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RESUMEN 

En este trabajo, me propondré formalizar matemáticamente la Teoría Cuántica de Campos Relativistas 

(TCCR), en escenarios de gravedad y supergravedad cuánticas. Se profundizará principalmente en la 

necesidad ineludible de encontrar y determinar simetrías y supersimetrías isométricas y homeomorfas, 

esto a propósito de campos de gauge asimétricos y entrópicos. La finalidad de este artículo, es dotar a 

la TCCR, de un modelo formal que reconcilie la relatividad especial y general con la mecánica cuántica, 

desde dos conceptos esenciales, siendo éstos, gravedad y supergravedad cuánticas, y la relación con sus 

consecuencias lógicas. Intentaremos aquí, compactar un modelo que permita predecir y detectar el 

comportamiento de una partícula blanca y oscura respectivamente, así como sus interacciones con el 

supergravitón y el gravitón, según corresponda, esto, cuando existe interferencia gravitónica, pero 

quiero en lo principal, describir un modelo de simulación por deformación del espacio – tiempo 

cuántico, cuando interactúa, exclusivamente una partícula supermasiva o una partícula estrella, debido 

a la inmensa densidad de su masa y/o energía y entender por tanto, a la gravedad, como una cualidad 

propia de las partículas subatómicas cuyo centro de masa – energía es extremo, lo que permite la 

distorsión del plano cuántico, a tal punto de hacerlo, en dimensiones altas o en dimensiones sin 

desprendimiento y la formación de materia y energía oscuras, integradas éstas últimas, con la existencia 

de partículas oscuras, en extremo densas, en la que la gravedad, es el único elemento transdimensional 

y multisectorial. 

 

Palabras Clave: teoría cuántica de campos Relativistas, supergravedad cuántica, gravedad cuántica, 

dimensiones D, supersimetría 
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ABSTRACT 

In this work, I will propose to mathematically formalize the Quantum Theory of Relativistic Fields 

(TCCR), in quantum gravity and supergravity scenarios. The unavoidable need to find and determine 

isometric and homeomorphic symmetries and supersymmetries will be deepened, this with regard to 

asymmetric and entropic gauge fields. The purpose of this article is to provide the TCCR with a formal 

model that reconciles special and general relativity with quantum mechanics, from two essential 

concepts, these being, quantum gravity and supergravity, and the relationship with their logical 

consequences. We will try here to compact a model that allows predicting and detecting the behavior of 

a white and dark particle respectively, as well as their interactions with the supergraviton and the 

graviton, as appropriate, this, when there is gravitonic interference, but I want to describe a simulation 

model by deformation of quantum space-time, when it interacts, exclusively, a supermassive particle or 

a star particle,   due to the immense density of its mass and/or energy and therefore understand gravity 

as a quality of subatomic particles whose center of mass-energy is extreme, which allows the distortion 

of the quantum plane, to the point of doing so, in high dimensions or in dimensions without detachment 

and the formation of dark matter and energy,   The latter are integrated with the existence of dark, 

extremely dense particles, in which gravity is the only transdimensional and multisectoral element. 

 

Keywords: quantum theory of relativistic fields, quantum supergravity, quantum gravity, D dimensions, 
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INTRODUCCIÓN 

La Teoría Cuántica de Campos Relativistas, plantea algunas hipótesis teóricas, las mismas que serán 

abordadas en este trabajo, entre ellas, la existencia de partículas supermasivas y partículas estrella 

respectivamente, la existencia de agujeros negros a escala cuántica, la existencia de ondas cuánticas 

gravitacionales por colapso de una partícula estrella u oscura o por colisión de dos partículas con centros 

de masa y/o energía extremadamente densos, pero sobre todo, la supergravedad y gravedad cuánticas, 

entendidas como un fenómeno de distorsión y deformación del espacio – tiempo cuántico, por 

interacción de las antes referidas partículas, con o sin intervención gravitónica y en un marco de dualidad 

holográfica y simetrías de gauge compactas e isométricas. El objetivo de este trabajo es cuantizar los 

fenómenos antes referidos, robusteciendo la física de partículas que le es inherente a este sistema y por 

ende, la aplicación de la mecánica relativista a la física cuántica y viceversa. 

RESULTADOS Y DISCUSIÓN. 

Retomo el desarrollo matemático desplegado en el volumen I de este manuscrito. 

Ecuaciones de campo: Cálculos complementarios. 

𝛿(𝐷𝛿)

𝐷8𝐷11
,
𝛿(𝐷𝛿)

𝐷1𝐷8𝐷11
,
𝛿(𝐷𝛿)

𝐷2𝐷9𝐷10
,
𝛿(𝐷𝛿)

𝐷5𝐷8𝐷10
,
𝛿(𝐷𝛿)

𝐷8𝐷9
,
𝛿(𝐷𝛿)

𝐷1𝐷8𝐷9
. 

 ∑  𝑆 𝑆1(𝑥𝑘; 𝜁𝑖𝑗) ⊗ 𝑆2(𝑥𝑘; 𝜁𝑖𝑗) 

1

(𝑥 − 𝑎)(𝑥 − 𝑏)
=

1

𝑎 − 𝑏
(

1

𝑥 − 𝑏
−

1

𝑥 − 𝑎
) 

  𝐹6𝜇|𝜕 = 0,  𝐷𝜇𝑋⃗|𝜕
= 0,  𝐷6𝑌⃗⃗|𝜕 = 0

   𝐹𝜇𝜈|𝜕 = 0,𝐷6𝑋⃗ + 𝑋⃗ × 𝑋⃗|
𝜕
= 0,  𝐷𝜇𝑌⃗⃗|𝜕

= 0,
 

𝑋⃗(𝑥6) =
𝔱⃗

𝑥6
,  

𝜌: 𝔰𝔲(2) → 𝔤.  

𝑉 =⨁ 

𝑠

𝑖=1

 ℛ𝑗𝑖 .  

𝑁 = 𝑛1 +⋯+ 𝑛𝑠  

𝒳 = 𝑋1 + 𝑖𝑋2, 𝒜 = 𝐴6 + 𝑖𝑋3  

𝒟𝒳

𝒟𝑥6
= 0,  

𝒟𝒳

𝑑𝑥6
=

𝑑

𝑑𝑥6
+ [𝒜,𝒳] 
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𝒳 =
𝔱1 + 𝑖𝔱2
𝑥6

, 𝒜 =
𝑖𝔱3
𝑥6

 

𝒳 ∼

(

 
 

0 ∗
0 ∗

0 ∗
0 ∗

0)

 
 

 

𝑊ℛ = Trℛ𝑃exp [∮   𝑖 (𝐴𝜇𝑥̇
𝜇 +√−𝑥̇2𝑌)𝑑𝑠]  

𝒳(𝑧) ∼ (0 𝑧𝑚

0 0
)  

𝒳(𝑧) ∼

(

 
 
 
 

0𝑧𝑚1

0 𝑧𝑚2

0 𝑧𝑚𝑁−2

0 )

 
 
 
 

 

𝜏∨ = −
1

𝑛𝔤𝜏
,  
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𝕀𝕀ℬ
4 d𝐺(𝑡, 𝑧; 𝑞) = Trℋ(−1)

𝐹𝑞𝐽+
𝐻+𝐶
4 𝑡𝐻−𝐶𝑧𝑓 ,  

(𝑎; 𝑞)0: = 1, (𝑎; 𝑞)𝑛: =∏  

𝑛−1

𝑘=0

  (1 − 𝑎𝑞𝑘), (𝑞)𝑛: =∏  

𝑛

𝑘=1

  (1 − 𝑞𝑘),

 (𝑎; 𝑞)∞: =∏ 

∞

𝑘=0

  (1 − 𝑎𝑞𝑘), (𝑞)∞: =∏  

∞

𝑘=1

  (1 − 𝑞𝑘),

 

(𝑥±; 𝑞)𝑛 ∶= (𝑥; 𝑞)𝑛(𝑥
−1; 𝑞)𝑛 ,

(𝑥1,⋯ , 𝑥𝑘; 𝑞)𝑛 ∶= (𝑥1; 𝑞)𝑛⋯(𝑥𝑘; 𝑞)𝑛.
 

 

ℐ3 dHM(𝑡, 𝑥; 𝑞) =

(𝑞
3
4𝑡−1𝑥∓; 𝑞)

∞

(𝑞
1
4𝑡𝑥∓; 𝑞)

∞

 

⟨𝑊ℛ1⋯𝑊ℛ𝑘⟩𝒩
𝐺
=

1

|𝑊𝑅|
∰𝑑𝑠∏  

𝛼∈𝑅

 
(𝑒𝛼; 𝑞)∞

(𝑞
1
2𝑡−2𝑒𝛼; 𝑞)

∞

∏ 

𝑘

𝑖=1

 𝜒ℛ𝑖
𝔤
(𝑠)   

𝐪 = 𝑞, 𝐭 = 𝑞
1
2𝑡−2  

 

⟨𝑓, 𝑔⟩ =
1

|𝑊𝑅|
∰𝑑𝑠𝑤𝑅(𝑠; 𝐪, t)𝑓(𝑠)𝑔(𝑠)   

𝑤𝑅(𝑠; 𝐪, 𝐭) =∏  

𝛼∈𝑅

 
(𝑒𝛼; 𝐪)∞
(𝐭𝑒𝛼; 𝐪)∞

 

⟨𝑃𝜆, 𝑃𝜆⟩ = ∏  

𝛼∈𝑅+

 
(t(𝜌,𝛼

∨)q(𝜆,𝛼
∨); q)

∞
(t(𝜌,𝛼

∨)q(𝜆,𝛼
∨)+1; q)

∞

t(𝜌,𝛼
∨)+1q(𝜆,𝛼

∨); q)∞(t
(𝜌,𝛼∨)−1q(𝜆,𝛼

∨)+1; q)∞
 

𝛼∨ =
2𝛼

(𝛼, 𝛼)
, 𝜌 =

1

2
∑  

𝛼∈𝑅+

 𝛼  

⟨𝑃𝜆, 𝑃𝜆⟩

⟨1,1⟩
= ∏  

𝛼∈𝑅+

 
(t(𝜌,𝛼

∨)+1; q)
(𝜆,𝛼∨)

(t(𝜌,𝛼
∨)−1q; q)

(𝜆,𝛼∨)

(t(𝜌,𝛼
∨); q)(𝜆,𝛼∨)(t

(𝜌,𝛼∨)q; q)(𝜆,𝛼∨)
,  



pág. 2869 

⟨1,1⟩ = ∏  

𝛼∈𝑅+

 
(t(𝜌,𝛼

∨); q)
∞
(t(𝜌,𝛼

∨)q; q)
∞

(t(𝜌,𝛼
∨)+1; q)∞(t

(𝜌,𝛼∨)−1q; q)∞
 

𝕀𝕀𝒩
4 d𝒩=4𝑈(2)

(𝑡; 𝑞) =
1

2

(𝑞)∞
2

(𝑞
1
2𝑡−2; 𝑞)

∞

2 ∰∏ 

2

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

∏ 

𝑖≠𝑗

 

(
𝑠𝑖
𝑠𝑗
; 𝑞)

∞

(𝑞
1
2𝑡−2

𝑠𝑖
𝑠𝑗
; 𝑞)

∞

   

 

 

𝕀𝕀𝕀𝒟
4 d𝒩=4𝑈(2)(𝑡, 𝑥1, 𝑥2; 𝑞) =

(𝑞)∞
2

(𝑞
1
2𝑡2; 𝑞)

∞

2

(𝑞
𝑥1
𝑥2
; 𝑞)

∞
(𝑞
𝑥2
𝑥1
; 𝑞)

∞

(𝑞
1
2𝑡2

𝑥1
𝑥2
; 𝑞)

∞
(𝑞

1
2𝑡2

𝑥2
𝑥1
; 𝑞)

∞

 

𝑥1 = 𝑞
1
4𝑡, 𝑥2 = 𝑞

3
4𝑡3  

𝕀𝕀𝒟
4 d𝒩=4𝑈(2)

(𝑡, 𝑥1 = 𝑞
1
4𝑡, 𝑥2 = 𝑞

3
4𝑡3; 𝑞)

 = 𝕀𝕀Nahm
4 N𝒩=4𝑈(2)

(𝑡; 𝑞)ℐ3 dHM (𝑡, 𝑥 = 𝑞
1
4𝑡; 𝑞)

 

𝑥1 = 𝑞
5
4𝑡, 𝑥2 = 𝑞

7
4𝑡3  

 

𝑥1 = 𝑞
1
4𝑡, 𝑥2 = 𝑞

7
4𝑡3  
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𝜎𝑘(𝑛) =∑  

𝑑∣𝑛

 𝑑𝑘  
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𝑥1 = 𝑞
1
4𝑡, 𝑥2 = 𝑞

3
4𝑡3, 𝑥3 = 𝑞

5
4𝑡5  

 

𝑥1 = 𝑞
5
4𝑡, 𝑥2 = 𝑞

7
4𝑡3, 𝑥3 = 𝑞

9
4𝑡5  

 

𝑥1 = 𝑞
1
4𝑡, 𝑥2 = 𝑞

3
4𝑡3, 𝑥3 = 𝑞

9
4𝑡5  

 

 

 

𝑥1 = 𝑞
1
4𝑡, 𝑥2 = 𝑞

7
4𝑡3, 𝑥3 = 𝑞

9
4𝑡5  
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𝑥𝑖 = 𝑞
2𝑖−1
4 𝑡2𝑖−1  

 

⟨𝑊◻𝑊◻‾ ⟩𝒩
4d 𝒩=4𝑈(𝑁)

(𝑡; 𝑞)

 =
1

𝑁!

(𝑞)∞
𝑁

(𝑞
1
2𝑡−2; 𝑞)

∞

𝑁 ∰∏ 

𝑁

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

∏ 

𝑖≠𝑗

 

(
𝑠𝑖
𝑠𝑗
; 𝑞)

∞

(𝑞
1
2𝑡−2

𝑠𝑖
𝑠𝑗
; 𝑞)

∞

(∑  

𝑖

  𝑠𝑖)(∑  

𝑖

 𝑠𝑖
−1)  

 

𝑥𝑖= 𝑞
2𝑖−1
4 𝑡2𝑖−1, 𝑖 = 1,⋯ ,𝑁 − 1 

𝑥𝑁  = 𝑞
2𝑁+3
4 𝑡2𝑁−1
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𝑒𝑘(𝑠) = ∑  

1≤𝑖1<⋯<𝑖𝑘≤𝑁

  𝑠𝑖1⋯𝑠𝑖𝑘  

𝑥𝑖 = 𝑞
2𝑖−1
4 𝑡2𝑖−1, 𝑖 = 1,⋯ ,𝑁 − 𝑘

𝑥𝑗 = 𝑞
2𝑗+3
4 𝑡2𝑗−1, 𝑗 = 𝑁 − 𝑘 + 1,⋯ ,𝑁
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𝑅 = {𝜀𝑖 − 𝜀𝑗 ∣ 1 ≤ 𝑖 ≠ 𝑗 ≤ 𝑁}

𝑅+  = {𝜀𝑖 − 𝜀𝑗 ∣ 1 ≤ 𝑖 < 𝑗 ≤ 𝑁}
 

𝜌 =
1

2
∑  

𝑁

𝑖=1

  (𝑁 − 2𝑖 + 1)𝜀𝑖 , 𝜆 =∑  

𝑁

𝑖=1

  𝜆𝑖𝜀𝑖  

𝑤𝐴𝑁−1(𝑠; q, t) = ∏  

1≤𝑖≠𝑗≤𝑁

 
(𝑠𝑖/𝑠𝑗; q)∞
(t𝑠𝑖/𝑠𝑗; q)∞

,  

⟨𝑃𝜆, 𝑃𝜆⟩

⟨1,1⟩
= ∏  

1≤𝑖<𝑗≤𝑁

 
(t𝑗−𝑖+1; q)

𝜆𝑖−𝜆𝑗
(t𝑗−𝑖−1q; q)

𝜆𝑖−𝜆𝑗

(t𝑗−𝑖; q)𝜆𝑖−𝜆𝑗(t
𝑗−𝑖q; q)𝜆𝑖−𝜆𝑗

,  

⟨1,1⟩ =∏  

𝑁

𝑘=1

 
(t𝑘−1q; q)∞
(t𝑘; q)∞

 

⟨𝑊(1𝑘)𝑊(1𝑘)
⟩
𝒩

𝑈(𝑁)

𝕀𝕀𝒩
𝑈(𝑁)

=
⟨𝑃(1𝑘), 𝑃(1𝑘)⟩

⟨1,1⟩
=
(q; t)𝑘(t

𝑁−𝑘+1; t)𝑘
(t; t)𝑘(t

𝑁−𝑘q; q)𝑘

 

𝜒(2) = ℎ2 = 𝑃(2) +
t − q

1 − qt
𝑃(12),  

 

⟨𝑊(2)𝑊(2)⟩
𝒩

𝑈(𝑁)

𝕀𝕀𝐼𝒩
𝑈(𝑁)

=
(1 − q)(1 − t𝑁)

(1 − t)(1 − qt)(1 − qt𝑁−1)
[
(1 − q2)(1 − qt𝑁)

1 − q2t𝑁−1
+
(t − q)2(1 − t𝑁−1)

(1 − t2)(1 − qt𝑁−2)
] 
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⟨𝑊◻⋯𝑊◻⏟      
𝑘

⟩𝒩
4d 𝒩=4 𝑆𝑂(3)

(𝑡; 𝑞) =∑  

𝑘

𝑖=0

 𝐶𝑘,𝑖𝑞
𝑖
2𝑡−2𝑖

(𝑞
𝑖
2𝑡2; 𝑞)

∞
(𝑞

2𝑖+3
2 𝑡−2; 𝑞)

∞

(𝑞
2𝑖+1
2 𝑡2; 𝑞)

∞
(𝑞𝑡−4; 𝑞)∞

,  

𝐶𝑘,𝑖= 𝑇(𝑘, 𝑖) − 𝑇(𝑘, 𝑖 − 1)  

 = ∑  

𝑘

𝑗=0

  (
𝑘

𝑗
) [(

𝑗

𝑖 − 𝑗
) − (

𝑗

𝑖 − 1 − 𝑗
)]

 

(1 + 𝑥 + 𝑥2)𝑛 =∑  

2𝑛

𝑘=0

 𝑇(𝑛, 𝑘)𝑥𝑘  
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𝑥1 = 𝑞
1
4𝑡, 𝑥2 = 𝑞

3
4𝑡3  

 

 

𝑥1 = 𝑞
3
4𝑡, 𝑥2 = 𝑞

5
4𝑡3  
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𝑥𝑖 = 𝑞
2𝑖−1
4 𝑡2𝑖−1  

 

(
𝑁

2
)
𝑞
= ∑  

2𝑁−3

𝑖=1

 𝑎𝑁(𝑖)𝑞
𝑖−1  

(
𝑛

𝑘
)
𝑞
∶=

[𝑛]𝑞[𝑛 − 1]𝑞⋯[𝑛 − 𝑘 + 1]𝑞

[1]𝑞[2]𝑞⋯[𝑘]𝑞

[𝑛]𝑞 ∶=
1 − 𝑞𝑛

1 − 𝑞
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𝑥𝑖 = 𝑞
2𝑖+1
4 𝑡2𝑖−1, 𝑖 = 1,⋯ ,𝑁  

 

 

 

⌊𝑥⌋: = max{𝑛 ∈ ℤ ∣ 𝑛 ≤ 𝑥}  

 

 

 

 

𝑅 = {±𝜀𝑖 ∣ 1 ≤ 𝑖 ≤ 𝑁} ∪ {±𝜀𝑖 ± 𝜀𝑗 ∣ 1 ≤ 𝑖 < 𝑗 ≤ 𝑁},

𝑅+  = {𝜀𝑖 ∣ 1 ≤ 𝑖 ≤ 𝑁} ∪ {𝜀𝑖 ± 𝜀𝑗 ∣ 1 ≤ 𝑖 < 𝑗 ≤ 𝑁},
 

𝜌 =∑  

𝑁

𝑖=1

 (𝑁 − 𝑖 +
1

2
) 𝜀𝑖 , 𝜆 =∑  

𝑁

𝑖=1

 𝜆𝑖𝜀𝑖  
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𝑤𝐵𝑁(𝑠; 𝐪, 𝐭) =∏  

𝑁

𝑖=1

 
(𝑠𝑖

±1; 𝐪)
∞

(𝐭𝑠𝑖
±1; 𝐪)

∞

∏  

1≤𝑖<𝑗≤𝑁

 
(𝑠𝑖

±1𝑠𝑗
±1; 𝐪)

∞

(𝐭𝑠𝑖
±1𝑠𝑗

±1; 𝐪)
∞

 

⟨𝑃𝜆, 𝑃𝜆⟩

⟨1,1⟩
=∏ 

𝑁

𝑖=1

 
(t2𝑁−2𝑖+2; q)

2𝜆𝑖
(t2𝑁−2𝑖q; q)

2𝜆𝑖

(t2𝑁−2𝑖+1; q)2𝜆𝑖(t
2𝑁−2𝑖+1q; q)2𝜆𝑖

 × ∏  

1≤𝑖<𝑗≤𝑁

 
(t𝑗−𝑖+1; q)

𝜆𝑖−𝜆𝑗
(t𝑗−𝑖−1q; q)

𝜆𝑖−𝜆𝑗

(t𝑗−𝑖; q)𝜆𝑖−𝜆𝑗(t
𝑗−𝑖q; q)𝜆𝑖−𝜆𝑗

(t2𝑁−𝑖−𝑗+2; q)
𝜆𝑖+𝜆𝑗

(t2𝑁−𝑖−𝑗q; q)
𝜆𝑖+𝜆𝑗

(t2𝑁−𝑖−𝑗+1; q)𝜆𝑖+𝜆𝑗(t
2𝑁−𝑖−𝑗+1q; q)𝜆𝑖+𝜆𝑗

 

⟨1,1⟩ =
(t; q)∞

𝑁

(q; q)∞
𝑁 ∏ 

𝑁

𝑘=1

 
(t2𝑘−1q; q)∞
(t2𝑘; q)∞

 

𝜒(1𝑟)(𝑠) = 𝐸𝑟(𝑠) + 𝐸𝑟−1(𝑠)

𝐸𝑟(𝑠) = ∑  

⌊
𝑟
2
⌋

𝑘=0

 
(t𝑁−𝑟+1; t)2𝑘
(t𝑁−𝑟; t)2𝑘

(t2𝑁−2𝑟; t2)2𝑘
(t2𝑁−2𝑟−1q; t2)2𝑘

(q/t, t2𝑁−2𝑟−1; t2)𝑘
(t2, t2𝑁−2𝑟+2; t2)𝑘

t𝑘

 × ∑  

𝑟−2𝑘

𝑗=0

  (−1)𝑗
(t𝑁−𝑟+2𝑘+1, −t𝑁−𝑟+2𝑘q,−t𝑁−𝑟+2𝑘q1/2, t𝑁−𝑟+2𝑘q1/2; t)

𝑗

(t2𝑁−2𝑟+4𝑘q; t)2𝑗
𝑃(1𝑟−2𝑘−𝑗)(𝑠; q, t)

 

𝐸‾(𝑠 ∣ 𝑧) =∏  

𝑁

𝑖=1

  (1 + 𝑧𝑠𝑖)(1 + 𝑧𝑠𝑖
−1) = ∑  

2𝑁

𝑟=0

 𝑧𝑟𝐸𝑟(𝑠)  

𝜒(1)(𝑠) = 𝐸1(𝑠) + 𝐸0(𝑠) = 𝑃(1)(𝑠; 𝐪, 𝐭) +
t𝑁−1(t − 𝐪)

1 − qt2𝑁−1
 

⟨𝜒(1), 1⟩  =
t𝑁−1(t − q)

1 − qt2𝑁−1
⟨1,1⟩

⟨𝜒(1), 𝜒(1)⟩  = ⟨𝑃(1), 𝑃(1)⟩ +
t2𝑁−2(t − q)2

(1 − qt2𝑁−1)2
⟨1,1⟩

 

⟨𝑃(1), 𝑃(1)⟩

⟨1,1⟩
=
(1 − q)(1 − q2t2𝑁−2)(1 − t2𝑁)(1 − qt2𝑁)

(1 − t)(1 − qt2𝑁−1)2(1 − q2t2𝑁−1)
 

⟨𝑊◻⟩𝒩
𝑆𝑂(2𝑁+1)

𝕀𝕀𝒩
𝑆𝑂(2𝑁+1)

 =
t𝑁−1(t − q)

1 − qt2𝑁−1
,

⟨𝑊◻𝑊◻⟩𝒩
𝑆𝑂(2𝑁+1)

𝕀𝕀𝒩
𝑆𝑂(2𝑁+1)

 =
(1 − q)(1 − q2t2𝑁−2)(1 − t2𝑁)(1 − qt2𝑁)

(1 − t)(1 − qt2𝑁−1)2(1 − q2t2𝑁−1)
+
t2𝑁−2(t − q)2

(1 − qt2𝑁−1)2
.

 

⟨𝒲◻𝒲◻⟩𝒩,𝑐
𝑆𝑂(2𝑁+1)

: =
⟨𝑊◻𝑊◻⟩𝒩

𝑆𝑂(2𝑁+1)

𝕀𝕀𝒩
𝑆𝑂(2𝑁+1)

− (
⟨𝑊◻⟩𝒩

𝑆𝑂(2𝑁+1)

𝕀𝕀𝒩
𝑆𝑂(2𝑁+1)

)

2

 

 =
(1 − q)(1 − q2t2𝑁−2)(1 − t2𝑁)(1 − qt2𝑁)

(1 − t)(1 − qt2𝑁−1)2(1 − q2t2𝑁−1)

 

⟨𝑊(1𝑟)⟩𝒩
𝑆𝑂(2𝑁+1)

𝕀𝕀𝒩
𝑆𝑂(2𝑁+1)

=
⟨𝜒(1𝑟), 1⟩

⟨1,1⟩
= ℰ𝑁,𝑟 + ℰ𝑁,𝑟−1  

ℰ𝑁,𝑟: =
⟨𝐸𝑟 , 1⟩

⟨1,1⟩
=  ∑  

⌊
𝑟
2
⌋

𝑘=0

  (−1)𝑟−2𝑘
(t𝑁−𝑟+1; t)2𝑘
(t𝑁−𝑟; t)2𝑘

(t2𝑁−2𝑟; t2)2𝑘
(t2𝑁−2𝑟−1q; t2)2𝑘

(q/t, t2𝑁−2𝑟−1; t2)𝑘
(t2, t2𝑁−2𝑟+2; t2)𝑘

 ×
(t𝑁−𝑟+2𝑘+1, −t𝑁−𝑟+2𝑘q,−t𝑁−𝑟+2𝑘q1/2, t𝑁−𝑟+2𝑘q1/2; t)

𝑟−2𝑘

(t2𝑁−2𝑟+4𝑘q; t)2𝑟−4𝑘
t𝑘
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⟨𝑊(12𝑚+1)⟩𝒩
𝑆𝑂(2𝑁+1)

⟨𝑊(12𝑚)⟩𝒩
𝑆𝑂(2𝑁+1)

 =
t𝑁−2𝑚(1 − qt2𝑚−1)

1 − qt2𝑁−2𝑚−1

⟨𝑊(12𝑚)⟩𝒩
𝑆𝑂(2𝑁+1)

⟨𝑊(12𝑚−1)⟩𝒩
𝑆𝑂(2𝑁+1)

 =
1 − t2𝑁−2𝑚+2

t𝑁−2𝑚+1(1 − t2𝑚)

 

⟨𝑊(12)⟩𝒩
𝑆𝑂(2𝑁+1)

𝕀𝕀𝒩
𝑆𝑂(2𝑁+1)

 =
(t − q)(1 − t2𝑁)

(1 − t2)(1 − qt2𝑁−1)

⟨𝑊(13)⟩𝒩
𝑆𝑂(2𝑁+1)

𝕀𝕀𝒩
𝑆𝑂(2𝑁+1)

 =
t𝑁−2(t − q)(1 − qt)(1 − t2𝑁)

(1 − t2)(1 − qt2𝑁−1)(1 − qt2𝑁−3)

⟨𝑊(14)⟩𝒩
𝑆𝑂(2𝑁+1)

𝕀𝕀𝒩
𝑆𝑂(2𝑁+1)

 =
t(t − q)(1 − qt)(1 − t2𝑁)(1 − t2𝑁−2)

(1 − t2)(1 − t4)(1 − qt2𝑁−1)(1 − qt2𝑁−3)

 

𝜒sp
2 (𝑠) =∏  

𝑁

𝑖=1

  (1 + 𝑠𝑖)(1 + 𝑠𝑖
−1) = 𝐸‾(𝑠 ∣ 1) = 2∑  

𝑁−1

𝑟=0

 𝐸𝑟(𝑠) + 𝐸𝑁(𝑠)  

⟨𝑊sp𝑊sp⟩𝒩
Spin(2𝑁+1)

𝕀𝕀𝒩
𝑆𝑂(2𝑁+1)

= 2∑  

𝑁−1

𝑟=0

 ℰ𝑁,𝑟 + ℰ𝑁,𝑁  

⟨𝑊sp𝑊sp⟩𝒩
Spin(2𝑁+1)

/𝕀𝕀𝒩
𝑆𝑂(2𝑁+1)

⟨𝑊sp𝑊sp⟩𝒩
Spin(2𝑁−1)

/𝕀𝕀𝒩
𝑆𝑂(2𝑁−1)

=
(1 + t𝑁)(1 − qt𝑁−1)

1 − qt2𝑁−1
.  

⟨𝑊sp𝑊sp⟩𝒩
Spin(2𝑁+1)

𝕀𝕀𝒩
SO(2𝑁+1)

=∏ 

𝑁−1

𝑘=0

 
(1 + t𝑘+1)(1 − qt𝑘)

1 − qt2𝑘+1
=
(−t; t)𝑁(q; t)𝑁
(qt; t2)𝑁

.  
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𝑥1 = 𝑞
1
2𝑡2, 𝑥2 = 𝑞𝑡4,  
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𝑥1 = 𝑞
1
2𝑡2, 𝑥2 = 𝑞2𝑡4  

 

⟨𝑇(1,0)𝑇(1,0)⟩Nahm
4d 𝒩=4 𝑆𝑂(5)

(𝑡; 𝑞) =

(𝑞)∞ (𝑞
3
2𝑡2; 𝑞)

∞

2

(𝑞
7
2𝑡6; 𝑞)

∞

(𝑞
1
2𝑡2; 𝑞)

∞
(𝑞𝑡4; 𝑞)∞(𝑞

2; 𝑞)∞(𝑞
3𝑡8; 𝑞)∞

 

 

⟨𝑊◻⟩𝒩+ hyp 
4d 𝒩=4 𝑈𝑆𝑝(4)′

(𝑡; 𝑞) = 𝑞
1
4𝑡

(𝑞
3
2𝑡−2; 𝑞)

∞
(𝑞

7
2𝑡−6; 𝑞)

∞

(𝑞𝑡−4; 𝑞)∞(𝑞
3𝑡−8; 𝑞)∞
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𝑥𝑖 = 𝑞
𝑖
2𝑡2𝑖  

 

 

 

𝑥𝑖= 𝑞
𝑖
2𝑡2𝑖 , 𝑖 = 1,⋯ ,𝑁 − 1 

𝑥𝑁 = 𝑞
𝑁
2
+1𝑡2𝑁
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𝑅 = {±2𝜀𝑖 ∣ 1 ≤ 𝑖 ≤ 𝑁} ∪ {±𝜀𝑖 ± 𝜀𝑗 ∣ 1 ≤ 𝑖 < 𝑗 ≤ 𝑁}

𝑅+  = {2𝜀𝑖 ∣ 1 ≤ 𝑖 ≤ 𝑁} ∪ {𝜀𝑖 ± 𝜀𝑗 ∣ 1 ≤ 𝑖 < 𝑗 ≤ 𝑁}
 

𝜌 =∑  

𝑁

𝑖=1

  (𝑁 − 𝑖 + 1)𝜀𝑖 , 𝜆 =∑  

𝑁

𝑖=1

 𝜆𝑖𝜀𝑖  

𝑤𝐶𝑁(𝑠; 𝐪, 𝐭) =∏  

𝑁

𝑖=1

 
(𝑠𝑖

±2; 𝐪)
∞

(𝐭𝑠𝑖
±2; 𝐪)

∞

∏  

1≤𝑖<𝑗≤𝑁

 
(𝑠𝑖

±1𝑠𝑗
±1; 𝐪)

∞

(𝐭𝑠𝑖
±1𝑠𝑗

±1; 𝐪)
∞

 

⟨𝑃𝜆, 𝑃𝜆⟩

⟨1,1⟩
=∏  

𝑁

𝑖=1

 
(t𝑁−𝑖+2; q)

𝜆𝑖
(t𝑁−𝑖q; q)

𝜆𝑖

(t𝑁−𝑖+1; q)𝜆𝑖(t
𝑁−𝑖+1q; q)𝜆𝑖

 × ∏  

1≤𝑖<𝑗≤𝑁

 
(t𝑗−𝑖+1; q)

𝜆𝑖−𝜆𝑗
(t𝑗−𝑖−1q; q)

𝜆𝑖−𝜆𝑗

(t𝑗−𝑖; q)𝜆𝑖−𝜆𝑗(t
𝑗−𝑖q; q)𝜆𝑖−𝜆𝑗

(t2𝑁−𝑖−𝑗+3; q)
𝜆𝑖+𝜆𝑗

(t2𝑁−𝑖−𝑗+1q; q)
𝜆𝑖+𝜆𝑗

(t2𝑁−𝑖−𝑗+2; q)𝜆𝑖+𝜆𝑗(t
2𝑁−𝑖−𝑗+2q; q)𝜆𝑖+𝜆𝑗

,

 

⟨1,1⟩ =
(t; q)∞

𝑁

(q; q)∞
𝑁 ∏ 

𝑁

𝑘=1

 
(t2𝑘−1q; q)∞
(t2𝑘; q)∞

 

𝜒(1𝑟)(𝑠)  = 𝐸𝑟(𝑠) − 𝐸𝑟−2(𝑠)

𝐸𝑟(𝑠)  = ∑  

⌊
𝑟
2
⌋

𝑗=0

 
(qt; t2)𝑗(t

2𝑁−2𝑟+2𝑗+2; t2)
𝑗

(t2; t2)𝑗(qt
2𝑁−2𝑟+2𝑗+1; t2)𝑗

𝑃(1𝑟−2𝑗)(𝑠; q, t)
 

𝜒(1)(𝑠) = 𝐸1(𝑠) = 𝑃(1)(𝑠; 𝐪, 𝐭)  

⟨𝜒(1), 𝜒(1)⟩ = ⟨𝑃(1), 𝑃(1)⟩ =
(1 − q)(1 − t2𝑁)

(1 − t)(1 − qt2𝑁−1)
⟨1,1⟩,  

⟨𝑊◻𝑊◻⟩𝒩
𝑈𝑆𝑝(2𝑁)

𝕀𝕀𝒩
𝑈𝑆𝑝(2𝑁)

=
(1 − q)(1 − t2𝑁)

(1 − t)(1 − qt2𝑁−1)
.  

⟨𝜒(12𝑚), 1⟩  = ⟨𝐸2𝑚, 1⟩ − ⟨𝐸2𝑚−2, 1⟩

 =
(qt; t2)𝑚(t

2𝑁−2𝑚+2; t2)𝑚
(t2; t2)𝑚(qt

2𝑁−2𝑚+1; t2)𝑚
⟨1,1⟩ −

(qt; t2)𝑚−1(t
2𝑁−2𝑚; t2)𝑚−1

(t2; t2)𝑚−1(qt
2𝑁−2𝑚−1; t2)𝑚−1

⟨1,1⟩
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⟨𝑊(12𝑚)⟩𝒩
𝑈𝑆𝑝(2𝑁)

𝕀𝕀𝕀𝒩
𝑈𝑆𝑝(2𝑁)

=
(qt; t2)𝑚(t

2𝑁−2𝑚+2; t2)𝑚
(t2; t2)𝑚(qt

2𝑁−2𝑚+1; t2)𝑚
−

(qt; t2)𝑚−1(t
2𝑁−2𝑚; t2)𝑚−1

(t2; t2)𝑚−1(qt
2𝑁−2𝑚−1; t2)𝑚−1

.  

⟨𝑊(12)⟩𝒩
𝑈𝑆𝑝(2𝑁)

𝕀𝕀𝒩
𝑈𝑆𝑝(2𝑁)

=
(1 − qt)(1 − t2𝑁)

(1 − t2)(1 − qt2𝑁−1)
− 1 =

t(t − q)(1 − t2𝑁−2)

(1 − t2)(1 − qt2𝑁−1)
.  

𝕀𝕀𝒩
4d 𝒩=4 𝑆𝑂(4)(𝑡; 𝑞) =

1

4

(𝑞)∞
2

(𝑞
1
2𝑡−2; 𝑞)

∞

2 ∰∏ 

2

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

∏ 

𝑖<𝑗

 
(𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑞
1
2𝑡−2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

   

𝕀𝕀Nahm 
4d 𝒩=4 𝑆𝑂(4)

(𝑡; 𝑞) =

(𝑞
3
2𝑡2; 𝑞)

∞

2

(𝑞𝑡4; 𝑞)∞
2

 

𝕀𝕀𝒟
4d 𝒩=4 𝑆𝑂(4)

(𝑡; 𝑞) =
(𝑞)∞

2

(𝑞
1
2𝑡2; 𝑞)

∞

∏ 

𝑖<𝑗

 
(𝑞𝑥𝑖

±𝑥𝑗
∓; 𝑞)

∞
(𝑞𝑥𝑖

±𝑥𝑗
±; 𝑞)

∞

(𝑞
1
2𝑡2𝑥𝑖

±𝑥𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡2𝑥𝑖

±𝑥𝑗
±; 𝑞)

∞

 

𝑥1 = 1, 𝑥2 = 𝑞
1
2𝑡2  

𝕀𝕀𝒟
4d 𝒩=4 𝑆𝑂(4)

(𝑡, 𝑥1 = 1, 𝑥2 = 𝑞
1
2𝑡2; 𝑞)

 = 𝕀𝕀Nahm
4d 𝒩=4 𝑆𝑂(4)

(𝑡; 𝑞)ℐ3d HM (𝑡, 𝑥 = 𝑞
1
4𝑡; 𝑞)

2  

𝕀𝕀𝒩
4d 𝒩=4𝑆𝑂(4)−

(𝑡; 𝑞) =
1

2

(±𝑞; 𝑞)∞

(±𝑞
1
2𝑡−2; 𝑞)

∞

∰
𝑑𝑠

2𝜋𝑖𝑠

(𝑠±; 𝑞)∞(−𝑠
±; 𝑞)∞

(𝑞
1
2𝑡−2𝑠±; 𝑞)

∞
(−𝑞

1
2𝑡−2𝑠±; 𝑞)

∞

  
 

𝕀𝕀Nahm
4d 𝒩=4 𝑆𝑂(4)−

(𝑡; 𝑞) =

(±𝑞
3
2𝑡2; 𝑞)

∞

(±𝑞𝑡4; 𝑞)∞

 

𝕀𝕀𝒟
4d 𝒩=4 𝑆𝑂(4)−

(𝑡, 𝑥; 𝑞) =
(±𝑞; 𝑞)∞

(±𝑞
1
2𝑡2; 𝑞)

∞

(𝑞𝑥±; 𝑞)∞(−𝑞𝑥
±; 𝑞)∞

(𝑞
1
2𝑡2𝑥±; 𝑞)

∞
(−𝑞

1
2𝑡2𝑥±; 𝑞)

∞

 

𝕀𝕀𝕀Nahm 
4d 𝒩=4 𝑂(4)±

(𝑡; 𝑞) =
1

2

(𝑞
3
2𝑡2; 𝑞)

∞

(𝑞𝑡4; 𝑞)∞
[
 
 
 (𝑞

3
2𝑡2; 𝑞)

∞

(𝑞𝑡4; 𝑞)∞
±

(−𝑞
3
2𝑡2; 𝑞)

∞

(−𝑞𝑡4; 𝑞)∞
]
 
 
 

 

⟨𝑊sp𝑊sp⟩𝒩
4d 𝒩=4 Spin(4)

(𝑡; 𝑞)

 =
1

4

(𝑞)∞
2

(𝑞
1
2𝑡−2; 𝑞)

∞

2 ∰∏ 

2

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

∏ 

𝑖<𝑗

 
(𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑞
1
2𝑡−2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

  

 × (2 + 𝑠1𝑠2 + 𝑠1
−1𝑠2

−1)

 

𝑥1 = 𝑞
1
2, 𝑥2 = 𝑞𝑡2  

𝕀𝕀𝕀𝒟
4d 𝒩=4 𝑆𝑂(4)

(𝑡, 𝑥1 = 𝑞
1
2, 𝑥2 = 𝑞𝑡2; 𝑞)

 = ⟨𝑇
(
1
2
,
1
2
)
𝑇
(
1
2
,
1
2
)
⟩

Nahm

4d 𝒩=4 𝑆𝑂(4)/ℤ2

(𝑡; 𝑞)ℐ3d HM (𝑡, 𝑥 = 𝑞
1
4𝑡; 𝑞) ℐ3d HM (𝑡, 𝑥 = 𝑞

5
4𝑡; 𝑞) ,
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⟨𝑇
(
1
2
,
1
2
)
𝑇
(
1
2
,
1
2
)
⟩

Nahm

4d 𝒩=4 𝑆𝑂(4)/ℤ2

(𝑡; 𝑞) =

(𝑞)∞ (𝑞
3
2𝑡2; 𝑞)

∞

2

(𝑞
5
2𝑡2; 𝑞)

∞

(𝑞
1
2𝑡2; 𝑞)

∞
(𝑞𝑡4; 𝑞)∞(𝑞

2; 𝑞)∞(𝑞
2𝑡4; 𝑞)∞

 

⟨𝑊sp𝑊sp⟩𝒩
4d 𝒩=4 Spin(4)

(𝑡; 𝑞) = ⟨𝑇
(
1
2
,
1
2
)
𝑇
(
1
2
,
1
2
)
⟩

Nahm

4 d𝒩=4𝑆𝑂(4)/ℤ2

(𝑡−1; 𝑞)  

⟨𝑊sp𝑊sp⟩𝒩
4d 𝒩=4 Spin(4)

(𝑡; 𝑞) = 𝕀𝕀𝒩
4d 𝒩=4 𝑆𝑈(2)

(𝑡; 𝑞)⟨𝑊◻𝑊◻⟩𝒩
4d 𝒩=4 𝑆𝑈(2)

(𝑡; 𝑞)  

⟨𝑊◻𝑊◻⟩𝒩
4d 𝒩=4 𝑆𝑂(4)(𝑡; 𝑞)

 =
1

4

(𝑞)∞
2

(𝑞
1
2𝑡−2; 𝑞)

∞

2 ∰∏ 

2

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

∏ 

𝑖<𝑗

 
(𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑞
1
2𝑡−2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑠1 + 𝑠2 + 𝑠1
−1 + 𝑠2

−1)2   

𝑥1 = 1, 𝑥2 = 𝑞
3
2𝑡2  

𝕀𝕀𝒟
4d 𝒩=4 𝑆𝑂(4)

(𝑡, 𝑥1 = 1, 𝑥2 = 𝑞
3
2𝑡2; 𝑞)

 = ⟨𝑇(1,0)𝑇(1,0)⟩Nahm
4d 𝒩=4 𝑆𝑂(4)

(𝑡; 𝑞)ℐ3d HM (𝑡, 𝑥 = 𝑞
5
4𝑡; 𝑞)

2  

⟨𝑇(1,0)𝑇(1,0)⟩Nahm
4d 𝒩=4 𝑆𝑂(4)

(𝑡; 𝑞) =

(𝑞)∞
2 (𝑞

3
2𝑡2; 𝑞)

∞

2

(𝑞
5
2𝑡2; 𝑞)

∞

2

(𝑞
1
2𝑡2; 𝑞)

∞

2

(𝑞2; 𝑞)∞
2 (𝑞2𝑡4; 𝑞)∞

2

 

⟨𝑊◻𝑊◻⟩𝒩
4d𝒩=4𝑆𝑂(4)

(𝑡; 𝑞) = ⟨𝑇(1,0)𝑇(1,0)⟩Nahm
4d 𝒩=4 𝑆𝑂(4)

(𝑡−1; 𝑞)  

⟨𝑊◻𝑊◻⟩𝒩
4d 𝒩=4 𝑆𝑂(4)

(𝑡; 𝑞) = ⟨𝑊◻𝑊◻⟩𝒩
4d 𝒩=4 𝑆𝑈(2)

(𝑡; 𝑞)2  

⟨𝑊◻𝑊◻⟩𝒩
4d 𝒩=4 𝑆𝑂(4)−

(𝑡; 𝑞)

 =
1

2

(±𝑞; 𝑞)∞

(±𝑞
1
2𝑡−2; 𝑞)

∞

∰
𝑑𝑠

2𝜋𝑖𝑠

(𝑠±; 𝑞)∞(−𝑠
±; 𝑞)∞

(𝑞
1
2𝑡−2𝑠±; 𝑞)

∞
(−𝑞

1
2𝑡−2𝑠±; 𝑞)

∞

   

𝕀𝕀𝒟
4d 𝒩=4 𝑆𝑂(4)−

(𝑡, 𝑥 = 𝑞
3
2𝑡2; 𝑞)

 = ⟨𝑇(1)𝑇(1)⟩Nahm
4d 𝒩=4 𝑆𝑂(4)−

(𝑡; 𝑞)ℐ3d HM (𝑡, 𝑥 = 𝑞
5
4𝑡; 𝑞) ℐ3d HM (𝑡, 𝑥 = −𝑞

5
4𝑡; 𝑞)

 

⟨𝑇(1)𝑇(1)⟩Nahm
4d 𝒩=4 𝑆𝑂(4)−

(𝑡; 𝑞) =

(±𝑞; 𝑞)∞ (±𝑞
3
2𝑡2; 𝑞)

∞
(±𝑞

5
2𝑡2; 𝑞)

∞

(±𝑞
1
2𝑡2; 𝑞)

∞
(±𝑞2; 𝑞)∞(±𝑞

2𝑡4; 𝑞)∞

 

⟨𝑊◻𝑊◻⟩𝒩
4d 𝒩=4 𝑂(4)±

(𝑡; 𝑞)

 =
1

2
[⟨𝑊◻𝑊◻⟩𝒩

4d 𝒩=4 𝑆𝑂(4)

(𝑡; 𝑞) ± ⟨𝑊◻𝑊◻⟩𝒩
4d 𝒩=4 𝑆𝑂(4)−

(𝑡; 𝑞)]

 

⟨𝑊◻𝑊◻⟩𝒩
4d 𝒩=4 𝑂(4)±

(𝑡; 𝑞) = ⟨𝑇(1,0)𝑇(1,0)⟩Nahm 

4d 𝒩=4 𝑂(4)
(𝑡−1; 𝑞)  
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⟨𝑊(𝑙)⋯𝑊(𝑙)⏟      
𝑘

⟩𝒩
4d 𝒩=4 𝑆𝑂(4)

(𝑡; 𝑞) = ⟨𝑊(𝑙)⋯𝑊(𝑙)⏟      
𝑘

⟩𝒩
4d 𝒩=4 𝑆𝑈(2)

(𝑡; 𝑞)2,  

⟨𝑊(𝑙)⋯𝑊(𝑙)⏟      
𝑘

⟩𝒩
4d 𝒩=4 𝑆𝑂(4)

(𝑡; 𝑞) = ⟨𝑊(𝑙)⋯𝑊(𝑙)⏟      
𝑘

⟩𝒩
4d 𝒩=4 𝑆𝑈(2)(𝑡2; 𝑞2),  

𝕀𝕀𝒩
4d 𝒩=4 𝑆𝑂(6)

(𝑡; 𝑞) =
1

24

(𝑞)∞
3

(𝑞
1
2𝑡−2; 𝑞)

∞

3 ∰∏ 

3

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

∏ 

𝑖<𝑗

 
(𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑞
1
2𝑡−2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

   

𝕀𝕀Nahm 
4d 𝒩=4 𝑆𝑂(6)

(𝑡; 𝑞) =

(𝑞
3
2𝑡2; 𝑞)

∞
(𝑞2𝑡4; 𝑞)∞ (𝑞

5
2𝑡6; 𝑞)

∞

(𝑞𝑡4; 𝑞)∞ (𝑞
3
2𝑡6; 𝑞)

∞
(𝑞2𝑡8; 𝑞)∞

 

𝕀𝕀𝒟
4d 𝒩=4 𝑆𝑂(6)(𝑡, 𝑥1, 𝑥2, 𝑥3; 𝑞) =

(𝑞)∞
3

(𝑞
1
2𝑡2; 𝑞)

∞

3 ∏ 

𝑖<𝑗

 
(𝑞𝑥𝑖

±𝑥𝑗
∓; 𝑞)

∞
(𝑞𝑥𝑖

±𝑥𝑗
±; 𝑞)

∞

(𝑞
1
2𝑡2𝑥𝑖

±𝑥𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡2𝑥𝑖

±𝑥𝑗
±; 𝑞)

∞

.  

𝑥1 = 1, 𝑥2 = 𝑞
1
2𝑡2, 𝑥3 = 𝑞𝑡4,  

𝕀𝕀𝒟
4d 𝒩=4 𝑆𝑂(6)

(𝑡, 𝑥1 = 1, 𝑥2 = 𝑞
1
2𝑡2, 𝑥3 = 𝑞𝑡4; 𝑞)

= 𝕀𝕀Nahm 
4d 𝒩=4 𝑆𝑂(6)

(𝑡; 𝑞)ℐ3d HM (𝑡, 𝑥 = 𝑞
1
4𝑡; 𝑞)

3

 

 × ℐ3d HM (𝑡, 𝑥 = 𝑞
3
4𝑡3; 𝑞)

2

ℐ3d HM (𝑡, 𝑥 = 𝑞
5
4𝑡5; 𝑞)
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𝕀𝕀𝕀𝒩
4d 𝒩=4 𝑆𝑂(6)−

(𝑡; 𝑞)

=
1

8

(𝑞)∞
2 (−𝑞; 𝑞)∞

(𝑞
1
2𝑡2; 𝑞)

∞

2

(−𝑞
1
2𝑡2; 𝑞)

∞

∰∏ 

2

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

(𝑠𝑖
±; 𝑞)

∞
(−𝑠𝑖

±; 𝑞)
∞

(𝑞
1
2𝑡−2𝑠𝑖

±; 𝑞)
∞
(−𝑞

1
2𝑡−2𝑠𝑖

±; 𝑞)
∞

   

 ×∏  

𝑖<𝑗

 
(𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑞
1
2𝑡−2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

 

𝕀𝕀Nahm 
4d 𝒩=4 𝑆𝑂(6)−

(𝑡; 𝑞) =

(𝑞
3
2𝑡2; 𝑞)

∞
(𝑞

5
2𝑡6; 𝑞)

∞
(−𝑞2𝑡4; 𝑞)∞

(𝑞𝑡4; 𝑞)∞(𝑞
2𝑡8; 𝑞)∞ (−𝑞

3
2𝑡6; 𝑞)

∞

 

𝕀𝕀𝒟
4d 𝒩=4 𝑆𝑂(6)−

(𝑡; 𝑞)

 =
(𝑞)∞

2 (−𝑞; 𝑞)∞

(𝑞
1
2𝑡2; 𝑞)

∞

2

(−𝑞
1
2𝑡2; 𝑞)

∞

∰∏ 

3

𝑖=1

 
(𝑞𝑥𝑖

±; 𝑞)
∞
(−𝑞𝑥𝑖

±; 𝑞)
∞

(𝑞
1
2𝑡2𝑥𝑖

±; 𝑞)
∞
(−𝑞

1
2𝑡2𝑥𝑖

±; 𝑞)
∞

 ×∏  

𝑖<𝑗

 
(𝑞𝑥𝑖

±𝑥𝑗
∓; 𝑞)

∞
(𝑞𝑥𝑖

±𝑥𝑗
±; 𝑞)

∞

(𝑞
1
2𝑡−2𝑥𝑖

±𝑥𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡−2𝑥𝑖

±𝑥𝑗
±; 𝑞)

∞

 

𝑥1 = 𝑞
1
2𝑡2, 𝑥2 = 𝑞𝑡4  

⟨𝑊sp𝑊sp⟩𝒩
4d 𝒩=4 Spin(6)

(𝑡; 𝑞)

=
1

24

(𝑞)∞
3

(𝑞
1
2𝑡−2; 𝑞)

∞

3 ∰∏ 

3

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

∏ 

𝑖<𝑗

 
(𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑞
1
2𝑡−2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

   

 × (4 +∑ 

𝑖<𝑗

 𝑠𝑖𝑠𝑗 + 𝑠𝑖
−1𝑠𝑗−1 + 𝑠𝑖𝑠𝑗

−1 + 𝑠𝑖
−1𝑠𝑗)

 

𝑥1 = 𝑞
1
2, 𝑥2 = 𝑞𝑡2, 𝑥3 = 𝑞

3
2𝑡4  

𝕀𝕀𝒟
4d 𝒩=4 𝑆𝑂(6)

(𝑡, 𝑥1 = 𝑞
1
2, 𝑥2 = 𝑞𝑡2, 𝑥3 = 𝑞

3
2𝑡4; 𝑞)

= ⟨𝑇
(
1
2
,
1
2
,
1
2
)
𝑇
(
1
2
,
1
2
,
1
2
)
⟩

Nahm

4d 𝒩=4 𝑆𝑂(6)/ℤ2

(𝑡; 𝑞)ℐ3d HM (𝑡, 𝑥 = 𝑞
1
4𝑡; 𝑞)

2

ℐ3d HM (𝑡, 𝑥 = 𝑞
3
4𝑡3; 𝑞) 

 × ℐ3d HM (𝑡, 𝑥 = 𝑞
5
4𝑡; 𝑞) ℐ3d HM (𝑡, 𝑥 = 𝑞

7
4𝑡3; 𝑞) ℐ3d HM (𝑡, 𝑥 = 𝑞

9
4𝑡5; 𝑞)

 

⟨𝑇
(
1
2
,
1
2
,
1
2
)
𝑇
(
1
2
,
1
2
,
1
2
)
⟩

Nahm

4d 𝒩=4 𝑆𝑂(6)/ℤ2

(𝑡; 𝑞)

 =

(𝑞)∞ (𝑞
3
2𝑡2; 𝑞)

∞

2

(𝑞2𝑡4; 𝑞)∞ (𝑞
7
2𝑡6; 𝑞)

∞

(𝑞
1
2𝑡2; 𝑞)

∞
(𝑞𝑡4; 𝑞)∞ (𝑞

3
2𝑡6; 𝑞)

∞
(𝑞2; 𝑞)∞(𝑞

3𝑡8; 𝑞)∞

 

⟨𝑊sp𝑊sp⟩𝒩
4d 𝒩=4 Spin(6)

(𝑡; 𝑞) = ⟨𝑇
(
1
2
,
1
2
,
1
2
)
𝑇
(
1
2
,
1
2
,
1
2
)
⟩

Nahm

4d 𝒩=4 𝑆𝑂(6)/ℤ2

(𝑡−1; 𝑞)  
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⟨𝑊◻𝑊◻⟩𝒩
4d 𝒩=4 𝑆𝑂(6)

(𝑡; 𝑞)

=
1

24

(𝑞)∞
3

(𝑞
1
2𝑡−2; 𝑞)

∞

3 ∰∏ 

3

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

∏ 

𝑖<𝑗

 
(𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑞
1
2𝑡−2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

   

 × (𝑠1 + 𝑠2 + 𝑠3 + 𝑠1
−1 + 𝑠2

−1 + 𝑠3
−1)2

 

𝑥1 = 1, 𝑥2 = 𝑞
1
2𝑡2, 𝑥3 = 𝑞2𝑡4  

 

⟨𝑇(1,0,0)𝑇(1,0,0)⟩Nahm
4d 𝒩=4 𝑆𝑂(6)

(𝑡; 𝑞)

 =

(𝑞)∞ (𝑞
3
2𝑡2; 𝑞)

∞

3

(𝑞2𝑡4; 𝑞)∞(𝑞
3𝑡4; 𝑞)∞ (𝑞

7
2𝑡6; 𝑞)

∞

(𝑞
1
2𝑡2; 𝑞)

∞
(𝑞𝑡4; 𝑞)∞(𝑞

2; 𝑞)∞ (𝑞
5
2𝑡2; 𝑞)

∞
(𝑞

5
2𝑡6; 𝑞)

∞
(𝑞3𝑡8; 𝑞)∞

 

⟨𝑊◻𝑊◻⟩𝒩
4d 𝒩=4 𝑆𝑂(6)

(𝑡; 𝑞) = ⟨𝑇(1,0,0)𝑇(1,0,0)⟩Nahm
4d 𝒩=4 𝑆𝑂(6)

(𝑡−1; 𝑞).  

⟨𝑊◻𝑊◻⟩𝒩
4d 𝒩=4 𝑆𝑂(6)−

(𝑡; 𝑞)

=
1

8

(𝑞)∞
2 (−𝑞; 𝑞)∞

(𝑞
1
2𝑡2; 𝑞)

∞

2

(−𝑞
1
2𝑡2; 𝑞)

∞

∰∏ 

2

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

(𝑠𝑖
±; 𝑞)

∞
(−𝑠𝑖

±; 𝑞)
∞

(𝑞
1
2𝑡−2𝑠𝑖

±; 𝑞)
∞
(−𝑞

1
2𝑡−2𝑠𝑖

±; 𝑞)
∞

   

×∏  

𝑖≠𝑗

 
(𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑞
1
2𝑡−2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

 

 × (𝑠1 + 𝑠2 + 𝑠1
−1 + 𝑠2

−1)2

 

𝑥1 = 𝑞
1
2𝑡2, 𝑥2 = 𝑞2𝑡4  

 

⟨𝑇(1,0)𝑇(1,0)⟩Nahm 

4d 𝒩=4 𝑆𝑂(6)−

(𝑡; 𝑞)

 =

(𝑞)∞ (𝑞
3
2𝑡2; 𝑞)

∞

2

(𝑞
7
2𝑡6; 𝑞)

∞
(−𝑞

3
2𝑡2; 𝑞)

∞
(−𝑞2𝑡4; 𝑞)∞(−𝑞

3𝑡4; 𝑞)∞

(𝑞
1
2𝑡2; 𝑞)

∞
(𝑞𝑡4; 𝑞)∞(𝑞

2; 𝑞)∞(𝑞
3𝑡8; 𝑞)∞(−𝑞𝑡

4; 𝑞)∞ (−𝑞
5
2𝑡2; 𝑞)

∞
(−𝑞

5
2𝑡6; 𝑞)

∞

 

⟨𝑊◻𝑊◻⟩𝒩
4d 𝒩=4 𝑂(6)±

(𝑡; 𝑞)

 =
1

2
[⟨𝑊◻𝑊◻⟩𝒩

4d 𝒩=4 𝑆𝑂(6)
(𝑡; 𝑞) ± ⟨𝑊◻𝑊◻⟩𝒩

4d 𝒩=4 𝑆𝑂(6)−
(𝑡; 𝑞)]
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⟨𝑇(1,0,0)𝑇(1,0,0)⟩Nahm
4d 𝒩=4 𝑂(6)±

(𝑡; 𝑞) =
1

2

(𝑞)∞ (𝑞
3
2𝑡2; 𝑞)

∞

2

(𝑞
7
2𝑡6; 𝑞)

∞

(𝑞
1
2𝑡2; 𝑞)

∞
(𝑞𝑡4; 𝑞)∞(𝑞

2; 𝑞)∞(𝑞
3𝑡8; 𝑞)∞

 ×

[
 
 
 (𝑞

3
2𝑡2; 𝑞)

∞
(𝑞2𝑡4; 𝑞)∞(𝑞

3𝑡4; 𝑞)∞

(𝑞𝑡4; 𝑞)∞ (𝑞
5
2𝑡2; 𝑞)

∞
(𝑞

5
2𝑡6; 𝑞)

∞

±

(−𝑞
3
2𝑡2; 𝑞)

∞
(−𝑞2𝑡4; 𝑞)∞(−𝑞

3𝑡4; 𝑞)∞

(−𝑞𝑡4; 𝑞)∞ (−𝑞
5
2𝑡2; 𝑞)

∞
(−𝑞

5
2𝑡6; 𝑞)

∞ ]
 
 
 

 

⟨𝑊◻𝑊◻⟩𝒩
4d 𝒩=4 𝑂(6)±

(𝑡; 𝑞) = ⟨𝑇(1,0,0)𝑇(1,0,0)⟩Nahm
4d 𝒩=4 𝑂(6)±

(𝑡−1; 𝑞)  

 

 

𝕀𝕀𝒩
4d 𝒩=4 𝑆𝑂(2𝑁)

(𝑡; 𝑞)

 =
1

2𝑁−1𝑁!

(𝑞)∞
𝑁

(𝑞
1
2𝑡−2; 𝑞)

∞

𝑁 ∰∏ 

𝑁

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

∏ 

𝑖<𝑗

 
(𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑞
1
2𝑡−2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

   

𝕀𝕀Nahm
4d 𝒩=4 𝑆𝑂(2𝑁)

(𝑡; 𝑞) =

(𝑞
1
2
+
𝑁
2𝑡2𝑁−2; 𝑞)

∞

(𝑞
𝑁
2𝑡2𝑁; 𝑞)

∞

∏ 

𝑁−1

𝑘=1

 

(𝑞
1
2
+𝑘𝑡4𝑘−2; 𝑞)

∞

(𝑞𝑘𝑡4𝑘; 𝑞)∞
 

𝕀𝕀𝒟
4d 𝒩=4 𝑆𝑂(2𝑁)

(𝑡; 𝑞)

 =
(𝑞)∞

𝑁

(𝑞
1
2𝑡2; 𝑞)

∞

𝑁 ∏ 

𝑖<𝑗

 
(𝑞𝑥𝑖

±𝑥𝑗
∓; 𝑞)

∞
(𝑞𝑥𝑖

±𝑥𝑗
±; 𝑞)

∞

(𝑞
1
2𝑡2𝑥𝑖

±𝑥𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡2𝑥𝑖

±𝑥𝑗
±; 𝑞)

∞

 

𝑥𝑖 = 𝑞
𝑖−1
2 𝑡2(𝑖−1)  
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𝕀𝕀𝒩
4d 𝒩=4 𝑆𝑂(2𝑁)−

(𝑡; 𝑞)

=
1

2𝑁−1(𝑁 − 1)!

(𝑞)∞
𝑁−1(−𝑞; 𝑞)∞

(𝑞
1
2𝑡−2; 𝑞)

∞

𝑁−1

(−𝑞
1
2𝑡−2; 𝑞)

∞

∰∏ 

𝑁−1

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

(𝑠𝑖
±; 𝑞)

∞
(−𝑠𝑖

±; 𝑞)
∞

(𝑞
1
2𝑡−2𝑠𝑖

±; 𝑞)
∞
(−𝑞

1
2𝑡−2𝑠𝑖

±; 𝑞)
∞

   

 ×∏  

𝑖<𝑗

 
(𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞

(𝑞
1
2𝑡−2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞

 

𝕀𝕀Nahm
4d 𝒩=4 𝑆𝑂(2𝑁)−

(𝑡; 𝑞) =

(−𝑞
𝑁+1
2 𝑡2𝑁−2; 𝑞)

∞

(−𝑞
𝑁
2𝑡2𝑁; 𝑞)

∞

∏ 

𝑁−1

𝑘=1

 

(𝑞
2𝑘+1
2 𝑡4𝑘−2; 𝑞)

∞

(𝑞𝑘𝑡4𝑘; 𝑞)∞
 

𝕀𝕀𝒟
4d 𝒩=4 𝑆𝑂(2𝑁)−

(𝑡; 𝑞)

=
(𝑞)∞

𝑁−1(−𝑞; 𝑞)∞

(𝑞
1
2𝑡2; 𝑞)

∞

𝑁−1

(−𝑞
1
2𝑡2; 𝑞)

∞

∏ 

𝑁

𝑖=1

 
(𝑞𝑥𝑖

±; 𝑞)
∞
(−𝑞𝑥𝑖

±; 𝑞)
∞

(𝑞
1
2𝑡2𝑥𝑖

±; 𝑞)
∞
(−𝑞

1
2𝑡2𝑥𝑖

±; 𝑞)
∞

 

 ×∏  

𝑖<𝑗

 
(𝑞𝑥𝑖

±𝑥𝑗
∓; 𝑞)

∞
(𝑞𝑥𝑖

±𝑥𝑗
±; 𝑞)

∞

(𝑞
1
2𝑡−2𝑥𝑖

±𝑥𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡−2𝑥𝑖

±𝑥𝑗
±; 𝑞)

∞

 

𝑥𝑖 = 𝑞
𝑖
2𝑡2𝑖  

𝕀𝕀𝒩
4d 𝒩=4 𝑂(2𝑁)±

(𝑡; 𝑞) =
1

2
[𝕀𝕀𝒩

4d 𝒩=4 𝑆𝑂(2𝑁)
(𝑡; 𝑞) ± 𝕀𝕀𝒩

4d 𝒩=4 𝑆𝑂(2𝑁)−
(𝑡; 𝑞)]  

𝕀𝕀Nahm 
4d 𝒩=4 𝑂(2𝑁)±

(𝑡; 𝑞) =
1

2
[
 
 
 (𝑞

𝑁+1
2 𝑡2𝑁−2; 𝑞)

∞

(𝑞
𝑁
2𝑡2𝑁; 𝑞)

∞

±

(−𝑞
𝑁+1
2 𝑡2𝑁−2; 𝑞)

∞

(−𝑞
𝑁
2𝑡2𝑁; 𝑞)

∞ ]
 
 
 

∏  

𝑁−1

𝑘=1

(𝑞
2𝑘+1
2 𝑡4𝑘−2; 𝑞)

∞

(𝑞𝑘𝑡4𝑘; 𝑞)∞
 

⟨𝑊sp𝑊sp⟩𝒩
4d 𝒩=4 Spin(2𝑁)

(𝑡; 𝑞)

=
1

2𝑁−1𝑁!

(𝑞)∞
𝑁

(𝑞
1
2𝑡−2; 𝑞)

∞

𝑁 ∰∏ 

𝑁

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

∏ 

𝑖<𝑗

 
(𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑞
1
2𝑡−2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

   

 ×
1

4
[∏  

𝑁

𝑖=1

 (𝑠𝑖

1
2 + 𝑠𝑖

−
1
2) +∏ 

𝑁

𝑖=1

 (𝑠𝑖

1
2 − 𝑠𝑖

−
1
2)]

2

.

 

⟨𝑊sp𝑊sp⟩𝒩
4d 𝒩=4 Spin(2𝑁)

(𝑡; 𝑞)

=
1

2𝑁−1𝑁!

(𝑞)∞
𝑁

(𝑞
1
2𝑡−2; 𝑞)

∞

𝑁 ∰∏ 

𝑁

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

∏ 

𝑖<𝑗

 
(𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑞
1
2𝑡−2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

   

 ×
1

4
[∏  

𝑁

𝑖=1

 (𝑠𝑖

1
2 + 𝑠𝑖

−
1
2) +∏ 

𝑁

𝑖=1

 (𝑠𝑖

1
2 − 𝑠𝑖

−
1
2)] [∏  

𝑁

𝑖=1

 (𝑠𝑖

1
2 + 𝑠𝑖

−
1
2) −∏ 

𝑁

𝑖=1

 (𝑠𝑖

1
2 − 𝑠𝑖

−
1
2)] .

 

𝑥𝑖 = 𝑞
𝑖
2𝑡2(𝑖−1), 𝑖 = 1,⋯ ,𝑁.  

𝕀𝕀𝒟
4d 𝒩=4 𝑆𝑂(2𝑁)

(𝑡, 𝑥𝑖 = 𝑞
𝑖
2𝑡2(𝑖−1); 𝑞)

= ⟨𝑇
(
1
2
,⋯,
1
2
)
𝑇
(
1
2
,⋯,
1
2
)
⟩

Nahm

4d 𝒩=4 𝑆𝑂(2𝑁)/ℤ2

(𝑡; 𝑞)∏  

𝑁−1

𝑖=1

  ℐ3d HM (𝑡, 𝑥 = 𝑞
2𝑖−1
4 𝑡2𝑖−1; 𝑞)

𝑁−𝑖

 

 × ∏  

2𝑁−3

𝑖=1

  ℐ3d HM (𝑡, 𝑥 = 𝑞
2𝑖+3
4 𝑡2𝑖−1; 𝑞)

𝑎𝑁(𝑖)
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⟨𝑇
(
1
2
,⋯,
1
2
)
𝑇
(
1
2
,⋯,
1
2
)
⟩

Nahm

4d 𝒩=4 𝑆𝑂(2𝑁)/ℤ2

(𝑡; 𝑞)

 =∏  

⌊
𝑁
2
⌋

𝑘=1

 

(𝑞
2𝑘+1
2 𝑡4𝑘−2; 𝑞)

∞

(𝑞𝑘+1𝑡4𝑘−4; 𝑞)∞
∏ 

𝑁

𝑘=1

 

(𝑞
𝑘+1
2 𝑡2(𝑘−1); 𝑞)

∞

(𝑞
𝑘
2𝑡2𝑘; 𝑞)

∞

∏ 

⌊
𝑁
2
⌋

𝑘=1

 

(𝑞
2(𝑘+⌊

𝑁+1
2

⌋)+3

2 𝑡
4(𝑘+⌊

𝑁−1
2

)−2
; 𝑞)

∞

(𝑞
𝑘+⌊

𝑁+1
2

⌋+1
𝑡
4(𝑘+⌊

𝑁−1
2

⌋)
; 𝑞)

∞

 

 

 

⟨𝑊sp𝑊sp⟩𝒩
4d 𝒩=4 Spin(4𝑘)

 (𝑡; 𝑞) = ⟨𝑇
(
1
2
,⋯,
1
2
)
𝑇
(
1
2
,⋯,
1
2
)
⟩

Nahm

4d 𝒩=4 𝑆𝑂(4𝑘)/ℤ2

(𝑡−1; 𝑞)

⟨𝑊sp𝑊sp⟩𝒩
4d 𝒩=4 Spin(4𝑘+2)

 (𝑡; 𝑞) = ⟨𝑇
(
1
2
,⋯,
1
2
)
𝑇
(
1
2
,⋯,
1
2
)
⟩

Nahm

4d 𝒩=4 𝑆𝑂(4𝑘+2)/ℤ2

(𝑡−1; 𝑞)

 

 

𝑥𝑖= 𝑞
𝑖−1
2 𝑡2(𝑖−1), 𝑖 = 1,⋯ ,𝑁 − 1 

𝑥𝑁 = 𝑞
𝑁+1
2 𝑡2(𝑁−1)
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⟨𝑊◻𝑊◻⟩𝒩
4d 𝒩=4 𝑆𝑂(2𝑁)

(𝑡; 𝑞) = ⟨𝑇(1,0,⋯,0)𝑇(1,0,⋯,0)⟩Nahm
4d 𝒩=4 𝑆𝑂(2𝑁)

(𝑡−1; 𝑞)  

 

 

𝑥𝑁−1 = 𝑞
𝑁+1
2 𝑡2𝑁−2, 𝑥𝑖 = 𝑞

𝑖
2𝑡2𝑖 , 𝑖 = 1,⋯ ,𝑁 − 2  
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𝑅 = {±𝜀𝑖 ± 𝜀𝑗 ∣ 1 ≤ 𝑖 < 𝑗 ≤ 𝑁},

𝑅+  = {𝜀𝑖 ± 𝜀𝑗 ∣ 1 ≤ 𝑖 < 𝑗 ≤ 𝑁}.
 

𝜌 =∑  

𝑁

𝑖=1

  (𝑁 − 𝑖)𝜀𝑖 , 𝜆 =∑  

𝑁

𝑖=1

  𝜆𝑖𝜀𝑖  

𝑤𝐷𝑁(𝑠; q, t) = ∏  

1≤𝑖<𝑗≤𝑁

 
(𝑠𝑖

±1𝑠𝑗
±1; q)

∞

(t𝑠𝑖
±1𝑠𝑗

±1; q)
∞

.  

⟨𝑃𝜆, 𝑃𝜆⟩

⟨1,1⟩
 = ∏  

1≤𝑖<𝑗≤𝑁

 
(t𝑗−𝑖+1; q)

𝜆𝑖−𝜆𝑗
(t𝑗−𝑖−1q; q)

𝜆𝑖−𝜆𝑗

(t𝑗−𝑖; q)𝜆𝑖−𝜆𝑗(t
𝑗−𝑖q; q)𝜆𝑖−𝜆𝑗

 ×
(t2𝑁−𝑖−𝑗+1; q)

𝜆𝑖+𝜆𝑗
(t2𝑁−𝑖−𝑗−1q; q)

𝜆𝑖+𝜆𝑗

(t2𝑁−𝑖−𝑗; q)𝜆𝑖+𝜆𝑗(t
2𝑁−𝑖−𝑗q; q)𝜆𝑖+𝜆𝑗

 

⟨1,1⟩ =
(t; q)∞

𝑁

(q; q)∞
𝑁 ∏ 

𝑁

𝑘=1

 
(t2𝑘−1q; q)∞
(t2𝑘; q)∞

 

𝜒(1𝑟)(𝑠)  = 𝐸𝑟(𝑠) (1 ≤ 𝑟 ≤ 𝑁 − 1), 𝜒(1𝑁)(𝑠) + 𝜒(1𝑁−1,−1)(𝑠) = 𝐸𝑁(𝑠)

𝐸𝑟(𝑠)  = ∑  

⌊
𝑟
2
⌋

𝑗=0

 
(𝐪/t; t2)𝑗(t

2𝑁−2𝑟+2𝑗+2; t2)
𝑗

(t2; t2)𝑗(qt
2𝑁−2𝑟+2𝑗−1; t2)𝑗

⋅
1 + t𝑁−𝑟

1 + t𝑁−𝑟+2𝑗
t𝑗𝑃(1𝑟−2𝑗)(𝑠; 𝐪, t)

 

𝜒(1)(𝑠) = 𝐸1(𝑠) = 𝑃(1)(𝑠; 𝐪, 𝐭)  

⟨𝜒(1), 𝜒(1)⟩ = ⟨𝑃(1), 𝑃(1)⟩ =
(1 − q)(1 − qt𝑁−2)(1 − t𝑁)(1 − t2𝑁−2)

(1 − t)(1 − t𝑁−1)(1 − qt𝑁−1)(1 − qt2𝑁−3)
⟨1,1⟩,  

⟨𝑊◻𝑊◻⟩𝒩
𝑆𝑂(2𝑁)

𝕀𝕀𝐼𝒩
𝑆𝑂(2𝑁)

=
(1 − q)(1 − qt𝑁−2)(1 − t𝑁)(1 − t2𝑁−2)

(1 − t)(1 − t𝑁−1)(1 − qt𝑁−1)(1 − qt2𝑁−3)
.  

⟨𝜒(12𝑚), 1⟩  = ⟨𝐸2𝑚, 1⟩

 =
(q/t; t2)𝑚(t

2𝑁−2𝑚+2; t2)𝑚
(t2; t2)𝑚(qt

2𝑁−2𝑚−1; t2)𝑚

1 + t𝑁−2𝑚

1 + t𝑁
t𝑚⟨1,1⟩
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⟨𝑊(12𝑚)⟩𝒩
𝑆𝑂(2𝑁)

𝕀𝕀𝒩
𝑆𝑂(2𝑁)

=
(q/t; t2)𝑚(t

2𝑁−2𝑚+2; t2)𝑚
(t2; t2)𝑚(qt

2𝑁−2𝑚−1; t2)𝑚

1 + t𝑁−2𝑚

1 + t𝑁
t𝑚.  

⟨𝑊(12)⟩𝒩
𝑆𝑂(2𝑁)

𝕀𝕀𝒩
𝑆𝑂(2𝑁)

=
(t − q)(1 − t𝑁)(1 + t𝑁−2)

(1 − t2)(1 − qt2𝑁−3)
 

𝜒sp
2 (𝑠)  =

1

4
𝐸‾(𝑠 ∣ 1) +

(−1)𝑁

4
𝐸‾(𝑠 ∣ −1) +

1

2
∏  

𝑁

𝑖=1

  (𝑠𝑖 − 𝑠𝑖
−1)

𝜒sp
2 (𝑠)  =

1

4
𝐸‾(𝑠 ∣ 1) +

(−1)𝑁

4
𝐸‾(𝑠 ∣ −1) −

1

2
∏  

𝑁

𝑖=1

  (𝑠𝑖 − 𝑠𝑖
−1)

𝜒sp(𝑠)𝜒sp(𝑠)  =
1

4
𝐸‾(𝑠 ∣ 1) −

(−1)𝑁

4
𝐸‾(𝑠 ∣ −1)

 

1

4
𝐸‾(𝑠 ∣ 1) +

(−1)𝑁

4
𝐸‾(𝑠 ∣ −1) = ∑  

𝑀−1

𝑚=0

 𝐸2𝑚(𝑠) +
1

2
𝐸2𝑀(𝑠)

1

4
𝐸‾(𝑠 ∣ 1) −

(−1)𝑁

4
𝐸‾(𝑠 ∣ −1) = ∑  

𝑀−1

𝑚=0

 𝐸2𝑚+1(𝑠)

 

⟨𝑊sp𝑊sp⟩𝒩
Spin(4𝑀)

𝕀𝕀𝕀𝒩
SO(4𝑀)

=
⟨𝑊sp𝑊sp⟩𝒩

Spin(4𝑀)

𝕀𝕀𝒩
𝑆𝑂(4𝑀)

= ∑  

𝑀−1

𝑚=0

 
⟨𝐸2𝑚, 1⟩

⟨1,1⟩
+
1

2

⟨𝐸2𝑀, 1⟩

⟨1,1⟩

=∑  

𝑀−1

𝑚=0

 
(q/t; t2)𝑚(t

4𝑀−2𝑚+2; t2)𝑚
(t2; t2)𝑚(qt

4𝑀−2𝑚−1; t2)𝑚

1 + t2𝑀−2𝑚

1 + t2𝑀
t𝑚  

 +
1

2

(q/t; t2)𝑀(t
2𝑀+1; t2)𝑀

(t2; t2)𝑀(qt
2𝑀−1; t2)𝑀

1

1 + t2𝑀
t𝑀

⟨𝑊sp𝑊sp⟩𝒩
Spin(4𝑀)

=0,

 

1

4
𝐸‾(𝑠 ∣ 1) +

(−1)𝑁

4
𝐸‾(𝑠 ∣ −1) = ∑  

𝑀−1

𝑚=0

 𝐸2𝑚+1(𝑠) +
1

2
𝐸2𝑀+1(𝑠)

1

4
𝐸‾(𝑠 ∣ 1) −

(−1)𝑁

4
𝐸‾(𝑠 ∣ −1) = ∑  

𝑀

𝑚=0

 𝐸2𝑚(𝑠)

 

⟨𝑊sp𝑊sp⟩𝒩
Spin(4𝑀+2)

 = ⟨𝑊sp𝑊sp⟩𝒩
Spin(4𝑀+2)

= 0

⟨𝑊sp𝑊sp⟩𝒩
Spin(4𝑀+2)

𝕀𝕀𝕀𝒩
𝑆𝑂(4𝑀+2)

 = ∑  

𝑀

𝑚=0

 
⟨𝐸2𝑚, 1⟩

⟨1,1⟩

 = ∑  

𝑀

𝑚=0

 
(q/t; t2)𝑚(t

4𝑀−2𝑚+4; t2)𝑚
(t2; t2)𝑚(qt

4𝑀−2𝑚+1; t2)𝑚

1 + t2𝑀−2𝑚+1

1 + t2𝑀+1
t𝑚

 

𝜒𝜆
𝔲(𝑁)

= 𝑠𝜆(𝑠) =
det𝑠𝑗

𝜆𝑖+𝑁−𝑖

det𝑠𝑗
𝑁−𝑗

 

𝜒𝜆
𝔰𝔬(2𝑁+1)

=
det (𝑠𝑗

𝜆𝑖+𝑁−𝑖+1/2 − 𝑠𝑗
−(𝜆𝑖+𝑁−𝑖+1/2))

det (𝑠𝑗
𝑁−𝑖+1/2

− 𝑠𝑗
−(𝑁−𝑖+1/2)

)
.  

𝜒sp
𝔰𝔬(2𝑁+1)

=∏ 

𝑁

𝑖=1

 (𝑠𝑖

1
2 + 𝑠𝑖

−
1
2)  

𝜒◻
𝔲𝔰𝔭(2𝑁)

=
det (𝑠𝑗

𝜆𝑖+𝑁−𝑖+1 − 𝑠𝑗
−𝜆𝑖−𝑁+𝑖−1)

det(𝑠𝑗
𝑁−𝑖+1 − 𝑠𝑗

−𝑁+𝑖−1)
.  
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𝜒𝜆
𝔰𝔬(2𝑁)

=
det (𝑠𝑗

𝜆𝑖+𝑁−𝑖 + 𝑠𝑗
−𝜆𝑖−𝑁+𝑖) + det (𝑠𝑗

𝜆𝑖+𝑁−𝑖 − 𝑠𝑗
−𝜆𝑖−𝑁+𝑖)

det(𝑠𝑗
𝑁−𝑖 + 𝑠𝑗

−𝑁+𝑖)
.  

𝜒sp
𝔰𝔬(2𝑁)

=
1

2
[∏ 

𝑁

𝑖=1

 (𝑠𝑖

1
2 + 𝑠𝑖

−
1
2) +∏ 

𝑁

𝑖=1

 (𝑠𝑖

1
2 − 𝑠𝑖

−
1
2)] ,  

𝜒sp
𝔰𝔬(2𝑁)

=
1

2
[∏ 

𝑁

𝑖=1

 (𝑠𝑖

1
2 + 𝑠𝑖

−
1
2) −∏ 

𝑁

𝑖=1

 (𝑠𝑖

1
2 − 𝑠𝑖

−
1
2)] .  

(𝐴𝐵) = (𝑍1 + 𝑥𝑍2 −𝑤𝑍4, 𝑦𝑍2 + 𝑍3 + 𝑧𝑍4)  

 

Δ2𝐼𝐺
12;34  

(𝑥𝛼𝛼̇ , 𝜃𝛼
+𝑎, 𝜃‾−𝑎′

𝛼̇ , 𝑢𝐴
+𝑎), 𝜃𝛼

+𝑎 = 𝜃𝛼
𝐴𝑢𝐴

+𝑎 , 𝜃‾−𝑎′
𝛼̇ = 𝜃‾𝐴

𝛼̇𝑢−𝑎′
𝐴  

𝒯(𝑥, 𝜃+, 0, 𝑢) = 𝒪20′
+4 (𝑥) + ⋯+ (𝜃+)4ℒ(𝑥)  

𝐺4 = ⟨𝒪(𝑥1, 𝑦1)⋯𝒪(𝑥4, 𝑦4)⟩ =∑  

∞

ℓ=0

 𝑎ℓ𝐺4
(ℓ)

 

𝐺4
(0)

=
(𝑁𝑐

2 − 1)2

(4𝜋2)4
(𝑑12

2 𝑑34
2 + 2 perms. ) +

𝑁𝑐
2 − 1

(4𝜋2)2
(𝑑12𝑑23𝑑34𝑑41 + 2 perms. )  

𝐺4
(ℓ)

=
2(𝑁𝑐

2 − 1)

(4𝜋2)4
𝑅(1,2,3,4) × 𝐹(𝐿)(𝑥1, 𝑥2, 𝑥3, 𝑥4)  for ℓ ≥ 1  

𝑅(1,2,3,4):= (𝑑1,2𝑑2,3𝑑3,4𝑑4,1(1 − 𝑈 − 𝑉) + 𝑑1,3
2 𝑑2,4

2 )𝑥1,3
2 𝑥2,4

2 + (1 ↔ 2) + (1 ↔ 4) 

𝐹(𝐿): =
∏  1≤𝑖<𝑗≤4  𝑥𝑖,𝑗

2

𝐿!
∫  ∏  

𝐿

𝑎=1

 𝑑4𝑥4+𝑎ℱ
(𝐿)(𝑥1, ⋯ , 𝑥4+𝐿)  

ℱ(𝐿) =∑  

𝑖

 𝑐𝑖𝑓𝑖
(𝐿)

 

𝒯(𝑥, 𝜃+, 0, 𝑢) = ∫  𝑑4𝜃−𝐿int(𝑥, 𝜃)  

⟨𝒯(𝑥1, 𝜃1
+, 0, 𝑢1)⋯𝒯(𝑥𝑛, 𝜃𝑛

+, 0, 𝑢𝑛)⟩ = ∫  ∏  

𝑛

𝑖=1

 𝑑𝜃𝑖
−⟨𝐿int(𝑥1, 𝜃1)⋯𝐿int(𝑥𝑛, 𝜃𝑛)⟩  

⟨𝒯(𝑥1, 𝑢1)⋯𝒯(𝑥4, 𝑢4)⟩= [∏ 

4

𝑖=1

 𝐷𝑖
4] ⟨𝐿int(𝑥1, 𝜃1)⋯𝐿int(𝑥4, 𝜃4)⟩ 

 ≡ [∏  

4

𝑖=1

 𝐷𝑖
4] 𝒢(𝑥, 𝜃)
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𝐷𝑖
4 = 𝑦𝑖

𝐴𝐵𝑦𝑖
𝐶𝐷 𝜕

𝜕𝜃𝑖
𝐴𝛼

𝜕

𝜕𝜃𝑖
𝐵𝛽

𝜕

𝜕𝜃𝑖𝛼
𝐶

𝜕

𝜕𝜃𝑖𝛽
𝐷  

⟨𝑖, 𝑖⟩ ≡ 𝜖𝐼𝐽𝐾𝐿𝑋𝑖
𝐼𝐽
𝑋𝑖
𝐾𝐿 = 0  

𝑥𝑖,𝑗
2 ≡ (𝑥𝑖 − 𝑥𝑗)

2
=

⟨𝑖, 𝑗⟩

⟨𝑖, 𝐼⟩⟨𝑗, 𝐼⟩
 

𝐗𝑖 = (

𝑍𝑖,𝛼
𝜃𝑖
𝛼 ⋅ 𝜙1
⋮

𝜃𝑖
𝛼 ⋅ 𝜙4

)  

⟨⟨𝐗1, 𝐗2, 𝐗3, 𝐗4⟩⟩ ≡ Det(𝐗1, 𝐗2, 𝐗3, 𝐗4).  

𝒢(𝐗, 𝑌)∏  

4

𝛼=1

  ⟨⟨𝑌𝑑4𝑌𝛼⟩⟩  

𝒢(𝑥, 𝜃) = ∫  𝑑16𝜙 [𝒢(𝐗, 𝑌)|
⟨⟨𝑌,𝐗𝑖,𝐗𝑗⟩⟩→𝑥𝑖,𝑗

2 ]  

[∏  

4

𝑖=1

 𝐷𝑖
4]∫  𝑑16𝜙⟨⟨𝐗1, 𝐗2, 𝐗3, 𝐗4⟩⟩

4
= 𝑅(1,2,3,4)∏  

𝑖<𝑗

 𝑥𝑖,𝑗
2  

 

⟨𝑖, 𝑗⟩ ≡
1

4!
𝜖𝐼𝐽𝐾𝐿𝑋𝑖

𝐼𝐽
𝑋𝑗
𝐾𝐿 > 0  

{𝑋1, 𝑋2, 𝑋3, 𝑋4} = (

𝕀2×2 0 𝕀2×2 𝕀2×2
0 𝕀2×2 𝕀2×2 𝑐1

0 𝑐2

)  

Δ2 = 𝜖(𝑋1, 𝑋2, 𝑋3, 𝑋4,∗,∗)𝜖(𝑋1, 𝑋2, 𝑋3, 𝑋4,∗,∗) = 𝑠2 + 𝑡2 + 𝑢2 − 2(𝑠𝑡 + 𝑡𝑢 + 𝑢𝑠) > 0  

𝕋4: ⟨𝑖, 𝑗⟩ > 0 ∪ Δ2 > 0  

{𝑋} =

(

 
 
 
 
 
 

218

23

86

9

138

7

137

12

4700

161

755

36

36440

161

583

18
15

4

155

11

209

12

84

11

127

6

239

11

586

3

323

11
37

8

130

11

190

11

166

9

1927

88

2996

99

1557

8

4822

99
239

12

4

9

221

12

127

11

115

3

1187

99

445

2

2330

99 )

 
 
 
 
 
 

 

𝑓(𝑐1, 𝑐2)𝑑𝑐1𝑑𝑐2  

𝑓+(𝑐1, 𝑐2) =
(1 − 𝑐2 + 𝑐1𝑐2)𝑑𝑐1𝑑𝑐2
(𝑐1 − 1)(𝑐2 − 1)𝑐1𝑐2

 

𝑓±(𝑐1, 𝑐2)𝑑𝑐1𝑑𝑐2 = (
𝑠 + 𝑡 + 𝑢 ± Δ

𝑠𝑡𝑢
)
⟨⟨𝐗1, 𝐗2, 𝐗3, 𝐗4⟩⟩

4

Δ2
∏ 

4

𝛼=1

  ⟨⟨𝑌𝑑4𝑌𝛼⟩⟩ ≡ 𝜔±(𝑌, 𝐗)𝑑𝜇𝑌  

𝑑𝜇𝑌 =∏ 

4

𝛼=1

⟨⟨𝑌𝑑4𝑌𝛼⟩⟩ 

⟨𝑖, 𝑗⟩ = ⟨⟨𝑌, 𝐗𝑖 , 𝐗𝑗⟩⟩ .  
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⟨(𝐴ℓ𝑖 , 𝐵ℓ𝑖), 𝑋𝑗⟩ > 0, ⟨(𝐴ℓ𝑖 , 𝐵ℓ𝑖), (𝐴ℓ𝑗 , 𝐵ℓ𝑗)⟩ > 0.  

⟨(𝐴ℓ𝑖 , 𝐵ℓ𝑖), 𝑋𝑗⟩

⟨(𝐴ℓ𝑖 , 𝐵ℓ𝑖), 𝑋𝑖⟩
> 0,

⟨(𝐴ℓ𝑖 , 𝐵ℓ𝑖), (𝐴ℓ𝑗 , 𝐵ℓ𝑗)⟩

⟨(𝐴ℓ𝑖 , 𝐵ℓ𝑖), 𝑋ℓ)⟩ ⟨(𝐴ℓ𝑗 , 𝐵ℓ𝑗) , 𝑋𝑘⟩
> 0.  

𝕋4 =∑  

𝛼

 𝕋4,𝛼  

𝑟1: 𝑠 < 𝑡 < 𝑢, 𝑟2: 𝑠 < 𝑢 < 𝑡, 𝑟3: 𝑡 < 𝑠 < 𝑢,
𝑟4: 𝑡 < 𝑢 < 𝑠, 𝑟5: 𝑢 < 𝑠 < 𝑡, 𝑟6: 𝑢 < 𝑡 < 𝑠.  

 

𝑟1: (0 < 𝑐2 ≤
1

2
∧ 1 − 𝑐2 < 𝑐1 < 1) ∨ (

1

2
< 𝑐2 < 1 ∧ 𝑐2 < 𝑐1 < 1),

𝑟2: (1 < 𝑐2 < 2 ∧ 𝑐2 < 𝑐1 <
𝑐2

𝑐2 − 1
) ,

𝑟3: (0 < 𝑐2 <
1

2
∧ 𝑐2 < 𝑐1 < 1 − 𝑐2) ,

𝑟4: (𝑐2 ≤ −1 ∧
1

𝑐2
< 𝑐1 < 0) ∨ (−1 < 𝑐2 < 0 ∧ 𝑐2 < 𝑐1 < 0),

𝑟5: (1 < 𝑐2 ≤ 2 ∧ 𝑐1 >
𝑐2

𝑐2 − 1
) ∨ (𝑐2 > 2 ∧ 𝑐1 > 𝑐2),

𝑟6: (𝑐2 < −1 ∧ 𝑐2 < 𝑐1 <
1

𝑐2
) .

 

𝜔𝑟1
± =

⟨⟨𝐗1, 𝐗2, 𝐗3, 𝐗4⟩⟩
4

Δ2
× (

1

𝑠(𝑡 − 𝑠)
±

Δ

𝑠(𝑡 − 𝑠)(𝑢 − 𝑡)
) .  

∑ 

𝜎

 𝜔𝜎
±(𝑌, 𝐗) = 𝜔±(𝑌, 𝐗) = (

𝑠 + 𝑡 + 𝑢 ± Δ

𝑠𝑡𝑢
)
⟨⟨𝐗1, 𝐗2, 𝐗3, 𝐗4⟩⟩

4

Δ2
𝑑𝜇𝑌.  

𝒢(𝐿)(𝐗, 𝑌) =
1

2
∑  

𝜎,±

 𝜔𝜎
±(𝑌, 𝐗)Ω𝜎

(𝐿)±
.  

(
𝑍𝐴ℓ
𝑍𝐵ℓ

) = (
1 𝑥ℓ 0 −𝑤ℓ
0 𝑦ℓ 1 𝑧ℓ

)

(

 

𝑍1,𝑖
𝑍2,𝑖
𝑍1,𝑗
𝑍2,𝑗)

  

(
𝑍𝐴ℓ
𝑍𝐵ℓ

) = (
1 𝑥ℓ 0 −𝑤ℓ
0 𝑦ℓ −1 𝑧ℓ

)

(

 

𝑍1,𝑖
𝑍2,𝑖
𝑍1,𝑗
𝑍2,𝑗)

  

Ω𝑟𝑖
(𝐿)±

= 2Δ2𝐴𝜎3 ± 2Δ(𝐵 + (𝜎2 − 𝜎1)𝐶𝜎2,𝜎1 + (𝜎3 − 𝜎1)𝐶𝜎3,𝜎1 + (𝜎3 − 𝜎2)𝐶𝜎3,𝜎2),  

⟨(𝐴, 𝐵), 𝑋𝑗⟩ > 0  or  ⟨(𝐴, 𝐵), 𝑋𝑗⟩ < 0, 𝑗 = 1,2,3,4.  

𝑥𝑎,∗
2 = ⟨(𝐴, 𝐵), 𝑍2,2, 𝑍2,1⟩  

Ω±
(1)+

=
Δ

𝑥𝑎,1
2 𝑥𝑎,2

2 𝑥𝑎,3
2 𝑥𝑎,4

2 ±
𝑥3,4
2 𝑥2,∗

2 + 𝑥2,4
2 𝑥3,∗

2 − 𝑥2,3
2 𝑥4,∗

2

𝑥𝑎,2
2 𝑥𝑎,3

2 𝑥𝑎,4
2 𝑥𝑎,∗

2 ±
𝑥3,4
2 𝑥1,∗

2 + 𝑥1,3
2 𝑥4,∗

2 − 𝑥1,4
2 𝑥3,∗

2

𝑥𝑎,1
2 𝑥𝑎,3

2 𝑥𝑎,4
2 𝑥𝑎,∗

2

 ±
𝑥1,2
2 𝑥4,∗

2 + 𝑥2,4
2 𝑥1,∗

2 − 𝑥1,4
2 𝑥2,∗

2

𝑥𝑎,1
2 𝑥𝑎,2

2 𝑥𝑎,4
2 𝑥𝑎,∗

2 ±
𝑥2,3
2 𝑥1,∗

2 + 𝑥1,3
2 𝑥2,∗

2 − 𝑥1,2
2 𝑥3,∗

2

𝑥𝑎,1
2 𝑥𝑎,2

2 𝑥𝑎,3
2 𝑥𝑎,∗

2

 

Ω(1)± =
±2Δ

𝑥𝑎,1
2 𝑥𝑎,2

2 𝑥𝑎,3
2 𝑥𝑎,4

2 𝑑4𝑥𝑎 = ±2Δ𝑔(1,2,3,4)  
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𝒢(1)(𝐗, 𝑌) =
1

2
∑  

±

 𝜔±Ω(1)± =
⟨⟨𝐗1, 𝐗2, 𝐗3, 𝐗4⟩⟩

4

𝑠𝑡𝑢Δ
[Δ̃𝑔(1,2,3,4)]  

𝐺4
(1)

= 𝑅(1,2,3,4)(∏  

𝑖<𝑗

 𝑥𝑖𝑗
2)

𝑔(1,2,3,4)

∏  𝑖<𝑗  𝑥𝑖𝑗
2  

⟨(𝐴𝐵)𝑋𝑖⟩ > 0, ⟨(𝐶𝐷)𝑋𝑖⟩ > 0, ⟨(𝐴𝐵)(𝐶𝐷)⟩ > 0,
⟨(𝐴𝐵)𝑋𝑖⟩ < 0, ⟨(𝐶𝐷)𝑋𝑖⟩ > 0, ⟨(𝐴𝐵)(𝐶𝐷)⟩ < 0,
⟨(𝐴𝐵)𝑋𝑖⟩ > 0, ⟨(𝐶𝐷)𝑋𝑖⟩ < 0, ⟨(𝐴𝐵)(𝐶𝐷)⟩ < 0,
⟨(𝐴𝐵)𝑋𝑖⟩ < 0, ⟨(𝐶𝐷)𝑋𝑖⟩ < 0, ⟨(𝐴𝐵)(𝐶𝐷)⟩ > 0.

 

𝑥 ≥ 𝑎: 
𝑑𝑥

𝑥 − 𝑎
, 𝑥 ≤ 𝑎: −

𝑑𝑥

𝑥 − 𝑎
 

 

 

⟨𝐴𝐵𝑋1⟩ = 𝑤1, ⟨𝐶𝐷𝑋3⟩ = (1 − 𝑐1)(1 − 𝑐2)𝑤2.  

Ω(2)+ = Ω+,+
(2)+

− Ω+,−
(2)+

−Ω−,+
(2)+

+Ω−,−
(2)+.  

Ω(2)± = 2Δ2𝑔(1,2,3,4)2 ± 2Δ(ℎ(1,2; 3,4) + 5 perm. ),  

𝑔(1,2,3,4)2∶=
𝑑4𝑥𝑎𝑑

4𝑥𝑏

2𝑥𝑎,1
2 𝑥𝑎,2

2 𝑥𝑎,3
2 𝑥𝑎,4

2 𝑥𝑏,1
2 𝑥𝑏,2

2 𝑥𝑏,3
2 𝑥𝑏,4

2 + (𝑎 ↔ 𝑏),

ℎ(1,2; 3,4)∶=
𝑑4𝑥𝑎𝑑

4𝑥𝑏𝑥3,4
2

𝑥𝑎,1
2 𝑥𝑎,3

2 𝑥𝑎,4
2 𝑥𝑎,𝑏

2 𝑥𝑏,2
2 𝑥𝑏,3

2 𝑥𝑏,4
2 + (𝑎 ↔ 𝑏).

 

𝒢(2)(𝐗, 𝑌) =
⟨⟨𝐗1, 𝐗2, 𝐗3, 𝐗4⟩⟩

4

𝑠𝑡𝑢
((𝑠 + 𝑡 + 𝑢)𝑔(1,2,3,4)2 + (ℎ(1,2; 3,4) + 5 perm. ))  

Ω𝑟𝑖
(3)±

= 2Δ2𝐴𝜎3 ± 2Δ(𝐵 + (𝜎2 − 𝜎1)𝐶𝜎2,𝜎1 + (𝜎3 − 𝜎1)𝐶𝜎3,𝜎1 + (𝜎3 − 𝜎2)𝐶𝜎3,𝜎2),  

Ω𝑟1
(3)±

= 2Δ2𝐴𝑢 ± 2Δ(𝐵 + (𝑡 − 𝑠)𝐶𝑠,𝑡 + (𝑢 − 𝑠)𝐶𝑠,𝑢 + (𝑢 − 𝑡)𝐶𝑡,𝑢).  

LS[𝐴𝜎𝑖] ∝
1

Δ2
, LS[𝐵] ∝

1

Δ

LS[𝐶𝑠,𝑡] ∝
1

Δ(𝑡 − 𝑠)
, LS[𝐶𝑠,𝑢] ∝

1

Δ(𝑢 − 𝑠)
, LS[𝐶𝑡,𝑢] ∝

1

Δ(𝑢 − 𝑡)

 

𝐵∶= 𝑇12;34 + 𝐸12;34 + 11 perms. + 𝐿12;34 + 5 perms. 
𝐴𝑠∶= [𝐻14;23 + (1,4) ↔ (2,3)] + (3 ↔ 4) + 𝑔ℎ12;34 + 𝑔ℎ34;12,

𝐶𝑡,𝑢: = 2(𝐸′12;34 + 𝐸′34;12).
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𝑛𝑇 = 𝑥𝑎,𝑖
2 𝑥𝑘,𝑙

2 , . 𝑛𝐸 = 𝑥𝑏,𝑘
2 𝑥𝑖,𝑙

2 𝑥𝑗,𝑙
2 − 𝑥𝑏,𝑙

2 (𝑥𝑖,𝑙
2 𝑥𝑗,𝑘

2 + 𝑥𝑖,𝑘
2 𝑥𝑗,𝑙

2 )/2, 𝑛𝐸
′ = 𝑥𝑏,𝑙

2 ,

𝑛𝐿 = 𝑥𝑘,𝑙
4 , 𝑛𝐻 =

1

2
𝑥𝑎,𝑐
2 𝑥𝑖,𝑗

2 − 𝑥𝑎,𝑗
2 𝑥𝑐,𝑖

2 , 𝑛𝑔ℎ = 𝑥𝑘,𝑙
2 .

 

𝐸c
12;34 = 𝐸12;34 +

1

2
(𝑥1,4

2 𝑥2,3
2 + 𝑥1,3

2 𝑥2,4
2 )𝐸12;34

𝐻c
12;34 = 𝐻12;34 + 𝐸12;34

 

 

Δ𝐸12;34|𝛽 + Δ𝐸12;43|𝛽 =
1

2
−
1

2
= 0. 
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1

Δ
 on the 𝛼-cut, 

𝑡

(𝑡 − 𝑢)Δ
,

𝑢

(𝑡 − 𝑢)Δ
  on the 𝛽-cut ,  

1

Δ2
 on the 𝛾-cut, 

1

(𝑡 − 𝑢)Δ
 on the 𝛽-cut.  

 

 

(𝑤1, 𝑦1, 𝑤2, 𝑦2, 𝑥1, 𝑥2, 𝑧2, 𝑤3, 𝑦3, 𝑥3, 𝑧3).  

𝑧1 < 0,  for max(𝑠, 𝑡, 𝑢) = 𝑠,  

𝑧1 > 0,  for max(𝑠, 𝑡, 𝑢) = 𝑠.  
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(𝑤1, 𝑦1, 𝑤2, 𝑦2, 𝑤3, 𝑦3, 𝑥1, 𝑥3, 𝑥2, 𝑧2).  

