𝑔

𝜔𝜇𝜕𝜇𝜈 

𝑒−𝜆
𝜈′ − 𝜆′

2
= 4𝜋𝐺𝑟

𝑃 − 𝜌

𝑐2
+
2𝐺𝐸̌𝑟
𝑟2𝑐2

 

𝑒−𝜆 =
1+8𝜋𝐺𝑟2𝑃/𝑐2

𝑟𝜈′+1
1 + 8𝜋𝐺𝑟2𝑃/𝑐2 = 𝑒−𝜆(𝑟𝜈′ + 1). 

∇2𝜈 = 8𝜋𝐺(𝜌 + 3𝑃)/𝑐2.  
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𝜈′′ +
2𝜈′

𝑟
+ 𝜈′2 = 0.  

𝜈′ =
1

𝑟(−1 + 𝐶0𝑟)
=: 𝜈⋆

′ 

𝐸̌𝑟 =
𝑐2 − 8𝜋𝐺𝑟2(−1 + 𝐶0𝑟)𝑃

2𝐶0𝐺
.  

𝑟 = 𝑅⋆ 𝐸̌𝑟 ≈
𝑐2

2𝐶0𝐺
 𝑟 ≥ 𝑅⋆ 𝐶0 =

1

2𝑀⋆𝐺
 𝜈⋆ = log (

1

𝑟
−

1

2𝑀⋆𝐺
) + 𝐶̃0, 𝜈(𝑅⋆) = 0. 

𝜈⋆ = log (
1 −

2𝑀⋆𝐺
𝑅⋆

1 −
2𝑀⋆𝐺
𝑟

) .  

𝜈⋆ = 2𝑀⋆𝐺 (−
1

𝑟
+
1

𝑅⋆
) +⋯ .  

𝑐2 ≫ 4𝜋𝑅⋆
3
𝑃(𝑅⋆)

𝑀⋆
,  

𝑇 = 𝑇(𝑅⋆)𝑒
−
𝜈
2 = 𝑇(𝑅⋆)√

1 −
𝑟H
𝑅⋆

1 −
𝑟H
𝑟

=: 𝑇vac  

𝑇vac (𝑇vac 
′′ +

2

𝑟
𝑇vac 
′ ) − 3𝑇vac 

′2 = 0 

𝑇 (𝑇′′ +
2

𝑟
𝑇′) − 3𝑇′2

=
4𝜋𝐺

𝑐2
(𝜌(−2𝑟2𝑇′2 + 3𝑟𝑇𝑇′ − 𝑇2) + 𝑃(4𝑟2𝑇′2 − 𝑟𝑇(2𝑟𝑇′′ − 3𝑇′) − 3𝑇2))

 

𝜈1
′′ +

2

𝑟
𝜈1
′ =

8𝜋

𝑐2
(𝜌0 + 3𝑃0),  

𝑇1
′′ +

2

𝑟
𝑇1
′ = −

4𝜋𝑇0
𝑐2

(𝜌0 + 3𝑃0)  

𝑃 = 𝑛̂𝑘B𝑇  

∇𝜇𝐽
𝜇 = 0, where 𝐽𝜇 = 𝑛̂𝑢𝜇 

∇𝜇𝐽
𝜇 = 𝑢𝑟(𝑛̂′ + 𝑛̂ (log (√|𝑔|𝑢𝑟))

′
) 

∇𝜇𝐽
𝜇 = 𝑢𝑟 (𝑛̂′ − 𝑛̂

𝜌′

𝜌 + 𝑃
) 

𝑛̂′ = 𝑛̂
𝜌′

𝜌 + 𝑃
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𝑃 = 𝑤𝜌  

𝑤 =
𝑘B
𝐶𝑉
= 𝛾 − 1  

𝑇′

𝑇
= (1 −

1

𝛾
)
𝑃′

𝑃
 

𝑃 ∝ 𝑇
𝛾

𝛾−1, 𝜌 = 𝑎𝑇
𝛾

𝛾−1 

𝛾 ∼ 1.  

𝑇 (𝑇′′ +
2

𝑟
𝑇′) − 3𝑇′2

=
4𝜋𝑎𝐺

𝑐2
𝑇

𝛾
𝛾−1(−6𝑟2𝑇′2 + 2𝑟2𝑇𝑇′′ + 2𝑇2 + 𝛾(4𝑟2𝑇′2 − 𝑟𝑇(2𝑟𝑇′′ − 3𝑇′) − 3𝑇2)).

 

𝐴2(2𝑛 − 1)𝑟2𝑛−2 (4𝜋𝑎𝐺𝐴
𝛾
𝛾−1(𝑛(𝛾 − 2) + 3𝛾 − 2)𝑟

𝑛
𝛾−1

+𝑛+2
+ 𝑐2𝑛) = 0  

𝑛

𝛾−1
+ 𝑛 + 2 = 4𝜋𝑎𝐺𝐴

𝛾

𝛾−1(𝑛(𝛾 − 2) + 3𝛾 − 2) 𝑟
𝑛

𝛾−1
+𝑛+2

+ 𝑐2𝑛 = 0 

𝑛 = −2(𝛾 − 1)/𝛾, 𝐴 = (
𝑐2(𝛾−1)

2𝜋𝑎𝐺(𝛾2+4𝛾−4)
)

𝛾−1

𝛾
. 

𝑇 = (
𝑐2(𝛾 − 1)

2𝜋𝑎𝐺(𝛾2 + 4𝛾 − 4)
)

1−
1
𝛾 1

𝑟
2(1−

1
𝛾
)

 

𝜈 = 4 (1 −
1

𝛾
) log (𝑟/𝑅⋆) 

𝑛̂ =
𝑃

𝑘B𝑇
=
𝑎(𝛾 − 1)

𝑘B
(

𝑐2(𝛾 − 1)

2𝜋𝑎𝐺(𝛾2 + 4𝛾 − 4)
)

1
𝛾 1

𝑟
2
𝛾

,  

𝑤 =
1

3
, so 𝑃rad =

1

3
𝜌rad ∝ 𝑇

4, 𝜌rad = 𝑎𝑇
4 

𝑎 = 4𝜎/𝑐 

𝜌rad =
4𝜎

𝑐
𝑇4 

𝑃g = 𝑛̂g𝑘B𝑇, 𝜌g = (𝑚‾ 𝑐
2 +

3

2
𝑘B𝑇) 𝑛̂g,  

𝑛̂g = 𝐶g𝑇
3/2𝑒

−
𝑚‾ 𝑐2

𝑘B𝑇  

𝐶g = 𝑔‾ (
2𝜋𝑚‾ 𝑘B
ℎ2

)

3
2
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𝑃0 = 𝑛̂𝑔0𝑘B𝑇0, 𝜌0 = (𝑚‾ 𝑐
2 +

3

2
𝑘B𝑇0) 𝑛̂𝑔0, 𝑛̂𝑔0 = 𝑔‾ (

2𝜋𝑚‾ 𝑘B
ℎ2

)

3
2
𝑇0
3/2
𝑒
−
𝑚‾ 𝑐2

𝑘B𝑇0 .  

𝜈1 =
4𝜋𝑟2(𝜌0 + 3𝑃0)

3𝑐2
−
𝐶1
𝑟
+ 𝐶̃1  

𝐸̌𝑟 =
8𝜋𝑐2𝑟4𝜌0 − 3𝑐

4𝐶1𝑟

16𝜋𝐺𝑟3(𝜌0 + 3𝑃0) + 6𝑐
2(𝑟 + 𝐶1𝐺)

.  

𝑐2𝑀∗ =
8𝜋𝑐2𝑅∗

4𝜌0 − 3𝑐
4𝐶1𝑅∗

16𝜋𝐺𝑅∗
3(𝜌0 + 3𝑃0) + 6𝑐

2(𝑅∗ + 𝐶1𝐺)
 

𝐶1=
2𝑅∗𝑀∗(8𝜋𝐺𝑅∗

2(𝜌0 + 3𝑃0)/𝑐
2 + 3) − 8𝜋𝑅∗

4𝜌0/𝑐
2

3𝑅∗ − 6𝐺𝑀∗
 

 ≈ 2𝑀∗ −
8

3
𝜋𝑅∗

3𝜌0/𝑐
2

 

𝐶̃1 =
2𝑀∗
𝑅⋆

−
4𝜋(3𝑃0𝑅⋆

3 + 𝜌0(𝑅⋆
3 + 2𝑅∗

3))

3𝑐2𝑅⋆
 

𝜈∗ = 2(
1

𝑅⋆
−
1

𝑟
)(𝑀∗ +

6𝜋𝑃0𝑟𝑅⋆(𝑟 + 𝑅⋆) + 2𝜋𝜌0(𝑟
2𝑅⋆ + 𝑟𝑅⋆

2 − 2𝑅∗
3)

3𝑐2
) .  

𝑀⋆ = 𝑀∗ + 4𝜋𝑅⋆
3
𝑃0
𝑐2
+
4

3
𝜋(𝑅⋆

3 − 𝑅∗
3)
𝜌0
𝑐2
,  

𝑇 = 𝑇(𝑅⋆)(1 − 𝐺𝜈∗/2 +⋯),  

𝑇(𝑅∗)

𝑇(𝑅⋆)
= 1 + 𝐺 (

1

𝑅∗
−
1

𝑅⋆
)(𝑀∗ +

6𝜋𝑃0𝑅∗𝑅⋆(𝑅∗ + 𝑅⋆) + 2𝜋𝜌0(𝑅∗
2𝑅⋆ + 𝑅∗𝑅⋆

2 − 2𝑅∗
3)

3𝑐2
)  

𝜌 = 𝜌b + 𝜌g, 𝑃 = 𝑃b + 𝑃g  

𝑃b = 𝑛̂b𝑘B𝑇  

𝑛̂b
′ = 𝑛̂b

𝜌′

𝜌 + 𝑃
 

𝑃b
′(𝑃g + 𝜌) = 𝑃b(𝑃g + 𝜌)

′
 

𝑃b = 𝑤b(𝑃g + 𝜌) 

𝑇g: =
𝑚‾ 𝑐2

𝑘B
, 𝜌g ≈ 𝑚‾ 𝑐

2𝑛̂g, 𝑃g ≪ 𝜌g, 𝑃 = (1 + 𝑤b)𝑃g +𝑤b𝜌 ≈ 𝑤b𝜌, 𝛾b as 𝑤b = 𝛾b − 1, 𝜌 ≈ 𝑎b𝑇
𝛾b
𝛾b−1 

𝜌b(𝑅∗) = 0  

𝑎b ≈ 𝜌(𝑅∗)/𝑇(𝑅∗)
𝛾b
𝛾b−1, 𝜌(𝑅∗) = 𝜌g(𝑅∗) ≈ 𝑚‾ 𝑐

2𝑛̂g(𝑅∗) 𝑇(𝑅∗), 𝑇 ≈ 𝑇(𝑅∗) (
𝑅∗

𝑟
)
2(1−

1

𝛾b
)
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𝑇(𝑅∗) = (
𝑐2(𝛾b−1)

2𝜋𝑎b𝐺(𝛾b
2+4𝛾b−4)

)
1−

1

𝛾b 1

𝑅∗

2(1−
1
𝛾b
)
. 

𝑅∗ ≈ √
𝑐2(𝛾b−1)

2𝜋𝜌(𝑅∗)𝐺(𝛾b
2+4𝛾b−4)

 

𝛾b ≈ 1 + 2𝜋
𝜌(𝑅∗)

𝑐2
𝐺𝑅∗

2  

𝜌 ≈ 𝜌(𝑅∗) (
𝑅∗
𝑟
)
2

, 𝜌b ≈ 𝜌 × (1 − (
𝑅∗
𝑟
)
1−

3
𝛾b
𝑒
𝑇g(

1
𝑇(𝑅∗)

−
1
𝑇
)
) .  

𝑃 =
√𝑟c

2 − 𝑟2 −√𝑟c
2 − 𝑅c

2

3√𝑟c
2 − 𝑅c

2 −√𝑟c
2 − 𝑟2

𝜌c, 𝑇 =
2√𝑟c

2 − 𝑅c
2

3√𝑟c
2 − 𝑅c

2 −√𝑟c
2 − 𝑟2

𝑇(𝑅c),  

𝑟c = √
3

8𝜋𝐺𝜌c
 

𝑀∗ =
1

𝑐2
∫  
𝑅∗

0

 𝑑𝑟4𝜋𝑟2𝜌,𝑀⋆ = 𝑀∗ +
1

𝑐2
∫  
𝑅⋆

𝑅∗

 𝑑𝑟4𝜋𝑟2𝜌  

𝑀∗ ≈
𝜌(𝑅∗)

𝑐2
4𝜋𝑅∗

3  

𝜌(𝑅∗)/𝑐
2 = 𝑚‾ 𝑛̂g(𝑅∗) = 𝜇e𝑚u/ (

4

3
𝜋𝑎B)

3
, 𝑛̂g(𝑅∗) ≈ 1/ (

4

3
𝜋𝑎B)

3
 

𝑀⋆ ≈
𝜇e𝑚u
4
3𝜋𝑎B

3
× 4𝜋 (

𝑅⊙
𝜂
)
3

≈
1

𝜂3
× 1034 g.  

𝑀⊙ = 2.0 × 10
33 g 

 

𝐿𝑟 = 4𝜋𝑟
2𝑒𝜆/2𝐹  

𝐹 = ∫  𝑑𝜈𝐹𝜈, 𝑃𝜈 by 
𝑑𝑃𝜈

𝑑𝜏𝜈
=
𝐹𝜈

𝑐
, 𝛼𝜈 as 𝑑𝜏𝜈 = −𝛼𝜈𝑑𝑟, 

𝑑𝑃𝜈

𝑑𝑟
= −𝛼𝜈

𝐹𝜈

𝑐
 

𝑃rad
′ = −𝛼R

𝐹

𝑐
,  

𝑃rad =
4𝜎

3𝑐
𝑇4, so 𝑇′ =

3𝑐

16𝜎𝑇3
𝑃rad 
′ . 

𝑇′ = −
3𝛼R

16𝜎𝑇3
𝐹  
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𝑇′ = −
3𝛼R
16𝜎𝑇3

𝐿𝑟

4𝜋𝑟2 (1 −
2𝐺𝐸̌𝑟
𝑟𝑐2

)

−
1
2  

𝐿𝑟 =
64𝜋𝜎

3𝑐2𝛼R

𝐺(𝐸̌𝑟 + 4𝜋𝑟
3𝑃)

(1 − 2
𝐺𝐸̌𝑟
𝑟𝑐2

)

3/2
𝑇4

 

𝐿𝑟 ≈
64𝜋𝜎

3𝑐2𝛼R
𝐺𝐸̌𝑟𝑇

4.  

𝐿𝑟 ≈
64𝜋𝜎

3𝛼R⋆
𝐺𝑀⋆𝑇(𝑅⋆)

4  

𝐿⋆ = 4𝜋𝑅⋆
2𝜎𝑇⋆

4  

𝑅⋆
2 =

16𝐺𝑀⋆
3𝛼R⋆

.  

𝑅⋆: = 𝑅⊙, 𝑅∗ =
1

2
𝑅∗ 

𝑇(𝑅∗) ≈ 𝑇⊙, 𝑇(𝑅̃∗) = 𝑇(𝑅∗) (
𝑅∗

𝑅̃∗
)
1/2

≈ 7 × 103 K, 𝑇(𝑅c) = 𝑇(𝑅∗) (
𝑅∗

𝑅c
)
5/4

≈ 2 × 107 K 

𝜌(𝑅∗)/𝑐
2 ≈ 𝑚u/ (

4

3
𝜋𝑎B

3) ≈ 3 × 103 kg/m3 

𝜌(𝑅̃∗)/𝑐
2 = 𝜌(𝑅∗)/𝑐

2 (
𝑅∗

𝑅̃∗
)

2

≈ 5 × 103 kg/m3 

𝜌c/𝑐
2 = 𝜌(𝑅∗)/𝑐

2 (
𝑅∗
𝑅c
)
2

≈ 1 × 1012 kg/m3 

1.5 × 105 kg/m3 

5 × 1014 kg/m3 

|
𝑑𝑃rad
𝑑𝑟

| ≪ |
𝑑𝑃

𝑑𝑟
| .  

|𝑃rad 
′ | =

𝛼R𝐿𝑟

4𝜋𝑟2 (1 − 2
𝐺𝐸̃𝑟
𝑟𝑐2

)
−
1
2
𝑐

 

𝐿𝑟 ≪ (1 + 𝑤b)𝜌
4𝜋𝐺(𝐸̌𝑟 + 4𝜋𝑟

3𝑃)

𝛼R𝑐 (1 − 2
𝐺𝐸̌𝑟
𝑟𝑐2

)

3
2

,
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𝐿𝑟 ≪ 𝛾b
4𝜋𝑐𝐺(𝐸̌𝑟 + 4𝜋𝑟

3𝑃)

𝜅 (1 − 2
𝐺𝐸̌𝑟
𝑟𝑐2

)

3
2

.
 

𝐿𝑅⋆ ≪
4𝜋𝑐𝐺N𝑀⋆

𝜅
.  

𝑇 ∝ 𝑟
−2(𝛾−1)

𝛾 , 𝜌 ∝ 𝑝 ∝ 𝑟−2 

𝑑𝐿𝑟
𝑑𝑟

=
4𝜋𝑟2

(1 − 2
𝐺𝐸̌𝑟
𝑟𝑐2

)

1
2

𝜌𝜖
 

 

 𝐸̌𝑟 ≈
𝑐2𝑟2𝜈′

2𝐺
, 𝑃 ∝ 𝜚1+1/𝑛 

1

𝜉2
𝑑

𝑑𝜉
(𝜉2

𝑑𝜃

𝑑𝜉
) = −𝜃𝑛𝜉 ∝ 𝑟 as 𝑚 ∝ 𝜉1

2|𝜃(𝜉1)
′|, where 𝜃(𝜉1) = 0 

 𝑃 ∝ 𝜌𝛾 

𝜏‾ =
2

3
, 𝜏‾ = ∫  

∞

𝑅
𝜅𝜚𝑑𝑟 

 𝛾b − 1 ≈ 1 × 10
−6, 𝜌(𝑅∗)/𝑐

2 → 𝑚u/ (
4

3
𝜋𝑎B

3) ≈ 2.7 × 103 kg/m3, 𝑅∗ →
𝑅⋆

2
=
𝑅⊙

2
=

3.5 × 108 m, 𝑎B = 5.3 × 10
−11 m 

 𝛼R⋆ =
16𝐺(𝑀⋆+4𝜋𝑅⋆

3𝑃(𝑅⋆)/𝑐
2)

3𝑅⋆
2  

𝑓(◻−1 𝑅) =◻−1 𝑅 + 𝛼(◻−1 𝑅)2 

𝑃

𝑃𝑐
= 𝑎 (1 − 𝑒

−𝑏
𝜌
𝜌𝑐) 

𝑆 = ∫  𝑑4𝑥√−𝑔 {
1

2𝜅2
𝑅(1 + 𝑓(◻−1 𝑅)) + ℒmatter }  

◻= ∇𝜇∇
𝜇=

1

√−𝑔
𝜕𝜇(√−𝑔𝑔

𝜇𝜈𝜕𝜈) 

∇𝜇𝑉𝜈  = 𝜕𝜇𝑉𝜈 − Γ𝜇𝜈
𝜆 𝑉𝜆

𝑅𝜇𝜈𝜌
𝜎  = 𝜕𝜈Γ𝜇𝜌

𝜎 − 𝜕𝜌Γ𝜇𝜈
𝜎 + Γ𝜇𝜌

𝜔 Γ𝜔𝜈
𝜎 − Γ𝜇𝜈

𝜔 Γ𝜔𝜌
𝜎  

𝑆 = ∫  𝑑4𝑥√−𝑔 [
1

2𝜅2
{𝑅(1 + 𝑓(𝜓)) + 𝜉(◻ 𝜓 − 𝑅)} + ℒmatter ]

 = ∫  𝑑4𝑥√−𝑔 [
1

2𝜅2
{𝑅(1 + 𝑓(𝜓)) − 𝜕𝜇𝜉𝜕

𝜇𝜓 − 𝜉𝑅} + ℒmatter ] .
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𝛿𝑆

𝛿𝜉
= 0,◻ 𝜓 = 𝑅  

𝛿𝑆

𝛿𝑔𝜇𝜈
= 0 

0 =
1

2
𝑔𝜇𝜈{𝑅(1 + 𝑓(𝜓) − 𝜉) − 𝜕𝜌𝜉𝜕

𝜌𝜓} − 𝑅𝜇𝜈(1 + 𝑓(𝜓) − 𝜉)

 +
1

2
(𝜕𝜇𝜉𝜕𝜈𝜓 + 𝜕𝜇𝜓𝜕𝜈𝜉) − (𝑔𝜇𝜈 ◻−∇𝜇∇𝜈)(𝑓(𝜓) − 𝜉) + 𝜅

2𝑇𝜇𝜈 .

 

0 =◻ 𝜉 + 𝑓′(𝜓)𝑅.  

𝑑𝑠2 = 𝑐2𝑒2𝜙𝑑𝑡2 − 𝑒2𝜆𝑑𝑟2 − 𝑟2(𝑑𝜃2 + sin2 𝜃𝑑𝜑2)  

𝑇𝜇
𝜈 = diag(𝜌𝑐2, −𝑝,−𝑝,−𝑝) 

𝜉 ≡ 𝜉(𝑟), 𝜓 ≡ 𝜓(𝑟) 

−
1

2
𝜉′𝜙′ + (1 + 𝑓(𝜙) − 𝜉) (−

2𝜆′

𝑟
+
1 − 𝑒2𝜆

𝑟2
) − (𝜓′′𝑓𝜓 + 𝜓

′2𝑓𝜓𝜓 − 𝜉
′′)

 − (
2

𝑟
− 𝜆′) (𝜓′𝑓𝜓 − 𝜉

′) = 𝜅2𝜌𝑐2𝑒2𝜆

 (1 + 𝑓(𝜙) − 𝜉) (
2𝜙′

𝑟
+
1 − 𝑒2𝜆

𝑟2
) +

𝜉′𝜙′

2
− (

2

𝑟
+ 𝜙′) (𝜓′𝑓𝜓 − 𝜉

′) = −𝜅2𝑒2𝜆𝑝(

 

𝜓′′ + (
2

𝑟
+ 𝜙′ − 𝜆′)𝜓′ −𝜙′′ −𝜙′2 + 𝜙′𝜆′ −

2

𝑟
(𝜙′ − 𝜆′) −

1 − 𝑒2𝜆

𝑟2
 

 𝜉′′ + (
2

𝑟
+ 𝜙′ − 𝜆′) 𝜉′ + 2𝑓𝜓 (𝜙

′′ + 𝜙′2 − 𝜙′𝜆′ + 2
𝜙′ − 𝜆′

𝑟
+
1 − 𝑒2𝜆

𝑟2
)  

𝑅(1 + 𝑓(𝜓) − 𝜉) − 𝜕𝜇𝜉𝜕
𝜇𝜓 − 3◻ (𝑓(𝜓) − 𝜉) = −𝜅2(𝜌𝑐2 − 𝑝)  

 2(𝜙′′ + 𝜙′2 − 𝜙′𝜆′ +
2

𝑟
(𝜙′ − 𝜆′) +

1 − 𝑒2𝜆

𝑟2
) (1 + 𝑓(𝜓) − 𝜉) − 𝜓′𝜉′  

 −3 [(𝜓′′𝑓𝜓 + 𝜓
′2𝑓𝜓𝜓 − 𝜉

′′) + (
2

𝑟
+ 𝜙′ − 𝜆′) (𝜓′𝑓𝜓 − 𝜉

′)] = 𝜅2𝑒2𝜆(𝜌𝑐2 − 𝑝)

 

∇𝜇𝑇𝜈
𝜇
= 0 

𝑑𝑝

𝑑𝑟
= −(𝑝 + 𝜌𝑐2)𝜙′  

𝑒−2𝜆 = 1 −
2𝐺𝑀

𝑐2𝑟
⟹
𝐺𝑑𝑀

𝑐2𝑑𝑟
=
1

2
[1 − 𝑒−2𝜆(1 − 2𝑟𝜆′)]  

{
𝑑𝑝

𝑑𝑟
,
𝑑𝑀

𝑑𝑟
, 𝜌} 
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𝑀 → 𝑚𝑀⊙, 𝑟 → 𝑟𝑔𝑟, 𝜌 →
𝜌𝑀⊙

𝑟𝑔
3 , 𝑝 →

𝑝𝑀⊙𝑐
2

𝑟𝑔
3  

𝑟𝑔 =
𝐺𝑀⊙

𝑐2
= 1.47473nm and 𝑀⊙ 

𝜙′ = −
𝑝′

(𝑝 + 𝜌)
 

𝜆′ =
𝑚

𝑟2

1 −
𝑟
𝑚
𝑑𝑚
𝑑𝑟

2𝑚
𝑟
− 1

 

𝑒2𝜆 = (1 −
2𝑚

𝑟
)
−1

, 1 − 𝑒2𝜆 = (1 −
𝑟

2𝑚
)
−1

.  

 
𝑝′𝜉′

2(𝑝 + 𝜌)
+ (1 + 𝑓(𝜙) − 𝜉)(−

2𝑚

𝑟3

1 −
𝑟
𝑚
𝑑𝑚
𝑑𝑟

2𝑚
𝑟
− 1

+
1

𝑟2 (1 −
𝑟
2𝑚)

)

−(𝜓′′𝑓𝜓 + 𝜓
′2𝑓𝜓𝜓 − 𝜉

′′) − (
2

𝑟
−
𝑚

𝑟2

1 −
𝑟
𝑚
𝑑𝑚
𝑑𝑟

2𝑚
𝑟
− 1

)(𝜓′𝑓𝜓 − 𝜉
′) =

8𝜋𝜌

1 −
2𝑚
𝑟

 

 (1 + 𝑓(𝜙) − 𝜉)(
2𝑝′

𝑟(𝑝 + 𝜌)
−

1

𝑟2 (1 −
𝑟
2𝑚
)
) +

𝜉′𝑝′

2(𝑝 + 𝜌)

 +(
2

𝑟
−

𝑝′

𝑝 + 𝜌
) (𝜓′𝑓𝜓 − 𝜉

′) =
8𝜋𝑝

1 −
2𝑚
𝑟

 

 𝜓′′ + (
2

𝑟
−

𝑝′

𝑝 + 𝜌
−
𝑚

𝑟2

1 −
𝑟
𝑚
𝑑𝑚
𝑑𝑟

2𝑚
𝑟 − 1

)𝜓′ + (
𝑝′

𝑝 + 𝜌
)

′

− (
𝑝′

𝑝 + 𝜌
)

2

 −
𝑚

𝑟2
𝑝′

𝑝 + 𝜌

1 −
𝑟
𝑚
𝑑𝑚
𝑑𝑟

2𝑚
𝑟 − 1

+
2

𝑟
(
𝑝′

𝑝 + 𝜌
+
𝑚

𝑟2

1 −
𝑟
𝑚
𝑑𝑚
𝑑𝑟

2𝑚
𝑟 − 1

) −
1

𝑟2 (1 −
𝑟
2𝑚)
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  𝜉′′ + (
2

𝑟
−

𝑝′

𝑝 + 𝜌
−
𝑚

𝑟2

1 −
𝑟
𝑚
𝑑𝑚
𝑑𝑟

2𝑚
𝑟 − 1

)𝜉′ + 2𝑓𝜓 (−(
𝑝′

𝑝 + 𝜌
)

′

+(
𝑝′

𝑝 + 𝜌
)

2

+
𝑚

𝑟2
𝑝′

𝑝 + 𝜌

1 −
𝑟
𝑚
𝑑𝑚
𝑑𝑟

2𝑚
𝑟
− 1

−
2

𝑟
(
𝑝′

𝑝 + 𝜌
+
𝑚

𝑟2

1 −
𝑟
𝑚
𝑑𝑚
𝑑𝑟

2𝑚
𝑟
− 1

) +
1

𝑟2 (1 −
𝑟
2𝑚
)
) = 0

 (−(
𝑝′

𝑝 + 𝜌
)

′

+ (
𝑝′

𝑝 + 𝜌
)

2

+
𝑝′

𝑝 + 𝜌

𝑚

𝑟2

1 −
𝑟
𝑚
𝑑𝑚
𝑑𝑟

2𝑚
𝑟
− 1

−
2

𝑟
(
𝑝′

𝑝 + 𝜌
+
𝑚

𝑟2

1 −
𝑟
𝑚
𝑑𝑚
𝑑𝑟

2𝑚
𝑟
− 1

) +
1

𝑟2 (1 −
𝑟
2𝑚
)
)(1 + 𝑓(𝜓) − 𝜉) − 𝜓′𝜉′

 −3 [(𝜓′′𝑓𝜓 + 𝜓
′2𝑓𝜓𝜓 − 𝜉

′′) + (
2

𝑟
−

𝑝′

𝑝 + 𝜌
−
𝑚

𝑟2

1 −
𝑟
𝑚
𝑑𝑚
𝑑𝑟

2𝑚
𝑟
− 1

)(𝜓′𝑓𝜓 − 𝜉
′)] =

8𝜋(𝜌 − 𝑝)

(1 −
2𝑚
𝑟
)

 

2𝜆 = 𝐴𝑟2, 2𝜙 = 𝐵𝑟2 + 𝐶  

𝑓(◻−1 𝑅) =◻−1 𝑅 + 𝛼(◻−1 𝑅)2  

𝜓(𝑟) = 𝐶1∫  
𝑔𝑟𝑟𝑑𝑟

√−𝑔
+∫  

𝑟

0

 √−𝑔(𝑦)𝑅(𝑦)(𝑟 − 𝑦)𝑑𝑦 + 𝐶2  

𝜉(𝑟) = 𝐶3∫  
𝑔𝑟𝑟𝑑𝑟

√−𝑔
−∫  

𝑟

0

 √−𝑔(𝑦)(𝑟 − 𝑦)𝑓𝜓(𝑦) ◻ 𝜓(𝑦)𝑑𝑦 + 𝐶4  

𝑉𝑟𝑣
2 ≡

𝑑𝑝

𝑑𝜌
. 

𝑧 = 𝑒−𝜙 − 1  

𝑑𝑃/𝑃𝑐
𝑑𝜌/𝜌𝑐

 

NEC ⟺ 𝜌eff + 𝑝eff ≥ 0
WEC ⟺ 𝜌eff ≥ 0 and 𝜌eff + 𝑝eff ≥ 0

SEC ⟺ 𝜌eff + 3𝑝eff ≥ 0 and 𝜌eff + 𝑝eff ≥ 0
DEC ⟺ 𝜌eff ≥ 0 and 𝜌eff ± 𝑝eff ≥ 0

 

𝑃

𝑃𝑐
= 𝑎 (1 − 𝑒

−𝑏
𝜌
𝜌𝑐)  

𝑃

𝑃𝑐
+
𝜌

𝜌𝑐
 

3𝑃

𝑃𝑐
+
𝜌

𝜌𝑐
 

𝑃

𝑃𝑐
−
𝜌

𝜌𝑐
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𝜌 ≪ 𝜌𝑐 

𝑝

𝜌𝑘𝐵𝑇
= exp (Σ𝑚=2

∞ 𝐾𝑚𝜌
𝑚−1)  

𝑃

𝑃𝑐
= 𝑎 (1 − 𝑒

−𝑏
𝜌
𝜌𝑐) 

𝑓(◻−1 𝑅) =◻−1 𝑅 + 𝛼(◻−1 𝑅)2 

𝑃

𝑃𝑐
= 𝑎 (1 − 𝑒

−𝑏
𝜌
𝜌𝑐) 

Γ12
1 = 𝜙′, Γ11

2 = 𝜙′𝑒2𝜙−2𝜆, Γ22
2 = 𝜆′, Γ23

2 = −𝑟𝑒−2𝜆,

Γ44
2 = −𝑟sin2 𝜃𝑒−2𝜆, Γ23

3 =
1

𝑟
, Γ44
3 = −sin 𝜃cos 𝜃, Γ24

4 =
1

𝑟
, Γ34
4 = cot 𝜃

 

𝑅𝑡𝑡  = 𝑒
2𝜙−2𝜆 (−𝜙′′ − 𝜙′2 +𝜙′𝜆′ −

2𝜙′

𝑟
)

𝑅𝑟𝑟  = 𝜙
′′ + 𝜙′2 − 𝜙′𝜆′ −

2𝜆′

𝑟

 

𝑅 = −2𝑒−2𝜆 (𝜙′′ + 𝜙′2 − 𝜙′𝜆′ +
2(𝜙′ − 𝜆′)

𝑟
+
1 − 𝑒2𝜆

𝑟2
)  

◻𝐴(𝑟) = −𝑒−2𝜆 (𝐴′′ + (
2

𝑟
+ 𝜙′ − 𝜆′)𝐴′) .  

 𝜌𝑐 =
𝑀⊙

𝑟𝑔
3 , 𝑝𝑐 =

𝑀⊙𝑐
2

𝑟𝑔
3  

𝜕log (𝑟/𝑟̃)

𝜕𝑟̃
=
𝑟̃1/2 − (𝑟̃ − 2𝑚)1/2

𝑟̃(𝑟̃ − 2𝑚)1/2
 

𝑑𝑟̃/𝑑𝑟 = (𝑟̃/𝑟)√1 − 2𝑚(𝑟̃)/𝑟̃ 

𝑑𝑠2 = 𝐴(𝑟)𝑑𝑡2 + 𝐵(𝑟)𝑑𝑟2 + 2𝐶(𝑟)𝑑𝑟𝑑𝑡 + 𝐷(𝑟)𝑑Ω2  

𝑑Ω2 = sin2 𝜃𝑑𝜙2 + 𝑑𝜃2  

𝐴(𝑟̃) = 𝑒2𝜈̃(𝑟̃), 𝐵(𝑟̃) = 𝑒2𝜆̃(𝑟̃)  or  𝐴(𝑟) = 𝑒2𝜈(𝑟), 𝐵(𝑟) = 𝑒2𝜇(𝑟),  

𝑑𝑠2 = −𝑒2𝜈̃𝑑𝑡̃2 + 𝑒2𝜆̃𝑑𝑟̃2 + 𝑟̃2(sin2 𝜃̃𝑑𝜙̃2 + 𝑑𝜃̃2)  

𝑑𝑠2 = −𝑒2𝜈𝑑𝑡2 + 𝑒2𝜇[𝑑𝑟2 + 𝑟2(sin2 𝜃𝑑𝜙2 + 𝑑𝜃2)]  

𝑟̃2 ≡ 𝑒2𝜇𝑟2, 𝑒2𝜇𝑑𝑟2 ≡ 𝑒2𝜆̃𝑑𝑟̃2  

𝑟 = exp (∫  𝑒 𝜆̃𝑟̃−1𝑑𝑟̃) = exp [−Ei(−𝜆̃𝑟̃)]  

𝑑𝑟̃ = 𝑒𝜇(𝑟𝜇′ + 1)𝑑𝑟  
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𝑒2𝜆̃ = (𝑟𝜇′ + 1)−2  

𝑟̃ = √𝐴̃/4𝜋 

 

𝑔|𝑡=𝑡0,𝑟=𝑟0 = 𝑒
2𝜇(𝑟0)𝑟0

2𝑔Ω,  

𝑔𝜇𝜈 = diag(−𝑒
2𝜈, 𝑒2𝜇 , 𝑒2𝜇𝑟2, 𝑒2𝜇𝑟2sin2 𝜃).  

Γ𝑡𝑟
𝑡 = 𝜈′, Γ𝑡𝑡

𝑟 = 𝑒2𝜈−2𝜇𝜈′, Γ𝑟𝑟
𝑟 = 𝜇′, Γ𝑟𝜃

𝜃 = 𝜇′ +
1

𝑟
Γ𝜃𝜃
𝑟 = −𝑟(𝑟𝜇′ + 1), Γ𝜙𝜙

𝑟 = −𝑟sin2 𝜃(𝑟𝜇′ + 1)

Γ𝜙𝜙
𝜃 = −sin 𝜃cos 𝜃, Γ𝑟𝜙

𝜙
= 𝜇′ +

1

𝑟
, Γ𝜃𝜙
𝜃 = cot 𝜃

 

𝑅𝜇𝜈 −
1

2
𝑅𝑔𝜇𝜈 = 8𝜋𝑇𝜇𝜈  

8𝜋𝑇𝑡
𝑡 = −𝑒2𝜈−2𝜇

2𝑟𝜇′′ + 𝜇′(𝑟𝜇′ + 4)

𝑟
,

8𝜋𝑇𝑟
𝑟 =

𝜇′(𝑟𝜇′ + 2𝑟𝜈′ + 2) + 2𝜈′

𝑟
,

8𝜋𝑇𝜃
𝜃 = 8𝜋𝑇𝜙

𝜙
= 𝑟[𝑟(𝜇′′ + 𝜈′′) + 𝜇′ + 𝑟𝜈′2 + 𝜈′],

 

𝑇𝜇𝜈 = 0  

𝑑𝑠2 = −(
1 −𝑀/2𝑟

1 +𝑀/2𝑟
)
2

𝑑𝑡2 + (1 +
𝑀

2𝑟
)
4

[𝑑𝑟2 + 𝑟2(sin2 𝜃𝑑𝜙2 + 𝑑𝜃2)]  

𝑑𝑠2 = −(1 −
2𝑀

𝑟̃
)𝑑𝑡2 + (1 −

2𝑀

𝑟̃
)
−1

𝑑𝑟̃2 + 𝑟̃2(sin2 𝜃̃𝑑𝜙̃2 + 𝑑𝜃̃2)  
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𝑟̃ = 𝑟 (1 +
𝑀

2𝑟
)
2

  and  𝑟 =
𝑟̃

2
[1 + (1 −

2𝑀

𝑟̃
)
1/2

−
𝑀

𝑟̃
] ,  

𝑡̃ = 𝑡, 𝜃̃ = 𝜃, 𝜙̃ = 𝜙 

𝑅 =
𝑅̃

2
[1 + (1 −

2𝑀

𝑅̃
)
1/2

−
𝑀

𝑅̃
]  

𝑇𝜇𝜈 = (𝜀 + 𝑝)𝑢𝜇𝑢𝜈 + 𝑝𝑔𝜇𝜈 ,  

8𝜋𝜀 = −
𝑒−2𝜇

𝑟
[2𝑟𝜇′′ + 𝜇′(𝑟𝜇′ + 4)],

8𝜋𝑝 =
𝑒−2𝜇

𝑟
[𝜇′(𝑟𝜇′ + 2𝑟𝜈′ + 2) + 2𝜈′],

8𝜋𝑝 =
𝑒−2𝜇

𝑟
[𝑟(𝜇′′ + 𝜈′′) + 𝜇′ + 𝑟𝜈′2 + 𝜈′].

 

𝜇′′ = −4𝜋𝑒2𝜇𝜀 −
2𝜇′

𝑟
−
𝜇′2

2
 

𝜈′′ = 4𝜋𝑒2𝜇(𝜀 + 2𝑝) +
𝜇′(𝑟𝜇′ + 2) + 2𝜈′(𝑟𝜈′ + 1)

2𝑟
.  

𝜈′ =
8𝜋𝑒2𝜇𝑟𝑝 + 𝜇′(𝑟𝜇′ + 2)

2(𝑟𝜇′ + 1)
,  
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𝑝′ = −
1

2
(𝑝 + 𝜀)

8𝜋𝑒2𝜇𝑟𝑝 + 𝜇′(𝑟𝜇′ + 2)

𝑟𝜇′ + 1
,  

8𝜋𝜀 = 𝑒−2𝜆̃(𝑟̃−1𝜆̃′ − 𝑟̃−2) + 𝑟̃−2𝜆̃|
𝑟̃=0

= 0. 

𝑒−2𝜆̃ = 1 −
8𝜋

𝑟̃
∫  
𝑟̃1

0

 𝜀𝑟̃2𝑑𝑟̃  

𝑒−2𝜆̃ = 1 − 2𝑀/𝑅̃, 

𝑀 = ∫  
𝑅̃

0
 𝑑𝑚 = 4𝜋 ∫  

𝑅̃

0
 𝜀𝑟̃2𝑑𝑟̃  

𝑑𝑚 = 4𝜋𝜀𝑟̃2𝑑𝑟̃ = 4𝜋𝜀(𝑒2𝜇𝑟2)(𝑒𝜇[𝑟𝜇′ + 1]dr) 

𝑑𝑚

𝑑𝑟
=
4𝜋𝜀

3

𝑑

𝑑𝑟
(𝑒𝜇𝑟)3  

𝑑𝐴̃ ≡ 𝑑(𝑒𝜇𝑟)3/𝑑𝑟 

𝑑𝑉̃ ≡ 𝑑(𝑒𝜇𝑟)3 

𝜇′(𝑟𝜇′ + 2) =
2𝑚

𝑒𝜇𝑟2

𝑟𝜇′ + 1 = (1 −
2𝑚

𝑒𝜇𝑟
)
1/2  

𝜈′ = (4𝜋𝑒2𝜇𝑟𝑝 +
𝑚

𝑒𝜇𝑟2
) (1 −

2𝑚

𝑒𝜇𝑟
)
−1/2

 

𝑝′ = −
𝐺𝑚

𝑒𝜇𝑟2
(𝑝 + 𝜀) (

4𝜋

𝑐4
(𝑒𝜇𝑟)3𝑝

𝑚
+ 1) (1 −

2𝐺

𝑐2
𝑚

𝑒𝜇𝑟2
)
−1/2
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𝑝′ = −
𝐺𝑚

𝑟̃2
(𝑝 + 𝜀) (

4𝑟̃3𝑝

𝑚𝑐2
+ 1)(1 −

2𝐺𝑚

𝑟̃𝑐2
)
−1

 

𝑑𝑚

𝑑𝑟
=
4𝜋𝜀

3

𝑑

𝑑𝑟
(𝑒𝜇𝑟)3

𝑑𝜇

𝑑𝑟
=
1

𝑟2
[(1 −

2𝑚

𝑒𝜇𝑟
)
1/2

− 1]

𝑑𝜈

𝑑𝑟
= (4𝜋𝑒2𝜇𝑟𝑝 −

𝑚

𝑒𝜇𝑟2
) (1 −

2𝑚

𝑒𝜇𝑟
)
−1/2

𝑑𝑝

𝑑𝑟
= −

𝑚

𝑒𝜇𝑟2
(𝑝 + 𝜀) (

4𝜋(𝑒𝜇𝑟)3𝑝

𝑚
+ 1)(1 −

2𝑚

𝑒𝜇𝑟2
)
−1/2

 

 

Name Particles 𝑴𝐦𝐚𝐱 𝐦𝐢𝐧(𝒏𝐛) 𝐦𝐚𝐱(𝒏𝐛) 

GMSR(H4) Nucleonic 2.33𝑀⊙ 10−7fm−3 2.00fm−3 

SFHo/DD2 Nucleons 2.13𝑀⊙ 10−9fm−3 1.86fm−3 

DS(CMF)-2 Hybrid Hybrid 1.96𝑀⊙ 0.03fm−3 1.6fm−3 
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𝑑𝑚

𝑑𝑟
= 4𝜋𝑒𝜇𝑟2 (1 −

2𝑚

𝑒𝜇𝑟
)
1/2

𝑑𝜇

𝑑𝑟
= [(1 −

2𝑚

𝑒𝜇𝑟
)
1/2

− 1]

𝑑𝜈

𝑑𝑟
= (4𝜋𝑒2𝜇𝑟𝑝 −

𝑚

𝑒𝜇𝑟2
) (1 −

2𝑚

𝑒𝜇𝑟
)
−1/2

𝑑𝑝

𝑑𝑟
= −

𝑚

𝑒𝜇𝑟
(𝑝 + 𝜀) (

4𝜋(𝑒𝜇𝑟)3𝑝

𝑚
+ 1)(1 −

2𝑚

𝑒𝜇𝑟
)
−1/2

 

(𝑟, 𝜃, 𝜙) ↦ (𝑥1, 𝑥2, 𝑥3): {
𝑥1 = 𝑟sin 𝜃cos 𝜙

𝑥2 = 𝑟sin 𝜃sin 𝜙

𝑥3 = 𝑟cos 𝜃

 

𝑑𝑠2 = −(
1 −𝑀/2𝑟

1 +𝑀/2𝑟
)
2

𝑑𝑡2 + (1 −
𝑀

2𝑟
)
4

[(𝑥1)2 + (𝑥2)2 + (𝑥3)2]  

𝑟 = √(𝑥1)2 + (𝑥2)2 + (𝑥3)2 

(
𝑑𝑥1

𝑑𝑡
)

2

+ (
𝑑𝑥2

𝑑𝑡
)

2

+ (
𝑑𝑥3

𝑑𝑡
)

2

=
(1 −𝑀/2𝑟)2

(1 + 𝑀/2𝑟)6
 

𝑢𝜇 = 𝑑𝑥𝜇/𝑑𝑡 

𝑑Σ2 = 𝑑𝑟2 + 𝑟2(sin2 𝜃𝑑𝜙2 + 𝑑𝜃2)  

𝑑𝑠2 = −(1 −
2𝑀

𝑟
)𝑑𝑡2 + 𝑒2𝜇[𝑑𝑟2 + 𝑟2(sin2 𝜃𝑑𝜙2 + 𝑑𝜃2)]  

𝑑𝑟2

𝑟2
=

𝑑𝑟̃2

𝑟̃2 − 2𝑀𝑟̃
 

𝑑𝑟̃

𝑑𝑟
=
𝑟̃

𝑟
√1 −

2𝑚(𝑟̃)

𝑟̃
,  

(𝑟𝜇′ + 1)2 = 1 −
8𝜋

𝑒𝜇𝑟
∫  𝜀 ⋅ 𝑒3𝜇𝑟2(𝑟𝜇′ + 1)𝑑𝑟  

𝑒𝜇𝑟2𝜇′(2𝑟𝜇′′ + 𝑟𝜇′2 + 3𝜇′) = 𝑒𝜇(𝑟𝜇′ + 1) − 8𝜋𝜀 ⋅ 𝑒3𝜇𝑟2(𝑟𝜇′ + 1)  

𝑟3𝜇′3 + 4𝑟2𝜇′2 + 𝑟𝜇′ + 1 − 8𝜋𝜀𝑒2𝜇𝑟2 = 0  

𝜇(𝑟) =
1

2
log 𝐵(𝑟), 𝜇′(𝑟) =

𝐵′(𝑟)

2𝐵(𝑟)
 

𝑎𝐵′3 + 𝑏𝐵′2 + 𝑐𝐵′ + 𝑑 = 0  with  {

𝑎 = 𝑟3

𝑏 = 8𝑟2𝐵
𝑐 = 4𝑟𝐵2

𝑑 = 8𝐵(1 − 8𝜋𝜀𝑟2𝐵)
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𝑡 = 𝐵′ +
𝑏

3𝑎
 

𝑡3 + 𝑝𝑡 + 𝑞 = 0  

𝑝 =
3𝑎𝑐 − 𝑏2

3𝑎2
, 𝑞 =

2𝑏3 − 9𝑎𝑏𝑐 + 27𝑎2𝑑

27𝑎3
 

 

𝐵′(𝑟 ≥ 𝑅) = (𝑀/𝑟)(1 +𝑀/2𝑟), 𝑟 = 𝑅, 𝑡 ≡ 𝑤 −
𝑝

3𝑤
 

(𝑤3)2 + 𝑞(𝑤3) −
𝑝3

27
= 0.  

𝑢± = −
𝑞

2
± √Δ,  

Δ = 𝑞2/4 + 𝑝3/27 > 0 

𝑤1 = √𝑢+
3 + √𝑢−

3 . 

𝑤2 = −
1

2
(√𝑢+
3 + √𝑢−

3 ) +
𝑖√3

2
(√𝑢+
3 − √𝑢−

3 )  

𝑤3 = −
1

2
(√𝑢+
3 + √𝑢−

3 ) +
𝑖√3

2
(−√𝑢+

3 + √𝑢−
3 )  

(
237276

𝛽3
+
6084√2

3

𝛽
+ 𝛽3 + 78√4

3
𝛽 + 184)𝑒4𝜇 − 432𝜋𝑟2𝜀𝑒2𝜇 + 54 = 0  

𝛼3 = −92𝑒4𝜇 + 216𝜋𝑟2𝜀𝑒2𝜇 − 27 −√(92𝑒4𝜇 − 216𝜋𝑟2𝜀𝑒2𝜇 + 27)2 − 8788𝑒8𝜇,  

𝛽 = 𝛼 + √𝛼3 − 432𝜋𝑟2𝜀𝑒2𝜇
3

 

 ∇𝜇𝑇𝜇𝜈 = 0 
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 𝜕𝑡𝜀 = 𝜕𝑡𝑝 = 0 

 𝜕𝜃𝑝 = 𝜕𝜓𝑝 = 0 

 ∇𝜇𝑇𝑡
𝜇
= −𝑝′ −

1

2
(𝑝 + 𝜀)𝜈′ = 0 

 𝛿3 = 1 

 𝛿3 − 1 = (𝛿 − 1)(𝛿2 + 𝛿 + 1) 

 𝛿0 = 1, 𝛿1 =
−1+𝑖√3

2
, 𝛿2 =

−1−𝑖√3

2
 

ℒ𝑄𝐻𝐷 = ∑  

𝐵

 𝜓‾𝐵 [𝛾
𝜇 (i𝜕𝜇 − 𝑔𝐵𝜔𝜔𝜇 − 𝑔𝐵𝜌

1

2
𝜏𝐵 ⋅ 𝜌⃗𝜇) − (𝑀𝐵 − 𝑔𝐵𝜎𝜎)]𝜓𝐵 − 𝑈(𝜎)

 +
1

2
(𝜕𝜇𝜎𝜕

𝜇𝜎 −𝑚𝜎
2𝜎2) −

1

4
Ω𝜇𝜈Ω𝜇𝜈 +

1

2
𝑚𝜔
2𝜔𝜇𝜔

𝜇 +
1

2
𝑚𝜌
2𝜌⃗𝜇 ⋅ 𝜌⃗

𝜇 −
1

4
𝐏⃗⃗⃗𝜇𝜈 ⋅ 𝐏⃗⃗⃗𝜇𝜈

 

𝑈(𝜎) =
𝜅𝑀𝑁(𝑔𝜎𝜎)

3

3
+
𝜆(𝑔𝜎𝜎)

4

4
 

ℒ𝜙 = −𝑔𝑌𝜙𝜓‾𝑌(𝛾
𝜇𝜙𝜇)𝜓𝑌 +

1

2
𝑚𝜙
2𝜙𝜇𝜙

𝜇 −
1

4
Φ𝜇𝜈Φ𝜇𝜈  

ℒ𝜔𝜌 = Λ𝜔𝜌(𝑔𝜌
2𝜌𝜇⃗⃗ ⃗⃗ ⃗ ⋅ 𝜌𝜇⃗⃗⃗⃗⃗)(𝑔𝜔

2𝜔𝜇𝜔𝜇)  

𝜀 = ⟨𝑇00⟩  and  𝑃 =
1

3
⟨𝑇𝑗𝑗⟩  

𝑔Λ𝜔
𝑔𝑁𝜔

=
4 + 2𝛼𝑣
5 + 4𝛼𝑣

,
𝑔Σ𝜔
𝑔𝑁𝜔

=
8 − 2𝛼𝑣
5 + 4𝛼𝑣

,  and  
𝑔Ξ𝜔
𝑔𝑁𝜔

=
5 − 2𝛼𝑣
5 + 4𝛼𝑣

 

𝑔Λ𝜙

𝑔𝑁𝜔
= √2(

2𝛼𝑣 − 5

5 + 4𝛼𝑣
) ,
𝑔Σ𝜙

𝑔𝑁𝜔
= √2(

−2𝛼𝑣 − 1

5 + 4𝛼𝑣
) ,  and  

𝑔Ξ𝜙

𝑔𝑁𝜔
= √2(

−2𝛼𝑣 − 4

5 + 4𝛼𝑣
)  

𝑔Λ𝜌

𝑔𝑁𝜌
= 0,

𝑔Σ𝜌

𝑔𝑁𝜌
= 2𝛼𝑣 ,  and  

𝑔Ξ𝜌

𝑔𝑁𝜌
= −(1 − 2𝛼𝑣)  

 

Parameters Values Parameters Values Meson masses [MeV] 

N13𝜔𝜌 parameterization 

𝑔𝑁𝜎 10.094 𝑛0[fm
−3] 0.150 𝑚𝜎 = 508.194 

𝑔𝑁𝜔 12.807 𝑀∗/𝑀 0.594 𝑚𝜔 = 782.501 
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𝑔𝑁𝜌 14.441 𝐾[MeV] 258 𝑚𝜌 = 763 

𝜆 -0.002904 𝑆0[MeV] 30.7 𝑚𝜙 = 1020 

𝜅 -0.002208 𝐿[MeV] 42 - 

Λ𝜔𝜌 0.045 𝐵/𝐴[MeV] 16.31 - 

El3 𝜔𝜌 parameterization 

(𝑔𝑁𝜎/𝑚𝜎)
2 12.108[fm2] 𝑛0[fm

−3] 0.156 𝑚𝜎 = 512 

(𝑔𝑁𝜔/𝑚𝜔)
2 7.132[fm2] 𝑀∗/𝑀 0.69 𝑚𝜔 = 783 

(𝑔𝑁𝜌/𝑚𝜌)
2
 5.85[fm2] 𝐾[MeV] 256 𝑚𝜌 = 770 

𝜅 0.004138 𝑆0[MeV] 32.1 𝑚𝜙 = 1020 

𝜆 -0.00390 𝐿[MeV] 66 - 

Λ𝜔𝜌 0.0185 𝐵/𝐴[MeV] 16.2 - 
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Model 

𝑔Λ𝜎

/𝑔𝑁𝜎 

𝑔Σ𝜎

/𝑔𝑁𝜎 

𝑔Ξ𝜎

/𝑔𝑁𝜎 

NL3 

𝜔𝜌 

0.613 0.461 0.279 

EL3 

𝜔𝜌 

0.610 0.406 0.269 
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𝑑𝑃

𝑑𝑟
= −

(1 + 𝛼)(𝜀 + 𝛽𝑃)(𝑀 + 4𝜒𝜋𝑟3𝑃)

𝑟(𝑟 − 2𝑀)
𝑑𝑀

𝑑𝑟
= 4𝜋𝑟2(𝜀 + 𝜃𝑃) + Γ√𝜀𝑀

 

𝛾(Ψ𝑖)(𝐺𝜇𝜈 −𝑊𝜇𝜈) = 𝑘𝑇𝜇𝜈 ,  

𝐺𝜇𝜈 = 𝑘𝑇𝜇𝜈
eff =

𝑘

𝛾
𝑇𝜇𝜈 +𝑊𝜇𝜈  

𝑇𝜇𝜈 = 𝐹𝑔𝜇𝜈 + (𝐹 + 𝜌‾)𝑈𝜇𝑈𝜈 + (𝑃 − 𝐹)𝑁𝜇𝑁𝜈  

𝑈𝜇  = (
1

√𝐵
, 0,0,0)

𝑁𝜇  = (0,
1

√𝐴
, 0,0)

 

𝑈𝜈𝑈
𝜈 = −1,𝑁𝜈𝑁

𝜈 = 1 and 𝑈𝜈𝑁
𝜈 = 0 

𝑑𝑠2 = 𝐵𝑑𝑡2 − 𝐴𝑑𝑟2 − 𝑟2(𝑑𝜃2 + sin 𝜃2𝑑𝜙2),  

−
𝐵

𝑟2𝐴
+
𝐵

𝑟2
+
𝐴′𝐵

𝑟𝐴2
= 8𝜋𝐵𝜌‾  

−
𝐴

𝑟2
+
𝐵′

𝑟𝐵
+
1

𝑟2
= 8𝜋𝐴𝑃

−
𝐵′2𝑟2

4𝐴𝐵2
−
𝐴′𝐵′𝑟2

4𝐴2𝐵
+
𝐵′′𝑟2

2𝐴𝐵
−
𝐴′𝑟

2𝐴2
+
𝐵′𝑟

2𝐴𝐵
= 8𝜋𝑟2𝐹

 

𝑃′ = −(𝑃 + 𝜌‾)
𝑀 + 4𝜋𝑟3𝑃

𝑟(𝑟 − 2𝑀)
−
2

𝑟
𝜎  

𝑀′ = 4𝜋𝜌‾𝑟2  

𝜎 ≡ 𝑃 − 𝐹,  

𝜌‾ = 𝜌 + 𝜃𝑃 +
Γ𝑀√𝜌

4𝜋𝑟2
 

𝜎 =
(𝑀 + 4𝜋𝑟3𝑃)(𝑃(1 + 𝜃) + 𝜌) [(𝛼 + 1) (

(𝜒 − 1)4𝜋𝑟3𝑃
𝑀 + 4𝜋𝑟3𝑃

+ 1) (
𝑃(𝛽 − 𝜃 − 1)
𝑃(1 + 𝜃) + 𝜌

+ 1) − 1]

2(𝑟 − 2𝑀)

 −
Γ𝑀√𝜌(𝑀 + 4𝜋𝑟3𝑃)

8𝜋𝑟2(𝑟 − 2𝑀)
,

 

𝑃′ = −(𝑃 + 𝜌)
𝑀+4𝜋𝑟3𝑃

𝑟(𝑟−2𝑀)
−
2

𝑟
𝜎, 𝑀′ = 4𝜋𝜌𝑟2, 𝜎 ≡ 𝐹 − 𝑃. 

𝑑𝜌

𝑑𝑟
< 0,

𝑑𝑃

𝑑𝑟
< 0 
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a) null energy ( 𝜌 > 0 ), b) dominant energy (𝜌 + 𝑃 > 0, 𝜌 + 𝐹 > 0), and c) strong energy (𝜌 + 𝑃 +

2𝐹 > 0) 

0 <
𝜕𝑃

𝜕𝜌
< 1 and 0 <

𝜕𝐹

𝜕𝜌
< 1, where 𝑐𝑠

2( radial ) =
𝜕𝑃

𝜕𝜌
 and 𝑐𝑠

2( transverse ) =
𝜕𝐹

𝜕𝜌
 

𝑃(0) = 𝐹(0). 

𝑄𝑖𝑗 = −𝜆𝜖𝑖𝑗  

Λ ≡
𝜆

𝑀5
≡
2𝑘2
3𝐶5

 

𝑘2 =
8𝐶5

5
(1 − 2𝐶)2[2 − 𝑦 + 2𝐶(𝑦 − 1)]

 × {2𝐶[6 − 3𝑦 + 3𝐶(5𝑦 − 8)]

 +4𝐶3[13 − 11𝑦 + 𝐶(3𝑦 − 2) + 2𝐶2(1 + 𝑦)]

+3(1 − 2𝐶)2[2 − 𝑦 + 2𝐶(𝑦 − 1)]log (1 − 2𝐶)}−1

 

𝑟
𝑑𝑦

𝑑𝑟
+ 𝑦2 + 𝑦𝐵1 + 𝑟

2𝐵2 = 0  

𝐵1 =
𝑟 − 4𝜋𝑟3(𝜌‾ − 𝑃)

𝑟 − 2𝑀
 

𝐵2 =
4𝜋𝑟 [4𝜌‾ + 8𝑃 +

(𝜌‾ + 𝑃)(1 + 𝑑𝜌‾/𝑑𝑃)
1 − 𝑑𝜎/𝑑𝑃

−
6

4𝜋𝑟2
+ 4𝜎]

𝑟 − 2𝑀
− 4 [

𝑀 + 4𝜋𝑟3𝑃

𝑟2(1 − 2𝑀/𝑟)
]

2
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Figuras complementarias 1, 2, 3, 4, 5, 6, 7 y 8. Distribución GTOV respecto de una partícula estrella o 

blanca. 

M1 = 1.46−0.10
+0.12M⊙  

R1 = 10.8−1.7
+2.0 nm 

M2 = 1.27−0.09
+0.09M⊙  

R2 = 10.7−1.5
+2.1 nm 

2.072−0.066
+0.067M⊙ 

12.39−0.98
+1.30 nm 

1.34−0.16
+0.15M⊙ 

12.71−1.19
+1.14 nm 

Λ ×M[M⊙] 

Λ1.4 = 190−120
+390 
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Figuras complementarias 9, 10, 11, 12, 13, 14, 15 y 16. Fluctaciones de deformación por interacción de 

una partícula blanca o estrella. 
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ℳ⨀ =
(𝑚1𝑚2)

3/5

(𝑚1 +𝑚2)
1/5
,  

 

 

 

EoS ( 𝛼, 𝛽, 𝜃, 𝜒 ) 𝑀max [𝑀⊙] 𝑅max [nm] Λ1.4 𝑅1.4[ nm] 

El3𝜔𝜌Y (-0.03, 0.77,-0.78, 0.36) 2.57✓ 11.72 490✓✓ 13.44✓✓ 

El3𝜔𝜌 (-0.02, 1.85, -0.44, 0.57) 2.53✓ 11.87 509✓✓ 13.10✓✓ 

Nl3𝜔𝜌Y (-0.02, 1.13, -0.08, 0.44) 2.63✓ 13.18 467✓✓ 13.62✓✓ 

𝑁13𝜔𝜌 (-0.01, 1.85, 0.24, 0.63) 2.62✓ 12.49 504✓✓ 13.40✓✓ 

El3𝜔𝜌Y (-0.08, 1.21, 0.38, 0.53) 2.12✓ 11.37✓ 323✓ 13.14✓✓ 

El3𝜔𝜌 (-0.07, 1.74, 0.52, 0.62) 2.24✓ 11.31✓ 312✓ 12.94✓✓ 

Nl3𝜔𝜌Y (-0.06, 1.66, 1.57, 0.58) 2.19✓ 11.74✓ 287✓ 13.13✓✓ 
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𝑁13𝜔𝜌 (-0.05, 2.5, 1.71, 0.75) 2.06✓ 11.71✓ 282✓ 12.91✓✓ 

El3𝜔𝜌Y (0, 1, 0, 1) 1.96 11.43 530✓✓ 12.81✓✓ 

El3𝜔𝜌 (0, 1, 0, 1) 2.30✓ 11.22✓ 536✓✓ 12.81✓✓ 

N13𝜔𝜌Y (0, 1, 0, 1) 2.35✓ 12.73✓ 611✓ 13.45✓✓ 

𝑁13𝜔𝜌 (0, 1, 0, 1) 2.74✓ 12.64 619✓ 13.45✓✓ 

 

Λ1.4(𝐺𝑊170817) = 190−120
+390 

and Λ1.4(𝐺𝑊190814) = 616−158
+273. 

(GW190814) = 2.5−0.09
+0.08M⊙, 

(PSR J07740+6620) = 2.072−0.066
+0.067M⊙ 

12.39−0.98
+1.30 nm, 

( PSR J0030 + 0451) = 1.34−0.16
+0.15M⊙ 

12.71−1.19
+1.14 nm 

𝛼 = −0.05 ± 0.03, 𝛽 = 2.50−0.41
+0.30, 𝜃 = 1.71−0.29

+0.18 and 𝜒 = 0.75−0.20
+0.15 
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 (1 − 𝑑𝜎/𝑑𝑃) = 𝑑𝐹/𝑑𝑃 = 𝑐𝑠
2 (transversal) /𝑐𝑠

2 (radial) 
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Figuras complementarias 17 y 18. Fluctuaciones de masa de una partícula estrella o blanca. 

𝑑𝑝

𝑑𝑟
= (

𝑑𝑝

𝑑𝑟
)
GR
−
𝜌𝑚

𝑟2
(𝒫1 +𝒫2)

𝑑𝑚

𝑑𝑟
= (

𝑑𝑚

𝑑𝑟
)
GR
+ 4𝜋𝑟2𝜌(ℳ1 +ℳ2)
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𝒫1 ≡ 𝛿1
𝑚

𝑟
+ 4𝜋𝛿2

𝑟3𝑝

𝑚

ℳ1 ≡ 𝛿3
𝑚

𝑟
+ 𝛿4Π

𝒫2 ≡ 𝜋1
𝑚3

𝑟5𝜌
+ 𝜋2

𝑚2

𝑟2
+ 𝜋3𝑟

2𝑝 + 𝜋4
Π𝑝

𝜌

ℳ2 ≡ 𝜇1
𝑚3

𝑟5𝜌
+ 𝜇2

𝑚2

𝑟2
+ 𝜇3𝑟

2𝑝 + 𝜇4
Π𝑝

𝜌
+ 𝜇5Π

3
𝑟

𝑚

 

Π ≡ (𝜖 − 𝜌)/𝜌 

∇𝜈𝑇
𝜇𝜈 = 0, 𝑇𝜇𝜈 = (𝜖eff + 𝑝)𝑢

𝜇𝑢𝜈 + 𝑝𝑔𝜇𝜈 ,  

𝜖eff = 𝜖 + 𝜌ℳ2  

𝑔𝜇𝜈 = diag[𝑒
𝜈(𝑟), (1 − 2𝑚(𝑟)/𝑟)−1, 𝑟2, 𝑟2sin2 𝜃]  

 

𝑑𝜈

𝑑𝑟
=
2

𝑟2
[(1 −ℳ2)

𝑚 + 4𝜋𝑟3𝑝

1 − 2𝑚/𝑟
+𝑚𝒫2]  

(
𝑑𝑝

𝑑𝑟
)
GR
= −

(𝜖 + 𝑝)

𝑟2
(𝑚T + 4𝜋𝑟

3𝑝)

(1 − 2𝑚T/𝑟)

(
𝑑𝑚T
𝑑𝑟

)
GR
= 4𝜋𝑟2𝜖

 

𝑑𝑝

𝑑𝑟
= −

𝑚T𝜌

𝑟2
(1 + Π +

𝑝

𝜌
+
2𝑚T
𝑟
+ 4𝜋

𝑟3𝑝

𝑚T
) + 𝒪(2PN)

𝑑𝑚T
𝑑𝑟

= 4𝜋𝑟2𝜌(1 + Π)

 

𝑑𝑝

𝑑𝑟
= −

𝜖𝑚‾

𝑟2
[1 + (5 + 3𝛾 − 6𝛽 + 𝜁2)

𝑚‾

𝑟
+
𝑝

𝜖
+ 𝜁3

𝐸

𝑚‾

+(𝛾 + 𝜁4)
4𝜋𝑟3𝑝

𝑚‾
+
1

2
(11 + 𝛾 − 12𝛽 + 𝜁2 − 2𝜁4)

Ω

𝑚‾
]

𝑑𝑚‾

𝑑𝑟
= 4𝜋𝑟2𝜖

 

𝑑Ω

𝑑𝑟
= −4𝜋𝑟𝜌𝑚‾ ,

𝑑𝐸

𝑑𝑟
= 4𝜋𝑟2𝜌Π  

𝑚(𝑟) = 𝑚‾ + 𝐴𝐸 + 𝐵Ω + 𝐶
𝑚‾ 2

𝑟
+ 𝐷(4𝜋𝑟3𝑝),  

𝐴 = 𝜁3, 𝐵 =
1

2
(11 + 𝛾 − 12𝛽 + 𝜁2 − 2𝜁4)  
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𝑑𝑝

𝑑𝑟
=−

𝜌𝑚

𝑟2
[1 + Π +

𝑝

𝜌
+ (5 + 3𝛾 − 6𝛽 + 𝜁2 − 𝐶)

𝑚

𝑟
 

+(𝛾 + 𝜁4 − 𝐷)4𝜋
𝑟3𝑝

𝑚
]

𝑑𝑚

𝑑𝑟
=4𝜋𝑟2𝜌 [1 + (1 + 𝜁3)Π + 3𝐷

𝑝

𝜌
−
𝐶

4𝜋

𝑚2

𝜌𝑟4

−
1

2
(11 + 𝛾 − 12𝛽 + 𝜁2 − 2𝜁4 − 4𝐶 + 2𝐷)

𝑚

𝑟
]

 

𝐷 = 𝛾 + 𝜁4, 𝐶 =
1

2
(7 + 3𝛾 − 8𝛽 + 𝜁2)  

𝑑𝑝

𝑑𝑟
=  −

𝜌𝑚̃

𝑟2
(1 + Π +

𝑝

𝜌
+ 𝑎

𝑚̃

𝑟
)

𝑑𝑚̃

𝑑𝑟
= 4𝜋𝑟2𝜌 [1 + (1 + 𝜁3)Π + 𝑎

𝑚̃

𝑟
+ 3(𝛾 + 𝜁4)

𝑝

𝜌

−
𝑏

4𝜋

𝑚̃2

𝜌𝑟4
]

 

𝑎 ≡ (3 + 3𝛾 − 4𝛽 + 𝜁2)/2 

𝑏 = (7 + 3𝛾 − 8𝛽 + 𝜁2)/2 

𝑚̃ = 𝑚T +
𝑚T
2

𝑟
+ 4𝜋𝑟3𝑝,  

𝐶 = 𝐷 = 0.  