𝑡 < 𝑢: (𝑧3 − 𝑧1) (𝑧3 −
(1 − 𝑐1)𝑧1
1 − 𝑐2

) < 0 ∨ (𝑧3 −
𝑐1𝑧1
𝑐2

)(𝑧3 −
𝑐1(1 − 𝑐2)𝑧1
𝑐2(1 − 𝑐1)

) < 0

𝑡 > 𝑢: (𝑧3 −
𝑐1𝑧1
𝑐2

)(𝑧3 −
(1 − 𝑐1)𝑧1
1 − 𝑐2

) < 0 ∨ (𝑧3 − 𝑧1) (𝑧3 −
𝑐1(1 − 𝑐2)𝑧1
𝑐2(1 − 𝑐1)

) < 0

 

max(𝑠, 𝑡, 𝑢) ≠ 𝑠, 𝑡 < 𝑢:𝑧3 (𝑧3 −
(1 − 𝑐1)𝑧1
1 − 𝑐2

) < 0 ∨ 𝑧1 (𝑧3 −
𝑐1(1 − 𝑐2)𝑧1
𝑐2(1 − 𝑐1)

) > 0

max(𝑠, 𝑡, 𝑢) ≠ 𝑠, 𝑡 > 𝑢:𝑧3 (𝑧3 −
𝑐1(1 − 𝑐2)𝑧1
𝑐2(1 − 𝑐1)

) < 0 ∨ 𝑧1 (𝑧3 −
(1 − 𝑐1)𝑧1
1 − 𝑐2

) > 0

max(𝑠, 𝑡, 𝑢) = 𝑠:(𝑧3 −
𝑐1(1 − 𝑐2)𝑧1
𝑐2(1 − 𝑐1)

)(𝑧3 −
(1 − 𝑐1)𝑧1
1 − 𝑐2

) < 0

 

𝑡 < 𝑢: 𝑧3 → 𝑧1
±, 𝑧1

𝑐1 − 𝑐2
1 − 𝑐2

→ 0∓

𝑡 > 𝑢: 𝑧3 → 𝑧1
±, 𝑧1

𝑐2 − 𝑐1
(1 − 𝑐1)𝑐2

→ 0∓
 

𝑡 < 𝑢: 𝑧3 → 𝑧1
±, 𝑧1 → 0∓

𝑡 > 𝑢: 𝑧3 → 𝑧1
±, 𝑧1 → 0∓

 

𝑡 < 𝑢: 𝑧3 → 0±, 𝑧1 → 0±

𝑢 < 𝑡: 𝑧3 → 0±, 𝑧1 → 0±
 

𝑧3 → (
1 − 𝑐1
1 − 𝑐2

𝑧1)
±

,
1 − 𝑐1
1 − 𝑐2

𝑧1 → 0∓  

𝑧3 → (
1 − 𝑐1
1 − 𝑐2

𝑧1)
±

, 𝑧1 → 0±  

𝑧3 → (
1 − 𝑐1
1 − 𝑐2

𝑧1)
±

, 𝑧1 → 0∓  

𝐿1: 𝑧3 =
𝑐1(1−𝑐2)

𝑐2(1−𝑐1)
𝑧1, 𝐿2: 𝑧3 =

1−𝑐2

1−𝑐1
𝑧1, 𝐿3: 𝑧3 =

𝑐1

𝑐2
𝑧1, 𝐿4: 𝑧3 = 𝑧1, 𝐿5: 𝑧1 = 0, and 𝐿6: 𝑧3 = 0 

𝐺4
(𝐿)

= 𝑅(1,2,3,4)𝑠𝑡𝑢𝐹(𝐿)  

1

𝑠𝑡𝑢Δ
,
1

𝑠𝑡Δ2
,
1

𝑢𝑡Δ2
,
1

𝑠𝑢Δ2

1

𝑡𝑠Δ(𝑡 − 𝑢)
,

1

𝑢𝑠Δ(𝑡 − 𝑢)
,

1

𝑡𝑠Δ(𝑢 − 𝑠)
,

1

𝑡𝑢Δ(𝑢 − 𝑠)
,

1

𝑡𝑢Δ(𝑠 − 𝑡)
,

1

𝑠𝑢Δ(𝑠 − 𝑡)

 

1

𝑡𝑢Δ(𝑠 − 𝑡)
=
1

2
∑  

±

 ± ( ∑  

𝑖=3,4,6

 𝜔𝑟𝑖
±)

1

⟨⟨𝐗1, 𝐗2, 𝐗3, 𝐗4⟩⟩
4  
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𝐸′12;34: =
1

Δ(𝑢 − 𝑡)
(ℰ(𝑧, 𝑧‾) + ℰ (

𝑧

𝑧 − 1
,
𝑧‾

𝑧‾ − 1
))

𝐸𝑐
12;34: =

𝑢

Δ(𝑢 − 𝑡)
(ℰ(𝑧, 𝑧‾) +

𝑡

𝑢
ℰ (

𝑧

𝑧 − 1
,
𝑧‾

𝑧‾ − 1
))

=
1

2Δ
(ℰ(𝑧, 𝑧‾) − ℰ (

𝑧

𝑧 − 1
,
𝑧‾

𝑧‾ − 1
)) −

𝑡 + 𝑢

2
𝐸′12;34

𝐻𝑐
12;34 + 𝐸′12;34: = −

1

Δ2
ℋ𝑎(𝑧, 𝑧‾)

 

ℒ𝑎𝑛,𝑎𝑛−1,⋯,𝑎1 = ∫  
𝑠𝑣

 
𝑑𝑧

𝑧 − 𝑎𝑛
ℒ𝑎𝑛−1,⋯,𝑎1 , 𝑎𝑛 = 0,1;

ℒ∅ = 1;ℒ0 = log 𝑧𝑧‾, ℒ1 = log (1 − 𝑧)(1 − 𝑧‾)

 

𝐺𝑎𝑛,𝑎𝑛−1,…,𝑎1(𝑧) = ∫  
𝑧

0

 
 d𝑧′

𝑧′ − 𝑎𝑛
𝐺𝑎𝑛−1,…,𝑎1(𝑧), 𝑎𝑛 = 0,±1; 𝐺∅(𝑧):= 1  

(−1)𝐿

Δ
× (ℒ0,…,0⏟  

𝐿

0,…, 1, 0, … ,0⏟  
𝐿−1

− ℒ0,…,0⏟  
𝐿−1

0,…, 1, 0,… ,0⏟  
𝐿

)  

ℰ(𝑧, 𝑧‾) =2ℒ0,0,0,1,0,1 − 2ℒ0,0,1,0,1,0 − ℒ0,0,1,1,0,1 + ℒ0,0,1,1,1,0 − 2ℒ0,1,0,0,0,1 + 2ℒ0,1,0,1,0,0 − ℒ0,1,0,1,1,0
+ℒ0,1,1,0,0,1 + ℒ0,1,1,0,1,0 − ℒ0,1,1,1,0,0 + 2ℒ1,0,0,0,1,0 − ℒ1,0,0,1,0,1 − ℒ1,0,0,1,1,0 − 2ℒ1,0,1,0,0,0  

 +ℒ1,0,1,0,0,1 + ℒ1,0,1,1,0,0 − 20𝜁5ℒ1 + 8𝜁3ℒ0,0,1 − 4𝜁3ℒ0,1,1 − 2𝜁3ℒ1,0,1

 

(𝑧 − 𝑧‾)(𝑧 + 𝑧‾ + 𝑧𝑧‾)𝐸′ = ℰ(𝑧, 𝑧‾) + ℰ (
𝑧

𝑧 − 1
,
𝑧‾

𝑧‾ − 1
) 

4ℒ0,0,0,1,0,1 − 2ℒ0,0,0,1,1,1 − 4ℒ0,0,1,0,1,0 + 2ℒ0,0,1,0,1,1 − 2ℒ0,0,1,1,0,1 + 2ℒ0,0,1,1,1,0 − 4ℒ0,1,0,0,0,1
+2ℒ0,1,0,0,1,1 + 4ℒ0,1,0,1,0,0 − 2ℒ0,1,0,1,0,1 − 2ℒ0,1,0,1,1,0 + ℒ0,1,0,1,1,1 + 2ℒ0,1,1,0,0,1 + 2ℒ0,1,1,0,1,0 

−2ℒ0,1,1,0,1,1 − 2ℒ0,1,1,1,0,0 + ℒ0,1,1,1,0,1 + 4ℒ1,0,0,0,1,0 − 2ℒ1,0,0,0,1,1 − 2ℒ1,0,0,1,0,1 − 2ℒ1,0,0,1,1,0  

+2ℒ1,0,0,1,1,1 − 4ℒ1,0,1,0,0,0 + 2ℒ1,0,1,0,0,1 + 2ℒ1,0,1,0,1,0 − ℒ1,0,1,0,1,1 + 2ℒ1,0,1,1,0,0 − ℒ1,0,1,1,1,0  

+2ℒ1,1,0,0,0,1 − 2ℒ1,1,0,0,1,0 − 2ℒ1,1,0,1,0,0 + ℒ1,1,0,1,0,1 + 2ℒ1,1,0,1,1,0 − ℒ1,1,0,1,1,1 + 2ℒ1,1,1,0,0,0  

 −2ℒ1,1,1,0,0,1 − ℒ1,1,1,0,1,0 + ℒ1,1,1,0,1,1 + 4𝜁3ℒ1,0,1 − 2𝜁3ℒ1,1,1

 

−4ℒ0,0,0,1,0,1 + 2ℒ0,0,0,1,1,1 + 4ℒ0,0,1,0,1,0 − 2ℒ0,0,1,0,1,1 + 2ℒ0,0,1,1,0,1 − 2ℒ0,0,1,1,1,0  

+4ℒ0,1,0,0,0,1 + 8ℒ0,1,0,0,1,0 − 10ℒ0,1,0,0,1,1 − 4ℒ0,1,0,1,0,0 + 2ℒ0,1,0,1,0,1 + 2ℒ0,1,0,1,1,0  

+ℒ0,1,0,1,1,1 − 8ℒ0,1,1,0,0,0 + 6ℒ0,1,1,0,0,1 − 2ℒ0,1,1,0,1,0 + 2ℒ0,1,1,1,0,0 − ℒ0,1,1,1,0,1  

+4ℒ1,0,0,0,1,0 − 6ℒ1,0,0,0,1,1 − 2ℒ1,0,0,1,0,1 + 2ℒ1,0,0,1,1,0 + 2ℒ1,0,0,1,1,1 − 4ℒ1,0,1,0,0,0  

+6ℒ1,0,1,0,0,1 + 2ℒ1,0,1,0,1,0 − 3ℒ1,0,1,0,1,1 − 2ℒ1,0,1,1,0,0 + 2ℒ1,0,1,1,0,1 − ℒ1,0,1,1,1,0  

+2ℒ1,1,0,0,0,1 − 2ℒ1,1,0,0,1,0 − 2ℒ1,1,0,1,0,0 + ℒ1,1,0,1,0,1 + 2ℒ1,1,1,0,0,0 − 2ℒ1,1,1,0,0,1  

+ℒ1,1,1,0,1,0 + 20𝜁3ℒ0,1,1 + 16𝜁3ℒ1,0,1 + 12𝜁3ℒ1,1,0 − 8𝜁3ℒ1,1,1  

+8𝐋0,𝑧‾,0,0,1,1 − 8𝐋0,𝑧‾,0,1,1,0 − 8𝐋0,𝑧‾,1,0,0,1 + 8𝐋0,𝑧‾,1,1,0,0 + 4𝐋1,𝑧‾,0,0,1,1 − 4𝐋1,𝑧‾,0,1,1,0 − 4𝐋1,𝑧‾,1,0,0,1  

+4𝐋1,𝑧‾,1,1,0,0 + 8𝐋𝑧‾,0,0,0,1,1 + 8𝐋𝑧‾,0,0,1,0,1 − 8𝐋𝑧‾,0,0,1,1,0 − 4𝐋𝑧‾,0,0,1,1,1 − 8𝐋𝑧‾,0,1,0,0,1 − 8𝐋𝑧‾,0,1,0,1,0  

+4𝐋𝑧‾,0,1,0,1,1 + 8𝐋𝑧‾,0,1,1,0,0 − 4𝐋𝑧‾,0,1,1,0,1 + 4𝐋𝑧‾,0,1,1,1,0 − 8𝐋𝑧‾,1,0,0,0,1 − 8𝐋𝑧‾,1,0,0,1,0 + 12𝐋𝑧‾,1,0,0,1,1 

+8𝐋𝑧‾,1,0,1,0,0 − 4𝐋𝑧‾,1,0,1,0,1 − 4𝐋𝑧‾,1,0,1,1,0 + 8𝐋𝑧‾,1,1,0,0,0 − 4𝐋𝑧‾,1,1,0,0,1 + 4𝐋𝑧‾,1,1,0,1,0 − 4𝐋𝑧‾,1,1,1,0,0  

 −16𝐋𝑧‾,𝑧‾,0,0,1,1 + 16𝐋𝑧‾,𝑧‾,0,1,1,0 + 16𝐋𝑧‾,𝑧‾,1,0,0,1 − 16𝐋𝑧‾,𝑧‾,1,1,0,0 − 32𝜁3𝐋𝑧‾,1,1

 

Ω𝑟𝑖
(4)±

= 2Δ2𝐴𝜎3 ± 2Δ(𝐵 + (𝜎2 − 𝜎1)𝐶𝜎2,𝜎1 + (𝜎3 − 𝜎1)𝐶𝜎3,𝜎1 + (𝜎3 − 𝜎2)𝐶𝜎3,𝜎2),  

𝐵:= −
1

2
𝐼Θ′
12;34 + 2 perms. + 𝐼𝑆

12;34 + 3 perms. + [𝐼𝑋′′
12;34 + 𝐼𝑄

12;34 + 𝐼𝐾′
12;34 + 5 perms. ] 

+[𝐼𝑃
12;34 − 𝐼𝑀′′

12;34 + 𝐼𝐽
12;34 + 𝐼𝑌′′

12;34 + 𝐼𝑁′
12;34 + 𝐼𝑉

12;34 + 𝐼𝑅′
12;34 + 11 perms. ]  

 +[𝐼
𝑃′′
12;34 + 𝐼𝑌

12;34 + 𝐼𝑈
12;34 + 23 perms. ]

𝐴𝑠: =8𝐼𝐹
12;34 + 𝐼ℎℎ′

12;34 + [4𝐼𝐺
12;34 + 𝐼𝑔𝐿

12;34 + 𝐼ℎℎ
12;34 + (1,2) ↔ (3,4)] + [𝐼𝑍

12;34

+𝐼𝑁
12;34 +7 perms.|𝑠] + [𝐼𝑆′′

12;34 + 𝐼𝑔𝑇
12;34 + 𝐼𝑊

12;34 +  3 perms.|𝑠] + [𝐼𝐾
14;23

+𝐼𝑋
14;23 + (1,4) ↔ (2,3) + 𝐼𝑀

14;23 + (3 ↔ 4)]
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𝐶𝑡,𝑢
(1)
: =
1

2
𝐼Θ
12;34 + [𝐼𝑋′

12;34 + 𝐼Ξ
12;34 + 2𝐼𝑀′

12;34 + 𝐼𝐾′′
12;34 + (1,2) ↔ (3,4)]

 + [
1

2
𝐼𝑃′
12;34 + 𝐼𝑌′

12;34 +
1

2
𝐼𝑆′
12;34 +3 perms.|𝑠] + [𝐼𝑂

12;34 +7 perms.|𝑠]

𝐶𝑡,𝑢
(2)
: =[2𝐼𝑅

12;43 + 𝐼I
12;43 + 2𝐼𝑈′

12;43 + (1,3) ↔ (2,4)] + (1,2) ↔ (3,4)

𝐶𝑢,𝑡
(2)
: =[2𝐼𝑅

12;34 + 𝐼I
12;34 + 2𝐼𝑈′

12;34 + (1,3) ↔ (2,4)] + (1,2) ↔ (3,4)

 

 

 

 

 

𝑧1
−2((−𝑐1(𝑐1 + 1)(𝑐2 − 1) + (𝑐1 − 𝑐2)(𝑐1 − 1)(𝑐2 − 1)𝑋 + (𝑐1 − 1)𝑐2(𝑐2 + 1)𝑋2)2

−4𝑋(𝑐1 + 𝑐1
2𝑐2(𝑋 − 1) − 𝑐2𝑋)(𝑐1 + 𝑐1𝑐2

2(𝑋 − 1) − 𝑐2𝑋))
−
1
2

 

𝑌2 =
(𝑠𝑋 − 𝑡)(4𝑢𝑋2 − 𝑠𝑋 + 𝑡)

𝑠𝑢
=
(𝑈𝑋 − 𝑉)(4𝑋2 − 𝑈𝑋 + 𝑉)

𝑈
.  

(𝑈4 − 16𝑈2𝑉 + 16𝑉2)3

𝑈2𝑉4(𝑈2 − 16𝑉)
 

(𝐴, 𝐵) = (𝑍1,1 + 𝑥1𝑍2,1 − 𝑤1𝑍2,2,

(𝐶, 𝐷) = (𝑍1,3𝑍2,1 + 𝑍2𝑍2,3 − 𝑤2𝑍2,4, 𝑦2𝑍2,3 + 𝑍1,4 + 𝑧2𝑍2,4)

(𝐸, 𝐹) = (𝑍1,3 + 𝑥3𝑍2,3 − 𝑤3𝑍2,4, 𝑦3𝑍2,3 + 𝑍1,4 + 𝑧3𝑍2,4)

(𝐺, 𝐻) = (𝑍1,1 + 𝑥4𝑍2,1 − 𝑤4𝑍2,2, 𝑦4𝑍2,1 + 𝑍1,2 + 𝑧4𝑍2,2),

 

(4(𝑐1 − 1)(𝑐2 − 1)(𝑋 − 1)(𝑐1 − 𝑐2𝑋)(𝑐1 − 1 + 𝑋 − 𝑐2𝑋)(𝑐1 − 𝑐1𝑐2 − 𝑐2𝑋 + 𝑐1𝑐2𝑋))
−
1
2  

𝑌2 =
4𝑋(𝑠𝑋 + 𝑢)(𝑠𝑋 + 𝑡)

𝑠2
=
4𝑋(𝑈𝑋 + 1)(𝑈𝑋 + 𝑉)

𝑈2
 

256(1 − 𝑉 − 𝑉2)3

(−1 + 𝑉)2𝑉2
.  
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1

Δ2
,

𝑡

Δ𝑠(𝑠 − 𝑡)
,

1

Δ(𝑠 − 𝑡)
,  and  

1

Δ(𝑠 − 𝑢)
.  
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𝐼𝑆
12;34: 𝑛𝑆

12;34 = (𝑥1,3
2 𝑥1,4

2 𝑥3,4
2 𝑥𝑎,2

4 + 3𝑥1,4
2 𝑥2,3

2 𝑥𝑎,1
2 (𝑥2,4

2 𝑥𝑎,3
2 − 𝑥3,4

2 𝑥𝑎,2
2 )) /6 + perms(1,3,4)

𝐼𝑆′
12;34, 𝐼𝑆′

12;43, 𝐼𝑆′
32;41: 𝑛𝑆

′𝑖𝑗;𝑘𝑙
= 𝑥𝑎,𝑙

2 (𝑥𝑖,𝑗
2 𝑥𝑎,𝑘

2 − 𝑥𝑗,𝑘
2 𝑥𝑎,𝑖

2 − 𝑥𝑖,𝑘
2 𝑥𝑎,𝑗

2 )

𝐼
𝑆′′
12;34, 𝐼

𝑆′′
23;14, 𝐼

𝑆′′
42;13: 𝑛𝑆

′′𝑖𝑗;𝑘𝑙
= 𝑥𝑖,𝑗

2 𝑥𝑎,𝑘
2 𝑥𝑎,𝑙

2

 

 

 

𝑠

Δ2
,
𝑡

Δ2
,
𝑢

Δ2
,

𝑠

(𝑠 − 𝑡)Δ
/

𝑡

(𝑠 − 𝑡)Δ
,

𝑠

(𝑠 − 𝑢)Δ
/

𝑢

(𝑠 − 𝑢)Δ
,

𝑡

(𝑡 − 𝑢)Δ
/

𝑢

(𝑡 − 𝑢)Δ
,
1

Δ
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Δ: 𝐼𝑆
12;34

 (𝑠 − 𝑡)Δ: 𝐼
𝑆′
12,34, Δ(𝑠 − 𝑢): 𝐼

𝑆′
12,43, Δ(𝑠 − 𝑢): 𝐼

𝑆′
32,41

Δ2: 𝐼𝑆′′
12;34, 𝐼𝑆′′

32;14, 𝐼𝑆′′
42;13

 

 

 

(𝑤1, 𝑦1, 𝑤2, 𝑦2, 𝑤3, 𝑦3, 𝑤4, 𝑦4, 𝑥1, 𝑧4, 𝑥2, 𝑧3, 𝑥3)  

𝑟5(𝑢 < 𝑠 < 𝑡):𝑧1 < 0 ∧
𝑐1
2(1 − 𝑐2)𝑧1

𝑐2
2(1 − 𝑐1)

< 𝑥4 < 𝑧1 ∧
𝑐1𝑧1
𝑐1

< 𝑧2 <
𝑐2(1 − 𝑐1)𝑥4
𝑐1(1 − 𝑐2)

𝑟3(𝑡 < 𝑠 < 𝑢):𝑧1 > 0 ∧
𝑐1𝑧1
𝑐2

< 𝑥4 <
(1 − 𝑐2)𝑧1
1 − 𝑐1

∧ 𝑥4 < 𝑧2

 ∧ 𝑧2 <
𝑧1((−1 + 𝑐1)(1 + 𝑐1 − 𝑐2)𝑐2𝑥4 − 𝑐1(−1 + 𝑐2)𝑧1)

(−1 + 𝑐2)𝑐2𝑥4 + 𝑐1(𝑐1 − 𝑐2 − 1)(𝑐2 − 1)𝑧1
.

 

𝔭:=(𝑧2 −
𝑧1((𝑐1 − 1)𝑐2(𝑐2 + 1)𝑋

2 + (𝑐1 − 1)(𝑐2 − 1)(𝑐1 − 𝑐2)𝑋 − 𝑐1(𝑐1 + 1)(𝑐2 − 1))

2𝑐1(𝑐2
2(𝑋 − 1) + 1) − 2𝑐2𝑋

)

2

 −
𝑧1
2

4(𝑐1𝑐2
2(𝑋 − 1) + 𝑐1 − 𝑐2𝑋)

2
(−4𝑋(𝑐1 + 𝑐1

2𝑐2(𝑋 − 1) − 𝑐2𝑋)(𝑐1 + 𝑐1𝑐2
2(𝑋 − 1) − 𝑐2𝑋)

+(−𝑐1(𝑐1 + 1)(𝑐2 − 1) + (𝑐1 − 𝑐2)(𝑐1 − 1)(𝑐2 − 1)𝑋 + (𝑐1 − 1)𝑐2(𝑐2 + 1)𝑋
2)2)

 

𝑧1 > 0∧ (𝑥4 −
𝑐1𝑧1
𝑐2

)
2

+
1

𝑐2
(
𝑐1𝑧1
𝑐2

)
2

> 0 ∧ [(
𝑐2(𝑐1 − 1)𝑥4
𝑐1(𝑐2 − 1)

< 𝑧2 <
𝑐1𝑧1
𝑐2

) 

∨ (𝑧1 < 𝑥4 <
𝑐1(𝑐2

2 − 1)𝑧1
𝑐2(𝑐1𝑐2 − 1)

∧
𝑐2(𝑐1 − 1)𝑥4
𝑐1(𝑐2 − 1)

< 𝑧2)]

∨ 𝑧1 > 0 ∧ 𝑥4 < 0 ∧ 𝑧2 < 𝑥4

 

𝑧1 > 0 ∧ 𝑥4 >
𝑐1(𝑐2

2 − 1)𝑧1
𝑐2(𝑐1𝑐2 − 1)

∧ [(
𝑐2(𝑐1 − 1)𝑥4
𝑐1(𝑐2 − 1)

< 𝑧2) ∨ (𝑧2 <
𝑐1𝑧1
𝑐2

)]  

𝑧2=
𝑧1((𝑐1 − 1)𝑐2(𝑐2 + 1)𝑋2 + (𝑐1 − 1)(𝑐2 − 1)(𝑐1 − 𝑐2)𝑋 − 𝑐1(𝑐1 + 1)(𝑐2 − 1))

2𝑐1(𝑐2
2(𝑋 − 1) + 1) − 2𝑐2𝑋

 

 +
𝑧1

2(𝑐1𝑐2
2(𝑋 − 1) + 𝑐1 − 𝑐2𝑋)

(−4𝑋(𝑐1 + 𝑐1
2𝑐2(𝑋 − 1) − 𝑐2𝑋)(𝑐1 + 𝑐1𝑐2

2(𝑋 − 1) − 𝑐2𝑋)

 +(−𝑐1(𝑐1 + 1)(𝑐2 − 1) + (𝑐1 − 𝑐2)(𝑐1 − 1)(𝑐2 − 1)𝑋 + (𝑐1 − 1)𝑐2(𝑐2 + 1)𝑋
2)2)

1
2
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(𝑤1, 𝑦1, 𝑤2, 𝑦2, 𝑤3, 𝑦3, 𝑤4, 𝑦4, 𝑥1, 𝑥4, 𝑥2, 𝑧3).  

 

 

4 ×
1

𝑠𝑡𝑢

𝑠

Δ√(𝑡 − 𝑠𝑋)(4𝑢𝑋2 − 𝑠𝑋 + 𝑡)
𝑑𝑋.  

1

2
(∑  

±

  ∑  

𝑖=4,6

 𝜔𝑟𝑖
±Δ2)

1

Δ

4

√(𝑠𝑋 − 𝑡)(4𝑢𝑋2 − 𝑠𝑋 + 𝑡)
𝑑𝑋|

⟨⟨𝐱1,𝐱2,𝐱3,𝐱4⟩⟩
4
→1

=
1

𝑡𝑢Δ

4

√(𝑠𝑋 − 𝑡)(4𝑢𝑋2 − 𝑠𝑋 + 𝑡)
𝑑𝑋.

 

𝐼14
′′ = 𝐼14|2↔4.  
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𝑥1,2
2 𝑥1,3

2 𝑥3,4
2 𝑥𝑐,2

2 𝑥𝑎,𝑑
2

𝑥𝑎,1
2 𝑥𝑎,2

2 𝑥𝑎,4
2 𝑥𝑐,1

2 𝑥𝑐,3
2 𝑥𝑑,1

2 𝑥𝑑,2
2 𝑥3,𝑑

2 𝑥𝑑,4
2 𝑥𝑎,𝑐

2 𝑥𝑐,𝑑
2 𝜆2,3,𝑎,𝑐

,  

𝜆𝑖,𝑗,𝑘,𝑙
2 : = det|𝑥𝑎,𝑏

2 |
𝑎,𝑏=𝑖,𝑗,𝑘,𝑙

 

𝑥1,2
2 𝑥1,3

2 𝑥2,3
2 𝑥3,4

2 𝑥𝑎,𝑑
2

𝑥𝑎,1
2 𝑥𝑎,2

2 𝑥𝑎,3
2 𝑥𝑎,4

2 𝑥𝑑,1
2 𝑥𝑑,2

2 𝑥𝑑,3
2 𝑥𝑑,4

2 𝜆1,3,𝑑,{𝑎2}
.  

𝑥1,2
2 𝑥3,4

2 (𝑥2,3
2 𝑥𝑎,1

2 − 𝑥1,2
2 𝑥𝑎,3

2 )

𝑥𝑎,1
2 𝑥𝑎,2

2 𝑥𝑎,3
2 𝑥𝑎,4

2 𝜆1,2,4,{𝑎3}
,  

𝐼7
𝑓𝑖𝑛𝑎𝑙

= −
𝑠

𝑡 + 𝑢 − 𝑠

1

Δ
.  

cut: 𝑥𝑎,1
2 , 𝑥𝑎,2

2 , 𝑥𝑎,4
2 , 𝑥𝑎,𝑏

2 , 𝑥𝑐,1
2 , 𝑥𝑐,3

2 , 𝑥𝑐,𝑑
2 , 𝑥𝑏,𝑐

2 ,  

𝑥1,2
4 𝑥3,4

2

𝑥𝑑,2
2 𝑥𝑑,4

2 𝑥𝑑,1
2 𝜆2,3{14}{𝑑1}

.  

𝐼13
final =

𝑠

𝑡 + 𝑢 − 𝑠

1

Δ
.  

−𝐼7|(5.36) = −𝐼7
′ |(5.36) = 𝐼13|(5.36) = 𝐼13

′ |(5.36) =
𝑠

𝑡 + 𝑢 − 𝑠

1

Δ
.  

𝐼7 + 𝐼7
′ + 𝐼13 + 𝐼13

′ = 0.  

 

 

 

±
𝑠

Δ√(𝑠 − 𝑡)2 − 4𝑡𝑢
 

𝐼10 + 𝐼14
′ = 0  
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Δ𝑇12;34 + Δ𝐸𝑐
12;34 + 11 perms. + Δ𝐿12;34 + 5 perms. + Δ2(𝑔ℎ12;34 + 𝑔ℎ34;12)

+Δ2[𝐻𝑐
14;23 + 𝐻𝑐

23;14 + 𝐻𝑐
13;24 + 𝐻𝑐

24;13] + (𝑡 − 3𝑢)Δ[𝐸′12;34 + 𝐸′34;12]

+ (𝑠 − 3𝑢 − Δ)Δ[𝐸′14;23 + 𝐸′23;14] + (𝑠 − 3𝑡 − Δ)Δ[𝐸′13;24 + 𝐸′24;13].

 

𝐼𝐺
12;34: = ∫  

ℓ1,ℓ2

 
𝑛𝐺
12;34

𝑥𝑎,1
2 𝑥𝑎,3

2 𝑥𝑏,2
2 𝑥𝑏,4

2 𝑥𝑐,2
2 𝑥𝑐,3

2 𝑥𝑑,1
2 𝑥𝑑,4

2 𝑥𝑎,𝑏
2 𝑥𝑎,𝑐

2 𝑥𝑏,𝑑
2 𝑥𝑐,𝑑

2 + perms(𝑎, 𝑏, 𝑐, 𝑑)  

𝐼𝑃
12;34 = ∫  

𝑎,𝑏,𝑐,𝑑

 
𝑛𝑃
12;34

𝑥𝑎,2
2 𝑥𝑎,4

2 𝑥𝑏,1
2 𝑥𝑐,1

2 𝑥𝑐,2
2 𝑥𝑐,3

2 𝑥𝑑,1
2 𝑥𝑑,3

2 𝑥𝑑,4
2 𝑥𝑎,𝑏

2 𝑥𝑎,𝑐
2 𝑥𝑎,𝑑

2 𝑥𝑏,𝑐
2 𝑥𝑏,𝑑

2 + 3 ↔ 4

 +perms(𝑎, 𝑏, 𝑐, 𝑑)

 

 

𝑛𝑁
12;34 = 𝑥1,2

2 (𝑥𝑏,𝑑
2 𝑥1,3

2 − 𝑥𝑏,3
2 𝑥𝑑,1

2 − 𝑥𝑏,1
2 𝑥𝑑,3

2 ),

𝑛𝑁
′12;34 = 𝑥1,2

2 𝑥1,3
2 𝑥1,4

2 𝑥𝑏,3
2 𝑥𝑑,2

2 .
 

𝑛𝑂
12;34 = 𝑥1,4

2 .  

𝑛𝐾
12;34 = 𝑥1,2

2 (𝑥1,2
2 𝑥𝑎,𝑑

2 − 𝑥𝑎,1
2 𝑥𝑑,2

2 − 𝑥𝑎,2
2 𝑥𝑑,1

2 ),

𝑛𝐾
′12;34 = 𝑥1,2

6 𝑥𝑎,3
2 𝑥𝑑,4

2 ,

𝑛𝐾
′′12;34 = 𝑥1,2

2 𝑥𝑎,1
2 𝑥𝑑,2

2 .

 

 

 

𝑛𝑈
12;34 = 𝑥2,4

2 𝑥𝑏,1
2 (𝑥2,3

2 𝑥𝑏,1
2 − 𝑥1,3

2 𝑥𝑏,2
2 )

𝑛𝑈
′12;34 = 𝑥𝑏,1

2 𝑥𝑏,2
2

 

𝑛I
12;34 = 𝑥2,3

2 𝑥𝑏,𝑐
2 + 𝑥𝑏,2

2 𝑥𝑐,3
2 − 𝑥𝑏,3

2 𝑥𝑐,2
2 .  

𝑛𝑍
12;34 = 𝑥1,3

2 𝑥𝑏,2
2 𝑥𝑎,𝑐

2 + 𝑥2,3
2 𝑥𝑎,1

2 𝑥𝑏,𝑐
2 − 𝑥1,3

2 𝑥𝑎,2
2 𝑥𝑏,𝑐

2 − 𝑥𝑎,1
2 𝑥𝑏,2

2 𝑥𝑐,3
2

 +𝑥𝑎,1
2 𝑥𝑏,3

2 𝑥𝑐,2
2 − 𝑥𝑎,3

2 𝑥𝑏,2
2 𝑥𝑐,1

2 + 𝑥1,2
2 𝑥𝑎,3

2 𝑥𝑏,𝑐
2

 

𝑛𝑌
12;34 = 𝑥2,4

2 𝑥𝑑,1
2 (𝑥1,4

2 𝑥𝑏,3
2 − 𝑥1,3

2 𝑥𝑏,4
2 )

𝑛𝑌
′12;34 = 𝑥𝑑,1

2 𝑥𝑏,4
2

𝑛𝑌
′′12;34 = 𝑥1,4

4 𝑥𝑏,2
2 𝑥𝑑,3

2 .
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𝑛𝐹
12;34 = 1.  

𝑛𝐺
12;34 = 1.  

𝑛𝑅
12;34 = 𝑥𝑏,𝑐

2 𝑥1,4
2 − 𝑥𝑏,1

2 𝑥𝑐,4
2 − 𝑥𝑏,4

2 𝑥𝑐,1
2

𝑛𝑅
′12;34 = 𝑥𝑏,1

2 𝑥𝑐,4
2 𝑥1,3

2 𝑥2,4
2

 

𝑛Ξ
12;34 = 𝑥1,2

2 𝑥𝑎,𝑏
2 + 𝑥𝑎,2

2 𝑥𝑏,1
2 − 𝑥𝑎,1

2 𝑥𝑏,2
2  

𝑛𝑀
12;34 = (𝑥𝑎,𝑑

2 𝑥1,2
2 − 𝑥𝑎,1

2 𝑥𝑑,2
2 − 𝑥𝑎,2

2 𝑥𝑑,1
2 ) × (𝑥𝑎,𝑑

2 𝑥3,4
2 − 𝑥𝑎,3

2 𝑥𝑑,4
2 − 𝑥𝑎,4

2 𝑥𝑑,3
2 )

𝑛𝑀
′12;34 = 𝑥𝑎,3

2 𝑥𝑑,4
2 (𝑥𝑎,𝑑

2 𝑥1,2
2 − 𝑥𝑎,1

2 𝑥𝑑,2
2 − 𝑥𝑎,2

2 𝑥𝑑,1
2 )

𝑛𝑀
′′12;34 = 𝑥𝑎,2

2 𝑥𝑎,3
2 𝑥𝑑,1

2 𝑥𝑑,4
2 (𝑥1,2

2 𝑥3,4
2 + 𝑥1,3

2 𝑥2,4
2 − 𝑥1,4

2 𝑥2,3
2 )/2 − 𝑥1,2

2 𝑥1,3
2 𝑥3,4

2 𝑥𝑎,2
2 𝑥𝑑,4

2 𝑥𝑎,𝑑
2 .

 

𝑛𝐽
12;34 = 𝑥1,2

2 𝑥2,3
2 𝑥𝑎,𝑑

2 (𝑥𝑏,1
2 𝑥2,4

2 − 𝑥𝑏,2
2 𝑥1,4

2 )

 +𝑥1,2
2 𝑥2,3

2 𝑥𝑎,𝑏
2 (𝑥1,2

2 𝑥𝑑,4
2 − 𝑥1,4

2 𝑥𝑑,2
2 − 𝑥2,4

2 𝑥𝑑,1
2 )

 

𝑛𝑄
12;34 =(−𝑥1,2

2 𝑥3,4
2 − 𝑥1,4

2 𝑥2,3
2 + 𝑥1,3

2 𝑥2,4
2 )𝑥𝑏,𝑐

2

 +𝑥1,2
2 𝑥𝑏,3

2 𝑥𝑐,4
2 + 𝑥3,4

2 𝑥𝑏,1
2 𝑥𝑐,2

2
 

 

𝑛𝑉
12;34 = 𝑥2,3

2 𝑥𝑎,1
4 .  

𝑛𝑃
12;34 =𝑥𝑎,𝑏

2 𝑥1,4
2 (𝑥1,3

2 𝑥𝑐,2
2 − 𝑥2,3

2 𝑥𝑐,1
2 )/2 + 𝑥𝑎,𝑐

2 𝑥𝑏,1
2 (𝑥1,4

2 𝑥2,3
2 + 𝑥1,3

2 𝑥2,4
2 )/2

−𝑥1,3
2 𝑥1,4

2 𝑥𝑏,2
2 𝑥𝑎,𝑐

2  

𝑛𝑃
′12;34 =𝑥𝑎,𝑐

2 𝑥𝑑,1
2 + 𝑥𝑎,𝑑

2 𝑥𝑐,1
2 − 𝑥𝑐,𝑑

2 𝑥𝑎,1
2

𝑛𝑃
′′12;34 =𝑥1,3

2 𝑥𝑎,1
2 𝑥𝑐,𝑑

2 𝑥𝑑,2
2

 

𝑛𝑄
12;34 = (−𝑥1,2

2 𝑥3,4
2 − 𝑥1,4

2 𝑥2,3
2 + 𝑥1,3

2 𝑥2,4
2 )𝑥𝑏,𝑐

2 + 𝑥1,2
2 𝑥𝑏,3

2 𝑥𝑐,4
2 + 𝑥3,4

2 𝑥𝑏,1
2 𝑥𝑐,2

2  
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𝑛𝑔𝑇
12;34 = 𝑥1,2

2 𝑥𝑎,3
2 − 𝑥1,3

2  

𝑛ℎℎ
12;34 = 𝑥1,2

4 .  

𝑛ℎℎ′
12;34 = 𝑥1,2

2 𝑥3,4
2 .  

𝑛𝐿×𝑔
12;34 = 𝑥1,2

4 .  

 

 

𝑛𝑆
12;34= (𝑥1,3

2 𝑥1,4
2 𝑥3,4

2 𝑥𝑎,2
4 + 3𝑥14

2 𝑥2,3
2 𝑥𝑎,1

2 (𝑥2,4
2 𝑥𝑎,3

2 − 𝑥3,4
2 𝑥𝑎,2

2 )) /6 

𝑛𝑆2
′12;34 = 𝑥𝑎,4

2 (𝑥1,2
2 𝑥𝑎,3

2 − 𝑥2,3
2 𝑥𝑎,1

2 − 𝑥1,3
2 𝑥𝑎,2

2 )

𝑛𝑆
′′12;34 = 𝑥1,2

2 𝑥𝑎,3
2 𝑥𝑎,4

2

 

𝑛𝑋
12;34 = 𝑥𝑎,𝑏

2 (𝑥𝑎,𝑏
2 𝑥1,2

2 − 𝑥𝑎,1
2 𝑥𝑏,2

2 − 𝑥𝑎,2
2 𝑥𝑏,1

2 )

𝑛𝑋
′12;34 = 𝑥𝑎,1

2 𝑥𝑏,2
2 𝑥𝑎,𝑏

2

𝑛𝑋
′′12;34 = 𝑥1,2

2 𝑥𝑎,3
2 𝑥𝑏,4

2 (𝑥𝑎,𝑏
2 𝑥1,2

2 − 𝑥𝑎,1
2 𝑥𝑏,2

2 − 𝑥𝑎,2
2 𝑥𝑏,1

2 ).

 

𝑛𝑊
12;34 = (𝑥𝑎,𝑏

2 𝑥1,3
2 − 𝑥𝑎,1

2 𝑥𝑏,3
2 − 𝑥𝑎,3

2 𝑥𝑏,1
2 ) × (𝑥𝑎,𝑏

2 𝑥1,4
2 − 𝑥𝑎,1

2 𝑥𝑏,4
2 − 𝑥𝑎,4

2 𝑥𝑏,1
2 ).  
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𝑛Θ
12;34 =

1

16
(−𝑥𝑎,4

2 𝑥𝑏,2
2 𝑥𝑐,1

2 𝑥𝑑,3
2 + 𝑥𝑎,3

2 𝑥𝑏,1
2 𝑥𝑐,2

2 𝑥𝑑,4
2 − 𝑥1,2

2 𝑥3,4
2 𝑥𝑎,𝑑

2 𝑥𝑏,𝑐
2 )

+
1

8
(−𝑥𝑎,2

2 𝑥𝑏,4
2 𝑥𝑐,3

2 𝑥𝑑,1
2 − 𝑥𝑎,1

2 𝑥𝑏,4
2 𝑥𝑐,3

2 𝑥𝑑,2
2 + 𝑥1,2

2 𝑥𝑎,4
2 𝑥𝑑,3

2 𝑥𝑏,𝑐
2 + 𝑥1,4

2 𝑥2,3
2 𝑥𝑎,𝑑

2 𝑥𝑏,𝑐
2

 −𝑥1,4
2 𝑥2,3

2 𝑥𝑎,𝑏
2 𝑥𝑐,𝑑

2 − 𝑥1,3
2 𝑥2,4

2 𝑥𝑎,𝑏
2 𝑥𝑐,𝑑

2 + 𝑥1,2
2 𝑥3,4

2 𝑥𝑎,𝑏
2 𝑥𝑐,𝑑

2 )

+
1

4
(𝑥𝑎,2

2 𝑥𝑏,4
2 𝑥𝑐,1

2 𝑥𝑑,3
2 + 𝑥𝑎,1

2 𝑥𝑏,3
2 𝑥𝑐,2

2 𝑥𝑑,4
2 − 𝑥2,4

2 𝑥𝑐,3
2 𝑥𝑑,1

2 𝑥𝑎,𝑏
2 + 𝑥2,4

2 𝑥𝑐,1
2 𝑥𝑑,3

2 𝑥𝑎,𝑏
2

 +𝑥1,3
2 𝑥𝑐,4

2 𝑥𝑑,2
2 𝑥𝑎,𝑏

2 − 𝑥1,3
2 𝑥𝑐,2

2 𝑥𝑑,4
2 𝑥𝑎,𝑏

2 + 𝑥3,4
2 𝑥𝑎,2

2 𝑥𝑑,1
2 𝑥𝑏,𝑐

2 )

+
1

2
(𝑥𝑎,2

2 𝑥𝑏,3
2 𝑥𝑐,1

2 𝑥𝑑,4
2 + 𝑥2,3

2 𝑥𝑐,4
2 𝑥𝑑,1

2 𝑥𝑎,𝑏
2 − 𝑥1,2

2 𝑥𝑐,4
2 𝑥𝑑,3

2 𝑥𝑎,𝑏
2 + 𝑥2,3

2 𝑥𝑐,1
2 𝑥𝑑,4

2 𝑥𝑎,𝑏
2

 −𝑥1,2
2 𝑥𝑐,3

2 𝑥𝑑,4
2 𝑥𝑎,𝑏

2 − 𝑥1,4
2 𝑥𝑎,2

2 𝑥𝑑,3
2 𝑥𝑏,𝑐

2 − 𝑥1,3
2 𝑥𝑎,2

2 𝑥𝑑,4
2 𝑥𝑏,𝑐

2 )

 

𝑛Θ
′12;34 =

1

8
(−𝑥1,4

2 𝑥2,3
2 𝑥𝑎,4

2 𝑥𝑏,2
2 𝑥𝑐,1

2 𝑥𝑑,3
2 − 𝑥1,4

2 𝑥2,3
2 𝑥𝑎,2

2 𝑥𝑏,4
2 𝑥𝑐,3

2 𝑥𝑑,1
2 − 𝑥1,3

2 𝑥2,4
2 𝑥𝑎,2

2 𝑥𝑏,4
2 𝑥𝑐,3

2 𝑥𝑑,1
2

−𝑥1,4
2 𝑥2,3

2 𝑥𝑎,3
2 𝑥𝑏,1

2 𝑥𝑐,2
2 𝑥𝑑,4

2 + 𝑥1,4
4 𝑥2,3

4 𝑥𝑎,𝑑
2 𝑥𝑏,𝑐

2 − 𝑥1,4
4 𝑥2,3

4 𝑥𝑎,𝑐
2 𝑥𝑏,𝑑

2 − 𝑥1,3
4 𝑥2,4

4 𝑥𝑎,𝑐
2 𝑥𝑏,𝑑

2  

−𝑥1,4
2 𝑥2,3

2 𝑥1,3
2 𝑥2,4

2 𝑥𝑎,𝑑
2 𝑥𝑏,𝑐

2 − 𝑥1,2
2 𝑥3,4

2 𝑥1,4
2 𝑥2,3

2 𝑥𝑎,𝑑
2 𝑥𝑏,𝑐

2 + 𝑥1,2
2 𝑥3,4

2 𝑥1,4
2 𝑥2,3

2 𝑥𝑎,𝑐
2 𝑥𝑏,𝑑

2  

+𝑥1,2
2 𝑥3,4

2 𝑥1,3
2 𝑥2,4

2 𝑥𝑎,𝑐
2 𝑥𝑏,𝑑

2 ) +
5

4
𝑥1,2
2 𝑥3,4

2 𝑥1,4
2 𝑥2,3

2 𝑥𝑏,4
2 𝑥𝑐,3

2 𝑥𝑎,𝑑
2 +

3

4
(−𝑥1,4

2 𝑥2,3
2 𝑥𝑎,3

2

𝑥𝑏,4
2 𝑥𝑐,2

2 𝑥𝑑,1
2 − 𝑥1,4

2 𝑥2,3
2 𝑥𝑎,1

2 𝑥𝑏,4
2 𝑥𝑐,3

2 𝑥𝑑,2
2 + 𝑥1,4

2 𝑥2,3
2 𝑥2,4

2 𝑥𝑐,3
2 𝑥𝑑,1

2 𝑥𝑎,𝑏
2 − 𝑥1,4

2 𝑥2,3
2 𝑥2,4

2 𝑥𝑐,1
2

𝑥𝑑,3
2 𝑥𝑎,𝑏

2 ) +
1

4
(𝑥1,4

2 𝑥2,3
2 𝑥𝑎,4

2 𝑥𝑏,3
2 𝑥𝑐,1

2 𝑥𝑑,2
2 + 𝑥1,3

2 𝑥2,4
2 𝑥𝑎,4

2 𝑥𝑏,3
2 𝑥𝑐,1

2 𝑥𝑑,2
2 + 𝑥1,4

2 𝑥2,3
2 𝑥𝑎,4

2 𝑥𝑏,1
2

𝑥𝑐,2
2 𝑥𝑑,3

2 + 𝑥1,3
2 𝑥2,4

2 𝑥𝑎,3
2 𝑥𝑏,4

2 𝑥𝑐,2
2 𝑥𝑑,1

2 − 𝑥1,2
2 𝑥3,4

2 𝑥𝑎,1
2 𝑥𝑏,4

2 𝑥𝑐,3
2 𝑥𝑑,2

2 − 𝑥1,3
2 𝑥2,4

4 𝑥𝑐,3
2 𝑥𝑑,1

2 𝑥𝑎,𝑏
2

+𝑥1,3
2 𝑥2,4

4 𝑥𝑐,1
2 𝑥𝑑,3

2 𝑥𝑎,𝑏
2 + 𝑥1,3

2 𝑥1,4
2 𝑥2,3

2 𝑥𝑐,4
2 𝑥𝑑,2

2 𝑥𝑎,𝑏
2 + 𝑥1,3

4 𝑥2,4
2 𝑥𝑐,4

2 𝑥𝑑,2
2 𝑥𝑎,𝑏

2 − 𝑥1,3
2 𝑥1,4

2 𝑥2,3
2  

𝑥𝑐,2
2 𝑥𝑑,4

2 𝑥𝑎,𝑏
2 − 𝑥1,3

4 𝑥2,4
2 𝑥𝑐,2

2 𝑥𝑑,4
2 𝑥𝑎,𝑏

2 + 𝑥1,4
2 𝑥2,3

2 𝑥3,4
2 𝑥𝑏,2

2 𝑥𝑐,1
2 𝑥𝑎,𝑑

2 − 𝑥1,4
2 𝑥2,3

2 𝑥3,4
2 𝑥𝑏,1

2 𝑥𝑐,2
2

𝑥𝑎,𝑑
2 + 𝑥1,2

2 𝑥1,4
2 𝑥2,3

2 𝑥𝑏,4
2 𝑥𝑐,3

2 𝑥𝑎,𝑑
2 + 𝑥1,4

2 𝑥2,3
2 𝑥1,3

2 𝑥2,4
2 𝑥𝑎,𝑐

2 𝑥𝑏,𝑑
2 ) +

3

2
(−𝑥1,3

2 𝑥2,4
2 𝑥𝑎,4

2 𝑥𝑏,3
2 𝑥𝑐,2

2

𝑥𝑑,1
2 + 𝑥1,3

2 𝑥1,4
2 𝑥2,3

2 𝑥𝑏,3
2 𝑥𝑐,2

2 𝑥𝑎,𝑑
2 ) +

1

2
(𝑥1,4

2 𝑥2,3
2 𝑥𝑎,4

2 𝑥𝑏,3
2 𝑥𝑐,2

2 𝑥𝑑,1
2 − 𝑥1,4

2 𝑥2,3
2 𝑥3,4

2 𝑥𝑐,2
2 𝑥𝑑,1

2

𝑥𝑎,𝑏
2 − 𝑥1,3

2 𝑥2,4
2 𝑥3,4

2 𝑥𝑐,2
2 𝑥𝑑,1

2 𝑥𝑎,𝑏
2 − 𝑥1,3

2 𝑥2,4
2 𝑥3,4

2 𝑥𝑐,2
2 𝑥𝑑,1

2 𝑥𝑎,𝑏
2 − 𝑥1,4

2 𝑥2,3
2 𝑥3,4

2 𝑥𝑐,1
2 𝑥𝑑,2

2 𝑥𝑎,𝑏
2

−𝑥1,3
2 𝑥2,4

2 𝑥3,4
2 𝑥𝑐,1

2 𝑥𝑑,2
2 𝑥𝑎,𝑏

2 + 𝑥1,4
4 𝑥2,3

2 𝑥𝑐,3
2 𝑥𝑑,2

2 𝑥𝑎,𝑏
2 + 𝑥1,3

2 𝑥2,4
2 𝑥1,4

2 𝑥𝑐,3
2 𝑥𝑑,2

2 𝑥𝑎,𝑏
2 + 𝑥1,4

4 𝑥2,3
2  

𝑥𝑐,2
2 𝑥𝑑,3

2 𝑥𝑎,𝑏
2 − 𝑥1,3

2 𝑥2,4
2 𝑥1,4

2 𝑥𝑐,2
2 𝑥𝑑,3

2 𝑥𝑎,𝑏
2 − 𝑥1,4

2 𝑥2,3
2 𝑥2,4

2 𝑥𝑏,3
2 𝑥𝑐,1

2 𝑥𝑎,𝑑
2 − 𝑥1,3

2 𝑥2,4
4 𝑥𝑏,3

2 𝑥𝑐,1
2 𝑥𝑎,𝑑

2

−𝑥1,3
2 𝑥2,4

4 𝑥𝑏,3
2 𝑥𝑐,1

2 𝑥𝑎,𝑑
2 − 𝑥1,4

4 𝑥2,3
2 𝑥𝑏,3

2 𝑥𝑐,2
2 𝑥𝑎,𝑑

2 )
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 𝑧𝑧‾ ≡ 𝑈, (1 − 𝑧)(1 − 𝑧‾) ≡ 𝑉 

𝐸c
12;34∶=

𝑥𝑏,3
2 𝑥1,4

2 𝑥2,4
2

𝑥𝑎,1
2 𝑥𝑎,3

2 𝑥𝑎,4
2 𝑥𝑎,𝑏

2 𝑥𝑏,1
2 𝑥𝑏,2

2 𝑥𝑏,4
2 𝑥𝑏,𝑐

2 𝑥𝑐,2
2 𝑥𝑐,3

2 𝑥𝑐,4
2

𝐻c
12;34∶=

𝑥𝑎,𝑐
2 𝑥1,2

2

𝑥𝑎,1
2 𝑥𝑎,2

2 𝑥𝑎,3
2 𝑥𝑎,4

2 𝑥𝑎,𝑏
2 𝑥𝑏,1

2 𝑥𝑏,2
2 𝑥𝑏,𝑐

2 𝑥𝑐,1
2 𝑥𝑐,2

2 𝑥𝑐,3
2 𝑥𝑐,4

2

 

 (𝑋, 𝑌) ↦ (1 +
1

𝑋
,
𝑌

𝑋2
) 

 𝑋 → 𝑋 +
𝑐1
2(𝑐2−1)

2−2𝑐1(𝑐2+1)
2+𝑐2(𝑐2+10)+1

12(𝑐1−𝑐2)
 

 (𝑋, 𝑌) → (𝑎2𝑋, 𝑎3𝑌) 

𝑎 =
√−(𝑐1 − 1)(𝑐2 − 1)

(𝑐1 − 𝑐2)
2  

𝑋 → 𝑋 −
(𝑐1 − 1)(𝑐2 − 1)2 + 4𝑐1𝑐2

12(𝑐1 − 1)(𝑐2 − 1)
 

⟨𝑓|𝑎𝑛|𝑔⟩ = ∫  𝑓(Φ(1))𝑔(Φ(0))exp (−𝑆[Φ])𝑑Φ  

∑  

𝑝𝑘,𝑝𝑘+𝑛

 
𝑓(𝑝𝑘+𝑛)𝑔(𝑝𝑘)

Π𝑇𝑀𝑘,𝑘+𝑛(𝑝𝑘 , 𝑝𝑘+𝑛)
 

𝑀𝑘,𝑘+𝑛 = {𝐼𝑘+𝑛 ⊂ 𝐼𝑘  supp(𝐼𝑘/𝐼𝑘+𝑛) ⊂ (0,0) ∈ ℂ2 𝐼𝑘+𝑛 ∈ 𝑀𝑘+𝑛 𝐼𝑘 ∈ 𝑀𝑘}  

[𝑎𝑛, 𝑎𝑚] = (−1)𝑛𝑛𝛿𝑛+𝑚𝜖1𝜖2  

[𝑎−1
6𝑑 , 𝑎1

6𝑑] = sinh (𝜖1)sinh (𝜖2)  
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𝑍inst
𝑈(1)(𝜖1, 𝜖2, Λ) = ⟨Λ ∣ Λ⟩  

𝑎−1|Λ⟩ = Λ1/2|Λ⟩ 𝑎𝑛|Λ⟩ = 0, ∀𝑛 ≤ −2  

𝑎−1|Λ,𝑚1⟩  = 𝑚1Λ
1/2|Λ,𝑚1⟩

𝑎−1|Λ,𝑚1, 𝑚2⟩  = Λ1/2(𝑚1𝑚2 − 𝜖1𝜖2𝐾)|Λ,𝑚1, 𝑚2⟩
 

⟨𝑓 ∣ 𝑔⟩ = ∑  

𝑝∈ fixed points 

 
𝑓(𝑝)𝑔(𝑝)

Π𝑇𝑀(𝑝)
∝ ∫  

𝑀

 𝑓 ∧ 𝑔  

⟨𝑓|𝑀12|𝑔⟩ = ∑  
(𝑝1,𝑝2)∈ fixed points of 𝑀12

 
𝑓(𝑝2)𝑔(𝑝1)

∏  𝑇𝑀12(𝑝1, 𝑝2)
 

𝜋1:𝑀12 → 𝑀1 (𝑝1, 𝑝2) ↦ 𝑝1 ∈ 𝑀1

𝜋2:𝑀12 → 𝑀2 (𝑝1, 𝑝2) ↦ 𝑝2 ∈ 𝑀2
 

⟨𝑓|𝑀23 ∘ 𝑀12|𝑔⟩ = ∑  
(𝑝1,𝑝2,𝑝3)∈ fixed points of 𝑀123

 
𝑓(𝑝3)𝑔(𝑝1)

∏  𝑇𝑀123(𝑝1, 𝑝2, 𝑝3)vir 
 

𝑇𝑀1⊕𝑇𝑀2⊕𝑇𝑀3

𝑇(𝑀12 ×𝑀3) + 𝑇(𝑀1 ×𝑀23)
 

𝑀12 = √𝐾𝑀2
−1⊗ (𝜋2)∗(√𝐾𝑀12⊗𝜋1

∗)  

1

2
𝜕0𝜙𝜕0𝜙 + 𝜓𝜕0𝜓‾ −

1

4
𝑅(𝜓‾, 𝜓‾, 𝜓, 𝜓) −

1

2
𝐹𝐹 

𝑆[𝜙, 𝜓, 𝜓‾, 𝐹] =
1

2
𝜕0𝜙𝜕0𝜙 + 𝜓𝜕0𝜓‾ −

1

4
𝑅(𝜓‾, 𝜓‾, 𝜓,𝜓) −

1

2
𝐹𝐹

 +
1

2
|𝑉|2 −

1

2
∇𝑖𝑉𝑗𝜓

𝑖𝜓𝑗 +
1

2
∇𝑖𝑉𝑗𝜓‾

𝑖𝜓‾ 𝑗
 

𝛿𝜙 =𝜖‾𝜓 + 𝜖𝜓‾

𝛿𝐹 =
1

2
𝜖𝑅(𝜓‾, 𝜓‾)𝜓 −

1

2
𝜖‾𝑅(𝜓, 𝜓)𝜓‾ + 𝜖𝜕0𝜓‾ − 𝜖‾𝜕0𝜓

 +𝜖𝜓𝑖∇𝑖𝑉
𝑗𝜕𝑗 − 𝜖‾𝜓‾ 𝑖∇𝑖𝑉

𝑗𝜕𝑗
𝛿𝜓 = −𝜖𝜕0𝜙 + 𝜖‾𝑉 + 𝜖𝐹

𝛿𝜓‾ = −𝜖‾𝜕0𝜙 + 𝜖𝑉 − 𝜖‾𝐹

 

𝛿𝜂𝛿𝜖 = 𝜖𝜂ℒ𝑉 𝛿𝜂‾ 𝛿𝜖‾ = 𝜖‾𝜂‾ℒ𝑉 [𝛿𝜖 , 𝛿𝜖‾ ] = 2𝜖𝜖‾𝜕0  

ℒ𝑉𝜙 = 𝑉(𝜙) ℒ𝑉𝐹 = 𝐹𝑖∇𝑖𝑉 ℒ𝑉𝜓 = 𝜓𝑖∇𝑖𝑉 ℒ𝑉𝜓‾ = 𝜓‾ 𝑖∇𝑖𝑉 

1

2
𝜓‾𝑉 −

1

2
𝜓(𝜕0𝜙 + 𝐹) 

⟨𝑓 ∣ 𝑔⟩: = ∫  𝑑𝜙𝑑𝐹𝑑𝜓𝑑𝜓‾exp (−𝑆[𝜙, 𝜓, 𝜓‾, 𝐹])𝑓(𝜙(1), 𝜓‾(1))𝑔(𝜙(0),𝜓‾(0))  

𝜙: [0,1] → 𝑀 𝜓,𝜓‾, 𝐹 ∈ 𝜙∗𝑇𝑀 

𝜕0𝜙 = 𝜕0𝜓‾ = 𝐹 = 𝜓 = 0 at 𝑥0 = 0,1 

𝜙 ≡ 𝑝 𝜓, 𝜓‾, 𝐹 = 0 𝑝 ∈  fixed points of 𝑉 

1

2
(𝜓‾, 𝜓) (

∇𝑉 𝜕0
𝜕0 −∇𝑉

) (
𝜓‾

𝜓
) 

−
1

2
𝛿𝜙𝑖(𝑔𝑖𝑘𝜕0𝜕0 + ∇𝑖𝑉𝑗∇

𝑗𝑉𝑘)𝛿𝜙
𝑘 
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∇𝑖𝑉𝑗𝛿𝜙
𝑗 = 𝜆𝑉𝛿𝜙𝑖  𝜕0𝛿𝜙

𝑖 = 𝜆0𝛿𝜙
𝑖 

(
𝜓‾

𝜓
) ∈ ⟨(

𝛿𝜙

0
) , (

0

𝜕0𝛿𝜙
)⟩ 

1

2
(
𝜆𝑉 𝜆0

2

1 −𝜆𝑉
) 

 one-loop determinant =
pf(∇𝑉)

det(∇𝑉)
=

1

pf(∇𝑉)
 

1

pf(∇𝑉)
=

1

∏  𝑇𝑀(𝑝)
 

⟨𝑓 ∣ 𝑔⟩ = ∑  

𝑝∈ fixed points 

 
𝑓(𝑝)𝑔(𝑝)

Π𝑇𝑀(𝑝)
∝ ∫  

𝑀

 𝑓 ∧ 𝑔  

⟨𝑓 ∣ 𝑔⟩ =
𝑓(0,0)𝑔(0,0)

𝜖1𝜖2
=

1

𝜖1𝜖2
 

𝜙1: [0,1] → 𝑀1 𝜓1, 𝜓‾1, 𝐹1 ∈ 𝜙1
∗𝑇𝑀1𝑖𝜙2: [1,2] → 𝑀2 𝜓2, 𝜓‾2, 𝐹2 ∈ 𝜙2

∗𝑇𝑀2 

(𝜙1(1), 𝜙2(1)) ∈ 𝑀12

(𝜓‾1(1), 𝜓‾2(1)) ∈ 𝑇𝑀12

𝜕0𝜙1(0) = 𝜕0𝜓‾1(0) = 𝐹1(0) = 𝜓1(0) = 0

𝜕0𝜙2(2) = 𝜕0𝜓‾2(2) = 𝐹2(2) = 𝜓2(2) = 0

 

⟨𝑓|𝑀12|𝑔⟩:= ∫  𝑑𝜙𝑑𝐹𝑑𝜓𝑑𝜓‾exp (−𝑆[𝜙, 𝜓, 𝜓‾, 𝐹])𝑓(𝜙(2),𝜓‾(2))𝑔(𝜙(0), 𝜓‾(0))  

 

𝜙 = (𝜙1, 𝜙2) 𝜓 = (𝜓1, 𝜓2) 𝜓‾ = (𝜓‾1, 𝜓‾2) 𝐹 = (𝐹1, 𝐹2) 

𝜙1 ≡ 𝑝1 𝜙2 ≡ 𝑝2 (𝑝1, 𝑝2) ∈ 𝑀12 is a fixed point  

∑  
(𝑝1,𝑝2)∈ fixed points of 𝑀12

1

∏  𝑇𝑀12(𝑝1, 𝑝2)
 

⟨𝑓|𝑀12|𝑔⟩ = ∑  
(𝑝1,𝑝2)∈ fixed points of 𝑀12

 
𝑓(𝑝2)𝑔(𝑝1)

∏  𝑇𝑀12(𝑝1, 𝑝2)
 

𝜋1:𝑀12 → 𝑀1 (𝑝1, 𝑝2) ↦ 𝑝1
𝜋2:𝑀12 → 𝑀2 (𝑝1, 𝑝2) ↦ 𝑝2

 

𝜋1
∗|𝑝1⟩ = ∑  

(𝑝1,𝑞)∈ fixed points of 𝑀12

|𝑝1, 𝑞⟩ 

(𝜋2)∗|𝑝1, 𝑞⟩ =
∏  𝑇𝑀2(𝑞)

∏  𝑇𝑀12(𝑝1, 𝑞)
|𝑞⟩ 
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𝑀12 = {𝐼2 ⊂ 𝐼1, supp(𝐼1/𝐼2) ⊂ (0,0) ∈ ℂ2 𝐼2 ∈ 𝑀2, 𝐼1 ∈ 𝑀1} 

 

 

 

 

𝜙1: [0,1] → 𝑀1 𝜓1, 𝜓‾1, 𝐹1 ∈ 𝜙1
∗𝑇𝑀1

𝜙2: [1,2] → 𝑀2 𝜓2, 𝜓‾2, 𝐹2 ∈ 𝜙2
∗𝑇𝑀2

𝜙3: [2,3] → 𝑀3 𝜓3, 𝜓‾3, 𝐹3 ∈ 𝜙3
∗𝑇𝑀3

 

(𝜙1(1), 𝜙2(1)) ∈ 𝑀12 (𝜓‾1(1), 𝜓‾2(1)) ∈ 𝑇𝑀12

(𝜙2(2), 𝜙3(2)) ∈ 𝑀23 (𝜓‾2(2), 𝜓‾3(2)) ∈ 𝑇𝑀23

𝜕0𝜙1(0) = 𝜕0𝜓‾1(0) = 𝐹1(0) = 𝜓1(0) = 0

𝜕0𝜙3(3) = 𝜕0𝜓‾3(3) = 𝐹3(3) = 𝜓3(3) = 0

 

 

⟨𝑓|𝑀23 ∘ 𝑀12|𝑔⟩:= ∫  𝑑𝜙𝑑𝐹𝑑𝜓𝑑𝜓‾exp (−𝑆[𝜙,𝜓, 𝜓‾, 𝐹])𝑓(𝜙(3),𝜓‾(3))𝑔(𝜙(0), 𝜓‾(0))  

𝜙 = (𝜙1, 𝜙2, 𝜙3) 𝜓 = (𝜓1, 𝜓2, 𝜙3) 𝜓‾ = (𝜓‾1, 𝜓‾2, 𝜓‾3) 𝐹 = (𝐹1, 𝐹2, 𝐹3) 

𝜙1 ≡ 𝑝1 𝜙2 ≡ 𝑝2 𝜙3 ≡ 𝑝3 (𝑝1, 𝑝2, 𝑝3) ∈ 𝑀123 is a fixed point  

𝑀123 = (𝑀12 ×𝑀3) ∩ (𝑀1 ×𝑀23) ⊂ 𝑀1 ×𝑀2 ×𝑀3 

1

𝑇𝑀123(𝑝1, 𝑝2, 𝑝3)
 

∫  𝜕0𝛿𝜙𝜓 = −𝛿𝜙(1)𝜓(1) = −𝛿𝜙2(1)𝜓(1) 

 

∏ 
𝑇𝑀1⊕𝑇𝑀2⊕𝑇𝑀3

𝑇(𝑀12 ×𝑀3) + 𝑇(𝑀1 ×𝑀23)
 

 

𝑇(𝑀12 ×𝑀3) + 𝑇(𝑀1 ×𝑀23) = 𝑇𝑀1⊕𝑇𝑀2⊕𝑇𝑀3  

 

⟨𝑓|𝑀23 ∘ 𝑀12|𝑔⟩ = ∑  
(𝑝1,𝑝2,𝑝3)∈ fixed points of 𝑀123

 𝑓(𝑝3)𝑔(𝑝1)
∏  𝑇𝑀123(𝑝1, 𝑝2, 𝑝3)obs
∏  𝑇𝑀123(𝑝1, 𝑝2, 𝑝3)tan

 

 

⟨𝑓|𝑀23 ∘ 𝑀12|𝑔⟩ = ∑  
(𝑝1,𝑝2,𝑝3)∈ fixed points of 𝑀123

 
𝑓(𝑝3)𝑔(𝑝1)

∏  𝑇𝑀123(𝑝1, 𝑝2, 𝑝3)vir 
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⟨𝑝3|(𝜋3)∗𝜋2
∗(𝜋2)∗𝜋1

∗|𝑝1⟩ = ⟨𝑝3|(𝜋3)∗𝜋2
∗∑ 

𝑞

 
∏  𝑇𝑀2(𝑞)

∏  𝑇𝑀12(𝑝1, 𝑞)
|𝑞⟩

 =∑  

𝑞

 
∏  𝑇𝑀2(𝑞)

∏  𝑀12(𝑝1, 𝑞)∏  𝑀23(𝑞, 𝑝3)
=∑  

𝑞

 
1

∏  𝑇𝑀123(𝑝1, 𝑞, 𝑝3)

 

𝐿 = 𝜕+𝜙𝜕−𝜙 − 𝜓+𝜕−𝜓+ − 𝜓−𝜕+𝜓− +
1

2
𝑅(𝜓+, 𝜓+, 𝜓−, 𝜓−) + 𝐹𝐹 

𝜕± =
1

2
(𝜕1 ± 𝑖𝜕0) 

𝜙(𝑥0, 𝑥1 = 2𝜋) = exp (𝜖)𝜙(𝑥0, 𝑥1 = 0)

𝜓+(𝑥
0, 𝑥1 = 2𝜋) = exp (𝜖)∗𝜓+(𝑥

0, 𝑥1 = 0)

𝜓−(𝑥
0, 𝑥1 = 2𝜋) = exp (𝜖)∗𝜓−(𝑥

0, 𝑥1 = 0)

𝐹(𝑥0, 𝑥1 = 2𝜋) = exp (𝜖)∗𝐹(𝑥
0, 𝑥1 = 0)

 

𝛿𝜙 =𝜖−𝜓+ + 𝜖+𝜓−

𝛿𝐹 = −
1

2
𝜖−𝑅(𝜓+, 𝜓+)𝜓− +

1

2
𝜖+𝑅(𝜓−, 𝜓−)𝜓+

 −𝜖−𝜕+𝜓− + 𝜖+𝜕−𝜓+
𝛿𝜓+ =𝜖−𝜕+𝜙 + 𝜖+𝐹
𝛿𝜓− =𝜖+𝜕−𝜙 − 𝜖−𝐹

 

 

𝛿𝜂+𝛿𝜖+ = 𝜖+𝜂+𝜕− 𝛿𝜂−𝛿𝜖− = 𝜖−𝜂−𝜕+ [𝛿𝜖+ , 𝛿𝜖−] = 0 

𝜕0𝜙 = 𝐹 = 0  and  𝜓+ − 𝜓− = 𝜕0𝜓+ + 𝜕0𝜓− = 0. 

𝜕−𝜙𝜓+ − 𝐹𝜓−. 

⟨𝑓 ∣ 𝑔⟩: = ∫  𝑑𝜙𝑑𝐹𝑑𝜓+𝑑𝜓−exp (−𝑆[𝜙, 𝜓±, 𝐹])𝑓(𝜙(1),𝜓±(1))𝑔(𝜙(0),𝜓±(0)) 

𝜓‾ =
1

2
(𝜓+ + 𝜓−) 𝜓 =

1

2
(𝜓+ −𝜓−) 

𝜓+𝜕−𝜓+ + 𝜓−𝜕+𝜓− = 𝜓‾𝜕1𝜓‾ + 𝜓𝜕1𝜓 − 𝑖𝜓‾𝜕0𝜓 − 𝑖𝜓𝜕0𝜓‾, 

(𝜓‾𝜓) (
𝜕1 −𝑖𝜕0
−𝑖𝜕0 𝜕1

)(
𝜓‾

𝜓
) 

𝜕1𝛿𝜙 = 𝜆1𝛿𝜙, 𝜕0𝛿𝜙 = 𝜆0𝛿𝜙, 

(
𝜓‾

𝜓
) ∈ ⟨(

𝛿𝜙

0
) , (

0

𝜕0𝛿𝜙
)⟩. 

(
𝜆1 −𝑖𝜆0

2

−𝑖 𝜆1
) 
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𝛿𝜙,𝜓‾ ∼ exp ((
2𝜋𝑖𝑛

𝛽
+ 𝑗𝜖) 𝑥1) , 𝑛 ∈ ℤ 

√
det(𝜕1)𝜓‾

det(𝜕1𝜕1)𝛿𝜙
=∏ 

𝑗

𝛽

2𝜋𝑖𝑛 + 𝛽𝑗𝜖
=∏  

𝑗

1

2sinh (𝛽𝑗𝜖/2)
 

⟨𝑓 ∣ 𝑔⟩ = ∑  

𝑝∈ fixed points 

 
𝑓(𝑝)𝑔(𝑝)

∏  2sinh (𝑇𝑀(𝑝)/2)
= 𝜒(𝑓 ⊗ 𝑔⊗√𝐾𝑀),  

(𝜙1, 𝜙2) ∈ 𝑀12 (𝜓+
1 +𝜓−

1 , 𝜓+
2 + 𝜓−

2) ∈ 𝑇𝑀12 

𝜙1: [0,1] × [0, 𝛽] → 𝑀1

𝜙2: [1,2] × [0, 𝛽] → 𝑀2

𝜓±
1 ∈ 𝜙1

∗𝑇𝑀1, 𝜓±
2 ∈ 𝜙2

∗𝑇𝑀2

 

𝑀12(𝑔) = √𝐾𝑀2
−1⊗ (𝜋2)∗(𝜋1

∗𝑔 ⊗√𝐾𝑀12)  

𝛿𝐴+ = −𝜖+𝜆+, 𝛿𝐴− = −𝜖−𝜆−,

𝛿𝜙 = −𝑖𝜖+𝜆− − 𝑖𝜖−𝜆+,

𝛿𝜆+ = 𝑖𝜖−(𝜕+𝜙 + [𝐴+, 𝜙]) + 𝜖+𝐹+−,

𝛿𝜆− = 𝑖𝜖+(𝜕−𝜙 + [𝐴−, 𝜙]) + 𝜖−𝐹−+.

 

𝐴0 = 𝜕0𝐴1 = 𝜕0𝜙 = 𝜕0(𝜆− + 𝜆+) = 𝜆− − 𝜆+ = 0. 

𝐹+−𝐹−+ + 𝐷+𝜙𝐷−𝜙 +⋯ = 𝛿𝜖+=𝜖−(−𝐹+−𝜆+ − 𝑖(𝜕+𝜙 + [𝐴+, 𝜙])𝜆−) 

⊕𝑘≥0 𝐻𝜖1,𝜖2(𝑀𝑘) 

⟨𝑌𝑘+𝑛|𝑎𝑛|𝑌𝑘⟩ =
1

∏  𝑇𝑀𝑘,𝑘+𝑛(𝑌𝑘 , 𝑌𝑘+𝑛)
 

 

𝑀𝑘,𝑘+𝑛 = {𝐼𝑘+𝑛 ⊂ 𝐼𝑘 , supp(𝐼𝑘/𝐼𝑘+𝑛) ⊂ (0,0) ∈ ℂ2 𝐼𝑘+𝑛 ∈ 𝑀𝑘+𝑛, 𝐼𝑘 ∈ 𝑀𝑘}  

 

𝑎𝑛 = (𝜋𝑘+𝑛)∗𝜋𝑘
∗  

 

 
𝜋𝑘:𝑀𝑘,𝑘+𝑛 → 𝑀𝑘  (𝑝𝑘 , 𝑝𝑘+𝑛) ↦ 𝑝𝑘 ∈ 𝑀𝑘

𝜋𝑘+𝑛:𝑀𝑘,𝑘+𝑛 → 𝑀𝑘+𝑛 (𝑝𝑘 , 𝑝𝑘+𝑛) ↦ 𝑝𝑘+𝑛 ∈ 𝑀𝑘+𝑛
 

[𝑎𝑛, 𝑎𝑚] = (−1)𝑛𝑛𝛿𝑛+𝑚𝜖1𝜖2  

𝑧1 = 𝑥2 + 𝑖𝑥3 𝑧2 = 𝑥4 + 𝑖𝑥5 

(𝑧1, 𝑧2) ↦ (𝑞1𝑧1 , 𝑞2𝑧2) (𝑧1, 𝑧2) ∈ ℂ
2 𝑞1 = exp (𝜖1) 𝑞2 = exp (𝜖2) 

𝑉 = 𝜖1 (𝑧1
𝜕

𝜕𝑧1
− 𝑧‾1

𝜕

𝜕𝑧‾1
) + 𝜖2 (𝑧2

𝜕

𝜕𝑧2
− 𝑧‾2

𝜕

𝜕𝑧‾2
)  
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𝑄2 = 𝑄̃2 = 𝑖ℒ𝑉 {𝑄, 𝑄̃} = 𝜕0  

𝜕1𝜙 = ℒ𝑉𝜙  

𝑄+
2 = 𝜕+ 𝑄−

2 = 𝜕− {𝑄+, 𝑄−} = 0  

𝜕± =
1

2
(𝜕1 ± 𝑖𝜕0)  

𝜕± =
1

2
(𝜕1 ± 𝜕0)  

 

𝑄+
2 =

1

2
(ℒ𝑉 + 𝑖𝜕0) 𝑄−

2 =
1

2
(ℒ𝑉 − 𝑖𝜕0) {𝑄+, 𝑄−} = 0  

𝑄 = 𝑄+ +𝑄− 𝑄̃ = 𝑄+ −𝑄− ⇒ 𝑄2 = 𝑄̃2 = ℒ𝑉 {𝑄, 𝑄̃} = 𝑖𝜕0  

 

𝑆𝑂(4)ℂ2 ≅ 𝑆𝑈(2)ℂ2
+ × 𝑆𝑈(2)ℂ2

−  𝑆𝑂(4)𝑅 ≅ 𝑆𝑈(2)𝑅
+ × 𝑆𝑈(2)𝑅

− 

𝛿𝐴+ = 𝑖𝜖𝜆 𝛿𝐴− = 𝑖𝜖‾𝜆‾

𝛿 (

𝐴𝜇
𝜙

𝜙𝜇𝜈
+
) = 𝜖 (

𝜆‾𝜇

𝜆‾

𝜆‾𝜇𝜈
+

) + 𝜖‾(

𝜆𝜇
𝜆
𝜆𝜇𝜈
+
)

𝛿 (

𝜆𝜇
𝜆
𝜆𝜇𝜈
+
) = 𝑖𝜖‾(𝜕+ + 𝐴+)(

𝐴𝜇
𝜙

𝜙𝜇𝜈
+
) + 𝜖

(

 
 
−
1

2
𝜕𝜇𝜙 −

1

2
𝐻𝜇

−𝐹+−

−
1

2
𝐻𝜇𝜈
+

)

 
 

𝛿 (

𝜆‾𝜇

𝜆‾

𝜆‾𝜇𝜈
+

) = 𝑖𝜖(𝜕− + 𝐴−)(

𝐴𝜇
𝜙

𝜙𝜇𝜈
+
)+ 𝜖‾

(

 
 
−
1

2
𝜕𝜇𝜙 +

1

2
𝐻𝜇

−𝐹−+

+
1

2
𝐻𝜇𝜈
+

)

 
 

𝛿𝐻𝜇 = −2𝑖𝜖𝜕−𝜆𝜇 − 𝜖𝜕𝜇𝜆‾ + 2𝑖𝜖‾𝜕+𝜆‾𝜇 + 𝜖‾𝜕𝜇𝜆

𝛿𝐻𝜇𝜈
+  = −2𝑖𝜖𝜕−𝜆𝜇𝜈

+ + 2𝑖𝜖‾𝜕+𝜆‾𝜇𝜈
+
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𝛿𝜂𝛿𝜖 = 𝑖𝜖𝜂(𝜕− + 𝐴−) 𝛿𝜂‾ 𝛿𝜖‾ = 𝑖𝜖‾𝜂‾(𝜕+ + 𝐴+) [𝛿𝜖‾ , 𝛿𝜖] = 𝜖𝜖‾𝜙 

𝛿𝐴𝜇 = −𝜕𝜇𝐶 𝛿𝐴± = −𝜕±𝐶 

(𝜕+ + 𝐴+)𝐴𝜇 = 𝜕+𝐴𝜇 − 𝜕𝜇𝐴+ = 𝐹+𝜇 

−𝜖𝜖‾𝐿 = 𝛿𝜖𝛿𝜖‾ [(𝜆‾𝜇, 𝜆‾, 𝜆‾𝜇𝜈
+ )(

𝜆𝜇
𝜆
𝜆𝜇𝜈
+
)+ 𝜙𝜇𝜈

+ 𝐹𝜇𝜈] 

𝐹+𝜇𝐹−𝜇 + 𝜕+𝜙𝜕−𝜙 + 𝜕+𝜙𝜇𝜈
+ 𝜕−𝜙𝜇𝜈

+ −
1

4
𝐻𝜇𝜈
+ 𝐻𝜇𝜈

+ −
1

4
𝐻𝜇𝐻

𝜇

 +𝐹+−𝐹−+ +
1

4
𝐷𝜌𝜙𝐷

𝜌𝜙 −
1

2
𝐻𝜇𝜈
+ 𝐹𝜇𝜈

+ + 𝜕𝜇𝜙𝜇𝜈
+ 𝐻𝜈

 

𝑖(𝜆‾𝜇, 𝜆‾, 𝜆‾𝜇𝜈
+ )𝜕+ (

𝜆‾𝜇

𝜆‾

𝜆‾𝜇𝜈
+

)+ 𝑖(𝜆𝜇, 𝜆, 𝜆𝜇𝜈
+ )𝜕−(

𝜆𝜇
𝜆
𝜆𝜇𝜈
+
)

 +𝜆𝜇𝜕
𝜇𝜆‾ + 𝜆‾𝜇𝜕𝜇𝜆 + 2𝜆‾𝜇𝜈

+ 𝜕𝜇𝜆𝜈 − 2𝜆𝜇𝜈
+ 𝜕𝜇𝜆‾𝜈

 

𝐴0 = 𝜕0𝐴1 = 𝜕0𝐴𝜇 = 𝜕0𝜙 = 𝜙𝜇𝜈
+ = 𝜕0𝜕0𝜙𝜇𝜈

+ − 𝜕0𝐻𝜇𝜈
+ = 𝐻𝜇 = 0

𝜆‾𝜇 − 𝜆𝜇 = 𝜆 − 𝜆‾ = 𝜕0(𝜆‾𝜇𝜈
+ − 𝜆𝜇𝜈

+ ) = 0

𝜕0(𝜆‾𝜇 + 𝜆𝜇) = 𝜕0(𝜆 + 𝜆‾) = 𝜆‾𝜇𝜈
+ + 𝜆𝜇𝜈

+ = 0

 

𝐹𝜇𝜈𝜆𝜇𝜈
+ + 2𝜙𝜇𝜈

+ 𝜕𝜇𝜆𝜈 − 𝑖𝐹+𝜇𝜆‾𝜇 −
1

2
𝜆𝜇(𝜕𝜇𝜙 −𝐻𝜇)

 +
1

2
𝐻𝜇𝜈
+ 𝜆𝜇𝜈

+ − 𝑖𝜆‾𝜇𝜈
+ 𝜕+𝜙𝜇𝜈

+ − 𝐹−+𝜆 − 𝑖𝜆‾𝜕+𝜙

 

𝑖𝐹+𝜇 −
1

2
𝜕𝜇𝜙 − 𝜕𝜈𝜙𝜈𝜇

+ = 0

𝑖𝜕+𝜙 − 𝐹+− = 0

𝑖𝜕+𝜙𝜇𝜈
+ +

1

2
𝐹𝜇𝜈
+ = 0

𝑖𝐹−𝜇 −
1

2
𝜕𝜇𝜙 + 𝜕𝜈𝜙𝜈𝜇

+ = 0

𝑖𝜕−𝜙 − 𝐹−+ = 0

𝑖𝜕−𝜙𝜇𝜈
+ −

1

2
𝐹𝜇𝜈
+ = 0

 

𝐻𝜇 = 2𝜕𝜈𝜙𝜈𝜇
+  𝐻𝜇𝜈

+ = −𝐹𝜇𝜈
+  

𝜙 = 𝜙𝜇𝜈
+ = 𝐴0 = 𝐴1 = 0

𝐹𝜇𝜈
+ = 0

𝜕0𝐴𝜇 = 𝜕1𝐴𝜇 = 0

 

𝑀𝑘,𝑘+𝑛 = {𝐼𝑘+𝑛 ⊂ 𝐼𝑘 , supp(𝐼𝑘/𝐼𝑘+𝑛) ⊂ (0,0) ∈ ℂ2 𝐼𝑘+𝑛 ∈ 𝑀𝑘+𝑛, 𝐼𝑘 ∈ 𝑀𝑘}  

−
1

2
𝐹0𝜇 − 𝜕

𝜈𝜙𝜈𝜇
+  = 0

−𝜕0𝜙𝜇𝜈
+ + 𝐹𝜇𝜈

+  = 0
 

⟨𝑓|𝑎𝑛
6𝑑|𝑔⟩:= ∫  𝑓(Φ(𝑥0 = 1))𝑔(Φ(𝑥0 = 0))exp (−𝑆[Φ])  

Φ(𝑥0 = 1) = (𝐴𝜇(𝑥
0 = 1), … )

Φ(𝑥0 = 0) = (𝐴𝜇(𝑥
0 = 0), … )

 

Φ(𝑥1 = 𝛽) = 𝑞1
𝐽1𝑞2

𝐽2Φ(𝑥1 = 0) 

𝜙 = 𝜙𝜇𝜈
+ = 𝐹𝜇𝜈

+ = 𝐹𝜇± = 𝐹+− = 0  
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1

4
(∑  

5

𝑖=0

 𝜕𝑖𝛿𝐴
𝑖)

2

−∑  

5

𝑖=0

 𝐶‾𝜕𝑖𝜕
𝑖𝐶  

(𝛿𝐴𝑖 , 𝛿𝜙,𝜙𝜇𝜈
+ )(𝜕+𝜕− + 𝜕𝜇𝜕

𝜇)(

𝛿𝐴𝑖
𝛿𝜙

𝛿𝜙𝜇𝜈
+
)−∑  

5

𝑖=0

 𝐶‾𝜕𝑖𝜕
𝑖𝐶  

Ψ‾ = (

𝜓‾𝜇

𝜓‾

𝜓‾𝜇𝜈
+

) =
1

2
(

−𝜆𝜇
𝜆
𝜆𝜇𝜈
+
) +

1

2
(

−𝜆‾𝜇

−𝜆‾

𝜆‾𝜇𝜈
+

)

Ψ = (

𝜓𝜇
𝜓

𝜓𝜇𝜈
+
) =

1

2
(

𝜆𝜇
𝜆
𝜆𝜇𝜈
+
) −

1

2
(

𝜆‾𝜇

−𝜆‾

𝜆‾𝜇𝜈
+

)

 

𝜕0𝜓𝜇 = 𝜓 = 𝜓𝜇𝜈
+ = 0

𝜓‾𝜇 = 𝜕0𝜓‾ = 𝜕0𝜓‾𝜇𝜈
+ = 0

 

(𝜓𝜇, 𝜓, 𝜓𝜇𝜈
+ )𝑖𝜕1 (

𝜓𝜇
𝜓

𝜓𝜇𝜈
+
)+ (𝜓‾𝜇, 𝜓‾, 𝜓‾𝜇𝜈

+ )𝑖𝜕1 (

𝜓‾𝜇

𝜓‾

𝜓‾𝜇𝜈
+

)

 +2(𝜓𝜇, 𝜓, 𝜓𝜇𝜈
+ )

(

 

−𝜕0 −𝑑 −2𝑑†

𝑑† 𝜕0 0
1

2
(𝑑 +∗ 𝑑) 0 𝜕0 )

 (

𝜓‾𝜇

𝜓‾

𝜓‾𝜇𝜈
+

)

 

𝑑†(𝜆𝜇) = −∇𝜇𝜆𝜇 𝑑
†(𝜆𝜇𝜈

+ ) = −∇𝜇𝜆𝜇𝜈
+  

(Ψ‾ ,Ψ) (
𝑖𝜕1 D̸5
D̸5 𝑖𝜕1

) (
Ψ‾

Ψ
) 

𝜙5 =

(

 

−𝜕0 −𝑑 −2𝑑†

𝑑† 𝜕0 0
1

2
(𝑑 +∗ 𝑑) 0 𝜕0 )

  

(
Ψ‾

Ψ
) ∈ ⟨(

𝛿𝐴𝜇 , 𝛿𝐴0, 𝛿𝜙𝜇𝜈
+

0
) , (

0

D̸5(𝛿𝐴𝜇 , 𝛿𝐴0, 𝛿𝜙𝜇𝜈
+ )

)⟩ 

1

∏  2sinh (𝑇𝑀𝑘,𝑘+𝑛(𝑌𝑘 , 𝑌𝑘+𝑛)/2)
 

⟨𝑓|𝑎𝑛
6𝑑|𝑔⟩ = ∑  

𝑌𝑘⊂𝑌𝑘+𝑛

 
𝑓(𝑌𝑘+𝑛)𝑔(𝑌𝑘)

∏  2sinh (𝑇𝑀𝑘,𝑘+𝑛(𝑌𝑘 , 𝑌𝑘+𝑛)/2)
 

⟨𝑓|𝑎𝑛|𝑔⟩ = ∑  

𝑌𝑘⊂𝑌𝑘+𝑛

 
𝑓(𝑌𝑘+𝑛)𝑔(𝑌𝑘)

∏  𝑇𝑀𝑘,𝑘+𝑛(𝑌𝑘 , 𝑌𝑘+𝑛)
 

𝜋𝑘:𝑀𝑘,𝑘+𝑛 → 𝑀𝑘  (𝑝𝑘 , 𝑝𝑘+𝑛) ↦ 𝑝𝑘 ∈ 𝑀𝑘

𝜋𝑘+𝑛:𝑀𝑘,𝑘+𝑛 → 𝑀𝑘+𝑛 (𝑝𝑘 , 𝑝𝑘+𝑛) ↦ 𝑝𝑘+𝑛 ∈ 𝑀𝑘+𝑛
 

𝑎𝑛 = (𝜋𝑛+𝑘)∗𝜋𝑘
∗  

𝑎𝑛
6𝑑 = √𝐾𝑀𝑘+𝑛

−1 ⊗ (𝜋𝑛+𝑘)∗(√𝐾𝑀𝑘,𝑘+𝑛 ⊗𝜋𝑘
∗) 

 

[𝑎𝑛, 𝑎𝑚] = (−1)𝑛𝑛𝛿𝑛+𝑚𝜖1𝜖2 

[𝑎−1
6𝑑 , 𝑎1

6𝑑] = sinh (𝜖1)sinh (𝜖2) 
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[𝑎𝑛, 𝑎𝑚] = (−1)𝑛𝑛𝛿𝑛+𝑚𝜖1𝜖2 

𝑀𝑘,𝑘+𝑛,𝑘+𝑛+𝑚 = {𝐼𝑘+𝑛+𝑚 ⊂ 𝐼𝑘+𝑛 ⊂ 𝐼𝑘  supp(𝐼𝑘/𝐼𝑘+𝑛), supp(𝐼𝑘+𝑛/𝐼𝑘+𝑛+𝑚) ⊂ (0,0)} 

 

⟨𝑌𝑘+𝑛|𝑎𝑛|𝑌𝑘⟩ =
1

∏  𝑇𝑀𝑘,𝑘+𝑛(𝑌𝑘 , 𝑌𝑘+𝑛)
 

𝑀𝑘,𝑘+𝑛 = {𝐼𝑘+𝑛 ⊂ 𝐼𝑘  supp(𝐼𝑘/𝐼𝑘+𝑛) ⊂ (0,0) 𝐼𝑘 ∈ 𝑀𝑘 , 𝐼𝑘+𝑛 ∈ 𝑀𝑘+𝑛}  

⟨𝑌𝑘 ∣ 𝑌𝑘⟩ =
1

∏  𝑇𝑀𝑘(𝑌𝑘)
= ∏  

𝑠∈𝑌𝑘

1

(−𝜖2𝐿(𝑠) + 𝜖1(𝐴(𝑠) + 1))(𝜖2(𝐿(𝑠) + 1) − 𝜖1𝐴(𝑠))
 

 

 

𝑀𝑘,𝑘+1 = {𝐼𝑘+1 ⊂ 𝐼𝑘  supp(𝐼𝑘/𝐼𝑘+1) ⊂ (0,0) 𝐼𝑘 ∈ 𝑀𝑘 , 𝐼𝑘+1 ∈ 𝑀𝑘+1} 



pág. 2924 

 

𝑇⟨𝑌𝑘+1|𝑎1|𝑌𝑘⟩ = ∏  

𝑠∈𝑌𝑘

1

(𝜖1(𝐴(𝑠, 𝑌𝑘) + 1) − 𝜖2𝐿(𝑠, 𝑌𝑘+1)) (𝜖2(1 + 𝐿(𝑠, 𝑌𝑘)) − 𝜖1𝐴(𝑠, 𝑌𝑘+1))
, 

 

𝑀0,2 = {𝐼2 ⊂ 𝐼0 supp(𝐼0/𝐼2) ⊂ (0,0) 𝐼0 ∈ 𝑀0, 𝐼2 ∈ 𝑀2} 

𝑀1,3 = {𝐼3 ⊂ 𝐼1 supp(𝐼1/𝐼3) ⊂ (0,0) 𝐼1 ∈ 𝑀1, 𝐼3 ∈ 𝑀3} 

 

⟨𝑧1
3 + 𝜖𝑧1

2 , 𝑧2⟩ = 𝑞1
⟨𝑧1
3 , 𝑧2 + 𝜖𝑧1⟩ = 𝑞2/𝑞1 

⟨𝑧1
3 , 𝑧2 + 𝜖𝑧1

2⟩ = 𝑞2/𝑞1
2 

 

𝑑

𝑑𝜖
⟨𝑧1
3 , 𝑧2 + 𝜖𝑧1⟩|

𝜖=0
= (

𝑧1
3 ↦ 0

𝑧2 ↦ 𝑧1
)  

𝑧1 ↦ 𝑞1
−1𝑧1 𝑧1

3 ↦ 𝑞1
−3𝑧1

3 𝑧2 ↦ 𝑞2
−1𝑧2  

⟨𝑞1
−3𝑧1

3, 𝑞2
−1𝑧2 + 𝜖𝑞1

−1𝑧1⟩ = ⟨𝑧1
3 , 𝑧2 + (𝑞2/𝑞1)𝜖𝑧1⟩  

 

⟨𝑧1
2 + 𝜖𝑧1, 𝑧1𝑧2, 𝑧2

2⟩ = 𝑞1
⟨𝑧1
2 + 𝜖𝑧2, 𝑧1𝑧2, 𝑧2

2⟩ = 𝑞1
2/𝑞2  

⟨𝑧1
2, 𝑧1𝑧2, 𝑧2

2 + 𝜖𝑧1⟩ = 𝑞2
2/𝑞1  

⟨𝑧1
2, 𝑧1𝑧2, 𝑧2

2 + 𝜖𝑧2⟩ = 𝑞2  

 

𝑀0,1,2 = {𝐼2 ⊂ 𝐼1 ⊂ 𝐼0 𝐼𝑖 ∈ 𝑀𝑖 , supp(𝐼𝑖/𝐼𝑖+1) ⊂ (0,0)} 

𝐼0 = ℂ[𝑧1, 𝑧2], 𝐼1 = ⟨𝑧1, 𝑧2⟩, 𝐼2 = ⟨𝑧1, 𝑧2
2⟩ = 𝜖1 − 𝜖2  

𝐼0 = ℂ[𝑧1, 𝑧2], 𝐼1 = ⟨𝑧1, 𝑧2⟩, 𝐼2 = ⟨𝑧1
2, 𝑧2⟩ = 𝜖2 − 𝜖1  
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𝑍inst
𝑈(1)(𝜖1, 𝜖2, Λ) = ⟨Λ ∣ Λ⟩  

𝑍inst
𝑈(1)

=∑  

𝑌

 Λ|𝑌|∏ 

𝑠∈𝑌

 
1

(−𝜖2𝐿(𝑠) + 𝜖1(𝐴(𝑠) + 1))(𝜖2(𝐿(𝑠) + 1) − 𝜖1𝐴(𝑠))
 

[𝑎𝑛, 𝑎𝑚] = (−1)𝑛𝑛𝛿𝑛+𝑚𝜖1𝜖2  

𝑎−1|Λ⟩ = Λ1/2|Λ⟩ 𝑎𝑛|Λ⟩ = 0, ∀𝑛 ≤ −2  

|Λ⟩ =∑  

𝑘≥0

 
1

𝑘! (𝜖1𝜖2)
𝑘
Λ𝑘/2𝑎1

𝑘|0⟩ = exp (
Λ1/2𝑎1
𝜖1𝜖2

) |0⟩  

⟨Λ ∣ Λ⟩= ⟨0|exp (
Λ1/2𝑎−1
𝜖1𝜖2

) exp (
Λ1/2𝑎1
𝜖1𝜖2

) |0⟩  

 = ⟨0|exp (
Λ[𝑎−1, 𝑎1]

𝜖1
2𝜖2

2 ) |0⟩ = exp (
Λ

𝜖1𝜖2
)

 

 

|𝐵⟩ =∑  

𝑌

 Λ|𝑌|/2|𝑌⟩  

|𝐵⟩ = exp (
Λ1/2𝑎1
𝜖1𝜖2

) |0⟩  

𝑎1|Λ⟩ = 𝑎1exp (
Λ1/2𝑎1
𝜖1𝜖2

) |0⟩ = 𝐾
𝜖1𝜖2
Λ1/2

|Λ⟩  
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⟨Λ ∣ Λ,𝑚1⟩ =∑  

𝑌

 Λ|𝑌|∏ 

𝑠∈𝑌

 
∏  𝑤∈𝑌   (𝑚1 + 𝑤(𝜖1, 𝜖2))

(−𝜖2𝐿(𝑠) + 𝜖1(𝐴(𝑠) + 1))(𝜖2(𝐿(𝑠) + 1) − 𝜖1𝐴(𝑠))
 

𝑎−1|Λ,𝑚1⟩ = 𝑚1Λ
1/2|Λ,𝑚1⟩.  

|Λ,𝑚1, … ,𝑚𝑁⟩ =∑  

𝑌

 Λ|𝑌|/2 (∏  

𝑤∈𝑌

 ∏  

𝑁

𝑖=1

  (𝑚𝑖 +𝑤(𝜖1, 𝜖2))) |𝑌⟩.  

 

𝑎−1|Λ,𝑚1,𝑚2⟩ = Λ1/2(𝑚1𝑚2 − 𝜖1𝜖2𝐾)|Λ,𝑚1, 𝑚2⟩.  

𝑧 ↦ 𝑞𝑧, 𝑧 ∈ ℂ, 𝑞 = exp (𝜖) ∈ 𝑈(1) 𝑉 = 𝜖𝑧
𝜕

𝜕𝑧
− 𝜖𝑧‾

𝜕

𝜕𝑧‾
 

∫ 
ℂ

𝜔 =
𝑓(0)

𝜖
⇒ 𝑓(0) = 𝜖 

|0⟩ =
𝑓

𝜖
+
𝜔

𝜖
 

𝑓∗|𝑝2⟩ = ∑  

𝑞 is a fixed point in 𝑀1,𝑓(𝑞)=𝑝2,

  |𝑞⟩  

𝑓∗ (∏ 𝑇𝑀1(𝑝1)|𝑝1⟩) =∏ 𝑇𝑀2(𝑓(𝑝1))|𝑓(𝑝1)⟩ 

𝑓∗|𝑝1⟩ =
∏  𝑇𝑀2(𝑓(𝑝1))

∏  𝑇𝑀1(𝑝1)
|𝑓(𝑝1)⟩.  

𝑓∗|𝑝1⟩ =
∏  𝑖   (1 − 𝜒𝑖

−1(𝑓(𝑝1))

∏  𝑖  (1 − 𝜒𝑖
−1(𝑝1))

|𝑓(𝑝1)⟩  
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⟨𝑧1
4, 𝑧1

3𝑧2, 𝑧1
2𝑧2, 𝑧1𝑧2

2, 𝑧2
3⟩ ⊂ ℂ[𝑧1, 𝑧2]. 

 𝛿𝜂𝛿𝜖𝜓 − 𝛿𝜖𝛿𝜂𝜓 − 2𝜖𝜂ℒ𝑉𝜓 = 𝑅(𝜂𝜓‾, 𝜖𝜓‾)𝜓 

 𝐻4 (ℂ2 × [0,1] − 𝑝) ≅ ℤ⊕ ℤ 

0 → 𝐻4 (ℂ2 × [0,1]) → 𝐻4 (ℂ2 × [0,1] − 𝑝)⊕𝐻4(𝐵) → 𝐻4 (𝐵 ∩ (ℂ2 × [0,1] − 𝑝)) → 0 

𝐻3 (𝐵 ∩ (ℂ2 × [0,1] − 𝑝)) = 𝐻5 (ℂ2 × [0,1]) = 0 

0 → Ω0(ℂ
2) → Ω1(ℂ

2) → Ω2
+(ℂ2) → 0  

ℐ𝒯(𝑏, 𝑞) = trℋ𝑞
𝐸−ℛ+

𝑐4 d
2 𝑏𝑓 = tr𝕍[𝒯]𝑞

𝐿0−
𝑐2 d
24 𝑏𝑓 = ch0[𝕍[𝒯]].  

1 + 3ℓ(2 + ℓ)  

𝒯3,2 = (𝐴2, 𝐷4), 𝒯4,3 = (𝐴3, 𝐸6), 𝒯6,5 = (𝐴5, 𝐸8)  

Δ(𝑁)ch(𝑏, 𝑞):= 𝑏−(𝑁
2−1)𝑞−

𝑁2−1
2 ch(𝑏𝑞, 𝑞) − ch(𝑏, 𝑞)  

ch𝑆𝑈(𝑁)(𝑏, 𝑞) → 𝑞−
𝑐2 d[𝒯𝑝,𝑁]−𝑝𝑐2 d[𝒯

𝑆𝑈(𝑁)]

24 ch𝑆𝑈(𝑁) (𝑞
𝑝
2
−1, 𝑞𝑝) ,  

ℐ(𝑏, 𝑞) = 𝑞
𝑐4 d
2 trℋ(−1)

𝐹𝑞𝐸−𝑅𝑏𝑓.  

ℐ(𝑏, 𝑞) = ch𝕍[𝒯](−1)
𝐹𝑞𝐿−−

𝑐2 d
24 𝑏𝑓 = ch0(𝑏, 𝑞)  

ch𝑖 (−
1

𝜏
) =∑  

𝑗

  𝑆𝑖𝑗ch𝑗(𝜏).  

𝑁𝑖𝑗𝑘 =∑  

ℓ

 
𝑆𝑖ℓ𝑆𝑗ℓ𝑆ℓ𝑘

𝑆0ℓ
 

 

∑ 

𝑛

𝑖=1

 𝑘𝑖 = 4ℎ𝐺
∨ , 𝑘𝑖 =

2(𝑝𝑖 − 1)

𝑝𝑖
ℎ∨.  

(𝑝1, 𝑝2, 𝑝3, 𝑝4) = (2,2,2,2), (1,3,3,3), (1,2,4,4), (1,2,3,6).  
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𝐷̂4(𝑆𝑈(2ℓ + 1)), 𝐸̂6(𝑆𝑈(3ℓ ± 1)), 𝐸̂7(𝑆𝑈(4ℓ ± 1)), 𝐸̂8(𝑆𝑈(6ℓ ± 1))

𝐸̂6(𝑆𝑂(6ℓ)), 𝐸̂6(𝑆𝑂(6ℓ + 4)),
 

𝑎4 d = 𝑐4 d = (1 −
1

𝑝
) (𝑁2 − 1)  

𝒞(𝑝, 𝐺) = {𝑗 −
ℎ𝐺
∨

𝑝
𝑠 | 𝑗 −

ℎ𝐺
∨

𝑝
𝑠 > 1 , 𝑗 ∈ Cas(𝐺), 𝑠 = 1,⋯ , 𝑝 − 1}  

rank(Γ̂(𝐺)) = rank𝐺 (1 +
rankΓ

2
)  

rank𝒯2,2ℓ+1 = 6ℓ,

rank𝒯3,3ℓ+1 = 12ℓ, rank𝒯3,3ℓ−1 = 12ℓ − 8,

rank𝒯4,4ℓ+1 = 18ℓ, rank𝒯4,4ℓ−1 = 18ℓ − 9

rank𝒯6,6ℓ+1 = 30ℓ, rank𝒯6,6ℓ−1 = 30ℓ − 10.

 

𝒯(3,2) = (𝐴2, 𝐷4) = 𝐷4
6[3] = 𝐷4

4[2]

𝒯(4,3) = (𝐴3, 𝐸6) = 𝐸6
12[4]

𝒯(6,5) = (𝐴5, 𝐸8) = 𝐸8
30[6]

 

ℐ𝒯𝑝,𝑁(𝑞) =∰[𝑑𝒙]∏ 

ℓ

𝑗=1

  ℐ𝐷𝑝𝑗(𝑆𝑈(𝑁))
(𝒙, 𝑞) × ℐvec(𝒙, 𝑞)   

ℐ𝐷𝑝(𝑆𝑈(𝑁))(𝒙, 𝑞) = PE [
𝑞 − 𝑞𝑝

(1 − 𝑞)(1 − 𝑞𝑝)
𝜒adj
𝑆𝑈(𝑁)

(𝒙)] ,  

ℐvec(𝒙, 𝑞) = PE [−
2𝑞

1 − 𝑞
𝜒adj
𝑆𝑈(𝑁)

(𝒙)]  

[𝑑𝒙] =∏ 

𝑁−1

𝑖=1

 
𝑑𝑥𝑖
2𝜋𝑖𝑥𝑖

∏  

𝑁

𝑗,𝑘=1
𝑗≠𝑘

  (1 −
𝑥𝑗

𝑥𝑘
)  

𝐼𝐺
𝒩=4(𝑏, 𝑞) = ∫  [𝑑𝑧]PE [(−

2𝑞

1 − 𝑞
+

𝑞
1
2

1 − 𝑞
(𝑏 + 𝑏−1)) 𝜒adj

𝐺 (𝑧)]  

ℐ𝒯𝑝,𝑁(𝑞) = 𝑞−
𝑐2 d[𝒯𝑝,𝑁]−𝑝𝑐2 d[𝒯𝑆𝑈(𝑁)]

24 𝐼𝑆𝑈(𝑁)
𝒩=4 (𝑏 = 𝑞𝑝/2−1, 𝑞𝑝)  
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ℐ𝑆𝑈(𝑁)(𝑏, 𝑞) =
1

𝑁!
𝜗4(𝔟)𝜂(𝜏)

3(𝑁−1)∰
𝑑𝐚

2𝜋𝑖𝐚

∏  𝑖≠𝑗  𝜗1(𝔞𝑖 − 𝔞𝑗)

∏  𝑖,𝑗  𝜗4(𝔞𝑖 − 𝔞𝑗 + 𝔟)
   

∏  𝑖≠𝑗  𝜗1(𝔞𝑖 − 𝔞𝑗)

∏  𝑖,𝑗  𝜗4(𝔞𝑖 − 𝔞𝑗 + 𝔟)
= 𝑖𝑁

2 𝑢−𝑁/2𝑞−
𝑁2

8 𝑏−
𝑁2

2

𝜗1 (𝔲 + 𝑁 (𝔟 +
𝜏
2
))𝜗1(𝔲)

𝑁−1
det𝑖𝑗

𝜗4(𝔞𝑖 − 𝔞𝑗 + 𝔟 + 𝔲)

𝜗4(𝔞𝑖 − 𝔞𝑗 + 𝔟)
.  

det𝑖𝑗
𝜗4(𝔞𝑖 − 𝔞𝑗 + 𝔟 + 𝔲)

𝜗4(𝔞𝑖 − 𝔞𝑗 + 𝔟)
=∑  

𝜎

  (−1)𝜎∏ 

𝑁

𝑖=1

 
𝜗4(𝔞𝑖 − 𝔞𝜎(𝑖) + 𝔟 + 𝔲)

𝜗4(𝔞𝑖 − 𝔞𝜎(𝑖) + 𝔟)
.  

∑ 

𝜎

  (−1)𝜎∰
𝑑𝐚

2𝜋𝑖𝐚
∏  

𝑁

𝑖=1

 
𝜗4(𝔞𝑖 − 𝔞𝜎(𝑖) + 𝔟 + 𝔲)

𝜗4(𝔞𝑖 − 𝔞𝜎(𝑖) + 𝔟)
   

∰
𝑑𝐚

2𝜋𝑖𝐚
∏  

𝑁

𝑖=1

 
𝜗4(𝔞𝑖 − 𝔞𝜎(𝑖) + 𝔟 + 𝔲)

𝜗4(𝔞𝑖 − 𝔞𝜎(𝑖) + 𝔟)
=∰

𝑑𝐚

2𝜋𝑖𝐚
∏  

𝑁

𝑖=1

 
𝜗4(𝔞𝑖 − 𝔞𝜎′(𝑖) + 𝔟 + 𝔲)

𝜗4(𝔞𝑖 − 𝔞𝜎′(𝑖) + 𝔟)
.   

𝜎 = (𝑐11⋯𝑐1ℓ1)(𝑐21⋯𝑐2ℓ2)⋯  

∏ 

ℓ

𝑖=1

 
𝜗4(𝔞𝑐𝑖 − 𝔞𝑐𝑖+1 + 𝔟 + 𝔲)

𝜗4(𝔞𝑐𝑖 − 𝔞𝑐𝑖+1 + 𝔟)
⊂∏ 

𝑁

𝑖=1

 
𝜗4(𝔞𝑖 − 𝔞𝜎(𝑖) + 𝔟 + 𝔲)

𝜗4(𝔞𝑖 − 𝔞𝜎(𝑖) + 𝔟)
, 𝔞ℓ+1 = 𝔞1  

∰
𝑑𝐚

2𝜋𝑖𝐚
∏  

𝑁

𝑖=1

 
𝜗4(𝔞𝑖 − 𝔞𝜎(𝑖) + 𝔟 + 𝔲)

𝜗4(𝔞𝑖 − 𝔞𝜎(𝑖) + 𝔟)
=∰

𝑑𝐚𝑐
2𝜋𝑖𝐚𝑐

∏ 

ℓ

𝑖=1

 
𝜗4(𝔞𝑐𝑖 − 𝔞𝑐𝑖+1 + 𝔟 + 𝔲)

𝜗4(𝔞𝑐𝑖 − 𝔞𝑐𝑖+1 + 𝔟)
×∰…  

𝒵ℓ: =∰
𝑑𝐚𝑐
2𝜋𝑖𝐚𝑐

∏ 

ℓ

𝑖=1

 
𝜗4(𝔞𝑐𝑖 − 𝔞𝑐𝑖+1 + 𝔟 + 𝔲)

𝜗4(𝔞𝑐𝑖 − 𝔞𝑐𝑖+1 + 𝔟)
   

ℐ𝑆𝑈(𝑁) =
𝜗4(𝔟)𝜂(𝜏)

3(𝑁−1)

𝑁!

𝑖𝑁
2
𝑢−𝑁/2𝑞−

𝑁2

8 𝑏−
𝑁2

2

𝜗1 (𝔲 + 𝑁 (𝔟 +
𝜏
2
))𝜗1(𝔲)

𝑁−1
∑ 

ℓ

  (−1)𝐶ℓ⃗⃗|𝐶ℓ⃗⃗|𝒵ℓ1⋯𝒵ℓ𝑁 ,  

ℓ⃗⃗ = {ℓ1, ℓ2, ⋯ },∑  

𝑖

 ℓ𝑖 = 𝑁, ℓ1 ≥ ℓ2 ≥ ⋯ ≥ 0  

|𝐶𝑛⃗⃗| =
𝑁!

∏  𝑁
ℓ=1  ℓ

𝑛ℓ𝑛ℓ!
,∑  

𝑁

𝑖=1

 𝑛ℓℓ = 𝑁. , 𝐶ℓ⃗⃗ = 𝐶𝑛⃗⃗  

ℐ𝑆𝑈(𝑁) =
𝜗4(𝔟)𝜂(𝜏)

3(𝑁−1)

𝑁!

𝑖𝑁
2
𝑢−𝑁/2𝑞−

𝑁2

8 𝑏−
𝑁2

2

𝜗1 (𝔲 + 𝑁 (𝔟 +
𝜏
2
))𝜗1(𝔲)

𝑁−1
∑ 

𝑛⃗⃗

 
(−1)𝐶𝑛⃗⃗⃗𝑁!

∏  𝑁
ℓ=1   ℓ

𝑛ℓ𝑛ℓ!
∏  

𝑁

ℓ=1

 𝑍ℓ
𝑛ℓ .  

ℓ = 1 

𝒵1 =∰
𝑑𝑎

2𝜋𝑖𝑎

𝜗4(𝔟 + 𝔲)

𝜗4(𝔟)
=
𝜗4(𝔟 + 𝔲)

𝜗4(𝔟)
   

ℓ = 2 

𝒵2 =∰
𝑑𝑎1
2𝜋𝑖𝑎1

𝑑𝑎2
2𝜋𝑖𝑎2

𝜗4(𝔞1 − 𝔞2 + 𝔟 + 𝔲)

𝜗4(𝔞1 − 𝔞2 + 𝔟)

𝜗4(𝔞2 − 𝔞1 + 𝔟 + 𝔲)

𝜗4(𝔞2 − 𝔞1 + 𝔟)
   

𝔞1 = 𝔞2 − 𝔟 +
𝜏

2
, 𝔞1 = 𝔞2 + 𝔟 +

𝜏

2
,  

𝑖𝜗1(𝔲)𝜗1(2𝔟 + 𝔲)

𝜂(𝜏)3𝜗1(2𝔟)
, −
𝑖𝜗1(𝔲)𝜗1(2𝔟 + 𝔲)

𝜂(𝜏)3𝜗1(2𝔟)
.  
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𝒵2  = ∑  

𝔞𝑖 real /Im

 𝑅𝑗𝐸1 [
−1

𝑎𝑗/𝑎0𝑞
±
1
2
] =

𝑖𝜗1(𝔲)𝜗1(2𝔟 + 𝔲)

𝜂(𝜏)3𝜗1(2𝔟)
(𝐸1 [

+1
𝑢
] − 𝐸1 [

+1
𝑏2𝑢

])

ℓ = 3

 

∏ 

3

𝑖=1

 ∰
𝑑𝐚

2𝜋𝑖𝐚
∏  

3

𝑖=1

 
𝜗4(𝔞𝑖 − 𝔞𝑖+1 + 𝔟 + 𝔲)

𝜗4(𝔞𝑖 − 𝔞𝑖+1 + 𝔟)
   

𝔞1 = 𝔞2 − 𝔟 +
𝜏

2
, 𝔞1 = 𝔞3 + 𝔟 +

𝜏

2
 

𝑖𝜗1(𝔲)

𝜂(𝜏)3
𝜗4(𝔞2 − 𝔞3 + 𝔟 + 𝔲)𝜗1(−𝔞2 + 𝔞3 + 2𝔟 + 𝔲)

𝜗4(𝔞2 − 𝔞3 + 𝔟)𝜗1(𝔞3 − 𝔞2 + 2𝔟)
(𝐸1 [

1
𝑢
] + 𝐸1 [

1
𝑎2

𝑎3𝑏
2𝑢
])

=
𝑖𝜗1(𝔲)

𝜂(𝜏)3
𝜗4(𝔞2 − 𝔞3 + 𝔟 + 𝔲)𝜗1(−𝔞2 + 𝔞3 + 2𝔟 + 𝔲)

𝜗4(𝔞2 − 𝔞3 + 𝔟)𝜗1(𝔞3 − 𝔞2 + 2𝔟)
(𝐸1 [

1
𝑢
] − 𝐸1 [

1

𝑢𝑏2
𝑎3
𝑎2

])

 

𝔞2 = 𝔞3 − 𝔟 +
𝜏

2
, 𝔞2 = 𝔞3 + 2𝔟  

−
𝜗1(𝔲)

2𝜗4(3𝔟 + 𝔲)

𝜂(𝜏)6𝜗4(3𝔟)
,
𝜗1(𝔲)

2𝜗4(3𝔟 + 𝔲)

𝜂(𝜏)6𝜗4(3𝔟)
 

ℐ = −
1

2

𝜗1(𝔲)
2𝜗4(3𝔟 + 𝔲)

𝜂(𝜏)6𝜗4(3𝔟)
(1 + 8𝐸1 [

−1
𝑏3𝑢

] 𝐸1 [
+1
𝑢
]−8𝐸1 [

+1
𝑢
]
2

 

+8𝐸2 [
−1
𝑏3𝑢

] − 8𝐸2 [
+1
𝑢
])

 

𝒵ℓ ∝
𝜗1(𝔲)

ℓ−1𝜗4 or 1(ℓ𝔟 + 𝔲)

(ℓ − 1)! 𝜗4 or 1(ℓ𝔟)
 

𝒵ℓ+1 =∰
𝑑𝑎ℓ
2𝜋𝑖𝑎ℓ

𝜗4(𝔞ℓ + 𝔟 + 𝔲)

𝜗4(𝔞ℓ + 𝔟)
[𝒵ℓ]𝑏ℓ→𝑏ℓ/𝑎ℓ,ℓ𝔟→ℓ𝔟−𝔞ℓ    

𝑖𝑢−1/2𝜂(𝜏)3

𝜗1(𝔲)
𝒵1 =

𝑖𝑢−1/2𝜂(𝜏)3

𝜗1(𝔲)

𝜗4(𝔟 + 𝔲)

𝜗4(𝔟)
= ∑  

𝑝∈ℤ

 
𝑏𝑝𝑞

𝑝
2

1 − 𝑢𝑞𝑝
 

(
𝑖𝑢−1/2𝜂(𝜏)3

𝜗1(𝔲)
)

ℓ

𝒵ℓ(𝑏, 𝑞) =
1

(ℓ − 1)!
𝜕𝑢
ℓ−1 (

𝑖𝑢−1/2𝜂(𝜏)3

𝜗1(𝔲)
𝒵1 (𝑏 → 𝑏ℓ𝑞−

ℓ
2))  

0 = 𝑢𝜕𝑢𝐸𝑘 [
1
𝑢
] + (𝑘 + 1)𝐸𝑘+1 [

1
𝑢
] + 𝐸𝑘+1 + 𝐸1 [

1
𝑢
]𝐸𝑘 [

1
𝑢
] −∑  

𝑘−1

ℓ=2

 𝐸ℓ𝐸𝑘+1−ℓ [
1
𝑢
] .  

ℐ𝑆𝑈(2) = −
𝑖𝜗4(𝔟)

2𝜗4(2𝔟)
(𝐸1 [

1
𝑢
] − 𝐸1 [

1
𝑏2𝑢

]) +
𝜂(𝜏)3𝜗4(𝔟 + 𝔲)2

2𝜗1(𝔲)𝜗1(2𝔟 + 𝔲)𝜗4(𝔟)
.  

ℐ𝑆𝑈(2) =
𝑖𝜗4(𝔟)

𝜗4(2𝔟)
𝐸1 [

−1
𝑏
] ,  

ℐ𝑆𝑈(3) =
𝜗4(𝔟)

24𝜗4(3𝔟)
(1 + 8𝐸1 [

−1
𝑏3𝑢

] 𝐸1 [
1
𝑢
] − 8𝐸1 [

1
𝑢
]
2

+ 8𝐸2 [
−1
𝑏3𝑢

] − 8𝐸2 [
1
𝑢
])

 +
𝜂(𝜏)3𝜗4(𝔟 + 𝔲)

6𝜗1(𝔲)
2𝜗4(3𝔟 + 𝔲)

(
𝜂(𝜏)3𝜗4(𝔟 + 𝔲)2

𝜗4(𝔟)
2 −

3𝑖𝜗1(𝔲)𝜗1(2𝔟 + 𝔲)

𝜗1(2𝔟)
(𝐸1 [

1
𝑢
] − 𝐸1 [

1
𝑏2𝑢

]))

 

ℐ𝑆𝑈(3) = −
1

8

𝜗4(𝔟)

𝜗4(3𝔟)
(−

1

3
+ 4𝐸1 [

−1
𝑏
]
2

− 4𝐸2 [
1
𝑏2
]) .  
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ℐ𝑆𝑈(𝑁)(𝑏, 𝑞) =

{
 
 

 
 𝜗4(𝔟 ∣ 𝜏)

𝜗4(𝑁𝔟 ∣ 𝜏)
𝔼𝑁(𝑏, 𝑞), 𝑁 = 2ℓ + 1

𝑖𝜗4(𝔟 ∣ 𝜏)

𝜗1(𝑁𝔟 ∣ 𝜏)
𝔼𝑁(𝑏, 𝑞), 𝑁 = 2ℓ

,  

ℐ𝐿
(𝐴1,𝐴2) = 𝑞−

1
2ch0 − 𝑞−

1
2ch1  

ℐ𝑊𝑗
= 𝛿𝑗∈ℤℐ𝑆𝑈(2) −

𝑖𝜗4(𝔟)

2𝜗4(2𝔟)
∑  

+𝑗

𝑚=−𝑗
𝑚≠0

 
𝑏𝑚 − 𝑏−𝑚

𝑞𝑚/2 − 𝑞−𝑚/2  

ℐ𝑊𝑗
(𝑀, 𝑞) =(𝛿𝑗∈ℤ −

1

2
ℳ1𝑗 −

1

2
ℳ2𝑗) ch0 +

1

2
(ℳ1𝑗 −ℳ2𝑗)ch1 +

1

2
(ℳ3𝑗 −ℳ2𝑗)ch2

 +
1

2
(ℳ3𝑗 +ℳ4𝑗)ch3 +

1

2
(ℳ3𝑗 −ℳ4𝑗)ch4

 

ℳ𝑖𝑗: = ∑  

+𝑗

𝑚=−𝑗
𝑚≠0

 
𝑀𝑖
2𝑚 −𝑀𝑖

−2𝑚

𝑞𝑚 − 𝑞−𝑚  

[𝐷𝑞
(𝑁)

+∑  

𝑁

𝑟=1

 𝜙2𝑁−2𝑟𝐷𝑞
(𝑟)
] ch = 0  

𝐷𝑞
(𝑘)
: = 𝜕(2𝑘−2) ∘ ⋯ ∘ 𝜕(2) ∘ 𝜕(0) 

𝜕(𝑘): = 𝑞𝜕𝑞 + 𝑘𝐸2(𝜏). 𝐷𝑞
(𝑘)

 

𝐿−2
𝔫 |0⟩ = |𝑐2⟩ + |𝒩𝑇⟩, |𝑐2⟩ ∈ 𝐶2(𝕍[𝒯]) = span{𝑎−ℎ𝑎−1𝑏},  

eq →
𝑆 
𝜏wteq + 𝜏wt−1𝔟𝑖eq𝑖 + 𝜏wt−2𝔟𝑖𝔟𝑗eq𝑖𝑗 +⋯  

 

|𝒩⟩ →
𝑆 
∑ 

ℓ≥0

  ∑  

𝑖1,…,𝑖ℓ

 
1

ℓ!
𝜏ℎ[𝒩]−ℓ𝔟𝑖1⋯𝔟𝑖ℓℎ1

𝑖1⋯ℎ1
𝑖ℓ|𝒩⟩  

 

𝜎: 𝔟𝑖 → 𝔟𝑖 + 𝑛𝑖𝜏  

eq →
𝜎 
∑ 

ℓ≥0

  ∑  

𝑖1≤⋯𝑖ℓ

 
(−1)ℓ

ℓ!
𝑛𝑖1⋯𝑛𝑖ℓeq𝑖1⋯𝑖ℓ .  

|𝒩⟩ →
𝜎 
∑ 

ℓ≥0

  ∑  

𝑖1≤⋯≤𝑖ℓ

 
(−1)ℓ

ℓ!
𝑛𝑖1 …𝑛𝑖ℓℎ1

𝑖1⋯ℎ1
𝑖ℓ|𝒩⟩  

[𝐷𝑞
(𝑁)

+∑  

𝑁

𝑟=1

 𝜙2𝑁−2𝑟(𝜏)𝐷𝑞
(𝑟)
] ch = 0  

𝑁 ≥ 𝔫  

𝑛0 ≤ 𝑛min  

𝑛0, 𝑛ord ≤ 𝑛min, 𝑛min, 𝔫 ≤ 𝑁  

ℐ𝒯𝑝,𝑁(𝑞) = 𝑞−
𝑐2d[𝒯𝑝,𝑁]−𝑝𝑐2 d[𝒯𝑆𝑈(𝑁)]

24 ℐ𝑆𝑈(𝑁) (𝑏 → 𝑞
𝑝
2
−1, 𝑞 → 𝑞𝑝) .  
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ℐ𝑆𝑈(𝑁)(𝑏, 𝑞) =

{
 
 

 
 𝜗4(𝔟 ∣ 𝜏)

𝜗4(𝑁𝔟 ∣ 𝜏)
𝔼𝑁(𝑏, 𝑞),𝑁 = 2ℓ + 1

𝜗4(𝔟 ∣ 𝜏)

𝜗1(𝑁𝔟 ∣ 𝜏)
𝔼𝑁(𝑏, 𝑞),𝑁 = 2ℓ

,  

𝑓𝑁(𝔟, 𝜏): =

{
 
 

 
 𝜗4(𝔟 ∣ 𝜏)

𝜗4(𝑁𝔟 ∣ 𝜏)
, 𝑁 = 2ℓ + 1,

𝜗4(𝔟 ∣ 𝜏)

𝑖𝑁
2−1𝜗1(𝑁𝔟 ∣ 𝜏)

, 𝑁 = 2ℓ

.  

𝑓𝑁(𝔟, 𝜏) →
𝔟→(

𝑝
2
−1)𝜏,𝜏→𝑝𝜏 𝜗4(0 ∣ 2𝜏)

𝜗4(0 ∣ 2𝜏)
= 1.  

odd 𝑁:
𝜗4(𝔟 ∣ 𝜏)

𝜗4(𝑁𝔟 ∣ 𝜏)
→

𝔟→(
𝑝
2
−1)𝜏,𝜏→3𝜏 𝜗4 (

1
2
𝜏|  3𝜏)

𝜗4 (𝑁
1
2
𝜏|  3𝜏)

,  

 even 𝑁:
𝜗4(𝔟 ∣ 𝜏)

𝜗1(𝑁𝔟 ∣ 𝜏)
→

𝔟→(
𝑝
2
−1)𝜏,𝜏→3𝜏 𝜗4 (

1
2
𝜏|  3𝜏)

𝜗1 (𝑁
1
2
𝜏|  3𝜏)

.

 

𝜗4 (𝔷 + 𝑁
𝜏

2
|  𝜏) = −(−1)

𝑁
2
−1𝑏−

𝑁
2𝑞−

𝑁2

8 𝜗1(𝔷 ∣ 𝜏),  

𝑓𝑁(𝔟, 𝜏) →
𝔟→(

𝑝
2
−1)𝜏,𝜏→3𝜏 

− (−1)
⌊
𝑛𝑁−2
4

⌋
𝑞
𝑁2−1
24

 

𝑓𝑁(𝔟, 𝜏) →
𝔟→(

𝑝
2
−1)𝜏,𝜏→𝑝𝜏 

− (−1)
⌊
𝑛𝑁−3
2

⌋
𝑞
𝑁2−1
8 ,

 

𝑓𝑁(𝔟, 𝜏) →
𝔟→(

𝑝
2
−1)𝜏,𝜏→𝑝𝜏 

𝑞
𝑁2−1
3

 

𝑓𝑁 ((
𝑝

2
− 1) 𝜏, 𝑝𝜏) = 𝑞

𝑐2 d[𝒯𝑝,𝑁]−𝑝𝑐2 d[𝒯𝑆𝑈(𝑁)]

24 .  

ℐ𝒯𝑝,𝑁 = 𝔼𝑁 (𝑏 → 𝑞
(
𝑝
2
−1)

, 𝑞 → 𝑞𝑝)  

ℐ3,2 = 𝐸1 [
−1

√𝑞
] (3𝜏)

ℐ3,4 =  −
1

72
−
1

6
𝐸2(3𝜏) +

1

24
𝐸1 [

−1

√𝑞
] (3𝜏)

 −
1

6
𝐸1 [

−1

√𝑞
] (3𝜏)3 −

1

2
𝐸1 [

−1

√𝑞
] (3𝜏)𝐸2 [

−1
𝑞
] (3𝜏)

ℐ2,3 =
1

24
+
1

2
𝐸2(2𝜏), ℐ2,5 =

3

640
+
1

16
𝐸2(2𝜏) +

1

8
𝐸2(2𝜏)

2 −
1

4
𝐸4(2𝜏)

ℐ2,7 =
5

7168
+

37

3840
𝐸2(2𝜏) +

5

192
𝐸2(2𝜏)

2 +
1

48
𝐸2(2𝜏)

3

 −
5

96
𝐸4(2𝜏) −

1

8
𝐸2(2𝜏)𝐸4(2𝜏) +

1

6
𝐸6(2𝜏)
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ℐ4,3 =−
1

24
+
1

2
𝐸1 [

−1
𝑞
] (4𝜏)2 −

1

2
𝐸2 [

1
𝑞2
] (4𝜏)  

ℐ6,5 =
49

7680
+
1

72
𝐸1 [

−1
𝑞2
] (6𝜏) +

1

192
𝐸1 [

−1
𝑞
] (6𝜏)

−
1

96
𝐸1 [

−1
𝑞2
] (6𝜏)2 −

1

32
𝐸1 [

−1
𝑞
] (6𝜏)2 +

1

12
𝐸2 [

1
𝑞2
] (6𝜏) +

1

96
𝐸2 [

−1
𝑞
] (6𝜏) 

−
1

8
𝐸1 [

−1
𝑞
] (6𝜏)𝐸2 [

−1
𝑞
] (6𝜏) +

1

8
𝐸1 [

−1
𝑞
] (6𝜏)𝐸1 [

−1
𝑞2
] (6𝜏)2  

−
1

3
𝐸2 [

−1
1
] (6𝜏)𝐸1 [

−1
𝑞2
] (6𝜏) +

1

4
𝐸2 [

−1
𝑞
] (6𝜏)𝐸1 [

−1
𝑞2
] (6𝜏)2  

 +
1

4
𝐸3 [

1
𝑞2
] (6𝜏) +

1

4
𝐸4 [

1
𝑞2
] (6𝜏) −

1

8
𝐸2 [

−1
𝑞
] (6𝜏)2 −

1

24
𝐸1 [

−1
𝑞2
] (6𝜏)4

 

ℐ𝒯2,𝑁(𝑞) = 𝑞−
𝑐2 d[𝒯2,𝑁]−2𝑐2 d[𝒯𝑆𝑈(𝑁)]

24 𝐼𝑆𝑈(𝑁)
𝒩=4 (𝑏 = 1, 𝑞2)  

𝑐2 d[𝒯2,𝑁] = −12 ×
𝑁2 − 1

2
, 𝑐2 d[𝒯𝑆𝑈(𝑁)] = −12 ×

𝑁2 − 1

4
.  

𝑞−
𝑐2 d[𝒯2,𝑁]−2𝑐2 d[𝒯𝑆𝑈(𝑁)]

24 = 1  

ℐ𝑆𝑈(2ℓ+1)(𝑞) = (−1)ℓ∑ 

ℓ

𝑘=0

 
𝜆̃2𝑘+2
(2ℓ+3)

(2)

max(2𝑘, 1)
𝔼̃2𝑘(𝜏)  

𝔼̃0(𝜏) = 1, 𝔼̃2𝑘: = 2𝑘∮   
𝑑𝑦

2𝜋𝑖𝑦
𝑦−2𝑘exp [−∑  

∞

𝑛=1

 
1

2𝑛
𝐸2𝑛(𝜏)𝑦

2𝑛] .  

ℐ𝒯2,𝑁(𝑞) = (−1)ℓ∑ 

ℓ

𝑘=0

 
𝜆̃2𝑘+2
(2ℓ+3)

(2)

max(2𝑘, 1)
𝔼̃2𝑘(2𝜏)  

𝐸4(2𝜏) →
𝑆 
𝐸4 (−

2

𝜏
) = (

𝜏

2
)
4

𝐸4 (
𝜏

2
) , 𝐸6(2𝜏) →

𝑆 
𝐸6 (−

2

𝜏
) = (

𝜏

2
)
6

𝐸6 (
𝜏

2
) .  

∑ 

±

 𝐸𝑘 [
𝜙
±𝑧
] (𝜏) = 2𝐸𝑘 [

𝜙

𝑧2
] (2𝜏)  

ℐ𝒯2,𝑁(𝑞) = (−1)ℓ∑  

ℓ

𝑘=0

 
𝜆̃2𝑘+2
(2ℓ+3)

(2)

max(2𝑘, 1)
𝔼̃2𝑘(𝜏)|

𝐸𝑘(2𝜏)→
1
2
(𝐸𝑘[

1
+1

]+𝐸𝑘[
1
−1

])

 

ℐ𝒯2,3(𝑞) =
1

24
+
1

4
(𝐸2 [

1
1
] + 𝐸2 [

1
−1

])  

ℐ𝒯2,3(𝑞) →
𝑆 
𝑆ℐ𝒯2,3 =

1

24
+
1

4
𝜏2 (𝐸2 [

1
1
] + 𝐸2 [

−1
1
]) +

𝑖𝜏

8𝜋
.  

𝑇𝑛𝑆ℐ𝒯2,3(𝑞) =
1

24
+
1

4
(𝜏 + 𝑛)2 (𝐸2 [

−1
(−1)𝑛

] + 𝐸2 [
+1
+1

]) +
(𝜏 + 𝑛)𝑖

8𝜋
 

ch0∶= ℐ𝒯2,3

ch1, ch2, ⋯ , ch6: = 𝑆ch0, 𝑇ch1, 𝐓
(2)ch2, 𝑇ch3, 𝐓

(2)ch4, 𝑇ch5 

ch7, ch8, ch9∶= 𝑆ch5, 𝐓
(1)ch7, 𝐓

(1)ch8

 

𝜏ℓ=2,1,0 (𝐸2 [
−1
±1

] + 𝐸2 [
1
1
])  

𝜏ℓ=0,1,2 (𝐸2 [
1
−1

] + 𝐸2 [
1
1
])  
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(𝐸2 [
1
1
] + 𝐸2 [

1
−1

]) →
𝑆𝐿(2,ℤ) 

𝜏ℓ=0,1,2 (𝐸2 [
−1
1
] + 𝐸2 [

+1
+1

])

𝜏ℓ=0,1,2 (𝐸2 [
1
−1

] + 𝐸2 [
+1
+1

]) , 𝜏ℓ=0,1,2 (𝐸2 [
−1
−1

] + 𝐸2 [
+1
+1

])  
 

dim𝒱𝒯2,3 = 1 + 3 × 3 = 10  

0 = [𝐷𝑞
(12)

− 1510𝐸4𝐷𝑞
(10)

− 55440𝐸6𝐷𝑞
(9)
− 233400𝐸4

2𝐷𝑞
(8)
+ 2364600𝐸4𝐸6𝐷𝑞

(7)

+2000(31228𝐸4
3 − 41013𝐸6

2)𝐷𝑞
(6)
+ 1422624000𝐸4

2𝐸6𝐷𝑞
(5)

 

+(3925360000𝐸4
4 + 40438916000𝐸4𝐸6

2)𝐷𝑞
(4)

 

+(420470400000𝐸4
3𝐸6 + 344509200000𝐸6

3)𝐷𝑞
(3)

 

+(1168824000000𝐸4
5 + 7510426000000𝐸4

2𝐸6
2)𝐷𝑞

(2)
 

+(23905224000000𝐸4
4𝐸6 + 31682361200000𝐸4𝐸6

3)𝐷𝑞
(1)
] ch0

 

0 = [(
55

196
𝐸4
4 + 𝐸4𝐸6

2)𝐷𝑞
(10)

−
405

14
𝐸4
3𝐸6𝐷𝑞

(9)
+ (−

11775

49
𝐸4
5 − 525𝐸4

2𝐸6
2)𝐷𝑞

(8)

(
94125

7
𝐸4
4𝐸6 − 29400𝐸4𝐸6

3)𝐷𝑞
(7)
+ (−

2364000

49
𝐸4
6 + 126300𝐸4

3𝐸6
2)𝐷𝑞

(6)

+(
14796000

7
𝐸4
5𝐸6 − 4498200𝐸4

2𝐸6
3)𝐷𝑞

(5)
 

+ (
19430000

7
𝐸4
7 + 5253500𝐸4

4𝐸6
2 − 5586000𝐸4𝐸6

4)𝐷𝑞
(4)

 

+ (−
1033500000

7
𝐸4
6𝐸6 + 639555000𝐸4

3𝐸6
3)𝐷𝑞

(3)
 

(
10959000000

49
𝐸4
8 + 575450000𝐸4

5𝐸6
2 + 2830730000𝐸4

2𝐸6
4)𝐷𝑞

(2)

(
1683000000

7
𝐸4
7𝐸6 + 14264950000𝐸4

2𝐸6
3 + 14543200000𝐸4𝐸6

5)𝐷𝑞
(1)
] ch0

 

𝑆 =

(

 
 
 
 
 
 
 
 
 
 
 

0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
0 0 1 0 −1 0 1 0 0 0

0 0 0 0 0 0 0
1

2
−
1

4

1

8

−8 0 8 0 −5 0 4 0 0
1

2
0 0 0 0 0 0 0 1 0 0

−8 0 8 0 −4 0 3 0 0
1

2
0 0 0 0 0 1 0 0 0 0

−8 8 0 −4 0 2 0 0 0
1

2
−16 16 0 0 0 0 0 0 0 1)

 
 
 
 
 
 
 
 
 
 
 

, 𝑇 =

(

 
 
 
 
 
 
 

+1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 1 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 1 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 +1 1 0
0 0 0 0 0 0 0 0 +1 1
0 0 0 0 0 0 0 0 0 +1)

 
 
 
 
 
 
 

.  

(

 
 
 
 
 
 
 

−1 1 0 0 0 0 0 0 0 0
0 −1 1 0 0 0 0 0 0 0
0 0 −1 0 0 0 0 0 0 0
0 0 0 +1 1 0 0 0 0 0
0 0 0 0 +1 1 0 0 0 0
0 0 0 0 0 +1 0 0 0 0
0 0 0 0 0 0 +1 1 0 0
0 0 0 0 0 0 0 +1 1 0
0 0 0 0 0 0 0 0 +1 0
0 0 0 0 0 0 0 0 0 +1)

 
 
 
 
 
 
 

.  

1, 𝐸2 [
1
−1

] + 𝐸2 [
1
+1

] , 𝐸2 [
−1
−1

] + 𝐸2 [
1
+1

] , 𝐸2 [
−1
1
] + 𝐸2 [

1
+1

] .  

ℐ𝒯2,5 =
1

640
[3 + 20 (𝐸2 [

1
−1

] + 𝐸2 [
1
1
])

 +20(𝐸2 [
1
−1

] + 𝐸2 [
1
1
])
2

− 80(𝐸4 [
1
−1

] + 𝐸4 [
1
1
])]
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𝜏ℓ=0,1,2 (𝐸2 [
𝛼
𝛽] + 𝐸2 [

1
1
])|

(𝛼,𝛽)=(1,−1),(−1,1),(−1,−1)

𝜏ℓ=0,1,2,3,4 [(𝐸2 [
𝛼
𝛽] + 𝐸2 [

1
1
])
2

− 4(𝐸4 [
𝛼
𝛽] + 𝐸4 [

1
1
])]|

(𝛼,𝛽)=(1,−1),(−1,1),(−1,−1)

 

dim𝒱𝒯2,5 = 1 + 3 × 3 + 3 × 5 = 25.  

[𝐷𝑞
(37)

+ 𝜆𝐸6𝐷𝑞
(34)

+⋯] ch0 = 0,  
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ch1 = 𝑆ch1
ch2ℓ, ch2ℓ+1 = 𝑇ch2ℓ−1, (𝑇

2 − 1)ch2ℓ−1, ℓ = 1,⋯ ,4

ch10 = 𝑇ch9
ch11 = 𝑆ch9
chℓ = (𝑇 − 1)chℓ−1, ℓ = 12,⋯ ,15

ch16 = 𝑆ch15
ch2ℓ+1, ch2ℓ+2 = 𝑇ch2ℓ, (𝑇

2 − 1)ch2ℓ, ℓ = 8,⋯ ,10

ch21 = 𝑇ch20
ch22 = 𝑆ch20
ch23, ch24 = (𝑇 − 1)ch22, (𝑇 − 1)ch23

 

1,  (𝐸2 [
𝛼
𝛽] + 𝐸2 [

1
1
])|

(𝛼,𝛽)=(1,−1),(−1,1),(−1,−1)

[(𝐸2 [
𝛼
𝛽] + 𝐸2 [

1
1
])
2

− 4(𝐸4 [
𝛼
𝛽] + 𝐸4 [

1
1
])]|

(𝛼,𝛽)=(1,−1),(−1,1),(−1,−1)

 

1,  𝜏0,1,⋯,2𝑘𝔼̃2𝑘(2𝜏)|𝐸𝑘(2𝜏)→
1
2
(𝐸𝑘[

1
−1

]+𝐸𝑘[
1
1
])

 𝜏0,1,⋯,2𝑘𝔼̃2𝑘(2𝜏)|𝐸𝑘(2𝜏)→
1
2
(𝐸𝑘[

−1
1
]+𝐸𝑘[

1
1
])

 𝜏0,1,⋯,2𝑘𝔼̃2𝑘(2𝜏)|𝐸𝑘(2𝜏)→
1
2
(𝐸𝑘[

−1
−1

]+𝐸𝑘[
1
1
])

 

1 + 3 × 3 + 3 × 5 + 3 × 7 +⋯+ 3 × (2ℓ + 1) = 1 + 3ℓ(2 + ℓ)  

𝐿−2
𝔫 |0⟩ = |𝑐2⟩ + |𝒩𝑇⟩, |𝑐2⟩ ∈ 𝐶2(𝕍[𝒯]):= span{𝑎−ℎ𝑎−1𝑏}  

𝔫 − 1 ≥ rank𝒯  

𝑛0 − 1 = 6ℓ + 3ℓ2 > rank𝒯2,2ℓ+1 = 6ℓ  

𝐸𝑘 [
−1
𝑏𝑝
] (𝑝𝜏) =

1

𝑝
∑  

𝑙−1

𝑝=0

 𝐸𝑘 [
−1

𝑒2𝜋𝑖𝑙/𝑝𝑏
] , 𝐸𝑘 [

1
𝑏𝑝
] (𝑝𝜏) =

1

𝑝
∑  

𝑙−1

𝑝=0

 𝐸𝑘 [
1

𝑒2𝜋𝑖𝑙/𝑝𝑏
] ,  

ℐ3,2 =
1

3
(𝐸1 [

−1
𝑞1/6

] + 𝐸1 [
−1

𝑒2𝜋𝑖/3𝑞1/6
] + 𝐸1 [

−1
𝑒4𝜋𝑖/3𝑞1/6

])  

𝐸1 [
−1
𝑎𝑞1/6

] → 𝐸1 [
−1

𝑒4𝜋𝑖/3𝑎𝑞1/6
]  

 

ch1 = 𝑆ch0 = −
1

6
+
𝜏

3
(𝐸1 [

1

𝑒
2𝜋𝑖
3
] + 𝐸1 [

1

𝑒
2𝜋𝑖
3 𝑞−1/3

] + 𝐸1 [
1

𝑒
2𝜋𝑖
3 𝑞1/3

])

ch2 = 𝑇ch1 = −
1

6
+
1

3
(𝐸1 [

1

𝑒
2𝜋𝑖
3
] + 𝐸1 [

1
𝑞−1/3

] + 𝐸1 [
1

𝑒
4𝜋𝑖
3 𝑞1/3

])

 +
𝜏

3
(𝐸1 [

1

𝑒
2𝜋𝑖
3
] + 𝐸1 [

1
𝑞−1/3

] + 𝐸1 [
1

𝑒
4𝜋𝑖
3 𝑞1/3

])

ch3 = 𝑇ch2 = −
1

6
+
2

3
(𝐸1 [

1

𝑒
2𝜋𝑖
3
] + 𝐸1 [

1

𝑒
4𝜋𝑖
3 𝑞−1/3

] + 𝐸1 [
1
𝑞1/3

])

 +
𝜏

3
(𝐸1 [

1

𝑒
2𝜋𝑖
3
] + 𝐸1 [

1

𝑒
4𝜋𝑖
3 𝑞−1/3

] + 𝐸1 [
1
𝑞1/3

])

ch4 = 𝑇ch3 − ch1 = 𝐸1 [
1

𝑒
2𝜋𝑖
3
] + 𝐸1 [

1

𝑒
2𝜋𝑖
3 𝑞−1/3

] + 𝐸1 [
1

𝑒
2𝜋𝑖
3 𝑞1/3

]
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𝑇 =

(

 
 

1 0 0 0 0
0 0 1 0 0
0 0 0 1 0
0 1 0 0 1

0 3𝑒
𝜋𝑖
3 −3 3𝑒−

𝜋𝑖
3 2𝑒

𝜋𝑖
3)

 
 

 

𝑆 =

(

 
 
 
 
 
 

0 1 0 0 0
1 0 0 0 0

0
3

2
(1 − 𝑖√3)

3

2
(1 + 𝑖√3) −2

1

2
(1 − 𝑖√3)

3
3

2
(3 + 𝑖√3) −

13

2
+
3𝑖√3

2
−3𝑖√3

1

2
(5 + 𝑖√3)

3(√3 + 3𝑖)

√3 − 𝑖
−
3(√3 − 3𝑖)

√3 − 𝑖
−
6(√3 + 2𝑖)

√3 − 𝑖
6

√3 + 5𝑖

√3 − 𝑖 )

 
 
 
 
 
 

.  

𝑆 ∼

(

 
 

−1 0 0 0 0
0 −1 0 0 0
0 0 +1 0 0
0 0 0 +1 0
0 0 0 0 +1)

 
 
, 𝑇 ∼

(

  
 

1 1 0 0 0
0 1 0 0 0
0 0 1 0 0

0 0 0 𝑒
2𝑖𝜋
3 1

0 0 0 0 𝑒
2𝑖𝜋
3 )

  
 
.  

ch0, ch1 + 𝑒
2𝜋𝑖
3 ch2 − 𝑒

𝜋𝑖
3 ch3, ch4

 

1 = −6ch0 − 6(ch1 + 𝑒
2𝜋𝑖
3 ch2 − 𝑒

𝜋𝑖
3 ch3) + 2√3𝑒

5𝜋𝑖
6 ch4  

0 = 𝐸1 [
1
𝑞1/3

] − 𝑒
𝜋𝑖
3 𝐸1 [

1

𝑒−
2𝜋𝑖
3 𝑞1/3

] + 𝑒
2𝜋𝑖
3 𝐸1 [

1

𝑒
2𝜋𝑖
3 𝑞1/3

] ,  

1 =  −2𝐸1 [
−1
𝑞1/6

] − 2𝐸1 [
−1

𝑒−
2𝜋𝑖
3 𝑞1/6

] − 2𝐸1 [
−1

𝑒
2𝜋𝑖
3 𝑞1/6

] + 2𝑖√3𝐸1 [
1

𝑒
2𝜋𝑖
3
]

 +(1 + 3√3𝑖)𝐸1 [
1
𝑞1/3

] + (4 − 2𝑖√3)𝐸1 [
1

𝑒−
2𝜋𝑖
3 𝑞1/3

] + (−5 − 𝑖√3)𝐸1 [
1

𝑒
2𝜋𝑖
3 𝑞1/3

]

 

𝑛0 − 1 = 𝔫 − 1 = 4 = rank𝒯3,2  

ℐ𝒯3,4(𝑞) =−
1

72
+
1

72
(𝐸1 [

−1
𝑞1/6

] + 𝐸1 [
−1

𝑒−
2𝜋𝑖
3 𝑞1/6

] + 𝐸1 [
−1

𝑒
2𝜋𝑖
3 𝑞1/6

]) 

+
1

6
(−

1

3
𝐸2 [

1
1
] −

1

3
𝐸2 [

1

𝑒−
2𝜋𝑖
3
] −

1

3
𝐸2 [

1

𝑒
2𝜋𝑖
3
])  

 +
1

18
(𝐸1 [

−1
𝑞1/6

] + 𝐸1 [
−1

𝑒−
2𝜋𝑖
3 𝑞1/6

] + 𝐸1 [
−1

𝑒
2𝜋𝑖
3 𝑞1/6

])

 × (𝐸2 [
1
𝑞1/3

] + 𝐸2 [
1

𝑒−
2𝜋𝑖
3 𝑞1/3

] + 𝐸2 [
1

𝑒
2𝜋𝑖
3 𝑞1/3

])

 −
1

162
(𝐸1 [

−1
𝑞1/6

] + 𝐸1 [
−1

𝑒−
2𝜋𝑖
3 𝑞1/6

] + 𝐸1 [
−1

𝑒
2𝜋𝑖
3 𝑞1/6

])

3

 

−5

324
+

1

108
𝜏(⋯) +

1

108
𝜏2(⋯ ) +

1

162
𝜏3(⋯ ).  

ch1 , ch2, ch3  = 𝑆ch0, 𝑇ch1, 𝑇
2ch2

ch4, ch5, ch6  = 𝑇ch3 − ch1, 𝑇ch4, 𝑇
2ch5

ch7, ch8, ch9  = 𝑇ch6 − ch4, 𝑇ch7, 𝑇
2ch8

ch10, ch11 , ch12  = 𝑇ch9 − ch7, 𝑇ch10 , 𝑇
2ch11

 

𝑇ch12 = ch10  

ch13 = 𝑆ch10
ch14, ch15, ch16 = (𝑇 − id)ch13, (𝑇 − id)ch14, (𝑇 − id)ch15 + 972ch0
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ch17 , ch18 , ch19  = 𝑆ch16 , 𝑇ch17, 𝑇ch18
ch20, ch21 , ch22  = 𝑇ch19 − ch17, 𝑇ch20 , 𝑇ch21
ch23, ch24, ch25  = 𝑇ch22 − ch20 , 𝑇ch23, 𝑇ch24

ch26, ch27, ch28  = 𝑆ch23 , (𝑇 − id)ch26, (𝑇 − id)ch27 − 36ch16
ch29, ch30, ch31  = 𝑆ch28, 𝑇ch29, 𝑇ch30

ch32  = 𝑇ch31 − ch29

 

0 = −3𝑒
𝑖𝜋
3 ch29 + 3ch30 + 3𝑒

𝑖𝜋
6 𝑖ch31 − 2𝑒

𝑖𝜋
3 ch32 + ch33

 

𝐸1 [
1
𝑞1/3

] + 𝑒
4𝜋𝑖
3 𝐸1 [

1

𝑒
4𝜋𝑖
3 𝑞1/3

] + 𝑒
2𝜋𝑖
3 𝐸1 [

1

𝑒−
2𝜋𝑖
3 𝑞1/3

] = 0  

ch0, ch10, ch12 , ch13 , ch17, ch24, ch25 , ch26 , ch29

ch29 + 𝑒
2𝜋𝑖
3 ch30 − 𝑒

𝜋𝑖
3 ch31

 

1 =
18

5
ch28 +

18

5
ch9 +

18𝑒2𝜋𝑖/3

5
ch30 −

18

5
𝑒𝜋𝑖/3ch31 +

6

5
√3𝑒−𝜋𝑖/6ch32 .  

dim𝒱0 − 1 = 𝔫 − 1 = 32 > 12 = rank𝒯3,4  

ℐ𝒯4,3 = −
1

48
(−1 + 12𝐸1 [

−1
1
] (4𝜏) − 24𝐸1 [

−1
𝑞
] (4𝜏)2 + 24𝐸2 [

−1
1
] (4𝜏))  

𝐸𝑘 [
−1
𝑏𝑝
] (𝑝𝜏) =

1

𝑝
∑  

ℓ−1

𝑝=0

 𝐸𝑘 [
−1

𝑒2𝜋𝑖ℓ/𝑝𝑏
]  

0 = 𝐸1 [
1

−𝑞1/4
] − 𝐸1 [

1
𝑞1/4

] + 𝑖𝐸1 [
1

−𝑖𝑞1/4
] − 𝑖𝐸1 [

1
𝑖𝑞1/4

] ,

0 = 𝐸2 [
1

−𝑞1/4
] − 𝐸2 [

1
𝑞1/4

] −
1

4
𝐸1 [

1
−𝑞1/4

] +
1

4
𝐸1 [

1
𝑞1/4

]

+
1

2
𝐸1 [

−1
𝑖
] 𝐸1 [

1
−𝑖𝑞1/4

] +
1

2
𝐸1 [

1
𝑖
] 𝐸1 [

1
−𝑖𝑞1/4

]

−
1

2
𝐸1 [

−1
𝑖
] 𝐸1 [

1
𝑖𝑞1/4

] −
1

2
𝐸1 [

1
𝑖
] 𝐸1 [

1
𝑖𝑞1/4

]

 

4(𝑇2𝑆ch0 − 𝑆ch0)|𝜏2 = 𝐸2[
1

−𝑞1/4
] − 𝐸2 [

1
𝑞1/4

] −
1

4
𝐸1 [

1
−𝑞1/4

] +
1

4
𝐸1 [

1
𝑞1/4

]

 +
1

2
𝐸1 [

−1
𝑖
] 𝐸1 [

1
−𝑖𝑞1/4

] +
1

2
𝐸1 [

1
𝑖
] 𝐸1 [

1
−𝑖𝑞1/4

]

 

−
1

2
𝐸1 [

−1
𝑖
] 𝐸1 [

1
𝑖𝑞1/4

] −
1

2
𝐸1 [

1
𝑖
] 𝐸1 [

1
𝑖𝑞1/4

] = 0  

ch1= 𝑆ch0  

ch2, ch3, ch4, ch5= 𝑇ch1 , 𝑇ch2 − ch1, 𝑇
ℓch3, ℓ = 1,2  

ch6, ch7, ch8 = 𝑇ch5 + 𝑖ch3 − ch4 − 𝑖ch5, 𝑇
ℓch6, ℓ = 1,2

ch9 = 𝑆ch8
ch10, ch11 , ch12 = 𝑇ch9, 𝑇ch10 − ch9, 𝑇ch11
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0 =[(574745600𝐸4
9 − 1076920320𝐸6

2𝐸4
6 + 1096671156𝐸6

4𝐸4
3 + 1424635751𝐸6

6)𝐸6𝐸4𝐷𝑞
(13)

 −432(124899200𝐸6
2𝐸4

9 − 122363780𝐸6
4𝐸4

6 + 276220301𝐸6
6𝐸4

3)𝐷𝑞
(12)

 + (
1

7
(−9326814848000)𝐸6𝐸4

11 + 4224114652800𝐸6
3𝐸4

8 − 2783340033180𝐸6
5𝐸4

5 − 1838877565469𝐸6
7𝐸4

2)𝐷𝑞
(11)

 +8(7442481904000𝐸4
9 − 3342340125600𝐸6

2𝐸4
6 + 19895117706660𝐸6

4𝐸4
3 − 20234101571453𝐸6

6)𝐸6
2𝐸4𝐷𝑞

(10)

 −
1

7
6600(107830112000𝐸4

9 − 464290614480𝐸6
2𝐸4

6 + 3764819611896𝐸6
4𝐸4

3 − 5674341339373𝐸6
6)𝐸6𝐸4

3𝐷𝑞
(9)

 +
900

7
(125131002656000𝐸4

9 − 533992662885360𝐸6
2𝐸4

6 + 135615545950920𝐸6
4𝐸4

3 + 277277681006249𝐸6
6)𝐸6

2𝐸4
2𝐷𝑞

(8)

 +
25

49
(643463494355968000𝐸4

12 − 2731343006933587200𝐸6
2𝐸4

9

 +3659914196088200400𝐸6
4𝐸4

6 − 4407695411247251480𝐸6
6𝐸4

3 + 2872041231540420093𝐸6
8)𝐸6𝐸4𝐷𝑞

(7)

 −21000(195522293753600𝐸4
9 − 227017724188080𝐸6

2𝐸4
6 − 287151556728792𝐸6

4𝐸4
3 − 652446141959227𝐸6

6)𝐸6
2𝐸4

3𝐷𝑞
(6)

 +16000(672100320320000𝐸4
12 + 1275146989916800𝐸6

2𝐸4
9 − 5549761806160320𝐸6

4𝐸4
6

 −5608956608000116𝐸6
6𝐸4

3 + 4426262074119193𝐸6
8)𝐸6𝐸4

2𝐷𝑞
(5)

 +1000(186244985483392000𝐸4
12 − 1504510704852769600𝐸6

2𝐸4
9

 +
40000

7
(45809333636352000𝐸4

12 − 106878284832457600𝐸6
2𝐸4

9 − 346593764375468400𝐸6
4𝐸4

6

 +830194932722473920𝐸6
6𝐸4

3 + 90356200990717277𝐸6
8)𝐸6𝐸4

3𝐷𝑞
(3)

 

+
60000

7
(1077666799527296000𝐸4

12 − 4957511831704644800𝐸6
2𝐸4

9

+6663480952508528400𝐸6
4𝐸4

6 − 4603907186041058980𝐸6
6𝐸4

3 + 6994092915923002351𝐸6
8)𝐸6

2𝐸4
2𝐷𝑞

(2)

+
10000

49
(43422946454384640000𝐸4

15 − 225296315114048640000𝐸6
2𝐸4

12

+680500256154933166400𝐸6
4𝐸4

9 − 1372309846461167300400𝐸6
6𝐸4

6  

+1494610562792323885020𝐸6
8𝐸4

3 − 523092474786506400853𝐸6
10)𝐸6𝐸4𝐷𝑞

(1)
] ch0

𝒯4,3

 

(

 
 
 
 
 
 
 
 
 
 

1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 −1 −2𝑖 4 6𝑖 −6 −6𝑖 4 2𝑖 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1
0 −32𝑖 53 96𝑖 −110 −96𝑖 61 32𝑖 −4 −1 0 2 0)

 
 
 
 
 
 
 
 
 
 

.  

𝑇 →

(

 
 
 
 
 
 
 
 
 
 

−1 1 0 0 0 0 0 0 0 0 0 0 0
0 −1 0 0 0 0 0 0 0 0 0 0 0
0 0 −1 1 0 0 0 0 0 0 0 0 0
0 0 0 −1 1 0 0 0 0 0 0 0 0
0 0 0 0 −1 0 0 0 0 0 0 0 0
0 0 0 0 0 𝑖 1 0 0 0 0 0 0
0 0 0 0 0 0 𝑖 0 0 0 0 0 0
0 0 0 0 0 0 0 +1 0 0 0 0 0
0 0 0 0 0 0 0 0 +1 1 0 0 0
0 0 0 0 0 0 0 0 0 +1 0 0 0
0 0 0 0 0 0 0 0 0 0 +1 1 0
0 0 0 0 0 0 0 0 0 0 0 +1 1
0 0 0 0 0 0 0 0 0 0 0 0 +1)

 
 
 
 
 
 
 
 
 
 

,  

ch0, ch6, ch7, ch8
ch11 − 4ch3 − 8(1 + 𝑖)ch4 + (4 − 8𝑖)ch5, ch12 − 4(2 + 𝑖)ch3 − 8𝑖ch4 − 4𝑖ch5.

 

𝑛0 − 1 = 12 > 9 = rank𝒯4,3  
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Φ(𝑧)𝑧→∞ (𝑇𝑘𝑧
𝑘
𝑏 +⋯)𝑑𝑧  

Φ(𝑒2𝜋𝑖𝑧) = 𝑔Φ(𝑧)𝑔−1 ⇒ 𝑔𝑇𝑘𝑔
−1 = 𝑒2𝜋𝑖𝑘/𝑏𝑇𝑘  

𝔧 =⊕ℓ∈ℤ/𝑏ℤ 𝔧ℓ/𝑏  

Φ(𝑧) =
Φ′(𝑧)

𝑧
 

Φ′𝑧→∞(𝑇𝑘𝑧
𝜈 +⋯)𝑑𝑧. , 𝜈: =

𝑘

𝑏
+ 1 > 0  

Φ(𝑧)𝑧→0 (
𝑓∨

𝑧
+ ⋯)𝑑𝑧  

Φ′ ∼ (𝛽 +⋯)𝑑𝑧, 𝛽 ∈ 𝔫∨  

𝑥 → 𝜆𝛼𝑥, 𝑧 → 𝜆𝛽𝑧  

𝑆𝑝𝛾,𝐏∨: = {𝑔 ∈ 𝐏∨ ∖ 𝐉∨ ∣ 𝑔𝛾𝑔−1 ⊂ 𝔫̃∨}  

𝐿𝜈 = {𝛼 + 𝑙𝛿 ∈ Δ̂∨ ∣ 𝜈𝛼(𝜌) + 𝑙 = 0}  

𝑆𝜈 = {𝛼 + 𝑙𝛿 ∈ Δ̂∨ ∣ 𝜈𝛼(𝜌)) + 𝑙 = 𝜈}  

𝑆𝑝𝛾,𝐏∨
𝑇 =⊔ 𝐻𝑤̃, {𝑤̃ ∈ 𝑊𝐏 ∨𝑊𝑎𝑓𝑓/𝑊𝜈 ∣ Ad(𝑤̃)𝛾 ∈ 𝔫̃

∨}  

dim𝐻𝑤̃ = |𝑤̃𝐿𝜈 ∖ Δ𝔫̃ ∨| − |𝑤̃𝑆𝜈 ∖ Δ𝔫̃ ∨|.  

𝒯3,2 = (𝐴2, 𝐷4), 𝒯4,3 = (𝐴3, 𝐸6), 𝒯6,5 = (𝐴5, 𝐸8)  

𝑊
−ℎ∨+

𝑏
𝑏+𝑘

(𝔧, 𝑓),  

𝜈 =
𝑘

𝑏
+ 1 =

3

2
=
𝑢

𝑚
, 𝑢 = 3,𝑚 = 2  

Δ𝔫̃∨ = Δ̂+ ∖ Δ+ = {𝛼 + 𝑙𝛿 ∣ 𝑙 > 0, 𝛼 ∈ Δ},  

𝛾 = ∑  

𝛼+𝑙𝛿∈𝑆𝜈,𝛼+𝑙𝛿∈Δ̂+

  𝑒𝛼𝑧
𝑙

 

𝐿𝜈 = {𝛼 + 𝑙𝛿 ∈ Δ̂∨ ∣ 𝜈𝛼(𝜌) + 𝑙 = 0},  

𝑆𝜈 = {𝛼 + 𝑙𝛿 ∈ Δ̂∨ ∣ 𝜈𝛼(𝜌) + 𝑙 = 𝜈}  

𝐿𝜈 = {6𝛿 − 𝛼1 − 𝛼2 − 𝛼3 − 𝛼4, 3𝛿 − 𝛼2 − 𝛼4, 3𝛿 − 𝛼1 − 𝛼2, 3𝛿 − 𝛼2 − 𝛼3
−3𝛿 + 𝛼1 + 𝛼2, −3𝛿 + 𝛼2 + 𝛼3, −6𝛿 + 𝛼1 + 𝛼2 + 𝛼3 + 𝛼4, −3𝛿 + 𝛼2 + 𝛼4}

 

= {±(6𝛿 − 𝑒1 − 𝑒3), ±(3𝛿 − 𝑒2 − 𝑒4), ±(3𝛿 − 𝑒1 + 𝑒3), ±(3𝛿 − 𝑒2 + 𝑒4)}  

 

𝑆𝜈 = {

9𝛿 − 𝛼1 − 2𝛼2 − 𝛼3 − 𝛼4, 6𝛿 − 𝛼1 − 𝛼2 − 𝛼4, 6𝛿 − 𝛼2 − 𝛼3 − 𝛼4, 3𝛿 − 𝛼1,
3𝛿 − 𝛼2, 𝛼1, 3𝛿 − 𝛼3, −3𝛿 + 𝛼1 + 𝛼2 + 𝛼3, 𝛼3, −6𝛿 + 𝛼1 + 2𝛼2 + 𝛼3 + 𝛼4,
−3𝛿 + 𝛼2 + 𝛼3 + 𝛼4, 𝛼4

}  

{𝑤̃ ∈ 𝑊𝔡4
∨ ∖𝑊aff /𝑊𝜈 ∣ Ad(𝑤̃)𝛾 ∈ 𝛼 + 𝑙𝛿, 𝑙 > 0}  

𝛽̂1 = 6𝛿 − 𝛼1 − 𝛼2 − 𝛼3 − 𝛼4

𝛽̂2 = 3𝛿 − 𝛼2 − 𝛼4

𝛽̂3 = 3𝛿 − 𝛼1 − 𝛼2

𝛽̂4 = 3𝛿 − 𝛼2 − 𝛼3
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𝑠𝛼̂𝜆̂ = 𝜆̂ − (𝜆̂, 𝛼̂∨)𝛼̂  

𝑊aff ≅ 𝑊𝔡4
∨ ⋉ 𝑄∨  ⇒  𝑊𝔡4

∨ ∖ 𝑊aff ≃ 𝑄∨  

𝑡∑  4
𝑖=1  𝑚𝑖𝛼𝑖

,𝑚𝑖 ∈ ℤ  

𝑡𝛽̂(𝛼̂) = 𝛼̂ − (𝛼, 𝛽)𝛿  

𝑡∑  4
𝑖=1  𝑚𝑖𝛼𝑖

(𝑆𝛾) ∈ 𝛼 + 𝑙𝛿, 𝑙 > 0.  

𝑚1 = −5,𝑚2 = −8,𝑚3 = −5,𝑚4 = −5,

𝑚1 = −4,𝑚2 = −7,𝑚3 = −4,𝑚4 = −4,

𝑚1 = −3,𝑚2 = −5,𝑚3 = −3,𝑚4 = −3,

 

𝐿𝜈 =±{−4𝛿 + 𝛼2 + 𝛼4 + 𝛼5, −4𝛿 + 𝛼2 + 𝛼3 + 𝛼4, −8𝛿 + 𝛼2 + 𝛼3 + 2𝛼4 + 𝛼5 + 𝛼6,  

−4𝛿 + 𝛼3 + 𝛼4 + 𝛼5, −4𝛿 + 𝛼4 + 𝛼5 + 𝛼6, −8𝛿 + 𝛼1 + 𝛼2 + 𝛼3 + 𝛼4 + 𝛼5 + 𝛼6, 

−8𝛿 + 𝛼1 + 𝛼2 + 𝛼3 + 2𝛼4 + 𝛼5, −12𝛿 + 𝛼1 + 𝛼2 + 2𝛼3 + 2𝛼4 + 2𝛼5 + 𝛼6,  

−4𝛿 + 𝛼1 + 𝛼3 + 𝛼4},

 

 
𝑆𝜈 = {𝛼2, −4𝛿 + 𝛼2 + 𝛼4 + 𝛼5 + 𝛼6, −4𝛿 + 𝛼2 + 𝛼3 + 𝛼4 + 𝛼5,

−8𝛿 + 𝛼2 + 𝛼3 + 2𝛼4 + 2𝛼5 + 𝛼6, 𝛼3, −4𝛿 + 𝛼3 + 𝛼4 + 𝛼5 + 𝛼6,  

𝛼4, 𝛼5, 𝛼6, −4𝛿 + 𝛼1 + 𝛼2 + 𝛼3 + 𝛼4,

−8𝛿 + 𝛼1 + 𝛼2 + 𝛼3 + 2𝛼4 + 𝛼5 + 𝛼6, 𝛼1, −8𝛿 + 𝛼1 + 𝛼2 + 2𝛼3 + 2𝛼4 + 𝛼5,  

−12𝛿 + 𝛼1 + 𝛼2 + 2𝛼3 + 3𝛼4 + 2𝛼5 + 𝛼6, −4𝛿 + 𝛼1 + 𝛼3 + 𝛼4 + 𝛼5,  

4𝛿 − 𝛼2 − 𝛼4, 8𝛿 − 𝛼2 − 𝛼3 − 𝛼4 − 𝛼5 − 𝛼6, 8𝛿 − 𝛼2 − 𝛼3 − 2𝛼4 − 𝛼5,

4𝛿 − 𝛼3 − 𝛼4, 4𝛿 − 𝛼4 − 𝛼5, 4𝛿 − 𝛼5 − 𝛼6,

16𝛿 − 𝛼1 − 2𝛼2 − 2𝛼3 − 3𝛼4 − 2𝛼5 − 𝛼6, 8𝛿 − 𝛼1 − 𝛼2 − 𝛼3 − 𝛼4 − 𝛼5,

12𝛿 − 𝛼1 − 𝛼2 − 𝛼3 − 2𝛼4 − 2𝛼5 − 𝛼6, 12𝛿 − 𝛼1 − 𝛼2 − 2𝛼3 − 2𝛼4 − 𝛼5 − 𝛼6,

4𝛿 − 𝛼1 − 𝛼3, 8𝛿 − 𝛼1 − 𝛼3 − 𝛼4 − 𝛼5 − 𝛼6}

 

𝑚1 = −11𝑚2 = −15𝑚3 = −21𝑚4 = −29𝑚5 = −21𝑚6 = −11,

𝑚1 = −11𝑚2 = −15𝑚3 = −20𝑚4 = −28𝑚5 = −20𝑚6 = −11,

𝑚1 = −10𝑚2 = −14𝑚3 = −19𝑚4 = −27𝑚5 = −19𝑚6 = −10,

𝑚1 = −10𝑚2 = −13𝑚3 = −18𝑚4 = −25𝑚5 = −18𝑚6 = −10,

𝑚1 = −9𝑚2 = −13𝑚3 = −17𝑚4 = −24𝑚5 = −17𝑚6 = −9,

𝑚1 = −8𝑚2 = −11𝑚3 = −15𝑚4 = −21𝑚5 = −15𝑚6 = −8.

 

𝐿𝜈 =±{𝛼2 + 𝛼4 + 𝛼5 + 𝛼6 + 𝛼7 − 6𝛿, 𝛼2 + 𝛼3 + 𝛼4 + 𝛼5 + 𝛼6 − 6𝛿,  

2𝛼2 + 𝛼3 + 2𝛼4 + 𝛼5 − 6𝛿, 𝛼1 + 3𝛼2 + 4𝛼3 + 6𝛼4 + 4𝛼5 + 3𝛼6 + 2𝛼7 + 𝛼8 − 30𝛿,

𝛼2 + 𝛼3 + 2𝛼4 + 2𝛼5 + 2𝛼6 + 𝛼7 + 𝛼8 − 12𝛿, 𝛼3 + 𝛼4 + 𝛼5 + 𝛼6 + 𝛼7 − 6𝛿,

𝛼4 + 𝛼5 + 𝛼6 + 𝛼7 + 𝛼8 − 6𝛿,

2𝛼1 + 2𝛼2 + 3𝛼3 + 4𝛼4 + 3𝛼5 + 3𝛼6 + 2𝛼7 + 𝛼8 − 24𝛿,

𝛼1 + 2𝛼2 + 2𝛼3 + 3𝛼4 + 2𝛼5 + 2𝛼6 + 2𝛼7 + 𝛼8 − 18𝛿,

𝛼1 + 2𝛼2 + 2𝛼3 + 3𝛼4 + 3𝛼5 + 2𝛼6 + 𝛼7 + 𝛼8 − 18𝛿,

𝛼1 + 𝛼2 + 𝛼3 + 𝛼4 + 𝛼5 − 6𝛿, 𝛼1 + 2𝛼2 + 2𝛼3 + 4𝛼4 + 3𝛼5 + 2𝛼6 + 𝛼7 − 18𝛿,

𝛼1 + 𝛼2 + 𝛼3 + 2𝛼4 + 2𝛼5 + 𝛼6 + 𝛼7 + 𝛼8 − 12𝛿,

𝛼1 + 𝛼2 + 𝛼3 + 2𝛼4 + 2𝛼5 + 2𝛼6 + 𝛼7 − 12𝛿,

𝛼1 + 𝛼2 + 2𝛼3 + 2𝛼4 + 𝛼5 + 𝛼6 + 𝛼7 + 𝛼8 − 12𝛿,

𝛼1 + 2𝛼2 + 3𝛼3 + 4𝛼4 + 4𝛼5 + 3𝛼6 + 2𝛼7 + 𝛼8 − 24𝛿,

𝛼1 + 𝛼2 + 2𝛼3 + 2𝛼4 + 2𝛼5 + 𝛼6 + 𝛼7 − 12𝛿,

𝛼1 + 𝛼2 + 2𝛼3 + 3𝛼4 + 2𝛼5 + 𝛼6 − 12𝛿,

𝛼1 + 𝛼2 + 2𝛼3 + 3𝛼4 + 3𝛼5 + 2𝛼6 + 2𝛼7 + 𝛼8 − 18𝛿,

𝛼1 + 𝛼3 + 𝛼4 + 𝛼5 + 𝛼6 − 6𝛿}.
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𝑆𝜈 = {𝛼2, −6𝛿 + 𝛼2 + 𝛼4 + 𝛼5 + 𝛼6 + 𝛼7 + 𝛼8, −6𝛿 + 𝛼2 + 𝛼3 + 𝛼4 + 𝛼5 + 𝛼6 + 𝛼7,

−6𝛿 + 𝛼2 + 𝛼3 + 2𝛼4 + 𝛼5 + 𝛼6,  

−30𝛿 + 2𝛼1 + 3𝛼2 + 4𝛼3 + 6𝛼4 + 5𝛼5 + 3𝛼6 + 2𝛼7 + 𝛼8,  

−12𝛿 + 𝛼2 + 𝛼3 + 2𝛼4 + 2𝛼5 + 2𝛼6 + 2𝛼7 + 𝛼8, 𝛼3,  

−6𝛿 + 𝛼3 + 𝛼4 + 𝛼5 + 𝛼6 + 𝛼7 + 𝛼8, 𝛼4,  

𝛼5, −24𝛿 + 2𝛼1 + 2𝛼2 + 3𝛼3 + 4𝛼4 + 4𝛼5 + 3𝛼6 + 2𝛼7 + 𝛼8, 𝛼6, 𝛼7, 𝛼8,

−12𝛿 + 𝛼1 + 2𝛼2 + 2𝛼3 + 3𝛼4 + 2𝛼5 + 𝛼6,  

−18𝛿 + 𝛼1 + 2𝛼2 + 2𝛼3 + 3𝛼4 + 3𝛼5 + 2𝛼6 + 2𝛼7 + 𝛼8,  

−18𝛿 + 𝛼1 + 2𝛼2 + 2𝛼3 + 4𝛼4 + 3𝛼5 + 2𝛼6 + 𝛼7 + 𝛼8,  

−6𝛿 + 𝛼1 + 𝛼2 + 𝛼3 + 𝛼4 + 𝛼5 + 𝛼6, −6𝛿 + 𝛼1 + 𝛼2 + 𝛼3 + 2𝛼4 + 𝛼5,  

−12𝛿 + 𝛼1 + 𝛼2 + 𝛼3 + 2𝛼4 + 2𝛼5 + 2𝛼6 + 𝛼7 + 𝛼8, 𝛼1,  

−18𝛿 + 𝛼1 + 2𝛼2 + 3𝛼3 + 4𝛼4 + 3𝛼5 + 2𝛼6 + 𝛼7,  

−12𝛿 + 𝛼1 + 𝛼2 + 2𝛼3 + 2𝛼4 + 2𝛼5 + 𝛼6 + 𝛼7 + 𝛼8,  

−12𝛿 + 𝛼1 + 𝛼2 + 2𝛼3 + 2𝛼4 + 2𝛼5 + 2𝛼6 + 𝛼7,  

−24𝛿 + 𝛼1 + 2𝛼2 + 3𝛼3 + 5𝛼4 + 4𝛼5 + 3𝛼6 + 2𝛼7 + 𝛼8,  

−12𝛿 + 𝛼1 + 𝛼2 + 2𝛼3 + 3𝛼4 + 2𝛼5 + 𝛼6 + 𝛼7,  

−18𝛿 + 𝛼1 + 𝛼2 + 2𝛼3 + 3𝛼4 + 3𝛼5 + 3𝛼6 + 2𝛼7 + 𝛼8,  

−6𝛿 + 𝛼1 + 𝛼3 + 𝛼4 + 𝛼5 + 𝛼6 + 𝛼7, 6𝛿 − 𝛼2 − 𝛼4 − 𝛼5 − 𝛼6, 6𝛿 − 𝛼2 − 𝛼3 − 𝛼4 − 𝛼5,  

30𝛿 − 2𝛼1 − 3𝛼2 − 4𝛼3 − 5𝛼4 − 4𝛼5 − 3𝛼6 − 2𝛼7 − 𝛼8,  
12𝛿 − 𝛼2 − 𝛼3 − 2𝛼4 − 2𝛼5 − 2𝛼6 − 𝛼7,

12𝛿 − 𝛼2 − 𝛼3 − 2𝛼4 − 2𝛼5 − 2𝛼6 − 𝛼7,

36𝛿 − 2𝛼1 − 3𝛼2 − 4𝛼3 − 6𝛼4 − 5𝛼5 − 4𝛼6 − 3𝛼7 − 2𝛼8,

6𝛿 − 𝛼3 − 𝛼4 − 𝛼5 − 𝛼6, 6𝛿 − 𝛼4 − 𝛼5 − 𝛼6 − 𝛼7, 6𝛿 − 𝛼5 − 𝛼6 − 𝛼7 − 𝛼8,

24𝛿 − 2𝛼1 − 2𝛼2 − 3𝛼3 − 4𝛼4 − 3𝛼5 − 2𝛼6 − 2𝛼7 − 𝛼8, 
18𝛿 − 𝛼1 − 2𝛼2 − 2𝛼3 − 3𝛼4 − 2𝛼5 − 2𝛼6 − 𝛼7 − 𝛼8, 6𝛿 − 𝛼1 − 𝛼2 − 𝛼3 − 𝛼4,

18𝛿 − 𝛼1 − 2𝛼2 − 2𝛼3 − 3𝛼4 − 3𝛼5 − 2𝛼6 − 𝛼7, 
12𝛿 − 𝛼1 − 𝛼2 − 𝛼3 − 2𝛼4 − 𝛼5 − 𝛼6 − 𝛼7 − 𝛼8,

24𝛿 − 𝛼1 − 2𝛼2 − 2𝛼3 − 4𝛼4 − 4𝛼5 − 3𝛼6 − 2𝛼7 − 𝛼8,  
12𝛿 − 𝛼1 − 𝛼2 − 𝛼3 − 2𝛼4 − 2𝛼5 − 𝛼6 − 𝛼7,

24𝛿 − 𝛼1 − 2𝛼2 − 3𝛼3 − 4𝛼4 − 3𝛼5 − 3𝛼6 − 2𝛼7 − 𝛼8,

12𝛿 − 𝛼1 − 𝛼2 − 2𝛼3 − 2𝛼4 − 𝛼5 − 𝛼6 − 𝛼7,

12𝛿 − 𝛼1 − 𝛼2 − 2𝛼3 − 2𝛼4 − 2𝛼5 − 𝛼6, 18𝛿 − 𝛼1 − 𝛼2 − 2𝛼3 − 3𝛼4 − 2𝛼5 − 2𝛼6 − 2𝛼7 − 𝛼8, 
18𝛿 − 𝛼1 − 𝛼2 − 2𝛼3 − 3𝛼4 − 3𝛼5 − 2𝛼6 − 𝛼7 − 𝛼8, 6𝛿 − 𝛼1 − 𝛼3 − 𝛼4 − 𝛼5}.

 

 

 

ch𝑆𝑈(𝑁)(𝑏, 𝑞) → 𝑞−
𝑐2 d[𝒯𝑝,𝑁]−𝑝𝑐2 d[𝒯

𝑆𝑈(𝑁)]

24 ch𝑆𝑈(𝑁) (𝑞
𝑝
2
−1, 𝑞𝑝)  



pág. 2943 

ch0  =
𝑖𝜗4(𝔟)

𝜗1(2𝔟)
𝐸1 [

−1
𝑏
] , ch𝑀 =

𝑖𝜗4(𝔟)

𝜗1(2𝔟)
(1 − 𝐸1 [

−1
𝑏
])

chlog  = 𝑆ch0 =
𝑖𝜏𝜗4(𝔟)

𝜗1(2𝔟)
𝐸1 [

−1
𝑏
] +

𝑖𝔟𝜗4(𝔟)

𝜗1(2𝔟)

 

𝜗4(𝑖𝔟)

𝜗1(2𝔟)
→
𝑖𝜗4 (

𝜏
2
|  3𝜏)

𝜗1 (
𝜏
2
|  3𝜏)

= 1  

2𝜋𝜏𝜗4 (
𝜏
2
|  3𝜏)

𝑞1/8𝜗1(𝜏 ∣ 3𝜏)
(1 + 𝐸6 [

−1
𝑞1/2

] (3𝜏))

= ln 𝑞(1 + 6𝑞 + 6𝑞3 + 6𝑞4 + 12𝑞7 + 6𝑞9 + 6𝑞12 + 12𝑞13 + 6𝑞19 + 12𝑞21 + 6𝑞25 +⋯)

 

Res = 𝑞
dim𝔤
8 ∏ 

𝑟

𝑖=1

 
(𝑏𝑑𝑖−1𝑞

𝑑𝑖+1
2 ; 𝑞) (𝑏−𝑑𝑖+1𝑞

1−𝑑𝑖
2 ; 𝑞)

(𝑏𝑑𝑖𝑞
𝑑𝑖
2 ; 𝑞) (𝑏−𝑑𝑖𝑞1−

𝑑𝑖
2 ; 𝑞)

 

Res = ch0 (𝕍𝑏𝑐𝛽𝛾
𝑆𝑈(𝑁)

)  

ch0 (𝕍𝑏𝑐𝛽𝛾
𝑆𝑈(𝑁)

) =

{
 
 

 
 𝜗4(𝔟)

𝜗4(𝑁𝔟)
, 𝑁 = odd

𝑖𝜗4(𝔟)

𝜗1(𝑁𝔟)
, 𝑁 = even

,  

𝑞−
𝑐2 d[𝒯𝑝,𝑁]−𝑝𝑐2 d[𝒯𝑆𝑈(𝑁)]

24 ch0 (𝕍𝑏𝑐𝛽𝛾
𝑆𝑈(𝑁)

) →
𝑏→𝑞

𝑝
2
−1
,𝑞→𝑞𝑝 

1.  

⟨𝑊[2,2]⟩𝑆𝑈(3)
=
𝜗4(𝔟)

𝜗4(3𝔟)
[
√𝑞 (𝑏3𝑞

1
2 − 1)(−𝑏5𝑞 − 2𝑏4𝑞

1
2(𝑞 + 1) − 𝑏3(𝑞(𝑞 + 4) + 2))

𝑏4(𝑞2 − 1)2
]

 +
𝜗4(𝔟)

𝜗4(3𝔟)

[
 
 
 
 √𝑞 (+(𝑏2(2𝑞(𝑞 + 2) + 1)𝑞

1
2 + 2𝑏(𝑞 + 1)𝑞 + 𝑞3/2))

𝑏4(𝑞2 − 1)2

]
 
 
 
 

 +
𝜗4(𝔟)

𝜗4(3𝔟)

√𝑞(𝑏2 − 1)[(𝑏2 + 1)√𝑞 + 2𝑏𝑞 + 2𝑏]

𝑏2(𝑞2 − 1)
(𝐸1 [

−1
𝑏
] + 𝐸1 [

−1

𝑏2√𝑞
])

 

ch1
𝑆𝑈(3)

=
𝜗4(𝔟)

𝜗4(3𝔟)
(𝐸1 [

−1
𝑏
] + 𝐸1 [

−1

𝑏2√𝑞
]) , ch2

𝑆𝑈(3)
=

𝜗4(𝔟)

𝜗4(3𝔟)
 

𝜗4(𝔟)

𝜗4(3𝔟)
(𝐸1 [

−1
𝑏
] + 𝐸1 [

−1

𝑏2√𝑞
]) 

𝑞−
𝑐2 d[𝒯4,3]−4𝑐2 d[𝒯𝑆𝑈(3)]

24
𝜗4(𝔟)

𝜗4(3𝔟)
(𝐸1 [

−1
𝑏
] + 𝐸1 [

−1

𝑏2√𝑞
])|

𝑏→𝑞
𝑝
2−1,𝑞→𝑞𝑝

=
1

𝑞

𝜗4(𝜏 ∣ 4𝜏)

𝜗4(3𝜏 ∣ 4𝜏)
(𝐸1 [

−1
𝑞
] (4𝜏) + 𝐸1 [

+1
𝑞2
] (4𝜏))

=
1

2
− 𝑞 − 𝑞2 − 𝑞4 − 2𝑞5 − 𝑞8 − 𝑞9 − 2𝑞10 +⋯

 

=
1

50
𝑒−𝑖arctan 

4
3(720𝑒𝑖arctan 

4
3ch0 + 52√10𝑒−𝑖arctan 3ch3 + 104√5𝑒−𝑖arctan 

1
2ch4

+50√10𝑒+𝑖arctan 3ch5 + (27 + 114𝑖)ch6  

−(87 + 15𝑖)ch7 − (18 + 77𝑖)ch8 + 13𝑖(ch11 + ch12))

 

Δ(𝑁)ch(𝑏, 𝑞):= 𝑏−(𝑁
2−1)𝑞−

𝑁2−1
2 ch(𝑏𝑞, 𝑞) − ch(𝑏, 𝑞) 
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Δ(2)ℐ𝑆𝑈(2)(𝑏, 𝑞) =
𝑖𝜗4(𝔟)

𝜗1(2𝔟)
 

Δ(3)ℐ𝑆𝑈(3)(𝑏, 𝑞) = −
3

2

𝜗4(𝔟)

𝜗4(3𝔟)
+
𝜗4(𝔟)

𝜗4(3𝔟)
(𝐸1 [

−1
𝑏
] + 𝐸1 [

1
𝑏2
]) ,

Δ(3)
2 ℐ𝑆𝑈(3)(𝑏, 𝑞) = −

3𝜗4(𝔟)

𝜗4(3𝔟)
.

 

Δ(5)ℐ𝑆𝑈(5)  = −
𝜗4(𝔟)

𝜗4(5𝔟)
(−225 + 120𝐸1 [

1
𝑏4
] + 70𝐸1 [

−1
𝑏
]

 −36𝐸1 [
−1
𝑏
]
2

+ 8𝐸1 [
−1
𝑏
]
3

− 24𝐸1 [
−1
𝑏2
]
2

 +𝐸1 [
−1
𝑏
] (120 − 72𝐸1 [

−1
𝑏3
] − 48𝐸2 [

−1
𝑏3
]) + 48𝐸2 [

−1
𝑏3
]

 +𝐸1 [
1
𝑏2
] (70 − 48𝐸1 [

−1
𝑏
] + 24𝐸1 [

−1
𝑏
]
2

− 24𝐸2 [
−1
𝑏2
])

+𝐸2 [
1
𝑏2
] (36 − 24𝐸1 [

−1
𝑏
]) + 96𝐸2 [

1
𝑏4
] + 16𝐸3 [

−1
𝑏3
] + 48𝐸3 [

1
𝑏4
])

 

Δ(5)ch0
𝑆𝑈(5)

(𝑏, 𝑞)|
𝑞→𝑞2

𝕍[𝒯2,5] 

Δ(5)ch0
𝑆𝑈(5)(𝑏, 𝑞2)|

𝔟0
= −1000ch15

𝕍[𝒯2,5](𝑞) − ch20
𝕍[𝒯2,5](𝑞) − 5ch21

𝕍[𝒯2,5](𝑞) + 60ch24
𝕍[𝒯2,5](𝑞) 

Δ(5)ch0
𝑆𝑈(5)(𝑏, 𝑞2)|

𝔟−1
= −

𝑖

18𝜋
(2600ch15

𝕍[𝒯2,5](𝑞) + 3ch20
𝕍[𝒯2,5](𝑞)

+3ch21
𝕍[𝒯2,5](𝑞) − 161ch24

𝕍[𝒯2,5](𝑞)) .

 

Δ(5)
2 ch0

𝑆𝑈(5)(𝑏, 𝑞2)|
𝔟0
= −

2

3
(23000ch15

𝕍[𝒯2,5](𝑞) + 3ch20
𝕍[𝒯2,5](𝑞)

+15ch21
𝕍[𝒯2,5](𝑞) − 1430ch24

𝕍[𝒯2,5](𝑞))

 

Δ(5)
2 ch0

𝑆𝑈(5)(𝑏, 𝑞2) 

Δ(5)
3 ch(𝑏 → 1, 𝑞2) 

Δ(7)ch0
𝑆𝑈(7)(𝑏, 𝑞2)|

𝔟−2
=

665

114𝜋2
ch36 +

25

7104𝜋2
ch41 +

25

7104𝜋2
ch42 −

24455

85248𝜋2
ch45

Δ(7)
2 ch0

𝑆𝑈(7)(𝑏, 𝑞2)|
𝔟−2

=
4865

72𝜋2
ch36 +

25

3552𝜋2
ch41 +

25

3552𝜋2
ch42 −

179855

42624𝜋2
ch45

Δ(7)
2 ch0

𝑆𝑈(7)(𝑏, 𝑞2)|
𝔟−1

= −
53263𝑖

18𝜋
ch36 −

325𝑖

444𝜋
ch41 −

275𝑖

222𝜋
ch42 +

1964131𝑖

10656𝜋
ch45

Δ(7)
3 ch0

𝑆𝑈(7)(𝑏, 𝑞2)|
𝔟−2

=
175

𝜋2
ch36 +

175

16𝜋2
ch45

Δ(7)
3 ch0

𝑆𝑈(7)(𝑏, 𝑞2)|
𝔟−1

= −
271159𝑖

18𝜋
ch36 −

325𝑖

444𝜋
ch41 −

275𝑖

222𝜋
ch42 +

10026283𝑖

10656𝜋
ch45

Δ(7)
3 ch0

𝑆𝑈(7)(𝑏, 𝑞2)|
𝔟0
= −

1394981

3
ch36 +

5775

148
ch41 −

29025

148
ch42 +

51440147

1776
ch45

 

Δ(4)ch0
𝑆𝑈(4)

=−
𝑖𝜗4(𝔟)

2𝜗1(4𝔟)
(5 − 3𝐸1 [

−1
𝑏
] − 3𝐸1 [

1
𝑏3
] − 2𝐸1 [

1
𝑏2
] + 𝐸1 [

−1
𝑏
]
2

 

+2𝐸1 [
−1
𝑏
]𝐸1 [

1
𝑏2
] − 2𝐸2 [

−1
𝑏3
] − 𝐸2 [

1
𝑏2
])

Δ(4)
2 ch0

𝑆𝑈(4)
= −

𝑖𝜗4(𝔟)

𝜗1(4𝔟)
(−16 + 3𝐸1 [

−1
𝑏
] + 3𝐸1 [

−1
𝑏3
] + 2𝐸1 [

+1
𝑏2
])

Δ(4)
3 ch0

𝑆𝑈(4)
= −

16𝑖𝜗4(𝔟)

𝜗1(4𝔟)
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Δ(4)ch0
𝑆𝑈(4)

→ −18ch0
𝕍[𝒯3,4](𝑞) −

1

54
ch16

𝕍[𝒯3,4] −
134

5
ch28

𝕍[𝒯3,4]

 −
169

5
ch29

𝕍[𝒯3,4] −
169

5
𝑒
2𝜋𝑖
3 ch30

𝕍[𝒯3,4] −
169

10
𝑒
4𝜋𝑖
3 ch31

𝕍[𝒯3,4] +
169

5√3
𝑒
5𝜋𝑖
6 ch32

𝕍[𝒯3,4]
 

Δ(4)
2 ch0

𝑆𝑈(4)
→ −

873

5
ch28 +

933

5
(−ch29 − 𝑒

2𝜋𝑖
3 ch30 + 𝑒

𝜋𝑖
3 ch31) +

311

5
√3𝑖𝑒

𝜋𝑖
3 ch32. 

𝑎 = 𝑒2𝜋𝑖𝔞, 𝑏 = 𝑒2𝜋𝑖𝔟, 𝑏̃ = 𝑒2𝜋𝑖𝔟̃, ⋯ , 𝑧 = 𝑒2𝜋𝑖𝔷,  

𝜂(𝜏):= 𝑞
1
24∏ 

+∞

𝑛=1

  (1 − 𝑞𝑛)  

𝜂(𝜏 + 1) = 𝑒
𝜋𝑖
12𝜂(𝜏), 𝜂 (−

1

𝜏
) = √−𝑖𝜏𝜂(𝜏)  

(𝑧; 𝑞):=∏  

+∞

𝑘=0

(1 − 𝑧𝑞) 

𝜗1(𝔷 ∣ 𝜏) = 𝑖𝑞
1
8𝑧−

1
2(𝑞; 𝑞)(𝑧; 𝑞)(𝑧−1𝑞; 𝑞) = −𝑖𝑞

1
8𝑧

1
2(𝑞; 𝑞)(𝑧𝑞; 𝑞)(𝑧−1; 𝑞)

𝜗2(𝔷 ∣ 𝜏) = 𝑞
1
8𝑧−

1
2(𝑞; 𝑞)(−𝑧; 𝑞)(−𝑧−1𝑞; 𝑞) = 𝑞

1
8𝑧

1
2(𝑞; 𝑞)(−𝑧𝑞; 𝑞)(−𝑧−1; 𝑞)

𝜗3(𝔷 ∣ 𝜏) = (𝑞; 𝑞)(−𝑧𝑞1/2; 𝑞)(−𝑧−1𝑞1/2; 𝑞)

𝜗4(𝔷 ∣ 𝜏) = (𝑞; 𝑞)(𝑧𝑞1/2; 𝑞)(𝑧−1𝑞1/2; 𝑞)

 

𝜗𝑖(0) = 𝜗𝑖(𝔷 = 0 ∣ 𝜏), 𝜗𝑖
(𝑘)
(0) = 𝜕𝔷

𝑛|
𝔷=0
𝜗𝑖(𝔷 ∣ 𝜏)  

𝜗1(𝔷 ∣ 𝜏): = −𝑖 ∑  

𝑟∈ℤ+
1
2

  (−1)𝑟−
1
2𝑒2𝜋𝑖𝑟𝔷𝑞

𝑟2

2 , 𝜗2(𝔷 ∣ 𝜏): = ∑  

𝑟∈ℤ+
1
2

  𝑒2𝜋𝑖𝑟𝔷𝑞
𝑟2

2

𝜗3(𝔷 ∣ 𝜏): = ∑  

𝑛∈ℤ

  𝑒2𝜋𝑖𝑛𝔷𝑞
𝑛2

2 , 𝜗4(𝔷 ∣ 𝜏): = ∑  

𝑛∈ℤ

  (−1)𝑛𝑒2𝜋𝑖𝑛𝔷𝑞
𝑛2

2 .

 

𝜗1(𝔷 + 𝑚𝜏 + 𝑛) = (−1)𝑚+𝑛𝑒−2𝜋𝑖𝑚𝔷𝑞−
1
2
𝑚2

𝜗1(𝔷).  

 

 𝑓 (𝔷 +
1

2
) = 𝑎𝑔(𝔷)  or  𝑓 (𝔷 +

𝜏

2
) = 𝑎𝑔(𝔷),  

(
𝔷

𝜏
, −

1

𝜏
) ⟷ 𝑆(𝔷, 𝜏) →

𝑇 
(𝔷, 𝜏 + 1) 
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𝛼:= √−𝑖𝜏𝑒
𝜋𝑖
𝜏
𝔷2

 

𝐸𝑘≥1 [
𝜙
𝜃
] :=  −

𝐵𝑘(𝜆)

𝑘!

 +
1

(𝑘 − 1)!
∑  

′

𝑟≥0

 
(𝑟 + 𝜆)𝑘−1𝜃−1𝑞𝑟+𝜆

1 − 𝜃−1𝑞𝑟+𝜆
+

(−1)𝑘

(𝑘 − 1)!
∑  

𝑟≥1

 
(𝑟 − 𝜆)𝑘−1𝜃𝑞𝑟−𝜆

1 − 𝜃𝑞𝑟−𝜆

 

𝐸0 [
𝜙
𝜃
] = −1  

𝐸2 [
−1
𝑧
] (3𝜏), 𝐸3 [

1
𝑞1/4𝑏

] (4𝜏),  etc.  

𝐸2𝑛 [
+1
+1

] = 𝐸2𝑛 , 𝐸1 [
+1
𝑧
] =

1

2𝜋𝑖

𝜗1
′(𝔷)

𝜗1(𝔷)
, 𝐸2𝑛+1≥3 [

+1
+1

] = 0  

𝐸𝑘 [
±1
𝑧−1

] = (−1)𝑘𝐸𝑘 [
±1
𝑧
]  

 

𝐸𝑘 [
+1
𝑧
] = ∑  

⌊𝑘/2⌋

ℓ=0

 
(−1)𝑘+1

(𝑘 − 2ℓ)!
(
1

2𝜋𝑖
)
𝑘−2ℓ

𝔼2ℓ
𝜗1
(𝑘−2ℓ)

(𝔷)

𝜗1(𝔷)
 

𝐸𝑘 [
±1

𝑧𝑞
𝑛
2
] =∑  

𝑘

ℓ=0

  (
𝑛

2
)
ℓ 1

ℓ!
𝐸𝑘−ℓ [

(−1)𝑛(±1)
𝑧

]  

𝑆: (𝜏, 𝔷) → (−
1

𝜏
,
𝔷

𝜏
) 

𝐸𝑛 [
+1
+𝑧
] →
𝑆 
𝐸𝑛 [

+1

𝑒
2𝜋𝑖𝔦3
𝜏
] (−

1

𝜏
) = (

1

2𝜋𝑖
)
𝑛

∑ 

𝑘

ℓ=0

 
(−log 𝑧)𝑛−ℓ(log 𝑞)ℓ

(𝑛 − ℓ)!
𝐸ℓ [

+1
𝑧
] ,

𝐸𝑛 [
−1
+𝑧
] →
𝑆 
𝐸𝑛 [

−1

𝑒
2𝜋𝑖𝔦3
𝜏
] (−

1

𝜏
) = (

1

2𝜋𝑖
)
𝑛

∑ 

𝑘

ℓ=0

 
(−log 𝑧)𝑛−ℓ(log 𝑞)ℓ

(𝑛 − ℓ)!
𝐸ℓ [

+1
−𝑧
] ,

𝐸𝑛 [
1
−𝑧
] →
𝑆 
𝐸𝑛 [

1

−𝑒
2𝜋𝑖𝔦3
𝜏
] (−

1

𝜏
) = (

1

2𝜋𝑖
)
𝑛

∑ 

𝑘

ℓ=0

 
(−log 𝑧)𝑛−ℓ(log 𝑞)ℓ

(𝑛 − ℓ)!
𝐸ℓ [

−1
𝑧
] ,

𝐸𝑛 [
−1
−𝑧
] →
𝑆 
𝐸𝑛 [

−1

−𝑒
2𝜋𝑖𝔦3
𝜏
] (−

1

𝜏
) = (

1

2𝜋𝑖
)
𝑛

∑ 

𝑘

ℓ=0

 
(−log 𝑧)𝑛−ℓ(log 𝑞)ℓ

(𝑛 − ℓ)!
𝐸ℓ [

−1
−𝑧
] .

 

𝐸𝑛 [
+1
+𝑧
] →
𝑇 
𝐸𝑛 [

+1
+𝑧
] , 𝐸𝑛 [

−1
+𝑧
] →
𝑇 
𝐸𝑛 [

−1
−𝑧
]

𝐸𝑛 [
+1
−𝑧
] →
𝑇 
𝐸𝑛 [

+1
−𝑧
] , 𝐸𝑛 [

−1
−𝑧
] →
𝑇 
𝐸𝑛 [

−1
+𝑧
] .

 

𝐸2(𝜏) = 𝐸2 [
+1
+1

] = lim
𝑧→1

 𝐸2 [
+1
𝑧
] 
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(𝜏, 𝔷) → (−
1

𝜏
,
𝔟

𝜏
) 

𝐸2 [
1

𝑒2𝜋𝑖𝔷
] (𝜏) → −

𝔷2

2
− 𝔷𝜏𝐸1 [

1
𝑒2𝜋𝑖𝔷

] + 𝜏2𝐸2 [
1

𝑒2𝜋𝑖𝔷
]  

lim
𝔷→0

 𝔷𝐸1 [
1

𝑒2𝜋𝑖𝔷
] = −

𝑖

2𝜋
 

𝐸2(𝜏) →
𝑆 
𝜏2𝐸2(𝜏) +

𝑖

2𝜋
𝜏  

𝐸2 [
+1
−1

] (𝜏) →
𝑆 
(
1

2𝜋𝑖
)
2

∑ 

𝑘

ℓ=0

 
(−log 𝑧)2−ℓ(log 𝑞)ℓ

(2 − ℓ)!
𝐸ℓ [

−1
𝑧
] (𝜏)|

𝑧→1

= 𝜏2𝐸2 [
−1
+1

]  

𝐸2 [
+1
−1

] (𝜏) →
𝑆 
𝐸2 [

+1

𝑒
𝜋𝑖𝜏
𝜏
] (−

1

𝜏
)= (

1

2𝜋𝑖
)
2

∑ 

2

ℓ=0

 
(−𝜋𝑖𝜏)2−ℓ(2𝜋𝑖𝜏)ℓ

(2 − ℓ)!
𝐸ℓ [

−1

𝑞+
1
2
] (𝜏) 

 = 𝜏2𝐸2 [
−1
+1

] (𝜏)

 

𝐸𝑛 [
−1
𝑧
] →
𝑆𝑇𝑆 

(
1

2𝜋𝑖
)
𝑛

[(∑  

𝑘≥0

 
1

𝑘!
(−log 𝑧)𝑘𝑦𝑘)(∑  

ℓ≥0

  (log 𝑞 − 2𝜋𝑖)ℓ𝑦ℓ𝐸ℓ [
−1
+𝑧
])]

𝑛

 

𝐸𝑛 [
±1
𝑏𝑝
] (𝑝𝜏) =

1

𝑝
∑  

𝑝−1

ℓ=0

 𝐸𝑛 [
±1

𝑏𝑒2𝜋𝑖ℓ/𝑝
] (𝜏), 𝑝 = 1,2,3,⋯  

0 = 𝐸1 [
1
𝑞1/4

] − 𝐸1 [
1

−𝑞1/4
] + 𝑖𝐸1 [

1
𝑖𝑞1/4

] − 𝑖𝐸1 [
1

𝑖𝑞1/4
]  

0 =𝐸2 [
1

−𝑞1/4
] − 𝐸2 [

1
𝑞1/4

] −
1

4
𝐸1 [

1
−𝑞1/4

] +
1

4
𝐸1 [

1
𝑞1/4

]

+
1

2
𝐸1 [

−1
𝑖
] 𝐸1 [

1
−𝑖𝑞1/4

] +
1

2
𝐸1 [

1
𝑖
] 𝐸1 [

1
−𝑖𝑞1/4

]  

 −
1

2
𝐸1 [

−1
𝑖
] 𝐸1 [

1
𝑖𝑞1/4

] −
1

2
𝐸1 [

1
𝑖
] 𝐸1 [

1
𝑖𝑞1/4

] .

 

ℐ𝑆𝑈(2) =
𝑖𝜗4(𝔟)

𝜗1(2𝔟)
𝐸1 [

−1
𝑏
]  

ℐ𝑆𝑈(3) =
𝜗4(𝔟)

𝜗4(3𝔟)
(
1

24
−
1

2
𝐸1 [

−1
𝑏
]
2

+
1

2
𝐸2 [

1
𝑏2
])  

ℐ𝑆𝑈(4) =
𝜗4(𝔟)

𝜗1(4𝔟)
(
𝑖

24
𝐸1 [

−1
𝑏
]−

𝑖

6
𝐸1 [

−1
𝑏
]
3

+
𝑖

24
𝐸1 [

−1
𝑏3
]  

+
𝑖

2
𝐸1 [

−1
𝑏
] 𝐸2 [

1
𝑏2
] −

𝑖

3
𝐸3 [

−1
𝑏3
])

 

ℐ𝑆𝑈(5) =
𝜗4(𝔟)

𝜗4(5𝔟)
(
3

640
+
1

48
𝐸2 [

1
𝑏2
] +

1

24
𝐸2 [

1
𝑏4
] −

1

48
𝐸1 [

−1
𝑏
]
2

−
1

24
𝐸1 [

−1
𝑏
]𝐸1 [

−1
𝑏3
]

−
1

4
𝐸4 [

1
𝑏4
] +

1

24
𝐸1 [

−1
𝑏
]
4

−
1

4
𝐸1 [

−1
𝑏
]
2

𝐸2 [
1
𝑏2
]

+
1

8
𝐸2 [

1
𝑏2
]
2

+
1

3
𝐸1 [

−1
𝑏
] 𝐸3 [

−1
𝑏3
])
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ℐ𝑆𝑈(6) =
𝑖𝜗4(𝔟, 𝑞)

𝜗1(6𝔟, 𝑞)
(−

3

640
𝐸1 [

−1
𝑏5
] −

3

640
𝐸1 [

−1
𝑏
] −

1

576
𝐸1 [

−1
𝑏3
]

−
1

48
𝐸2 [

1
𝑏4
] 𝐸1 [

−1
𝑏
] −

1

48
𝐸2 [

1
𝑏2
] 𝐸1 [

−1
𝑏
] −

1

48
𝐸1 [

−1
𝑏3
] 𝐸2 [

1
𝑏2
]  

+
1

24
𝐸3 [

−1
𝑏5
] +

1

72
𝐸3 [

−1
𝑏3
] +

1

48
𝐸1 [

−1
𝑏3
] 𝐸1 [

−1
𝑏
]
2

+
1

144
𝐸1 [

−1
𝑏
]
3

 

+
1

4
𝐸4 [

1
𝑏4
] 𝐸1 [

−1
𝑏
] −

1

8
𝐸2 [

1
𝑏2
𝑒2𝐸1 [

−1
𝑏
] −

1

6
𝐸3 [

−1
𝑏3
] 𝐸1 [

−1
𝑏
]
2

 

+
1

12
𝐸2 [

1
𝑏2
] 𝐸1 [

−1
𝑏
] +

1

6
𝐸2 [

1
𝑏2
] 𝐸3 [

−1
𝑏3
]  

−
1

5
𝐸5 [

−1
𝑏5
] −

1

120
𝐸1 [

−1
𝑏
]
5

)

 

 

ℐ𝑆𝑈(7) =
𝜗4(𝔟)

𝜗4(7𝔟)
(

5

7168
−

3

640
𝐸1 [

−1
𝑏5
] 𝐸1 [

−1
𝑏
] −

1

576
𝐸1 [

−1
𝑏3
] 𝐸1 [

−1
𝑏
] −

3

1280
𝐸1 [

−1
𝑏
]
2

+
3

1280
𝐸2 [

1
𝑏2
] +

1

576
𝐸2 [

1
𝑏4
] +

1

180
𝐸2 [

1
𝑏6
] +

1

192
𝐸2 [

1
𝑏2
]
2

 

+
1

72
𝐸3 [

−1
𝑏3
] 𝐸1 [

−1
𝑏
] +

1

24
𝐸3 [

−1
𝑏5
] 𝐸1 [

−1
𝑏
] −

1

18
𝐸3 [

−1
𝑏3
]
2

 

−
1

96
𝐸4 [

1
𝑏4
] −

1

24
𝐸4 [

1
𝑏6
] +

1

8
𝐸4 [

1
𝑏4
] 𝐸1 [

−1
𝑏
]
2

+
1

48
𝐸2 [

1
𝑏2
] 𝐸2 [

1
𝑏4
]  

−
1

5
𝐸5 [

−1
𝑏5
] 𝐸1 [

−1
𝑏
] +

1

6
𝐸2 [

1
𝑏2
] 𝐸3 [

−1
𝑏3
] 𝐸1 [

−1
𝑏
]  

+
1

6
𝐸6 [

1
𝑏
] +

1

48
𝐸2 [

1
𝑏2
] −

1

720
𝐸1 [

−1
𝑏
]  

+
1

48
𝐸2
2𝐸2 [

1
𝑏
] −

1

24
𝐸4𝐸2 [

1
𝑏
] −

1

48
𝐸2
2𝐸2 [

1
𝑏6
]  

+
1

24
𝐸4𝐸2 [

1
𝑏6
] −

1

12
𝐸2𝐸4 [

1
𝑏
] +

1

12
𝐸2𝐸4 [

1
𝑏6
]) .

 

𝒯3,𝑁: 𝑥
3 + 𝑦3 + 𝑧3 +𝑤𝑁 = 0

𝒯4,𝑁: 𝑥
2 + 𝑦4 + 𝑧4 +𝑤𝑁 = 0

𝒯6,𝑁: 𝑥
2 + 𝑦3 + 𝑧6 +𝑤𝑁 = 0

 

𝑓(𝔞 + 1) = 𝑓(𝔞 + 𝜏) = 𝑓(𝔞) 

𝑎4d =
ℎmin 

2
−
5𝑐2 d

48
 

𝑃2(𝑦, 𝜏): = −∑  

∞

𝑛=1

 
1

2𝑛
𝐸2𝑛(𝜏)𝑦

2𝑛  

f 𝔥𝑓: = {ℎ ∈ 𝔥 ∣ [ℎ, 𝑓] = 0} 

Δ𝔩 = {𝛼 ∈ Δ|𝛼|𝔥𝑓 = 0} 
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𝑊(𝐼) ≡
1

𝑁
tr𝒫exp {𝑔∮   𝒞𝑑𝜏 [𝑖𝐴𝜇

𝐼 𝑥̇𝜇(𝜏) +
1

2
(𝜑𝐼(𝑥) + 𝜑‾ 𝐼(𝑥))]} ,  

𝑊0  ≡
1

√𝑀
(𝑊(0) +𝑊(1) +⋯+𝑊(𝑀−1))

𝑊𝛼  ≡
1

√𝑀
∑  

𝑀−1

𝐼=0

 𝜌𝐼𝛼𝑊(𝐼)

 

𝜌 ≡ e2𝜋𝑖/𝑀.  

𝑊𝛼 ≡
1

√𝑀
∑  

𝑀−1

𝐼=0

 𝜌𝐼𝛼𝑊(𝐼)  

⟨𝑊𝛼1𝑊𝛼2 …𝑊𝛼𝑛⟩  

∑ 

𝑛

𝑖=1

 𝛼𝑖 = 0mod𝑀  

𝒲 ≡ 𝜕𝑚
2 log ⟨𝑊⟩|𝑚=0 = ∫  𝑑4𝑥1𝑑

4𝑥2𝜇(𝑥1, 𝑥2)⟨𝒪2(𝑥1)𝒪2(𝑥2)⟩𝑊  

𝒵 = ∫  (∏  

𝑀−1

𝐼=0

 𝑑𝑎𝐼)e
−tr𝑎𝐼

2
|𝒵1−loop𝒵inst|

2
 

𝑑𝑎𝐼 = ∏  

𝑁2−1

𝑏=1

 
𝑑𝑎𝐼

𝑏

√2𝜋
 

|𝒵1-loop |
2
= e−𝑆int ,  

 

𝑆int = ∑  

𝑀−1

𝐼=0

[∑  

+∞

𝑚=2

 ∑  

2𝑚

𝑘=2

  (−1)𝑚+𝑘 (
𝜆

8𝜋2𝑁
)
𝑚

(
2𝑚

𝑘
)
𝜁2𝑚−1
2𝑚

(tr𝑎𝐼
2𝑚−𝑘 − tr𝑎𝐼+1

2𝑚−𝑘)(tr𝑎𝐼
𝑘 − tr𝑎𝐼+1

𝑘 )] 

 

⟨𝑓(𝑎)⟩ =
⟨𝑓(𝑎)e−𝑆int⟩0
⟨e−𝑆int⟩0

,  

 
𝑡𝑛1,𝑛2,…,𝑛𝑞 = ⟨tr𝑎𝑛1tr𝑎𝑛2⋯tr𝑎𝑛𝑞⟩  
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𝐴𝛼,𝑘 =
1

√𝑀
∑  

𝑀−1

𝐼=0

 𝜌𝛼𝐼tr𝑎𝐼
𝑘  

𝐴̂𝛼,𝑘 ≡ 𝐴𝛼,𝑘 − ⟨𝐴𝛼,𝑘⟩  

𝐴̂𝛼,𝑘 = 𝐴𝛼,𝑘   for  𝛼 ≠ 0  

⟨𝐴̂𝛼,𝑘𝐴̂𝛽,ℓ
† ⟩

0
∝ 𝑁

𝑘+ℓ
2 𝛿𝛼,𝑀−𝛽  with 𝑘 + ℓ even, 

⟨𝐴̂𝛼,𝑘𝐴̂𝛽,ℓ𝐴̂𝛾,𝑞
† ⟩

0
∝ 𝑁

𝑘+ℓ+𝑞
2

−1𝛿𝛼+𝛽,𝑀−𝛾 , with 𝑘 + ℓ + 𝑞 even. 
 

𝐴̂𝛼,𝑘 = (
𝑁

2
)

𝑘
2
∑  

⌊
𝑘−1
2
⌋

𝑖=0

 √𝑘 − 2𝑖 (
𝑘

𝑖
)𝒫𝛼,𝑘−2𝑖

 

𝑆int = −
1

2
∑  

𝑀−1

𝛼=0

  ∑  

∞

𝑘,ℓ=2

 𝑠𝛼𝒫𝛼,𝑘
† X𝑘,ℓ𝒫𝛼,ℓ  

𝑠𝛼 ≡ sin (
𝜋𝛼

𝑀
)
2

 

X2𝑘,2ℓ+1 = 0  

X𝑘,ℓ = −8(−1)
𝑘+ℓ+2𝑘ℓ

2 √𝑘ℓ∫  
∞

0

 
𝑑𝑡

𝑡

e𝑡

(e𝑡 − 1)2
𝐽𝑘 (

𝑡√𝜆

2𝜋
) 𝐽ℓ (

𝑡√𝜆

2𝜋
)  

X𝑘,ℓ
even ≡ X2𝑘,2ℓ = −∫  

∞

0

 𝑑𝑡𝑈𝑘
even (𝑡)𝑈ℓ

even (𝑡)

X𝑘,ℓ
odd ≡ X2𝑘+1,2ℓ+1 = −∫  

∞

0

 𝑑𝑡𝑈𝑘
odd (𝑡)𝑈ℓ

odd (𝑡)

 

𝑈𝑘
even(𝑡)  = (−1)𝑘

2√𝑘

√𝑡sinh (𝑡/2)
𝐽2𝑘 (

𝑡√𝜆

2𝜋
)

𝑈𝑘
odd(𝑡)  = (−1)𝑘

√2(2𝑘 + 1)

√𝑡sinh (𝑡/2)
𝐽2𝑘+1 (

𝑡√𝜆

2𝜋
)

 

𝒵 ≃ det−1(𝟏 − 𝑠𝛼X)  

⟨𝒫𝛼,𝑘𝒫𝛽,ℓ
† ⟩ ≃ 𝛿𝛼,𝛽D𝑘,ℓ

(𝛼)
 

D𝑘,ℓ
(𝛼)

= (
1

1 − 𝑠𝛼X
)
𝑘,ℓ

.  

D𝑘,ℓ
(𝛼) even 

≡ D2𝑘,2ℓ
(𝛼)

, D𝑘,ℓ
(𝛼) odd 

≡ D2𝑘+1,2ℓ+1
(𝛼)

 

⟨𝒫𝛼,𝑘𝒫𝛽,ℓ𝒫𝛾,𝑞
† ⟩ ≃ 𝛿𝛼+𝛽,𝛾

d𝑘
(𝛼)
dℓ
(𝛽)
d𝑞
(𝛾)

√𝑀𝑁
  with 𝑘 + ℓ + 𝑞 even,  

d𝑘
(𝛼)

=∑  

∞

ℓ=2

 D𝑘,ℓ
(𝛼)
√ℓ.  

𝑊𝛼 =
1

√𝑀𝑁
∑  

𝑀−1

𝐼=0

 𝜌𝛼𝐼trexp [√
𝜆

2𝑁
𝑎𝐼] =

1

𝑁
∑  

∞

𝑘=0

 
1

𝑘!
(
𝜆

2𝑁
)

𝑘
2
𝐴𝛼,𝑘 .  
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⟨𝑊𝛼𝑊𝛼
†⟩

𝑊𝑐𝑜𝑛𝑛
(2)

(𝜆)
≡ 1 + Δ𝑤(𝛼)(𝑀, 𝜆)  

Δ𝑤(𝛼)(𝑀, 𝜆) ≃
2

√𝜆
∑  

∞

𝑘=2

 ∑  

∞

ℓ=2

 
𝐼𝑘(√𝜆)𝐼ℓ(√𝜆)

𝐼1(√𝜆)𝐼2(√𝜆)
√𝑘ℓ (D𝑘,ℓ

(𝛼)
− 𝛿𝑘,ℓ)  

 

⟨𝑊𝛼𝑊𝛽𝑊𝛼+𝛽
† ⟩

√𝑀𝑊𝑐𝑜𝑛𝑛
(3)

(𝜆)
≡ 1 + Δ𝑤(𝛼,𝛽)(𝑀, 𝜆)  

 

1 + Δ𝑤(𝛼,𝛽) ≃
8

𝜆3/2
(

𝐼1(√𝜆)
2

𝐼1(√𝜆)
2 + 3𝐼2(√𝜆)

2
) [∏  

3

𝑝=1

 (𝒮even
𝛼𝑝 +

√𝜆

2
)

+ ∑  

𝜎∈𝒬3

 (𝒮even
𝛼𝜎(1) +

√𝜆

2
)(𝒮

odd

𝛼𝜎(2) +
√𝜆

2

𝐼2(√𝜆)

𝐼1(√𝜆)
)(𝒮

odd

𝛼𝜎(3) +
√𝜆

2

𝐼2(√𝜆)

𝐼1(√𝜆)
)]

 

𝒮even
𝛼  = ∑  

∞

𝑘,ℓ=1

 
𝐼2𝑘(√𝜆)

𝐼1(√𝜆)
√(2𝑘)(2ℓ) (D2𝑘,2ℓ

(𝛼)
− 𝛿2𝑘,2ℓ)

𝒮odd
𝛼  = ∑  

∞

𝑘,ℓ=1

 
𝐼2𝑘+1(√𝜆)

𝐼1(√𝜆)
√(2𝑘 + 1)(2ℓ + 1) (D2𝑘+1,2ℓ+1

(𝛼)
− 𝛿2𝑘+1,2ℓ+1)

 

 

𝒬3 = {(1,2,3), (3,1,2), (2,3,1)}  

𝒵(𝑚1, 𝑚2) = ∫  𝑑𝑎0∫  𝑑𝑎1e
−(tr𝑎0

2+tr𝑎1
2)e−𝑆int +(𝑚1

2+𝑚2
2)ℳ+𝑂(𝑚4)  

ℳ = −∑  

∞

𝑛=1

 ∑  

2𝑛

ℓ=0

  (−1)𝑛+ℓ
(2𝑛 + 1)! 𝜁2𝑛+1
(2𝑛 − ℓ)! ℓ!