𝑑𝑝

𝑑𝑟
= −

𝜌𝑚

𝑟2
[1 + Π +

𝑝

𝜌
+ (5 + 3𝛾 − 6𝛽 + 𝜁2)

𝑚

𝑟

+(𝛾 + 𝜁4)4𝜋
𝑟3𝑝

𝑚
]

𝑑𝑚

𝑑𝑟
=4𝜋𝑟2𝜌[1 + (1 + 𝜁3)Π

−
1

2
(11 + 𝛾 − 12𝛽 + 𝜁2 − 2𝜁4)

𝑚

𝑟
]

 

𝑀in  = 𝑚‾ (𝑅‾) + (
17

2
+
3

2
𝛾 − 10𝛽 +

5

2
𝜁2)Ω(𝑅‾)

𝑀a  = 𝑀in + (4𝛽 − 𝛾 − 3 −
1

2
𝛼3 −

1

3
𝜁1 − 2𝜁2)Ω(𝑅‾)

 +𝜁3𝐸(𝑅‾) − (
3

2
𝛼3 − 3𝜁4 + 𝜁1)𝑃

𝑀p  = 𝑀in + (4𝛽 − 𝛾 − 3 − 𝛼1 +
2

3
𝛼2 −

2

3
𝜁1 −

1

3
𝜁2)

 × Ω(𝑅‾)

 

𝑃 = 4𝜋∫  
𝑅‾

0

 𝑑𝑟𝑟2𝑝  
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𝑀in = 𝑀a = 𝑀p 

𝑀a = 𝑀p 

𝜁3 = 0

𝜁1 − 3𝜁4 +
3

2
𝛼3 = 0

𝜁1 + 3𝛼1 − 2𝛼2 − 5𝜁2 −
3

2
𝛼3 = 0

 

𝑀g = 𝑀a = 𝑀p = 𝑚‾ (𝑅‾) + 𝐹Ω(𝑅‾)  

𝐹 =
1

2
(11 + 𝛾 − 12𝛽 − 𝛼3 + 𝜁2 −

2

3
𝜁1)  

𝑚(𝑟) = 𝑚‾ (𝑟) +
1

2
(11 + 𝛾 − 12𝛽 + 𝜁2 − 2𝜁4)Ω(𝑟)  

𝑀g = 𝑚(𝑅‾) + (𝜁4 −
1

2
𝛼3 −

1

3
𝜁1)Ω(𝑅‾) = 𝑚(𝑅‾)  

𝑚(𝑅‾) ≈ 𝑚(𝑅) −
𝑑𝑚

𝑑𝑟
(𝑅)𝛿𝑅  

𝑀g = 𝑚(𝑅)  

𝑑𝑝

𝑑𝑟
= −

𝜌𝑚

𝑟2
(1 + Π +

𝑝

𝜌
+
2𝑚

𝑟
+ 4𝜋

𝑟3𝑝

𝑚
)

 −
𝜌𝑚

𝑟2
[(3 + 3𝛾 − 6𝛽 + 𝜁2)

𝑚

𝑟
+ (𝛾 − 1 + 𝜁4)4𝜋

𝑟3𝑝

𝑚
]

 

𝑑𝑚

𝑑𝑟
= 4𝜋𝑟2𝜌(1 + Π)

 +4𝜋𝑟2𝜌 [𝜁3Π−
1

2
(11 + 𝛾 − 12𝛽 + 𝜁2 − 2𝜁4)

𝑚

𝑟
]

 

𝑑𝑝

𝑑𝑟
= −

(𝜖 + 𝑝)

𝑟2
(
𝑚 + 4𝜋𝑟3𝑝

1 − 2𝑚/𝑟
) −

𝜌𝑚

𝑟2
(𝛿1

𝑚

𝑟
+ 𝛿24𝜋

𝑟3𝑝

𝑚
) ,  

𝑑𝑚

𝑑𝑟
= 4𝜋𝑟2 [𝜖 + 𝜌 (𝛿3

𝑚

𝑟
+ 𝛿4Π)] 

 

𝛿1 ≡ 3(1 + 𝛾) − 6𝛽 + 𝜁2, 𝛿2 ≡ 𝛾 − 1 + 𝜁4

𝛿3 ≡ −
1

2
(11 + 𝛾 − 12𝛽 + 𝜁2 − 2𝜁4), 𝛿4 ≡ 𝜁3

 

𝑑𝑝

𝑑𝑟
 = (

𝑑𝑝

𝑑𝑟
)
GR
−
𝜌𝑚

𝑟2
(𝛿1

𝑚

𝑟
+ 𝛿24𝜋

𝑟3𝑝

𝑚
)

𝑑𝑚

𝑑𝑟
 = (

𝑑𝑚

𝑑𝑟
)
GR
+ 4𝜋𝑟2𝜌 (𝛿3

𝑚

𝑟
+ 𝛿4Π)
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𝑑𝑝

𝑑𝑟
=−

𝜌𝑚

𝑟2
[(1 + Π +

𝑝

𝜌
) (1 +

2𝑚

𝑟
+ 4𝜋

𝑟3𝑝

𝑚
) 

+
4𝑚2

𝑟2
+ 8𝜋𝑟2𝑝] + 𝒪(3PN)

 

𝑚2

𝑟2
, Π
𝑚

𝑟
, 𝑟2𝑝,

𝑚𝑝

𝑟𝜌
, Π
𝑟3𝑝

𝑚
,
𝑟3𝑝2

𝜌𝑚
 

1PN: Π,
𝑝

𝜌
,
𝑚

𝑟
,
𝑟3𝑝

𝑚
,
𝑚2

𝜌𝑟4
 

𝑟6𝑝2

𝑚2
, Π
𝑚2

𝜌𝑟4
,
𝑚3

𝜌𝑟5
, Π2, Π

𝑝

𝜌

𝑝2

𝜌2
,
𝑚4

𝜌2𝑟8
,
𝑚2𝑝

𝜌2𝑟4⏟        

 

 {∎geometry  } = 8𝜋𝑇𝜇𝜈

∇𝜈𝑇
𝜇𝜈 = 0 →

𝑑𝑝

𝑑𝑟
= (𝜖 + 𝑝){ ∎geometry}

 

{ ∎geometry } ∼ (𝜖 + 𝜏𝑝)𝑛 ∼ 𝜌𝑛 (1 + Π + 𝜏
𝑝

𝜌
)
𝑛

 

 PN term ∼ (𝑟2𝜌)𝑛−1 (
𝑝

𝜌
)
𝑘

, 𝑘 = 𝑛, 𝑛 − 1,…  

PN term ∼ 𝜌𝛽 , 𝛽 ≥ −1  

Λ2 ∼ Π
𝜃(𝑟2𝑝)𝛼(𝑟2𝜌)𝛽 (

𝑚

𝑟
)
2−2𝛼−𝛽−𝜃

 

𝛽 ≥ −1  

𝑑𝑝

𝑑𝑟
: 0 ≤ 𝜃 ≤ 2, 0 ≤ 𝛼 ≤ 2 − 𝜃

𝑑𝑚

𝑑𝑟
: 0 ≤ 𝜃 ≤ 3, 0 ≤ 𝛼 ≤ 3 − 𝜃

 

2PN:
𝑚3

𝑟5𝜌
,
𝑚2

𝑟2
, 𝑟𝜌𝑚,

𝑚𝑝

𝑟𝜌
, 𝑟2𝑝,

𝑟3𝑝2

𝜌𝑚
,
𝑟6𝑝2

𝑚2

𝑟7𝑝3

𝜌𝑚3

𝑟10𝑝3

𝑚4
, Π
𝑚2

𝑟4𝜌
, Π
𝑚

𝑟
, Π𝑟2𝜌, Π

𝑝

𝜌

Π
𝑟3𝑝

𝑚
,Π
𝑟4𝑝2

𝜌𝑚2
, Π
𝑟7𝑝2

𝑚3
, Π2

𝑚

𝜌𝑟3
, Π2, Π2

𝑟𝑝

𝑚𝜌

Π2
𝑟4𝑝

𝑚2
,
Π3

𝑟2𝜌
, Π3

𝑟

𝑚
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Figuras complementarias 19, 20, 21 y 22. Radio de una partícula estrella o blanca. 

𝜖c = 0.861 × 10
15 g/nm3(𝜆 ≡ 𝑝c/𝜖c = 0.165),𝑀 = 1.51𝑀⊙ and 𝑅 = 12.3 nm; 𝜖c =

1.450 × 1015 g/nm3(𝜆 = 0.198),𝑀 = 1.50𝑀⊙ and 𝑅 = 10.7 nm; 𝜆 = 0.165, 𝑀 = 1.50𝑀⊙, 𝑅 =

11.75 nm. 
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𝜌‾Λ2(𝛼, 𝛽, 𝜃), 𝜌‾ = 𝜌/𝜌c 

𝜖c/𝑐
2 = 0.86 × 1015 g/nm3 

𝑀 = 1.51𝑀⊙ 

𝑅 = 12.3 nm 

Λ2(0, 𝛽, 1) ∼ 𝑟
−1+3𝛽

Π𝜌𝛽

𝑚𝛽−1
.  

Λ2(0, 𝛽, 1) ∼ 𝑟
2+3𝛽𝑝 (

𝜌

𝑚
)
𝛽

∼ Λ2(1, 𝛽, 0).  

 

(𝜌𝑚/𝑟2)Λ2(𝛼, 𝛽, 𝜃) 𝜌𝑟
2Λ2(𝛼, 𝛽, 𝜃) 

 𝔉 : 
𝑚3

𝑟5𝜌
,
𝑚2

𝑟2
, 𝑟2𝑝, Π

𝑝

𝜌
, Π3

𝑟

𝑚
.  

𝜌‾Λ2(𝛼, 𝛽, 𝜃) 

𝑚𝜌Λ2/𝑟
2 and 𝑟2𝜌Λ2 

2PN term ( 𝛼, 𝛽, 𝜃 ) 

𝑚3/(𝑟5𝜌) (0, -1, 0) 

(𝑚/𝑟)2 (0, 0, 0) 

𝑟𝑚𝜌 (0, 1, 0) 

𝑚𝑝/(𝑟𝜌) (1, -1, 0) 

𝑟2𝑝 (1, 0, 0) 

Π𝑚2/(𝑟4𝜌) (0, -1, 1) 

Π𝑚/𝑟 (0, 0, 1) 

𝑟2Π𝜌 (0, 1, 1) 

𝑟3𝑝2/(𝜌𝑚) (2, -1, 0) 
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𝑟6𝑝2/(𝑚2) (2, 0, 0) 

Π𝑝/𝜌 (1, -1, 1) 

Π𝑟3𝑝/𝑚 (1, 0, 1) 

Π2𝑚/(𝑟3𝜌) (0, -1, 2) 

Π2 (0, 0, 2) 

Π𝑟4𝑝2/(𝜌𝑚2) (2, -1, 1) 

Π𝑟7𝑝2/𝑚3 (2, 0, 1) 

Π2𝑟𝑝/𝑚𝜌 (1, -1, 2) 

Π2𝑟4𝑝/𝑚2 (1, 0, 2) 

Π3/(𝑟2𝜌) (0, -1, 3) 

Π3𝑟/𝑚 (0, 0, 3) 
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𝑑𝑝

𝑑𝑟
= (

𝑑𝑝

𝑑𝑟
)
GR
−
𝜌𝑚

𝑟2
(𝜋1

𝑚3

𝑟5𝜌
+ 𝜋2

𝑚2

𝑟2
 

+𝜋3𝑟
2𝑝 + 𝜋4Π

𝑝

𝜌
)

 

𝑑𝑚

𝑑𝑟
= (

𝑑𝑚

𝑑𝑟
)
GR
+ 4𝜋𝑟2𝜌 (𝜇1

𝑚3

𝑟5𝜌
+ 𝜇2

𝑚2

𝑟2
 

+𝜇3𝑟
2𝑝 + 𝜇4Π

𝑝

𝜌
+ 𝜇5Π

3
𝑟

𝑚
)

 

𝑑𝑠2 = 𝑔𝜇𝜈𝑑𝑥
𝜇𝑑𝑥𝜈

 = −𝑒𝜈(𝑟)𝑑𝑡2 + (1 −
2ℳ(𝑟)

𝑟
)
−1

𝑑𝑟2 + 𝑟2𝑑Ω2
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𝑇𝜇𝜈 = (ℰ + 𝒫)𝑢𝜇𝑢𝜈 +𝒫𝑔𝜇𝜈  

∇𝜈𝑇
𝜇𝜈 = 0  

𝑑𝒫

𝑑𝑟
= −(ℰ + 𝒫)Γ𝑟𝑡

𝑡 = −
1

2
(ℰ + 𝒫)

𝑑𝜈

𝑑𝑟
 

𝑑ℳ

𝑑𝑟
= 4𝜋𝑟2ℰ[1 + 𝑍(𝑟)]  

𝑑𝑝

𝑑𝑟
= −

(𝜖 + 𝑝)

𝑟2
Γ(𝑟) −

𝜌𝑚

𝑟2
[(1 + Π +

𝑝

𝜌
)𝒫1 + 𝒫̃2]

𝑑𝑚

𝑑𝑟
= 4𝜋𝑟2𝜖 + 4𝜋𝑟2𝜌[ℳ1 +ℳ2]

 

𝒫̃2 ≡ 𝒫2 − (Π+
𝑝

𝜌
)𝒫1  

𝜖eff ≡ 𝜖 + 𝜌(ℳ1 +ℳ2)  

𝑑𝑚

𝑑𝑟
= 4𝜋𝑟2𝜖eff  

𝑑𝑝

𝑑𝑟
= −[𝜖eff + 𝑝 − 𝜌(ℳ1 +ℳ2)]

Γ

𝑟2

 −
𝑚

𝑟2
[(𝜖 + 𝑝)𝒫1 + (𝜖eff + 𝑝)𝒫̃2]

 

𝑑𝑝

𝑑𝑟
= −

(𝜖eff + 𝑝)

𝑟2
[(1 −ℳ2)Γ + 𝑚(𝒫1 + 𝒫̃2 −ℳ1𝒫1)] 

 +
𝜌

𝑟2
ℳ1Γ

 

𝑑𝑝

𝑑𝑟
 ≈ −

(𝜖eff + 𝑝)

𝑟2
[(1 −ℳ2)Γ + 𝑚(𝒫1 + 𝒫̃2 −ℳ1𝒫1)]

 ≈ −
(𝜖eff + 𝑝)

𝑟2
[(1 −ℳ2)Γ + 𝑚𝒫2]

 

𝒫 = 𝑝,ℳ = 𝑚, ℰ = 𝜖eff  

𝑔𝜇𝜈 = diag[−𝑒
𝜈(𝑟), (1 − 2𝑚(𝑟)/𝑟)−1, 𝑟2, 𝑟2sin2 𝜃],  

𝑑𝜈

𝑑𝑟
 ≈

2

𝑟2
[(1 −ℳ2)Γ + 𝑚(𝒫1 + 𝒫̃2 −ℳ1𝒫1)]

 ≈
2

𝑟2
[(1 −ℳ2)Γ +𝑚𝒫2]

 

𝑇𝜇𝜈 = (𝜖eff + 𝑝)𝑢
𝜇𝑢𝜈 + 𝑝𝑔𝜇𝜈  

𝑝(𝜖) → 𝑝(𝜖eff),
𝜖eff ≈ 𝜖 + 𝜌ℳ2.
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𝑝c = 𝑝(𝜖c), densidad de masa central 𝜌c = 𝑚b𝑛b(𝜖c) energía central interna Πc = (𝜖c − 𝜌c)/𝜌c, 

donde 𝑚b = 1.66 × 10
−24 g 

𝜆 = 𝑝c/𝜖c 
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Top row: 𝜖c/𝑐
2 = 8.61 × 1014 g/nm3,𝑀GR = 1.51𝑀⊙ and 𝑅GR = 12.3 nm. Bottom row: 𝜖c/𝑐

2 =

1.20 × 1015 g/nm3,𝑀GR = 2.04𝑀⊙ and 𝑅GR = 11.9 nm. 

 

𝛿𝑀/𝑀GR ≡ (𝑀 −𝑀GR)/𝑀GR, 𝛿𝑅/𝑅GR ≡ (𝑅 − 𝑅GR)/𝑅GR 

𝜎𝑖 = {𝜋𝑖 ≠ 𝜋1, 𝜇𝑖} 

𝛿𝑀

𝑀GR
≈ 𝜎𝑖𝐾𝑀 ,

𝛿𝑅

𝑅GR
≈ 𝜎𝑖𝐾𝑅  

𝒞 ≡ 𝑀/𝑅 

𝛿𝒞

𝒞GR
≈ 𝜎𝑖(𝐾𝑀 − 𝐾𝑅).  

Λ = 𝑝𝛼𝜌𝛽𝑚𝛾𝑟𝛿Π𝜃𝐺𝜅𝑐𝜆  
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𝑝 ∼ 𝐺
𝑚𝜌

𝑟
,𝑚 ∼ 𝜌𝑟3  

Λ ∼ [𝑀]𝛼+𝛽+𝛾−𝜅[𝐿]−𝛼+𝛿−3𝛽+𝜆+3𝜅[𝑇]−2𝛼−𝜆−2𝜅  

𝜆 = −2(𝛼 + 𝜅), 𝜅 = 𝛼 + 𝛽 + 𝛾  

−𝛼 + 𝛿 − 3𝛽 + 𝜆 + 3𝜅 = 0  

𝛾 + 𝛿 = 2(𝛼 + 𝛽)  

𝛾 + 𝛿 = 2𝛽  

Λ ∼ (𝑟2𝜌)𝛽 (
𝑚

𝑟
)
𝛾

 

Λ𝑁(𝛽) ∼ (𝑟
2𝜌)𝛽 (

𝑚

𝑟
)
𝑁−𝛽

 

Λ1(−1) ∼
𝑚2

𝑟4𝜌
, Λ1(0) ∼

𝑚

𝑟
, Λ1(1) ∼ 𝑟

2𝜌

Λ2(−1) ∼
𝑚3

𝑟5𝜌
, Λ2(0) ∼

𝑚2

𝑟2
, Λ2(1) ∼ 𝑟𝜌𝑚

 

𝛾 + 𝛿 = 2(1 + 𝛽)  

Λ ∼ 𝑟2𝑝(𝑟2𝜌)𝛽 (
𝑚

𝑟
)
𝛾

 

Λ𝑁(𝛽) ∼ 𝑟
2𝑝(𝑟2𝜌)𝛽 (

𝑚

𝑟
)
𝑁−2−𝛽

 

Λ1(−1) ∼
𝑝

𝜌
, Λ1(0) ∼

𝑟3𝑝

𝑚
, Λ1(1) ∼

𝑟6𝜌𝑝

𝑚2

Λ2(−1) ∼
𝑝𝑚

𝜌𝑟
, Λ2(0) ∼ 𝑟

2𝑝, Λ2(1) ∼
𝑟5𝜌𝑝

𝑚

 

Λ𝑁(𝛽) = (𝑟
2𝑝)2(𝑟2𝜌)𝛽 (

𝑚

𝑟
)
𝑁−4−𝛽

 

Λ1(−1) ∼
𝑟4𝑝2

𝑚2𝜌
, Λ1(0) ∼

𝑟7𝑝2

𝑚3

Λ2(−1) ∼
𝑟3𝑝2

𝜌𝑚
, Λ2(0) ∼

𝑟6𝑝2

𝑚2

 

Λ𝑁(𝛼, 𝛽, 𝜃) ∼ Π
𝜃(𝑟2𝑝)𝛼(𝑟2𝜌)𝛽 (

𝑚

𝑟
)
𝑁−2𝛼−𝛽−𝜃

 

𝜌Λ𝑁(0, 𝛽, 0) ∼ 𝜌
1+𝛽  

∼ (𝜖 + 𝜏𝑝)𝑛 = 𝜌𝑛(1 + Π + 𝜏𝑝/𝜌)𝑛 ∼ 𝜌𝑛−1(𝑝/𝜌)𝑘, 𝑘 = 𝑛, 𝑛 − 1,…𝜌−1 Λ𝑁(𝛼, 𝛽, 𝜃) 
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Λ𝑁(𝛼, 𝛽, 𝜃) 

Λ𝑁(𝑟 → 0) ∼ 𝑟2(𝑁−𝛼−𝜃)  

𝑑𝑝

𝑑𝑟
∼
𝜌𝑚

𝑟2
Λ𝑁 ∼ 𝑟

2(𝑁−𝛼−𝜃)+1

𝑑𝑚

𝑑𝑟
∼ 𝑟2𝜌Λ𝑁 ∼ 𝑟

2(𝑁−𝛼−𝜃+1)

 

𝑑𝑝

𝑑𝑟
: 0 ≤ 𝛼 ≤ 𝑁 − 𝜃

𝑑𝑚

𝑑𝑟
: 0 ≤ 𝛼 ≤ 𝑁 + 1 − 𝜃

 

𝑑𝑝

𝑑𝑟
: 0 ≤ 𝜃 ≤ 𝑁,

𝑑𝑚

𝑑𝑟
: 0 ≤ 𝜃 ≤ 𝑁 + 1  

𝑑𝑝

𝑑𝑟
: 0 ≤ 𝜃 ≤ 2, 0 ≤ 𝛼 ≤ 2 − 𝜃

𝑑𝑚

𝑑𝑟
: 0 ≤ 𝜃 ≤ 3, 0 ≤ 𝛼 ≤ 3 − 𝜃

 

𝜃𝑛 ≡
𝜌

𝜌𝑐
, 𝑝 = 𝐾𝜌c

1+1/𝑛
𝜃𝑛+1  

𝑟 = 𝛼𝜉, 𝛼 ≡ [
(𝑛 + 1)𝐾

4𝜋𝐺
𝜌c
−1+1/𝑛

]

1/2

 

𝑑𝑝

𝑑𝑟
 = −

𝐺𝑚N
𝑟2

𝜌

𝑑𝑚N
𝑑𝑟

 = 4𝜋𝑟2𝜌

 

1

𝜉2
𝑑

𝑑𝜉
(𝜉2

𝑑𝜃

𝑑𝜉
) = −𝜃𝑛  

Γ = 1 +
1

𝑛
=
𝜌

𝑝

𝑑𝑝

𝑑𝜌
=
𝜖 + 𝑝

𝑝

𝑑𝑝

𝑑𝜖
 

𝜖 = 𝜌 + 𝑛𝑝  

Π = 𝑛
𝑝

𝜌
 

𝜌 = 𝜌c𝜃
𝑛, 𝑟 = 𝑎𝜉, 𝑝 = 𝐾𝜌c

1+1/𝑛
𝜃𝑛+1 

𝜆 ≡
𝑝c
𝜖c
=

𝐾𝜌c
1+1/𝑛

𝜌c + 𝑛𝐾𝜌c
1+1/𝑛

 

𝜖= 𝜌c𝜃
𝑛 + 𝑛𝐾𝜌c

1+1/𝑛
𝜃𝑛+1 

 = 𝜖c[1 + 𝑛𝜆(𝜃 − 1)]𝜃
𝑛
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𝑑𝑚T
𝑑𝜉

= 4𝜋𝜖c𝑎
3[1 + 𝑛𝜆(𝜃 − 1)]𝜃𝑛𝜉2  

𝑚‾ ≡
𝑚T
𝑎3𝜖𝑐

,  

𝑑𝑚‾

𝑑𝜉
= 4𝜋[1 + 𝑛𝜆(𝜃 − 1)]𝜃𝑛𝜉2  

𝑑𝜃

𝑑𝜉
= −

𝑚‾

𝜉2
(1 − 𝑛𝜆) [1 + (𝑛 + 1)

𝜆

1 − 𝑛𝜆
𝜃]  

 × (1 + 𝜆
4𝜋𝜉3𝜃𝑛+1

𝑚‾
) [1 − 2(𝑛 + 1)𝜆

𝑚‾

𝜉
]
−1  

𝑎 = [(𝑛 + 1)𝐾𝜌c
−1+1/𝑛

(1 − 𝑛𝜆)2]
1/2

 

𝜌c = 𝐾
−𝑛ℓ𝑛, ℓ ≡

𝜆

1 − 𝑛𝜆
 

𝜌‾ ≡ 𝜌𝐾𝑛 = ℓ𝑛𝜃𝑛  

𝑎 = 𝐾𝑛/2√(𝑛 + 1)ℓ1−𝑛(1 − 𝑛𝜆),  

𝑟‾ ≡ 𝑟𝐾−𝑛/2 = √(𝑛 + 1)ℓ1−𝑛(1 − 𝑛𝜆)𝜉.  

𝜖‾ ≡ 𝜖𝐾𝑛 = (
ℓ𝑛

1 − 𝑛𝜆
) [1 + 𝑛𝜆(𝜃 − 1)]𝜃𝑛

𝜇‾  ≡ 𝑚T𝐾
−𝑛/2

 = [√(𝑛 + 1)ℓ1−𝑛(1 − 𝑛𝜆)]
3
(

ℓ𝑛

1 − 𝑛𝜆
)𝑚‾

 

𝑝‾ ≡ 𝑝𝐾𝑛 = ℓ𝑛+1𝜃𝑛+1

Π = 𝑛
𝑝‾

𝜌‾
= 𝑛ℓ𝜃

 

𝑈(𝑟) = −∫  
𝑟

0

 𝑑𝑟′
𝑚N
𝑟′2

+ 𝑈(0)

𝐸(𝑟) = 4𝜋∫  
𝑟

0

 𝑑𝑟′𝑟′2𝜌Π

Ω(𝑟) = −4𝜋∫  
𝑟

0

 𝑑𝑟′𝑟′𝜌𝑚N

 

𝑚N(𝑟) = 4𝜋∫  
𝑟

0

 𝑑𝑟′𝜌𝑟′2 = 4𝜋𝑚b∫  
𝑟

0

 𝑑𝑟′𝑛b𝑟
′2  
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𝑈 =
𝑚N
𝑟
+ 4𝜋∫  

𝑅

𝑟

 𝑑𝑟′𝑟′𝜌

𝐸

𝑚N
 = Π −

1

𝑚N
∫  
𝑟

0

 𝑑𝑟′𝑚N
𝑑Π

𝑑𝑟′

Ω

𝑚N
 = −

𝑚N
2𝑟
−

1

2𝑚N
∫  
𝑟

0

 𝑑𝑟′ (
𝑚N
𝑟′
)
2

 = 4𝜋
𝑟3𝑝

𝑚N
−
12𝜋

𝑚N
∫  
𝑟

0

 𝑑𝑟′𝑟′2𝑝

 

𝑈(0) = 4𝜋∫  
𝑅

0

 𝑑𝑟𝑟𝜌,
Ω

𝑚N
(0) = 0,

𝐸

𝑚N
(0) = Πc  

𝑚N
𝑟
, Π,
𝑟3𝑝

𝑚N
 

𝑈 = (𝑛 + 1) (
𝑝

𝜌
−
𝑝c
𝜌c
) + 𝑈(0).  

𝑈 =
(𝑛 + 1)

𝑛
(Π − Πc) + 𝑈(0)  

 |𝛿1| ≲ 6 × 10
−4, |𝛿2| ≲ 7 × 10

−3, |𝛿3| ≲ 7 × 10
−3, |𝛿4| ≲ 10

−8 

 𝑑𝑝/𝑑𝑟 = (𝑑𝑝/𝑑𝑟)GR − 𝜌𝑚𝜋𝑖𝑓𝑖(𝑟)/𝑟
2, with 𝑓𝑖(𝑟) > 0, 𝑑𝑝𝑟/𝑑𝑟 = (𝑑𝑝𝑟/𝑑𝑟)GR − 2𝜎/𝑟, with 𝜎 =

𝑝𝑟 − 𝑝𝑞, 2𝑟𝜎 = 𝜌𝑚𝜋𝑖𝑓𝑖(𝑟). 

 𝐺 = 𝑅2 − 4𝑅𝜇𝜈𝑅
𝜇𝜈 + 𝑅𝜇𝜈𝜆𝜎𝑅

𝜇𝜈𝜆𝜎 

 𝑆 = ∫  𝑑4𝑥√−𝑔 [
𝑅

2𝜅2
+ 𝑓(𝐺)] + 𝑆𝑚  

 𝑇𝜇𝜈 = −
2

√−𝑔

𝛿𝑆𝑚

𝛿𝑔𝜇𝜈
 

 
𝑅𝜇𝜈−

1

2
𝑅𝑔𝜇𝜈 + 8[𝑅𝜇𝜌𝜈𝜎 + 𝑅𝜌𝜈𝑔𝜎𝜇 − 𝑅𝜌𝜎𝑔𝜈𝜇 − 𝑅𝜇𝜈𝑔𝜎𝜌 + 𝑅𝜇𝜎𝑔𝜈𝜌 

+
𝑅

2
(𝑔𝜇𝜈𝑔𝜎𝜌 − 𝑔𝜇𝜎𝑔𝜈𝜌)]∇

𝜌∇𝜎𝑓𝐺 + (𝐺𝑓𝐺 − 𝑓)𝑔𝜇𝜈 = 𝜅
2𝑇𝜇𝜈

 

 𝑓𝐺𝐺… =
𝑑𝑛𝑓(𝐺)

𝑑𝐺𝑛
. 

 ∇𝜇𝑉𝜈 = 𝜕𝜇𝑉𝜈 − Γ𝜇𝜈
𝜆 𝑉𝜆, 𝑅𝜇𝜈𝜌

𝜎 = 𝜕𝜈Γ𝜇𝜌
𝜎 − 𝜕𝜌Γ𝜇𝜈

𝜎 + Γ𝜇𝜌
𝜔 Γ𝜔𝜈

𝜎 − Γ𝜇𝜈
𝜔 Γ𝜔𝜌

𝜎  

 ∇𝜇𝑇𝜇𝜈 = 0. 

 𝑑𝑠2 = 𝑐2𝑒2𝜙𝑑𝑡2 − 𝑒2𝜆𝑑𝑟2 − 𝑟2(𝑑𝜃2 + sin2 𝜃𝑑𝜑2)  

 𝑇𝜇
𝜈 = diag(𝜌𝑐2, −𝑝,−𝑝,−𝑝) 
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−
1

𝑟2
(2𝑟𝜆′ + 𝑒2𝜆 − 1) + 8𝑒−2𝜆(𝑓𝐺𝐺(𝐺

′′ − 2𝜆′𝐺′) + 𝑓𝐺𝐺𝐺(𝐺
′)2)〈

1−𝑒2𝜆

𝑟2
− 2(𝜙′′ + 𝜙′2)〉 

+(𝐺𝑓𝐺 − 𝑓)𝑒
2𝜆 = 𝜅2𝜌𝑐2𝑒2𝜆  

 −
1

𝑟2
(2𝑟𝜙′ − 𝑒2𝜆 + 1) − (𝐺𝑓𝐺 − 𝑓)𝑒

2𝜆 = 𝜅2𝑝𝑒2𝜆

 

 𝑅 + 8𝐺𝜌𝜎∇
𝜌∇𝜎𝑓𝐺 − 4(𝐺𝑓𝐺 − 𝑓) = −𝜅

2(𝜌𝑐2 − 𝑝)  

 
2 (𝜙′′ + 𝜙′2 − 𝜙′𝜆′ +

2

𝑟
(𝜙′ − 𝜆′) +

1−𝑒2𝜆

𝑟2
)

 +8𝑒−2𝜆 (
2𝜙′

𝑟
+
1−𝑒2𝜆

𝑟2
) (𝑓𝐺𝐺(𝐺

′′ − 2𝜆′𝐺′) + 𝑓𝐺𝐺𝐺(𝐺
′)2) + 4(𝐺𝑓𝐺 − 𝑓)𝑒

2𝜆 = 𝜅2𝑒2𝜆(𝜌𝑐2 − 3𝑝)
 

 
𝑑𝑝

𝑑𝑟
= −(𝑝 + 𝜌𝑐2)𝜙′  

 𝑒−2𝜆 = 1 −
2𝐺𝑀

𝑐2𝑟
⟹

𝐺𝑑𝑀

𝑐2𝑑𝑟
=
1

2
[1 − 𝑒−2𝜆(1 − 2𝑟𝜆′)]  

 {
𝑑𝑝

𝑑𝑟
,
𝑑𝑀

𝑑𝑟
, 𝜌} 

 𝑀 → 𝑚𝑀⋆, 𝑟 → 𝑟𝑔𝑟, 𝜌 →
𝜌𝑀⋆

𝑟𝑔
3 , 𝑝 →

𝑝𝑀⋆𝑐
2

𝑟𝑔
3 , 𝐺 →

𝐺

𝑟𝑔
4 .  

 𝑟𝑔 =
𝐺𝑀⋆

𝑐2
= 1.47473(𝑛𝑚) 

 
𝑑𝑝

𝑑𝑟
= −(𝑝 + 𝜌)𝜙′  

 
𝑑𝜆

𝑑𝑟
=

𝑚

𝑟3

1−
𝑟

𝑚

𝑑𝑚

𝑑𝑟
2𝑚

𝑟
−1

 

 2

𝑟

1−
2𝑚

𝑟

𝑝+𝜌𝑐2
+
2𝑚

𝑟3
− 𝑟𝑔

2(𝐺𝑓𝐺 − 𝑓) = 8𝜋𝑝  

 

 −
2

𝑟2
𝑑𝑚

𝑑𝑟
+ 8𝑟𝑔

2 (1 −
2𝑚

𝑟
)
2
[𝑓𝐺𝐺 (𝑟𝑔

2𝐺′′ − 𝑟𝑔
3 2𝑚

𝑟2

1−𝑟
𝑑𝑚

𝑑𝑟
2𝑚

𝑟
−1
𝐺′) + 𝑟𝑔

2𝑓𝐺𝐺𝐺𝐺
2]

 × [−
2𝑚/𝑟3

1−
2𝑚

𝑟

+ 2
𝑑

𝑑𝑟
(

𝑑𝑝

𝑑𝑟

𝑝+𝜌
) − 2(

𝑑𝑝

𝑑𝑟

𝑝+𝜌
)

2

] + (𝐺𝑓𝐺 − 𝑓) = 8𝜋𝜌

 

 

2 (1 −
2𝑚

𝑟
)(−

𝑑

𝑑𝑟
(

𝑑𝑝

𝑑𝑟

𝑝+𝜌
) + (

𝑑𝑝

𝑑𝑟

𝑝+𝜌
)

2

+
𝑚

𝑟3

1−
𝑟

𝑚

𝑑𝑚

𝑑𝑟
2𝑚

𝑟
−1
(

𝑑𝑝

𝑑𝑟

𝑝+𝜌
) −

2𝑚/𝑟3

1−
2𝑚

𝑟

)

 +8 [−
2
𝑑𝑝

𝑑𝑟

𝑟(𝑝+𝜌)
−
2𝑚/𝑟3

1−
2𝑚

𝑟

] [𝑓𝐺𝐺 (𝑟𝑔
2𝐺′′ − 𝑟𝑔

3 2𝑚

𝑟2

1−𝑟
𝑑𝑚

𝑑𝑟
2𝑚

𝑟
−1
𝐺′) + 𝑟𝑔

2𝑓𝐺𝐺𝐺𝐺
2]

4(𝐺𝑓𝐺 − 𝑓) = 8𝜋(𝜌 − 3𝑝)

 

 
Γ12
1 = 𝜙′, Γ11

2 = 𝜙′𝑒2𝜙−2𝜆, Γ22
2 = 𝜆′, Γ23

2 = −𝑟𝑒−2𝜆,

Γ44
2 = −𝑟sin2 𝜃𝑒−2𝜆, Γ23

3 =
1

𝑟
, Γ44
3 = −sin 𝜃cos 𝜃, Γ24

4 =
1

𝑟
, Γ34
4 = cot 𝜃.
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𝐺11 = −𝑒
2𝜙−2𝜆 (

2𝜆′

𝑟
+
𝑒2𝜆−1

𝑟2
)

𝐺22 = −
2𝜙′

𝑟
+
𝑒2𝜆−1

𝑟2

𝐺33 = −𝑟𝑒
−2𝜆(𝜙′ − 𝜆′ + 𝑟(𝜙′′ + 𝜙′2) − 𝑟𝜙′𝜆′)

𝐺44 = −sin
2 𝜃𝐺33

 

 
𝑅1212 = 𝑒

2𝜙(𝜙′𝜆′ − 𝜙′′ − 𝜙′2), 𝑅1313 = −𝑟𝑒
2𝜙−2𝜆𝜙′, 𝑅1414 = sin

2 𝜃𝑅1313
𝑅2323 = −𝑟𝜆

′, 𝑅2424 = sin
2 𝜃𝑅2323, 𝑅3434 = sin

2 𝜃𝑟2𝑒−2𝜆(1 − 𝑒2𝜆)
 

 𝑅 = −2𝑒−2𝜆 (𝜙′′ +𝜙′2 − 𝜙′𝜆′ + 2
𝜙′−𝜆′

𝑟
+
1−𝑒2𝜆

𝑟2
)  

 
−𝑒4𝜆𝐺

8
=

1

𝑟2
[(𝜙′′ + 𝜙′2 − 𝜆′𝜙′)(𝑒2𝜆 − 1) + 2𝜙′𝜆′]  

 
∇𝜇𝑇2

𝜇
= 𝜕𝜇𝑇2

𝜇
+ Γ𝜇𝜎

𝜇
𝑇2
𝜎 − Γ𝜇2

𝜎 𝑇𝜎
𝜇
= 0, 𝜕𝜇(−𝑝𝛿

𝜇,2) − 𝑝Γ𝜇2
𝜇
+ 𝑝Γ𝑎2

𝑎 − 𝜌𝑐2Γ12
1 = 0

 −
𝑑𝑝

𝑑𝑟
− (𝑝 + 𝜌𝑐2)Γ12

1 = 0⟹
𝑑𝑝

𝑑𝑟
= −(𝑝 + 𝜌𝑐2)𝜙′

 

 𝑀(𝑟) = 4𝜋 ∫  
𝑟

0
𝑟′2𝜌(𝑟′)𝑑𝑟′ 

 
𝑑𝑝

𝑑𝑟
[
1

𝜅𝐺
−
𝑀(𝑟)𝑐2

4𝜋𝑟
] = −

𝑝+𝜌𝑐2

2
[𝑝𝑟 +

𝑀(𝑟)𝑐2

4𝜋𝑟2
] .  

 𝜅𝐺 = 8𝜋𝐺/𝑐
4 

 

 

𝐻𝑗𝑘𝑙 = 𝜅𝐺𝑇𝑗𝑘𝑙
𝐻𝑗𝑘𝑙 = ∇𝑗𝑅𝑘𝑙 + ∇𝑘𝑅𝑙𝑗 + ∇𝑙𝑅𝑗𝑘

−
1

3
(𝑔𝑘𝑙∇𝑗𝑅 + 𝑔𝑙𝑗∇𝑘𝑅 + 𝑔𝑗𝑘∇𝑙𝑅)

𝑇𝑗𝑘𝑙 = ∇𝑗𝑇𝑘𝑙 + ∇𝑘𝑇𝑙𝑗 + ∇𝑙𝑇𝑗𝑘

−
1

6
(𝑔𝑘𝑙∇𝑗𝑇 + 𝑔𝑙𝑗∇𝑘𝑇 + 𝑔𝑗𝑘∇𝑙𝑇)

 

 ∇𝑗𝑅
𝑗 𝑘 =

1

2
∇𝑘𝑅 

 

𝑅𝑘𝑙 −
1

2
𝑅𝑔𝑘𝑙 = 𝜅𝐺(𝑇𝑘𝑙 + 𝐾𝑘𝑙)

∇𝑗𝐾𝑘𝑙 + ∇𝑘𝐾𝑗𝑙 + ∇𝑙𝐾𝑗𝑘

 =
1

6
(𝑔𝑘𝑙∇𝑗𝐾 + 𝑔𝑗𝑙∇𝑘𝐾 + 𝑔𝑗𝑘∇𝑙𝐾).

 

 𝑑𝑠2 = −𝑏2(𝑟, 𝑡)𝑑𝑡2 + 𝑓1
2(𝑟, 𝑡)𝑑𝑟2 + 𝑟2𝑑Ω2

2 

 𝑑𝑠2 = −𝑦(𝑟)𝑑𝑡2 +
ℎ(𝑟)

𝑦(𝑟)
𝑑𝑟2 + 𝑟2𝑑Ω2

2  

 ∇𝑖𝑢𝑗 = −𝑢𝑖𝑢̇𝑗, ∇𝑖𝑢̇𝑗 = ∇𝑗𝑢̇𝑖 

 𝑢0 = −√𝑦, 𝑢𝜇 = 0. 

 𝑢̇0 = 0, 𝑢̇𝑟 = 𝑦
′/(2𝑦), 𝑢̇𝜃 = 𝑢̇𝜙 = 0 



pág. 2758 

 𝜂 = 𝑢̇𝑘𝑢̇𝑘 = 𝑦
′2/(4ℎ𝑦). 

 𝜒𝑘 = 𝑢̇𝑘/√𝜂, 𝜒𝑟 = √ℎ/𝑦 

 
𝑅𝑘𝑙 =

𝑅+4∇𝑝𝑢̇
𝑝

3
𝑢𝑘𝑢𝑙 +

𝑅+∇𝑝𝑢̇
𝑝

3
𝑔𝑘𝑙

+Σ(𝑟) [𝜒𝑘𝜒𝑙 −
𝑢𝑘𝑢𝑙+𝑔𝑘𝑙

3
]

 

 

𝑅 = 𝑅⋆ − 2∇𝑝𝑢̇
𝑝

𝑅⋆

2
=

1

𝑟2
+
𝑦

𝑟

ℎ′

ℎ2
−
𝑦′

𝑟ℎ
−

𝑦

𝑟2ℎ

∇𝑝𝑢̇
𝑝 =

𝑦′′

2ℎ
−
𝑦′

4

ℎ′

ℎ2
+
𝑦′

𝑟ℎ

Σ = −
𝑦′′

2ℎ
+
𝑦′

4

ℎ′

ℎ2
+

𝑦

𝑟2ℎ
+

𝑦

2𝑟

ℎ′

ℎ2
−

1

𝑟2

 

 
𝑅⋆

2
+ ∇𝑝𝑢̇

𝑝 + Σ =
3𝑦

2𝑟

ℎ′

ℎ2
 

 𝐾𝑘𝑙 = A(𝑟)𝑢𝑘𝑢𝑙 + B(𝑟)𝑔𝑘𝑙 + C(𝑟)𝜒𝑘𝜒𝑙  

 

A(𝑟) = 𝜅2𝑟
2 − 2𝜅3𝑦(𝑟)

B(𝑟) = 𝜅1 + 2𝜅2𝑟
2 + 𝜅3𝑦(𝑟)

C(𝑟) = −𝜅2𝑟
2

 

 
𝑇𝑘𝑙 =(𝜇𝑚 + 𝑃𝑚)𝑢𝑘𝑢𝑙 + 𝑃𝑚𝑔𝑘𝑙

 +(𝑝𝑚𝑟 − 𝑝𝑚⊥) [𝜒𝑘𝜒𝑙 −
𝑔𝑘𝑙+𝑢𝑘𝑢𝑙

3
]

 

 𝑃𝑚 =
1

3
(𝑝𝑚𝑟 + 2𝑝𝑚⊥) 

 
𝐾𝑘𝑙 =(𝜇𝑑 + 𝑃𝑑)𝑢𝑘𝑢𝑙 + 𝑃𝑑𝑔𝑘𝑙

 +(𝑝𝑑𝑟 − 𝑝𝑑⊥) [𝜒𝑘𝜒𝑙 −
𝑔𝑘𝑙+𝑢𝑘𝑢𝑙

3
]

 

 𝑃𝑑 =
1

3
(𝑝𝑑𝑟 + 2𝑝𝑑⊥) 

 

𝜇𝑑 = A − B = −𝜅1 − 𝜅2𝑟
2 − 3𝜅3𝑦(𝑟)

𝑝𝑑𝑟 = B + C = 𝜅1 + 𝜅2𝑟
2 + 𝜅3𝑦(𝑟)

𝑝𝑑⊥ = B = 𝜅1 + 2𝜅2𝑟
2 + 𝜅3𝑦(𝑟)

 

 𝜇𝑑(𝑟) + 5𝑝𝑑𝑟(𝑟) − 2𝑝𝑑⊥(𝑟) = 2𝜅1  

 𝑅𝑘𝑙 −
1

2
𝑅𝑔𝑘𝑙 = 𝑇𝑘𝑙 + 𝐾𝑘𝑙 

 

1

2
𝑅⋆ = 𝜇𝑚 + 𝜇𝑑

∇𝑝𝑢̇
𝑝 =

3

2
(𝑃𝑚 + 𝑃𝑑) +

1

2
(𝜇𝑚 + 𝜇𝑑)

Σ = (𝑝𝑚𝑟 − 𝑝𝑚⊥) + (𝑝𝑑𝑟 − 𝑝𝑑⊥)

 

 
1

2
𝑅⋆ + ∇𝑝𝑢̇

𝑝 + Σ =
3

2
(𝜇𝑚 + 𝜇𝑑 + 𝑝𝑚𝑟 + 𝑝𝑑𝑟), 𝜇𝑑 + 𝑝𝑑𝑟 = −2𝜅3𝑟 
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 𝜇𝑚 + 𝑝𝑚𝑟 =
𝑦(𝑟)

𝑟

𝑑

𝑑𝑟
[𝜅3𝑟

2 −
1

ℎ(𝑟)
]  

 
𝑑𝑝𝑚𝑟

𝑑𝑟
= −

𝑦′

2𝑦
(𝜇𝑚 + 𝑝𝑚𝑟) −

2

𝑟
(𝑝𝑚𝑟 − 𝑝𝑚⊥).  

 𝑝𝑚𝑟 = 𝑝𝑚⊥ ≡ 𝑝𝑚 

 

1

2
𝑅⋆ = −𝜅1 − 𝜅2𝑟

2 − 3𝜅3𝑦(𝑟)

∇𝑝𝑢̇
𝑝 = 𝜅1 + 2𝜅2𝑟

2

Σ = −𝜅2𝑟
2

 

 ℎ(𝑟) =
1

𝜅3𝑟
2+𝜅4

 

 

𝑦′

𝑟
(𝜅3𝑟

2 + 𝜅4) +
𝑦

𝑟2
𝜅4 = 𝜅1 + 𝜅2𝑟

2 +
1

𝑟2

𝑦′′(𝜅3𝑟
2 + 𝜅4) +

𝑦′

𝑟
(3𝜅3𝑟

2 + 2𝜅4) = 4𝜅2𝑟
2 + 2𝜅1

𝑦′′(𝜅3𝑟
2 + 𝜅4) + 𝑦

′𝜅3𝑟 − 2
𝑦

𝑟2
𝜅4 = 2𝜅2𝑟

2 −
2

𝑟2

 

 
𝑦′

𝑟
+

𝑦

𝑟2
= 𝜅1 + 𝜅2𝑟

2 +
1

𝑟2
 

 𝐶 = −2𝑀‾ , 𝜅1 = −Λ, 𝜅2 = −𝜆 

 𝑦(𝑟) = 1 −
2𝑀‾

𝑟
−
Λ

3
𝑟2 −

𝜆

5
𝑟4  

 𝑦′ =
𝜅1

𝜅3

1

𝑟
+
𝜅2

𝜅3
𝑟 +

1

𝜅3

1

𝑟3
 

 𝑦(𝑟) =
𝜅1

𝜅3
log (𝑟√𝜅1) +

𝜅2

2𝜅3
𝑟2 −

1

2𝜅3

1

𝑟2
+ ℵ  

 

𝑦(𝑟) = 𝐶
√𝜅3𝑟

2+𝜅4

𝑟
+

1

𝜅4
+

𝜅2

2𝜅3
𝑟2

+[
𝜅1

𝜅3
−
3

2

𝜅2𝜅4

𝜅3
2 ] [

√𝜅3𝑟
2+𝜅4

𝑟√|𝜅3|
𝐹 (𝑟√

|𝜅3|

|𝜅4|
) − 1]

𝐹(𝑥) = {

ArcSinh𝑥 𝜅3 > 0, 𝜅4 > 0
ArcCosh𝑥 𝜅3 > 0, 𝜅4 < 0
ArcSin𝑥 𝜅3 < 0, 𝜅4 > 0

 

 𝑟2 ≫
|𝜅4|

𝜅3
 

 
𝑦(𝑟) ≈

𝜅2

2𝜅3
𝑟2 + [

𝜅1

𝜅3
−
3

2

𝜅2𝜅4

𝜅3
2 ] log (2𝑟√

𝜅3

|𝜅4|
)

 + [
1

𝜅4
−
𝜅1

𝜅3
+
3

2

𝜅2𝜅4

𝜅3
2 ] +⋯
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 𝐶 = −1, 𝜅1 = 0.1, 𝜅2 = 0, 𝜅2 = −0.001, 𝜅4 = 1, 𝜅3 =
1

1000
, 𝜅3 =

1

50
, 𝜅3 =

1

10
 

 𝑑𝑠2 = −𝑏2(𝑟)𝑑𝑡2 + [1 −
2𝑀(𝑟)

𝑟
]
−1
𝑑𝑟2 + 𝑟2𝑑Ω2

2  

 𝑦/ℎ = 1 − 2𝑀(𝑟)/𝑟 

 

𝑅⋆ =
4𝑀′

𝑟2

Σ =  − [
𝑏′′

𝑏
−
𝑏′

𝑏𝑟
] [1 −

2𝑀(𝑟)

𝑟
] +

𝑏′

𝑏
[
𝑀′𝑟−𝑀

𝑟2
]

 −
3𝑀−𝑟𝑀′

𝑟3

∇𝑝𝑢̇
𝑝  = [

𝑏′′

𝑏
+
2𝑏′

𝑏𝑟
] [1 −

2𝑀(𝑟)

𝑟
] −

𝑏′

𝑏
[
𝑀′𝑟−𝑀

𝑟2
]

 

 𝑀(𝑟) =
1

2
∫  
𝑟

0
 𝑑𝑟′𝑟2[𝜇𝑚(𝑟

′) + 𝜇𝑑(𝑟
′)]  

 
[𝑝𝑚𝑟
′ + 2

𝑝𝑚𝑟−𝑝𝑚⊥

𝑟
] [1 −

2𝑀(𝑟)

𝑟
]

 = −
𝜇𝑚+𝑝𝑚𝑟

2
[𝑟(𝑝𝑚 + 𝑝𝑑𝑟) +

2𝑀(𝑟)

𝑟2
]

 

 ∇𝑝𝑢̇
𝑝 + Σ −

𝑅⋆

4
=
3𝑏′

𝑏𝑟
[1 −

2𝑀(𝑟)

𝑟
] −

3𝑀(𝑟)

𝑟3
 

 ∇𝑝𝑢̇
𝑝 + Σ −

𝑅⋆

4
=
3

2
(𝑝𝑚𝑟 + 𝑝𝑑𝑟) 

 𝑏′/𝑏 = 𝑦′/2𝑦 

 𝜇𝑑 = 𝑝𝑑𝑟 = 0 

 𝑝𝑚𝑟 = 𝑝𝑚⊥ = 𝑝𝑚 
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𝑑𝑠−

2 = −𝑏−
2(𝑟)𝑑𝑡2 +

𝑑𝑟2

1−
2𝑀(𝑟)

𝑟

+ 𝑟2𝑑Ω2
2 𝑟 < 𝑅

𝑑𝑠+
2 = −𝑏+

2(𝑟)𝑑𝑡2 + 𝑓1+
2 (𝑟)𝑑𝑟2 + 𝑟2𝑑Ω2

2 𝑟 > 𝑅

 

 

𝑏−
2(𝑅) = 𝑏+

2(𝑅)

1 −
2𝑀(𝑅)

𝑅
=

1

𝑓1+
2 (𝑅)

𝑝𝑚𝑟(𝑅) = 𝑝𝑑𝑟
+ (𝑅) − 𝑝𝑑𝑟

− (𝑅)

 

 𝑢0
±(𝑟) = −𝑏±(𝑟) 

 𝑢𝑘
−(𝑅) = 𝑢𝑘

+(𝑅) ≡ 𝑢𝑘(𝑅) 

 𝜒𝑟
±(𝑟) = 𝑓1

±(𝑟) 

 𝜒𝑘
−(𝑅) = 𝜒𝑘

+(𝑅) ≡ 𝜒𝑘(𝑅) 

 
𝐾𝑘𝑙
±(𝑟) =A±(𝑟)𝑢𝑘

±(𝑟)𝑢𝑙
±(𝑟)

 +B±(𝑟)𝑔𝑘𝑙
± (𝑟) + C±(𝑟)𝜒𝑘

±(𝑟)𝜒𝑙
±(𝑟)

 

 
𝛿𝐾𝑘𝑙(𝑅) = 𝐾𝑘𝑙

+(𝑅) − 𝐾𝑘𝑙
−(𝑅)

 = 𝛿A(𝑅)𝑢𝑘(𝑅)𝑢𝑙(𝑅) + 𝛿B(𝑅)𝑔𝑘𝑙(𝑅) + 𝛿C(𝑅)𝜒𝑘(𝑅)𝜒𝑙(𝑅)
 

 

𝛿A(𝑅)= (𝜅2
+ − 𝜅2

−)𝑅2 − 2(𝜅3
+ − 𝜅3

−)𝑏2(𝑅)  

𝛿B(𝑅)= (𝜅1
+ − 𝜅1

−) + 2(𝜅2
+ − 𝜅2

−)𝑅2 + (𝜅3
+ − 𝜅3

−)𝑏2(𝑅) 

𝛿C(𝑅) = −(𝜅2
+ − 𝜅2

−)𝑅2
 

 𝑏2(𝑅) = 𝑏±
2(𝑅) 

 ∇𝑘
−𝜒𝑙

−(𝑅) = ∇𝑘
+𝜒𝑙

+(𝑅) 

 𝛿𝑅𝑗𝑘𝑙𝑚 = 𝜒𝑗𝜒𝑙𝐵𝑘𝑚 − 𝜒𝑗𝜒𝑚𝐵𝑘𝑙 + 𝜒𝑘𝜒𝑚𝐵𝑗𝑙 − 𝜒𝑘𝜒𝑙𝐵𝑗𝑚 

 𝛿𝑅𝑘𝑙 = 𝐵𝑘𝑙 + 𝜒𝑘𝜒𝑙𝐵, 𝐵 = 𝑔𝑘𝑙𝐵𝑘𝑙, 𝛿𝑅 = 2𝐵 

 𝛿𝐺𝑘𝑙 = 𝐵𝑘𝑙 + 𝐵(𝑔𝑘𝑙 − 𝜒𝑘𝜒𝑙) 

 0 = 𝛿𝐺𝑘𝑙(𝑅)𝜒
𝑘 = 𝐺𝑘𝑙

+ (𝑅)𝜒𝑘 − 𝐺𝑘𝑙
− (𝑅)𝜒𝑘  

 𝐺𝑘𝑙
− = 𝑇𝑘𝑙 + 𝐾𝑘𝑙

− , 𝐺𝑘𝑙
+ = 𝐾𝑘𝑙

+ , 𝑇𝑘𝑙𝜒
𝑘(𝑅) = 𝛿𝐾𝑘𝑙(𝑅)𝜒

𝑘(𝑅) 

 
𝑝𝑚𝑟(𝑅) = 𝛿B(𝑅) + 𝛿C(𝑅)

 = (𝜅1
+ − 𝜅1

−) + (𝜅2
+ − 𝜅2

−)𝑅2 + (𝜅3
+ − 𝜅3

−)𝑏2(𝑅)
 

 𝑏+
2(𝑟) = 1/𝑓1+

2 (𝑟) = 1 − 2𝑀‾ /𝑟, 𝑀‾ = 𝑀(𝑅), 𝑝𝑚𝑟(𝑅) = 0 

 
𝜅1
+ = 𝜅1

−, 𝜅2
+ = 𝜅2

− 𝜅3
+ = 𝜅3

−

𝑝𝑚𝑟(𝑅) = 0
 

  

𝛿A(𝑅)𝑢𝑘(𝑅)𝑢𝑙(𝑅) + 𝛿B(𝑅)𝑔𝑘𝑙(𝑅) + 𝛿C(𝑅)𝜒𝑘(𝑅)𝜒𝑙(𝑅) = 0 



pág. 2762 

𝛿A(𝑅)𝑏2(𝑅) − 𝛿B(𝑅)𝑏2(𝑅) = 0, 𝛿A(𝑅) = 0 

 𝛿B(𝑅)𝑓1
2(𝑅) + 𝛿C(𝑅)𝑓1

2(𝑅) = 0, 𝛿C(𝑅) = 0 

 𝜅2
+ = 𝜅2

−. 

 𝛿A(𝑅) = 0 

 𝜅3
+ = 𝜅3

− 

 𝛿B(𝑅) = 0 it is 𝜅1
+ = 𝜅1

− 

 𝑝𝑚𝑟(𝑅) = 0. 

 1 −
2𝑀(𝑅)

𝑅
= 1 −

2𝑀‾

𝑅
−
Λ

3
𝑅2 −

𝜆

5
𝑅4  

 
1

2
∫  
𝑅

0
 𝑑𝑟′[𝜇𝑚(𝑟

′) + 𝜇𝑑(𝑟
′)]𝑟′2 = 𝑀‾ +

Λ

6
𝑅3 +

𝜆

10
𝑅5  

 𝑝𝑚𝑟(𝑅) = 0: 𝜅𝑗
+ = 𝜅𝑗

− ≡ 𝜅𝑗(𝑗 = 1,2,3) 

 𝐾𝑘𝑙
+ : 𝜅1 = −Λ, 𝜅2 = −𝜆, 𝜅3 = 0 

 

𝜇𝑑(𝑟) = 𝜆𝑟
2 + Λ

𝑝𝑑𝑟(𝑟) = −𝜆𝑟
2 − Λ

𝑝𝑑⊥(𝑟) = −2𝜆𝑟
2 − Λ

 

 
1

2
∫  
𝑅

0
 𝑑𝑟𝑟2𝜇𝑚(𝑟) = 𝑀‾  

 Σ(𝑟) = 𝑝𝑑𝑟 − 𝑝𝑑⊥ = 𝜆𝑟
2 

 
[1 −

2𝑀(𝑟)

𝑟
] 𝑏−

′′ − [
1

𝑟
+
𝑟𝑀′(𝑟)−3𝑀(𝑟)

𝑟2
] 𝑏−

′

+[𝜆𝑟2 −
𝑟𝑀′(𝑟)−3𝑀(𝑟)

𝑟3
] 𝑏− = 0

 

 ∇𝑝𝑢̇
𝑝 =

3

2
𝑝𝑚 +

1

2
𝜇𝑚 − 2𝜆𝑟

2 − Λ 

 
[1 −

2𝑀(𝑟)

𝑟
] 𝑏−

′′ + [
2

𝑟
−
𝑟𝑀′(𝑟)+3𝑀(𝑟)

𝑟2
] 𝑏−

′

−[
3

2
𝑝𝑚 +

1

2
𝜇𝑚 − 2𝜆𝑟

2 − Λ] 𝑏− = 0
 

 
𝑝𝑚
′

𝑝𝑚+𝜇𝑚
= −

𝑏′

𝑏
 

 𝑀(𝑟) =
𝜇𝑚+Λ

6
𝑟3 +

𝜆

10
𝑟5 

 𝑏−(𝑟) = 𝛾
𝜇𝑚

𝑝𝑚(𝑟)+𝜇𝑚
 

 𝑏−(𝑅) = 𝑏+(𝑅), 𝑝𝑚(𝑅) = 0 
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 𝛾 = √1 −
2𝑀(𝑅)

𝑅
= √1 −

𝜇𝑚+Λ

3
𝑅2 −

𝜆

5
𝑅4  

 𝑦(𝑟) = 𝑝𝑚(𝑟) + 𝜇𝑚 

 𝑦′ [1 −
𝜇𝑚+Λ

3
𝑟2 −

𝜆

5
𝑟4] +

𝑦2

2
𝑟 − 𝑦 [

𝜇𝑚+Λ

3
𝑟 + 2

𝜆

5
𝑟3] = 0  

 

1

𝑝𝑚(𝑟)+𝜇𝑚
 =

1

4

𝜇𝑚+Λ

6
+
𝜆

5
𝑟2

(
𝜇𝑚+Λ

6
)
2
+
𝜆

5

 +√
1−

2𝑀(𝑟)

𝑟

1−
2𝑀(𝑅)

𝑅

[
1

𝜇𝑚
−
1

4

𝜇𝑚+Λ

6
+
𝜆

5
𝑅2

(
𝜇𝑚+Λ

6
)
2
+
𝜆

5

]

 

 𝑀(𝑟) =
𝜇𝑚

6
𝑟3 

 𝑝𝑚(𝑟) = 𝜇𝑚
√1−2𝑀(𝑅)/𝑅−√1−2𝑀(𝑟)/𝑟

√1−2𝑀(𝑟)/𝑟−3√1−2𝑀(𝑅)/𝑅
 

 𝑀(𝑅) =
4

9
𝑅 

 

𝑏−(𝑟) =√1 −
2𝑀(𝑟)

𝑟
[1 −

𝜇𝑚

4

𝜇𝑚+Λ

6
+
𝜆

5
𝑅2

(
𝜇𝑚+Λ

6
)
2
+
𝜆

5

]

 +
𝜇𝑚

4

𝜇𝑚+Λ

6
+
𝜆

5
𝑟2

(
𝜇𝑚+Λ

6
)
2
+
𝜆

5

√1 −
2𝑀(𝑅)

𝑅

 

 √1 − 2𝑀(𝑟)/𝑟, 
𝜇𝑚+Λ

6
+
𝜆

5
𝑟2. 

[1 −
Λ + 𝜇𝑚
3

𝑟2 −
𝜆

5
𝑟4] 𝑏−

′′ − [
1

𝑟
+
𝜆

5
𝑟3] 𝑏−

′ +
4𝜆

5
𝑟2𝑏− = 0 

𝑏(𝑝𝑚 + 𝜇𝑚) = 𝛾𝜇𝑚 

 [1 −
2𝑀(𝑟)

𝑟
] 𝑏−

′ + 2 [
𝜇𝑚+Λ

6
𝑟 +

𝜆

5
𝑟2] 𝑏− =

𝑟

2
𝛾𝜇𝑚 

 𝑏−(𝑟) = 𝛾𝜇𝑚/𝑦(𝑟) 

 𝑀‾ =
1

2
∫  
𝑅

0
𝑑𝑟𝑟2𝜇𝑚 =

1

6
𝜇𝑚𝑅

3 
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 𝑝𝑚(𝑟)/𝜇𝑚, Λ = 0, 𝑋 =
1

3
𝜇𝑚𝑅

2 =
1

4
10−3, 𝑌 =

1

5
𝜆𝑅4 = 10−5, (in GR: 𝑋 =

1

4
10−3, 𝑌 = 0 ) 

 Λ = 0, 𝑋 =
1

4
10−3, 𝑌 = −10−5 

 𝑦(𝑟) = 1 −
2𝑀‾

𝑟
−
𝜆

5
𝑟4 

 0 =
1

𝜇𝑚
[
𝜇𝑚
2

36
+
𝜆

5
] −

1

4
[
𝜇𝑚

6
+
𝜆

5
𝑅2] +

𝜇𝑚

24
√1 −

2𝑀(𝑅)

𝑅
 

 𝑋 =
1

3
𝜇𝑚𝑅

2, 𝑌 =
𝜆

5
𝑅4 

 0 = −
1

6
+
4

3

𝑌

𝑋2
−
𝑌

𝑋
+
1

2
√1 − 𝑋 − 𝑌 

 𝑌 =

4

9
−
𝑋

3
−
𝑋2

4
±(

𝑋2

4
−
5𝑋

3
+
4

3
)

2(
4

3𝑋
−1)

2  

 (
4

3
− 𝑋)

2
𝑌 = 𝑋2 (

8

9
− 𝑋) 

 
𝜆

5
(𝜇𝑚𝑅

2)2 − (
8

5
𝜆 −

𝜇𝑚
2

3
) (𝜇𝑚𝑅

2) +
16

5
𝜆 −

8

9
𝜇𝑚
2 = 0 

 𝜇𝑚𝑅
2 = 4 −

5

6

𝜇𝑚
2

𝜆
[1 − √1 −

16

5

𝜆

𝜇𝑚
2 ]  

 𝜇𝑚𝑅
2 = 8/3, 𝑀(𝑅) =

1

6
𝜇𝑚𝑅

3, 𝑀𝑐𝑟 =
4

9
𝑅 
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 El radio crítico 𝜇𝑚𝑅
2 de una partícula blanca, es una función de 𝜆/𝜇𝑚

2 . Para 𝜆 = 0, el valor es 

8/3. El valor más bajo es 𝜇𝑚𝑅
2 = 4/3 for 𝜆/𝜇𝑚

2 = 5/16. 

 𝜅3𝑟
2 + 𝜅4 ≥ 0 is 𝑦(𝑟) = 𝐶𝑦0(𝑟) + 𝑦𝑃(𝑟) 

 𝑦𝑃(𝑟) = 𝑦0(𝑟)𝑣(𝑟) 

 𝑦0(𝑟) =
√𝜅3𝑟

2+𝜅4

𝑟
, 𝑣(𝑟) = ∫  𝑑𝑟

1+𝜅1𝑟
2+𝜅2𝑟

4

(𝜅3𝑟
2+𝜅4)

3/2  

 𝜅3 > 0, 𝜅4 > 0 

 𝑟 = √
𝜅4

𝜅3
sh𝜃, 𝑦0 = √𝜅3

ch𝜃

sh𝜃
 

 

𝑣(𝑟) =
1

√𝜅3
∫  𝑑𝜃

1

𝜅4
+
𝜅1
𝜅3
sh2𝜃+

𝜅2𝜅4

𝜅3
2 sh

4𝜃

ch2𝜃

 =
1

√𝜅3
[(
𝜅1

𝜅3
−
3

2

𝜅2𝜅4

𝜅3
2 ) 𝜃 + (

1

𝜅4
−
𝜅1

𝜅3
+
𝜅2𝜅4

𝜅3
2 )

sh𝜃

ch𝜃

 +
𝜅2𝜅4

4𝜅3
2 sh(2𝜃)]

 

 

𝑦𝑃(𝑟) =[
𝜅1

𝜅3
−
3

2

𝜅2𝜅4

𝜅3
2 ] 𝜃

ch𝜃

sh𝜃
+ [

1

𝜅4
−
𝜅1

𝜅3
+
𝜅2𝜅4

𝜅3
2 ]

 +
𝜅2𝜅4

2𝜅3
2 (sh

2𝜃 + 1)

=[
𝜅1

𝜅3
−
3

2

𝜅2𝜅4

𝜅3
2 ] [

√𝜅3𝑟
2+𝜅4

𝑟√𝜅3
Arsh√

𝜅3

𝜅4
𝑟 − 1]

 +
1

𝜅4
+

𝜅2

2𝜅3
𝑟2

 

 𝜅3 > 0,  𝜅4 < 0 

 𝑟 = √
|𝜅4|

𝜅3
ch𝜃, 𝑦0 = √𝜅3

sh𝜃

ch𝜃
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𝑣(𝑟) =
1

√𝜅3
∫  𝑑𝜃

1

|𝜅4|
+
𝜅1
𝜅3
ch2𝜃+

𝜅2|𝜅4|

𝜅3
2 ch4𝜃

sh2𝜃

 =
1

√𝜅3
[(
𝜅1

𝜅3
−
3

2

𝜅2𝜅4

𝜅3
2 ) 𝜃 + (

1

𝜅4
−
𝜅1

𝜅3
+
𝜅2𝜅4

𝜅3
2 )

ch𝜃

sh𝜃

 −
𝜅2𝜅4

4𝜅3
2 sh(2𝜃)]

 

 

𝑦𝑃(𝑟) =(
𝜅1

𝜅3
−
3

2

𝜅2𝜅4

𝜅3
2 ) 𝜃

sh𝜃

ch𝜃
+ (

1

𝜅4
−
𝜅1

𝜅3
+
𝜅2𝜅4

𝜅3
2 )

 −
𝜅2𝜅4

2𝜅3
2 (ch

2𝜃 − 1)

=(
𝜅1

𝜅3
−
3

2

𝜅2𝜅4

𝜅3
2 ) [

√𝜅3𝑟
2+𝜅4

𝑟√𝜅3
Arch√

𝜅3

|𝜅4|
𝑟 − 1]

+
1

𝜅4
+

𝜅2

2𝜅3
𝑟2

 

 𝜅3 < 0, 𝜅4 > 0(𝑟
2 ≤ 𝜅4/|𝜅3|) 

 𝑟 = √
𝜅4

|𝜅3|
sin 𝜃, 𝑦0 = √|𝜅3|

cos 𝜃

sin 𝜃
 

 

𝑣(𝑟) =
1

√|𝜅3|
∫  𝑑𝜃

1

𝜅4
+
𝜅1
|𝜅3|

sin2 𝜃+
𝜅2𝜅4

𝜅3
2 sin

4 𝜃

cos2 𝜃

 =
1

√𝜅3
[(
𝜅1

𝜅3
−
3

2

𝜅2𝜅4

𝜅3
2 ) 𝜃 + (

1

𝜅4
−
𝜅1

𝜅3
+
𝜅2𝜅4

𝜅3
2 )

sin 𝜃

cos 𝜃

 +
𝜅2𝜅4

4𝜅3
2 sin (2𝜃)]

𝑦𝑃(𝑟) = (
𝜅1

𝜅3
−
3

2

𝜅2𝜅4

𝜅3
2 ) 𝜃

cos 𝜃

sin 𝜃
+ (

1

𝜅4
−
𝜅1

𝜅3
+
𝜅2𝜅4

𝜅3
2 )

 +
𝜅2𝜅4

2𝜅3
2 (1 − sin

2 𝜃)

 = (
𝜅1

𝜅3
−
3

2

𝜅2𝜅4

𝜅3
2 ) [

√𝜅3𝑟
2+𝜅4

𝑟√|𝜅3|
ArcSin√

|𝜅3|

𝜅4
𝑟 − 1]

 +
1

𝜅4
+

𝜅2

2𝜅3
𝑟2

 

 𝐹(𝑟) = 1 − 𝑎𝑟2 − 𝑏𝑟4 

 𝑦′𝐹 +
1

2
𝑦𝐹′ +

𝑟

2
𝑦2 = 0 

 
𝑑

𝑑𝑟
(
1

𝑦√𝐹
) =

1

2

𝑟

𝐹3/2
 

 

1

𝑦(𝑟)
 = √𝐹(𝑟) [𝐶 −

1

2
∫  
𝑅

𝑟
 
𝑟′𝑑𝑟′

𝐹(𝑟′)3/2
]

 = √𝐹(𝑟) [𝐶 −
1

2(𝑎2+4𝑏)
(
𝑎+2𝑏𝑅2

√𝐹(𝑅)
−
𝑎+2𝑏𝑟2

√𝐹(𝑟)
)]

 

 
1

𝑦(𝑟)
= √

𝐹(𝑟)

𝐹(𝑅)
[
1

𝜇𝑚
−

𝑎+2𝑏𝑅2

2(𝑎2+4𝑏)
] +

𝑎+2𝑏𝑟2

2(𝑎2+4𝑏)
 

 𝑑𝑠2 = 𝑔𝜇𝜈𝑑𝑥
𝜇𝑑𝑥𝜈 = 𝑒2𝐹(𝑟)𝑐2𝑑𝑡2 − 𝑒2𝐻(𝑟)𝑑𝑟2 − 𝑟2(𝑑𝜃2 + sin2 𝜃𝑑𝜙2) 

 𝑅𝜇𝜈 −
1

2
𝑔𝜇𝜈𝑅 − Λ𝑔𝜇𝜈 =

8𝜋𝐺

𝑐4
𝑇𝜇𝜈 
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 𝑇𝜇𝜈 = (𝑐2𝜌 + 𝑃)𝑈𝜇𝑈𝜇 − 𝑃𝑔𝜇𝜈 

 𝑔𝜇𝜈𝑑𝑥
𝜇𝑑𝑥𝜈 , 𝑅 = 𝑔𝛼𝛽𝑅𝛼𝛽 

 𝑑𝑚

𝑑𝑟
= 4𝜋𝑟2𝜌,

𝑑𝑃

𝑑𝑟
= −(𝜌 + 𝑃/𝑐2)

𝐺(𝑚+
4𝜋𝑟3

𝑐2
𝑃)−

𝑐2Λ

3
𝑟3

𝑟2(1−
2𝐺𝑚

𝑐2𝑟
−
Λ

3
𝑟2)

.  

 𝑒2𝐹(𝑟) = 𝜅+𝑒
−2𝑢(𝑟)/𝑐2 

 𝑒−2𝐻(𝑟) = 1 −
2𝐺𝑚(𝑟)

𝑐2𝑟
−
Λ

3
𝑟2. 

 𝑑𝑚

𝑑𝑟
= 4𝜋𝑟2𝜌,

𝑑𝑃

𝑑𝑟
= −(𝜌 + 𝑃/𝑐2)

𝐺(𝑚+
4𝜋𝑟3

𝑐2
𝑃)

𝑟2(1−
2𝐺𝑚

𝑐2𝑟
)

 

 𝑃 = 𝐴𝜌𝛾Ω(𝐴𝜌𝛾−1/𝑐2) 

 𝑃 = 𝐾𝑐5 ∫  
𝜁

0

𝑞4𝑑𝑞

√1+𝑞2
, 𝜌 = 3𝐾𝑐3 ∫  

𝜁

0
√1 + 𝑞2𝑞2𝑑𝑞 

 𝜅(𝑟,𝑚):= 1 −
2𝐺𝑚

𝑐2𝑟
−
Λ

3
𝑟2,  

 𝑄(𝑟,𝑚, 𝑃):= 𝐺 (𝑚 +
4𝜋𝑟3

𝑐2
𝑃) −

𝑐2Λ

3
𝑟3,  

 
𝑑𝑃

𝑑𝑟
= −(𝜌 + 𝑃/𝑐2)

𝑄(𝑟,𝑚,𝑃)

𝑟2𝜅(𝑟,𝑚)
 

 𝒟 = {(𝑟,𝑚, 𝑃)|0 < 𝑟, |𝑚| < +∞,0 < 𝜌, 0 < 𝜅(𝑟,𝑚)}. 

 
𝑚 =

4𝜋

3
𝜌𝑐𝑟

3 +𝑂(𝑟5)

𝑃 = 𝑃𝑐 − (𝜌𝑐 + 𝑃𝑐/𝑐
2)(4𝜋𝐺(𝜌𝑐 + 3𝑃𝑐/𝑐

2) − 𝑐2Λ)
𝑟2

6
+𝑂(𝑟4)

 

 

𝜅+∶= lim
𝑟→𝑟+−0

 𝜅(𝑟, 𝑚(𝑟)) = 1 −
2𝐺𝑚+

𝑐2𝑟+
−
Λ

3
𝑟+
2

𝑄+∶= lim
𝑟→𝑟+−0

 𝑄(𝑟,𝑚(𝑟), 𝑃(𝑟)) = 𝐺𝑚+ −
𝑐2Λ

3
𝑟+
3
 

 𝑚+: = lim
𝑟→𝑟+−0

 𝑚(𝑟) 

 Λ <
4𝜋𝐺

𝑐2
(𝜌𝑐 + 3𝑃𝑐/𝑐

2)  

 Λ =
4𝜋𝐺

𝑐2
(𝜌𝑐 + 3𝑃𝑐/𝑐

2)  

 𝑑𝑠2 = 𝑐2𝑑𝑡2 − (1 −
𝐿

3
𝑟2)

−1
𝑑𝑟2 − 𝑟2(𝑑𝜃2 + sin2 𝜃𝑑𝜙2) 

 𝜉1 = 𝑟sin 𝜃cos 𝜙, 𝜉2 = 𝑟sin 𝜃sin 𝜙, 𝜉3 = 𝑟cos 𝜃, 𝜉4 = √
3

𝐿
− 𝑟2 

 Λ >
4𝜋𝐺

𝑐2
(𝜌𝑐 + 3𝑃𝑐/𝑐

2)  
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 𝑢:= ∫  
𝜌

0

𝑑𝑃

𝜌+𝑃/𝑐2
 

 

𝑢 =
𝛾𝐴

𝛾−1
𝜌𝛾−1Ω𝑢(𝐴𝜌

𝛾−1/𝑐2)

𝜌 = 𝐴1𝑢
1

𝛾−1Ω𝜌(𝑢/𝑐
2)

𝑃 = 𝐴𝐴1
𝛾
𝑢

𝛾

𝛾−1Ω𝑃(𝑢/𝑐
2)

 

 

Ω𝑢(𝜁) =
1

𝜁
∫  
𝜁

0
 
Ω(𝜁′)+

𝛾−1

𝛾
𝜁′𝐷Ω(𝜁′)

1+𝜁′Ω(𝜁′)
𝑑𝜁′

𝜁 =
𝛾−1

𝛾
𝜂Ω𝜌(𝜂) ⇔ 𝜂 =

𝛾

𝛾−1
𝜁Ω𝑢(𝜁)

Ω𝑃(𝜂) = Ω(𝜁)Ω𝑢(𝜁)
−

𝛾

𝛾−1  with  𝜁 =
𝛾−1

𝛾
𝜂Ω𝜌(𝜂)

 

 𝑢𝑐: = ∫  
𝜌𝑐
0

𝑑𝑃

𝜌+𝑃/𝑐2
=

𝛾𝐴

𝛾−1
𝜌𝑐
𝛾−1
Ω𝑢(𝐴𝜌𝑐

𝛾−1
/𝑐2) 

 𝑢𝑐 ≤ 𝑐
2𝜖0, Λ ≤

4𝜋

𝑐2
𝐺 (

𝛾−1

𝛾𝐴
)

1

𝛾−1 (𝑢𝑐)
1

𝛾−1𝜖0  

 

𝑑𝑚

𝑑𝑟
 = 4𝜋𝑟2𝐴1(𝑢♯)

1

𝛾−1Ω𝜌(𝑢/𝑐
2)

𝑑𝑢

𝑑𝑟
 = −

𝐺(𝑚+
4𝜋

𝑐2
𝑟3𝐴𝐴1

𝛾(𝑢♯)
𝛾
𝛾−1Ω𝑃(𝑢/𝑐

2))−
𝑐2Λ

3
𝑟3

𝑟2(1−
2𝐺𝑚

𝑐2𝑟
−
Λ

3
𝑟2)

.

 

 𝒟𝑢 = {(𝑟,𝑚, 𝑢)|0 < 𝑟, |𝑚| < ∞,−𝛿Ω < 𝑢/𝑐
2 < +∞, 𝜅 > 0}. 

 𝑟 = 𝑎𝑅,𝑚 = 𝑎3𝑏
1

𝛾−1 ⋅ 4𝜋𝐴1𝑀,𝑢 = 𝑏𝑈 

 4𝜋𝐺𝐴1𝑎
2𝑏

2−𝛾

𝛾−1 = 1 

 𝜆:=
𝑐2

4𝜋𝐺𝐴1
Λ, 𝛼: = 𝑏/𝑐2 = 𝑢𝑐/𝑐

2, 𝛽:= 𝑏
−

1

𝛾−1𝜆 =
𝑐2

4𝜋𝐺𝐴1
(𝑢𝑐)

−
1

𝛾−1Λ. 

 

𝑑𝑀

𝑑𝑅
 = 𝑅2(𝑈♯)

1

𝛾−1Ω𝜌(𝛼𝑈)

𝑑𝑈

𝑑𝑅
 = −

1

𝑅2

(𝑀+
𝛾−1

𝛾
𝛼𝑅3(𝑈♯)

𝛾
𝛾−1Ω𝑃(𝛼𝑈)−

1

3
𝛽𝑅3)

(1−2𝛼
𝑀

𝑅
−
1

3
𝛼𝛽𝑅2)

 

 𝒟𝑈 = {(𝑅,𝑀,𝑈)|0 < 𝑅, |𝑀| < ∞,−𝛿Ω < 𝑈 < 2, 𝜅 > 0} 

 𝜅 = 1 − 2𝛼
𝑀

𝑅
−
1

3
𝛼𝛽𝑅2 

 
𝑀(𝑅)  = Ω𝜌(𝛼)

𝑅3

3
+ 𝑂(𝑅5)

𝑈(𝑅)  = 1 − (Ω𝜌(𝛼) +
3𝛾

𝛾−1
𝛼Ω𝑃(𝛼) − 𝛽)

𝑅2

6
+ 𝑂(𝑅4)
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𝑞(𝑅)  =
3

𝑅3
∫  
𝑅

0
 𝑈(𝑅′)

1

𝛾−1
Ω𝜌(𝛼𝑈(𝑅

′))

Ω𝜌(𝛼)
𝑅′2𝑑𝑅′

𝑈(𝑅)  = 1 − ∫  
𝑅

0
 

1

3
Ω𝜌(𝛼)𝑞(𝑅

′)+
𝛾−1

𝛾
𝛼𝑈(𝑅′)

𝛾
𝛾−1Ω𝑃(𝛼𝑈(𝑅

′))−
1

3
𝛽

1−2𝛼
1

3
Ω𝜌(𝛼)𝑞(𝑅

′)𝑅′2−
1

3
𝛼𝛽𝑅′2

𝑅′𝑑𝑅′
 

 𝐶𝑞: = max {𝑈
1

𝛾−1
Ω𝜌(𝛼𝑈)

Ω𝜌(𝛼)
| 
1

2
≤ 𝑈 ≤ 2, 0 ≤ 𝛼 ≤ 1}. 

 
𝑑𝑀

𝑑𝑅
= 𝑅2(𝑈♯)

𝜇 ,
𝑑𝑈

𝑑𝑅
= −

𝑀

𝑅2
 

 −
1

𝑅2
𝑑

𝑑𝑅
(𝑅2

𝑑𝑈

𝑑𝑅
) = (𝑈♯)

𝜇 .  

 𝑈‾(𝑅) = (𝑅2
𝑑𝑈‾

𝑑𝑅
)
𝑅=𝜉1

(
1

𝜉1
−
1

𝑅
) 

 𝛼 ≤ 𝜖0  and  𝛽 ≤ 𝜖0,  

 −
𝛿Ω

2
≤ 𝑈‾(𝜉1 + 𝛿𝑅) < 0 

 𝜌 + 3𝑃/𝑐2 = (
𝛾−1

𝛾𝐴
)

1

𝛾−1
𝑢

1

𝛾−1Ω𝜌+3𝑃/𝑐2(𝑢/𝑐
2), 

 Ω𝜌+3𝑃/𝑐2(𝜂):= Ω𝜌(𝜂) + 3
𝛾−1

𝛾
𝜂Ω𝑃(𝜂) 

 Λ ≤ 4𝜋𝑐
2(2−𝛾)

𝛾−1 𝐺 (
𝛾−1

𝛾𝐴
)

1

𝛾−1
𝜖0

𝛾

𝛾−1
 

 

𝑑𝑚

𝑑𝑟
 = 4𝜋𝑟2𝐴1(𝑢♯)

1

𝛾−1Ω𝜌(𝑢/𝑐
2)

𝑑𝑢

𝑑𝑟
 = −

𝐺(𝑚+
4𝜋

𝑐2
𝑟3𝐴𝐴1

𝛾(𝑢♯)
𝛾
𝛾−1Ω𝑃(𝑢/𝑐

2))

𝑟2(1−
2𝐺𝑚

𝑐2𝑟
)

.

 

 

𝑚0(𝑟) = 𝑚+
0 (:= 𝑚0(𝑟+

0))

𝑢0(𝑟) =
𝑐2

2
(log (1 −

2𝐺𝑚+
0

𝑐2𝑟+
0 ) − log (1 −

2𝐺𝑚+
0

𝑐2𝑟
))

 

 𝑟 = 𝑎𝑅,𝑚 = 𝑎3 ⋅ 4𝜋𝐴1𝑀, 4𝜋𝐺𝐴1𝑎
2 = 1, 𝑢 = 𝑈, 𝜆 =

𝑐2

4𝜋𝐺𝐴1
Λ 

 

𝑑𝑀

𝑑𝑅
 = 𝑅2𝑈𝜇Ω𝜌(𝑈/𝑐

2)

𝑑𝑈

𝑑𝑅
 = −

1

𝑅2
(𝑀 +

𝛾−1

𝛾

𝑅3

𝑐2
𝑈𝜇+1Ω𝑃(𝑈/𝑐

2) −
𝜆

3
𝑅3)

 × (1 −
2𝑀

𝑐2𝑅
−

𝜆

3𝑐2
𝑅2)

−1

 

 (𝑅2𝑈𝜇 , −
1

𝑅2
(𝑀 −

𝜆

3
𝑅3))

𝑇

 𝑐 → ∞ 
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 −
1

𝑅2
𝑑

𝑑𝑅
(𝑅2

𝑑𝑈

𝑑𝑅
) = 𝑈𝜇 − 𝜆  

 𝑈̂(𝑅) = 𝜆 + (1 − 𝜆)
sin 𝑅

𝑅
 

 𝑈̂(𝑅) = 1 −
1−𝜆

6
𝑅2 + 𝑂(𝑅4) 

 
𝑑𝑈̂

𝑑𝑅
=
1−𝜆

𝑅
(cos 𝑅 −

sin 𝑅

𝑅
) 

 
2𝐺𝑚+

𝑐2𝑟+
= 1 −

Λ

3
𝑟+
2 

 

𝜅+
′ ∶=

𝑑𝜅

𝑑𝑟
|
𝑟=𝑟+−0

= lim
𝑟→𝑟+−0

 −
2𝐺

𝑐2
4𝜋𝜌 +

2𝐺𝑚

𝑐2
1

𝑟2
−
2

3
Λ𝑟

 =
2𝐺𝑚+

𝑐2
1

𝑟+
2 −

2

3
Λ𝑟+ =

1

𝑟+
(1 − Λ𝑟+

2) ≤ 0
 

 
𝑄+ = 𝐺𝑚+ −

𝑐2Λ

3
𝑟+
3 =

𝑐2𝑟+

2
(1 − Λ𝑟+

2)

 ≥ 0
 

 𝑑𝑠2 = 𝜅+𝑒
−2𝑢/𝑐2𝑐2𝑑𝑡2 −

1

𝜅
𝑑𝑟2 − 𝑟2𝑑𝜔2 

 𝑑𝜔2 = 𝑑𝜃2 + sin2 𝜃𝑑𝜙2 

 𝑑𝑠2 = (1 −
2𝐺𝑚+

𝑐2𝑟
−
Λ

3
𝑟2) 𝑐2𝑑𝑡2 − (1 −

2𝐺𝑚+

𝑐2𝑟
−
Λ

3
𝑟2)

−1
𝑑𝑟2 − 𝑟2𝑑𝜔2 

 𝑑𝑠2 = 𝑔00𝑐
2𝑑𝑡2 − 𝑔11𝑑𝑟

2 − 𝑟2𝑑𝜔2 

 
𝑔00 = {

𝜅+𝑒
−2𝑢(𝑟)/𝑐2 (0 ≤ 𝑟 < 𝑟+)

1 −
2𝐺𝑚+

𝑐2𝑟
−
Λ

3
𝑟2 (𝑟+ ≤ 𝑟 < 𝑟𝐸)

,

−𝑔11 = (1 −
2𝐺𝑚̃(𝑟)

𝑐2𝑟
−
Λ

3
𝑟2)

−1
 (0 ≤ 𝑟 < 𝑟𝐸),

 

 𝑚̃(𝑟) = {
𝑚(𝑟) (0 ≤ 𝑟 < 𝑟+)

𝑚+ (𝑟+ ≤ 𝑟 < 𝑟𝐸).
 

 𝜅(𝑟,𝑚+) =
Λ

3𝑟
(𝑟 − 𝑟𝐼)(𝑟𝐸 − 𝑟)(𝑟 + 𝑟𝐼 + 𝑟𝐸). 

 √Λ <
𝑐2

3𝐺𝑚+
.  

 𝑢(𝑟) = 𝐵(𝑟+ − 𝑟)(1 + 𝑂(𝑟+ − 𝑟)) 

 𝜌(𝑟) = (
(𝛾−1)𝐵

𝛾𝐴
)

1

𝛾−1 (𝑟+ − 𝑟)
1

𝛾−1(1 + 𝑂(𝑟+ − 𝑟)). 

 
𝑑𝑢

𝑑𝑟
|
𝑟=𝑟+−0

= −
𝑄+

𝑟+
2𝜅+

= −𝐵. 

 
𝑑

𝑑𝑟
𝑚̃(𝑟) = {

4𝜋𝑟2𝜌(𝑟) (𝑟 < 𝑟+)

0 (𝑟+ ≤ 𝑟 < 𝑟𝐸)
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𝑑

𝑑𝑟
𝑔00|

𝑟=𝑟+−0
= −

2𝜅+

𝑐2
𝑑𝑢

𝑑𝑟
|
𝑟=𝑟+−0

=
2𝑄+

𝑐2𝑟+
2 

 
𝑑

𝑑𝑟
𝑔00|

𝑟=𝑟++0
= (

2𝐺𝑚+

𝑐2𝑟2
−
2Λ

3
𝑟)
𝑟=𝑟+

=
2𝑄+

𝑐2𝑟+
2 

 
𝑑2

𝑑𝑟2
𝑔00|

𝑟=𝑟+−0
=
4𝜅+

𝑐4
(
𝑑𝑢

𝑑𝑟
)
𝑟=𝑟+−0

2
−
2𝜅+

𝑐2
(
𝑑2𝑢

𝑑𝑟2
)
𝑟=𝑟+−0

. 

 
𝑑2𝑢

𝑑𝑟2
|
𝑟=𝑟+−0

=
𝑐2Λ

𝜅+
+

2𝑄+

𝑟+
3𝜅+

+
2(𝑄+)

2

𝑐2𝑟+
4𝜅+
2 . 

 
𝑑2

𝑑𝑟2
𝑔00|

𝑟=𝑟+−0
=

𝑑2

𝑑𝑟2
𝑔00|

𝑟=𝑟++0
= −

4𝑄+

𝑐2𝑟+
3 − 2Λ. 

 𝑢(𝑟) = 𝐵(𝑟+ − 𝑟)(1 + 𝑂(𝑟+ − 𝑟)) 

 𝑢(𝑟) = 𝐵(𝑟+ − 𝑟) (1 + [𝑟+ − 𝑟, (𝑟+ − 𝑟)
𝛾

𝛾−1]
1
), 

 𝜌(𝑟) = (
(𝛾−1)𝐵

𝛾𝐴
)

1

𝛾−1 (𝑟+ − 𝑟)
1

𝛾−1 (1 + [𝑟+ − 𝑟, (𝑟+ − 𝑟)
𝛾

𝛾−1]
1
). 

 ∑  𝑘1+𝑘2≥1 𝑎𝑘1𝑘2𝑋1
𝑘1𝑋2

𝑘2 

 

𝑑𝑚

𝑑𝑟
 = 4𝜋𝑟2𝐴1𝑢

𝜇Ω𝜌(𝑢/𝑐
2)

𝑑𝑢

𝑑𝑟
 = −

𝐺(𝑚+
4𝜋

𝑐2
𝑟3𝐴𝐴1

𝛾
𝑢𝜇+1Ω𝑃(𝑢/𝑐

2))−
𝑐2Λ

3
𝑟3

𝑟2(1−
2𝐺𝑚

𝑐2𝑟
−
Λ

3
𝑟2)

 

 

𝑑𝑚

𝑑𝑢
 = −4𝜋𝑟4 (1 −

2𝐺𝑚

𝑐2𝑟
−
Λ

3
𝑟2) ⋅ 𝑄−1 ⋅ 𝐴1𝑢

𝜇Ω𝜌(𝑢/𝑐
2)

𝑑𝑟

𝑑𝑢
 = −𝑟2 (1 −

2𝐺𝑚

𝑐2𝑟
−
Λ

3
𝑟2) ⋅ 𝑄−1

 

 𝑄 = 𝐺 (𝑚 +
4𝜋

𝑐2
𝑟3𝐴𝐴1

𝛾
𝑢𝜇+1Ω𝑃(𝑢/𝑐

2)) −
𝑐2Λ

3
𝑟3 

 
𝑚(𝑢) = 𝑚+ + 𝑢[𝑢, 𝑢

𝜇]0
𝑟(𝑢) = 𝑟+ + 𝑢[𝑢, 𝑢

𝜇]0
 

 
𝑑𝑦𝛼

𝑑𝑥
= 𝑓𝛼(𝑥, 𝑥𝜇 , 𝑦1, 𝑦2),  𝑦𝛼|𝑥=0 = 0, 𝛼 = 1,2  

 
𝑚 = 𝑚+ − 𝐶𝑢

𝜇+1 + ∑  𝑛≥2  𝑚1𝑛𝑢
𝜇𝑛+1 + ∑  𝑛≥0,𝑙≥2  𝑚𝑙𝑛𝑢

𝜇𝑛+𝑙

𝑟 = 𝑟+ −
1

𝐵
𝑢 + ∑  𝑛≥1  𝑐1𝑛𝑢

𝜇𝑛+1 + ∑  𝑛≥0,𝑙≥2   𝑐𝑙𝑛𝑢
𝜇𝑛+𝑙  

 
𝑚 = 𝑚+ − 𝐶𝑢

𝜇+1 + ∑  𝑛≥0,𝑙≥2  𝑚𝑙𝑛𝑢
𝜇𝑛+𝑙

𝑟 = 𝑟+ −
1

𝐵
𝑢 + ∑  𝑛≥0,𝑙≥2   𝑐𝑙𝑛𝑢

𝜇𝑛+𝑙  

 
𝑟 = 𝑟+ −

1

𝐵
𝑢 + ∑  𝑛≥0,𝑙≥𝑛+1,𝑙≥2  𝑐𝑙𝑛𝑢

(𝜇+1)𝑛+𝑙−𝑛

 = 𝑟+ −
1

𝐵
𝑢(1 + [𝑢, 𝑢𝜇+1]1)
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 𝑢 = 𝐵(𝑟+ − 𝑟)(1 + [𝑟+ − 𝑟, (𝑟+ − 𝑟)
𝜇+1]1). 

 𝜑(𝑥) = ∑  𝑐̃𝑖𝑗𝑥
𝑖(𝑥𝜇)𝑗, |𝑐̃𝑖𝑗| ≤

𝑀̃

𝛿̃𝑖+𝑗
, (𝛿̃ < 1), 

 𝜑(𝑥) = ∑  𝑙 ∑  
𝑝−1
𝑛=0 𝑐𝑙𝑛𝑥

𝜇𝑛+𝑙 , |𝑐𝑙𝑛| ≤
𝑀

𝛿𝑙
  for  0 ≤ 𝑛 ≤ 𝑝 − 1, 

 𝑐𝑙𝑛 = ∑  {𝑐̃𝑖𝑗 ∣ 𝑖 + 𝑞𝐽 = 𝑙, 𝑗 = 𝑝𝐽 + 𝑛, ∃𝐽 ∈ ℕ} 

 𝑓𝛼(𝑥, 𝑥𝜇 , 𝑦1, 𝑦2) = ∑  ∑  
𝑝−1
𝑛=0 𝑎𝑙𝑛𝑘1𝑘2

𝛼 𝑥𝜇𝑛+𝑙𝑦1
𝑘1𝑦2

𝑘2 

 |𝑎𝑙𝑛𝑘1𝑘2
𝛼 | ≤

𝑀

𝛿𝑙+𝑘1+𝑘2
 (0 ≤ 𝑛 ≤ 𝑝 − 1) 

 
𝐹(𝑥, 𝑦1, 𝑦2) = ∑  

𝑀

𝛿𝑙+𝑘1+𝑘2
∑  
𝑝−1
𝑛=0  𝑥

𝜇𝑛+𝑙𝑦1
𝑘1𝑦2

𝑘2

 =
𝑀

1−𝑥/𝛿

1−𝑥𝜇𝑝

1−𝑥𝜇
1

1−𝑦1/𝛿

1

1−𝑦2/𝛿

 

 
𝑑𝑌

𝑑𝑥
= 𝐹(𝑥, 𝑌, 𝑌),  𝑌|𝑥=0 = 0 

 
𝑌 = 𝑀𝑥(1 + [𝑥, 𝑥𝜇]1)

 = ∑  𝑙  ∑  
𝑝−1
𝑛=0  𝐶𝑙𝑛𝑥

𝜇𝑛+𝑙 , 0 ≤ 𝐶𝑙𝑛 ≤
𝑀′

(𝛿′)𝑙

 

 𝑦𝛼 = ∑  𝑙 ∑  
𝑝−1
𝑛=0 𝑐𝑙𝑛

𝛼 𝑥𝜇𝑛+𝑙 , 

 
𝑐0𝑛
𝛼  = 0, 𝑐𝑙+1,𝑛

𝛼 =
1

𝑙+1+𝜇𝑛
𝑏𝑙𝑛
𝛼

𝑏𝐿𝑅
𝛼  = ∑  𝑎𝑙𝑛𝑘1𝑘2

𝛼 𝑐𝑙′(1)𝑛′(1)
1 ⋯𝑐𝑙′(𝑘1)𝑛′(𝑘1)

1 𝑐𝑙′′(1)𝑛′′(1)
2 ⋯𝑐𝑙′′(𝑘2)𝑛′′(𝑘2)

2
 

 𝐿 = 𝑞𝐽 + 𝑙 + 𝑙′(1) + ⋯+ 𝑙′(𝑘1) + 𝑙
′′(1) +⋯+ 𝑙′′(𝑘2) 

 𝑝𝐽 + 𝑅 = 𝑛 + 𝑛′(1) + ⋯+ 𝑛′(𝑘1) + 𝑛
′′(1) + ⋯+ 𝑛′′(𝑘2) 

 

𝑑𝑝(𝑟)

𝑑𝑟
= −

[𝜌(𝑟)+𝑝(𝑟)][𝑚(𝑟)+4𝜋𝑝(𝑟)𝑟3]

𝑟2[1−
2𝑚(𝑟)

𝑟
]

𝑑𝑚(𝑟)

𝑑𝑟
= 4𝜋𝜌(𝑟)𝑟2

 

 d 𝑚0(𝑟) = 4𝜋 ∫  𝜌0(𝑟)𝑟
2𝑑𝑟 

 𝑔0 =
𝑚0(𝑟)+4𝜋𝑝0(𝑟)𝑟

3

𝑟2[1−2𝑚0(𝑟)/𝑟]
 

 𝛿𝑝(𝑟) =
𝛿𝑝𝑐√1−2𝑚0/𝑟exp {−2∫  

𝑟

0
 𝑔0𝑑𝑟}

1+4𝜋𝛿𝑝𝑐 ∫  
𝑟

0
 

1

√1−2𝑚0/𝑟
exp {−2∫  

𝑟

0
 𝑔0𝑑𝑟}𝑟𝑑𝑟

 

 𝑔0 =
𝑚0(𝑟)+4𝜋𝑝0(𝑟)𝑟

3

𝑟2[1−2𝑚0(𝑟)/𝑟]
=
𝑚(𝑟)+4𝜋𝑝(𝑟)𝑟3

𝑟2[1−2𝑚(𝑟)/𝑟]
 

 𝛿𝑚(𝑟) =
4𝜋𝑟3𝛿𝜌𝑐

3[1+𝑟𝑔0]
2 exp {2 ∫  𝑔0

1−𝑟𝑔0

1+𝑟𝑔0
𝑑𝑟}  
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 𝛿𝑝(𝑟) = −
𝛿𝑚

4𝜋𝑟3
1+8𝜋𝑝0𝑟

2

1−2𝑚0/𝑟
 

 

𝛿𝑝(𝑟) =
𝛿𝑝𝑐

[1+𝑟𝑔0]
2

1+8𝜋𝑝0𝑟
2

1−
2𝑚0
𝑟

 ∗ exp {2∫  
𝑟

0
 𝑔0

1−𝑟𝑔0

1+𝑟𝑔0
𝑑𝑟}

 

 𝛿𝜌(𝑟) = −
1

𝑟2
𝑑

𝑑𝑟
(
𝛿𝑝(𝑟)𝑟3

1+2𝑟𝑔0(𝑟)
) 

 𝑇𝑎̂𝑏̂ = [

𝜌 0 0 0
0 𝑝𝑟 0 0
0 0 𝑝𝑡 0
0 0 0 𝑝𝑡

] 

 𝑑𝑠2 = −𝜁0(𝑟)
2𝑑𝑡2 +

𝑑𝑟2

𝐵0(𝑟)
+ 𝑟2𝑑Ω2  

 𝐺𝑟̂𝑟̂ − 𝐺𝜃̂𝜃̂ = 8𝜋Δ 

 𝑇𝑓
𝑎𝑏 = (𝜌𝑓 + 𝑝𝑓)𝑉

𝑎𝑉𝑏 + 𝑝𝑓𝑔
𝑎𝑏 

 𝑇𝑒𝑚
𝑎𝑏 = 𝐹𝑎𝑐𝑔𝑐𝑑𝐹

𝑏𝑑 −
1

4
𝑔𝑎𝑏(𝐹𝑐𝑑𝐹

𝑐𝑑) 

 𝑇𝑠
𝑎𝑏 = 𝜙;𝑎𝜙;𝑏 −

1

2
𝑔𝑎𝑏(𝑔𝑐𝑑𝜙;𝑐𝜙;𝑑) 

 (𝜌𝑓 + 𝑝𝑓)𝑉
𝑎  ;𝑏𝑉

𝑏 + 𝑔𝑎𝑏 ([𝑝𝑓];𝑏 + 𝜎𝑠𝜙;𝑏) − 𝐹
𝑎𝑏(𝜎𝑒𝑚𝑉𝑏) = 0 

 

𝑑𝑝𝑓

𝑑𝑟
= −

[𝜌𝑓+𝑝𝑓][𝑚(𝑟)+4𝜋𝑝𝑓𝑟
3]

𝑟2[1−
2𝑚(𝑟)

𝑟
]

−
𝜎𝑒𝑚𝐸

√1−
2𝑚(𝑟)

𝑟

− 𝜎𝑠
𝑑𝜙

𝑑𝑟

𝑑𝑚

𝑑𝑟
= 4𝜋𝜌𝑟2 = 4𝜋(𝜌𝑓 + 𝜌𝑒𝑚 + 𝜌𝑠)𝑟

2

 

 
𝑑𝑝𝑓

𝑑𝑟
= −

[𝜌𝑓+𝑝𝑓][𝑚(𝑟)+4𝜋𝑝𝑓𝑟
3]

𝑟2[1−
2𝑚(𝑟)

𝑟
]

−
𝜎𝑒𝑚𝐸

√1−
2𝑚(𝑟)

𝑟

 

 
𝑑𝑚

𝑑𝑟
= 4𝜋𝜌𝑟2 = 4𝜋(𝜌𝑓 + 𝜌𝑒𝑚)𝑟

2  

 𝑚(𝑟) =
4

3
𝜋𝜌𝑟3  

  

Charge density (𝐂/𝐧𝐦𝟑) Pressure (𝐍/𝐧𝐦𝟐) 

1 4.08 × 1028 
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2 × 1011 7.25 × 1029 

3 × 1011 1.08 × 1030 

4 × 1011 2.00 × 1030 

5 × 1011 1.84 × 1030 

  

 𝜎𝑒𝑚 = 10
11 ng/nm3 

 𝜎𝑒𝑚 = 5 × 10
11 ng/nm3 

  

Density ( 𝐤𝐠/n𝐦𝟑 ) Pressure ( 𝐍/𝐧𝐦𝟐 ) 

1 × 1012 4.08 × 1028 

1.1 × 1012 6.28 × 1028 

1.2 × 1012 1.04 × 1029 

1.3 × 1012 2.07 × 1029 

1.4 × 1012 9.47 × 1029 

  

 𝜌𝑓 = 10
22 ng/nm3 

 𝜌𝑓 = 1.2 × 10
22 ng/nm3 

 𝑑𝑠2 = 𝜁0(𝑟)
2𝑑𝑡2 −

𝑑𝑟2

𝐵0(𝑟)
− 𝑟2𝑑Ω2.  

 
𝑑𝐶

𝑑𝑟
= (

√𝐵0

𝑟2
𝑑

𝑑𝑟
(
1

√𝐵0
) −

1

𝐵0
−1

𝑟3
) + √𝐵0

𝑑

𝑑𝑟
(
1

√𝐵0
)𝐶 − 𝐶2𝑟 +

2𝑞2

𝐵0𝑟
5 ,  

 𝐶 =
𝜁
0′
(𝑟)

𝑟𝜁0(𝑟)
.  

 𝑞(𝑎) = 𝐾𝑎𝑛,  

 𝑚 =
𝑛𝑎2(2−𝑛)+2𝑞2

2(1+2𝑛−𝑛2)𝑎
.  
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𝜁0
2 = 1 −

2𝑚

𝑎
+
𝑞2

𝑎2
.

𝐵0 = 1 −
2𝑚

𝑎
+
𝑞2

𝑎2
= 1 −

2𝑞2

𝑎2
.

 

 𝑑𝑠2 = (1 −
2𝑚

𝑎
+
𝑞2

𝑎2
)
2

𝑑𝑡2 − (1 +
𝑞2

𝑎2
)
−2

𝑑𝑟2 − 𝑟2𝑑Ω2.  

 𝑇 ≥ sech2 [
1

2𝜔
∫  
∞

−∞
 𝑉𝑙(𝑟)𝑑𝑟∗] .  

 𝑉(𝑟) =
𝑙(𝑙+1)

𝑟2
(1 −

2𝑚

𝑎
+
𝑞2

𝑎2
)
2

 

 
𝑑𝑟∗

𝑑𝑟
=

1

(1−
2𝑚

𝑎
+
𝑞2

𝑎2
)(1−

2𝑞2

𝑎2
)
.  

 

𝑇 ≥ sech2 [
1

2𝜔
∫  
∞

−∞
 
𝑙(𝑙+1)

𝑟2
(1 −

2𝑚

𝑎
+
𝑞2

𝑎2
)
2

𝑑𝑟∗]

 = sech2 [
1

2𝜔
∫  
∞

𝑟0
 
𝑙(𝑙+1)

𝑟2

1−
2𝑚

𝑎
+
𝑞2

𝑎2

1−
2𝑞2

𝑎2

𝑑𝑟]
 

 

= sech2 [
1

2𝜔
∫  
∞

𝑟0
 
𝑙(𝑙+1)

𝑟2
𝑎2−2𝑚𝑎+𝑞2

𝑎2−2𝑞2
𝑑𝑟]

= sech2 [
1

2𝜔
𝑙(𝑙 + 1)

𝑎2−2𝑚𝑎+𝑞2

𝑎2−2𝑞2
(−

1

𝑟
)
𝑟0

∞
]

= sech2 [
1

2𝜔
𝑙(𝑙 + 1)

𝑎2−2𝑚𝑎+𝑞2

𝑎2−2𝑞2
(
1

𝑟0
)] .

 

 𝑅 + 𝑇 = 1.  

 𝑅 = 1 − 𝑇 = 1 − sech2 [
1

2𝜔
𝑙(𝑙 + 1)

𝑎2−2𝑚𝑎+𝑞2

𝑎2−2𝑞2
(
1

𝑟0
)] .  

𝐿ChS
(5)

= 𝛼1𝑙
2𝜀𝑎𝑏𝑐𝑑𝑒𝑅

𝑎𝑏𝑅𝑐𝑑𝑒𝑒 + 𝛼3𝜀𝑎𝑏𝑐𝑑𝑒 (
2

3
𝑅𝑎𝑏𝑒𝑐𝑒𝑑𝑒𝑒 + 2𝑙2𝑘𝑎𝑏𝑅𝑐𝑑𝑇𝑒 + 𝑙2𝑅𝑎𝑏𝑅𝑐𝑑ℎ𝑒)  

𝜀𝑎𝑏𝑐𝑑𝑒𝑅
𝑐𝑑𝑇𝑒= 0,  

𝛼3𝑙
2𝜀𝑎𝑏𝑐𝑑𝑒𝑅

𝑏𝑐𝑅𝑑𝑒= −
𝛿𝐿M
𝛿ℎ𝑎

,  

𝜀𝑎𝑏𝑐𝑑𝑒(2𝛼3𝑅
𝑏𝑐𝑒𝑑𝑒𝑒 + 𝛼1𝑙

2𝑅𝑏𝑐𝑅𝑑𝑒 + 2𝛼3𝑙
2𝐷𝜔𝑘

𝑏𝑐𝑅𝑑𝑒) = −
𝛿𝐿M
𝛿𝑒𝑎

,

2𝜀𝑎𝑏𝑐𝑑𝑒(𝛼1𝑙
2𝑅𝑐𝑑𝑇𝑒 + 𝛼3𝑙

2𝐷𝜔𝑘
𝑐𝑑𝑇𝑒 + 𝛼3𝑒

𝑐𝑒𝑑𝑇𝑒 + 𝛼3𝑙
2𝑅𝑐𝑑𝐷𝜔ℎ

𝑒 + 𝛼3𝑙
2𝑅𝑐𝑑𝑘𝑓

𝑒𝑒𝑓) = −
𝛿𝐿M
𝛿𝜔𝑎𝑏

.

 

𝑑𝑒𝑎 +𝜔𝑏
𝑎𝑒𝑏= 0,  

𝜀𝑎𝑏𝑐𝑑𝑒𝑅
𝑐𝑑𝐷𝜔ℎ

𝑒= 0,  

𝛼3𝑙
2 ⋆ (𝜀𝑎𝑏𝑐𝑑𝑒𝑅

𝑏𝑐𝑅𝑑𝑒) = − ⋆ (
𝛿𝐿M
𝛿ℎ𝑎

) ,

⋆ (𝜀𝑎𝑏𝑐𝑑𝑒𝑅
𝑏𝑐𝑒𝑑𝑒𝑒) +

1

2𝛼
𝑙2 ⋆ (𝜀𝑎𝑏𝑐𝑑𝑒𝑅

𝑏𝑐𝑅𝑑𝑒) = 𝜅E𝑇𝑎𝑏𝑒
𝑏,

 

𝛼 = 𝛼3/𝛼𝑎, 𝜅E = 𝜅/2𝛼3, 𝑇𝑎𝑏 =⋆ (𝛿𝐿M/𝛿𝑒
𝑎) ⋆ 
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𝑑𝑠2 = −𝑒2𝑓(𝑟)𝑑𝑡2 + 𝑒2𝑔(𝑟)𝑑𝑟2 + 𝑟2𝑑Ω3
2 = 𝜂𝑎𝑏𝑒

𝑎𝑒𝑏  

𝑒𝑇 = 𝑒𝑓(𝑟)𝑑𝑡, 𝑒𝑅 = 𝑒𝑔(𝑟)𝑑𝑟, 𝑒1 = 𝑟𝑑𝜃1, 𝑒
2 = 𝑟sin 𝜃1𝑑𝜃2, 𝑒

3 = 𝑟sin 𝜃1sin 𝜃2𝑑𝜃3 

𝑒−2𝑔

𝑟2
(𝑔′𝑟 + 𝑒2𝑔 − 1) + sgn(𝛼)𝑙2

𝑒−2𝑔

𝑟3
𝑔′(1 − 𝑒−2𝑔)  =

𝜅E
12
𝜌,

𝑒−2𝑔

𝑟2
(𝑓′𝑟 − 𝑒2𝑔 + 1) + sgn(𝛼)𝑙2

𝑒−2𝑔

𝑟3
𝑓′(1 − 𝑒−2𝑔)  =

𝜅E
12
𝑝,

𝑒−2𝑔

𝑟2
{(−𝑓′𝑔′𝑟2 + 𝑓′′𝑟2 + (𝑓′)2𝑟2 + 2𝑓′𝑟 − 2𝑔′𝑟 − 𝑒2𝑔 + 1)

+sgn(𝛼)𝑙2(𝑓′′ + (𝑓′)2 − 𝑓′𝑔′ − 𝑒−2𝑔𝑓′′ − 𝑒−2𝑔(𝑓′)2 + 3𝑒−2𝑔𝑓′𝑔′)}  =
𝜅E
4
𝑝.

 

𝐷𝜔(⋆ 𝑇𝑎) = 0  

𝑓′(𝑟) = −
𝑝′(𝑟)

𝜌(𝑟) + 𝑝(𝑟)
 

𝑒−2𝑔(𝑟) = 1 + sgn(𝛼)
𝑟2

𝑙2
− sgn(𝛼)√

𝑟4

𝑙4
+ sgn(𝛼)

𝜅E
6𝜋2𝑙2

ℳ(𝑟),  

ℳ(𝑟) = 2𝜋2∫  
𝑟

0

 𝜌(𝑟‾)𝑟‾3𝑑𝑟‾  

𝑑𝑓(𝑟)

𝑑𝑟
= 𝑓′(𝑟) = sgn(𝛼)

𝜅E𝑝(𝑟)𝑟
3 + 12𝑟(1 − 𝑒−2𝑔(𝑟))

12𝑙2𝑒−2𝑔(𝑟) (1 − 𝑒−2𝑔(𝑟) + sgn(𝛼)
𝑟2

𝑙2
)

 

𝑑𝑝(𝑟)

𝑑𝑟
= 𝑝′(𝑟) = −sgn(𝛼)

(𝜌(𝑟) + 𝑝(𝑟)) (𝜅E𝑝(𝑟)𝑟
3 + 12𝑟(1 − 𝑒−2𝑔(𝑟)))

12𝑙2𝑒−2𝑔(𝑟) (1 − 𝑒−2𝑔(𝑟) + sgn(𝛼)
𝑟2

𝑙2
)

 

𝑑𝑝(𝑟)

𝑑𝑟
= −

𝜅Eℳ(𝑟)𝜌(𝑟)

12𝜋2𝑟3
(1 +

𝑝(𝑟)

𝜌(𝑟)
) (1 + sgn(𝛼)

𝜅E
6𝜋2𝑟4

𝑙2ℳ(𝑟))
−1/2

 × [
𝜋2𝑟4𝑝(𝑟)

ℳ(𝑟)
−
12sgn(𝛼)𝜋2𝑟4

𝜅E𝑙
2ℳ(𝑟)

(1 − √1 + sgn(𝛼)
𝜅E

6𝜋2𝑟4
𝑙2ℳ(𝑟))]

 × [1 + sgn(𝛼)
𝑟2

𝑙2
(1 − √1 + sgn(𝛼)

𝜅E
6𝜋2𝑟4

𝑙2ℳ(𝑟))]

−1

 

√1 + sgn(𝛼)
𝜅E

6𝜋2𝑟4
𝑙2ℳ(𝑟) = 1 + sgn(𝛼)

𝜅E
12𝜋2𝑟4

𝑙2ℳ(𝑟) + 𝒪(𝑙4)  

𝑑𝑝(𝑟)

𝑑𝑟
≈ −

𝜅Eℳ(𝑟)𝜌(𝑟)
12𝜋2𝑟3

(1 +
𝑝(𝑟)
𝜌(𝑟)

) (1 +
𝜋2𝑟4𝑝(𝑟)
ℳ(𝑟)

)

(1 + sgn(𝛼)
𝜅F

6𝜋2𝑟4
𝑙2ℳ(𝑟)) (1 −

𝜅F
12𝜋2𝑟2

ℳ(𝑟))
 

𝑑𝑝(𝑟)

𝑑𝑟
= 𝑝′(𝑟) ≈ −

𝜅𝐸ℳ(𝑟)

12𝜋2𝑟3
(1 +

𝑝(𝑟)

𝜌(𝑟)
) (1 +

𝜋2𝑟4𝑝(𝑟)

ℳ(𝑟)
) (1 −

𝜅

12𝜋2𝑟2
ℳ(𝑟))

−1
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ℳ′(𝑟) = 2𝜋2𝑟3𝜌(𝑟)  

𝑓(𝑟) = −∫  
∞

𝑟

 
𝜅Eℳ(𝑟‾)

12𝜋2𝑟‾3
(1 + sgn(𝛼)

𝜅E
6𝜋2𝑟‾4

𝑙2ℳ(𝑟‾))
−1/2

 × [
𝜋2𝑟‾4𝑝(𝑟‾)

ℳ(𝑟‾)
−
12sgn(𝛼)𝜋2𝑟‾4

𝜅E𝑙
2ℳ(𝑟‾)

(1 − √1 + sgn(𝛼)
𝜅E

6𝜋2𝑟‾4
𝑙2ℳ(𝑟‾))]

 × [1 + sgn(𝛼)
𝑟‾2

𝑙2
(1 − √1 + sgn(𝛼)

𝜅E
6𝜋2𝑟‾4

𝑙2ℳ(𝑟‾))]

−1

𝑑𝑟‾

 

ℳ(𝑟) = 𝑀 , 𝑝(𝑟) = 𝜌(𝑟) = 0  

𝑓(𝑟) =
1

2
ln [1 + sgn(𝛼)

𝑟2

𝑙2
(1 − √1 + sgn(𝛼)

𝜅E
6𝜋2𝑟4

𝑙2𝑀)] ,  

𝑒2𝑓(𝑟) = 𝑒−2𝑔(𝑟) = 1 + sgn(𝛼)
𝑟2

𝑙2
− sgn(𝛼)√

𝑟4

𝑙4
+ sgn(𝛼)

𝜅E
6𝜋2𝑙2

𝑀,  

𝜌0 + 𝑝(𝑟) = 𝐶𝑒
−𝑓(𝑟)  

ℳ(𝑟) =
𝜋2

2
𝜌0𝑟

4  

𝑒−2𝑔(𝑟) = 1 + sgn(𝛼)
𝑟2

𝑙2
− sgn(𝛼)√

𝑟4

𝑙4
+ sgn(𝛼)

𝜅E
12𝑙2

𝜌0𝑟
4  

𝑒−2𝑔

𝑟3
(𝑓′ + 𝑔′)[𝑟2 + sgn(𝛼)𝑙2(1 − 𝑒−2𝑔)] =

𝜅E
12
(𝜌0 + 𝑝).  

𝑒𝑓 =
𝜅E
12
𝐶𝑒−𝑔∫  

𝑟3𝑑𝑟

𝑒−3𝑔[𝑟2 + sgn(𝛼)𝑙2(1 − 𝑒−2𝑔)]
+ 𝐶0𝑒

−𝑔  

∫  
𝑟3𝑑𝑟

𝑒−3𝑔[𝑟2 + sgn(𝛼)𝑙2(1 − 𝑒−2𝑔)]
=

−sgn(𝛼)𝑙2𝑒𝑔(𝑟)

√1 + sgn(𝛼)
𝜅E
12 𝑙

2𝜌0 (1 − √1 + sgn(𝛼)
𝜅E
12 𝑙

2𝜌0)
 

𝑒𝑓 = 𝐶1 + 𝐶0𝑒
−𝑔  

𝐶1:= −
sgn(𝛼)𝜅E𝑙

2𝐶

12√1 + sgn(𝛼)
𝜅𝐸
12 𝑙

2𝜌0 (1 − √1 + sgn(𝛼)
𝜅𝐸
12 𝑙

2𝜌0)
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𝐶 = 𝜌0√1+ sgn(𝛼)
𝑅2

𝑙2
(1 − √1 + sgn(𝛼)

𝜅E
12
𝑙2𝜌0) ,

𝐶1 = −

sgn(𝛼)𝜅E𝑙
2𝜌0√1+ sgn(𝛼)

𝑅2

𝑙2
(1 −√1 + sgn(𝛼)

𝜅E
12
𝑙2𝜌0)

12√1 + sgn(𝛼)
𝜅E
12 𝑙

2𝜌0 (1 − √1 + sgn(𝛼)
𝜅E
12 𝑙

2𝜌0)

,

 

𝐶0 = −
1

√1 + sgn(𝛼)
𝜅E
12
𝑙2𝜌0

 

∇𝜇𝑇
𝜇𝜈 = 0  

∇𝜇𝑇
𝜇𝑟 =

𝑓′(𝑟)(𝜌(𝑟) + 𝑝(𝑟)) + 𝑝′(𝑟)

𝑒2𝑔(𝑟)
 

𝑓′ = −
𝑝′

𝜌 + 𝑝
 

𝑓′(𝑟) =
𝜅Eℳ(𝑟)

12𝜋2𝑟3
(1 +

𝜋2𝑟4𝑝(𝑟)

ℳ(𝑟)
) (1 −

𝜅E
12𝜋2𝑟2

ℳ(𝑟))
−1

 

𝑝′(𝑟) = −
𝜅Eℳ(𝑟)

12𝜋2𝑟3
(1 +

𝑝(𝑟)

𝜌(𝑟)
) (1 +

𝜋2𝑟4𝑝(𝑟)

ℳ(𝑟)
) (1 −

𝜅E
12𝜋2𝑟2

ℳ(𝑟))
−1

 

𝑇̂𝑎: = 𝑇𝜇𝜈𝑒𝑎
𝜇
𝑑𝑥𝜈  

∇𝜇𝑇𝜈
𝜇
= −𝑒𝜈

𝑎 ⋆ 𝐷𝜔(⋆ 𝑇̂𝑎)  

⋆ 𝑇̂𝑎 =
√−𝑔

4!
𝜖𝜇𝜈𝜌𝜎𝜏𝑇𝑎

𝜇
𝑑𝑥𝜈𝑑𝑥𝜌𝑑𝑥𝜎𝑑𝑥𝜏.  

−𝑒𝜈
𝑎 ⋆ 𝐷𝜔(⋆ 𝑇̂𝑎) =

1

√−𝑔
𝜕𝜆(√−𝑔)𝑇𝜈  

𝜆 + 𝜕𝜆𝑇𝜈  
𝜆 − 𝑇𝑎  

𝜆(𝜕𝜆𝑒𝜈
𝑎 +𝜔𝜆𝑏

𝑎 𝑒𝜈
𝑏),  

𝜕𝜆𝑒𝜈
𝑎 +𝜔𝑎 𝜆𝑏𝑒𝜈

𝑏 − Γ𝜆𝜈  
𝜌𝑒𝜌

𝑎 = 0,  

 −𝑒𝜈
𝑎 ⋆ 𝐷𝜔(⋆ 𝑇̂𝑎) =

1

√−𝑔
𝜕𝜆(√−𝑔)𝑇𝜈 

𝜌 + 𝜕𝜆𝑇𝜈 
𝜆 − Γ𝜆𝜈  

𝜌𝑇𝜌 
𝜆

 −𝑒𝜈
𝑎 ⋆ 𝐷𝜔(⋆ 𝑇̂𝑎) = 𝜕𝜆𝑇𝜈 

𝜆 + Γ𝜆𝜌 
𝜆𝑇𝜈  

𝜌 − Γ𝜆𝜈  
𝜌𝑇𝜌 

𝜆 = ∇𝜆𝑇𝜈 
𝜆

 

⋆ 𝑃 =
√|𝑔|

(𝑑 − 𝑝)! 𝑝!
𝜀𝛼1⋯𝛼𝑑𝑔

𝛼1𝛽1⋯𝑔𝛼𝑝𝛽𝑝𝑃𝛽1⋯𝛽𝑝𝑑𝑥
𝛼𝑝+1⋯𝑑𝑥𝛼𝑑 

𝑇̂𝑎 = 𝑇𝑎𝑏𝑒
𝑏  

𝑇𝑇𝑇 = 𝜌(𝑟) , 𝑇𝑅𝑅 = 𝑇𝑖𝑖 = 𝑝(𝑟)  
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𝐷𝜔(⋆ 𝑇̂𝑎) = 0  

𝐷𝜔(⋆ 𝑇̂𝑎) = 𝐷𝜔(𝑇𝑎𝑏 ⋆ 𝑒
𝑏) =

1

4!
𝜖𝑓𝑏𝑐𝑑𝑒(𝐷𝜔𝑇𝑎

𝑓
)𝑒𝑏𝑒𝑐𝑒𝑑𝑒𝑒  

𝐷𝜔(⋆ 𝑇̂𝑎) =
1

4!
𝜖𝑓𝑏𝑐𝑑𝑒(𝑑𝑇𝑎

𝑓
+𝜔𝑎

𝑔
𝑇𝑔
𝑓
+𝜔𝑔

𝑓
𝑇𝑎
𝑔
)𝑒𝑏𝑒𝑐𝑒𝑑𝑒𝑒  

𝐷𝜔(⋆ 𝑇̂𝑅) = 𝑒
−𝑔(𝑝′ + 𝑓′(𝜌 + 𝑝))𝑒𝑇𝑒𝑅𝑒1𝑒2𝑒3 = 0  

𝑝′ + 𝑓′(𝜌 + 𝑝) = 0  

ℎ𝑎 = ℎ𝜇𝜈𝑒𝑎
𝜇
𝑑𝑥𝜈  

𝜉0 = 𝜕𝑡
𝜉1 = 𝜕𝜃3
𝜉2 = sin 𝜃3𝜕𝜃2 + cot 𝜃2cos 𝜃3𝜕𝜃3
𝜉3 = sin 𝜃2sin 𝜃3𝜕𝜃1 + cot 𝜃1cos 𝜃2sin 𝜃3𝜕𝜃2 + cot 𝜃1csc 𝜃2cos 𝜃3𝜕𝜃3
𝜉4 = cos 𝜃3𝜕𝜃2 − cot 𝜃2sin 𝜃3𝜕𝜃3
𝜉5 = sin 𝜃2cos 𝜃3𝜕𝜃1 + cot 𝜃1cos 𝜃2cos 𝜃3𝜕𝜃2 − cot 𝜃1csc 𝜃2sin 𝜃3𝜕𝜃3
𝜉6 = cos 𝜃2𝜕𝜃1 − cot 𝜃1sin 𝜃2𝜕𝜃2

 

ℎ𝑇= ℎ𝑡𝑡(𝑟)𝑒
𝑇 + ℎ𝑡𝑟(𝑟)𝑒

𝑅  

ℎ𝑅 = ℎ𝑟𝑡(𝑟)𝑒
𝑇 + ℎ𝑟𝑟(𝑟)𝑒

𝑅

ℎ𝑖 = ℎ(𝑟)𝑒𝑖
 

𝜖𝑎𝑏𝑐𝑑𝑒𝑅
𝑐𝑑𝐷ℎ𝑒 = 0  

𝐷ℎ𝑎 = 𝑑ℎ𝑎 + 𝜔𝑏
𝑎ℎ𝑏  

𝐷ℎ𝑇  = 𝑒−𝑔(−ℎ𝑡𝑡
′ − 𝑓′ℎ𝑡𝑡 + 𝑓

′ℎ𝑟𝑟)𝑒
𝑇𝑒𝑅

𝐷ℎ𝑅  = 𝑒−𝑔(−ℎ𝑟𝑡
′ − 𝑓′ℎ𝑟𝑡 + 𝑓

′ℎ𝑡𝑟)𝑒
𝑇𝑒𝑅

𝐷ℎ𝑖  =
𝑒−𝑔

𝑟
(𝑟ℎ′ + ℎ − ℎ𝑟𝑟)𝑒

𝑅𝑒𝑖 −
𝑒−𝑔

𝑟
ℎ𝑟𝑡𝑒

𝑇𝑒𝑖
 

ℎ𝑡𝑟  = ℎ𝑟𝑡 = 0

ℎ𝑟  = (𝑟ℎ)
′

ℎ𝑡
′  = 𝑓′(ℎ𝑟 − ℎ𝑡)

 

ℎ𝑡(𝑟) = ℎ𝑡(𝑓(𝑟))  

𝑑ℎ𝑡(𝑓)

𝑑𝑓
𝑓′(𝑟) = 𝑓′(ℎ𝑟 − ℎ𝑡)  

ℎ̇𝑡 + ℎ𝑡 = ℎ𝑟  

ℎ̇𝑡: =
𝑑ℎ𝑡(𝑓)

𝑑𝑓
 

ℎ𝑡
h(𝑓) = 𝐴𝑒−𝑓(𝑟)  
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ℎ𝑟(𝑟) = ℎ𝑟(𝑓(𝑟)) = ∑  

∞

𝑛=0

 𝐵𝑛𝑒
𝑛𝑓(𝑟) + ∑  

∞

𝑚=2

 𝐶𝑚𝑒
−𝑚𝑓(𝑟),  

ℎ𝑡
p
(𝑓) = ∑  

∞

𝑛=0

 
𝐵𝑛
𝑛 + 1

𝑒𝑛𝑓(𝑟) − ∑  

∞

𝑚=2

 
𝐶𝑚
𝑚 − 1

𝑒−𝑚𝑓(𝑟).  

ℎ𝑡(𝑓(𝑟)) = 𝐴𝑒
−𝑓(𝑟) +∑  

∞

𝑛=0

 
𝐵𝑛
𝑛 + 1

𝑒𝑛𝑓(𝑟) − ∑  

∞

𝑚=2

 
𝐶𝑚
𝑚 − 1

𝑒−𝑚𝑓(𝑟)  

ℎ(𝑟) =
1

𝑟
(∫  ℎ𝑟(𝑟)𝑑𝑟 + 𝐷)  

ℎ(𝑟) =
1

𝑟
∑  

∞

𝑛=0

  (𝐵𝑛∫  𝑒
𝑛𝑓(𝑟)𝑑𝑟) +

1

𝑟
∑  

∞

𝑚=2

  (𝐶𝑚∫  𝑒
−𝑚𝑓(𝑟)𝑑𝑟) +

𝐷

𝑟
 

ℎ𝑟(𝑟) = ℎ = ℏ  

ℎ(𝑟) = ℎ +
𝐷

𝑟
 

ℎ𝑡(𝑟) = 𝐴𝑒
−𝑓(𝑟) + ℎ.  

𝑒2𝑓(𝑟→∞) = 𝑒−2𝑔(𝑟→∞) = 1  

ℎ𝑟(𝑟 → ∞) = ℎ, ℎ(𝑟 → ∞) = ℎ, ℎ𝑡(𝑟 → ∞) = 𝐴 + ℎ.  

ℎ𝑟(𝑟) = ℎ, ℎ(𝑟) = ℎ  

ℎ𝑡(𝑟) =

{
 

 
𝐴

𝐶0 + 𝐶1𝑒
−𝑔(𝑟)

+ ℎ  if 𝑟 < 𝑅

𝐴

𝑒−𝑔(𝑟)
+ ℎ  if 𝑟 ≥ 𝑅

 

𝑒−𝑔(𝑟) =

{
 
 
 

 
 
 
√1 + sgn(𝛼)

𝑟2

𝑙2
− sgn(𝛼)√

𝑟4

𝑙4
+ sgn(𝛼)

𝜅E
6𝜋2𝑙2

ℳ(𝑟)  if 𝑟 < 𝑅

√1 + sgn(𝛼)
𝑟2

𝑙2
− sgn(𝛼)√

𝑟4

𝑙4
+ sgn(𝛼)

𝜅E
6𝜋2𝑙2

𝑀  if 𝑟 ≥ 𝑅

 

SUPLEMENTO. ECUACIONES ADICIONALES. 

ℒgravity = −
2

𝜅2
√𝑔𝑅  

ℒYM = −
1

4𝑔2
𝐹𝜇𝜈
𝑎 𝐹𝑎𝜇𝜈  
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𝐺3𝜇𝛼,𝜈𝛽,𝜌𝛾(𝑘, 𝑝, 𝑞) = −
𝑖

32
𝜅[𝑉3𝜇𝜈𝜌(𝑘, 𝑝, 𝑞) × 𝑉3𝛼𝛽𝛾(𝑘, 𝑝, 𝑞) + {𝜇 ↔ 𝛼}, {𝜈 ↔ 𝛽}, {𝜌 ↔ 𝛾}]  

𝐺3𝜇𝛼,𝜈𝛽,𝜌𝛾(𝑘1, 𝑘2, 𝑘3) ∼ 𝑘1 ⋅ 𝑘2𝜂𝜇𝛼𝜂𝜈𝛽𝜂𝜌𝛾 +⋯  

𝑉3𝜇𝜈𝜌(𝑘, 𝑝, 𝑞) = 𝜂𝜈𝜌(𝑝 − 𝑞)𝜇 − 2𝜂𝜇𝜌𝑘𝜈 + 2𝜂𝜇𝜈𝑘𝜌  

𝑉closed = 𝑉left 

open 
𝑉‾right 

open 
 

𝐴𝑛 ∼ ∫  
𝑑𝑥1⋯𝑑𝑥𝑛
𝒱𝑎𝑏𝑐

∏  

1≤𝑖<𝑗≤𝑛

  |𝑥𝑖 − 𝑥𝑗|
𝑘𝑖⋅𝑘𝑗

exp [∑  

𝑖<𝑗

 (
𝜖𝑖 ⋅ 𝜖𝑗

(𝑥𝑖 − 𝑥𝑗)
2 +

𝑘𝑖 ⋅ 𝜖𝑗 − 𝑘𝑗 ⋅ 𝜖𝑖

(𝑥𝑖 − 𝑥𝑗)
)]|

supercurvature 

 

𝒱𝑎𝑏𝑐 =
𝑑𝑥𝑎𝑑𝑥𝑏𝑑𝑥𝑐

|(𝑥𝑎 − 𝑥𝑏)(𝑥𝑏 − 𝑥𝑐)(𝑥𝑐 − 𝑥𝑎)|
 

𝑀𝑛 ∼ ∫  
𝑑2𝑧1⋯𝑑

2𝑧𝑛
Δ𝑎𝑏𝑐

∏  

1≤𝑖<𝑗≤𝑛

  (𝑧𝑖 − 𝑧𝑗)
𝑘𝑖⋅𝑘𝑗

exp [∑  

𝑖<𝑗

 (
𝜖𝑖 ⋅ 𝜖𝑗

(𝑧𝑖 − 𝑧𝑗)
2 +

𝑘𝑖 ⋅ 𝜖𝑗 − 𝑘𝑗 ⋅ 𝜖𝑖

(𝑧𝑖 − 𝑧𝑗)
)]

 × ∏  

1≤𝑖<𝑗≤𝑛

  (𝑧‾𝑖 − 𝑧‾𝑗)
𝑘𝑖⋅𝑘𝑗

exp [∑  

𝑖<𝑗

 (
𝜖‾𝑖 ⋅ 𝜖‾𝑗

(𝑧‾𝑖 − 𝑧‾𝑗)
2 +

𝑘𝑖 ⋅ 𝜖‾𝑗 − 𝑘𝑗 ⋅ 𝜖‾𝑖

(𝑧‾𝑖 − 𝑧‾𝑗)
)]|

supercurvature 

 

Δ𝑎𝑏𝑐 =
𝑑2𝑧𝑎𝑑

2𝑧𝑏𝑑
2𝑧𝑐

|𝑧𝑎 − 𝑧𝑏|
2|𝑧𝑏 − 𝑧𝑐|

2|𝑧𝑐 − 𝑧𝑎|
2

 

𝜖𝑖
𝜇𝜈
= 𝜖𝑖

𝜇
𝜖‾𝑖
𝜈  

𝑀4
tree (1,2,3,4) = −𝑖𝑠12𝐴4

tree (1,2,3,4)𝐴4
tree (1,2,4,3)

𝑀5
tree (1,2,3,4,5) = 𝑖𝑠12𝑠34𝐴5

tree (1,2,3,4,5)𝐴5
tree (2,1,4,3,5)

 +𝑖𝑠13𝑠24𝐴5
tree (1,3,2,4,5)𝐴5

tree (3,1,4,2,5)

 

ℳ𝑛
tree (1,2,…𝑛)  = (

𝜅

2
)
(𝑛−2)

𝑀𝑛
tree (1,2,…𝑛)

𝒜𝑛
tree (1,2,…𝑛)  = 𝑔(𝑛−2) ∑  

𝜎∈𝑆𝑛/𝑍𝑛

 Tr(𝑇𝑎𝜎(1)𝑇𝑎𝜎(2)⋯𝑇𝑎𝜎(𝑛))𝐴𝑛
tree (𝜎(1), 𝜎(2), … , 𝜎(𝑛)),

 

𝒜4
tree (1,2,3,4) = 𝑔2[𝑓̃𝑎2𝑎3𝑐𝑓𝑐𝑎4𝑎1𝐴4

tree(1,2,3,4) + 𝑓𝑎1𝑎3𝑐𝑓̃𝑐𝑎4𝑎2𝐴4
tree(2,1,3,4)]  

𝑓𝑎𝑏𝑐 = 𝑖√2𝑓𝑎𝑏𝑐 = Tr([𝑇𝑎, 𝑇𝑏]𝑇𝑐)  

𝑀4
tree(1ℎ, 2ℎ , 3ℎ̃ , 4ℎ̃) = −𝑖𝑠12𝐴4

tree(1𝑔, 2𝑔, 3𝑔, 4𝑔)𝐴4
tree(1𝑔, 2𝑔, 4𝑔̃, 3𝑔̃)  

𝐴4
tree (1,2,3,4) =

−4𝑖

𝑠𝑡
(𝑡8)𝜇1𝜈1𝜇2𝜈2𝜇3𝜈3𝜇4𝜈4𝑘1

𝜇1𝑘2
𝜇2𝑘3

𝜇3𝑘4
𝜇4𝜖1

𝜈1𝜖2
𝜈2𝜖3

𝜈3𝜖4
𝜈4 ≡

−4𝑖𝐾

𝑠𝑡
 

𝑀4
tree (1,2,3,4) =

16𝑖𝐾2

𝑠𝑡𝑢
 

𝑠𝑡𝑢𝑀4
tree(1,2,3,4) = −𝑖(𝑠𝑡[𝐴4

tree(1,2,3,4)])2.  
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𝐴4
tree (1−, 2−, 3+, 4+) = 𝑖

⟨12⟩4

⟨12⟩⟨23⟩⟨34⟩⟨41⟩
,  

𝑀4
tree(1−, 2−, 3+, 4+) = −𝑖𝑠12

⟨12⟩8

⟨12⟩2⟨23⟩⟨24⟩⟨34⟩2⟨31⟩⟨41⟩
 

𝐴4
tree(1−, 2−, 3+, 4+) = −

𝑖

𝑡
× [𝑠

⟨12⟩

[12]

[34]

⟨34⟩
]

𝐴4
tree(1−, 2−, 4+, 3+) = −

𝑖

𝑢
× [𝑠

⟨12⟩

[12]

[34]

⟨34⟩
]

 

𝑀4
tree (1−, 2−, 3+, 4+) = −𝑖 (

1

𝑡
+
1

𝑢
) [𝑠

⟨12⟩

[12]

[34]

⟨34⟩
]
2

,  

𝐶𝑠 = 0, 𝐶𝑡 = 𝐶𝑢 = 𝑠
⟨12⟩

[12]

[34]

⟨34⟩
 

𝐶𝑠 = 0, 𝐶𝑡 = 𝐶𝑢 = (
⟨42⟩

⟨12⟩
)
2(1−𝜆)

× [𝑠
⟨12⟩

[12]

[34]

⟨34⟩
]  

 

 

∫  
𝑑𝐷𝑝

(2𝜋)𝐷
exp [𝜖𝑖 ⋅ 𝑝𝑖] × (𝔒oscillator contributions )|supercurvature

𝑝1
2𝑝2
2⋯𝑝𝑛

2
 

𝑝𝑖 = 𝑝 − 𝑘1 − 𝑘2 −⋯− 𝑘𝑖−1 = 𝑝 + 𝑘𝑖 +⋯+ 𝑘𝑛  

∫  
𝑑𝐷𝑝

(2𝜋)𝐷

exp [𝜖𝑖 ⋅ 𝑝𝑖 + 𝜖‾𝑖 ⋅ 𝑝𝑖] × ( 𝕆left oscillator contrib.) × ( 𝒪right oscillator contrib. )|supercurvature 

𝑝1
2𝑝2
2⋯𝑝𝑛

2 .  

𝒜4
𝑁=4,1-loop 

(1,2,3,4) = 𝑖𝑔4𝑠12𝑠23𝐴4
tree (1,2,3,4) (𝐶1234ℐ4

1− loop (𝑠12, 𝑠23) + 𝐶3124ℐ4
1− loop (𝑠12, 𝑠13)

+𝐶2314ℐ4
1− loop (𝑠23, 𝑠13))

 

ℐ4
1−loop(𝑠12, 𝑠23) = ∫  

𝑑𝐷𝑝

(2𝜋)𝐷
1

𝑝2(𝑝 − 𝑘1)
2(𝑝 − 𝑘1 − 𝑘2)

2(𝑝 + 𝑘4)
2
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ℳ4
𝑁=8,1-loop 

(1,2,3,4) = −𝑖 (
𝜅

2
)
4

𝑠12𝑠23𝑠13𝑀4
tree (1,2,3,4) (ℐ4

1− loop (𝑠12, 𝑠23) + ℐ4
1− loop (𝑠12, 𝑠13)

+ℐ4
1− loop (𝑠23, 𝑠13))

 

 

 

𝒜4
2− loop 

(1,2,3,4) = −𝑔6𝑠12𝑠23𝐴4
tree (1,2,3,4) (𝐶1234

P 𝑠12ℐ4
2− loop ,P(𝑠12, 𝑠23) + 𝐶3421

P 𝑠12ℐ4
2− loop ,P(𝑠12, 𝑠24)

+𝐶1234
NP 𝑠12ℐ4

2− loop ,NP(𝑠12, 𝑠23) + 𝐶3421
NP 𝑠12ℐ4

2− loop ,NP(𝑠12, 𝑠24) +  cyclic )
 

ℐ4
2− loop ,P(𝑠12, 𝑠23)= ∫  

𝑑𝐷𝑝

(2𝜋)𝐷
𝑑𝐷𝑞

(2𝜋)𝐷
1

𝑝2(𝑝 − 𝑘1)
2(𝑝 − 𝑘1 − 𝑘2)

2(𝑝 + 𝑞)2𝑞2(𝑞 − 𝑘4)
2(𝑞 − 𝑘3 − 𝑘4)

2
 

ℐ4
2− loop ,NP(𝑠12, 𝑠23) = ∫  

𝑑𝐷𝑝

(2𝜋)𝐷
𝑑𝐷𝑞

(2𝜋)𝐷
1

𝑝2(𝑝 − 𝑘2)
2(𝑝 + 𝑞)2(𝑝 + 𝑞 + 𝑘1)

2𝑞2(𝑞 − 𝑘3)
2(𝑞 − 𝑘3 − 𝑘4)

2

 

 

𝑡8𝐹
4≡ 𝑡8

𝜇1𝜈1𝜇2𝜈2𝜇3𝜈3𝜇4𝜈4𝐹𝜇1𝜈1
𝑎 𝐹𝜇2𝜈2

𝑏 𝐹𝜇3𝜈3
𝑐 𝐹𝜇4𝜈4

𝑑 𝐶𝑎𝑏𝑐𝑑  

 = 4! (𝐹𝛼𝛽
𝑎 𝐹𝑏𝛽𝛾𝐹𝛾𝛿

𝑐 𝐹𝑑𝛿𝛼 −
1

4
𝐹𝛼𝛽
𝑎 𝐹𝑏𝛼𝛽𝐹𝛾𝛿

𝑐 𝐹𝑑𝛾𝛿)𝐶𝑎𝑏𝑐𝑑
 

𝑡8𝐹
4 =

3

2
(𝐹 − 𝐹̃)2(𝐹 + 𝐹̃)2 =

3

2
(𝐹𝛼𝛽 − 𝐹̃𝛼𝛽)(𝐹

𝛼𝛽 − 𝐹̃𝛼𝛽)(𝐹𝛾𝛿 + 𝐹̃𝛾𝛿)(𝐹
𝛾𝛿 + 𝐹̃𝛾𝛿)  

𝑡8
𝜇1𝜈1𝜇2𝜈2𝜇3𝜈3𝜇4𝜈4𝜕𝛼𝐹𝜇1𝜈1

𝑎 𝜕𝛼𝐹𝜇2𝜈2
𝑏 𝐹𝜇3𝜈3

𝑐 𝐹𝜇4𝜈4
𝑑 𝐶̃𝑎𝑏𝑐𝑑  

(𝐹 − 𝐹̃)2𝜕2(𝐹 + 𝐹̃)2  

𝑇𝐷 (𝐹𝛼𝛽𝐹
𝛽𝛾𝐹𝛾𝛿𝐹

𝛿𝛼 −
1

4
𝐹𝛼𝛽𝐹

𝛼𝛽𝐹𝛾𝛿𝐹
𝛾𝛿 +⋯)  

𝑇7 = −
𝑔6𝜋

(4𝜋)72𝜖
[𝑠 (

1

10
(𝐶1234

P + 𝐶1243
P ) +

2

15
𝐶1234
NP ) +  cyclic ]

𝑇9 = −
𝑔6𝜋𝑠

(4𝜋)94𝜖
[

1

99792
(−45𝑠2 + 18𝑠𝑡 + 2𝑡2)𝐶1234

P +
1

99792
(−45𝑠2 + 18𝑠𝑢 + 2𝑢2)𝐶1243

P

−
2

83160
(75𝑠2 + 2𝑡𝑢)𝐶1234

NP ] +  cyclic 
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∫  (𝑑𝐷𝑝)3
(𝑝2)

(𝑝2)10
 

 

∫  (𝑑𝐷𝑝)𝐿
(𝑝2)(𝐿−2)

(𝑝2)3𝐿+1
 

𝐷 <
6

𝐿
+ 4, (𝐿 > 1)  

𝐷 <
2(𝑁 − 1)

𝐿
+ 4,𝑁 = 1,2,4.  