(
𝜆

8𝜋2𝑁
)
𝑛

tr𝑎0
ℓtr𝑎1

2𝑛−ℓ  

𝒲 = 2
⟨𝑊0ℳ⟩− ⟨𝑊0⟩⟨ℳ⟩

⟨𝑊0⟩
 

𝒲 =𝒲(𝐿) +
𝒲(𝑁𝐿)

𝑁2 + 𝑂 (
1

𝑁4)
 

2𝜋√𝜆

𝐼1(√𝜆)
∫  
∞

0

 
𝑑𝑡

𝑡

(𝑡/2)2

sinh (𝑡/2)2
1

4𝜋2 + 𝑡2
𝐽1 (

𝑡√𝜆

2𝜋
) [2𝜋𝐼0(√𝜆)𝐽1 (

𝑡√𝜆

2𝜋
) − 𝑡𝐼1(√𝜆)𝐽0 (

𝑡√𝜆

2𝜋
)]  

⟨𝑊0ℳ⟩− ⟨𝑊0⟩⟨ℳ⟩ ≡ ⟨𝑊0ℳ⟩𝑐 ≃ ⟨𝑊0ℳ⟩𝑐
(𝐿)
+
⟨𝑊0ℳ⟩𝑐

(𝑁𝐿)

𝑁2
+𝑂(𝑁−4)  

⟨𝑊0⟩ ≃ 𝑊(𝐿) +
𝑊(𝑁𝐿)

𝑁2 +𝑂(𝑁−4)  

𝑊(𝐿)  =
2√2𝐼1(√𝜆)

√𝜆

𝑊(𝑁𝐿)  =
√2

48
(𝜆𝐼0(√𝜆) − 14√𝜆𝐼1(√𝜆)) −

𝜆3/2𝜕𝜆ℱ

2√2
𝐼1(√𝜆)

 

∑  

∞

𝑘,ℓ=1

 𝑎𝑘D𝑘,ℓ
(𝛼)
𝑏ℓ  

D𝑘,ℓ
(𝛼) even 

= 𝛿𝑘,ℓ −∫  
∞

0

 𝑈𝑘
even (𝑡)𝑍ℓ

(𝛼)
(𝑡)  



pág. 2952 

𝑍ℓ
(𝛼)
(𝑡) + 𝑠𝛼∫  

∞

0

 𝑑𝑡′𝕂even(𝑡, 𝑡′)𝑍ℓ
(𝛼)(𝑡′) = 𝑠𝛼𝑈ℓ

even(𝑡)  

𝕂even(𝑡, 𝑡′) = ∑  

∞

𝑘=1

 𝑈𝑘
even(𝑡)𝑈𝑘

even(𝑡′)  

∑  

∞

𝑘,ℓ=1

 𝑎𝑘D𝑘,ℓ
(𝛼) even 

𝑏ℓ = ∑  

∞

𝑘=1

 𝑎𝑘𝑏𝑘 −∫  
∞

0

 𝑑𝑡𝐴(𝑡)𝑍(𝛼)(𝑡)  

𝑍(𝛼)(𝑡) + 𝑠𝛼∫  
∞

0

 𝑑𝑡′𝕂even(𝑡, 𝑡′)𝑍(𝛼)(𝑡′) = 𝑠𝛼𝐵(𝑡)  

𝑍(𝛼)(𝑡) = ∑  

∞

𝑘=1

 𝑏𝑘𝑍𝑘
(𝛼)
(𝑡), 𝐴(𝑡) = ∑  

∞

𝑘=1

 𝑎𝑘𝑈𝑘
even(𝑡)  and  𝐵(𝑡) = ∑  

∞

𝑘=1

 𝑏𝑘𝑈𝑘
even(𝑡)  

∫  
∞

0

 𝑑𝑥𝑓(𝑥) ≈∑  

𝑚

𝑖=1

 𝑤𝑖𝑓(𝑥𝑖)  

𝑥𝑘 = cos 𝜃𝑘 ,  with  𝜃𝑘 = (2𝑘 − 1)
𝜋

2𝑚
, 𝑘 = 1,2,… ,𝑚  

𝑤𝑘 =
2

𝑚

[
 
 
 

1 − 2 ∑  

𝑚−1
2

𝑟=1

 
cos (2𝑟𝜃𝑘)

4𝑟2 − 1

]
 
 
 

 

1 + Δ𝑤(𝛼)(𝑀, 𝜆) ∼
𝜆→∞

𝜅0 (1 + 𝜅1
1

√𝜆
+ 𝜅2

1

𝜆
+ 𝜅3

1

𝜆3/2
+ 𝑂(𝜆−2))  

𝜅0 =
1

𝑠𝛼
(
ℐ0(𝑠𝛼)

2
)

2

𝜅1 = 2

𝜅2 = 3 −
𝜋ℐ1(𝑠𝛼)

2

𝜅3 =
15

4
−
3

2
𝜋ℐ1(𝑠𝛼) − 𝜋2ℐ1(𝑠𝛼)

2

 

ℐ𝑛(𝑠𝛼) = ∫  
+∞

0

 
𝑑𝑧

𝜋
𝑧1−2𝑛𝜕𝑧log (1 + 𝑠𝛼sinh (

𝑧

2
)
−2

)  

ℐ0(𝑠𝛼) = −
𝛼

𝑀
(1 −

𝛼

𝑀
)2𝜋  

ℐ1(𝑠𝛼) = −
1

2𝜋
[𝜓 (

𝛼

𝑀
) + 𝜓(1 −

𝛼

𝑀
) − 2𝜓(1)]  

Δ𝑤(𝛼)(𝑀, 𝜆) = Δ𝑤(𝛼)even(𝑀, 𝜆) + Δ𝑤(𝛼)odd(𝑀, 𝜆)  

Δ𝑤(𝛼)even(𝑀, 𝜆) =
2

√𝜆
∑  

∞

𝑘,ℓ=1

 
𝐼2𝑘(√𝜆)𝐼2ℓ(√𝜆)

𝐼1(√𝜆)𝐼2(√𝜆)
√2𝑘√2ℓ (D𝑘,ℓ

(𝛼) even 
− 𝛿𝑘,ℓ)  

Δ𝑤(𝛼) odd (𝑀, 𝜆) =
2

√𝜆
∑  

∞

𝑘,ℓ=1

 
𝐼2𝑘+1(√𝜆)𝐼2ℓ+1(√𝜆)

𝐼1(√𝜆)𝐼2(√𝜆)
√2𝑘 + 1√2ℓ + 1 (D𝑘,ℓ

(𝛼) odd 
− 𝛿𝑘,ℓ)  

Δ𝑤(𝛼) ∼
𝜆→∞

2

√𝜆
∑  

∞

𝑃=0

 
𝒮(𝑃)

𝜆𝑃/2
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𝒮(𝑃) = ∑  

𝐿+𝐽=𝑃

 𝑆odd
(𝐿,𝐽)

+ 𝑆even
(𝐿,𝐽)

 

𝑆odd
(𝐿,𝐽)

 = ∑  

∞

𝑘=1

 ∑  

∞

ℓ=1

 √2𝑘 + 1𝑄2𝐿
(1)odd

(𝑘)√2ℓ + 1𝑄2𝐽
(2)odd

(ℓ)⟨𝜓2ℓ+1|
𝑠𝛼X

1 − 𝑠𝛼X
|𝜓2𝑘+1⟩

𝑆even
(𝐿,𝐽)

 = ∑  

∞

𝑘=1

 ∑  

∞

ℓ=1

 √2𝑘𝑄2𝐿
(1)even

(𝑘)√2ℓ𝑄2𝐽
(2)even

(ℓ)⟨𝜓2ℓ|
𝑠𝛼X

1 − 𝑠𝛼X
|𝜓2𝑘⟩

 

𝐼2𝑘+1(√𝜆)

𝐼𝑗(√𝜆)
≡∑  

∞

𝑠=0

 
𝑄2𝑠
(𝑗)odd

(𝑘)

𝜆𝑠/2
,
𝐼2𝑘(√𝜆)

𝐼𝑗(√𝜆)
≡∑  

∞

𝑠=0

 
𝑄2𝑠
(𝑗)even

(𝑘)

𝜆𝑠/2
 

𝜓𝑘(𝑥) = (−1)
𝑘
2
(𝑘−1)√𝑘

𝐽𝑘(√𝑥)

√𝑥
 

X𝑘,ℓ = ⟨𝜓𝑘|X|𝜓ℓ⟩  

𝑤𝑛,𝑚
(ℓ) (𝑠𝛼) = ⟨(𝑥𝜕𝑥)

𝑛𝜙(ℓ)(𝑥)|
𝑠𝛼X

1 − 𝑠𝛼X
|(𝑥𝜕𝑥)

𝑚𝜙(ℓ)(𝑥)⟩,  

𝜙(ℓ)(𝑥) ≡ 𝐽ℓ(√𝑥) 

𝒮(𝑃) = 𝒮0
(𝑃)

+ 𝒮1
(𝑃)

+ 𝒮2
(𝑃)

+ 𝒮3
(𝑃)

+⋯  

𝒮0
(𝑃)
 = (−2)𝑃−2 ∑  

𝑛+𝑚=𝑃

  [𝑤𝑛,𝑚
(1)

+ 𝑤𝑛,𝑚
(2)
]

𝒮1
(𝑃)
 = (−2)𝑃−3 ∑  

𝑛+𝑚=𝑃

  [−(1 + 𝑛2 +𝑚2)𝑤𝑛,𝑚
(1)

+ (5 − 𝑛2 −𝑚2)𝑤𝑛,𝑚
(2)
]

𝒮2
(𝑃)
 = (−2)𝑃−5 ∑  

𝑛+𝑚=𝑃

  [𝑓𝑛,𝑚
(1)
𝑤𝑛,𝑚
(1)

+ 𝑓𝑛,𝑚
(2)
𝑤𝑛,𝑚
(2)
]

 

𝑓𝑛,𝑚
(1)

=
1

3
(−3𝑚4 − 8𝑚3 − 6𝑚2𝑛2 − 12𝑚2 + 20𝑚 − 3𝑛4 − 8𝑛3 − 12𝑛2 + 20𝑛 + 15)

𝑓𝑛,𝑚
(2)

=
1

3
(−3𝑚4 − 8𝑚3 − 6𝑚2𝑛2 + 24𝑚2 + 56𝑚 − 3𝑛4 − 8𝑛3 + 24𝑛2 + 56𝑛 + 51)

 

𝑤𝑛,𝑚
(ℓ)

= 𝜔𝑛,𝑚
(ℓ,0)

𝑔𝑛+𝑚+1 + 𝜔𝑛,𝑚
(ℓ,1)

𝑔𝑛+𝑚 +𝜔𝑛,𝑚
(ℓ,2)

𝑔𝑛+𝑚−1 +⋯  

𝑔 ≡
√𝜆

4𝜋
 

2

√𝜆
∑  

∞

𝑃=0

  ∑  

𝑛+𝑚=𝑃

 
1

(−2𝜋)𝑛(−2𝜋)𝑚
[
(𝑛2 +𝑚2 − 2)𝜔𝑛,𝑚

(0)

16𝜋
+
1

4
∑  

2

ℓ=1

 𝜔𝑛,𝑚
(ℓ,1)

]  

1

√𝜆
(
1

8𝜋
((𝑥𝜕𝑥)

2 + (𝑦𝜕𝑦)
2
− 2)𝐺(0)(𝑠𝛼 , 𝑥, 𝑦) +

1

2
∑  

2

ℓ=1

 𝐺(1)(ℓ, 𝑠𝛼 , 𝑥, 𝑦))|

𝑥=𝑦=−2𝜋

 

2

𝑠𝛼√𝜆
(
ℐ0(𝑠𝛼)

2
)

2

,  

2𝜋∑  

2

ℓ=1

 𝐺(2)(ℓ, 𝑠𝛼 , 𝑥, 𝑦) +
1

4
((𝑥𝜕𝑥)

2 + (𝑦𝜕𝑦)
2
)∑  

2

ℓ=1

 𝐺(1)(ℓ, 𝑠𝛼 , 𝑥, 𝑦)

+
1

4
(𝐺(1)(1, 𝑠𝛼 , 𝑥, 𝑦) − 5𝐺(1)(2, 𝑠𝛼 , 𝑥, 𝑦)) −

1

64𝜋
(22 −

76

3
(𝑥𝜕𝑥 + 𝑦𝜕𝑦) +  

4 ((𝑥𝜕𝑥)
2 + (𝑦𝜕𝑦)

2
) +

16

3
((𝑥𝜕𝑥)

3 + (𝑦𝜕𝑦)
3
) − 4(𝑥𝜕𝑥)

2(𝑦𝜕𝑦)
2
− 2((𝑥𝜕𝑥)

4 + (𝑦𝜕𝑦)
4
))𝐺(0)(𝑠𝛼 , 𝑥, 𝑦)
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1

𝑠𝛼
(
ℐ0(𝑠𝛼)

2
)

2

(3 −
𝜋ℐ1(𝑠𝛼)

2
)  

Δ𝑤(𝛼) even = −
2

√𝜆

1

𝐼1(√𝜆)𝐼2(√𝜆)
∫  
∞

0

 𝑑𝑡𝐴(𝑡)𝑍(𝛼)(𝑡)  

𝑍(𝛼)(𝑡) + 𝑠𝛼∫  
∞

0

 𝑑𝑢𝕂even(𝑡, 𝑢)𝑍(𝛼)(𝑢) = 𝑠𝛼𝐵(𝑡)  

𝐴(𝑡) = 𝐵(𝑡) =
√2𝑡𝜋

(4𝜋2 + 𝑡2)sinh (𝑡/2)
(
𝑡√𝜆

2𝜋
𝐼1(√𝜆)𝐽0 (

𝑡√𝜆

2𝜋
) − √𝜆𝐼0(√𝜆)𝐽1 (

𝑡√𝜆

2𝜋
))  

Δ𝑤(𝛼)even = −
3𝜁3
32𝜋4

𝑠𝛼𝜆
2 +

𝜋2𝜁3 + 20𝜁5
256𝜋6

𝑠𝛼𝜆
3 + 𝑂(𝜆4)  

1 + Δ𝑤(1) ∼
𝜆→∞

𝜅0 (1 + 𝜅1
1

√𝜆
+ 𝜅2

1

𝜆
+ 𝜅3

1

𝜆3/2
+ 𝑂(𝜆−2))  

𝜅0  =
16𝜋2

243
𝜅1  = 2

𝜅2  = 3 −
3log (3)

4

𝜅3  = −
3

4
(−5 + 3log (3) + 3log2 (3)).

 

∑ 

𝑛

𝑖=0

 𝑓𝑖𝜆
−
𝑖
2  

𝑓num(𝜆) = (
𝑓num(𝜆)

𝜅0
− 1)√𝜆  

∑ 

2

𝑖=0

 𝑔𝑖ℐ1(𝑠𝛼)
𝑖 .  

𝒮even
𝛼 = 𝑐0

even√𝜆 + 𝑐1
even + 𝑐2

even
1

√𝜆
+ 𝑐3

even
1

𝜆
+ 𝑂 (

1

𝜆3/2
)  

 

𝑐0
even  = −

1

2
−
1

4

ℐ0(𝑠𝛼)

√𝑠𝛼

𝑐1
even  = −

1

8

ℐ0(𝑠𝛼)

√𝑠𝛼

𝑐2
even  = −

3

32

ℐ0(𝑠𝛼)

√𝑠𝛼
−
𝜋

16

ℐ0(𝑠𝛼)

√𝑠𝛼
ℐ1(𝑠𝛼)

𝑐3
even  = −

3

32

ℐ0(𝑠𝛼)

√𝑠𝛼
−
3𝜋

32

ℐ0(𝑠𝛼)

√𝑠𝛼
ℐ1(𝑠𝛼) −

𝜋2

8

ℐ0(𝑠𝛼)

√𝑠𝛼
ℐ1(𝑠𝛼)

2

 

𝒮odd
𝛼 = 𝑐0

odd√𝜆 + 𝑐1
odd + 𝑐2

odd
1

√𝜆
+ 𝑐3

odd
1

𝜆
+ 𝑂 (

1

𝜆3/2
)  
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𝑐0
odd  = −

1

2
−
1

4

ℐ0(𝑠𝛼)

√𝑠𝛼

𝑐1
odd  =

3

4

𝑐2
odd  = −

3

16
+
3𝜋

16

ℐ0(𝑠𝛼)

√𝑠𝛼
ℐ1(𝑠𝛼)

𝑐3
odd  = −

3

16
+
3𝜋

16

ℐ0(𝑠𝛼)

√𝑠𝛼
ℐ1(𝑠𝛼) +

3𝜋2

8

ℐ0(𝑠𝛼)

√𝑠𝛼
ℐ1(𝑠𝛼)

2

 

1 + Δ𝑤(𝛼,𝛽)(𝑀, 𝜆) ∼
𝜆→∞

𝑐0 [1 + 𝑐1
1

√𝜆
+ 𝑐2

1

𝜆
+ 𝑐3

1

𝜆3/2
+ 𝑂 (

1

𝜆2
)]  

𝑐0 = −
1

8
∏  

3

𝑝=1

 
ℐ0 (𝑠𝛼𝑝)

√𝑠𝛼𝑝

𝑐1 = 3

𝑐2 =
1

4
(21 − 𝜋∑  

3

𝑝=1

  ℐ1 (𝑠𝛼𝑝))

𝑐3 =
1

32
(199 − 28𝜋∑  

3

𝑝=1

  ℐ1 (𝑠𝛼𝑝) − 16𝜋2∑  

3

𝑝=1

  ℐ1 (𝑠𝛼𝑝)
2
)

 

𝒮even
𝛼 = ∑  

∞

𝑃=0

 
𝒮even
(𝑃)

𝜆𝑃/2
, 𝒮odd

𝛼 = ∑  

∞

𝑃=0

 
𝒮odd
(𝑃)

𝜆𝑃/2
 

𝒮even
(𝑃)

= 𝒮0,even
(𝑃)

+ 𝒮1,even
(𝑃)

+ 𝒮2,even
(𝑃)

+⋯

𝒮odd
(𝑃)

= 𝒮0,odd
(𝑃)

+ 𝒮1,odd
(𝑃)

+ 𝒮2,odd
(𝑃)

+⋯
 

𝒮0,even
(𝑃)

= (−2)𝑃−2𝑤𝑃,0
(1)

𝒮1,even
(𝑃)

= −(−2)𝑃−4(𝑃2 − 2𝑃)(1 − 𝛿𝑃,0)𝑤𝑃−1,0
(1)

𝒮2,even
(𝑃)

= −
(−2)𝑃−7

3
(3𝑃4 − 16𝑃3 + 24𝑃2 − 20𝑃 + 9)(1 − 𝛿𝑃,0)(1 − 𝛿𝑃,1)𝑤𝑃−2,0

(1)

 

𝒮0, odd 
(𝑃)

= (−2)𝑃−2𝑤𝑃,0
(2)

𝒮1, odd 
(𝑃)

= −(−2)𝑃−4(𝑃2 − 2𝑃 − 3)(1 − 𝛿𝑃,0)𝑤𝑃−1,0
(2)

𝒮2, odd 
(𝑃)

= −
(−2)𝑃−7

3
𝑃(3𝑃3 − 16𝑃2 + 6𝑃 + 16)(1 − 𝛿𝑃,0)(1 − 𝛿𝑃,1)𝑤𝑃−2,0

(2)

 

𝑐1
even =

1

4
∑  

∞

𝑃=0

 
𝜔𝑃,0
(1)

(−2𝜋)𝑃
−
1

16
∑  

∞

𝑃=0

  (𝑃2 − 2𝑃)
𝜔𝑃−1,0
(1)

(−2𝜋)𝑃
(1 − 𝛿𝑃,0)  

𝑐1
even = (

1

4
𝐺(1)(𝑠𝛼 , 1, 𝑥) +

1

32𝜋
[(𝑥𝜕𝑥)

2 − 1]𝐺(0)(𝑠𝛼 , 𝑥))|
𝑥=−2𝜋

= −
1

8

ℐ0(𝑠𝛼)

√𝑠𝛼
.  

𝑐1
odd = (

1

4
𝐺(1)(𝑠𝛼 , 2, 𝑥) +

1

32𝜋
[(𝑥𝜕𝑥)

2 − 4]𝐺(0)(𝑠𝛼 , 𝑥))|
𝑥=−2𝜋

=
3

4
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𝑐2
even =(𝜋𝐺(2)(𝑠𝛼 , 1, 𝑥) +

1

8
((𝑥𝜕𝑥)

2 − 1)𝐺(1)(𝑠𝛼 , 1, 𝑥)

+
1

384𝜋
(3(𝑥𝜕𝑥)

4 − 8(𝑥𝜕𝑥)
3 + 20(𝑥𝜕𝑥) − 15)𝐺(0)(𝑠𝛼 , 𝑥))|

𝑥=−2𝜋

= −
3

32

ℐ0(𝑠𝛼)

√𝑠𝛼
−
𝜋

16

ℐ0(𝑠𝛼)

√𝑠𝛼
ℐ1(𝑠𝛼)

𝑐2
odd =(𝜋𝐺(2)(𝑠𝛼 , 2, 𝑥) +

1

8
((𝑥𝜕𝑥)

2 − 4)𝐺(1)(𝑠𝛼 , 2, 𝑥)

+
1

384𝜋
(3(𝑥𝜕𝑥)

4 − 8(𝑥𝜕𝑥)
3 − 18(𝑥𝜕𝑥)

2 + 56(𝑥𝜕𝑥) − 24)𝐺(0)(𝑠𝛼 , 𝑥))|
𝑥=−2𝜋

= −
3

16
+
3𝜋

16

ℐ0(𝑠𝛼)

√𝑠𝛼
ℐ1(𝑠𝛼)

 

𝒮even
𝛼 = −

1

𝐼1(√𝜆)
∫  
∞

0

 𝑑𝑡𝐴(𝑡)𝑍(𝛼)(𝑡)  

𝑍(𝛼)(𝑡) + 𝑠𝛼∫  
∞

0

 𝑑𝑢𝕂even(𝑡, 𝑢)𝑍(𝛼)(𝑢) = −
𝑠𝛼√𝑡𝜆

2√2𝜋sinh (𝑡/2)
𝐽1 (

𝑡√𝜆

2𝜋
)  

𝑐3
even  =

ℐ0(𝑠𝛼)

32√𝑠𝛼
∑ 

2

𝑖=0

  𝑐3,𝑖
even (𝜋ℐ1(𝑠𝛼))

𝑖

𝑐3
odd  =

𝑐3,0
odd 

16
+
ℐ0(𝑠𝛼)

16√𝑠𝛼
∑ 

2

𝑖=1

 𝑐3,𝑖
odd (𝜋ℐ1(𝑠𝛼))

𝑖

 

⟨𝑊1𝑊1…𝑊1⟩

(𝑊conn
(2)

(𝜆))
𝑛 ≃ (1 + Δ𝑤(1)(2, 𝜆))

𝑛

 

⟨𝑊1𝑊1…𝑊1⟩

(𝑊conn 
(2)

(𝜆))
𝑛 ∼
𝜆→∞

(
𝜋2

16
)

𝑛

(1 +
2𝑛

√𝜆
+
𝑛(2𝑛 + 1 − log 2)

𝜆
+

+
𝑛(16𝑛2 + 24𝑛(1 − log 2) + 5 − 12log 2(1 + 4log 2)

12𝜆3/2
+ 𝑂(𝜆−2))

 

1 + Δ𝑤(𝛼1,…,𝛼2𝑛−1)(𝑀, 𝜆) ≡
⟨𝑊𝛼1𝑊𝛼2 …𝑊𝛼2𝑛−1𝑊𝛼2𝑛

† ⟩

𝒩even (𝛼1, 𝛼2, … , 𝛼2𝑛) (𝑊conn 
(2)

(𝜆))
𝑛  

1 + Δ𝑤(𝛼1,…,𝛼2𝑛−1)(𝑀, 𝜆) ≃

1

𝒩even (𝛼1, 𝛼2, … , 𝛼2𝑛)
[∏  

𝑛

𝑗=1

  𝛿𝛼2𝑗−1,𝛼2𝑗(1 + Δ𝑤(𝛼2𝑗−1)(𝑀, 𝜆)) +  permutations ]
 

1 + Δ𝑤(𝛼1,…,𝛼2𝑛+1)(𝑀, 𝜆) ≡
⟨𝑊𝛼1𝑊𝛼2 …𝑊𝛼2𝑛𝑊𝛼2𝑛+1

† ⟩

𝒩𝑜𝑑𝑑(𝛼1, 𝛼2, … , 𝛼2𝑛+1)√𝑀𝑊𝑐𝑜𝑛𝑛
(3)

(𝜆) (𝑊𝑐𝑜𝑛𝑛
(2)

(𝜆))
𝑛−1  

1 + Δ𝑤(𝛼1,𝛼2,…,𝛼2𝑛)(𝑀, 𝜆) ≃
1

𝒩𝑜𝑑𝑑(𝛼1, 𝛼2, ⋯ , 𝛼2𝑛+1)

[𝛿𝛼1+𝛼2,𝛼3(1 + Δ𝑤(𝛼1,𝛼2)(𝑀, 𝜆))∏  

𝑛

𝑗=2

 𝛿𝛼2𝑗,𝛼2𝑗+1(1 + Δ𝑤(𝛼2𝑗)(𝑀, 𝜆)) +  permutations ]
 

𝒲(𝑁𝐿) = 2
⟨𝑊0ℳ⟩𝑐

(𝑁𝐿)

𝑊(𝐿)
−𝒲(𝐿)

𝑊(𝑁𝐿)

𝑊(𝐿)
 

⟨𝑊0ℳ⟩𝑐
(𝑁𝐿)

= ⟨𝑊0ℳ
(1)⟩

𝑐

(𝑁𝐿)
+ ⟨𝑊0ℳ

(2)⟩
𝑐

(𝑁𝐿)
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⟨𝑊0ℳ
(1)⟩

𝑐

(𝑁𝐿)
∼

𝜆→∞
−

𝜆2

768
−
𝜆3/2

4608
(4𝜋2 + 45) +

𝜆

2048
(24𝜋2 − 115 − 16log (2)) + 𝑂(√𝜆)  

𝐼1(√𝜆)

4√2
∑  

∞

𝑘,ℓ=2

  (−)𝑘−𝑘ℓM𝑘,ℓ(√𝑘ℓ − d𝑘 dℓ) − (𝜆𝜕𝜆ℱ) ∑  

∞

𝑞,𝑝=1

 √𝑝M2𝑝,2𝑞√2𝑞𝐼2𝑞(√𝜆)  

M𝑘,ℓ = (−1)
𝑘+ℓ+2𝑘ℓ

2 + 1√𝑘ℓ∫  
∞

0

 
𝑑𝑡

𝑡

(𝑡/2)2

sinh (𝑡/2)2
𝐽𝑘 (

𝑡√𝜆

2𝜋
) 𝐽ℓ (

𝑡√𝜆

2𝜋
)  

ℛ = ∑  

∞

𝑘,ℓ=2

  (−)𝑘−𝑘ℓM𝑘,ℓ(√𝑘ℓ − d𝑘 dℓ)  

𝒲(𝑁𝐿) ∼
𝜆→∞

−
𝜆3/2

128
+
√𝜆

512
(8log (2) − 1) +

1

256
(2𝜁3 + 32log2 (2) − 1) + 𝑂(𝜆−1/2)  

ℛ(𝜆) = −
√𝜆

24
+
5

8

1

√𝜆
+
log (2)

2𝜆
+ 𝑂 (

1

𝜆3/2
)  

ℛ1(𝜆) = ∑  

∞

𝑘,ℓ=1

 M2𝑘,2ℓ(√(2𝑘)(2ℓ) − d2𝑘 d2ℓ)

ℛ2(𝜆) = ∑  

∞

𝑘,ℓ=1

 M2𝑘,2ℓ+1(√2𝑘(2ℓ + 1) − d2𝑘 d2ℓ+1)

ℛ3(𝜆) = − ∑  

∞

𝑘,ℓ=1

 M2𝑘+1,2ℓ(√(2𝑘 + 1)2ℓ − d2𝑘+1 d2ℓ)

ℛ4(𝜆) = ∑  

∞

𝑘,ℓ=1

 M2𝑘+1,2ℓ+1(√(2𝑘 + 1)(2ℓ + 1) − d2𝑘+1 d2ℓ+1)

 

d2𝑘 = √2𝑘 −∫  
∞

0

 𝑑𝑡𝑈𝑘
even(𝑡)𝑍(𝑡)  

𝑍(𝑡) + ∫  
∞

0

 𝑑𝑢𝕂even(𝑡, 𝑢)𝑍(𝑢) = −
√𝑡𝜆

2√2𝜋sinh (𝑡/2)
𝐽1 (

𝑡√𝜆

2𝜋
)  

ℛ1(𝜆) =2 ∑  

∞

𝑘,ℓ=1

 √2𝑘M2𝑘,2ℓ∫  
∞

0

 𝑑𝑡𝑈ℓ
even(𝑡)𝑍(𝑡)

 − ∑  

∞

𝑘,ℓ=1

 M2𝑘,2ℓ∫  
∞

0

 𝑑𝑡 ∫  
∞

0

 𝑑𝑡′𝑈𝑘
even(𝑡)𝑈ℓ

even(𝑡′)𝑍(𝑡)𝑍(𝑡′)

 

ℛ(𝜆) ∼
𝜆→∞

√𝜆ℛ̃1 + ℛ̃2 +
ℛ̃3

√𝜆
+
ℛ̃4

𝜆
+ 𝑂 (

1

𝜆3/2
) .  

𝜆 ↦ 𝜆′ ≡ 𝜆 − 4𝜋ℐ1(𝑠𝛼)√𝜆 + 4𝜋2ℐ1(𝑠𝛼)
2,  

𝐺(𝑠𝛼 , ℓ, 𝑥)  = ∑  

∞

𝑛=0

 
𝑤0,𝑛
(ℓ)

(𝑔𝑥)𝑛
= 𝑔𝐺(0)(𝑠𝛼 , 𝑥) + 𝐺(1)(𝑠𝛼 , ℓ, 𝑥) + 𝑔−1𝐺(2)(𝑠𝛼 , ℓ, 𝑥) + ⋯

𝐺(𝑠𝛼 , ℓ, 𝑥, 𝑦)  = ∑  

∞

𝑛=0

  ∑  

∞

𝑚=0

 
𝑤𝑛,𝑚
(ℓ)

(𝑔𝑥)𝑛(𝑔𝑦)𝑚
= 𝑔𝐺(0)(𝑠𝛼 , 𝑥, 𝑦) + 𝐺(1)(𝑠𝛼 , ℓ, 𝑥, 𝑦) + ⋯

 

𝑤0,𝑛
(ℓ)
=∑  

𝑖≥0

 𝜔0,𝑛
(ℓ,𝑖)

𝑔𝑛+1−𝑖  
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𝑤0,0
(ℓ)
= 4𝑔ℐ0(𝑠𝛼) + (2ℓ − 1) −

(2ℓ − 1)(2ℓ − 3)ℐ1(𝑠𝛼)

8𝑔
−
(2ℓ − 1)(2ℓ − 3)ℐ1(𝑠𝛼)

2

16𝑔2
 

 −
(2ℓ − 1)(2ℓ − 3)(16ℐ1(𝑠𝛼)

3 − 5ℐ2(𝑠𝛼) − 8ℐ2(𝑠𝛼)ℓ + 4ℐ2(𝑠𝛼)ℓ
2)

512𝑔3
+ 𝑂 (

1

𝑔4
)

 

𝜔0,2𝑛+1
(ℓ,0) (𝑠𝛼)  = −

1

2(𝑛 + 1)
∑  

𝑛

𝑗=0

  (−1)𝑗ℐ−𝑗(𝑠𝛼)𝜔0,2𝑛−2𝑗
(ℓ,0) (𝑠𝛼)

𝜔0,2𝑛
(ℓ,0)(𝑠𝛼)  =

1

2𝑛 + 1
(∑  

𝑛

𝑗=1

  (−1)𝑛−𝑗−1ℐ−𝑛+𝑗(𝑠𝛼)𝜔0,2𝑗−1
(ℓ,0) (𝑠𝛼) + 4(−1)𝑛ℐ−𝑛(𝑠𝛼))

 

𝜔0,0
(ℓ,1)

= 2ℓ − 1

𝜔0,1
(ℓ,1)

= −(𝜔0,0
(ℓ,1)

+ 1) ℐ0(𝑠𝛼)

𝜔0,2
(ℓ,1)

= −[
𝜔0,0
(ℓ,0)

8
−
1

2
(𝜔0,0

(ℓ,1)
+ 1) ℐ0(𝑠𝛼)] ℐ0(𝑠𝛼)

 

𝜔0,𝑛
(ℓ,1)

= {

2ℓ − 1, 𝑛 = 0

[−
ℓ

2
+ (

𝑛 − 1

2
)
2

] 𝜔0,𝑛−1
(ℓ,0)

, 𝑛 ≥ 1
 

𝐺(1)(𝑠𝛼 , ℓ, 𝑥)= ∑  

∞

𝑛=0

 
𝜔0,𝑛
(ℓ,1)

𝑥𝑛
= 𝜔0,0

(ℓ,1)
+
1

4𝑥
∑  

∞

𝑛=1

  [(𝑛 − 1)2 − 2ℓ]
𝜔0,𝑛−1
(ℓ,0)

𝑥𝑛−1
 

 = 2ℓ − 1 +
1

4𝑥
[−2ℓ + (𝑥𝜕𝑥)

2]𝐺(0)(𝑠𝛼 , 𝑥)

 

𝜔0,𝑛
(ℓ,2)

=

{
 
 
 

 
 
 −

(2ℓ − 1)(2ℓ − 3)ℐ1(𝑠𝛼)

8
, 𝑛 = 0

(
3

8
− ℓ +

ℓ2

2
) ℐ0(𝑠𝛼)ℐ1(𝑠𝛼) −

ℓ2

2
−
ℓ

2
+
3

8
𝑛 = 1

(
3

4
− 2ℓ + ℓ2)

ℐ1(𝑠𝛼)𝜔0,𝑛−1
(ℓ,0)

8
+ (𝑛ℓ2 − 𝑛(𝑛 − 2)ℓ +

𝑛(𝑛 − 2)(20 − 14𝑛 + 3𝑛2)

12
)
𝜔0,𝑛−2
(ℓ,0)

8
, 𝑛 ≥ 2

 

𝐺(2)(𝑠𝛼 , ℓ, 𝑥) = ∑  

∞

𝑛=0

 
𝜔0,𝑛
(ℓ,2)

𝑥𝑛
= −

(2ℓ − 1)(2ℓ − 3)ℐ1(𝑠𝛼)

8
+
1

𝑥
(
3

8
−
ℓ

2
−
ℓ2

2
) +

(
3

4
− 2ℓ + ℓ2)

ℐ1(𝑠𝛼)

8𝑥
𝐺(0)(𝑠𝛼 , 𝑥) +

1

8𝑥2
[ℓ2(2 − 𝑥𝜕𝑥) − ℓ((𝑥𝜕𝑥)

2 − 2𝑥𝜕𝑥) +

1

4
(𝑥𝜕𝑥)

4 −
1

3
(𝑥𝜕𝑥)

3 −
2

3
(𝑥𝜕𝑥)] 𝐺

(0)(𝑠𝛼 , 𝑥)

 

(𝑔𝑥 + 𝑔𝑦 + 1)𝐺(𝑠𝛼 , ℓ, 𝑥, 𝑦) +
1

2
(𝑥𝜕𝑥 + 𝑦𝜕𝑦 − 𝑔𝜕𝑔)𝐺(𝑠𝛼 , ℓ, 𝑥, 𝑦) = −

1

4
𝐺(𝑠𝛼 , ℓ, 𝑥)𝐺(𝑠𝛼 , ℓ, 𝑦) +

𝑔𝑥𝐺(𝑠𝛼 , ℓ, 𝑦) + 𝑔𝑦𝐺(𝑠𝛼 , ℓ, 𝑥)
 

(𝑥 + 𝑦)𝐺(0)(𝑠𝛼 , 𝑥, 𝑦) = −
1

4
𝐺(0)(𝑠𝛼 , 𝑥)𝐺

(0)(𝑠𝛼 , 𝑦) + 𝑥𝐺(0)(𝑠𝛼 , 𝑦) + 𝑦𝐺
(0)(𝑠𝛼 , 𝑥)  

4(𝑥 + 𝑦)𝐺(1)(𝑠𝛼 , 𝑥, 𝑦) =(4𝑦 − 𝐺(0)(𝑠𝛼 , 𝑦)) 𝐺
(1)(𝑠𝛼 , ℓ, 𝑥) + (4𝑥 − 𝐺

(0)(𝑠𝛼 , 𝑥)) 𝐺
(1)(𝑠𝛼 , ℓ, 𝑦)

 −2(𝐺(0)(𝑠𝛼 , 𝑥, 𝑦) + 𝑥𝜕𝑥𝐺
(0)(𝑠𝛼 , 𝑥, 𝑦) + 𝑦𝜕𝑦𝐺

(0)(𝑠𝛼 , 𝑥, 𝑦))
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𝐺(1)(𝑠𝛼 , ℓ, 𝑥, 𝑦) = −
𝑥𝐺(0)(𝑠𝛼 , 𝑦)𝜕𝑥

2𝐺(0)(𝑠𝛼 , 𝑥)

16(𝑥 + 𝑦)
+
𝑥𝑦𝜕𝑥

2𝐺(0)(𝑠𝛼 , 𝑥)

4(𝑥 + 𝑦)
+
𝑥𝑦𝜕𝑦

2𝐺(0)(𝑠𝛼 , 𝑦)

4(𝑥 + 𝑦)

−
𝑦𝐺(0)(𝑠𝛼 , 𝑥)𝜕𝑦

2𝐺(0)(𝑠𝛼 , 𝑦)

16(𝑥 + 𝑦)
+
𝑥𝐺(0)(𝑠𝛼 , 𝑦)𝜕𝑥𝐺

(0)(𝑠𝛼 , 𝑥)

8(𝑥 + 𝑦)2
−
𝑥𝑦𝜕𝑥𝐺

(0)(𝑠𝛼 , 𝑥)

2(𝑥 + 𝑦)2
+
𝑥𝜕𝑦𝐺

(0)(𝑠𝛼 , 𝑦)

4(𝑥 + 𝑦)
 

−
𝑥𝑦𝜕𝑦𝐺

(0)(𝑠𝛼 , 𝑦)

2(𝑥 + 𝑦)2
−
𝐺(0)(𝑠𝛼 , 𝑦)𝜕𝑥𝐺

(0)(𝑠𝛼 , 𝑥)

16(𝑥 + 𝑦)
+
𝑦𝜕𝑥𝐺

(0)(𝑠𝛼 , 𝑥)

4(𝑥 + 𝑦)
−
𝐺(0)(𝑠𝛼 , 𝑥)𝜕𝑦𝐺

(0)(𝑠𝛼 , 𝑦)

16(𝑥 + 𝑦)
 

+
𝑦𝐺(0)(𝑠𝛼 , 𝑥)𝜕𝑦𝐺

(0)(𝑠𝛼 , 𝑦)

8(𝑥 + 𝑦)2
−
ℓ𝑥𝐺(0)(𝑠𝛼𝑦)

2𝑦(𝑥 + 𝑦)
−
ℓ𝐺(0)(𝑠𝛼 , 𝑥)

2(𝑥 + 𝑦)
+
ℓ𝐺(0)(𝑠𝛼 , 𝑥)𝐺

(0)(𝑠𝛼 , 𝑦)

8𝑦(𝑥 + 𝑦)
 

−
ℓ𝐺(0)(𝑠𝛼 , 𝑦)

2(𝑥 + 𝑦)
−
ℓ𝑦𝐺(0)(𝑠𝛼 , 𝑥)

2𝑥(𝑥 + 𝑦)
+
ℓ𝐺(0)(𝑠𝛼 , 𝑥)𝐺

(0)(𝑠𝛼 , 𝑦)

8𝑥(𝑥 + 𝑦)
+
𝑥2𝐺(0)(𝑠𝛼 , 𝑦)

2(𝑥 + 𝑦)3
+
𝑦2𝐺(0)(𝑠𝛼 , 𝑥)

2(𝑥 + 𝑦)3
 

+
𝑥𝑦𝐺(0)(𝑠𝛼 , 𝑥)

2(𝑥 + 𝑦)3
−
𝑥𝐺(0)(𝑠𝛼 , 𝑥)𝐺

(0)(𝑠𝛼 , 𝑦)

8(𝑥 + 𝑦)3
−
𝑥𝐺(0)(𝑠𝛼 , 𝑦)

(𝑥 + 𝑦)2
+
𝑥𝑦𝐺(0)(𝑠𝛼 , 𝑦)

2(𝑥 + 𝑦)3
+
𝐺(0)(𝑠𝛼 , 𝑥)

4(𝑥 + 𝑦)
 

−
𝑦𝐺(0)(𝑠𝛼 , 𝑥)

(𝑥 + 𝑦)2
+
𝐺(0)(𝑠𝛼 , 𝑥)𝐺

(0)(𝑠𝛼 , 𝑦)

8(𝑥 + 𝑦)2
−
𝑦𝐺0(𝑠𝛼 , 𝑥)𝐺

(0)(𝑠𝛼 , 𝑦)

8(𝑥 + 𝑦)3
+
𝐺(0)(𝑠𝛼 , 𝑦)

4(𝑥 + 𝑦)
+

2ℓ𝑥

𝑥 + 𝑦
 

 +
2ℓ𝑦

𝑥 + 𝑦
−

𝑥

𝑥 + 𝑦
−

𝑦

𝑥 + 𝑦
.

 

−4(𝑥 + 𝑦)𝐺(2)(𝑠𝛼 , ℓ, 𝑥, 𝑦) =𝐺
(1)(𝑠𝛼 , ℓ, 𝑥)𝐺

(1)(𝑠𝛼 , ℓ, 𝑦) + (𝐺
(0)(𝑠𝛼 , 𝑥) − 4𝑥)𝐺

(2)(𝑠𝛼 , ℓ, 𝑦)

+(𝐺(0)(𝑠𝛼 , 𝑦) − 4𝑦)𝐺(2)(𝑠𝛼 , ℓ, 𝑥) + 4𝐺
(1)(𝑠𝛼 , ℓ, 𝑥, 𝑦)  

 +2𝑥𝜕𝑥𝐺
(1)(𝑠𝛼 , ℓ, 𝑥, 𝑦) + 2𝑦𝜕𝑦𝐺

(1)(𝑠𝛼 , ℓ, 𝑥, 𝑦)

 

tr𝑇𝑏𝑇𝑐 =
1

2
𝛿𝑏,𝑐 , 𝑏, 𝑐 = 1,⋯ ,𝑁2 − 1  

𝐹𝑛(𝑥1, … , 𝑥𝑛; 𝑥0):= 𝜋2
⟨0|𝑊𝑛[𝑥1, … , 𝑥𝑛]ℒ(𝑥0)|0⟩

⟨0|𝑊𝑛[𝑥1, … , 𝑥𝑛]|0⟩
,  

𝐹(𝐿) =∑  

𝑖𝑗

 𝑐𝑖𝑗𝑅𝑖𝑓𝑗
(𝐿)

 

∑ 

6

𝑖=1

 𝑝𝑖 = 0, 𝑝𝑖
2 = 0,∀𝑖 ∈ {1,… ,6}  

{𝑠𝑖,𝑖+1 = (𝑝𝑖 + 𝑝𝑖+1)
2}
𝑖=1,⋯,6

∪ {𝑠𝑖,𝑖+1,𝑖+2 = (𝑝𝑖 + 𝑝𝑖+1 + 𝑝𝑖+2)
2}
𝑖=1,2,3  

𝒢(𝑝1, 𝑝2, 𝑝3, 𝑝4, 𝑝5) ≡ det𝐺(𝑝1, 𝑝2, 𝑝3, 𝑝4, 𝑝5) = 0  

𝜖(𝑖, 𝑗, 𝑘, 𝑙): = 4𝑖𝜀𝜇𝜈𝜌𝜎𝑝𝑖
𝜇
𝑝𝑗
𝜈𝑝𝑘

𝜌
𝑝𝑙
𝜎 , ∀𝑖, 𝑗, 𝑘, 𝑙 ∈ {1, … ,6}  

𝜖(𝑖, 𝑗, 𝑘, 𝑙)2 = 𝒢(𝑝𝑖 , 𝑝𝑗 , 𝑝𝑘 , 𝑝𝑙)  

(𝑝𝑖)𝜇 → 𝑝𝛼𝛽̇ ≡ (𝑝𝑖)𝜇(𝜎
𝜇)𝛼𝛽̇ = (𝜆𝑖)𝛼(𝜆̃𝑖)𝛽̇  

⟨𝑎𝑏⟩ = 𝜀𝛼𝛽𝜆𝑎
𝛼𝜆𝑏

𝛽
, [𝑎𝑏] = 𝜀𝛼̇𝛽̇𝜆̃𝑎

𝛼̇𝜆̃𝑏
𝛽̇  

𝑝𝑖 = 𝑥𝑖+1 − 𝑥𝑖 , 𝑥7 ≡ 𝑥1  

𝑠𝑖,𝑖+1 = 𝑥𝑖,𝑖+2
2 , 𝑠𝑖,𝑖+1,𝑖+2 = 𝑥𝑖,𝑖+3

2  

𝑍𝑖
𝐼: = (𝜆𝑖

𝛼 , 𝑥𝑖
𝛽̇𝛾
𝜆𝑖,𝛾)

𝐼

, 𝐼 = {𝛼 = 1,2, 𝛽̇ = 1,2} = 1,⋯ ,4  

⟨𝑖𝑗𝑘𝑙⟩: = det(𝑍𝑖𝑍𝑗𝑍𝑘𝑍𝑙) = 𝜀𝐼𝐽𝐾𝐿𝑍𝑖
𝐼𝑍𝑗

𝐽
𝑍𝑘
𝐾𝑍𝑙

𝐿 ,  

𝑠𝑖,𝑖+1 =
⟨𝑖 − 1𝑖𝑖 + 1𝑖 + 2⟩

⟨𝑖 − 1𝑖⟩⟨𝑖 + 1𝑖 + 2⟩
, 𝑠𝑖,𝑖+1,𝑖+2 =

⟨𝑖 − 1𝑖𝑖 + 2𝑖 + 3⟩

⟨𝑖 − 1𝑖⟩⟨𝑖 + 2𝑖 + 3⟩
,  
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𝐼∞: = (

0 0
0 0
1 0
0 1

) ,  

⟨𝑖𝑗⟩ = ⟨𝑖𝑗𝐼∞⟩  

{
𝑥𝑖,𝑖+2
2 𝑥1,0

2 𝑥3,0
2

𝑥1,3
2 𝑥𝑖,0

2 𝑥𝑖+2,0
2 }

𝑖=2,⋯6

∪ {
𝑥𝑖,𝑖+3
2 𝑥1,0

2 𝑥3,0
2

𝑥1,3
2 𝑥𝑖,0

2 𝑥𝑖+3,0
2 }

𝑖=2,⋯4

 

𝒢(𝑥0, 𝑥1,⋯ , 𝑥6):= 0  

𝐵𝑖𝑗𝑘𝑙𝑚: =
⟨𝐴𝐵(𝑚𝑖𝑗) ∩ (𝑗𝑘𝑙)⟩2

⟨𝐴𝐵𝑗𝑚⟩⟨𝐴𝐵𝑖𝑗⟩⟨𝐴𝐵𝑗𝑘⟩⟨𝐴𝐵𝑙𝑗⟩⟨𝐴𝐵𝑚𝑖⟩⟨𝐴𝐵𝑘𝑙⟩
,  

𝐵𝑖𝑗𝑘𝑙: =
⟨𝑖𝑗𝑘𝑙⟩2

⟨𝐴𝐵𝑖𝑗⟩⟨𝐴𝐵𝑗𝑘⟩⟨𝐴𝐵𝑘𝑙⟩⟨𝐴𝐵𝑙𝑖⟩
 

𝑅1 = 𝑏12346 + 𝑏12456 + 𝑏23456 − 𝑏1256 − 𝑏2356 − 𝑏3456
𝑅2 = 𝑏12346 + 𝑏12456 − 𝑏1256
𝑅8 = 𝑏12346 + 𝑏12456 + 𝑏23456 + 𝑏1234 + 𝑏1456 − 𝑏1256 − 𝑏2356 − 𝑏3456
𝑅11 = 𝑏2356
𝑅14 = 𝑏1234 − 𝑏1456
𝑅17 = 𝑏1246 + 𝑏1345
𝑅20 = 𝑏1246 − 𝑏1345

 

0 = 𝑅2 − 𝑅3 + 𝑅4 − 𝑅5 + 𝑅6 − 𝑅7 − 𝑅20 + 𝑅21 − 𝑅22
0 = 4𝑅1 − 2𝑅3 − 2𝑅5 − 2𝑅7 + 𝑅17 + 𝑅18 + 𝑅19 − 𝑅20 + 𝑅21 − 𝑅22

 

{1}, {2,… ,7}, {17,18,19}, {20,21,22}  

𝐺(𝑎1, ⋯ , 𝑎𝑛, 𝑧): = ∫  
𝑧

0

 
 d𝑡

𝑡 − 𝑎1
𝐺(𝑎2,⋯ , 𝑎𝑛; 𝑡)  

dℱ(𝑤) =∑  

𝑖

 ℱ𝑖
(𝑤−1)

dlog 𝑥𝑖  

𝒮(ℱ(𝑤)) =∑  

𝑖

 𝒮 (ℱ𝑖
(𝑤−1)

)⊗ 𝑥𝑖  

𝒮(ℱ(𝑤)) =∑  

𝐼

 𝑐𝐼𝑎1
𝐼 ⊗⋯⊗𝑎𝑤

𝐼
 

d𝐈 = 𝜖d𝐴 ⋅ 𝐈  

d𝐴 =∑  

𝑖

 𝐴𝑖  dlog 𝑊𝑖  

𝑊100 = −𝑠23𝑠34𝑠56 + 𝑠23𝑠345𝑠56 − 𝑠12𝑠45𝑠61 − 𝑠34𝑠61𝑠123 + 𝑠12𝑠45𝑠234 + 𝑠34𝑠123𝑠234
 +𝑠61𝑠123𝑠345 − 𝑠123𝑠234𝑠345

𝑊100+𝑖 = 𝜏𝑖(𝑊100), 𝑖 = 1,… ,5
𝑊138 = Δ6 = ⟨12⟩[23]⟨34⟩[45]⟨56⟩[61] − [12]⟨23⟩[34]⟨45⟩[56]⟨61⟩

𝑊242 =
−𝑠12(𝑠45 + 𝑠61 − 𝑠234) + 𝑠23(𝑠34 + 𝑠56 − 𝑠345) + 𝑠123(−𝑠34 + 𝑠61 − 𝑠234 + 𝑠345) − 𝜖(1,2,3,5)

−𝑠12(𝑠45 + 𝑠61 − 𝑠234) + 𝑠23(𝑠34 + 𝑠56 − 𝑠345) + 𝑠123(−𝑠34 + 𝑠61 − 𝑠234 + 𝑠345) + 𝜖(1,2,3,5)
,

𝑊242+𝑖 = 𝜏𝑖(𝑊242), 𝑖 = 1,… ,5

 

𝐹6
(0)

= −𝑅1.  

𝐹6
(1)

= 𝑅2 Pent 2,6 + 𝑅3 Pent 1,3 + 𝑅4 Pent 2,4 + 𝑅5 Pent 3,5 + 𝑅6 Pent 4,6
 +𝑅7 Pent 1,5 + 𝑅8 Pent 1,4 + 𝑅9 Pent 2,5 + 𝑅10 Pent 3,6
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Pent𝑖𝑗 = log 𝑢log 𝑣 + Li2(1 − 𝑢) + Li2(1 − 𝑣) + Li2(1 − 𝑤) − Li2(1 − 𝑢𝑤) − Li2(1 − 𝑣𝑤)  

𝑢 =
𝑥𝑖+1,𝑗+1
2

𝑥𝑖,𝑗+1
2 , 𝑣 =

𝑥𝑖,𝑗
2

𝑥𝑖,𝑗+1
2 , 𝑤 =

𝑥𝑖,𝑗+1
2 𝑥𝑖+1,𝑗

2

𝑥𝑖,𝑗
2 𝑥𝑖+1,𝑗+1

2  

𝐹6
(𝐿)

=∑  

22

𝑖=1

 𝑅𝑖𝐺𝑖
(𝐿)

 

𝐺𝑖
(𝐿)

=∑  

𝑗

  𝑐𝑖𝑗𝑓𝑗
(𝐿)

 

𝑅4 → 𝑅̃17 + 𝑅̃18, 𝑅13 → 𝑅̃13, 𝑅17, 𝑅20 → 𝑅̃17, 𝑅18 → 𝑅̃18, 𝑅21 → −𝑅̃18  

𝐺4 + 𝐺17 + 𝐺20|𝑠24=0 = 𝐺4 + 𝐺18 − 𝐺21|𝑠24=0 = 𝐺13|𝑠24=0 = 0.  

𝐺9|𝑠25=0 = 𝐺15|𝑠25=0 = 0  

𝑅1 → −𝑟0,

𝑅2 → 𝑅‾2, 𝑅𝑖=3,4,5 → 𝑟𝑖−1 − 𝑟0, 𝑅6 → 𝑅‾6, 𝑅7 → 0

𝑅8 → 𝑟5 − 𝑟0, 𝑅9 → 𝑟1 − 𝑟0, 𝑅10 → 𝑅‾10,

𝑅11 → 𝑅‾11, 𝑅12 → 𝑅‾12, 𝑅13 → 𝑟3,

𝑅14 → 𝑟5, 𝑅15 → 𝑟1, 𝑅16 → 𝑅‾16,

𝑅17 → 𝑅‾17, 𝑅18 → 𝑅‾18, 𝑅19 → 𝑅⋆,

𝑅20 → 𝑅‾17 − 2𝑟2, 𝑅21 → 2𝑟4 − 𝑅‾18, 𝑅22 → 𝑅⋆,

 

𝐺1 + 𝐺3 + 𝐺4 + 𝐺5 + 𝐺8 + 𝐺9 + 𝐺19 + 𝐺22 → −𝑔5,0
(2)

𝐺9 + 𝐺15 → 𝑔5,1
(2)

𝐺3 + 𝐺19 − 2𝐺20 + 𝐺22 → 𝑔5,2
(2)

𝐺4 + 𝐺13 + 𝐺19 + 𝐺22 → 𝑔5,3
(2)

𝐺5 + 𝐺19 + 2𝐺21 + 𝐺22 → 𝑔5,4
(2)

𝐺8 + 𝐺14 → 𝑔5,5
(2)

𝐺𝑖=10,11,12,16 → 0, 𝐺17 − 𝐺19 + 𝐺20 − 𝐺22 → 0

𝐺18 − 𝐺19 − 𝐺21 − 𝐺22 → 0, 𝐺2 + 𝐺19 + 𝐺22 → 0

𝐺6 + 𝐺19 + 𝐺22 → 0

 

𝑅1 → −𝑟0,
𝑅𝑖=2,3,4 → 𝑟𝑖−1 − 𝑟0, 𝑅5 → 𝑟4 − 𝑟0, 𝑅𝑖=6,7 → 0

𝑅8 → 𝑟5 − 𝑟0, 𝑅9 → 𝑟1 − 𝑟0, 𝑅10 → 𝑟4 − 𝑟0
𝑅11 → 0, 𝑅12 → 𝑟2, 𝑅13 → 𝑟3
𝑅14 → 𝑟5, 𝑅15 → 𝑟1, 𝑅16 → −𝑟4
𝑅17 → 𝑟2 + 𝑟3, 𝑅18 → 𝑟4, 𝑅19 → 𝑟1
𝑅20 → 𝑟3 − 𝑟2, 𝑅21 → 𝑟4, 𝑅22 → 𝑟1

 

𝐺1 + 𝐺2 + 𝐺3 + 𝐺4 + 𝐺5 + 𝐺8 + 𝐺9 + 𝐺10 → −𝑔5,0
(2)

𝐺2 + 𝐺9 + 𝐺15 + 𝐺19 + 𝐺22 → 𝑔5,1
(2)

𝐺3 + 𝐺12 + 𝐺17 − 𝐺20 → 𝑔5,2
(2)

𝐺4 + 𝐺13 + 𝐺17 + 𝐺20 → 𝑔5,3
(2)

𝐺5 + 𝐺10 − 𝐺16 + 𝐺18 + 𝐺21 → 𝑔5,4
(2)

𝐺8 + 𝐺14 → 𝑔5,5
(2)

 

𝑝4 → 𝑧1𝑃, 𝑝5 → 𝑧2𝑃, 𝑝6 → 𝑧3𝑃  

𝑅1, 𝑅2, 𝑅3, 𝑅4, 𝑅9, 𝑅16 → 𝑏1234, 𝑅14, 𝑅18, 𝑅21 → −𝑏1234 ,  

𝐺1 + 𝐺2 + 𝐺3 + 𝐺4 + 𝐺9 − 𝐺14 + 𝐺16 − 𝐺18 − 𝐺21 → 𝑔4,0
(2)
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{𝑊1, ⋯ ,𝑊9,𝑊16, ⋯ ,𝑊33,𝑊46, ⋯ ,𝑊51,𝑊88, ⋯ ,𝑊93}.  

{𝑊10+𝑖}𝑖=0,⋯,5 ∪ {𝑊34+𝑖}𝑖=0,⋯,11 ∪ {𝑊58+𝑖}𝑖=0,⋯,11
 ∪ {𝑊76+𝑖}𝑖=0,⋯,11 ∪ {𝑊100+𝑖}𝑖=0,⋯,5

 

{ℐ24
(𝑝𝑡)

, ℐ19
(𝑝𝑡)

, ℐ10
(𝑝𝑡)

, ℐ30
(𝑝𝑏)

, ℐ1
(𝑝𝑡)

} ⟷ {𝑊13,𝑊36,𝑊62,𝑊77,𝑊100}  

 

{𝑊182, ⋯ ,𝑊190,𝑊194, ⋯ ,𝑊211 ,𝑊218, ⋯ ,𝑊220,𝑊242, ⋯ ,𝑊247}.  

𝑟1 = √𝜆(𝑠12, 𝑠34, 𝑠56), 𝑟2 = √𝜆(𝑠23, 𝑠45, 𝑠16),  

{𝑊157, ⋯ ,𝑊166,𝑊275 ,⋯ ,𝑊278}.  

𝐺11
(2)

=  Pent 2,6 ×  Pent 3,5, 𝐺12
(2)

=  Pent 1,3 ×  Pent 4,6, 𝐺13
(2)

=  Pent 1,5 ×  Pent 2,4  

⟨0|𝑊𝑛ℒ(𝑥0)|0⟩𝑥0→∞ ∼
𝒜𝑛
YM(1+, … , 𝑛+)

𝒜𝑛
YM,(1)(1+, … , 𝑛+)

,  

𝒜𝑛
YM

𝒜𝑛
YM,(1)

= 𝒵IR
YM(𝜖)ℋ𝑛

YM  

⟨0|𝑊𝑛|0⟩ ∼
𝒜𝑛
MHV

𝒜𝑛
MHV, tree = 𝒵IR

MHV(𝜖)ℋ𝑛
MHV,  

𝐹𝑛ℋ
MHV ∼ ℋYM.  

𝐹6 ×ℋ6 = 𝑔2𝐹6
(0)
+ 𝑔4 (𝐹6

(1)
+ 𝐹6

(0)
ℋ6

(1)
) + 𝑔6 (𝐹6

(2)
+ 𝐹6

(1)
ℋ6

(1)
+ 𝐹6

(0)
ℋ6

(2)
) + 𝑂(𝑔8)  

Disc
𝑠𝑖,𝑖+1,𝑖+2=0

Disc
𝑠𝑖−1,𝑖,𝑖+1=0

(𝐹6
(2)
+ 𝐹6

(1)
ℋ6

(1)
) = 0  

𝐹4
(𝐿)

= 𝑏1234𝑔4,0
(𝐿)
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𝑔4,0
(0)

= −1

𝑔4,0
(1)

= log2 (𝑧) + 𝜋2

𝑔4,0
(2)

= −
1

2
log4 (𝑧) + log2 (𝑧) [

2

3
Li2 (

1

𝑧 + 1
) +

2

3
Li2 (

𝑧

𝑧 + 1
) −

19𝜋2

9
]

 +log (𝑧) [4Li3 (
1

𝑧 + 1
) − 4Li3 (

𝑧

𝑧 + 1
)] +

2

3
[Li2 (

1

𝑧 + 1
) + Li2 (

𝑧

𝑧 + 1
) −

𝜋2

6
]

2

 +
8𝜋2

3
[Li2 (

1

𝑧 + 1
) + Li2 (

𝑧

𝑧 + 1
) −

𝜋2

6
] + 8 [Li4 (

1

𝑧 + 1
) + Li4 (

𝑧

𝑧 + 1
)] −

23𝜋2

18

 

𝑧 =
𝑥1,3
2

𝑥2,4
2 =

𝑠

𝑡
 

𝑟0 = 𝑏1245 + 𝑏2345 − 𝑏12345, 𝑟1 = 𝑏2345  

𝐹5
(0)

= 𝑟0  

𝐹5
(1)
 = ∑  

5

𝑖=1

  (𝑟𝑖 − 𝑟0) Pent 𝑖−1,𝑖+1

𝐹5
(2)
 =∑  

5

𝑖=0

 𝑟𝑖𝑔5,𝑖
(2)

 

𝜌5(𝑟0) = 𝑟0, 𝜌5(𝑟𝑖) = 𝑟6−𝑖 , 𝑖 = 1,… ,5  

|𝐩1| ≃ |𝐩2| ≃ |𝐩3| ≃ |𝐩4|  

|𝑝1
+| ≫ |𝑝2

+| ≫ |𝑝3
+| ≫ |𝑝4

+|,
|𝑝1
−| ≪ |𝑝2

−| ≪ |𝑝3
−| ≪ |𝑝4

−|,
 

𝑠12 =
𝑠1
𝑥
, 𝑠23 =

𝑠2
𝑥
, 𝑠34 =

𝑠3
𝑥
, 𝑠56 =

𝑠1𝑠2𝑠3
𝜅2|𝑧1 − 𝑧2|

2𝑥3
, 𝑠345 = −|𝑧2|

2𝜅

𝑠123 =
𝑠1𝑠2

𝜅|𝑧1 − 𝑧2|
2𝑥2

, 𝑠234 =
𝑠2𝑠3
𝜅𝑥2

, 𝑠16 = −|𝑧1|
2𝜅, 𝑠45 = −|1 − 𝑧2|

2𝜅
 

𝐹6
(0)

=
𝑠1𝑠2𝑠3𝑧‾1(1 − 𝑧2)

𝜅|𝑧1 − 𝑧2|
2𝑥3

+ 𝑂(1/𝑥2)  

𝑅1, 𝑅2, 𝑅5, 𝑅6, 𝑅7, 𝑅9, 𝑅10, 𝑅14 = −𝐹6
(0)
+ 𝑂(1/𝑥2).  

𝐹6
(𝐿)

𝐹6
(0)

= −𝐺1
(𝐿)
− 𝐺2

(𝐿)
− 𝐺5

(𝐿)
− 𝐺6

(𝐿)
− 𝐺7

(𝐿)
− 𝐺9

(𝐿)
− 𝐺10

(𝐿)
− 𝐺14

(𝐿)
+ 𝑂(log2𝐿  (𝑥)/𝑥2)  

𝐹6
(1)

𝐹6
(0)

= −9log2 (𝑥) + 2log (𝑥)log (
𝑠1
3𝑠2

3𝑠3
3

𝜅9|𝑧1𝑧2(1 − 𝑧2)|
2|𝑧1 − 𝑧2|

3) − log2 (
𝑠1𝑠2𝑠3
𝜅3

)

+2log (|𝑧1(𝑧1 − 𝑧2)|
2)log (

𝑠1
𝜅
) + 2log (|𝑧2(𝑧1 − 𝑧2)|

2)log (
𝑠2
𝜅
)  

+2log (|(𝑧1 − 𝑧2)(1 − 𝑧2)|
2)log (

𝑠3
𝜅
) + log (|𝑧2|

2)log (
|𝑧2|

2

|𝑧1(1 − 𝑧2)|
2)  

 −log (|𝑧1 − 𝑧2|
2)log (|𝑧1𝑧2(𝑧1 − 𝑧2)|

2) + 𝑂(𝑥log2 (𝑥))

 

𝐹6
(2)

𝐹6
(0)
−
1

2
(
𝐹6
(1)

𝐹6
(0)
)

2

∼ 𝑂(𝑥log4 (𝑥))  

log (
𝐹6

𝑔2𝐹6
(0)
) ∼ 𝑔2

𝐹6
(1)

𝐹6
(0)
+𝑂(𝑔6)  
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𝐶123 ∼ ⟨Tr𝑍1
𝐽1Tr𝑍2

𝐽2Tr𝐷𝑆𝑍𝐽⟩  

Tr𝐷𝑆𝑍𝐽 +⋯  

 

𝐶123

𝐶123
(0)

= 𝒩𝒜ℬ,  

ℓ𝐴 =
|𝐽1 − 𝐽2| + 𝐽

2
, ℓ𝐵 =

𝐽1 + 𝐽2 − 𝐽

2
 

ℬ = 1 +∑  

∞

𝑎=1

 ∫  
𝑑𝑢

2𝜋
𝑒−

1
2
(𝐽1+𝐽2)𝐸̃𝑎(𝑢)𝜇̃𝑎(𝑢)𝐭𝑎,1(𝑢) + ⋯ ,  

𝜇̃𝑎(𝑢) =
𝑎

𝑔2(𝑥[+𝑎]𝑥[−𝑎])2
∏  

𝜎1,𝜎2=±

 (1 −
1

𝑥[𝜎1𝑎]𝑥[𝜎2𝑎]
)
−1

,  

𝐸̃𝑎(𝑢) = log (𝑥[+𝑎]𝑥[−𝑎])  

𝑥(𝑢) =
𝑢 + √𝑢2 − 4𝑔2

2𝑔
 

𝐭𝑎,1
phys

(𝑢) = −∑  

4

𝑏=1

 𝐏𝑏
[+𝑎]

(𝑢)𝐏𝑏[−𝑎](𝑢) + 𝒪(𝑆2)  

𝐏1 = 𝐏4 = 𝜖𝑥−𝐽/2, 𝐏2 = −𝐏3 = −𝜖𝑥
𝐽
2 ∑  

∞

𝑛=
𝐽
2
+1

  𝐼2𝑛−1𝑥
1−2𝑛,

𝐏3 = 𝐏2 = 𝜖(𝑥−𝐽/2 − 𝑥𝐽/2),

𝐏4 = −𝐏1 = 𝜖𝑥𝐽/2 ∑  

∞

𝑛=𝐽/2+1

  𝐼2𝑛−1𝑥
1−2𝑛 − 𝜖𝑥−𝐽/2 ∑  

∞

𝑛=1−𝐽/2

  𝐼2𝑛−1𝑥
2𝑛−1,

 

𝜖2 =
2𝜋𝑖𝑆

𝐽𝐼𝐽(4𝜋𝑔)
 

𝛾 = Δ − 𝑆 − 𝐽 = 𝛾𝐽
(1)
𝑆 + 𝒪(𝑆2), 𝛾𝐽

(1)
=
4𝜋𝑔𝐼𝐽+1(4𝜋𝑔)

𝐽𝐼𝐽(4𝜋𝑔)
 

𝐭𝑎,1(𝑢) = −∑  

4

𝑏=1

 𝐏𝑏
[+𝑎]

(𝑢)𝐏̃𝑏[−𝑎](𝑢) + 𝒪(𝑆2)  

𝐭𝑎,1(𝑢) ∼ 𝑒2𝜋𝑢  
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𝒜 = 1 +∑  

𝑎⩾1

 (∰+∫  )
𝑑𝑢

2𝜋
𝑒−

1
2
(𝐽1−𝐽2)𝐸̃𝑎(𝑢)𝜇̃𝑎(𝑢)

𝐓𝑎,1(𝑢)

𝐓𝑎,0
+ (𝑢)

roots

   

+∑  

𝑎⩾1

 ∫  
𝑑𝑢

2𝜋
𝑒−

1
2
(𝐽2−𝐽1)𝐸̃𝑎(𝑢)𝜇̃𝑎(𝑢)

𝐓𝑎,1(𝑢)

𝐓𝑎,0
− (𝑢)

+⋯ 

 

∑  

𝑎⩾1

 ∰
𝑑𝑢

2𝜋
[𝑒−

1
2
(𝐽1−𝐽2)𝐸̃𝑎(𝑢)𝜇̃𝑎(𝑢)

𝐓𝑎,1(𝑢)

𝐓𝑎,0
+ (𝑢)

]

↺

  

 +∑  

𝑎⩾1

 ∰
𝑑𝑢

2𝜋
𝑒−

1
2
(𝐽2−𝐽1)𝐸̃𝑎(𝑢)𝜇̃𝑎(𝑢)

𝐓𝑎,1(𝑢)

𝐓𝑎,0
− (𝑢)

  

 

(𝑥[±𝑎])
↺
=

1

𝑥[±𝑎]
 

𝐭𝑎,1(𝑢) = [
𝐓𝑎,1(𝑢)

𝐓𝑎,0
+ (𝑢)

]

↺

+
𝐓𝑎,1(𝑢)

𝐓𝑎,0
− (𝑢)

+ 𝒪(𝑆2)  

𝐓𝑎,1(𝑢) = −(𝐏1
[+𝑎]

𝐏2
[−𝑎]

− 𝐏2
[+𝑎]

𝐏1
[−𝑎]

) , 𝐓𝑎,0(𝑢) = 1  

𝒜 = 1 + 𝑆𝐹𝐽(−ℓ𝐴) + 𝒪(𝑆2), ℬ = 1 + 𝑆𝐹𝐽(ℓ𝐵) + 𝒪(𝑆2)  

 

𝐹𝐽(ℓ) = ∑  

∞

𝑎=1

 ∰
𝑑𝑢

2𝜋
𝑒
−(ℓ+

1
2
𝐽)𝐸̃𝑎(𝑢)𝜇̃𝑎(𝑢)𝑡𝑎(𝑢),   

𝐹𝐽(ℓ) = 𝐹𝐽(−ℓ − 𝐽).  

𝑥 = 𝑥[+𝑎], 𝑦 = 𝑥[−𝑎]  

𝐹𝐽(ℓ) = ∫  
∞

0

 
𝑑𝑡𝑒𝑡

(1 − 𝑒𝑡)2
∰

𝑑𝑥𝑑𝑦

(2𝜋)2
𝑒𝑖(𝑢−𝑣)𝑡𝑡𝐽(𝑥, 𝑦)

(𝑥𝑦)ℓ+𝐽/2(𝑥𝑦 − 1)2
   

𝑒𝑖(𝑢−𝑣)𝑡 → 𝑒𝑖(𝑢−𝑣)𝑡 − 1 − 𝑖(𝑢 − 𝑣)𝑡  

𝑡𝐽(𝑥, 𝑦) =
𝑖

(𝑥𝑦)𝐽/2
[∑  

𝐽/2

𝑛=1

  I2𝑛−1(𝑥
𝐽(𝑥1−2𝑛 − 𝑦2𝑛−1) + 𝑦𝐽(𝑥2𝑛−1 − 𝑦1−2𝑛))

+∑  

∞

𝑛=1

  I2𝑛−1(𝑥
1−2𝑛 − 𝑦2𝑛−1)(𝑦𝐽 − 𝑥𝐽)]

 

I𝑛 =
2𝜋𝐼𝑛(4𝜋𝑔)

𝐽𝐼𝐽(4𝜋𝑔)
.  

ℓ𝐵 𝐹𝐽(ℓ𝐵) for 𝐽 = 2 

1 3𝑔4(4𝜁2𝜁3 + 5𝜁5) − 48𝑔6(𝜁3𝜁4 + 𝜁2𝜁5 + 7𝜁7) + 4𝑔8(15𝜁4𝜁5 + 63𝜁3𝜁6 − 56𝜁2𝜁7 + 1470𝜁9) 
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2 4𝑔6(−3𝜁3𝜁4 + 9𝜁2𝜁5 + 14𝜁7) + 84𝑔8(𝜁3𝜁6 − 4𝜁2𝜁7 − 20𝜁9) 

3 2𝑔8(−30𝜁4𝜁5 + 56𝜁2𝜁7 + 105𝜁9) 

 

ℓ𝐵 𝐹𝐽(ℓ𝐵) for 𝐽 = 4 

1 
𝑔4

𝜁2
(9𝜁3𝜁4 + 10𝜁2𝜁5 − 7𝜁7) +

𝑔6

𝜁2
(−60𝜁4𝜁5 −

48

5
𝜁3𝜁6 −

1152

5
𝜁2𝜁7 + 240𝜁9) 

2 
𝑔6

𝜁2
(30𝜁4𝜁5 − 3𝜁3𝜁6 + 36𝜁2𝜁7 − 30𝜁9) 

 

∫  
∞

0

 
𝑑𝑡𝑒𝑡

(1 − 𝑒𝑡)2
𝑡𝑛 = Γ(𝑛 + 1)𝜁𝑛,  for  𝑛 > 1  

𝐹𝐽=2(−1) =−8𝑔
2𝜁3 + 𝑔4(−32𝜁2𝜁3 + 90𝜁5) + 𝑔6(160𝜁3𝜁4 + 288𝜁2𝜁5 − 1120𝜁7) 

 +𝑔8(−1440𝜁4𝜁5 − 896𝜁3𝜁6 − 3360𝜁2𝜁7 + 14700𝜁9) + 𝒪(𝑔10)
 

∫  
∞

0

 𝑑𝑡
𝑒𝑖(𝑢−𝑣)𝑡 − 1

𝑒𝑡 − 1
= 𝜓(1) − 𝜓(1 − 𝑖𝑢 + 𝑖𝑣)  

𝐹𝐽(ℓ) = −
𝑖𝑔

2
∰

𝑑𝑥𝑑𝑦

(2𝜋)2𝑥𝑦

𝑥 − 𝑦

𝑥𝑦 − 1
𝑡𝐽(𝑥, 𝑦)(𝜓(1 + 𝑖𝑢 − 𝑖𝑣) − 𝜓(1) + (𝑢 ↔ 𝑣)).   

1

2
(𝜓(1 + 𝑖𝑢 − 𝑖𝑣) − 𝜓(1) + (𝑢 ↔ 𝑣)) = ∑  

∞

𝑘=1

  (−1)𝑘+1𝑔2𝑘𝜁2𝑘+1(𝑥 − 𝑦)2𝑘(1 − 1/𝑥𝑦)2𝑘  

𝐹𝐽(ℓ) = 𝑓𝐽(ℓ) + 𝑓𝐽(−𝐽 − ℓ)  

𝑓𝐽(ℓ) = ∑  

∞

𝑘=1

 ∑  

𝑛∈ℤ

 
(−1)𝑘+ℓ+1𝑔2𝑘+1Γ(2𝑘)Γ(2𝑘 + 2)𝜁2𝑘+1𝜀(𝑛)I2𝑛−𝐽−1

Γ(1 + 𝑘 + 𝑛)Γ(2 + 𝑘 − 𝑛)Γ(𝑘 + ℓ + 𝑛)Γ(1 + 𝑘 − ℓ − 𝑛)
 

𝐽𝜇(2𝑔𝑡)𝐽𝜈(2𝑔𝑡) = ∫  
𝑑𝑧

2𝜋𝑖

Γ(−𝑧)Γ(2𝑧 + 𝜇 + 𝜈 + 1)(𝑔𝑡)2𝑧+𝜇+𝜈

Γ(𝑧 + 𝜇 + 1)Γ(𝑧 + 𝜈 + 1)Γ(𝑧 + 𝜇 + 𝜈 + 1)
 

𝑓𝐽(ℓ) = 𝑔∑  

𝑛∈ℤ

  (−1)𝑛+1𝜀(𝑛)I2𝑛−𝐽−1 ∑  

∞

𝑚=0

  (𝑐ℓ+𝑚,ℓ+2𝑛+𝑚 + 𝑐ℓ+𝑚+1,ℓ+2𝑛+𝑚−1),  

𝑐𝑖,𝑗 = ∫  
∞

0

 
𝑑𝑡

𝑒𝑡 − 1
(𝐽𝑖(2𝑔𝑡)𝐽𝑗(2𝑔𝑡) − 𝛿𝑖,0𝛿𝑗,0)  

 ∑  

∞

𝑚=0

  𝐽ℓ+𝑚+𝛿(2𝑔𝑡)𝐽ℓ+2𝑛+𝑚−𝛿(2𝑔𝑡)

 =
𝑔𝑡

2(𝑛 − 𝛿)
(𝐽ℓ+𝛿(2𝑔𝑡)𝐽ℓ+2𝑛−𝛿−1(2𝑔𝑡) − 𝐽ℓ+𝛿−1(2𝑔𝑡)𝐽ℓ+2𝑛−𝛿(2𝑔𝑡))

 

 

∑  

∞

𝑚=0

  𝐽ℓ+𝑚+𝛿(2𝑔𝑡)𝐽ℓ+𝑚+𝛿(2𝑔𝑡) =
1

2

(

 1 − 𝜀(ℓ + 𝛿) ∑  

|ℓ+𝛿−
1
2
|−
1
2

𝑚=
1
2
−|ℓ+𝛿−

1
2
|

  𝐽𝑚(2𝑔𝑡)𝐽𝑚(2𝑔𝑡)

)

 .  

𝑓𝐽(ℓ) =
2𝜋𝑔

𝐽
[𝛿ℓ>0(log 𝑔 − 𝜓(ℓ)) − 𝛿ℓ<0(log 𝑔 − 𝜓(−ℓ))] + 𝒪(1)  
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𝑓𝐽(ℓ) ≈ ∑  

𝑛max
+ (𝑔)

𝑛=𝑛max
− (𝑔)

 𝑓𝐽(ℓ, 𝑛),  

𝑓𝐽(ℓ, 𝑛max
± (𝑔)) ≤  precision  

𝑓𝐽(ℓ) ≈ ∑  

𝑖max

𝑖=−1

 𝑔−𝑖(𝑐𝑖 + 𝑑𝑖log 𝑔)  

𝑓𝐽(ℓ) =
𝛾𝐽
(1)

4
(log 𝜆 − 2log (4𝜋) − 2𝜓(ℓ)) −

1

2𝐽
+
1

2
(𝛾E − log (8𝜋)) +

3 + 4𝐽

8√𝜆

 +
𝐽 + 2ℓ

4𝐽
(log (8√𝜆) + 𝛾E) +

𝐽 + 2ℓ

√𝜆𝐽
(
2𝐽2 − 1

8
+
1 − 𝐽2 − ℓ(𝐽 + ℓ)

6
𝜁2)

 +𝒪 (
1

𝜆
)

 

𝐹𝐽(ℓ) = Ψ𝐽(ℓ) + 𝑃𝐽(ℓ)  

Ψ𝐽(ℓ)  =
𝛾𝐽
(1)

2
(𝜓(𝐽 + ℓ) − 𝜓(ℓ)) + 𝜓(𝐽 + ℓ) + 𝐶

Ψ𝐽(−ℓ)  =
𝛾𝐽
(1)

2
(𝜓(𝐽 − ℓ) + 𝜓(ℓ) − log 𝜆 + 2log (4𝜋)) + 𝜓(𝐽 − ℓ) + 𝜓(ℓ) + 𝐶

 

𝑃𝐽(ℓ) =
3

4√𝜆
+
1

𝜆
(
17 − 8𝐽2

32
+
11 − 8𝐽2 − 24ℓ(𝐽 + ℓ)

48
𝜁3)

+
1

𝜆3/2
(
11 − 9𝐽2

16
+
11 − 8𝐽2 − 18ℓ(𝐽 + ℓ)

48
𝜁3)  

 +𝛿−𝐽<ℓ<0 (
1

𝐽
−

𝐽

√𝜆
−

𝐽

2𝜆
−
13𝐽 − 4𝐽3

24𝜆3/2
)

 +𝒪 (
1

𝜆2
)

 

ℬ = (
𝑒𝛾E𝑆

2𝑆𝜆𝑆/2
)
Γ(ℓ𝐵 − 𝛾/2)Γ(𝐽 + ℓ𝐵 + 𝑆 + 𝛾/2)

Γ(ℓ𝐵)Γ(𝐽 + ℓ𝐵)
× 𝒟ℬ

𝒜 = (
𝑒𝛾E𝑆(4𝜋)𝑆+𝛾

2𝑆𝜆𝑆+𝛾/2
)
Γ(ℓ𝐴 + 𝛾/2 + 𝑆)Γ(𝐽 − ℓ𝐴 + 𝑆 + 𝛾/2)

Γ(ℓ𝐴)Γ(𝐽 − ℓ𝐴)
× 𝒟𝒜

 

log 𝒟ℬ = 𝑆𝑃𝐽(ℓ𝐵) + 𝒪(𝑆
2), log 𝒟𝒜 = 𝑆𝑃𝐽(−ℓ𝐴) + 𝒪(𝑆2),  

𝐶123

𝐶123
(0)

=
Γ[ AdS ]
Γ[ sphere ]

×
𝒟𝐽1𝐽2𝐽(𝑆)

𝜆𝑆/4Γ (1 +
𝑆
2
)
,  

Γ[𝐴𝑑𝑆] =
Γ (
Δ1 − Δ2 + Δ + 𝑆

2
) Γ (

Δ2 − Δ1 + Δ + 𝑆
2

) Γ (
Δ1 + Δ2 − Δ + 𝑆

2
) Γ (

Δ1 + Δ2 + Δ + 𝑆
2

)

√Γ(Δ + 𝑆)Γ(Δ + 𝑆 − 1)
,  

Γ[ sphere ] = Γ[ AdS ]Δ→𝐽,𝑆→0  

log 𝒟 = 𝒟1𝑆 +
𝒟2

√𝜆
𝑆2 +

𝒟3
𝜆
𝑆3 + 𝒪 (

𝑆4

𝜆3/2
)  

𝒟𝑛 = 𝒟𝑛
(0)
+
𝒟𝑛
(1)

√𝜆
+
𝒟𝑛
(2)

𝜆
+⋯  

log 𝒟 = √𝜆𝒟cl + 𝒪(1)  
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log 𝒟 = ∑  

∞

𝑘=1

 
1

(√𝜆)𝑘−1
∑  

𝑘

𝑛=1

 𝒟𝑛
(𝑘−𝑛)

𝑆𝑛  

Δ2 = 𝐽2 + √𝜆(𝐴1𝑆 +
𝐴2

√𝜆
𝑆2 +

𝐴3
𝜆
𝑆3 + 𝒪 (

𝑆4

𝜆3/2
))  

log 𝜆̃Δ,𝑆
2 =

𝑆 (
17
6
+ 𝑆 + (−

7
12

+ 𝜁3) 𝑆
2)

Δ2
 

 +
𝑆 (
511
60

+ 6𝑆 + (
1
12

− 2𝜁3)𝑆
2 − (

13
8
+ 6𝜁3)𝑆

3 + (
31
40

−
3
2
𝜁5) 𝑆

4)

Δ4

 +𝒪 (
1

Δ6
)

 

Δ2 = 2√𝜆𝑆 + (4 − 𝑆 +
3

2
𝑆2) +

1

√𝜆
(
15

4
𝑆 +

3 − 24𝜁3
8

𝑆2 −
3

8
𝑆3) + 𝒪 (

1

𝜆
)  

𝒟222
2 = ℛ × 𝜆̃Δ,𝑆

2  

ℛ = (
√𝜆𝑆

2
)

𝑆
Δ(Δ − 𝑆)

(Δ + 𝑆)2

Γ (
1 + Δ + 𝑆

2
) Γ (

Δ − 𝑆
2

)
3

Γ (
1 + Δ − 𝑆

2
) Γ (

Δ + 𝑆
2

)
3  

log 𝒟222 =
1

√𝜆
[
5

8
𝑆 −

7 − 4𝜁3
16

𝑆2]

 +
1

𝜆
[−

13 + 24𝜁3
32

𝑆 −
49 − 8𝜁3

64
𝑆2 +

25 − 12𝜁3 − 12𝜁5
64

𝑆3]

 +𝒪 (
1

𝜆3/2
)

 

log 𝒟𝐽1𝐽2𝐽 = log 𝒟222 + 𝒪 (
1

𝜆
)  

log 𝐶123 = √𝜆 Area + 𝒪(1)  

 Area = 𝒜cl + ℬcl +𝒩cl,  

log 𝒜 = √𝜆𝒜cl + 𝒪(1)  

𝑉′(𝑥) = 𝑅(𝑥 + 𝑖0) + 𝑅(𝑥 − 𝑖0), 𝑉′(𝑥) = sgn(𝑥) −
2𝒥𝑥

𝑥2 − 1
 

𝑅(𝑥) = 2𝑥∫  
𝑏

𝑎

 
𝑑𝑦𝑉′(𝑦)

𝑥2 − 𝑦2
√
(𝑥2 − 𝑏2)(𝑥2 − 𝑎2)

(𝑏2 − 𝑦2)(𝑦2 − 𝑎2)
 

𝑅(𝑥) ∼ 2𝜋𝑥(𝒮 − ℰ + 𝒥), 𝑅(𝑥) ∼
2𝜋

𝑥
(𝒮 + ℰ − 𝒥)  

𝒥=
√(𝑎2 − 1)(𝑏2 − 1)

𝜋𝑏
𝐾 (1 −

𝑎2

𝑏2
)  

𝒮 =
𝑎𝑏 + 1

2𝜋𝑎𝑏
[𝑏𝐸 (1 −

𝑎2

𝑏2
) − 𝑎𝐾 (1 −

𝑎2

𝑏2
)]

ℰ =
𝑎𝑏 − 1

2𝜋𝑎𝑏
[𝑏𝐸 (1 −

𝑎2

𝑏2
) + 𝑎𝐾 (1 −

𝑎2

𝑏2
)]

 

𝜌(𝑥) =
𝑅(𝑥 − 𝑖0) − 𝑅(𝑥 + 𝑖0)

2𝜋𝑖
= −

2𝑥

𝜋
∫  
𝑏

𝑎

 
𝑑𝑦𝑉′(𝑦)

𝑥2 − 𝑦2
√
(𝑏2 − 𝑥2)(𝑥2 − 𝑎2)

(𝑏2 − 𝑦2)(𝑦2 − 𝑎2)
,  
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𝒜cl = 𝒜asy
cl + 𝐼1[ℒ𝐴] + 𝐼1[𝒥 − ℒ𝐴]

ℬcl = 𝐼−1[ℒ𝐵] + 𝐼1[𝒥 + ℒ𝐵]

𝒩cl = 𝒩asy
cl − 𝐼2[𝒥]

 

ℒ𝐴 =
𝒥1 − 𝒥2 + 𝒥

2
, ℒ𝐵 =

𝒥1 + 𝒥2 − 𝒥

2
.  

𝐼𝑞[ℒ] = ∫  
𝑈−
 
𝑑𝑥(𝑥 − 1/𝑥)

8𝜋2𝑥
[Li2 (𝑒

4𝜋𝑖ℒ𝑥
𝑥2−1

+𝑖𝑞𝑅(𝑥)
) + Li2 (𝑒

4𝜋𝑖ℒ𝑥
𝑥2−1

−𝑖𝑞𝑅(1/𝑥)
)]

 −( same with 𝑅 → 0)

 

𝑈− = {𝑥 ∈ ℂ: |𝑥| = 1, Im𝑥 ⩽ 0},  

𝒩asy
cl = −∫  

𝑏

𝑎

 
𝑑𝑥(𝑥 − 1/𝑥)

4𝜋2𝑥
[Li2(𝑒

−2𝜋𝜌(𝑥)) + 𝜋2𝜌2(𝑥) − 𝜁2],  

𝑉′(𝛼) = 0 ⇒  𝛼 = 𝒥 +√1 + 𝒥2.  

𝑎 = 𝛼 − 2𝛼√
𝛼

𝛼2 + 1
√𝒮 +

𝛼2(3𝛼4 + 6𝛼2 − 1)

(𝛼2 − 1)(𝛼2 + 1)2
𝒮 + 𝒪(𝒮3/2)

𝑏 = 𝛼 + 2𝛼√
𝛼

𝛼2 + 1
√𝒮 +

𝛼2(3𝛼4 + 6𝛼2 − 1)

(𝛼2 − 1)(𝛼2 + 1)2
𝒮 + 𝒪(𝒮3/2)

 

𝑅(𝑥) = 𝑅(1)(𝑥)𝒮 + 𝑅(2)(𝑥)𝒮2 +⋯  

𝑅(1)=
4𝜋𝑥𝛼2

(𝛼2 − 1)(𝑥2 − 𝛼2)
 

𝑅(2) = −
4𝜋𝑥𝛼3((𝑥4 + 𝛼6)(𝛼4 + 6𝛼2 + 1) − 𝑥2𝛼2(5𝛼6 + 3𝛼4 + 3𝛼2 + 5))

(𝛼2 − 1)3(𝛼2 + 1)2(𝑥2 − 𝛼2)3

 

𝜌 = √1 − 𝑡2[
2√𝛼(𝛼2 + 1)

𝛼2 − 1
√𝒮 −

4𝛼3(𝛼2 + 3)𝑡

(𝛼2 − 1)2(𝛼2 + 1)
𝒮

+
𝛼3/2(16𝛼2(𝛼4 + 6𝛼2 + 1)(𝛼2 + 1)𝑡2 − (9𝛼8 + 48𝛼6 + 70𝛼4 + 1))

2(𝛼2 − 1)3(𝛼2 + 1)5/2
𝒮3/2 

+𝒪(𝒮2)]

 

𝐼𝑞[ℒ] = 𝑞𝐼[ℒ]𝒮 + 𝒪(𝒮2)  

𝐼[ℒ] = ∫  
𝑈−
 
𝑑𝑥

2𝜋𝑖

𝑥(𝑥 − 1/𝑥)2𝛼2(𝛼2 + 1)

(𝑥2 − 𝛼2)(𝛼2𝑥2 − 1)(𝛼2 − 1)
log (1 − 𝑒

4𝜋𝑖ℒ𝑥
𝑥2−1 )  

𝑥 =
−𝑖 ± √𝐸2 − 1

𝐸
 ⇒  𝐸 =

−2𝑖𝑥

𝑥2 − 1
 

𝐼[ℒ] = ∮   
𝑖√1 + 𝒥2𝑑𝐸

𝜋𝒥𝐸√1 − 𝐸2(1 + 𝒥2𝐸2)
log (1 − 𝑒−2𝜋ℒ𝐸)  

𝐼[𝒥] = 𝐼0[𝒥] + 𝐼𝜁[𝒥]  

𝐼0[ℒ] = log Γ (
ℒ

𝒥
) +

√1 + 𝒥2 + 𝒥

2𝒥
log ℒ +

(2ℒ − 𝒥)

2𝒥
log 𝒥 +

ℒ

𝒥
𝛾E

 −
ℒ

𝒥
log (1 + √1 + 𝒥2) −

1

2
log (

√1 + 𝒥2 + 𝒥

2
) +

√1 + 𝒥2 − 𝒥

2𝒥
log (4𝜋)

 

𝐼𝜁[ℒ]  = ∑  

∞

𝑚=1

  [
√1 + 𝒥2

𝒥
log [

ℒ + √ℒ2 +𝑚2

𝑚
] − log [

𝒥√ℒ2 +𝑚2 + ℒ√1 + 𝒥2

𝒥𝑚 + ℒ
] −

ℒ

𝒥𝑚
]
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𝐼𝜁[ℒ] =
1

𝒥
∑  

∞

𝑘=1

 
𝜁2𝑘+1
2𝑘 + 1

𝑐𝑘(𝒥)ℒ
2𝑘+1  

𝑐𝑘(𝒥) = √1 + 𝒥2 ∑  

∞

𝑛=𝑘

  (−1)𝑛
Γ (
1
2
+ 𝑛)

Γ (
1
2
) Γ(1 + 𝑛)

𝒥2(𝑛−𝑘)  

𝒜asy
cl = 𝐼asy[ℒ𝐴]𝒮 + 𝒪(𝒮2)  

𝐼asy[ℒ𝐴] = −log Γ (
ℒ𝐴
𝒥
)Γ (1 −

ℒ𝐴
𝒥
) + log (2𝜋)  

𝒜cl = 𝒜1
cl𝒮 + 𝒪(𝒮2), ℬcl = ℬ1

cl𝒮 + 𝒪(𝒮2),  

𝒜1
cl = 𝐼asy[ℒ𝐴] + 𝐼[ℒ𝐴] + 𝐼[𝒥 − ℒ𝐴], ℬ1

cl = 𝐼[𝒥 + ℒ𝐵] − 𝐼[ℒ𝐵]  

𝒜1
cl =

1 + 𝛿1
2

log (ℒ𝐴(𝒥 − ℒ𝐴)) + 𝛿1log (4𝜋) + 𝛾E

−log [𝒥(1 + 𝛿1)(1 + 𝒥𝛿1)] + 𝐼𝜁[ℒ𝐴] + 𝐼𝜁[𝒥 − ℒ𝐴] 

ℬ1
cl =

1 + 𝛿1
2

log (ℒ𝐵 + 𝒥) +
1 − 𝛿1
2

log ℒ𝐵 + 𝛾E

 −log (1 + 𝒥𝛿1) − 𝐼𝜁[ℒ𝐵] + 𝐼𝜁[𝒥 + ℒ𝐵]

 

𝒩cl = −
1

2
(log (𝒮/2) − 1)𝒮 +𝒩1

cl𝒮 + 𝒪(𝒮2)  

−∫  
𝑏

𝑎

 
(𝑥 − 1/𝑥)𝑑𝑥

2𝜋𝑥
𝜌(𝑥)log (

2𝜋𝜌(𝑥)

𝑒
) = −

1

2
log [

2√1 + 𝒥2𝜋2𝒮

𝑒𝒥2
] 𝒮 + 𝒪(𝒮2)  

𝒩1
cl =−(1 + 𝛿1)log 𝒥 − 𝛿1log (4𝜋) − 2𝛾E  

 −
1

4
log (1 + 𝒥2) + log [𝒥(1 + 𝛿1)(1 + 𝒥𝛿1)

2] − 2𝐼𝜁[𝒥]
 

𝒟cl = 𝒟1
cl𝒮 + 𝒪(𝒮2)  

𝒟1
cl = −

1

4
log (1 + 𝒥2) +∑  

ℒ∈𝐿

  𝐼𝜁[ℒ] − 2𝐼𝜁[𝒥]  

𝒟1
cl = −

1

4
log (1 + 𝒥2) +∑  

∞

𝑘=1

 
𝜁2𝑘+1
2𝑘 + 1

𝑐𝑘(𝒥)𝑃𝑘(𝒥1, 𝒥2, 𝒥)  

𝑃𝑘 = −2𝒥2𝑘 +
1

22𝑘+1𝒥
∑  

𝜎1,𝜎2=±

  (𝒥 + 𝜎1𝒥1 + 𝜎2𝒥2)
2𝑘+1

 

𝐹 [
4𝜋ℒ𝑥

𝑥2 − 1
+ 𝑅(𝑥)] − 𝐹 [

4𝜋ℒ𝑥

𝑥2 − 1
] = Δ(𝜕𝒥 , 𝜕ℒ) [𝑅

(1)(𝑥)𝐹′ [
4𝜋ℒ𝑥

𝑥2 − 1
]]  

Δ(𝜕𝒥 , 𝜕ℒ) = 𝒮 +∑  

∞

𝑛=2

 𝒮𝑛Δ(𝑛)(𝜕𝒥 , 𝜕ℒ)  

 

𝐼𝑞[ℒ] = 𝑞Δ(𝜕𝒥 , 𝑞𝜕ℒ)𝐼[ℒ]  

 

Δ(𝑛)(𝜕𝒥 , 𝜕ℒ) = ∑  

2(𝑛−1)

𝑗+𝑙=0

 𝑐𝑗,𝑙
(𝑛)
(𝒥)𝜕𝒥

𝑗
𝜕ℒ
𝑙  

𝑐𝑗,𝑙⩾𝑛
(𝑛)

= 𝑐0,0
(𝑛)

= 0  
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Δ(2)(𝜕𝒥 , 𝜕ℒ) =
√1 + 𝒥2

4
(𝜕𝒥 + 𝜕ℒ)𝜕𝒥 +

√1 + 𝒥2

𝒥
(𝜕𝒥 +

1

2
𝜕ℒ)  

𝑒𝒥𝜕ℒΔ(𝜕𝒥 , 𝜕ℒ) = Δ(𝜕𝒥 , −𝜕ℒ)𝑒
𝒥𝜕ℒ ⇒ Δ(𝜕𝒥 , 𝜕ℒ) = Δ(𝜕𝒥 + 𝜕ℒ , −𝜕ℒ)  

𝒜cl = Δ(𝜕𝒥 , 𝜕ℒ𝐴)𝒜1
cl, ℬcl = Δ(𝜕𝒥 , −𝜕ℒ𝐵)ℬ1

cl,  

𝒩cl = 𝒩asy
cl − 2[Δ(𝜕𝒥 , 2𝜕ℒ)𝐼[ℒ]]ℒ=𝒥  

Δ(𝜕𝒥 , ±𝜕ℒ) [
1 ± 𝛿1
2

log ℒ]

 =
2ℒ + 𝒮 ± (ℰ − 𝒥)

2
log [

2ℒ + 𝒮 ± (ℰ − 𝒥)

2
] − ℒlog ℒ −

𝒮 ± (ℰ − 𝒥)

2

 

𝒟cl = 𝒟𝜌
cl +𝒟𝜁

cl,  

𝒟𝜌
cl = −∫  

𝑏

𝑎

 
(𝑥 − 1/𝑥)𝑑𝑥

4𝜋𝑥
𝜌(𝑥)log [

(𝑥2 − 1)2𝜌2(𝑥)

2𝑒𝒮𝑥2
]  

𝒟𝜁
cl =∑  

ℒ∈𝐿

 Δ(𝜕𝒥 , 𝜕ℒ)𝐼𝜁[ℒ] − 2[Δ(𝜕𝒥 , 2𝜕ℒ)𝐼𝜁[ℒ]]ℒ=𝒥  

𝒟𝜁
cl = ∑  

∞

𝑘=1

  𝜁2𝑘+1𝒟𝜁2𝑘+1
cl  

𝒟𝜌
cl =−

1

4
log (1 + 𝒥2)𝒮 −

7 + 4𝒥2

16(1 + 𝒥2)3/2
𝒮2 +

150 + 120𝒥2 + 29𝒥4

384(1 + 𝒥2)3
𝒮3 

 −
1785 + 1748𝒥2 + 640𝒥4 + 86𝒥6

3072(1 + 𝒥2)9/2
𝒮4 + 𝒪(𝒮5)

 

𝒟𝜁3
cl =

√1 + 𝒥2 − 1

2𝒥2
(𝒥2 − 𝒥2)𝒮

 + [
√1 + 𝒥2(3𝒥2 − 𝒥2)

4𝒥4
−
𝒥2(3 + 2𝒥2)(2 + 𝒥2 − 𝒥2) − 2𝒥2

8𝒥4(1 + 𝒥2)
] 𝒮2

 +𝒪(𝒮3)

 

𝑍[𝑅ℒ] = ∫  
𝑖∞

−𝑖∞

 
(𝑥 + 1/𝑥)

(2𝜋)2𝑖
[
1

2
log 

Γ (1 −
𝑅ℒ(𝑥)
2𝜋

)

Γ (1 +
𝑅ℒ(𝑥)
2𝜋

)
−
𝛾E𝑅ℒ(𝑥)

2𝜋
] 𝑑𝑅ℒ(𝑥) − (𝑅ℒ → 𝑅̂ℒ)  

𝑅ℒ(𝑥) =
4𝜋ℒ𝑥

𝑥2 − 1
+ 𝑅(𝑥), 𝑅̂ℒ(𝑥) =

4𝜋ℒ𝑥

𝑥2 − 1
 

𝑍[𝑅ℒ] = Δ(𝜕𝒥 , 𝜕ℒ)𝐼𝜁[ℒ]  

𝒟𝜁
cl =∑  

ℒ∈𝐿

 𝑍[𝑅ℒ] − 𝑍[2𝑅𝒥/2]  

1

2
log 

Γ (1 −
𝑅ℒ(𝑥)
2𝜋

)

Γ (1 +
𝑅ℒ(𝑥)
2𝜋

)
−
𝛾E𝑅ℒ(𝑥)

2𝜋
= ∑  

∞

𝑘=1

 
𝜁2𝑘+1
2𝑘 + 1

(
𝑅ℒ(𝑥)

2𝜋
)
2𝑘+1

 

𝑍[𝑅ℒ] = ∑  

∞

𝑘=1

 
𝜁2𝑘+1
2𝑘 + 1

𝑍𝑘[𝑅ℒ]  
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𝑍𝑘[𝑅ℒ] = −∫  
𝑖∞

−𝑖∞

 
𝑑𝑥(𝑥 − 1/𝑥)

4𝜋𝑖𝑥(𝑘 + 1)
[(
𝑅ℒ(𝑥)

2𝜋
)
2𝑘+2

− (
𝑅̂ℒ(𝑥)

2𝜋
)

2𝑘+2

]  

𝑐𝑘(𝒥) = −∫  
𝑖∞

−𝑖∞

 
𝑑𝑥(𝑥 − 1/𝑥)

2𝜋𝑖𝑥

𝑅(1)(𝑥)

2𝜋
(

2𝑥

𝑥2 − 1
)
2𝑘+1

 

𝒟cl = 𝒟1
cl𝒮 + 𝒟2

cl𝒮2 + 𝒟3
cl𝒮3 +⋯  

𝒟1
cl = −

𝒥2

4
+
(𝒥2 − 𝒥2)

4
𝜁3 + 𝒪(𝒥

4, 𝒥1,2
4 , 𝒥1

2𝒥2
2, 𝒥2𝒥1,2

2 )  

𝒟2
cl = −

7

16
+
1

4
𝜁3 + 𝒪(𝒥2, 𝒥2)

𝒟3
cl =

25

64
−
3

16
𝜁3 −

3

16
𝜁5 + 𝒪(𝒥2, 𝒥2)

𝒟4
cl = −

595

1024
+
29

128
𝜁3 +

9

32
𝜁5 +

45

256
𝜁7 + 𝒪(𝒥2, 𝒥2)

 

1 = 𝑒𝑖𝑝𝑘𝐽∏ 

𝑆

𝑗≠𝑘

 𝑆𝑘𝑗 ,  

𝑝𝑘 = −𝑖log (
𝑥𝑘
+

𝑥𝑘
−) , 𝑥𝑘

± = 𝑥(𝑢𝑘 ± 𝑖/2)  

𝒩 = √
𝐻

𝐺
× 𝑒𝑊  

𝐺 = det1⩽𝑗,𝑘⩽𝑆 [
𝜕

𝜕𝑢𝑗
(𝐽𝑝𝑘 − 𝑖∑  

𝑆

𝑙≠𝑘

 log 𝑆𝑘𝑙)]  

𝐻 =∏ 

𝑆

𝑘<𝑗

 
(𝑢𝑘 − 𝑢𝑗)

2

(𝑢𝑘 − 𝑢𝑗)
2
+ 1

exp [∑  

𝑆

𝑘,𝑗

 log 
(𝑥𝑘

+𝑥𝑗
− − 1)(𝑥𝑘

−𝑥𝑗
+ − 1)

(𝑥𝑘
+𝑥𝑗

+ − 1)(𝑥𝑘
−𝑥𝑗

− − 1)
] .  

𝒥 = 𝐽/√𝜆 = 𝒪(1)  

𝑛𝑘 =
2𝒥𝑥𝑘

𝑥𝑘
2 − 1

+∑  

𝑆

𝑗≠𝑘

 
4𝑥𝑘𝑥𝑗(𝑥𝑘𝑥𝑗 − 1)

√𝜆(𝑥𝑘
2 − 1)(𝑥𝑘 − 𝑥𝑗)(𝑥𝑗

2 − 1)
+ 𝒪 (

1

𝜆
)  

𝑥𝑘
(0)

= 𝛼 = 𝒥 +√1 + 𝒥2, 𝑘 = 1,… , 𝑆/2  

𝑥𝑘 = 𝑥𝑘
(0)

+
𝑥𝑘
(1/2)

𝜆1/4
+
𝑥𝑘
(1)

𝜆1/2
+
𝑥𝑘
(3/2)

𝜆3/4
+⋯  

𝐻𝑆/2 (
𝑥𝑘
(1/2)

√2𝛽
) = 0, 𝑘 = 1,… , 𝑆/2  

𝐺 = 𝐺+𝐺− (1 + 𝒪 (
1

𝜆
))  

√𝐺 ≈[
4𝜋2√1+ 𝒥2

𝒥2√𝜆
]

𝑆/2

 × det1⩽𝑗,𝑘⩽𝑆/2 [𝛿𝑘=𝑗 (1 +∑  

𝑆/2

𝑙≠𝑘

 
2𝛽2

√𝜆(𝑥𝑘 − 𝑥𝑙)
2
) − 𝛿𝑘≠𝑗

2𝛽2

√𝜆(𝑥𝑘 − 𝑥𝑗)
2]

 



pág. 2973 

√𝐺 = [
4𝜋2√1+ 𝒥2

𝒥2√𝜆
]

𝑆/2

Γ (1 +
𝑆

2
) exp (∑  

𝑛⩾1

 
𝑃𝑛
𝐺(𝑆)

(√𝜆)𝑛
) ,  

√𝐻 = exp (∑  

𝑛⩾1

 
𝑃𝑛
𝐻(𝑆)

(√𝜆)𝑛
)  

𝑊 = (𝑊(0) +
𝑊(1)

√𝜆
+
𝑊(2)

𝜆
+ ⋯)𝑆 + 𝒪(𝑆2)  

𝑊(0) = −2𝐼[𝒥]  

𝑊(𝑖) = −2[Δ̂(𝑖)𝐼[ℒ]]
ℒ=𝒥  

 Δ̂(1) = −
√1 + 𝒥2

2
(𝜕𝒥 + 𝜕ℒ)𝜕𝒥 −

√1 + 𝒥2

𝒥
(𝜕𝒥 +

1

2
𝜕ℒ) +

1

2𝒥
(𝒥√1 + 𝒥2 −ℛ) 𝜕ℒ

2,
 

ℛ[𝑓] = res𝒥=0𝑓(𝒥)  

𝒩 =
22𝑆𝜆3𝑆/2+𝛾/2

(4𝜋)𝑆+𝛾𝑒2𝛾E𝑆
√

Γ(𝐽)Γ(𝐽 − 1)

Γ(Δ + 𝑆)Γ(Δ + 𝑆 − 1)
×

𝒟𝒩

𝜆𝑆/4Γ (1 +
𝑆
2
)
,  

𝒟 = 𝒟𝒩𝒟𝒜𝒟ℬ ,  

Δ = √𝜆𝒥 + 𝑆 [
√1 + 𝒥2

𝒥
−

1

2𝒥(1 + 𝒥2)√𝜆
+

4𝒥2 − 1

8𝒥(1 + 𝒥2)5/2𝜆
] + 𝒪 (𝑆2,

𝑆

𝜆3/2
) ,  

log 𝒟𝒩 = 𝑆 [𝑐(0) +
𝑐(1)

√𝜆
+
𝑐(2)

𝜆
] + 𝒪 (𝑆2,

𝑆

𝜆3/2
) ,  

𝑐(0)= −
1

4
log (1 + 𝒥2) + 𝐾[𝒥]  

𝑐(1) =
5 + 2𝒥2

8(1 + 𝒥2)3/2
+ [Δ̂ (1)𝐾[ℒ]]

ℒ=𝒥

𝑐(2) =
57 − 12𝒥2 + 4𝒥4

96(1 + 𝒥2)3
+ [Δ̂(2)𝐾[ℒ]]

ℒ=𝒥

 

𝐾[ℒ] = log [
1

4
(1 + √1 + 𝒥2)

2
(𝒥 + √1 + 𝒥2)] − 2𝐼𝜁[ℒ]  

log 𝒟𝒩 = 𝑆 [−
1

𝐽
−

7
8
− 𝐽

√𝜆
−
(
15
32

−
𝐽
2
−
𝐽2

4
) + (

5
24

−
𝐽2

3
) 𝜁3

𝜆
] + 𝒪 (𝑆2,

𝑆

𝜆3/2
)  

log 𝒟= log 𝒟𝒩 + log 𝒟𝒜 + log 𝒟ℬ  

 = 𝑆 [
5

8√𝜆
+
(19 − 8𝐽2) + 8(1 + 𝐽2 − 𝐽1

2 − 𝐽2
2)𝜁3

32𝜆
] + 𝒪 (𝑆2,

𝑆

𝜆3/2
)

 

log 𝒟𝐽1𝐽2𝐽 =
1

√𝜆
[
5

8
𝑆 −

7 − 4𝜁3
16

𝑆2]

 +
1

𝜆
[
(19 − 8𝐽2) + 8(1 + 𝐽2 − 𝐽2)𝜁3

32
𝑆 −

49 − 8𝜁3
64

𝑆2 +
25 − 12𝜁3 − 12𝜁5

64
𝑆3]

 +𝒪 (
1

𝜆3/2
)
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S𝑎(𝑥) =∑  

𝑥

𝑖=1

 
(sgn𝑎)𝑖

𝑖𝑎
,  S𝑎,𝑏,𝑐,…(𝑥) =∑  

𝑥

𝑖=1

 
(sgn𝑎)𝑖

𝑖𝑎
 S𝑏,𝑐,…(𝑖),  

S2,3(𝑠) = ∑  

𝑖1≤𝑖2≤𝑠

 
1

𝑖2
2𝑖1
3 = ∑  

𝑖1≤𝑖2≤𝑠

 ∫  
∞

0

 ∏  

2

𝑛=1

 𝑑𝑡𝑛
𝑡1
2𝑡2
2

𝑒−𝑡1𝑖1−𝑡2𝑖2  

S2,3(𝑠) = ∫  
1

0

 ∏  

2

𝑛=1

 
𝑑𝑥𝑛
𝑥𝑛

𝑥1𝑥2(1 − 𝑥2 − (−1 + 𝑥1)𝑥1
𝑠𝑥2

1+𝑠 + 𝑥1
𝑠(−1 + 𝑥1𝑥2))log 𝑥1log

2 𝑥2

2(−1 + 𝑥1)(−1 + 𝑥2)(−1 + 𝑥1𝑥2)
 

S2,3(𝑠) = (
8

7
𝜁2
3 − 2𝜁3

2) 𝑠 + 𝒪(𝑠2)  

ℬ(ℓ𝐵 = 1) = 1 + 𝑔4(𝑐1∣4 + 𝑐2∣4𝜁3) + 𝑔6(𝑐1∣6 + 𝑐2∣6𝜁3 + 𝑐3∣6𝜁5) + 𝒪(𝑔
8)  

 

 

ℬ(ℓ𝐵 = 1) = 1 + 𝑠[3𝑔4(4𝜁2𝜁3 + 5𝜁5) − 48𝑔6(𝜁3𝜁4 + 𝜁2𝜁5 + 7𝜁7)] + 𝒪(𝑠𝑔8, 𝑠2),  

ℬ(ℓ𝐵 = 2) = 1 + 𝑔6(𝑐1∣6 + 𝑐2∣6𝜁3 + 𝑐3∣6𝜁5) + 𝒪(𝑔8),  

 

 

ℬ(ℓ𝐵 = 2) = 1 + 4𝑠𝑔6(−3𝜁3𝜁4 + 9𝜁2𝜁5 + 14𝜁7) + 𝒪(𝑠𝑔8, 𝑠2),  

𝒜 = 𝒜asy + 𝛿𝒜,  
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𝒜asy = ∑  

𝛼∪𝛼‾ =𝐮

  (−1)|𝛼‾ |∏ 

𝑗∈𝛼‾

  𝑒𝑖𝑝𝑗ℓ𝐴 ∏  

𝑖∈𝛼,𝑗∈𝛼‾

 
1

ℎ𝑖𝑗
,  

𝒜asy =
(2𝑠)!

(𝑠!)2
(1 + 𝑔2𝑐1∣2 + 𝑔4𝑐1∣4 + 𝑔6(𝑐1∣6 + 𝑐3∣6𝜁3) + 𝒪(𝑔8)) ,  

 

 

 
𝒜asy = 1 + 𝑠[−8𝜁3𝑔

2 + 𝑔4(−32𝜁2𝜁3 + 90𝜁5) + 𝑔
6(160𝜁3𝜁4 + 448𝜁2𝜁5 − 1120𝜁7)]

 +𝒪(𝑠𝑔8, 𝑠2)
 

𝛿𝒜

𝒜asy
=
2𝛿𝛾

𝛾
+ 𝒪(𝑔8).  