ℳ4
2-loop 

(1,2,3,4) = −𝑖 (
𝜅

2
)
6

[𝑠12𝑠23𝐴4
tree (1,2,3,4)]2 (𝑠12

2 ℐ4
2− loop ,P(𝑠12, 𝑠23) + 𝑠12

2 ℐ4
2− loop ,P(𝑠12, 𝑠24)

+𝑠12
2 ℐ4

2− loop ,NP(𝑠12, 𝑠23) + 𝑠12
2 ℐ4

2− loop ,NP(𝑠12, 𝑠24)  +  cyclic )
 

ℳ4
2-loop 

(1,2,3,4) = (
𝜅

2
)
6

𝑠12𝑠23𝑠13𝑀4
tree (1,2,3,4) (𝑠12

2 ℐ4
2− loop ,P(𝑠12, 𝑠23) + 𝑠12

2 ℐ4
2− loop, P(𝑠12, 𝑠24)

+𝑠12
2 ℐ4

2− loop, NP(𝑠12, 𝑠23) + 𝑠12
2 ℐ4

2− loop, NP(𝑠12, 𝑠24)  +  cyclic )
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ℳ4
2− loop ,𝐷=7−2𝜖

|
pole 
 =

1

2𝜖(4𝜋)7
𝜋

3
(𝑠2 + 𝑡2 + 𝑢2) × (

𝜅

2
)
6

× 𝑠𝑡𝑢𝑀4
tree 

ℳ4
2− loop ,𝐷=9−2𝜖

|
pole 
 =

1

4𝜖(4𝜋)9
−13𝜋

9072
(𝑠2 + 𝑡2 + 𝑢2)2 × (

𝜅

2
)
6

× 𝑠𝑡𝑢𝑀4
tree 

ℳ4
2− loop ,𝐷=11−2𝜖

|
pole 
 =

1

48𝜖(4𝜋)11
𝜋

5791500
(438(𝑠6 + 𝑡6 + 𝑢6) − 53𝑠2𝑡2𝑢2) × (

𝜅

2
)
6

× 𝑠𝑡𝑢𝑀4
tree 

 

ℳ4
2− loop ,𝐷=8−2𝜖

|
pole 

=
1

2(4𝜋)8
(−

1

24𝜖2
+

1

144𝜖
) (𝑠3 + 𝑡3 + 𝑢3) × (

𝜅

2
)
6

× 𝑠𝑡𝑢𝑀4
tree 

ℳ4
2− loop ,𝐷=10−2𝜖

|
pole 

=
1

12𝜖(4𝜋)10
−13

25920
 stu (𝑠2 + 𝑡2 + 𝑢2) × (

𝜅

2
)
6

× 𝑠𝑡𝑢𝑀4
tree 

 

𝑡8𝑡8𝑅
4 ≡ 𝑡8

𝜇1𝜇2⋯𝜇8𝑡8
𝜈1𝜈2⋯𝜈8𝑅𝜇1𝜇2𝜈1𝜈2𝑅𝜇3𝜇4𝜈3𝜈4𝑅𝜇5𝜇6𝜈5𝜈6𝑅𝜇7𝜇8𝜈7𝜈8  

 

 

∫  (𝑑𝐷𝑝)𝐿
(𝑝2)2(𝐿−2)

(𝑝2)3𝐿+1
 

𝐷 <
10

𝐿
+ 2, (𝐿 > 1)  

𝑀4
2− loop 

(1,2,3,4)|
cut(a) 

= ∫  
𝑑𝐷ℓ1
(2𝜋)𝐷

∑  

𝑆1,𝑆2

 
𝑖

ℓ1
2𝑀4

tree (−ℓ1
𝑆1 , 1,2, ℓ2

𝑆2)
𝑖

ℓ2
2𝑀4

1− loop 
(−ℓ2

𝑆2 , 3,4, ℓ1
𝑆1)|

ℓ1
2=ℓ2

2=0
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𝑀4
2− loop 

(1,2,3,4)|
3− cut 

 = ∫  
𝑑𝐷ℓ1
(2𝜋)𝐷

𝑑𝐷ℓ2
(2𝜋)𝐷

∑  

𝑆1,𝑆2,𝑆3

 𝑀5
tree (1,2, ℓ3

𝑆3 , ℓ2
𝑆2 , ℓ1

𝑆1)
𝑖

ℓ1
2

𝑖

ℓ2
2

𝑖

ℓ3
2𝑀5

tree (3,4,−ℓ1
𝑆1 , −ℓ2

𝑆2 , −ℓ3
𝑆3)|

ℓ𝑖
2=0

 

 

∑  

𝑆1,𝑆2∈{𝑁=4}

 𝐴4
tree (−ℓ1

𝑆1 , 1,2, ℓ2
𝑆2) × 𝐴4

tree (−ℓ2
𝑆2 , 3,4, ℓ1

𝑆1) = −𝑖𝑠𝑡𝐴4
tree (1,2,3,4)

1

(ℓ1 − 𝑘1)
2

1

(ℓ2 − 𝑘3)
2  

∑  

𝑁=8 states 

𝑀4
tree (−ℓ1, 1,2, ℓ2) × 𝑀4

tree (−ℓ2, 3,4, ℓ1) 

= −𝑠2 ( ∑  

𝑁=4 states 

 𝐴4
tree (−ℓ1, 1,2, ℓ2) × 𝐴4

tree (−ℓ2, 3,4, ℓ1))  

× ( ∑  

𝑁=4 states 

 𝐴4
tree (ℓ2, 1,2, −ℓ1) × 𝐴4

tree (ℓ1, 3,4, −ℓ2))  

= 𝑠2(𝑠𝑡)2[𝐴4
tree (1,2,3,4)]2

1

(ℓ1 − 𝑘1)
2(ℓ2 − 𝑘3)

2(ℓ2 + 𝑘1)
2(ℓ1 + 𝑘3)

2
 

 = 𝑖𝑠2𝑠𝑡𝑢𝑀4
tree (1,2,3,4)

1

(ℓ1 − 𝑘1)
2(ℓ2 − 𝑘3)

2(ℓ1 − 𝑘2)
2(ℓ2 − 𝑘4)

2

 

−
𝑠

(ℓ1 − 𝑘1)
2(ℓ1 − 𝑘2)

2
=

1

(ℓ1 − 𝑘1)
2
+

1

(ℓ1 − 𝑘2)
2
 

 −
𝑠

(ℓ2 − 𝑘3)
2(ℓ2 − 𝑘4)

2
=

1

(ℓ2 − 𝑘3)
2
+

1

(ℓ2 − 𝑘4)
2
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∑  

𝑁=8 states 

 𝑀4
tree (−ℓ1, 1,2, ℓ2) × 𝑀4

tree (−ℓ2, 3,4, ℓ1)

 = 𝑖𝑠𝑡𝑢𝑀4
tree (1,2,3,4) [

1

(ℓ1 − 𝑘1)
2
+

1

(ℓ1 − 𝑘2)
2] [

1

(ℓ2 − 𝑘3)
2
+

1

(ℓ2 − 𝑘4)
2]

 

𝑀4
2− loop 

(1,2,3,4)|
𝑠− cut 

= ∫  
𝑑𝐷ℓ1
(2𝜋)𝐷

∑  

𝑁=8 states 

 
𝑖

ℓ1
2𝑀4

tree (−ℓ1, 1,2, ℓ2)
𝑖

ℓ2
2𝑀4

1− loop (−ℓ2, 3,4, ℓ1)|

ℓ1
2=ℓ2

2=0

 

𝑀4
2− loop 

(1,2,3,4)|
𝑠− cut 

= −𝑠𝑡𝑢𝑀4
tree ∫  

𝑑𝐷ℓ1
(2𝜋)𝐷

𝑠(ℓ2 − 𝑘3)
2(ℓ2 − 𝑘4)

2

× [
1

(ℓ1 − 𝑘1)
2
+

1

(ℓ1 − 𝑘2)
2]
𝑖

ℓ1
2 [

𝑠

(ℓ2 − 𝑘3)
2(ℓ2 − 𝑘4)

2]
𝑖

ℓ2
2  

 × [ℐ4
1− loop (𝑠, (ℓ2 − 𝑘3)

2) + ℐ4
1−loop((ℓ2 − 𝑘3)

2, (ℓ2 − 𝑘4)
2) + ℐ4

1−loop((ℓ2 − 𝑘4)
2, 𝑠)]|

ℓ1
2=ℓ2

2=0

 

𝑀4
2− loop 

(1,2,3,4)|
𝑠− cut 

= 𝑠𝑡𝑢𝑀4
tree 𝑠2(ℐ4

2− loop, P
(𝑠, 𝑡) + ℐ4

2− loop, P
(𝑠, 𝑢)

+ℐ4
2− loop, NP

(𝑠, 𝑡) + ℐ4
2− loop, NP

(𝑠, 𝑢))|
𝑠− cut 

 

𝑀5
tree (ℓ1, 1,2, ℓ3, ℓ2) = 𝑖(ℓ1 + 𝑘1)

2(ℓ3 + 𝑘2)
2𝐴5

tree (ℓ1, 1,2, ℓ3, ℓ2)𝐴5
tree (1, ℓ1, ℓ3, 2, ℓ2) + {1 ↔ 2},  

𝑀5
tree (−ℓ3, 3,4,−ℓ1, −ℓ2) = 𝑖(ℓ3 − 𝑘3)

2(ℓ1 − 𝑘4)
2𝐴5

tree (−ℓ3, 3,4, −ℓ1, −ℓ2)𝐴5
tree (3,−ℓ3, −ℓ1, 4, −ℓ2)

+{3 ↔ 4}
 

∑  

𝑁=8 states 

 𝑀5
tree (1,2, ℓ3,ℓ2, ℓ1)𝑀5

tree (3,4,−ℓ1, −ℓ2, −ℓ3)

= −(ℓ1+𝑘1)
2(ℓ3 + 𝑘2)

2(ℓ3 − 𝑘3)
2(ℓ1 − 𝑘4)

2

 × [ ∑  

𝑁=4 states 

 𝐴5
tree (ℓ1, 1,2, ℓ3, ℓ2)𝐴5

tree (−ℓ3, 3,4,−ℓ1, −ℓ2)]

 × [ ∑  

𝑁=4 states 

 𝐴5
tree (1, ℓ1, ℓ3, 2, ℓ2)𝐴5

tree (3,−ℓ3, −ℓ1, 4, −ℓ2)]

 +{1 ↔ 2} + {3 ↔ 4} + {1 ↔ 2,3 ↔ 4}

 

∑  

𝑁=4 states 

 𝐴5
tree (ℓ1, 1,2, ℓ3, ℓ2)𝐴5

tree (−ℓ3, 3,4, −ℓ1, −ℓ2) = −𝑖𝑠𝑡𝐴4
tree (1,2,3,4)

× [
𝑠

(ℓ1 − 𝑘4)
2(ℓ3 + 𝑘2)

2(ℓ1 + ℓ2)
2(ℓ2 + ℓ3)

2
+

𝑠

(ℓ3 − 𝑘3)
2(ℓ1 + 𝑘1)

2(ℓ1 + ℓ2)
2(ℓ2 + ℓ3)

2

 +
𝑡

(ℓ3 − 𝑘3)
2(ℓ1 − 𝑘4)

2(ℓ3 + 𝑘2)
2(ℓ1 + 𝑘1)

2]

 



pág. 2788 

∑  

𝑁=4 states 

 𝐴5
tree (1, ℓ1, ℓ3, 2, ℓ2)𝐴5

tree (3,−ℓ3, −ℓ1, 4, −ℓ2) = −𝑖𝑠𝑡𝐴4
tree (1,2,3,4)

× [−
𝑠

(ℓ1 + ℓ3)
2(ℓ3 + 𝑘2)

2(ℓ1 + 𝑘1)
2(ℓ2 − 𝑘3)

2
+

𝑡

(ℓ1 + 𝑘1)
2(ℓ2 + 𝑘2)

2(ℓ2 − 𝑘3)
2(ℓ1 − 𝑘4)

2
 

 +
𝑡

(ℓ1 + 𝑘1)
2(ℓ3 + 𝑘2)

2(ℓ1 − 𝑘4)
2(ℓ2 − 𝑘3)

2
−

𝑡

(ℓ1 + ℓ3)
2(ℓ2 + 𝑘2)

2(ℓ3 − 𝑘3)
2(ℓ1 − 𝑘4)

2

+
𝑡

(ℓ1 + 𝑘1)
2(ℓ2 + 𝑘2)

2(ℓ1 − 𝑘4)
2(ℓ3 − 𝑘3)

2
+

𝑡

(ℓ1 + 𝑘1)
2(ℓ3 + 𝑘2)

2(ℓ1 − 𝑘4)
2(ℓ3 − 𝑘3)

2
 

−
𝑢

(ℓ2 + 𝑘1)
2(ℓ3 + 𝑘2)

2(ℓ1 − 𝑘4)
2(ℓ2 − 𝑘3)

2
−

𝑡

(ℓ1 + ℓ3)
2(ℓ2 + 𝑘1)

2(ℓ3 − 𝑘3)
2(ℓ1 − 𝑘4)

2
 

+
𝑡

(ℓ2 + 𝑘1)
2(ℓ3 + 𝑘2)

2(ℓ3 − 𝑘3)
2(ℓ1 − 𝑘4)

2
−

𝑢

(ℓ1 + ℓ3)
2(ℓ1 + 𝑘1)

2(ℓ3 + 𝑘2)
2(ℓ2 − 𝑘4)

2
 

−
𝑡

(ℓ1 + 𝑘1)
2(ℓ2 + 𝑘2)

2(ℓ3 − 𝑘3)
2(ℓ2 − 𝑘4)

2
+

𝑡

(ℓ1 + 𝑘1)
2(ℓ3 + 𝑘2)

2(ℓ3 − 𝑘3)
2(ℓ2 − 𝑘4)

2
 

+
𝑡

(ℓ2 + 𝑘1)
2(ℓ3 + 𝑘2)

2(ℓ3 − 𝑘3)
2(ℓ2 − 𝑘4)

2]

 

 

stuM 𝑀4
tree ∫  

𝑑𝐷ℓ1
(2𝜋)𝐷

𝑑𝐷ℓ2
(2𝜋)𝐷

1

ℓ1
2ℓ2
2ℓ3
2  

× {[(
1

2

𝑡2

(ℓ1 + 𝑘1)
2(ℓ3 + 𝑘2)

2(ℓ3 − 𝑘3)
2(ℓ1 − 𝑘4)

2
+

𝑡2

(ℓ2 + 𝑘1)
2(ℓ3 + 𝑘2)

2(ℓ3 − 𝑘3)
2(ℓ1 − 𝑘4)

2
 

+
𝑠2

(ℓ1 + ℓ2)
2(ℓ2 + ℓ3)

2(ℓ3 + 𝑘2)
2(ℓ1 − 𝑘4)

2
+
1

2

𝑠2

(ℓ2 + ℓ3)
2(ℓ3 + 𝑘1)

2(ℓ2 + 𝑘2)
2(ℓ1 − 𝑘4)

2
 

 +
1

2

𝑠2

(ℓ1 + ℓ2)
2(ℓ3 + 𝑘2)

2(ℓ2 − 𝑘3)
2(ℓ1 − 𝑘4)

2) + perms(ℓ1, ℓ2, ℓ3)]

 +{1 ↔ 2} + {3 ↔ 4} + {1 ↔ 2,3 ↔ 4}}|ℓ𝑖
2=0

 

𝒜4
𝐿−loop(1−, 2−, 3+, 4+)|

𝑚−cut
=∫  

𝑑𝐷ℓ1
(2𝜋)𝐷

𝑑𝐷ℓ2
(2𝜋)𝐷

⋯
𝑑𝐷ℓ𝑚−1
(2𝜋)𝐷

∑  

𝑁=4 states 

 𝒜𝑚+2
𝑟−loop(1−, 2−, ℓ𝑚, ℓ𝑚−1, … , ℓ1) 

 ×
𝑖

ℓ1
2

𝑖

ℓ2
2⋯

𝑖

ℓ𝑚
2 𝒜𝑚+2

(𝐿−𝑟−𝑚+1)−loop(3+, 4+, −ℓ1, −ℓ2, … , −ℓ𝑚)|
ℓ𝑖
2=0

 

(𝑀 + 3)!

4! (𝑀 − 1)!
+ 1  
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𝒜𝑚+2(1
−, 2−, ℓ1

+, … ℓ𝑚
+ ) =

⟨12⟩4

⟨ℓ𝑖ℓ𝑗⟩
4 [𝒜𝑚+2(1

−, 2−, ℓ1
−, … , ℓ𝑖−1

− , ℓ𝑖
+, ℓ𝑖+1

− , … , ℓ𝑗−1
− , ℓ𝑗

+, ℓ𝑗+1
− , … , ℓ𝑚

− )]
†
,  

(∑ 

𝑖≠𝑗

 𝑎𝑖𝑗)

4

= 𝑠4  

(𝑀 + 7)!

8! (𝑀 − 1)!
+ 1,  

𝑀𝑚+2
tree (1,2, ℓ1, … , ℓ𝑚) ∼ ∑  

{𝑖}{𝑗}

 ( ∏  

𝑚−1 factors 

 (ℓ𝑝 + ℓ𝑞)
2
)𝐴𝑚+2

tree (1, ℓ𝑖1 , … , ℓ𝑖𝑛 , 2, ℓ𝑖𝑛+1 , … , ℓ𝑖𝑚)

× 𝐴𝑚+2
tree (1, ℓ𝑗1 , … , ℓ𝑗𝑘 , 2, ℓ𝑗𝑘+1 , … , ℓ𝑗𝑚)

 

(∑ 

𝑖≠𝑗

 𝑎𝑖𝑗)

8

= 𝑠8  

∑ 

𝜆,𝜆′

 𝑀4
tree (−ℓ1

𝜆′ , 1−, 2−, ℓ2
𝜆) ×𝑀4

tree (−ℓ2
−𝜆, 3+, 4+, ℓ1

−𝜆′)  

𝑀4
tree (−ℓ1

+, 1−, 2−, ℓ2
+) × 𝑀4

tree (−ℓ2
−, 3+, 4+, ℓ1

−)  

𝑀4
tree (−ℓ1

+, 1−, 2−, ℓ2
+) = −𝑖 (𝑠

⟨12⟩

[12]

[ℓ1ℓ2]

⟨ℓ1ℓ2⟩
)

2

[
1

(ℓ1 − 𝑘1)
2
+

1

(ℓ1 − 𝑘2)
2]

𝑀4
tree (−ℓ2

−, 3+, 4+, ℓ1
−) = −𝑖 (𝑠

[34]

⟨34⟩

⟨ℓ1ℓ2⟩

[ℓ1ℓ2]
)

2

[
1

(ℓ2 − 𝑘3)
2
+

1

(ℓ2 − 𝑘4)
2]

 

𝑀4
tree (−ℓ1

+,1−, 2−, ℓ2
+) × 𝑀4

tree (−ℓ2
−, 3+, 4+, ℓ1

−)

= −(𝑠2
⟨12⟩

[12]

[34]

⟨34⟩
)
2

[
1

(ℓ1 − 𝑘1)
2 +

1

(ℓ1 − 𝑘2)
2] [

1

(ℓ2 − 𝑘3)
2 +

1

(ℓ2 − 𝑘4)
2]  

 = 𝑖stu𝑀4
tree (1−, 2−, 3+, 4+) [

1

(ℓ1 − 𝑘1)
2
+

1

(ℓ1 − 𝑘2)
2
] [

1

(ℓ2 − 𝑘3)
2
+

1

(ℓ2 − 𝑘4)
2
]

 

𝑀4
2− loop (1−, 2−, 3+, 4+)|𝑠−channel 3− cut 

 = ∫  
𝑑𝐷ℓ1
(2𝜋)𝐷

𝑑𝐷ℓ2
(2𝜋)𝐷

∑  

𝑁=8 states 

 𝑀5
tree (1−, 2−, ℓ3, ℓ2, ℓ1)

𝑖

ℓ1
2

𝑖

ℓ2
2

𝑖

ℓ3
2𝑀5

tree (3+, 4+, −ℓ1, −ℓ2, −ℓ3)|

ℓ𝑖
2=0
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𝑀5
tree (ℓ1

𝑠, 1−, 2−, ℓ3
+, ℓ2

+) =𝑖(ℓ1 + 𝑘1)
2(ℓ3 + 𝑘2)

2𝐴5
tree (ℓ1

+, 1−, 2−, ℓ3
+, ℓ2

+)𝐴5
tree (1−, ℓ1

−, ℓ3
+, 2−, ℓ2

+)

+{1 ↔ 2}  

=𝑖(ℓ1 + 𝑘1)
2(ℓ3 + 𝑘2)

2
⟨12⟩4

⟨ℓ11⟩⟨12⟩⟨2ℓ3⟩⟨ℓ3ℓ2⟩⟨ℓ2ℓ1⟩

[ℓ3ℓ2]
4

[1ℓ1][ℓ1ℓ3][ℓ32][2ℓ2][ℓ21]

+{1 ↔ 2}  

= 0

 

𝐴5
tree (1−, 2−, ℓ3

+, ℓ2
+, ℓ1

+) × 𝐴5
tree (3+, 4+, −ℓ1

−, −ℓ2
−, −ℓ3

−),  

 𝐴5
tree (1−, ℓ1

+, ℓ3
+, 2−, ℓ2

+) × 𝐴5
tree (3+, −ℓ3

−, −ℓ1
−, 4+, −ℓ2

−).
 

𝐴5
tree(1−, 2−, ℓ3

+, ℓ2
+, ℓ1

+)= 𝑖
⟨12⟩4

⟨12⟩⟨2ℓ3⟩⟨ℓ3ℓ2⟩⟨ℓ2ℓ1⟩⟨ℓ11⟩
 

𝐴5
tree(3+, 4+, −ℓ1

−, −ℓ2
−, −ℓ3

−) = −𝑖
[34]4

[34][4 − ℓ1][−ℓ1 − ℓ2][−ℓ2 − ℓ3][−ℓ33]

 

𝐴5
tree (1−, 2−, ℓ3

+, ℓ2
+, ℓ1

+) × 𝐴5
tree (3+, 4+, −ℓ1

−, −ℓ2
−, −ℓ3

−)

 = −⟨12⟩2[34]2
tr+[1ℓ143ℓ32]

(ℓ1 + ℓ2)
2(ℓ2 + ℓ3)

2(ℓ3 − 𝑘3)
2(ℓ1 − 𝑘4)

2(ℓ3 + 𝑘2)
2(ℓ1 + 𝑘1)

2

 

𝐴5
tree(1−, ℓ1

+, ℓ3
+, 2−, ℓ2

+) × 𝐴5
tree(3+, −ℓ3

−, −ℓ1
−, 4+, −ℓ2

−)

 = −
⟨12⟩2[34]2tr+[1ℓ143ℓ22]tr+[1ℓ243ℓ32]

(ℓ1 + ℓ3)
2(ℓ1 + 𝑘1)

2(ℓ3 + 𝑘2)
2(ℓ2 + 𝑘2)

2(ℓ2 + 𝑘1)
2(ℓ3 − 𝑘3)

2(ℓ1 − 𝑘4)
2(ℓ2 − 𝑘4)

2(ℓ2 − 𝑘3)
2

 

𝑀4
2− loop (1−, 2−, 3+,4+)|singlet 3-cut = 𝑠𝑡𝑢𝑀4

tree (1−, 2−, 3+, 4+)∫  
𝑑𝐷ℓ1
(2𝜋)𝐷

𝑑𝐷ℓ2
(2𝜋)𝐷

 × [
tr+[1ℓ143ℓ321ℓ143ℓ221ℓ243ℓ32]

ℓ1
2ℓ2
2ℓ3
2(ℓ3 − 𝑘3)

2(ℓ1 − 𝑘4)
2(ℓ3 + 𝑘2)

2(ℓ1 + 𝑘1)
2(ℓ1 + ℓ2)

2(ℓ2 + ℓ3)
2

 ×
1

(ℓ1 + ℓ3)
2(ℓ2 + 𝑘2)

2(ℓ2 + 𝑘1)
2(ℓ2 − 𝑘4)

2(ℓ2 − 𝑘3)
2

 +{1 ↔ 2} + {3 ↔ 4} + {1 ↔ 2,3 ↔ 4}] |ℓ𝑖
2=0

 

tr+[1ℓ143ℓ32]tr+[1ℓ143ℓ22]tr+[1ℓ243ℓ32] = tr+[1ℓ143ℓ321ℓ143ℓ221ℓ243ℓ32]  

𝐴5
tree (3+, 4+, ℓ1

−, ℓ2
−, ℓ3

+) = 𝑖
⟨ℓ1ℓ2⟩

4

⟨34⟩⟨4ℓ1⟩⟨ℓ1ℓ2⟩⟨ℓ2ℓ3⟩⟨ℓ33⟩
 

𝐴5
tree(3+, 4+, ℓ1

−, ℓ2𝑔̃
− , ℓ3𝑔̃

+ ) =
⟨ℓ1ℓ3⟩

⟨ℓ1ℓ2⟩
𝐴5
tree(3+, 4+, ℓ1

−, ℓ2
−, ℓ3

+) = 𝑖
⟨ℓ1ℓ2⟩

3⟨ℓ1ℓ3⟩

⟨34⟩⟨4ℓ1⟩⟨ℓ1ℓ2⟩⟨ℓ2ℓ3⟩⟨ℓ33⟩
,  

ℎ+ℎ+𝑣−𝑣̃−𝑣̃− → 𝑔+𝑔+𝑔̃−𝑔̃−𝑠− × 𝑔+𝑔+𝑔̃−𝑠−𝑔̃−  
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 (a) 𝐴5
tree (1−, 2−, ℓ3

−, ℓ2
+, ℓ1

+) × 𝐴5
tree (3+, 4+, −ℓ1

−, −ℓ2
−, −ℓ3

+),

(b) 𝐴5
tree (1−, ℓ1

+, ℓ3
−, 2−, ℓ2

+) × 𝐴5
tree (3+, −ℓ3

+, −ℓ1
−, 4+, −ℓ2

−);
 

𝑀4
2− loop (1−, 2−, 3+, 4+)|

non-singlet 3-cut 
= stu𝑀4

tree (1−, 2−, 3+, 4+)∫  
𝑑𝐷ℓ1
(2𝜋)𝐷

𝑑𝐷ℓ2
(2𝜋)𝐷

(ℓ1 + ℓ2)
16

𝑠8

× [
tr−[1ℓ143ℓ321ℓ143ℓ221ℓ243ℓ32]

ℓ1
2ℓ2
2ℓ3
2(ℓ3 − 𝑘3)

2(ℓ1 − 𝑘4)
2(ℓ3 + 𝑘2)

2(ℓ1 + 𝑘1)
2(ℓ1 + ℓ2)

2(ℓ2 + ℓ3)
2

×
1

(ℓ1 + ℓ3)
2(ℓ2 + 𝑘2)

2(ℓ2 + 𝑘1)
2(ℓ2 − 𝑘4)

2(ℓ2 − 𝑘3)
2

 +{1 ↔ 2} + {3 ↔ 4} + {1 ↔ 2,3 ↔ 4}]ℓ𝑖
2=0.

 

 

∫  
𝑑4𝑝

(2𝜋)4
𝑑−2𝜖𝜇𝑝

(2𝜋)−2𝜖
𝑑4𝑞

(2𝜋)4
𝑑−2𝜖𝜇𝑞

(2𝜋)−2𝜖
𝑓(𝑝, 𝑞, 𝑘𝑖) × {𝜇𝑝

2 , 𝜇𝑞
2, 𝜇𝑝 ⋅ 𝜇𝑞 , … }

(𝑝2 − 𝜇𝑝
2)(𝑞2 − 𝜇𝑞

2)⋯
 

ℐ4
2− loop ,𝑋

(𝑠, 𝑡) =
Γ(7 − 𝐷)

(4𝜋)𝐷
∫  
1

0

 𝑑7𝑎𝛿 (1 −∑  

7

𝑖=1

 𝑎𝑖) (−𝑄𝑋(𝑠, 𝑡, 𝑎𝑖))
𝐷−7

(Δ𝑋(𝑎𝑖))
7−3𝐷/2

, 𝑋 = P, NP,  

ΔP(𝑎𝑖)= (𝑎1 + 𝑎2 + 𝑎3)(𝑎4 + 𝑎5 + 𝑎6) + 𝑎7(1 − 𝑎7)  

ΔNP(𝑎𝑖) = (𝑎1 + 𝑎2)(𝑎3 + 𝑎4) + (𝑎1 + 𝑎2 + 𝑎3 + 𝑎4)(𝑎5 + 𝑎6 + 𝑎7)
 

𝑄P(𝑎𝑖)  = 𝑠(𝑎1𝑎3(𝑎4 + 𝑎5 + 𝑎6) + 𝑎4𝑎6(𝑎1 + 𝑎2 + 𝑎3) + 𝑎7(𝑎1 + 𝑎4)(𝑎3 + 𝑎6)) + 𝑡𝑎2𝑎5𝑎7,

𝑄NP(𝑎𝑖)  = 𝑠(𝑎1𝑎3𝑎5 + 𝑎2𝑎4𝑎7 + 𝑎5𝑎7(𝑎1 + 𝑎2 + 𝑎3 + 𝑎4)) + 𝑡𝑎2𝑎3𝑎6 + 𝑢𝑎1𝑎4𝑎6.
 

 

ℐ4
2− loop ,𝑋

(𝑠, 𝑡)|
pole 

=
Γ(7 − 𝐷)

(4𝜋)𝐷
∫  
1

0

 𝑑7𝑎𝛿 (1 −∑  

7

𝑖=1

 𝑎𝑖) (−𝑄𝑋(𝑠, 𝑡, 𝑎𝑖))
𝑛−7

(Δ𝑋(𝑎𝑖))
7−𝑛−𝐷/2

, 𝑋 = P, NP. 
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ℐ4
2− loop ,P,𝐷=7−2𝜖

|
pole 

 =
1

2𝜖(4𝜋)7
1

4
∫  
1

0

 𝑑𝑦𝑦2(1 − 𝑦)2∫  
1

0

 𝑑𝑥
𝑥3/2

[1 − 𝑥(1 − 𝑦(1 − 𝑦))]7/2

 =
1

2𝜖(4𝜋)7
𝜋

10

 

ℐ4
2− loop ,P,𝐷=9−2𝜖

|
pole 

=
1

4𝜖(4𝜋)9
1

498960
∫  
1

0

 
𝑑𝑦

[𝑦(1 − 𝑦)]3/2
[3𝑠2(16𝑦2(1 − 𝑦)2 − 77𝑦(1 − 𝑦) + 132)

+8 st 𝑦(1 − 𝑦)(2𝑦(1 − 𝑦) + 11) + 80𝑡2𝑦2(1 − 𝑦)2]

 

ℐ4
2− loop ,P,𝐷=9−2𝜖

|
pole, 𝑠2 term 

=
𝑠2

4𝜖(4𝜋)9
∫  
1

0

 𝑑𝑦∫  
1

0

 𝑑𝑥[𝐶1(𝑥, 𝑦) + 𝐶2(𝑥, 𝑦)]  

𝐶1(𝑥, 𝑦)  =
[𝑦(1 − 𝑦)]4

480

𝑥5/2+𝜖(−𝑥2𝑦(1 − 𝑦) + (1 − 𝑥)(2 − 3𝑥))

[1 − 𝑥(1 − 𝑦(1 − 𝑦))]13/2−𝜖

𝐶2(𝑥, 𝑦)  =
[𝑦(1 − 𝑦)]2

360

𝑥5/2+𝜖

[1 − 𝑥(1 − 𝑦(1 − 𝑦))]9/2−𝜖

 

𝐼(𝑝, 𝑞, 𝛼) ≡∫  
1

0

 𝑑𝑦[𝑦(1 − 𝑦)]𝑝∫  
1

0

 𝑑𝑥
𝑥𝛼−𝑞−2+𝜖(1 − 𝑥)𝑞

[1 − 𝑥(1 − 𝑦(1 − 𝑦))]𝛼−𝜖
 

=
Γ(𝛼 − 𝑞 − 1 + 𝜖)Γ(𝑞 + 1)

Γ(𝛼 + 𝜖)
∫  
1

0

 𝑑𝑦[𝑦(1 − 𝑦)]𝑝 2𝐹1(𝛼 − 𝜖, 𝛼 − 𝑞 − 1 + 𝜖; 𝛼 + 𝜖; 1 − 𝑦(1 − 𝑦))

=
Γ(𝛼 − 𝑞 − 1 + 𝜖)Γ(𝑞 + 1)

Γ(𝛼 + 𝜖)
∫  
1

0

 𝑑𝑦[𝑦(1 − 𝑦)]𝑝

× {
Γ(𝛼 + 𝜖)Γ(−𝛼 + 𝑞 + 1 + 𝜖)

Γ(2𝜖)Γ(𝑞 + 1)
 2𝐹1(𝛼 − 𝜖, 𝛼 − 𝑞 − 1 + 𝜖; 𝛼 − 𝑞 − 𝜖; 𝑦(1 − 𝑦))  

+[𝑦(1 − 𝑦)]−𝛼+𝑞+1+𝜖
Γ(𝛼 + 𝜖)Γ(𝛼 − 𝑞 − 1 − 𝜖)

Γ(𝛼 − 𝜖)Γ(𝛼 − 𝑞 − 1 + 𝜖)
 2𝐹1(2𝜖, 𝑞 + 1;−𝛼 + 𝑞 + 2 + 𝜖; 𝑦(1 − 𝑦))}

 

𝐼(𝑝, 𝑞, 𝛼)=
Γ(𝛼 − 𝑞 − 1 − 𝜖)Γ(𝑞 + 1)

Γ(𝛼 − 𝜖)
∫  
1

0

 𝑑𝑦[𝑦(1 − 𝑦)]−𝛼+𝑝+𝑞+1+𝜖 

 =
Γ(𝛼 − 𝑞 − 1)Γ(𝑞 + 1)Γ2(−𝛼 + 𝑝 + 𝑞 + 2)

Γ(𝛼)Γ(2(−𝛼 + 𝑝 + 𝑞 + 2))

 

ℐ4
2− loop ,P,𝐷=9−2𝜖

|
pole 

 =
1

4𝜖(4𝜋)9
𝜋

99792
(−45𝑠2 + 18𝑠𝑡 + 2𝑡2)

ℐ4
2− loop ,P,𝐷=11−2𝜖

|
pole 

 =
1

48𝜖(4𝜋)11
𝜋

196911000
(2100𝑠4 − 880𝑠3𝑡 + 215𝑠2𝑡2 + 30𝑠𝑡3 + 12𝑡4)

 

ℐ4
2− loop ,NP,𝐷=7−2𝜖

|
pole 

 =
1

2𝜖(4𝜋)7
𝜋

15

ℐ4
2− loop ,NP,𝐷=9−2𝜖

|
pole 

 =
1

4𝜖(4𝜋)9
−𝜋

83160
(75𝑠2 + 2𝑡𝑢)

ℐ4
2− loop ,NP,𝐷=11−2𝜖

|
pole 

 =
1

48𝜖(4𝜋)11
𝜋

1654052400
(40383𝑠4 − 1138𝑠2𝑡𝑢 + 144𝑡2𝑢2)
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ℐ4
2− loop ,P,𝐷=8−2𝜖

|
subtracted, pole 

=
1

2(4𝜋)8
[−

1

72

𝑠

𝜖2
+

1

864

5𝑠 + 2𝑡

𝜖
]

ℐ4
2− loop ,P,𝐷=10−2𝜖

|
subtracted, pole 

=
1

12(4𝜋)10
[−

1

25200

𝑠2(4𝑠 + 𝑡)

𝜖2

+
1

21168000

−704𝑠3 + 55𝑠2𝑡 + 252𝑠𝑡2 + 63𝑡3

𝜖
]

ℐ4
2− loop, NP,𝐷=8−2𝜖

|
subtracted, pole 

=
1

2(4𝜋)8
[−

1

144

𝑠

𝜖2
−

1

864

𝑠

𝜖
]

ℐ4
2− loop, NP,𝐷=10−2𝜖

|
subtracted, pole 

=
1

12(4𝜋)10
[
1

7200

𝑠3

𝜖2
−

1

4536000

𝑠(301𝑠2 + 10𝑡𝑢)

𝜖
]
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[𝑄(𝑝), 𝑔±(𝑘)] = ∓Γ±(𝑘, 𝑝)𝑔̃±(𝑘), [𝑄(𝑝), 𝑔̃±(𝑘)] = ∓Γ∓(𝑘, 𝑝)𝑔±(𝑝)  

Γ+(𝑘, 𝑝) = 𝜃‾⟨𝑝𝑘⟩, Γ−(𝑘, 𝑝) = 𝜃⟨𝑝𝑘⟩ 

0 = ⟨0|[𝑄, 𝑔−𝑔−𝑔̃+𝑔+𝑔+]|0⟩ =Γ−(𝑘1, 𝑝)𝐴5(1𝑔̃
−, 2𝑔

−, 3𝑔̃
+, 4𝑔

+, 5𝑔
+) + Γ−(𝑘2, 𝑝)𝐴5(1𝑔

−, 2𝑔̃
−, 3𝑔̃

+, 4𝑔
+, 5𝑔

+)

−Γ−(𝑘3, 𝑝)𝐴5(1𝑔
−, 2𝑔

−, 3𝑔
+, 4𝑔

+, 5𝑔
+) − Γ+(𝑘4, 𝑝)𝐴5(1𝑔

−, 2𝑔
−, 3𝑔̃

+, 4𝑔̃
+, 5𝑔

+) 

 −Γ+(𝑘5, 𝑝)𝐴5(1𝑔
−, 2𝑔

−, 3𝑔̃
+, 4𝑔

+, 5𝑔̃
+)

 

𝐴5(1𝑔
−, 2𝑔̃

−, 3𝑔̃
+, 4𝑔

+, 5𝑔
+) =

⟨13⟩

⟨12⟩
𝐴5(1𝑔

−, 2𝑔
−, 3𝑔

+, 4𝑔
+, 5𝑔

+)  

[𝑄𝑎 , 𝑔
±(𝑘)]= ∓Γ±(𝑘, 𝑝)𝑔̃𝑎

±  

[𝑄𝑎 , 𝑔̃𝑏
±(𝑘)] = ∓Γ∓(𝑘, 𝑝)𝑔±𝛿𝑎𝑏 ∓ 𝑖Γ

±(𝑘, 𝑝)𝑠𝑎𝑏
± 𝜖𝑎𝑏

[𝑄𝑎, 𝑠𝑎𝑏
± (𝑘)] = ±𝑖Γ∓(𝑘, 𝑝)𝜖𝑎𝑏𝑔̃𝑏

±

 

0 = ⟨0|[𝑄1, 𝑔
+𝑔+𝑔−𝑔̃2

−𝑠12
+ ]|0⟩ =Γ−(𝑘3, 𝑝)𝐴5(1𝑔

+, 2𝑔
+, 3𝑔̃1

− , 4𝑔̃2
− , 5𝑠12

+ ) + 𝑖Γ−(𝑘4, 𝑝)𝐴5(1𝑔
+, 2𝑔

+, 3𝑔
−, 4𝑠12

− , 5𝑠12
+ )

 +𝑖Γ−(𝑘5, 𝑝)𝐴5(1𝑔
+, 2𝑔

+, 3𝑔
−, 4𝑔̃2

− , 5𝑔̃2
+ )

 

𝐴5(1𝑔
+, 2𝑔

+, 3𝑔̃1
− , 4𝑔̃2

− , 5𝑠12
+ ) = −𝑖

⟨45⟩

⟨43⟩
𝐴5(1𝑔

+, 2𝑔
+, 3𝑔

−, 4𝑔̃2
− , 5𝑔̃2

+ ) = +𝑖
⟨35⟩⟨45⟩

⟨34⟩2
𝐴5(1𝑔

+, 2𝑔
+, 3𝑔

−, 4𝑔
−, 5𝑔

+)  
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1

⟨𝑖𝑗⟩4
𝒜𝑛(1

+, 2+, … , 𝑖−, … , 𝑗−, … 𝑛+) =
1

⟨𝑎𝑏⟩4
𝒜𝑛(1

+, 2+, … , 𝑎−, … , 𝑏−, … 𝑛+),  

 

[𝑄𝑎 , ℎ
±]= ±Γ±(𝑘, 𝑝)ℎ̃𝑎

±  

[𝑄𝑎 , ℎ̃𝑏
±]= ±Γ∓(𝑘, 𝑝)𝛿𝑎𝑏ℎ± ± 𝑖Γ±(𝑘, 𝑝)𝜖𝑎𝑏𝑣𝑎𝑏

±  

[𝑄𝑎 , 𝑣𝑏𝑐
± ]= ∓𝑖Γ∓(𝑘, 𝑝)𝛿𝑎𝑏ℎ̃𝑐

± ∓ 𝑖Γ∓(𝑘, 𝑝)𝛿𝑎𝑐ℎ̃𝑏
± ∓ Γ±(𝑘, 𝑝)𝜖𝑎𝑏𝑐𝑣̃𝑎𝑏𝑐

±  

[𝑄𝑎 , 𝑣̃𝑏𝑐𝑑
± ] = ∓Γ∓(𝑘, 𝑝)𝛿𝑎𝑏𝑣𝑐𝑑

± ∓ Γ∓(𝑘, 𝑝)𝛿𝑎𝑐𝑣𝑏𝑑
± ∓ Γ∓(𝑘, 𝑝)𝛿𝑎𝑑𝑣𝑏𝑐

± ∓ 𝑖Γ±(𝑘, 𝑝)𝜖𝑎𝑏𝑐𝑑𝑠𝑎𝑏𝑐𝑑
±

[𝑄𝑎 , 𝑠𝑏𝑐𝑑𝑒
± ] = ±𝑖Γ∓(𝑘, 𝑝)𝛿𝑎𝑏𝑣̃𝑐𝑑𝑒

± ± 𝑖Γ∓(𝑘, 𝑝)𝛿𝑎𝑐𝑣̃𝑏𝑑𝑒
± ± 𝑖Γ∓(𝑘, 𝑝)𝛿𝑎𝑑𝑣̃𝑏𝑐𝑒

± ± 𝑖Γ∓(𝑘, 𝑝)𝛿𝑎𝑒𝑣̃𝑏𝑐𝑑
±

 ±Γ±(𝑘, 𝑝)𝜖𝑎𝑏𝑐𝑑𝑒𝑣̃𝑎𝑏𝑐𝑑𝑒
∓

 

0 = ⟨0|[𝑄1,ℎ
+ℎ+ℎ−𝑣̃234

− 𝑠1234
+ ]|0⟩ = −Γ−(𝑘3, 𝑝)𝑀5 (1ℎ

+, 2ℎ
+, 3ℎ̃1

− , 4𝑣̃234
− , 5𝑠1234

+ )

 +𝑖Γ−(𝑘4, 𝑝)𝑀5(1ℎ
+, 2ℎ

+, 3ℎ
−, 4𝑠1234

− , 5𝑠1234
+ ) + 𝑖Γ−(𝑘5, 𝑝)𝑀5(1ℎ

+, 2ℎ
+, 3ℎ

−, 4𝑣̃234
− , 5𝑣̃234

+ )
 

𝑀5(1ℎ
+, 2ℎ

+, 3ℎ̃
−, 4𝑣̃

−, 5𝑠
+) = 𝑖

⟨54⟩

⟨53⟩
𝑀5(1ℎ

+, 2ℎ
+, 3ℎ

−, 4𝑠
−, 5𝑠

+) = 𝑖
⟨45⟩⟨35⟩3

⟨34⟩4
𝑀5(1ℎ

+, 2ℎ
+, 3ℎ

−, 4ℎ
−, 5ℎ

+).  
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1

⟨𝑖𝑗⟩8
ℳ𝑛(1

+, 2+, … , 𝑖−, … , 𝑗−, … 𝑛+) =
1

⟨𝑎𝑏⟩8
ℳ𝑛(1

+, 2+, … , 𝑎−, … , 𝑏−, … 𝑛+)  

𝑋𝐴𝐵 = −𝑋𝐵𝐴, (𝑋𝐴𝐵)† =
1

2
𝜀𝐴𝐵𝐶𝐷𝑋

𝐶𝐷 =:𝑋𝐴𝐵  

𝑆 =
1

𝑔2
∫  𝑑𝑡𝑟3𝑑3ΩTr [−

1

4
𝐹𝜇𝜈𝐹

𝜇𝜈 −
1

2
𝐷𝜇𝑋𝐴𝐵𝐷

𝜇𝑋𝐴𝐵 +
1

4
[𝑋𝐴𝐵, 𝑋𝐶𝐷][𝑋

𝐴𝐵, 𝑋𝐶𝐷] −
1

2𝑟2
𝑋𝐴𝐵𝑋

𝐴𝐵

+𝑖(𝜆𝐴)
†𝛾𝜇𝐷𝜇𝜆𝐴 + 𝜆𝐴[𝑋

𝐴𝐵, 𝜆𝐵] + (𝜆𝐴)
†[𝑋𝐴𝐵, (𝜆𝐵)

†]]

 

𝐷𝜇𝑋
𝐴𝐵  = 𝜕𝜇𝑋

𝐴𝐵 + 𝑖[𝐴𝜇 , 𝑋
𝐴𝐵]

𝐷𝜇𝜆𝐴  = 𝜕𝜇𝜆𝐴 +
1

4
𝜔𝜇,𝜈𝜌𝛾

𝜈𝜌𝜆𝐴 + 𝑖[𝐴𝜇 , 𝜆𝐴]
 

𝐷𝜇𝐹
𝜇𝜈 − 𝑖[𝑋𝐴𝐵 , 𝐷

𝜈𝑋𝐴𝐵] = 0

𝐷𝜇𝐷𝜇𝑋
𝐴𝐵 + [𝑋𝐶𝐷 , [𝑋

𝐴𝐵, 𝑋𝐶𝐷]] −
1

𝑟2
𝑋𝐴𝐵 = 0

 

𝑅𝐴
𝐶 = 𝑖∫  𝑑3Ω

1

𝑔2
Tr(−𝑋𝐶𝐵𝐷0𝑋𝐴𝐵 + 𝐷

0𝑋𝐶𝐵𝑋𝐴𝐵)  

𝐻 = ∫  𝑑3Ω
1

𝑔2
Tr (

1

2
(𝐹0𝑖)

2
+
1

4
(𝐹𝑖𝑗)

2
+
1

2
|𝐷0𝑋𝐴𝐵|

2 +
1

2
|𝐷𝑖𝑋

𝐴𝐵|2 +
1

4
|[𝑋𝐴𝐵, 𝑋𝐶𝐷]|

2 +
1

2𝑟2
|𝑋𝐴𝐵|

2)  

𝐽𝑖 = ∫  𝑑3Ω
1

𝑔2
Tr (𝐹0 𝜇𝐹

𝑖𝜇 +
1

2
(𝐷0𝑋𝐴𝐵𝐷

𝑖𝑋𝐴𝐵 + 𝐷𝑖𝑋𝐴𝐵𝐷
0𝑋𝐴𝐵))  

Δ𝜖𝐴𝜇 = 𝑖((𝜖𝐴)
∗𝛾𝜇𝜆𝐴 + 𝜖𝐴𝛾𝜇(𝜆𝐴)

†)

Δ𝜖𝑋
𝐴𝐵 = 𝑖(−𝜀𝐴𝐵𝐶𝐷𝜖𝐶𝜆𝐷 − (𝜖𝐴)

∗(𝜆𝐵)
† + (𝜖𝐵)

∗(𝜆𝐴)
†)

Δ𝜖𝜆𝐴 =
1

2
𝐹𝜇𝜈𝛾

𝜇𝜈𝜖𝐴 − 2𝐷𝜇𝑋𝐴𝐵𝛾
𝜇(𝜖𝐵)

∗ − 2𝑖[𝑋𝐴𝐵, 𝑋
𝐵𝐶]𝜖𝐶 − 𝑋𝐴𝐵𝛾

𝜇∇𝜇(𝜖𝐵)
∗

 

∇𝜇𝜖𝐴
(±)
= ±

𝑖

2𝑟
𝛾𝜇𝛾

𝑡𝜖𝐴
(±)  

𝜕𝑡𝜖𝐴
(+)
=
𝑖

2𝑟
𝜖𝐴
(+)
, 𝜕𝜓𝜖𝐴

(+)
=
𝑖

2
𝛾3 

𝑡𝜖𝐴
(+)
, 𝜕𝜃𝜖𝐴

(+)
= 0, 𝜕𝜙𝜖𝐴

(+)
= 0  

𝜖𝐴
(+)
= 𝑒

𝑖
2𝑟
𝑡𝑒−

𝑖
2
𝛾30𝜓𝜂𝐴

(+)  
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𝜕𝑡𝜖𝐴
(−)
= −

𝑖

2𝑟
𝜖𝐴
(−)
, ∇𝜃
𝐒2𝜖𝐴

(−)
= −

𝑖

𝑟
𝛾𝜃 

𝑡𝜖𝐴
(−)
, ∇𝜙
𝐒2𝜖𝐴

(−)
= −

𝑖

𝑟
𝛾𝜙 

𝑡𝜖𝐴
(−)
, 𝜕𝜓𝜖𝐴

(−)
= 0  

∇𝜃𝜖𝐴
(−)
= 𝜕𝜃𝜖𝐴

(−)
, ∇𝜙𝜖𝐴

(−)
= 𝜕𝜙𝜖𝐴

(−)
+
1

2
cos 𝜃𝛾21𝜖𝐴

(−)  

𝜖𝐴
(−)
= 𝑒−

𝑖
2𝑟
𝑡𝑒−

𝑖
2
𝛾01𝜃𝑒−

1
2
𝛾21𝜙𝜂𝐴

(−)  

Δ𝜖(±)𝜆𝐴 =
1

2
𝐹𝜇𝜈𝛾

𝜇𝜈𝜖𝐴
(±)
− 2𝑖[𝑋𝐴𝐵, 𝑋

𝐵𝐶]𝜖𝐶
(±)
+ (−2𝐷0𝑋𝐴𝐵 ± 𝑋𝐴𝐵

2𝑖

𝑟
) 𝛾𝑡 (𝜖𝐵

(±)
)
∗
− 2𝐷𝑖𝑋𝐴𝐵𝛾

𝑖 (𝜖𝐵
(±)
)
∗

 

𝐹𝜇𝜈 = 0, [𝑋𝐴𝐵, 𝑋
𝐵4] = 0,−2𝐷0𝑋𝐴4 + 𝑋𝐴4

2𝑖

𝑟
= 0,𝐷𝑖𝑋𝐴4 = 0  

𝐹𝜇𝜈 = 0, 2𝜕0𝑋𝐴4 = 𝑋𝐴4
2𝑖

𝑟
, 𝜕𝑖𝑋𝐴4 = 0  

𝑋𝐴4 = 𝑥𝐴4
(+)
𝑒𝑖
𝑡
𝑟  

𝑋12 = 𝑋34
† = 𝑥34

(+)†
𝑒−𝑖

𝑡
𝑟, 𝑋13 = −𝑋24

† = −𝑥24
(+)†

𝑒−𝑖
𝑡
𝑟, 𝑋23 = −𝑋14

† = −𝑥14
(+)†

𝑒−𝑖
𝑡
𝑟  

Δ𝜖(±)𝜆1 = (𝑋12
2𝑖

𝑟
± 𝑋12

2𝑖

𝑟
) 𝛾𝑡 (𝜖2

(±)
)
∗
+ (𝑋13

2𝑖

𝑟
± 𝑋13

2𝑖

𝑟
) 𝛾𝑡 (𝜖3

(±)
)
∗
, 

Δ𝜖(±)𝜆2 = (𝑋21
2𝑖

𝑟
± 𝑋21

2𝑖

𝑟
) 𝛾𝑡 (𝜖1

(±)
)
∗
+ (𝑋23

2𝑖

𝑟
± 𝑋23

2𝑖

𝑟
) 𝛾𝑡 (𝜖3

(±)
)
∗
, 

Δ𝜖(±)𝜆3 = (𝑋31
2𝑖

𝑟
± 𝑋31

2𝑖

𝑟
) 𝛾𝑡 (𝜖1

(±)
)
∗
+ (𝑋32

2𝑖

𝑟
± 𝑋32

2𝑖

𝑟
) 𝛾𝑡 (𝜖2

(±)
)
∗
, 

Δ𝜖(±)𝜆4 = (−𝑋41
2𝑖

𝑟
± 𝑋41

2𝑖

𝑟
) 𝛾𝑡 (𝜖1

(±)
)
∗
+ (−𝑋42

2𝑖

𝑟
± 𝑋42

2𝑖

𝑟
) 𝛾𝑡 (𝜖2

(±)
)
∗
+ (−𝑋43

2𝑖

𝑟
±

𝑋43
2𝑖

𝑟
) 𝛾𝑡 (𝜖3

(±)
)
∗
. 

(𝜖1
(+)
)
∗
= 0  or  (𝜖1

(+)
)
∗
≠ 0, 𝑋34 = 𝑋24 = 0

(𝜖2
(+)
)
∗
= 0  or  (𝜖2

(+)
)
∗
≠ 0, 𝑋34 = 𝑋14 = 0

(𝜖3
(+)
)
∗
= 0  or  (𝜖3

(+)
)
∗
≠ 0, 𝑋24 = 𝑋14 = 0

(𝜖1
(−)
)
∗
= 0  or  (𝜖1

(−)
)
∗
≠ 0,𝑋41 = 0

(𝜖2
(−)
)
∗
= 0  or  (𝜖2

(−)
)
∗
≠ 0,𝑋42 = 0

(𝜖3
(−)
)
∗
= 0  or  (𝜖3

(−)
)
∗
≠ 0,𝑋43 = 0

 

𝐹𝜇𝜈 = 0, [𝑋𝐴𝐵, 𝑋
𝐵4] = 0, 2𝐷0𝑋𝐴4 − 𝑋𝐴4

2𝑖

𝑟
= 0, 𝐷𝑖𝑋𝐴4 = 0  

𝐹𝜇𝜈 = 0, 2𝜕0𝑋𝐴4 + 𝑋𝐴4
2𝑖

𝑟
= 0, 𝜕𝑖𝑋𝐴4 = 0.  
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𝑋𝐴4 = 𝑥𝐴4
(−)
𝑒−𝑖

𝑡
𝑟  

 

 

𝐻 =
1

𝑔2
∫  𝑑3Ω

4

𝑟2
Tr|𝑋𝐴4|

2

𝑃𝑖  = 0

𝑅4
4  = ∫  𝑑3Ω

2

𝑔2
∓1

𝑟
Tr|𝑋𝐴4|

2

 

𝑟𝐻 = ∓2𝑅4
4 = ±2∑  

3

𝐴=1

 𝑅𝐴
𝐴.  

𝛾0𝜂4
(+)
= 𝑖𝑤(+)𝜂4

(+)  

𝜖4
(+)
= 𝑒

𝑖
2𝑟
𝑡𝑒𝑖

𝑤(+)

2
𝜓𝜂4

(+)
.  

𝑟𝐻 = −2𝑅4
4 + 2𝑤(+)𝐽𝜓.  

Δ𝜖(±)𝜆𝐶 = Δ(±)𝜆𝐶 + Δ‾ (±)𝜆𝐶  

Δ(±)𝜆𝐴 =
1

2
𝐹𝜇𝜈𝛾

𝜇𝜈𝜖𝐴
(±)
− 2𝑖[𝑋𝐴𝐵 , 𝑋

𝐵𝐶]𝜖𝐶
(±)

Δ‾ (±)𝜆𝐴 = (−2𝐷0𝑋𝐴𝐵 ± 𝑋𝐴𝐵
2𝑖

𝑟
) 𝛾𝑡 (𝜖𝐵

(±)
)
∗
− 2𝐷𝑖𝑋𝐴𝐵𝛾

𝑖 (𝜖𝐵
(±)
)
∗

 

Δ(+)𝜆𝐴 =𝑒
𝑖𝜇
4
𝑡𝑒𝑖

𝑤(+)

2
𝜓 [𝑖𝑤(+)𝛿𝐴

4(−𝐹01 + 𝑖𝐹23 + 𝑖𝑤(+)𝐹02 −𝑤(+)𝐹13)𝛾1𝜂4
(+)

+{𝑖𝑤(+)𝛿𝐴
4(𝑖𝐹03 + 𝐹12) + (−2𝑖[𝑋𝐴𝐵 , 𝑋

𝐵4])}𝜂4
(+)
] + ⋯

Δ‾ (+)𝜆𝐴 =𝑒
−
𝑖𝜇
4
𝑡𝑒𝑖

−𝑤(+)

2
𝜓 [((−2𝐷0𝑋𝐴4 + 𝑋𝐴4

2𝑖

𝑟
) (𝑖𝑤(+)) − 2𝑖𝐷3𝑋𝐴4)(𝜂4

(+)
)
∗

+(−2𝐷1𝑋𝐴4 − 2𝑖𝐷2𝑋𝐴4𝑤
(+))𝛾1 (𝜂4

(+)
)
∗
] + ⋯
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 −𝐹01 + 𝑖𝐹23 + 𝑖𝑤(+)𝐹02 −𝑤(+)𝐹13 = 0
𝑖𝑤(+)𝛿𝐴

4(𝑖𝐹03 + 𝐹12) − 2𝑖[𝑋𝐴𝐵, 𝑋
𝐵4] = 0

(−2𝐷0𝑋𝐴4 + 𝑋𝐴4
2𝑖

𝑟
) (𝑖𝑤(+)) − 2𝑖𝐷3𝑋𝐴4 = 0

 −2𝐷1𝑋𝐴4 − 2𝑖𝐷2𝑋𝐴4𝑤
(+) = 0

 

𝐹01 = −𝑤(+)𝐹13, 𝐹23 = −𝑤(+)𝐹02

𝑤(+)𝛿𝐴
4(𝑖𝐹03 + 𝐹12) − 2[𝑋𝐴𝐵 , 𝑋

𝐵4] = 0

(𝐷0 −
𝑖

𝑟
− 𝑤(+)𝐷3)𝑋𝐴4 = 0

(𝐷1 + 𝑖𝑤
(+)𝐷2)𝑋𝐴4 = 0

 

𝐹12 = 𝐹03 = 0, 𝐹13 = −𝑤(+)𝐹01, 𝐹02 = −𝑤(+)𝐹23  

 

(𝜕0 −
𝑖

𝑟
− 𝑤(+)𝜕3)𝑋𝐴4 = 0, (𝜕1 + 𝑖𝑤

(+)𝜕2)𝑋𝐴4 = 0  

𝐿̂2𝑌𝑠,𝑙3,𝑟3  = 𝑅̂
2𝑌𝑠,𝑙3,𝑟3 = 𝑠(𝑠 + 1)𝑌𝑠,𝑙3,𝑟3

𝐿̂3𝑌𝑠,𝑙3,𝑟3  = 𝑙3𝑌𝑠,𝑙3,𝑟3 , 𝑅̂3𝑌𝑠,𝑙3,𝑟3 = 𝑟3𝑌𝑠,𝑙3,𝑟3
 

𝑅̂𝑤(+)𝑋𝐴4 = 0  

𝑋𝐴4 = ∑  

𝑠≥0,|𝑙3|≤𝑠

 𝑥𝐴4
𝑠,𝑙3(𝑡)𝑌𝑠,𝑙3,𝑤(+)𝑠(𝜃, 𝜙, 𝜓)  

𝜕0𝑥𝐴4
𝑠,𝑙3(𝑡) =

𝑖

𝑟
𝑥𝐴4
𝑠,𝑙3(𝑡) −

2

𝑟
𝑤(+)(−𝑖𝑤(+)𝑠)𝑥𝐴4

𝑠,𝑙3(𝑡)  

𝑥𝐴4
𝑠,𝑙3(𝑡) = 𝑥𝐴4

𝑠,𝑙3𝑒𝑖
2𝑠+1
𝑟

𝑡  

𝑋𝐴4 = ∑  

𝑠≥0,|𝑙3|≤𝑠

 𝑥𝐴4
𝑠,𝑙3𝑒𝑖

2𝑠+1
𝑟

𝑡𝑌𝑠,𝑙3,𝑤(+)𝑠(𝜃, 𝜙, 𝜓)  

𝜕𝑡𝐹
01 +𝑤(+)𝜕3𝐹

01 = 0

𝜕𝑡𝐹
23 +𝑤(+)𝜕3𝐹

32 = 0

𝜕1(𝑤
(+)𝐹01) − 𝜕2𝐹

23 +
2

𝑟
cot 𝜃(𝑤(+)𝐹01) = 0

 

𝜕1(sin 𝜃𝐹
23) + 𝑤(+)𝜕2(sin 𝜃𝐹

01) = 0  

𝜕1(sin 𝜃𝐹
01) − 𝑤(+)𝜕2(sin 𝜃𝐹

23) = 0  

sin 𝜃𝐹01= ∑  

𝑠≥
1
2
,|𝑙3|≤𝑠

  (𝐵𝑠,𝑙3(𝑡)Re [𝑌𝑠,𝑙3,𝑤(+)𝑠(𝜃, 𝜙, 𝜓)] − 𝐴
𝑠,𝑙3(𝑡)Im [𝑌𝑠,𝑙3,𝑤(+)𝑠(𝜃, 𝜙, 𝜓)])  

sin 𝜃𝐹23 = ∑  

𝑠≥
1
2
,|𝑙3|≤𝑠

 (𝐴𝑠,𝑙3(𝑡)Re [𝑌𝑠,𝑙3,𝑤(+)𝑠(𝜃, 𝜙, 𝜓)] + 𝐵
𝑠,𝑙3(𝑡)Im [𝑌𝑠,𝑙3,𝑤(+)𝑠(𝜃, 𝜙, 𝜓)])
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𝜕1𝑢 − 𝑤
(+)𝜕2𝑣 = 0, 𝜕1𝑣 + 𝑤

(+)𝜕2𝑢 = 0  

𝜕1(𝐴𝑢 + 𝐵𝑣) + 𝑤
(+)𝜕2(𝐵𝑢 − 𝐴𝑣) = 0, 𝜕1(𝐵𝑢 − 𝐴𝑣) − 𝑤

(+)𝜕2(𝐴𝑢 + 𝐵𝑣) = 0  

sin 𝜃𝐹01 = ∑  

𝑠≥
1
2
,|𝑙3|≤𝑠

 𝑎𝑠,𝑙3
(+)
Re [𝑌𝑠,𝑙3,𝑤(+)𝑠 (𝜃, 𝜙, 𝜓 − 𝑤

(+)
2

𝑟
𝑡 + 𝛼𝑠,𝑙3

(+)
)]

sin 𝜃𝐹23 = ∑  

𝑠≥
1
2,
|𝑙3|≤𝑠

 𝑎𝑠,𝑙3
(+)
Im [𝑌𝑠,𝑙3,𝑤(+)𝑠 (𝜃, 𝜙, 𝜓 − 𝑤

(+)
2

𝑟
𝑡 + 𝛼𝑠,𝑙3

(+)
)]

 

𝐹01  = ∑  

𝑠≥
1
2
,|𝑙3|≤𝑠

 𝑎𝑠,𝑙3
(+)
𝑐𝑠,𝑙3tan

𝑤(+)𝑙3  (
𝜃

2
) sin𝑠−1 𝜃cos (𝑙3𝜙 + 𝑠 (

2

𝑟
𝑡 − 𝑤(+)𝜓) + 𝛼𝑠,𝑙3

(+)
)

𝐹23  = ∑  

𝑠≥
1
2,
|𝑙3|≤𝑠

 𝑎𝑠,𝑙3
(+)
𝑐𝑠,𝑙3tan

𝑤(+)𝑙3  (
𝜃

2
) sin𝑠−1 𝜃sin (𝑙3𝜙 + 𝑠 (

2

𝑟
𝑡 − 𝑤(+)𝜓) + 𝛼𝑠,𝑙3

(+)
)

 

𝑥14
𝑠,𝑙3 , 𝑥24

𝑠,𝑙3 , 𝑥34
𝑠,𝑙3 ∈ 𝐂, 𝑎𝑠,𝑙3

(+)
≥ 0,0 ≤ 𝛼𝑠,𝑙3

(+)
< 2𝜋  

𝐻|𝐹𝜇𝜈=0  = ∫  𝑑
3Ω

4

𝑔2
Tr (

1

𝑟2
|𝑋𝐴4|

2
−𝑤(+)

𝑖

𝑟
𝑋𝐴4𝜕3𝑋

𝐴4 + |𝜕2𝑋𝐴4|
2
+ |𝜕3𝑋𝐴4|

2
) ,

𝐽𝜃|𝐹𝜇𝜈=0  = 0,

𝐽𝜙|𝐹𝜇𝜈=0
 = ∫  𝑑3Ω

2

𝑔2
Tr (−(

𝑖

𝑟
𝑋𝐴4 −𝑤

(+)𝜕3𝑋𝐴4) 𝜕𝜙𝑋
𝐴4 + ( c.c. )) ,

𝐽𝜓|𝐹𝜇𝜈=0
 = ∫  𝑑3Ω

2

𝑔2
Tr (−(

𝑖

𝑟
𝑋𝐴4 −𝑤

(+)𝜕3𝑋𝐴4) 𝜕𝜓𝑋
𝐴4 + ( c.c. )) ,

𝑅4
4|𝐹𝜇𝜈=0  = 𝑖 ∫  𝑑

3Ω
2

𝑔2
Tr (

𝑖

𝑟
|𝑋4𝐵|

2 −𝑤(+)𝑋4𝐵𝜕3𝑋4𝐵) ,

 

𝐻|𝑋𝐴𝐵=0  = ∫  𝑑
3Ω

1

𝑔2
Tr((𝐹01)2 + (𝐹23)2)

𝐽𝜃|𝑋𝐴𝐵=0  = 0

𝐽𝜙|𝑋𝐴𝐵=0
 = 𝑤(+)

𝑟

2𝑔2
∫  𝑑3Ωcos 𝜃Tr((𝐹01)2 + (𝐹23)2)

𝐽𝜓|𝑋𝐴𝐵=0
 = 𝑤(+)

𝑟

2𝑔2
∫  𝑑3ΩTr((𝐹01)2 + (𝐹23)2)

𝑅4
4|𝑋𝐴𝐵=0  = 0

 

𝐻|𝐹𝜇𝜈=0  =
8

𝑟2𝑔2
∑  

𝑠≥0,|𝑙3|≤𝑠

  (2𝑠 + 1)2Tr|𝑥𝐴4
𝑠,𝑙3|

2
,

𝐽𝜙|𝐹𝜇𝜈=0
 =

−4

𝑟𝑔2
∑  

𝑠≥0,|𝑙3|≤𝑠

  (2𝑠 + 1)𝑙3Tr|𝑥𝐴4
𝑠,𝑙3|

2
,

𝐽𝜓|𝐹𝜇𝜈=0
 =

4

𝑟𝑔2
𝑤(+) ∑  

𝑠≥0,|𝑙3|≤𝑠

  (2𝑠 + 1)𝑠Tr|𝑥𝐴4
𝑠,𝑙3|

2
,

𝑅4
4|𝐹𝜇𝜈=0  = −

2

𝑟𝑔2
∑  

𝑠≥0,|𝑙3|≤𝑠

  (2𝑠 + 1)Tr|𝑥𝐴4
𝑠,𝑙3|

2
.
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𝐻|𝑋𝐴𝐵=0 = 𝑤
(+)
2

𝑟
𝐽𝜓|

𝑋𝐴𝐵=0
=
1

𝑔2
∑  

𝑠≥
1
2
,|𝑙3|≤𝑠

 
𝑠(2𝑠 + 1)

2(𝑠2 − 𝑙3
2)
Tr (𝑎𝑠,𝑙3

(+)
)
2
,

𝐽𝜙|𝑋𝐴𝐵=0
=

𝑟

2𝑔2
∑  

𝑠≥
1
2
,|𝑙3|≤𝑠

 
𝑙3(2𝑠 + 1)

2(𝑙3
2 − 𝑠2)

Tr (𝑎𝑠,𝑙3
(+)
)
2
.

 

𝛾0𝜂l
(−)
= 𝑖𝑤(−)𝜂l

(−)
 

𝜖1
(−)
= 𝑒−

𝑖
2𝑟
𝑡𝑒
−𝑖𝑤(−)𝜙

2 (𝑐𝜃 −𝑤
(−)𝛾1𝑠𝜃)𝜂1

(−)  

𝑐𝜃 = cos 
𝜃

2
, 𝑠𝜃 = sin 

𝜃

2
 

𝑟𝐻 = 2𝑅1 1 + 2𝑤
(−)𝐽𝜙  

Δ(−)𝜆𝐴

=𝑒−
𝑖𝜇
4
𝑡𝑒
−𝑖𝑤(−)𝜙

2 ×

[{(−𝑖𝑤(−)𝑐𝜃)(𝐹
01 − 𝑖𝐹23) − 𝑐𝜃(𝐹

02 + 𝑖𝐹13) + 𝑠𝜃(𝐹
03 − 𝑖𝐹12) − 2𝑖[𝑋𝐴𝐵 , 𝑋

𝐵1](−𝑤(−)𝑠𝜃)}𝛾1𝜂1
(−)

+{−𝑖𝑠𝜃(𝐹
01 − 𝑖𝐹23) + 𝑠𝜃𝑤

(−)(𝐹02 + 𝑖𝐹13) + 𝑐𝜃𝑤
(−)(𝐹03 − 𝑖𝐹12) − 2𝑖[𝑋𝐴𝐵 , 𝑋

𝐵1]𝑐𝜃}𝜂1
(−)
] +⋯

Δ‾ (−)𝜆𝐴

=𝑒
𝑖𝜇
4
𝑡𝑒
𝑖𝑤(−)𝜙
2 ×

[{(−2𝐷0𝑋𝐴1 − 𝑋𝐴1
2𝑖

𝑟
) (𝑖𝑤(−)𝑐𝜃) − 2𝐷1𝑋𝐴1(−𝑤

(−)𝑠𝜃) − 2𝐷2𝑋𝐴1(𝑖𝑠𝜃) − 2𝐷3𝑋𝐴1(𝑖𝑐𝜃)} (𝜂1
(−)
)
∗

+{(−2𝐷0𝑋𝐴1 − 𝑋𝐴1
2𝑖

𝑟
) (𝑖𝑠𝜃) − 2𝐷1𝑋𝐴1(𝑐𝜃) − 2𝐷2𝑋𝐴1(𝑖𝑤

(−)𝑐𝜃) − 2𝐷3𝑋𝐴1(−𝑖𝑤
(−)𝑠𝜃)} 𝛾1 (𝜂1

(−)
)
∗
]

 +⋯

 

{−𝑖𝑠𝜃(𝐹
01 − 𝑖𝐹23) + 𝑠𝜃𝑤

(−)(𝐹02 + 𝑖𝐹13) + 𝑐𝜃𝑤
(−)(𝐹03 − 𝑖𝐹12)}𝛿𝐴

1 − 2𝑖[𝑋𝐴𝐵 , 𝑋
𝐵1]𝑐𝜃 = 0,

{(−𝑖𝑤(−)𝑐𝜃)(𝐹
01 − 𝑖𝐹23) − 𝑐𝜃(𝐹

02 + 𝑖𝐹13) + 𝑠𝜃(𝐹
03 − 𝑖𝐹12)}𝛿𝐴

1 − 2𝑖[𝑋𝐴𝐵 , 𝑋
𝐵1](−𝑤(−)𝑠𝜃) = 0,

(−2𝐷0𝑋𝐴1 − 𝑋𝐴1
2𝑖

𝑟
) (𝑖𝑤(−)𝑐𝜃) − 2𝐷1𝑋𝐴1(−𝑤

(−)𝑠𝜃) − 2𝐷2𝑋𝐴1(𝑖𝑠𝜃) − 2𝐷3𝑋𝐴1(𝑖𝑐𝜃) = 0,

(−2𝐷0𝑋𝐴1 − 𝑋𝐴1
2𝑖

𝑟
) (𝑖𝑠𝜃) − 2𝐷1𝑋𝐴1(𝑐𝜃) − 2𝐷2𝑋𝐴1(𝑖𝑤

(−)𝑐𝜃) − 2𝐷3𝑋𝐴1(−𝑖𝑤
(−)𝑠𝜃) = 0,

 

𝐹02 = −𝑤(−)𝐹23sec 𝜃 + 𝐹03tan 𝜃, 𝐹13 = −𝑤(−)𝐹01sec 𝜃 − 𝐹12tan 𝜃

[𝑋𝐴𝐵 , 𝑋
𝐵1] =

1

2𝑖
{𝑤(−)sec 𝜃(𝐹03 − 𝑖𝐹12) − (𝐹23 + 𝑖𝐹01)tan 𝜃}𝛿𝐴

1

𝐷0𝑋𝐴1 = −
𝑖

𝑟
𝑋𝐴1 −𝑤

(−)
2

𝑟
𝐷𝜙𝑋𝐴1

𝐷1𝑋𝐴1 = 𝑖𝑤
(−)(−cos 𝜃𝐷2𝑋𝐴1 + sin 𝜃𝐷3𝑋𝐴1)

 

𝐹02 = −𝑤(−)cos 𝜃𝐹23, 𝐹03 = 𝑤(−)sin 𝜃𝐹23

𝐹12 = −𝑤(−)sin 𝜃𝐹01, 𝐹13 = −𝑤(−)cos 𝜃𝐹01

(𝜕0 +
𝑖

𝑟
+
2

𝑟
𝑤(−)𝜕𝜙)𝑋𝐴1 = 0

(𝜕1 − 𝑖𝑤
(−)(−cos 𝜃𝜕2 + sin 𝜃𝜕3))𝑋𝐴1 = 0
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𝑋𝐴1 = ∑  

𝑠≥0,|𝑟3|≤𝑠

 𝑥𝐴1
𝑠,𝑟3(𝑡)𝑌

𝑠,𝑤(−)
𝑠,𝑟3 (𝜃, 𝜙, 𝜓)  

𝜕0𝑥𝐴1
𝑠,𝑟3(𝑡) =

−𝑖

𝑟
𝑥𝐴1
𝑠,𝑟3(𝑡) −

2

𝑟
𝑤(−)(𝑖𝑤(−)𝑠)𝑥𝐴1

𝑠,𝑟3(𝑡)  

𝑥𝐴1
𝑠,𝑟3(𝑡) = 𝑥𝐴1

𝑠,𝑟3𝑒−𝑖
2𝑠+1
𝑟

𝑡  

𝑋𝐴1 = ∑  

𝑠≥0,|𝑟3|≤𝑠

 𝑥𝐴1
𝑠,𝑟3𝑒−𝑖

2𝑠+1
𝑟

𝑡𝑌𝑠,𝑤(−)𝑠,𝑟3(𝜃, 𝜙, 𝜓)  

𝜕𝑡𝐹
01 = −𝑤(−)

2

𝑟
𝜕𝜙𝐹

01

𝜕𝑡𝐹
23 = −𝑤(−)

2

𝑟
𝜕𝜙𝐹

23

𝜕3𝐹
23 = −𝑤(−)(𝜕𝑡(cos 𝜃𝐹

23) + 𝜕1(sin 𝜃𝐹
01))

 

(−
1

sin 𝜃
𝜕𝜓 + cot 𝜃𝜕𝜙) (sin 𝜃𝐹

01) = −𝑤(−)𝜕𝜃(sin 𝜃𝐹
23)  

𝐺 = ∑  

𝑠≥
1
2
,|𝑙3|≤𝑠

 𝐶𝑠,𝑟3
(−)
(𝑡)𝑌𝑠,𝑤(−)𝑠𝑠,𝑟3

(𝜃, 𝜙, 𝜓)
 

𝜕𝑡𝐶𝑠,𝑟3
(−)
(𝑡) = −𝑖

2

𝑟
𝑠𝐶𝑠,𝑟3

(−)
(𝑡)  

𝐶𝑠,𝑟3
(−)
(𝑡) = 𝐶𝑠,𝑟3

(−)
𝑒−𝑖

2
𝑟
𝑠𝑡 = 𝑎𝑠,𝑟3

(−)
𝑒−𝑖

2
𝑟
𝑠𝑡+𝑖𝛼𝑠,𝑟3

(−)
 

𝐺 = ∑  

𝑠≥
1
2,
|𝑙3|≤𝑠

 𝑎𝑠,𝑟3
(−)
𝑒−𝑖

2
𝑟
𝑠𝑡+𝑖𝛼𝑠,𝑟3

(−)

𝑌𝑠,𝑤(−)𝑠,𝑟3(𝜃, 𝜙, 𝜓)  

𝐹01  = ∑  

𝑠≥
1
2
,|𝑟3|≤𝑠

 𝑎𝑠,𝑟3
(−)
𝑐𝑠,𝑟3tan

𝑤(−)𝑟3  (
𝜃

2
) sin𝑠−1 𝜃cos (−𝑟3𝜓 + 𝑠 (𝑤

(−)𝜙 −
2

𝑟
𝑡) + 𝛼𝑠,𝑟3

(−)
) ,

𝐹23  = ∑  

𝑠≥
1
2,
|𝑟3|≤𝑠

 𝑎𝑠,𝑟3
(−)
𝑐𝑠,𝑟3tan

𝑤(−)𝑟3  (
𝜃

2
) sin𝑠−1 𝜃sin (−𝑟3𝜓 + 𝑠 (𝑤

(−)𝜙 −
2

𝑟
𝑡) + 𝛼𝑠,𝑟3

(−)
,

 

𝑥12
𝑠,𝑟3 , 𝑥12

𝑠,𝑟3 , 𝑥13
𝑠,𝑟3 ∈ 𝐂, 𝑎𝑠,𝑟3

(−)
≥ 0,0 ≤ 𝛼𝑠,𝑟3

(−)
< 2𝜋  
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𝐻|𝐹𝜇𝜈 = 0 =
4

𝑔2
∫  𝑑3ΩTr(

1

𝑟2
|𝑋𝐴1|

2
+ |𝜕2𝑋𝐴1|

2
+ |𝜕3𝑋𝐴1|

2
+
2𝑖

𝑟2
𝑤(−)𝑋𝐴1𝜕𝜙𝑋

𝐴1)

𝐽𝜃|𝐹𝜇𝜈 = 0 = 0

𝐽𝜙|𝐹𝜇𝜈=0
= ∫  𝑑3Ω

1

𝑔2
Tr (−2(−

𝑖

𝑟
𝑋𝐴1 −𝑤

(−)
2

𝑟
𝐷𝜙𝑋𝐴1))𝐷𝜙𝑋

𝐴1 + ( c.c. ))

𝐽𝜓|𝐹𝜇𝜈=0
 = ∫  𝑑3Ω

1

𝑔2
Tr (−2(−

𝑖

𝑟
𝑋𝐴1 −𝑤

(−)
2

𝑟
𝐷𝜙𝑋𝐴1)𝐷𝜓𝑋

𝐴1 + ( c.c. ))

𝑅1
1|
𝐹𝜇𝜈=0

 = 𝑖 ∫  𝑑3Ω
2

𝑔2
Tr (−

𝑖

𝑟
|𝑋1𝐴|

2 −𝑤(−)
2

𝑟
𝑋1𝐴𝐷𝜙𝑋𝐴1)

 

𝐻|𝑋𝐴𝐵=0 = ∫  𝑑
3Ω

1

𝑔2
Tr((𝐹01)2 + (𝐹23)2)

𝐽𝜃|𝑋𝐴𝐵=0 = 0

𝐽𝜙|𝑋𝐴𝐵=0
= 𝑤(−)

𝑟

2𝑔2
∫  𝑑3ΩTr((𝐹01)2 + (𝐹23)2)

𝐽𝜓|𝑋𝐴𝐵=0
= 𝑤(−)

𝑟

2𝑔2
∫  𝑑3Ωcos 𝜃Tr((𝐹01)2 + (𝐹23)2)

 

𝐻|𝐹𝜇𝜈=0  =
8

𝑟2𝑔2
∑  

𝑠≥0,|𝑟3|≤𝑠

  (2𝑠 + 1)2Tr|𝑥𝐴1
𝑠,𝑟3|

2

𝐽𝜙|𝐹𝜇𝜈=0
 =

4

𝑟𝑔2
𝑤(−) ∑  

𝑠≥0,|𝑟3|≤𝑠

  (2𝑠 + 1)𝑠Tr|𝑥𝐴1
𝑠,𝑟3|

2

𝐽𝜓|𝐹𝜇𝜈=0
 =

4

𝑟𝑔2
∑  

𝑠≥0,|𝑟3|≤𝑠

 − (2𝑠 + 1)𝑟3Tr|𝑥𝐴1
𝑠,𝑟3|

2

𝑅1
1|
𝐹𝜇𝜈=0

 =
2

𝑟𝑔2
∑  

𝑠≥0,|𝑟3|≤𝑠

  (2𝑠 + 1)Tr|𝑥𝐴1
𝑠,𝑟3|

2

 

𝐻|𝑋𝐴𝐵=0 = 𝑤
(−)
2

𝑟
𝐽𝜙|

𝑋𝐴𝐵=0
=
1

𝑔2
∑  

𝑠≥
1
2
,|𝑟3|≤𝑠

 
𝑠(1 + 2𝑠)

2(𝑠2 − 𝑟3
2)
Tr (𝑎𝑠,𝑟3

(−)
)
2

𝐽𝜓|𝑋𝐴𝐵=0
=

𝑟

2𝑔2
∑  

𝑠≥
1
2
,|𝑟3|≤𝑠

 
𝑟3(1 + 2𝑠)

2(𝑟3
2 − 𝑠2)

Tr (𝑎𝑠,𝑟3
(−)
)
2

 

𝑋𝐴4  = ∑  

𝑠≥0,|𝑙3|≤𝑠

 𝑥𝐴4
𝑠,𝑙3𝑒𝑖

2𝑠+1
𝑟

𝑡𝑌𝑠,𝑙3,𝑤(+)𝑠(𝜃, 𝜙, 𝜓)

𝐹01  = ∑  

𝑠≥
1
2
,|𝑙3|≤𝑠

 𝑎𝑠,𝑙3
(+)
𝑐𝑠,𝑙3tan

𝑤(+)𝑙3  (
𝜃

2
) sin𝑠−1 𝜃cos (𝑙3𝜙 + 𝑠 (

2

𝑟
𝑡 − 𝑤(+)𝜓) + 𝛼𝑠,𝑙3

(+)
)

𝐹23  = ∑  

𝑠≥
1
2
,|𝑙3|≤𝑠

 𝑎𝑠,𝑙3
(+)
𝑐𝑠,𝑙3tan

𝑤(+)𝑙3  (
𝜃

2
) sin𝑠−1 𝜃sin (𝑙3𝜙 + 𝑠 (

2

𝑟
𝑡 − 𝑤(+)𝜓) + 𝛼𝑠,𝑙3

(+)
)
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𝑋𝐴3  = ∑  

𝑠≥0,|𝑙3|≤𝑠

 𝑥𝐴3
𝑠,𝑙3𝑒𝑖

2𝑠+1
𝑟

𝑡𝑌
𝑠,𝑙3,𝑤3

(+)
𝑠
(𝜃, 𝜙, 𝜓)

𝐹01  = ∑  

𝑠≥
1
2
,|𝑙3|≤𝑠

 𝑎𝑠,𝑙3
(+)
𝑐𝑠,𝑙3tan

𝑤3
(+)
𝑙3  (

𝜃

2
) sin𝑠−1 𝜃cos (𝑙3𝜙 + 𝑠 (

2

𝑟
𝑡 − 𝑤3

(+)
𝜓) + 𝛼𝑠,𝑙3

(+)
)

𝐹23  = ∑  

𝑠≥
1
2
,|𝑙3|≤𝑠

 𝑎𝑠,𝑙3
(+)
𝑐𝑠,𝑙3tan

𝑤3
(+)
𝑙3  (

𝜃

2
) sin𝑠−1 𝜃sin (𝑙3𝜙 + 𝑠 (

2

𝑟
𝑡 − 𝑤3

(+)
𝜓) + 𝛼𝑠,𝑙3

(+)
)

 

 

 

 

𝑋𝐴1 = ∑  

𝑠≥0,|𝑟3|≤𝑠

 𝑥𝐴1
𝑠,𝑟3𝑒−𝑖

2𝑠+1
𝑟

𝑡𝑌
𝑠,𝑤3

(−)
𝑠,𝑟3 (𝜃, 𝜙, 𝜓),  

𝐹01 = ∑  

𝑠≥
1
2
,|𝑟3|≤𝑠

 𝑎𝑠,𝑟3
(−)
𝑐𝑠,𝑟3tan

𝑤(−)𝑟3  (
𝜃

2
) sin𝑠−1 𝜃cos (−𝑟3𝜓 + 𝑠 (𝑤

(−)𝜙 −
2

𝑟
𝑡) + 𝛼𝑠,𝑟3

(−)
) ,

 

𝐹23 = ∑  

𝑠≥
1
2
,|𝑟3|≤𝑠

 𝑎𝑠,𝑟3
(−)
𝑐𝑠,𝑟3tan

𝑤(−)𝑟3  (
𝜃

2
) sin𝑠−1 𝜃sin (−𝑟3𝜓 + 𝑠 (𝑤

(−)𝜙 −
2

𝑟
𝑡) + 𝛼𝑠,𝑟3

(−)
)
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𝑑𝑠𝐑×𝐒2
2 = −𝑑𝑡2 + 𝜇−2(𝑑𝜃2 + sin2 𝜃𝑑𝜙2)  

 

𝐴𝑖 = 𝑎𝑖, 𝐴3 = 𝜙  

𝐹01 = 𝑓01, 𝐹02 = 𝑓02, 𝐹𝜇3 = 𝐷𝜇𝜙, 𝐹12 = 𝑓12 − 𝜇𝜙  

𝑆 =
1

𝑔3
2∫  𝑑𝑡

𝑑2Ω

𝜇2
Tr [−

1

4
𝑓𝜇𝜈𝑓

𝜇𝜈 −
1

2
𝐷𝜇𝜙𝐷

𝜇𝜙 + 𝜇𝜙𝑓12 −
1

2
𝜇2𝜙2

−
1

2
𝐷𝜇𝑋𝐴𝐵𝐷

𝜇𝑋𝐴𝐵 −
𝜇2

8
𝑋𝐴𝐵𝑋

𝐴𝐵 +
1

2
[𝑋𝐴𝐵, 𝜙][𝑋

𝐴𝐵, 𝜙] +
1

4
[𝑋𝐴𝐵 , 𝑋𝐶𝐷][𝑋

𝐴𝐵, 𝑋𝐶𝐷]  

+𝑖(𝜓𝐴)
†𝛾𝜇𝐷𝜇𝜓𝐴 +

𝜇

4
(𝜓𝐴)

†𝜌𝑡𝜓𝐴 + 𝑖(𝜓𝐴)
†[𝜙, 𝜓𝐴] + (𝜓𝐴)

†[𝑋𝐴𝐵, (𝜓𝐵)
†] + 𝜓𝐴[𝑋

𝐴𝐵, 𝜓𝐵]]

 

𝐷𝜇𝑓
𝜇𝜈 − 𝑖[𝜙, 𝐷𝜈𝜙] − 𝑖[𝑋𝐴𝐵 , 𝐷

𝜈𝑋𝐴𝐵] + 𝜇𝛾0𝜇𝜈𝐷𝜇𝜙 = 0

𝐷𝜇𝐷𝜇𝜙 + 𝜇𝑓12 − 𝜇
2𝜙2 + [𝑋𝐴𝐵, [𝜙, 𝑋

𝐴𝐵]] = 0

𝐷𝜇𝐷𝜇𝑋
𝐴𝐵 −

𝜇2

4
𝑋𝐴𝐵 + [𝜙, [𝑋𝐴𝐵, 𝜙]] + [𝑋𝐶𝐷 , [𝑋

𝐴𝐵, 𝑋𝐶𝐷]] = 0

 

𝑅𝐴
𝐶 = 𝑖∫  𝑑2Ω

1

𝑔3
2 Tr(−𝑋

𝐶𝐵𝐷0𝑋𝐴𝐵 + 𝐷
0𝑋𝐶𝐵𝑋𝐴𝐵)  

𝐻 =∫  𝑑2Ω
1

𝑔3
2 Tr (

1

2
(𝑓0𝑖)

2
+
1

4
(𝑓𝑖𝑗)

2
+
1

2
|𝐷0𝜙|

2 +
1

2
|𝐷⃗⃗⃗𝜙|2 +

1

2
|𝐷0𝑋𝐴𝐵|

2 +
1

2
|𝐷⃗⃗⃗𝑋𝐴𝐵|

2
 

−𝜇𝜙𝑓12 +
1

2
𝜇2𝜙2 +

1

2
|[𝑋𝐴𝐵, 𝜙]|

2 +
1

4
|[𝑋𝐴𝐵, 𝑋𝐶𝐷]|

2 +
𝜇2

8
|𝑋𝐴𝐵|

2)
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𝑃𝑖 = ∫  𝑑2Ω
1

𝑔3
2 Tr(𝑓

0 𝜇𝑓
𝑖𝜇 + 𝐷0𝜙𝐷𝑖𝜙 +

1

2
(𝐷0𝑋𝐴𝐵𝐷

𝑖𝑋𝐴𝐵 + 𝐷𝑖𝑋𝐴𝐵𝐷
0𝑋𝐴𝐵))  

𝜕𝑡𝜉𝐴 = −
𝑖𝜇

4
𝜉𝐴, ∇𝜃

𝐒2𝜉𝐴 = −
𝑖𝜇

2
𝜌𝜃 

𝑡𝜉𝐴, ∇𝜙
𝐒2𝜉𝐴 = −

𝑖𝜇

2
𝜌𝜙 

𝑡𝜉𝐴  

𝜉𝐴 = 𝑒
−𝑖
𝜇
4
𝑡𝑒−

𝑖
2
𝜌01𝜃𝑒−

1
2
𝜌21𝜙𝜂𝐴

 

Δ𝜉𝐴𝜇 =𝑖((𝜉𝐴)
∗𝜌𝜇𝜓𝐴 − (𝜓𝐴)

†𝜌𝜇𝜉𝐴)

Δ𝜉𝜙 =(𝜉𝐴)
∗𝜓𝐴 − (𝜓𝐴)

†𝜉𝐴

Δ𝜉𝑋
𝐴𝐵 =𝑖(−𝜀𝐴𝐵𝐶𝐷𝜉𝐶𝜓𝐷 − (𝜉𝐴)

∗(𝜓𝐵)
† + (𝜉𝐵)

∗(𝜓𝐴)
†)

Δ𝜉𝜓𝐴 =(−𝑖𝐷𝜇𝜙𝜌
𝜇 +

1

2
𝑓𝜇𝜈𝜌

𝜇𝜈 − 𝜇𝜙𝜌12) 𝜉𝐴 − 2(𝐷𝜇𝑋𝐴𝐵𝜌
𝜇 − [𝜙, 𝑋𝐴𝐵])(𝜉𝐵)

∗

 −2𝑖[𝑋𝐴𝐵 , 𝑋
𝐵𝐶]𝜉𝐶 − 𝑋𝐴𝐵 (𝜌

𝜇∇𝜇
𝐒2 −

𝑖𝜇

4
𝜌12) (𝜉𝐵)

∗

 

𝛾0𝜂1 = 𝑖𝑤𝜂1  

𝜇−1𝐻 = 𝑅1
1 +𝑤𝐽𝜙  

𝑓02 = −𝑤𝐷2𝜙sec 𝜃 + 𝐷0𝜙tan 𝜃, 𝐷1𝜙 = −𝑤𝑓01sec 𝜃 − (𝑓12 − 𝜇𝜙)tan 𝜃

[𝑋𝐴𝐵 , 𝑋
𝐵1] =

1

2𝑖
{𝑤sec 𝜃(𝐷0𝜙 − 𝑖(𝑓12 − 𝜇𝜙)) − (𝐷

2𝜙 + 𝑖𝑓01)tan 𝜃}𝛿𝐴
1

𝐷0𝑋𝐴1 = −
𝑖𝜇

2
𝑋𝐴1 −𝑤𝜇𝐷𝜙𝑋𝐴1

𝐷1𝑋𝐴1 = 𝑖𝑤(−cos 𝜃𝐷2𝑋𝐴1 + sin 𝜃[𝑖𝜙, 𝑋𝐴1])

 

𝑓02 = −𝑤cos 𝜃𝜕2𝜙, 𝜕𝑡𝜙 = −𝑤𝜇𝜕𝜙𝜙

𝑓12 = 𝜇𝜙 − 𝑤sin 𝜃𝑓
01, 𝜕1𝜙 = −𝑤cos 𝜃𝑓01

(𝜕0 +
𝑖𝜇

2
+ 𝜇𝑤𝜕𝜙)𝑋𝐴1 = 0, (𝜕1 + 𝑖𝑤cos 𝜃𝜕2)𝑋𝐴1 = 0

 

𝜕𝑡𝑓
01 = −𝑤𝜇𝜕𝜙𝑓

01, 𝜇𝜕𝜙
2𝜙 = tan 𝜃𝜕𝜃(sin 𝜃𝑓

01)  

𝑋𝐴1  = ∑  

𝑠≥0

 𝑥𝐴1
𝑠 𝑒

−𝑖𝜇(𝑠+
1
2
)𝑡
𝑌𝑠,𝑤𝑠(𝜃, 𝜙)

𝑓01  = ∑  

𝑠≥
1
2

 𝑎𝑠𝑐𝑠sin
𝑠−1 𝜃cos (𝑠(𝑤𝜙 − 𝜇𝑡) + 𝛼𝑠)

𝜕2𝜙 =∑  

𝑠≥
1
2

 𝑎𝑠𝑐𝑠sin
𝑠−1 𝜃sin (𝑠(𝑤𝜙 − 𝜇𝑡) + 𝛼𝑠)

 

𝜙 = 𝜙0 −
𝑤

𝜇
∑  

𝑠≥
1
2

 
𝑎𝑠
𝑠
𝑐𝑠sin

𝑠 𝜃cos (𝑠(𝑤𝜙 − 𝜇𝑡) + 𝛼𝑠)  
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𝐻 =
1

𝑔3
2(2𝜇

2∑ 

𝑠≥0

  (2𝑠 + 1)2Tr|𝑥𝐴1
𝑠 |

2
+∑ 

𝑠≥
1
2

 
(1 + 2𝑠)

2𝑠
Tr(𝑎𝑠)

2) ,

𝐽𝜃  = 0

𝐽𝜙  =
𝑤

𝑔3
2(∑ 

𝑠≥0

 2𝜇(2𝑠 + 1)𝑠Tr|𝑥𝐴1
𝑠 |

2
+ 𝜇−1∑ 

𝑠≥
1
2

 
(1 + 2𝑠)

2𝑠
Tr(𝑎𝑠)

2) ,

𝑅 1
l  =

𝜇

𝑔3
2∑ 

𝑠≥0

  (2𝑠 + 1)Tr|𝑥𝐴1
𝑠 |

2

 

 

∑  

𝑛1+𝑛2+𝑛3=𝐸/𝑅

 𝑐𝑛1𝑛2𝑛3𝑒
−𝑖𝐸𝑡𝑧1

𝑛1𝑧2
𝑛2𝑧3

𝑛3
 

𝛾𝜇 = (
0 𝜌𝜇
𝜌𝜇 0

) , 𝛾3 = (
0 𝑖
−𝑖 0

)  

𝜓†𝛾𝜇𝜒 = 𝜓
† 𝛼̇𝛾𝜇 

𝛼̇ 𝛽𝜒
𝛽 = 𝐶𝛼̇𝛾̇𝜓

†𝛾̇𝛾𝜇 
𝛼̇ 𝛽𝜒

𝛽  

𝛾𝜇𝜈 =
1

2
(𝛾𝜇𝛾𝜈 − 𝛾𝜈𝛾𝜇)  

𝑔 = 𝑒−𝑖
𝜙
2
𝜎3𝑒−𝑖

𝜃
2
𝜎2𝑒−𝑖

𝜓
2
𝜎3 = (

cos 
𝜃

2
𝑒
−𝑖(𝜙+𝜓)

2 −sin 
𝜃

2
𝑒
𝑖(−𝜙+𝜓)

2

sin 
𝜃

2
𝑒
−𝑖(−𝜙+𝜓)

2 cos 
𝜃

2
𝑒
𝑖(𝜙+𝜓)
2

)  

𝑧𝑖 = 𝑟𝑔𝑖1 = 𝑟(
cos 

𝜃
2 𝑒

−𝑖(𝜙+𝜓)
2

sin 
𝜃
2 𝑒

−𝑖(−𝜙+𝜓)
2

)  

𝑑𝑠𝐒3
2 = |𝑑𝑧1|2 + |𝑑𝑧2|2 =

𝑟2

4
(𝑑𝜃2 + sin2 𝜃𝑑𝜙2 + (𝑑𝜓 + cos 𝜃𝑑𝜙)2)  
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𝑑𝑠𝐑×𝐒3
2 = −𝑑𝑡2 + 𝑑𝑠𝐒3

2  

𝑒0 = 𝑑𝑡, 𝑒1 =
𝑟

2
𝑑𝜃, 𝑒2 =

𝑟

2
sin 𝜃𝑑𝜙, 𝑒3 =

𝑟

2
(𝑑𝜓 + cos 𝜃𝑑𝜙)  

𝑒𝑡
0 = 1, 𝑒𝜃

1 =
𝑟

2
, 𝑒𝜙
2 =

𝑟

2
sin 𝜃, 𝑒𝜙

3 =
𝑟

2
cos 𝜃, 𝑒𝜓

3 =
𝑟

2
 

𝑒0
𝑡 = 1, 𝑒1

𝜃 =
2

𝑟
, 𝑒2
𝜙
=

2

𝑟sin 𝜃
, 𝑒2
𝜓
=
2

𝑟
(−cot 𝜃), 𝑒3

𝜓
=
2

𝑟
.  

𝜔21 =
2

𝑟
(cot 𝜃𝑒2 −

1

2
𝑒3) , 𝜔13 =

1

𝑟
𝑒2, 𝜔23 = −

1

𝑟
𝑒1  

𝜔2,21 =
2

𝑟
cot 𝜃, 𝜔3,21 = −

1

𝑟
,𝜔2,13 =

1

𝑟
,𝜔1,23 = −

1

𝑟
.  

 

𝐿̂𝑎𝑔 = −
1

2
𝜎𝑎𝑔, 𝑅̂𝑎𝑔 =

1

2
𝑔𝜎𝑎  

[𝐿̂𝑎, 𝐿̂𝑏] = 𝑖𝜖𝑎𝑏𝑐𝐿̂𝑐 , [𝑅̂𝑎, 𝑅̂𝑏] = 𝑖𝜖𝑎𝑏𝑐𝑅̂𝑐 , [𝐿̂𝑎, 𝑅̂𝑏] = 0  

𝐿̂1= 𝑖(sin 𝜙𝜕𝜃 − csc 𝜃cos 𝜙𝜕𝜓 + cot 𝜃cos 𝜙𝜕𝜙)  

𝐿̂2= 𝑖(−cos 𝜙𝜕𝜃 − csc 𝜃sin 𝜙𝜕𝜓 + cot 𝜃sin 𝜙𝜕𝜙) 

𝐿̂3 = −𝑖𝜕𝜙

𝑅̂1 = 𝑖(sin 𝜓𝜕𝜃 + cot 𝜃cos 𝜓𝜕𝜓 − csc 𝜃cos 𝜓𝜕𝜙)

𝑅̂2 = 𝑖(cos 𝜓𝜕𝜃 − cot 𝜃sin 𝜓𝜕𝜓 + csc 𝜃sin 𝜓𝜕𝜙)

𝑅̂3 = 𝑖𝜕𝜓

 

𝐿̂± = 𝐿̂1 ± 𝑖𝐿̂2, 𝑅̂± = 𝑅̂1 ± 𝑖𝑅̂2  

[𝐿̂3, 𝐿̂±] = ±𝐿̂±, [𝐿̂+, 𝐿̂−] = 2𝐿̂3

[𝑅̂3, 𝑅̂±] = ±𝑅̂±, [𝑅̂+, 𝑅̂−] = 2𝑅̂3
 

𝐿̂±  = 𝑒
±𝑖𝜙 (𝑖cot 𝜃𝜕𝜙 ± 𝜕𝜃 − 𝑖

1

sin 𝜃
𝜕𝜓)

𝑅̂±  = 𝑒
∓𝑖𝜓 (𝑖cot 𝜃𝜕𝜓 ∓ 𝜕𝜃 − 𝑖

1

sin 𝜃
𝜕𝜙)

 

𝐿̂2 = 𝑅̂2 = 𝜕𝜃
2 + cot 𝜃𝜕𝜃 +

1

sin2 𝜃
(𝜕𝜙
2 + 𝜕𝜓

2 − 2cos 𝜃𝜕𝜙𝜕𝜓)  

𝐿̂2𝑌𝑠,𝑙3,𝑟3  = 𝑅̂
2𝑌𝑠,𝑙3,𝑟3 = 𝑠(𝑠 + 1)𝑌𝑠,𝑙3,𝑟3

𝐿̂3𝑌𝑠,𝑙3,𝑟3  = 𝑙3𝑌𝑠,𝑙3,𝑟3 , 𝑅̂3𝑌𝑠,𝑙3,𝑟3 = 𝑟3𝑌𝑠,𝑙3,𝑟3
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(𝜕𝜃 ∓
1

sin 𝜃
𝑙3 − 𝑠cot 𝜃) 𝑦𝑠,𝑙3,±𝑠(𝜃) = 0  

𝑌𝑠,𝑙3,±𝑠 = 𝑦𝑠,𝑙3,±𝑠(𝜃)𝑒
𝑖(𝑙3𝜙∓𝑠𝜓) 

𝑌𝑠,𝑙3,±𝑠 = 𝑐𝑠,𝑙3tan
±𝑙3  (

𝜃

2
) sin𝑠 𝜃𝑒𝑖(𝑙3𝜙∓𝑠𝜓)  

𝑐𝑠,𝑙3 =
1

𝜋
√

Γ(2𝑠 + 2)

22𝑠+1Γ(𝑙3 + 𝑠 + 1)Γ(−𝑙3 + 𝑠 + 1)
 

∫  𝑑3Ω|𝑌𝑠,𝑙3,±𝑠|
2
= 1 

(𝜕𝜃 ∓
1

sin 𝜃
𝑟3 − 𝑠cot 𝜃) 𝑦𝑠,±𝑠,𝑟3(𝜃) = 0  

𝑌𝑠,±𝑠,𝑟3 = 𝑦𝑠,±𝑠,𝑟3(𝜃)𝑒
𝑖(−𝑟3𝜓±𝑠𝜙) 

𝑌𝑠,±𝑠,𝑟3 = 𝑐𝑠,𝑟3tan
±𝑟3  (

𝜃

2
) sin𝑠 𝜃𝑒𝑖(−𝑟3𝜓±𝑠𝜙)  

∫  𝑑3Ω|𝑌𝑠,±𝑠,𝑟3|
2
= 1 

𝑐𝑠,𝑟3 =
1

𝜋
√

Γ(2𝑠 + 2)

22𝑠+1Γ(𝑟3 + 𝑠 + 1)Γ(−𝑟3 + 𝑠 + 1)
 

𝑌𝑠,𝑙3,𝑟3 = ( ∏  

𝑠

𝑛=𝑙3+1

 
𝐿̂−

√𝑠(𝑠 + 1) − 𝑛(𝑛 − 1)
)𝑌𝑠,𝑠,𝑟3  

∫  𝑑3Ω(𝑌𝑠′,𝑙3′ ,𝑟3′)
∗
𝑌𝑠,𝑙3,𝑟3 = 𝛿𝑠𝑠′𝛿𝑙3𝑙3′𝛿𝑟3𝑟3′  

𝑑𝑠𝐑×𝐒2
2 = −𝑑𝑡2 +

1

𝜇2
(𝑑𝜃2 + sin2 𝜃𝑑𝜙2)  

𝑒0 = 𝑑𝑡, 𝑒1 = 𝜇−1𝑑𝜃, 𝑒2 = 𝜇−1sin 𝜃𝑑𝜙  

𝑒𝑡
0 = 1, 𝑒𝜃

1 = 𝜇−1, 𝑒𝜙
2 = 𝜇−1sin 𝜃,

𝑒0
𝑡 = 1, 𝑒1

𝜃 = 𝜇, 𝑒2
𝜙
=

𝜇

sin 𝜃
.

 

𝜔21
𝐒2 = 𝜇cot 𝜃𝑒2.  

𝐿̂2𝑌𝑠,𝑠3 = 𝑠(𝑠 + 1)𝑌𝑠,𝑠3 , 𝐿̂3𝑌𝑠,𝑠3 = 𝑙3𝑌𝑠,𝑠3  

𝑌𝑠,𝑠3 = √
𝜋

2
𝑌𝑠,𝑠3,𝑟3=0  
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𝑌𝑠,±𝑠 = 𝑐𝑠sin
𝑠 𝜃𝑒±𝑖𝑠𝜙  

𝑐𝑠 = √
𝜋

2
𝑐𝑠,0 = √

Γ(2𝑠 + 2)

𝜋22𝑠+2Γ(𝑠 + 1)2
 

𝑌𝑠,𝑠3 = ( ∏  

𝑠

𝑛=𝑠3+1

 
𝐿̂−

√𝑠(𝑠 + 1) − 𝑛(𝑛 − 1)
)𝑌𝑠,𝑠.  

∫  𝑑2Ω(𝑌𝑠′,𝑠3′)
∗
𝑌𝑠,𝑠3 = 𝛿𝑠𝑠′𝛿𝑠𝑠3′  

𝑑2Ω = 𝑑𝜃sin 𝜃𝑑𝜙 

 ∫  𝑑3Ω
1

sin2 𝜃
|𝑌𝑠,𝑙3,𝑤(+)𝑠|

2
=

𝑠(1 + 2𝑠)

2(−𝑙3
2 + 𝑠2)

 ∫  𝑑3Ω
cot 𝜃

sin 𝜃
|𝑌𝑠,𝑙3,𝑤(+)𝑠|

2
=
𝑤(+)𝑙3(1 + 2𝑠)

2(𝑙3
2 − 𝑠2)

 ∫  𝑑3Ωcot2 𝜃 |𝑌𝑠,𝑙3,𝑤(+)𝑠|
2
= −

2𝑙3
2 + 𝑠

2(𝑙3
2 − 𝑠2)

 

 ∫  𝑑3Ω
1

sin2 𝜃
|𝑌𝑠,𝑤(−)𝑠,𝑟3|

2
=

𝑠(1 + 2𝑠)

2(−𝑟3
2 + 𝑠2)

 ∫  𝑑3Ω
cot 𝜃

sin 𝜃
|𝑌𝑠,𝑤(−)𝑠,𝑟3|

2
=
𝑤(−)𝑟3(1 + 2𝑠)

2(𝑟3
2 − 𝑠2)

 ∫  𝑑3Ωcot2 𝜃 |𝑌𝑠,𝑤(−)𝑠,𝑟3|
2
= −

2𝑟3
2 + 𝑠

2(𝑟3
2 − 𝑠2)

 

𝑓01  =
𝑎0
′

sin 𝜃
+∑  

𝑠≥
1
2

 𝑎𝑠𝑐𝑠sin
𝑠−1 𝜃cos (𝑠(𝑤𝜙 − 𝜇𝑡) + 𝛼𝑠)

𝜙 = 𝜙0 −
𝑤

𝜇

(

 
 
𝑎0
′ log sin 𝜃 +∑ 

𝑠≥
1
2

 
𝑎𝑠
𝑠
𝑐𝑠sin

𝑠 𝜃cos (𝑠(𝑤𝜙 − 𝜇𝑡) + 𝛼𝑠)

)

 
 
.

 

𝜕0𝐴1 − 𝜕1𝐴0 + [𝐴0, 𝐴1] = 0  

𝑊(𝛾𝑡) = 𝑈(𝑡)𝑊(𝛾0)𝑈
−1(𝑡)  

𝑊(𝛾) = 𝑃𝑒
−∫  𝛾  𝑑𝜎𝐴𝜇

𝑑𝑥𝜇

𝑑𝜎  

ℒ (𝑑−1) ≡ {𝑓: 𝑆𝑑−1 → 𝑀 ∣ ℵ → 𝑥𝑅}  

𝛿𝒜 +𝒜 ∧𝒜 = 0  

𝑃2𝑒
∫  
𝜕Ω
 ℬ = 𝑃3𝑒

∫  
Ω
 𝒜  
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𝑃2𝑒
∫  
𝜕Ω
 ℬ = 𝑃3𝑒

∫  
Ω′
 𝒜   and so  𝑃3𝑒

∫  
Ω
 𝒜 = 𝑃3𝑒

∫  
Ω′
 𝒜  

𝑃3𝑒
∫  
ℝ𝑡
3  𝒜

= 𝑈(𝑡)𝑃3𝑒
∫  
ℝ0
3  𝒜
𝑈−1(𝑡)  

𝑄 ≡ 𝑃3𝑒
∫  
ℝ𝑡
3  𝒜

= 𝑃2𝑒
∫  
𝑆∞
2  ℬ  

𝑞𝑎(𝛼, 𝛽) = ∑  

∞

𝑚,𝑛=0

 𝛼𝑚𝛽𝑛𝑞𝑎
(𝑚,𝑛)

 

𝑄𝑁 ≡
1

𝑁
Tr𝑄𝑁  

𝛿𝑋 ≡ 𝜀{𝑋, 𝑄𝑁}𝑃𝐵  

{𝐻𝐸/𝐵/𝑀/𝐶 , 𝑄𝑁}𝑃𝐵
≅ 0  

𝐻𝐸 =
1

2
∫  𝑑3𝑥Tr(𝐸𝑖)

2;  𝐻𝐵 =
1

2
∫  𝑑3𝑥Tr(𝐵𝑖)

2;  𝐻𝐶 = ∫  𝑑
3𝑥Tr(𝐴0(𝑒𝐽0 − 𝐷𝑖𝐸𝑖))  

{𝒜(𝛼1,𝛽1,𝜁1)
⊗ ,𝒜(𝛼2,𝛽2,𝜁2)}𝑃𝐵

= 𝛿(𝜁1 − 𝜁2){[ℛ,𝒜(𝛼1,𝛽1,𝜁1)⊗𝟙 + 𝟙⊗𝒜(𝛼2,𝛽2,𝜁2)] 

+(𝛼1 − 𝛼2)[Ξconstr. + Ξanom. ]}
 

ℛ = −𝑒2𝜗
𝛽1𝛽2
𝛽1 − 𝛽2

𝑇𝑎⊗𝑇𝑎  

[𝑇𝑎 , 𝑇𝑏] = 𝑖𝑓𝑎𝑏𝑐𝑇𝑐;  Tr(𝑇𝑎𝑇𝑏) = 𝛿𝑎𝑏;  𝑎, 𝑏, 𝑐 = 1,2,…dim𝐺  

{𝑄(𝛼1, 𝛽1))
⊗
𝑄(𝛼2, 𝛽2)}

𝑃𝐵
= [ℛ, 𝑄(𝛼1, 𝛽1)⊗ 𝑄(𝛼2, 𝛽2)]  

 +(𝛼1 − 𝛼2)[Ξ̃constr. + Ξ̃anom. ]
 

{𝑄𝑁1(𝛼1, 𝛽1), 𝑄𝑁2(𝛼2, 𝛽2)}𝑃𝐵
≅ 0  

[𝛿𝑁1,𝛼1,𝛽1 , 𝛿𝑁2,𝛼2,𝛽2]𝑋 = 𝜀1𝜀2(𝛼1 − 𝛼2){𝑋, Tr𝑅𝐿(𝑄
𝑁1(𝛼1, 𝛽1) ⊗ 𝑄𝑁2(𝛼2, 𝛽2)Υ)}𝑃𝐵  

Tr𝑅𝐿(𝑄
𝑁1(𝛼1, 𝛽1)⊗ 𝑄𝑁2(𝛼2, 𝛽2)Υ) 

𝜓𝑟 → 𝑅(𝑔)𝑟𝑠𝜓𝑠;  𝑔 ∈ 𝐺;  𝑟, 𝑠 = 1,2, …dim𝑅  

𝛿𝜓𝑟(𝑥) = 𝜀{𝜓𝑟(𝑥), 𝑄𝑁(𝛼, 𝛽)}𝑃𝐵 = −𝜀𝛽𝑒
2𝜗 ∑  

dim𝐺

𝑎=1

  [𝑅(𝑇𝑎)𝜓(𝑥)]𝑟Tr(𝑄
𝑁(𝜁𝑓)𝑆(𝑥)𝑇𝑎𝑆

−1(𝑥))  

𝑆(𝑥𝑅) = 𝟙  

𝛿(𝜓𝑟
†𝜓𝑟) = 𝜀{(𝜓𝑟

†𝜓𝑟), 𝑄𝑁}𝑃𝐵 = 0  

𝛿𝐴𝜎 ≡ 𝜀{𝐴𝜎 , 𝑄𝑁}𝑃𝐵 = 0  
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𝑑𝜔𝜉

𝑑𝜉
+ 𝐴𝑖

𝑑𝑥𝑖(𝜉)

𝑑𝜉
𝜔𝜉 = 0;  𝜉 ≡ 𝜎, 𝜏, 𝜁  

𝛿𝜔𝜎 ≡ 𝜀{𝜔𝜎 , 𝑄𝑁}𝑃𝐵 = 0  

𝛿𝜔𝜏/𝜁  = 𝜀{𝜔𝜏/𝜁 , 𝑄𝑁}𝑃𝐵

 = 𝜀𝑒2𝛽𝜗 [𝜔𝜏/𝜁𝑇𝑎Tr[𝑄
𝑁(𝜁𝑓)𝑆𝑅

−1𝑇𝑎𝑆𝑅] − 𝑇𝑎𝜔𝜏/𝜁Tr[𝑄
𝑁(𝜁𝑓)𝑆𝐿

−1𝑇𝑎𝑆𝐿]]
 

𝔢𝜏/𝜁 = ∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎𝜔𝜎
−1𝐸𝑖𝜔𝜎𝜀𝑖𝑗𝑘

𝑑𝑥𝑗

𝑑𝜎

𝑑𝑥𝑘

𝑑𝜏/𝜁
 𝔟𝜏/𝜁 = ∫  

𝜎𝑓

𝜎𝑖

 𝑑𝜎𝜔𝜎
−1𝐵𝑖𝜔𝜎𝜀𝑖𝑗𝑘

𝑑𝑥𝑗

𝑑𝜎

𝑑𝑥𝑘

𝑑𝜏/𝜁
 

𝛿𝔟𝜏/𝜁  = 𝜀{𝔟𝜏/𝜁 , 𝑄𝑁}𝑃𝐵
= 0

𝛿𝔢𝜏/𝜁  = 𝜀{𝔢𝜏/𝜁 , 𝑄𝑁}𝑃𝐵
= −𝜀𝑒2𝛽𝜗[𝑇𝑎 , 𝔢𝜏/𝜁]Tr (𝑄(𝜁𝑓)

𝑁
𝑆𝔢
−1𝑇𝑎𝑆𝔢)

 

𝑑𝑔̂(𝜏)

𝑑𝜏
− 𝑔̂(𝜏)𝔞(𝜏) = 0  such that  𝑔̂(𝑥𝑅) = 𝟙  

𝑔̂3(𝜏) = 𝑔̂1(𝜏)𝑔̂2(𝜏)  

𝔞3(𝜏) = 𝑔̂2
−1(𝜏)𝔞1(𝜏)𝑔̂2(𝜏) + 𝔞2(𝜏)  

𝑔̂3(𝜏𝑓) = 𝑔̂1(𝜏𝑓)𝑔̂2(𝜏𝑓)  or equivalently  𝑔̂3(𝜕Ω) = 𝑔̂1(𝜕Ω)𝑔̂2(𝜕Ω)  

𝑔̂(𝜕Ω) = 𝑔̂(Ω)  

𝑃2𝑒
∫  
𝜕Ω
 ℬ → 𝑔̂𝐿(𝜕Ω)𝑃2𝑒

∫  
𝜕Ω
 ℬ  and  𝑃3𝑒

∫  
Ω
 𝒜 → 𝑔̂𝐿(Ω)𝑃3𝑒

∫  
Ω
 𝒜  

𝑃2𝑒
∫  
𝜕Ω
 ℬ → 𝑃2𝑒

∫  
𝜕Ω
 ℬ𝑔̂𝑅(𝜕Ω)  and  𝑃3𝑒

∫  
Ω
 𝒜 → 𝑃3𝑒

∫  
Ω
 𝒜𝑔̂𝑅(Ω)  

𝛿𝒜 +𝒜 ∧𝒜 = 0  

𝒜 = 𝛿𝑔̂(𝜕Ω)𝑔̂−1(𝜕Ω)  

𝒜 → 𝑔̂𝐿(𝜕Ω)𝒜𝑔̂𝐿
−1(𝜕Ω) + 𝛿𝑔̂𝐿(𝜕Ω)𝑔̂𝐿

−1(𝜕Ω)  

𝒜 → 𝒜 + 𝑔̂(𝜕Ω)𝛿𝑔̂𝑅(𝜕Ω)𝑔̂𝑅
−1(𝜕Ω)𝑔̂−1(𝜕Ω)  

𝑃2𝑒
∫  
𝜕Ω
 ℬ = 𝑃3𝑒

∫  
Ω
 𝒜 = 𝟙 

𝑃2𝑒
∫  
𝜕Ω
 ℬ′ = 𝑔̂𝐿/𝑅(𝜕Ω)  and  𝑃3𝑒

∫  
Ω
 𝒜′
= 𝑔̂𝐿/𝑅(Ω)  

𝒯 ≡ ∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎𝑊−1𝐵𝜇𝜈𝑊
𝑑𝑥𝜇

𝑑𝜎

𝑑𝑥𝜈

𝑑𝜏
 

𝑑𝑊

𝑑𝜎
+ 𝐶𝜇

𝑑𝑥𝜇

𝑑𝜎
𝑊 = 0  
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𝑊(𝜎)  = [𝟙 −∫  
𝜎

𝜎𝑖

 𝑑𝜎′𝐶(𝜎′) + ∫  
𝜎

𝜎𝑖

 𝑑𝜎′∫  
𝜎′

𝜎𝑖

 𝑑𝜎′′𝐶(𝜎′)𝐶(𝜎′′)

−∫  
𝜎

𝜎𝑖

 𝑑𝜎′∫  
𝜎′

𝜎𝑖

 𝑑𝜎′′∫  
𝜎′′

𝜎𝑖

 𝑑𝜎′′′𝐶(𝜎′)𝐶(𝜎′′)𝐶(𝜎′′′) + ⋯]𝑊𝑅 ≡ 𝑃1𝑒
∫  
𝜎

𝜎𝑖
 𝑑𝜎′𝐶(𝜎′)

𝑊𝑅

 

𝑑𝑉

𝑑𝜏
− 𝑉𝒯 = 0  

𝑉(𝜏)  = 𝑉𝑅 [𝟙 + ∫  
𝜏

𝜏𝑖

 𝑑𝜏′𝒯(𝜏′) + ∫  
𝜏

𝜏𝑖

 𝑑𝜏′∫  
𝜏′

𝜏𝑖

 𝑑𝜏′′𝒯(𝜏′′)𝒯(𝜏′)

+∫  
𝜏

𝜏𝑖

 𝑑𝜏′∫  
𝜏′

𝜏𝑖

 𝑑𝜏′′∫  
𝜏′′

𝜏𝑖

 𝑑𝜏′′′𝒯(𝜏′′′)𝒯(𝜏′′)𝒯(𝜏′) + ⋯] ≡ 𝑉𝑅𝑃2𝑒
∫  
𝜏

𝜏𝑖
 𝑑𝜏′𝒯(𝜏′)

 

𝛿𝑉(𝜏)𝑉−1(𝜏) = 𝑉(𝜏)𝒯(𝜏, 𝛿)𝑉−1(𝜏) + 𝒦(𝜏, 𝛿)  

𝒯(𝜏, 𝛿) ≡ ∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎𝑊−1𝐵𝜇𝜈𝑊
𝑑𝑥𝜇

𝑑𝜎
𝛿𝑥𝜈  

𝒦(𝜏, 𝛿) ≡∫  
𝜏

𝜏𝑖

 𝑑𝜏′∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎𝑉(𝜏′) {𝑊−1[𝐷𝜆𝐵𝜇𝜈 + 𝐷𝜇𝐵𝜈𝜆 + 𝐷𝜈𝐵𝜆𝜇]𝑊
𝑑𝑥𝜇

𝑑𝜎

𝑑𝑥𝜈

𝑑𝜏′
𝛿𝑥𝜆 

−∫  
𝜎

𝜎𝑖

 𝑑𝜎′[𝐵𝜅𝜌
𝑊 (𝜎′) − 𝐻𝜅𝜌

𝑊 (𝜎′), 𝐵𝜇𝜈
𝑊(𝜎)]

𝑑𝑥𝜅

𝑑𝜎′
𝑑𝑥𝜇

𝑑𝜎
 

× (
𝑑𝑥𝜌(𝜎′)

𝑑𝜏′
𝛿𝑥𝜈(𝜎) − 𝛿𝑥𝜌(𝜎′)

𝑑𝑥𝜈(𝜎)

𝑑𝜏′
)}𝑉−1(𝜏′)

 

𝐷𝜇 ∗≡ 𝜕𝜇 ∗ +[𝐶𝜇,∗] 

𝐶𝜇 , 𝐻𝜇𝜈 ≡ 𝜕𝜇𝐶𝜈 − 𝜕𝜈𝐶𝜇 + [𝐶𝜇 , 𝐶𝜈] 

𝛿𝑥𝜇 =
𝑑𝑥𝜇

𝑑𝜁
𝑑𝜁 

𝑑𝑉(𝜏)

𝑑𝜁
𝑉−1(𝜏) = 𝑉(𝜏)𝒯(𝜏)𝑉−1(𝜏) + 𝒦(𝜏)  

𝑑𝑉

𝑑𝜁
−𝒦𝑉 = 0  

𝑉(𝜁)  = [𝟙 + ∫  
𝜁

𝜁𝑖

 𝑑𝜁′𝒦(𝜁′) + ∫  
𝜁

𝜁𝑖

 𝑑𝜁′∫  
𝜁′

𝜁𝑖

 𝑑𝜁′′𝒦(𝜁′)𝒦(𝜁′′)

+∫  
𝜁

𝜁𝑖

 𝑑𝜁′∫  
𝜁′

𝜁𝑖

 𝑑𝜁′′∫  
𝜁′′

𝜁𝑖

 𝑑𝜁′′′𝒦(𝜁′)𝒦(𝜁′′)𝒦(𝜁′′′) +⋯] 𝑉̂𝑅 ≡ 𝑃3𝑒
∫  
𝜁

𝜁𝑖
 𝑑𝜁′𝒜(𝜁′)

𝑉̂𝑅

 

𝑉𝑅𝑃2𝑒
∫  
𝜏𝑓
𝜏𝑖
 𝑑𝜏𝒯(𝜏)

= 𝑃3𝑒
∫  
𝜁𝑓

𝜁𝑖
 𝑑𝜁𝒦(𝜁)

𝑉𝑅
 

𝑃2𝑒
∫  
𝜏𝑓
𝜏𝑖
 𝑑𝜏𝒯(𝜏)

→ 𝟙 
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𝑃3𝑒
∫  
𝜁𝑓

𝜁𝑖
 𝑑𝜁𝒦(𝜁)

→ 𝟙 

ℒ = −
1

4
Tr(𝐹𝜇𝜈𝐹

𝜇𝜈) + 𝜓‾(𝑖𝛾𝜇𝐷𝜇 −𝑚)𝜓 + (𝐷𝜇𝜑)
†
𝐷𝜇𝜑 − 𝑉(|𝜑|)  

𝐹𝜇𝜈 = 𝜕𝜇𝐴𝜈 − 𝜕𝜈𝐴𝜇 + 𝑖𝑒[𝐴𝜇 , 𝐴𝜈]  

𝐴𝜇 → 𝑔𝐴𝜇𝑔
−1 +

𝑖

𝑒
𝜕𝜇𝑔𝑔

−1;        𝐹𝜇𝜈 → 𝑔𝐹𝜇𝜈𝑔
−1         

𝜓→ 𝑅𝜓(𝑔)𝜓;         𝜑→ 𝑅𝜑(𝑔)𝜑         
 

𝐷𝜇𝐹
𝜇𝜈 = 𝑒𝐽𝜈; 𝐷𝜇𝐹̃

𝜇𝜈 = 0  

𝐹̃𝜇𝜈 =
1

2
𝜀𝜇𝜈𝜌𝜆𝐹

𝜌𝜆  

𝐽𝜇 = [𝜓‾𝛾𝜇𝑅𝜓(𝑇𝑎)𝜓 +
𝑖

2
(𝜑†𝑅𝜑(𝑇𝑎)𝐷

𝜇𝜑 − (𝐷𝜇𝜑)†𝑅𝜑(𝑇𝑎)𝜑)]𝑇𝑎  

𝐽𝜇 → 𝑔𝐽𝜇𝑔−1  

(𝑖𝛾𝜇𝐷𝜇 −𝑚)𝜓 = 0; 𝐷𝜇𝐷
𝜇𝜑 +

𝛿𝑉

𝛿|𝜑|2
𝜑 = 0  

𝐶𝜇 = 𝑖𝑒𝐴𝜇;   𝐵𝜇𝜈 = 𝑖𝑒(𝛼𝐹𝜇𝜈 + 𝛽𝐹̃𝜇𝜈)  

𝐷𝜆𝐵𝜇𝜈 +𝐷𝜇𝐵𝜈𝜆 + 𝐷𝜈𝐵𝜆𝜇 = 𝑖𝑒
2𝛽𝐽𝜆𝜇𝜈  

𝒯 ≡ 𝑖𝑒∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎𝑊−1(𝛼𝐹𝜇𝜈 + 𝛽𝐹̃𝜇𝜈)𝑊
𝑑𝑥𝜇

𝑑𝜎

𝑑𝑥𝜈

𝑑𝜏
 

𝒜 = 𝑖𝑒2∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏𝑉(𝜏)𝒥𝑉−1(𝜏)  

𝒥 ≡∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎 {𝛽𝐽𝜇𝜈𝜆
𝑊 𝑑𝑥𝜇

𝑑𝜎

𝑑𝑥𝜈

𝑑𝜏

𝑑𝑥𝜆

𝑑𝜁
 

−𝑖 ∫  
𝜎

𝜎𝑖

 𝑑𝜎′[(𝛼 − 1)𝐹𝜅𝜌
𝑊(𝜎′) + 𝛽𝐹̃𝜅𝜌

𝑊(𝜎′), 𝛼𝐹𝜇𝜈
𝑊(𝜎) + 𝛽𝐹̃𝜇𝜈

𝑊(𝜎)]
𝑑𝑥𝜅

𝑑𝜎′
𝑑𝑥𝜇

𝑑𝜎

× (
𝑑𝑥𝜌(𝜎′)

𝑑𝜏

𝑑𝑥𝜈(𝜎)

𝑑𝜁
−
𝑑𝑥𝜌(𝜎′)

𝑑𝜁

𝑑𝑥𝜈(𝜎)

𝑑𝜏
)}

 

𝑑𝑉

𝑑𝜁
−𝒜𝑉 = 0  

𝒥 = 𝛽𝒥𝑀 + 𝛽𝒥𝐺 + 𝑖𝛼[ℱ𝜏, ℱ𝜁] − 𝑖[𝛼ℱ𝜏 + 𝛽ℱ̃𝜏, 𝛼ℱ𝜁 + 𝛽ℱ̃𝜁]  

𝒥𝑀 ≡ ∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎𝑊−1𝐽𝜇𝜈𝜆𝑊
𝑑𝑥𝜇

𝑑𝜎

𝑑𝑥𝜈

𝑑𝜏

𝑑𝑥𝜆

𝑑𝜁
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𝒥𝐺≡ 𝑖∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎 ∫  
𝜎

𝜎𝑖

 𝑑𝜎′ {[𝐹𝜅𝜌
𝑊(𝜎′)

𝑑𝑥𝜅

𝑑𝜎′
𝑑𝑥𝜌(𝜎′)

𝑑𝜏
, 𝐹̃𝜇𝜈
𝑊(𝜎)

𝑑𝑥𝜇

𝑑𝜎

𝑑𝑥𝜈(𝜎)

𝑑𝜁
] 

− [𝐹𝜅𝜌
𝑊(𝜎′)

𝑑𝑥𝜅

𝑑𝜎′
𝑑𝑥𝜌(𝜎′)

𝑑𝜁
, 𝐹̃𝜇𝜈
𝑊(𝜎)

𝑑𝑥𝜇

𝑑𝜎

𝑑𝑥𝜈(𝜎)

𝑑𝜏
]}

 

ℱ̃𝜏/𝜁 ≡ ∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎𝑊−1𝐹̃𝜇𝜈𝑊
𝑑𝑥𝜇

𝑑𝜎

𝑑𝑥𝜈

𝑑𝜏/𝜁
 

ℱ𝜏/𝜁 ≡ ∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎𝑊−1𝐹𝜇𝜈𝑊
𝑑𝑥𝜇

𝑑𝜎

𝑑𝑥𝜈

𝑑𝜏/𝜁
= −

𝑖

𝑒
𝑊𝑐
−1
𝑑𝑊𝑐
𝑑𝜏/𝜁

 

𝑑𝑊

𝑑𝜎
+ 𝑖𝑒𝐴𝜇

𝑑𝑥𝜇

𝑑𝜎
𝑊 = 0  

𝒯 = 𝑖𝑒[𝛼ℱ𝜏 + 𝛽ℱ̃𝜏] = 𝛼𝑊𝑐
−1
𝑑𝑊𝑐
𝑑𝜏

+ 𝑖𝑒𝛽ℱ̃𝜏  

𝑊 → 𝑔(𝑥)𝑊𝑊𝑅
−1𝑔−1(𝑥𝑅)𝑊𝑅 = 𝑔(𝑥)𝑊𝑔̃

−1(𝑥𝑅); 𝑔̃(𝑥𝑅) ≡ 𝑊𝑅
−1𝑔(𝑥𝑅)𝑊𝑅  

𝑋(𝑥) → 𝑔(𝑥)𝑋(𝑥)𝑔(𝑥)−1;  𝑊−1𝑋(𝑥)𝑊 → 𝑔(𝑥𝑅)𝑊
−1𝑋(𝑥)𝑊𝑔(𝑥𝑅)

−1  

𝒯 → 𝑔(𝑥𝑅)𝒯𝑔
−1(𝑥𝑅);  𝒥 → 𝑔(𝑥𝑅)𝒥𝑔

−1(𝑥𝑅)  

𝑉(𝜏) → (𝑉𝑅𝑔(𝑥𝑅)𝑉𝑅
−1)𝑉(𝜏)𝑔−1(𝑥𝑅)  

𝒜 → (𝑉𝑅𝑔(𝑥𝑅)𝑉𝑅
−1)𝒜(𝑉𝑅𝑔(𝑥𝑅)𝑉𝑅

−1)−1  

𝑉𝑅𝑃2𝑒
∫  
𝜏𝑓
𝜏𝑖
 𝑑𝜏𝒯(𝜏)

→ (𝑉𝑅𝑔(𝑥𝑅)𝑉𝑅
−1) (𝑉𝑅𝑃2𝑒

∫  
𝜏𝑓
𝜏𝑖
 𝑑𝜏𝒯(𝜏)

)𝑔−1(𝑥𝑅)

𝑃3𝑒
∫  
𝜁𝑓

𝜁𝑖
 𝑑𝜁𝒜(𝜁)

𝑉𝑅 → (𝑉𝑅𝑔(𝑥𝑅)𝑉𝑅
−1) (𝑃3𝑒

∫  
𝜁𝑓

𝜁𝑖
 𝑑𝜁𝒜(𝜁)

𝑉𝑅)𝑔
−1(𝑥𝑅)

 

𝑉𝑅𝑃2𝑒
𝑖𝑒 ∫  

𝜕Ω
 𝑑𝜏𝑑𝜎𝑊−1(𝛼𝐹𝜇𝜈+𝛽𝐹̃𝜇𝜈)𝑊

𝑑𝑥𝜇

𝑑𝜎
𝑑𝑥𝜈

𝑑𝜏 = 𝑃3𝑒
𝑖𝑒2 ∫  

Ω
 𝑑𝜁𝑑𝜏𝑉𝒥𝑉−1𝑉𝑅

 

𝑉𝑅𝑒∫  
𝜕Ω

 𝑑𝜏𝑑𝜎𝑊−1𝐹𝜇𝜈𝑊
𝑑𝑥𝜇

𝑑𝜎

𝑑𝑥𝜈

𝑑𝜏
= 𝑖𝑒2∫  

Ω

 𝑑𝜁𝑑𝜏[ℱ𝜏, ℱ𝜁]𝑉𝑅  

𝑉𝑅𝑒∫  
𝜕Ω

 𝑑𝜏𝑑𝜎𝑊−1𝐹̃𝜇𝜈𝑊
𝑑𝑥𝜇

𝑑𝜎

𝑑𝑥𝜈

𝑑𝜏
= 𝑒2∫  

Ω

 𝑑𝜁𝑑𝜏(𝒥𝑀 + 𝒥𝐺)𝑉𝑅  

𝑉(Ω) ≡ 𝑃3𝑒
𝑖𝑒2 ∫  

Ω
 𝑑𝜁𝑑𝜏𝑉𝒥𝑉−1𝑉𝑅 = 𝑃3𝑒

𝑖𝑒2 ∫  
Ω′
 𝑑𝜁𝑑𝜏𝑉𝒥𝑉−1𝑉𝑅 ≡ 𝑉(Ω

′);   if  𝜕Ω = 𝜕Ω′  

𝑃3𝑒
𝑖𝑒2 ∫  

Ω
 𝑑𝜁𝑑𝜏𝑉𝒥𝑉−1 

𝑉𝑥𝑅
0(𝐼 × 𝑆∞

2 )𝑉𝑥𝑅
0 (ℝ0

3)  

𝑉𝑥𝑅
0(𝑋) ≡ 𝑃3𝑒

𝑖𝑒2 ∫  
𝑋
 𝑑𝜁𝑑𝜏𝑉𝒥𝑉−1  

𝑉𝑥𝑅
0(ℝ𝑡

3)𝑉𝑥𝑅
0(𝐼 × 𝑆0

2)  
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𝐹𝜇𝜈 →
1

𝑟
3
2
+𝛿
 𝐽𝜇 →

1

𝑟2+𝛿
′  𝑟 → ∞  

𝑉𝑥𝑅
0 (𝐼 × 𝑆∞

2 ) → 𝟙 𝑉𝑥𝑅
0(𝐼 × 𝑆0

2) → 𝟙  

𝑉𝑥𝑅
0 (ℝ𝑡

3) = 𝑊−1(𝑥𝑅
𝑡 , 𝑥𝑅

0)𝑉𝑥𝑅
𝑡 (ℝ𝑡

3)𝑊(𝑥𝑅
𝑡 , 𝑥𝑅

0)  

𝑉𝑥𝑅
𝑡 (ℝ𝑡

3) = 𝑊(𝑥𝑅
𝑡 , 𝑥𝑅

0)𝑉𝑥𝑅
0(ℝ0

3)𝑊−1(𝑥𝑅
𝑡 , 𝑥𝑅

0)  

𝑄(𝛼, 𝛽) ≡ 𝑉𝑥𝑅
𝑡 (ℝ𝑡

3) 𝑄𝑁(𝛼, 𝛽) ≡
1

𝑁
Tr[𝑄(𝛼, 𝛽)]𝑁  

𝑄(𝛼, 𝛽) = 𝑉𝑅𝑃2𝑒
𝑖𝑒 ∫  

𝑆∞
2  𝑑𝜏𝑑𝜎𝑊−1(𝛼𝐹𝜇𝜈+𝛽𝐹̃𝜇𝜈)𝑊

𝑑𝑥𝜇

𝑑𝜎
𝑑𝑥𝜈

𝑑𝜏 = 𝑃3𝑒
𝑖𝑒2 ∫  

ℝ𝑡
3  𝑑𝜁𝑑𝜏𝑉𝒥𝑉−1

𝑉𝑅
 

𝑄(𝛼, 𝛽) = 𝑃3𝑒
𝑖𝑒2 ∫  

ℝ3
 𝑑𝜁𝑑𝜏𝑉𝒥𝑉−1𝑉𝑅 

𝑄(𝛼, 𝛽) → (𝑉𝑅𝑔(𝑥𝑅)𝑉𝑅
−1)𝑄(𝛼, 𝛽)𝑔−1(𝑥𝑅)  

𝑄(𝛼, 𝛽) = ∑  

∞

𝑛,𝑚=0

 𝛼𝑚𝛽𝑛𝑄(𝑚, 𝑛)  

𝑄(𝑚, 𝑛, 𝑡) = 𝑊(𝑥𝑅
𝑡 , 𝑥𝑅

0)𝑄(𝑚, 𝑛, 0)𝑊−1(𝑥𝑅
𝑡 , 𝑥𝑅

0)  

𝑄𝑁(𝑚, 𝑛) =
1

𝑁
Tr[𝑄(𝑚, 𝑛)]𝑁  

𝑉(𝜕Ω)= 𝑉𝑅𝑃2𝑒
𝑖𝑒 ∫  

𝜕Ω
 𝑑𝜏𝑑𝜎𝑊−1(𝛼𝐹𝜇𝜈+𝛽𝐹̃𝜇𝜈)𝑊

𝑑𝑥𝜇

𝑑𝜎
𝑑𝑥𝜈

𝑑𝜏 = ∑  

∞

𝑛,𝑚=0

 𝛼𝑚𝛽𝑛𝑉(𝜕Ω,𝑚, 𝑛) 

𝑉(Ω) = 𝑃3𝑒
𝑖𝑒2 ∫  

Ω
 𝑑𝜁𝑑𝜏𝑉𝒥𝑉−1𝑉𝑅 = ∑  

∞

𝑛,𝑚=0

 𝛼𝑚𝛽𝑛𝑉(Ω,𝑚, 𝑛)

 

𝑉(𝜕Ω,𝑚, 𝑛) = 𝑉(Ω,𝑚, 𝑛)  

𝛿𝑄𝑁(𝛼, 𝛽) = Tr [𝑄
𝑁(𝛼, 𝛽)∫  

𝜏𝑓

𝜏𝑖

 𝑑𝜏𝑉(𝜏)𝒩𝑉−1(𝜏)] = 0  

𝒩 = 𝑒2∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎∫  
𝜎

𝜎𝑖

 𝑑𝜎′[(𝛼 − 1)𝐹𝑖𝑗
𝑊(𝜎′) + 𝛽𝐹̃𝑖𝑗

𝑊(𝜎′), 𝛼𝐹𝑘𝑙
𝑊(𝜎) + 𝛽𝐹̃𝑘𝑙

𝑊(𝜎)]

 ×
𝑑𝑥𝑖

𝑑𝜎′
𝑑𝑥𝑘

𝑑𝜎
(
𝑑𝑥𝑗(𝜎′)

𝑑𝜏
𝛿𝑥𝑙(𝜎) − 𝛿𝑥𝑗(𝜎′)

𝑑𝑥𝑙(𝜎)

𝑑𝜏
)   on  𝑆∞

2

 

𝐹𝑖𝑗 ∼ 𝜀𝑖𝑗𝑘
𝑟̂𝑘
𝑟2
𝐺(𝑟̂);  𝐹̃𝑖𝑗 ∼ 𝜀𝑖𝑗𝑘

𝑟̂𝑘
𝑟2
𝐺̃(𝑟̂)  

𝐷𝑘𝐺(𝑟̂) = 0; 𝐷𝑘𝐺̃(𝑟̂) = 0  

𝑑

𝑑𝜎
(𝑊−1𝐺(𝑟̂)𝑊) = 0; 

𝑑

𝑑𝜎
(𝑊−1𝐺̃(𝑟̂)𝑊) = 0  
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𝑊−1𝐹𝑖𝑗𝑊 ∼ 𝜀𝑖𝑗𝑘
𝑟̂𝑘
𝑟2
𝑐; 𝑊−1𝐹̃𝑖𝑗𝑊 ∼ 𝜀𝑖𝑗𝑘

𝑟̂𝑘
𝑟2
𝑐̃  

ℒ= −
1

2
Tr [(𝜕𝜇𝐴𝜈 − 𝜕𝜈𝐴𝜇 + 𝑖𝑒[𝐴𝜇 , 𝐴𝜈] −

1

2
𝐹𝜇𝜈)𝐹

𝜇𝜈] + 𝜓‾(𝑖𝛾𝜇𝐷𝜇 −𝑚)𝜓 

 +
1

2
[𝜑𝜇
†𝐷𝜇𝜑 + (𝐷𝜇𝜑)†𝜑𝜇 − 𝑉(|𝜑|)] −

1

2
𝜑𝜇
†𝜑𝜇

 

𝐸𝑖 = 𝐹0𝑖;  𝐵𝑖 = −
1

2
𝜀𝑖𝑗𝑘𝐹𝑗𝑘  

𝜋𝑖
𝑎 =

𝛿ℒ

𝛿𝜕0𝐴𝑖
𝑎 = 𝐸𝑖

𝑎  

𝜋𝛼
𝜓
=

𝛿ℒ

𝛿𝜕0𝜓𝛼
= 𝑖𝜓𝛼

†;  𝛼 = 1,2,3,4  

𝜋𝜑 =
𝛿ℒ

𝛿𝜕0𝜑
=
1

2
𝜑0
†;  𝜋𝜑† =

𝛿ℒ

𝛿𝜕0𝜑
†
=
1

2
𝜑0  

ℒ = 𝜋𝑖
𝑎𝜕0𝐴𝑖

𝑎 + 𝜋𝛼
𝜓
𝜕0𝜓𝛼 + 𝜋𝜑𝜕0𝜑 + 𝜋𝜑†𝜕0𝜑

† −ℋ + 𝐴0
𝑎𝒞𝑎  

ℋ=
1

2
[(𝐸𝑖

𝑎)2 + (𝐵𝑖
𝑎)2] + 𝑖𝜓‾𝛾𝑖𝐷𝑖𝜓 +𝑚𝜓‾𝜓 +

1

2
[𝜑𝑖
†𝐷𝑖𝜑 + (𝐷𝑖𝜑)

†𝜑𝑖] 

 +𝑉(|𝜑|) + 2𝜋𝜑𝜋𝜑† −
1

2
𝜑𝑖
†𝜑𝑖

 

𝒞𝑎 = (𝐷𝑖𝐸𝑖)𝑎 − 𝑒𝜓
†𝑅𝜓(𝑇𝑎)𝜓 + 𝑖𝑒[𝜋𝜑𝑅

𝜑(𝑇𝑎)𝜑 − 𝜑
†𝑅𝜑(𝑇𝑎)𝜋𝜑†]  

𝜑𝜇 = 𝐷𝜇𝜑; 𝜑𝜇
† = (𝐷𝜇𝜑)

†
;  𝐹𝑖𝑗 = 𝜕𝑖𝐴𝑗 − 𝜕𝑗𝐴𝑖 + 𝑖𝑒[𝐴𝑖, 𝐴𝑗]  

𝐻𝑇 = ∫  𝑑
3𝑥(ℋ − 𝐴0

𝑎𝒞𝑎)  

{𝐴𝑖
𝑎(𝑥), 𝐴𝑗

𝑏(𝑦)}
𝑃𝐵
= 0  

{𝜋𝑖
𝑎(𝑥), 𝜋𝑗

𝑏(𝑦)}
𝑃𝐵
= 0  

{𝐴𝑖
𝑎(𝑥), 𝜋𝑗

𝑏(𝑦)}
𝑃𝐵
 = 𝛿𝑎𝑏𝛿𝑖𝑗𝛿

(3)(𝑥 − 𝑦)

{𝜓𝛼(𝑥), 𝜋𝛽
𝜓
(𝑦)}

𝑃𝐵
 = 𝛿𝛼𝛽𝛿(3)(𝑥 − 𝑦)

{𝜑(𝑥), 𝜋𝜑(𝑦)}𝑃𝐵
 = 𝛿(3)(𝑥 − 𝑦)

{𝜑†(𝑥), 𝜋𝜑†(𝑦)}
𝑃𝐵
 = 𝛿(3)(𝑥 − 𝑦)

 

{𝐸𝑖
𝑎(𝑥), 𝐵𝑗

𝑏(𝑦)}
𝑃𝐵
= −𝜀𝑖𝑗𝑘 [𝑒𝑓𝑎𝑏𝑐𝐴𝑘

𝑐 (𝑥)𝛿(3)(𝑥 − 𝑦) − 𝛿𝑎𝑏
𝜕𝛿(3)(𝑥 − 𝑦)

𝜕𝑦𝑘
]  

𝐽0 = 𝐽0
𝑎𝑇𝑎 = [𝜌𝑎

𝜓
+ 𝜌𝑎

𝜑
] 𝑇𝑎  

𝜌𝑎
𝜓
= −𝑖𝜋𝜓𝑅𝜓(𝑇𝑎)𝜓 𝜌𝑎

𝜑
= −𝑖[𝜋𝜑𝑅

𝜑(𝑇𝑎)𝜑 − 𝜑
†𝑅𝜑(𝑇𝑎)𝜋𝜑†]  
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𝒞 = 𝒞𝑎𝑇𝑎 = 𝐷𝑖𝐸𝑖 − 𝑒𝐽0  

{𝒞𝑎(𝑥), 𝜓(𝑦)}𝑃𝐵= −𝑖𝑒𝑅
𝜓(𝑇𝑎)𝜓(𝑥)𝛿

(3)(𝑥 − 𝑦)  

{𝒞𝑎(𝑥), 𝜋
𝜓(𝑦)}

𝑃𝐵
= 𝑖𝑒𝜋𝜓(𝑥)𝑅𝜓(𝑇𝑎)𝛿

(3)(𝑥 − 𝑦)  

{𝒞𝑎(𝑥), 𝜑(𝑦)}𝑃𝐵= −𝑖𝑒𝑅
𝜑(𝑇𝑎)𝜑(𝑥)𝛿

(3)(𝑥 − 𝑦)  

{𝒞𝑎(𝑥), 𝜋𝜑(𝑦)}𝑃𝐵
 = 𝑖𝑒𝜋𝜑(𝑥)𝑅

𝜑(𝑇𝑎)𝛿
(3)(𝑥 − 𝑦)

{𝒞𝑎(𝑥), 𝐸𝑖
𝑏(𝑦)}

𝑃𝐵
 = −𝑒𝑓𝑎𝑏𝑐𝐸𝑖

𝑐(𝑥)𝛿(3)(𝑥 − 𝑦)

{𝒞𝑎(𝑥), 𝐴𝑖
𝑏(𝑦)}

𝑃𝐵
 = −𝑒𝑓𝑎𝑏𝑐𝐴𝑖

𝑐(𝑥)𝛿(3)(𝑥 − 𝑦) − 𝛿𝑎𝑏
𝜕𝛿(3)(𝑥 − 𝑦)

𝜕𝑥𝑖

 

𝑑𝑄(𝛼, 𝛽)

𝑑𝜁
−𝒜(𝛼, 𝛽)𝑄(𝛼, 𝛽) = 0  

𝔢𝜏/𝜁(𝜎)≡ ∫  
𝜎

𝜎𝑖

 𝑑𝜎′𝑊−1𝐸𝑖𝑊𝜀𝑖𝑗𝑘
𝑑𝑥𝑗

𝑑𝜎′
𝑑𝑥𝑘

𝑑𝜏/𝜁
 

𝔟𝜏/𝜁(𝜎) ≡ ∫  
𝜎

𝜎𝑖

 𝑑𝜎′𝑊−1𝐵𝑖𝑊𝜀𝑖𝑗𝑘
𝑑𝑥𝑗

𝑑𝜎′
𝑑𝑥𝑘

𝑑𝜏/𝜁

 

𝔢𝜏/𝜁(𝜎) → 𝑔(𝑥𝑅)𝔢𝜏/𝜁(𝜎)𝑔
−1(𝑥𝑅);  𝔟𝜏/𝜁(𝜎) → 𝑔(𝑥𝑅)𝔟𝜏/𝜁(𝜎)𝑔

−1(𝑥𝑅)  

𝑑𝑉

𝑑𝜏
− 𝑉𝒯𝜏 = 0; 𝒯𝜏 = −𝑖𝑒[𝛼𝔟𝜏(𝜎𝑓) + 𝛽𝔢𝜏(𝜎𝑓)]  

𝐹𝑖𝑗 = −𝜀𝑖𝑗𝑘𝐵𝑘; 𝐹̃𝑖𝑗 = −𝜀𝑖𝑗𝑘𝐸𝑘  

𝒥spatial = 𝛽(𝜌𝑀 + 𝜌𝐺) + 𝛼𝜌mag. − 𝑖[𝛼𝔟𝜏(𝜎𝑓) + 𝛽𝔢𝜏(𝜎𝑓), 𝛼𝔟𝜁(𝜎𝑓) + 𝛽𝔢𝜁(𝜎𝑓)]  

𝜌𝑀(𝜏, 𝜁) = −∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎𝑊−1𝐽0𝑊𝜀𝑖𝑗𝑘
𝑑𝑥𝑖

𝑑𝜎

𝑑𝑥𝑗

𝑑𝜏

𝑑𝑥𝑘

𝑑𝜁
 

𝜌𝐺(𝜏, 𝜁) = 𝑖 ∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎 {[𝔟𝜏(𝜎),
𝑑𝔢𝜁(𝜎)

𝑑𝜎
] − [𝔟𝜁(𝜎),

𝑑𝔢𝜏(𝜎)

𝑑𝜎
]}  

𝜌mag. = 𝑖[𝔟𝜏(𝜎𝑓), 𝔟𝜁(𝜎𝑓)]  

∫  
𝑆∞,𝑡
2
 𝑑𝜏𝑑𝜎𝑊−1𝐵𝑖𝑊𝜀𝑖𝑗𝑘

𝑑𝑥𝑗

𝑑𝜎

𝑑𝑥𝑘

𝑑𝜏
= −𝑒∫  

ℝ𝑡
3
 𝑑𝜁𝑑𝜏𝜌mag  

∫  
𝑆∞,𝑡
2
 𝑑𝜏𝑑𝜎𝑊−1𝐸𝑖𝑊𝜀𝑖𝑗𝑘

𝑑𝑥𝑗

𝑑𝜎

𝑑𝑥𝑘

𝑑𝜏
= −𝑒∫  

ℝ𝑡
3
 𝑑𝜁𝑑𝜏(𝜌𝑀 + 𝜌𝐺)  

𝑄(1,0) = 𝑖𝑒2∫  
ℝ𝑡
3
 𝑑𝜁𝑑𝜏𝜌mag.  