𝛿𝒜

𝒜asy
= (−160 S1𝜁5 +⋯)𝑔6 + 𝒪(𝑔8)  

𝛿𝒜

𝒜asy
= −160𝜁2𝜁5𝑔

6𝑠 + 𝒪(𝑔8𝑠, 𝑔6𝑠2)  

2𝜋𝑛𝑘 = −𝑖𝐽log (
𝑢𝑘 +

𝑖
2

𝑢𝑘 −
𝑖
2

) − 𝑖∑  

𝑆

𝑗≠𝑘

 log (
𝑢𝑘 − 𝑢𝑗 + 𝑖

𝑢𝑘 − 𝑢𝑗 − 𝑖
)  

𝑢𝑘 = ±
𝐽

2𝜋
(1 +

𝑢𝑘
(1/2)

√𝐽
+
𝑢𝑘
(1)

𝐽
+ 𝒪 (

1

𝐽3/2
))  
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𝑒𝑖𝑝𝑘 =
𝑢𝑘 +

𝑖
2

𝑢𝑘 −
𝑖
2

+ 𝒪(𝑔2), ℎ(𝑢𝑘 , 𝑢𝑗) =
𝑢𝑘 − 𝑢𝑗

𝑢𝑘 − 𝑢𝑗 − 𝑖
+ 𝒪(𝑔2)  

𝒜asy(ℓ𝐴) = (
2𝜋

𝐽
)
𝑆 Γ(ℓ𝐴 + 𝑆)

Γ(ℓ𝐴)
exp (∑  

∞

𝑘=1

 
𝑃𝑘(𝑆, ℓ𝐴)

𝐽𝑘
)  

𝑃1(𝑆, ℓ𝐴) =
𝑆(2 − 3𝑆)

4
, 𝑃2(𝑆, ℓ𝐴) =

𝑆 (4 − 24𝑆 + 17𝑆2 + 4𝜋2(𝑆 − 2ℓ𝐴(ℓ𝐴 + 1)))

48
 

𝒜̂asy(𝑧) = ∑  

∞

ℓ𝐴=1

 𝑧ℓ𝐴𝒜asy(ℓ𝐴)  

𝒜̂asy(𝑧) =
𝑧

1 − 𝑧
(1 + 𝑆𝑎𝐽(𝑧) + 𝒪(𝑆2))  

𝑎𝐽(𝑧) = log (
2𝜋

𝐽(1 − 𝑧)
) + 𝜓(1) +

1

2𝐽
+
1

𝐽2
(
1

12
−

𝜋2

3(1 − 𝑧)2
) + 𝒪 (

1

𝐽3
)  

𝑓𝐽(ℓ) = ∑  

𝐽/2−1

𝑘=1

 
(−1)𝑘+ℓ+1Γ(𝐽)Γ(2𝑘)𝜁2𝑘+1

(2𝜋)2𝑘Γ(−ℓ)Γ(𝐽 − 2𝑘)Γ(1 + ℓ + 2𝑘)
 

∑  

∞

ℓ𝐴=1

  𝑧ℓ𝐴𝐹𝐽(−ℓ𝐴) = 𝑓𝐽(𝑧) + 𝑧𝐽𝑓𝐽(1/𝑧)  

𝑓𝐽(𝑧) = ∑  

∞

ℓ𝐴=1

 𝑧ℓ𝐴𝑓𝐽(−ℓ𝐴)  

𝑓𝐽(𝑧) =
𝑧

2(1 − 𝑧)
∫  
∞

0

 
𝑑𝑡

𝑒𝑡 − 1
[(1 + (1 − 𝑧)

𝑖𝑡

2𝜋
)
𝐽−1

+ (1 − (1 − 𝑧)
𝑖𝑡

2𝜋
)
𝐽−1

− 2]  

(1 ± (1 − 𝑧)
𝑖𝑡

2𝜋
)
𝐽−1

= 𝐷𝜏 ⋅ 𝑒
±𝑖𝜏𝑡  

𝜏 =
(𝐽 − 1)(1 − 𝑧)

2𝜋
,  

𝐷𝜏 = exp [−∑  

∞

𝑛=2

 
(𝐽 − 1)

𝑛
(−

𝜏

𝐽 − 1
)
𝑛

𝜕𝜏
𝑛] .  

𝑓𝐽(𝑧) =
𝑧

2(1 − 𝑧)
𝐷𝜏 ⋅ (2𝜓(1) − 𝜓(1 + 𝑖𝜏) − 𝜓(1 − 𝑖𝜏)).  

𝑓𝐽(𝑧) =
𝑧

1 − 𝑧
𝑎𝐽(𝑧),  

⟨Tr𝑍1
2(𝑥1)Tr𝑍2

2(𝑥2)Tr𝑍3
𝑝(𝑥3)Tr𝑍4

𝑝(𝑥4)⟩conn 
∝ 𝒢22𝑝𝑝(𝑈, 𝑉),  

 

𝑈 =
𝑥12
2 𝑥34

2

𝑥13
2 𝑥24

2 = 𝑧𝑧‾, 𝑉 =
𝑥14
2 𝑥23

2

𝑥13
2 𝑥24

2 = (1 − 𝑧)(1 − 𝑧‾),  

 

𝑧 = 𝜎𝑒𝜌, 𝑧‾ = 𝜎𝑒−𝜌  

 
𝒢22𝑝𝑝 ∝ 𝜎2 → 0  
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𝒢22𝑝𝑝 = 2𝜋𝑖 ∫  
∞

−∞

 𝑑𝜈𝜎−1−𝑆(𝜈)𝛼(𝜈)Ω𝑖𝜈(𝜌) + ⋯  

𝑆 = −
𝜈2 + 4

2√𝜆
(1 +

1

2√𝜆
) + 𝒪 (

1

𝜆3/2
)  

Ω𝑖𝜈(𝜌) =
𝜈sin (𝜈𝜌)

4𝜋2sinh 𝜌
 

𝛼(𝜈) = −
2𝑆−1𝜋2𝑆′𝑒

𝑖𝜋𝑆
2

𝜈sin (
𝜋𝑆
2
)

𝛾𝑆(𝜈)𝛾𝑆(−𝜈)𝐾2+Δ,2+𝑆𝑏2+𝑆,  

𝛾𝑆(𝜈) = Γ (2 +
𝑆 + 𝑖𝜈

2
) Γ (𝑝 +

𝑆 + 𝑖𝜈

2
)  

𝐾2+Δ,2+𝑆 =
Γ(Δ + 𝑆 + 4)Γ(Δ + 𝑆 + 3)

4𝑆+1Γ (2 +
Δ + 𝑆
2

)
5

Γ (𝑝 +
Δ + 𝑆
2

) Γ (2 +
𝑆 − Δ
2

) Γ (𝑝 +
𝑆 − Δ
2

)

.
 

𝑏2+𝑆 =
2𝑆−6(Δ + 𝑆)2(Δ + 𝑆 + 2)2

(Δ + 𝑆 − 1)(Δ + 𝑆 + 1)2(Δ + 𝑆 + 3)
× 𝐶222(𝑆)𝐶𝑝𝑝2(𝑆)  

𝐾2+Δ,2+𝑆𝑏2+𝑆 =
𝒟222𝒟𝑝𝑝2

𝑍(𝑝)(2√𝜆)𝑆Γ (1 +
𝑆
2
)
2  

𝑍(𝑝) =
(𝑝 − 1)! (𝑝 − 2)!

2
 

𝒢22𝑝𝑝 =
𝜋2𝑖√𝜆

𝑍(𝑝)
∫  
∞

−∞

 
𝑆′𝑑𝜈

𝜈

𝛾𝑆(𝜈)𝛾𝑆(−𝜈)Ω𝑖𝜈(𝜌)

(√𝜆𝜎)1+𝑆

𝑒
𝑖𝜋𝑆
2 Γ (−

𝑆
2
)

Γ (1 +
𝑆
2
)
𝒟222𝒟𝑝𝑝2  

𝒢22𝑝𝑝 = 𝒢22𝑝𝑝
LO +

1

√𝜆
𝒢22𝑝𝑝
NLO + 𝒪 (

1

𝜆
)  

𝒢22𝑝𝑝
LO/NLO

= −
(2𝜋)2𝑖

𝑍(𝑝)𝜎
∫  𝑑𝜈Ω𝑖𝜈(𝜌)𝛾0(𝜈)𝛾0(−𝜈)𝑓

LO/NLO  

𝑓LO =
1

𝜈2 + 4
 

𝑓NLO =
1

4
[log (√𝜆𝜎) −

𝑖𝜋

2
− 𝛾E − 𝜓(2 +

𝑖𝜈

2
) − 𝜓 (𝑝 +

𝑖𝜈

2
) + (𝜈 → −𝜈)]  

𝒢22𝑝𝑝
DS ≈ −

2𝜋2𝑖

𝑍(𝑝)
∑  

∞

𝑘=1

 (
1

𝜉
)
1+2𝑘

𝜁(1 + 2𝑘)∫  
∞

−∞

 𝑑𝜈Ω𝑖𝜈(𝜌)𝛾2𝑘(𝜈)𝛾2𝑘(−𝜈)  

∑  

∞

𝑘=1

 𝑓(𝑘) = ∫  
𝜖+𝑖∞

𝜖−𝑖∞

 
𝑖𝑒𝑖𝜋𝑘𝑑𝑘

2sin 𝜋𝑘
𝑓(𝑘)  

𝑅(𝑥) = ∑  

∞

𝑘=1

 𝒮𝑘𝑅(𝑘)(𝑥)  
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Δ(3)(𝜕𝒥 , 𝜕ℒ)

=[
1 + 𝒥2

48
(𝜕𝒥 + 𝜕ℒ)𝜕𝒥 +

6 + 7𝒥2

24𝒥
(𝜕𝒥 +

1

2
𝜕ℒ) +

8 + 22𝒥2 + 13𝒥4

16𝒥2(1 + 𝒥2)
] (𝜕𝒥 + 𝜕ℒ)𝜕𝒥

 

Δ(4)(𝜕𝒥 , 𝜕ℒ)+
3 + 4𝒥2

24𝒥2
𝜕ℒ
2 −

2 + 𝒥2

4𝒥3(1 + 𝒥2)
(𝜕𝒥 +

1

2
𝜕ℒ)

=
(1 + 𝒥2)3/2

1152
(𝜕𝒥 + 𝜕ℒ)

3
𝜕𝒥
3 +

√1 + 𝒥2(4 + 5𝒥2)

192𝒥
(𝜕𝒥 + 𝜕ℒ)

2
𝜕𝒥
2 (𝜕𝒥 +

1

2
𝜕ℒ)

+
48 + 137𝒥2 + 86𝒥4

384𝒥2√1 + 𝒥2
(𝜕𝒥 + 𝜕ℒ)

2
𝜕𝒥
2 +

12 + 31𝒥2 + 19𝒥4

384𝒥2√1 + 𝒥2
(𝜕𝒥 + 𝜕ℒ)𝜕𝒥𝜕ℒ

2

+
8 + 132𝒥2 + 103𝒥4

192𝒥3√1 + 𝒥2
(𝜕𝒥 + 𝜕ℒ)𝜕𝒥 (𝜕𝒥 +

1

2
𝜕ℒ) +

√1 + 𝒥2(1 + 2𝒥2)

24𝒥3
(𝜕𝒥 +

1

2
𝜕ℒ) 𝜕ℒ

2

−
64 + 160𝒥2 + 133𝒥4 + 32𝒥6 − 𝒥8

128𝒥4(1 + 𝒥2)5/2
(𝜕𝒥 + 𝜕ℒ)𝜕𝒥 −

2 + 𝒥2

16𝒥4√1 + 𝒥2
𝜕ℒ
2

+
8 + 20𝒥2 + 13𝒥4 + 3𝒥6

16𝒥5(1 + 𝒥2)5/2
(𝜕𝒥 +

1

2
𝜕ℒ)

 

ℰ = 𝒥 + 𝛿1𝒮 + 𝛿2𝒮
2 + 𝛿3𝒮

3 + 𝛿4𝒮
4 +⋯  

𝛿1 =
√1 + 𝒥2

𝒥
, 𝛿2 = −

2 + 𝒥2

4𝒥3(1 + 𝒥2)
,

𝛿3 =
8 + 20𝒥2 + 13𝒥4 + 3𝒥6

16𝒥5(1 + 𝒥2)5/2
,

𝛿4 = −
80 + 336𝒥2 + 540𝒥4 + 385𝒥6 + 138𝒥8 + 21𝒥10

128𝒥7(1 + 𝒥2)4
.
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𝑝𝑘 =
4𝜋𝑥𝑘

√𝜆(𝑥𝑘
2 − 1)

−
16𝜋3𝑥𝑘

3(𝑥𝑘
4 + 4𝑥𝑘

2 + 1)

3𝜆3/2(𝑥𝑘
2 − 1)5

+ 𝒪 (
1

𝜆5/2
)  

𝑥𝑘
± = 𝑥𝑘 ±

2𝜋𝑖𝑥𝑘
2

√𝜆(𝑥𝑘
2 − 1)

+
4𝜋2𝑥𝑘

3

𝜆(𝑥𝑘
2 − 1)3

∓
8𝜋3𝑖𝑥𝑘

4(𝑥𝑘
2 + 1)

𝜆3/2(𝑥𝑘
2 − 1)5

+ 𝒪 (
1

𝜆2
)  

𝑆𝑘𝑗 =
𝑢𝑘 − 𝑢𝑗 + 𝑖

𝑢𝑘 − 𝑢𝑗 − 𝑖
(
1 − 1/𝑥𝑘

−𝑥𝑗
+

1 − 1/𝑥𝑘
+𝑥𝑗

−)

2
1

𝜎𝑘𝑗
2 ,  

−𝑖log [
𝑢𝑘 − 𝑢𝑗 + 𝑖

𝑢𝑘 − 𝑢𝑗 − 𝑖
] = 2∑  

∞

𝑛=1

 
(−1)𝑛+1

2𝑛 − 1
[

4𝜋

√𝜆(𝑥𝑘 − 𝑥𝑗)(1 − 1/𝑥𝑘𝑥𝑗)
]

2𝑛−1

 

1

√𝜆(𝑥𝑘 − 𝑥𝑗)
= 𝒪 (

1

𝜆1/4
)  

−2𝑖log (
1 − 1/𝑥𝑘

−𝑥𝑗
+

1 − 1/𝑥𝑘
+𝑥𝑗

−) =
8𝜋(𝑥𝑘 − 𝑥𝑗)(𝑥𝑘𝑥𝑗 + 1)

√𝜆(𝑥𝑘
2 − 1)(𝑥𝑘𝑥𝑗 − 1)(𝑥𝑗

2 − 1)
+ 𝒪 (

1

𝜆3/2
) ,  

2𝑖log 𝜎𝑘𝑗 =
𝛿𝑘𝑗
AFS

√𝜆
+
𝛿𝑘𝑗
HL

𝜆
+ 𝒪 (

1

𝜆3/2
)  

𝛿𝑘𝑗
AFS = −

8𝜋(𝑥𝑘 − 𝑥𝑗)

(𝑥𝑘
2 − 1)(𝑥𝑘𝑥𝑗 − 1)(𝑥𝑗

2 − 1)

𝛿𝑘𝑗
HL = −

16𝜋𝑥𝑘
2𝑥𝑗

2

(𝑥𝑘
2 − 1)(𝑥𝑗

2 − 1)
[

2

(𝑥𝑘 − 𝑥𝑗)(𝑥𝑘𝑥𝑗 − 1)

+(
1

(𝑥𝑘 − 𝑥𝑗)
2 +

1

(𝑥𝑘𝑥𝑗 − 1)
2) log 

(𝑥𝑘 + 1)(𝑥𝑗 − 1)

(𝑥𝑘 − 1)(𝑥𝑗 + 1)
]

 

1

2
log 

(𝑢𝑘 − 𝑢𝑗)
2

(𝑢𝑘 − 𝑢𝑗)
2
+ 1

≈ ∑  

𝐿

𝑛=1

 
(−1)𝑛

2𝑛
[

4𝜋

√𝜆(𝑥𝑘 − 𝑥𝑗)(1 − 1/𝑥𝑘𝑥𝑗)
]

2𝑛

,  

log 
(𝑥𝑘

+𝑥𝑗
− − 1)(𝑥𝑘

−𝑥𝑗
+ − 1)

(𝑥𝑘
+𝑥𝑗

+ − 1)(𝑥𝑘
−𝑥𝑗

− − 1)
= −

16𝜋2𝑥𝑘
2𝑥𝑗

2

𝜆(𝑥𝑘
2 − 1)(𝑥𝑘𝑥𝑗 − 1)

2
(𝑥𝑗

2 − 1)
+ 𝒪 (

1

𝜆2
)  

𝑃1
𝐺(𝑆) =

[
4 + 3𝒥2 + 2𝒥4

8𝒥2(1 + 𝒥2)3/2
+
√1 + 𝒥2𝜋2

12𝒥2
] 𝑆 − [

12 + 17𝒥2 + 8𝒥4

16𝒥2(1 + 𝒥2)3/2
+
√1 + 𝒥2𝜋2

24𝒥2
] 𝑆2

𝑃2
𝐺(𝑆) =

 − [
24 + 88𝒥2 + 153𝒥4 + 12𝒥6 − 4𝒥8

96𝒥4(1 + 𝒥2)3
+
(16 + 23𝒥2 + 6𝒥4)𝜋2

24𝒥4(1 + 𝒥2)
−
(1 + 𝒥2)𝜋4

360𝒥4
] 𝑆

 − [
32 + 104𝒥2 + 79𝒥4 + 76𝒥6 + 25𝒥8

64𝒥4(1 + 𝒥2)3
+

𝜋2

48𝒥2
+
7(1 + 𝒥2)𝜋4

720𝒥4
] 𝑆2

 + [
240 + 784𝒥2 + 834𝒥4 + 456𝒥6 + 107𝒥8

384𝒥4(1 + 𝒥2)3
+
(4 + 6𝒥2 + 3𝒥4)𝜋2

96𝒥4(1 + 𝒥2)
+
(1 + 𝒥2)𝜋4

240𝒥4
] 𝑆3

 +𝑃2
HL(𝑆)

 

𝑃2
HL(𝑆) =

𝑆

3𝒥4√1 + 𝒥2

 + [−
2 + 11𝒥2 + 3𝒥4

12𝒥4(1 + 𝒥2)3/2
+
4 + 3𝒥2 + 𝒥4

4𝒥2(1 + 𝒥2)2
log (

1 + √1 + 𝒥2

𝒥
)] 𝑆2
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𝑃1
𝐻 =

√1 + 𝒥2𝜋2

4𝒥2
𝑆 −

√1 + 𝒥2𝜋2

8𝒥2
𝑆2

𝑃2
𝐻 =−[

(6 + 9𝒥2 + 2𝒥4)𝜋2

8𝒥4(1 + 𝒥2)
−
(1 + 𝒥2)𝜋4

72𝒥4
] 𝑆 − [

(2 + 3𝒥2)𝜋2

16𝒥4
+
(1 + 𝒥2)𝜋4

48𝒥4
] 𝑆2 

 + [
(4 + 6𝒥2 + 3𝒥4)𝜋2

32𝒥4(1 + 𝒥2)
+
(1 + 𝒥2)𝜋4

144𝒥4
] 𝑆3

 

𝑊 = 𝑊𝐹 +𝑊Φ  

𝑊𝐹 =
1

2
∑  

∞

𝑎=1

 ∫  
𝑑𝑢

2𝜋
𝑒−𝐽𝐸̃𝑎(𝑢)STr𝑎𝑎(𝑢, 𝑢; 𝐮)  

𝕂𝑎𝑏(𝑢, 𝑣; 𝐮) = −𝑖𝕊𝑏𝑎(𝑣, 𝑢)𝜕𝑢𝕊𝑎𝑏(𝑢, 𝑣)∏  

𝑆

𝑘=1

 𝕊𝑎1(𝑢, 𝑢𝑘)𝕊𝑏1(𝑣, 𝑢𝑘)  

𝑊𝐹 = 𝑊1
𝐹𝑆 + 𝒪(𝑆2)  

𝑊1
𝐹 = ∑  

∞

𝑎=1

 ∫  
𝑑𝑢

2𝜋𝑖

1

(𝑥[+𝑎]𝑥[−𝑎])𝐽
[
Σ+
𝑎
(
𝑥[+𝑎] − 1/𝑥[+𝑎]

𝑥[−𝑎] − 1/𝑥[−𝑎]
+
𝑥[−𝑎] − 1/𝑥[−𝑎]

𝑥[+𝑎] − 1/𝑥[+𝑎]
)

−
𝑖𝐽Σ−
𝑔

(
1

𝑥[+𝑎] − 1/𝑥[+𝑎]
+

1

𝑥[−𝑎] − 1/𝑥[−𝑎]
)]

 

Σ± = ∑  

∞

𝑛=1

 
2𝜋𝐼𝐽+2𝑛−1(√𝜆)

𝐽𝐼𝐽(√𝜆)
[(𝑥[+𝑎])

1−2𝑛
∓ (𝑥[−𝑎])

1−2𝑛
]  

𝑥[±𝑎] = 𝑥 ±
2𝜋𝑖𝑎𝑥2

√𝜆(𝑥2 − 1)
+

4𝜋2𝑎2𝑥3

𝜆(𝑥2 − 1)3
∓
8𝜋3𝑖𝑎3𝑥4(𝑥2 + 1)

𝜆3/2(𝑥2 − 1)5
+ 𝒪 (

1

𝜆2
)  

∑  

∞

𝑛=1

 
𝐼𝐽+2𝑛−1(√𝜆)

𝐼𝐽(√𝜆)
𝑥1−2𝑛 = ∑  

∞

𝑘=0

 
𝑟(𝑘)(𝑥)

(√𝜆)𝑘
 

𝑟(0)(𝑥) =
𝛼𝑥

𝛼2𝑥2 − 1

𝑟(1)(𝑥) =−
2𝛼2𝑥

(1 + 𝛼2)2(𝛼2𝑥2 − 1)3
[1 + 𝛼6𝑥4 + 3𝛼2𝑥2(1 + 𝛼2)]  

𝑟(2)(𝑥) =
4𝛼3𝑥

(1 + 𝛼2)5(𝛼2𝑥2 − 1)5

 × [(1 + 𝛼10𝑥8)(1 − 3𝛼2 + 𝛼4) + 𝛼2𝑥2(20 + 37𝛼2 + 9𝛼4 + 2𝛼6)

+25𝛼4𝑥4(1 + 𝛼2(2 + 𝛼2)2) + 𝛼6𝑥6(2 + 9𝛼2 + 37𝛼4 + 20𝛼6)]

 

𝑊1
𝐹 = −

1

𝒥
∫  
𝑈−
 
𝑑𝑥(𝑥2 − 1)

2𝜋𝑖𝑥2
∑  

∞

𝑎=1

 
𝑒−2𝜋𝑎𝒥𝐸(𝑥)

𝑎
(𝑟(0)(1/𝑥) − 𝑟(0)(𝑥)) + 𝒪 (

1

√𝜆
)  

𝑊1
𝐹 = −2𝐼[𝒥] + 𝒪 (

1

√𝜆
)  

𝑊1
𝐹 = −2∑  

∞

𝑘=0

 
1

(√𝜆)𝑘
[Δ̂𝐹
(𝑘)
𝐼[ℒ]]

ℒ=𝒥
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Δ̂𝐹
(1)
 = −

√1 + 𝒥2

2
(𝜕𝒥 + 𝜕ℒ)𝜕𝒥 −

√1 + 𝒥2

𝒥
(𝜕𝒥 +

1

2
𝜕ℒ) +

1

2𝒥
(𝒥√1 + 𝒥2 −ℛ) 𝜕ℒ

2

Δ̂𝐹
(2)
 =
1 + 𝒥2

8
(𝜕𝒥

3 + 2𝜕𝒥
2𝜕ℒ − 𝜕𝒥𝜕ℒ

2 − 2𝜕ℒ
3)𝜕𝒥 +

3 + 5𝒥2

12𝒥
(2𝜕𝒥 + 3𝜕ℒ)𝜕𝒥

2 +
3

8𝒥
𝜕𝒥𝜕ℒ

2

 +
3ℒ + 2𝒥2ℒ − 6𝒥3

24𝒥2
𝜕ℒ
3 +

5 + 4𝒥2

4(1 + 𝒥2)
(𝜕𝒥 + 𝜕ℒ)𝜕𝒥 +

2 + 4𝒥2 + 3𝒥4

4𝒥2(1 + 𝒥2)
𝜕ℒ
2

 +
1

2𝒥(1 + 𝒥2)
(𝜕𝒥 +

1

2
𝜕ℒ) −

√1 + 𝒥2

8𝒥3
((2𝒥 + ℒ)𝜕ℒ − 1)𝜕ℒ

2ℛ

 

Φ𝑘 = −∑  

∞

𝑎=1

 ∫  
𝑑𝑢

2𝜋
𝑒−𝐽𝐸̃𝑎(𝑢)STr[𝕊𝑎1(𝑢, 𝑢1)…𝜕𝑢𝕊𝑎1(𝑢, 𝑢𝑘)…𝕊𝑎1(𝑢, 𝑢𝑆)] +⋯  

𝑊Φ = 𝑊1
Φ𝑆 + 𝒪(𝑆2)  

 𝑊1
Φ = ∫  

𝑈−
 𝑑𝑥

4𝛼4(𝑥2 − 1)((1 + 𝑥2)(1 + 𝛼2) − 4𝑥𝛼)(𝛼(1 + 𝛼2)(1 + 𝑥2) − 2𝑥(1 + 𝛼4))

𝜆(𝑥 − 𝛼)4(𝑥𝛼 − 1)4(𝛼2 − 1)2(𝛼2 + 1)(𝑒2𝜋𝒥𝐸(𝑥) − 1)

 +𝒪 (
1

𝜆3/2
)

 

𝑊1
Φ = −

2

𝜆
[Δ̂Φ
(2)
𝐼[ℒ]]

ℒ=𝒥
+ 𝒪 (

1

𝜆3/2
) ,  

Δ̂Φ
(2)

= (−
1 + 𝒥2

12
𝜕𝒥
3 −

𝒥

4
𝜕𝒥
2 +

3 + 2𝒥2

4𝒥2
𝜕𝒥 +

1 + 2𝒥2

4𝒥3
)𝜕ℒ .  

Δ̂(1) = Δ̂𝐹
(1)
, Δ̂(2) = Δ̂𝐹

(2)
+ Δ̂Φ

(2)
,  

𝑍𝒯(𝑁; 𝝃) = 𝑒𝐴
𝒯(𝝃)𝐶𝒯(𝝃)−

1
3Ai [𝐶𝒯(𝝃)−

1
3(𝑁 − 𝐵𝒯(𝝃))] (1 + 𝒪 (𝑒−#√𝑁)) .  

 

U(𝑁)𝑘 × U(𝑁)0 ×⋯× U(𝑁)0⏟            
𝑞−1

× U(𝑁)−𝑘 × U(𝑁)0 ×⋯× U(𝑁)0⏟            
𝑞̃−1

.
 

𝑍𝑘
(𝑞,𝑞̃)

(𝑁; 𝜂𝛼 , 𝑀; 𝜂̃𝛼 , 𝑀̃)

 =
1

(𝑁!)𝑞+𝑞̃
∫  
∞

−∞

 (∏  

𝑞

𝛼=1

 ∏  

𝑁

𝑖=1

 
𝑑𝜆𝑖

(𝛼)

2𝜋
)(∏  

𝑞̃

𝛼=1

 ∏  

𝑁

𝑖=1

 
𝑑𝜆̃𝑖

(𝛼)

2𝜋
)
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× 𝑒
−
𝑖𝑘
4𝜋

∑  𝑁
𝑖  ((𝜆̃𝑖

(𝑞̃)
)
2
−(𝜆𝑖

(𝑞)
)
2
)
𝑒
−
𝑖
2
∑  
𝑞
𝛼=1  𝜂𝛼∑  𝑁

𝑖  (𝜆𝑖
(𝛼−1)

−𝜆𝑖
(𝛼)
)
𝑒
−
𝑖
2
∑  
𝑞̃
𝛼=1  𝜂̃𝛼∑  𝑁

𝑖  (𝜆̃𝑖
(𝛼−1)

−𝜆̃𝑖
(𝛼)
)

 

 ×∏  

𝑞

𝛼=1

 
∏  𝑁
𝑖<𝑗  2sinh 

𝜆𝑖𝑗
(𝛼−1)

2
∏  𝑁
𝑖<𝑗  2sinh 

𝜆𝑖𝑗
(𝛼)

2

∏  𝑁
𝑖,𝑗  2cosh 

𝜆𝑖
(𝛼−1)

− 𝜆𝑗
(𝛼)

+ 𝜋𝑀

2

∏  

𝑞̃

𝛼=1

 
∏  𝑁
𝑖<𝑗  2sinh 

𝜆̃𝑖𝑗
(𝛼−1)

2
∏  𝑁
𝑖<𝑗  2sinh 

𝜆̃𝑖𝑗
(𝛼)

2

∏  𝑁
𝑖,𝑗  2cosh 

𝜆̃𝑖
(𝛼−1)

− 𝜆̃𝑗
(𝛼)

+ 𝜋𝑀̃

2

,
 

 

∑  

𝑞

𝛼=1

 𝜂𝛼 = ∑  

𝑞̃

𝛼=1

  𝜂̃𝛼 = 0  

|Im(𝜂𝛼)| < 1, |Im(𝜂̃𝛼)| < 1,  

 

|Im(𝑀)| < 1, |Im(𝑀̃)| < 1.  

 

∏  𝑁
𝑖<𝑗  2sinh 

𝜇𝑖 − 𝜇𝑗
2

∏  𝑁
𝑖<𝑗  2sinh 

𝜈𝑖 − 𝜈𝑗
2

∏  𝑁
𝑖,𝑗  2cosh 

𝜇𝑖 − 𝜈𝑗 + 𝑐
2

= det([
1

2cosh 
𝜇𝑖 − 𝜈𝑗 + 𝑐

2

]

𝑖,𝑗

𝑁×𝑁

)  

1

2cosh (
𝜇 − 𝜈
2𝑘

+ 𝑐)
=

1

2𝜋
∫  
∞

−∞

 𝑑𝑝
𝑒

𝑖
2𝜋𝑘

𝑝(𝜇−𝜈+2𝑘𝑐)

2cosh 
𝑝
2

= 𝑘⟨𝜇|
𝑒
𝑖𝑐
𝜋
𝑝̂

2cosh (
𝜋𝑘
ℏ
𝑝̂)
|𝜈⟩.  

[𝑥̂, 𝑝̂] = 𝑖ℏ, ℏ = 2𝜋𝑘  

⟨𝑥 ∣ 𝑦⟩ = 2𝜋𝛿(𝑥 − 𝑦), ⟨⟨𝑝 ∣ 𝑝′⟩⟩ = 2𝜋𝛿(𝑝 − 𝑝′), ⟨𝑥 ∣ 𝑝⟩⟩ =
1

√𝑘
𝑒
𝑖𝑥𝑝
ℏ  

𝑍𝑘
(𝑞,𝑞̃)

(𝑁; 𝜂𝛼 ,𝑀; 𝜂̃𝛼 , 𝑀̃)

=
1

(𝑁!)𝑞+𝑞̃
∫  
∞

−∞

 (∏  

𝑞

𝛼=1

 ∏  

𝑁

𝑖=1

 
𝑑𝜆𝑖

(𝛼)

2𝜋
)(∏ 

𝑞̃

𝛼=1

 ∏  

𝑁

𝑖=1

 
𝑑𝜆̃𝑖

(𝛼)

2𝜋
)  

 ×∏ 

𝑞

𝛼=1

 det ([⟨𝜆𝑖
(𝛼−1)

| 𝑒−
𝑖

4𝜋𝑘
𝛿𝛼,1𝑥̂

2

𝑒−
𝑖
2𝑘
𝜂𝛼𝑥̂

𝑒
𝑖
2
𝑀𝑝̂

2cosh 
𝑝̂
2

𝑒
𝑖
2𝑘
𝜂𝛼𝑥̂𝑒

𝑖
4𝜋𝑘

𝛿𝛼,𝑞𝑥̂
2

|  𝜆𝑗
(𝛼)
)]

𝑖,𝑗

𝑁×𝑁

)

 ×∏ 

𝑞̃

𝛼=1

 det([⟨𝜆̃𝑖
(𝛼−1)

| 𝑒−
𝑖
2𝑘
𝜂̃𝛼𝑥̂

𝑒
𝑖
2
𝑀̃𝑝̂

2cosh 
𝑝̂
2

𝑒
𝑖
2𝑘
𝜂̃𝛼𝑥̂ |𝜆̃𝑗

(𝛼)
|]

𝑖,𝑗

𝑁×𝑁

)

 

1

𝑁!
∫  
∞

−∞

 (∏  

𝑁

𝑖=1

 
𝑑𝜈𝑖
2𝜋

)det ([⟨𝜇𝑖|𝐴̂|𝜈𝑗⟩]𝑖,𝑗
𝑁×𝑁

) det ([⟨𝜈𝑖|𝐵̂|𝜎𝑗⟩]𝑖,𝑗
𝑁×𝑁

)

 = det ([⟨𝜇𝑖|𝐴̂𝐵̂|𝜎𝑗⟩]𝑖,𝑗
𝑁×𝑁

)

 

𝑍𝑘
(𝑞,𝑞̃)

(𝑁; 𝜂𝛼 , 𝑀; 𝜂̃𝛼 , 𝑀̃)

 =
1

𝑁!
∫  
∞

−∞

 (∏  

𝑁

𝑖=1

 
𝑑𝜆𝑖
2𝜋

)det([⟨𝜆𝑖|∏  

𝑞

𝛼=1

 
𝑒
𝑖
2
𝑀(𝑥̂+𝑝̂)

2cosh 
𝑥̂ + 𝑝̂ + 𝜋𝜂𝛼

2

∏  

𝑞̃

𝛼=1

 
𝑒
𝑖
2
𝑀̃𝑝̂

2cosh 
𝑝̂ + 𝜋𝜂̃𝛼

2

|𝜆𝑗|]

𝑖,𝑗

𝑁×𝑁

)
 

𝑒−
𝑖𝑐
ℏ
𝑥̂𝑓(𝑝̂)𝑒

𝑖𝑐
ℏ
𝑥̂ = 𝑓(𝑝̂ + 𝑐), 𝑒−

𝑖𝑐
2ℏ
𝑥̂2𝑓(𝑝̂)𝑒

𝑖𝑐
2ℏ
𝑥̂2 = 𝑓(𝑝̂ + 𝑐𝑥̂)  

𝑒−
𝑖𝑐
2ℏ
𝑝̂2𝑓(𝑥̂)𝑒

𝑖𝑐
2ℏ
𝑝̂2 = 𝑓(𝑥̂ − 𝑐𝑝̂)  

𝑍𝑘
(𝑞,𝑞̃)

(𝑁; 𝜂𝛼 , 𝑀; 𝜂̃𝛼 , 𝑀̃)

 =
1

𝑁!
∫  
∞

−∞

 (∏  

𝑁

𝑖=1

 
𝑑𝜆𝑖
2𝜋

)det ([⟨𝜆𝑖|𝜌̂𝑘
(𝑞,𝑞̃)

(𝑥̂, 𝑝̂; 𝜂𝛼 , 𝑀, 𝜂̃𝛼 , 𝑀̃)|𝜆𝑗⟩]
𝑖,𝑗

𝑁×𝑁
)
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𝜌̂𝑘
(𝑞,𝑞̃)

(𝑥̂, 𝑝̂; 𝜂𝛼 , 𝑀; 𝜂̃𝛼 , 𝑀̃) =∏  

𝑞

𝛼=1

 
𝑒
𝑖
2
𝑀𝑥̂

2cosh 
𝑥̂ + 𝜋𝜂𝛼

2

∏  

𝑞̃

𝛼=1

 
𝑒
𝑖
2
𝑀̃𝑝̂

2cosh 
𝑝̂ + 𝜋𝜂̃𝛼

2

 

Ξ𝑘
(𝑞,𝑞̃)

(𝜇; 𝜂𝛼 , 𝑀; 𝜂̃𝛼 , 𝑀̃) = 1 + ∑  

∞

𝑁=1

 𝑒𝜇𝑁𝑍𝑘
(𝑞,𝑞̃)

(𝑁; 𝜂𝛼 ,𝑀; 𝜂̃𝛼 , 𝑀̃)  

Ξ𝑘
(𝑞,𝑞̃)

(𝜇; 𝜂𝛼 , 𝑀; 𝜂̃𝛼 , 𝑀̃) = Det (1 + 𝑒𝜇𝜌̂𝑘
(𝑞,𝑞̃)

(𝑥̂, 𝑝̂; 𝜂𝛼 , 𝑀; 𝜂̃𝛼 , 𝑀̃))  

Ξ𝑘
(𝑞,𝑞̃)

(𝜇; 𝜂𝛼 , 𝑀; 𝜂̃𝛼 , 𝑀̃) = ∑  

∞

𝑛=−∞

 𝑒𝐽𝑘
(𝑞,𝑞̃)(𝜇+2𝜋𝑖𝑛;𝜂𝛼,𝑀;𝜂̃𝛼,𝑀̃)  

𝑍𝑘
(𝑞,𝑞̃)

(𝑁; 𝜂𝛼 , 𝑀; 𝜂̃𝛼 , 𝑀̃) = ∫  
𝑖∞

−𝑖∞

 
𝑑𝜇

2𝜋𝑖
𝑒𝐽𝑘

(𝑞,𝑞̃)(𝜇;𝜂𝛼,𝑀;𝜂̃𝛼,𝑀̃)−𝜇𝑁  

𝐽𝑘
(𝑞,𝑞̃)

(𝜇; 𝜂𝛼 , 𝑀, 𝜂̃𝛼; 𝑀̃)

 =
𝐶𝑘
(𝑞,𝑞̃)

(𝑀; 𝑀̃)

3
𝜇3 + 𝐵𝑘

(𝑞,𝑞̃)
(𝜂𝛼 ,𝑀; 𝜂̃𝛼 , 𝑀̃)𝜇 + 𝐴𝑘

(𝑞,𝑞̃)
(𝜂𝛼 , 𝑀; 𝜂̃𝛼 , 𝑀̃) + 𝒪(𝑒−#𝜇),

 

𝐶𝑘
(𝑞,𝑞̃)

(𝑀; 𝑀̃) =
2

𝜋2𝑘𝑞𝑞̃(1 + 𝑀2)(1 + 𝑀̃2)

𝐵𝑘
(𝑞,𝑞̃)

(𝜂𝛼 , 𝑀; 𝜂̃𝛼 , 𝑀̃) =  −
1

2𝑘𝑞(1 +𝑀2)
(∑  

𝑞̃

𝛼=1

  𝜂̃𝛼
2 +

𝑞̃

3
) −

1

2𝑘𝑞̃(1 + 𝑀̃2)
(∑  

𝑞

𝛼=1

 𝜂𝛼
2 +

𝑞

3
)

 +
2

3𝑘𝑞𝑞̃(1 +𝑀2)(1 + 𝑀̃2)
+
𝑘𝑞𝑞̃

24

 

𝐴𝑘
(𝑞,𝑞̃)

(𝜂𝛼 ,𝑀; 𝜂̃𝛼 , 𝑀̃) =
1

4
∑  

±

  [ ∑  

𝑞̃

𝛼,𝛽=1

 𝒜((1 ± 𝑖𝑀)𝑞𝑘, 𝜂̃𝛼𝛽) + ∑  

𝑞

𝛼,𝛽=1

 𝒜((1 ± 𝑖𝑀̃)𝑞̃𝑘, 𝜂𝛼𝛽)] ,  

𝒜(𝜅, 𝜒) =
2𝜁(3)

𝜋2𝜅
+
𝜒2

2𝜅
−
𝜅

12
+
1

𝜋
∫  
∞

0

 𝑑𝑦
1

𝑒2𝜋𝑦 − 1

𝑑

𝑑𝑦
[
cos (𝜋𝜒𝑦)

𝑦tanh 
𝜋𝜅𝑦
2

−
2

𝜋𝜅𝑦2
]  

𝐶𝒯(𝝃) = 𝐶𝑘
(𝑞,𝑞̃)

(𝑀; 𝑀̃), 𝐵𝒯(𝝃) = 𝐵𝑘
(𝑞,𝑞̃)

(𝜂𝛼 , 𝑀; 𝜂̃𝛼 , 𝑀̃) and 𝐴𝒯(𝝃) = 𝐴𝑘
(𝑞,𝑞̃)

(𝜂𝛼 , 𝑀; 𝜂̃𝛼 , 𝑀̃) 

𝐽𝑘
(𝑞,𝑞̃)

(𝜇; 𝜂𝛼 , 𝑀; 𝜂̃𝛼 , 𝑀̃)

= Trlog (1 + 𝑒𝜇𝜌̂𝑘
(𝑞,𝑞̃)

(𝑥̂, 𝑝̂; 𝜂𝛼 , 𝑀; 𝜂̃𝛼 , 𝑀̃))  

 −log [1 +∑  

𝑛≠0

  𝑒𝐽𝑘
(𝑞,𝑞̃)

(𝜇 + 2𝜋𝑖𝑛; 𝜂𝛼 , 𝑀; 𝜂̃𝛼 , 𝑀̃) − 𝐽𝑘
(𝑞,𝑞̃)

(𝜇; 𝜂𝛼 , 𝑀; 𝜂̃𝛼 , 𝑀̃)]

 

𝐽𝑘
(𝑞,𝑞̃)

(𝜇; 𝜂𝛼 , 𝑀; 𝜂̃𝛼 , 𝑀̃) ≈ Trlog (1 + 𝑒𝜇𝜌̂𝑘
(𝑞,𝑞̃)

(𝑥̂, 𝑝̂; 𝜂𝛼 , 𝑀; 𝜂̃𝛼 , 𝑀̃))  

𝜌̂𝑘
(𝑞,𝑞̃)

(𝑥̂, 𝑝̂; 𝜂𝛼 , 𝑀; 𝜂̃𝛼 , 𝑀̃) = 𝑒−
1
2
𝑈(𝑥̂)𝑒−𝑇(𝑝̂)𝑒−

1
2
𝑈(𝑥̂) = 𝑒−𝐻̂𝑘

(𝑞,𝑞̃)(𝑥̂,𝑝̂;𝜂𝛼,𝑀;𝜂̃𝛼,𝑀̃)  

𝑈(𝑥) = ∑  

𝑞

𝛼=1

 log 2cosh 
𝑥 + 𝜋𝜂𝛼

2
−
𝑖𝑞𝑀𝑥

2

𝑇(𝑝) = ∑  

𝑞̃

𝛼=1

 log 2cosh 
𝑝 + 𝜋𝜂̃𝛼

2
−
𝑖𝑞̃𝑀̃𝑝

2

 

𝑛(𝐸) = Tr𝜃 (𝐸 − 𝐻̂𝑘
(𝑞,𝑞̃)

(𝑥̂, 𝑝̂; 𝜂𝛼 , 𝑀; 𝜂̃𝛼 , 𝑀̃))  
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𝜃(𝑧) = {
0 (𝑧 < 0)
1 (𝑧 ≥ 0)

 

𝐽𝑘
(𝑞,𝑞̃)

(𝜇; 𝜂𝛼 , 𝑀; 𝜂̃𝛼 , 𝑀̃) ≈ ∫  
∞

0

 𝑑𝐸
𝑑𝑛(𝐸)

𝑑𝐸
log (1 + 𝑒𝜇−𝐸) = ∫  

∞

0

 𝑑𝐸𝑛(𝐸)
𝑒𝜇−𝐸

1 + 𝑒𝜇−𝐸
 

𝑛(𝐸) = 𝐶𝑘
(𝑞,𝑞̃)

(𝑀; 𝑀̃)𝐸2 + 𝐵𝑘
(𝑞,𝑞̃)

(𝜂𝛼 , 𝑀; 𝜂̃𝛼 , 𝑀̃) −
𝜋2𝐶𝑘

(𝑞,𝑞̃)
(𝑀; 𝑀̃)

3
+ 𝒪(𝑒−#𝐸),  

∫  
∞

0

 𝑑𝐸𝐸𝑎
𝑒𝜇−𝐸

1 + 𝑒𝜇−𝐸
 = −Γ(𝑎 + 1)Li𝑎+1(−𝑒

𝜇)

 =
(2𝜋𝑖)𝑎+1

𝑎 + 1
𝐵𝑎+1 (

𝜇

2𝜋𝑖
+
1

2
) − (−1)𝑎Γ(𝑎 + 1)Li𝑎+1(−𝑒

−𝜇)

 

𝐽𝑘
(𝑞,𝑞̃)

(𝜇; 𝜂𝛼 , 𝑀; 𝜂̃𝛼 , 𝑀̃) =
𝐶𝑘
(𝑞,𝑞̃)

(𝑀; 𝑀̃)

3
𝜇3 + 𝐵𝑘

(𝑞,𝑞̃)
(𝜂𝛼 ,𝑀; 𝜂̃𝛼 , 𝑀̃)𝜇

 +(⊠) + 𝒪(𝑒−#𝜇)

 

𝒪𝑊 = ∫  
∞

−∞

 
𝑑𝑦

2𝜋
𝑒
𝑖𝑝𝑦
ℏ ⟨𝑥 −

𝑦

2
| 𝒪̂ |𝑥 +

𝑦

2
⟩ ,  

(𝑓(𝑥̂))𝑊 = 𝑓(𝑥), (𝑓(𝑝̂))𝑊 = 𝑓(𝑝), (𝐴̂𝐵̂)𝑊 = 𝐴𝑊 ⋆ 𝐵𝑊, tr𝒪̂ = ∫  
𝑑𝑥𝑑𝑝

2𝜋ℏ
𝒪𝑊  

 

⋆= 𝑒
𝑖ℏ
2
(𝜕←𝑥 𝜕⃗⃗⃗𝑝−𝜕←𝑝𝜕⃗⃗⃗𝑥)  

𝑛(𝐸) = ∫  
𝐻𝑊≤𝐸

 
𝑑𝑥𝑑𝑝

2𝜋ℏ
 

𝐻̂𝑘
(𝑞,𝑞̃)

(𝑥̂, 𝑝̂; 𝜂𝛼 , 𝑀; 𝜂̃𝛼 , 𝑀̃) =𝑈(𝑥̂) + 𝑇(𝑝̂) −
1

24
[𝑈(𝑝̂), [𝑈(𝑝̂), 𝑇(𝑝̂)]]

 −
1

12
[𝑇(𝑝̂), [𝑈(𝑝̂), 𝑇(𝑝̂)]] + ⋯ ,

 

𝐻𝑊(𝑥, 𝑝) = 𝑈(𝑥) + 𝑇(𝑝) +
ℏ2

24
(𝜕𝑥𝑈(𝑥))

2𝜕𝑝
2𝑇(𝑝) −

ℏ2

12
𝜕𝑥
2𝑈(𝑥)(𝜕𝑝𝑇(𝑝))

2
+⋯ .  

𝑈(𝑥) =
𝑞|𝑥|

2
−
𝑖𝑞𝑀𝑥

2
+ 𝒪(𝑒−|𝑥|),

𝜕𝑥𝑈(𝑥) =
𝑞sgn(𝑥)

2
−
𝑖𝑞𝑀

2
+ 𝒪(𝑒−|𝑥|),

𝜕𝑥
2𝑈(𝑥) = 𝒪(𝑒−|𝑥|),

𝑇(𝑝) =
𝑞̃|𝑝|

2
−
𝑖𝑞̃𝑀̃𝑝

2
+ 𝒪(𝑒−|𝑝|),

𝜕𝑝𝑇(𝑝) =
𝑞̃sgn(𝑝)

2
−
𝑖𝑞̃𝑀̃

2
+ 𝒪(𝑒−|𝑝|),

𝜕𝑝
2𝑇(𝑝) = 𝒪(𝑒−|𝑝|).

 

𝑞|𝑥|

2
−
𝑖𝑞𝑀𝑥

2
+
𝑞̃|𝑝|

2
−
𝑖𝑞̃𝑀̃𝑝

2
= 𝐸  

𝑛(𝐸) =
1

2𝜋ℏ
[

8𝐸2

𝑞𝑞̃(1 + 𝑀2)(1 + 𝑀̃2)
− vol𝐼 − vol𝐼𝐼 − vol𝐼𝐼𝐼 − vol𝐼𝑉]  

𝐻𝑊 =
𝑞(1 − 𝑖𝑀)𝑥

2
+ 𝑇(𝑝) +

𝑞2(1 − 𝑖𝑀)2ℏ2

96
𝜕𝑝
2𝑇(𝑝) +

𝑞(1 − 𝑖𝑀)

2
𝑓(𝜕𝑝

3𝑇(𝑝),… ),  

𝑥in(𝑝) =
2

𝑞(1 − 𝑖𝑀)
[𝐸 − 𝑇(𝑝) −

𝑞2(1 − 𝑖𝑀)2ℏ2

96
𝜕𝑝
2𝑇(𝑝) −

𝑞(1 − 𝑖𝑀)

2
𝑓(𝜕𝑝

3𝑇(𝑝),⋯ )] .  
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𝑥out (𝑝) =
2

𝑞(1 − 𝑖𝑀)
(𝐸 −

𝑞̃|𝑝|

2
+
𝑖𝑞̃𝑀̃𝑝

2
) 

volI =∫  
∞

−∞

 𝑑𝑝(𝑥out(𝑝) − 𝑥in(𝑝))  

=
2

𝑞(1 − 𝑖𝑀)
∫  
∞

−∞

 𝑑𝑝 [𝑇(𝑝) −
𝑞̃|𝑝|

2
+
𝑖𝑞̃𝑀̃𝑝

2
+
𝑞2(1 − 𝑖𝑀)2ℏ2

96
𝜕𝑝
2𝑇(𝑝)

+
𝑞(1 − 𝑖𝑀)

2
𝑓(𝜕𝑝

3𝑇(𝑝),⋯ )]

 

∫  
∞

−∞

 𝑑𝑝 [𝑇(𝑝) −
𝑞̃|𝑝|

2
+
𝑖𝑞̃𝑀̃𝑝

2
]= ∑  

𝑞̃

𝛼=1

 (∫  
∞

0

 𝑑𝑝log (1 + 𝑒−𝑝−𝜋𝜂̃𝛼) + ∫  
0

−∞

 𝑑𝑝log (1 + 𝑒𝑝+𝜋𝜂̃𝛼)) 

 = −∑  

𝑞̃

𝛼=1

  (Li2(−𝑒
𝜋𝜂̃𝛼) + Li2(−𝑒

−𝜋𝜂̃𝛼))

 = ∑  

𝑞̃

𝛼=1

 (
𝜋2𝜂̃𝛼

2

2
+
𝜋2

6
)

∫  
∞

−∞

 𝑑𝑝𝜕𝑝
2𝑇(𝑝) = [𝜕𝑝𝑇(𝑝)]𝑝=−∞

∞
= 𝑞̃

 

vol𝐼 =
𝜋2

𝑞(1 − 𝑖𝑀)
(∑  

𝑞̃

𝛼=1

  𝜂̃𝛼
2 +

𝑞̃

3
) +

ℏ2𝑞𝑞̃(1 − 𝑖𝑀)

48
 

vol𝐼I =
𝜋2

𝑞̃(1 − 𝑖𝑀̃)
(∑  

𝑞

𝛼=1

 𝜂𝛼
2 +

𝑞

3
) −

ℏ2𝑞𝑞̃(1 − 𝑖𝑀̃)

24

vol𝐼II =
𝜋2

𝑞(1 + 𝑖𝑀)
(∑  

𝑞̃

𝛼=1

  𝜂̃𝛼
2 +

𝑞̃

3
) +

ℏ2𝑞𝑞̃(1 + 𝑖𝑀)

48

vol𝐼 V =
𝜋2

𝑞̃(1 + 𝑖𝑀̃)
(∑  

𝑞

𝛼=1

 𝜂𝛼
2 +

𝑞

3
) −

ℏ2𝑞𝑞̃(1 + 𝑖𝑀̃)

24

 

𝐽𝑘
(𝑞,𝑞̃)

(𝜇; 𝜂𝛼 , 𝑀; 𝜂̃𝛼 , 𝑀̃)≈ ∑  

∞

𝑛=1

 
(−1)𝑛

𝑛
Tr𝜌̂𝑘

(𝑞,𝑞̃)
(𝑥̂, 𝑝̂; 𝜂𝛼 , 𝑀; 𝜂̃𝛼 , 𝑀̃)

𝑛
𝑒𝑛𝜇  

 = ∫  
𝑖∞+0+

−𝑖∞+0+
 
𝑑𝑠

2𝜋𝑖
Γ(𝑠)Γ(−𝑠)𝒵(𝑞,𝑞̃)(𝑠; 𝜂𝛼 , 𝑀; 𝜂̃𝛼 , 𝑀̃)𝑒

𝑠𝜇

 

𝒵(𝑞,𝑞̃)(𝑠; 𝜂𝛼 , 𝑀; 𝜂̃𝛼 , 𝑀̃) = Tr𝑘
(𝑞,𝑞̃)

(𝑥̂, 𝑝̂; 𝜂𝛼 , 𝑀; 𝜂̃𝛼 , 𝑀̃)
𝑠

 

𝐽𝑘
(𝑞,𝑞̃)

(𝜇; 𝜂𝛼 , 𝑀; 𝜂̃𝛼 , 𝑀̃) =−Res[Γ(𝑠)Γ(−𝑠)𝒵
(𝑞,𝑞̃)(𝑠; 𝜂𝛼 , 𝑀; 𝜂̃𝛼 , 𝑀̃)𝑒

𝑠𝜇, 𝑠 → 0] 

 +𝒪(𝑒−#𝜇)
 

𝒵(𝑞,𝑞̃)(𝑠; 𝜂𝛼 , 𝑀; 𝜂̃𝛼 , 𝑀̃) = ∫  
𝑑𝑥𝑑𝑝

2𝜋ℏ
(𝜌̂𝑘

(𝑞,𝑞̃)
(𝑥̂, 𝑝̂; 𝜂𝛼 , 𝑀; 𝜂̃𝛼 , 𝑀̃)

𝑠
)
𝑊

 

𝒵(𝑞,𝑞̃) (𝑠;
ℏ𝑣𝛼
𝜋

,𝑀;
ℏ𝑣̃𝛼
𝜋

, 𝑀̃) =∑  

∞

ℓ=0

 ℏ2ℓ−1𝒵2ℓ
(𝑞,𝑞̃)

(𝑠; 𝑣𝛼 ,𝑀; 𝑣̃𝛼 , 𝑀̃)  

𝒵0
(𝑞,𝑞̃)

(𝑠; 𝑣𝛼 ,𝑀; 𝑣̃𝛼 , 𝑀̃) =
Γ (
𝑠𝑞(1 + 𝑖𝑀)

2
) Γ (

𝑠𝑞(1 − 𝑖𝑀)
2

) Γ (
𝑠𝑞̃(1 + 𝑖𝑀̃)

2
) Γ (

𝑠𝑞̃(1 − 𝑖𝑀̃)
2

)

2𝜋Γ(𝑠𝑞)Γ(𝑠𝑞̃)
,

 

𝒵2ℓ
(𝑞,𝑞̃)

(𝑠; 𝑣𝛼 ,𝑀; 𝑣̃𝛼 , 𝑀̃) = 𝐷2ℓ
(𝑞,𝑞̃)

(𝑠; 𝑣𝛼 , 𝑀; 𝑣̃𝛼 , 𝑀̃)𝒵0
(𝑞,𝑞̃)

(𝑠; 𝑣𝛼 ,𝑀; 𝑣̃𝛼 , 𝑀̃)  
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(𝜌̂𝑘
(𝑞,𝑞̃)

(𝑥̂, 𝑝̂;
ℏ𝑣𝛼
𝜋
,𝑀;

ℏ𝑣̃𝛼
𝜋

, 𝑀̃)
𝑠+1

)
𝑊

 = (𝜌̂𝑘
(𝑞,𝑞̃)

(𝑥̂, 𝑝̂;
ℏ𝑣𝛼
𝜋

,𝑀;
ℏ𝑣̃𝛼
𝜋
, 𝑀̃)

𝑠

)
𝑊

⋆ 𝜌𝑘,𝑊
(𝑞,𝑞̃)

(𝑥, 𝑝;
ℏ𝑣𝛼
𝜋

,𝑀,
ℏ𝑣̃𝛼
𝜋

, 𝑀̃)

𝜌𝑘,𝑊
(𝑞,𝑞̃)

(𝑥, 𝑝;
ℏ𝑣𝛼
𝜋
,𝑀;

ℏ𝑣̃𝛼
𝜋

, 𝑀̃)

 =∏  

𝑞

𝛼=1

 
𝑒
𝑖𝑀
2
𝑥

𝐹(𝑥)cosh 
ℏ𝑣𝛼
2

+ 2𝐹′(𝑥)sinh 
ℏ𝑣𝛼
2

⋆∏  

𝑞̃

𝛼=1

 
𝑒
𝑖𝑀̃
2
𝑝

𝐹(𝑝)cosh 
ℏ𝑣̃𝛼
2

+ 2𝐹′(𝑝)sinh 
ℏ𝑣̃𝛼
2

,

 

𝜕𝑥
2𝑛𝐹(𝑥) = 2−2𝑛𝐹(𝑥), 𝜕𝑥

2𝑛−1𝐹(𝑥) = 2−2𝑛+2𝐹′(𝑥), 𝐹′(𝑥)2 =
𝐹(𝑥)2

4
− 1,  

𝐼1(𝛼, 𝑛) = ∫  
∞

−∞

 𝑑𝑥
𝑒𝛼𝑥

𝐹(𝑥)𝑛
=
Γ (
𝑛
2
+ 𝛼) Γ (

𝑛
2
− 𝛼)

Γ(𝑛)

𝐼2(𝛼, 𝑛) = ∫  
∞

−∞

 𝑑𝑥
𝑒𝛼𝑥𝐹′(𝑥)

𝐹(𝑥)𝑛
=
𝛼Γ (

𝑛 − 1
2

+ 𝛼)Γ (
𝑛 − 1
2

− 𝛼)

Γ(𝑛)

 

𝐼1(𝛼, 𝑛 + 2) =
𝑛2 − 4𝛼2

4𝑛(𝑛 + 1)
𝐼1(𝛼, 𝑛), 𝐼2(𝛼, 𝑛) =

𝛼𝐼1(𝑛 − 1, 𝛼)

𝑛 − 1
 

𝐽𝑘
(𝑞,𝑞̃)

(𝜇;
ℏ𝑣𝛼
𝜋

,𝑀;
ℏ𝑣̃𝛼
𝜋
, 𝑀̃) =

𝐶𝑘
(𝑞,𝑞̃)

(𝑀; 𝑀̃)

3
𝜇3 + 𝐵𝑘

(𝑞,𝑞̃)
(
ℏ𝑣𝛼
𝜋
,𝑀;

ℏ𝑣̃𝛼
𝜋

, 𝑀̃) 𝜇

 +
1

4
∑  

±

  [∑  

𝑞̃

𝛼=1

 𝒜 ((1 ± 𝑖𝑀)𝑞𝑘,
ℏ(𝑣̃𝛼 − 𝑣̃𝛽)

𝜋
) +∑  

𝑞

𝛼=1

 𝒜 ((1 ± 𝑖𝑀̃)𝑞̃𝑘,
ℏ(𝑣𝛼 − 𝑣𝛽)

𝜋
)]

 

+𝒪(𝑒−#𝜇)  

𝒜(𝜅, 𝜒) =∑  

∞

ℓ=0

 ∑  

ℓ

𝑛=0

 
(−1)ℓ+𝑛

(2𝑛)! (2ℓ − 2𝑛)!
𝐵2ℓ−2𝐵2ℓ−2𝑛𝜋

2ℓ−2𝜅2ℓ−2𝑛−1𝜒2𝑛  

𝜅 ≠ 0, |Im(𝜒)| < 2.  

𝒜(𝜅, 𝜒) = −𝒜(−𝜅, 𝜒),𝒜(𝜅, 𝜒) = 𝒜(𝜅,−𝜒).  

𝐴𝑘
(1,1)

(𝑀 = 0; 𝑀̃ = 0) = 𝐴ABJM(𝑘)  

𝒜(𝜅, 0) = 𝐴ABJM(𝜅).  

𝐴ABJM(𝜅) =
2𝜁(3)

𝜋2𝜅
+∑  

∞

ℓ=1

 
(−1)ℓ

(2ℓ)!
𝐵2ℓ−2𝐵2ℓ𝜋

2ℓ−2𝜅2ℓ−1  

∑ 

∞

ℓ=0

 ∑  

ℓ

𝑛=0

 𝑓(ℓ, 𝑛) = ∑  

∞

𝑛=0

 ∑  

∞

ℓ=0

 𝑓(ℓ + 𝑛, 𝑛)  

𝒜(𝜅, 𝜒) = ∑  

∞

𝑛=0

 ∑  

∞

ℓ=0

 
(−1)ℓ

(2𝑛)! (2ℓ)!
𝐵2ℓ+2𝑛−2𝐵2ℓ𝜋

2ℓ+2𝑛−2𝜅2ℓ−1𝜒2𝑛  

𝐵2𝑛 =

{
 

 
2𝜁(3) (𝑛 = −1)

1 (𝑛 = 0)

(−1)𝑛−12∫  
∞

0

 𝑑𝑦 (
1

𝑒2𝜋𝑦 − 1

𝑑

𝑑𝑦
𝑦2𝑛) (𝑛 ≥ 1)
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𝒜(𝜅, 𝜒) =
2𝜁(3)

𝜋2𝜅
+
𝜒2

2𝜅
−
𝜅

12

 +
2

𝜋2𝜅
∫  
∞

0

 𝑑𝑦
1

𝑒2𝜋𝑦 − 1

𝑑

𝑑𝑦
[
1

𝑦2
∑  

∞

𝑛=0

 ∑  

∞

ℓ=0

 
(−1)𝑛(𝜋𝜒𝑦)2𝑛

(2𝑛)!

𝐵2ℓ(𝜋𝜅𝑦)
2ℓ

(2ℓ)!
−
1

𝑦2
]

 

∑  

∞

𝑛=0

 
(−1)𝑛

(2𝑛)!
𝑧2𝑛 = cos 𝑧,∑  

∞

𝑛=0

 
𝐵2𝑛
(2𝑛)!

𝑧2𝑛 =
𝑧

2tanh 
𝑧
2

 

𝒜(𝜅, 𝜒) = 𝐴ABJM(𝜅) +∑  

∞

ℓ=1

 ∑  

ℓ

𝑛=1

 
(−1)ℓ+𝑛

(2𝑛)! (2ℓ − 2𝑛)!
𝐵2ℓ−2𝐵2ℓ−2𝑛𝜅

2ℓ−2𝑛−1𝜒2𝑛𝜋2ℓ−2  

𝒜(𝜅, 𝜒) = 𝐴ABJM(𝜅) +
𝜒2

2𝜅
−
2

𝜋
∫  
∞

0

 𝑑𝑦
1

𝑒2𝜋𝑦 − 1

𝑑

𝑑𝑦
(
sin2 

𝜋𝜒𝑦
2

𝑦tanh 
𝜋𝜅𝑦
2

)  

𝐴ABJM(𝜅) =
2𝜁(3)

𝜋2𝜅
(1 −

𝜅3

16
) +

𝜅2

𝜋2
∫  
∞

0

 𝑑𝑦
𝑦

𝑒𝜅𝑦 − 1
log (1 − 𝑒−2𝑦)  

𝒜(𝜅, 𝜒) = 𝐴ABJM(𝜅) +
𝜒2

2𝜅
− ∫  

∞

0

 𝑑𝑦
1

sinh2 𝜋𝑦
(
sin2 

𝜋𝜒𝑦
2

𝑦tanh 
𝜋𝜅𝑦
2

−
𝜋𝜒2

2𝜅
)  

𝜕𝜒𝒜(𝜅, 𝜒) =
𝜒

𝜅
− ∫  

∞

0

 𝑑𝑦
1

sinh2 𝜋𝑦
(
𝜋sin 𝜋𝜒𝑦

2tanh 
𝜋𝜅𝑦
2

−
𝜋𝜒

𝜅
)  

𝜕𝜒𝒜(𝜅, 𝜒) =
𝜒

𝜅
−
1

2
𝑓−∞
∞ 𝑑𝑦

1

sinh2 𝜋𝑦

𝜋sin 𝜋𝜒𝑦

2tanh 
𝜋𝜅𝑦
2

+
1

2
𝑓−∞
∞ 𝑑𝑦

1

2sinh2 𝜋𝑦

𝜋𝜒

𝜅  

𝑓−∞
∞ 𝑑𝑦

𝑒𝛼𝑦

∏  𝑛
𝑎=1  sinh 𝜋𝜈𝑎(𝑦 − 𝛽𝑎)

=
1

1 − (−1)∑  𝑎  𝜈𝑎𝑒𝑖𝛼
𝑓𝛾𝑑𝑦

𝑒𝛼𝑦

∏  𝑛
𝑎=1  sinh 𝜋𝜈𝑎(𝑦 − 𝛽𝑎)

 

=
2𝜋𝑖

1 − (−1)∑  𝑎  𝜈𝑎𝑒𝑖𝛼
∑  

𝑛

𝑎=1

 (
1

2
∑  

𝑗=0,𝜈𝑎

 
(−1)𝑗𝑒

𝛼(𝛽𝑎+
𝑖𝑗
𝜈𝑎
)

𝜋𝜈𝑎∏  𝑎′(≠𝑎)  sinh 𝜋𝜈𝑎′ (𝛽𝑎 +
𝑖𝑗
𝜈𝑎
− 𝛽𝑎′)

 

 + ∑  

𝜈𝑎−1

𝑗=1

 
(−1)𝑗𝑒

𝛼(𝛽𝑎+
𝑖𝑗
𝜈𝑎
)

𝜋𝜈𝑎∏  𝑎′(≠𝑎)  sinh 𝜋𝜈𝑎′ (𝛽𝑎 +
𝑖𝑗
𝜈𝑎
− 𝛽𝑎′)

)

 

1

2
𝑓−∞
∞ 𝑑𝑦

1

sinh2 𝜋𝑦

𝜋𝜒

𝜅
=
𝜋𝜒

2𝜅
lim

𝜖1,𝜖2→0
 𝑓𝑑𝑦

𝑒𝜖1𝑦

sinh 𝜋𝑦sinh 𝜋(𝑦 − 𝜖2)
= −

𝜒

𝜅
 

𝜕𝜒𝒜(𝜅, 𝜒)

 = −
1

2
𝑓−∞
∞ 𝑑𝑦

1

sinh2 𝜋𝑦
(
𝜋sin 𝜋𝜒𝑦

2tanh 
𝜋𝜅𝑦
2

)

 =∑  

±

 
𝜋𝑖

8
lim

𝜖1,𝜖2→0
 𝑓−∞
∞ 𝑑𝑦

𝑒
𝜋(𝑖𝜒±

𝜅
2
)𝑦

sinh 𝜋𝑦sinh 𝜋(𝑦 − 𝜖1)sinh 
𝜋𝜅(𝑦 − 𝜖3)

2

 =

{
 
 
 

 
 
 𝜋

1 − 𝑒−𝜋𝜒
[
(1 + 𝑒−𝜋𝜒)(4 − 𝜅2 + 6𝜒2)

24𝜅
+∑  

𝜅
2
−1

𝑎=1

 
𝑒−

2𝜋𝜒𝑎
𝜅

𝜅sin2 
2𝜋𝑎
𝜅

] (𝜅: even )

𝜋

1 − 𝑒−2𝜋𝜒
[
(1 + 𝑒−2𝜋𝜒)(4 − 𝜅2 + 6𝜒2)

24𝜅
−
𝜅

4
𝑒−𝜋𝜒 +∑  

𝜅−1

𝑎=1

 
𝑒−

2𝜋𝜒𝑎
𝜅

𝜅sin2 
2𝜋𝑎
𝜅

] (𝜅: odd )
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𝒜(1, 𝜒) = 𝐴ABJM(1) +
1

8
(1 +

𝜋2

4
)𝜒2 +

𝜋2

48
(1 −

𝜋2

16
)𝜒4 +⋯  

𝒜(𝜅, 𝜒) =∑  

∞

ℓ=0

 
(−1)ℓ

(2ℓ)!
𝐵2ℓ(𝜋𝜅)

2ℓ−1𝑎ℓ(𝜒)  

𝑎ℓ(𝑧) =
1

𝜋
∑  

∞

𝑛=0

 
1

(2𝑛)!
𝐵2ℓ+2𝑛−2(𝜋𝑧)

2𝑛  

𝑎ℓ(𝑧) = (
1

𝜋

𝑑

𝑑𝑧
)
2ℓ

𝑎0(𝑧)  

𝒜(𝜅, 𝜒) =
𝑖

2𝜋tanh 
𝑖𝜅
2
𝑑
𝑑𝜒

𝑑

𝑑𝜒
𝑎0(𝜒)  

𝒜(𝜅, 𝜒) = −
𝑖

2𝜋

𝑑

𝑑𝜒
𝑎0(𝜒) −

2

𝜋𝜅
∫  
ℝ+𝑖0+

 
𝑎0 (𝜒 +

𝜅
𝜋
𝑡)

(2sinh 𝑡)2
𝑑𝑡  

∑  

∞

𝑛=0

 
𝐵2𝑛−2
(2𝑛)!

𝑧2𝑛 = −
𝜋2

6
𝑧 −

1

12
𝑧3 − 𝑧Li2(𝑒

𝑧) + 2Li3(𝑒
𝑧)  

𝑎0(𝑧) = −
𝜋2

6
𝑧 −

𝜋2

12
𝑧3 − 𝑧Li2(𝑒

𝜋𝑧) +
2

𝜋
Li3(𝑒

𝜋𝑧)  

𝑑

𝑑𝑧
𝑎0(𝑧) = −2𝜋𝑖log 𝑠𝑏=1 (

𝑧

2
)  

𝒜(𝜅, 𝜒) = −log 𝑠𝑏=1 (
𝜒

2
) −

2

𝜋𝜅
∫  
ℝ+𝑖0+

 
𝑎0 (𝜒 +

𝜅
𝜋
𝑡)

(2sinh 𝑡)2
𝑑𝑡  

𝐶𝑘
(𝑞,𝑞̃)

(𝑀; 𝑀̃)=
2

𝜋2𝑘𝑞𝑞̃(1 + 𝑀2)(1 + 𝑀̃2)
 

𝐵𝑘
(𝑞,𝑞̃)

(0,𝑀; 0, 𝑀̃)=
𝜋2

3
𝐶𝑘
(𝑞,𝑞̃)

(𝑀; 𝑀̃) −
𝑞𝑞̃

6𝑘
(

1

𝑞2(1 + 𝑀2)
+

1

𝑞̃2(1 + 𝑀̃2)
) +

𝑘𝑞𝑞̃

24
 

𝐴𝑘
(𝑞,𝑞̃)

(0,𝑀; 0, 𝑀̃) =
1

4
∑  

±

  [𝑞̃2𝐴ABJM((1 ± 𝑖𝑀)𝑞𝑘) + 𝑞2𝐴ABJM((1 ± 𝑖𝑀̃)𝑞̃𝑘)]

 

𝜂𝛼 = {

1

3
𝑖 (1 ≤ 𝛼 ≤ 𝑁f)

−
1

3
𝑖 (𝑁f + 1 ≤ 𝛼 ≤ 2𝑁f)

,  

𝐶𝑘
(2𝑁f ,1) (0;

𝑖

3
) =

9

8𝜋2𝑘𝑁f
, 𝐵𝑘

(2𝑁f ,1) (𝜂𝛼 , 0;
𝑖

3
) =

7

24𝑘𝑁f
+
𝑘𝑁f
12

−
𝑁f
4𝑘

,  

𝐴𝑘
(2𝑁f,1) (𝜂𝛼 , 0;

𝑖

3
) =

1

2𝜋𝑘
[
𝜁(3)

𝜋𝑁f
+𝑁f

2 (
5𝜁(3)

2𝜋
+
𝜓(1) (

1
3
) − 𝜓(1) (

2
3
)

4√3
)]

 +2𝜋𝑘 (−
𝑁f
24𝜋

− 𝑁f
2 (

1

24𝜋
+

1

72√3
)) + 𝒪(𝑘3)

 

𝐴𝑘
(2𝑁f ,1) (𝜂𝛼 , 0;

𝑖

3
)

 =
1

2
𝐴ABJM(2𝑁f𝑘) +

𝑁f
2

2
∑  

±

  [𝐴ABJM ((1 ±
1

3
) 𝑘) +𝒜((1 ±

1

3
)𝑘,

2𝑖

3
)] .
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𝑎1(𝑧) =
𝑧

2tanh (
𝜋𝑧
2
)

 

𝑎0 (±
2𝑖

3
) = −

8𝜁(3)

9𝜋
+
𝜓(1) (

1
3
) − 𝜓(1) (

2
3
)

9√3
, 𝑎1 (±

2𝑖

3
) =

1

3√3
 

𝐶𝑘=1
(𝑞,1)

(0; 𝑀̃) =
2

𝜋2𝑞(1 + 𝑀̃2)

𝐵𝑘=1
(𝑞,1)

(𝜂𝛼 , 0; 𝑀̃) =
2

3𝑞(1 + 𝑀̃2)
+
𝑞

24
−
1

6𝑞
−

1

1 + 𝑀̃2
(
𝑞

6
+∑  

𝑞−1

𝐼=1

 𝜇𝐼
2)

𝐴𝑘=1
(𝑞,1)

(𝜂𝛼 , 0; 𝑀̃) =
𝑞2

4
∑  

±

 𝐴ABJM(1 ± 𝑖𝑀̃) +
1

2
𝐴ABJM(𝑞) + 𝑞∑  

𝑞−1

𝐼=1

  𝜇𝐼
2 [

1

1 + 𝑀̃2
−
𝜋2

72

−
𝜋4(3𝑀̃2 − 1)

21600
−
𝜋6(5𝑀̃4 − 10𝑀̃2 + 1)

1270080
+⋯ ] + 𝒪(𝜇𝐼

4)

 

𝑇𝐼 =
1

√2𝐼(𝐼 + 1)
diag(1,… ,1⏟  

𝐼

, −𝐼, 0,… ,0⏟  
𝑞−𝐼−1

).  

tr(𝑇𝐼) = 0, tr(𝑇𝐼𝑇𝐽) =
1

2
𝛿𝐼𝐽  

∑ 

𝑞−1

𝐼=1

  𝜇𝐼(𝑇
𝐼)𝛼,𝛼 =

1

2
𝜂𝛼  

𝜕𝜇1
4 𝐴|

𝜇𝐼,𝑀̃=0
= 4(6 + 𝑞)𝔟,  𝜕𝜇3

4 𝐴|
𝜇𝐼,𝑀̃=0

= 4(6 +
7

6
𝑞) 𝔟  

𝔟 = −
1

2
𝜋2 (

𝜋2

32
−
1

2
)  

∑  

𝑞

𝛼=1

  𝜂𝛼
2 = 2∑  

𝑞−1

𝐼=1

  𝜇𝐼
2, ∑  

𝑞

𝛼,𝛽=1

  (𝜂𝛼 − 𝜂𝛽)
2
= 4𝑞∑  

𝑞−1

𝐼=1

  𝜇𝐼
2  

𝔟 = −
𝜋2

2
(𝑥𝐴ABJM(𝑥))

′′
|
𝑥=1

 

−
1

24
𝜋2(𝑥𝐴ABJM(𝑥))

′′
|
𝑥=1

 

∏ 

𝐿

𝑛=1

 2cosh (𝑧 +
𝜋𝑖

𝐿
(
𝐿 + 1

2
− 𝑛)) = 2cosh (𝐿𝑧)  

(𝑟𝑞, 𝑟̃𝑞̃)𝑘  with {𝜂𝛼 = 𝜉𝛼
′ , 𝑀; 𝜂̃𝛼 = 𝜉𝛼

′ , 𝑀̃} ↔ (𝑞, 𝑞̃)𝑟𝑟̃𝑘  with {𝜂𝛼 = 𝜉𝛼 , 𝑀; 𝜂̃𝛼 = 𝜉𝛼 , 𝑀̃},  

𝜉𝛼
′ =

{
  
 

  
 
𝜉1
𝑟
+
2𝑖

𝑟
[
1 + 𝑟

2
− 𝛼] (1 ≤ 𝛼 ≤ 𝑟)

𝜉2
𝑟
+
2𝑖

𝑟
[
1 + 𝑟

2
− (𝛼 − 𝑟)] (𝑟 + 1 ≤ 𝛼 ≤ 2𝑟)

⋮ ⋮
𝜉𝑞

𝑟
+
2𝑖

𝑟
[
1 + 𝑟

2
− (𝛼 − (𝑞 − 1)𝑟)] ((𝑞 − 1)𝑟 + 1 ≤ 𝛼 ≤ 𝑞𝑟)
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𝜉𝛼
′ =

{
 
 
 

 
 
 
𝜉1
𝑟̃
+
2𝑖

𝑟̃
[
1 + 𝑟̃

2
− 𝛼] (1 ≤ 𝛼 ≤ 𝑟̃)

𝜉2
𝑟̃
+
2𝑖

𝑟̃
[
1 + 𝑟̃

2
− (𝛼 − 𝑟̃)] (𝑟̃ + 1 ≤ 𝛼 ≤ 2𝑟̃)

⋮ ⋮
𝜉𝑞̃

𝑟̃
+
2𝑖

𝑟̃
[
1 + 𝑟̃

2
− (𝛼 − (𝑞̃ − 1)𝑟̃)] ((𝑞̃ − 1)𝑟̃ + 1 ≤ 𝛼 ≤ 𝑞̃𝑟̃)

 

𝐶𝑘
(𝑟𝑞,𝑟̃𝑞̃)

(𝑀; 𝑀̃) = 𝐶𝑟𝑟̃𝑘
(𝑞,𝑞̃)

(𝑀; 𝑀̃), 𝐵𝑘
(𝑟𝑞,𝑟̃𝑞̃)

(𝜉𝛼
′ ,𝑀; 𝜉𝛼

′ , 𝑀̃) = 𝐵𝑟𝑟̃𝑘
(𝑞,𝑞̃)

(𝜉𝛼 ,𝑀; 𝜉𝛼 , 𝑀̃)  

𝐴𝑘
(𝑟𝑞,𝑟̃𝑞̃)

(𝜉𝛼
′ ,𝑀; 𝜉𝛼

′ , 𝑀̃) = 𝐴𝑟𝑟̃𝑘
(𝑞,𝑞̃)

(𝜉𝛼 ,𝑀; 𝜉𝛼 , 𝑀̃)  

∑  

𝐿

𝛼,𝛽=1

 𝒜 (𝜅,
𝜒

𝐿
+
2𝑖

𝐿
(𝛼 − 𝛽)) = 𝒜(𝐿𝜅, 𝜒)  

∑  

𝐿

𝛼,𝛽=1

 𝑎0 (𝑧 +
2𝑖

𝐿
(𝛼 − 𝛽))  =

1

𝐿
𝑎0(𝐿𝑧)

∑  

𝐿

𝛼,𝛽=1

 𝑖log 𝑠𝑏=1 (𝑧 +
𝑖

𝐿
(𝛼 − 𝛽))  = 𝑖log 𝑠𝑏=1(𝐿𝑧)

 

∑  

𝐿

𝛼,𝛽=1

  [(𝑧 +
2𝑖

𝐿
(𝛼 − 𝛽)) +

1

2
(𝑧 +

2𝑖

𝐿
(𝛼 − 𝛽))

3

] = 𝑧 +
1

2
𝐿2𝑧3  

∑  

𝐿

𝛼,𝛽=1

  (𝛼 − 𝛽)𝑓(𝛼 − 𝛽) = ∑  

𝐿−1

𝛼=1

 𝛼(𝐿 − 𝛼)(𝑓(𝛼) − 𝑓(𝛼 − 𝐿))  

∑  

𝐿

𝛼,𝛽=1

  (𝑧 +
2𝑖

𝐿
(𝛼 − 𝛽)) Li2 (𝑒

𝜋(𝑧+
2𝑖
𝐿
(𝛼−𝛽))

) = 𝑧Li2(𝑒
𝜋𝐿𝑧)  

∑  

𝐿

𝛼,𝛽=1

  Li3 (𝑒
𝜋(𝑧+

2𝑖
𝐿
(𝛼−𝛽))

) = 𝐿−1Li3(𝑒
𝜋𝐿𝑧)  

∑  

𝐿

𝛼,𝛽=1

 𝑎0 (
1

𝐿
𝑧 +

2𝑖

𝐿
(𝛼 − 𝛽)) =

1

𝐿
(−

𝜋3

6
𝑧 −

𝜋3

12
𝑧3 − 𝜋𝑧Li2(𝑒

𝜋𝑧) + 2Li3(𝑒
𝜋𝑧))  

∑  

𝐿

𝛼,𝛽=1

  [
1

6
+ (𝑧 +

𝑖

𝐿
(𝛼 − 𝛽))

2

] =
1

6
+ 𝐿2𝑧2  

∑  

𝐿

𝛼,𝛽=1

 (𝑧 +
2𝑖

𝐿
(𝛼 − 𝛽)) log (1 − 𝑒

2𝜋(𝑧+
𝑖
𝐿
(𝛼−𝛽))

) = 𝐿𝑧log (1 − 𝑒2𝜋𝐿𝑧)  

∑  

𝐿

𝛼,𝛽=1

  Li2 (𝑒
2𝜋(𝑧+

𝑖
𝐿
(𝛼−𝛽))

) = Li2(𝑒
2𝜋𝐿𝑧)  

∑  

𝐿

𝛼,𝛽=1

 𝑖log 𝑠𝑏=1 (𝑧 +
𝑖

𝐿
(𝛼 − 𝛽)) =

𝜋

12
+
𝜋

2
𝐿2𝑧2 − 𝐿𝑧log (1 − 𝑒2𝜋𝐿𝑧) −

1

2𝜋
Li2(𝑒

2𝜋𝐿𝑧)  
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𝑍𝑏,𝑁f
SYM(𝑁; 𝜁,𝑚, 𝑦𝛼) =

1

𝑁!
∫  
∞

−∞

 ∏  

𝑁

𝑖=1

 
𝑑𝜆𝑖
2𝜋

𝑒𝑖𝜁 ∑  𝑁
𝑖=1  𝜆𝑖∏ 

𝑁

𝑖<𝑗

 2sinh 
𝑏𝜆𝑖𝑗

2
∏ 

𝑁

𝑖<𝑗

 2sinh 
𝜆𝑖𝑗

2𝑏

×∏  

𝑁

𝑖,𝑗

 𝒟𝑏 (
𝜆𝑖𝑗

2𝜋
+𝑚)∏  

𝑁f

𝛼=1

 ∏  

𝑁

𝑖=1

 𝒟𝑏 (
𝜆𝑖
2𝜋

+ 𝑦𝛼)

 

∑  

𝑁f

𝛼=1

 𝑦𝛼 = 0  

𝑚𝑏 =
𝑏2 − 3

4𝑏
𝑖  

𝑍𝑏,𝑁f
SYM(𝑁; 𝜁,𝑚𝑏 , 𝑦𝛼) =

1

𝑁!
∫  
∞

−∞

 (∏  

𝑁

𝑖=1

 
𝑑𝜆𝑖
2𝜋

)𝑒𝑖𝜁 ∑  𝑁
𝑖=1  𝜆𝑖∏ 

𝑁

𝑖<𝑗

 2sinh 
𝑏𝜆𝑖𝑗

2
∏  

𝑁

𝑖<𝑗

 2sinh
𝜆𝑖𝑗

2𝑏
  

 ×∏  

𝑁

𝑖,𝑗

 

𝑠𝑏 (
𝜆𝑖𝑗
2𝜋

+
𝑖
2
(𝑏 − 𝑏−1))

𝑠𝑏 (
𝜆𝑖𝑗
2𝜋

− 𝑖𝑏−1)

∏  

𝑁f

𝛼=1

 ∏  

𝑁

𝑖=1

 𝒟𝑏 (
𝜆𝑖
2𝜋

+ 𝑦𝛼)

 

∏ 

𝑁

𝑖,𝑗

 𝑠𝑏 (
𝜆𝑖𝑗

2𝜋
+
𝑖

2
(𝑏 − 𝑏−1))=

(

 
 

√
  
  
  
  
 
𝑠𝑏 (

𝑖
2
(𝑏 − 𝑏−1))

𝑠𝑏 (−
𝑖
2
(𝑏 − 𝑏−1))

)

 
 

𝑁

∏ 

𝑁

𝑖<𝑗

 

𝑠𝑏 (
𝜆𝑖𝑗
2𝜋

+
𝑖
2
(𝑏 − 𝑏−1))

𝑠𝑏 (
𝜆𝑖𝑗
2𝜋

−
𝑖
2
(𝑏 − 𝑏−1))

 

 = 𝑏−𝑁∏ 

𝑁

𝑖<𝑗

 
2sinh (

𝜆𝑖𝑗
2𝑏
)

2sinh (
𝑏𝜆𝑖𝑗
2
)

 

∏ 

𝑁

𝑖,𝑗

 
1

𝑠𝑏 (
𝜆𝑖𝑗
2𝜋

− 𝑖𝑏−1)

= (√
𝑠𝑏(𝑖𝑏

−1)

𝑠𝑏(−𝑖𝑏
−1)

)

𝑁

∏ 

𝑁

𝑖<𝑗

 
𝑠𝑏 (

𝜆𝑖𝑗
2𝜋

+ 𝑖𝑏−1)

𝑠𝑏 (
𝜆𝑖𝑗
2𝜋

− 𝑖𝑏−1)

=∏ 

𝑁

𝑖,𝑗

 
1

2cosh (
𝜆𝑖𝑗
2𝑏

+
𝑖
2𝑏2

)

.  

𝑍𝑏,𝑁f
SYM(𝑁; 𝜁,𝑚𝑏 , 𝑦𝛼)

 =
1

𝑁!
∫  
∞

−∞

 (∏  

𝑁

𝑖=1

 
𝑑𝜆𝑖
2𝜋

)𝑒𝑖𝑏𝜁 ∑  𝑁
𝑖=1  𝜆𝑖

∏  𝑁
𝑖<𝑗  (2sinh 

𝜆𝑖𝑗
2
)
2

∏  𝑁
𝑖,𝑗  2cosh (

𝜆𝑖𝑗
2
+
𝜋𝑖
2𝑏2

)

∏ 

𝑁f

𝛼=1

 ∏  

𝑁

𝑖=1

 𝒟𝑏 (
𝑏

2𝜋
𝜆𝑖 + 𝑦𝛼)

 

𝑍𝑏,𝑁f
SYM(𝑁; 𝜁,𝑚𝑏 , 𝑦𝛼) =

1

𝑁!
∫  
∞

−∞

 (∏  

𝑁

𝑖=1

 
𝑑𝜆𝑖
2𝜋

)det ([⟨𝜆𝑖|𝜌̂𝑏,𝑁f
SYM(𝑥̂, 𝑝̂; 𝜁,𝑚𝑏 , 𝑦𝛼)|𝜆𝑗⟩]𝑖,𝑗

𝑁×𝑁
) ,  

𝜌̂𝑏,𝑁f
SYM(𝑥̂, 𝑝̂; 𝜁,𝑚𝑏 , 𝑦𝛼) = 𝑒𝑖𝑏𝜁𝑥̂ (∏ 

𝑁f

𝛼=1

 𝒟𝑏 (
𝑏

2𝜋
𝑥̂ + 𝑦𝛼))

𝑒
−
1
2𝑏2

𝑝̂

2cosh 
𝑝̂
2

.  

𝜌̂𝑏=1,𝑁f
SYM (𝑥̂, 𝑝̂; 𝜁,𝑚, 𝑦𝛼) =

𝑒𝑖𝜁𝑥̂

∏  
𝑁f
𝛼=1  2cosh 

𝑥̂ + 2𝜋𝑦𝛼
2

𝑒𝑖𝑚𝑝̂

2cosh 
𝑝̂
2

 

𝜁

𝑁f
=
1

2
𝑀,𝑚 =

1

2
𝑀̃, 𝑦𝛼 =

1

2
𝜂𝛼  

(𝑛𝑁f, 1)𝑘=1 with {𝑀 =
2𝑏

𝑛𝑁f
𝜁, 𝜂𝛼 = 𝑦𝛼

′ ; 𝑀̃ = 𝑖𝑏−2} ↔ SYM𝑏=√2𝑛−1,𝑁f
 with {𝜁,𝑚𝑏 , 𝑦𝛼}  
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𝑦𝛼
′ =

{
  
 

  
 
2

𝑏
𝑦1 +

2𝑖

𝑏2
[
1 + 𝑛

2
− 𝛼] (1 ≤ 𝛼 ≤ 𝑛)

2

𝑏
𝑦2 +

2𝑖

𝑏2
[
1 + 𝑛

2
− (𝛼 − 𝑛)] (𝑛 + 1 ≤ 𝛼 ≤ 2𝑛)

⋮ ⋮
2

𝑏
𝑦𝑁f +

2𝑖

𝑏2
[
1 + 𝑛

2
− (𝛼 − (𝑁f − 1)𝑛)] ((𝑁f − 1)𝑛 + 1 ≤ 𝛼 ≤ 𝑁f𝑛)

 

𝐴
𝑏=√2𝑛−1,𝑁f

SYM (𝜁,𝑚𝑏 , 𝑦𝛼) =
1

4
∑  

±

[𝐴ABJM (
(𝑏2 + 1)𝑁f ± 4𝑖𝑏𝜁

2
) 

+ ∑  

𝑁f

𝛼,𝛽=1

  ∑  

𝑛

𝛼′,𝛽′=1

 𝒜 (1 ± 𝑏−2,
2

𝑏
(𝑦𝛼 − 𝑦𝛽) +

2𝑖

𝑏2
(𝛼′ − 𝛽′))] .  

𝐴
𝑏=√2𝑛−1,𝑁f=1
SYM (𝜁,𝑚𝑏)

 =
1

4
[∑  

±

 𝐴ABJM (
𝑏2 + 1 ± 4𝑖𝑏𝜁

2
) + 𝐴ABJM(2𝑛 − 2) − 𝐴ABJM(4𝑛 − 2)]

 

∑  

𝑛

𝛼,𝛽=1

  [𝒜 (
2𝑛

2𝑛 − 1
,

2𝑖

2𝑛 − 1
(𝛼 − 𝛽)) +𝒜 (

2𝑛 − 2

2𝑛 − 1
,

2𝑖

2𝑛 − 1
(𝛼 − 𝛽))] 

 = 𝐴ABJM(2𝑛 − 2) − 𝐴ABJM(4𝑛 − 2)

 

∑  

𝑛

𝛼,𝛽=1

  [𝒜 (
2𝑛

2𝑛 − 1
,

𝜒

2𝑛 − 1
+

2𝑖

2𝑛 − 1
(𝛼 − 𝛽)) +𝒜 (

2𝑛 − 2

2𝑛 − 1
,

𝜒

2𝑛 − 1
+

2𝑖

2𝑛 − 1
(𝛼 − 𝛽))] 

 = 𝒜(2𝑛 − 2, 𝜒) − 𝒜(4𝑛 − 2, 𝜒)

 

𝐶𝑏,𝑁f
SYM(𝜁,𝑚𝑏) =

4𝑏4𝑁f

𝜋2(𝑏2 − 1)((𝑏2 + 1)2𝑁f
2 + 16𝑏2𝜁2)

𝐵𝑏,𝑁f
SYM(𝜁,𝑚𝑏 , 𝑦𝛼) =

1

𝑏2 − 1
[

(3𝑏4 + 1)𝑁f

3((𝑏2 + 1)2𝑁f
2 + 16𝑏2𝜁2)

− 𝑏2∑  

𝑁f

𝛼=1

 𝑦𝛼
2 −

𝑁f
24
(𝑏4 − 𝑏2 + 2)]

𝐴𝑏,𝑁f
SYM(𝜁,𝑚𝑏 , 𝑦𝛼) =

1

4
[∑  

±

 𝐴ABJM (
(𝑏2 + 1)𝑁f ± 4𝑖𝑏𝜁

2
)

 + ∑  

𝑁f

𝛼,𝛽=1

 (𝒜 (𝑏2 − 1,2𝑏(𝑦𝛼 − 𝑦𝛽)) −𝒜 (2𝑏2, 2𝑏(𝑦𝛼 − 𝑦𝛽)))]

 

 

𝐶𝑏,𝑁f
SYM(𝜁,𝑚) =(

2

𝜋(𝑏 + 𝑏−1)2√2𝑁fΔ1Δ2Δ3Δ4
)

2

𝐵𝑏,𝑁f
SYM(𝜁,𝑚) =

𝑁f
24

−
𝑁f
12
(
1

Δ1
+
1

Δ2
) −

1

12𝑁f
(
1

Δ3
+
1

Δ4
)

 −
4

3(𝑏 + 𝑏−1)2
(−

𝑁f
8Δ1Δ2

+
Δ1
2 + Δ2

2 − 2(Δ1 + Δ2) + Δ1Δ2
8𝑁fΔ1Δ2Δ3Δ4

)

𝐴𝑏,𝑁f
SYM(𝜁,𝑚𝑏) =

1

4
∑  

±

 𝐴ABJM (
(𝑏2 + 1)𝑁f ± 4𝑖𝑏𝜁

2
)

 

𝑦 𝑍
√2,2

SYM,pert 
(𝜁 = 0) 𝑍

√2,2
SYM (𝜁 = 0) 

0 0.0596079 0.059275 

0.1 0.0559911 0.0555738 

0.2 0.046786 0.0461615 
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0.3 0.0354902 0.0346407 

0.4 0.0250305 0.0240313 

 

𝑦 𝑍
√2,2

SYM,pert 
(𝜁 = 0.2) 𝑍

√2,2
SYM (𝜁 = 0.2) 

0 0.0557911 0.0555738 

0.1 0.0522504 0.0519804 

0.2 0.0432631 0.0428701 

0.3 0.0322991 0.031788 

0.4 0.0222461 0.0216819 

 

+
𝑁f
2

4
(𝐴ABJM(𝑏2 − 1) − 𝐴ABJM(2𝑏2)) ,  

Δ1 =
1

2
+

2𝑚𝑖

𝑏 + 𝑏−1
, Δ2 =

1

2
−

2𝑚𝑖

𝑏 + 𝑏−1
, Δ3 =

1

2
−

2𝜁𝑖

(𝑏 + 𝑏−1)𝑁f
, Δ4 =

1

2
+

2𝜁𝑖

(𝑏 + 𝑏−1)𝑁f
.  

𝐶𝑏,𝑁f=1
SYM (𝜁,𝑚𝑏) =

4𝑏4

𝜋2(𝑏2 − 1)((𝑏2 + 1)2 + 16𝑏2𝜁2)

𝐵𝑏,𝑁f=1
SYM (𝜁,𝑚𝑏) = −

𝑏8 + 𝑏6(16𝜁2 + 1) − 𝑏4(16𝜁2 + 23) + 𝑏2(32𝜁2 + 3) − 6

24(𝑏2 − 1)((𝑏2 + 1)2 + 16𝑏2𝜁2)

 

𝑍𝑏,𝑁f=2
SYM, pert (1; 𝜁,𝑚𝑏 , 𝑦𝛼)

 = 𝑒𝐴𝑏,2
SYM(𝜁,𝑚𝑏,𝑦𝛼)𝐶𝑏,2

SYM(𝜁,𝑚𝑏)
−
1
3Ai [𝐶𝑏,2

SYM(𝜁,𝑚𝑏)
−
1
3 (1 − 𝐵𝑏,2

SYM(𝜁,𝑚𝑏 , 𝑦𝛼))] ,
 

𝑍𝑏,𝑁f=2
SYM (1; 𝜁,𝑚𝑏 , 𝑦𝛼) = 𝒟𝑏(𝑚𝑏)∫  

∞

−∞

 
𝑑𝜆

2𝜋
𝑒𝑖𝜁 ∑  𝑁

𝑖=1  𝜆𝑖∏ 

2

𝛼=1

 𝒟𝑏 (
𝜆

2𝜋
+ 𝑦𝛼) .  

𝐴𝑏,𝑁f
SYM(𝜁,𝑚𝑏 , 𝑦𝛼 = 𝑦𝛼(𝑏))

 =
1

4
[∑  

±

 𝐴ABJM (
(𝑏2 + 1)𝑁f ± 4𝑖𝑏𝜁

2
) + 𝐴ABJM((𝑏2 − 1)𝑁f) − 𝐴

ABJM(2𝑏2𝑁f)] ,
 

𝑦𝛼(𝑏) =
𝑖

𝑏𝑁f
(
1 + 𝑁f
2

− 𝛼) .  

𝒪̂𝑏,𝑁f
SYM(𝑥̂, 𝑝̂; 𝜁,𝑚𝑏 , 𝑦𝛼)

 = 𝑒−
𝑖𝑏𝜁
2 𝑥̂∏  

𝑁f

𝛼=1

 𝑠𝑏 (
𝑏

2𝜋
𝑥̂ + 𝑦𝛼 −

𝑖

4
𝑄) (𝑒

(
1
2
+
1
2𝑏2

)𝑝̂
+ 𝑒

−(
1
2
−
1
2𝑏2

)𝑝̂
)∏  

𝑁f

𝛼=1

 
𝑒−

𝑖𝑏𝜁
2
𝑥̂

𝑠𝑏 (
𝑏
2𝜋

𝑥̂ + 𝑦𝛼 +
𝑖
4
𝑄)

.
 

𝒪̂𝑏,𝑁f
SYM(𝑥̂, 𝑝̂; 𝜁,𝑚𝑏 , 𝑦𝛼) = 𝐴̂𝜌̂𝑏,𝑁f

SYM(𝑥̂, 𝑝̂; 𝜁,𝑚𝑏 , 𝑦𝛼)
−1𝐴̂−1,  

𝐴̂ = 𝑒−
𝑖𝑏𝜁
2
𝑥̂∏ 

𝑁f

𝛼=1

  𝑠𝑏 (
𝑏

2𝜋
𝑥̂ + 𝑦𝛼 −

𝑖

4
𝑄)  

𝑒𝑐1𝑥̂𝑒𝑐2𝑝̂ = 𝑒𝑐1𝜋𝑖𝑒𝑐1𝑥̂+𝑐2𝑝̂ = 𝑒2𝑐1𝑐2𝜋𝑖𝑒𝑐2𝑝̂𝑒𝑐1𝑥̂ ,  
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𝒪̂𝑏,𝑁f
SYM(𝑥̂, 𝑝̂; 𝜁,𝑚𝑏 , 𝑦𝛼)

 = 𝑒
−𝑖𝑏𝜁𝑥̂+(

1
2
+

1
2𝑏2

)𝑝̂
+ 𝑒

−
1
2
(
1
2
−
1
2𝑏2

)𝑝̂
𝑒−𝑖𝑏𝜁𝑥̂ (∏ 

𝑁f

𝛼=1

 2cosh (
𝑏2

2
𝑥̂ + 𝜋𝑏𝑦𝛼))𝑒

−
1
2
(
1
2
−
1
2𝑏2

)𝑝̂  

𝑋̂ = (
𝑏2𝑁f
2

− 𝑖𝑏𝜁) 𝑥̂ − (
1

2
−

1

2𝑏2
) 𝑝̂, 𝑃̂ = −𝑖𝑏𝜁𝑥̂ + (

1

2
+

1

2𝑏2
) 𝑝̂  

𝒪̂𝑏,𝑁f
SYM(𝑥̂, 𝑝̂; 𝜁,𝑚𝑏, 𝑦𝛼(𝑏)) = 𝒪̂ℙ(1,𝔪,𝔫)(𝑋̂, 𝑃̂),  

𝒪̂ℙ(1,𝔪,𝔫)(𝑋̂, 𝑃̂) = 𝑒 𝑋̂ + 𝑒𝑃̂ + 𝑒−𝔪𝑋̂−𝔫𝑃̂  

𝐶ℙ(1,𝔪,𝔫)(ℏ′) =
(𝔪 + 𝔫 + 1)2

𝔪𝔫

1

4𝜋ℏ′

𝐵ℙ(1,𝔪,𝔫)(ℏ′) =
𝔪2 +𝔪𝔫 + 𝔫2 +𝔪 + 𝔫 + 1

12𝔪𝔫

𝜋

ℏ′
−
𝔪 + 𝔫 + 1

48𝜋
ℏ′

𝐴ℙ(1,𝔪,𝔫)(ℏ′) =
1

4
[𝐴ABJM (

ℏ′

𝜋
) + 𝐴ABJM (

𝔪ℏ′

𝜋
)

 +𝐴ABJM (
𝔫ℏ′

𝜋
) − 𝐴ABJM (

(𝔪 + 𝔫 + 1)ℏ′

𝜋
)]

 

𝔪 =
(𝑏 + 𝑏−1)𝑁f + 4𝑖𝜁

(𝑏 + 𝑏−1)𝑁f − 4𝑖𝜁
, 𝔫 =

2(𝑏 − 𝑏−1)𝑁f
(𝑏 + 𝑏−1)𝑁f − 4𝑖𝜁

, ℏ′ =
(𝑏2 + 1)𝑁f − 4𝑖𝑏𝜁

2
𝜋  

𝜁(𝑠) = ∑  

∞

𝑛=1

 
1

𝑛𝑠
 

𝜁(𝑠) =
1

Γ(𝑠)
∫  
∞

0

 
𝑥𝑠−1

𝑒𝑥 − 1
𝑑𝑥  

𝜁(2𝑛) =
(−1)𝑛+1𝐵2𝑛(2𝜋)

2𝑛

2(2𝑛)!
 

𝜁(−𝑛) = −
𝐵𝑛+1
𝑛 + 1

 

Li𝑠(𝑧) = ∑  

∞

𝑛=1

 
𝑧𝑛

𝑛𝑠
 

Li𝑠(1) = 𝜁(𝑠)  

Li1(𝑧) = −log (1 − 𝑧)  

𝜕

𝜕𝑧
Li𝑠(𝑧) =

1

𝑧
Li𝑠−1(𝑧)  

∑  

𝑝

𝑛=1

 Li𝑠 (𝑧𝑒
2𝜋𝑖

𝑛
𝑝) = 𝑝1−𝑠Li𝑠(𝑧

𝑝)  

Li𝑛(−𝑒
𝑥) + (−1)𝑛Li𝑛(−𝑒

−𝑥) = −
(2𝜋𝑖)𝑛

𝑛!
𝐵𝑛 (

𝑥

2𝜋𝑖
+
1

2
)  

𝑠𝑏(𝑧) = ∏  

∞

ℓ,𝑚=0

 
ℓ𝑏 + 𝑚𝑏−1 +

𝑄
2
− 𝑖𝑧

ℓ𝑏 + 𝑚𝑏−1 +
𝑄
2
+ 𝑖𝑧

 

𝑄 = 𝑏 + 𝑏−1  
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𝑖log 𝑠𝑏(𝑧) =
𝜋

2
𝑧2 +

𝜋

24
(𝑏2 + 𝑏−2) + 𝑖 ∫  

ℝ+𝑖0+
 
𝑑𝑡

𝑡

𝑒−2𝑖𝑧𝑡

4sinh (𝑏𝑡)sinh (𝑏−1𝑡)
 

𝑠𝑏(0) = 1, 𝑠𝑏(𝑧) = 𝑠𝑏−1(𝑧), 𝑠𝑏(𝑧)𝑠𝑏(−𝑧) = 1, 𝑠𝑏(𝑧) = 𝑠𝑏(−𝑧‾)  

𝑠𝑏 (𝑧 +
𝑖
2
𝑏±1)

𝑠𝑏 (𝑧 −
𝑖
2
𝑏±1)

=
1

2cosh (𝜋𝑏±1𝑧)
 

𝑖log 𝑠𝑏=1(𝑧) =
𝜋

12
+
𝜋

2
𝑧2 − 𝑧log (1 − 𝑒2𝜋𝑧) −

1

2𝜋
Li2(𝑒

2𝜋𝑧)  

𝑑

𝑑𝑧
𝑖log 𝑠𝑏=1(𝑧) = −

𝜋𝑧

tanh 𝜋𝑧
 

𝒟𝑏(𝑧) =
𝑠𝑏 (𝑧 +

𝑖
4
𝑄)

𝑠𝑏 (𝑧 −
𝑖
4
𝑄)

 

𝒟𝑏=√2𝑛−1(𝜇) =∏  

𝑛

𝑗=1

 
1

2cosh (
𝜋
𝑏
𝜇 +

𝜋𝑖
𝑏2
(
𝑛 + 1
2

− 𝑗))
 

𝒟√2(𝜇) =
1

2
1
4(2cosh (2√2𝜋𝜇))

1
8(√2cosh (√2𝜋𝜇) + 1)

1
2

 × exp [−√2𝜇arctan (𝑒−2√2𝜋𝜇) +
𝑖

4𝜋
(Li2 (𝑖𝑒

−2√2𝜋𝜇) − Li2 (−𝑖𝑒
−2√2𝜋𝜇))]

 

𝒵2ℓ
(𝑞,𝑞̃)

(𝑠; 𝑣𝛼 ,𝑀; 𝑣̃𝛼 , 𝑀̃) = 𝐷2ℓ
(𝑞,𝑞̃)

(𝑠; 𝑣𝛼 , 𝑀; 𝑣̃𝛼 , 𝑀̃)𝒵0
(𝑞,𝑞̃)

(𝑠; 𝑣𝛼 ,𝑀; 𝑣̃𝛼 , 𝑀̃) 

𝜌̂𝑘
(𝑞,𝑞̃)

(𝑥̂, 𝑝̂;
ℏ𝑣𝛼
𝜋

,𝑀;
ℏ𝑣̃𝛼
𝜋

, 𝑀̃)
𝑠

= 𝑒
−𝑠𝐻̂𝑘

(𝑞,𝑞̃)
(𝑥̂,𝑝̂;

ℏ𝑣𝛼
𝜋
,𝑀;

ℏ𝑣̃𝛼
𝜋
,𝑀̃)

 

𝐻̂𝑘
(𝑞,𝑞̃)

(𝑥̂, 𝑝̂;
ℏ𝑣𝛼
𝜋

,𝑀;
ℏ𝑣̃𝛼
𝜋

, 𝑀̃) = 𝐻𝑊(𝑥, 𝑝) 

𝜌̂𝑘
(𝑞,𝑞̃)

(𝑥̂, 𝑝̂;
ℏ𝑣𝛼
𝜋

,𝑀;
ℏ𝑣̃𝛼
𝜋

, 𝑀̃)
𝑠

 

=∑  

∞

𝑟=0

 𝑒−𝑠𝐻𝑊(𝑥,𝑝)
(−𝑠)𝑟

𝑟!
(𝐻̂𝑘

(𝑞,𝑞̃)
(𝑥̂, 𝑝̂;

ℏ𝑣𝛼
𝜋

,𝑀;
ℏ𝑣̃𝛼
𝜋

, 𝑀̃) − 𝐻𝑊(𝑥, 𝑝))
𝑟

.  