𝑄(0,1) = 𝑖𝑒2∫  
ℝ𝑡
3
 𝑑𝜁𝑑𝜏(𝜌𝑀 + 𝜌𝐺)  
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{𝜌𝐺
𝑎(𝜏, 𝜁), 𝜌𝐺

𝑏(𝜏′, 𝜁′)}
𝑃𝐵
= −𝜗𝑓𝑎𝑏𝑐𝜌𝐺

𝑐(𝜏, 𝜁)𝛿(𝜁 − 𝜁′)𝛿(𝜏 − 𝜏′)  

{𝜌𝑀
𝑎 (𝜏, 𝜁), 𝜌𝑀

𝑏 (𝜏′, 𝜁′)}
𝑃𝐵
 = −𝜗𝑓𝑎𝑏𝑐𝜌𝑀

𝑐 (𝜏, 𝜁)𝛿(𝜁 − 𝜁′)𝛿(𝜏 − 𝜏′)

{𝜌mag. 
𝑎 (𝜏, 𝜁), 𝜌mag. 

𝑏 (𝜏′, 𝜁′)}
𝑃𝐵
 = 0

 

{𝜌𝐺
𝑎(𝜏, 𝜁), 𝜌𝑀

𝑏 (𝜏′, 𝜁′)}
𝑃𝐵
= 0

{𝜌𝐺
𝑎(𝜏, 𝜁), 𝜌mag. 

𝑏 (𝜏′, 𝜁′)}
𝑃𝐵
= 0

{𝜌𝑀
𝑎 (𝜏, 𝜁), 𝜌mag. 

𝑏 (𝜏′, 𝜁′)}
𝑃𝐵
= 0

 

𝛿𝑋 ≡ 𝜀{𝑋, 𝑄𝑁(𝛼, 𝛽)}𝑃𝐵 =
𝜀

𝑁
{𝑋, Tr[𝑄(𝛼, 𝛽)]𝑁}𝑃𝐵  

𝑑{𝑋, 𝑄(𝛼, 𝛽)}𝑃𝐵
𝑑𝜁

− {𝑋,𝒜(𝛼, 𝛽)}𝑃𝐵𝑄(𝛼, 𝛽) −𝒜(𝛼, 𝛽){𝑋, 𝑄(𝛼, 𝛽)}𝑃𝐵 = 0  

𝑑𝑄−1(𝛼, 𝛽)

𝑑𝜁
+ 𝑄−1(𝛼, 𝛽)𝒜(𝛼, 𝛽) = 0  

𝑑[𝑄−1(𝛼, 𝛽){𝑋, 𝑄(𝛼, 𝛽)}𝑃𝐵]

𝑑𝜁
− 𝑄−1(𝛼, 𝛽){𝑋,𝒜(𝛼, 𝛽)}𝑃𝐵𝑄(𝛼, 𝛽) = 0  

{𝑋, 𝑄(𝜁)}𝑃𝐵 = 𝑄(𝜁)∫  
𝜁

𝜁𝑖

 𝑑𝜁′𝑄−1(𝜁′){𝑋,𝒜(𝜁′)}𝑃𝐵𝑄(𝜁
′)  

𝑑{𝑋, 𝑉}𝑃𝐵
𝑑𝜏

− {𝑋, 𝑉}𝑃𝐵𝒯𝜏 − 𝑉{𝑋, 𝒯𝜏}𝑃𝐵 = 0  

𝑑𝑉−1

𝑑𝜏
+ 𝒯𝜏𝑉

−1 = 0  

𝑑[{𝑋, 𝑉}𝑃𝐵𝑉
−1]

𝑑𝜏
= 𝑉{𝑋, 𝒯𝜏}𝑃𝐵𝑉

−1  

{𝑋, 𝑉(𝜏)}𝑃𝐵𝑉
−1(𝜏) = ∫  

𝜏

𝜏𝑖

 𝑑𝜏′𝑉(𝜏′){𝑋, 𝒯𝜏(𝜏
′)}𝑃𝐵𝑉

−1(𝜏′)  

{𝑋, 𝑉(𝜏)𝑇𝑎𝑉
−1(𝜏)}𝑃𝐵 = [∫  

𝜏

𝜏𝑖

 𝑑𝜏′𝑉(𝜏′){𝑋, 𝒯𝜏(𝜏
′)}𝑃𝐵𝑉

−1(𝜏′), 𝑉(𝜏)𝑇𝑎𝑉
−1(𝜏)]  

{𝑋,𝒜(𝜁)}𝑃𝐵  = 𝑖𝑒
2∫  

𝜏𝑓

𝜏𝑖

 𝑑𝜏 [𝑉(𝜏){𝑋, 𝒥spatial (𝜏)}𝑃𝐵
𝑉−1(𝜏)

+ [∫  
𝜏

𝜏𝑖

 𝑑𝜏′𝑉(𝜏′){𝑋, 𝒯𝜏(𝜏
′)}𝑃𝐵𝑉

−1(𝜏′), 𝑉(𝜏)𝒥spatial (𝜏)𝑉
−1(𝜏)]]

 

𝑉(𝜏)𝒥spatial (𝜏)𝑉
−1(𝜏) =

𝑑

𝑑𝜏
∫  
𝜏

𝜏𝑖

𝑑𝜏′𝑉(𝜏′)𝒥spatial (𝜏
′)𝑉−1(𝜏′) 
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𝑖𝑒2∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏 [∫  
𝜏

𝜏𝑖

 𝑑𝜏′𝑉(𝜏′){𝑋, 𝒯𝜏(𝜏
′)}𝑃𝐵𝑉

−1(𝜏′), 𝑉(𝜏)𝒥spatial (𝜏)𝑉
−1(𝜏)]

=[∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏𝑉(𝜏){𝑋, 𝒯𝜏(𝜏)}𝑃𝐵𝑉
−1(𝜏),

𝑑𝑄(𝜁)

𝑑𝜁
𝑄−1(𝜁)]

− ∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏[𝑉(𝜏){𝑋, 𝒯𝜏(𝜏)}𝑃𝐵𝑉
−1(𝜏),𝒜(𝜏)]

 

𝒜(𝜏) = 𝑖𝑒2∫  
𝜏

𝜏𝑖

 𝑑𝜏′𝑉(𝜏′)𝒥spatial (𝜏
′)𝑉−1(𝜏′)  

𝒜(𝜏𝑓) =
𝑑𝑄(𝜁)

𝑑𝜁
𝑄−1(𝜁) 

𝑉(𝜏)𝒯𝜁(𝜏)𝑉
−1(𝜏) =

𝑑𝑉(𝜏)

𝑑𝜁
𝑉−1(𝜏) −𝒦(𝜏)  

 

𝒯𝜁 = −𝑖𝑒[𝛼𝔟𝜁(𝜎𝑓) + 𝛽𝔢𝜁(𝜎𝑓)]  

𝒦(𝜏)  = ∫  
𝜏

𝜏𝑖

 𝑑𝜏′𝑉(𝜏′) {−𝑖𝑒∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎𝑊−1[𝛼𝐷𝑖𝐵𝑖 + 𝛽𝐷𝑖𝐸𝑖]𝑊𝜀𝑗𝑘𝑙
𝑑𝑥𝑗

𝑑𝜎

𝑑𝑥𝑘

𝑑𝜏′
𝑑𝑥𝑙

𝑑𝜁

+𝑖𝑒2(𝛽𝜌𝐺 + 𝛼𝜌mag. − 𝑖[𝛼𝔟𝜏(𝜎𝑓) + 𝛽𝔢𝜏(𝜎𝑓), 𝛼𝔟𝜁(𝜎𝑓) + 𝛽𝔢𝜁(𝜎𝑓)])}𝑉
−1(𝜏′)

 

𝒦(𝜏𝑓) =
𝑑𝑉(𝜏𝑓)

𝑑𝜁
𝑉−1(𝜏𝑓)  

𝑖𝑒2∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏𝑉{𝑋, 𝒥spatial }𝑃𝐵
𝑉−1

=𝑖𝑒2∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏𝑉 [{𝑋, 𝛽(𝜌𝑀 + 𝜌𝐺) + 𝛼𝜌mag. }𝑃𝐵
+
𝑖

𝑒2
{𝑋, [𝒯𝜏, 𝒯𝜁]}𝑃𝐵

] 𝑉−1

=∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏𝑉 [{𝑋, 𝑖𝑒2[𝛽(𝜌𝑀 + 𝜌𝐺) + 𝛼𝜌mag. ] +
𝑑𝒯𝜁

𝑑𝜏
−
𝑑𝒯𝜏
𝑑𝜁
}
𝑃𝐵

] 𝑉−1  

+∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏 [
𝑑

𝑑𝜁
(𝑉{𝑋, 𝒯𝜏}𝑃𝐵𝑉

−1) −
𝑑

𝑑𝜏
(𝑉{𝑋, 𝒯𝜁}𝑃𝐵

𝑉−1)]  

+ ∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏[𝑉(𝜏){𝑋, 𝒯𝜏}𝑃𝐵𝑉
−1(𝜏),𝒦(𝜏)]

 

{𝑋,𝒜(𝜁)}𝑃𝐵= ∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏 {𝑉(𝜏){𝑋,ℳ}𝑃𝐵𝑉
−1(𝜏) −

𝑑

𝑑𝜏
(𝑉(𝜏){𝑋, 𝒯𝜁(𝜏)}𝑃𝐵

𝑉−1(𝜏)) 

+[𝑉(𝜏){𝑋, 𝒯𝜏(𝜏)}𝑃𝐵𝑉
−1(𝜏),𝒦(𝜏) −𝒜(𝜏)]}

+
𝑑

𝑑𝜁
∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏(𝑉(𝜏){𝑋, 𝒯𝜏(𝜏)}𝑃𝐵𝑉
−1(𝜏))  

 + [∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏𝑉(𝜏){𝑋, 𝒯𝜏(𝜏)}𝑃𝐵𝑉
−1(𝜏),

𝑑𝑄(𝜁)

𝑑𝜁
𝑄−1(𝜁)]
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ℳ ≡ 𝑖𝑒2[𝛽(𝜌𝑀 + 𝜌𝐺) + 𝛼𝜌mag.] +
𝑑𝒯𝜁

𝑑𝜏
−
𝑑𝒯𝜏
𝑑𝜁

 

𝑑𝑥𝜇

𝑑𝜏
=
𝑑𝑥𝜇

𝑑𝜁
= 0  at  𝜏 = 𝜏𝑖  and  𝜏 = 𝜏𝑓  

𝔢𝜏/𝜁 = 𝔟𝜏/𝜁 = 0  at  𝜏 = 𝜏𝑖  and  𝜏 = 𝜏𝑓  

∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏
𝑑

𝑑𝜏
(𝑉(𝜏){𝑋, 𝒯𝜁(𝜏)}𝑃𝐵

𝑉−1(𝜏)) = 0  

𝒦(𝜏) −𝒜(𝜏)

 = −𝑖𝑒∫  
𝜏

𝜏𝑖

 𝑑𝜏′𝑉(𝜏′)∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎𝑊−1[𝛼𝐷𝑖𝐵𝑖 + 𝛽(𝐷𝑖𝐸𝑖 − 𝑒𝐽0)]𝑊𝜀𝑗𝑘𝑙
𝑑𝑥𝑗

𝑑𝜎

𝑑𝑥𝑘

𝑑𝜏′
𝑑𝑥𝑙

𝑑𝜁
𝑉−1(𝜏′)

 

ℳ = 𝑖𝑒∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎𝑊−1[𝛼𝐷𝑖𝐵𝑖 + 𝛽(𝐷𝑖𝐸𝑖 − 𝑒𝐽0)]𝑊𝜀𝑗𝑘𝑙
𝑑𝑥𝑗

𝑑𝜎

𝑑𝑥𝑘

𝑑𝜏

𝑑𝑥𝑙

𝑑𝜁
 

{𝑋,𝒜(𝜁)}𝑃𝐵= 𝑖𝑒𝛽𝜗∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏𝑉(𝜏)∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎{𝑋, 𝒞𝑎}𝑃𝐵𝑊
−1𝑇𝑎𝑊𝑉

−1(𝜏)Δ(𝜎, 𝜏, 𝜁)  

+𝑄(𝜁)
𝑑

𝑑𝜁
[𝑄−1(𝜁)∫  

𝜏𝑓

𝜏𝑖

 𝑑𝜏(𝑉(𝜏){𝑋, 𝒯𝜏(𝜏)}𝑃𝐵𝑉
−1(𝜏))𝑄(𝜁)] 𝑄−1(𝜁) 

 +𝑖𝑒𝛽𝜗𝒳

 

𝒳 ≡ ∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏 {𝑉(𝜏)∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎{𝑋,𝑊−1𝑇𝑎𝑊}𝑃𝐵𝑉
−1(𝜏)𝒞𝑎Δ(𝜎, 𝜏, 𝜁)

− [𝑉(𝜏){𝑋, 𝒯𝜏(𝜏)}𝑃𝐵𝑉
−1(𝜏),∫  

𝜏

𝜏𝑖

 𝑑𝜏′𝑉(𝜏′)∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎𝑊−1𝒞𝑊𝑉−1(𝜏′)Δ(𝜎, 𝜏′, 𝜁)]}

 

Δ(𝜎, 𝜏, 𝜁) ≡ 𝜗𝜀𝑖𝑗𝑘
𝑑𝑥𝑖

𝑑𝜎

𝑑𝑥𝑗

𝑑𝜏

𝑑𝑥𝑘

𝑑𝜁
;  𝜗 = ±1  

{𝑋, 𝑄(𝜁)}𝑃𝐵 = [∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏(𝑉(𝜏){𝑋, 𝒯𝜏(𝜏)}𝑃𝐵𝑉
−1(𝜏))]

𝜁=𝜁

𝑄(𝜁)  

+𝑖𝑒𝛽𝜗𝑄(𝜁)∫  
𝜁

𝜁𝑖

 𝑑𝜁′𝑄−1(𝜁′)∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏𝑉(𝜏)∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎{𝑋, 𝒞𝑎}𝑃𝐵𝑊
−1𝑇𝑎𝑊

×𝑉−1(𝜏)𝑄(𝜁′)Δ(𝜎, 𝜏, 𝜁′)

+𝑖𝑒𝛽𝜗𝑄(𝜁)∫  
𝜁

𝜁𝑖

 𝑑𝜁′𝑄−1(𝜁′)𝒳𝑄(𝜁′)

 

𝑑𝑥𝜇

𝑑𝜏
= 0  at  𝜁 = 𝜁𝑖  

𝔢𝜏 = 𝔟𝜏 = 0  at  𝜁 = 𝜁𝑖  
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𝛿𝑋 = 𝜀{𝑋, 𝑄𝑁(𝛼, 𝛽)}𝑃𝐵

 = 𝜀Tr [𝑄𝑁(𝜁𝑓){[∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏(𝑉(𝜏){𝑋, 𝒯𝜏(𝜏)}𝑃𝐵𝑉
−1(𝜏))]

𝜁=𝜁𝑓

 +𝑖𝑒𝛽𝜗∫  
𝜁𝑓

𝜁𝑖

 𝑑𝜁𝑄−1(𝜁)∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏𝑉(𝜏)∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎{𝑋, 𝒞𝑎}𝑃𝐵𝑊
−1𝑇𝑎𝑊𝑉

−1(𝜏)𝑄(𝜁)Δ(𝜎, 𝜏, 𝜁)

+𝑖𝑒𝛽𝜗∫  
𝜁𝑓

𝜁𝑖

 𝑑𝜁𝑄−1(𝜁)𝒳𝑄(𝜁)}]

 

𝛿(𝛽=0)𝑋 = 𝜀{𝑋, 𝑄𝑁(𝛼, 0)}𝑃𝐵

 = −𝑖𝑒𝛼𝜀Tr [𝑄𝑁(𝜁𝑓 , 𝛼, 0) [∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏 (𝑉𝛽=0(𝜏){𝑋, 𝔟𝜏(𝜎𝑓)}𝑃𝐵
𝑉𝛽=0
−1 (𝜏))]

𝜁=𝜁𝑓

]
 

𝛿(𝑁,1,0)𝑋= 𝜀{𝑋, 𝑄𝑁(1,0)}𝑃𝐵  

 = −𝑖𝑒𝜀Tr [𝑄𝑁−1(1,0) [∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏{𝑋, 𝔟𝜏(𝜎𝑓)}𝑃𝐵]

𝜁=𝜁𝑓

]
 

𝛿(𝑁,0,1)𝑋= 𝜀{𝑋, 𝑄𝑁(0,1)}𝑃𝐵  

 = 𝜀Tr{𝑄𝑁−1(0,1) [−𝑖𝑒 [∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏{𝑋, 𝔢𝜏(𝜎𝑓)}𝑃𝐵
]

𝜁=𝜁𝑓

 +𝑖𝑒𝜗∫  
𝜁𝑓

𝜁𝑖

 𝑑𝜁 ∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏 ∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎{𝑋, 𝒞𝑎}𝑃𝐵𝑊
−1𝑇𝑎𝑊Δ(𝜎, 𝜏, 𝜁)

+𝑖𝑒𝜗∫  
𝜁𝑓

𝜁𝑖

 𝑑𝜁 ∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏 ∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎{𝑋,𝑊−1𝑇𝑎𝑊}𝑃𝐵Δ(𝜎, 𝜏, 𝜁)𝒞𝑎]}

 

𝛿𝑋 − 𝛿′𝑋 = 𝜀{𝑋, 𝑄𝑁(𝛼, 𝛽) − 𝑄𝑁
′ (𝛼, 𝛽)}𝑃𝐵  

𝒪(𝑋)≡ ∫  
𝜁𝑓

𝜁𝑖

 𝑑𝜁 ∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏 ∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎{𝑋, 𝒞𝑎}𝑃𝐵⊗𝑄−1(𝜁)𝑉(𝜏)𝑊−1𝑇𝑎𝑊𝑉
−1(𝜏)𝑄(𝜁)Δ(𝜎, 𝜏, 𝜁) 

 = ∫  𝑑3𝑥𝑑𝑏𝑎(𝑥){𝑋, 𝒞𝑎}𝑃𝐵⊗𝑇𝑏 ≡ 𝒪𝑏(𝑋)⊗ 𝑇𝑏

 

𝑔𝑇𝑎𝑔
−1 = 𝑇𝑏𝑑𝑏𝑎(𝑔)  

𝑄−1(𝜁)𝑉(𝜏)𝑊−1(𝜎)𝑇𝑎𝑊(𝜎)𝑉
−1(𝜏)𝑄(𝜁)= 𝑇𝑏𝑑𝑏𝑎(𝑄

−1(𝜁)𝑉(𝜏)𝑊−1(𝜎)) 

 ≡ 𝑇𝑏𝑑𝑏𝑎(𝑥)
 

𝒪𝑏(𝜓(𝑦)) = 𝑖𝑒𝑑𝑏𝑎(𝑦)𝑅
𝜓(𝑇𝑎)𝜓(𝑦); 𝒪𝑏(𝜋

𝜓(𝑦)) = −𝑖𝑒𝑑𝑏𝑎(𝑦)𝜋
𝜓(𝑦)𝑅𝜓(𝑇𝑎)                

𝒪𝑏(𝜑(𝑦)) = 𝑖𝑒𝑑𝑏𝑎(𝑦)𝑅
𝜑(𝑇𝑎)𝜑(𝑦); 𝒪𝑏(𝜋

𝜑(𝑦)) = −𝑖𝑒𝑑𝑏𝑎(𝑦)𝜋
𝜑(𝑦)𝑅𝜑(𝑇𝑎)                

𝒪𝑏(𝐸𝑖(𝑦))= 𝑖𝑒𝑑𝑏𝑎(𝑦)[𝑇𝑎 , 𝐸𝑖(𝑦)]                 

 

𝒪𝑏(𝐴𝑖(𝑦))= 𝑖𝑒𝑑𝑏𝑎(𝑦)[𝑇𝑎 , 𝐴𝑖(𝑦)] −
𝜕𝑑𝑏𝑎(𝑦)

𝜕𝑦𝑖
𝑇𝑎 +∫  𝑑

3𝑥
𝜕

𝜕𝑥𝑖
(𝑑𝑏𝑎(𝑥)𝛿

(3)(𝑥 − 𝑦))𝑇𝑎 

 = −𝐷𝑖(𝑑𝑏𝑎(𝑦)𝑇𝑎) + ∫  𝑑
3𝑥

𝜕

𝜕𝑥𝑖
(𝑑𝑏𝑎(𝑥)𝛿

(3)(𝑥 − 𝑦))𝑇𝑎

 



pág. 2823 

𝒞𝑎 = 0  and  𝐷𝑖𝐵𝑖 = 0 →  𝑄(𝜁𝑓) ≡ 𝑄(ℝ𝑡
3) = 𝑉(𝑆∞

2 )  

[∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏(𝑉(𝜏){𝑋, 𝒯𝜏(𝜏)}𝑃𝐵𝑉
−1(𝜏))]

𝜁=𝜁𝑓

= {𝑋, 𝑉(𝑆∞
2 )}𝑃𝐵𝑉

−1(𝑆∞
2 )  

𝛿𝑋= 𝜀{𝑋, 𝑄𝑁(𝛼, 𝛽)}𝑃𝐵  

 ≅
𝜀

𝑁
{𝑋, Tr[𝑉𝑁(𝑆∞

2 )]}𝑃𝐵 + 𝑖𝑒𝜀𝛽𝜗Tr[𝑄
𝑁(𝜁𝑓)𝒪(𝑋)]

 

{𝑋, Tr[𝑄𝑁(ℝ𝑡
3)]}𝑃𝐵 ≠ {𝑋, Tr[𝑉

𝑁(𝑆∞
2 )]}𝑃𝐵 

𝐻𝑇 = 𝐻𝐸 +𝐻𝐵 +𝐻𝜓 +𝐻𝜑 −𝐻𝐶  

 

𝐻𝐸 =
1

2
∫  𝑑3𝑥(𝐸𝑖

𝑎)2 𝐻𝐵 =
1

2
∫  𝑑3𝑥(𝐵𝑖

𝑎)2

𝐻𝐶 = ∫  𝑑
3𝑥𝐴0

𝑎𝒞𝑎 𝐻𝜓 = ∫  𝑑
3𝑥[𝑖𝜓‾𝛾𝑖𝐷𝑖𝜓 +𝑚𝜓‾𝜓]

𝐻𝜑 = ∫  𝑑
3𝑥 [2𝜋𝜑𝜋𝜑† +

1

2
(𝐷𝑖𝜑)

†𝐷𝑖𝜑 + 𝑉(|𝜑|)]

 

{𝜓‾𝜓(𝑥), 𝒞𝑎(𝑦)}𝑃𝐵 = {𝜋𝜑𝜋𝜑†(𝑥), 𝒞𝑎(𝑦)}
𝑃𝐵
= {𝑉(|𝜑|), 𝒞𝑎(𝑦)}𝑃𝐵 = 0  

𝒪𝑏(𝜓‾(𝑦)𝛾𝑖𝐷𝑖𝜓(𝑦)) = 𝑖𝑒𝜓‾(𝑦) [∫  𝑑
3𝑥

𝜕

𝜕𝑥𝑖
(𝛾𝑖𝑑𝑏𝑎(𝑥)𝛿

(3)(𝑥 − 𝑦))] 𝑅𝜓(𝑇𝑎)𝜓(𝑦)

 = [𝜗∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏 ∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎𝑑𝑏𝑎(𝑥)𝛿
(3)(𝑥 − 𝑦)𝜀𝑖𝑗𝑘

𝑑𝑥𝑗

𝑑𝜎

𝑑𝑥𝑘

𝑑𝜏
]

𝜁=𝜁𝑓

𝑖𝑒𝜓‾(𝑦)𝛾𝑖𝑅
𝜓(𝑇𝑎)𝜓(𝑦)

 

𝒪(𝑖𝜓‾(𝑦)𝛾𝑖𝐷𝑖𝜓(𝑦)) = −𝑒𝜗𝑄
−1(𝜁𝑓)

 × [∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏 ∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎𝑉(𝜏)𝑊−1(𝜎)𝐽𝑖
𝜓
(𝑦)𝑊(𝜎)𝑉−1(𝜏)𝛿(3)(𝑥 − 𝑦)𝜀𝑖𝑗𝑘

𝑑𝑥𝑗

𝑑𝜎

𝑑𝑥𝑘

𝑑𝜏
]

𝜁=𝜁𝑓

𝑄(𝜁𝑓)
 

𝐽𝑖
𝜓
= 𝜓‾𝛾𝑖𝑅

𝜓(𝑇𝑎)𝜓𝑇𝑎  

𝒪 (
1

2
(𝐷𝑖𝜑(𝑦))

†𝐷𝑖𝜑(𝑦)) = −𝑒𝜗𝑄
−1(𝜁𝑓)

 × [∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏 ∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎𝑉(𝜏)𝑊−1(𝜎)𝐽𝑖
𝜑
(𝑦)𝑊(𝜎)𝑉−1(𝜏)𝛿(3)(𝑥 − 𝑦)𝜀𝑖𝑗𝑘

𝑑𝑥𝑗

𝑑𝜎

𝑑𝑥𝑘

𝑑𝜏
]

𝜁=𝜁𝑓

𝑄(𝜁𝑓)
 

𝐽𝑖
𝜑
=
𝑖

2
[𝜑†𝑅𝜑(𝑇𝑎)𝐷𝑖𝜑 − (𝐷𝑖𝜑)

†𝑅𝜑(𝑇𝑎)𝜑]𝑇𝑎  

{𝐻𝜓/𝜑, 𝒯𝜏}𝑃𝐵
= 𝑖𝑒2𝛽∫  

𝜎𝑓

𝜎𝑖

 𝑑𝜎𝑊−1(𝜎)𝐽𝑖
𝜓/𝜑

(𝑦)𝑊(𝜎)𝜀𝑖𝑗𝑘
𝑑𝑦𝑗

𝑑𝜎

𝑑𝑦𝑘

𝑑𝜏
 

𝛿𝐻𝜓/𝜑 = 𝜀{𝐻𝜓/𝜑, 𝑄𝑁(𝛼, 𝛽)}𝑃𝐵
≅ 0  
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{(𝐸𝑖
𝑏(𝑥))

2
, 𝒞𝑎(𝑦)}

𝑃𝐵
= 0  

{𝐻𝐸 , 𝒯𝜏}𝑃𝐵= 𝑒
2𝛽∫  

𝜎𝑓

𝜎𝑖

 𝑑𝜎′ [
𝑑𝔢𝜏(𝜎

′)

𝑑𝜎′
, ∫  

𝜎′

𝜎𝑖

 𝑑𝜎′′𝑊−1(𝜎′′)𝐸𝑖(𝑧)𝑊(𝜎
′′)
𝑑𝑧𝑖

𝑑𝜎′′
] 

+𝑒2𝛼 [𝔟𝜏(𝜎𝑓),∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎′𝑊−1(𝜎′)𝐸𝑖(𝑦)𝑊(𝜎
′)
𝑑𝑦𝑖

𝑑𝜎′
]  

 +𝑖𝑒𝛼
𝑑

𝑑𝜏
∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎′𝑊−1(𝜎′)𝐸𝑖(𝑦)𝑊(𝜎
′)
𝑑𝑦𝑖

𝑑𝜎′

 

𝑑𝑦𝑗

𝑑𝜎/𝜏
→ 𝑟  as  𝑟 → ∞  

𝔢𝜏 →
1

𝑟𝛿−1/2
;  𝔟𝜏 →

1

𝑟𝛿−1/2
  as  𝑟 → ∞  

𝐸𝑖
𝑑𝑦𝑖

𝑑𝜎
→

1

𝑟𝛿+1/2
  as  𝑟 → ∞  

[∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏(𝑉(𝜏){𝐻𝐸 , 𝒯𝜏(𝜏)}𝑃𝐵𝑉
−1(𝜏))]

𝜁=𝜁𝑓

→
𝑠1

𝑟2𝛿
+

𝑠2

𝑟𝛿+1/2
  as  𝑟 → ∞  

𝛿𝐻𝐸 = 𝜀{𝐻𝐸 , 𝑄𝑁(𝛼, 𝛽)}𝑃𝐵 ≅ 0  

𝒪𝑏(𝒞(𝑦))= 𝑖𝑒𝑑𝑏𝑎(𝑦)[𝑇𝑎 , 𝒞(𝑦)] + 𝑖𝑒[𝑇𝑎 , 𝐸𝑖(𝑦)]∫  𝑑
3𝑥

𝜕

𝜕𝑥𝑖
[𝑑𝑏𝑎(𝑥)𝛿

(3)(𝑥 − 𝑦)] 

≅ 𝑖𝑒𝜗[𝑇𝑎 , 𝐸𝑖(𝑦)]∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏 ∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎𝜀𝑖𝑗𝑘
𝑑𝑥𝑗

𝑑𝜎

𝑑𝑥𝑘

𝑑𝜏
𝑑𝑏𝑎(𝑥)𝛿

(3)(𝑥 − 𝑦)|

𝜁=𝜁𝑓

 

𝒪𝑏(𝐻𝐶) ≅ − 𝑖𝑒𝜗∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏 ∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎𝜀𝑖𝑗𝑘
𝑑𝑥𝑗

𝑑𝜎

𝑑𝑥𝑘

𝑑𝜏
𝑑𝑏𝑎(𝑥)Tr(𝑇𝑎[𝐴0(𝑥), 𝐸𝑖(𝑥)])|

𝜁=𝜁𝑓

 

𝐴0 →
1

𝑟1/2+𝛿
;  𝐴𝑖 →

1

𝑟3/2+𝛿
  as  𝑟 → ∞  for  𝑖 = 1,2,3  

𝒪𝑏(𝐻𝐶) →
1

𝑟2𝛿
  as  𝑟 → ∞  

{𝐻𝐶 , 𝒯𝜏(𝜏)}𝑃𝐵 = 𝑖𝑒[𝒯𝜏(𝜏),𝑊𝑅
−1𝐴0(𝑥𝑅)𝑊𝑅]  

[∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏(𝑉(𝜏){𝐻𝐶 , 𝒯𝜏(𝜏)}𝑃𝐵𝑉
−1(𝜏))]

𝜁=𝜁𝑓

→
1

𝑟2𝛿
  as  𝑟 → ∞  

𝛿𝐻𝐶 = 𝜀{𝐻𝐶 , 𝑄𝑁(𝛼, 𝛽)}𝑃𝐵 ≅ 0  

𝒪𝑏(𝐵𝑖(𝑦)) = −𝜀𝑖𝑗𝑘𝐷𝑗𝒪𝑏(𝐴𝑘(𝑦))  
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𝒪𝑏(𝐻𝐵)= ∫  𝑑
3𝑦Tr[𝐵𝑖(𝑦)𝒪𝑏(𝐵𝑖(𝑦))]  

 = 𝜀𝑖𝑗𝑘∫  𝑑
3𝑦Tr[𝐵𝑖(𝑦)𝐷𝑗𝐷𝑘(𝑑𝑏𝑎(𝑦)𝑇𝑎)]

 −∫  𝑑3𝑦 [Tr(𝐵𝑖(𝑦)𝑇𝑎)
𝜕𝒮𝑖𝑗

𝑏𝑎(𝑦)

𝜕𝑦𝑗
− 𝑖𝑒Tr([𝐴𝑗(𝑦), 𝐵𝑖(𝑦)]𝑇𝑎)𝒮𝑖𝑗

𝑏𝑎(𝑦)]

 

𝒮𝑖𝑗
𝑏𝑎(𝑦)≡ 𝜀𝑖𝑗𝑘∫  𝑑

3𝑥
𝜕

𝜕𝑥𝑘
[𝑑𝑏𝑎(𝑥)𝛿

(3)(𝑥 − 𝑦)]  

 = 𝜗∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏 ∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎𝑑𝑏𝑎(𝑥)𝛿
(3)(𝑥 − 𝑦)(

𝑑𝑥𝑖

𝑑𝜎

𝑑𝑥𝑗

𝑑𝜏
−
𝑑𝑥𝑗

𝑑𝜎

𝑑𝑥𝑖

𝑑𝜏
)|

𝜁=𝜁𝑓

 

𝒪𝑏(𝐻𝐵)= 𝜀𝑖𝑗𝑘 ∫  𝑑
3𝑦

𝜕

𝜕𝑦𝑗
𝜕

𝜕𝑦𝑘
[𝑑𝑏𝑎(𝑦)Tr(𝐵𝑖(𝑦)𝑇𝑎)] + ∫  𝑑

3𝑦Tr[𝐷𝑗𝐵𝑖(𝑦)𝑇𝑎]𝒮𝑖𝑗
𝑏𝑎(𝑦) 

 −∫  𝑑3𝑦
𝜕

𝜕𝑦𝑗
[Tr(𝐵𝑖(𝑦)𝑇𝑎)𝒮𝑖𝑗

𝑏𝑎(𝑦)]

 

𝒪𝑏(𝐻𝐵) →
1

𝑟
1
4
+
3
2
𝛿
  as  𝑟 → ∞  

{𝐻𝐵, 𝔟𝜏(𝜎)}𝑃𝐵 = 0  

{𝐻𝐵, 𝔢𝜏(𝜎𝑓)}𝑃𝐵 = ∫  
𝜎𝑓

𝜎𝑖

𝑑𝜎′ (
𝑑𝑦𝑖

𝑑𝜎′
𝑑𝑦𝑗

𝑑𝜏
−
𝑑𝑦𝑗

𝑑𝜎′
𝑑𝑦𝑖

𝑑𝜏
)𝑊−1(𝜎′)𝐷𝑗𝐵𝑖𝑊(𝜎

′) 

[∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏(𝑉(𝜏){𝐻𝐵, 𝒯𝜏(𝜏)}𝑃𝐵𝑉
−1(𝜏))]

𝜁=𝜁𝑓

→
1

𝑟
1
4
+
3
2
𝛿
  as  𝑟 → ∞  

𝛿𝐻𝐵 = 𝜀{𝐻𝐵, 𝑄𝑁(𝛼, 𝛽)}𝑃𝐵 ≅ 0  

𝛿𝐻𝑇 = 𝜀{𝐻𝑇 , 𝑄𝑁(𝛼, 𝛽)}𝑃𝐵 ≅ 0  

𝛿𝜓(𝑥, 𝑡)= −𝜀𝑒2𝛽𝜗𝑅𝜓(𝑇𝑎)𝜓(𝑥, 𝑡)  

 × Tr[𝑄𝑁(𝜁𝑓)𝑄
−1(𝜁𝑥)𝑉(𝜏𝑥)𝑊

−1(𝜎𝑥)𝑇𝑎𝑊(𝜎𝑥)𝑉
−1(𝜏𝑥)𝑄(𝜁𝑥)]

 

𝛿(3)(𝑥 − 𝑦)Δ(𝜎, 𝜏, 𝜁) = 𝛿(𝜁 − 𝜁′)𝛿(𝜏 − 𝜏′)𝛿(𝜎 − 𝜎′)  

𝛿𝜑(𝑥, 𝑡)= −𝜀𝑒2𝛽𝜗𝑅𝜑(𝑇𝑎)𝜑(𝑥, 𝑡)  

 × Tr[𝑄𝑁(𝜁𝑓)𝑄
−1(𝜁𝑥)𝑉(𝜏𝑥)𝑊

−1(𝜎𝑥)𝑇𝑎𝑊(𝜎𝑥)𝑉
−1(𝜏𝑥)𝑄(𝜁𝑥)]

 

𝛿(𝛽=0)𝜓 = 0; 𝛿
(𝑁,1,0)𝜓 = 0  

𝛿(𝑁,0,1)𝜓(𝑥, 𝑡)  = −𝜀𝑒2𝜗𝑅𝜓(𝑇𝑎)𝜓(𝑥, 𝑡)Tr[𝑄
𝑁−1(0,1)𝑊−1(𝜎𝑥)𝑇𝑎𝑊(𝜎𝑥)]

 = −𝜀𝑒2𝜗𝑅𝜓(𝑊𝑥)𝑅
𝜓(𝑇𝑎)𝑅

𝜓(𝑊𝑥
−1)𝜓(𝑥, 𝑡)Tr[𝑄𝑁−1(0,1)𝑇𝑎]

 

𝑇𝑎⊗𝑔𝑇𝑎𝑔
−1 = 𝑇𝑎⊗𝑇𝑏𝑑𝑏𝑎(𝑔) = 𝑇𝑎𝑑𝑎𝑏(𝑔

−1)⊗ 𝑇𝑏 = 𝑔
−1𝑇𝑏𝑔⊗ 𝑇𝑏 



pág. 2826 

𝛿(2,0,1)𝜓(𝑥, 𝑡) = −𝑖𝜀𝑒4𝜗𝑅𝜓 (𝑊𝑥 [∫  
ℝ𝑡
3
 𝑑𝜁𝑑𝜏(𝜌𝑀 + 𝜌𝐺)]𝑊𝑥

−1)𝜓(𝑥, 𝑡)  

𝛿(𝛽=0)𝐴𝑖 = 0; 𝛿(𝛽=0)𝐵𝑖 = 0  

𝐴 = 𝐴𝜎𝑥𝑑𝜎𝑥 + 𝐴𝜏𝑥𝑑𝜏𝑥 + 𝐴𝜁𝑥𝑑𝜁𝑥 

𝐴𝜎𝑥 = 𝐴𝑖(𝑥)
𝑑𝑥𝑖

𝑑𝜎𝑥
, 𝐴𝜏𝑥 = 𝐴𝑖(𝑥)

𝑑𝑥𝑖

𝑑𝜏𝑥
 

𝐴𝜁𝑥 = 𝐴𝑖(𝑥)
𝑑𝑥𝑖

𝑑𝜁𝑥
 

{𝐴𝑖
𝑎(𝑥)

𝑑𝑥𝑖

𝑑𝜎𝑥
, 𝑄𝑁(𝛼, 𝛽)}

𝑃𝐵

= 𝑖𝑒𝛽𝜗Tr [𝑄𝑁(𝜁𝑓) (𝐼𝑖,𝑎,𝜎𝑥
(1)

+ 𝐼𝑖,𝑎,𝜎𝑥
(2)

)]  

𝐼𝑖,𝑎,𝜎𝑥
(1)

= 𝑖𝑒∫  
𝜁𝑓

𝜁𝑖

 𝑑𝜁𝑄−1(𝜁)∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏𝑉(𝜏)∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎𝑊−1[𝐴𝑖(𝑥), 𝑇𝑎]𝑊𝑉
−1(𝜏)𝑄(𝜁) 

 × 𝛿(3)(𝑥 − 𝑦)Δ(𝜎, 𝜏, 𝜁)
𝑑𝑥𝑖

𝑑𝜎𝑥

 

𝐼𝑖,𝑎,𝜎𝑥
(2)

= ∫  
𝜁𝑓

𝜁𝑖

 𝑑𝜁𝑄−1(𝜁)∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏𝑉(𝜏)∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎𝑊−1𝑇𝑎𝑊𝑉
−1(𝜏)𝑄(𝜁)

𝜕𝛿(3)(𝑥 − 𝑦)

𝜕𝑦𝑖
𝑑𝑥𝑖

𝑑𝜎𝑥
Δ(𝜎, 𝜏, 𝜁)  

𝐼𝑖,𝑎,𝜎𝑥
(2)

=
𝑑𝑥𝑖

𝑑𝜎𝑥
[−

𝜕

𝜕𝑥𝑖
[𝑄−1(𝜁𝑥)𝑉(𝜏𝑥)𝑊

−1(𝜎𝑥)𝑇𝑎𝑊(𝜎𝑥)𝑉
−1(𝜏𝑥)𝑄(𝜁𝑥)]

+𝑄−1(𝜁𝑓) [∫  
𝑆∞
2
 𝑑𝜏𝑑𝜎𝑉(𝜏)𝑊−1(𝜎)𝑇𝑎𝑊(𝜎)𝑉

−1(𝜏)𝜗𝜀𝑖𝑗𝑘
𝑑𝑦𝑗

𝑑𝜎

𝑑𝑦𝑘

𝑑𝜏
𝛿(3)(𝑥 − 𝑦)]

𝜁=𝜁𝑓

𝑄(𝜁𝑓)]

 

𝜀𝑖𝑗𝑘
𝑑𝑥𝑖

𝑑𝜎𝑥

𝑑𝑦𝑗

𝑑𝜎

𝑑𝑦𝑘

𝑑𝜏
𝛿(3)(𝑥 − 𝑦) = 0  

𝐼𝑖,𝑎,𝜎𝑥
(2)

= −𝑄−1(𝜁𝑥)𝑉(𝜏𝑥)
𝑑

𝑑𝜎𝑥
[𝑊−1(𝜎𝑥)𝑇𝑎𝑊(𝜎𝑥)]𝑉

−1(𝜏𝑥)𝑄(𝜁𝑥)  

 = −𝑖𝑒𝑄−1(𝜁𝑥)𝑉(𝜏𝑥)𝑊
−1(𝜎𝑥)[𝐴𝑖, 𝑇𝑎]𝑊(𝜎𝑥)𝑉

−1(𝜏𝑥)𝑄(𝜁𝑥)
𝑑𝑥𝑖

𝑑𝜎𝑥

 

𝛿 (𝐴𝑖
𝑎(𝑥)

𝑑𝑥𝑖

𝑑𝜎𝑥
) = 𝜀 {𝐴𝑖

𝑎(𝑥)
𝑑𝑥𝑖

𝑑𝜎𝑥
, 𝑄𝑁(𝛼, 𝛽)}

𝑃𝐵

= 0  

{𝐴𝑖
𝑎(𝑥)

𝑑𝑥𝑖

𝑑𝜏𝑥
, 𝑄𝑁(𝛼, 𝛽)}

𝑃𝐵

= 𝑖𝑒𝛽𝜗Tr [𝑄𝑁(𝜁𝑓) (𝐼𝑖,𝑎,𝜏𝑥
(1)

+ 𝐼𝑖,𝑎,𝜏𝑥
(2)

)]  

𝜀𝑖𝑗𝑘
𝑑𝑥𝑖

𝑑𝜏𝑥

𝑑𝑦𝑗

𝑑𝜎

𝑑𝑦𝑘

𝑑𝜏
𝛿(3)(𝑥 − 𝑦) = 0  
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𝐼𝑖,𝑎,𝜏𝑥
(2)

= −𝑄−1(𝜁𝑥)
𝑑

𝑑𝜏𝑥
[𝑉(𝜏𝑥)𝑊

−1(𝜎𝑥)𝑇𝑎𝑊(𝜎𝑥)𝑉
−1(𝜏𝑥)]𝑄(𝜁𝑥)  

 = −𝑖𝑒𝑄−1(𝜁𝑥)𝑉(𝜏𝑥)𝑊
−1(𝜎𝑥)[𝐴𝑖, 𝑇𝑎]𝑊(𝜎𝑥)𝑉

−1(𝜏𝑥)𝑄(𝜁𝑥)
𝑑𝑥𝑖

𝑑𝜏𝑥
 −𝑄−1(𝜁𝑥)𝑉(𝜏𝑥)[𝒯𝜏(𝜏𝑥) + 𝑖𝑒𝔟𝜏(𝜎𝑥),𝑊

−1(𝜎𝑥)𝑇𝑎𝑊(𝜎𝑥)]𝑉
−1(𝜏𝑥)𝑄(𝜁𝑥)

 

𝛿 (𝐴𝑖
𝑎(𝑥)

𝑑𝑥𝑖

𝑑𝜏𝑥
) = 𝜀 {𝐴𝑖

𝑎(𝑥)
𝑑𝑥𝑖

𝑑𝜏𝑥
, 𝑄𝑁(𝛼, 𝛽)}

𝑃𝐵

= −𝑖𝑒𝛽𝜗𝜀Tr[𝑄𝑁(𝜁𝑓)

× 𝑄−1(𝜁𝑥)𝑉(𝜏𝑥)[𝒯𝜏(𝜏𝑥) + 𝑖𝑒𝔟𝜏(𝜎𝑥),𝑊
−1(𝜎𝑥)𝑇𝑎𝑊(𝜎𝑥)]𝑉

−1(𝜏𝑥)𝑄(𝜁𝑥)]

 

{𝐴𝑖
𝑎(𝑥)

𝑑𝑥𝑖

𝑑𝜁𝑥
, 𝑄𝑁(𝛼, 𝛽)}

𝑃𝐵

= 𝑖𝑒𝛽𝜗Tr [𝑄𝑁(𝜁𝑓) [𝐼𝑖,𝑎,𝜁𝑥
(1)

+ 𝐼𝑖,𝑎,𝜁𝑥
(2)

 −[𝑉(𝜏𝑥)𝑊
−1(𝜎𝑥)𝑇𝑎𝑊(𝜎𝑥)𝑉

−1(𝜏𝑥)]𝜁=𝜁𝑓

 +𝑖𝑒𝛽𝜗𝑄−1(𝜁𝑥)[𝑉(𝜏𝑥)𝑊
−1(𝜎𝑥)𝑇𝑎𝑊(𝜎𝑥)𝑉

−1(𝜏𝑥)

,∫  
𝜏𝑥

𝜏𝑖

 𝑑𝜏′𝑉(𝜏′)∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎𝑊−1𝒞𝑊𝑉−1(𝜏′)Δ(𝜎, 𝜏′, 𝜁)] 𝑄(𝜁𝑥)]]

 

𝐼𝑖,𝑎,𝜁𝑥
(2)

= −
𝑑

𝑑𝜁𝑥
[𝑄−1(𝜁𝑥)𝑉(𝜏𝑥)𝑊

−1(𝜎𝑥)𝑇𝑎𝑊(𝜎𝑥)𝑉
−1(𝜏𝑥)𝑄(𝜁𝑥)]

+𝑄−1(𝜁𝑓) [∫  
𝑆∞
2
 𝑑𝜏𝑑𝜎𝑉(𝜏)𝑊−1(𝜎)𝑇𝑎𝑊(𝜎)𝑉

−1(𝜏)𝜗𝜀𝑖𝑗𝑘
𝑑𝑦𝑗

𝑑𝜎

𝑑𝑦𝑘

𝑑𝜏

𝑑𝑥𝑖

𝑑𝜁𝑥
𝛿(3)(𝑥 − 𝑦)]

𝜁=𝜁𝑓

𝑄(𝜁𝑓)
 

𝐼𝑖,𝑎,𝜁𝑥
(2)

= 𝑄−1(𝜁𝑓)[𝑉(𝜏𝑥)𝑊
−1(𝜎𝑥)𝑇𝑎𝑊(𝜎𝑥)𝑉

−1(𝜏𝑥)]𝜁=𝜁𝑓𝑄(𝜁𝑓)

 +𝑄−1(𝜁𝑥)[𝒜(𝜏𝑓 , 𝜁𝑥), 𝑉(𝜏𝑥)𝑊
−1(𝜎𝑥)𝑇𝑎𝑊(𝜎𝑥)𝑉

−1(𝜏𝑥)]𝑄(𝜁𝑥)

 −𝑄−1(𝜁𝑥)[𝑉(𝜏𝑥)𝒯𝜁(𝜏𝑥)𝑉
−1(𝜏𝑥) + 𝒦(𝜏𝑥), 𝑉(𝜏𝑥)𝑊

−1(𝜎𝑥)𝑇𝑎𝑊(𝜎𝑥)𝑉
−1(𝜏𝑥)]𝑄(𝜁𝑥)

 −𝑖𝑒𝑄−1(𝜁𝑥)𝑉(𝜏𝑥) [𝔟𝜁(𝜎𝑥) +𝑊
−1(𝜎𝑥)𝐴𝑖

𝑑𝑥𝑖

𝑑𝜁𝑥
𝑊(𝜎𝑥),𝑊

−1(𝜎𝑥)𝑇𝑎𝑊(𝜎𝑥)] 𝑉
−1(𝜏𝑥)𝑄(𝜁𝑥)

 

𝐼𝑖,𝑎,𝜁𝑥
(1)

+ 𝐼𝑖,𝑎,𝜁𝑥
(2)

= 𝑄−1(𝜁𝑓)[𝑉(𝜏𝑥)𝑊
−1(𝜎𝑥)𝑇𝑎𝑊(𝜎𝑥)𝑉

−1(𝜏𝑥)]𝜁=𝜁𝑓𝑄(𝜁𝑓)

−𝑄−1(𝜁𝑥)𝑉(𝜏𝑥)[𝒯𝜁(𝜏𝑥) + 𝑖𝑒𝔟𝜁(𝜎𝑥),𝑊
−1(𝜎𝑥)𝑇𝑎𝑊(𝜎𝑥)]𝑉

−1(𝜏𝑥)𝑄(𝜁𝑥)  

 +𝑄−1(𝜁𝑥)[𝒜(𝜏𝑓 , 𝜁𝑥) − 𝒦(𝜏𝑥 , 𝜁𝑥), 𝑉(𝜏𝑥)𝑊
−1(𝜎𝑥)𝑇𝑎𝑊(𝜎𝑥)𝑉

−1(𝜏𝑥)]𝑄(𝜁𝑥)

 

𝛿 (𝐴𝑖
𝑎(𝑥)

𝑑𝑥𝑖

𝑑𝜁𝑥
) = 𝜀 {𝐴𝑖

𝑎(𝑥)
𝑑𝑥𝑖

𝑑𝜁𝑥
, 𝑄𝑁(𝛼, 𝛽)}

𝑃𝐵

= −𝑖𝑒𝛽𝜗𝜀Tr[𝑄𝑁(𝜁𝑓)𝑄
−1(𝜁𝑥)

 × {𝑉(𝜏𝑥)[𝒯𝜁(𝜏𝑥) + 𝑖𝑒𝔟𝜁(𝜎𝑥),𝑊
−1(𝜎𝑥)𝑇𝑎𝑊(𝜎𝑥)]𝑉

−1(𝜏𝑥)

−[𝒜(𝜏𝑓 , 𝜁𝑥) −𝒜(𝜏𝑥 , 𝜁𝑥), 𝑉(𝜏𝑥)𝑊
−1(𝜎𝑥)𝑇𝑎𝑊(𝜎𝑥)𝑉

−1(𝜏𝑥)]}𝑄(𝜁𝑥)]

 

𝛿𝑊(𝜎) = 𝜀{𝑊(𝜎), 𝑄𝑁(𝛼, 𝛽)}𝑃𝐵 = 0  

𝛿𝔟𝜏/𝜁(𝜎𝑓) = 𝜀{𝔟𝜏/𝜁(𝜎𝑓), 𝑄𝑁(𝛼, 𝛽)}𝑃𝐵
= 0  

𝛿𝔟𝜏/𝜁(𝜎)  = 𝜀{𝔟𝜏/𝜁(𝜎), 𝑄𝑁(𝛼, 𝛽)}𝑃𝐵
 = 𝑖𝑒𝛽𝜗𝜀𝑇𝑎Tr[𝑄

𝑁(𝜁𝑓)𝑄
−1(𝜁)𝑉(𝜏)[𝒯𝜏/𝜁(𝜏) + 𝑖𝑒𝔟𝜏/𝜁(𝜎), 𝑇𝑎]𝑉

−1(𝜏)𝑄(𝜁)]
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{𝔢𝜏/𝜁(𝜎) ,
⊗𝑄(𝜁𝑓)}𝑃𝐵

= 𝑖𝑒2𝟙⊗ 𝑄(𝜁𝑓)∫  
𝜁𝑓

𝜁𝑖

 𝑑𝜁′∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏′𝟙 ⊗ (𝑄−1(𝜁′)𝑉(𝜏′))

 × {𝔢𝜏/𝜁(𝜎) ,
⊗𝒥spatial (𝜏

′)}
𝑃𝐵
𝟙⊗ (𝑉−1(𝜏′)𝑄(𝜁′))

 

𝛿𝔢𝜏/𝜁(𝜎)  = 𝜀{𝔢𝜏/𝜁(𝜎), 𝑄𝑁(𝛼, 𝛽)}𝑃𝐵

 = −𝜀𝑒2𝛽𝜗[𝑇𝑎 , 𝔢𝜏/𝜁(𝜎)]Tr (𝑄(𝜁𝑓)
𝑁
𝑄−1(𝜁)𝑉(𝜏)𝑇𝑎𝑉

−1(𝜏)𝑄(𝜁))
 

𝑑𝜔𝜏/𝜁

𝑑𝜏/𝜁
+ 𝑖𝑒𝐴𝑖

𝑑𝑥𝑖

𝑑𝜏/𝜁
𝜔𝜏/𝜁 = 0; 𝜔𝜏(𝜏𝑖) = 𝜔𝜁(𝜁𝑖) = 𝑊𝑅  

𝛿𝜔𝜉(𝜉)= 𝜀{𝜔𝜉(𝜉), 𝑄𝑁(𝛼, 𝛽)}𝑃𝐵
 

 = −𝑖𝑒𝜀𝜔𝜉(𝜉)∫  
𝜉

𝜉𝑖

 𝑑𝜉𝑥𝜔𝜉
−1(𝜉𝑥){𝐴𝑖(𝑥), 𝑄𝑁(𝛼, 𝛽)}𝑃𝐵𝜔𝜉(𝜉𝑥)

𝑑𝑥𝑖

𝑑𝜉𝑥

 

𝑖𝑒𝔟𝜉(𝜎) =
𝑑 (𝑊−1(𝜎)𝜔𝜉(𝜉𝑥))

𝑑𝜉𝑥
(𝑊−1(𝜎)𝜔𝜉(𝜉𝑥))

−1
 

𝜔𝜉
−1(𝜉𝑥)𝑇𝑎𝜔𝜉(𝜉𝑥)⊗𝑊−1(𝜎)𝑇𝑎𝑊(𝜎) = 𝑇𝑎⊗𝑊−1(𝜎)𝜔𝜉(𝜉𝑥)𝑇𝑎𝜔𝜉

−1(𝜉𝑥)𝑊(𝜎)  

[𝑖𝑒𝔟𝜉(𝜎),𝑊
−1(𝜎)𝜔𝜉(𝜉𝑥)𝑇𝑎𝜔𝜉

−1(𝜉𝑥)𝑊(𝜎)] =
𝑑

𝑑𝜉𝑥
[𝑊−1(𝜎)𝜔𝜉(𝜉𝑥)𝑇𝑎𝜔𝜉

−1(𝜉𝑥)𝑊(𝜎𝑥)]  

𝛿𝜔𝜏(𝜏) = −𝜀𝑒
2𝛽𝜗𝜔𝜏(𝜏)∫  

𝜏

𝜏𝑖

 𝑑𝜏𝑥𝜔𝜏
−1(𝜏𝑥)𝑇𝑎𝜔𝜏(𝜏𝑥) ×

 × Tr[𝑄𝑁(𝜁𝑓)𝑄
−1(𝜁)𝑉(𝜏𝑥)[𝒯𝜏(𝜏𝑥) + 𝑖𝑒𝔟𝜏(𝜎),𝑊

−1(𝜎)𝑇𝑎𝑊(𝜎)]𝑉
−1(𝜏𝑥)𝑄(𝜁)]

 

𝛿𝜔𝜏(𝜏) = −𝜀𝑒
2𝛽𝜗𝜔𝜏(𝜏)𝑇𝑎∫  

𝜏

𝜏𝑖

 𝑑𝜏𝑥

 × Tr [𝑄𝑁(𝜁𝑓)𝑄
−1(𝜁)

𝑑

𝑑𝜏𝑥
[𝑉(𝜏𝑥)𝑊

−1(𝜎)𝜔𝜏(𝜏𝑥)𝑇𝑎𝜔𝜏
−1(𝜏𝑥)𝑊(𝜎)𝑉

−1(𝜏𝑥)]𝑄(𝜁)]

 

𝛿𝜔𝜏(𝜏) = −𝜀𝑒
2𝛽𝜗𝜔𝜏(𝜏)𝑇𝑎 ×

 × Tr[𝑄𝑁(𝜁𝑓)𝑄
−1(𝜁)[𝑉(𝜏)𝑊−1(𝜎)𝜔𝜏(𝜏)𝑇𝑎𝜔𝜏

−1(𝜏)𝑊(𝜎)𝑉−1(𝜏) − 𝑇𝑎]𝑄(𝜁)]
 

𝛿𝜔𝜏(𝜏) = 𝜀𝑒
2𝛽𝜗{𝜔𝜏(𝜏)𝑇𝑎Tr[𝑄

𝑁(𝜁𝑓)𝑄
−1(𝜁)𝑇𝑎𝑄(𝜁)]

−𝑇𝑎𝜔𝜏(𝜏)Tr[𝑄
𝑁(𝜁𝑓)𝑄

−1(𝜁)𝑉(𝜏)𝑊−1(𝜎)𝑇𝑎𝑊(𝜎)𝑉
−1(𝜏)𝑄(𝜁)]}

 

𝛿𝜔𝜁(𝜁) = −𝜀𝑒
2𝛽𝜗𝜔𝜁(𝜁)∫  

𝜁

𝜁𝑖

 𝑑𝜁𝑥𝜔𝜁
−1(𝜁𝑥)𝑇𝑎𝜔𝜁(𝜁𝑥)Tr[𝑄

𝑁(𝜁𝑓)𝑄
−1(𝜁𝑥)

 × {𝑉(𝜏)[𝒯𝜁(𝜏) + 𝑖𝑒𝔟𝜁(𝜎),𝑊
−1(𝜎)𝑇𝑎𝑊(𝜎)]𝑉

−1(𝜏)

−[𝒜(𝜏𝑓 , 𝜁𝑥) −𝒜(𝜏, 𝜁𝑥), 𝑉(𝜏)𝑊
−1(𝜎)𝑇𝑎𝑊(𝜎)𝑉

−1(𝜏)]}𝑄(𝜁𝑥)]
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𝛿𝜔𝜁(𝜁) = −𝜀𝑒
2𝛽𝜗𝜔𝜁(𝜁)𝑇𝑎∫  

𝜁

𝜁𝑖

 𝑑𝜁𝑥Tr[𝑄
𝑁(𝜁𝑓)𝑄

−1(𝜁𝑥)

× {[𝒜(𝜏, 𝜁𝑥) − 𝒦(𝜏, 𝜁𝑥) −𝒜(𝜏𝑓 , 𝜁𝑥), 𝑉(𝜏)𝑊
−1(𝜎)𝜔𝜁(𝜁𝑥)𝑇𝑎𝜔𝜁

−1(𝜁𝑥)𝑊(𝜎)𝑉
−1(𝜏)] 

+
𝑑

𝑑𝜁𝑥
[𝑉(𝜏)𝑊−1(𝜎)𝜔𝜁(𝜁𝑥)𝑇𝑎𝜔𝜁

−1(𝜁𝑥)𝑊(𝜎)𝑉
−1(𝜏)]} 𝑄(𝜁𝑥)]

 

𝒜(𝜏𝑓 , 𝜁𝑥) =
𝑑𝑄(𝜁𝑥)

𝑑𝜁𝑥
𝑄−1(𝜁𝑥) 

𝛿𝜔𝜁(𝜁) ≅ −𝜀𝑒
2𝛽𝜗𝜔𝜁(𝜁)𝑇𝑎∫  

𝜁

𝜁𝑖

 𝑑𝜁𝑥Tr[𝑄
𝑁(𝜁𝑓) ×

𝑑

𝑑𝜁𝑥
[𝑄−1(𝜁𝑥)𝑉(𝜏)𝑊

−1(𝜎)𝜔𝜁(𝜁𝑥)𝑇𝑎𝜔𝜁
−1(𝜁𝑥)𝑊(𝜎)𝑉

−1(𝜏)𝑄(𝜁𝑥)]}]

 

𝛿𝜔𝜁(𝜁) ≅ 𝜀𝑒
2𝛽𝜗 {𝜔𝜁(𝜁)𝑇𝑎Tr[𝑄

𝑁(𝜁𝑓)𝑇𝑎]

−𝑇𝑎𝜔𝜁(𝜁)Tr[𝑄
𝑁(𝜁𝑓)𝑄

−1(𝜁)𝑉(𝜏)𝑊−1(𝜎)𝑇𝑎𝑊(𝜎)𝑉
−1(𝜏)𝑄(𝜁)]}

 

{𝒜(𝜁1, 𝛼1, 𝛽1)⊗
⊗𝒜(𝜁2, 𝛼2, 𝛽2)}𝑃𝐵 = 𝑖𝑒𝛽1𝜗𝑇𝑏⊗ 𝟙

×∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏1∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎1Δ(𝜎1, 𝜏1, 𝜁1)𝑑𝑏𝑎 (𝑉(1)(𝜏1)𝑊
−1(𝜎1)) {𝒞𝑎(𝑥) ,

⊗𝒜(𝜁2, 𝛼2, 𝛽2)}𝑃𝐵  

+𝑖𝑒3𝛽1𝛽2𝜗 [
𝑑

𝑑𝜁1
[𝒴(𝜁1, 𝜏𝑓)𝛿(𝜁1 − 𝜁2)] − 𝛿(𝜁1 − 𝜁2)[𝒜(𝜁1, 𝛼1, 𝛽1)⊗ 𝟙,𝒴(𝜁1, 𝜏𝑓)]] 

+𝑒4𝛽1
2𝛽2𝛿(𝜁1 − 𝜁2)∫  

𝜏𝑓

𝜏𝑖

 𝑑𝜏1 [
𝑑𝒴(𝜁1, 𝜏1)

𝑑𝜏1
, 𝑇𝑏⊗𝟙] ×  

 × ∫  
𝜏1

𝜏𝑖

 𝑑𝜏1
′ ∫  

𝜎𝑓

𝜎𝑖

 𝑑𝜎1Δ(𝜎1, 𝜏1
′ , 𝜁1)𝑑𝑏𝑎 (𝑉(1)(𝜏1

′)𝑊−1(𝜎1))𝒞𝑎(𝜎1, 𝜏1
′ , 𝜁1)

 

𝒴(𝜁1, 𝜏) ≡ ∫  
𝜏

𝜏𝑖

 𝑑𝜏1𝑉(1)(𝜏1)⊗ 𝑉(2)(𝜏1)[ℂ, 𝔢𝜏(𝜎𝑓 , 𝜏1, 𝜁1)⊗ 𝟙]𝑉(1)
−1(𝜏1) ⊗ 𝑉(2)

−1(𝜏1)

 = −∫  
𝜏

𝜏𝑖

 𝑑𝜏1𝑉(1)(𝜏1) ⊗ 𝑉(2)(𝜏1)[ℂ, 𝟙 ⊗ 𝔢𝜏(𝜎𝑓 , 𝜏1, 𝜁1)]𝑉(1)
−1(𝜏1)⊗ 𝑉(2)

−1(𝜏1)

 

𝑇𝑏⊗𝟙∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏1∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎1Δ(𝜎1, 𝜏1, 𝜁1)𝑑𝑏𝑎(𝑥) {𝒞𝑎(𝑥)𝐴
⊗

(𝜁2, 𝛼2, 𝛽2)}
𝑃𝐵

=

 = −𝑒2𝛽2 {𝜗𝛿(𝜁1 − 𝜁2)∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏2∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎2Δ(𝜎2, 𝜏2, 𝜁2) ×

 × 𝑉(1)(𝜏2) ⊗ 𝑉(2)(𝜏2)[ℂ,𝑊
−1(𝜎2)𝒞𝑊(𝜎2) ⊗ 𝟙]𝑉(1)

−1(𝜏2)⊗ 𝑉(2)
−1(𝜏2)

 −𝛿(𝜁1 − 𝜁2)
𝑑𝒴(𝜁2, 𝜏𝑓)

𝑑𝜁2
+
𝑑 (𝒴(𝜁1, 𝜏𝑓)𝛿(𝜁1 − 𝜁2))

𝑑𝜁1
 +𝛿(𝜁1 − 𝜁2)[𝟙⊗𝒜(𝜁2, 𝛼2, 𝛽2),𝒴(𝜁2, 𝜏𝑓)]

 +𝑖𝑒𝛽2𝜗𝛿(𝜁1 − 𝜁2)∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏2 [
𝑑𝒴(𝜁2, 𝜏2)

𝑑𝜏2
, 𝟙 ⊗ 𝑇𝑏] ×

× ∫  
𝜏2

𝜏𝑖

 𝑑𝜏2
′ ∫  

𝜎𝑓

𝜎𝑖

 𝑑𝜎2Δ(𝜎2, 𝜏2
′ , 𝜁2)𝑑𝑏𝑎 (𝑉(2)(𝜏2

′ )𝑊−1(𝜎2)) 𝒞𝑎(𝜎2, 𝜏2
′ , 𝜁2)}
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{𝒜(𝜁1, 𝛼1, 𝛽1)⊗𝒜(𝜁2, 𝛼2, 𝛽2)}𝑃𝐵 = −𝑖𝑒
3𝛽1𝛽2𝜗𝛿(𝜁1 − 𝜁2) {∫  

𝜏𝑓

𝜏𝑖

 𝑑𝜏2
(−𝑖)

𝑒(𝛽1 − 𝛽2)

× [𝑉(1)(𝜏2)⊗ 𝑉(2)(𝜏2)ℂ𝑉(1)
−1(𝜏2)⊗ 𝑉(2)

−1(𝜏2),
𝑑ℳ̃(1)(𝜏2)

𝑑𝜏2
⊗ 𝟙 + 𝟙⊗

𝑑ℳ̃(2)(𝜏2)

𝑑𝜏2
]  

+[𝒜(𝜁1, 𝛼1, 𝛽1) ⊗ 𝟙 + 𝟙⊗𝒜(𝜁1, 𝛼2, 𝛽2),𝒴(𝜁1, 𝜏𝑓)] −
𝑑𝒴(𝜁2, 𝜏𝑓)

𝑑𝜁2
 

+∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏1 [
𝑑𝒴(𝜁1, 𝜏1)

𝑑𝜏1
, ℳ̃(1)(𝜏1)⊗ 𝟙 + 𝟙⊗ ℳ̃(2)(𝜏1)]}

 

ℳ̃(𝑠)(𝜏1) ≡ 𝑖𝑒𝛽𝑠𝜗∫  
𝜏1

𝜏𝑖

 𝑑𝜏1
′ ∫  

𝜎𝑓

𝜎𝑖

 𝑑𝜎1Δ(𝑧)𝑉(𝑠)(𝜏1
′ )𝑊−1(𝜎1)𝒞(𝑧)𝑊(𝜎1)𝑉(𝑠)

−1(𝜏1
′)  

−𝑖𝑒(𝛽1 − 𝛽2)𝒴(𝜁1, 𝜏) = ∫  
𝜏

𝜏𝑖

 𝑑𝜏1𝑉(1)(𝜏1) ⊗ 𝑉(2)(𝜏1)  

× [ℂ, 𝑉(1)
−1(𝜏1, 𝜁1)

𝑑𝑉(1)(𝜏1, 𝜁1)

𝑑𝜏1
⊗ 𝟙 + 𝟙⊗ 𝑉(2)

−1(𝜏1, 𝜁1)
𝑑𝑉(2)(𝜏1, 𝜁1)

𝑑𝜏1
] 𝑉(1)

−1(𝜏1)⊗ 𝑉(2)
−1(𝜏1) 

+(𝛼1 − 𝛼2)𝒵̃(𝜏, 𝜁1)  

 = ℂ − 𝑉(1)(𝜏) ⊗ 𝑉(2)(𝜏)ℂ𝑉(1)
−1(𝜏) ⊗ 𝑉(2)

−1(𝜏) + (𝛼1 − 𝛼2)𝒵̃(𝜏, 𝜁1)

 

𝒵̃(𝜏, 𝜁1) ≡ 𝑖𝑒∫  
𝜏

𝜏𝑖

 𝑑𝜏1𝑉(1)(𝜏1) ⊗ 𝑉(2)(𝜏1)[ℂ, 𝔟𝜏(𝜎𝑓 , 𝜏1, 𝜁1)⊗ 𝟙]𝑉(1)
−1(𝜏1)⊗ 𝑉(2)

−1(𝜏1)  

ℳ̃(𝑠)(𝜏1) = 𝒜(𝜁1, 𝜏1𝛼𝑠, 𝛽𝑠) − 𝒦(𝜁1, 𝜏1, 𝛼𝑠, 𝛽𝑠)  

{𝒜(𝜁1, 𝛼1, 𝛽1) ⊗𝒜(𝜁2, 𝛼2, 𝛽2)}𝑃𝐵 = −𝑖𝑒
3𝛽1𝛽2𝜗𝛿(𝜁1 − 𝜁2) {−

𝑑𝒴(𝜁1, 𝜏𝑓)

𝑑𝜁1

+
𝑖

𝑒(𝛽1 − 𝛽2)
{−[ℂ + (𝛼1 − 𝛼2)𝒵̃(𝜏𝑓 , 𝜁1),𝒜(𝜁1, 𝛼1, 𝛽1)⊗ 𝟙 + 𝟙⊗𝒜(𝜁1, 𝛼2, 𝛽2)]  

+[𝑉(1)(𝜏𝑓)⊗ 𝑉(2)(𝜏𝑓)ℂ𝑉(1)
−1(𝜏𝑓)⊗ 𝑉(2)

−1(𝜏𝑓),𝒦(𝜁1, 𝛼1, 𝛽1) ⊗ 𝟙 + 𝟙⊗𝒦(𝜁1, 𝛼2, 𝛽2)] 

+(𝛼1 − 𝛼2)∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏1 [
𝑑𝒵̃(𝜁1, 𝜏1)

𝑑𝜏1
, ℳ̃(1)(𝜏1)⊗ 𝟙 + 𝟙⊗ ℳ̃(2)(𝜏1)]}}

 

{𝒜(1)(𝜁1)⊗
⊗𝒜(2)(𝜁2)}𝑃𝐵

= 𝛿(𝜁1 − 𝜁2)[ℛ(𝛽1, 𝛽2),𝒜(1)(𝜁1) ⊗ 𝟙 + 𝟙⊗𝒜(2)(𝜁1)]

−(𝛼1 − 𝛼2)𝛿(𝜁1 − 𝜁2) {∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏1 [
𝑑𝒵(𝜁1, 𝜏1)

𝑑𝜏1
, ℳ̃(1)(𝜏1)⊗ 𝟙 + 𝟙⊗ ℳ̃(2)(𝜏1)]  

−𝑄⊗(𝜁1)
𝑑

𝑑𝜁1
(𝑄⊗

−1(𝜁1)𝒵(𝜁1, 𝜏𝑓)𝑄⊗(𝜁1))𝑄⊗
−1(𝜁1)}

 

𝑄⊗(𝜁1) ≡ 𝑄(𝜁1, 𝛼1, 𝛽1) ⊗ 𝑄(𝜁1, 𝛼2, 𝛽2)  

ℛ(𝛽1, 𝛽2) ≡ −𝑒
2𝜗

𝛽1𝛽2
(𝛽1 − 𝛽2)

ℂ  
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𝒵(𝜁1, 𝜏) ≡ −𝑒
2𝜗

𝛽1𝛽2
(𝛽1 − 𝛽2)

𝒵̃(𝜁1, 𝜏) = 𝑖𝑒∫  
𝜏

𝜏𝑖

 𝑑𝜏1𝑉(1)(𝜁1, 𝜏1) ⊗ 𝑉(2)(𝜁1, 𝜏1)

 × [ℛ(𝛽1, 𝛽2), 𝔟𝜏(𝜎𝑓 , 𝜏1, 𝜁1)⊗ 𝟙]𝑉(1)
−1(𝜁1, 𝜏1) ⊗ 𝑉(2)

−1(𝜁1, 𝜏1)

 

{𝑄(𝜁𝑓 , 𝛼1, 𝛽1)⊗ 𝑄(𝜁𝑓 , 𝛼2, 𝛽2)}𝑃𝐵
= 𝑄⊗(𝜁𝑓)∫  

𝜁𝑓

𝜁𝑖

 𝑑𝜁𝑄⊗
−1(𝜁)

× {[ℛ(𝛽1, 𝛽2),𝒜(1)(𝜁) ⊗ 𝟙 + 𝟙⊗𝒜(2)(𝜁)]  

−(𝛼1 − 𝛼2) {∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏 [
𝑑𝒵(𝜁, 𝜏)

𝑑𝜏
, ℳ̃(1)(𝜏) ⊗ 𝟙 + 𝟙⊗ ℳ̃(2)(𝜏)] 

−𝑄⊗(𝜁)
𝑑

𝑑𝜁
(𝑄⊗

−1(𝜁)𝒵(𝜁, 𝜏𝑓)𝑄⊗(𝜁))𝑄⊗
−1(𝜁)} 𝑄⊗(𝜁)}

 

{𝑄(𝜁𝑓 , 𝛼1, 𝛽1) ,
⊗𝑄(𝜁𝑓 , 𝛼2, 𝛽2)}𝑃𝐵 = 𝑄⊗(𝜁𝑓)∫  

𝜁𝑓

𝜁𝑖

 𝑑𝜁

 × {
𝑑

𝑑𝜁
{𝑄⊗

−1(𝜁)[ℛ(𝛽1, 𝛽2) + (𝛼1 − 𝛼2)𝒵(𝜁, 𝜏𝑓)]𝑄⊗(𝜁)}

−(𝛼1 − 𝛼2)𝑄⊗
−1(𝜁)∫  

𝜏𝑓

𝜏𝑖

 𝑑𝜏 [
𝑑𝒵(𝜁, 𝜏)

𝑑𝜏
, ℳ̃(1)(𝜏) ⊗ 𝟙 + 𝟙⊗ ℳ̃(2)(𝜏)] 𝑄⊗(𝜁)}

 

{𝑄(𝜁𝑓 , 𝛼1, 𝛽1)⊗
⊗ 𝑄(𝜁𝑓 , 𝛼2, 𝛽2)}𝑃𝐵 = [ℛ

(𝛽1, 𝛽2), 𝑄(𝜁𝑓 , 𝛼1, 𝛽1)⊗ 𝑄(𝜁𝑓 , 𝛼2, 𝛽2)]

 +(𝛼1 − 𝛼2)𝒵(𝜁𝑓 , 𝜏𝑓)𝑄(𝜁𝑓, 𝛼1, 𝛽1)⊗ 𝑄(𝜁𝑓 , 𝛼2, 𝛽2)

 −(𝛼1 − 𝛼2)𝑄⊗(𝜁𝑓)∫  
𝜁𝑓

𝜁𝑖

 𝑑𝜁𝑄⊗
−1(𝜁)∫  

𝜏𝑓

𝜏𝑖

 𝑑𝜏 [
𝑑𝒵(𝜁, 𝜏)

𝑑𝜏
, ℳ̃(1)(𝜏) ⊗ 𝟙 + 𝟙⊗ ℳ̃(2)(𝜏)] 𝑄⊗(𝜁)

 

{𝑄𝑁(𝛼1, 𝛽1), 𝑄(𝜁𝑓, 𝛼2, 𝛽2)}𝑃𝐵 = Tr𝐿(𝑄
𝑁−1(𝜁𝑓, 𝛼1, 𝛽1)⊗ 𝟙[ℛ, 𝟙 ⊗ 𝑄(𝜁𝑓 , 𝛼2, 𝛽2)])

−
𝑖𝑒3𝜗𝛽1𝛽2(𝛼1 − 𝛼2)

(𝛽1 − 𝛽2)
∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏Tr [[𝔟𝜏(𝜎𝑓 , 𝜏, 𝜁𝑓), 𝑉(1)
−1(𝜁𝑓, 𝜏)𝑄

𝑁(𝜁𝑓, 𝛼1, 𝛽1)𝑉(1)(𝜁𝑓 , 𝜏)]𝑇𝑎] 

 × 𝑉(2)(𝜁𝑓 , 𝜏)𝑇𝑎𝑉(2)
−1(𝜁𝑓 , 𝜏)𝑄(𝜁𝑓 , 𝛼2, 𝛽2)

 −(𝛼1 − 𝛼2)Tr𝐿(𝑄
𝑁(𝜁𝑓, 𝛼1, 𝛽1)⊗ 𝑄(𝜁𝑓 , 𝛼2, 𝛽2)Υ)

 

Υ ≡ ∫  
𝜁𝑓

𝜁𝑖

 𝑑𝜁𝑄⊗
−1(𝜁)∫  

𝜏𝑓

𝜏𝑖

 𝑑𝜏 [
𝑑𝒵(𝜁, 𝜏)

𝑑𝜏
, ℳ̃(1)(𝜏) ⊗ 𝟙 + 𝟙⊗ ℳ̃(2)(𝜏)] 𝑄⊗(𝜁)  

𝔟𝜏(𝜎𝑓 , 𝜏, 𝜁𝑓) ∼ 𝑐∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎𝜀𝑖𝑗𝑘
𝑟̂𝑖
𝑟2
𝑑𝑥𝑗

𝑑𝜎

𝑑𝑥𝑘

𝑑𝜏
; 𝔢𝜏(𝜎𝑓 , 𝜏, 𝜁𝑓) ∼ 𝑐̃ ∫  

𝜎𝑓

𝜎𝑖

 𝑑𝜎𝜀𝑖𝑗𝑘
𝑟̂𝑖
𝑟2
𝑑𝑥𝑗

𝑑𝜎

𝑑𝑥𝑘

𝑑𝜏
 

𝑉(𝑖)
−1(𝜏)𝑄𝑁(𝜁𝑓 , 𝛼1, 𝛽1)𝑉(𝑖) ≡ 𝔼  

{𝑄𝑁(𝛼1, 𝛽1), 𝑄(𝜁𝑓 , 𝛼2, 𝛽2)}𝑃𝐵 ≅ Tr𝐿(𝑄
𝑁−1(𝜁𝑓 , 𝛼1, 𝛽1)⊗ 𝟙[ℛ, 𝟙 ⊗ 𝑄(𝜁𝑓 , 𝛼2, 𝛽2)])  

{𝑄𝑁(𝛼1, 𝛽1), 𝑄𝑀(𝛼2, 𝛽2)}𝑃𝐵 ≅ 0  

[𝛿𝑁1,𝛼1,𝛽1 , 𝛿𝑁2,𝛼2,𝛽2]𝑋 = −𝜀1𝜀2 {𝑋, {𝑄𝑁1(𝛼1, 𝛽1), 𝑄𝑁2(𝛼2, 𝛽2)}𝑃𝐵}𝑃𝐵
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{𝑄𝑁1(𝛼1, 𝛽1), 𝑄𝑁2(𝛼2, 𝛽2)}𝑃𝐵
= −(𝛼1 − 𝛼2) {Tr𝑅𝐿 (𝑄(1)

𝑁1 (𝜁𝑓)⊗ 𝑄(2)
𝑁2 (𝜁𝑓)Υ)

+𝑖𝑒3𝜗
𝛽1𝛽2

(𝛽1 − 𝛽2)
∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏Tr ([𝔟𝜏(𝜎𝑓, 𝜏, 𝜁𝑓), 𝑉(1)
−1(𝜁𝑓 , 𝜏)𝑄(1)

𝑁1 (𝜁𝑓)𝑉(1)(𝜁𝑓, 𝜏)] 𝑇𝑎) 

× Tr (𝑇𝑎𝑉(2)
−1(𝜁𝑓 , 𝜏)𝑄(2)

𝑁2 (𝜁𝑓)𝑉(2)(𝜁𝑓, 𝜏))}

 

∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏Tr ({𝑋, 𝔟𝜏(𝜎𝑓 , 𝜏, 𝜁𝑓)}𝑃𝐵𝑇𝑎)  

× Tr ([𝑉(1)
−1(𝜁𝑓, 𝜏)𝑄(1)

𝑁1 (𝜁𝑓)𝑉(1)(𝜁𝑓 , 𝜏), 𝑉(2)
−1(𝜁𝑓, 𝜏)𝑄(2)

𝑁2 (𝜁𝑓)𝑉(2)(𝜁𝑓 , 𝜏)] 𝑇𝑎) 

−∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏Tr ({𝑋, 𝑉(1)
−1(𝜁𝑓 , 𝜏)𝑄(1)

𝑁1 (𝜁𝑓)𝑉(1)(𝜁𝑓 , 𝜏)}
𝑃𝐵
𝑇𝑎)  

 × Tr ([𝔟𝜏(𝜎𝑓 , 𝜏, 𝜁𝑓), 𝑉(2)
−1(𝜁𝑓, 𝜏)𝑄(2)

𝑁2 (𝜁𝑓)𝑉(2)(𝜁𝑓, 𝜏)] 𝑇𝑎)

+∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏Tr ([𝔟𝜏(𝜎𝑓 , 𝜏, 𝜁𝑓), 𝑉(1)
−1(𝜁𝑓, 𝜏)𝑄(1)

𝑁1 (𝜁𝑓)𝑉(1)(𝜁𝑓 , 𝜏)] 𝑇𝑎)  

 × Tr (𝑇𝑎 {𝑋, 𝑉(2)
−1(𝜁𝑓 , 𝜏)𝑄(2)

𝑁2 (𝜁𝑓)𝑉(2)(𝜁𝑓, 𝜏)}
𝑃𝐵
)

 

 

[𝛿𝑁1,𝛼1,𝛽1 , 𝛿𝑁2,𝛼2,𝛽2]𝑋 ≅ 𝜀1𝜀2(𝛼1 − 𝛼2) {𝑋, Tr𝑅𝐿 (𝑄(1)
𝑁1 (𝜁𝑓)⊗ 𝑄(2)

𝑁2 (𝜁𝑓)Υ)}
𝑃𝐵

 

𝛿Υ𝐻𝑇 ≡ 𝜀 {𝐻𝑇 , Tr𝑅𝐿 (𝑄(1)
𝑁1 (𝜁𝑓)⊗ 𝑄(2)

𝑁2 (𝜁𝑓)Υ)}
𝑃𝐵
≅ 0  

Tr𝑅𝐿 (𝑄(1)
𝑁1 (𝜁𝑓)⊗ 𝑄(2)

𝑁2 (𝜁𝑓)Υ) 

ℒ(2) ≡ {𝑓: 𝑆2 → 𝑀 ∣  ℕ𝕡 → 𝑥𝑅}  

ℒ (1) ≡ {𝑓: 𝑆1 → 𝑀 ∣  ℕ𝕡 → 𝑥𝑅}  

𝑑𝑔̂(𝜏)

𝑑𝜏
− 𝑔̂(𝜏)𝔞(𝜏) = 0  

𝑑𝑔̃(𝜏)

𝑑𝜏
+ 𝔞(𝜏)𝑔̃(𝜏) = 0  

𝑔̂(𝑥𝑅) = 𝟙; 𝑔̃(𝑥𝑅) = 𝟙  

𝑑(𝑔̂𝑔̃)

𝑑𝜏
= 𝑔̂𝔞𝑔̃ − 𝑔̂𝔞𝑔̃ = 0 →  𝑔̂𝑔̃ = ℷ = 𝑔̂(𝑥𝑅)𝑔̃(𝑥𝑅) = 𝟙  

𝑑(𝑔̃𝑔̂)

𝑑𝜏
= −𝔞𝑔̃𝑔̂ + 𝑔̃𝑔̂𝔞 = [𝑔̃𝑔̂, 𝔞]  

𝑑(𝑔̃𝑔̂)

𝑑𝜏
= [𝑔̃𝑔̂, 𝑔̃𝔞′𝑔̂] = 𝑔̃[𝟙, 𝔞′]𝑔̂ = 0 →  𝑔̃𝑔̂ = ℶ = 𝑔̃(𝑥𝑅)𝑔̂(𝑥𝑅) = 𝟙  

𝑑(𝑔̂1𝑔̂2)

𝑑𝜏
= 𝑔̂1𝔞1𝑔̂2 + 𝑔̂1𝑔̂2𝔞2 = 𝑔̂1𝑔̂2[𝔞2 + 𝑔̂2

−1𝔞1𝑔̂2]  
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𝔞3(𝜏) ≡ 𝔞2(𝜏) + 𝑔̂2
−1(𝜏)𝔞1(𝜏)𝑔̂2(𝜏)  

𝑔̂3(𝜏) ≡ 𝑔̂1(𝜏)𝑔̂2(𝜏)  

𝑑𝑔̂3(𝜏)

𝑑𝜏
− 𝑔̂3(𝜏)𝔞3(𝜏) = 0  

(𝑔̂1𝑔̂2)𝑔̂3 = 𝑔̂1(𝑔̂2𝑔̂3)  

𝔞(12)3 ≡ 𝔞3 + 𝑔̂3
−1[𝔞2 + 𝑔̂2

−1𝔞1𝑔̂2]𝑔̂3 = [𝔞3 + 𝑔̂3
−1𝔞2𝑔̂3] + (𝑔̂2𝑔̂3)

−1𝔞1𝑔̂2𝑔̂3 ≡ 𝔞1(23)  

𝑑𝑔̂id(𝜏)

𝑑𝜏
= 0 →  𝑔̂id = 𝟙  

𝔞𝑔̂𝑔̂ig(𝜏) = 𝔞𝑔̂id(𝜏) + 𝑔̂id
−1(𝜏)𝔞(𝜏)𝑔̂id(𝜏) = 𝔞(𝜏) = 𝔞(𝜏) + 𝑔̂

−1(𝜏)𝔞𝑔̂id(𝜏)𝑔̂(𝜏) = 𝔞𝑔̂id𝑔̂(𝜏)  

𝔞(𝜏) = ∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎𝜔−1𝑏𝜇𝜈𝜔
𝑑𝑥𝜇

𝑑𝜎

𝑑𝑥𝜈

𝑑𝜏
 

𝑑𝜔

𝑑𝜎
+ 𝑎𝜇

𝑑𝑥𝜇

𝑑𝜎
𝜔 = 0  

𝑑𝛿𝑔̂(𝜏)

𝑑𝜏
− 𝛿𝑔̂(𝜏)𝔞(𝜏) − 𝑔̂(𝜏)𝛿𝔞(𝜏) = 0  

𝑑(𝛿𝑔̂(𝜏)𝑔̃(𝜏))

𝑑𝜏
− 𝑔̂(𝜏)𝛿𝔞(𝜏)𝑔̃(𝜏) = 0  

𝛿𝑔̂(𝜏𝑓)𝑔̃(𝜏𝑓) = ∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏𝑔̂(𝜏)𝛿𝔞(𝜏)𝑔̃(𝜏)  

𝑑𝑔̂(𝜁, 𝜏𝑓)

𝑑𝜁
= [∫  

𝜏𝑓

𝜏𝑖

 𝑑𝜏𝑔̂(𝜏)
𝑑𝔞(𝜏)

𝑑𝜁
𝑔̃(𝜏)] 𝑔̂(𝜁, 𝜏𝑓)  

𝑔̂(𝜕Ω) = 𝑔̂(Ω)  

𝑏𝜇𝜈 = 𝑖𝑒(𝛼𝐹𝜇𝜈 + 𝛽𝐹̃𝜇𝜈); 𝑎𝜇 = 𝑖𝑒𝐴𝜇  

𝑉(𝜕Ω)≡ 𝑃2𝑒
𝑖𝑒 ∫  

𝜕Ω
 𝑑𝜏𝑑𝜎𝑊−1(𝛼𝐹𝜇𝜈+𝛽𝐹̃𝜇𝜈)𝑊

𝑑𝑥𝜇

𝑑𝜎
𝑑𝑥𝜈

𝑑𝜏  

𝑉(Ω) ≡ 𝑃3𝑒
𝑖𝑒2 ∫  

Ω
 𝑑𝜁𝑑𝜏𝑉𝒥𝑉−1

 

𝑉(𝜕Ω) = 𝑉(Ω)  

𝑉(𝜕Ω) → 𝑔̂𝐿(𝜕Ω)𝑉(𝜕Ω);  𝑉(Ω) → 𝑔̂𝐿(Ω)𝑉(Ω)  

𝑉(𝜕Ω) → 𝑉(𝜕Ω)𝑔̂𝑅(𝜕Ω);  𝑉(Ω) → 𝑉(Ω)𝑔̂𝑅(Ω)  

𝒜 =
𝑑𝑉

𝑑𝜁
𝑉−1  

𝒜(𝜕Ω) = 𝛿𝑉(𝜕Ω)𝑉−1(𝜕Ω)  
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𝒜 → 𝑔̂𝐿(𝜕Ω)𝒜𝑔̂𝐿
−1(𝜕Ω) + 𝛿𝑔̂𝐿(𝜕Ω)𝑔̂𝐿

−1(𝜕Ω)  

𝒜 → 𝒜 + 𝑉(𝜕Ω)𝛿𝑔̂𝑅(𝜕Ω)𝑔̂𝑅
−1(𝜕Ω)𝑉−1(𝜕Ω)  

𝜕𝑡𝐴𝑥 − 𝜕𝑥𝐴𝑡 + [𝐴𝑡 , 𝐴𝑥] = 0  

𝐴𝜇 → 𝐴̃𝜇 = 𝑔𝐴𝜇𝑔
−1 − 𝜕𝜇𝑔𝑔

−1 𝜇 = 𝑡, 𝑥  

𝑥1 = 𝜁cos2 𝜏(1 − cos 𝜎) − 𝐿;        0 ≤ 𝜎 ≤ 2𝜋;         

𝑥2= −𝜁cos 𝜏sin 𝜎;          −
𝜋

2
≤ 𝜏 ≤

𝜋

2
         

𝑥3 = 𝜁cos 𝜏sin 𝜏(1 − cos 𝜎);         0 ≤ 𝜁 < ∞         

 

𝜀𝑖𝑗𝑘
𝑑𝑥𝑖

𝑑𝜎

𝑑𝑥𝑗

𝑑𝜏

𝑑𝑥𝑘

𝑑𝜁
= 4𝜁2cos3 𝜏sin4 (

𝜎

2
)  

∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎∫  
𝜎

𝜎𝑖

 𝑑𝜎′[𝑀𝜅𝜌(𝜎
′),𝑀𝜇𝜈(𝜎)]

𝑑𝑥𝜅

𝑑𝜎′
𝑑𝑥𝜇

𝑑𝜎
(
𝑑𝑥𝜌(𝜎′)

𝑑𝜏

𝑑𝑥𝜈(𝜎)

𝑑𝜁
−
𝑑𝑥𝜌(𝜎′)

𝑑𝜁

𝑑𝑥𝜈(𝜎)

𝑑𝜏
) 

=∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎∫  
𝜎

𝜎𝑖

 𝑑𝜎′ [[𝑀𝜅𝜌(𝜎
′)
𝑑𝑥𝜅

𝑑𝜎′
𝑑𝑥𝜌(𝜎′)

𝑑𝜏
,𝑀𝜇𝜈(𝜎)

𝑑𝑥𝜇

𝑑𝜎

𝑑𝑥𝜈(𝜎)

𝑑𝜁
]  

+[𝑀𝜇𝜈(𝜎)
𝑑𝑥𝜇

𝑑𝜎

𝑑𝑥𝜈(𝜎)

𝑑𝜏
,𝑀𝜅𝜌(𝜎

′)
𝑑𝑥𝜅

𝑑𝜎′
𝑑𝑥𝜌(𝜎′)

𝑑𝜁
]]

=[∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎 ∫  
𝜎

𝜎𝑖

 𝑑𝜎′ +∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎′∫  
𝜎′

𝜎𝑖

 𝑑𝜎] [𝑀𝜅𝜌(𝜎
′)
𝑑𝑥𝜅

𝑑𝜎′
𝑑𝑥𝜌(𝜎′)

𝑑𝜏
,𝑀𝜇𝜈(𝜎)

𝑑𝑥𝜇

𝑑𝜎

𝑑𝑥𝜈(𝜎)

𝑑𝜁
]

=[∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎′𝑀𝜅𝜌(𝜎
′)
𝑑𝑥𝜅

𝑑𝜎′
𝑑𝑥𝜌(𝜎′)

𝑑𝜏
,∫  

𝜎𝑓

𝜎𝑖

 𝑑𝜎𝑀𝜇𝜈(𝜎)
𝑑𝑥𝜇

𝑑𝜎

𝑑𝑥𝜈(𝜎)

𝑑𝜁
]

 

𝑊−1(𝜎)𝛿𝑊(𝜎) = −𝑖𝑒𝑊−1(𝜎)𝐴𝜇(𝜎)𝑊(𝜎)𝛿𝑥
𝜇(𝜎) + 𝑖𝑒∫  

𝜎

𝜎𝑖

 𝑑𝜎′𝑊−1𝐹𝜇𝜈𝑊
𝑑𝑥𝜇

𝑑𝜎′
𝛿𝑥𝜈  

𝑊−1(𝜎)
𝑑𝑊

𝑑𝜏/𝜁
(𝜎) = −𝑖𝑒𝑊−1(𝜎)𝐴𝜇(𝜎)𝑊(𝜎)

𝑑𝑥𝜇

𝑑𝜏/𝜁
(𝜎) + 𝑖𝑒∫  

𝜎

𝜎𝑖

 𝑑𝜎′𝑊−1𝐹𝜇𝜈𝑊
𝑑𝑥𝜇

𝑑𝜎′
𝑑𝑥𝜈

𝑑𝜏/𝜁
 

𝑊−1(𝜎𝑓)
𝑑𝑊

𝑑𝜏/𝜁
(𝜎𝑓) = 𝑖𝑒∫  

𝜎𝑓

𝜎𝑖

 𝑑𝜎′𝑊−1𝐹𝜇𝜈𝑊
𝑑𝑥𝜇

𝑑𝜎′
𝑑𝑥𝜈

𝑑𝜏/𝜁
 

𝑑𝑥𝜇

𝑑𝜏
=
𝑑𝑥𝜇

𝑑𝜁
= 0  at  𝜎 = 𝜎𝑖  and  𝜎 = 𝜎𝑓  

𝔟𝜏/𝜁(𝜎) = −𝑊
−1(𝜎)𝐴𝑖𝑊(𝜎)

𝑑𝑥𝑖

𝑑𝜏/𝜁
+
𝑖

𝑒
𝑊−1(𝜎)

𝑑𝑊(𝜎)

𝑑𝜏/𝜁
;   for  𝜎 < 𝜎𝑓  

𝔟𝜏/𝜁(𝜎𝑓) =
𝑖

𝑒
𝑊−1(𝜎𝑓)

𝑑𝑊(𝜎𝑓)

𝑑𝜏/𝜁
 

𝑑

𝑑𝜏/𝜁
(𝑊−1(𝜎)𝐿(𝜎)𝑊(𝜎))= 𝑊−1(𝜎)𝐷𝑖𝐿(𝜎)𝑊(𝜎)

𝑑𝑥𝑖

𝑑𝜏/𝜁
 

 −𝑖𝑒[𝑊−1(𝜎)𝐿(𝜎)𝑊(𝜎), 𝔟𝜏/𝜁(𝜎)]
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𝑑

𝑑𝜎
(𝑊−1(𝜎)𝐿(𝜎)𝑊(𝜎)) = 𝑊−1(𝜎)𝐷𝑖𝐿(𝜎)𝑊(𝜎)

𝑑𝑥𝑖

𝑑𝜎
 

𝑑

𝑑𝜏
(𝜀𝑖𝑗𝑘

𝑑𝑥𝑗

𝑑𝜎

𝑑𝑥𝑘

𝑑𝜁
) −

𝑑

𝑑𝜁
(𝜀𝑖𝑗𝑘

𝑑𝑥𝑗

𝑑𝜎

𝑑𝑥𝑘

𝑑𝜏
) =

𝑑

𝑑𝜎
(𝜀𝑖𝑗𝑘

𝑑𝑥𝑗

𝑑𝜏

𝑑𝑥𝑘

𝑑𝜁
)  

𝑑𝒯𝜏
𝑑𝜁

−
𝑑𝒯𝜁

𝑑𝜏
= −𝑖𝑒∫  

𝜎𝑓

𝜎𝑖

 𝑑𝜎 {−
𝑑

𝑑𝜎
(𝑊−1(𝛼𝐵𝑖 + 𝛽𝐸𝑖)𝑊𝜀𝑖𝑗𝑘

𝑑𝑥𝑗

𝑑𝜏

𝑑𝑥𝑘

𝑑𝜁
)

+𝑊−1𝐷𝑙(𝛼𝐵𝑖 + 𝛽𝐸𝑖)𝑊𝜀𝑖𝑗𝑘 (
𝑑𝑥𝑗

𝑑𝜎

𝑑𝑥𝑘

𝑑𝜏

𝑑𝑥𝑙

𝑑𝜁
−
𝑑𝑥𝑗

𝑑𝜎

𝑑𝑥𝑘

𝑑𝜁

𝑑𝑥𝑙

𝑑𝜏
+
𝑑𝑥𝑗

𝑑𝜏

𝑑𝑥𝑘

𝑑𝜁

𝑑𝑥𝑙

𝑑𝜎
)

+𝑖𝑒[𝑊−1(𝛼𝐵𝑖 + 𝛽𝐸𝑖)𝑊, 𝔟𝜏(𝜎)]𝜀𝑖𝑗𝑘
𝑑𝑥𝑗

𝑑𝜎

𝑑𝑥𝑘

𝑑𝜁

−𝑖𝑒[𝑊−1(𝛼𝐵𝑖 + 𝛽𝐸𝑖)𝑊, 𝔟𝜁(𝜎)]𝜀𝑖𝑗𝑘
𝑑𝑥𝑗

𝑑𝜎

𝑑𝑥𝑘

𝑑𝜏
}

 

𝜀𝑖𝑗𝑘 (
𝑑𝑥𝑗

𝑑𝜎

𝑑𝑥𝑘

𝑑𝜏

𝑑𝑥𝑙

𝑑𝜁
−
𝑑𝑥𝑗

𝑑𝜎

𝑑𝑥𝑘

𝑑𝜁

𝑑𝑥𝑙

𝑑𝜏
+
𝑑𝑥𝑗

𝑑𝜏

𝑑𝑥𝑘

𝑑𝜁

𝑑𝑥𝑙

𝑑𝜎
) = 𝛿𝑖𝑙𝜀𝑗𝑘𝑚

𝑑𝑥𝑗

𝑑𝜎

𝑑𝑥𝑘

𝑑𝜏

𝑑𝑥𝑚

𝑑𝜁
 

∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎 {[𝑊−1(𝛼𝐵𝑖 + 𝛽𝐸𝑖)𝑊, 𝔟𝜏(𝜎)]𝜀𝑖𝑗𝑘
𝑑𝑥𝑗

𝑑𝜎

𝑑𝑥𝑘

𝑑𝜁
 

−[𝑊−1(𝛼𝐵𝑖 + 𝛽𝐸𝑖)𝑊, 𝔟𝜁(𝜎)]𝜀𝑖𝑗𝑘
𝑑𝑥𝑗

𝑑𝜎

𝑑𝑥𝑘

𝑑𝜏
}

=∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎 {[𝛼
𝑑𝔟𝜁(𝜎)

𝑑𝜎
+ 𝛽

𝑑𝔢𝜁(𝜎)

𝑑𝜎
, 𝔟𝜏(𝜎)] − [𝛼

𝑑𝔟𝜏(𝜎)

𝑑𝜎
+ 𝛽

𝑑𝔢𝜏(𝜎)

𝑑𝜎
, 𝔟𝜁(𝜎)]} 

=𝑖(𝛽𝜌𝐺 + 𝛼𝜌mag. )

 

𝑑𝒯𝜏
𝑑𝜁

−
𝑑𝒯𝜁

𝑑𝜏
− 𝑖𝑒2(𝛽𝜌𝐺 + 𝛼𝜌mag. ) = −𝑖𝑒∫  

𝜎𝑓

𝜎𝑖

 𝑑𝜎𝑊−1(𝛼𝐷𝑙𝐵𝑙 + 𝛽𝐷𝑙𝐸𝑙)𝑊𝜀𝑖𝑗𝑘
𝑑𝑥𝑖

𝑑𝜎

𝑑𝑥𝑗

𝑑𝜏

𝑑𝑥𝑘

𝑑𝜁
 

𝑑𝑊

𝑑𝜎
+ 𝑖𝑒𝐴𝑖

𝑑𝑥𝑖

𝑑𝜎
𝑊 = 0; 

𝑑𝑊−1

𝑑𝜎
− 𝑖𝑒𝑊−1𝐴𝑖

𝑑𝑥𝑖

𝑑𝜎
= 0  

𝑑(𝑊−1{𝑋,𝑊}𝑃𝐵)

𝑑𝜎
+ 𝑖𝑒𝑊−1{𝑋, 𝐴𝑖}𝑃𝐵𝑊

𝑑𝑥𝑖

𝑑𝜎
= 0  

{𝑋,𝑊(𝜎)}𝑃𝐵 = −𝑖𝑒𝑊(𝜎)∫  
𝜎

𝜎𝑖

 𝑑𝜎′𝑊−1(𝜎′){𝑋, 𝐴𝑖(𝜎
′)}𝑃𝐵𝑊(𝜎

′)
𝑑𝑥𝑖

𝑑𝜎′
 

{𝑋,𝑊−1𝑇𝑎𝑊}𝑃𝐵 = [𝑊
−1𝑇𝑎𝑊,𝑊

−1{𝑋,𝑊}𝑃𝐵]  

{𝐴𝑖
𝑎(𝑥, 𝑡), 𝔟𝜏/𝜁(𝜎)}𝑃𝐵

= 0  

{𝐴𝑖
𝑎(𝑥, 𝑡), 𝔢𝜏(𝜎)}𝑃𝐵 = ∫  

𝜎

𝜎𝑖

 𝑑𝜎′𝛿(3)(𝑥 − 𝑦)𝜀𝑖𝑗𝑘
𝑑𝑦𝑗

𝑑𝜎′
𝑑𝑦𝑘

𝑑𝜏
𝑊−1(𝜎′)𝑇𝑎𝑊(𝜎

′)  

(𝑥1, 𝑥2, 𝑥3) ≡ (𝜁𝑥 , 𝜏𝑥 , 𝜎𝑥); (𝑦
1, 𝑦2, 𝑦3) ≡ (𝜁, 𝜏, 𝜎′)  
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𝛿(3)(𝑥 − 𝑦)𝜀𝑖𝑗𝑘
𝑑𝑥𝑖

𝑑𝜎𝑥/𝜏𝑥

𝑑𝑦𝑗

𝑑𝜎′
𝑑𝑦𝑘

𝑑𝜏
= 0  

{𝐴𝑖
𝑎(𝑥, 𝑡)

𝑑𝑥𝑖

𝑑𝜎𝑥
, 𝔢𝜏(𝜎)}

𝑃𝐵

= 0

{𝐴𝑖
𝑎(𝑥, 𝑡)

𝑑𝑥𝑖

𝑑𝜏𝑥
, 𝔢𝜏(𝜎)}

𝑃𝐵

= 0

 

{𝐴𝑖
𝑎(𝑥, 𝑡)

𝑑𝑥𝑖

𝑑𝜁𝑥
, 𝔢𝜏(𝜎)}

𝑃𝐵

= 𝜗𝛿(𝜁 − 𝜁𝑥)𝛿(𝜏 − 𝜏𝑥)𝜃(𝜎 − 𝜎𝑥)𝑊
−1(𝜎𝑥)𝑇𝑎𝑊(𝜎𝑥)  

{𝐵𝑖
𝑎(𝑥, 𝑡), 𝔟𝜏/𝜁(𝜎)}𝑃𝐵

= 0  

{𝐵𝑖
𝑎(𝑥, 𝑡), 𝔢𝜏/𝜁(𝜎)}𝑃𝐵

= ∫  
𝜎

𝜎𝑖

 𝑑𝜎′ (
𝑑𝑦𝑖

𝑑𝜎′
𝑑𝑦𝑗

𝑑𝜏/𝜁
−
𝑑𝑦𝑗

𝑑𝜎′
𝑑𝑦𝑖

𝑑𝜏/𝜁
)

 ×𝑊−1(𝜎′) (−𝑇𝑎
𝜕𝛿(3)(𝑥 − 𝑦)

𝜕𝑥𝑗
+ 𝑖𝑒[𝐴𝑗(𝑥), 𝑇𝑎]𝛿

(3)(𝑥 − 𝑦))𝑊(𝜎′)

 

{𝐸𝑖
𝑎(𝑥, 𝑡), 𝔢𝜏/𝜁(𝜎)}𝑃𝐵

= 𝑖𝑒∫  
𝜎

𝜎𝑖

 𝑑𝜎′ [
𝑑𝔢𝜏/𝜁(𝜎

′)

𝑑𝜎′
, ∫  

𝜎′

𝜎𝑖

 𝑑𝜎′′𝑊−1(𝜎′′)𝑇𝑎𝑊(𝜎
′′)
𝑑𝑧𝑖

𝑑𝜎′′
𝛿(𝑥 − 𝑧)]  

(𝑧1, 𝑧2, 𝑧3) ≡ (𝜁, 𝜏, 𝜎′′)  

𝜀𝑖𝑗𝑘
𝑑𝑧𝑖

𝑑𝜎′′
𝑑𝑥𝑗

𝑑𝜎𝑥

𝑑𝑥𝑘

𝑑𝜏𝑥/𝜁𝑥
𝛿(𝑥 − 𝑧) = 0  

{𝐸𝑖
𝑎(𝑥, 𝑡)𝜀𝑖𝑗𝑘

𝑑𝑥𝑗

𝑑𝜎𝑥

𝑑𝑥𝑘

𝑑𝜏𝑥/𝜁𝑥
, 𝔢𝜏/𝜁(𝜎)}

𝑃𝐵

= 0  

{𝐸𝑖
𝑎(𝑥, 𝑡), 𝔟𝜏/𝜁(𝜎)}𝑃𝐵

= 𝑊−1(𝜎)𝑇𝑎𝑊(𝜎)
𝑑𝑤𝑖

𝑑𝜏/𝜁
𝛿(3)(𝑥 − 𝑤)  

+𝑖𝑒 [𝔟𝜏/𝜁(𝜎),∫  
𝜎

𝜎𝑖

 𝑑𝜎′𝑊−1(𝜎′)𝑇𝑎𝑊(𝜎
′)
𝑑𝑦𝑖

𝑑𝜎′
𝛿(3)(𝑥 − 𝑦)] 

 −
𝑑

𝑑𝜏/𝜁
∫  
𝜎

𝜎𝑖

 𝑑𝜎′𝑊−1(𝜎′)𝑇𝑎𝑊(𝜎
′)
𝑑𝑦𝑖

𝑑𝜎′
𝛿(3)(𝑥 − 𝑦)

 

(𝑤1, 𝑤2, 𝑤3) ≡ (𝜁, 𝜏, 𝜎)  

{𝐸𝑖
𝑎(𝑥, 𝑡), 𝔟𝜏/𝜁(𝜎𝑓)}𝑃𝐵

= 𝑖𝑒 [𝔟𝜏/𝜁(𝜎𝑓),∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎′𝑊−1(𝜎′)𝑇𝑎𝑊(𝜎
′)
𝑑𝑦𝑖

𝑑𝜎′
𝛿(3)(𝑥 − 𝑦)] 

 −
𝑑

𝑑𝜏/𝜁
∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎′𝑊−1(𝜎′)𝑇𝑎𝑊(𝜎
′)
𝑑𝑦𝑖

𝑑𝜎′
𝛿(3)(𝑥 − 𝑦)

 

{𝐸𝑖
𝑎(𝑥, 𝑡)𝜀𝑖𝑗𝑘

𝑑𝑥𝑗

𝑑𝜎𝑥

𝑑𝑥𝑘

𝑑𝜏𝑥/𝜁𝑥
, 𝔟𝜏/𝜁(𝜎𝑓)}

𝑃𝐵

= 0  
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{𝐻𝐶 , 𝐴𝑖(𝑦)}𝑃𝐵 = 𝐷𝑖𝐴0(𝑦) − ∫  𝑑
3𝑥

𝜕

𝜕𝑥𝑖
[𝐴0(𝑥)𝛿

(3)(𝑥 − 𝑦)]  

𝑑

𝑑𝜎
(𝑊−1(𝜎)𝑋𝑊(𝜎)) = 𝑊−1(𝜎)(𝜕𝑖𝑋 + 𝑖𝑒[𝐴𝑖 , 𝑋])𝑊(𝜎)

𝑑𝑥𝑖

𝑑𝜎
 

{𝐻𝐶 ,𝑊(𝜎)}𝑃𝐵  = −𝑖𝑒𝑊(𝜎) [∫  
𝜎

𝜎𝑖

 𝑑𝜎′
𝑑

𝑑𝜎′
[𝑊−1(𝜎′)𝐴0(𝜎

′)𝑊(𝜎′)]

−∫  
𝜎

𝜎𝑖

 𝑑𝜎′𝑊−1(𝜎′)𝑇𝑏𝑊(𝜎
′)
𝑑𝑦𝑖

𝑑𝜎′
∫  𝑑3𝑥

𝜕

𝜕𝑥𝑖
[𝐴0
𝑏(𝑥)𝛿(3)(𝑥 − 𝑦)]]

 

𝑑𝑦𝑖

𝑑𝜎′
∫  𝑑3𝑥

𝜕

𝜕𝑥𝑖
[𝐴0
𝑏(𝑥)𝛿(3)(𝑥 − 𝑦)]

 = 𝜗∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏 ∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎𝐴0
𝑏(𝑥)𝛿(3)(𝑥 − 𝑦)𝜀𝑖𝑗𝑘

𝑑𝑦𝑖

𝑑𝜎′
𝑑𝑥𝑗

𝑑𝜎

𝑑𝑥𝑘

𝑑𝜏
|

𝜁=𝜁𝑓

= 0
 

{𝐻𝐶 ,𝑊(𝜎)}𝑃𝐵 = −𝑖𝑒[𝐴0(𝑥(𝜎))𝑊(𝜎) −𝑊(𝜎)𝑊𝑅
−1𝐴0(𝑥𝑅)𝑊𝑅]  

{𝐻𝐶 , 𝔢𝜏/𝜁(𝜎𝑓)}𝑃𝐵
= 𝑖𝑒[𝔢𝜏/𝜁(𝜎𝑓),𝑊𝑅

−1𝐴0(𝑥𝑅)𝑊𝑅]  

{𝐻𝐶 , 𝔟𝜏/𝜁(𝜎𝑓)}𝑃𝐵
= 𝑖𝑒[𝔟𝜏/𝜁(𝜎𝑓),𝑊𝑅

−1𝐴0(𝑥𝑅)𝑊𝑅]  

𝜀𝑖𝑗𝑘∫  𝑑
3𝑦

𝜕

𝜕𝑦𝑗
𝜕

𝜕𝑦𝑘
[𝑑𝑏𝑎(𝑦)Tr(𝐵𝑖(𝑦)𝑇𝑎)]

= 𝜗∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏 ∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎
𝜕

𝜕𝑦𝑘
[𝑑𝑏𝑎(𝑦)Tr(𝐵𝑖(𝑦)𝑇𝑎)] (

𝑑𝑦𝑘

𝑑𝜎

𝑑𝑦𝑖

𝑑𝜏
−
𝑑𝑦𝑖

𝑑𝜎

𝑑𝑦𝑘

𝑑𝜏
)|

𝜁=𝜁𝑓

 

 →
1

𝑟
1
2
+𝛿
  as  𝑟 → ∞

 

∫  𝑑3𝑦Tr[𝐷𝑗𝐵𝑖(𝑦)𝑇𝑎]𝒮𝑖𝑗
𝑏𝑎(𝑦)  

 = 𝜗∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏 ∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎𝑑𝑏𝑎(𝑥)Tr[𝐷𝑗𝐵𝑖(𝑥)𝑇𝑎] (
𝑑𝑥𝑖

𝑑𝜎

𝑑𝑥𝑗

𝑑𝜏
−
𝑑𝑥𝑗

𝑑𝜎

𝑑𝑥𝑖

𝑑𝜏
)|

𝜁=𝜁𝑓

 

𝐴𝑖 →
1

𝑟1/2+𝛿
  as  𝑟 → ∞  for  𝛿 ≥ 1/2;  𝑖 = 1,2,3  

𝐴𝑖 →
1

𝑟3/4+𝛿/2
  as  𝑟 → ∞  for  0 < 𝛿 ≤ 1/2;  𝑖 = 1,2,3  

𝐷𝑗𝐵𝑖 →
1

𝑟
9
4
+
3
2
𝛿
  as  𝑟 → ∞  for  0 < 𝛿 ≤ 1/2;  𝑖, 𝑗 = 1,2,3  

∫  𝑑3𝑦Tr[𝐷𝑗𝐵𝑖(𝑦)𝑇𝑎]𝒮𝑖𝑗
𝑏𝑎(𝑦) =

1

𝑟
1
4
+
3
2
𝛿
  as  𝑟 → ∞  for  0 < 𝛿 ≤ 1/2  
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∫  𝑑3𝑦
𝜕

𝜕𝑦𝑗
[Tr(𝐵𝑖(𝑦)𝑇𝑎)𝒮𝑖𝑗

𝑏𝑎(𝑦)]  

= ∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏′∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎′𝜀𝑗𝑚𝑛
𝑑𝑦𝑚

𝑑𝜎′
𝑑𝑦𝑛

𝑑𝜏′
Tr(𝐵𝑖(𝑦)𝑇𝑎)  

 × ∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏 ∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎𝑑𝑏𝑎(𝑥)𝛿
(3)(𝑥 − 𝑦) (

𝑑𝑥𝑖

𝑑𝜎

𝑑𝑥𝑗

𝑑𝜏
−
𝑑𝑥𝑗

𝑑𝜎

𝑑𝑥𝑖

𝑑𝜏
)|

𝜁=𝜁𝑓

= 0

 

𝜀𝑗𝑚𝑛
𝑑𝑦𝑚

𝑑𝜎′
𝑑𝑦𝑛

𝑑𝜏′
𝑑𝑥𝑗

𝑑𝜏
𝛿(3)(𝑥 − 𝑦) = 0; 𝜀𝑗𝑚𝑛

𝑑𝑦𝑚

𝑑𝜎′
𝑑𝑦𝑛

𝑑𝜏′
𝑑𝑥𝑗

𝑑𝜎
𝛿(3)(𝑥 − 𝑦) = 0  

{𝑊(𝜎) ,⊗𝑊(𝜎′)}
𝑃𝐵
= 0  

{𝔟𝜏/𝜁(𝜎) ,
⊗𝑊(𝜎′)}

𝑃𝐵
= 0  

{𝔟𝜏/𝜁(𝜎) ,
⊗ 𝔟𝜏′/𝜁′(𝜎

′)}
𝑃𝐵
= 0  

{𝐸𝑖
𝑎𝜀𝑖𝑗𝑘

𝑑𝑥𝑗

𝑑𝜎

𝑑𝑥𝑘

𝑑𝜏/𝜁
,𝑊(𝜎′)}

𝑃𝐵

 = 𝑖𝑒𝑊(𝜎′)∫  
𝜎′

𝜎𝑖

 𝑑𝜎′′𝑊−1(𝜎′′)𝑇𝑎𝑊(𝜎
′′)𝜀𝑖𝑗𝑘

𝑑𝑦𝑖

𝑑𝜎′′
𝑑𝑥𝑗

𝑑𝜎

𝑑𝑥𝑘

𝑑𝜏/𝜁
𝛿(3)(𝑥 − 𝑦)

 

{𝔢𝜏/𝜁(𝜎) ,
⊗𝑊(𝜎′)}

𝑃𝐵
= 0  

{𝔢𝜏/𝜁(𝜎) ⊗𝔢
𝜏′/𝜁′

(𝜎′)}
𝑃𝐵
= 0  

{𝔢𝜏/𝜁(𝜎) ,
⊗ 𝔟𝜏′/𝜁′(𝜎𝑓)}𝑃𝐵

= 0  

{𝔢𝜏/𝜁(𝜎),
⊗𝔟𝜏′/𝜁′(𝜎

′)}
𝑃𝐵
 = ∫  

𝜎

𝜎𝑖

 𝑑𝜎′′𝑊−1(𝜎′′)𝑇𝑎𝑊(𝜎
′′) ⊗𝑊−1(𝜎′)𝑇𝑎𝑊(𝜎

′)

 × 𝜀𝑖𝑗𝑘
𝑑𝑥𝑗

𝑑𝜎′′
𝑑𝑥𝑘

𝑑𝜏/𝜁

𝑑𝑦𝑖

𝑑𝜏′/𝜁′
𝛿(3)(𝑥 − 𝑦)

 

{𝔢𝜏(𝜎)
⊗, 𝔟𝜏′(𝜎

′)}
𝑃𝐵
= 0

{𝔢𝜁(𝜎) ,
⊗ 𝔟𝜁′(𝜎

′)}
𝑃𝐵
= 0

{𝔢𝜏(𝜎) ,
⊗ 𝔟𝜁′(𝜎

′)}
𝑃𝐵
= 𝜗ℂ𝛿(𝜁 − 𝜁′)𝛿(𝜏 − 𝜏′)𝜃(𝜎 − 𝜎′);   for  𝜎′ < 𝜎𝑓

′

{𝔢𝜁(𝜎) ,
⊗ 𝔟𝜏′(𝜎

′)}
𝑃𝐵
= −𝜗ℂ𝛿(𝜁 − 𝜁′)𝛿(𝜏 − 𝜏′)𝜃(𝜎 − 𝜎′);   for  𝜎′ < 𝜎𝑓

′

 

𝑔𝑇𝑎𝑔
−1⊗𝑔𝑇𝑎𝑔

−1 = 𝑇𝑎⊗𝑇𝑎  

𝜀𝑖𝑗𝑘
𝑑𝑥𝑖

𝑑𝜎

𝑑𝑥𝑗

𝑑𝜏

𝑑𝑥𝑘

𝑑𝜁
𝛿(3)(𝑥 − 𝑦) = 𝜗𝛿(𝜁 − 𝜁′)𝛿(𝜏 − 𝜏′)𝛿(𝜎 − 𝜎′);  𝜗 = ±1  

{𝔢𝜏/𝜁(𝜎) ,
⊗𝒯𝜏(𝜏)}𝑃𝐵

= 0  
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{𝔟𝜏/𝜁(𝜎𝑓) ,
⊗𝒯𝜏(𝜏)}𝑃𝐵

= 0  

{𝒯𝜏(𝜏1) ,
⊗𝒯𝜏(𝜏2)}𝑃𝐵 = 0  

{𝔢𝜏/𝜁(𝜎),𝒮 spatial (𝜏
′)}

𝑃𝐵
= 𝛽{𝔢𝜏/𝜁(𝜎),

⊗ 𝜌𝐺(𝜏
′)}

𝑃𝐵

= −𝑖𝛽𝜗𝛿(𝜁 − 𝜁′)𝛿(𝜏 − 𝜏′)∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎′𝜃(𝜎 − 𝜎′) [ℂ, 𝟙 ⊗
𝑑𝔢𝜏/𝜁(𝜎

′)

𝑑𝜎′
] 

 = 𝑖𝛽𝜗𝛿(𝜁 − 𝜁′)𝛿(𝜏 − 𝜏′)[ℂ, 𝔢𝜏/𝜁(𝜎) ⊗ 𝟙]

 

{𝔟𝜏/𝜁(𝜎𝑓) ,
⊗𝒥spatial (𝜏)}𝑃𝐵

= 0  

{𝒯𝜏(𝜏1, 𝜁1, 𝛼1, 𝛽1) ,
⊕𝒜(𝜁2, 𝛼2, 𝛽2)}𝑃𝐵 =

 = 𝑖𝑒3𝛽1𝛽2𝜗𝛿(𝜁1 − 𝜁2)𝟙⊗ 𝑉(2)(𝜏1)[ℂ, 𝔢𝜏(𝜎𝑓 , 𝜏1, 𝜁1)⊗ 𝟙]𝟙⊗ 𝑉(2)
−1(𝜏1)

 

{𝑊(𝜎1, 𝜏1, 𝜁1) ,
⊗𝒜(𝜁2, 𝛼2, 𝛽2)}𝑃𝐵 = 0  

{𝜌𝑎
𝜓
(𝑥), 𝜌𝑏

𝜓
(𝑦)}

𝑃𝐵
= 𝑓𝑎𝑏𝑐𝜌𝑐

𝜓
(𝑥)𝛿(3)(𝑥 − 𝑦)  

{𝜌𝑎
𝜑
(𝑥), 𝜌𝑏

𝜑
(𝑦)}

𝑃𝐵
 = 𝑓𝑎𝑏𝑐𝜌𝑐

𝜑
(𝑥)𝛿(3)(𝑥 − 𝑦)

{𝜌𝑎
𝜓
(𝑥), 𝜌𝑏

𝜑
(𝑦)}

𝑃𝐵
 = 0

 

{𝐽0(𝑥) ,
⊗ 𝐽0(𝑦)}𝑃𝐵 = 𝑖𝛿

(3)(𝑥 − 𝑦)[ℂ, 𝟙 ⊗ 𝐽0(𝑥)] = −𝑖𝛿
(3)(𝑥 − 𝑦)[ℂ, 𝐽0(𝑥)⊗ 𝟙]  

ℂ ≡ 𝑇𝑎⊗𝑇𝑎  

[ℂ, 𝟙 ⊗ 𝐿 + 𝐿⊗ 𝟙] = 0; →  [𝑇𝑎 , 𝐿] ⊗ 𝑇𝑎 = −𝑇𝑎⊗ [𝑇𝑎 , 𝐿]  

{𝜌𝐺(𝜏, 𝜁) ,
⊗𝜌𝐺(𝜏

′, 𝜁′)}
𝑃𝐵
= −𝜗𝛿(𝜁 − 𝜁′)𝛿(𝜏 − 𝜏′)

× ∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎 {[𝑇𝑎 , 𝔟𝜏(𝜎)] ⊗ [𝑇𝑎 ,
𝑑𝔢𝜁(𝜎)

𝑑𝜎
] − [𝑇𝑎 ,

𝑑𝔢𝜁(𝜎)

𝑑𝜎
] ⊗ [𝑇𝑎 , 𝔟𝜏(𝜎)] 

−[𝑇𝑎, 𝔟𝜁(𝜎)] ⊗ [𝑇𝑎 ,
𝑑𝔢𝜏(𝜎)

𝑑𝜎
] + [𝑇𝑎 ,

𝑑𝔢𝜏(𝜎)

𝑑𝜎
]⊗ [𝑇𝑎 , 𝔟𝜁(𝜎)]}

 

[𝑇𝑎 , 𝑋] ⊗ [𝑇𝑎 , 𝑌] − [𝑇𝑎 , 𝑌] ⊗ [𝑇𝑎 , 𝑋] = 𝑇𝑎⊗ [[𝑋, 𝑌], 𝑇𝑎]  

{𝜌𝐺(𝜏, 𝜁) ,
⊗ 𝜌𝐺(𝜏

′, 𝜁′)}
𝑃𝐵
= −𝑖𝜗𝛿(𝜁 − 𝜁′)𝛿(𝜏 − 𝜏′)[ℂ, 𝟙 ⊗ 𝜌𝐺(𝜏, 𝜁)] 

 = 𝑖𝜗𝛿(𝜁 − 𝜁′)𝛿(𝜏 − 𝜏′)[ℂ, 𝜌𝐺(𝜏, 𝜁) ⊗ 𝟙]
 

{𝜌𝑀(𝜏, 𝜁) ,
⊗ 𝜌𝑀(𝜏

′, 𝜁′)}
𝑃𝐵
= −𝑖𝜗𝛿(𝜁 − 𝜁′)𝛿(𝜏 − 𝜏′)[ℂ, 𝟙 ⊗ 𝜌𝑀(𝜏, 𝜁)] 

 = 𝑖𝜗𝛿(𝜁 − 𝜁′)𝛿(𝜏 − 𝜏′)[ℂ, 𝜌𝑀(𝜏, 𝜁) ⊗ 𝟙]
 

{𝜌𝐺(𝜏, 𝜁) ,
⊗⊗ 𝜌𝑀(𝜏

′, 𝜁′)}
𝑃𝐵
= 0  

{𝜌𝑀(𝜏, 𝜁) ,
⊗ 𝔟𝜏′/𝜁′(𝜎

′)}
𝑃𝐵
= {𝜌𝑀(𝜏, 𝜁) ,

⊗ 𝔢𝜏′/𝜁′(𝜎
′)}

𝑃𝐵
= 0  

{𝜌𝑀(𝜏, 𝜁) ,
⊗𝜌mag. (𝜁

′, 𝜏′)}
𝑃𝐵
= 0  
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{𝜌𝐺(𝜏, 𝜁) ,
⊗ 𝔟𝜏′/𝜁′(𝜎𝑓

′)}
𝑃𝐵
= 0  

{𝜌𝐺(𝜏, 𝜁) ,
⊗𝜌mag. (𝜁

′, 𝜏′)}
𝑃𝐵
= 0  

{𝜌mag. (𝜁, 𝜏)
⊗, 𝜌mag. (𝜁

′, 𝜏′)}
𝑃𝐵
= 0  

{𝜌𝐺(𝜏, 𝜁) ,
⊗ 𝔢𝜏′/𝜁′(𝜎𝑓

′)}
𝑃𝐵
= 𝑖𝜗𝛿(𝜁 − 𝜁′)𝛿(𝜏 − 𝜏′)[ℂ, 𝔢𝜏′/𝜁′(𝜎𝑓

′)⊗ 𝟙]  

 = −𝑖𝜗𝛿(𝜁 − 𝜁′)𝛿(𝜏 − 𝜏′)[ℂ, 𝟙 ⊗ 𝔢𝜏′/𝜁′(𝜎𝑓
′)]

 

{𝜌𝐺
𝑎(𝜏, 𝜁), 𝔢𝜏′/𝜁′

𝑏 (𝜎𝑓
′)}

𝑃𝐵
= −𝜗𝑓𝑎𝑏𝑐𝔢𝜏′/𝜁′

𝑐 (𝜎𝑓
′)𝛿(𝜁 − 𝜁′)𝛿(𝜏 − 𝜏′)  

𝑏𝑖 ≡ 𝜀𝑖𝑗𝑘𝐵𝑗𝑘  

𝑑ln 𝑉

𝑑𝜏
= 𝒯;  𝒯 =

1

2
∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎𝑏𝑖𝜀𝑖𝑗𝑘
𝑑𝑥𝑗

𝑑𝜎

𝑑𝑥𝑘

𝑑𝜏
 

𝑑ln 𝑉

𝑑𝜁
= 𝒦;  𝒦 =

1

2
∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏 ∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎
𝜕𝑏𝑙
𝜕𝑥𝑙

𝜀𝑖𝑗𝑘
𝑑𝑥𝑖

𝑑𝜎

𝑑𝑥𝑗

𝑑𝜏

𝑑𝑥𝑘

𝑑𝜁
 

𝜗∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏 ∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎𝑏𝑖𝜀𝑖𝑗𝑘
𝑑𝑥𝑗

𝑑𝜎

𝑑𝑥𝑘

𝑑𝜏
|

𝜁=𝜁𝑓

= ∫  
ℝ3
 𝑑3𝑥

𝜕𝑏𝑙
𝜕𝑥𝑙  

𝐼𝜁,𝑖(𝑓) ≡ ∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏 ∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎Δ(𝜎, 𝜏, 𝜁)
𝜕

𝜕𝑥𝑖
(𝑓(𝑥)𝛿(3)(𝑥 − 𝑦))  

𝑑𝜎

𝛿𝑥𝑖
=
𝜗

Δ
𝜀𝑖𝑗𝑘

𝑑𝑥𝑗

𝑑𝜏

𝑑𝑥𝑘

𝑑𝜁
; 
𝑑𝜏

𝛿𝑥𝑖
=
𝜗

Δ
𝜀𝑖𝑗𝑘

𝑑𝑥𝑗

𝑑𝜁

𝑑𝑥𝑘

𝑑𝜎
; 
𝑑𝜁

𝛿𝑥𝑖
=
𝜗

Δ
𝜀𝑖𝑗𝑘

𝑑𝑥𝑗

𝑑𝜎

𝑑𝑥𝑘

𝑑𝜏
 

𝐼𝜁,𝑖(𝑓)= 𝜗∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏 ∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎𝜀𝑖𝑗𝑘 [
𝑑

𝑑𝜎
(
𝑑𝑥𝑗

𝑑𝜏

𝑑𝑥𝑘

𝑑𝜁
𝑓(𝑥)𝛿(3)(𝑥 − 𝑦))  

+
𝑑

𝑑𝜏
(
𝑑𝑥𝑗

𝑑𝜁

𝑑𝑥𝑘

𝑑𝜎
𝑓(𝑥)𝛿(3)(𝑥 − 𝑦)) +

𝑑

𝑑𝜁
(
𝑑𝑥𝑗

𝑑𝜎

𝑑𝑥𝑘

𝑑𝜏
𝑓(𝑥)𝛿(3)(𝑥 − 𝑦))]

 

𝑑𝑥𝑖

𝑑𝜏
=
𝑑𝑥𝑖

𝑑𝜁
= 0  at  𝜎 = 𝜎𝑖, 𝜎𝑓  and  𝜏 = 𝜏𝑖, 𝜏𝑓  

𝐼𝜁,𝑖(𝑓) = 𝜗
𝑑

𝑑𝜁
∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏 ∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎𝜀𝑖𝑗𝑘
𝑑𝑥𝑗

𝑑𝜎

𝑑𝑥𝑘

𝑑𝜏
𝑓(𝑥)𝛿(3)(𝑥 − 𝑦)  

𝜀𝑖𝑗𝑘
𝑑𝑦𝑖

𝑑𝜎′
𝑑𝑥𝑗

𝑑𝜎

𝑑𝑥𝑘

𝑑𝜏
𝛿(3)(𝑥 − 𝑦) = 0; 𝜀𝑖𝑗𝑘

𝑑𝑦𝑖

𝑑𝜏′
𝑑𝑥𝑗

𝑑𝜎

𝑑𝑥𝑘

𝑑𝜏
𝛿(3)(𝑥 − 𝑦) = 0  

𝑑𝑦𝑖

𝑑𝜎′
𝐼𝜁,𝑖(𝑓) = 0; 

𝑑𝑦𝑖

𝑑𝜏′
𝐼𝜁,𝑖(𝑓) = 0  

𝒪𝜁(𝑋) ≡ ∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏 ∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎Δ(𝜎, 𝜏, 𝜁)𝑑𝑏𝑎(𝑥)𝑇𝑏⊗ {𝒞𝑎(𝑥), 𝑋}𝑃𝐵 ≡ 𝑇𝑏⊗𝒪𝜁
𝑏(𝑋)  
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𝒪𝜁1
𝑏 (𝑊(𝜎2)) = −𝑖𝑒𝑊(𝜎2)∫  

𝜏𝑓

𝜏𝑖

 𝑑𝜏1∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎1Δ(𝜎1, 𝜏1, 𝜁1)𝑑𝑏𝑎
(1)
(𝑥)

 × ∫  
𝜎2

𝜎𝑖

 𝑑𝜎2
′𝑊−1(𝜎2

′) {[𝑖𝑒𝐴𝑖(𝑧), 𝑇𝑎]𝛿
(3)(𝑥 − 𝑧) −

𝜕𝛿(3)(𝑥 − 𝑧)

𝜕𝑥𝑖
𝑇𝑎}

𝑑𝑧𝑖

𝑑𝜎2
′𝑊(𝜎2

′)

 

𝑖

𝑒
𝑊−1(𝜎2)𝒪𝜁1

𝑏 (𝑊(𝜎2))  = −∫  
𝜎2

𝜎𝑖

 𝑑𝜎2
′𝑊−1(𝜎2

′)𝑇𝑎𝑊(𝜎2
′)
𝑑𝑧𝑖

𝑑𝜎2
′ 𝐼𝜁1,𝑖 (𝑑𝑏𝑎

(1)
)

 +𝛿(𝜁1 − 𝜁2)∫  
𝜎2

𝜎𝑖

 𝑑𝜎2
′
𝑑

𝑑𝜎2
′ (𝑑𝑏𝑎

(1)
(𝑧)𝑊−1(𝜎2

′)𝑇𝑎𝑊(𝜎2
′))

 

𝑑𝑏𝑎(𝑧)𝑇𝑎 = 𝑊(𝜎2
′)𝑉−1(𝜏2)𝑇𝑏𝑉

−1(𝜏2)𝑊
−1(𝜎2

′)  

𝑑

𝑑𝜎2
′ (𝑑𝑏𝑎(𝑧)𝑊

−1(𝜎2
′)𝑇𝑎𝑊(𝜎2

′)) =
𝑑

𝑑𝜎2
′ (𝑉

−1(𝜏2)𝑇𝑏𝑉(𝜏2)) = 0  

𝒪𝜁1
𝑏 (𝑊(𝜎2)) = 0  

𝒪𝜁1
𝑏 (𝔟𝜏2/𝜁2(𝜎𝑓)) = 0  

𝒪𝜁1
𝑏 (𝔢𝜏2/𝜁2(𝜎𝑓)) = 𝑖𝑒𝛿(𝜁1 − 𝜁2)[𝔢𝜏2/𝜁2(𝜎𝑓), 𝑉(1)

−1(𝜏2)𝑇𝑏𝑉(1)(𝜏2)]  

𝒪𝜁1
𝑏 (𝒯𝜏2

(2)(𝜏2)) = 𝑒
2𝛽2𝛿(𝜁1 − 𝜁2)[𝔢𝜏2(𝜎𝑓), 𝑉(1)

−1(𝜏2)𝑇𝑏𝑉(1)(𝜏2)]  

𝒪𝜁1
𝑐 (𝒞𝑏(𝑦))  = −𝑒𝑓𝑎𝑏𝑑∫  

𝜏𝑓

𝜏𝑖

 𝑑𝜏1∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎1Δ(𝜎1, 𝜏1, 𝜁1)𝑑𝑐𝑎
(1)
(𝑥)[𝒞𝑑(𝑥)𝛿

(3)(𝑥 − 𝑦)

+𝐸𝑖
𝑑(𝑦)

𝜕𝛿(3)(𝑥 − 𝑦)

𝜕𝑥𝑖
+ 𝐸𝑖

𝑑(𝑥)
𝜕𝛿(3)(𝑥 − 𝑦)

𝜕𝑦𝑖
−
𝜕𝐸𝑖

𝑑(𝑥)

𝜕𝑥𝑖
𝛿(3)(𝑥 − 𝑦)]

 

𝒪𝜁1
𝑐 (𝒞𝑏(𝑦))= −𝑒𝑓𝑎𝑏𝑑 {𝛿(𝜁1 − 𝜁2) [𝑑𝑐𝑎

(1)
(𝑦)𝒞𝑑(𝑦) −

𝜕 (𝑑𝑐𝑎
(1)
(𝑦)𝐸𝑖

𝑑(𝑦))

𝜕𝑦𝑖
] + 𝐸𝑖

𝑑(𝑦)𝐼𝜁1,𝑖 (𝑑𝑐𝑎
(1)
) 

+∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏1∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎1Δ(𝜎1, 𝜏1, 𝜁1)𝑑𝑐𝑎
(1)
(𝑥)𝐸𝑖

𝑑(𝑥)
𝜕𝛿(3)(𝑥 − 𝑦)

𝜕𝑦𝑖
}
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ℐ𝑐𝑑 ≡ ∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏1∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎1Δ(𝜎1, 𝜏1, 𝜁1)𝑑𝑐𝑎
(1)
(𝑥)∫  

𝜏𝑓

𝜏𝑖

𝑑𝜏2∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎2Δ(𝜎2, 𝜏2, 𝜁2)𝑑𝑑𝑏
(2)
(𝑦)  

× {𝒞𝑎(𝑥), 𝒞𝑏(𝑦)}𝑃𝐵  

= ∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏2∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎2Δ(𝜎2, 𝜏2, 𝜁2)𝑑𝑑𝑏
(2)
(𝑦)𝒪𝜁1

𝑐 (𝒞𝑏(𝑦))  

= −𝑒𝑓𝑎𝑏𝑒∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏2∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎2Δ(𝜎2, 𝜏2, 𝜁2)𝑑𝑑𝑏
(2)
(𝑦)  

 × {𝛿(𝜁1 − 𝜁2) [𝑑𝑐𝑎
(1)
(𝑦)𝒞𝑒(𝑦) −

𝜕 (𝑑𝑐𝑎
(1)
(𝑦)𝐸𝑖

𝑒(𝑦))

𝜕𝑦𝑖
] + 𝐸𝑖

𝑒(𝑦)𝐼𝜁1,𝑖 (𝑑𝑐𝑎
(1)
)}

 −𝑒𝑓𝑎𝑏𝑒∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏1∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎1Δ(𝜎1, 𝜏1, 𝜁1)𝑑𝑐𝑎
(1)
(𝑥)𝐸𝑖

𝑒(𝑥) [𝐼𝜁2,𝑖 (𝑑𝑑𝑏
(2)
) − 𝛿(𝜁1 − 𝜁2)

𝜕𝑑𝑑𝑏
(2)
(𝑥)

𝜕𝑥𝑖
]

 

ℐ𝑐𝑑 = −𝑒𝑓𝑎𝑏𝑒𝛿(𝜁1 − 𝜁2)∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏2∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎2Δ(𝜎2, 𝜏2, 𝜁2)

× [𝑑𝑐𝑎
(1)
(𝑦)𝑑𝑑𝑏

(2)
(𝑦)𝒞𝑒(𝑦) −

𝜕 (𝑑𝑐𝑎
(1)
(𝑦)𝑑𝑑𝑏

(2)
(𝑦)𝐸𝑖

𝑒(𝑦))

𝜕𝑦𝑖
]  

−𝑒𝑓𝑎𝑏𝑒∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏2∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎2Δ(𝜎2, 𝜏2, 𝜁2)𝑑𝑑𝑏
(2)
(𝑦)𝐸𝑖

𝑒(𝑦)𝐼𝜁1,𝑖 (𝑑𝑐𝑎
(1)
) 

 −𝑒𝑓𝑎𝑏𝑒∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏1∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎1Δ(𝜎1, 𝜏1, 𝜁1)𝑑𝑐𝑎
(1)
(𝑥)𝐸𝑖

𝑒(𝑥)𝐼𝜁2,𝑖 (𝑑𝑑𝑏
(2)
)

 

∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏1∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎1Δ(𝜎1, 𝜏1, 𝜁1)𝑑𝑐𝑎
(1)
(𝑥)𝐸𝑖

𝑒(𝑥)𝐼𝜁2,𝑖 (𝑑𝑑𝑏
(2)
)  

 = 𝜗
𝑑

𝑑𝜁2
∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏2∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎2𝜀𝑖𝑗𝑘
𝑑𝑦𝑗

𝑑𝜎2

𝑑𝑦𝑘

𝑑𝜏2
𝑑𝑑𝑏
(2)
(𝑦)𝑑𝑐𝑎

(1)
(𝑦)𝐸𝑖

𝑒(𝑦)𝛿(𝜁1 − 𝜁2)

 

∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏2∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎2Δ(𝜎2, 𝜏2, 𝜁2)
𝜕 (𝑑𝑐𝑎

(1)
(𝑦)𝑑𝑑𝑏

(2)
(𝑦)𝐸𝑖

𝑒(𝑦))

𝜕𝑦𝑖
 

 = 𝜗
𝑑

𝑑𝜁2
∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏2∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎2𝜀𝑖𝑗𝑘
𝑑𝑦𝑗

𝑑𝜎2

𝑑𝑦𝑘

𝑑𝜏2
𝑑𝑑𝑏
(2)
(𝑦)𝑑𝑐𝑎

(1)
(𝑦)𝐸𝑖

𝑒(𝑦)

 

ℐ𝑐𝑑 = −𝑒𝑓𝑎𝑏𝑒𝛿(𝜁1 − 𝜁2)∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏2∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎2Δ(𝜎2, 𝜏2, 𝜁2)𝑑𝑐𝑎
(1)
(𝑦)𝑑𝑑𝑏

(2)
(𝑦)𝒞𝑒(𝑦)

+𝑒𝜗𝑓𝑎𝑏𝑒𝛿(𝜁1 − 𝜁2)
𝑑

𝑑𝜁2
∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏2∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎2𝜀𝑖𝑗𝑘
𝑑𝑦𝑗

𝑑𝜎2

𝑑𝑦𝑘

𝑑𝜏2
𝑑𝑐𝑎
(1)(𝑦)𝑑𝑑𝑏

(2)(𝑦)𝐸𝑖
𝑒(𝑦)  

−𝑒𝜗𝑓𝑎𝑏𝑒
𝑑

𝑑𝜁1
∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏1∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎1𝜀𝑖𝑗𝑘
𝑑𝑥𝑗

𝑑𝜎1

𝑑𝑥𝑘

𝑑𝜏1
𝑑𝑐𝑎
(1)
(𝑥)𝑑𝑑𝑏

(2)
(𝑥)𝐸𝑖

𝑒(𝑥)𝛿(𝜁1 − 𝜁2)  

 −𝑒𝜗𝑓𝑎𝑏𝑒
𝑑

𝑑𝜁2
∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏2∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎2𝜀𝑖𝑗𝑘
𝑑𝑦𝑗

𝑑𝜎2

𝑑𝑦𝑘

𝑑𝜏2
𝑑𝑐𝑎
(1)
(𝑦)𝑑𝑑𝑏

(2)
(𝑦)𝐸𝑖

𝑒(𝑦)𝛿(𝜁1 − 𝜁2)
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𝑓𝑎𝑏𝑒𝑑𝑐𝑎
(1)
(𝑦)𝑑𝑑𝑏

(2)
(𝑦)𝑇𝑐⊗𝑇𝑑 =

= 𝑓𝑎𝑏𝑒𝑉(1)(𝜏2)𝑊
−1(𝜎2)𝑇𝑎𝑊(𝜎2)𝑉(1)

−1(𝜏2)⊗ 𝑉(2)(𝜏2)𝑊
−1(𝜎2)𝑇𝑏𝑊(𝜎2)𝑉(2)

−1(𝜏2)  

= −𝑖𝑉(1)(𝜏2)𝑊
−1(𝜎2)[𝑇𝑏 , 𝑇𝑒]𝑊(𝜎2)𝑉(1)

−1(𝜏2)⊗ 𝑉(2)(𝜏2)𝑊
−1(𝜎2)𝑇𝑏𝑊(𝜎2)𝑉(2)

−1(𝜏2) 

= −𝑖𝑉(1)(𝜏2)[𝑇𝑏 ,𝑊
−1(𝜎2)𝑇𝑒𝑊(𝜎2)]𝑉(1)

−1(𝜏2)⊗ 𝑉(2)(𝜏2)𝑇𝑏𝑉(2)
−1(𝜏2)  

 = −𝑖𝑉(1)(𝜏2)⊗ 𝑉(2)(𝜏2)[ℂ,𝑊
−1(𝜎2)𝑇𝑒𝑊(𝜎2)⊗ 𝟙]𝑉(1)

−1(𝜏2)⊗ 𝑉(2)
−1(𝜏2)

 

ℐ𝑐𝑑𝑇𝑐⊗𝑇𝑑 = 𝑖𝑒𝛿(𝜁1 − 𝜁2)∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏2∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎2Δ(𝜎2, 𝜏2, 𝜁2)

 × 𝑉(1)(𝜏2)⊗ 𝑉(2)(𝜏2)[ℂ,𝑊
−1(𝜎2)𝒞𝑊(𝜎2)⊗ 𝟙]𝑉(1)

−1(𝜏2)⊗ 𝑉(2)
−1(𝜏2)

 +𝑖𝑒𝜗 [−𝛿(𝜁1 − 𝜁2)
𝑑𝒴(𝜁2, 𝜏𝑓)

𝑑𝜁2
+
𝑑 (𝒴(𝜁1, 𝜏𝑓)𝛿(𝜁1 − 𝜁2))

𝑑𝜁1
+
𝑑 (𝒴(𝜁2, 𝜏𝑓)𝛿(𝜁1 − 𝜁2))

𝑑𝜁2
]

 

[𝛿𝑁1,𝛼1,𝛽1 , 𝛿𝑁2,𝛼2,𝛽2]𝐻𝑇 ≅ 0  

[𝛿𝑁1,𝛼1,𝛽1 , 𝛿𝑁2,𝛼2,𝛽2]𝑋 ≅ 𝜀1𝜀2(𝛼1 − 𝛼2)Tr𝑅𝐿 [𝑄(1)
𝑁1 (𝜁𝑓)⊗ 𝑄(2)