(𝜌̂𝑘
(𝑞,𝑞̃)

(𝑥̂, 𝑝̂;
ℏ𝑣𝛼
𝜋

,𝑀;
ℏ𝑣̃𝛼
𝜋

, 𝑀̃)
𝑠

)
𝑊

=∑  

∞

𝑟=0

  𝑒−𝑠𝐻𝑊(𝑥,𝑝)
(−𝑠)𝑟

𝑟!
𝒢𝑟(𝑥, 𝑝),  

𝒢𝑟(𝑥, 𝑝) = ((𝐻̂𝑘
(𝑞,𝑞̃)

(𝑥̂, 𝑝̂;
ℏ𝑣𝛼
𝜋
,𝑀;

ℏ𝑣̃𝛼
𝜋

, 𝑀̃) − 𝐻𝑊(𝑥, 𝑝))
𝑟

)
𝑊

 

𝒢0(𝑥, 𝑝) = 1
𝒢1(𝑥, 𝑝) = 0

𝒢𝑟(𝑥, 𝑝) =  (−1)
𝑟−1(𝑟 − 1)𝐻𝑊(𝑥, 𝑝)

𝑟

 + ∑  

𝑟

𝑟′=2

 (
𝑟

𝑟′
) (−1)𝑟−𝑟

′
𝐻𝑊(𝑥, 𝑝)

𝑟−𝑟′(𝐻𝑊(𝑥, 𝑝) ⋆ ⋯⋆ 𝐻𝑊(𝑥, 𝑝)⏟                
𝑟′

), (𝑟 ≥ 2)

 

𝒢𝑟(𝑥, 𝑝) = ∑  

𝑎=2⌊
𝑟+2
3
⌋

 ℏ𝑎𝒢𝑟
(𝑎)
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𝐻𝑊(𝑥, 𝑝) = ∑  

∞

𝑎=0

 ℏ𝑎𝐻𝑊
(𝑎)

 

Tr𝑘
(𝑞,𝑞̃)

(𝑥̂, 𝑝̂;
ℏ𝑣𝛼
𝜋
,𝑀;

ℏ𝑣̃𝛼
𝜋

, 𝑀̃)
𝑠

 

Tr𝜌̂𝑘
(𝑞,𝑞̃)

(𝑥̂, 𝑝̂;
ℏ𝑣𝛼
𝜋
,𝑀;

ℏ𝑣̃𝛼
𝜋

, 𝑀̃)
𝑠

= ∫  
𝑑𝑥𝑑𝑝

2𝜋ℏ
𝑒−𝑠𝐻𝑊

(0)

ΔWK  

ΔWK = (1 +∑  

∞

𝑟=1

 
(−𝑠)𝑟

𝑟!
(∑  

∞

𝑎=1

 ℏ𝑎𝐻𝑊
(𝑎)
)

𝑟

)

(

 
 
1 + ∑  

∞

𝑟′=2

 
(−𝑠)𝑟

′

𝑟!
∑  

∞

𝑎′=2⌊
𝑟′+2
3

⌋

 ℏ𝑎
′
𝒢
𝑟′
(𝑎′)

)

 
 

 

𝒵2
(𝑞,𝑞̃)

(𝑠; 𝑣𝛼 ,𝑀; 𝑣̃𝛼 , 𝑀̃) = ∫  
𝑑𝑥𝑑𝑝

2𝜋
𝑒−𝑠𝐻𝑊

(0)

(−𝑠𝐻𝑊
(2)
+
𝑠2

2
(𝐻𝑊

(1)
)
2
+
𝑠2

2
𝒢2
(2)
−
𝑠3

6
𝒢3
(2)
)  

𝐻𝑊
(0)

= 𝑞log 2cosh 
𝑥

2
−
𝑖𝑞𝑀𝑥

2
+ 𝑞̃log 2cosh 

𝑝

2
−
𝑖𝑞̃𝑀̃𝑥

2

𝐻𝑊
(1)

= 0

𝐻𝑊
(2)

=
1

𝐹(𝑥)2
(
1

2
∑  

𝑞

𝛼=1

  𝑣𝛼
2 −

𝑞𝑞̃2(1 − 𝑀̃2)

48
) +

1

𝐹(𝑝)2
(
1

2
∑  

𝑞̃

𝛼=1

  𝑣̃𝛼
2 +

𝑞2𝑞̃(1 − 𝑀2)

96
)

 +
𝑖𝑞𝑞̃2𝑀̃𝐹′(𝑝)

12𝐹(𝑥)2𝐹(𝑝)
−
𝑖𝑞2𝑞̃𝑀𝐹′(𝑥)

24𝐹(𝑥)𝐹(𝑝)2
+

1

𝐹(𝑥)2𝐹(𝑝)2
(−

𝑞2𝑞̃

24
+
𝑞𝑞̃2

12
)

𝒢2
(2)

=
1

4
[(𝜕𝑥𝜕𝑝𝐻𝑊

(0)
)
2
− 𝜕𝑥

2𝐻𝑊
(0)
𝜕𝑝
2𝐻𝑊

(0)
] = −

𝑞𝑞̃

4𝐹(𝑥)2𝐹(𝑝)2

𝒢3
(2)

=
1

4
[2𝜕𝑥𝐻𝑊

(0)
𝜕𝑝𝐻𝑊

(0)
𝜕𝑥𝜕𝑝𝐻𝑊

(0)
− 𝜕𝑥

2𝐻𝑊
(0)
(𝜕𝑝𝐻𝑊

(0)
)
2
− (𝜕𝑥𝐻𝑊

(0)
)
2
𝜕𝑝
2𝐻𝑊

(0)
]

=  −
𝑞𝑞̃2(1 − 𝑀̃2)

16𝐹(𝑥)2
−
𝑞2𝑞̃(1 − 𝑀2)

16𝐹(𝑝)2
+
𝑖𝑞𝑞̃2𝑀̃𝐹′(𝑝)

4𝐹(𝑥)2𝐹(𝑝)
+
𝑖𝑞2𝑞̃𝑀𝐹′(𝑥)

4𝐹(𝑥)𝐹(𝑝)2
+

𝑞𝑞̃(𝑞 + 𝑞̃)

4𝐹(𝑥)2𝐹(𝑝)2

 

𝒵2
(𝑞,𝑞̃)

(𝑠; 𝑣𝛼 ,𝑀; 𝑣̃𝛼 , 𝑀̃)

=
1

2𝜋
[−𝑠 ((

1

2
∑  

𝑞

𝛼=1

  𝑣𝛼
2 −

𝑞𝑞̃2(1 − 𝑀̃2)

48
) 𝐼1 (

𝑖𝑞𝑀𝑠

2
, 𝑞𝑠 + 2) 𝐼1 (

𝑖𝑞̃𝑀̃𝑠

2
, 𝑞̃𝑠)

 +(
1

2
∑  

𝑞̃

𝛼=1

  𝑣̃𝛼
2 +

𝑞2𝑞̃(1 − 𝑀2)

96
) 𝐼1 (

𝑖𝑞𝑀𝑠

2
, 𝑞𝑠) 𝐼1 (

𝑖𝑞̃𝑀̃𝑠

2
, 𝑞̃𝑠 + 2)

 +
𝑖𝑞𝑞̃2𝑀̃

12
𝐼1 (

𝑖𝑞𝑀𝑠

2
, 𝑞𝑠 + 2) 𝐼2 (

𝑖𝑞̃𝑀̃𝑠

2
, 𝑞̃𝑠 + 1)

 −
𝑖𝑞2𝑞̃𝑀

24
𝐼2 (

𝑖𝑞𝑀𝑠

2
, 𝑞𝑠 + 1) 𝐼1 (

𝑖𝑞̃𝑀̃𝑠

2
, 𝑞̃𝑠 + 2)

+(−
𝑞2𝑞̃

24
+
𝑞𝑞̃2

12
) 𝐼1 (

𝑖𝑞𝑀𝑠

2
, 𝑞𝑠 + 2) 𝐼1 (

𝑖𝑞̃𝑀̃𝑠

2
, 𝑞̃𝑠 + 2))

 +
𝑠2

2
(−

𝑞𝑞̃

4
𝐼1 (

𝑖𝑞𝑀𝑠

2
, 𝑞𝑠 + 2) 𝐼1 (

𝑖𝑞̃𝑀̃𝑠

2
, 𝑞̃𝑠 + 2))

 −
𝑠3

6
(−

𝑞𝑞̃2(1 − 𝑀̃2)

16
𝐼1 (

𝑖𝑞𝑀𝑠

2
, 𝑞𝑠 + 2) 𝐼1 (

𝑖𝑞̃𝑀̃𝑠

2
, 𝑞̃𝑠)

 −
𝑞2𝑞̃(1 −𝑀2)

16
𝐼1 (

𝑖𝑞𝑀𝑠

2
, 𝑞𝑠) 𝐼1 (

𝑖𝑞̃𝑀̃𝑠

2
, 𝑞̃𝑠 + 2)

 +
𝑖𝑞𝑞̃2𝑀̃

4
𝐼1 (

𝑖𝑞𝑀𝑠

2
, 𝑞𝑠 + 2) 𝐼2 (

𝑖𝑞̃𝑀̃𝑠

2
, 𝑞̃𝑠 + 1)

 +
𝑖𝑞2𝑞̃𝑀

4
𝐼2 (

𝑖𝑞𝑀𝑠

2
, 𝑞𝑠 + 1) 𝐼1 (

𝑖𝑞̃𝑀̃𝑠

2
, 𝑞̃𝑠 + 2)
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+
𝑞𝑞̃(𝑞 + 𝑞̃)

4
𝐼1 (

𝑖𝑞𝑀𝑠

2
, 𝑞𝑠 + 2) 𝐼1 (

𝑖𝑞̃𝑀̃𝑠

2
, 𝑞̃𝑠 + 2))]  

𝒵2
(𝑞,𝑞̃)

(𝑠; 𝑣𝛼 ,𝑀; 𝑣̃𝛼 , 𝑀̃) =
𝐼1 (

𝑖𝑞𝑀𝑠
2

, 𝑞𝑠) 𝐼1 (
𝑖𝑞̃𝑀̃𝑠
2

, 𝑞̃𝑠)

2𝜋
𝐷2
(𝑞,𝑞̃)

(𝑠; 𝑣𝛼 , 𝑀; 𝑣̃𝛼 , 𝑀̃)
 

𝐷2
(𝑞,𝑞̃)

(𝑠; 𝑣𝛼 ,𝑀; 𝑣̃𝛼 , 𝑀̃) =
𝑠2

384(1 + 𝑞𝑠)(1 + 𝑞̃𝑠)
(𝑞2𝑞̃2(1 +𝑀2)(1 + 𝑀̃2)(1 − 𝑠2)

−48𝑞(1 +𝑀2)(1 + 𝑞̃𝑠)∑  

𝑞

𝛼=1

  𝑣𝛼
2 − 48𝑞̃(1 + 𝑀̃2)(1 + 𝑞𝑠)∑  

𝑞̃

𝛼=1

  𝑣̃𝛼
2)

 

1

𝐹(𝑥)2𝑎1𝐹(𝑝)2𝑎2
,

𝐹′(𝑥)

𝐹(𝑥)2𝑎1+1𝐹(𝑝)2𝑎2
,

𝐹′(𝑝)

𝐹(𝑥)2𝑎1𝐹(𝑝)2𝑎2+1
,

𝐹′(𝑥)𝐹′(𝑝)

𝐹(𝑥)2𝑎1+1𝐹(𝑝)2𝑎2+1
,  

Vec (
1

𝐹(𝑥)2𝑎1
,

𝐹′(𝑥)

𝐹(𝑥)2𝑎2+1
; 𝑎1, 𝑎2 ≥ 0) = Pol [

𝐹′(𝑥)

𝐹(𝑥)
] .  

𝜕𝑥𝑈(𝑥) =
𝑞𝐹′(𝑥)

𝐹(𝑥)
−
𝑖𝑞𝑀

2
+∑  

𝑞

𝛼=1

 𝜕𝑥log [cosh 
ℏ𝑣𝛼
2

+ 2sinh 
ℏ𝑣𝛼
2

𝐹′(𝑥)

𝐹(𝑥)
]  

𝜕𝑥Pol [
𝐹′(𝑥)

𝐹(𝑥)
] ⊂ Pol [

𝐹′(𝑥)

𝐹(𝑥)
] 

𝑉𝜈 = ∑  

𝑞

𝛼=1

  𝑣𝛼
𝜈 , 𝑉̃𝜈 = ∑  

𝑞̃

𝛼=1

  𝑣̃𝛼
𝜈  

𝐷4
(𝑞,𝑞̃)(𝑠; 𝑣𝛼 , 0; 𝑣̃𝛼 , 0) =𝑓4,∅,∅

(𝑞,𝑞̃)
(𝑠; 0; 0) + 𝑓4,{2},∅

(𝑞,𝑞̃)
(𝑠; 0; 0)𝑉2 + 𝑓4,{2},∅

(𝑞̃,𝑞)
(𝑠; 0; 0)𝑉̃2 + 𝑓4,{4},∅

(𝑞,𝑞̃)
(𝑠; 0; 0)𝑉4

+𝑓4,{2,2},∅
(𝑞,𝑞̃)

(𝑠; 0; 0)𝑉2
2 + 𝑓4,{2},{2}

(𝑞,𝑞̃)
(𝑠; 0; 0)𝑉2𝑉̃2 + 𝑓4,{4},∅

(𝑞̃,𝑞)
(𝑠; 0; 0)𝑉̃4  

 +𝑓4,{2,2},∅
(𝑞̃,𝑞)

(𝑠; 0; 0)𝑉̃2
2

 

𝑓4,∅,∅
(𝑞,𝑞̃)

(𝑠; 0; 0)  = −
𝑞3𝑞̃3𝑠3(1 − 𝑠2)(24𝑞 + 24𝑞̃ + 𝑛(80 + 17𝑞𝑞̃) + 𝑛2(24𝑞 + 24𝑞̃) + 7𝑞𝑞̃𝑛3)

1474560(1 + 𝑞𝑠)(3 + 𝑞𝑠)(1 + 𝑞̃𝑠)(3 + 𝑞̃𝑠)

𝑓4,{2},∅
(𝑞,𝑞̃)

(𝑠; 0; 0)  = −
𝑞2𝑞̃2𝑠3(1 − 𝑠2)(4 + 𝑞𝑠)

3072(1 + 𝑞𝑠)(1 + 𝑞̃𝑠)(3 + 𝑞𝑠)

𝑓4,{4},∅
(𝑞,𝑞̃)

(𝑠; 0; 0)  =
𝑞2𝑠3

192(1 + 𝑞𝑠)(3 + 𝑞𝑠)

𝑓4,{2,2},∅
(𝑞,𝑞̃)

(𝑠; 0; 0)  =
𝑞𝑠3(2 + 𝑞𝑠)

128(1 + 𝑞𝑠)(3 + 𝑞𝑠)

𝑓4,{2},{2}
(𝑞,𝑞̃)

(𝑠; 0; 0)  =
𝑞2𝑠4

64(1 + 𝑞̃𝑠)(1 + 𝑞𝑠)

 

𝐷6
(𝑞,𝑞̃)(𝑠; 𝑣𝛼 , 0; 𝑣̃𝛼 , 0) =𝑓6,∅,∅

(𝑞,𝑞̃)
(𝑠; 0; 0) + 𝑓6,{2},∅

(𝑞,𝑞̃)
(𝑠; 0; 0)𝑉2 + 𝑓6,{2},∅

(𝑞̃,𝑞)
(𝑠; 0; 0)𝑉̃2 + 𝑓6,{4},∅

(𝑞,𝑞̃)
(𝑠; 0; 0)𝑉4

+𝑓6,{2,2},∅
(𝑞,𝑞̃)

(𝑠; 0; 0)𝑉2
2 + 𝑓6,{2},{2}

(𝑞,𝑞̃)
(𝑠; 0; 0)𝑉2𝑉̃2 + 𝑓6,{4},∅

(𝑞̃,𝑞)
(𝑠; 0; 0)𝑉̃4  

+𝑓6,{2,2},∅
(𝑞̃,𝑞)

(𝑠; 0; 0)𝑉̃2
2 + 𝑓6,{6},∅

(𝑞,𝑞̃)
(𝑠; 0; 0)𝑉6 + 𝑓6,{4,2},∅

(𝑞,𝑞̃)
(𝑠; 0; 0)𝑉4𝑉2  

+𝑓6,{3,3},∅
(𝑞,𝑞̃)

(𝑠; 0; 0)𝑉3
2 + 𝑓6,{2,2,2},∅

(𝑞,𝑞̃)
(𝑠; 0; 0)𝑉2

3 + 𝑓6,{4},{2}
(𝑞,𝑞̃)

(𝑠; 0; 0)𝑉4𝑉̃2  

+𝑓6,{2,2},{2}
(𝑞,𝑞̃)

(𝑠; 0; 0)𝑉2
2𝑉̃2 + 𝑓6,{4},{2}

(𝑞̃,𝑞)
(𝑠; 0; 0)𝑉2𝑉̃4 + 𝑓6,{2,2},{2}

(𝑞̃,𝑞)
(𝑠; 0; 0)𝑉2𝑉̃2

2  

 +𝑓6,{6},∅
(𝑞̃,𝑞)

(𝑠; 0; 0)𝑉̃6 + 𝑓6,{4,2},∅
(𝑞̃,𝑞)

𝑉̃4𝑉̃2 + 𝑓6,{3,3},∅
(𝑞̃,𝑞)

𝑉̃3
2 + 𝑓6,{2,2,2},∅

(𝑞̃,𝑞)
𝑉̃2
3

 

𝑓6,∅,∅
(𝑞,𝑞̃)

(𝑠; 0; 0) =
𝑞3𝑞̃3𝑠3(1 − 𝑠2)

3963617280(1 + 𝑞𝑠)(3 + 𝑞𝑠)(5 + 𝑞𝑠)(1 + 𝑞̃𝑠)(3 + 𝑞̃𝑠)(5 + 𝑞̃𝑠)
(1920𝑞3 + 1920𝑞̃3

 +(7168 + 5376𝑞2 + 14336𝑞𝑞̃ + 2944𝑞3𝑞̃ + 5376𝑞̃2 + 2304𝑞2𝑞̃2 + 2944𝑞𝑞̃3)𝑠

 +(14336𝑞 + 576𝑞3 + 14336𝑞̃ + 17920𝑞2𝑞̃ + 17920𝑞𝑞̃2 + 1656𝑞3𝑞̃2 + 576𝑞̃3 + 1656𝑞2𝑞̃3)𝑠2
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+(5376𝑞2 + 25088𝑞𝑞̃ + 2272𝑞3𝑞̃ + 5376𝑞̃2 + 12272𝑞2𝑞̃2 + 2272𝑞𝑞̃3 + 367𝑞3𝑞̃3)𝑠3

+(576𝑞3 + 8960𝑞2𝑞̃ + 8960𝑞𝑞̃2 + 1488𝑞3𝑞̃2 + 576𝑞̃3 + 1488𝑞2𝑞̃3)𝑠4

+(928𝑞3𝑞̃ + 3088𝑞2𝑞̃2 + 928𝑞𝑞̃3 + 178𝑞3𝑞̃3)𝑠5 + (312𝑞3𝑞̃2 + 312𝑞2𝑞̃3)𝑠6 + 31𝑞3𝑞̃3𝑠7),

𝑓6,{2},∅
(𝑞,𝑞̃)

(𝑠; 0; 0) =
𝑞2𝑞̃3𝑠3(1 − 𝑠2)

11796480(1 + 𝑞𝑠)(3 + 𝑞𝑠)(5 + 𝑞𝑠)(1 + 𝑞̃𝑠)(3 + 𝑞̃𝑠)
(192𝑞̃ + (640 + 192𝑞2 + 288𝑞𝑞̃)𝑠

+(960𝑞 + 24𝑞3 + 192𝑞̃ + 160𝑞2𝑞̃)𝑠2 + (272𝑞2 + 288𝑞𝑞̃ + 17𝑞3𝑞̃)𝑠3 + (24𝑞3 + 80𝑞2𝑞̃)𝑠4

+7𝑞3𝑞̃𝑠5),  

𝑓6,{4},∅
(𝑞,𝑞̃)

(𝑠; 0; 0) =
𝑞2𝑞̃2𝑠3(1 − 𝑠2)(8 + 12𝑞𝑠 + 𝑞2𝑠2)

73728(1 + 𝑞𝑠)(3 + 𝑞𝑠)(5 + 𝑞𝑠)(1 + 𝑞̃𝑠)
,  

𝑓6,{2,2},∅
(𝑞,𝑞̃)

(𝑠; 0; 0) =
𝑞𝑞̃2𝑠3(1 − 𝑠2)(2 + 𝑞𝑠)(8 + 8𝑞𝑠 + 𝑞2𝑠2)

49152(1 + 𝑞𝑠)(3 + 𝑞𝑠)(5 + 𝑞𝑠)(1 + 𝑞̃𝑠)
,   

𝑓6,{2},{2}
(𝑞,𝑞̃)

(𝑠; 0; 0) =
𝑞2𝑞̃2𝑠4(1 − 𝑠2)(4 + 𝑞𝑠)(4 + 𝑞̃𝑠)

24576(1 + 𝑞𝑠)(3 + 𝑞𝑠)(1 + 𝑞̃𝑠)(3 + 𝑞̃𝑠)
,   

𝑓6,{6},∅
(𝑞,𝑞̃)

(𝑠; 0; 0) = −
𝑞2𝑠3(1 + 2𝑞𝑠)

5760(1 + 𝑞𝑠)(3 + 𝑞𝑠)(5 + 𝑞𝑠)
,   

𝑓6,{4,2},∅
(𝑞,𝑞̃)

(𝑠; 0; 0) = −
𝑞𝑠3(2 + 𝑞𝑠)2

1536(1 + 𝑞𝑠)(3 + 𝑞𝑠)(5 + 𝑞𝑠)
,

𝑓6,{3,3},∅
(𝑞,𝑞̃)

(𝑠; 0; 0) =
𝑞𝑠3(2 + 𝑞𝑠)

1152(1 + 𝑞𝑠)(3 + 𝑞𝑠)(5 + 𝑞𝑠)
,

𝑓6,{2,2,2},∅
(𝑞,𝑞̃)

(𝑠; 0; 0) = −
𝑞𝑠4(2 + 𝑞𝑠)(4 + 𝑞𝑠)

3072(1 + 𝑞𝑠)(3 + 𝑞𝑠)(5 + 𝑞𝑠)
,

𝑓6,{4},{2}
(𝑞,𝑞̃)

(𝑠; 0; 0) = −
𝑞2𝑞̃𝑠5

1536(1 + 𝑞𝑠)(3 + 𝑞𝑠)(1 + 𝑞̃𝑠)
,

𝑓6,{2,2},{2}
(𝑞,𝑞̃)

(𝑠; 0; 0) = −
𝑞𝑞̃𝑠5(2 + 𝑞𝑠)

1024(1 + 𝑞𝑠)(3 + 𝑞𝑠)(1 + 𝑞̃𝑠)
.   

   

   

𝑞∑  

𝛼

  𝑣𝛼
4 + 3(∑ 

𝛼

 𝑣𝛼
2)

2

= ∑  

𝛼<𝛽

  (𝑣𝛼 − 𝑣𝛽)
4

𝑞∑  

𝛼

 𝑣𝛼
6 + 15∑  

𝛼

  𝑣𝛼
4∑ 

𝛽

  𝑣𝛽
2 − 10(∑  

𝛼

  𝑣𝛼
3)

2

= ∑  

𝛼<𝛽

  (𝑣𝛼 − 𝑣𝛽)
6
.

 

𝐷4
(𝑞,1)

(𝑠; 𝑣𝛼 , 0; 𝑀̃) = 𝑓4,∅,∅
(𝑞,1)

(𝑠; 0; 𝑀̃) + 𝑓4,{2},∅
(𝑞,1)

(𝑠; 0; 𝑀̃)𝑉2 + 𝑓4,{4},∅
(𝑞,1)

(𝑠; 0; 𝑀̃)𝑉4 + 𝑓4,{2,2},∅
(𝑞,1)

(𝑠; 0; 𝑀̃)𝑉2
2,  

 

𝑓4,∅,∅
(𝑞,1)

(𝑠; 0; 𝑀̃) =
(1 + 𝑀̃2)𝑞3𝑠3(1 − 𝑠) (−8 − 8𝑞 + (−24 − 3𝑞)𝑠 − 7𝑞𝑠2 + 𝑀̃2(24 + (−24 + 5𝑞)𝑠 − 7𝑞𝑠2))

1474560(1 + 𝑞𝑠)(3 + 𝑞𝑠)
  

𝑓4,{2},∅
(𝑞,1)

(𝑠; 0; 𝑀̃) = (1 + 𝑀̃2)𝑓4,{2},∅
(𝑞,1)

(𝑠; 0; 0),   

𝑓4,{4},∅
(𝑞,1)

(𝑠; 0; 𝑀̃) = 𝑓4,{4},∅
(𝑞,1)

(𝑠; 0; 0),   

𝑓4,{2,2},∅
(𝑞,1)

(𝑠; 0; 𝑀̃) = 𝑓4,{2,2},∅
(𝑞,1)

(𝑠; 0; 0).   

 

𝐷6
(𝑞,1)

(𝑠; 𝑣𝛼 , 0; 𝑣̃𝛼 , 𝑀̃) =𝑓6,∅,∅
(𝑞,1)

(𝑠; 0; 𝑀̃) + 𝑓6,{2},∅
(𝑞,1)

(𝑠; 0; 𝑀̃)𝑉2 + 𝑓6,{4},∅
(𝑞,1)

(𝑠; 0; 𝑀̃)𝑉4

+𝑓6,{2,2},∅
(𝑞,1)

(𝑠; 0; 𝑀̃)𝑉2
2 + 𝑓6,{6},∅

(𝑞,1)
(𝑠; 0; 𝑀̃)𝑉6 + 𝑓6,{4,2},∅

(𝑞,1)
(𝑠; 0; 𝑀̃)𝑉4𝑉2 

 +𝑓6,{3,3},∅
(𝑞,1)

(𝑠; 0; 𝑀̃)𝑉3
2 + 𝑓6,{2,2,2},∅

(𝑞,1)
(𝑠; 0; 𝑀̃)𝑉2

3
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𝑓6,∅,∅
(𝑞,1)

(𝑠; 0; 𝑀̃) =
(1 + 𝑀̃2)𝑞3𝑠3(1 − 𝑠)

11890851840(1 + 𝑞𝑠)(3 + 𝑞𝑠)(5 + 𝑞𝑠)
(384 + 384𝑞3

+(2304 + 3456𝑞 + 1536𝑞2 + 384𝑞3)𝑠 + (1728 + 4608𝑞 + 3096𝑞2 + 216𝑞3)𝑠2  

+(2784𝑞 + 1776𝑞2 + 387𝑞3)𝑠3 + (936𝑞2 + 192𝑞3)𝑠4 + 93𝑞3𝑠5  

+𝑀̃2(−3840 + (−1536 − 5888𝑞 − 2304𝑞2)𝑠 + (3456 − 1280𝑞 − 240𝑞2 − 168𝑞3)𝑠2 

+(5568𝑞 + 192𝑞2 + 38𝑞3)𝑠3 + (1872𝑞2 + 56𝑞3)𝑠4 + 186𝑞3𝑠5)

+𝑀̃4(1920 + (−3840 + 2944𝑞)𝑠 + (1728 − 5888𝑞 + 504𝑞2)𝑠2  

+(2784𝑞 − 1584𝑞2 + 35𝑞3)𝑠3 + (936𝑞2 − 136𝑞3)𝑠4 + 93𝑞3𝑠5)),

𝑓6,{2},∅
(𝑞,1)

(𝑠; 0; 𝑀̃) =
(1 + 𝑀̃2)𝑞2𝑠3(1 − 𝑠)

11796480(1 + 𝑞𝑠)(3 + 𝑞𝑠)(5 + 𝑞𝑠)
(64 + (192 + 96𝑞 + 64𝑞2)𝑠

 +(288𝑞 + 32𝑞2 + 8𝑞3)𝑠2 + (80𝑞2 + 3𝑞3)𝑠3 + 7𝑞3𝑠4

+𝑀̃2(−192 + (192 − 288𝑞)𝑠 + (288𝑞 − 64𝑞2)𝑠2 + (80𝑞2 − 5𝑞3)𝑠3 + 7𝑞3𝑠4)) ,   

𝑓6,{4},∅
(𝑞,1)

(𝑠; 0; 𝑀̃) =(1 + 𝑀̃2)𝑓6,{4},∅
(𝑞,1)

(𝑠; 0; 0),  

𝑓6,{2,2},∅
(𝑞,1)

(𝑠; 0; 𝑀̃) =(1 + 𝑀̃2)𝑓6,{2,2},∅
(𝑞,1)

(𝑠; 0; 0),  

𝑓6,{6},∅
(𝑞,1)

(𝑠; 0; 𝑀̃) =𝑓6,{6},∅
(𝑞,1)

(𝑠; 0; 0),

𝑓6,{4,2},∅
(𝑞,1)

(𝑠; 0; 𝑀̃) =𝑓6,{4,2},∅
(𝑞,1)

(𝑠; 0; 0),

𝑓6,{3,3},∅
(𝑞,1)

(𝑠; 0; 𝑀̃) =𝑓6,{3,3},∅
(𝑞,1)

(𝑠; 0; 0),

𝑓6,{2,2,2},∅
(𝑞,1)

(𝑠; 0; 𝑀̃) =𝑓6,{2,2,2},∅
(𝑞,1)

(𝑠; 0; 0).

 

 𝜃 (𝐸 − 𝐻̂𝑘
(𝑞,𝑞̃)

(𝑥̂, 𝑝̂; 𝜂𝛼 , 𝑀; 𝜂̃𝛼 , 𝑀̃))
𝑊

 

  
 [𝐽+, 𝐽−] = −2𝐽3, [𝐽3, 𝐽±] = ±𝐽±  

 𝐶 = (𝐽3)2 −
1

2
{𝐽+, 𝐽−}  

 𝐽3 =
1

2
+ 𝑎†𝑎, 𝐽+ = 𝑎† + 𝑎†𝑎†𝑎, 𝐽− = 𝑎  

 𝑉𝐹 = span{(𝑎+)𝑛|0⟩, 𝑛 = 0,1,… },  where  𝑎|0⟩ = 0  

 Δ(𝐽) = 𝐽 ⊗ 𝕀 + 𝕀⊗ 𝐽, 𝐽 ∈ {𝐽3, 𝐽±}  

 𝑉𝐹 ⊗𝑉𝐹 = ⨁  ∞
𝑗=0  𝑉𝑗 ,  

 
Δ(𝐽−)|Φ𝑗⟩  = 0

Δ(𝐶)|Φ𝑗⟩  = 𝑗(𝑗 + 1)|Φ𝑗⟩
 

 |Φ𝑗⟩ = (𝑎1
† − 𝑎2

†)
𝑗
|00⟩,  

 𝐻𝑋𝑋𝑋 = ∑  𝐿
𝑚=1  ℎ𝑚,𝑚+1  

 ℎ12 = ∑  ∞
𝑗=0  2ℎ(𝑗)𝑃12,𝑗  

 𝑃12,𝑗 = ∏  ∞
𝑘=0
𝑘≠𝑗

 
Δ(𝐶)−𝑘(𝑘+1)

𝑗(𝑗+1)−𝑘(𝑘+1)  

 Δ(𝐶) = −(𝑎1
† − 𝑎2

†)
2
𝑎1𝑎2 + (𝑎1

† − 𝑎2
†)(𝑎1 − 𝑎2).  

 ℎ12|𝑛1, 𝑛2⟩ = ∑  
𝑛1+𝑛2
𝑘=0  (𝛿𝑘𝑛1(ℎ(𝑛1) + ℎ(𝑛2)) −

1−𝛿𝑘𝑛1
|𝑛1−𝑘|

) |𝑘, 𝑛1 + 𝑛2 − 𝑘⟩,  

 |𝑛,𝑚⟩ = (𝑎1
†)
𝑛
(𝑎2

†)
𝑚
|0,0⟩ 

 𝑅12(𝑢) = ∑  ∞
𝑗=0  𝑅𝑗(𝑢)𝑃12,𝑗 ,  with  𝑅𝑗(𝑢) = (−1)𝑗+1

Γ(−𝑗+𝑢)

Γ(−𝑗−𝑢)

Γ(1−𝑢)

Γ(1+𝑢)
,  
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 𝑇𝑎 = ∏  𝐿
𝑚=1  𝑅𝑎𝑚  

 (𝑉𝐹)𝑎 ⊗ (𝑉𝐹)𝐿 ⊗⋯⊗ (𝑉𝐹)1 

 𝐼𝑛 = (
𝑑𝑛

𝑑𝑢𝑛
log 𝑡𝑟𝑎𝑇𝑎)

𝑢=0
 

 𝐼1 = ∑  𝐿−1
𝑚=1  𝑃𝑚,𝑚+1 (

 d

 d𝑢
𝑅𝑚,𝑚+1(𝑢))

𝑢=0
+ 𝑃𝐿,1 (

 d

 d𝑢
𝑅𝐿,1(𝑢))

𝑢=0
 

 𝑁 = ∑  𝐿
𝑚=1  𝑎𝑚

† 𝑎𝑚  

 

|Ψ𝑥𝑥𝑥⟩(𝑁)= ∑  1≤𝑥1≤⋯≤𝑥𝑁≤𝐿  (∑  𝜋∈𝑆𝑁  𝐴𝜋exp (𝑖 ∑  𝑁
𝑗=1  𝑝𝜋(𝑗)𝑥𝑗)) ∣ 𝑥1, ⋯ , 𝑥𝑁) ,

𝐴𝑖𝑑= 1,  

𝐴𝜋 = ∏  1≤𝑗<𝑘≤𝑁
𝜋(𝑗)>𝜋(𝑘)

 𝑆𝑥𝑥𝑥(𝑝𝑘 , 𝑝𝑗), 𝑆𝑥𝑥𝑥(𝑝, 𝑘) = −
𝑒𝑖(𝑝+𝑘)−2𝑒𝑖𝑘+1

𝑒𝑖(𝑝+𝑘)−2𝑒𝑖𝑝+1
,

 

 ∣ 𝑥1,⋯ , 𝑥𝑁) = 𝑎𝑥1
† ⋯𝑎𝑥𝑁

† |0⟩⊗𝐿.  

 𝑒𝑖𝑝𝑘𝐿 = ∏  𝑁
𝑗=1
𝑗≠𝑘

  𝑆𝑥𝑥𝑥(𝑝𝑘, 𝑝𝑗), 𝑘 = 1,⋯ ,𝑁  

 𝐸(𝑁) = ∑  𝑁
𝑗=1  𝜖(𝑝𝑗),  where  𝜖(𝑝𝑗) = 4sin2 (

𝑝𝑗

2
) .  

 𝜆𝑗 =
1

2
cot 

𝑝𝑗

2
.  

 𝜖 (𝑝𝑗(𝜆𝑗)) =
1

𝜆𝑗
2+

1

4

, (
𝜆𝑘+

𝑖

2

𝜆𝑘−
𝑖

2

)

𝐿

= ∏  𝑁
𝑗=1
𝑗≠𝑘

 
𝜆𝑘−𝜆𝑗−𝑖

𝜆𝑘−𝜆𝑗+𝑖
.  

 𝐹12 = 𝑒−𝐽
3⊗log (1+2𝜉𝐽−)  

 𝐽3 → −𝐽3, 𝐽± → 𝐽∓.  

 𝐹12
′ = 𝑒𝐽

3⊗log (1+2𝜉𝐽+)  

 𝐹12 = ∑  ∞
𝑘=0  

(−2𝜉)𝑘

𝑘!
(𝐽3)⟨𝑘⟩⊗ (𝐽−)𝑘 ,  

 (𝐽3)⟨𝑘⟩ = ∏  𝑘−1
𝑛=0   (𝐽

3 + 𝑛) = ∑  𝑘
𝑛=0   [

𝑘
𝑛
] (𝐽3)𝑛,  

 𝑟 = 2𝜉(𝐽− ∧ 𝐽3)  

 𝑅12 → 𝑅̃12 = 𝐹21𝑅12𝐹12
−1  

 𝐻̃𝑋𝑋𝑋 = ∑  𝐿
𝑚=1   ℎ̃𝑚,𝑚+1,  with  ℎ̃12 = 𝑃12 (

 d

 d𝑢
𝑅̃12(𝑢))

𝑢=0
  and  ℎ̃𝐿,𝐿+1 = ℎ̃𝐿,1.  

 ℎ̃12 = ∑  ∞
𝑗=0  2ℎ(𝑗)𝑃̃12,𝑗 ,  

 𝑃̃12,𝑗 = 𝐹12𝑃12,𝑗𝐹12
−1 = ∏  ∞

𝑘=0
𝑘≠𝑗

 
Δ̃(𝐶)−𝑘(𝑘+1)

𝑗(𝑗+1)−𝑘(𝑘+1)
,  with  Δ̃(𝐶) = 𝐹12Δ(𝐶)𝐹12

−1.  

Δ̃(𝐽3)= 𝐽3⊗ 𝑒−𝑤 + 𝕀⊗ 𝐽3,  

Δ̃(𝐽−)= 𝐽−⊗ 𝑒𝑤 + 𝕀⊗ 𝐽−,  

Δ̃(𝐽+) = 𝐽+⊗𝑒−𝑤 + 𝕀⊗ 𝐽+ − 4𝜉𝐽3⊗ 𝐽3𝑒−𝑤 +

 +2𝜉(𝐽3 + (𝐽3)2) ⊗ (𝑒−𝑤 − 𝑒−2𝑤),

Δ̃(𝑤) = 𝑤 ⊗ 𝕀 + 𝕀⊗𝑤,

 

 𝑉𝐹 ⊗𝑉𝐹 = ⨁  ∞
𝑗=0   𝑉̃𝑗 ,  

 ℍ𝑋𝑋𝑋 = ∑  𝐿−1
𝑚=1  ℎ𝑚,𝑚+1 + 𝑆−1ℎ𝐿,1𝑆,  

 𝐻̃𝑋𝑋𝑋 = Ωℍ𝑋𝑋𝑋Ω
−1,  

 Ω = (𝐹12…𝐹1𝐿)(𝐹23…𝐹2𝐿)…𝐹𝐿−1,𝐿,  

 𝑆 = 𝐹𝐿1
−1Ω.  

 ℎ̃𝑚,𝑚+1 = Ωℎ𝑚,𝑚+1Ω
−1, 𝑚 = 1,… , 𝐿 − 1.  

 
𝐻𝑋𝑋𝑋
bulk  = ∑  𝐿−1

𝑚=1  ℎ𝑚,𝑚+1

𝐻̃𝑋𝑋𝑋
bulk  = ∑  𝐿−1

𝑚=1   ℎ̃𝑚,𝑚+1
 

 𝐻̃𝑋𝑋𝑋
bulk = Ω𝐻𝑋𝑋𝑋

bulk Ω−1.  

 [Δ(𝐿−1)(𝑥), 𝐻𝑋𝑋𝑋
bulk ] = 0, 𝑥 ∈ 𝔰𝔩2,  

Δ(𝑛): 𝑉𝐹 → 𝑉𝐹
⊗𝑛+1 

 Δ(𝑛) = (Δ⊗ 𝕀)Δ(𝑛−1),  with  Δ(1) = Δ.  

 Δ̃(𝐿−1) = 𝐹12…𝐿Δ
(𝐿−1)𝐹12…𝐿

−1 ,  

 𝐹12…𝐿 = 𝐹12𝐹(12),3⋯𝐹(12…𝐿−1),𝐿  

𝐹(12…𝑛),𝑛+1 = (Δ(𝑛−1)⊗ 𝕀)(𝐹) 

Δ(𝐽3) = 𝐽3⊗ 𝕀 + 𝕀⊗ 𝐽3 
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 (Δ⊗ 𝕀)(𝐹) = 𝐹13𝐹23.  

 𝐹12…𝐿 = 𝐹12(𝐹13𝐹23)⋯(𝐹1𝐿⋯𝐹𝐿−1,𝐿).  

 [Δ̃(𝐿−1)(𝑥), 𝐻̃𝑋𝑋𝑋
bulk ] = Ω[Δ(𝐿−1)(𝑥), 𝐻𝑋𝑋𝑋

bulk ]Ω−1 = 0, 𝑥 ∈ 𝔰𝔩2,  

 [Δ̃(𝐿−1)(𝑥), 𝐻̃𝑋𝑋𝑋] = [Δ̃(𝐿−1)(𝑥), 𝐻̃𝑋𝑋𝑋
bulk ] + [Δ̃(𝐿−1)(𝑥), ℎ̃𝐿,𝐿+1] = [Δ̃(𝐿−1)(𝑥), ℎ̃𝐿,𝐿+1] 

 [Δ̃(𝐿−1)(𝑥), ℎ̃𝐿,𝐿+1] = 𝑈[𝑈−1Δ̃(𝐿−1)(𝑥)𝑈, ℎ̃𝐿−1,𝐿]𝑈
−1, 𝑥 ∈ 𝔰𝔩2  

 [Δ̃(𝐿−1)(𝑥), ℎ̃𝐿−1,𝐿] = 0 𝑥 ∈ 𝔰𝔩2.  

𝑈−1Δ̃(𝐿−1)(𝑤)𝑈 = Δ̃(𝐿−1)(𝑤) 

 𝑇̃𝑎 = Ω𝕋𝑎Ω
−1,  

 𝑇̃𝑎 = Ω𝐹𝑎𝑇𝑎Ω
−1(𝐹𝑎)𝑜𝑝

−1,  

 
𝐹𝑎 = 𝐹1𝑎⋯𝐹𝐿𝑎

(𝐹𝑎)𝑜𝑝
−1 = 𝐹𝑎𝐿

−1⋯𝐹𝑎1
−1  

 𝕋𝑎 = 𝐹𝑎𝑇𝑎Ω
−1(𝐹𝑎)𝑜𝑝

−1Ω.  

 [𝐹𝑎𝑏 , 𝐹𝑐𝑑] = 0 ∀𝑎, 𝑏, 𝑐, 𝑑 = 1,… , 𝐿  

 {|00⟩, |10⟩, |01⟩, |20⟩, |02⟩, |11⟩}  

 

(

 
 
 

0 0 0 𝜉2 𝜉2 0
0 2 −2 2𝜉 2𝜉 −4𝜉
0 −2 2 2𝜉 2𝜉 −4𝜉
0 0 0 3 −1 −2
0 0 0 −1 3 −2
0 0 0 −2 −2 4 )

 
 
 

 

  

Eigenvalue Momenta Eigenvector 

0 - |00⟩ 

0 (0) |10⟩ + |01⟩ 

0 (0,0) |20⟩ + |02⟩ + |11⟩ 

4 (𝜋) |10⟩ − |01⟩ 

4 (𝜋, 0) |20⟩ − |02⟩ 

6 (2𝜋/3,4𝜋/3) 3(|20⟩ + |02⟩) − 6|11⟩ 

  

 

(

  
 

0 1 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 4 0 0
0 0 0 0 4 0
0 0 0 0 0 6)

  
 
.  

 

 

Eigenvalue (Generalised) eigenvector 

0 |00⟩ 

0 
1

2𝜉2
(|20⟩ + |02⟩ + |11⟩) 

0 |10⟩ + |01⟩ 

4 |10⟩ − |01⟩ 

4 |20⟩ − |02⟩ 

6 3(|20⟩ + |02⟩) − 6|11⟩ + 6𝜉(|10⟩ + |01⟩) + 𝜉2|00⟩ 
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1

2𝜉2
(|20⟩ + |02⟩ + |11⟩) 

 {|00⟩, |10⟩, |01⟩, |20⟩, |02⟩, |11⟩, |30⟩, |03⟩, |21⟩, |12⟩}.  

 

(

 
 
 
 
 
 
 
 
 

0 0 0 𝜉2 𝜉2 0 −6𝜉3 −6𝜉3 0 0

0 2 −2 2𝜉 2𝜉 −4𝜉 −3𝜉2 −6𝜉2 0 5𝜉2

0 −2 2 2𝜉 2𝜉 −4𝜉 −6𝜉2 −3𝜉2 5𝜉2 0
0 0 0 3 −1 −2 4𝜉 2𝜉 −8𝜉 −2𝜉
0 0 0 −1 3 −2 2𝜉 4𝜉 −2𝜉 −8𝜉
0 0 0 −2 −2 4 6𝜉 6𝜉 −2𝜉 −2𝜉

0 0 0 0 0 0
11

3
−
2

3
−2 −1

0 0 0 0 0 0 −
2

3

11

3
−1 −2

0 0 0 0 0 0 −2 −1 5 −2
0 0 0 0 0 0 −1 −2 −2 5 )

 
 
 
 
 
 
 
 
 

.  

  

Eigenvalue Momenta Eigenvector 

0 (0,0,0) |30⟩ + |03⟩ + |21⟩ + |12⟩ 

4 (𝜋, 0,0) 3(|30⟩ − |03⟩) + |21⟩ − |12⟩ 

6 (2𝜋/3,4𝜋/3,0) 3(|30⟩ + |03⟩) − 3(|21⟩ + |12⟩) 

22/3 (𝜋, arctan √35, 2𝜋 − arctan √35) 5(|30⟩ − |03⟩) − 15(|21⟩ − |12⟩) 

  

 

(

 
 
 
 
 
 
 
 

0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 4 1 0 0 0 0
0 0 0 0 0 4 0 0 0 0
0 0 0 0 0 0 4 0 0 0
0 0 0 0 0 0 0 6 0 0
0 0 0 0 0 0 0 0 6 0

0 0 0 0 0 0 0 0 0
22

3)

 
 
 
 
 
 
 
 

.  

Eigenvalue (Generalised) eigenvector 

0 |00⟩ 

0 
1

2𝜉2
(|20⟩ + |02⟩ + |11⟩) 

0 |10⟩ + |01⟩ 

0 
1

4𝜉2
(|30⟩ + |03⟩ + |21⟩ + |12⟩) +

1

𝜉
(
3

2
|20⟩ +

3

2
|02⟩ + |11⟩) 

4 |10⟩ − |01⟩ 

4 
1

4𝜉2
(3|30⟩ − 3|03⟩ + |21⟩ − |12⟩) 

4 |20⟩ − |02⟩ 

6 3(|20⟩ + |02⟩) − 6|11⟩ + 6𝜉(|10⟩ + |01⟩) + 𝜉2|00⟩ 

6 
3(|30⟩ + |03⟩) − 3(|21⟩ + |12⟩) + 12𝜉(|20⟩ + |02⟩) +

+𝜉2(|10⟩ + |01⟩) − 2𝜉3|00⟩
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22/3 
5(|30⟩ − |03⟩) − 15(|21⟩ − |12⟩) + 30𝜉(|20⟩ − |02⟩) +

+27𝜉2(|10⟩ − |01⟩)
 

  

1

2𝜉2
(|20⟩ + |02⟩ + |11⟩),

1

4𝜉2
(|30⟩ + |03⟩ + |21⟩ + |12⟩) +

1

𝜉
(
3

2
|20⟩ +

3

2
|02⟩ + |11⟩) 

1

4𝜉2
(3|30⟩ − 3|03⟩ + |21⟩ − |12⟩) 

1

2𝜉2
(|20⟩ + |02⟩ + |11⟩) 

1

4𝜉2
(|30⟩ + |03⟩ + |21⟩ + |12⟩) +

1

𝜉
(
3

2
|20⟩ +

3

2
|02⟩ + |11⟩) ,  

1

4𝜉2
(3|30⟩ − 3|03⟩ + |21⟩ − |12⟩),  

𝐹12|𝑛1, 𝑛2⟩ = ∑  

𝑛2

𝑘=0

  (−2𝜉)𝑘 (
𝑛2
𝑘
) (
1

2
+ 𝑛1)

⟨𝑘⟩

|𝑛1, 𝑛2 − 𝑘⟩.  

|Ψ⟩(𝑁) =∑  

𝑁

𝑟=0

 ∑  

𝑥⃗(𝑟)

 𝜓(𝑟)(𝑥⃗(𝑟)) ∣ 𝑥⃗(𝑟)) ,  

∣ 𝑥⃗(0)) = |0⟩⊗𝐿, 𝜓(0)(𝑥⃗(0)) = 𝜓(0) = ℊ,

∑  

𝑥⃗(𝑟)

  = ∑  

1≤𝑥1≤⋯≤𝑥𝑟≤𝐿

  , ∣ 𝑥⃗(𝑟)) =∣ 𝑥1, 𝑥2, … , 𝑥𝑟) , 𝑟 > 0.
 

{𝜓(𝑟)(𝑥⃗(𝑟))} 

𝐸(𝑁)∑ 

𝑥⃗(𝑟)

 𝜓(𝑟)(𝑥⃗(𝑟)) ∣ 𝑥⃗(𝑟)) = ∑  

𝑁

𝑝=𝑟

 ∑  

𝑥⃗(𝑝)

 𝜓(𝑝)(𝑥⃗(𝑝))𝐻̃𝑋𝑋𝑋
(𝑝−𝑟)

∣ 𝑥⃗(𝑝)) , 𝑟 = 0, … , 𝑁,  

𝐻̃𝑋𝑋𝑋
(𝑞)

= ∑  

𝐿

𝑚=1

  ℎ̃𝑚,𝑚+1
(𝑞)

 

ℎ̃12
(𝑞)

= ∑  

𝑞

𝑘=0

 
(−2𝜉)𝑞

𝑘! (𝑞 − 𝑘)!
((𝐽3)⟨𝑞−𝑘⟩⊗ (𝐽−)𝑞−𝑘)ℎ12((−𝐽

3)⟨𝑘⟩⊗ (𝐽−)𝑘),  

𝜓(𝑟)(𝑥1, … , 𝑥𝑟) = 𝜓(𝑟)(𝑥2, … , 𝑥𝑟 , 𝑥1 + 𝐿), 𝑟 = 1,… ,𝑁  

𝜓𝑟(𝑥⃗(𝑟)) ∝ 𝜉𝑁−𝑟 , 𝑟 = 0,… , 𝑁  

|Ψ⟩(1) = 𝜓(0)|0⟩
⊗𝐿 + ∑  

1≤𝑥≤𝐿

 𝜓(1)(𝑥) ∣ 𝑥)  

𝐸(1)𝜓(0)|0⟩
⊗𝐿 = 𝐻̃𝑋𝑋𝑋

(1)
∑  

1≤𝑥≤𝐿

 𝜓(1)(𝑥) ∣ 𝑥)  

ℎ̃12
(1)

= 2𝜉[ℎ12, 𝐽
3⊗ 𝐽−]  

ℎ̃12
(1)
|01⟩ = −𝜉|00⟩,

ℎ̃12
(1)
|10⟩ = 𝜉|00⟩.
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𝐻̃𝑋𝑋𝑋
(1)

∑  

1≤𝑥≤𝐿

 𝜓(1)(𝑥)‖𝑥⟩ = ∑  

1≤𝑥≤𝐿

 𝜓(1)(𝑥) (ℎ̃𝑥,𝑥−1
(1)

+ ℎ̃𝑥,𝑥+1
(1)

) ‖𝑥⟩ = 0,  

Ψ⟩(1) = ∑  

1≤𝑥≤𝐿

  𝑒𝑖𝑝𝑥‖𝑥⟩, 𝐸(1) = 4sin2 (
𝑝

2
) , 𝑝 =

2𝜋𝑛

𝐿
, 𝑛 = 0,… , 𝐿 − 1.  

|Ψ⟩(2) = 𝜓(0)|0⟩
⊗𝐿 + ∑  

1≤𝑥≤𝐿

 𝜓(1)(𝑥)‖𝑥⟩ + ∑  

1≤𝑥1≤𝑥2≤𝐿

 𝜓(2)(𝑥1, 𝑥2)‖𝑥1, 𝑥2⟩.  

𝜓(2)(𝑥1, 𝑥2)  = 𝑒𝑖𝑝1𝑥1+𝑖𝑝2𝑥2 + 𝑆𝑥𝑥𝑥(𝑝2, 𝑝1)𝑒
𝑖𝑝2𝑥1+𝑖𝑝1𝑥2

𝐸(2)  = 𝜖(𝑝1) + 𝜖(𝑝2), 𝜖(𝑝𝑗) = 4sin2 
𝑝𝑗

2
𝑒𝑖𝑝1𝐿  = 𝑆𝑥𝑥𝑥(𝑝1, 𝑝2), 𝑒

𝑖𝑝2𝐿 = 𝑆𝑥𝑥𝑥(𝑝2, 𝑝1)

 

(𝐸(2) − 𝐻𝑋𝑋𝑋) ∑  

1≤𝑥≤𝐿

 𝜓(1)(𝑥)‖𝑥⟩ = 𝐻̃𝑋𝑋𝑋
(1)

∑  

1≤𝑥1≤𝑥2≤𝐿

 𝜓(2)(𝑥1, 𝑥2)‖𝑥1, 𝑥2⟩,

𝐸(2)𝜓(0)|0⟩
⊗𝐿 = 𝐻̃𝑋𝑋𝑋

(1)
∑  

1≤𝑥≤𝐿

 𝜓(1)(𝑥)‖𝑥⟩ + 𝐻̃𝑋𝑋𝑋
(2)

∑  

1≤𝑥1≤𝑥2≤𝐿

 𝜓(2)(𝑥1, 𝑥2)‖𝑥1, 𝑥2⟩.
 

ℎ̃12
(1)
|10⟩ = −ℎ̃12

(1)
|01⟩ = 𝜉|00⟩, ℎ̃12

(1)
|11⟩ = −3𝜉|10⟩ − 𝜉|01⟩,

ℎ̃12
(1)
|20⟩ = 3𝜉|10⟩ + 𝜉|01⟩, ℎ̃12

(1)
|02⟩ = 𝜉|10⟩ − 𝜉|01⟩,

 

ℎ̃12
(2)
= 2𝜉2(𝐽3⊗ (𝐽−)2 + (𝐽3)2⊗ (𝐽−)2)ℎ12 − 4𝜉2(𝐽3⊗ 𝐽−)ℎ12(𝐽

3⊗ 𝐽−) 

 +2𝜉2ℎ12((𝐽
3)2⊗ (𝐽−)2 − 𝐽3⊗ (𝐽−)2)

 

ℎ̃12
(2)
|20⟩ = −

3

2
𝜉2|00⟩, ℎ̃12

(2)
|02⟩ =

5

2
𝜉2|00⟩, ℎ̃12

(2)
|11⟩ = 0  

ℎ̃12
(2)
|10⟩ = ℎ̃12

(2)
|01⟩ = 0 

(𝐸(2) − 2)𝜓(1)(𝑥) +𝜓(1)(𝑥 + 1) + 𝜓(1)(𝑥 − 1) =

=𝜉[2𝜓(2)(𝑥, 𝑥) + 𝜓(2)(𝑥 + 1, 𝑥 + 1)

+𝜓(2)(𝑥 − 1, 𝑥 − 1) − 2𝜓(2)(𝑥, 𝑥 + 1) 

−2𝜓(2)(𝑥 − 1, 𝑥)],

𝐸(2)𝜓(0) =𝜉
2 ∑  

1≤𝑥≤𝐿

 𝜓(2)(𝑥, 𝑥).

 

𝜓(1)(𝑥) = 𝐴(1)𝑒
𝑖𝑘(1)𝑥 

(𝐸(2) − 𝜖(𝑘(1)))𝐴(1)𝑒
𝑖𝑘(1)𝑥  = 𝜉𝑒𝑖(𝑝1+𝑝2)𝑥[𝐵(𝑝1, 𝑝2) + 𝑆𝑥𝑥𝑥(𝑝2, 𝑝1)𝐵(𝑝2, 𝑝1)]

𝐸(2)𝜓(0)  = 𝜉2(1 + 𝑆𝑥𝑥𝑥(𝑝2, 𝑝1)) ( ∑  

1≤𝑥≤𝐿

 𝑒𝑖(𝑝1+𝑝2)𝑥)
 

𝐵(𝑝1, 𝑝2) = 2 − 2𝑒−𝑖𝑝1 − 2𝑒𝑖𝑝2 + 𝑒𝑖(𝑝1+𝑝2) + 𝑒−𝑖(𝑝1+𝑝2)  

𝑘(1) = 𝑝1 + 𝑝2 (mod2𝜋) =
2𝜋𝑛

𝐿
, 𝑛 = 0,… , 𝐿 − 1  

𝑒𝑖(𝑝1+𝑝2)𝐿 = 𝑆𝑥𝑥𝑥(𝑝1, 𝑝2)𝑆𝑥𝑥𝑥(𝑝2, 𝑝1) = 1 ⇒ 𝑝1 + 𝑝2 (mod2𝜋) =
2𝜋𝑛

𝐿
, 𝑛 = 0,… , 𝐿 − 1  

𝐴(1) = 4𝜉 (
𝑒𝑖𝑝1 − 𝑒𝑖𝑝2

1 − 2𝑒𝑖𝑝2 + 𝑒𝑖(𝑝1+𝑝2)
)

𝜓(0) = 𝛿0,𝑘(1)
2𝜉2

𝜖(𝑝1) + 𝜖(𝑝2)
(

𝑒𝑖𝑝1 − 𝑒𝑖𝑝2

1 − 2𝑒𝑖𝑝2 + 𝑒𝑖(𝑝1+𝑝2)
) 𝐿
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∑  

1≤𝑥≤𝐿

 𝐴(1)𝑒
𝑖(𝑘1+𝑘2)𝑥‖𝑥⟩ = 2𝜉 ∑  

1≤𝑥≤𝐿

 Ψ(2)(𝑥, 𝑥)‖𝑥⟩.  

∑  

1≤𝑥≤𝐿

 𝑒𝑖(𝑝1+𝑝2)‖𝑥⟩ ∑  

1≤𝑥1≤𝑥2≤𝐿

  (𝑒𝑖𝑝1𝑥1+𝑖𝑝2𝑥2 + 𝑆𝑥𝑥𝑥(𝑝2, 𝑝1)𝑒
𝑖𝑝2𝑥1+𝑖𝑝1𝑥2)‖𝑥1, 𝑥2⟩ 

0 ⋅ 𝜓(0) = 2𝜉2𝐿 ≠ 0  

𝐻̃𝑋𝑋𝑋 ∑  

1≤𝑥1≤𝑥2≤𝐿

 ‖𝑥1, 𝑥2⟩ = 𝜉2𝐿|0⟩⊗𝐿

𝐻̃𝑋𝑋𝑋
2 ∑  

1≤𝑥1≤𝑥2≤𝐿

 ‖𝑥1, 𝑥2⟩ = 0
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[𝑆+, 𝑆−] = −[2𝑆3]𝑞 , [𝑆
3, 𝑆±] = ±𝑆±  

[𝑛]𝑞 =
𝑞𝑛 − 𝑞−𝑛

𝑞 − 𝑞−1
 

C = [𝑆3]𝑞[𝑆
3 − 1]𝑞 − 𝑆

+𝑆−  

Δ𝑞(𝑆
3)  = 𝑆3 ⊗ 𝕀 + 𝕀⊗ 𝑆3

Δ𝑞(𝑆
±)  = 𝑆±⊗ 𝑞−𝑆

3
+ 𝑞𝑆

3
⊗𝑆±

 

𝑆3 = ∑  

∞

𝑚=0

  (
1

2
+ 𝑚) |𝑚⟩⟨𝑚|

𝑆+ = ∑  

∞

𝑚=0

  [1 + 𝑚]𝑞|𝑚 + 1⟩⟨𝑚|

𝑆− = ∑  

∞

𝑚=0

  [1 + 𝑚]𝑞|𝑚⟩⟨𝑚 + 1|

 

𝐷𝐹 ⊗𝐷𝐹 =⨁ 

∞

𝑗=0

 𝐷𝑗 .  

Δ𝑞(𝑆
−)|𝜒𝑗⟩ = 0, Δ𝑞(𝑆

3)|𝜒𝑗⟩ = (𝑗 + 1)|𝜒𝑗⟩.  

h12 = 2sinh 𝜂∑  

∞

𝑗=0

 (∏  

𝑗

𝑘=1

 
cosh 𝑘𝜂

sinh 𝑘𝜂
)P12,𝑗 ,  

P12,𝑗 =∏ 

∞

𝑟=0
𝑟≠𝑗

 
Δ𝑞(𝒞) − [𝑟 + 1]𝑞[𝑟]𝑞

[𝑗 + 1]𝑞[𝑗]𝑞 − [𝑟 + 1]𝑞[𝑟]𝑞
.  

Δ𝑞(C) =𝑒
𝜂𝑆1

3(
2sinh (𝜂𝑆1

3)sinh (𝜂𝑆2
3)

sinh2 (𝜂)
cosh2 (

𝜂
2
)

−
2cosh (𝜂𝑆1

3)cosh (𝜂𝑆2
3)

sinh2 (𝜂)
sinh2 (

𝜂

2
) − 𝑆1

+𝑆2
− − 𝑆1

−𝑆2
+)𝑒−𝜂𝑆2

3
,

 

𝑆3 → 𝐽3, 𝑆± → 𝐽± + 𝒪(𝑞 − 1)2  
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2sinh 𝜂∏  

𝑗

𝑘=1

 
cosh 𝑘𝜂

sinh 𝑘𝜂
→ 2∏ 

𝑗

𝑘=1

 
1

𝑘
= 2ℎ(𝑗),  

𝑆𝑥𝑥𝑧(𝜆1, 𝜆2)  =
sinh (𝜆1 − 𝜆2 − 𝜂)

sinh (𝜆1 − 𝜆2 + 𝜂)

𝜖𝜂(𝜆)  =
2(cosh2 𝜂 − 1)

cosh 𝜂 − cosh 2𝜆

 

𝑝𝜂(𝜆) =
1

𝑖
log 

sinh (𝜆 + 𝜂/2)

sinh (𝜆 − 𝜂/2)
 

h12 → 2sinh 𝜂∑  

∞

𝑗=0

 (∏  

𝑗

𝑘=1

 
cosh 𝑘𝜂

sinh 𝑘𝜂
)Ad𝑀(𝜉)

⊗2 P12,𝑗  

Ad𝑀(𝜉)
⊗2 P12,𝑗 =∏ 

∞

𝑟=0
𝑟≠𝑗

 
Ad𝑀(𝜉)

⊗2 Δ𝑞(C) − [𝑟 + 1]𝑞[𝑟]𝑞

[𝑗 + 1]𝑞[𝑗]𝑞 − [𝑟 + 1]𝑞[𝑟]𝑞  

𝜂 → 𝜖𝜂, 𝜆 → 𝜖𝜆, 𝜉 →
𝜉

𝜂𝜖
.  

h12 → ℎ̂12 =∑  

∞

𝑗=0

 2ℎ(𝑗)𝑃̂12,𝑗  

𝑃̂12,𝑗 =∏ 

∞

𝑟=0
𝑟≠𝑗

 
Δ̂(𝐶) − (𝑟 + 1)𝑟

(𝑗 + 1)𝑗 − (𝑟 + 1)𝑟
,  with  Δ̂(𝐶) = lim

𝜖→0
 Ad𝑀(𝜉/𝜂𝜖)

⊗2 Δ𝑞(C)  

ℎ̂12 = 𝐹̂12ℎ12𝐹̂12
−1 ⟺ Δ̂(𝐶) = 𝐹̂12Δ(𝐶)𝐹̂12

−1  

Δ̂(1)(𝐶) = [𝐹̂12
(1)
, Δ(𝐶)]  

𝐹̂12 = 𝕀⊗ 𝕀 + 𝜉𝐹̂12
(1)
+ 𝑂(𝜉2)  and  Δ̂(𝐶) = Δ(𝐶) + 𝜉Δ̂(1)(𝐶) + 𝑂(𝜉2)  

Ad𝑀(𝜉)
⊗2 Δ𝑞(C) = ∑  

∞

𝑛,𝑚=0

 
(−1)𝑚𝜉𝑛+𝑚

𝑚!𝑛!
(Δ(𝐽−))

𝑛
Δ𝑞(C)(Δ(𝐽

−))
𝑚

 

Δ𝑞(C) → Δ(𝐶) + 𝜂(𝐽1
3Δ(𝐶) − Δ(𝐶)𝐽2

3)𝜖 + 𝑂(𝜖2).  

𝜉[Δ(𝐽−), Δ𝑞(C)] →
𝜉

𝜂𝜖
[Δ(𝐽−), Δ(𝐶)] + 𝜉[Δ(𝐽−), 𝐽1

3Δ(𝐶) − Δ(𝐶)𝐽2
3] + 𝑂(𝜖)

 = 𝜉(𝐽1
−Δ(𝐶) − Δ(𝐶)𝐽2

−) + 𝑂(𝜖)

 

(𝐽−⊗ 𝕀)Δ(𝐶) − Δ(𝐶)(𝕀 ⊗ 𝐽−) = [𝐽− ∧ 𝐽3, Δ(𝐶)].  

𝐹̂12 = 𝑤−1⊗𝑤−1𝐹12Δ(𝑤).  

𝐻̃𝑋𝑋𝑋 = Ad𝑤
⊗𝐿𝐻̂𝑋𝑋𝑋  

𝐹̂12
(1)
− 𝐹12

(1)
= Δ(𝑤(1)) − (𝑤(1)⊗ 𝕀 + 𝕀⊗𝑤(1))  

𝑤(1) = 𝐽3𝐽−  

𝐽3 =
1

2
𝜎3, 𝐽+ = −𝜎+, 𝐽− = 𝜎−  
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[𝜎− ∧
1

2
𝜎3, Δ(𝐶)] = [−𝜎3⊗𝜎−, Δ(𝐶)].  

|Ψ𝑥𝑥𝑧⟩(1) = ∑  

1≤𝑥≤𝐿

 Ψ𝑥𝑥𝑧(𝑥) ∣ 𝑥)  

Ψ𝑥𝑥𝑧(𝑥) = (
sinh (𝜆 + 𝜂/2)

sinh (𝜆 − 𝜂/2)
)
𝑥

.  

|Ψ𝑥𝑥𝑧⟩(1)→ 𝑀(𝜉/𝜖𝜂)⊗𝐿|Ψ𝑥𝑥𝑧
𝜖 ⟩(1)  

= ∑  

1≤𝑥≤𝐿

 (
sinh (𝜖(𝜆 + 𝜂/2))

sinh (𝜖(𝜆 − 𝜂/2))
)
𝑥

(∣ 𝑥) + (
𝜉

𝜖𝜂
) |0⟩⊗𝐿)

 

(𝐻̂𝑋𝑋𝑋 + 𝜖𝐻𝑋𝑋𝑍𝜖
(1)

+ 𝑂(𝜖2)) ((
𝜉

𝜖𝜂
)( ∑  

1≤𝑥≤𝐿

 Ψ𝑥𝑥𝑥(𝑥)) |0⟩
⊗𝐿 + |Ψ𝑥𝑥𝑥⟩(1) + 𝑂(𝜖))

 = (𝐸𝑥𝑥𝑥 + 𝑂(𝜖2)) ((
𝜉

𝜖𝜂
) ( ∑  

1≤𝑥≤𝐿

 Ψ𝑥𝑥𝑥(𝑥)) |0⟩
⊗𝐿 + |Ψ𝑥𝑥𝑥⟩(1) + 𝑂(𝜖))

 

𝑂 (
1

𝜖
) : 𝐻̂𝑋𝑋𝑋 ( ∑  

1≤𝑥≤𝐿

 Ψ𝑥𝑥𝑥(𝑥)) |0⟩
⊗𝐿 = 𝐸𝑥𝑥𝑥 ( ∑  

1≤𝑥≤𝐿

 Ψ𝑥𝑥𝑥(𝑥)) |0⟩
⊗𝐿

𝑂(𝜖0): 𝐻̂𝑋𝑋𝑋|Ψ𝑥𝑥𝑥⟩(1) +𝐻𝑋𝑋𝑍𝜖
(1)

(
𝜉

𝜂
)( ∑  

1≤𝑥≤𝐿

 Ψ𝑥𝑥𝑥(𝑥)) |0⟩
⊗𝐿

 = 𝐸𝑥𝑥𝑥|Ψ𝑥𝑥𝑥⟩(1)

 

|Ψ𝑥𝑥𝑥⟩(1) = lim
𝜖→0

 (𝑀(𝜉/𝜖𝜂)⊗𝐿|Ψ𝑥𝑥𝑧
𝜖 ⟩(1) − (

𝜉

𝜖𝜂
) ( ∑  

1≤𝑥≤𝐿

 Ψ𝑥𝑥𝑥(𝑥)) |0⟩
⊗𝐿)  

0 = 𝐸𝑥𝑥𝑥 ( ∑  

1≤𝑥≤𝐿

 Ψ𝑥𝑥𝑥(𝑥)) |0⟩
⊗𝐿  

( ∑  

1≤𝑥≤𝐿

  𝑒𝑖𝑘𝑥) =
𝑒𝑖𝑘(𝑒𝑖𝑘𝐿 − 1)

𝑒𝑖𝑘 − 1
= 0,  for  𝑘 ≠ 0  

( ∑  

1≤𝑥≤𝐿

 Ψ𝑥𝑥𝑥(𝑥)) |0⟩
⊗𝐿|Ψ𝑥𝑥𝑥⟩(1) 

|Ψ𝑥𝑥𝑥⟩(1) + 𝛼( ∑  

1≤𝑥≤𝐿

 Ψ𝑥𝑥𝑥(𝑥)) |0⟩
⊗𝐿,  with  𝑒𝑖𝑘𝐿 = 1  

|Ψ𝑥𝑥𝑧⟩(2) = ∑  

1≤𝑥1≤𝑥2≤𝐿

 Ψ𝑥𝑥𝑧(𝑥1, 𝑥2)|𝑥1, 𝑥2⟩  

Ψ𝑥𝑥𝑧(𝑥1, 𝑥2) = (
sinh (𝜆1 + 𝜂/2)

sinh (𝜆1 − 𝜂/2)
)

𝑥1

(
sinh (𝜆2 + 𝜂/2)

sinh (𝜆2 − 𝜂/2)
)

𝑥2

 +
sinh (𝜆2 − 𝜆1 − 𝜂)

sinh (𝜆2 − 𝜆1 + 𝜂)
(
sinh (𝜆2 + 𝜂/2)

sinh (𝜆2 − 𝜂/2)
)

𝑥1

(
sinh (𝜆1 + 𝜂/2)

sinh (𝜆1 − 𝜂/2)
)

𝑥2
 

|Ψ𝑥𝑥𝑧⟩(2) → 𝑀(𝜉/𝜖𝜂)⊗𝐿|Ψ𝑥𝑥𝑧
𝜖 ⟩(2)

= ∑  

1≤𝑥1≤𝑥2≤𝐿

 Ψ𝑥𝑥𝑧
𝜖 (𝑥1, 𝑥2)|𝑥1, 𝑥2⟩ + (

𝜉

𝜖𝜂
) |𝑥1⟩ + |𝑥2⟩ + (

𝜉

𝜖𝜂
)
2

|0⟩⊗𝐿  
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𝑂(1/𝜖2): 𝐻̂𝑋𝑋𝑋 ∑  

1≤𝑥1≤𝑥2≤𝐿

 Ψ𝑥𝑥𝑥(𝑥1, 𝑥2)|0⟩
⊗𝐿

= 𝐸𝑥𝑥𝑥 ( ∑  

1≤𝑥1≤𝑥2≤𝐿

 Ψ𝑥𝑥𝑥(𝑥1, 𝑥2)) |0⟩
⊗𝐿

𝑂(1/𝜖): 𝐻̂𝑋𝑋𝑋 ∑  

1≤𝑥1≤𝑥2≤𝐿

 Ψ𝑥𝑥𝑥(𝑥1, 𝑥2)|𝑥1⟩ + |𝑥2⟩

= 𝐸𝑥𝑥𝑥 ∑  

1≤𝑥1<𝑥2≤𝐿

 Ψ𝑥𝑥𝑥(𝑥1, 𝑥2)|𝑥1⟩ + |𝑥2⟩

𝑂(𝜖0): 𝐻̂𝑋𝑋𝑋 (|Ψ𝑥𝑥𝑥⟩(2) + (
𝜉

𝜂
)
2

( ∑  

1≤𝑥1<𝑥2≤𝐿

 Ψ𝑥𝑥𝑧
(2) (𝑥1, 𝑥2)) |0⟩

⊗𝐿)

+(
𝜉

𝜂
)𝐻𝑋𝑋𝑍𝜖

(1)
∑  

1≤𝑥1≤𝑥2≤𝐿

 Ψ𝑥𝑥𝑥(𝑥1, 𝑥2)|𝑥1⟩ + |𝑥2⟩

= 𝐸𝑥𝑥𝑥 (|Ψ𝑥𝑥𝑥⟩(2) + (
𝜉

𝜂
)
2

( ∑  

1≤𝑥1<𝑥2≤𝐿

 Ψ𝑥𝑥𝑧
(2) (𝑥1, 𝑥2)) |0⟩

⊗𝐿)

 

Ψ𝑥𝑥𝑧
(2) (𝑥1, 𝑥2) = (

𝑑2

𝑑𝜖2
Ψ𝑥𝑥𝑧
𝜖 (𝑥1, 𝑥2))

𝜖=0

 

h12|10⟩ = 𝑞|10⟩ − |01⟩

h12|01⟩ =
1

𝑞
|01⟩ − |10⟩

 

𝐻𝑋𝑋𝑍)= (𝑞 +
1

𝑞
)|  𝑥)−∣ 𝑥 − 1)−∣ 𝑥 + 1)  

Ad𝑀(𝜉)
⊗𝐿 𝐻𝑋𝑋𝑍 

Ad𝑀(𝜉)
⊗𝐿 𝐻𝑋𝑋𝑍|𝑥⟩ = 𝐻𝑋𝑋𝑍|𝑥⟩ + 𝜉 (𝑞 +

1

𝑞
− 2) |0⟩⊗𝐿.  

Ad𝑀(𝜉/𝜂𝜖)
⊗𝐿 𝐻𝑋𝑋𝑍|𝑥⟩ = 𝐻̂𝑋𝑋𝑋|𝑥⟩ + 𝜖𝜉𝜂|0⟩⊗𝐿 + 𝑂(𝜖2)  

𝐻̂𝑋𝑋𝑋|𝑥⟩ = 2|𝑥⟩ − ∣ 𝑥 − 1⟩) − ∣ 𝑥 + 1⟩.  

𝐻𝑋𝑋𝑍𝜖
(1) |𝑥⟩) = 𝜉𝜂|0⟩⊗𝐿  

𝐻𝑋𝑋𝑍𝜖
(1)

∑  

1≤𝑥1≤𝑥2≤𝐿

 Ψ𝑥𝑥𝑥(𝑥1, 𝑥2)|𝑥1⟩ + |𝑥2⟩

 = 2𝜉𝜂 ( ∑  

1≤𝑥1≤𝑥2≤𝐿

 Ψ𝑥𝑥𝑥(𝑥1, 𝑥2)) |0⟩
⊗𝐿

 

 |Ψ𝑥𝑥𝑥⟩ + (
𝜉

𝜂
)
2
(∑  1≤𝑥1≤𝑥2≤𝐿  Ψ𝑥𝑥𝑧

(2) (𝑥1, 𝑥2)) |0⟩
⊗𝐿  

lim
𝜖→0

 (𝑀(𝜉/𝜖𝜂)⊗𝐿|Ψ𝑥𝑥𝑧
𝜖 ⟩(2) −(

𝜉

𝜖𝜂
) ∑  

1≤𝑥1<𝑥2≤𝐿

 Ψ𝑥𝑥𝑥(𝑥1, 𝑥2)|𝑥1⟩ + |𝑥2⟩

− (
𝜉

𝜖𝜂
)
2

∑  

1≤𝑥1≤𝑥2≤𝐿

 Ψ𝑥𝑥𝑧(𝑥1, 𝑥2)|0⟩
⊗𝐿)

 

𝑒𝑖𝑘1𝐿 = 𝑆𝑥𝑥𝑥(𝑘1, 𝑘2), 𝑒
𝑖𝑘2𝐿 = 𝑆𝑥𝑥𝑥(𝑘2, 𝑘1)  
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∑  

1≤𝑥1≤𝑥2≤𝐿

 Ψ𝑥𝑥𝑥(𝑥1, 𝑥2) = 0  

∑  

1≤𝑥1≤𝑥2≤𝐿

 Ψ𝑥𝑥𝑥(𝑥1, 𝑥2) = 𝐿(𝐿 + 1)  

𝐻̂𝑋𝑋𝑋|Ψ𝑥𝑥𝑥⟩(2) = −2𝜉2𝐿(𝐿 + 1)|0⟩⊗𝐿.  

0 = 𝐸𝑥𝑥𝑥 ( ∑  

1≤𝑥1≤𝑥2≤𝐿

 Ψ𝑥𝑥𝑥(𝑥1, 𝑥2))  

∑  

1≤𝑥1≤𝑥2≤𝐿

 Ψ𝑥𝑥𝑥(𝑥1, 𝑥2)|𝑥1⟩ + |𝑥2⟩ = ∑  

1≤𝑥1≤𝐿

 Φ|𝑥1⟩|𝑥2⟩,  

Φ(𝑥1) = ∑  

𝐿

𝑥2=𝑥1

 Ψ𝑥𝑥𝑥(𝑥1, 𝑥2) + ∑  

𝑥1

𝑥2=1

 Ψ𝑥𝑥𝑥(𝑥2, 𝑥1)  

∑  

1≤𝑥1≤𝐿

  (2Φ(𝑥1) − Φ(𝑥1 + 1) −Φ(𝑥1 − 1))|𝑥1⟩.  

Φ(𝑥1 + 1)= ∑  

𝐿−1

𝑥2=𝑥1

 Ψ𝑥𝑥𝑥(𝑥1 + 1, 𝑥2 + 1) + ∑  

𝑥1

𝑥2=0

 Ψ𝑥𝑥𝑥(𝑥2 + 1, 𝑥1 + 1) 

 = 𝑒𝑖(𝑘1+𝑘2)Φ(𝑥1)

 

Φ(𝑥1 + 1)= ∑  

𝐿+1

𝑥2=𝑥1

 Ψ𝑥𝑥𝑥(𝑥1 − 1, 𝑥2 − 1) + ∑  

𝑥1

𝑥2=2

 Ψ𝑥𝑥𝑥(𝑥2 + 1, 𝑥1 + 1) 

 = 𝑒−𝑖(𝑘1+𝑘2)Φ(𝑥1)

 

𝐻̂𝑋𝑋𝑋 ∑  

1≤𝑥1≤𝐿

 Φ|𝑥1⟩|𝑥2⟩ = 𝜖(𝑘1 + 𝑘2) ∑  

1≤𝑥1≤𝐿

 Φ|𝑥1⟩|𝑥2⟩,  

(𝜖(𝑘1 + 𝑘2) − 𝜖(𝑘1) − 𝜖(𝑘2)) ∑  

1≤𝑥1≤𝐿

 Φ|𝑥1⟩|𝑥2⟩ = 0.  

𝜖(𝑘1 + 𝑘2) = 𝜖(𝑘1) + 𝜖(𝑘2) 

Φ(𝑥1) = 0 ∀𝑥1 ∈ [1, 𝐿].  

𝑤⊗𝐿|Ψ𝑥𝑥𝑥⟩(2) =|Ψ𝑥𝑥𝑥⟩(2) + 3𝜉 ∑  

1≤𝑥≤𝐿

 Ψ𝑥𝑥𝑥(𝑥, 𝑥)|𝑥⟩

+
𝜉

2
∑  

1≤𝑥1<𝑥2≤𝐿

 Ψ𝑥𝑥𝑥(𝑥, 𝑥)|𝑥1⟩ + |𝑥2⟩ + 𝑂(𝜉2)
 

𝜉

2
∑  

1≤𝑥1>𝑥2≤𝐿

 Ψ𝑥𝑥𝑥(𝑥, 𝑥)|𝑥1⟩ + |𝑥2⟩ = −𝜉 ∑  

1≤𝑥≤𝐿

 Ψ𝑥𝑥𝑥(𝑥, 𝑥)|𝑥⟩.  

𝑤⊗𝐿|Ψ𝑥𝑥𝑥⟩(2) = |Ψ𝑥𝑥𝑥⟩(2) + 2𝜉 ∑  

1≤𝑥≤𝐿

 Ψ𝑥𝑥𝑥(𝑥, 𝑥)|𝑥⟩ + 𝑂(𝜉2)  

∑  

1≤𝑥1<𝑥2≤𝐿

 Ψ𝑥𝑥𝑥(𝑥, 𝑥)|𝑥1⟩ + |𝑥2⟩ = 𝐿 ∑  

1≤𝑥1≤𝐿

  𝑒𝑖𝑘1𝑥1|𝑥1⟩ + |𝑥2⟩.  

𝑤⊗𝐿|Ψ𝑥𝑥𝑥⟩(2) = |Ψ𝑥𝑥𝑥⟩(2) + 𝜉 (
𝐿

2
+ 3) ∑  

1≤𝑥1≤𝐿

  𝑒𝑖𝑘1𝑥1|𝑥1⟩ + 𝑂(𝜉2)  
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𝑇1/2(𝑢) = 𝑅1/2,𝐿(𝑢)⋯𝑅1/2,1(𝑢)  

𝑇1/2(𝑢) = (
𝐴(𝑢) 𝐵(𝑢)
𝐶(𝑢) 𝐷(𝑢)

)  

𝑇̃1/2(𝑢) = 𝑅̃1/2,𝐿(𝑢)⋯ 𝑅̃1/2,1(𝑢) = (
𝐴̃(𝑢) 𝐵̃(𝑢)

𝐶̃(𝑢) 𝐷̃(𝑢)
) ,  

𝑅̃1/2,𝑛(𝑢) = (
𝑘𝑛
+

1

1 − 𝑢
𝐽𝑛
−𝑒

−𝑤𝑛
2

−2𝜉𝐽𝑛
3𝑘𝑛

+ −
1

1 − 𝑢
𝐽𝑛
+𝑒

𝑤𝑛
2 −2𝜉

1

1 − 𝑢
𝐽𝑛
3𝐽𝑛
−𝑒

−𝑤𝑛
2 + 𝑘𝑛

−

) ,  

𝑘𝑛
+  = (

1 − 2𝑢

2(1 − 𝑢)
+

1

1 − 𝑢
𝐽𝑛
3) 𝑒

𝑤𝑛
2

𝑘𝑛
−  = (

1 − 2𝑢

2(1 − 𝑢)
−

1

1 − 𝑢
𝐽𝑛
3) 𝑒

−𝑤𝑛
2

𝑤𝑛  = log (1 + 2𝜉𝐽𝑛
−)

 

𝐴̃(𝑢)𝐶̃(𝑣) =𝛼(𝑢 − 𝑣)𝐶̃(𝑣)𝐴̃(𝑢) + 𝛽(𝑢 − 𝑣)𝐶̃(𝑢)𝐴̃(𝑣) + 𝜉(𝐷̃(𝑣)𝐴̃(𝑢) − 𝐶̃(𝑣)𝐵̃(𝑢)

−𝐴̃(𝑢)𝐴̃(𝑣)) + 𝜉2𝐷̃(𝑣)𝐵̃(𝑢)  

𝐷̃(𝑢)𝐶̃(𝑣) =𝛼(𝑣 − 𝑢)𝐶̃(𝑣)𝐷̃(𝑢) + 𝛽(𝑣 − 𝑢)𝐶̃(𝑢)𝐷̃(𝑣) + 𝜉(𝐴̃(𝑣)𝐷̃(𝑢) − 𝐶̃(𝑣)𝐵̃(𝑢)

−𝐷̃(𝑢)𝐷̃(𝑣)) + 𝜉2𝐴̃(𝑣)𝐵̃(𝑢)  

𝐵̃(𝑢)𝐶̃(𝑣) =𝐶̃(𝑣)𝐵̃(𝑢) + 𝛽(𝑢 − 𝑣)(𝐷̃(𝑢)𝐴̃(𝑣) − 𝐷̃(𝑣)𝐴̃(𝑢)) + 𝜉(𝐷̃(𝑣)𝐵̃(𝑢)

 +𝐵̃(𝑢)𝐴̃(𝑣))

 

𝐶̃(𝑢)𝐶̃(𝑣) =𝐶̃(𝑣)𝐶̃(𝑢) +
𝜉

𝛼(𝑢 − 𝑣)
(𝐷̃(𝑣)𝐶̃(𝑢) − 𝐶̃(𝑣)𝐷̃(𝑢) + 𝐶̃(𝑢)𝐴̃(𝑣)

 −𝐴̃(𝑢)𝐶̃(𝑣)) +
𝜉2

𝛼(𝑢 − 𝑣)
(𝐷̃(𝑣)𝐷̃(𝑢) − 𝐴̃(𝑢)𝐴̃(𝑣))

 

𝛼(𝑢 − 𝑣) = 1 − 𝛽(𝑢 − 𝑣), 𝛽(𝑢 − 𝑣) =
1

𝑢 − 𝑣
.  

𝐴̃(𝑢)|0⟩𝐿  = |0⟩𝐿

𝐷̃(𝑢)|0⟩𝐿  = 𝑑(𝑢)|0⟩𝐿  with  𝑑(𝑢) = (
𝑢

𝑢 − 1
)
𝐿

𝐵̃(𝑢)|0⟩𝐿  = 0

 

𝜏̃(𝑢)𝐶̃(𝑣)|0⟩𝐿 = (𝛼(𝑢 − 𝑣) + 𝛼(𝑣 − 𝑢)𝑑(𝑢))𝐶̃(𝑣)|0⟩𝐿 +

 +𝛽(𝑢 − 𝑣)(1 − 𝑑(𝑣))𝐶̃(𝑢)|0⟩𝐿 + 𝜉(1 − 𝑑(𝑣))(𝑑(𝑢) − 1)|0⟩𝐿
 

𝜏̃(𝑢) = 𝐴̃(𝑢) + 𝐷̃(𝑢).  

(
𝑣

𝑣 − 1
)
𝐿

= 1  

𝜏̃(𝑢)𝐶̃(𝑣1)𝐶̃(𝑣2)|0⟩
𝐿 = [𝛼(𝑢 − 𝑣1)𝛼(𝑢 − 𝑣2) + 𝛼(𝑣1 − 𝑢)𝛼(𝑣2 − 𝑢)𝑑(𝑢)]𝐶̃(𝑣1)𝐶̃(𝑣2)|0⟩

𝐿

+𝛾1(𝑣1, 𝑣2, 𝑢)𝐶̃(𝑢)𝐶̃(𝑣1)|0⟩
𝐿 + 𝛾2(𝑣1, 𝑣2, 𝑢)𝐶̃(𝑢)𝐶̃(𝑣2)|0⟩

𝐿 + 𝜉𝛾3(𝑣1, 𝑣2, 𝑢)𝐶̃(𝑢)|0⟩
𝐿  

 +𝜉𝛾4(𝑣1, 𝑣2, 𝑢)𝐶̃(𝑣1)|0⟩
𝐿 + 𝜉𝛾5(𝑣1, 𝑣2, 𝑢)𝐶̃(𝑣2)|0⟩

𝐿 + 𝜉2𝛾6(𝑣1, 𝑣2, 𝑢)|0⟩
𝐿

 

(
𝑣1

𝑣1 − 1
)
𝐿

=
𝑣1 − 𝑣2 − 1

𝑣1 − 𝑣2 + 1
, (

𝑣2
𝑣2 − 1

)
𝐿

=
𝑣2 − 𝑣1 − 1

𝑣2 − 𝑣1 + 1
 

𝐴̃ = Ω𝐴Ω−1𝑒
1
2
Δ̃(𝐿−1)(𝑤)

𝐵̃ = Ω𝐵Ω−1𝑒−
1
2
Δ̃(𝐿−1)(𝑤)

𝐶̃ = (−2𝜉ΩΔ(𝐿−1)(𝐽3)𝐴Ω−1 +Ω𝐶Ω−1)𝑒
1
2
Δ̃(𝐿−1)(𝑤)

𝐷̃ = (−2𝜉ΩΔ(𝐿−1)(𝐽3)𝐵Ω−1 +Ω𝐷Ω−1)𝑒−
1
2
Δ̃(𝐿−1)(𝑤)
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𝛼(𝑢 − 𝑣1)𝛼(𝑢 − 𝑣2) + 𝛼(𝑣1 − 𝑢)𝛼(𝑣2 − 𝑢)𝑑(𝑢),  

(

 
 
 
 
 
 
 
 
 
 
 
 

2𝑢2 − 2𝑢 + 1

(𝑢 − 1)2
0 0

𝜉2(𝑢2 − 4𝑢 + 2)

2(𝑢 − 1)2
𝜉2(𝑢2 − 4𝑢 + 2)

2(𝑢 − 1)2
2𝜉2𝑢

𝑢 − 1

0
2(𝑢2 − 𝑢 + 1)

(𝑢 − 1)2
−

1

(𝑢 − 1)2
2𝜉

(𝑢 − 1)2
2𝜉

(𝑢 − 1)2
−

4𝜉

(𝑢 − 1)2

0 −
1

(𝑢 − 1)2
2(𝑢2 − 𝑢 + 1)

(𝑢 − 1)2
2𝜉

(𝑢 − 1)2
2𝜉

(𝑢 − 1)2
−

4𝜉

(𝑢 − 1)2

0 0 0
2𝑢2 − 2𝑢 + 3

(𝑢 − 1)2
0 −

2

(𝑢 − 1)2

0 0 0 0
2𝑢2 − 2𝑢 + 3

(𝑢 − 1)2
−

2

(𝑢 − 1)2

0 0 0 −
2

(𝑢 − 1)2
−

2

(𝑢 − 1)2
2𝑢2 − 2𝑢 + 5

(𝑢 − 1)2 )

 
 
 
 
 
 
 
 
 
 
 
 

.  

(

 
 
 
 
 
 
 
 
 
 
 
 

2𝑢2 − 2𝑢 + 1

(𝑢 − 1)2
1 0 0 0 0

0
2𝑢2 − 2𝑢 + 1

(𝑢 − 1)2
0 0 0 0

0 0
2𝑢2 − 2𝑢 + 1

(𝑢 − 1)2
0 0 0

0 0 0
2𝑢2 − 2𝑢 + 3

(𝑢 − 1)2
0 0

0 0 0 0
2𝑢2 − 2𝑢 + 3

(𝑢 − 1)2
0

0 0 0 0 0
2𝑢2 − 2𝑢 + 7

(𝑢 − 1)2 )

 
 
 
 
 
 
 
 
 
 
 
 

 

  

  

Eigenvalue (Generalised) eigenvector 

2𝑢2 − 2𝑢 + 1

(𝑢 − 1)2
 |00⟩ 
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2𝑢2 − 2𝑢 + 1

(𝑢 − 1)2
 

(𝑢 − 1)2

𝜉2(3𝑢2 − 6𝑢 + 2)
(|20⟩ + |02⟩ + |11⟩) 

2𝑢2 − 2𝑢 + 1

(𝑢 − 1)2
 |10⟩ + |01⟩ 

2𝑢2 − 2𝑢 + 3

(𝑢 − 1)2
 |10⟩ − |01⟩ 

2𝑢2 − 2𝑢 + 3

(𝑢 − 1)2
 |20⟩ − |02⟩ 

2𝑢2 − 2𝑢 + 7

(𝑢 − 1)2
 3(|20⟩ + |02⟩) − 6|11⟩ + 6𝜉(|10⟩ + |01⟩) + 𝜉2 (1 −

3

2
𝑢2) |00⟩ 

  

  
  

(𝑢 − 1)2

𝜉2(3𝑢2 − 6𝑢 + 2)
(|20⟩ + |02⟩ + |11⟩) 

𝐽+ = 𝑎†(−2𝑗 + 𝑎†𝑎), 𝐽− = 𝑎, 𝐽3 = −𝑗 + 𝑎†𝑎, 

 Δ(𝐶) = −(𝑎1
† − 𝑎2

†)
2
𝑎1𝑎2 − 2𝑗(𝑎1

† − 𝑎2
†)(𝑎1 − 𝑎2) + 2𝑗(2𝑗 + 1).  

 𝐸 = ∑  𝑁
𝑝=1  

2|𝑗|

𝑗2+𝜆𝑝
2 ,  

 (
𝜆𝑝+|𝑗|𝑖

𝜆𝑝−|𝑗|𝑖
)
𝐿

= ∏  𝑁
𝑟=0
𝑟≠𝑝

 𝑆𝑥𝑥𝑥(𝜆𝑝, 𝜆𝑟)  

 𝐹12|𝑛1, 𝑛2⟩ = ∑  
𝑛2
𝑘=0   (−2𝜉)

𝑘(𝑛2
𝑘
)(|𝑗| + 𝑛1)

⟨𝑘⟩|𝑛1, 𝑛2 − 𝑘⟩.  

 𝑀 = 𝑒𝜉𝐽
−  

 (𝐽−⊗ 𝕀)Δ(𝐶) − Δ(𝐶)(𝕀 ⊗ 𝐽−)  

 𝐻̃𝑋𝑋𝑋 = Ωℍ𝑋𝑋𝑋Ω
−1,  

 ℎ̃𝑚,𝑚+1 = Ωℎ𝑚,𝑚+1Ω
−1, 𝑚 = 1,… , 𝐿 − 1  

 
(Δ ⊗ 𝑖𝑑)(𝐹)  = 𝐹13𝐹23
(𝑖𝑑 ⊗ Δ̃)(𝐹)  = 𝐹12𝐹13

 

 
𝑅12𝐹13𝐹23  = 𝐹23𝐹13𝑅12
𝑅̃23𝐹12𝐹13  = 𝐹13𝐹12𝑅̃23

 

Ωℎ𝑚,𝑚+1Ω
−1 = (𝐹12⋯𝐹1𝐿)⋯ (𝐹𝑚+1,𝑚+2⋯𝐹𝑚+1,𝐿)ℎ𝑚,𝑚+1

 × (𝐹𝑚+1,𝐿
−1 ⋯𝐹𝑚+1,𝑚+2

−1 )⋯ (𝐹1𝐿
−1⋯𝐹12

−1)
 

ℎ𝑚,𝑚+1 = 𝑃𝑚,𝑚+1𝑅𝑚,𝑚+1
′ (0) 

𝑅𝑚,𝑚+1
′ (0) = (

d

d𝑢
𝑅𝑚,𝑚+1(𝑢))

𝑢=0
 

Ωℎ𝑚,𝑚+1Ω
−1 = ⋯(𝐹𝑚−1,𝑚⋯𝐹𝑚−1,𝐿)Λ(𝐹𝑚−1,𝐿

−1 ⋯𝐹𝑚−1,𝑚
−1 )⋯  
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Λ =𝐹𝑚,𝑚+1𝑃𝑚,𝑚+1(𝐹𝑚+1,𝑚+2⋯𝐹𝑚+1,𝐿)(𝐹𝑚,𝑚+2⋯𝐹𝑚𝐿)

 × 𝑅𝑚,𝑚+1
′ (0)(𝐹𝑚+1,𝐿

−1 ⋯𝐹𝑚+1,𝑚+2
−1 ) × (𝐹𝑚𝐿

−1⋯𝐹𝑚,𝑚+1
−1 )

 

Λ =𝐹𝑚,𝑚+1𝑃𝑚,𝑚+1(𝐹𝑚+1,𝑚+2⋯𝐹𝑚+1,𝐿−1)(𝐹𝑚,𝑚+2⋯𝐹𝑚,𝐿−1)𝐹𝑚+1,𝐿𝐹𝑚𝐿

 × 𝑅𝑚,𝑚+1
′ (0)(𝐹𝑚+1,𝐿

−1 ⋯𝐹𝑚+1,𝑚+2
−1 )(𝐹𝑚𝐿

−1⋯𝐹𝑚,𝑚+1
−1 )

 

𝐹𝑚+1,𝐿𝐹𝑚𝐿𝑅𝑚,𝑚+1
′ (0) = 𝑅𝑚,𝑚+1

′ (0)𝐹𝑚𝐿𝐹𝑚+1,𝐿  

Λ =𝐹𝑚,𝑚+1𝑃𝑚,𝑚+1(𝐹𝑚+1,𝑚+2⋯𝐹𝑚+1,𝐿−1)(𝐹𝑚,𝑚+2⋯𝐹𝑚,𝐿−1)𝑅𝑚,𝑚+1
′

 × (𝐹𝑚+1,𝐿−1
−1 ⋯𝐹𝑚+1,𝑚+2

−1 )(𝐹𝑚,𝐿−1
−1 ⋯𝐹𝑚,𝑚+1

−1 )
 

Λ = 𝐹𝑚,𝑚+1𝑃𝑚,𝑚+1𝑅𝑚,𝑚+1
′ (0)𝐹𝑚,𝑚+1

−1 (0) = 𝑅̃𝑚,𝑚+1
′ (0)  

Ωℎ𝑚,𝑚+1Ω
−1 = ⋯(𝐹𝑚−1,𝑚⋯𝐹𝑚−1,𝐿)𝑃𝑚,𝑚+1𝑅̃𝑚,𝑚+1

′ (0)(𝐹𝑚−1,𝐿
−1 ⋯𝐹𝑚−1,𝑚

−1 )⋯  

Ωℎ𝑚,𝑚+1Ω
−1 = 𝑃𝑚,𝑚+1Γ  

Γ =(𝐹12⋯𝐹1,𝑚+1𝐹1𝑚⋯𝐹1𝐿)⋯ (𝐹𝑚−1,𝑚+1𝐹𝑚−1,𝑚⋯𝐹𝑚−1,𝐿)

 × 𝑅̃𝑚,𝑚+1
′ (0)(𝐹𝑚−1,𝐿

−1 ⋯𝐹𝑚−1,𝑚
−1 )⋯ (𝐹1𝐿

−1⋯𝐹12
−1)

 

Γ =(𝐹12⋯𝐹1,𝑚+1𝐹1𝑚⋯𝐹1𝐿)⋯𝐹𝑚−1,𝑚+1𝐹𝑚−1,𝑚𝑅̃𝑚,𝑚+1
′ (0)

 × 𝐹𝑚−1,𝑚+1
−1 𝐹𝑚−1,𝑚

−1 (𝐹𝑚−2,𝐿
−1 ⋯𝐹𝑚−2,𝑚−1

−1 )⋯ (𝐹1𝐿
−1⋯𝐹12

−1)
 

𝐹𝑚−1,𝑚+1𝐹𝑚−1,𝑚𝑅̃𝑚,𝑚+1
′ (0) = 𝑅̃𝑚,𝑚+1

′ (0)𝐹𝑚−1,𝑚𝐹𝑚−1,𝑚+1  

Γ= (𝐹12⋯𝐹1,𝑚+1𝐹1,𝑚⋯𝐹1𝐿)⋯(𝐹𝑚−2,𝑚−1𝐹𝑚−2,𝑚+1𝐹𝑚−2,𝑚⋯ 

⋯𝐹𝑚−2,𝐿)𝑅̃𝑚,𝑚+1
′ (0)(𝐹𝑚−2,𝐿

−1 ⋯𝐹𝑚−2,𝑚−1
−1 )⋯ (𝐹1𝐿

−1⋯𝐹12
−1)

 

Γ = 𝑅̃𝑚,𝑚+1
′ (0)  

Ωℎ𝑚,𝑚+1Ω
−1 = 𝑃𝑚,𝑚+1𝑅̃𝑚,𝑚+1

′ (0) = ℎ̃𝑚,𝑚+1  

𝐻̃𝑥𝑥𝑥= Ω ∑  

𝐿−1

𝑚=1

 ℎ𝑚,𝑚+1Ω
−1 + ℎ̃𝐿1 = Ω(∑  

𝐿−1

𝑚=1

 ℎ𝑚,𝑚+1 +Ω
−1𝐹𝐿1ℎ𝐿1𝐹𝐿1

−1Ω)Ω−1 

 = Ωℍ𝑋𝑋𝑋Ω
−1

 

 𝐹13
−1𝐹23

−1𝑅12 = 𝑅12𝐹23
−1𝐹13

−1  

 𝑅̃23𝐹12 = 𝐹13𝐹12𝑅̃23𝐹13
−1.  

 𝑅̃𝑎2𝑅̃𝑎1 = 𝑅̃𝑎2𝐹1𝑎𝑅𝑎1𝐹𝑎1
−1  

 𝑅̃𝑎2𝑅̃𝑎1 = 𝐹12𝐹1𝑎𝐹2𝑎𝑅𝑎2𝐹𝑎2
−1𝐹12

−1𝑅𝑎1𝐹𝑎1
−1,  

 𝑅̃𝑎2𝑅̃𝑎1 = 𝐹12𝐹1𝑎𝐹2𝑎𝑅𝑎2𝑅𝑎1𝐹12
−1𝐹𝑎2

−1𝐹𝑎1
−1.  

 𝑅̃𝑎3𝐹1𝑎𝐹2𝑎𝑅𝑎2𝑅𝑎1 = 𝐹13𝐹23𝐹1𝑎𝐹2𝑎𝐹3𝑎𝑅𝑎3𝐹𝑎3
−1𝐹23

−1𝐹13
−1𝑅𝑎2𝑅𝑎1.  

 𝑅̃𝑎3𝐹1𝑎𝐹2𝑎𝑅𝑎2𝑅𝑎1 = 𝐹13𝐹23𝐹1𝑎𝐹2𝑎𝐹3𝑎𝑅𝑎3𝑅𝑎2𝑅𝑎1𝐹13
−1𝐹23

−1𝐹𝑎3
−1,  

 𝑅̃𝑎3𝑅̃𝑎2𝑅̃𝑎1 = 𝐹12𝐹13𝐹23𝐹1𝑎𝐹2𝑎𝐹3𝑎𝑅𝑎3𝑅𝑎2𝑅𝑎1𝐹23
−1𝐹13

−1𝐹12
−1𝐹𝑎3

−1𝐹𝑎2
−1𝐹𝑎1

−1.  

(𝐹1𝑗𝐹2𝑗⋯𝐹𝑗−1,𝑗)𝐹𝑗𝑎(𝐹𝑗−1,𝑗
−1 ⋯𝐹2𝑗

−1𝐹1𝑗
−1)𝐹𝑎𝑗

−1 

𝑇̃𝑎 = Ω𝐹𝑎𝑇𝑎Ω
−1(𝐹𝑎)𝑜𝑝

−1,  

Ω= (𝐹12⋯𝐹1𝐿)(𝐹23⋯𝐹2𝐿)⋯𝐹𝐿−1,𝐿  

 = (𝐹12)(𝐹13𝐹23)⋯(𝐹1𝐿⋯𝐹𝐿−1,𝐿),

𝐹𝑎 = 𝐹1𝑎⋯𝐹𝐿𝑎,

(𝐹𝑎)𝑜𝑝
−1 = 𝐹𝑎𝐿

−1⋯𝐹𝑎1
−1.

 



pág. 3016 

h12|10⟩ = 𝑞|10⟩ − |01⟩, h12|01⟩ =
1

𝑞
|01⟩ − |10⟩,

h12|11⟩ =
1 + 𝑞2

𝑞
|11⟩ − |20⟩ − |02⟩,

h12|20⟩ =
𝑞 + 2𝑞3

1 + 𝑞2
|20⟩ − |11⟩ −

𝑞

1 + 𝑞2
|02⟩,

h12|02⟩ =
2 + 𝑞2

𝑞 + 𝑞3
|02⟩ − |11⟩ −

𝑞

1 + 𝑞2
|20⟩.

 

|Ψ𝑥𝑥𝑧⟩(1) = ∑  

1≤𝑥≤𝐿

 𝑒𝑖𝑘𝑥‖𝑥⟩  with  𝑒𝑖𝑘𝐿 = 1  

𝐻𝑋𝑋𝑍|Ψ𝑥𝑥𝑧⟩(1) = ∑  

1≤𝑥≤𝐿

  𝑒𝑖𝑘𝑥 (𝑞 +
1

𝑞
) ‖𝑥⟩ − ‖𝑥 + 1⟩ − ‖𝑥 − 1⟩

= 2(cosh 𝜂 − cos 𝑘) ∑  

1≤𝑥≤𝐿

 𝑒𝑖𝑘𝑥‖𝑥⟩
 

 𝜖𝜂(𝑘) = 2(cosh 𝜂 − cos 𝑘)  

 𝜖𝜂(𝜆) = 2 (
cosh2 𝜂−1

cosh 𝜂−cosh 2𝜆
)  

|Ψ𝑥𝑥𝑧⟩(2) = ∑  

1≤𝑥1≤𝑥2≤𝐿

 Ψ𝑥𝑥𝑧(𝑥1, 𝑥2)‖𝑥1, 𝑥2⟩  

Ψ𝑥𝑥𝑧(𝑥1, 𝑥2) = 𝑒𝑖(𝑘1𝑥1+𝑘2𝑥2) + 𝑆𝑥𝑥𝑧(𝑘2, 𝑘1)𝑒
𝑖(𝑘2𝑥1+𝑘1𝑥2)  

Ψ𝑥𝑥𝑧(𝑥1, 𝑥2 + 𝐿) = Ψ𝑥𝑥𝑧(𝑥2 + 𝐿, 𝑥1) 

 if  𝑥1 = 𝑥2 = 𝑥:

 

𝐸𝑥𝑥𝑧Ψ𝑥𝑥𝑧(𝑥, 𝑥) =
2(1 + 𝑞2 + 𝑞4)

𝑞 + 𝑞3
Ψ𝑥𝑥𝑧(𝑥, 𝑥) −

𝑞

1 + 𝑞2
Ψ𝑥𝑥𝑧(𝑥 + 1, 𝑥 + 1)

 −
𝑞

1 + 𝑞2
Ψ𝑥𝑥𝑧(𝑥 − 1, 𝑥 − 1) − Ψ𝑥𝑥𝑧(𝑥 − 1, 𝑥) − Ψ𝑥𝑥𝑧(𝑥, 𝑥 + 1)

 if  𝑥1 < 𝑥2:

 𝐸𝑥𝑥𝑧Ψ𝑥𝑥𝑧(𝑥1, 𝑥2) = 2
1 + 𝑞2

𝑞
Ψ𝑥𝑥𝑧(𝑥1, 𝑥2) − Ψ𝑥𝑥𝑧(𝑥1 − 1, 𝑥2)

 −Ψ𝑥𝑥𝑧(𝑥1 + 1, 𝑥2) − Ψ𝑥𝑥𝑧(𝑥1, 𝑥2 − 1) − Ψ𝑥𝑥𝑧(𝑥1, 𝑥2 + 1)

 

 𝐸𝑥𝑥𝑧 = 𝜖𝜂(𝑘1) + 𝜖𝜂(𝑘2)  

 𝐶(𝑘1, 𝑘2) + 𝐶(𝑘2, 𝑘1)𝑆𝑥𝑥𝑧(𝑘2, 𝑘1) = 0  

 𝐶(𝑘1, 𝑘2) =
𝑞(1+𝑒−𝑖(𝑘1+𝑘2))

1+𝑞2
(1 + 𝑒𝑖(𝑘1+𝑘2) − 2cosh 𝜂𝑒𝑖𝑘1),  

 𝑆𝑥𝑥𝑧(𝑘1, 𝑘2) = −
1+𝑒𝑖(𝑘1+𝑘2)−2cosh 𝜂𝑒𝑖𝑘2

1+𝑒𝑖(𝑘1+𝑘2)−2cosh 𝜂𝑒𝑖𝑘1
 

 𝑆𝑥𝑥𝑧(𝜆1, 𝜆2) =
sinh (𝜆1−𝜆2−𝜂)

sinh (𝜆1−𝜆2+𝜂)
 

 
|𝜒0⟩ = |00⟩

|𝜒1⟩ = 𝑞|10⟩ − |01⟩
 

 Δ𝑞(𝑆
+)|𝜒0⟩ = 𝑞−1/2|10⟩ + 𝑞1/2|01⟩.  

 
 |10⟩ =

1

𝑞+𝑞−1
(𝑞−1/2Δ𝑞(𝑆

+)|𝜒0⟩ + |𝜒1⟩)

 |01⟩ =
1

𝑞2+1
(𝑞3/2Δ𝑞(𝑆

+)|𝜒0⟩ − |𝜒1⟩)
 

 
h12|10⟩ = |𝜒1⟩ = 𝑞|10⟩ − |01⟩,

h12|01⟩ = −
1

𝑞
|𝜒1⟩ =

1

𝑞
|01⟩ − |10⟩.

 

∑  

1≤𝑥1≤𝑥2≤𝐿

 Ψ𝑥𝑥𝑥(𝑥1, 𝑥2)= ∑  

1≤𝑥1≤𝑥2≤𝐿

  (𝑒𝑖𝑘1𝑥1 + 𝑒𝑖𝑘1𝑥2)  

 = (𝐿 − 1) ∑  

1≤𝑥1≤𝐿

 𝑒𝑖𝑘1𝑥1 = 0  with  𝑒𝑖𝑘1𝐿 = 1,
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 ∑  1≤𝑥1≤𝑥2≤𝐿  Ψ𝑥𝑥𝑥(𝑥1, 𝑥2) =
𝐺(𝑘1,𝑘2)+𝑆𝑥𝑥𝑥(𝑘2,𝑘1)𝐺(𝑘2,𝑘1)

(𝑒𝑖𝑘1−1)(𝑒𝑖𝑘2−1)(𝑒𝑖(𝑘1+𝑘2)−1)
,  

𝐺(𝑘1, 𝑘2) =𝑒
𝑖(2𝑘1+𝑘2)(1 − 𝑒𝑖(𝑘1+𝑘2)𝐿) + 𝑒𝑖(𝑘1+𝑘2+𝑘2𝐿) − 𝑒𝑖(2𝑘1+𝑘2(2+𝐿))

 −𝑒𝑖(𝑘1+𝑘2) + 𝑒𝑖(𝑘1+𝑘2)(2+𝐿)
 

𝐺(𝑘1, 𝑘2) + 𝑆𝑥𝑥𝑥(𝑘2, 𝑘1)𝐺(𝑘2, 𝑘1) = 0  

𝑒𝑖𝑘1𝐿 = 𝑆𝑥𝑥𝑥(𝑘1, 𝑘2)  and  𝑒𝑖𝑘2𝐿 = 𝑆𝑥𝑥𝑥(𝑘2, 𝑘1)  

𝐺(𝑘1 , 𝑘2) = 𝑒2𝑖(𝑘1+𝑘2) − 𝑒𝑖(𝑘1+𝑘2) + 𝑆𝑥𝑥𝑥(𝑘2, 𝑘1)(𝑒
𝑖(𝑘1+𝑘2) − 𝑒2𝑖(𝑘1+𝑘2)).  