𝑁2 (𝜁𝑓)

× ∫  
𝜁𝑓

𝜁𝑖

 𝑑𝜁 ∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏 ∫  
𝜏

𝜏𝑖

 𝑑𝜏′∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎Δ(𝑦)Υ𝑎(𝜎, 𝜏, 𝜏
′, 𝜁){𝑋, 𝒞𝑎(𝑦)}𝑃𝐵]

 

Υ𝑎(𝜎, 𝜏, 𝜏
′, 𝜁) = 𝑖𝑒𝜗 [𝑄⊗

−1(𝜁)
𝑑𝒵(𝜁, 𝜏)

𝑑𝜏
𝑄⊗(𝜁), 𝛽1𝑇𝑏⊗ 𝟙𝑑𝑏𝑎

(1)
(𝑦) + 𝛽2𝟙⊗ 𝑇𝑏𝑑𝑏𝑎

(2)
(𝑦)]  

[𝛿𝑁1,𝛼1,𝛽1 , 𝛿𝑁2,𝛼2,𝛽2]𝐻𝐸 = 0  

{𝐻𝜓 +𝐻𝜑, 𝒞𝑎(𝑦)}𝑃𝐵
 = 𝑒∫  𝑑3𝑧

𝜕

𝜕𝑧𝑖
(𝐽𝑖
𝑎(𝑧)𝛿(3)(𝑦 − 𝑧))

{𝐻𝐶 , 𝒞𝑎(𝑦)}𝑃𝐵  = 𝑒𝑓𝑎𝑏𝑐 [𝐴0
𝑏(𝑦)𝒞𝑐(𝑦) + ∫  𝑑

3𝑧𝐸𝑖
𝑐(𝑦)

𝜕

𝜕𝑧𝑖
(𝐴0
𝑏(𝑧)𝛿(3)(𝑦 − 𝑧))]

{𝐻𝐵, 𝒞𝑎(𝑦)}𝑃𝐵  = −𝜀𝑖𝑗𝑘∫  𝑑
3𝑧

𝜕

𝜕𝑧𝑖
[𝐵𝑘
𝑎(𝑧)

𝜕𝛿(3)(𝑦 − 𝑧)

𝜕𝑦𝑗
+ 𝑒𝑓𝑎𝑏𝑐𝐴𝑗

𝑐(𝑦)𝐵𝑘
𝑏(𝑧)𝛿(3)(𝑦 − 𝑧)]

 

ℐ𝑎
Υ≡ ∫  

𝜁𝑓

𝜁𝑖

 𝑑𝜁 ∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏 ∫  
𝜏

𝜏𝑖

 𝑑𝜏′∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎Υ𝑎(𝜎, 𝜏, 𝜏
′, 𝜁)Δ(𝑦)𝛿(3)(𝑦 − 𝑧(𝜎𝑧, 𝜏𝑧 , 𝜁𝑧)) 

 = ∫  
𝜏𝑓

𝜏𝑧

 𝑑𝜏Υ𝑎(𝜎𝑧, 𝜏𝑧, 𝜁𝑧, 𝜏)

 

ℐ𝑎,𝑖
Υ ≡ ∫  

𝜁𝑓

𝜁𝑖

 𝑑𝜁 ∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏 ∫  
𝜏

𝜏𝑖

 𝑑𝜏′∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎Υ𝑎(𝜎, 𝜏, 𝜏
′, 𝜁)Δ(𝑦)

𝜕

𝜕𝑦𝑖
𝛿(3)(𝑦 − 𝑧(𝜎𝑧, 𝜏𝑧, 𝜁𝑧))

 = ∫  
𝜁𝑓

𝜁𝑖

 𝑑𝜁 ∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏 ∫  
𝜏

𝜏𝑖

 𝑑𝜏′∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎Δ(𝑦) [
𝜕

𝜕𝑦𝑖
(Υ𝑎𝛿

(3)(𝑦 − 𝑧)) − 𝛿(3)(𝑦 − 𝑧)
𝜕Υ𝑎
𝜕𝑦𝑖

]
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 ∫  
𝜏

𝜏𝑖

 𝑑𝜏′∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎Δ(𝑦)
𝜕

𝜕𝑦𝑖
(Υ𝑎𝛿

(3)(𝑦 − 𝑧)) =

 = 𝜀𝑖𝑗𝑘𝜗∫  
𝜏

𝜏𝑖

 𝑑𝜏′∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎 [
𝑑

𝑑𝜏′
(
𝑑𝑦𝑗

𝑑𝜁

𝑑𝑦𝑘

𝑑𝜎
Υ𝑎𝛿

(3)(𝑦 − 𝑧)) +
𝑑

𝑑𝜁
(
𝑑𝑦𝑗

𝑑𝜎

𝑑𝑦𝑘

𝑑𝜏′
Υ𝑎𝛿

(3)(𝑦 − 𝑧))]

 = 𝜀𝑖𝑗𝑘𝜗 {∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎 (
𝑑𝑥𝑗

𝑑𝜁

𝑑𝑥𝑘

𝑑𝜎
Υ𝑎𝛿

(3)(𝑥 − 𝑧))

+
𝑑

𝑑𝜁
[∫  

𝜏

𝜏𝑖

 𝑑𝜏′∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎 (
𝑑𝑦𝑗

𝑑𝜎

𝑑𝑦𝑘

𝑑𝜏′
Υ𝑎𝛿

(3)(𝑦 − 𝑧))]}

 

ℐ𝑎,𝑖
Υ  = 𝜀𝑖𝑗𝑘𝜗 [∫  

𝜏𝑓

𝜏𝑖

 𝑑𝜏 ∫  
𝜏

𝜏𝑖

 𝑑𝜏′∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎 (
𝑑𝑦𝑗

𝑑𝜎

𝑑𝑦𝑘

𝑑𝜏′
Υ𝑎𝛿

(3)(𝑦 − 𝑧))]

𝜁=𝜁𝑓

 +𝜀𝑖𝑗𝑘𝜗∫  
𝜁𝑓

𝜁𝑖

 𝑑𝜁 ∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏 ∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎 (
𝑑𝑥𝑗

𝑑𝜁

𝑑𝑥𝑘

𝑑𝜎
Υ𝑎𝛿

(3)(𝑥 − 𝑧)) − ∫  
𝜏𝑓

𝜏𝑧

 𝑑𝜏
𝜕

𝜕𝑧𝑖
Υ𝑎(𝜎𝑧, 𝜏𝑧, 𝜁𝑧, 𝜏)

 

[𝛿𝑁1,𝛼1,𝛽1 , 𝛿𝑁2,𝛼2,𝛽2]𝐻𝑀 ≅ 𝜗𝑒𝜀1𝜀2(𝛼1 − 𝛼2)

 × Tr𝑅𝐿 [𝑄(1)
𝑁1 (𝜁𝑓)⊗ 𝑄(2)

𝑁2 (𝜁𝑓)(𝜀𝑖𝑚𝑛∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏𝑧∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎𝑧
𝑑𝑧𝑚

𝑑𝜎𝑧

𝑑𝑧𝑛

𝑑𝜏𝑧
𝐽𝑖
𝑎(𝑧)ℐ𝑎

Υ(𝑧))
𝜁𝑧=𝜁𝑓

]
 

𝑑𝑧𝑖

𝑑𝜎𝑧/𝜏𝑧
→ 𝑟,

𝑑𝑧𝑖

𝑑𝜁𝑧
→ 𝑠(𝜎, 𝜏), 𝑟 → ∞  

Δ(𝑧) → 𝑟2, 𝑟 → ∞  

𝐽𝑖
𝑎 →

1

𝑟2+𝛿
′ , 𝑟 → ∞  

Υ𝑎 →
1

𝑟𝛿−
1
2

, 𝑟 → ∞  

ℐ𝑎
Υ →

1

𝑟𝛿−
1
2

 𝑟 → ∞  

[𝛿𝑁1,𝛼1,𝛽1 , 𝛿𝑁2,𝛼2,𝛽2]𝐻𝑀 →
1

𝑟𝛿+𝛿
′−1/2

, 𝑟 → ∞  

[𝛿𝑁1,𝛼1,𝛽1 , 𝛿𝑁2,𝛼2,𝛽2]𝐻𝑀 ≅ 0;   if  𝛿 + 𝛿
′ >

1

2
 

[𝛿𝑁1,𝛼1,𝛽1 , 𝛿𝑁2,𝛼2,𝛽2]𝐻𝐶 ≅ 𝜗𝑒𝜀1𝜀2(𝛼1 − 𝛼2) ×

 × Tr𝑅𝐿 [𝑄(1)
𝑁1 (𝜁𝑓)⊗ 𝑄(2)

𝑁2 (𝜁𝑓)(𝜀𝑖𝑚𝑛𝑓𝑎𝑏𝑐∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏𝑧∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎𝑧
𝑑𝑧𝑚

𝑑𝜎𝑧

𝑑𝑧𝑛

𝑑𝜏𝑧
𝐴0
𝑏(𝑧)𝐸𝑖

𝑐(𝑧)ℐ𝑎
Υ(𝑧))

𝜁𝑧=𝜁𝑓

]
 

[𝛿𝑁1,𝛼1,𝛽1 , 𝛿𝑁2,𝛼2,𝛽2]𝐻𝐶 ≅ 0;   if  𝛿 >
1

6
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[𝛿𝑁1,𝛼1,𝛽1 , 𝛿𝑁2,𝛼2,𝛽2]𝐻𝐵 ≅ −𝜗𝜀1𝜀2(𝛼1 − 𝛼2) ×

 × Tr𝑅𝐿 [𝑄(1)
𝑁1 (𝜁𝑓) ⊗ 𝑄(2)

𝑁2 (𝜁𝑓) [(𝜀𝑖𝑗𝑘∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏𝑧∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎𝑧
𝑑𝑧𝑗

𝑑𝜎𝑧

𝑑𝑧𝑘

𝑑𝜏𝑧
𝐵𝑘
𝑎(𝑧)ℐ𝑎,𝑖

Υ (𝑧))
𝜁𝑧=𝜁𝑓

+(𝑒𝜀𝑖𝑗𝑘𝑓𝑎𝑏𝑐∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏𝑧∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎𝑧
𝑑𝑧𝑗

𝑑𝜎𝑧

𝑑𝑧𝑘

𝑑𝜏𝑧
𝐴𝑗
𝑐(𝑧)𝐵𝑘

𝑏(𝑧)ℐ𝑎
Υ(𝑧))

𝜁𝑧=𝜁𝑓

]]

 

[𝛿𝑁1,𝛼1,𝛽1 , 𝛿𝑁2,𝛼2,𝛽2]𝐻𝐵 ≅ −𝜗𝜀1𝜀2(𝛼1 − 𝛼2)Tr𝑅𝐿 [𝑄(1)
𝑁1 (𝜁𝑓)⊗ 𝑄(2)

𝑁2 (𝜁𝑓)

× [∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏𝑧∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎𝑧∫  
𝜏𝑓

𝜏𝑖

 𝑑𝜏 ∫  
𝜏

𝜏𝑖

 𝑑𝜏′∫  
𝜎𝑓

𝜎𝑖

 𝑑𝜎𝐵𝑘
𝑎(𝑧)Υ𝑎𝛿

(3)(𝑦 − 𝑧)  

× (
𝑑𝑧𝑚

𝑑𝜎𝑧

𝑑𝑧𝑛

𝑑𝜏𝑧

𝑑𝑦𝑚

𝑑𝜎

𝑑𝑦𝑛

𝑑𝜏′
−
𝑑𝑧𝑚

𝑑𝜎𝑧

𝑑𝑧𝑛

𝑑𝜏𝑧

𝑑𝑦𝑛

𝑑𝜎

𝑑𝑦𝑚

𝑑𝜏′
)]
𝜁,𝜁𝑧=𝜁𝑓

]

 

[𝛿𝑁1,𝛼1,𝛽1 , 𝛿𝑁2,𝛼2,𝛽2]𝐻𝐵 ≅ 0  

𝛿𝑛𝑎 = 𝜔𝑎𝑏𝑛𝑏 = −2𝐴𝑛
𝑎, 𝐴 ∈ ℝ  

𝜂 = (
−1

−1
𝟏𝐷−2

) ,  

𝜔+𝑏𝑛𝑏 = 𝐴𝑛
+ ⇒ 𝜔+− = 2𝐴,

𝜔−𝑏𝑛𝑏 = 𝐴𝑛
− ⇒ 0 = 0,

𝜔𝑎𝑏𝑛𝑏 = 𝐴𝑛
𝑎 ⇒ 𝜔𝑎− = 0,  for 𝑎 = 2,… , 𝐷 − 1.

 

𝜔𝑎𝑏 = (
0 𝜔+− 𝜔+2

𝜔−+ 0 𝜔−2

𝜔2+ 𝜔2− 0

) = (
0 2𝐴 −√2𝐵
−2𝐴 0 0

√2𝐵 0 0

)  

𝑥+ → 𝑒−2𝐴𝑥+ − √2𝑒−𝐴𝐵𝑥2 +𝐵2𝑥−, 𝑥− → 𝑒2𝐴𝑥−, 𝑥2 → 𝑥2 −√2𝑒𝐴𝐵𝑥−.  

𝑥 = (𝑥
0 + 𝑥1 𝑥2

𝑥2 𝑥0 − 𝑥1
) = (√2𝑥

+ 𝑥2

𝑥2 √2𝑥−
)  

𝑥′ = 𝑔𝑥𝑔𝑇 , 𝑔 ∈ 𝑆𝐿(2,ℝ)  

𝑔𝜉 = ±𝑒−𝐴𝜉, 𝐴 ∈ ℝ  

𝑔 = ±(𝑒
−𝐴 −𝐵
0 𝑒𝐴

)  

(
𝑧

1
)  →  𝑔 (

𝑧

1
) = ±(

𝑒−𝐴𝑧 − 𝐵

𝑒𝐴
) ∼ (

𝑒−2𝐴𝑧 − 𝑒−𝐴𝐵

1
) = (

𝑧′

1
)  

𝑄𝛼 = 𝜕𝛼 − (𝛾
𝑎𝜃)𝛼𝜕𝑎 = 𝜕𝛼 + 𝛾𝛼𝛽

𝑎 𝜃𝛽𝜕𝑎  

𝐷𝛼 = 𝜕𝛼 + (𝛾
𝑎𝜃)𝛼𝜕𝑎 = 𝜕𝛼 − 𝛾𝛼𝛽

𝑎 𝜃𝛽𝜕𝑎  
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{𝑄𝛼 , 𝑄𝛽} = 2𝛾𝛼𝛽
𝑎 𝜕𝑎, {𝑄𝛼 , 𝐷𝛽} = 0, {𝐷𝛼, 𝐷𝛽} = −2𝛾𝛼𝛽

𝑎 𝜕𝑎  

(
𝜓′+

𝜓′−
) = (𝑒

−𝐴 −𝐵
0 𝑒𝐴

)(
𝜓+

𝜓−
)  ⇔ (

𝜓+
′

𝜓−
′ ) = (

𝑒𝐴 0
𝐵 𝑒−𝐴

)(
𝜓+
𝜓−
)  

≁ 𝜓 = 0 ⇒  𝜓 = (
0

𝜓−
)  

𝜓 = (
𝜓+
0
)  

(
0

𝜓−
′
) = 𝑒−𝐴 (

0

𝜓−
′
) , (

𝜓+
′

0
) = 𝑒𝐴 (

𝜓+
′

0
)  

𝜓 =
1

2
𝑛̃ℎn̸𝜓 +

1

2
ℎ𝑛̃𝜓 ⇔ 𝜓𝛼 = −𝑛̃𝛼𝛽𝑛

𝛽𝛾𝜓𝛾 − 𝑛𝛼𝛽𝑛̃
𝛽𝛾𝜓𝛾  

1

2
𝑛̃ℎ (𝜓 = (

𝜓+
0
) ,
1

2
n̸𝑛̃𝜓 = (

0

𝜓−
)  

𝑆 =
1

2
𝑛̃n̸𝑄, 𝜁 =

1

2
n̸𝑛̃𝜃, 𝑑 =

1

2
𝑛̃n̸𝐷|

𝑛𝜃=0
 

𝑆+ = 𝜕+ + 𝑖𝜁−𝜕++ 𝜁− = 𝜃−, 𝑑+ = 𝜕+ − 𝑖𝜁−𝜕++  

{𝑆+, 𝑆+} = 2𝜕++, {𝑆+, 𝑑+} = 0, {𝑑+, 𝑑+} = −2𝜕++, 𝜕+𝜁− = −𝑖  

𝜙 = Φ|𝜃+=0, 𝜙̃− = (𝐷−Φ)|𝜃+=0  

Φ = 𝜙 − 𝑖𝜃+(𝜙̃− + 𝑖𝜃−𝜕+−𝜙)  

𝜙′(𝑥′, 𝜃′) = 𝜙(𝑥, 𝜃), 𝜙̃−
′ (𝑥′, 𝜃′) = 𝑒−𝐴𝜙̃−(𝑥, 𝜃) + 𝐵𝜙(𝑥, 𝜃)  

𝑞̂ =
𝜂 ∂̸

2𝑛 ⋅ 𝜕
𝐷  

𝑞̂− = 𝐷− −
𝜕−+
𝜕++

𝐷+  

𝜙̂− = (𝑞̂−Φ)|𝜃+=0  

𝜙̂−
′ (𝑥′, 𝜃′) = 𝑒−𝐴𝜙̂−(𝑥, 𝜃),  

∇𝛼= 𝐷𝛼 − 𝑖Γ𝛼 , ∇𝛼𝛽= 𝜕𝛼𝛽 − 𝑖Γ𝛼𝛽  

{∇𝛼, ∇𝛽}= −2∇𝛼𝛽  

[∇𝛼 , ∇𝛽𝛾]= 𝐶𝛼(𝛽𝑊𝛾)  

[∇𝛼𝛽, ∇𝛾𝛿] = −
1

2
𝐶𝛼𝛾𝐹𝛽𝛿 −

1

2
𝐶𝛼𝛿𝐹𝛽𝛾 −

1

2
𝐶𝛽𝛿𝐹𝛼𝛾 −

1

2
𝐶𝛽𝛾𝐹𝛼𝛿
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Γ𝛼𝛽= −
1

2
(𝐷(𝛼Γ𝛽) − 𝑖{Γ𝛼 , Γ𝛽})  

𝑊𝛼= −
𝑖

2
𝐷𝛽𝐷𝛼Γ𝛽 −

1

2
[Γ𝛽 , 𝐷𝛽Γ𝛼] +

𝑖

6
[Γ𝛽 , {Γ𝛽 , Γ𝛼}], ∇

𝛼𝑊𝛼 = 0 

𝐹𝛼𝛽 =
1

2
∇(𝛼𝑊𝛽)

 

𝑞 = 𝑛∇
1

2𝑛 ⋅ ∇
∇,  

𝜙− = (𝑞−Φ)|𝜃+=0 = ((∇− − ∇+−
∇+
∇++

)Φ)|

𝜃+=0

.  

[
1

𝜕++
, 𝜕++] 𝑓(𝑥) = (

1

𝜕++
𝜕++ − 𝜕++

1

𝜕++
)𝑓(𝑥) =

1

𝜕++
𝜕++𝑓(𝑥) − 𝑓(𝑥) = 0.  

1

𝜕++
𝑓(𝑥++, 𝑥−−, 𝑥+−) = ∫  

𝑥++

−∞

 d𝑡++𝑓(𝑡++, 𝑥−−, 𝑥+−)  

𝜙− = ((∇− − ∇−+̇
1

∇++̇
∇+)Φ)|

𝜃+=0,𝜃‾+=0

 

𝑤+ = 𝑊+|𝜃+=0, 𝑤̃− = 𝑊−|𝜃+=0,  

𝑤+
′ (𝑥′, 𝜃′) = 𝑒𝐴𝑤+(𝑥, 𝜃), 𝑤̃−

′ (𝑥′, 𝜃′) = 𝑒−𝐴𝑤̃−(𝑥, 𝜃) + 𝐵𝑤+(𝑥, 𝜃)  

△=
𝑖

2
(
1

2𝑛 ⋅ ∇
h̸∇ + n̸∇̸

1

2𝑛 ⋅ ∇
)  

Δ−+ = 1, Δ−− =
1

2
∇+−

1

∇++
+
1

2

1

∇++
∇+−.  

𝑤− = 𝑖(△−  
𝛼𝑊𝛼)|𝜃+=0 = (𝑊− −△−−𝑊+)|𝜃+=0.  

𝑓++ = 𝐹++ ∣ 𝜃+ = 0

𝑓+− = 𝑖(△−  
𝛼𝐹+𝛼)|𝜃+=0 = (𝐹+− −△−− 𝐹++)|𝜃+=0

𝑓−− = −(△−  
𝛼 △−  

𝛽𝐹𝛼𝛽)|𝜃+=0
= (𝐹−− − 2△−− 𝐹+− +△−−△−− 𝐹++)|𝜃+=0

 

𝑆𝑚 =
1

2
∫   d3𝑥∇2[(∇𝛼Φ†)(∇𝛼Φ)]  

𝑆𝑔 = tr∫  d
3𝑥∇2[𝑊2]  
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𝑆𝑚 =
1

2
∫   d3𝑥∇+ [(∇+𝜙−

†)𝜙− + 𝜙−
†(∇+𝜙−) − 2𝑖𝜙−

† (𝑤+
∇+
∇++

𝜙) − 2𝑖 (𝑤+
∇+
∇++

𝜙†)𝜙−

+(◻cov 𝜙
†) (

∇+
∇++

𝜙) + (
∇+
∇++

𝜙†) (◻cov 𝜙)  

−𝑖 (
∇+
∇++

𝜙†)((∇++𝑤−)
∇+
∇++

𝜙) +
1

2
(
∇+
∇++

𝜙†) ([𝑓++,
1

∇++
𝑤+]

∇+
∇++

𝜙)]

 + 𝕊𝕥

 

𝑆𝑔 = tr∫  d
3𝑥∇+(−𝑓̃+−𝑤̃− +𝑤+𝑓−−) + 𝕊𝕥  

𝑆𝑔
′ = 𝑆𝑔 + (𝑒

𝐴𝐵)tr∫  d3𝑥∇+(𝑤+𝑓+− − 𝑓++𝑤̃−)

+(𝑒2𝐴𝐵2)tr∫  d3𝑥∇+(𝑤+𝑓++ − 𝑓++𝑤+)  

= 𝑆𝑔 +(𝑒
𝐴𝐵)tr∫  d3𝑥∇+(−∇+(𝑤+𝑤̃−)) = 𝑆𝑔 + 𝕊𝕥

 

𝑆𝑔 = tr∫  d
3𝑥∇+ [−𝑓+−𝑤− +𝑤+𝑓−− −

𝑖

2
{𝑤+,

1

∇++
𝑤+}𝑤− −

𝑖

2
(
1

∇++
{𝑤+, 𝑤+})𝑤−

−
1

2
(△−  

𝛼𝑤+) {𝑤+,
1

∇++
(△−𝛼 𝑤+)}] + 𝕊𝕥

 

−
𝑖

2
(△−− 𝑤+) {𝑤+,

1

∇++
𝑤+} +

𝑖

2
𝑤+ {𝑤+,

1

∇++
(△−− 𝑤+)}  

𝛿 (tr∫  d3𝑥∇+ [−
𝑖

2
(Δ−−𝑤+) {𝑤+,

1

∇++
𝑤+} +

𝑖

2
𝑤+ {𝑤+,

1

∇++
(Δ−−𝑤+)}])

= 𝑒𝐴𝐵tr∫   d3𝑥∇+ [−
𝑖

2
𝑤+ {𝑤+,

1

∇++
𝑤+} +

𝑖

2
𝑤+ {𝑤+,

1

∇++
𝑤+}] = 0

 

𝑆𝑚 =
1

2
∫   d3𝑥∇𝛼[−(∇𝛽𝑞𝛽Φ

†)(𝑞𝛼Φ) − (𝑞𝛼Φ
†)(∇𝛽𝑞𝛽Φ)

+2(𝑞𝛼Φ
†)(𝑊𝛽

𝑛𝛽
𝛾

√2𝑛 ⋅ ∇
∇𝛾Φ)+ 2(𝑊

𝛽
𝑛𝛽
𝛾

√2𝑛 ⋅ ∇
∇𝛾Φ

†)(𝑞𝛼Φ) 

+(◻cov Φ
†) (

𝑛𝛼
𝛽

√2𝑛 ⋅ ∇
∇𝛽Φ) + (

𝑛𝛼
𝛽

√2𝑛 ⋅ ∇
∇𝛽Φ

†)(◻cov Φ)  

−𝑖 (
𝑛𝛼
𝛽

√2𝑛 ⋅ ∇
∇𝛽Φ

†)(((√2𝑛 ⋅ ∇)Δ𝛾𝛿𝑊𝛿)
1

√2𝑛 ⋅ ∇
∇𝛾Φ)  

+
1

2
(

𝑛𝛼
𝛽

√2𝑛 ⋅ ∇
∇𝛽Φ

†)([𝑛𝛾𝛿𝑓𝛾𝛿 ,
1

√2𝑛 ⋅ ∇
𝑊𝜎]

𝑛𝜎𝜖

√2𝑛 ⋅ ∇
∇𝜖Φ)] + 𝕊𝕥 

 

𝑆𝑔 =tr∫  d
3𝑥∇𝛼[(△𝛾𝛿 𝐹𝛾𝛿)(△𝛼  

𝛽𝑊𝛽) + (△𝛼  
𝛾 △𝛽  

𝛿𝐹𝛾𝛿)𝑊
𝛽

−
𝑖

2
{𝑊𝛾 ,

𝑛𝛾𝛿

√2𝑛 ⋅ ∇
𝑊𝛿} (△𝛼  

𝛽𝑊𝛽) −
𝑖

2
(
𝑛𝛾𝛿

√2𝑛 ⋅ ∇
{𝑊𝛾 ,𝑊𝛿}) (△𝛼  

𝛽𝑊𝛽) 

 −
1

2
(△𝛾𝛽𝑊𝛾) {𝑊𝜎 ,

𝑛𝛼  
𝜎

√2𝑛 ⋅ ∇
(△𝛿  𝛽𝑊𝛿)}] + 𝕊𝕥 
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𝑆𝑏 = ∫  d
3𝑥𝐷+ℒ− = ∫  d

3𝑥𝑑+(ℒ−|𝜃+ = 0)  

ℒ−
′ (𝑥′, 𝜃′) = 𝑒−𝐴ℒ−(𝑥, 𝜃)  

𝛿𝑆𝑏 = ∫  d
3𝑥𝐷+(𝛿ℒ−) = ∫  d

3𝑥𝐷+(−𝜖
𝛼𝑄𝛼ℒ−)

=𝜖𝛼∫  d3𝑥𝐷+ ((𝐷𝛼 + 2𝜃
𝛽𝜕𝛽𝛼)ℒ−) = 𝜖

−∫  d3𝑥𝐷+𝐷−ℒ−

 

𝑆𝑏 = −𝑚
2∫   d3𝑥∇+ (𝜙

†
∇+
∇++

𝜙) = 𝑚2∫   d3𝑥∇𝛼 (Φ
†
𝑛𝛼𝛽

√2𝑛 ⋅ ∇
∇𝛽Φ)  

𝑆𝑚 + 𝑆𝑏 = ∫  d
3𝑥(−𝐴†(◻cov−𝑚

2)𝐴 − 𝜓†𝛼(∇𝛼𝛽 −𝑚
2
𝑛𝛼𝛽

√2𝑛 ⋅ ∇
)𝜓𝛽

−𝐴†𝑊𝛼𝜓𝛼 +𝜓
†𝛼𝑊𝛼𝐴 − 𝐹

†𝐹)

 

Φ|𝑥−−=0 = 0  

𝛿Φ|𝑥−−=0 = −(𝜖
𝛼𝑄𝛼Φ)|𝑥−−=0

= −[𝜖+(𝜕+ + 𝜃
+𝜕++ + 𝜃

−𝜕+−)Φ + 𝜖
−(𝜕− + 𝜃

+𝜕+− + 𝜃
−𝜕−−)Φ]|𝑥−−=0 

 = −𝜖−(𝜃−𝜕−−Φ)|𝑥−−=0

 

𝜃𝛼 = 𝜃𝛽𝐶
𝛽𝛼 , 𝜃𝛼 = 𝜃

𝛽𝐶𝛽𝛼  

{𝛾𝑎 , 𝛾𝑏} = 2𝜂𝑎𝑏 , (𝛾𝑎)∗ = 𝛾𝑎  

𝜃 ∼ 𝜃𝛼, 𝜃‾ = 𝜃
†𝑖𝛾0 = 𝜃𝑇𝐶 ∼ 𝜃𝛼, 𝐶 ∼ 𝐶𝛼𝛽 , 𝐶−1 ∼ 𝐶𝛼𝛽 , 𝛾

𝑎 ∼ (𝛾𝑎)𝛼  
𝛽 .  

𝜃2 =
1

2
𝜃‾𝜃 =

1

2
𝜃𝛼𝜃𝛼,         𝜓 = 𝑣𝑎𝛾

𝑎

𝛾𝛼𝛽
𝑎  = (𝛾𝑎𝐶−1)𝛼𝛽 = (𝛾

𝑎)𝛼
𝛾
𝐶𝛾𝛽 ,        𝛾𝑎

𝛼𝛽
 = −(𝐶𝛾𝑎)𝛼𝛽 = (𝛾𝑎)𝛾

𝛽
𝐶𝛾𝛼

 

(𝜃𝛼)
∗ = 𝜃𝛼 ,         (𝜃𝛼)∗ = −𝜃𝛼

𝐶𝛼𝛾𝐶
𝛾𝛽 = 𝛿𝛼

𝛽
,         𝐶𝛼𝛽 = −𝐶𝛽𝛼 = −𝐶𝛼𝛽

∗

𝜕𝛼𝜃
𝛽 = 𝛿𝛼

𝛽
,         𝜃𝛼𝜃𝛽 = −𝐶𝛼𝛽𝜃

2

𝛾𝛼𝛽
𝑎  = 𝛾𝛽𝛼

𝑎 = −(𝛾𝛼𝛽
𝑎 )

∗
,        𝛾𝑎

𝛼𝛽
 = 𝛾𝑎

𝛽𝛼
= −(𝛾𝑎

𝛼𝛽
)
∗

𝛾𝛼𝛽
𝑎 𝛾𝑏

𝛼𝛽
 = −2𝛿𝑏

𝑎,         𝛾𝛼𝛽
𝑎 𝛾𝑎

𝛾𝛿
 = −𝛿(𝛼

𝛾
𝛿𝛽)
𝛿

 

𝐶𝛼𝛽 = 𝜎2 = 𝐶𝛼𝛽, (𝛾
𝑎)𝛼
𝛽
= (𝑖𝜎2, 𝜎1, −𝜎3), 𝛾𝑎

𝛼𝛽
= 𝛾𝛼𝛽

𝑎 = (𝑖𝟏, 𝑖𝜎3, 𝑖𝜎1)  

𝑥𝛼𝛽 =
1

2
𝛾𝑎
𝛼𝛽
𝑥𝑎 , 𝜕𝛼𝛽 = 𝛾𝛼𝛽

𝑎 𝜕𝑎 , 𝑛
𝛼𝛽 =

1

√2
𝛾𝑎
𝛼𝛽
𝑛𝑎  

𝑥𝑎 = −𝛾𝛼𝛽
𝑎 𝑥𝛼𝛽 , 𝜕𝑎 = −

1

2
𝛾𝑎
𝛼𝛽
𝜕𝛼𝛽 , 𝑛

𝑎 = −
1

√2
𝛾𝛼𝛽
𝑎 𝑛𝛼𝛽  
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𝜕𝛼𝛽𝑥
𝛾𝛿 = −

1

2
𝛿(𝛼
𝛾
𝛿𝛽)
𝛿 ,        𝜕𝛼𝛾𝜕𝛽𝛾 = −𝛿𝛽

𝛼 ◻        

𝐷𝛼𝜃
𝛽= 𝛿𝛼

𝛽
,         𝐷2𝜃2= −1         

 

∫  d3𝑥∇+ ((△𝛼𝛽 𝑓)𝑔) = ∫  d
3𝑥∇+ (𝑓(△𝛼𝛽 𝑔)) +  𝕊𝕥 

∫  d4𝑥𝐷2(Φ2) = ∫  d4𝑥𝐷2𝐷‾ 2 (Φ
𝐷2

◻
Φ) 

𝒟̃0 = 𝒟0 + 𝐴 + 𝐽𝐴𝐽
−1, 𝐴 =∑ 𝑎𝑖[𝒟, 𝑏𝑖], 𝑎𝑖 , 𝑏𝑖 ∈ 𝒜.  

⟨𝜓𝒟̃0𝜓⟩ + Tr(𝑓(𝑃)).  

ℋ = ℋ𝑀⊗ℋ𝐹 .  

ℋ𝑀 = ℋ+⊕ℋ− = {(Ψ+, 0)
𝑇} + {(0,Ψ−)

𝑇}  

Ψ+(𝑥+) = 𝜑+(𝑥+) + √2𝜃
𝛼𝜓+𝛼(𝑥+) + 𝜃𝜃𝐹+(𝑥+)  

Ψ−(𝑥−) = 𝜑−(𝑥−)
∗ +√2𝜃‾𝛼̇𝜓‾−

∗𝛼̇(𝑥−) + 𝜃𝜃𝐹−
∗(𝑥−)  

𝛾𝑀 = {
−𝑖𝕀+ in ℋ+
𝑖𝕀− in ℋ−

 

𝑄𝑎 = (𝑞𝐿
𝑎, 𝑞𝑅

𝑎)𝑇  

𝑄𝑐
𝑎 = ((𝑞𝑐

𝑎)𝐿, (𝑞𝑐
𝑎)𝑅)

𝑇  

𝛾𝐹(𝑞𝐿
𝑎) = −1, 𝛾𝐹(𝑞𝑅

𝑎) = 1  

𝛾 = 𝛾𝑀𝛾𝐹 = i  

Φ𝐿 = 𝑞𝐿
𝑎⊗ (Ψ+(𝑥+), 0)

𝑇 = 𝑞𝐿
𝑎⊗ (𝜑+ + √2𝜃

𝛼𝜓+𝛼 + 𝜃𝜃𝐹+, 0)
𝑇

 

𝜑𝐿 = 𝑞𝐿
𝑎⊗ (𝜑+, 0)

𝑇 , 𝜓𝐿𝛼 = 𝑞𝐿
𝑎⊗ (𝜓+𝛼, 0)

𝑇 , 𝐹𝐿 = 𝑞𝐿
𝑎⊗ (𝐹+, 0)

𝑇 .  

Φ𝑅 = 𝑞𝑅
𝑎⊗ (0,Ψ−(𝑥−))

𝑇
= 𝑞𝑅

𝑎⊗(0,𝜑−
∗ + √2𝜃‾𝛼̇𝜓‾−

𝛼̇ + 𝜃𝜃𝐹−
∗)
𝑇

 

𝜑𝑅 = 𝑞𝑅
𝑎⊗ (0, 𝜑−

∗ )𝑇 , 𝜓𝑅
𝛼̇ = 𝑞𝑅

𝑎⊗(0,𝜓‾−
𝛼̇)
𝑇
, 𝐹𝑅 = 𝑞𝑅

𝑎⊗ (0, 𝐹−
∗)𝑇 .  

𝒥𝑀Ψ+(𝑥+) = Ψ+
†(𝑥−) = 𝜑+

∗ + √2𝜃‾𝜓‾ + 𝜃𝜃𝐹+
∗ ,

𝒥𝑀Ψ−(𝑥−) = Ψ−
†(𝑥+) = 𝜑− + √2𝜃𝜓− + 𝜃𝜃𝐹−,

 

𝒥𝐹𝑞𝐿
𝑎 = (𝑞𝐿

𝑎)𝑐 = (𝑞𝑎
𝑐)𝑅, 𝒥𝐹𝑞𝑅

𝑎 = (𝑞𝑅
𝑎)𝑐 = (𝑞𝑎

𝑐)𝐿  

𝐽Φ𝐿 = 𝜑𝐿
∗ + √2𝜃‾𝜓‾𝐿 + 𝜃𝜃𝐹𝐿

∗ = (𝜑𝑐)𝑅 + √2𝜃‾(𝜓
𝑐)𝑅 + 𝜃𝜃(𝐹

𝑐)𝑅 = (Φ
𝑐)𝑅

𝐽Φ𝑅 = 𝜑𝑅
∗ + √2𝜃𝜓‾𝑅 + 𝜃𝜃𝐹𝑅

∗ = (𝜑𝑐)𝐿 + √2𝜃(𝜓
𝑐)𝐿 + 𝜃𝜃(𝐹

𝑐)𝐿 = (Φ
𝑐)𝐿
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𝒜 = 𝒜𝑀⊗𝒜𝐹 ,
𝒜𝑀  = 𝒜+⊕𝒜−

 

𝑢𝑎(𝑥+) =
1

𝑚0
(𝜑𝑎 + √2𝜃𝜓𝑎 + 𝜃𝜃𝐹𝑎)

𝑢‾𝑎(𝑥−) =
1

𝑚0
(𝜑𝑎

∗ + √2𝜃‾𝜓‾𝑎 + 𝜃𝜃𝐹𝑎
∗)

 

 

i𝒟𝑡𝑜𝑡 = i𝒟𝑀 + 𝛾𝑀⊗𝒟𝐹  

𝒟(𝑥−) = −
1

4
𝜀𝛼𝛽

𝜕

𝜕𝜃𝛽
𝜕

𝜕𝜃𝛼
=
1

4
𝜀𝛼𝛽

𝜕

𝜕𝜃𝛼
𝜕

𝜕𝜃𝛽
,  

𝒟(𝑥+) = −
1

4
𝜀𝛼̇𝛽̇

𝜕

𝜕𝜃‾ 𝛼̇
𝜕

𝜕𝜃‾𝛽̇
 

Ψ+(𝑥−) = 𝜑+ + √2𝜃𝜓+ + 𝜃𝜃𝐹+ + 2i𝜃𝜎
𝜇𝜃‾𝜕𝜇𝜑+ + 𝜃𝜃𝜃𝜃 ◻ 𝜑+ − √2i𝜃𝜃𝜕𝜇𝜓+𝜎

𝜇𝜃‾

Ψ−(𝑥+) = 𝜑−
∗ + √2𝜃‾𝜓‾− + 𝜃𝜃𝐹−

∗ − 2i𝜃𝜎𝜇𝜃‾𝜕𝜇𝜑−
∗ + 𝜃𝜃𝜃𝜃 ◻ 𝜑−

∗ + √2i𝜃𝜃𝜃𝜎𝜇𝜕𝜇𝜓‾−
 

Φ𝐿(𝑥−) = 𝑞𝐿
𝑎⊗ (Ψ+(𝑥−), 0)

𝑇 , Φ𝑅(𝑥+) = 𝑞𝑅
𝑎⊗ (0,Ψ−(𝑥+))

𝑇
.  

𝒟Ψ+(𝑥−) = 𝐹+ + √2𝜃‾i𝜎‾
𝜇𝜕𝜇𝜓+ + 𝜃𝜃 ◻ 𝜑+, 𝒟Φ𝐿 = 𝑞𝐿

𝑎⊗(0,𝒟Ψ+(𝑥−))
𝑇
,

𝒟Ψ−(𝑥+) = 𝐹−
∗ + √2𝜃i𝜎𝜇𝜕𝜇𝜓‾− + 𝜃𝜃 ◻ 𝜑−

∗ , 𝒟Φ𝑅 = 𝑞𝑅
𝑎⊗(𝒟Ψ−(𝑥+), 0)

𝑇
,

 

𝒟ℋ+ ⊂ ℋ−, 𝒟ℋ− ⊂ ℋ+.  

i𝒟𝑀 = (
0 𝒟
𝒟 0

)  

𝒟𝐹 = (
𝑚 0
0 𝑚†)  

(Ψ−, Ψ+
′ )𝑠 = ∫  

𝑀

 𝑑4𝑥𝑑2𝜃𝛿(𝜃‾)Ψ−
†Ψ+

′  

(Ψ+, Ψ−
′ )𝑠 = ∫  

𝑀

 𝑑4𝑥𝑑2𝜃‾𝛿(𝜃)Ψ+
†Ψ−

′  

(Φ𝐿 , 𝒟Φ𝐿)𝑠  = ∫  
𝑀

 𝑑4𝑥𝑑2𝜃‾𝛿(𝜃)𝑞𝐿
𝑎⊗ (0,Ψ+

†)𝒟Φ𝐿 = ∫  𝑑
4𝑥(𝜑𝐿

∗ ◻𝜑𝐿 − i𝜓‾𝐿𝜎‾
𝜇𝜕𝜇𝜓 + 𝐹𝐿

∗𝐹𝐿)

(Φ𝑅 , 𝒟Φ𝑅)𝑠  = ∫  
𝑀

 𝑑4𝑥𝑑2𝜃𝛿(𝜃‾)𝑞𝑅
𝑎⊗ (Ψ−

†, 0)𝒟Φ𝑅 = ∫  𝑑
4𝑥(𝜑𝑅

∗ ◻𝜑𝑅 − i𝜓‾𝑅𝜎
𝜇𝜕𝜇𝜓𝑅 + 𝐹𝑅

∗𝐹𝑅)
 

i𝒟𝑡𝑜𝑡 → i𝒟̃𝑡𝑜𝑡 = i𝒟𝑡𝑜𝑡 + 𝑉 + 𝐽𝑉𝐽
−1, 𝑉 =∑  

𝑎

 𝑈𝑎
′ [i𝒟𝑡𝑜𝑡 , 𝑈𝑎], 𝑈𝑎 ∈ 𝐴  

Π+ = {𝑢𝑎: 𝑎 = 1,2,⋯𝑛} ⊂ 𝒜+⊗𝒜𝐹 ,

Π− = {𝑢‾𝑎: 𝑎 = 1,2,⋯𝑛} ⊂ 𝒜−⊗𝒜𝐹 ,
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𝑚0
2𝐶 =∑  

𝑎

  𝑐𝑎𝜑𝑎
∗𝜑𝑎

𝑚0
2𝜒𝛼  = −i√2∑  

𝑎

  𝑐𝑎𝜑𝑎
∗𝜓𝑎𝛼

𝑚0
2(𝑀 + i𝑁)  = −2i∑  

𝑎

 𝑐𝑎𝜑𝑎
∗𝐹𝑎

𝑚0
2𝐴𝜇  = −i∑  

𝑎

  𝑐𝑎[(𝜑𝑎
∗𝜕𝜇𝜑𝑎 − 𝜕𝜇𝜑𝑎

∗𝜑𝑎) − i𝜓‾𝑎𝛼̇𝜎‾𝜇
𝛼̇𝛼𝜓𝑎𝛼]

𝑚0
2𝜆𝛼  = √2i∑  

𝑎

  𝑐𝑎(𝐹𝑎
∗𝜓𝑎𝛼 − i𝜎𝛼𝛼̇

𝜇
𝜓‾𝑎
𝛼̇𝜕𝜇𝜑𝑎)

𝑚0
2𝐷 =∑  

𝑎

 𝑐𝑎[2𝐹𝑎
∗𝐹𝑎 − 2(𝜕

𝜇𝜑𝑎
∗𝜕𝜇𝜑𝑎)

+i{𝜕𝜇𝜓‾𝑎𝛼̇𝜎‾
𝜇𝛼̇𝛼𝜓𝑎𝛼 − 𝜓‾𝑎𝛼̇𝜎‾

𝜇𝛼̇𝛼𝜕𝜇𝜓𝑎𝛼}]

 

∑ 

𝑎

 𝑐𝑎𝜑𝑎
∗𝜑𝑎= 0  

∑  

𝑎

  𝑐𝑎𝜑𝑎
∗𝜓𝑎

𝛼 = 0

∑  

𝑎

  𝑐𝑎𝜑𝑎
∗𝐹𝑎 = 0

 

𝐴𝜇(𝑥)  = ∑  

𝑁2−1

𝑙=0

 𝐴𝜇
𝑙 (𝑥)

𝑇𝑙
2

𝐷(𝑥)  = ∑  

𝑁2−1

𝑙=0

 𝐷𝑙(𝑥)
𝑇𝑙
2

𝜆𝛼(𝑥)  = ∑  

𝑁2−1

𝑙=0

 𝜆𝛼
𝑙 (𝑥)

𝑇𝑙
2

 

Tr(𝑇𝑎𝑇𝑏) = 2𝛿𝑎𝑏  

𝒟̃𝑀 = −i (
0 𝒟̃
𝒟̃ 0

)  

𝑈𝑎 = √−2𝑐𝑎 (
𝑢𝑎 0
0 0

) , 𝑈𝑎
′ = √−2𝑐𝑎 (

0 0
0 𝑢‾𝑎

)  

𝑉𝒟 = −2∑ 

𝑎

  𝑐𝑎𝑢‾𝑎[i𝒟𝑀, 𝑢𝑎] = −2∑  

𝑎

 𝑐𝑎𝑢‾𝑎𝒟𝑢𝑎  

𝑈𝑎 = √2𝑐𝑎 (
0 0
0 𝑢‾𝑎

) , 𝑈𝑎
′ = √2𝑐𝑎 (

𝑢𝑎 0
0 0

)  

𝑉𝒟 = 2∑  

𝑎

 𝑐𝑎𝑢𝑎[i𝒟𝑀, 𝑢‾𝑎] = 2∑  

𝑎

 𝑐𝑎𝑢𝑎𝒟𝑢‾𝑎.  
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−
𝑉𝒟
2
=∑  

𝑎

 𝑐𝑎𝑢‾𝑎𝒟𝑢𝑎 = 𝜃𝜃
1

2
(𝐷 + i(𝜕𝜇𝐴𝜇)) + i𝜆𝜃  

−
1

2
(𝐷 + i(𝜕𝜇𝐴𝜇)) 𝜃𝜃𝜃

𝛼
𝜕

𝜕𝜃𝛼
+
i

2
𝜆𝛼𝜃𝜃

𝜕

𝜕𝜃𝛼
− i𝜆𝜃𝜃𝛼

𝜕

𝜕𝜃𝛼
−
1

2
𝐴𝜇𝜃‾𝛼̇𝜎𝜇

𝛼̇𝛼
𝜕

𝜕𝜃𝛼
 

 + (
1

2
(𝐷 + i(𝜕𝜇𝐴𝜇)) 𝜃𝜃𝜃𝜃 − 𝐴𝜇𝜃𝜎

𝜇𝜃‾ + i𝜆‾𝜃‾𝜃𝜃 − i𝜃𝜃𝜃𝜆)𝒟

 

𝑉𝒟
2
=∑  

𝑎

  𝑐𝑎𝑢𝑎𝒟𝑢‾𝑎 = 𝜃𝜃
1

2
(𝒟 − i(𝜕𝜇𝐴𝜇)) − i𝜃𝜆  

 −
1

2
(𝒟 − i(𝜕𝜇𝐴𝜇)) 𝜃𝜃𝜃‾

𝛼̇
𝜕

𝜕𝜃‾ 𝛼̇
+
i

2
𝜆‾𝛼̇𝜃𝜃𝜀

𝛼̇𝛽̇
𝜕

𝜕𝜃‾𝛽̇
+ i𝜆𝜃𝜃‾ 𝛼̇

𝜕

𝜕𝜃‾ 𝛼̇
−
1

2
𝐴𝜇𝜎‾𝜇

𝛼̇𝛼𝜃𝛼
𝜕

𝜕𝜃‾ 𝛼̇

 + (
1

2
(𝐷 − 𝑖(𝜕𝜇𝐴

𝜇))𝜃𝜃𝜃𝜃 − i𝜃𝜆𝜃𝜃 + i𝜆𝜃𝜃𝜃 − 𝜃𝜎𝜇𝜃‾𝐴𝜇)𝒟

 

∑ 

𝑎,𝑏

  𝑐𝑎𝑐𝑏𝑢‾𝑎𝑏𝒟𝑢𝑎𝑏 = −
1

2
𝐴𝜇𝐴𝜇𝜃𝜃 (1 − 𝜃

𝛼
𝜕

𝜕𝜃𝛼
+ 𝜃𝜃)𝒟  

∑ 

𝑎,𝑏

  𝑐𝑎𝑐𝑏𝑢𝑎𝑏𝒟𝑢‾𝑎𝑏 = −
1

2
𝐴𝜇𝐴𝜇𝜃𝜃 (1 − 𝜃‾

𝛼̇
𝜕

𝜕𝜃‾ 𝛼̇
+ 𝜃𝜃)𝒟  

𝒟̃(𝑥−) = 𝒟 − 2𝑢‾𝑎𝒟𝑢𝑎 + 2𝑢‾𝑎𝑏𝒟𝑢𝑎𝑏

=𝒟 − (𝐷 + i(𝜕𝜇𝐴
𝜇) + 𝐴𝜇𝐴𝜇)𝜃𝜃 − 2i𝜆𝜃 + (𝐷 + i(𝜕𝜇𝐴

𝜇) + 𝐴𝜇𝐴𝜇)𝜃𝜃𝜃
𝛼
𝜕

𝜕𝜃𝛼

−i𝜆𝛼𝜃𝜃
𝜕

𝜕𝜃𝛼
+ 2i𝜆𝜃𝜃𝛼

𝜕

𝜕𝜃𝛼
+ 𝐴𝜇𝜃‾𝛼̇𝜎‾𝜇

𝛼̇𝛼
𝜕

𝜕𝜃𝛼
 

 −(𝐷 + i(𝜕𝜇𝐴
𝜇) + 𝐴𝜇𝐴𝜇)𝜃𝜃𝜃𝜃𝒟 + 2𝐴𝜇𝜃𝜎

𝜇𝜃‾𝒟 − 2i𝜆𝜃𝜃𝜃𝒟 + 2i𝜆𝜃𝜃𝜃𝒟

 

𝒟̃(𝑥+) = 𝒟 + 2𝑢𝑎𝒟𝑢‾𝑎 + 2𝑢𝑎𝑏𝒟𝑢‾𝑎𝑏

=𝒟 + (𝐷 − i(𝜕𝜇𝐴𝜇) − 𝐴
𝜇𝐴𝜇)𝜃𝜃 − 2i𝜃𝜆 − (𝐷 − i(𝜕

𝜇𝐴𝜇) − 𝐴
𝜇𝐴𝜇)𝜃𝜃𝜃‾

𝛼̇
𝜕

𝜕𝜃‾ 𝛼̇

+i𝜆‾𝛼̇𝜃𝜃𝜀
𝛼̇𝛽̇

𝜕

𝜕𝜃‾𝛽̇
+ 2i𝜆𝜃𝜃‾ 𝛼̇

𝜕

𝜕𝜃‾ 𝛼̇
− 𝐴𝜇𝜎‾

𝛼̇𝛼𝜃𝛼
𝜕

𝜕𝜃‾ 𝛼̇
 

 +(𝐷 − i(𝜕𝜇𝐴𝜇) − 𝐴
𝜇𝐴𝜇)𝜃𝜃𝜃𝜃𝒟 − 2𝐴𝜇𝜃𝜎

𝜇𝜃‾𝒟 − 2i𝜃𝜆𝜃𝜃𝒟 + 2i𝜆𝜃𝜃𝜃𝒟

 

i𝒟̃𝑡𝑜𝑡 = i𝒟̃𝑀⊗𝟏𝐅 + 𝛾𝐌⊗𝒟𝐅  

𝐼matter = (Φ𝐿 +Φ𝑅 , i𝒟𝑡𝑜𝑡(Φ𝐿 +Φ𝑅))𝑠  

= (Φ𝐿 +Φ𝑅 , i𝒟𝑀(Φ𝐿 +Φ𝑅))𝑠 + (Φ𝐿 +Φ𝑅 , 𝛾𝑀⊗𝒟𝐹(Φ𝐿 +Φ𝑅))𝑠 

 = (Φ𝐿 , 𝒟̃Φ𝐿)𝑠 + (Φ𝑅 , 𝒟̃Φ𝑅)𝑠
+ (Φ𝐿 , i𝑚

†Φ𝑅)𝑠 −
(Φ𝑅 , i𝑚Φ𝐿)𝑠

 

𝐼𝐿= (Φ𝐿 , 𝒟̃Φ𝐿)𝑠  

 = ∫  
𝑀

 𝑑4𝑥 (𝜑𝐿
∗(𝐷𝜇𝐷𝜇 − 𝐷)𝜑𝐿 − i𝜓‾𝐿𝜎‾

𝜇𝐷𝜇𝜓𝐿 + 𝐹𝐿
∗𝐹𝐿 − √2i(𝜑𝑙

∗𝜆𝜓𝐿 −𝜓‾𝜆‾𝜓𝐿))
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𝐼𝑅= (Φ𝑅 , 𝒟̃Φ𝑅)
𝑠

 

 = ∫  
𝑀

 𝑑4𝑥 (𝜑𝑅
∗ (𝐷𝜇𝐷𝜇 + 𝐷)𝜑𝑅 − i𝜓‾𝑅𝜎

𝜇𝐷𝜇𝜓𝑅 + 𝐹𝑅
∗𝐹𝑅 − √2i(𝜑𝑅

∗ 𝜆‾𝜓𝑅 −𝜓‾𝑅𝜆𝜑𝑅))
 

𝐼mass= (Φ𝑅 , 𝑚Φ𝐿) +  h.c.   

 = ∫  
𝑀

   d4𝑥[𝜑𝑅
∗𝑚𝐹𝐿 + 𝐹𝑅

∗𝑚𝜑𝐿 − 𝜓‾𝑅
𝛼𝑚𝜓𝐿𝛼 +  h.c. ]

 

Tr𝐿2𝑓(𝑃) ≃∑  

𝑛≥0

  𝑐𝑛𝑎𝑛(𝑃)  

𝑃 = (𝑖𝒟𝑡𝑜𝑡)
2 = 𝜂𝜇𝜈𝜕𝜇𝜕𝜈 + 𝔸

𝜇𝜕𝜇 +𝔹  

𝑎0(𝑃) =
1

16𝜋2
∫  
𝑀

   d4𝑥Str(𝕀)

𝑎2(𝑃) =
1

16𝜋2
∫  
𝑀

   d4𝑥Str(𝔼)

𝑎4(𝑃) =
1

32𝜋2
∫  
𝑀

   d4𝑥Str (𝔼2 +
1

3
𝔼;𝜇
𝜇
+
1

6
Ω𝜇𝜈Ω𝜇𝜈)

 

𝔼 = 𝔹 − (𝜕𝜇𝜔
𝜇 +𝜔𝜇𝜔

𝜇)

Ω𝜇𝜈  = 𝜕𝜇𝜔𝜈 − 𝜕𝜈𝜔𝜇 + [𝜔𝜇 , 𝜔𝜈]

𝜔𝜇  =
1

2
𝔸𝜇

 

𝑓+(𝑥+) = 𝑓0 + √2𝜃
𝛼𝑓1𝛼 + 𝜃𝜃𝑓2, 𝑓−(𝑥−) = 𝑓0

∗ + √2𝜃‾𝛼̇𝑓‾1
𝛼̇ + 𝜃𝜃𝑓2

∗  

𝒟+ =
1

4
𝜀𝛼𝛽

𝜕

𝜕𝜃𝛼
𝜕

𝜕𝜃𝛽
, 𝑓0 = 𝒟+𝜃𝜃, 𝑓1𝛼 = −√2𝒟+𝜃𝛼, 𝑓2 = 𝒟+  

𝒟− = −
1

4
𝜀𝛼̇𝛽̇

𝜕

𝜕𝜃‾ 𝛼̇
𝜕

𝜕𝜃‾𝛽̇
, 𝑓0
∗ = 𝒟−𝜃𝜃, 𝑓1

𝛼̇ = −√2𝒟−𝜃‾
𝛼̇, 𝑓2

∗ = 𝒟−  

𝑓0𝑓+ = 𝑓0, 𝑓1𝛼𝑓+ = 𝑓1𝛼 , 𝑓2𝑓+ = 𝑓2, 𝑓0
∗𝑓− = 𝑓0

∗, 𝑓1
𝛼̇𝑓− = 𝑓‾1

𝛼̇, 𝑓2
∗𝑓− = 𝑓2

∗  

𝕀+ = 𝑓0 + √2𝜃
𝛼𝑓̂1𝛼 + 𝜃𝜃𝑓2, 𝕀− = 𝑓0

∗ + √2𝜃‾𝛼̇𝑓1
𝛼̇ + 𝜃𝜃𝑓̂2

∗  

Str+ = 𝑓0
𝛿

𝛿𝑓0
+ 𝑓1𝛼

𝛿

𝛿𝑓1𝛼
+ 𝑓2

𝛿

𝛿𝑓2
 

Str− = 𝑓0
∗
𝛿

𝛿𝑓0
∗
+ 𝑓‾̂1𝛼

𝛿

𝛿𝑓‾̂1𝛼
+ 𝑓2

∗
𝛿

𝛿𝑓2
∗  

𝒜̂ =𝒜0𝑓0 + (⋯)
𝛼𝑓̂1𝛼 + (⋯)𝑓2

+√2𝜃𝛼(⋯)𝛼𝑓0 + √2𝜃
𝛽𝒜1𝛽

𝛼 𝑓̂1𝛼 + √2𝜃
𝛼(⋯)𝛼𝑓2 

 +𝜃𝜃(⋯ )𝑓0 + 𝜃𝜃(⋯)
𝛼𝑓1𝛼 + 𝜃𝜃𝒜2𝑓2
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Str+(𝒜̂) =𝑓0(𝒜0 + √2𝜃
𝛼(⋯)𝛼 + 𝜃𝜃(⋯ ))

+𝑓1𝛼(−(⋯)
𝛼 − √2𝜃𝛽𝒜1𝛽

𝛼 − 𝜃𝜃(⋯ )𝛼) 

+𝑓2((⋯) + √2𝜃
𝛼(⋯)𝛼 + 𝜃𝜃𝒜2)  

=𝒜0 −𝒜1𝛼
𝛼 +𝒜2

 

𝒜̂ =𝒜0
∗𝑓0
∗ + (⋯)𝛼̇𝑓‾̂1𝛼̇ + (⋯)𝑓2

∗

+√2𝜃‾𝛼̇(⋯)
𝛼̇𝑓0

∗ + √2𝜃‾𝛼̇𝒜1
𝛼̇ 𝛽̇𝑓̂1

𝛽̇
+ √2𝜃‾𝛼̇(⋯)

𝛼̇𝑓2 

 +𝜃𝜃(⋯)𝑓0
∗ + 𝜃𝜃(⋯)𝛼̇𝑓1

𝛼̇ + 𝜃𝜃𝒜2
∗𝑓2
∗

 

Str−(𝒜̂) = 𝒜0
∗ −𝒜1

𝛼̇ 𝛼̇ +𝒜2
∗  

Str(𝛾𝑀
2 ) = −Str(𝕀+) − Str(𝕀−) = 0  

𝑃 = (
𝑃+ 0
0 𝑃−

) = (i𝒟̃𝑀)
2
= (𝒟̃𝒟̃ 0

0 𝒟̃𝒟̃
)  

𝑃+ =𝒟
𝜇𝒟𝜇𝕀+ − 𝐷𝑓0 − i√2𝜆

𝛼𝑓1𝛼

+√2𝜃𝛼 ((√2𝜎𝛼𝛼̇
𝜇
(𝒟𝜇𝜆‾

𝛼̇) + 𝜆‾𝛼̇𝒟𝜇)𝑓̂0 + i𝜎𝛼
𝜇𝜈
 𝛼𝐹𝜇𝜈𝑓1𝛽 − i√2𝜆𝛼𝑓2) 

 +𝜃𝜃(−2𝜆‾𝛼̇𝜆‾
𝛼𝑓0 + √2𝜆‾𝛼̇𝜎‾

𝜇𝛼̇𝛽𝒟𝜇𝑓1𝛽 + 𝐷𝑓2),

 

𝑃− =𝒟
𝜇𝒟𝜇𝕀− + 𝐷𝑓0

∗ − i√2𝜆‾𝛼̇𝑓1
𝛼̇

+√2𝜃‾𝛼̇ (√2𝜎‾
𝜇𝛼̇𝛼 ((𝒟𝜇𝜆𝛼) + 𝜆𝛼𝒟𝜇) 𝑓0

∗ + i𝜎‾𝜇𝜈𝛼̇  𝛽̇𝐹𝜇𝜈𝑓1
𝛽̇
− i√2𝜆‾𝛼̇𝑓2

∗) 

 +𝜃𝜃(−2𝜆𝜆𝑓0
∗ + √2𝜆𝛼𝜎𝛼𝛼̇

𝜇
𝒟𝜇𝑓1

𝛼̇ − 𝐷𝑓2
∗)

 

𝑃± = 𝕀±𝜕
𝜇𝜕𝜇 + 𝔸±

𝜇
𝜕𝜇 +𝔹±  

𝔼+(𝑥+) =𝔹+ − (𝜕𝜇𝜔+
𝜇
) − 𝜔𝜇

+𝜔+
𝜇

=−𝐷𝑓0 − i√2𝜆
𝛼𝑓̂1𝛼 + √2𝜃

𝛼 (
1

√2
𝜎𝛼𝛼̇
𝜇
(𝒟𝜇𝜆‾

𝛼̇)𝑓̂0 + i𝜎
𝜇𝜈  𝛼 

𝛽𝐹𝜇𝜈𝑓̂1𝛽 − i√2𝜆𝛼𝑓2) 

 +𝜃𝜃 (−
1

√2
(𝒟𝜇𝜆‾𝛼̇)𝜎‾

𝜇𝛼̇𝛼𝑓̂1𝛼 +𝐷𝑓2)

 

𝔼−(𝑥−) =𝔹− − (𝜕𝜇𝜔−
𝜇) − 𝜔𝜇

−𝜔−
𝜇

=𝐷𝑓0
∗ − i√2𝜆‾𝛼̇𝑓‾̂1

𝛼̇ + √2𝜃‾𝛼̇ (
1

√2
𝜎‾𝜇𝛼̇𝛼(𝒟𝜇𝜆𝛼)𝑓0

∗ + i𝜎‾𝜇𝜈𝛼̇  𝛽̇𝐹𝜇𝜈𝑓
‾̂
1
𝛽̇
− i√2𝜆‾𝛼̇𝑓̂2

∗)

 +𝜃𝜃 (−
1

√2
(𝒟𝜇𝜆

𝛼)𝜎𝛼𝛼̇
𝜇
𝑓‾̂1
𝛼̇ − 𝐷𝑓2

∗)

 

Ω+
𝜇𝜈(𝑥+) =−i𝐹

𝜇𝜈𝕀+ +√2𝜃
𝛼
1

√2
(𝜎𝛼𝛼̇

𝜈 (𝒟𝜇𝜆‾𝛼̇) − 𝜎𝛼𝛼̇
𝜇
(𝒟𝜈𝜆‾𝛼̇))𝑓0  

 +𝜃𝜃 ((𝒟𝜇𝜆‾𝛼̇)𝜎‾
𝜈𝛼̇𝛼 − (𝒟𝜈𝜆‾𝛼̇)𝜎‾

𝜇𝛼̇𝛼)𝑓1𝛼

Ω−
𝜇𝜈(𝑥−) = −i𝐹

𝜇𝜈𝕀− + √2𝜃‾𝛼̇
1

√2
(𝜎‾𝜈𝛼̇𝛼(𝒟𝜇𝜆𝛼) − 𝜎‾

𝜇𝛼̇𝛼(𝒟𝜈𝜆𝛼)) 𝑓0
∗

 +𝜃𝜃 ((𝒟𝜇𝜆𝛼)𝜎𝛼𝛼̇
𝜈 − (𝒟𝜈𝜆𝛼)𝜎𝛼𝛼̇

𝜇
) 𝑓‾̂1

𝛼̇
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𝔼+
2 (𝑥+) =(𝐷

2 − i𝜆𝛼𝜎𝛼𝛼̇
𝜇
(𝒟𝜇𝜆‾

𝛼̇))𝑓0 + (⋯)
𝛽𝑓1𝛽 + (⋯)𝑓2 + √2𝜃

𝛼(⋯)𝛼𝑓0

+√2𝜃𝛼(−i𝜎𝛼𝛼̇
𝜇
(𝒟𝜇𝜆‾

𝛼̇)𝜆𝛽 − 𝜎𝛼
𝜇𝜈
 𝛾𝜎𝛾

𝜆𝜅 𝛽𝐹𝜇𝜈𝐹𝜆𝜅 + i𝜆𝛼(𝒟𝜇𝜆‾𝛼̇)𝜎‾
𝜇𝛼̇𝛽)𝑓1𝛽 + √2𝜃

𝛼(⋯)𝛼𝑓2 

 +𝜃𝜃(⋯ )𝑓0 + 𝜃𝜃(⋯)
𝛼𝑓̂1𝛼 + 𝜃𝜃(i(𝒟𝜇𝜆‾𝛼̇)𝜎‾

𝜇𝛼̇𝛼𝜆𝛼 + 𝐷
2)𝑓2

 

𝔼−
2 (𝑥−) =(𝐷

2 − i𝜆‾𝛼̇𝜎‾
𝜇𝛼̇𝛼(𝒟𝜇𝜆𝛼)) 𝑓0

∗ + (⋯)𝛽̇𝑓
‾̂
1
𝛽̇
+ (⋯)𝑓2

∗ + √2𝜃‾𝛼̇(⋯)
𝛼̇𝑓0

∗

+√2𝜃‾𝛼̇ (−i𝜎‾
𝜇𝛼̇𝛼(𝒟𝜇𝜆𝛼)𝜆‾𝛽̇ − 𝜎‾

𝜇𝜈𝛼̇  𝛾̇𝜎‾
𝜆𝜅𝛾̇  𝛽̇𝐹𝜇𝜈𝐹𝜆𝜅 + i𝜆

‾𝛼̇(𝒟𝜇𝜆
𝛼)𝜎

𝛼𝛽̇

𝜇
 𝑓̂𝑓‾̂1

𝛽̇
+ √2𝜃‾𝛼̇(⋯)

𝛼̇𝑓̂2
∗ 

 +𝜃𝜃(⋯)𝑓0
∗ + 𝜃𝜃(⋯)𝛼̇𝑓‾̂1

𝛼̇ + 𝜃𝜃(i(𝒟𝜇𝜆
𝛼)𝜎𝛼𝛼̇

𝜇
𝜆‾𝛼̇ + 𝐷2)𝑓2

∗

 

Ω+
𝜇𝜈
Ω𝜇𝜈
+ (𝑥+) = −𝐹

𝜇𝜈𝐹𝜇𝜈𝕀+ +√2𝜃
𝛼(⋯)𝛼𝑓0 + 𝜃𝜃(⋯ )

𝛼𝑓1𝛼

Ω−
𝜇𝜈Ω𝜇𝜈

− (𝑥−) = −𝐹
𝜇𝜈𝐹𝜇𝜈𝕀− + √2𝜃‾𝛼̇(⋯)

𝛼̇𝑓0
∗ + 𝜃𝜃(⋯)𝛼̇ 𝑓̂̂ 1

𝛼̇
 

Str(𝔼+) = −Tr[𝐷] + i𝜎𝛼
𝜇𝜈𝛼
Tr[𝐹𝜇𝜈] + Tr[𝐷] = 0, Str(𝔼−) = 0  

Str(𝔼+
2 ) =Tr ((𝐷2 − i𝜆𝛼𝜎𝛼𝛼̇

𝜇
(𝒟𝜇𝜆‾

𝛼̇))

−(−i𝜎𝛼𝛼̇
𝜇
(𝒟𝜇𝜆‾

𝛼̇)𝜆𝛼 − 𝜎𝛼
𝜇𝜈
 𝛾𝜎𝛾

𝜆𝜅 𝛾 
𝛼𝐹𝜇𝜈𝐹𝜆𝜅 + i𝜆𝛼(𝒟𝜇𝜆‾𝛼̇𝜎‾

𝜇𝛼̇𝛼) 

+(i(𝒟𝜇𝜆‾𝛼̇)𝜎‾
𝜇𝛼̇𝛼𝜆𝛼 +𝐷

2))

=Tr (2𝐷2 − 4i𝜆‾𝛼̇𝜎‾
𝜇𝛼̇𝛼(𝒟𝜇𝜆𝛼) − 𝐹𝜇𝜈𝐹𝜆𝜅 −

i

2
𝜀𝜇𝜈𝜆𝜅𝐹𝜇𝜈𝐹𝜆𝜅) ,

Str(𝔼−
2 ) =Tr (2𝐷2 − 4i𝜆‾𝛼̇𝜎‾

𝜇𝛼̇𝛼(𝒟𝜇𝜆𝛼) − 𝐹𝜇𝜈𝐹𝜆𝜅 +
i

2
𝜀𝜇𝜈𝜆𝜅𝐹𝜇𝜈𝐹𝜆𝜅) ,

 

Str(Ω±
𝜇𝜈
Ω𝜇𝜈
± ) = −Tr[𝐹𝜇𝜈𝐹𝜇𝜈]Str𝕀± = 0  

𝑎0(𝑃) = 𝑎2(𝑃) = 0  

𝑎4(𝑃) =
1

16𝜋2
∫  
𝑀

 𝑑4𝑥Tr(2𝐷2 − 4i𝜆‾𝛼̇𝜎‾
𝜇𝛼̇𝛼(𝒟𝜇𝜆𝛼) − 𝐹𝜇𝜈𝐹

𝜇𝜈)  

𝑐4
8𝜋2

=
1

𝑔2
 

𝐼SYM = ∫  
𝑀

 𝑑4𝑥Tr [−
1

2
𝐹𝜇𝜈𝐹

𝜇𝜈 − 2i𝜆‾𝛽̇𝜎‾
𝜇𝛽̇𝛽(𝒟𝜇𝜆𝛽) + 𝐷

2]  

CONCLUSIONES.  

De los resultados obtenidos en el apartado anterior, se concluye: 1) que la supergravedad cuántica 

relativista consiste en la deformación extrema del espacio – tiempo cuántico; 2) que la deformación 

extrema del espacio – tiempo cuántico, se desarrolla en dimensiones altas; 3) que las dimensiones o 

supermembranas formadas por la referida distorsión, comportan otros puntos lejanos del espacio – 

tiempo cuántico, en los que, la dimensión temporal es diferente para cada caso; 4) la formación de 

dimensiones altas, supone la existencia de múltiples regiones que no convergen en un mismo espacio – 
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tiempo cuántico, sino en distintos sectores espaciales, por lo que, la transdimensionalidad y la 

multidimensionalidad ocurren a escalas infinitas y en ramificación, pues parten de una dimensión cero 

o de origen; 5) la supergravedad cuántica relativista, obedece a la interacción de una superpartícula, 

llamada también partícula blanca o estrella, es decir, aquella cuyo centro de masa y energía es 

extremadamente denso, capaz de deformar el espacio – tiempo cuántico en forma extrema, formando 

así, la supergravedad. Sin embargo, esta partícula también puede alcanzar la velocidad de la luz, por lo 

que, se la denomina suprapartícula, con las mismas propiedades que la aquí referida. Asimismo, la 

superpartícula o suprapartícula, según sea el caso, también produce supergravedad cuando interactúa 

con el supergravitón, esto es, con la supercompañera del gravitón, por lo que el espacio – tiempo 

cuántico distorsionado, se ve permeado y por ende, mutado por el campo supergravitónico vinculante; 

y, 6) la supersimetría de gauge y su modelamiento matemático, permite conciliar la relatividad general 

y especial y la mecánica cuántica, en la medida en que, estamos ante campos cuánticos en los que 

interfiere la dualidad holográfica y el principio cosmológico. 

ACLARACIONES FINALES: 

Algunas aclaraciones finales a tener en consideración y aplicar, a propósito de la Teoría Cuántica de 

Campos Relativistas o Curvos (TCCR) propuesta por este autor: 

1. En todos los casos, este símbolo † será reemplazado por este símbolo†o por este símbolo †, 

equivaliendo lo mismo. 

Símbolo a ser reemplazado. Símbolos de reemplazo. 

† † 

† 

 

2. En todos los casos, este símbolo ‡, será reemplazado por este símbolo‡o por este símbolo ‡. 

Símbolo a ser reemplazado. Símbolos de reemplazo. 

‡ ‡ 

‡ 
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3. En todos los casos, se añadirá y por ende, se calculará la magnitud§que equivale a un campo de Yang 

– Mills y por ende, a la teoría de Yang – Mills en sentido amplio, en relación a la Teoría Cuántica de 

Campos Relativistas propuesta por este autor. 

 

4. Este símbolo • podrá usarse como exponente u operador, según sea el caso. 

 

Las aclaraciones antes referidas aplican tanto a este trabajo como a todos los trabajos previos y 

posteriores publicados por este autor, según corresponda. 
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