𝑆𝑥𝑥𝑥(𝑘1, 𝑘2)𝑆𝑥𝑥𝑥(𝑘2, 𝑘1) = 1 

𝑆𝑥𝑥𝑥(𝑘2, 𝑘1)𝐺(𝑘2, 𝑘1)= 𝑒𝑖(𝑘1+𝑘2) − 𝑒2𝑖(𝑘1+𝑘2) + 𝑆𝑥𝑥𝑥(𝑘2, 𝑘1)(𝑒
2𝑖(𝑘1+𝑘2) − 𝑒𝑖(𝑘1+𝑘2)) 

 = −𝐺(𝑘1, 𝑘2)
 

Φ(𝑥1) =
𝐷(𝑘1, 𝑘2) + 𝑆𝑥𝑥𝑥(𝑘2, 𝑘1)𝐷(𝑘2, 𝑘1)

(𝑒𝑖𝑘1 − 1)(𝑒𝑖𝑘2 − 1)
,  

𝐷(𝑘1, 𝑘2) =𝑒
𝑖(𝑘1+𝑘2)𝑥1 + 𝑒𝑖(𝑘1+𝑘2)(𝑥1+1) + 𝑒𝑖(𝑘1(1+𝑥1)+𝑘2(1+𝐿)) + 𝑒𝑖(𝑘1+𝑘2𝑥1)

 −𝑒𝑖(𝑘1𝑥1+𝑘2(1+𝐿)) − 𝑒𝑖(𝑘1+𝑘2(1+𝑥1)) − 2𝑒𝑖(𝑘1(1+𝑥1)+𝑘2𝑥1)
 

𝐷(𝑘1 , 𝑘2) = 𝑒𝑖(𝑘1+𝑘2)𝑥1 + 𝑒𝑖(𝑘1+𝑘2)(𝑥1+1) + 𝑒𝑖(𝑘1+𝑘2𝑥1) − 𝑒𝑖(𝑘1+𝑘2(1+𝑥1))

 −2𝑒𝑖(𝑘1(1+𝑥1)+𝑘2𝑥1) + 𝑆𝑥𝑥𝑥(𝑘2, 𝑘1)(𝑒
𝑖(𝑘1(1+𝑥1)+𝑘2) − 𝑒𝑖(𝑘1𝑥1+𝑘2))

 

𝑆𝑥𝑥𝑥(𝑘1, 𝑘2)𝑆𝑥𝑥𝑥(𝑘2, 𝑘1) = 1 

𝐷(𝑘1, 𝑘2)+𝑆𝑥𝑥𝑥(𝑘2, 𝑘1)𝐷(𝑘2, 𝑘1) = 𝑒𝑖(𝑘1+𝑘2)𝑥1(1 + 𝑒𝑖(𝑘1+𝑘2) − 2𝑒𝑖𝑘1)

 +𝑒𝑖(𝑘1+𝑘2)𝑥1𝑆𝑥𝑥𝑥(𝑘2, 𝑘1)(1 + 𝑒𝑖(𝑘1+𝑘2) − 2𝑒𝑖𝑘2) = 0
 

𝑍(𝑥) =
1

√2
(Φ1(𝑥) + 𝑖Φ2(𝑥)), 𝑍‾(𝑥) =

1

√2
(Φ1(𝑥) − 𝑖Φ2(𝑥))  

⟨𝑍‾𝑝 𝑞(𝑥)𝑍
𝑟  𝑠(𝑦)⟩ =

𝛿𝑝  𝑠𝛿
𝑟  𝑞 −

1
𝑁
𝛿𝑝  𝑞𝛿

𝑟  𝑠

|𝑥 − 𝑦|2
 

𝑇̂𝑘 = Tr(𝑍𝑘)  

𝑇𝑘 =
Tr(𝑍𝑘)

√𝑘𝑁
𝑘
2

 

𝑂2 = 𝑇2, 𝑂4 = 𝑇4 −
2

𝑁
(𝑂2)

2  

𝐽− ≡ ∑  

6

𝑎=3

  𝐽−𝑎𝐽−𝑎, 𝐽−𝑎 ≡ (𝐽1𝑎 − 𝑖𝐽2𝑎), 𝑎 = 3,… ,6  

𝐽𝑖𝑗 = −𝑖Tr (Φ𝑖
𝜕

𝜕Φ𝑗
−Φ𝑗

𝜕

𝜕Φ𝑖
) , 𝑖, 𝑗 = 1,… ,6  

𝑂2,0 =
1

√6𝑁
Tr (2𝑍𝑍‾ −

1

2
Φ𝑎Φ𝑎) =

1

√6𝑁
Tr(2𝑍𝑍‾ − (𝑋𝑋‾ + 𝑌𝑌‾))  

𝑇4,2 =
1

√10𝑁2
Tr (2𝑍3𝑍‾ − 𝑍2Φ𝑎Φ𝑎 −

1

2
𝑍Φ𝑎𝑍Φ𝑎)  
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𝑇4,0 =
1

2√5𝑁2
Tr[2𝑍2𝑍‾2 + (𝑍𝑍‾)2 − ((𝑍𝑍‾ + 𝑍‾𝑍)Φ𝑎Φ𝑎 + 𝑍Φ𝑎𝑍‾Φ𝑎)

+
1

6
(Φ𝑎Φ𝑎Φ𝑏Φ𝑏 +

1

2
Φ𝑎Φ𝑏Φ𝑎Φ𝑏)]

 

𝑂4,2 = 𝑇4,2 −
4√3

√10𝑁
𝑂2𝑂2,0 +

2

√10𝑁3
Tr𝑍Φ𝑎Tr𝑍Φ𝑎  

𝑂4,0 = 𝑇4,0 −
3

√5𝑁
(𝑂2,0)

2
−

2

√5𝑁
𝑂2
†𝑂2 +

2

√5𝑁3
Tr𝑍Φ𝑎Tr𝑍‾Φ𝑎

 −
1

6√5𝑁3
(TrΦ𝑎Φ𝑏TrΦ𝑎Φ𝑏 −

1

4
(TrΦ𝑎Φ𝑎)2)

 

𝑇̂𝐼 = 𝐶𝑖1⋯𝑖𝑘
𝐼 Tr(Φ𝑖1⋯Φ𝑖𝑘)  

⟨𝑇𝐼1(𝑥1)𝑇𝐼2(𝑥2)𝑇𝐼3(𝑥3)⟩ =
1

𝑁

√(𝑘2 + 𝑘3)𝑘2𝑘3⟨𝐶
𝐼1𝐶𝐼2𝐶𝐼3⟩

|𝑥1 − 𝑥2|
2𝑘2|𝑥1 − 𝑥3|

2𝑘3
,  

𝑎𝐼1𝐼2𝐼3 =
1

(
1
2
Σ + 2) ! 2

1
2(Σ−2)

𝑘1! 𝑘2! 𝑘3!

𝛼1! 𝛼2! 𝛼3!
⟨𝐶𝐼1𝐶𝐼2𝐶𝐼3⟩  

𝑎𝐼1𝐼2𝐼3 =
1

(𝑘1 + 1)(𝑘1 + 2)2𝑘1−1
⟨𝐶𝐼1𝐶𝐼2𝐶𝐼3⟩ ≡ 𝑧(𝑘1)⟨𝐶

𝐼1𝐶𝐼2𝐶𝐼3⟩  

⟨𝐶𝐼1𝐶𝐼2𝐶𝐼3⟩ =
𝑎𝐼1𝐼2𝐼3
𝑧(𝑘1)

,  for  𝑘1 = 𝑘2 + 𝑘3  

⟨𝑇𝐼1(𝑥1)(𝑇𝐼2𝑇𝐼3)(𝑥2)⟩ =
1

𝑁

𝑎𝐼1𝐼2𝐼3
𝑧(𝑘2 + 𝑘3)

√(𝑘2 + 𝑘3)𝑘2𝑘3
|𝑥1 − 𝑥2|

2(𝑘2+𝑘3)
.  

𝑂𝐼1 = 𝑇𝐼1 − ∑  

𝐼2+𝐼3=𝐼1

 𝒞𝐼1,𝐼2,𝐼3𝑇𝐼2𝑇𝐼3  

𝒞𝐼1,𝐼2,𝐼3 =
√(𝑘2 + 𝑘3)𝑘2𝑘3

2𝑁
⟨𝐶𝐼1𝐶𝐼2𝐶𝐼3⟩.  

𝒞(4,𝑚),(2,𝑛),(2,𝑝) =
2

𝑁

𝑎(4𝑚)(2𝑛)(2𝑝)

𝑧(4)
 

𝑂4,𝑚 = 𝑇4,𝑚 −
2

𝑁

𝑎(4𝑚)(2𝑛)(2𝑝)

𝑧(4)
𝑂2,𝑛𝑂2,𝑝  

𝒯𝑘 = 𝒩𝑘𝑇𝑘, 𝒪𝑘 = 𝒩𝑘𝑂𝑘  

𝒩2 =
𝑁

𝜋2
,𝒩𝑘 =

𝑁

𝜋2
(𝑘 − 2)√𝑘 − 1  for  𝑘 ≠ 2  

𝒯4,𝑚 = 𝒪4,𝑚 +
𝒩4

𝒩2
2

2

𝑁

𝑎(4𝑚)(2𝑛)(2𝑝)

𝑧(4)
𝒪2,𝑛𝒪2,𝑝  

ℎ𝑎
𝑎(𝑥, 𝑦)=∑ 𝜋𝐼(𝑥)𝑌

𝐼(𝑦)  

𝑓𝑎𝑏𝑐𝑑𝑒(𝑥, 𝑦) = ∑ Λ𝐼𝑏𝐼(𝑥)𝜖𝑎𝑏𝑐𝑑𝑒𝑌
𝐼(𝑦)

 

𝑠𝐼 =
1

20(𝑘 + 2)
(𝜋𝐼 − 10(𝑘 + 4)𝑏𝐼)  

𝑆𝐼 = 𝑠𝐼 +∑  

𝐽,𝐾

  (𝐽𝐼𝐽𝐾𝑠𝐽𝑠𝐾 + 𝐿𝐼𝐽𝐾𝐷𝜇𝑠𝐽𝐷
𝜇𝑠𝐾) + 𝑂([𝑠]

3)  
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𝑆𝐼  = 𝑤(𝑠𝐼)𝑠𝐼 , 𝑤(𝑠𝐼) = √
8𝑘(𝑘 − 1)(𝑘 + 2)𝑧(𝑘)

𝑘 + 1
, 𝑘 = 2,3

𝑆(4,𝑚)  =
2√3

5
(𝑠(4,𝑚) −

𝑎(4𝑚)(2𝑛)(2𝑝)

27𝑧(4)
(83𝑠(2,𝑛)𝑠(2,𝑝) + 7𝒟𝜇𝑠(2,𝑛)𝒟

𝜇𝑠(2,𝑝)))

 

𝜋2,𝑚
(2)

= 2[𝑆2,𝑚]2, 𝜋𝑘,𝑚
(2𝑘−4)

= (2𝑘 − 4)[𝑆𝑘,𝑚]𝑘  (𝑘 ≠ 2)  

⟨𝒪2,𝑚⟩ = ⟨𝒯2,𝑚⟩ =
𝑁2

2𝜋2
𝜋2,𝑚
(2)  

⟨𝒯4,𝑚⟩ =
𝑁2

2𝜋2
(𝜋4,𝑚

(4)
+
2√3

𝑧(4)
𝑎(4𝑚)(2𝑛)(2𝑝)𝜋2,𝑛

(2)
𝜋2,𝑝
(2)
)  

⟨𝒪4,𝑚⟩ =
𝑁2

2𝜋2
𝜋4,𝑚
(4)  

⟨𝒯4,𝑚⟩ = ⟨𝒪4,𝑚⟩ +
𝑁2

2𝜋2
2√3

𝑧(4)
𝑎(4𝑚)(2𝑛)(2𝑝)𝜋2,𝑛

(2)
𝜋2,𝑝
(2)  

⟨𝒪2,𝑚𝒪2,𝑛⟩ = (
𝑁2

2𝜋2
)

2

𝜋2,𝑚
(2)
𝜋2,𝑛
(2)

= ⟨𝒪2,𝑚⟩⟨𝒪2,𝑛⟩  

⟨𝒪2,𝑚⟩ =
𝑁2

2𝜋2
2√8

3
[𝑠(2,𝑚)]2

 

𝜋4,𝑚
(4)

= 4[𝑆4,𝑚]4  

[𝒟𝜇𝑠(2,𝑚)𝒟
𝜇𝑠(2,𝑛)]4

= 4[𝑠(2,𝑚)𝑠(2,𝑛)]4  

[𝑆4,𝑚]4 =
2√3

5
[𝑠(4,𝑚) −

37

9𝑧(4)
𝑎(4𝑚)(2𝑛)(2𝑝)𝑠(2,𝑛)𝑠(2,𝑝)]

4

 

⟨𝒪4,𝑚⟩ =
𝑁2

2𝜋2
4√3

5
[2𝑠(4,𝑚) −

74

9𝑧(4)
𝑎(4𝑚)(2𝑛)(2𝑝)𝑠(2,𝑛)𝑠(2,𝑝)]

4

 

⟨𝒯4,𝑚⟩ =
𝑁2

2𝜋2
4√3

5
[2𝑠(4,𝑚) +

2

3𝑧(4)
𝑎(4𝑚)(2𝑛)(2𝑝)𝑠(2,𝑛)𝑠(2,𝑝)]

4

 

⟨𝒪2,𝑚𝒪2,𝑛⟩ =
8𝑁4

9𝜋4
[𝑠2,𝑚]2[𝑠2,𝑛]2

 

𝑑𝑠2= −ℎ−2(𝑑𝑡 + 𝑉𝑖𝑑𝑥
𝑖)
2
+ ℎ2(𝑑𝑦2 + 𝑑𝑥𝑖𝑑𝑥𝑖) + 𝑦𝑒𝐺𝑑Ω3

2 + 𝑦𝑒−𝐺  𝑑Ω̃3
2

ℎ−2= 2𝑦cosh 𝐺, 𝑧 =
1

2
tanh 𝐺  

𝑦𝜕𝑦𝑉𝑖  = 𝜖𝑖𝑗𝜕𝑗𝑧, 𝑦(𝜕𝑖𝑉𝑗 − 𝜕𝑗𝑉𝑖) = 𝜖𝑖𝑗𝜕𝑦𝑧

𝐹5= 𝐹𝜇𝜈𝑑𝑥
𝜇 ∧ 𝑑𝑥𝜈 ∧ 𝑑Ω3 + 𝐹̃𝜇𝜈𝑑𝑥

𝜇 ∧ 𝑑𝑥𝜈 ∧ 𝑑Ω̃3  

𝐹 = 𝑑𝐵𝑡 ∧ (𝑑𝑡 + 𝑉) + 𝐵𝑡𝑑𝑉 + 𝑑𝐵̂

𝐹̃ = 𝑑𝐵̃𝑡 ∧ (𝑑𝑡 + 𝑉) + 𝐵̃𝑡𝑑𝑉 + 𝑑𝐵̃

𝐵𝑡  = −
1

4
𝑦2𝑒2𝐺 , 𝐵̃𝑡 = −

1

4
𝑦2𝑒−2𝐺

𝑑𝐵̂ = −
1

4
𝑦3 ∗3 𝑑 (

𝑧 +
1
2

𝑦2
) , 𝑑𝐵̃ = −

1

4
𝑦3 ∗3 𝑑 (

𝑧 −
1
2

𝑦2
)
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𝑧(𝑥1, 𝑥2, 𝑦)=
𝑦2

𝜋
∫  
𝑅2
 
𝑧(𝑥1

′ , 𝑥2
′ , 0)𝑑𝑥1

′𝑑𝑥2
′

((𝑥 − 𝑥′)2 + 𝑦2)2
 

𝑉𝑖(𝑥1, 𝑥2, 𝑦) =
𝜖𝑖𝑗

𝜋
∫  
𝑅2
 
𝑧(𝑥1

′ , 𝑥2
′ , 0)(𝑥𝑗 − 𝑥𝑗

′)𝑑𝑥1
′𝑑𝑥2

′

((𝑥 − 𝑥′)2 + 𝑦2)2

 

𝑟(𝜙̃) = 𝑟1(𝜙̃)  = √1 + 𝛼cos (2𝜙̃) +
𝛼2

2
cos (4𝜙) + 𝑂(𝛼3)

 = 1 +
𝛼

2
cos 2𝜙̃ +

𝛼2

16
(3cos 4𝜙̃ − 1) + 𝑂(𝛼3)

 

𝑟(𝜙̃) = 𝑟2(𝜙̃)= √1 + 𝛼cos (2𝜙̃)  

 = 1 +
𝛼

2
cos 2𝜙̃ −

𝛼2

16
(cos 4𝜙̃ + 1) + 𝑂(𝛼3)

 

𝑔 = 𝑔(0) + 𝛼𝑔(1) + 𝛼2𝑔(2).  

𝑦 = 𝑅cos 𝜃, 𝑟 = √𝑅2 + 1sin 𝜃, 𝜙̃ = 𝜙 − 𝑡,  

𝑑𝑠2  = −(𝑅2 + 1)𝑑𝑡2 +
𝑑𝑅2

𝑅2 + 1
+ 𝑅2𝑑Ω̃3

2 + 𝑑𝜃2 + sin2 𝜃𝑑𝜙2 + cos2 𝜃𝑑Ω3
2

𝐹5  = 𝑅3𝑑𝑡 ∧ 𝑑𝑅 ∧ 𝑑Ω̃3 + cos3 𝜃sin 𝜃𝑑𝜃 ∧ 𝑑𝜙 ∧ 𝑑Ω3

 

𝑟(𝜙̃) = 1 +
𝛼

2
cos (𝑛𝜙̃) + 𝑂(𝛼2),  

𝐷𝑎ℎ(𝑎𝑏) = 𝐷𝑎ℎ𝑎𝜇 = 0.  

𝑔𝜇𝜈
(1)

= ∑  

𝑛=±2

  (−
6

5
|𝑛|s𝑛Y𝑛𝑔𝜇𝜈

(0)
+

4

|𝑛| + 1
Y𝑛∇(𝜇∇𝜈)s𝑛) , 𝑔𝛼𝛽

(1)
= ∑  

𝑛=±2

 2|𝑛|s𝑛Y𝑛𝑔𝛼𝛽
(0)

𝐴4
(1)

= ∑  

𝑛=±2

  (Y𝑛 ⋆ 𝐴𝑑𝑆5𝑑 s𝑛 − s𝑛 ⋆  𝑆5𝑑Y𝑛)
 

s𝑛 =
|𝑛| + 1

8|𝑛|(𝑅2 + 1)|𝑛|/2
𝑒𝑖𝑛𝑡 , Y𝑛 = 𝑒𝑖𝑛𝜙sin|𝑛| 𝜃  

𝑟2(𝜙̃) − 𝑟1(𝜙̃) =
𝛽

2
cos 4𝜙̃ + 𝑂(𝛼3), 𝛽 = −

𝛼2

2
 

𝑔2
(2)
− 𝑔1

(2)
= −

1

2
𝑔(𝑛=4)
(1)  

|Φ⟩ = |0⟩ +∑  

𝑛

 𝛿𝑛𝑂𝑛|0⟩ + 𝑂(𝛿𝑛
2), 𝛿𝑛 =

𝑁𝛼𝑛

2√𝑛
 

|𝐻⟩ = 𝒩(|0⟩ + 𝐶𝛿2𝑂2|0⟩ + 𝐵
𝛿2
2

2
(𝑂2)

2|0⟩ + 𝐴𝛿4𝑂4|0⟩ + 𝑂(𝛿2
3 , 𝛿4

2))  

𝛿2 =
𝑁𝛼

2√2
, 𝛿4 = −

𝑁𝛼2

8
 

⟨𝐻|𝒪2|𝐻⟩ = 𝒩2𝐶𝛿2⟨𝑂2
†𝑂2⟩ =

𝑁2

2√2𝜋2
𝐶𝛼  

⟨𝐻|𝒪4|𝐻⟩ = 𝒩4𝐴𝛿4⟨𝑂4
†𝑂4⟩ = −

√3𝑁2

4𝜋2
𝐴𝛼2  

⟨𝐻|(𝒪2)
2|𝐻⟩ = 𝒩2

2
𝐵𝛿2

2

2
⟨(𝑂2

†)
2
(𝑂2)

2⟩ =
𝑁4

8𝜋4
𝐵𝛼2  
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⟨𝐻|𝒪4,0|𝐻⟩ = 𝒩4𝐶
2𝛿2

2⟨𝑂2
†𝑂4,0𝑂2⟩ = 0  

⟨𝐻|𝒪2,0|𝐻⟩ = 𝒩2𝐶
2𝛿2

2⟨𝑂2
†𝑂2,0𝑂2⟩ =

𝑁2√2

4√3𝜋2
𝐶2𝛼2  

𝑠(2,2) =
3𝑒−2𝑖𝑡

8(𝑅2 + 1)
𝛼, 𝑠(2,−2) =

3𝑒2𝑖𝑡

8(𝑅2 + 1)
𝛼

𝑠(2,0) =
√3(20𝑅4 + 57𝑅2 + 27)

160(𝑅2 + 1)3
𝛼2

𝑠(4,0) =
111𝑅2 + 55

192√5(𝑅2 + 1)3
𝛼2

𝑠(4,4) =
37𝑒−4𝑖𝑡

64(𝑅2 + 1)2
𝛼2, 𝑠(4,−4) =

37𝑒4𝑖𝑡

64(𝑅2 + 1)2
𝛼2

 

𝑆4 = 0, 𝑆4,0 = 0  

𝑔𝜇𝜈
(0)
+ ℎ̃𝜇𝜈

0  ℎ̃𝜇𝜈
0 = ℎ𝜇𝜈

0 +
1

3
𝜋0𝑔𝜇𝜈

(0)
 

𝛼2, 𝑔𝜇𝜈
(0)
+ ℎ̃𝜇𝜈

0  

𝑑𝑠(0)
2 = −𝑑𝑡2(𝑅2 + 1)(1 + 𝛼2

24𝑅8 + 72𝑅6 + 77𝑅4 + 55𝑅2 + 24

32(𝑅2 + 1)4
)

 +
𝑑𝑅2

𝑅2 + 1
(1 − 𝛼2

24𝑅6 + 76𝑅4 + 149𝑅2 + 15

32(𝑅2 + 1)4
)

 +𝑅2𝑑Ω3
2 (1 − 𝛼2

72𝑅6 + 216𝑅4 + 199𝑅2 + 45

96(𝑅2 + 1)3
)

 

𝑅 =
1

𝑧
−
𝑧

4
−
3𝛼2

16
𝑧 −

𝛼2

64
𝑧3 +⋯  

⟨𝒪2⟩ =
𝑁2

2√2𝜋2
𝑒−2𝑖𝑡𝛼, ⟨𝒪2,0⟩ =

𝑁2√2

4√3𝜋2
𝛼2

⟨𝒪4⟩ = 0, ⟨𝒪4,0⟩ = 0, ⟨𝒯4⟩ =
𝑁2√3

2𝜋2
𝑒−4𝑖𝑡𝛼2, ⟨𝒯4,0⟩ =

𝑁2√3

2√5𝜋2
𝛼2

 

𝐶 = 1,𝐵 = 1, 𝐴 = 0  

|𝐻⟩ = 𝒩 (|0⟩ + 𝛿2𝑂2|0⟩ +
1

2
𝛿2
2(𝑂2)

2|0⟩ + 𝑂(𝛿2
3)) ,  

𝛿2 =
𝑁𝛼

2√2
,𝒩 = 1 −

𝛿2
2

2
 

𝑠(4,4) =
17𝑒−4𝑖𝑡

64(𝑅2 + 1)2
𝛼2, 𝑠(4,−4) =

17𝑒4𝑖𝑡

64(𝑅2 + 1)2
𝛼2  

𝑆4 = −
√3𝑒−4𝑖𝑡

8(𝑅2 + 1)2
𝛼2 , 𝑆4,0 = 0  

⟨𝒪2⟩  =
𝑁2

2√2𝜋2
𝑒−2𝑖𝑡𝛼, ⟨𝒪2,0⟩  =

𝑁2√2

4√3𝜋2
𝛼2, ⟨𝒪4,0⟩ = 0

⟨𝒪4⟩  = −
√3𝑁2

4𝜋2
𝑒−4𝑖𝑡𝛼2, ⟨𝒯4⟩  =

𝑁2√3

4𝜋2
𝑒−4𝑖𝑡𝛼2, ⟨𝒯4,0⟩ =

𝑁2√3

2√5𝜋2
𝛼2

 

𝐶 = 1,𝐵 = 1, 𝐴 = 1  
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|𝐻⟩ = 𝒩(|0⟩ + 𝛿2𝑂2|0⟩ +
𝛿2
2

2
(𝑂2)

2|0⟩ + 𝛿4𝑂4|0⟩ + 𝑂(𝛿2
3, 𝛿4

2)) ,  

𝛿2 =
𝑁𝛼

2√2
, 𝛿4 = −

𝑁𝛼2

8
,𝒩 = 1 −

𝛿2
2

2
 

𝑠(4,2)  =
𝑒−2𝑖𝑡(119𝑅6 + 459𝑅4 + 477𝑅2 + 116)

224√10(𝑅2 + 1)5
𝛼3

𝑠(2,2)  =
𝑒−2𝑖𝑡(720𝑅8 + 2112𝑅6 + 2247𝑅4 + 836𝑅2 + 233)

2560(𝑅2 + 1)5
𝛼3 .

 

⟨𝒪2⟩ =
𝑁2

2√2𝜋2
(𝛼 +

3

4
𝛼3)  

𝑆4,2 = −√
3

10

(2800𝑅6 + 10567𝑅4 + 8296𝑅2 + 2909)𝑒−2𝑖𝑡

11200(𝑅2 + 1)5
𝛼3  

[𝑆4,2]4 = −
1

4
√
3

10
𝑒−2𝑖𝑡𝛼3  

⟨𝒪4,2⟩ = −
𝑁2

2𝜋2
√
3

10
𝑒−2𝑖𝑡𝛼3  

⟨𝐻|𝒪4,2|𝐻⟩ = 𝒩4𝛿2 (
𝛿2
2

2
⟨(𝑂2

†)
2
𝑂4,2𝑂2⟩ + 𝛿4⟨𝑂4

†𝑂4,2𝑂2⟩)  

⟨(𝑂2
†)
2
𝑂4,2𝑂2⟩ ⟨𝑂4

†𝑂4,2𝑂2⟩ 

⟨𝑂4
†𝑂4,2𝑂2⟩𝑂4

† 

⟨𝑂4
†𝑂4,2𝑂2⟩ = ⟨𝑇4

†𝑂4,2𝑇2⟩ −
2

𝑁
⟨(𝑂2

†)
2
𝑂4,2𝑂2⟩  

⟨𝑇4
†𝑂4,2𝑇2⟩ = ⟨𝑇4

†𝑇4,2𝑇2⟩ −
4√3

√10𝑁
⟨𝑇4

†(𝑇2,0𝑇2)𝑇2⟩  

⟨𝑂4
†𝑂4,2𝑂2⟩ = ⟨𝑇4

†𝑇4,2𝑇2⟩ =
4

√5𝑁
 

⟨𝐻|𝒪4,2|𝐻⟩ = 𝒩4

4𝛿2𝛿4

√5𝑁
= −

𝑁2

2𝜋2
√
3

10
𝛼3  

𝑇̂𝐼 = 𝐶𝑖1⋯𝑖𝑘
𝐼 Tr(Φ𝑖1⋯Φ𝑖𝑘)  

⟨𝐶𝐼𝐶𝐽⟩ ≡ 𝐶𝑖1⋯𝑖𝑘
𝐼 𝐶𝑖1⋯𝑖𝑘

𝐽
= 𝛿𝐼𝐽  

𝑌𝐼 = 𝐶𝑖1⋯𝑖𝑘
𝐼 𝑥𝑖1⋯𝑥𝑖𝑘 𝑥𝑖𝑗 ∈ ℝ6 

◻S5 𝑌
𝐼 = Λ𝐼𝑌𝐼 , Λ𝐼 = −𝑘(𝑘 + 4), 𝑘 = 0,1,2,…  

𝑑𝑠S5
2 = 𝑑𝜃2 + sin2 𝜃𝑑𝜙2 + cos2 𝜃𝑑Ω3

2  

1

𝜔5
∫  
𝑆5
 𝑌𝐼1𝑌𝐼2 = 𝑧(𝑘)𝛿𝐼1𝐼2 , 𝑧(𝑘) ≡

1

2𝑘−1(𝑘 + 1)(𝑘 + 2)
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𝑎𝐼1𝐼2𝐼3 ≡
1

𝜔5
∫  
𝑆5
 𝑌𝐼1𝑌𝐼2𝑌𝐼3  

⟨𝐶𝐼1𝐶𝐼2𝐶𝐼3⟩ ≡ 𝐶𝑖1…𝑖𝛼2𝑗1…𝑗𝛼3
𝐼1 𝐶𝑗1…𝑗𝛼3𝑙1…𝑙𝛼1

𝐼2 𝐶𝑙1…𝑙𝛼1𝑖1…𝑖𝛼2
𝐼3  

𝑎𝐼1𝐼2𝐼3 =
1

(
1
2
Σ + 2) ! 2

1
2(Σ−2)

𝑘1! 𝑘2! 𝑘3!

𝛼1! 𝛼2! 𝛼3!
⟨𝐶𝐼1𝐶𝐼2𝐶𝐼3⟩,  

Σ = 𝑘1 + 𝑘2 + 𝑘3, 𝛼1 =
1

2
(𝑘2 + 𝑘3 − 𝑘1) 

𝑎(4,4)(2,−2)(2,−2) = 𝑧(4),         𝑎(4,0)(2,0)(2,0) =
3𝑧(4)

2√5
        

𝑎(4,0)(2,2)(2,−2)=
𝑧(4)

2√5
,         𝑎(4,2)(2,0)(2,−2)= 𝑧(4)√

3

10
         

 

⟨𝐻|𝒪4,2|𝐻⟩ = 𝒩4𝛿2 (
𝛿2
2

2
⟨(𝑂2

†)
2
𝑂4,2𝑂2⟩ + 𝛿4⟨𝑂4

†𝑂4,2𝑂2⟩)  

⟨(𝑂2
†)
2
𝑂4,2𝑂2⟩ ⟨𝑂4

†𝑂4,2𝑂2⟩ 

⟨(𝑂2
†)
2
𝑂4,2𝑂2⟩ = ⟨(𝑇2

†)
2
𝑇4,2𝑇2⟩ −

4√3

√10𝑁
⟨(𝑇2

†)
2
(𝑇2,0𝑇2)𝑇2⟩  

⟨(𝑇2
†)
2
𝑇4,2𝑇2⟩  =

1

2√5𝑁5
⟨(Tr𝑍‾2)2Tr𝑍3𝑍‾Tr𝑍2⟩

⟨(𝑇2
†)
2
(𝑇2,0𝑇2)𝑇2⟩  =

√2

4√3𝑁5
⟨(Tr𝑍‾2)2(Tr𝑍𝑍‾Tr𝑍2)Tr𝑍2⟩

 

⟨(𝑇2
†)
2
𝑇4,2𝑇2⟩  =

16

√5𝑁2
+𝑂(𝑁−4)

⟨(𝑇2
†)
2
(𝑇2,0𝑇2)𝑇2⟩  =

4√2

√3𝑁
+ 𝑂(𝑁−4)

 

⟨(𝑂2
†)
2
𝑂4,2𝑂2⟩ = 𝑂(𝑁−4)  

𝒩4𝛿
3 ⟨(𝑂2

†)
2
𝑂4,2𝑂2⟩ = 𝛼3𝑂(𝑁0)  

⟨𝑇4
†(𝑇2,0𝑇2)𝑇2⟩ =

√2

4√3𝑁5
⟨Tr𝑍‾4(Tr𝑍𝑍‾Tr𝑍2)Tr𝑍2⟩  

⟨Tr𝑍‾4(Tr𝑍𝑍‾Tr𝑍2)Tr𝑍2⟩ = 8𝑁3 + 𝑂(𝑁)  

1

𝑁
⟨𝑇4

†(𝑇2,0𝑇2)𝑇2⟩ =
2√2

√3𝑁3
+ 𝑂(𝑁−5)  

⟨𝑂4
†𝑂4,2𝑂2⟩ = ⟨𝑇4

†𝑇4,2𝑇2⟩ + 𝑂(𝑁
−3)  

𝑂𝐻 = ∑  

∞

𝑛=0

 
1

𝑛!
(
𝛼

√2
)
𝑛

𝑂2
𝑛 = 𝑒

𝛼

√2
𝑂2
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𝑂𝐻 = ∑  

2𝑁

𝑛=0

 
1

𝑛!
(
𝛼

2√2
)
𝑛

𝑂1
𝑛,  

Φ𝐵(𝑧, 𝑧‾; 𝛼) = ⟨𝑂𝐻(0)𝑂‾𝐻(∞)𝑂𝐿(1)𝑂𝐿(𝑧, 𝑧‾)⟩  

Φ𝐵(𝑧, 𝑧‾; 𝛼) = ∑  

∞

𝑛=0

 
𝛼2𝑛

𝑛!
Φ𝐵
(𝑛)
(𝑧, 𝑧‾),  and  Φ𝐵

(𝑛)
(𝑧, 𝑧‾) ∼ ⟨𝑂𝑛𝑂‾𝑛𝑂𝐿𝑂𝐿⟩

𝑐 .  

⟨𝑂2
2𝑂‾2

2𝑂‾2𝑂2⟩
𝑐 ;  ⟨𝑂2

3𝑂‾2
3𝑂‾2𝑂2⟩

𝑐  

Ψ𝐵(𝑧, 𝑧‾; 𝛼) =∑  

∞

𝑙=0

 ∫  
ℝ

 
𝑑𝜔

2𝜋𝑖
𝜇𝑙
(𝑑)
𝜒𝑙
(𝑑)
(𝑧, 𝑧‾)𝐸gravity (𝜔, 𝑙; 𝛼)  

𝜇𝑙
(4)

=
𝑙 + 1

2
 ;  𝜒𝑙

(4)
(𝑧, 𝑧‾) = (𝑧𝑧‾)

𝜔−𝑙
2 (

𝑧𝑙+1 − 𝑧‾𝑙+1

𝑧 − 𝑧‾
)  

𝐸gravity (𝜔, 𝑙, 𝛼) = ∑  

∞

𝑘=1

 (
1

𝑘 +
𝑙
2
+ 𝑎(𝜔, 𝑙; 𝛼)

+
1

𝑘 +
𝑙
2
− 𝑎(𝜔, 𝑙; 𝛼)

)  

𝐸ladder (𝜔, 𝑙) =
1

(
1 + 𝑙 + 𝜔

2
)
𝑛+1

(
1 + 𝑙 − 𝜔

2
)
𝑛+1  

log𝑚1  (𝑧𝑧‾)∑  

𝑙

 
1

(𝑙 + 1)𝑚2
(
𝑧𝑙+1 − 𝑧‾𝑙+1

𝑧 − 𝑧‾
) = log𝑚1  (𝑧𝑧‾)

Li𝑚2
(𝑧) − Li𝑚2

(𝑧‾)

𝑧 − 𝑧‾
 

log𝑚1  (𝑧𝑧‾)∑  

𝑘,𝑙

  (𝑧𝑧‾)𝑘
𝑝𝑚1,𝑚2

(𝑘, 𝑙)

(𝑙 + 2𝑘 +𝑚3)
𝑚2
(
𝑧𝑙+1 − 𝑧‾𝑙+1

𝑧 − 𝑧‾
)  

Ψ𝐵(𝑧, 𝑧‾)|𝛼2 = −4𝑉2𝐷‾2422  

𝐷‾2422 = (3 + 𝑉𝜕𝑉 +𝑈𝜕𝑈)𝜕𝑉𝜕𝑈 [
2(Li2(𝑧) − Li2(𝑧‾)) − log (𝑧𝑧‾)(Li1(𝑧) − Li1(𝑧‾))

𝑧 − 𝑧‾
]  

𝑂 =∑  

𝑁

𝑟=1

 𝜓(𝑟)
+𝐴𝜓̃(𝑟)

+𝐵𝜖𝐴𝐵 ≡∑  

𝑁

𝑟=1

 𝑂(𝑟)  

𝑂′ =∑  

𝑁

𝑟=1

 𝜓(𝑟)
+1𝜓̃(𝑟)

+1  

𝑂2 = 2 [∑  

𝑟<𝑠

 𝜓(𝑟)
+𝐴𝜓̃(𝑟)

+𝐵𝜖𝐴𝐵𝜓(𝑠)
+𝐶𝜓̃(𝑠)

+𝐷𝜖𝐶𝐷 −∑  

𝑟

 𝜓(𝑟)
+1𝜓(𝑟)

+2𝜓̃(𝑟)
+1𝜓̃(𝑟)

+2] .  
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: 𝑂2: = ∑  

𝑟<𝑠

 𝜓(𝑟)
+𝐴𝜓̃(𝑟)

+𝐵𝜖𝐴𝐵𝜓(𝑠)
+𝐶𝜓̃(𝑠)

+𝐷𝜖𝐶𝐷  

: 𝑂𝐻: = ∑  

𝑁

𝑛=0

 √(
𝑁

𝑛
) (
𝛼

2
)
𝑛

(1 −
𝛼2

4
)

𝑁−𝑛
2

[: 𝑂𝑛: ] = ∑  

𝑁

𝑛=0

  (
𝛼

2√2
)
𝑛

(1 −
𝛼2

4
)

𝑁−𝑛
2

: 𝑂𝑛: ,  

 

[: 𝑂𝑛: ] = (2𝑛 (
𝑁

𝑛
))

−
1
2

: 𝑂𝑛:  

𝑂𝐻 = ∑  

2𝑁

𝑛=0

 𝑏𝑛 (
𝛼

2
)
𝑛

𝑁
𝑛
2[𝑂𝑛]  

 

𝑏𝑛 =
1

√𝑛!
(

(2𝑁)!

(2𝑁 − 𝑛)! (2𝑁)𝑛
)

1
2
=

1

√𝑛!
+ 𝑂(𝑁−1)  

[𝑂𝑛] = (𝑛!
(2𝑁)!

(2𝑁 − 𝑛)!
)
−
1
2
𝑂𝑛  

𝑂𝐻 = ∑  

2𝑁

𝑛=0

 
1

𝑛!
(
𝛼

2√2
)
𝑛

𝑂𝑛  

𝑑𝑠3
2 = 𝑅AdS

2 [−Ω1
2 (𝑑𝑡 +

𝑘

(1 − 𝜉2)
𝑑𝜓)

2

+
Ω0
2

(1 − 𝜉2)2
(𝑑𝜉2 + 𝜉2𝑑𝜓2)]  

Ω0 = √1 −
𝛼2

4
(1 − 𝜉2), 𝑘 =

𝜉2

Ω1
, Ω1 = 1 −

𝛼2

4
 

Ω0 = 1 −
8𝛼2(1 − 𝜉2)

64 − 𝛼4𝜉2
, 𝑘 =

𝜉2

Ω1
(1 −

𝛼4(1 − 𝜉2)

64 − 𝛼4𝜉2
) , Ω1 =

8 − 𝛼2

8 + 𝛼2
 

⟨: 𝑂𝐻: |𝐽|: 𝑂𝐻: ⟩

⟨: 𝑂𝐻: ∣: 𝑂𝐻: ⟩
=
𝑁

2

𝛼2

4
,

⟨𝑂𝐻|𝐽|𝑂𝐻⟩

⟨𝑂𝐻 ∣ 𝑂𝐻⟩
=

𝑁𝛼2

8 + 𝛼2

⟨: 𝑂𝐻: |[𝑂]|: 𝑂𝐻: ⟩

⟨: 𝑂𝐻: ∣: 𝑂𝐻: ⟩
=
√𝑁

√2

𝛼

√2
√1 −

𝛼2

4
,
⟨𝑂𝐻|[𝑂]|𝑂𝐻⟩

⟨𝑂𝐻 ∣ 𝑂𝐻⟩
=
√𝑁

√2

4√2𝛼

8 + 𝛼2

 

𝑂 ↔
√𝑁

√2
𝑠1
(7)

 

◻3 Φ0 = 0  

Φ0 = ∑  

∞

𝑙=−∞

 ∫  
∞

−∞

 
𝑑𝜔

2𝜋
𝑒𝑖𝜔𝑡𝑒𝑖𝑙𝜃𝜙(𝜉)  

Φ0 ≈ 𝛿(𝜏)𝛿(𝜃) + 𝑤2Φ𝐵(𝜏, 𝜃)  

𝑑𝑠3
2 =

𝑑𝑤2

𝑤2 +
1

𝑤2 (−𝑑𝜏
2 + 𝑑𝜃2 +𝑂(𝑤2))  

Φ𝐵(𝜏, 𝜃) =
1

4
(
𝜕2

𝜕𝑡2
−
𝜕2

𝜕𝜃2
)Ψ𝐵(𝜏, 𝜃)  

𝜙′′(𝜉) +
𝜙′(𝜉)

𝜉
−
(𝑙2(𝛼2(𝜉2 − 1) + 4) − 4𝜉2𝜔2)

(𝛼2 − 4)𝜉2(𝜉2 − 1)
𝜙(𝜉) = 0  

𝜙(𝜉) ∼ 𝜉|𝑙| 2𝐹1 (
|𝑙|

2
−
𝛾

2
,
|𝑙|

2
+
𝛾

2
, |𝑙| + 1; 𝜉2)  
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𝛾 = √
𝜔2 −

𝛼2𝑙2

4

1 −
𝛼2

4

 

𝜉2 ≈ 1 − (1 −
𝛼2

4
)𝑤2 → 1  

𝜉|𝑙| 2𝐹1(𝑎̂, 𝑏̂, 𝑎̂ + 𝑏̂ + 1; 𝜉2) ≈
Γ(𝑎̂ + 𝑏̂ + 1)

Γ(𝑎̂ + 1)Γ(𝑏̂ + 1)
[(1 + 𝑎̂𝑏̂(1 − 𝜉2)ln (1 − 𝜉2) + ⋯)

+𝑎̂𝑏̂(1 − 𝜉2) (𝐻𝑎̂ + 𝐻𝑏̂ − 1 −
|𝑙|

2𝑎̂𝑏̂
+ ⋯)]

 

𝐻𝑎̂ = 𝜓(0)(𝑎̂ + 1) + 𝛾𝐸 

𝐻𝑎̂ = ∑  

∞

𝑘=1

 (
1

𝑘
−

1

𝑘 + 𝑎̂
)  

𝑎̂ =
|𝑙| + 𝛾

2
 , 𝑏̂ =

|𝑙| − 𝛾

2
 

Ψ𝐵  = ∑  

∞

𝑙=−∞

 ∫  
∞

−∞

 
𝑑𝜔

2𝜋
𝑒𝑖𝜔𝑡𝑒𝑖𝑙𝜃 (

1 −
𝛼2

4
𝑙2 −𝜔2

4

𝑎̂𝑏̂) [∑  

∞

𝑘=1

 (
1

𝑘 + 𝑎̂
+

1

𝑘 + 𝑏̂
)]

 = ∑  

∞

𝑙=−∞

 ∫  
∞

−∞

 
𝑑𝜔

2𝜋
𝑒𝑖𝜔𝑡𝑒𝑖𝑙𝜃 ∑  

∞

𝑘=1

  [
2

𝛾 + 2𝑘 + |𝑙|
−

2

𝛾 − 2𝑘 − |𝑙|
]

 

𝑎̂𝑏̂ =
𝑙2

4
−
𝛾2

4
=

𝑙2 − 𝜔2

4 (1 −
𝛼2

4
)

 

Ψ𝐵(𝑧, 𝑧‾) = ⟨[: 𝑂𝐻: ](0)[: 𝑂‾𝐻: ](∞)[𝑂‾](1)[𝑂](𝑧, 𝑧‾)⟩  

Ψ𝐵 = (1 −
𝛼2

4
) ∑  

∞

𝑙=−∞

  𝑒𝑖𝑙𝜃 ∑ 

∞

𝑘=1

 

exp [−𝑖√(1 −
𝛼2

4
) (|𝑙| + 2𝑘)2 +

𝛼2𝑙2

4
𝑡]

√1 +

𝛼2

4

1 −
𝛼2

4

𝑙2

(|𝑙| + 2𝑘)2

 

Ψ𝐵 = ∑  

∞

𝑛=0

 
1

𝑛!
(
𝛼

2
)
2𝑛

Ψ𝐵
(𝑛)

 

𝑥 = 𝜉2, 𝜙(𝜉) = 𝑥−
1
2𝜓̃(𝑥)  

𝜓̃′′(𝑥) − [
(𝑙2 − 1)

4𝑥2
+

(𝛼2 + 8)2(𝑙2 − 𝜔2)

4(𝑥 − 1)𝑥(𝛼4𝑥 − 64)
] 𝜓̃(𝑥) = 0.  

𝜓′′(𝑧̂) + [(𝑙2 − 𝜔2) (
(𝛼2 + 8)

4(𝛼2 − 8)(𝑧̂ − 1)
−
(𝛼2 + 8)2

4𝛼4𝑧̂
+

1024(𝛼2 + 8)

𝛼4(𝛼2 − 8)(𝛼4 − 64𝑧̂)
) −

𝑙2 − 1

4𝑧̂2
]𝜓(𝑧̂) = 0  

𝑎̂ + 𝑏̂ = |𝑙|, 𝑎̂𝑏̂ =
𝑙2

4
− 𝑎2  ⇔  𝑎̂ = −𝑎 +

|𝑙|

2
, 𝑏̂ = 𝑎 +

|𝑙|

2
 

𝜉2 ≈ 1 −
8 − 𝛼2

8 + 𝛼2
𝑤2 → 1 ⇒  𝑧̂ ≈

𝛼4

64
(1 −

8 − 𝛼2

8 + 𝛼2
𝑤2)  
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Ψ𝐵  = ∑  

∞

𝑙=−∞

 ∫  
∞

−∞

 
𝑑𝜔

2𝜋
𝑒𝑖𝜔𝑡𝑒𝑖𝑙𝜃 (

𝑒
−𝜕𝑎𝑡𝐹

8−𝛼2

8+𝛼2

𝑙2 −𝜔2

4

𝑎̂𝑏̂) [∑  

∞

𝑘=1

 (
1

𝑘 + 𝑎̂
+

1

𝑘 + 𝑏̂
)]

 = ∑  

∞

𝑙=−∞

 ∫  
∞

−∞

 
𝑑𝜔

2𝜋
𝑒𝑖𝜔𝑡𝑒𝑖𝑙𝜃 [∑  

∞

𝑘=1

  (
1

𝑘 + 𝑎̂
+

1

𝑘 + 𝑏̂
)]

 

Ψ𝐵(𝑧, 𝑧‾) = ⟨[𝑂𝐻](0)[𝑂‾𝐻](∞)[𝑂‾](1)[𝑂](𝑧, 𝑧‾)⟩  

Ψ𝐵
(𝑛)
(𝑧, 𝑧‾) = 𝑁𝑛⟨[𝑂𝑛](0)[𝑂‾𝑛](∞)[𝑂‾](1)[𝑂](𝑧, 𝑧‾)⟩𝑐  

⟨[: 𝑂2: ](1)[: 𝑂‾2: ](2)[𝑂‾](3)[𝑂](4)⟩𝑐 = ⟨[: 𝑂: ]2(1)[: 𝑂‾2: ](2)[𝑂‾](3)[𝑂](4)⟩

 −2⟨[𝑂](1)[𝑂‾](2)⟩⟨[𝑂](1)[𝑂‾](2)[𝑂‾](3)[𝑂](4)⟩ + (⟨[𝑂](1)[𝑂‾](2)]⟩)2⟨[𝑂‾](3)[𝑂](4)⟩
 

⟨𝑂2(1)𝑂‾2(2)𝑂‾(3)𝑂(4)⟩𝑐  = ⟨𝑂2(1)𝑂‾2(2)𝑂‾(3)𝑂(4)⟩

 −4⟨𝑂(1)𝑂‾(2)⟩⟨𝑂(1)𝑂‾(2)𝑂‾(3)𝑂(4)⟩ + 4(⟨𝑂(1)𝑂‾(2)⟩)2⟨𝑂‾(3)𝑂(4)⟩
 

Ψ𝐵
(1)
(𝑧, 𝑧‾) = −

1

𝑈
+
𝑉

𝑈
𝐷‾1122,  with  𝑈 = (1 − 𝑧)(1 − 𝑧‾), 𝑉 = 𝑧𝑧‾  

𝐷(𝑛) ≡
𝒫𝑛
𝑧 − 𝑧‾

 

Ψ𝐵
(2)
(𝑧, 𝑧‾) = −2𝑉[𝜕𝑈𝐷

(2) − (1 + 𝑉 − 𝑈)𝜕𝑈
2𝐷(2) − 𝜕𝑈𝐷

(1)]  

𝛿Ψ𝐵
(2)

≡ Ψ𝐵
(2)
(2.12) − Ψ𝐵

(2)
(2.13) = [

𝑉

𝑈
𝐷‾1133 +

1

𝑉𝑈
]  

Ψ𝐵
(3)

= −6𝑉[𝜕𝑈𝐷
(3) − 3(1 + 𝑉 − 𝑈)𝜕𝑈

2𝐷(3) + ((1 + 𝑉 − 𝑈)2 + 2𝑉)𝜕𝑈
3𝐷(3)

−𝜕𝑈𝐷
(2) + (1 + 𝑉 − 𝑈)𝜕𝑈

2𝐷(2)]
 

ℳ[12][12]11(𝑠, 𝑡) = [𝐾2(𝑢, 𝑡)𝐴(𝑢, 𝑡) + (𝜓(0)(−𝑢) − 𝜓(0)(−𝑡))𝐵(𝑢, 𝑡) + 𝐶(𝑢, 𝑡)]  

𝐴(𝑢, 𝑡) =
1 −

2𝑢𝑡
𝑠 + 2

𝑠 + 1
, 𝐵(𝑢, 𝑡) =

2(𝑢 − 𝑡)

(𝑠 + 1)(𝑠 + 2)
, 𝐶(𝑢, 𝑡) =

2𝑠

(𝑠 + 1)(𝑠 + 2)
 

ℳ[13][13]11(𝑠, 𝑡) = [𝐾4(𝑢, 𝑡)𝑎(𝑢, 𝑡)  + 𝐾3(𝑢, 𝑡)𝑏(𝑢, 𝑡) + 𝐾̃2(𝑢, 𝑡)𝑐(𝑢, 𝑡) +

+𝐾2(𝑢, 𝑡)𝐴(𝑢, 𝑡) + 𝐾1(𝑢, 𝑡)𝐵(𝑢, 𝑡) + 𝐶(𝑢, 𝑡)]
 

𝑎(𝑢, 𝑡)=
4(𝑠 − 𝑡)(−1 + 𝑠 + 𝑡 + 3𝑠𝑡)

(−1 + 𝑠 + 𝑡)(𝑠 + 𝑡)(1 + 𝑠 + 𝑡)
 

𝑏(𝑢, 𝑡) =
4(𝑠 − 𝑡)(3𝑠𝑡 + 𝑠 + 𝑡 − 1)

(𝑠 + 𝑡 − 1)(𝑠 + 𝑡)(𝑠 + 𝑡 + 1)
, 𝑐(𝑢, 𝑡) =

6(𝑠2 − 4𝑠𝑡 − 𝑠 + 𝑡2 − 𝑡)

(𝑠 + 𝑡 − 1)(𝑠 + 𝑡)(𝑠 + 𝑡 + 1)

𝐴(𝑢, 𝑡) =
3(2𝑠2𝑡 − 3𝑠2 + 2𝑠𝑡2 + 16𝑠𝑡 + 𝑠 − 3𝑡2 + 𝑡 − 4)

(𝑠 + 𝑡 − 1)(𝑠 + 𝑡)(𝑠 + 𝑡 + 1)

𝐵(𝑢, 𝑡) = −
6(𝑠 − 𝑡)(𝑠 + 𝑡 + 5)

(𝑠 + 𝑡 − 1)(𝑠 + 𝑡)(𝑠 + 𝑡 + 1)
, 𝐶(𝑢, 𝑡) =

12(𝑠 + 𝑡 + 2)

(𝑠 + 𝑡 − 1)(𝑠 + 𝑡)(𝑠 + 𝑡 + 1)

 

𝑇𝑝(𝑥, 𝑦) = Tr(𝑦𝐼𝜙
𝐼(𝑥))𝑝  

𝒪𝑝 = 𝑇𝑝 + ∑  

𝑞1+⋯+𝑞𝑛=𝑝

 𝐶𝑝
𝑞1…𝑞𝑛𝑇𝑞1 …𝑇𝑞𝑛  

𝒪4 = 𝑇4 −
2𝑁2 − 3

𝑁(𝑁2 + 1)
𝑇2
2 

𝑑𝑠5
2 = −𝐻1

−2/3
𝑓𝑑𝑡2 + 𝐻1

1/3(𝑓−1𝑑𝑟2 + 𝑟2𝑑Ω3
2)  
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𝑓 = 1 + 𝑟2𝐻1 , 𝐻1 = √1 +
2(1 + 𝑞1)

𝑟2
+
1

𝑟4
−
1

𝑟2
 

𝑞1 = cosh 𝜖 − 1  

𝑂2 ≡
1

2
Tr(𝜙1 + 𝑖𝜙2)

2 = Tr(𝑋2)  

[𝒪2
𝑛] = 𝒩𝑛

−1 (
𝑂2

√2𝑎
)
𝑛

 ,𝒩𝑛 = √𝑛! [(
𝑎

2
)
𝑛
(
𝑎

2
)
−𝑛

]
1/2

 

𝑎 ≡ 𝑁2 − 1  

𝑂𝐻 = ∑  

∞

𝑛=0

 𝑏𝑛𝛼
𝑛𝑎𝑛/2[𝒪2

𝑛]  

𝛼 = ∑  

∞

𝑘=1

  𝑐𝑘𝜖
𝑘  

⟨𝐽⟩sugra = 𝑎sinh2 (
𝜖

2
) , ⟨[𝑂2]⟩sugra = 𝑐𝒪2sinh 𝜖  

⟨𝐽⟩  ≡
⟨𝑂𝐻|𝐽|𝑂𝐻⟩

⟨𝑂𝐻 ∣ 𝑂𝐻⟩
= 𝛼𝜕𝛼log (∑  

∞

𝑛=0

 𝑏𝑛
2𝑎𝑛𝛼2𝑛)

⟨[𝑂2]⟩  ≡
⟨𝑂𝐻|[𝑂2]|𝑂𝐻⟩

⟨𝑂𝐻 ∣ 𝑂𝐻⟩
=
∑  ∞
𝑛=0  𝑏𝑛+1𝑏𝑛𝒩𝑛+1𝒩𝑛

−1𝑎𝑛+
1
2𝛼2𝑛+1

∑  ∞
𝑛=0  𝑏𝑛

2𝑎𝑛𝛼2𝑛
,

 

𝑏𝑛 =
𝒩𝑛

𝑛!
=

1

√𝑛!
[(
𝑎

2
)
𝑛
(
𝑎

2
)
−𝑛

]
1/2

 , 𝛼 =
1

√2
tanh (

𝜖

2
) , 𝑐𝒪2 =

√𝑎

2√2
 

𝑂𝐻 = ∑  

∞

𝑛=0

 
𝒩𝑛

𝑛!
𝛼𝑛𝑎𝑛/2[𝑂2

𝑛] = 𝑒
𝛼

√2
𝑂2
= ∑  

∞

𝑛=0

 
1

√𝑛!
(1 + 𝑂(𝑎−1))𝛼𝑛𝑎𝑛/2[𝑂2

𝑛]  

◻5 Φ = 0  

𝑂𝐿 = 𝑄‾4𝑂2  

𝑑𝑠5
2 =

𝑑𝑤2

𝑤2 +
1

𝑤2
(−𝑑𝑡2 + 𝑑Ω3

2 +𝑂(𝑤2))  

𝑑Ω3
2 = 𝑑𝜃2 + sin2 𝜃𝑑Ω2

2  

Φ ≈ 𝛿𝑁 + 𝑤4Φ𝐵(𝑡, 𝜃)  

Φ𝐵(𝑡, 𝜃) = ⟨𝑂𝐻(𝑡 = −∞)𝑂‾𝐻(𝑡 = ∞)𝑂𝐿(𝑡 = 0, 𝜃 = 0)𝑂𝐿(𝑡, 𝜃)⟩  

𝑌𝑙(𝜃) =
1

√2𝜋

sin [(𝑙 + 1)𝜃]

sin 𝜃
 (𝑙 = 0,1,… ,∞)  

∫  𝑑Ω3𝑌𝑙𝑌𝑙
′ = 𝛿𝑙,𝑙′ 

Φ =∑  

∞

𝑙=0

 ∫  
∞

−∞

 
𝑑𝜔

2𝜋
𝑒𝑖𝜔𝑡𝑌𝑙(𝜃)𝜙(𝑟)  

𝛿𝑁 =∑  

∞

𝑙=0

 
𝑙 + 1

√2𝜋
𝑌𝑙(𝜃)  
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𝑟−3𝜕𝑟(𝑟
3𝑓𝜕𝑟𝜙(𝑟)) + (

𝐻1
𝑓
𝜔2 −

𝑙(𝑙 + 2)

𝑟2
)𝜙(𝑟) = 0  

𝑞1 =
4𝛼2

1 − 2𝛼2
 

𝑟2 =
√2𝛼 (𝑥 +

1
𝑥
) − (2𝛼2 + 1)

1 − 2𝛼2
, 𝜙(𝑟) = 𝑥

1
2𝜓̃(𝑥)  

𝑥 =
2𝛼2 + (1 − 2𝛼2)𝑧̂

√2𝛼
, 𝜓̃(𝑥) = 𝑧̂−1(1 − 𝑧̂)−1𝜓(𝑧̂)  

(𝜕𝑧̂
2 +

1
4
− 𝑎1

2

(𝑧̂ − 1)2
−

1
2
− 𝑎0

2 − 𝑎1
2 − 𝑎𝑡

2 + 𝑎∞
2 + 𝑢

𝑧̂(𝑧̂ − 1)
+

1
4
− 𝑎𝑡

2

(𝑧̂ +
𝑞1
2
)
2 +

𝑢

𝑧̂ (𝑧̂ +
𝑞1
2
)
+

1
4
− 𝑎0

2

𝑧̂2
)𝜓(𝑧̂) = 0  

𝑎0
2 =

1

4
(𝑙 + 1)2, 𝑎1

2 =
1

4
(−𝑙(𝑙 + 2) + 2𝜔2 + 1), 𝑎𝑡

2 = 1, 𝑎∞
2 = 1

𝑢 =
1

4
(2𝛼2𝜔2 + 8𝛼2 − (2𝛼2 − 1)𝑙(𝑙 + 2) − 𝜔2 + 4)

 

𝑧̂ = −
2𝛼2

1 − 2𝛼2
= −

𝑞1
2

 

𝑎̂ + 𝑏̂ = 𝑙, 𝑎̂𝑏̂ =
𝑙2

4
− 𝑎2  ⇔  𝑎̂ = −𝑎 +

𝑙

2
, 𝑏̂ = 𝑎 +

𝑙

2
.  

Φ𝐵(𝑡, 𝜃) =
𝜋

12√2
∑  

∞

𝑙=0

 ∑  

∞

𝑘=1

 ∫  
∞

−∞

 
𝑑𝜔

2𝜋𝑖
𝑒𝑖𝜔𝑡𝑌𝑙(𝜃)(𝑙 + 1) [

𝑒−𝜕𝑎𝑡𝐹

(1 − 2𝛼2)2
𝑎̂𝑏̂(𝑎̂ + 1)(𝑏̂ + 1)] [

1

𝑘 + 𝑎̂
+

1

𝑘 + 𝑏̂
] ,  

[
𝑒−𝜕𝑎𝑡𝐹

(1 − 2𝛼2)2
𝑎̂𝑏̂(𝑎̂ + 1)(𝑏̂ + 1)] =

1

16
(𝑙2 −𝜔2)((𝑙 + 2)2 − 𝜔2).  

𝑧 = 𝑒𝑖(𝑡+𝜃) , 𝑧‾ = 𝑒𝑖(𝑡−𝜃) , 𝑈 = (1 − 𝑧)(1 − 𝑧‾) , 𝑉 = 𝑧𝑧‾  

𝒟 ≡ 𝑈𝜕𝑈
2 + 𝑉𝜕𝑉

2 + (𝑈 + 𝑉 − 1)𝜕𝑈𝜕𝑉 + 2𝜕𝑈 + 2𝜕𝑉 .  

𝒟 =
1

𝑧 − 𝑧‾
𝜕𝑧𝜕𝑧‾(𝑧 − 𝑧‾) 

𝒟2(𝑒𝑖𝜔𝑡𝑌𝑙(𝜃)) =
𝑒−4𝑖𝑡

16
(𝑙2 − 𝜔2)((𝑙 + 2)2 −𝜔2)𝑒𝑖𝜔𝑡𝑌𝑙(𝜃).  

Φ𝐵(𝑧, 𝑧‾) ≡ 𝑒−4𝑖𝑡Φ𝐵(𝑡, 𝜃) =
1

12
𝒟2Ψ𝐵(𝑧, 𝑧‾),  

 

Ψ𝐵(𝑧, 𝑧‾)  =
𝜋

√2
∑  

∞

𝑙=0

 ∑  

∞

𝑘=1

 ∫  
∞

−∞

 
𝑑𝜔

2𝜋𝑖
𝑒𝑖𝜔𝑡𝑌𝑙(𝜃)(𝑙 + 1) [

1

𝑘 + 𝑎̂
+

1

𝑘 + 𝑏̂
]

 = ∑  

∞

𝑙=0

 ∑  

∞

𝑘=1

 ∫  
∞

−∞

 
𝑑𝜔

2𝜋𝑖

𝑙 + 1

2
(𝑧𝑧‾)

𝜔−𝑙
2
𝑧𝑙+1 − 𝑧‾𝑙+1

𝑧 − 𝑧‾
[

1

𝑘 +
𝑙
2
+ 𝑎(𝜔, 𝑙; 𝛼)

+
1

𝑘 +
𝑙
2
− 𝑎(𝜔, 𝑙; 𝛼)

]

 

⟨𝑂𝐻(𝑧 = 0)𝑂‾𝐻(𝑧 → ∞)𝑂𝐿(𝑧 = 1)𝑂𝐿(𝑧, 𝑧‾)⟩ =
1

12
𝒟2⟨𝑂𝐻(𝑧 = 0)𝑂‾𝐻(𝑧 → ∞)𝑂‾2(𝑧 = 1)𝑂2(𝑧, 𝑧‾)⟩  

𝑎(𝜔, 𝑙; 𝛼) =
𝜔

2
+ 𝛾1(𝜔, 𝑙)𝛼

2 + 𝛾2(𝜔, 𝑙)𝛼
4 +⋯  
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𝛾1(𝜔, 𝑙) =
(𝑙2 −𝜔2)((𝑙 + 2)2 −𝜔2)

4(𝜔2 − 1)𝜔

𝛾2(𝜔, 𝑙) =
4

3
𝛾1(𝜔, 𝑙) [

3𝑙(𝑙 + 2)(2𝜔2 − 𝑙(𝑙 + 2))(15𝜔4 − 35𝜔2 + 8)

32(𝜔2 − 4)(𝜔2 − 1)2𝜔2
−
29𝜔4 − 73𝜔2 + 8

32(𝜔2 − 1)2
+ 1]

 

Ψ𝐵(𝑧, 𝑧‾; 𝛼) = ∑  

∞

𝑛=0

 
𝛼2𝑛

𝑛!
Ψ𝐵
(𝑛)
(𝑧, 𝑧‾)  

𝐸gravity (𝜔, 𝑙; 𝛼) =
1

𝑘 +
𝑙
2
+ 𝑎(𝜔, 𝑙; 𝛼)

+
1

𝑘 +
𝑙
2
− 𝑎(𝜔, 𝑙; 𝛼)

 

𝐸gravity (𝜔, 𝑙; 𝛼)|𝛼2𝑛
=

(+𝛾1(𝜔, 𝑙))
𝑛

(𝑘 +
𝑙 − 𝜔
2

)
𝑛+1 +

(−𝛾1(𝜔, 𝑙))
𝑛

(𝑘 +
𝑙 + 𝜔
2

)
𝑛+1 +⋯

 

Ψ𝐵
(𝑛)
(𝑧, 𝑧‾)|

𝛼2𝑛
= log𝑛 (𝑧𝑧‾)∑  

𝑙≥0

 ∑  

𝑘≥1

  (𝑙 + 1) [
−4(𝑘 − 1)𝑘(𝑘 + 𝑙)(𝑘 + 𝑙 + 1)

(−1 + 2𝑘 + 𝑙)(2𝑘 + 𝑙)(1 + 2𝑘 + 𝑙)
]
𝑛

(𝑧𝑧‾)𝑘
𝑧𝑙+1 − 𝑧‾𝑙+1

𝑧 − 𝑧‾
+⋯  

Ψ𝐵
(0)
(𝑧, 𝑧‾) =

𝑉

𝑈2
 

Ψ𝐵(𝑧, 𝑧‾) = −
1

4sin 𝜃
𝜕𝜃∑ 

∞

𝑙∈ℤ

 ∑  

∞

𝑘=1

 ∫  
∞

−∞

 
𝑑𝜔

2𝜋𝑖
𝑒𝑖𝜔𝑡+𝑖𝑙𝜃 [

1

𝑘 +
|𝑙| − 1
2

+ 𝑎(𝜔, |𝑙| − 1;𝛼)
+

1

𝑘 +
|𝑙| − 1
2

− 𝑎(𝜔, |𝑙| − 1;𝛼)
]  

∑ 

∞

𝑙∈ℤ

 ∑  

∞

𝑘=1

  𝑒−𝑖(2𝑘+|𝑙|)𝑡+𝑖𝑙𝜃
𝑙2𝑝

(2𝑘 + |𝑙| ± 𝑞)𝑛
 

Ψ𝐵
(1)
(𝑧, 𝑧‾) = −4𝑉2𝐷‾2422  

Ψ𝐵(𝑧, 𝑧‾) = ⟨[𝑂𝐻](0)[𝑂‾𝐻](∞)[𝑂‾2](1)[𝑂2](𝑧, 𝑧‾)⟩ − ⟨[𝑂𝐻](0)[𝑂‾𝐻](∞)[𝑂‾2](1)⟩⟨[𝑂𝐻](0)[𝑂‾𝐻](∞)[𝑂2](𝑧, 𝑧‾)⟩,  

Ψ𝐵
(0)
(𝑧, 𝑧‾) =

1

𝑈2
 , Ψ𝐵

(𝑛)
(𝑧, 𝑧‾) = 𝑎𝑛⟨[𝑂2

𝑛](0)[𝑂‾2
𝑛](∞)[𝑂‾2](1)[𝑂2](𝑧, 𝑧‾)⟩

𝑐  

⟨[𝑂2
𝑛](0)[𝑂‾2

𝑛](∞)[𝑂‾2](1)[𝑂2](𝑧, 𝑧‾)⟩
𝑐 

⟨𝒪2(1)𝒪2(2)𝒪2(3)𝒪2(4)⟩
𝑐= ⟨𝒪2(1)𝒪2(2)𝒪2(3)𝒪2(4)⟩ + ⋯  

⟨𝒪2
2(1)𝒪2

2(2)𝒪2(3)𝒪2(4)⟩
𝑐= ⟨𝒪2

2(1)𝒪2
2(2)𝒪2(3)𝒪2(4)⟩ − 4⟨𝒪2(1)𝒪2(2)⟩⟨𝒪2(1)𝒪2(2)𝒪2(3)𝒪2(4)⟩

𝑐 +⋯ 

⟨𝒪2
3(1)𝒪2

3(2)𝒪2(3)𝒪2(4)⟩
𝑐= ⟨𝒪2

3(1)𝒪2
3(2)𝒪2(3)𝒪2(4)⟩ − 9⟨𝒪2(1)𝒪2(2)⟩⟨𝒪2

2(1)𝒪2
2(2)𝒪2(3)𝒪2(4)⟩

𝑐  

 −9⟨𝒪2
2(1)𝒪2

2(2)⟩⟨𝒪2(1)𝒪2(2)𝒪2(3)𝒪2(4)⟩
𝑐 +⋯

 

⟨[𝑂2
𝑛](0)[𝑂‾2

𝑛](∞)[𝑂‾2](1)[𝑂2](𝑧, 𝑧‾)⟩𝑎
−𝑛, Ψ𝐵

(𝑘)
(𝑧, 𝑧‾) 

⟨[𝑂2](0)[𝑂‾2](∞)[𝑂‾2](1)[𝑂2](𝑧, 𝑧‾)⟩
𝑐 = −

4

𝑎
𝑉2𝐷‾2422  

⟨[𝑂2][𝑂‾2][𝑂‾2][𝑂2]⟩Ψ𝐵
(2)
(𝑧, 𝑧‾)⟨[𝑂2

2][𝒪2
2][𝑂‾2][𝑂2]⟩1/𝑎

2⟨[𝑂2
3][𝒪2

3][𝑂‾2][𝑂2]⟩⟨[𝑂2][𝑂‾2][𝑂‾2][𝑂2]⟩⟨[𝑂2
2][𝑂‾2]

2[𝑂‾2][𝑂2]⟩ 

⟨𝒪𝑝1(𝑥⃗1, 𝑦⃗1)𝒪𝑝2(𝑥⃗2, 𝑦⃗2)𝒪𝑝3(𝑥⃗3, 𝑦⃗3)𝒪𝑝4(𝑥⃗4, 𝑦⃗4)⟩ = 𝒫𝑝⃗𝒞̂𝑝⃗(𝑈, 𝑉, 𝜎, 𝜏)  

𝑈 =
𝑥⃗12
2 𝑥⃗34

2

𝑥⃗13
2 𝑥⃗24

2  ;  𝑉 =
𝑥⃗14
2 𝑥⃗23

2

𝑥⃗13
2 𝑥⃗24

2  ;  𝜎 =
𝑦⃗13
2 𝑦⃗24

2

𝑦⃗12
2 𝑦⃗34

2  ;  𝜏 =
𝑦⃗14
2 𝑦⃗23

2

𝑦⃗12
2 𝑦⃗34

2  

𝒞̂𝑝⃗ = 𝒢𝑝⃗
free(𝑈, 𝑉, 𝜎, 𝜏) + ℐ(𝑈, 𝑉, 𝜎, 𝜏)ℋ𝑝⃗(𝑈, 𝑉, 𝜎, 𝜏),  

 

ℐ = 𝑉 + 𝜎𝑉(𝑉 − 1 − 𝑈) + 𝜏(1 − 𝑈 − 𝑉) + 𝜎𝜏𝑈(𝑈 − 1 − 𝑉) + 𝜎2𝑈𝑉 + 𝜏2𝑈  
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𝜅 = min(𝑝1 + 𝑝2, 𝑝3 + 𝑝4) − max(𝑝43, 𝑝12) − 2  

⟨𝒪2
𝑛𝒪2

𝑛𝒪2𝒪2⟩  

ℋ2222  = ℋ2222
𝑐

ℋ[22][22]22  = ℋ[22][22]22
𝑐 + 22

⟨𝒪2𝒪2⟩⟨𝒪2𝒪2⟩

⟨𝒪2
2𝒪2

2⟩
ℋ2222

𝑐

ℋ[23][23]22  = ℋ[23][23]22
𝑐 + 32

⟨𝒪2𝒪2⟩⟨𝒪2
2𝒪2

2⟩

⟨𝒪2
3𝒪2

3⟩
ℋ[22][22]22

𝑐 + 32
⟨𝒪2

2𝒪2
2⟩⟨𝒪2𝒪2⟩

⟨𝒪2
3𝒪2

3⟩
ℋ2222

𝑐 .

 

ℋ[2𝑛][2𝑛]22
𝑐 | 1

𝑎𝑛
=
𝑈2

𝑉2
Ψ𝐵
(𝑛)

 

ℋ[2𝑛][2𝑛]22(𝑈, 𝑉) = ∮
𝑑𝑠𝑑𝑡

(2𝜋𝑖)2
𝑈𝑠+2𝑉𝑡Γ2(−𝑠)Γ2(−𝑡)Γ2(𝑠 + 𝑡 + 4)ℳ[2𝑛][2𝑛]22(𝑠, 𝑡)   

𝒫2222 = 4𝑎2𝑔12
2 𝑔34

2  ;  𝒢2222 = 1 + 𝑈2𝜎2 +
𝑈2𝜏2

𝑉2
+
4

𝑎
[𝑈𝜎 +

𝑈𝜏

𝑉
+
𝑈2𝜎𝜏

𝑉
]  

ℋ2222(𝑈, 𝑉) =
1

𝑉2
ℋ2222 (

𝑈

𝑉
,
1

𝑉
) =

𝑈2

𝑉2
ℋ2222(𝑉, 𝑈)  

ℳ(𝑠, 𝑡) = ℳ(𝑠, 𝑢) = ℳ(𝑡, 𝑠)  

ℳ2222|1
𝑎
= +

4

𝑎

1

(𝑠 + 1)(𝑡 + 1)(𝑢 + 1)
 

ℳ2222| 1
𝑎2
=
16

𝑎2
[ℳ1𝑙(𝑠, 𝑡) +ℳ1𝑙(𝑠, 𝑢) +ℳ1𝑙(𝑢, 𝑡)]  

ℳ1𝑙(𝑠, 𝑡) = [𝐾(𝑠, 𝑡)𝐴(𝑠, 𝑡) + (𝜓(0)(−𝑠) − 𝜓(0)(−𝑡))𝐵(𝑠, 𝑡) + 𝐶(𝑠, 𝑡)]  

𝐾(𝑠, 𝑡) = −(𝜓(0)(−𝑠) − 𝜓(0)(−𝑡))
2
+ (𝜓(1)(−𝑠) + 𝜓(1)(−𝑡)) − 𝜋2  

𝐴(𝑠, 𝑡) =
1

20
[
𝑠2𝑡2 (−15 −

12
4 + 𝑢

+
72
5 + 𝑢

)

(1 + 𝑢)(2 + 𝑢)(3 + 𝑢)
+
𝑠𝑡 (25 −

6
3 + 𝑢

−
60
4 + 𝑢

)

(1 + 𝑢)(2 + 𝑢)
−
4 (3 −

2
2 + 𝑢

−
1

3 + 𝑢
)

1 + 𝑢
]

𝐵(𝑠, 𝑡) =
(𝑠 − 𝑡)

20
[
𝑠𝑡 (−15 −

12
4 + 𝑢

+
72
5 + 𝑢

)

(1 + 𝑢)(2 + 𝑢)
+

10

4 + 𝑢
+

8

2 + 𝑢
+

2

1 + 𝑢
− 10]

𝐶(𝑠, 𝑡) =
1

20
[
𝑠𝑡 (−15 −

12
4 + 𝑢

+
72
5 + 𝑢

)

1 + 𝑢
+

6

5 + 𝑢
−

20

4 + 𝑢
+

2

1 + 𝑢
] − 1 + 𝐵0

 

𝐾(𝑠, 𝑡), 𝜓(0)(−𝑠) − 𝜓(0)(−𝑡), 1  

ℳ1𝑙(𝑠, 𝑡) = ∑  

𝑖𝑗≥0,|𝑖|+|𝑗|≤2

 
𝑝𝑖𝑗(𝑠, 𝑡)

(𝑠 + 𝑖) + (𝑡 + 𝑗) + 1
𝐾(𝑠 + 𝑖, 𝑡 + 𝑗)  
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𝒫[22][22]22 = 16𝑎2(𝑎 + 2)𝑔12
4 𝑔34

2

𝒢[22][22]22 = 1 + 2𝑈2𝜎2 +
2𝑈2𝜏2

𝑉2
+
8

𝑎
[𝑈𝜎 +

𝑈𝜏

𝑉
] +

24

𝑎

𝑈2𝜎𝜏

𝑉
+
4

𝑎
[𝑈2𝜎2 +

𝑈2𝜏2

𝑉2
]

ℋ[22][22]22 = ℋ[22][22]22
𝑐 +

2𝑎

𝑎 + 2
ℋ2222

 

ℋ[22][22]22|1
𝑎
 = +2ℋ2222|1

𝑎
,

ℋ[22][22]22| 1
𝑎2
 = ℋ[22][22]22

𝑐 | 1
𝑎2
− 4ℋ2222|1

𝑎
+ 2ℋ2222| 1

𝑎2
.

 

ℋ[2𝑛][2𝑛]22
𝑐 | 1

𝑎2
=
𝑈2

𝑉2
Ψ𝐵
(2)

 

ℋ[22][22]22
𝑐 | 1

𝑎2
=
𝑈2

𝑉2
[𝑅11

(1)
𝒫2 + 𝑅10

(2)[𝑧𝜕𝑧 − 𝑧‾𝜕𝑧‾]𝒫2 + 𝑅11
(3)
𝒫1log 𝑉 + 𝑅10

(4)
log2 𝑉 + 𝑅10

(5)
log 𝑉log 𝑈

+𝑅11
(6)
𝒫1 + 𝑅10

(7)
log 𝑉 + 𝑅10

(8)
log 𝑈 + 𝑅8

(9)
]

 

ℳ[22][22]22
𝑐 (𝑠, 𝑡) = [𝐾(𝑢, 𝑡)𝐴(𝑢, 𝑡) + (𝜓(0)(−𝑢) − 𝜓(0)(−𝑡))𝐵(𝑢, 𝑡) + 𝐶(𝑢, 𝑡)]  

 

𝐴(𝑢, 𝑡)  =
32

(1 + 𝑠)(2 + 𝑠)(3 + 𝑠)
[−16 + 3𝑢𝑡 − 3𝑠 +

18𝑢𝑡

4 + 𝑠
−

18𝑢2𝑡2

(4 + 𝑠)(5 + 𝑠)
]

𝐵(𝑢, 𝑡)  =
32(𝑢 − 𝑡)

(1 + 𝑠)(2 + 𝑠)
[−

1

(1 + 𝑢)(1 + 𝑡)
−
18𝑢𝑡 − 18(5 + 𝑠)

(4 + 𝑠)(5 + 𝑠)
]

𝐶(𝑢, 𝑡)  =
32

(1 + 𝑠)
[
3

2
−

1
2

(1 + 𝑢)(1 + 𝑡)
+
6 − 18𝑢𝑡 + 12(5 + 𝑠)

(4 + 𝑠)(5 + 𝑠)
]
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ℋ[22][22]22(𝑈, 𝑉) =
1

𝑉2
ℋ[22][22]22 (

𝑈

𝑉
,
1

𝑉
)  

ℳ[22][22]22(𝑠, 𝑡) = ℳ[22][22]22(𝑠, 𝑢)  

𝒫2[22]2[22]2 = 16𝑎2(𝑎 + 2)𝑔12
2 𝑔24

2 𝑔34
2  

ℋ2[22]2[22]2 = ℋ[22][22]22 (
1

𝑈
,
𝑉

𝑈
) ;  ℳ2[22]2[22](𝑠, 𝑡) = ℳ[22][22]22(𝑢, 𝑡)  

ℳ2[22]2[22]
𝑐 (𝑠, 𝑡) = [𝐾(𝑠, 𝑡)𝐴(𝑠, 𝑡) + (𝜓(0)(−𝑠) − 𝜓(0)(−𝑡))𝐵(𝑠, 𝑡) + 𝐶(𝑠, 𝑡)]  

𝐴(𝑠, 𝑡) =
32

(1 + 𝑢)(2 + 𝑢)(3 + 𝑢)
[−16 + 3𝑠𝑡 − 3𝑢 +

18𝑠𝑡

4 + 𝑢
−

18𝑠2𝑡2

(4 + 𝑢)(5 + 𝑢)
]

𝐵(𝑠, 𝑡) =
32(𝑠 − 𝑡)

(1 + 𝑢)(2 + 𝑢)
[−

1

(1 + 𝑠)(1 + 𝑡)
−
18𝑠𝑡 − 18(5 + 𝑢)

(4 + 𝑢)(5 + 𝑢)
]

𝐶(𝑠, 𝑡) =
32

(1 + 𝑢)
[
3

2
−

1
2

(1 + 𝑠)(1 + 𝑡)
+
6 − 18𝑠𝑡 + 12(5 + 𝑢)

(4 + 𝑢)(5 + 𝑢)
]

 

lim
𝑡≫1

 𝐴2[22]2[22]
𝑐 (𝑠, 𝑡) ∼

(1 + 𝑠)

𝑡2
 ;  lim

𝑡≫1
 𝐴2222
1𝑙 (𝑠, 𝑡) ∼

(12 + 25𝑠 + 15𝑠2)

𝑡
,  

∑  

𝑖𝑗≥0,|𝑖|+|𝑗|≤2

 
𝑃𝑖𝑗(𝑠, 𝑡)

(𝑠 + 𝑖) + (𝑡 + 𝑗) + 1
𝐾(𝑠 + 𝑖, 𝑡 + 𝑗)  

ℋ2[22]2[22]2
𝑡 ≡ ℋ2[22]2[22]2| 1

𝑎2
− 2ℋ2222| 1

𝑎2
 

ℋ2[22]2[22]2
𝑡  = ℋ[22][22]22

𝑐 | 1
𝑎2
− 4ℋ2222|1

𝑎

 = ℋ2[22]2[22]
𝑐 | 1

𝑎2
+ 16𝑈2𝐷‾2422(𝑈, 𝑉)

 

ℳ2[22]2[22]
𝑡 = ℳ2[22]2[22]

𝑐 −
16

(𝑠 + 1)(𝑡 + 1)(𝑢 + 1)
 

ℳ2[22]2[22]2
𝑡 = ∑  

𝑖𝑗≥0,|𝑖|+|𝑗|≤2

 
𝑝𝑖𝑗(𝑠, 𝑡)

(𝑠 + 𝑖) + (𝑡 + 𝑗) + 1
𝐾(𝑠 + 𝑖, 𝑡 + 𝑗)  

𝒫[23][23]22  = 96𝑎2(𝑎 + 2)(𝑎 + 4)𝑔12
6 𝑔34

2

𝒢[23][23]22  = 1 + 3 [𝑈2𝜎2 +
𝑈2𝜏2

𝑉2
] +

12

𝑎
[𝑈𝜎 +

𝑈𝜏

𝑉
] +

60

𝑎

𝑈2𝜎𝜏

𝑉
+
12

𝑎
[𝑈2𝜎2 +

𝑈2𝜏2

𝑉2
]

ℋ[23][23]22  = ℋ[23][23]22
𝑐 +

3𝑎

𝑎 + 4
ℋ2222 +

3𝑎

𝑎 + 4
ℋ[22][22]22

𝑐

 

ℋ[23][23]22|1
𝑎
 = 3ℋ2222|1

𝑎

ℋ[23][23]22| 1
𝑎2
 = 3ℋ[22][22]22

𝑐 | 1
𝑎2
− 12ℋ2222|1

𝑎
+ 3ℋ2222|1

𝑎
 2

 

ℋ[23][23]22| 1
𝑎2
ℋ[22][22]22

𝑐 | 1
𝑎2

 

ℋ[23][23]22| 1
𝑎3
= ℋ[23][23]22

𝑐 | 1
𝑎3
− 12ℋ[22][22]22

𝑐 | 1
𝑎2
+ 3ℋ[22][22]22

𝑐 | 1
𝑎3
+ 48ℋ2222|1

𝑎
− 12ℋ2222| 1

𝑎2
+ 3ℋ2222| 1

𝑎3
 

ℋ[2𝑛][2𝑛]22
𝑐 | 1

𝑎3
=
𝑈2

𝑉2
Ψ𝐵
(3)
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ℋ[23][23]22
𝑐 | 1

𝑎3
=
𝑈2

𝑉2
[𝑅15

(1)
𝒫3(𝑧, 𝑧‾) + 𝑅14

(2)
𝜕−𝒫3(𝑧, 𝑧‾) + 𝑅15

(3)
𝜕+𝒫3(𝑧, 𝑧‾) + 𝑅14

(4)
𝜕+𝜕−𝒫3(𝑧, 𝑧‾)

 +𝑅15
(5)
𝒫2(𝑧, 𝑧‾) + 𝑅15

(6)
𝒫1(𝑧, 𝑧‾)log

2 𝑉 +

 +𝑅14
(7)
𝜕−𝒫2(𝑧, 𝑧‾) + 𝑅14

(8)
log 𝑈log2 𝑉 + 𝑅14

(9)
log3 𝑉 + 𝑅15

(10)
𝒫1(𝑧, 𝑧‾)log 𝑉

+𝑅14
(11)

log2 𝑉 + 𝑅14
(12)

log 𝑉log 𝑈 + 𝑅15
(13)

𝒫1(𝑧, 𝑧‾) + 𝑅14
(14)

log 𝑉 + 𝑅14
(15)

log 𝑈 + 𝑅12
(16)

]

 

ℳ[23][23]22
𝑐 (𝑠, 𝑡) = [𝐾4(𝑢, 𝑡)𝑎(𝑢, 𝑡) +𝐾3(𝑢, 𝑡)𝑏(𝑢, 𝑡) + 𝐾̃2(𝑢, 𝑡)𝑐(𝑢, 𝑡) +

+𝐾2(𝑢, 𝑡)𝐴(𝑢, 𝑡) + 𝐾1(𝑢, 𝑡)𝐵(𝑢, 𝑡) + 𝐶(𝑢, 𝑡)]
 

𝐾4(𝑠, 𝑡) = Ψ1
4 + 3Ψ2

2 − 2Ψ1Ψ3 − 2𝜋2Ψ2 − 2𝜋2𝐾2 − 𝜋4

𝐾3(𝑠, 𝑡) = Ψ1
3(𝑢, 𝑡) −

1

2
Ψ3(𝑢, 𝑡) + 𝜋2Ψ1

𝐾̃2(𝑠, 𝑡) = Ψ2 −
2

3
𝜋2 ;  𝐾2(𝑠, 𝑡) = −Ψ1

2 +Ψ2 − 𝜋2 ;  𝐾1(𝑠, 𝑡) = Ψ1

 

𝑎(𝑠, 𝑡) =
256

(𝑢 + 1)(𝑢 + 2)(𝑢 + 3)
[

14 − 15𝑠𝑡 +
9

2
𝑢 +

15𝑠𝑡(4 + 5𝑠𝑡)

4(𝑢 + 4)1
−
3𝑠2𝑡2(58 + 15𝑠𝑡)

4(𝑢 + 4)2
+
45𝑠2𝑡2(1 + 2𝑠𝑡)

2(𝑢 + 4)3
−
135𝑠2𝑡2(−2 + 𝑠𝑡)2

2(𝑢 + 4)4
]

 

 

𝑏(𝑠, 𝑡) =
384(𝑠 − 𝑡)

(𝑢 + 1)(𝑢 + 2)(𝑢 + 3)
[

46 +
2(10 − 77𝑠𝑡)

(𝑢 + 4)1
−
𝑠𝑡(116 − 195𝑠𝑡)

(𝑢 + 4)2
+
15𝑠𝑡(4 + 21𝑠𝑡 − 9𝑠2𝑡2))

(𝑢 + 4)3
−
360𝑠𝑡(2 − 𝑠𝑡)(1 − 𝑠𝑡)

(𝑢 + 4)4
]

 

⟨𝒪2
2𝒪2

2𝒪2𝒪2⟩ ; ⟨𝒪2𝒪2
2𝒪2𝒪2

2⟩  

ℋ𝑐|log0 (𝑈)  

ℋ𝑐|log𝑛 (𝑈)  

⟨𝒪2
2(𝑥⃗1, 𝑦⃗1)𝒪2

2(𝑥⃗2, 𝑦⃗2)𝒪2(𝑥⃗3, 𝑦⃗3)𝒪2(𝑥⃗4, 𝑦⃗4)⟩ = 𝒫[22][22]22∑ 

𝑅

 𝐴𝑅𝐵𝑅 .  

𝐴𝑅 = ∑  

𝑂,𝑂′∈𝑅

𝐶[22][22]𝑂𝔾
𝑂,𝑂′𝐶22𝑂′  

 

𝒪2𝒪2 ∼ 1⊕𝒪2 +𝒦2 +⋯⏟        
𝜏=2

⊕𝒪2
2 +⋯⏟    
𝜏≥4

 

𝐶𝒪2𝒪2;𝒦2
∼
1

𝑁
.  

𝐶𝒪2𝒪2;𝒪2𝜕𝑙𝒪2 ∼ 1  

𝒫[22][22]22  = 16𝑎2(𝑎 + 2)𝑔12
4 𝑔34

2

𝒢[22][22]22  = 1 + 2𝑈2𝜎2 +
2𝑈2𝜏2

𝑉2
+
8

𝑎
[𝑈𝜎 +

𝑈𝜏

𝑉
] +

24

𝑎

𝑈2𝜎𝜏

𝑉
+
4

𝑎
[𝑈2𝜎2 +

𝑈2𝜏2

𝑉2
] .

 

⟨𝒪2
2𝒪2

2𝒪2𝒪2⟩| 𝜏=2
 OPE 

= 𝒫[22][22]22 ×
8

𝑎
[𝑈𝜎 +

𝑈𝜏

𝑉
]  

𝐴𝒦,2,𝑙,[000]
free =

8

𝑎
×
2(𝑙 + 2)!2

(2𝑙 + 4)!

1 + (−1)𝑙

2
.  

𝐴ℒ,2,𝑙,[000] = 𝐴𝒦,2,𝑙,[000]
free +ℋ[22][22]22|𝜏=2,𝑙,[000]

= 0  
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ℋ[22][22]22|1
𝑎
,𝜏=2

= −
8

𝑎
×
2(𝑙 + 2)!2

(2𝑙 + 4)!

1 + (−1)𝑙

2

ℋ[22][22]22| 1
𝑎𝑛
,𝜏=2

= 0 𝑛 ≥ 2
 

ℋ[22][22]22|1
𝑎
= −8𝑈 [

(1 + 𝑉)

(−1 + 𝑉)2𝑉
−

2log (𝑉)

(−1 + 𝑉)3
] + 𝑈2(… )  

ℋ2222|1
𝑎
= −4𝑈2𝐷‾2422 = −4𝑈 [

(1 + 𝑉)

(−1 + 𝑉)2𝑉
−

2log (𝑉)

(−1 + 𝑉)3
] + 𝑈2(… )  

ℋ[22][22]22|1
𝑎
= 2ℋ2222|1

𝑎
 

ℋ[22][22]22
𝑡 |

log0 (𝑈)
= ℋ[22][22]22

𝑐 + 16𝑈2𝐷‾2422|log0 (𝑈) = 𝑈2(… ), 

⟨𝒪2(𝑥⃗1, 𝑦⃗1)𝒪2
2(𝑥⃗2, 𝑦⃗2)𝒪2(𝑥⃗3, 𝑦⃗3)𝒪2

2(𝑥⃗4, 𝑦⃗4)⟩ = 𝒫2[22]2[22]∑ 

𝑅

 𝐴𝑅𝐵𝑅  

𝐴𝑅 = ∑  

𝑂,𝑂′∈𝑅

𝐶2[22]𝑂𝔾
𝑂,𝑂′𝐶2[22]𝑂′  

𝒪2𝒪2
2 ∼ 𝒪2⊕𝒪2

2 +𝒦4 +⋯⏟        
𝜏=4

⊕𝒪2
3 +⋯⏟    
𝜏≥6

 

𝐶𝒪2𝒪22;𝒪2𝜕𝑙𝒪2 ∼
1

𝑁
 

𝒪2𝜕
𝑙𝒪2|[0,2,0],𝑙=0,2,4,… ;  𝒪2𝜕

𝑙𝒪2|[1,0,1],𝑙=1,3,5,…  

𝐺 = (
⟨𝒪2𝒪2𝒪2𝒪2⟩ ⟨𝒪2𝒪2𝒪2𝒪2

2⟩

⟨𝒪2𝒪2
2𝒪2𝒪2⟩ ⟨𝒪2𝒪2

2𝒪2𝒪2
2⟩
) ,  

𝒮4,[020]
𝑝⃗

≡ 𝐴𝒮,𝜏=4,𝑙,[𝑎𝑏𝑎]
𝑝⃗

 

𝒮4,[020]
2[22]2[22]

=
(𝒮4,[020]

[22]2;22)
2

𝒮4,[020]
22;22

 

𝒮4,[020]
2[22];22

= 𝒮4,[020]
22;2[22]

 

𝒮4,[020]
[22]2[22]2

=
32

𝑎

(1 +
2
𝑎
)

(𝑙 + 3)(𝑙 + 4) +
4
𝑎

(𝑙 + 4)!2

(2𝑙 + 6)!

1 + (−1)𝑙

2
 

𝐴𝒦,4,𝑙,[020]
free = −𝒮4,[020] + 𝐴4,𝑙,[020]

free  

𝐴4,𝑙,[020]
free =

1

𝑎

{
 
 

 
 +4(𝑙 + 1)(𝑙 + 6)

(𝑙 + 2)! (𝑙 + 4)!

(2𝑙 + 6)!
 spin odd 

+4(18 + 7𝑙 + 𝑙2)
(𝑙 + 2)! (𝑙 + 4)!

(2𝑙 + 6)!
 spin even 

 

𝐴ℒ,4,𝑙,[020] = 𝐴𝒦,4,𝑙,[020]
free +ℋ2[22]2[22]|𝜏=4,𝑙,[020]

= 0.  

𝐴ℒ,4,𝑙,[020] =

{
 
 

 
 +

4

𝑎
(𝑙 + 1)(𝑙 + 6)

(𝑙 + 2)! (𝑙 + 4)!

(2𝑙 + 6)!
 spin odd 

+
4(𝑙 + 2)(𝑙 + 5)

𝑎

(𝑙 + 3)(𝑙 + 4) −
12
𝑎

(𝑙 + 3)(𝑙 + 4) +
4
𝑎

(𝑙 + 2)! (𝑙 + 4)!

(2𝑙 + 6)!
 spin even 
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ℋ2[22]2[22]|1
𝑎
,𝜏=4

=

{
 
 

 
 −4(𝑙 + 1)(𝑙 + 6)

(𝑙 + 2)! (𝑙 + 4)!

(2𝑙 + 6)!

1 − (−1)𝑙

2

−4(𝑙 + 2)(𝑙 + 5)
(𝑙 + 2)! (𝑙 + 4)!

(2𝑙 + 6)!

1 + (−1)𝑙

2

 

ℋ2[22]2[22]| 1
𝑎2
,𝜏=4

= {

0

+64(𝑙 + 2)(𝑙 + 5)
(𝑙 + 2)!2

(2𝑙 + 6)!

1 + (−1)𝑙

2
 

ℋ222222 =  −
8

𝑎
𝑈 [

(1 + 𝑉)

(1 − 𝑉)2𝑉
+
2log (𝑉)

(1 − 𝑉)3
] + 𝑈2(… )

 +
32

𝑎2
𝑈 [

1

(1 − 𝑉)2𝑉
−
log (𝑉) + log2 (𝑉) + 2Li2(1 − 𝑉)

(1 − 𝑉)3
] + 𝑈2(… )

 

𝐶[2𝑛][2𝑛];𝒟 = 𝐶[2𝑛][2𝑛];𝒟
(0)

+
1

𝑎
𝐶[2𝑛][2𝑛];𝒟
(1)

+⋯  

Δ𝒟 = 𝜏 + 𝑙 +
2

𝑎
𝜂𝒟
(1)

+⋯  

𝐶[22][22];𝒟𝜏,𝑙
(0)

= 2𝐶22;𝒟𝜏,𝑙
(0)

.  

𝒞̂[22][22]22|log 𝑛(𝑈)
𝑎𝑛

=
1

𝑛!
∑  

𝜏,𝑙

 (∑  

𝒟

 𝐶[22][22];𝒟
(0)

𝜂𝒟
𝑛𝐶22;𝒟

(0)
)𝐵𝜏,𝑙,[000]

ℒ = 2𝒞̂2222|log 𝑛(𝑈)
𝑎𝑛

.  

ℋ[22][22]22
𝑡 | 1

𝑎2
≡ ℋ[22][22]22|

1
𝑎2

− 2ℋ2222| 1
𝑎2

 

ℋ[22][22]22
1𝑙 | 1

𝑎3
≡ ℋ[22][22]22|

1
𝑎3

− 2ℋ2222| 1
𝑎3
.  

𝒞̂[22][22]22|1
𝑎
− 2𝒞̂2222|1

𝑎
 = ∑  

𝑙

  [𝐶[22][22];𝒟4
(1)

− 2𝐶22;𝒟4
(1)

] 𝐶22;𝒟4
(0)

𝐵4,𝑙,[000]
ℒ + ( twist ≥ 6)

𝒞̂[22][22]22|log (𝑈)
𝑎2

− 2𝒞̂2222|log (𝑈)
𝑎2

 =∑  

𝑙

  [𝐶[22][22];𝒟4
(1)

− 2𝐶22;𝒟4
(1)

] 𝜂
𝒟4
𝐶22;𝒟4
(0)

𝐵4,𝑙,[000]
ℒ + ( twist ≥ 6)

 

𝒞̂[22][22]22|1
𝑎
− 2𝒞̂2222|1

𝑎
=
4

𝑎
𝑈2𝜎2 +

4

𝑎

𝑈2𝜏2

𝑉2
+
16

𝑎

𝑈2𝜎𝜏

𝑉
 

4

𝑎
𝑈2𝜎2 +

4

𝑎

𝑈2𝜏2

𝑉2
+
16

𝑎

𝑈2𝜎𝜏

𝑉
=∑  

𝑙

  [𝐶[22][22];𝒟4
(1)

− 2𝐶22;𝒟4
(1)

] 𝐶22;𝒟4
(0)

𝐵4,𝑙,[000]
ℒ + ( twist ≥ 6)  

[𝐶[22][22];𝒟4
(1)

− 2𝐶22;𝒟4
(1)

] 𝐶22;𝒟4
(0)

=
4

3
(𝑙 + 2)(𝑙 + 5)

(𝑙 + 3)!2

(2𝑙 + 6)!

1 + (−1)𝑙

2
 

𝒞̂[22][22]22|log (𝑈)
𝑎2

− 2𝒞̂2222|log (𝑈)
𝑎2

= ℐ × [ℋ[22][22]22 − 2ℋ2222]log (𝑈)
𝑎2

 

ℋ[22][22]22
𝑡 |log (𝑈)

𝑎2
=∑  

𝑙

  [𝐶[22][22];𝒟4
(1)

− 2𝐶22;𝒟4
(1)

] 𝜂𝒟4𝐶22;𝒟4
(0)

𝐻4,𝑙,[000] + ( twist ≥ 6)  

𝜂𝒟4 = −
48

(𝑙 + 1)(𝑙 + 6)

1 + (−1)𝑙

2
 

ℋ[22][22]22
𝑡 |log (𝑈)

𝑎2
=∑  

𝑙

  [−64
(𝑙 + 2)(𝑙 + 5)

(𝑙 + 1)(𝑙 + 6)

(𝑙 + 3)!2

(2𝑙 + 6)!

1 + (−1)𝑙

2
]𝐻4,𝑙,[000] + ( twist ≥ 6)  



pág. 3037 

ℋ[22][22]22
𝑡 |log (𝑈)

𝑎2
=

 −32𝑈2 [
(1 + 10𝑉 + 𝑉2)

(1 − 𝑉)4𝑉
+
12(1 + 𝑉)log (𝑉)

(1 − 𝑉)5
+
2(1 + 4𝑉 + 𝑉2)log2 (𝑉)

(1 − 𝑉)6
+ 𝑈3(… )]

 

ℋ[22][22]22
𝑡 = ℋ[22][22]22

𝑐 | 1
𝑎2
− 4ℋ2222|1

𝑎
 

ℋ[23][23]22| 1
𝑎3
= ℋ[23][23]22

𝑐 | 1
𝑎3
− 12ℋ[22][22]22

𝑐 | 1
𝑎2
+ 3ℋ[22][22]22

𝑐 | 1
𝑎3
+ 48ℋ2222|1

𝑎
− 12ℋ2222| 1

𝑎2
+ 3ℋ2222| 1

𝑎3
 

ℋ[23][23]22
𝑡 | 1

𝑎3
= ℋ[23][23]22

𝑐 | 1
𝑎3
− 12ℋ[22][22]22

𝑐 | 1
𝑎2
+ 24ℋ2222|1

𝑎
 

[ℋ[23][23]22
𝑡 ]log3 (𝑈)

𝑎3
= 0

[ℋ[23][23]22
𝑡 ]log0 (𝑈)

𝑎3
, twist 2

= 0

[ℋ[23][23]22
𝑡 ]log𝑛 (𝑈)

𝑎3
, twist 4

= 0 ;  𝑛 = 1,2

 

ℋ[23][23]22| 1
𝑎3
− 3ℋ2222| 1

𝑎3
− 3ℋ[22][22]22

1𝑙 | 1
𝑎3
= [ℋ[23][23]22

𝑐 | 1
𝑎3
− 12ℋ[22][22]22

𝑐 | 1
𝑎2
+ 24ℋ2222|1

𝑎
] ,  

ℋ[22][22]22
1𝑙 | 1

𝑎3
= ℋ[22][22]22

𝑐 | 1
𝑎3
+ 8ℋ2222|1

𝑎
− 4ℋ2222| 1

𝑎2
.  

ℋ[23][23]22| 1
𝑎3

− 3ℋ2222| 1
𝑎3

 ℋ[22][22]22
1𝑙 | 1

𝑎3

 

ℋ[23][23]22| 1
𝑎3
− 3ℋ2222| 1

𝑎3
 

𝐶[23][23];𝒟𝜏,𝑙
(0)

= 3𝐶22;𝒟𝜏,𝑙
(0)

 

𝐶[22][22];𝒟𝜏,𝑙
(0)

= 2𝐶22;𝒟𝜏,𝑙
(0)

 

𝐶[23][23];𝒟4
(𝑛)

= 3𝐶[22][22]:𝒟4
(𝑛)

− 3𝐶22;𝒟4
(𝑛)

 ;  𝑛 = 1,2  

𝒞̂[23][23]22|1
𝑎
− 3𝒞̂2222|1

𝑎
=
48

𝑎

𝑈2𝜎𝜏

𝑉
+
12

𝑎
[𝑈2𝜎2 +

𝑈2𝜏2

𝑉2
] = 3 [𝒞̂[22][22]22|1

𝑎
− 2𝒞̂2222|1

𝑎
]  

𝒞̂[23][23]22| 1
𝑎2
− 3𝒞̂2222| 1

𝑎2
= ℐ [3ℋ[22][22]22

𝑐 | 1
𝑎2
− 12ℋ2222|1

𝑎
] = 3 [𝒞̂[22][22]22| 1

𝑎2
− 2𝒞̂2222| 1

𝑎2
]  

ℋ[23][23]22 − 3ℋ2222 − 3ℋ[22][22]22
1𝑙  

[ℋ[23][23]22
𝑡 ]log2 (𝑈)

𝑎3

=
=
1

2
∑  

𝑙

  [(𝐶[23][23];𝒟4
(1)

− 3𝐶[22][22];𝒟4
(1)

+ 3𝐶22;𝒟4
(1)

) (𝜂𝒟4
(1)
)
2
𝐶22𝒟4
(0)

]𝐻4,𝑙,[000] + ( twist ≥ 6)  

𝐶[23][23];𝒟4
(1)

= 3𝐶[22][22]:𝒟4
(1)

− 3𝐶22;𝒟4
(1)

 

[ℋ[23][23]22
𝑡 ]= ∑  

log (𝑈)
𝑎3

  [(𝐶[23][23];𝒟4
(1)

− 3𝐶[22][22];𝒟4
(1)

+ 3𝐶22;𝒟4
(1)

) (𝜂𝒟4
(1)
𝐶22;𝒟4
(1)

+ 𝜂𝒟4
(2)
𝐶22𝒟4
(0)

)  

+ (𝐶[23][23];𝒟4
(2)

− 3𝐶[22][22];𝒟4
(2)

+ 3𝐶22;𝒟4
(2)

) 𝜂𝒟4
(1)
𝐶22𝒟4
(0)

]𝐻4,𝑙,[000] +⋯+ ( twist ≥ 6)

 

𝐶[2𝑛][2𝑛];𝒯 =
1

√𝑎
[𝐶[2𝑛][2𝑛];𝒯

(
1
2
)

+⋯] ;  Δ = 𝜏 + 𝑙 +
2

𝑎
𝜂𝒯
(1)
+⋯  
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[ℋ[23][23]22
𝑡 ]log2 (𝑈)

𝑎3
= ( twist 4) +

1

2
∑  

𝜏,𝑙

 [∑  

𝒟

  (𝐶[23][23];𝒟
(1)

− 3𝐶[22][22];𝒟
(1)

+ 3𝐶22;𝒟
(1)

) (𝜂𝒟
(1)
)
2
𝐶22𝒟
(0)

+

∑  

𝒯

 (𝐶
[23][23];𝒯

(
1
2
)

− 3𝐶
[22][22];𝒯

(
1
2
)

+ 3𝐶22;𝒯
(
1
2
)
) (𝜂𝒯

(1)
)
2
𝐶22𝒯
(
1
2
)
]𝐻𝜏,𝑙,[000].

 

𝐶[23][23];𝒟
(1)

= 3𝐶[22][22];𝒟
(1)

− 3𝐶22;𝒟
(1)

 ;  𝐶
[23][23];𝒯

(
1
2
)

= 3𝐶
[22][22];𝒯

(
1
2
)

− 3𝐶22;𝒯
(
1
2
)

 

⟨𝒪2
2𝒪2

2𝒟𝜏,𝑙⟩ = ⟨𝒪2
2𝒪2

2𝒟𝜏,𝑙⟩𝑐 + 4⟨𝒪2𝒪2⟩⟨𝒪2𝒪2𝒟𝜏,𝑙⟩  

⟨𝒪2
2𝒪2

2𝒟𝜏,𝑙⟩𝑐
⟨𝒪2

2𝒪2
2⟩

∼
1

𝑎
 

⟨𝒪2
3𝒪2

3𝒟𝜏,𝑙⟩ = ⟨𝒪2
3𝒪2

3𝒟𝜏,𝑙⟩𝑐 + 9⟨𝒪2𝒪2⟩⟨𝒪2
2𝒪2

2𝒟𝜏,𝑙⟩ + 9(⟨𝒪2
2𝒪2

2⟩ − 4⟨𝒪2𝒪2⟩
2)⟨𝒪2𝒪2𝒟𝜏,𝑙⟩  

⟨𝒪2
3𝒪2

3𝒟𝜏,𝑙⟩𝑐
⟨𝒪2

3𝒪2
3⟩

∼
1

𝑎2
 

⟨𝒪2
3𝒪2

3𝒯𝜏,𝑙⟩ = ⟨𝒪2
3𝒪2

3𝒯𝜏,𝑙⟩𝑐 + 9⟨𝒪2𝒪2⟩⟨𝒪2
2𝒪2

2𝒯𝜏,𝑙⟩ + 9(⟨𝒪2
2𝒪2

2⟩ − 4⟨𝒪2𝒪2⟩
2)⟨𝒪2𝒪2𝒯𝜏,𝑙⟩  

⟨𝒪2
3𝒪2

3𝒯𝜏,𝑙⟩𝑐
⟨𝒪2

3𝒪2
3⟩

∼
1

𝑎
3
2

 

𝐶[2𝑛][2𝑛];𝒟
(0)

= 𝑛𝐶22;𝒟
(0)

 𝑛 = 2,3

𝐶[23][23];𝒟
(1)

= 3𝐶[22][22];𝒟
(1)

− 3𝐶22;𝒟
(1)

 ;  𝐶
[23][23];𝒯

(
1
2
)

= 3𝐶
[22][22];𝒯

(
1
2
)

− 3𝐶22;𝒯
(
1
2
)

 

𝐶22;𝒯 ∼
1

𝑁
 ; 𝐶[22][22];𝒯 ∼

1

𝑁
 

𝐶22;𝒯 ≠ 0 ; 𝐶[22][22];𝒯 − 2𝐶22;𝒯 ≠ 0  

𝐶2[22],𝒯 ∼ 1  

𝐶24,𝒟 ∼ 1  

 

(𝜕𝑧̂
2 +

1
4
− 𝑎1

2

(𝑧̂ − 1)2
−

1
2
− 𝑎0

2 − 𝑎1
2 − 𝑎𝑡

2 + 𝑎∞
2 + 𝑢

𝑧̂(𝑧̂ − 1)
+

1
4
− 𝑎𝑡

2

(𝑧̂ − 𝑡)2
+

𝑢

𝑧̂(𝑧̂ − 𝑡)
+

1
4
− 𝑎0

2

𝑧̂2
)𝜓(𝑧̂) = 0  
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𝑎0
2 =

𝑙2

4
, 𝑎1

2 = 𝑎𝑡
2 =

1

4
, 𝑢 = −

(𝛼2 + 8)(𝜔2 − 𝑙2)

4(8 − 𝛼2)
, 𝑎∞

2 =
𝑙2

4
, 𝑡 =

𝛼4

64
 

𝐹 = 𝑐1(𝑎, 𝑎0, 𝑎𝑡, 𝑎1, 𝑎∞)𝑡 + 𝒪(𝑡
2)  

𝑐1(𝑎, 𝑎0, 𝑎𝑡 , 𝑎1, 𝑎∞) =
(4𝑎2 − 4𝑎0

2 + 4𝑎𝑡
2 − 1)(4𝑎2 + 4𝑎1

2 − 4𝑎∞
2 − 1)

8 − 32𝑎2
 

𝑢 = −𝑎2 + 𝑎𝑡
2 −

1

4
+ 𝑎0

2 + 𝑡𝜕𝑡𝐹  

𝑎2 =
𝜔2

4
+
𝜔2 − 𝑙2

16
(𝛼2 +

𝛼4(𝑙2 + 3𝜔2 − 4)

32(𝜔2 − 1)
+
𝛼6(𝑙4 − 2𝑙2 + 𝜔4 − 2𝜔2 + 2)

128(𝜔2 − 1)2
) + 𝒪(𝛼8).  

𝑤−
(0) = HeunG(𝑡, 𝑞̂, 𝛼̂, 𝛽̂, 𝛾̂, 𝛿, 𝑧̂)  

𝜓(𝑧̂) ≈ [1 +
Γ(𝜖 − 1)Γ (

1 + 𝛾̂ − 𝜖
2

− 𝑎) Γ (
1 + 𝛾̂ − 𝜖

2
+ 𝑎)

Γ(1 − 𝜖)Γ (
−1 + 𝛾̂ + 𝜖

2
− 𝑎) Γ (

−1 + 𝛾̂ + 𝜖
2

+ 𝑎)
𝑒−𝜕𝑎𝑡𝐹𝑡 𝜖̂−1(𝑡 − 𝑧̂)1−𝜖̂ +⋯]  

𝜖 = 1 − 2𝑎𝑡,  and  𝛾̂ = 1 − 2𝑎0 = 1 + |𝑙|.  

𝑎 = ±(𝑘 +
|𝑙| − 𝜖

2
) ,  with  𝑘 = 1,2,…  

−𝑘(𝑘 + |𝑙|)
𝑒−𝜕𝑎𝑡𝐹

𝑏̂ + 𝑘
(1 −

𝑧̂

𝑡
) ∼ (

𝑙2

4
− 𝑎2)

𝑒−𝜕𝑎𝑡𝐹

𝑏̂ + 𝑘

8 − 𝛼2

8 + 𝛼2
𝑤2 =

1

𝑏̂ + 𝑘
(𝑎̂𝑏̂𝑒−𝜕𝑎𝑡𝐹

8 − 𝛼2

8 + 𝛼2
)𝑤2 .  

𝑎̂𝑏̂𝑒−𝜕𝑎𝑡𝐹
8 − 𝛼2

8 + 𝛼2
=
𝑙2 − 𝜔2

4
 

𝑏̂ =
𝑙 + 𝜔

2
+
𝛼2(𝜔2 − 𝑙2)

16𝜔
+
𝛼4(−3𝑙4𝜔2 + 2𝑙4 + 2(𝑙2 − 1)𝜔4 +𝜔6)

512𝜔3(𝜔2 − 1)

 +
𝛼6((𝜔2 − 𝑙2)(𝑙4(5𝜔4 − 5𝜔2 + 2) − 2𝑙2(𝜔6 + 𝜔4) + (𝜔4 − 𝜔2 + 2)𝜔4))

4096(𝜔5(𝜔2 − 1)2)
+ 𝒪(𝛼8)

 

𝜓′′(𝑧̂) +[
(𝑙 + 2)(−𝑙)

4𝑧̂2
+
𝑙(𝑙 + 2) − 2𝜔2

4(𝑧̂ − 1)2
+
(3 − 2𝛼2)𝜔2 + (2𝛼2 − 1)(𝑙(𝑙 + 2) − 4) − 8

4(𝑧̂ − 1)

 −
3

4 (
2𝛼2

1 − 2𝛼2
+ 𝑧̂)

2 −
(2𝛼2 + 1)𝜔2 − 8𝛼2 − (1 − 2𝛼2)𝑙(𝑙 + 2) − 4

8𝛼2𝑧̂

+
(1 − 2𝛼2)(−2𝛼2𝜔2 − 8𝛼2 + (2𝛼2 − 1)(𝑙 + 2)𝑙 + 𝜔2 − 4)

8𝛼2 (
2𝛼2

1 − 2𝛼2
+ 𝑧̂)

]𝜓(𝑧̂) = 0

 

𝑎0
2 =

1

4
(𝑙 + 1)2, 𝑎1

2 =
1

4
(−𝑙(𝑙 + 2) + 2𝜔2 + 1), 𝑎𝑡

2 = 1, 𝑎∞
2 = 1 

𝑢 =
1

4
(2𝛼2𝜔2 + 8𝛼2 − (2𝛼2 − 1)𝑙(𝑙 + 2) − 𝜔2 + 4), 𝑡 = −

2𝛼2

1 − 2𝛼2

 

𝜖 = −1, 𝛾̂ = 2 + |𝑙|  

1 −
𝑧̂

𝑡
=

𝑤2

1 − 2𝛼2
(1 + 𝑂(𝑤2))  

𝑏̂ =
𝑙 + 𝜔

2
+
𝛼2((𝑙 + 2)2 − 𝜔2)(𝑙2 −𝜔2)

4𝜔(𝜔2 − 1)
+⋯  

𝐼0[𝑝, 𝑞] ≡∑  

∞

𝑙∈ℤ

 ∑  

∞

𝑘=1

 
𝑙2𝑝

(|𝑙| + 2𝑘)𝑞
𝑒−𝑖(|𝑙|+2𝑘)𝜏+𝑖𝑙𝜎  
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𝐼1[𝑝, 𝑞] ≡∑  

∞

𝑙∈ℤ

 ∑  

∞

𝑘=1

 
𝑙2𝑝

(|𝑙| + 2𝑘 − 1)𝑞
𝑒−𝑖(|𝑙|+2𝑘)𝜏+𝑖𝑙𝜎;

𝐼2[𝑝, 𝑞] ≡∑  

∞

𝑙∈ℤ

 ∑  

∞

𝑘=1

 
𝑙2𝑝

(|𝑙| + 2𝑘 − 2)𝑞
𝑒−𝑖(|𝑙|+2𝑘)𝜏+𝑖𝑙𝜎 (2𝑝 − 𝑞 ≥ 0);

𝐼3[𝑝, 𝑞] ≡∑  

∞

𝑙∈ℤ

 ∑  

∞

𝑘=1

 
(𝑙2 − 1)2𝑙2𝑝

(|𝑙| + 2𝑘 − 3)𝑞
𝑒−𝑖(|𝑙|+2𝑘)𝜏+𝑖𝑙𝜎 (𝑞 ≤ 2);

𝐼4[𝑝, 𝑞] ≡∑  

∞

𝑙∈ℤ

 ∑  

∞

𝑘=1

 
(𝑙2 − 4)2𝑙2𝑝

(|𝑙| + 2𝑘 − 4)𝑞
𝑒−𝑖(|𝑙|+2𝑘)𝜏+𝑖𝑙𝜎 (𝑞 ≤ 2);

𝐼1[𝑝, 𝑞] ≡∑  

∞

𝑙∈ℤ

 ∑  

∞

𝑘=1

 
𝑙2𝑝

(|𝑙| + 2𝑘 + 1)𝑞
𝑒−𝑖(|𝑙|+2𝑘)𝜏+𝑖𝑙𝜎;

𝐼2[𝑝, 𝑞] ≡∑  

∞

𝑙∈ℤ

 ∑  

∞

𝑘=1

 
𝑙2𝑝

(|𝑙| + 2𝑘 + 2)𝑞
𝑒−𝑖(|𝑙|+2𝑘)𝜏+𝑖𝑙𝜎 .

 

𝐴1 = −𝐻1
−1𝑑𝑡 , 𝑋1 = 𝐻1

−2/3
 , cosh 𝜑1 =

𝑑

𝑑𝑟2
(𝑟2𝐻1) =

1 +
1 + 𝑞1
𝑟2

√1 +
2(1 + 𝑞1)

𝑟2
+
1
𝑟4

 

𝑑𝑠10
2 = Δ1/2𝑑𝑠5

2 + Δ−1/2𝐺𝛼𝛽(𝑑𝑦
𝛼 + 𝐴𝛼)(𝑑𝑦𝛽 + 𝐴𝛽)  

𝐺𝛼𝛽𝑑𝑦
𝛼𝑑𝑦𝛽  = (𝑒2𝜇(𝑒𝜆sin2 𝜙 + 𝑒−𝜆cos2 𝜙)sin2 𝜃̃ + 𝑒−2𝜇cos2 𝜃̃)𝑑𝜃̃2

 +𝑒2𝜇(𝑒𝜆cos2 𝜙 + 𝑒−𝜆sin2 𝜙)cos2 𝜃̃𝑑𝜙2 − 𝑒2𝜇sinh 𝜆sin (2𝜙)sin (2𝜃̃)𝑑𝜃̃𝑑𝜙 + 𝑒−𝜇sin2 𝜃̃𝑑Ω̃3
2

 

𝐴𝜙 ≡ 𝐴1 = −𝑒−3𝜇𝑑𝑡  

Δ = (
det𝐺

det𝐺0
)
−2/3

= 𝑒−2𝜇(𝑒𝜆cos2 𝜙 + 𝑒−𝜆sin2 𝜙)cos2 𝜃̃ + 𝑒𝜇sin2 𝜃̃  

𝜆 = 𝜑1 , 𝑒
3𝜇 = 𝐻1  

𝑑𝑠5
2 = Ω0

2 [
𝑑𝜉2

(1 − 𝜉2)2
+

𝜉2

1 − 𝜉2
𝑑Ω3

2] −
Ω1
2

1 − 𝜉2
𝑑𝑡2  

Ω1
2

1 − 𝜉2
= 𝐻1

−2/3
𝑓 , Ω0

2
𝜉2

1 − 𝜉2
= 𝐻1

1/3
𝑟2 ,

Ω0
2

(1 − 𝜉2)2
= 𝐻1

1/3
𝑓−1(𝜕𝜉𝑟)

2
 

(𝜕𝑠𝑟)
2 = 𝑟2(1 + 𝑟2𝐻1)  with  tanh 𝑠 = √1 − 𝜉2  

◻10 Φ = 0,  

◻5 Φ0 = 0  

𝑧 → 𝑒−2𝜋𝑖𝑧, 𝑧‾ fixed  

𝑧 = 1 − 𝜎𝑅, 𝑧‾ = 1 − 𝜎𝑅𝜂𝑅  

 

𝛿 + 𝛿AdS ≡ −𝑝𝑡Δ𝑡 − 𝑝𝜑Δ𝜑 = 2|𝑝𝑡|∫  
∞

𝑟0

 
𝑑𝑟

𝑓
√𝐻1 − 𝛽2

𝑓

𝑟2
 

𝑟0 = √
1

(1 − 𝛽2)2
+ (𝑞1 + 2)𝑞1 − 𝑞1 − 1  

Δ𝑡 = 2∫  
∞

𝑟0

 𝑑𝑟
𝑡̇

𝑟̇
, Δ𝜑 = 2∫  

∞

𝑟0

 𝑑𝑟
𝜑̇

𝑟̇
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𝛿 + 𝛿AdS = 2|𝑝𝑡|∫  
1

0

 𝑑𝑦

[
 
 
 
 
 
(1 − 𝛽2)√1 + 2(1 + 𝑞1)

𝑦2

𝑟0
2 +

𝑦4

𝑟0
4 −

𝑦2

𝑟0
2

1 + 2(1 + 𝑞1)
𝑦2

𝑟0
2 +

𝑦4

𝑟0
4

]
 
 
 
 
 
1/2

 

∫  
1

0

 
(𝑦2)𝑝1√1 − 𝑦2

(𝑦2 +
𝛽2

1 − 𝛽2
)
𝑝2
𝑑𝑦 =

√𝜋

4
(

𝛽2

1 − 𝛽2
)

−𝑝2 Γ (𝑝1 +
1
2
)

Γ(𝑝1 + 2)
 2𝐹1 (𝑝2, 𝑝1 +

1

2
; 𝑝1 + 2,−

1 − 𝛽2

𝛽2
)  

𝛿= 𝜋|𝑝𝑡|(1 − 𝛽2)2 {
𝛼2

2
+ 𝛼4 [1 −

15

16
(𝛽2 − 1)2] + 𝛼6 [2 − 5(𝛽2 − 1)2 +

105

32
(𝛽2 − 1)4] + 𝒪(𝛼8)} 

 = 8𝜋
ℎ2ℎ‾2

(ℎ + ℎ‾)3
𝛼2[1 + 2𝛼2(1 − 15𝜈2) + 4𝛼4(1 − 40𝜈2 + 420𝜈4)] + 𝑂(𝛼8)

 

|𝑝𝑡| = ℎ + ℎ‾, 𝛽 =
ℎ − ℎ‾

ℎ + ℎ‾
, 𝜈 = (

ℎℎ‾

(ℎ + ℎ‾)2
)  

Ψ𝐵
𝑅 = ∫  

∞

0

 𝑑ℎ ∫  
ℎ

0

 𝑑ℎ‾(ℎℎ‾)Δ−2 [
𝑧ℎ+1𝑧‾ℎ‾ − 𝑧ℎ‾𝑧‾ℎ+1

𝑧 − 𝑧‾
] 𝑒𝑖𝛿(ℎ,ℎ‾)  

Ψ𝐵
𝑅 =

𝑧

𝑧 − 𝑧‾
∫  
∞

0

 𝑑ℎ ∫  
∞

0

 𝑑ℎ‾(ℎℎ‾)Δ−2(ℎ − ℎ‾)𝑧ℎ𝑧‾ℎ‾𝑒𝑖𝛿(ℎ,ℎ‾)  

Ψ𝐵
𝑅 = [

𝑧

𝑧 − 𝑧‾
(𝑧𝜕𝑧 − 𝑧‾𝜕𝑧‾)]∫  

∞

0

 𝑑ℎ ∫  
∞

0

 𝑑ℎ‾𝑧ℎ𝑧‾ℎ‾𝑒𝑖𝛿(ℎ,ℎ‾)  

𝐼(𝑎, 𝑐)  ≡ ∫  
∞

0

 𝑑ℎ ∫  
∞

0

 𝑑ℎ‾
ℎ𝑎+1ℎ‾𝑎+1

(ℎ + ℎ‾)𝑐
𝑧ℎ𝑧‾ℎ‾

 =
Γ2(𝑎 + 2)Γ(2𝑎 + 4 − 𝑐)

Γ(2𝑎 + 4)
𝜂𝑅
𝑐−𝑎−2𝜎𝑅

𝑐−2𝑎−4 2𝐹1(𝑎 + 2, 𝑐; 2𝑎 + 4; 1 − 𝜂𝑅)

 

Ψ𝐵
𝑅≡ Ψ𝐵

𝑅(0)
+ 𝛼2Ψ𝐵

𝑅(2)
+ 𝒪(𝛼4) = Δ𝐼(−1,0) + 𝛼28𝜋𝑖Δ𝐼(1,3) + 𝒪(𝛼4)  

 =
1

𝜂𝑅
2𝜎𝑅

4 + 𝛼216𝜋𝑖
(1 − 𝜂𝑅

2)(1 + 28𝜂𝑅 + 𝜂𝑅
2) + 12(1 + 3𝜂𝑅 + 𝜂𝑅

2)𝜂𝑅log (𝜂𝑅)

(1 − 𝜂𝑅)
7𝜂𝑅𝜎𝑅

5 + 𝒪(𝛼4)
 

Δ ≡
1

𝜎𝑅(1 − 𝜂𝑅)
(𝜕𝜎𝑅 −

1 + 𝜂𝑅
𝜎𝑅

𝜕𝜂𝑅) 

Ψ𝐵
𝑅(4)

= −32𝜋2Δ𝐼(3,6) + 16𝜋𝑖Δ[𝐼(1,3) − 15𝐼(3,7)]  

Ψ𝐵
𝑅(6)

= Δ{−𝑖
(8𝜋)3

3!
𝐼(5,9) − 128𝜋2[𝐼(3,6) − 15𝐼(5,10)] + 32𝜋𝑖[𝐼(1,3) − 40𝐼(3,7) + 420𝐼(5,11)]}  

⟨𝑂𝑝1(𝑥⃗1, 𝑦⃗1)𝑂𝑝2(𝑥⃗2, 𝑦⃗2)𝑂𝑝3(𝑥⃗3, 𝑦⃗3)𝑂𝑝4(𝑥⃗4, 𝑦⃗4)⟩  

𝛾min = max(𝑝12, 𝑝43) ;  𝛾max = min(𝑝1 + 𝑝2, 𝑝3 + 𝑝4)  

⟨𝑂𝑝1𝑂𝑝2𝑂𝑝3𝑂𝑝4⟩ = 𝒫𝑝⃗∑ 

𝑅

 𝐴𝑅𝐵𝑅,  

𝒫𝑝⃗ = 𝑔12

𝑝1+𝑝2
2 𝑔34

𝑝3+𝑝4
2 𝑔13

𝑝3−𝑝4
2 𝑔14

𝑝1+𝑝4−𝑝2−𝑝3
2 𝑔24

𝑝2−𝑝1
2 (

𝑔13𝑔24
𝑔12𝑔34

)

max(𝑝12,𝑝43)
2

.  

𝑔𝑖𝑗 =
𝑦⃗⃗𝑖⋅𝑦⃗⃗𝑗

(𝑥⃗𝑖𝑗)
2  
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ℬ
[0,𝑝,0](0,0)

1
2
,
1
2  ;  ℬ

[𝑞,𝑝,𝑞](0,0)

1
4
,
1
4  

𝒞
[𝑞,𝑝,𝑞](

𝑙
2
,
𝑙
2
)

1
4  

 

𝛾 = 𝛾min, 𝛾min + 2,… , 𝛾max  

𝐵𝑅 = [(
𝑔12𝑔34
𝑔13𝑔24

)

𝛾−𝛾min
2

𝐹𝛾,𝜆]  

𝑔12𝑔34
𝑔13𝑔24

=
𝑦1𝑦2
𝑥1𝑥2

 ;  
𝑔14𝑔23
𝑔13𝑔24

=
(1 − 𝑦1)(1 − 𝑦2)

(1 − 𝑥1)(1 − 𝑥2)
.  

𝑈 = 𝑥1𝑥2 ;  𝑉 = (1 − 𝑥1)(1 − 𝑥2) ;  𝜎 =
1

𝑦1𝑦2
 ;  𝜏 =

(1 − 𝑦1)(1 − 𝑦2)

𝑦1𝑦2
.  

𝐹𝛾,𝜆 = [𝑃𝜆 + 𝑃𝜆+◻ +⋯] = ∑  

𝜇:𝜆⊆𝜇

  (𝑇𝛾)𝜇
𝜇
𝑃𝜇  

𝐵𝛾,𝜆 = 𝒫𝑝⃗ [𝑘 + 𝑆(𝑥1, 𝑥2, 𝑦1, 𝑦2) +
∏  𝑖𝑗   (𝑥𝑖 − 𝑦𝑗)

(𝑦1𝑦2)
2 𝐻(𝑥1, 𝑥2, 𝑦1, 𝑦2)]  

𝑆 =
∏  𝑖𝑗   (𝑥𝑖 − 𝑦𝑗)

(𝑥1 − 𝑥2)(𝑦1 − 𝑦2)
[

𝑓(𝑥2, 𝑦1)

𝑥2𝑦1(𝑥1 − 𝑦2)
+

𝑓(𝑥1, 𝑦2)

𝑥1𝑦2(𝑥2 − 𝑦1)
−

𝑓(𝑥1, 𝑦1)

𝑥1𝑦1(𝑥2 − 𝑦2)
−

𝑓(𝑥2, 𝑦2)

𝑥2𝑦2(𝑥1 − 𝑦1)
]  

∏  𝑖𝑗   (𝑥𝑖 − 𝑦𝑗)

(𝑦1𝑦2)
2 = ℐ(𝑈, 𝑉, 𝜎, 𝜏)  

𝐻𝛾,𝜆 = (−1)𝜆1−𝜆2 (
𝑥1𝑥2
𝑦1𝑦2

)
𝛽 (𝐹𝜆1(𝑥1)𝐹𝜆2−1(𝑥2) − 𝑥1 ↔ 𝑥2)

𝑥1 − 𝑥2

(𝐺𝜆1′ (𝑦1)𝐺𝜆2′−1(𝑦2) − 𝑦1 ↔ 𝑦2)

𝑦1 − 𝑦2
 

𝐹𝜆(𝑧) = 𝑧𝜆−1 2𝐹1 [
𝜆 +

𝛾 − 𝑝12
2

, 𝜆 +
𝛾 − 𝑝43
2

; 𝑧

2𝜆 + 𝛾
]

𝐺𝜆(𝑧) = 𝑧𝜆+1 2𝐹1 [
𝜆 −

𝛾 − 𝑝12
2

, 𝜆 −
𝛾 − 𝑝43
2

; 𝑧

2𝜆 − 𝛾
]

 

𝜆1 = 2 + 𝑙 +
𝜏 − 𝛾

2
 ;  𝜆2 = 2 +

𝜏 − 𝛾

2
 ;  𝜆1

′ = −
𝑏 − 𝛾

2
 ; 𝜆2

′ = −𝑎 −
𝑏 − 𝛾

2
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𝐻𝜏,𝑙,[𝑎𝑏𝑎] = (−1)𝑙(𝑥1𝑥2)
𝜏−𝛾min

2

𝑥1
𝑙+1 2𝐹1 [

2 +
𝜏
2
+ 𝑙 −

𝑝12
2
, 2 +

𝜏
2
+ 𝑙 −

𝑝43
2

4 + 𝜏 + 2𝑙
; 𝑥1]  2𝐹1 [

1 +
𝜏
2
−
𝑝12
2
, 1 +

𝜏
2
−
𝑝43
2

2 + 𝜏
; 𝑥2] − 𝑥1 ↔ 𝑥2

(𝑥1 − 𝑥2)
×

1

(𝑦1𝑦2)
𝑏−𝛾min

2

𝑦1𝑦2
−𝑎 2𝐹1 [

−1 −
𝑏
2
− 𝑎 +

𝑝12
2
,−1 −

𝑏
2
− 𝑎 +

𝑝43
2

−2 − 𝑏 − 2𝑎
; 𝑦2]  2𝐹1 [

−
𝑏
2
+
𝑝12
2
,−

𝑏
2
+
𝑝43
2

−𝑏
; 𝑦1] − 𝑦1 ↔ 𝑦2

(𝑦1 − 𝑦2)

 

𝑓
𝛾,[𝜆,1𝜆

′−1]
(𝑥, 𝑦) = (−1)𝜆 (

𝑥

𝑦
)
𝛽

[𝑥𝜆 2𝐹1 [𝜆 +
𝛾 − 𝑝12
2

, 𝜆 +
𝛾 − 𝑝43
2

; 𝑥] 𝑦𝜆
′
 2𝐹1 [

𝜆′ −
𝛾 − 𝑝12
2

, 𝜆 −
𝛾 − 𝑝43
2

2𝜆′ − 𝛾
; 𝑦]]]  

𝐻
𝛾,[𝜆,1𝜆

′−1]
= (−1)𝜆−1∑  

𝛽

ℎ=1

 (
𝑥1𝑥2
𝑦1𝑦2

)
𝛽 (𝐹1−ℎ(𝑥1)𝐹𝜆(𝑥2) − 𝑥1 ↔ 𝑥2)

𝑥1 − 𝑥2

(𝐺ℎ(𝑦1)𝐺𝜆′(𝑦2) − 𝑦1 ↔ 𝑦2)

𝑦1 − 𝑦2
 

𝐵
𝛾,[𝜆,1𝜆

′−1]
|
𝑥2=𝑦2

=
(𝑥1 − 𝑦1)

𝑥1𝑦1
𝑓
𝛾,[𝜆,1𝜆

′−1]  

𝑓
𝛾,[𝜆,1𝜆

′
−1]
(𝑥, 𝑦) + 𝑓

𝛾+2,[𝜆−1,1𝜆
′
]
(𝑥, 𝑦) = 0  

𝐵
𝛾,[𝜆,1𝜆

′−1]

ℒ = 𝐵
𝛾,[𝜆,1𝜆

′−1]
+ 𝐵

𝛾+2,[𝜆−1,1𝜆
′
]
=
∏  𝑖𝑗   (𝑥𝑖 − 𝑦𝑗)

(𝑦1𝑦2)
2

ℋ𝜏=𝛾,𝑙=𝜆−2,𝑎=𝜆′−1,𝑏=𝛾−2𝜆′  

𝐵
𝛾,[𝜆,1𝜆

′−1]
= 𝐵

𝛾,[𝜆,1𝜆
′−1]

ℒ − 𝐵
𝛾+2,[𝜆−1,1𝜆

′
]  

𝑓𝛾,[∅](𝑥, 𝑦) = (
𝑥1
𝑦1
)
𝛽

∑  

𝛽

ℎ=1

 𝑥1−ℎ 2𝐹1 [1 − ℎ +
𝛾 − 𝑝12
2

, 1 − ℎ +
𝛾 − 𝑝43
2

; 𝑥] 𝑦ℎ  2𝐹1 [
ℎ −

𝛾 − 𝑝12
2

, ℎ −
𝛾 − 𝑝43
2

2ℎ − 𝛾
, 𝑦]  

𝐻𝛾,[∅] = (
𝑥1𝑥2
𝑦1𝑦2

)
𝛽

∑  

1≤𝑖<𝑗≤𝛽

 
[𝐹1−𝑖(𝑥1)𝐹1−𝑗(𝑥2) − 𝑥1 ↔ 𝑥2]

𝑥1 − 𝑥2

[𝐺𝑖(𝑦1)𝐺𝑗(𝑦2) − 𝑦1 ↔ 𝑦2]

𝑦1 − 𝑦2
 

⟨𝒪2
𝑛𝒪2

𝑛𝒪2𝒪2⟩ 

𝜕𝐻𝜏,𝑙,[𝑎𝑏𝑎] ≡ 𝑈𝜏/2𝜕𝜏𝑈
−𝜏/2𝐻𝜏,𝑙,[𝑎𝑏𝑎]  

𝐶[2𝑛][2𝑛];𝒟  = 𝐶[2𝑛][2𝑛];𝒟
(0)

+
1

𝑎
𝐶[2𝑛][2𝑛];𝒟
(1)

+
1

𝑎2
𝐶[2𝑛][2𝑛];𝒟
(2)

+⋯

Δ𝒟𝜏,𝑙  = 𝜏 + 𝑙 +
2

𝑎
𝜂(1);𝒟 +

2

𝑎2
𝜂(2);𝒟 +⋯

 

log1 (𝑈)  × [𝐶[2𝑛][2𝑛]
(0)

𝜂(1)𝐶22
(0)
𝐻𝜏,𝑙,[𝑎𝑏𝑎]]

log0 (𝑈)  × [2𝐶[2𝑛][2𝑛]
(0)

𝜂(1)𝐶22
(0)
𝜕𝐻𝜏,𝑙,[𝑎𝑏𝑎] + [𝐶[2𝑛][2𝑛]

(1)
𝐶22
(0)
+ 𝐶[2𝑛][2𝑛]

(0)
𝐶22
(1)
]𝐻𝜏,𝑙,[𝑎𝑏𝑎]]

 

log2 (𝑈) × [
1

2
𝐶[2𝑛][2𝑛]
(0)

𝜂(1)
2 𝐶22

(0)
𝐻𝜏,𝑙,[𝑎𝑏𝑎]]

log1 (𝑈) × [2𝐶[2𝑛][2𝑛]
(0)

𝜂(1)
2 𝐶22

(0)
𝜕𝐻𝜏,𝑙,[𝑎𝑏𝑎] + [𝐶[2𝑛][2𝑛]

(0)
𝜂(2)𝐶22

(0)
+ 𝐶[2𝑛][2𝑛]

(1)
𝜂(1)𝐶22

(0)
+ 𝐶[2𝑛][2𝑛]

(0)
𝜂(1)𝐶22

(1)
] 𝐻𝜏,𝑙,[𝑎𝑏𝑎]]

log0 (𝑈) × [2𝐶[2𝑛][2𝑛]
(0)

𝜂(1)
2 𝐶22

(0)
𝜕2𝐻𝜏,𝑙,[𝑎𝑏𝑎] + 2 ∑  

𝑖+𝑎+𝑗=2

 𝐶[2𝑛][2𝑛]
(𝑖)

𝜂(𝑎)𝐶22
(𝑗)
𝜕𝐻𝜏,𝑙,[𝑎𝑏𝑎] +

 + [𝐶[2𝑛][2𝑛]2
(1)

𝐶22
(1)
+ 𝐶[2𝑛][2𝑛]

(2)
𝐶22
(0)
+ 𝐶[2𝑛][2𝑛]

(0)
𝐶22
(2)
] 𝐻𝜏,𝑙,[𝑎𝑏𝑎]
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log3 (𝑈) × [
1

6
𝐶[2𝑛][2𝑛]
(0)

𝜂(1)
3 𝐶22

(0)
𝐻𝜏,𝑙,[𝑎𝑏𝑎]]

log2 (𝑈) ×

[
 
 
 

𝐶[2𝑛][2𝑛]
(0)

𝜂(1)
3 𝐶22

(0)
𝜕𝐻𝜏,𝑙,[𝑎𝑏𝑎] +

1

2
∑  

𝑖+𝑎+𝑏+𝑗=3
𝑎,𝑏≤2

 𝐶[2𝑛][2𝑛]
(𝑖)

𝜂(𝑎)𝜂(𝑏)𝐶22
(𝑗)
𝐻𝜏,𝑙,[𝑎𝑏𝑎]

]
 
 
 

log1 (𝑈) ×

[
 
 
 

2𝐶[2𝑛][2𝑛]
(0)

𝜂(1)
3 𝐶22

(0)
𝜕2𝐻𝜏,𝑙,[𝑎𝑏𝑎] + 2 ∑  

𝑖+𝑎+𝑏+𝑗=3
𝑎,𝑏≤2

 𝐶[2𝑛][2𝑛]
(𝑖)

𝜂(𝑎)𝜂(𝑏)𝐶22
(𝑗)
𝜕𝐻𝜏,𝑙,[𝑎𝑏𝑎] + ∑  

𝑖+𝑎+𝑗=3
𝑎≤3

 𝐶[2𝑛][2𝑛]
(𝑖)

𝜂(𝑎)𝐶22
(𝑗)
𝐻𝜏,𝑙,[𝑎𝑏𝑎]

]
 
 
 

 

log0 (𝑈) ×

[
 
 
 
4

3
𝐶[2𝑛][2𝑛]
(0)

𝜂(1)
3 𝐶22

(0)
𝜕3𝐻𝜏,𝑙,[𝑎𝑏𝑎] + 2 ∑  

𝑖+𝑎+𝑏+𝑗=3
𝑎,𝑏≤2

 𝐶[2𝑛][2𝑛]
(𝑖)

𝜂(𝑎)𝜂(𝑏)𝐶22
(𝑗)
𝜕𝐻𝜏,𝑙,[𝑎𝑏𝑎]

2

+ ∑  
𝑖+𝑎+𝑗=3
𝑎≤3

 𝐶[2𝑛][2𝑛]
(𝑖)

𝜂(𝑎)𝐶22
(𝑗)
𝜕𝐻𝜏,𝑙,[𝑎𝑏𝑎] + ∑  

𝑖+𝑗=3

 𝐶[2𝑛][2𝑛]
(𝑖)

𝐶22
(𝑗)
𝜕𝐻𝜏,𝑙,[𝑎𝑏𝑎]

]
 
 
 

 

𝐶[2𝑛][2𝑛];𝒯  =
1

√𝑎
[𝐶[2𝑛][2𝑛];𝒯

(
1
2
)

+
1

𝑎
𝐶[2𝑛][2𝑛];𝒯
(
3
2
)

+ +⋯]

Δ𝒯𝜏,𝑙  = 𝜏 + 𝑙 +
2

𝑎
𝜂(1);𝒯 +

2

𝑎2
𝜂(2);𝒯 +⋯

 

log1 (𝑈) × 0 + log0 (𝑈) × [𝐶[2𝑛][2𝑛]
(
1
2
)

𝐶22
(
1
2
)
]𝐻𝜏,𝑙,[𝑎𝑏𝑎]  

log2 (𝑈) × 0 + log1 (𝑈) × [𝐶[2𝑛][2𝑛]
(
1
2
)

𝜂(1)𝐶22
(
1
2
)
𝐻𝜏,𝑙,[𝑎𝑏𝑎]]

log0 (𝑈) × [2𝐶[2𝑛][2𝑛]
(
1
2
)

𝜂(1)𝐶22
(
1
2
)
𝜕𝐻𝜏,𝑙,[𝑎𝑏𝑎] + [𝐶[2𝑛][2𝑛]

(
1
2
)

𝐶22
(
3
2
)
+ 𝐶[2𝑛][2𝑛]

(
3
2
)

𝐶22
(
1
2
)
]𝐻𝜏,𝑙,[𝑎𝑏𝑎]]

 

log3 (𝑈) × 0 + log2 (𝑈) × [
1

2
𝐶[2𝑛][2𝑛]
(
1
2
)

𝜂(1)
2 𝐶22

(
1
2
)
𝐻𝜏,𝑙,[𝑎𝑏𝑎]]

log1 (𝑈) × [2𝐶[2𝑛][2𝑛]
(
1
2
)

𝜂(1)
2 𝐶22

(
1
2
)
𝜕𝐻𝜏,𝑙,[𝑎𝑏𝑎] + [𝐶[2𝑛][2𝑛]

(
1
2
)

𝜂(2)𝐶22
(
1
2
)
+ 𝐶[2𝑛][2𝑛]

(
3
2
)

𝜂(1)𝐶22
(
1
2
)
+ 𝐶[2𝑛][2𝑛]

(
1
2
)

𝜂(1)𝐶22
(
3
2
)
]𝐻𝜏,𝑙,[𝑎𝑏𝑎]]

log0 (𝑈) × [2𝐶[2𝑛][2𝑛]
(
1
2
)

𝜂(1)
2 𝐶22

(
1
2
)
𝜕2𝐻𝜏,𝑙,[𝑎𝑏𝑎] + 2 [𝐶[2𝑛][2𝑛]

(
1
2
)

𝜂(2)𝐶22
(
1
2
)
+ 𝐶[2𝑛][2𝑛]

(
3
2
)

𝜂(1)𝐶22
(
1
2
)
+ 𝐶[2𝑛][2𝑛]

(
1
2
)

𝜂(1)𝐶22
(
3
2
)
] 𝜕𝐻𝜏,𝑙,[𝑎𝑏𝑎]

+[𝐶[2𝑛][2𝑛]2
(
3
2
)

𝐶22
(
3
2
)
+ 𝐶[2𝑛][2𝑛]

(
5
2
)

𝐶22
(
1
2
)
+ 𝐶[2𝑛][2𝑛]

(
1
2
)

𝐶22
(
5
2
)
]𝐻𝜏,𝑙,[𝑎𝑏𝑎]

 

𝐺 = 𝒫𝑝⃗ ×
𝑈𝑎

𝑉𝑏
𝜎𝑖𝜏𝑗 ;  𝑎 =

𝛾 − 𝛾min
2

 ;  𝑏, 𝑖, 𝑗 ≥ 0  

𝐺|𝑥1=𝑦1
𝑥2=𝑦2

 = 𝒫𝑝⃗ × 𝑘

𝐺|𝑥2=𝑦2  = 𝒫𝑝⃗ × [𝑘 +
(𝑥1 − 𝑦1)

𝑥1𝑦1
𝑓𝐺(𝑥1, 𝑦1)]

𝐺 = 𝒫𝑝⃗ × [𝑘 + 𝑆(𝑥1, 𝑥2, 𝑦1, 𝑦2) +
∏  𝑖𝑗   (𝑥𝑖 − 𝑦𝑗)

(𝑦1𝑦2)
2 𝐻𝐺(𝑥1, 𝑥2, 𝑦1, 𝑦2)]

 

𝑓𝐺(𝑥, 𝑦) = ∑  

𝛽

ℎ=1

 𝑓𝐺,ℎ(𝑥) [𝑦
ℎ−𝛽  2𝐹1 [

ℎ −
𝛾 − 𝑝12
2

, ℎ −
𝛾 − 𝑝43
2

2ℎ − 𝛾
, 𝑦]]  

𝑓𝐺,ℎ(𝑥) = ∑  

𝜆≥1−ℎ

 𝑐ℎ,𝜆 [𝑥
𝛽+𝜆 2𝐹1 [

𝜆 +
𝛾 − 𝑝12
2

, 𝜆 +
𝛾 − 𝑝43
2

; 𝑥1]

2𝜆 + 𝛾
]  
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𝒢2222 = 𝑈2𝜎2 +
𝑈2𝜏2

𝑉2
+
4

𝑎

𝑈2𝜎𝜏

𝑉
 

𝑓𝜆′=1(𝑥1)  =
𝑥1
2(2 − 2𝑥1 + 𝑥1

2)

(𝑥1 − 1)2
−
4

𝑎

𝑥1
2

𝑥1 − 1

𝑓𝜆′=2(𝑥1)  =
1

2

(𝑥1 − 2)𝑥1(−2 + 2𝑥1 + 𝑥1
2)

(𝑥1 − 1)2
+
2

𝑎

𝑥1(𝑥1 − 2)

𝑥1 − 1

 

𝐴𝒮,4,𝑙,[020]
2222 = [(𝑙 + 3)(𝑙 + 4) +

4

𝑎
]
2(𝑙 + 3)!2

(2𝑙 + 6)

1 + (−1)𝑙

2
 

𝒫22222 = 8𝑎2√𝑎 + 2𝑔12𝑔14𝑔24𝑔34
2  ;  𝒢22222 =

4√𝑎 + 2

𝑎
[1 + 𝑈𝜎 +

𝑈𝜏

𝑉
]  

|𝒪2𝒪2|√|𝒪2𝒪2||𝒪2
2𝒪2

2|𝛾min = 2 

𝑓𝜆′=1(𝑥1) =
4√𝑎 + 2

𝑎
[𝑥1 +

𝑥1
1 − 𝑥1

]  

𝐴𝒮,4,[020]
22222 =

4√𝑎 + 2

𝑎
(𝑙 + 4)

2(𝑙 + 3)!2

(2𝑙 + 6)!

1 + (−1)𝑙

2
 

𝐺 = 𝒫222222 [
8

𝑎
𝑈𝜎 +

24

𝑎

𝑈𝜏

𝑉
] 

𝑓𝜆′=1(𝑥1) =
8

𝑎
𝑥1 +

24

𝑎

𝑥1
1 − 𝑥1

 

𝐴4,𝑙,[020] =
4

𝑎
[(𝑙 + 3)(𝑙 + 4) + (−1)𝑙6]

(𝑙 + 2)! (𝑙 + 4)!

(2𝑙 + 6)!
 

𝒢[22][22]22 = [
8

𝑎
𝑈𝜎 +

8

𝑎

𝑈𝜏

𝑉
] 

𝑓𝜆′=1(𝑥1) =
8

𝑎
[𝑥1 +

𝑥1
1 − 𝑥1

]  

[𝐶[22][22];𝒟4
(1)

− 2𝐶22;𝒟4
(1)

] 𝐶22;𝒟4
(0)

=
4

3
(𝑙 + 2)(𝑙 + 5)

(𝑙 + 3)!2

(2𝑙 + 6)!

1 + (−1)𝑙

2
 

𝐶[22][22];𝒟4
(1)

=

4
3
(𝑙 + 2)(𝑙 + 5)

(𝑙 + 3)!2

(2𝑙 + 6)!

𝐶22;𝒟4
(0)

1 + (−1)𝑙

2
+ 2𝐶22;𝒟4

(1)  

𝐶22;𝒟4
(0)

 = √
(𝑙 + 1)(𝑙 + 6)

3

(𝑙 + 3)!

√(2𝑙 + 6)!

1 + (−1)𝑙

2

𝐶22;𝒟4
(1)

 =

2
3
− 8(1 + 2𝜓(0)(𝑙 + 4) − 2𝜓(0)(2𝑙 + 7))

√(𝑙 + 1)(𝑙 + 6)
3

(𝑙 + 3)!

√(2𝑙 + 6)!

1 + (−1)𝑙

2

 

𝐶[22][22];𝒟4
(1)

=

4
3
(𝑙 + 2)(𝑙 + 5) +

4
3
− 16(1 + 2𝜓(0)(𝑙 + 4) − 2𝜓(0)(2𝑙 + 7))

√(𝑙 + 1)(𝑙 + 6)
3

(𝑙 + 3)!

√(2𝑙 + 6)!

1 + (−1)𝑙

2  

𝐶[22][22];𝒪23 ∼
1

𝑁
 ; 𝐶22;𝒪23 ∼

1

𝑁
 



pág. 3046 

𝒞̂[22][22]22|1
𝑎
− 2𝒞̂2222|1

𝑎
=  ∑  

𝑙

  [𝐶[22][22];𝒟4
(1)

− 2𝐶22;𝒟4
(1)

] 𝐶22;𝒟4
(0)

𝐵4,𝑙,[000]
ℒ +

 ∑  

𝑙,𝒟6

  [𝐶[22][22];𝒟6
(1)

− 2𝐶22;𝒟6
(1)

] 𝐶22;𝒟6
(0)

𝐵6,𝑙,[000]
ℒ +∑  

𝑙,𝒯6

  [𝐶
[22][22];𝒯6

(
1
2
)

− 2𝐶
22;𝒯6

(
1
2
)
] 𝐶

22;𝒯6

(
1
2
)
𝐵6,𝑙,[000]
ℒ

 +ℌ

 

𝒞̂[22][22]22|log (𝑈)
𝑎2

− 2𝒞̂2222|log (𝑈)
𝑎2

=∑  

𝑙

  [𝐶[22][22];𝒟4
(1)

− 2𝐶22;𝒟4
(1)

] 𝜂𝒟4𝐶22;𝒟4
(0)

𝐵4,𝑙,[000]
ℒ +

 ∑  

𝑙,𝒟6

  [𝐶[22][22];𝒟6
(1)

− 2𝐶22;𝒟6
(1)

] 𝜂𝒟6𝐶22;𝒟6
(0)

𝐵6,𝑙,[000]
ℒ +∑  

𝑙,𝒯6

  [𝐶
[22][22];𝒯6

(
1
2
)

− 2𝐶22;𝒯6

(
1
2
)
] 𝜂𝒯6𝐶22;𝒯6

(
1
2
)
𝐵6,𝑙,[000]
ℒ

 +ℌ 

 

𝐶22;𝒯6

(
1
2
)
≠ 0  and  𝐶

[22][22];𝒯6

(
1
2
)

− 2𝐶22;𝒯6

(
1
2
)
≠ 0  

ℋ[22][22]22
𝑡 |log (𝑈)

𝑎2

𝑡
= ∑  

𝑙

  [−64
(𝑙 + 2)(𝑙 + 5)

(𝑙 + 1)(𝑙 + 6)

(𝑙 + 3)!2

(2𝑙 + 6)!

1 + (−1)𝑙

2
]𝐻4,𝑙,[000] +

 ∑  

𝑙

  [−224
(𝑙 + 4)(𝑙 + 5)

(𝑙 + 1)(𝑙 + 8)

(𝑙 + 4)!2

(2𝑙 + 8)!

1 + (−1)𝑙

2
]𝐻6,𝑙,[000] + ℌ…

 

𝐶6
(0)

= (
𝐶22;𝑂1
(0)

𝐶22;𝑂2
(0)

𝐶33;𝑂1
(0)

𝐶33;𝑂2
(0)

) ,  

𝐶𝑝𝑝,6
(1)

= [𝐶𝑝𝑝;𝑂1
(1)

, 𝐶𝑝𝑝;𝑂2
(1)

]
𝑡
 ;  2𝑝 > 6  

𝑉[22][22],6 = 𝐶6
(0)
⋅ [𝐶[22][22],6

(1)
− 2𝐶22,6

(1)
]  

𝑉[22][22],6
(1)

 = ∑  

𝒟6

 𝐶22;𝒟6
(0)

[𝐶[22][22];𝒟6
(1)

− 2𝐶22;𝒟6
(1)

]

𝑉[22][22],6
(2)

 = ∑  

𝒟6

 𝐶33;𝒟6
(0)

[𝐶[22][22];𝒟6
(1)

− 2𝐶22;𝒟6
(1)

]
 

𝒞̂[22][22]22|1
𝑎
− 2𝒞̂2222|1

𝑎
 ;  𝒞̂[22][22]33|1

𝑎
− 2𝒞̂2233|1

𝑎
 

𝐴6 = (𝐶(0)) ⋅ (𝐶(0))
𝑡
 ;  𝑀6 = (𝐶(0)) ⋅ (

𝜂1 0
0 𝜂2

) ⋅ (𝐶(0))
𝑡

 

(𝑀6) ⋅ (𝐴6)
−1 ⋅ 𝑉[22][22],6 = {

∑ [𝐶[22][22];𝒟6
(1)

− 2𝐶22;𝒟6
(1)

] 𝜂𝒟6𝐶22;𝒟6
(0)

∑ [𝐶[22][22];𝒟6
(1)

− 2𝐶22;𝒟6
(1)

] 𝜂𝒟6𝐶33;𝒟6
(0)

 

𝒢𝑝𝑝𝑝𝑝|disco = 1 + 𝑈𝑝𝜎𝑝 +
𝑈𝑝𝜏𝑝

𝑉𝑝
 ;  𝒢2233 = 1 +

6

𝑎
[𝑈𝜎 +

𝑈𝜏

𝑉
] +

12

𝑎

𝑈2𝜎𝜏

𝑉
 

ℋ22𝑝𝑝 = −
2𝑝𝑈𝑝𝐷‾𝑝,𝑝+2,2,2

(𝑝 − 2)!
 ;  ℋ3333|[000] = −

3

2
𝑈𝑝[𝐷‾2,5,2,3 + 𝐷‾2,5,3,2 + 6𝐷‾3,5,2,2 + 8𝐷‾3,5,3,3]  

𝐴6  = +(

1

10
0

0
1

40
(𝑙 + 2)(𝑙 + 7)

) (𝑙 + 1)(𝑙 + 8)
(𝑙 + 4)!2

(2𝑙 + 8)!

𝑀6  = −6 (
4 12
12 44 + 9𝑙 + 𝑙2

)
(𝑙 + 4)!2

(2𝑙 + 8)!

 

𝒞[22][22]33|1
𝑎
= 2𝒞2233|1

𝑎
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𝒫[22][22]33  = 𝑔12
4 𝑔34

3 𝒩[22]𝒩3

𝒢[22][22]33  = 1 +
12

𝑎
[𝑈𝜎 +

𝑈𝜏

𝑉
] +

24

𝑎

𝑈2𝜎𝜏

𝑉
+

24

𝑎(𝑎 + 2)
[𝑈2𝜎2 +

𝑈2𝜏2

𝑉2
+
4𝑈2𝜎𝜏

𝑉
+ 2 [

𝑈3𝜎2𝜏

𝑉
+
𝑈3𝜎𝜏2

𝑉2
]]

 

𝒩[22]𝒩3 =
24(𝑁2 − 1)(𝑁2 − 4)(𝑁4 − 1)

𝑁
 

𝒞[22][22]33|1
𝑎
= 2𝒞2233|1

𝑎
 

𝒞̂[22][22]22|1
𝑎
− 2𝒞̂2222|1

𝑎
=
4

𝑎
𝑈2𝜎2 +

4

𝑎

𝑈2𝜏2

𝑉2
+
16

𝑎

𝑈2𝜎𝜏

𝑉
,  

𝑉[22][22],6 = [
4 + 9𝑙 + 𝑙2

5

(𝑙 + 4)!2

(2𝑙 + 8)!
, 0]

1 + (−1)𝑙

2
.  

∑ [𝐶[22][22];𝒟6
(1)

− 2𝐶22;𝒟6
(1)

] 𝜂𝒟6𝐶22;𝒟6
(0)

= −96
(𝑙2 + 9𝑙 + 4)

(𝑙 + 1)(𝑙 + 8)

(𝑙 + 4)!2

(2𝑙 + 8)!

1 + (−1)𝑙

2
 

ℋ = ∑  

𝜏,𝑙,[𝑎𝑏𝑎]

 𝐴𝜏,𝑙,[𝑎𝑏𝑎]𝐻𝜏,𝑙,[𝑎𝑏𝑎]  

𝔽𝜏,𝑙 =
(
𝜏
2
+ 1) !2 (𝑙 +

𝜏
2
) !2

48𝜏! (2𝑙 + 𝜏 + 2)!
 ;  𝑇 =

𝜏 + 1

2
 ;  𝐿 = 𝑙 +

𝜏 + 3

2
 

𝒫2[22]2[22] (𝑈
2𝜎2 +

2𝑈2𝜏2

𝑉2
) 

 

ℝ𝜏,𝑙 = (𝑙 + 1)(2𝑙 + 𝜏 + 4)(2𝑙 + 𝜏 + 2)(𝜏 + 2 + 𝑙) ((−1)𝑙
96

𝜏(𝜏 + 2)
−
1

4
+ 𝐿2)  

𝐴6,𝑙 =
2

15
(𝑙 + 1)(𝑙 + 4)(𝑙 + 5)(𝑙 + 8) [

1

2
(𝑙 + 3)(𝑙 + 6) + 2

1 + (−1)𝑙

2
]
(𝑙 + 3)!2

(2𝑙 + 8)!
 

ℝ𝜏,𝑙 = ℝ𝜏,𝑙
−
1 − (−1)𝑙

2
+ ℝ𝜏,𝑙

+
1 + (−1)𝑙

2
 

ℝ𝜏,𝑙
− = −

(−4 + 𝜏)(−2 + 𝜏)(𝜏 + 4)(𝜏 + 6)

2
[(𝑙 + 1)(𝑙 + 𝜏 + 2) (𝐿2 −

96

𝜏(𝜏 + 2)
−
3

5
𝑇2 +

71

10
)]

ℝ𝜏,𝑙
+ = ℝ𝜏,𝑙

− − 24
(−4 + 𝜏)(−2 + 𝜏)(𝜏 + 4)(𝜏 + 6)

𝜏(𝜏 + 2)
(2 + 2𝑙 + 𝜏)(4 + 2𝑙 + 𝜏)

 

𝐴6,𝑙 = −8 [(𝑙 + 2)(𝑙 + 7)(16 + 9𝑙 + 𝑙2)
1 + (−1)𝑙

2
+ (𝑙 + 1)(𝑙 + 3)(𝑙 + 6)(𝑙 + 8)

1 − (−1)𝑙

2
]
(𝑙 + 3)!2

(2𝑙 + 8)!
 

𝐴6,𝑙 = 32(−1)𝑙+1 [
3(𝑙 + 1)(𝑙 + 3)(𝑙 + 6)(𝑙 + 8)

(𝑙 + 4)(𝑙 + 5)
− ((2𝑙 + 9)2 − 37)

1 + (−1)𝑙

2
]
(𝑙 + 3)!2

(2𝑙 + 8)!
 

ℝ𝜏,𝑙 = 32
(𝑙 + 1)(𝑙 + 𝜏 + 2)

𝜏2(𝜏 + 2)2
(−1)𝑙+1 [2 (

𝜏

2
− 2)

6
[96 +

8

15
(
𝜏

2
− 2)

6
(
1

2
−
1 + (−1)𝑙

2
(1 +

3

(𝑙 + 1)(𝑙 + 𝜏 + 2)
))] + Σ𝜏,𝑙]  

Σ𝜏,𝑙 =∑  

𝜏−6
2

𝑖=0

 
(−1)𝑖(𝑇 − 𝐼 − 2)5(𝑇 + 𝐼 − 2)5 × 𝐼 × ∑  3

𝑗=0  𝐵𝑗(𝑇 − 𝐼)2𝑗

𝐿2 − 𝐼2
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𝐵0  =
(−5 + 𝐼 + 𝑇)(−3 + 𝐼 + 𝑇)(3 + 𝐼 + 𝑇)(5 + 𝐼 + 𝑇)(1191 − 71(𝐼 + 𝑇)2)

92400

𝐵1  =
−508221 + 100379(𝐼 + 𝑇)2 − 2979(𝐼 + 𝑇)4 − 59(𝐼 + 𝑇)6

831600

𝐵2  =
32445 − 2979(𝐼 + 𝑇)2 − 1330(𝐼 + 𝑇)4 + 64(𝐼 + 𝑇)6

831600

𝐵3  =
−639 − 59(𝐼 + 𝑇)2 + 64(𝐼 + 𝑇)4 + 4(𝐼 + 𝑇)6

831600

 

𝐴6,𝑙 = −192
(𝑙 + 3)!2

(2𝑙 + 8)!
[

[(82 + 45𝑙 + 5𝑙2) −
16

(𝑙 + 3)
+

16

(𝑙 + 6)
− 4(𝑙 + 2)(𝑙 + 7)HarmonicNumber(𝑙 + 4)]

1 + (−1)𝑙

2
+

[(86 + 45𝑙 + 5𝑙2) −
24

(𝑙 + 4)
+

24

(𝑙 + 5)
− 4(𝑙 + 2)(𝑙 + 7)HarmonicNumber(𝑙 + 4)]

1 − (−1)𝑙

2
]

 

 

[ 𝐧 = 𝟎 ] 
1

15
(𝑙 + 1)(𝑙 + 4)2(𝑙 + 5)2(𝑙 + 8)

(𝑙 + 3)!2

(2𝑙 + 8)!
 

[ 𝐧 = 𝟏] −8(𝑙 + 4)(𝑙 + 5) ((𝑙 + 1)(𝑙 + 8) + 24
1 + (−1)𝑙

2
)
(𝑙 + 3)!2

(2𝑙 + 8)!
 

[n = 2] 480(𝑙 + 1)(𝑙 + 8) (84 + (84 +
1008

(𝑙 + 1)(𝑙 + 8)
)
1 + (−1)𝑙

2
)
(𝑙 + 3)!2

(2𝑙 + 8)!
 

 

𝒞̂[1𝑛][1𝑛]11 =  free +
(𝑥1 − 𝑦1)(𝑥2 − 𝑦2)

𝑦1𝑦2
ℋ[1𝑛][1𝑛]11(𝑈, 𝑉)  

ℋ[1𝑛][1𝑛]11 = ∮
𝑑𝑠𝑑𝑡

(2𝜋𝑖)2
Γ[−𝑠]2Γ[−𝑡]2Γ[𝑠 + 𝑡 + 2]2𝑈1+𝑠𝑉𝑡ℳ[1𝑛][1𝑛]11(𝑠, 𝑡)   

𝒞̂[2𝑛][2𝑛]22 =  free +
(𝑥1 − 𝑦1)(𝑥1 − 𝑦2)(𝑥2 − 𝑦1)(𝑥2 − 𝑦2)

(𝑦1𝑦2)
2 ℋ[2𝑛][2𝑛]22(𝑈, 𝑉)  

ℋ[2𝑛][2𝑛]22 = ∮
𝑑𝑠𝑑𝑡

(2𝜋𝑖)2
Γ[−𝑠]2Γ[−𝑡]2Γ[𝑠 + 𝑡 + 4]2𝑈2+𝑠𝑉𝑡ℳ[2𝑛][2𝑛]22(𝑠, 𝑡)   

𝒫𝐿(𝑧, 𝑧‾) = ∑  

𝐿

𝑟=0

 
(−1)𝑟

𝑟!
𝐵 [
2𝐿 − 𝑟
𝐿

] log𝑟  (𝑧𝑧‾)(Li2𝐿−𝑟(𝑧) − Li2𝐿−𝑟(𝑧‾))  

𝒫0(𝑧, 𝑧‾) = −
𝑧

𝑧 − 1
+

𝑧‾

𝑧‾ − 1
𝒫1(𝑧, 𝑧‾) = log (𝑧, 𝑧‾)(log (1 − 𝑧) − log (1 − 𝑧‾)) + 2(Li2(𝑧) − Li2(𝑧‾))

𝒫2(𝑧, 𝑧‾) =
1

2
log2 (𝑧, 𝑧‾)(Li2(𝑧) − Li2(𝑧‾)) − 3log (𝑧, 𝑧‾)(Li3(𝑧) − Li3(𝑧‾)) + 6(Li4(𝑧) − Li4(𝑧‾))
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𝒫𝐿 (
1

𝑧
,
1

𝑧
) = −𝒫𝐿(𝑧, 𝑧‾)  

𝒫𝐿(𝑧, 𝑧‾) ; 𝒫𝐿 (
𝑧

𝑧 − 1
,
𝑧‾

𝑧‾ − 1
) ;  𝒫𝐿(1 − 𝑧, 1 − 𝑧‾)  

Φ(𝐿)(𝑧, 𝑧‾) = −
1

𝑧 − 𝑧‾
𝒫𝐿 (

𝑧

𝑧 − 1
,
𝑧

𝑧‾ − 1
)  

𝑈𝑉

𝑧 − 𝑧‾
𝜕𝑧𝜕𝑧‾[(𝑧 − 𝑧‾)Φ

𝐿(𝑧, 𝑧‾)] = −Φ(𝐿−1)(𝑧, 𝑧‾) ;  Φ(0) = 1  

𝑈 = (1 − 𝑧)(1 − 𝑧‾) ;  𝑉 = 𝑧𝑧‾  

Φ(𝐿)(1 − 𝑧, 1 − 𝑧‾) = Φ(𝐿)(𝑧, 𝑧‾)  

Φ(𝐿)(𝑧, 𝑧‾)|
log𝐿 (𝑈)log𝐿 (𝑉)

=
1

(𝐿!)2
1

𝑧 − 𝑧‾
 

𝜁 = 𝑈 + ∑  

𝑛,𝑚≥1

 
𝑈𝑛

𝑛!

𝑉𝑚

𝑚!

(𝑚 + 𝑛 − 1)! (𝑚 + 𝑛 − 2)!

(𝑛 − 1)! (𝑚 − 1)!

𝑧‾ = 𝑉 + ∑  

𝑛,𝑚≥1

 
𝑈𝑛

𝑛!

𝑉𝑚

𝑚!

(𝑚 + 𝑛 − 1)! (𝑚 + 𝑛 − 2)!

(𝑛 − 1)! (𝑚 − 1)!

 

Φ(𝐿)(𝑈, 𝑉)|
log𝐿 (𝑈)log𝐿 (𝑉)

=
1

(𝐿!)2
1

1 − 𝜁 − 𝑧‾
=

1

(𝐿!)2
∑  

𝑚,𝑛,≥0

 
𝑈𝑛𝑉𝑚

𝑛!𝑚!
×
(𝑚 + 𝑛)!2

𝑛!𝑚!  

Φ(𝐿) = ∮
𝑈𝑠𝑉𝑡

(2𝜋𝑖)2
Γ[−𝑠]2Γ[−𝑡]2Γ[−𝑢]2𝒦(𝐿)(𝑠, 𝑡) ;  𝑢 = −𝑠 − 𝑡 − 1 ;  𝐿 ≥ 1   

Δ𝑠𝑡[𝒦
(𝐿)]: = −𝑠𝑡𝒦(𝐿)[𝑠, 𝑡] +

𝑠2𝑡

𝑠 + 𝑡
𝒦(𝐿)[𝑠 − 1, 𝑡] +

𝑡2𝑠

𝑠 + 𝑡
𝒦(𝐿)[𝑠, 𝑡 − 1]  

Δ𝑠𝑡[𝒦
(𝐿)] = −𝒦(𝐿−1)(𝑠, 𝑡)  

𝒦(𝐿)(𝑠, 𝑡) =
1

(𝑠 − 𝑛)𝐿−1(𝑡 − 𝑚)𝐿−1
+ ∫⟨↺ | ↻⟩𝑛,𝑚 ∈ ℕ

⇜

⇝

 

𝒦(2)(𝑠, 𝑡) =
2

(2!)2
[−Ψ1

2 +Ψ2 − 𝜋
2]

𝒦(3)(𝑠, 𝑡) =
3

(3!)2
[+Ψ1

4 + 3Ψ2
2 − 2Ψ1Ψ3 − 2𝜋2Ψ2 − 4𝜋2𝒦(2) − 𝜋4]

𝒦(4)(𝑠, 𝑡) =
4

(4!)2
[−Ψ1

6 − 3Ψ1
4Ψ2 − 9Ψ1

2Ψ2
2 + 9Ψ2

3 + 4Ψ1
3Ψ3 − 12Ψ1Ψ2Ψ3 − 4Ψ3

2 + 3Ψ1
2Ψ4 + 3Ψ2Ψ4 +

 +𝜋2(6Ψ1
2Ψ2 − 12Ψ2

2 + 6Ψ1Ψ3 −Ψ4) − 9 × 4 × 𝜋2𝒦(3) − 6𝜋4𝒦(2) − 𝜋6]

 

Ψ𝑛(𝑠, 𝑡) = PolyGamma[𝑛 − 1,−𝑠] + (−1)𝑛PolyGamma[𝑛 − 1,−𝑡].  

𝒞(𝑧, 𝑧‾)|log 𝐿(𝑈)log𝐿 (𝑉)
(𝐿!)2

=
𝑃(𝑈, 𝑉)

(𝑧 − 𝑧‾)2𝛾+1  

𝑃(𝑈, 𝑉) =∑  

𝑎,𝑏

  𝑐𝑎𝑏𝑈
𝑎𝑉𝑏 ;  𝑐𝑎𝑏 ∈ ℝ  

𝑈𝑎𝑉𝑏

(𝑧 − 𝑧‾)2𝛾+1
=

𝛾!

(2𝛾)!
∮(−𝑈)𝑠(−𝑉)𝑡

Γ[−𝑠]Γ[−𝑡]

Γ[𝑠 + 1]Γ[𝑡 + 1]
Γ[𝑠 + 𝑡 + 𝑋]2 ×𝑚𝑎𝑏,𝛾    

𝑚𝑎𝑏,𝛾 = [(−)𝑎+𝑏
(−𝑠)𝑎(−𝑡)𝑏

(𝑠 + 1)𝛾−𝑎(𝑡 + 1)𝛾−𝑏
(𝑠 + 𝑡 + 𝑋)2𝛾+1−𝑎−𝑏−𝑋(𝑠 + 𝑡 + 𝑋)𝛾+1−𝑎−𝑏−𝑋]  
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𝐴(𝑠, 𝑡) =∑  

𝑎,𝑏

  𝑐𝑎𝑏𝑚𝑎𝑏,𝛾  

∮
𝑈𝑠𝑉𝑡

(2𝜋𝑖)2
Γ[−𝑠]2Γ[−𝑡]2Γ[−𝑢]2[𝒦(𝐿)(𝑠, 𝑡)𝐴(𝑠, 𝑡) + ⋯ ] =

log𝐿 (𝑈)log𝐿 (𝑉)

(𝐿!)2
𝑃(𝑈, 𝑉)

(𝑧 − 𝑧‾)2𝛾+1
+⋯  
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ℋ[23][23]22
𝑡 = span{𝒫3, 𝜕−𝒫3, 𝜕+𝒫3, 𝜕+𝜕−𝒫3} ∪ {4

−, 3,2,1,0}  

𝜕+𝒫3 (
𝑧

𝑧 − 1
,
𝑧‾

𝑧‾ − 1
) 

1

(𝑧 − 𝑧‾)
[𝑧(1 − 𝑧)

𝜕

𝜕𝑧
+ 𝑧‾(1 − 𝑧‾)

𝜕

𝜕𝑧‾
] [(𝑧 − 𝑧‾)∮

𝑈𝑠𝑉𝑡

(2𝜋𝑖)2
Γ[−𝑠]2Γ[−𝑡]2Γ[𝑠 + 𝑡 + 1]2𝒦(3)(𝑠, 𝑡)  ] .  

∮
1

(2𝜋𝑖)2
Γ[−𝑠]2Γ[−𝑡]2Γ[𝑠 + 𝑡 + 1]2[(𝑠 − 𝑡)𝑈𝑠𝑉𝑡 + (1 + 𝑠 + 𝑡)(𝑈𝑠𝑉𝑡+1 − 𝑈𝑠+1𝑉𝑡)]𝒦(3)(𝑠, 𝑡)   

 

∮
𝑈𝑠𝑉𝑡

(2𝜋𝑖)2
Γ[−𝑠]2Γ[−𝑡]2Γ[𝑠 + 𝑡 + 1]2 [(𝑠 − 𝑡) +

𝑡2𝒦(3)(𝑠, 𝑡 − 1) − 𝑠2𝒦(3)(𝑠 − 1, 𝑡)

𝑠 + 𝑡
]  

1

3
[Ψ1

3(𝑢, 𝑡) −
1

2
Ψ3(𝑢, 𝑡) + 𝜋2Ψ1]  

1

(𝑧 − 𝑧‾)
[𝑧
𝜕

𝜕𝑧
+ 𝑧‾

𝜕

𝜕𝑧‾
] [(𝑧 − 𝑧‾)∮

𝑈𝑠𝑉𝑡

(2𝜋𝑖)2
Γ[−𝑠]2Γ[−𝑡]2Γ[𝑠 + 𝑡 + 1]2𝒦(3)(𝑠, 𝑡) ]  

⟨𝒪2𝒪2
2𝒪2𝒪2

2⟩|𝜏=4 = 𝒫2[22]2[22]2 × [
8

𝑎
𝑈𝜎 +

24

𝑎

𝑈𝜏

𝑉
] 

𝒫2[22]2[22]2 = 16𝑎2(𝑎 + 2)𝑔12
2 𝑔24

2 𝑔34
2  

{𝒪2 ◻
𝜏−4 𝜕𝑙𝒪2, 𝒪3 ◻

𝜏−6 𝜕𝑙𝒪3, … } 

ℋ[23][23]22| 1
𝑎2
= 3ℋ[22][22]22

𝑡 | 1
𝑎2
+ 3ℋ2222| 1

𝑎2
 

Δ = 𝑚𝐾 =
𝑅

2
,  

𝑚 → ∞,  with  𝜆 =
𝑚𝑔YM

2

16𝜋2
  fixed  

⟨Φ𝐼(𝑥)⟩𝜃 =
2√𝜆

√𝑑12
(𝑒𝑖𝜃Ω𝐾

(𝑁) (𝑌1)𝐼
(𝑥 − 𝑥1)

2 + 𝑒−𝑖𝜃Ω𝐾
(𝑁) (𝑌2)𝐼

(𝑥 − 𝑥2)
2) , 𝐼 = 1,… ,6.  
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Ω𝐾
(𝑁)

=

(

 
 
 
 

𝜔1
(𝐾)

0 ⋯ 0 ⋯ 0

0 𝜔2
(𝐾)

⋯ 0 ⋯ 0

⋮ ⋮ ⋱ ⋮ ⋯ ⋮

0 0 ⋯ 𝜔𝐾
(𝐾)

⋯ 0

⋮ ⋮ ⋮ ⋮ ⋱ 0
0 0 ⋯ 0 ⋯ 0)

 
 
 
 

,  with  𝜔𝑛
(𝐾)

= 𝑒
2𝜋𝑖
𝐾
𝑛  

𝑆𝑈(𝑁) ⟶ 𝑈(1)𝐾−1 × 𝑈(𝑁 − 𝐾)  

⟨𝒪𝐾
𝑚(𝑥1, 𝑌1)𝒪𝐾

𝑚(𝑥2, 𝑌2)⟩ = (
𝑑12
4𝜋2

)
Δ

Γ(Δ + 1)(Δ)𝛼𝑁,𝐾𝐴Δ𝐵(1 + 𝑂 (
1

𝑚
)) ,  

𝛼𝑁,𝐾 =
𝐾

2
(2𝑁 − 𝐾 − 1).  

⟨𝒪𝑁
𝑚(𝑥1, 𝑌1)𝒪𝑁

𝑚(𝑥2, 𝑌2)⟩ = (
𝑑12
4𝜋2

)
Δ

𝑓𝑁(𝑚)2
−Δ𝑁2𝑚−Δ

Γ(Δ + 𝛼𝑁,𝑁 + 1)

Γ(𝛼𝑁,𝑁 + 1)
 

⟨𝒪𝐾
𝑚(𝑥1, 𝑌1)𝒪𝐾

𝑚(𝑥2, 𝑌2)𝒪(𝑥3, 𝑌3)⟩

⟨𝒪𝐾
𝑚(𝑥1, 𝑌1)𝒪𝐾

𝑚(𝑥2, 𝑌2)⟩
≃ ∫  

2𝜋

0

 
𝑑𝜃

2𝜋
⟨𝒪(𝑥3, 𝑌3)⟩𝜃  

𝒯𝑚,𝐾(𝑢, 𝑣; 𝜆) ≃
1

2𝑢
∑  

𝑠

 ((∑  

∞

ℓ=0

  (−𝑀𝑠
2)ℓ𝑃(ℓ)(𝑢, 𝑣))

2

− 1) ,  

𝑀 = √𝜆,  

𝑀(𝑖𝑗) = 2√𝜆sin (
𝑖 − 𝑗

𝐾
𝜋) , 0 ≤ 𝑖 < 𝑗 < 𝐾  

𝑇𝑝(𝑥, 𝑌) = (
𝜏2
4𝜋
)
𝑝/2

𝑌𝐼1⋯𝑌𝐼𝑝Tr(Φ
𝐼1(𝑥)⋯Φ𝐼𝑝(𝑥))  

𝜏:= 𝜏1 + i𝜏2 =
𝜃

2𝜋
+ i

4𝜋

𝑔YM
2 .  

𝑇𝐦(𝑥, 𝑌) =∏  

𝑘≥1

 𝑇𝑚𝑘
(𝑥, 𝑌)  

𝐦 = {𝑚1, 𝑚2⋯},  with  𝑚𝑖 ≥ 𝑚𝑖+1, 𝑚𝑖 ∈ {2, … , 𝑁}  

𝑅𝐦 = 2Δ𝐦 = 2∑  

𝑘≥1

 𝑚𝑘  

⟨𝑇𝐦(𝑥1, 𝑌1)𝑇𝐦′(𝑥2, 𝑌2)⟩ = 𝒩𝐦𝐦′(𝑁, 𝐾) (
𝑑12
4𝜋2

)
Δ𝐦

,∑  

𝑘=1

 𝑚𝑘 =∑  

𝑘=1

 𝑚𝑘
′  

𝑑𝑖𝑗 =
𝑌𝑖 ⋅ 𝑌𝑗

𝑥𝑖𝑗
2 ,  with  𝑥𝑖𝑗: = 𝑥𝑖 − 𝑥𝑗  

{𝑇4,4(𝑥, 𝑌), 𝑇5,3(𝑥, 𝑌), 𝑇3,3,2(𝑥, 𝑌), 𝑇4,2,2(𝑥, 𝑌), 𝑇2,2,2,2(𝑥, 𝑌)}.  

𝒪4,4(𝑥, 𝑌) = 𝑇4,4(𝑥, 𝑌) + ∑  

𝐧≠(4,4)

  𝑐𝐧
(4,4)

𝑇𝐧(𝑥, 𝑌),

𝒪5,3(𝑥, 𝑌) = 𝑇5,3(𝑥, 𝑌) + ∑  

𝐧≠(4,4),(5,3)

  𝑐𝐧
(5,3)

𝑇𝐧(𝑥, 𝑌),
 

⟨𝒪𝐦(𝑥1, 𝑌1)𝒪𝐦′(𝑥2, 𝑌2)⟩ ∝ 𝛿𝐦𝐦′  
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𝒪𝐾,…,𝐾⏟  
𝑚

(𝑥, 𝑌): = 𝒪𝐾
𝑚(𝑥, 𝑌), 𝐾 > 2.

 

⟨𝒪𝐾
𝑚(𝑥1, 𝑌1)𝒪𝐾

𝑚(𝑥2, 𝑌2)⟩ = 𝒩𝑚(𝑁, 𝐾) (
𝑑12
4𝜋2

)
𝑚𝐾

 

⟨𝒪𝐾
𝑚(𝑥1, 𝑌1)𝒪𝐾

𝑚(𝑥2, 𝑌2)𝑇𝐩(𝑥3, 𝑌3)⟩

⟨𝒪𝐾
𝑚(𝑥1, 𝑌1)𝒪𝐾

𝑚(𝑥2, 𝑌2)⟩
= ℭ𝑚𝑚𝐩(𝑁, 𝐾) × (

1

2𝜋2
𝑑23𝑑31
𝑑12

)

Δ𝐩
2
,  

⟨𝒪𝐾
𝑚(𝑥1, 𝑌1)𝒪𝐾

𝑚(𝑥2, 𝑌2)𝑇2(𝑥3, 𝑌3)𝑇2(𝑥4, 𝑌4)⟩

⟨𝒪𝐾
𝑚(𝑥1, 𝑌1)𝒪𝐾

𝑚(𝑥2, 𝑌2)⟩
= 𝒢free (𝑥𝑖 , 𝑌𝑖) + ℐ4(𝑥𝑖 , 𝑌𝑖)𝒯𝑚,𝐾(𝑢, 𝑣; 𝜏, 𝜏‾),  

ℐ4(𝑥𝑖 , 𝑌𝑖) = (
𝑑34
4𝜋2

)
2 (𝑧 − 𝛼)(𝑧 − 𝛼‾)(𝑧‾ − 𝛼)(𝑧‾ − 𝛼‾)𝑧𝑧‾

𝛼2𝛼‾2(1 − 𝑧)(1 − 𝑧‾)
 

𝑢 = 𝑧𝑧‾ =
𝑥12
2 𝑥34

2

𝑥13
2 𝑥24

2 , 𝑣 = (1 − 𝑧)(1 − 𝑧‾) =
𝑥14
2 𝑥23

2

𝑥13
2 𝑥24

2 ,  

𝛼𝛼‾ =
𝑌1 ⋅ 𝑌2𝑌3 ⋅ 𝑌4
𝑌1 ⋅ 𝑌3𝑌2 ⋅ 𝑌4

, (1 − 𝛼)(1 − 𝛼‾) =
𝑌1 ⋅ 𝑌4𝑌2 ⋅ 𝑌3
𝑌1 ⋅ 𝑌3𝑌2 ⋅ 𝑌4

 

𝑚 → ∞, 𝜏2 → ∞, 𝜆 =
𝑔YM
2 𝑚

16𝜋2
=

𝑚

4𝜋𝜏2
  fixed  

⟨𝒪𝐾
𝑚(𝑥1, 𝑌1)𝒪𝐾

𝑚(𝑥2, 𝑌2)… ⟩ =
1

𝒵
∫  𝒟[ fields ]e−𝑆SYM 𝒪𝐾

𝑚(𝑥1, 𝑌1)𝒪𝐾
𝑚(𝑥2, 𝑌2)…  

𝛿fields (−𝑆SYM + log (𝒪𝐾
𝑚(𝑥1, 𝑌1)𝒪𝐾

𝑚(𝑥2, 𝑌2))) = 0  

Φ𝐼
cl(𝑥) =

2√𝜆

√𝑑12
(𝑒𝑖𝜃Ω𝐾

(𝑁) (𝑌1)𝐼
(𝑥 − 𝑥1)

2
+ 𝑒−𝑖𝜃Ω𝐾

(𝑁) (𝑌2)𝐼
(𝑥 − 𝑥2)

2
) ,  

Ω𝐾
(𝑁)

=

(

 
 
 
 

𝜔1
(𝐾)

0 ⋯ 0 ⋯ 0

0 𝜔2
(𝐾)

⋯ 0 ⋯ 0

⋮ ⋮ ⋱ ⋮ ⋯ ⋮

0 0 ⋯ 𝜔𝐾
(𝐾)

⋯ 0

⋮ ⋮ ⋮ ⋮ ⋱ 0
0 0 ⋯ 0 ⋯ 0)

 
 
 
 

,  with  𝜔𝑛
(𝐾)

= 𝑒
2𝜋𝑖
𝐾
𝑛  

𝑆𝑈(𝑁) ⟶ 𝑈(1)𝐾−1 × 𝑈(𝑁 − 𝐾), 2 < 𝐾 ≤ 𝑁  

(𝐾 − 1)⏟    
𝑈(1)𝐾−1

+ (𝑁 − 𝐾)2⏟      
𝑈(𝑁−𝐾)

 

𝑍 =
Φ1 + 𝑖Φ2

√2
, 𝑌 =

Φ3 + 𝑖Φ4

√2
, 𝑋 =

Φ5 + 𝑖Φ6

√2
.  

𝑋cl(𝑥) = 0, 𝑌cl(𝑥) = 0, 𝑍cl(𝑥) = 2√𝜆𝑒𝑖𝜃Ω𝐾
(𝑁) |𝑥1 − 𝑥2|

(𝑥 − 𝑥1)
2 ,  

𝑋‾cl(𝑥) = 0, 𝑌‾cl(𝑥) = 0, 𝑍‾cl(𝑥) = 2√𝜆𝑒−𝑖𝜃Ω‾ 𝐾
(𝑁) |𝑥1 − 𝑥2|

(𝑥 − 𝑥2)
2
.  

Φ𝐼 = Φ𝐼
cl + 𝛿Φ𝐼  

𝑆 ⊃
2

𝑔YM
2 ∫  𝑑4𝑥

1

4
Tr (|[𝛿𝑋, 𝑍cl]|

2
+ |[𝛿𝑌, 𝑍cl]|

2
+ |[𝛿𝑍, 𝑍cl]|

2
)  

𝑚𝑖𝑗(𝑥)
2 = |𝑍𝑖

cl − 𝑍𝑗
cl|

2
=

4(𝑥1 − 𝑥2)
2

(𝑥 − 𝑥1)
2(𝑥 − 𝑥2)

2𝑀𝑖𝑗
2 ,𝑀𝑖𝑗 = √𝜆 |𝜔𝑖

(𝐾)
− 𝜔𝑗

(𝐾)
| .  
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𝑀𝑖𝑗 = √𝜆, 𝑖 = 1,… , 𝐾, 𝑗 = 𝐾 + 1,… ,𝑁.  

𝑀𝑖𝑗 = 2√𝜆sin (
𝑖 − 𝑗

𝐾
𝜋) , 1 ≤ 𝑖 < 𝑗 ≤ 𝐾  

(𝐾 − 1) + (𝑁 − 𝐾)2⏟            
massless 

+ 2𝐾(𝑁 − 𝐾)⏟      
𝑀𝑖𝑗=√𝜆

+ 𝐾(𝐾 − 1)⏟      

𝑀𝑖𝑗=2√𝜆sin (
𝑠
𝐾
𝜋)

= 𝑁2 − 1.
 

𝑀𝑠 = 2√𝜆sin (
𝑠

𝐾
𝜋) ,  with 1 ≤ 𝑠 < 𝐾,  appear 𝐾 times, 

𝑀𝑠 = √𝜆,  with 𝑠 = 𝐾,  appear 2𝐾(𝑁 − 𝐾) times .
 

∑ 

𝑠

 𝑀𝑠
2 = 2𝐾𝑁𝜆  

 ∑  

𝑠

 log (𝑀𝑠) = 𝐾 (log 𝐾 + (𝑁 −
𝐾 + 1

2
) log 𝜆)

 

 

log 𝒩𝑚(𝑁, 𝐾) = log (Γ(Δ + 1)) + 𝛼𝑁,𝐾log (Δ) + Δlog (𝐴) + 𝐵 + 𝑂(Δ−1),  

𝛼𝑁,𝐾 = 2Δ𝑎 = 2(𝑎CFT − 𝑎EFT),  

𝑎CFT =
1

4
(𝑁2 − 1).  

𝑎EFT =
1

4
(𝐾 − 1 + (𝑁 − 𝐾)2).  

𝛼𝑁,𝐾 =
𝐾

2
(2𝑁 − 𝐾 − 1)  

⟨𝑇2
𝑚(𝑥1, 𝑌1)𝑇2

𝑚(𝑥2, 𝑌2)⟩ = (
𝑑12
4𝜋2

)
2𝑚

22𝑚Γ(𝑚 + 1)
Γ (
𝑁2 − 1
2

+𝑚)

Γ (
𝑁2 − 1
2

)

 

𝛼𝑇2𝑚 =
𝑁2 − 2

2
= 2(

𝑁2 − 1

4
−
1

4
) .  

⟨𝒪𝐾
𝑚(𝑥1, 𝑌1)𝒪𝐾

𝑚(𝑥2, 𝑌2)𝒪(𝑥3, 𝑌3)⟩

⟨𝒪𝐾
𝑚(𝑥1, 𝑌1)𝒪𝐾

𝑚(𝑥2, 𝑌2)⟩
≃ ∫  

2𝜋

0

 
𝑑𝜃

2𝜋
⟨𝒪(𝑥3, 𝑌3)⟩𝜃  

⟨Φ𝐼(𝑥)⟩𝜃 = Φ𝐼
cl(𝑥)  

⟨𝑇2(𝑥3, 𝑌3)⟩𝜃 =
𝜏2
4𝜋

𝑌3
𝐼𝑌3

𝐽
Tr (Φ𝐼

cl(𝑥3)Φ𝐽
cl(𝑥3)) =

1

4𝜋2
𝑚

𝑑12
Tr (𝑑13Ω𝐾

(𝑁)
𝑒𝑖𝜃 + 𝑑23Ω𝐾

(𝑁)
𝑒−𝑖𝜃)

2

 

Tr (Ω𝐾
(𝑁)
Ω𝐾
(𝑁)
) = 𝐾 

ℭ𝑚𝑚2 ≃ 𝑚𝐾.  
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⟨𝑇𝐩(𝑥3, 𝑌3)⟩𝜃
= ⟨∏  

𝑘≥1

 𝑇𝑝𝑘(𝑥3, 𝑌3)⟩

𝜃

=∏ 

𝑘≥1

  ⟨𝑇𝑝𝑘(𝑥3, 𝑌3)⟩𝜃
,  

⟨𝑇𝑝(𝑥3, 𝑌3)⟩𝜃 =
(
𝜏2
4𝜋
)
𝑝/2

𝑌3
𝐼1 …𝑌3

𝐼𝑝Tr (⟨Φ𝐼1
(𝑥3)⟩𝜃

…⟨Φ𝐼𝑝
(𝑥3)⟩

𝜃
) .  

∫  
2𝜋

0

 
𝑑𝜃

2𝜋
⟨𝑇𝐩(𝑥3, 𝑌3)⟩𝜃

= (
1

2𝜋2
𝑑23𝑑31
𝑑12

)

Δ𝐩
2
(
𝑚

2
)

Δ𝐩
2
∫  
2𝜋

0

 
𝑑𝜃

2𝜋
∏ 

𝑘

 Tr (𝑒𝑖𝜃Ω𝐾
(𝑁)

+  c.c. )
𝑝𝑘
,  

Tr (Ω𝐾
(𝑁)
)
ℓ
= 0, ℓ = 1,… , 𝐾 − 1,  

Tr (𝑒𝑖𝜃Ω𝐾
(𝑁)

+  c.c. )
𝑝𝑘
= {

𝐾(𝑒𝑖𝐾𝜃 + 𝑒−𝑖𝐾𝜃)𝛿𝑝𝑘𝐾 , 𝐾 odd ,

𝐾 (
𝑝𝑘
𝑝𝑘/2

) + 𝐾(𝑒𝑖𝐾𝜃 + 𝑒−𝑖𝐾𝜃)𝛿𝑝𝑘𝐾 , 𝐾 even .
 

ℭ𝑚𝑚𝐩(𝑁,𝐾) ≃ (
𝑚

2
)

Δ𝐩
2
𝐾𝑛 (

𝑛

𝑛/2
)
1 + (−1)𝑛

2
( ∏  

even 𝑝𝑘

 𝐾 (
𝑝𝑘
𝑝𝑘
2

)) .  

𝐾𝑛 ((
𝐾

𝐾/2
) + (𝑒𝑖𝐾𝜃 + 𝑒−𝑖𝐾𝜃))

𝑛

= 𝐾𝑛∑ 

𝑛

𝑏=0

  (
𝑛

𝑏
) (

𝐾

𝐾/2
)
𝑛−𝑏

(𝑒𝑖𝐾𝜃 + 𝑒−𝑖𝐾𝜃)
𝑏
.  

∫  
2𝜋

0

 
𝑑𝜃

2𝜋
∑  

𝑛

𝑏=0

 (
𝑛

𝑏
) (

𝐾

𝐾/2
)
𝑛−𝑏

(𝑒𝑖𝐾𝜃 + 𝑒−𝑖𝐾𝜃)
𝑏
= ∑  

𝑛/2

𝑏′=0

 (
𝑛

2𝑏′
) (

𝐾

𝐾/2
)
𝑛−2𝑏′

(
2𝑏′

𝑏′
) .  

∫  
2𝜋

0

 
𝑑𝜃

2𝜋
∏  

𝑛

𝑘=1

 Tr (𝑒𝑖𝜃Ω𝐾
(𝑁)

+  c.c. )
𝐾
= 𝐾𝑛 (

𝐾

𝐾/2
)
𝑛

 2𝐹1 (
1 − 𝑛

2
,−
𝑛

2
, 1,

4

( 𝐾/2
𝐾 )

2) ,  

ℭ𝑚𝑚𝐩(𝑁, 𝐾) ≃ (
𝑚

2
)

Δ𝐩
2
( ∏  

even𝑝𝑘<𝐾

 𝐾 (
𝑝𝑘
𝑝𝑘
2

))𝐾𝑛 (
𝐾

𝐾/2
)
𝑛

 2𝐹1 (
1 − 𝑛

2
,−
𝑛

2
, 1,

4

( 𝐾
𝐾/2

)
2) .  

𝒢free = (
𝑑34
4𝜋2

)
2

(
𝐹1
𝛼2𝛼‾2

+
(1 − 𝛼)(1 − 𝛼‾)

𝛼2𝛼‾2
𝐹2 +

(1 − 𝛼)2(1 − 𝛼‾)2

𝛼2𝛼‾2
𝐹3 +

𝐹4
𝛼𝛼‾

+
(1 − 𝛼)(1 − 𝛼‾)

𝛼𝛼‾
𝐹5 + 𝐹6) ,  

⟨Φ𝐼(𝑥)⟩𝜃 =
2√𝜆

√𝑑12
(𝑒𝑖𝜃Ω𝐾

(𝑁) (𝑌1)𝐼
(𝑥 − 𝑥1)

2 + 𝑒−𝑖𝜃Ω‾ 𝐾
(𝑁) (𝑌2)𝐼

(𝑥 − 𝑥2)
2) ,  
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𝒢free |𝑂(𝑚2) = ∫  
2𝜋

0

 
𝑑𝜃

2𝜋
⟨𝑇2(𝑥3, 𝑌3)⟩cl⟨𝑇2(𝑥4, 𝑌4)⟩cl  

∫  
2𝜋

0

 
𝑑𝜃

2𝜋
⟨𝑇2⟩cl⟨𝑇2⟩cl =(

1

4𝜋2𝑑12
)
2

𝑚2 [(𝑑13
2 𝑑24

2 + 𝑑14
2 𝑑23

2 )Tr [(Ω𝐾
(𝑁)
)
2
] Tr [(Ω‾ 𝐾

(𝑁)
)
2
]

+4𝑑13𝑑24𝑑14𝑑23 [Tr (Ω𝐾
(𝑁)
Ω‾ 𝐾
(𝑁)
)]
2
]

 

𝐹1(𝑢, 𝑣) = 𝐹3(𝑢, 𝑣) = 0,  

𝐹2(𝑢, 𝑣) ≃ 4𝑚2𝐾2
𝑢2

𝑣
,  

𝒢free |𝑂(𝑚) =
𝜏2
4𝜋

𝑑34
4𝜋2

(𝑌3)𝐼(𝑌4)𝐽∫  
2𝜋

0

 
𝑑𝜃

2𝜋
Tr(⟨Φ𝐼(𝑥3)⟩cl⟨Φ

𝐽(𝑥4)⟩cl)  

𝒢free |𝑂(𝑚) =
𝑚

(4𝜋2)2
𝑑34
𝑑12

(𝑑13𝑑24 + 𝑑14𝑑23)Tr (Ω𝐾
(𝑁)
Ω‾ 𝐾
(𝑁)
)  

𝐹4(𝑢, 𝑣) ≃ 𝑚𝐾𝑢, 𝐹5(𝑢, 𝑣) ≃ 𝑚𝐾
𝑢

𝑣
,  

𝐹6(𝑢, 𝑣) =
𝑁2 − 1

2
 

𝒢free ≃ (
𝑑34
4𝜋2

)
2

(
(1 − 𝛼)(1 − 𝛼‾)

𝛼2𝛼‾2
4Δ2𝑢2

𝑣
+
Δ𝑢

𝛼𝛼‾
+
(1 − 𝛼)(1 − 𝛼‾)

𝛼𝛼‾

Δ𝑢

𝑣
+
𝑁2 − 1

2
) ,  

𝑌1 = 𝑌2 = 𝑌 = (1,−𝑖, 0,0,0,0), 𝑌3 = 𝑌4 = 𝑌𝑋 = (0,0,0,0,1, 𝑖)  

𝒢free = (
1

4𝜋2
)
2 4

𝑥34
4 𝐹6, ℐ4(𝑥𝑖 , 𝑌𝑖) = (

1

4𝜋2
)
2 4𝑢

𝑥34
4 ,  

⟨𝒪𝐾
𝑚(𝑥1, 𝑌)𝒪𝐾

𝑚(𝑥2, 𝑌‾)𝑇2(𝑥3, 𝑌𝑋)𝑇2(𝑥4, 𝑌𝑋)⟩

⟨𝒪𝐾
𝑚(𝑥1, 𝑌)𝒪𝐾

𝑚(𝑥2, 𝑌‾)⟩
= (

1

4𝜋2
)
2 4

𝑥34
4 (𝐹6 + 𝑢𝒯𝑚,𝐾(𝑢, 𝑣; 𝜏, 𝜏‾)).  

∫  
2𝜋

0

 
𝑑𝜃

2𝜋
⟨Tr𝑋2(𝑥3)Tr𝑋‾

2(𝑥4)⟩𝜃 .  

Tr𝑋2 =
𝜏2
4𝜋

(∑  

𝑖

 x𝑖
2 +∑  

𝑠

 x𝑠
+x𝑠

−) ,  
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2

𝑔YM
2 ∫  𝑑4𝑥(𝜕𝜇x𝑖𝜕

𝜇x𝑖 +  c.c. ) +
2

𝑔YM
2 ∫  𝑑4𝑥 (∑  

±

 𝜕𝜇x𝑠
±
𝜕𝜇x𝑠

± +
4(𝑥1 − 𝑥2)

2

(𝑥 − 𝑥1)
2(𝑥 − 𝑥2)

2𝑀𝑠
2x𝑠

+x𝑠
− + c.c. ) ,  

⟨x𝑖(𝑥1)x𝑗(𝑥2)⟩𝜃
=
𝑔YM
2

4𝜋2
𝛿𝑖𝑗

𝑥12
2 .  

(− ◻𝑥+
4(𝑥1 − 𝑥2)

2

(𝑥 − 𝑥1)
2(𝑥 − 𝑥2)

2𝑀𝑠
2)𝐺𝑠(𝑥, 𝑦) = 𝛿(4)(𝑥 − 𝑦).  

⟨x𝑠
±
(𝑥3)x𝑠

∓(𝑥4)⟩
𝜃
=

𝑔YM
2

4𝜋2𝑥34
2 ∑ 

𝑠

  𝑡𝑠(𝑢, 𝑣; 𝜆),  with 𝑡𝑠(𝑢, 𝑣; 𝜆) =∑  

∞

ℓ=0

  (−𝑀𝑠
2)ℓ𝑃(ℓ)(𝑢, 𝑣).  

𝑃(𝐿)(𝑢, 𝑣) = ∫  
𝑑4𝑥5
𝜋2

…
𝑑4𝑥𝐿+4
𝜋2

𝑥13
2 𝑥24

2 (𝑥12
2 )𝐿−1

𝑥45
2 ∏  𝐿+4

𝑖=5   𝑥𝑖,𝑖+1
2 𝑥1𝑖

2 𝑥2𝑖
2 ,  

 

𝑃(𝐿)(𝑢, 𝑣) =
𝑢

𝑧 − 𝑧‾
∑  

𝐿

𝑟=0

 
(−1)𝑟(2𝐿 − 𝑟)!

𝑟! (𝐿 − 𝑟)! 𝐿!
log𝑟  (𝑣)(Li2𝐿−𝑟(1 − 𝑧) − Li2𝐿−𝑟(1 − 𝑧‾))  

⟨Tr𝑋2(𝑥3)Tr𝑋‾
2(𝑥4)⟩𝜃  = 2 (

𝜏2
4𝜋
)
2

∑ 

𝑖

  ⟨𝑥‾𝑖(𝑥1)𝑥𝑗(𝑥2)⟩𝜃
2
+ 2(

𝜏2
4𝜋
)
2

∑ 

𝑠

  ⟨𝑥‾𝑠
+(𝑥1)𝑥𝑠

−(𝑥2)⟩𝜃
2

 = 2
(𝐾 − 1) + (𝑁 − 𝐾)2

16𝜋4𝑥34
4 +

2

16𝜋4𝑥34
4 ∑ 

𝑠

  𝑡𝑠
2(𝑢, 𝑣; 𝜆)

 

𝐹6(𝑢, 𝑣) =
𝑁2 − 1

2
 

𝒯𝑚,𝐾(𝑢, 𝑣; 𝜆) =
1

2𝑢
∑  

𝑠

  (𝑡𝑠
2(𝑢, 𝑣; 𝜆) − 1)  

𝑡𝑠(𝑢, 𝑣; 𝜆) =
𝑢

√𝑣
∑  

∞

𝑟=1

 
𝑟𝑒−𝜎√𝑟

2+4𝑀𝑠
2

√𝑟2 + 4𝑀𝑠
2

sin (𝑟𝜑)

sin (𝜑)
 

𝑡𝑠(𝑢, 𝑣; 𝜆)=
𝑢

√𝑣
∑  

𝑛≥0

  (𝑊𝑠(𝜑 + 2𝜋𝑛, 𝜎) +𝑊𝑠(2𝜋 − 𝜑 + 2𝜋𝑛, 𝜎)) 

𝑊𝑠(𝑥, 𝜎) =
2𝑀𝑠𝑥𝐾1(2𝑀𝑠√𝑥

2 + 𝜎2)

sin (𝑥)√𝑥2 + 𝜎2

 

𝒯𝑚,𝐾(𝑢, 𝑣; 𝜆) =∑  

Δ,𝑆

 ∑  

𝑖

  |𝐶
𝑇2𝒪𝐾

𝑚𝒪Δ,𝑆
(𝑖) |

2

𝒢Δ,𝑆(𝑢, 𝑣),  

𝒢Δ,𝑆(𝑢, 𝑣) = 𝑒−𝜎(Δ−Δ𝐻)
sin (𝑆 + 1)𝜑

sin 𝜑
.  



pág. 3058 

𝒯𝑚,𝐾(𝑢, 𝑣; 𝜆) =∑  

𝑠

 ∑  

∞

𝑆=0

 ∑  

∞

𝑛=0

 ∑  

𝑆+1

𝑟=1

 𝐶𝑆,𝑛,𝑟
(𝑠)

𝑒
−𝜎(Δ𝑆,𝑛,𝑟

(𝑠)
−Δℋ)

sin (𝑆 + 1)𝜑

sin 𝜑
,  

𝐶𝑆,𝑛,𝑟
(𝑠)

=
(𝑟 + 𝑛)(𝑆 + 2 + 𝑛 − 𝑟)

√(𝑟 + 𝑛)2 + 4𝑀𝑠
2√(𝑆 + 2 + 𝑛 − 𝑟)2 + 4𝑀𝑠

2

Δ𝑆,𝑛,𝑟
(𝑠)

= Δ𝒪𝐾𝑚 +√(𝑟 + 𝑛)
2 + 4𝑀𝑠

2 + √(𝑆 + 2 + 𝑛 − 𝑟)2 + 4𝑀𝑠
2

 

Δ𝑆,𝑛,𝑟
(𝑠)

= Δ𝒪𝐾𝑚 + 2 + 2𝑛 + 𝑆 + 𝑂(𝜆).  

𝒪𝐾
𝑚 ◻𝑛 𝜕…𝜕⏟  

𝑆

𝑇2.  

𝒯𝑚,𝐾(𝑢, 𝑣; 𝜆) ≃ 𝐶𝒪𝐾𝑚𝒪𝐾𝑚𝒪𝒦𝐶𝑇2𝑇2𝒪𝒦𝑢
𝛾/𝒦/2 − (𝐶𝒪𝐾𝑚𝒪𝐾𝑚𝒪𝐾𝐶𝑇2𝑇2𝒪𝒦)|𝑔YM=0

,  

𝛾𝒦 = 3
𝑁𝑔YM

2

4𝜋2
− 3(

𝑁𝑔YM
2

4𝜋2
)

2

+
21

4
(
𝑁𝑔YM

2

4𝜋2
)

3

+⋯ .  

𝛾𝒦 = 12𝑁
𝜆

𝑚
+ 𝑂(1/𝑚2),  

𝐶𝑇2𝑇2𝒪𝐾 = 1 −
3

2

𝑁𝑔YM
2

4𝜋2
+⋯ = 1 − 6𝑁

𝜆

𝑚
+ 𝑂(1/𝑚2).  

𝐶𝒪𝐾𝑚𝒪𝐾𝑚𝒪𝐾 = 𝑚𝐾𝐶
𝒪𝐾
𝑚𝒪𝐾

𝑚𝒪𝐾

(0)
+∑  

𝐿≥1

 𝐶
𝒪𝐾
𝑚𝒪𝐾

𝑚𝒪𝐾

(𝐿)
𝜆𝐿 +𝑂(1/𝑚)  

𝒯𝑚,𝐾(𝑢, 𝑣; 𝜆) ≃∑  

𝐿≥1

 𝐶
𝒪𝐾
𝑚𝒪𝐾

𝑚𝒪𝐾

(𝐿)
𝜆𝐿 + 6𝑁𝜆𝐶

𝒪𝐾
𝑚𝒪𝐾

𝑚𝒪𝐾

(0)
(log 𝑢 − 1)  

𝑃(1)(𝑢, 𝑣)= 𝑢(2 − log 𝑢) + 𝑂(𝑢2, 𝑢(𝑣 − 1)),  

𝑃(𝐿≥2)(𝑢, 𝑣) = 𝑢 (
2𝐿

𝐿
)𝜁(2𝐿 − 1) + 𝑂(𝑢2, 𝑢(𝑣 − 1)).

 

1

2𝑢
(𝑡𝑠
2(𝑢, 𝑣; 𝜆) − 1) ≃ −𝑀𝑠

2(2 − log 𝑢) +∑  

𝐿≥2

  (−𝑀𝑠
2)𝐿 (

2𝐿

𝐿
)𝜁(2𝐿 − 1).  

𝒯𝑚,𝐾(𝑢, 𝑣; 𝜆) ≃ 2𝐾𝑁𝜆(log 𝑢 − 2) +∑  

𝑠

 ∑  

𝐿≥2

  (−𝑀𝑠
2)𝐿 (

2𝐿

𝐿
) 𝜁(2𝐿 − 1),  

𝐶𝒪𝐾𝑚𝒪𝐾𝑚𝒪𝐾 ≃
𝑚𝐾

3
− 2𝐾𝑁𝜆 +∑  

𝑠

 ∑  

𝐿≥2

  (−𝑀𝑠
2)𝐿 (

2𝐿

𝐿
) 𝜁(2𝐿 − 1),  

𝐶𝒪𝐾𝑚𝒪𝐾𝑚𝒪𝐾 ≃
𝑚𝐾

3
−2𝐾𝑁𝜆 +∑  

𝑠

 ∫  
∞

0

 
𝑀𝑠𝑑𝑤

sinh2 (𝑤)
[2𝑀𝑠𝑤 − 𝐽1(4𝑀𝑠𝑤)]

⏟                                
𝐶1(𝜆)

,
 

𝐶𝒪𝑁𝑚𝒪𝑁𝑚𝒪𝐾(𝜆
∗) =

𝑚𝐾

3
.  

𝑎 = diag(𝑎1, 𝑎2, ⋯ , 𝑎𝑁),∑  

𝑁

𝑖=1

 𝑎𝑖 = 0.  

𝒵(𝜏, 𝜏𝑝; 𝜇) = ∫  𝑑𝜎(𝑎𝑖) |exp (i𝜋𝜏∑  

𝑖

 𝑎𝑖
2 + i∑  

𝑝>2

 𝜋𝑝/2𝜏𝑝∑ 

𝑖

 𝑎𝑖
𝑝
)|

2

𝑍1−loop(𝑎; 𝜇)|𝑍inst(𝜏, 𝜏𝑝, 𝑎; 𝜇)|
2
,  
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𝑑𝜎(𝑎𝑖) =∏  

𝑁

𝑖=1

 𝑑𝑎𝑖∏ 

𝑖<𝑗

 𝑎𝑖𝑗
2 𝛿 (∑  

𝑖

 𝑎𝑖) , 𝑎𝑖𝑗: = 𝑎𝑖 − 𝑎𝑗  

𝒵 ≡ 𝒵(𝜏, 0; 0) = ∫  𝑑𝜎(𝑎𝑖)exp (−2𝜋𝜏2∑ 

𝑖

 𝑎𝑖
2)  

𝑎 →
𝑎

√2𝜋𝜏2
,  

⟨⟨𝑓(𝑎𝑖)⟩⟩ =
1

𝒵
∫  𝑑𝜎(𝑎𝑖)exp (−∑  

𝑖

 𝑎𝑖
2)𝑓(𝑎𝑖)  

𝑡𝑛(𝑎) =∏ 

𝑘≥1

  (Tr𝑎𝑛𝑘)  

⟨⟨𝑡𝒏(𝑎)𝑡𝒎(𝑎)⟩⟩ =
1

𝒵
∏ 

𝑘≥1

 ∏  

𝑙≥1

  (−i𝜋1/2)
−𝑛𝑘

(i𝜋1/2)
−𝑚𝑙

𝜕𝜏𝑛𝑘
𝜕𝜏‾𝑚𝑙

𝒵(𝜏, 𝜏𝑝; 0)|

𝜏𝑝=0

.  

𝑇𝒏(𝑎) = 𝑡𝒏(𝑎) + ∑  

𝒎⊢𝑚<𝑛

 𝛼𝒎,𝒏𝑡𝒎(𝑎),  

⟨⟨𝑇𝒏(𝑎)𝑡𝒎(𝑎)⟩ = 0,𝒎 ⊢ 𝑚 < 𝑛.  

𝒢𝑚,𝐾(𝜏, 𝜏‾) = 𝐼2[𝒯𝑚,𝐾(𝑢, 𝑣; 𝜏, 𝜏‾)] = −
8

𝜋
∫  
∞

0

 𝑑𝑟 ∫  
𝜋

0

 𝑑𝜃
𝑟3sin2 𝜃

𝑢𝑣
𝒯𝑚,𝐾(𝑢, 𝑣; 𝜏, 𝜏‾)  

𝑍1−loop(𝑎; 𝜇) =
1

𝐻(𝜇)𝑁
∏ 

𝑖<𝑗

 
𝐻2(𝑎𝑖𝑗)

𝐻(𝑎𝑖𝑗 + 𝜇)𝐻(𝑎𝑖𝑗 − 𝜇)
,  

𝐻(𝑥) = e−(1+𝛾)𝑥
2
𝐺(1 + i𝑥)𝐺(1 − i𝑥).  

𝒢𝑚,𝐾(𝜏, 𝜏‾) =

𝜕𝜏𝑚,𝐾
𝜕𝜏‾𝑚,𝐾

𝜕𝜇
2log 𝒵(𝜏, 𝜏𝑝; 𝜇)|

𝜏𝑝,𝜇=0

𝜕𝜏𝑚,𝐾
𝜕𝜏‾𝑚,𝐾

log 𝒵(𝜏, 𝜏𝑝; 0)|
𝜏𝑝=0

,  

log 𝑍1− loop = −𝜇2 [∑  

∞

𝐿=1

 ∑  

2𝐿

𝑗=0

  (−1)𝐿+𝑗 (
1

2𝜋𝜏2
)
𝐿

(
2𝐿

𝑗
) (2𝐿 + 1)𝜁(2𝐿 + 1)Tr𝑎2𝐿−𝑗Tr𝑎𝑗] + 𝑂(𝜇4).  

{𝑡4,4,4, 𝑡5,4,3, 𝑡3,3,3,3, 𝑡5,5,2, 𝑡4,3,3,2, 𝑡4,4,2,2, 𝑡5,3,2,2, 𝑡3,3,2,2,2, 𝑡4,2,2,2,2, 𝑡2,2,2,2,2,2}.  

𝒪𝐦(𝑎),𝐦 = {𝑚1, 𝑚2, … }  

{𝑡2
𝑛𝒪𝐦(𝑎)}𝑛,𝐦≥0  

⟨⟨𝑡2
𝑛𝒪𝐦(𝑎), 𝑡2

𝑛′𝒪𝐦′(𝑎)⟩⟩ ∝ 𝛿𝐦,𝐦′  

𝒪𝑖1,…𝑖𝑘−1 , 𝑖𝑘 , … , 𝑖𝑘⏟    
𝑚

, 𝑖𝑘+1, … 𝑖𝑛 with 𝑖ℓ ≠ 𝑖𝑗  if ℓ ≠ 𝑗
 

𝒪𝑖1,…𝑖𝑘−1 , 𝑖𝑘 , … , 𝑖𝑘⏟    
𝑚

, 𝑖𝑘+1, … 𝑖𝑛 ≃ 𝒪 𝑖𝑘 , … , 𝑖𝑘⏟    
𝑚

.
 

𝒪𝐾
𝑚(𝑎) = 𝑡𝐾,…,𝐾⏟  

𝑚

(𝑎) +∑  

𝐧

  𝑐𝐧𝑡𝐧(𝑎)  
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𝒪 4,…,4⏟  
𝑚4=Δ/4

= 𝑡4
𝑚4 + GS with {𝑡4

𝑛4𝑡3
𝑛3}

𝑛3≥1
∪ {𝑡4

𝑛4𝑡3
𝑛3𝑡2

𝑛2}
𝑛2≥1

⋮  
𝒪4,…,4,3,…,3⏟      

𝑚4

= 𝑡4
𝑚4𝑡3

𝑚3 + GS  with  {𝑡4
𝑛4𝑡3

𝑛3}
𝑛3≥𝑚3+1

∪ {𝑡4
𝑛4𝑡3

𝑛3𝑡2
𝑛2}

𝑛2≥1

 ⋮
𝒪 3,…,3⏟  
𝑚3=Δ/3

= 𝑡3
𝑚3 + GS with {𝑡4

𝑛4𝑡3
𝑛3𝑡2

𝑛2}
𝑛2≥1

 

𝒪3
5 = 𝑡3

5 +
35325

39442
𝑡3
3𝑡2
3 −

90

41
𝑡4𝑡3

3𝑡2 +
1050327

9781616
𝑡3𝑡2

6 −
22761

39442
𝑡4𝑡3𝑡2

4 +
405

533
𝑡4
2𝑡3𝑡2

2  

𝒪4
3 = 𝑡4

3 −
6103

5140
𝑡4
2𝑡2
2 +

9551

20560
𝑡4𝑡2

4 −
162

1285
𝑡4𝑡3

2𝑡2 +
53

6939
𝑡3
4 +

1313

23130
𝑡3
2𝑡2
3 −

985

16448
𝑡2
6.  

𝒪5,…,5⏟  ,
𝑚5

4,…,4⏟  
𝑚4

,4,3,…,3⏟    
𝑚3

5,…,5 ,

= 𝑡5
𝑚5𝑡4

𝑚4𝑡3
𝑚3 +  GS with {𝑡5

𝑛5𝑡4
𝑛4𝑡3

𝑚3}
𝑛4≥𝑚4+1

∪ {𝑡5
𝑛5𝑡4

𝑛4𝑡3
𝑛3}

𝑛3≥𝑚3+1
∪ {𝑡5

𝑛5𝑡4
𝑛4𝑡3

𝑛3𝑡2
𝑛2}

𝑛2≥1
, 

𝒪5
𝑚 = 𝑡5

𝑚 + GS  with  {𝑡5
𝑛5𝑡4

𝑛4𝑡3
𝑛3}

𝑛3+𝑛4≥1
∪ {𝑡5

𝑛5𝑡4
𝑛4𝑡3

𝑛3𝑡2
𝑛2}

𝑛2≥1

𝒪4
𝑚 = 𝑡4

𝑚 + GS  with  {𝑡5
𝑛5𝑡4

𝑛4𝑡3
𝑛3}

𝑛3≥1
∪ {𝑡5

𝑛5𝑡4
𝑛4𝑡3

𝑛3𝑡2
𝑛2}

𝑛2≥1

𝒪3
𝑚 = 𝑡3

𝑚 + GS  with  {𝑡5
𝑛5𝑡4

𝑛4𝑡3
𝑛3𝑡2

𝑛2}
𝑛2≥1

 

𝒪5
2 = 𝑡5

2 −
1

90
𝑡4𝑡3

2 −
23

800
𝑡4
2𝑡2 −

443

300
𝑡5𝑡3𝑡2 +

2461

4500
𝑡3
2𝑡2
2 +

179

8000
𝑡4𝑡2

3 −
7

1600
𝑡2
5  

𝒩𝑚(𝑁,𝐾) = ⟨⟨𝒪𝐾
𝑚(𝑎)𝒪𝐾

𝑚(𝑎)⟩⟩  

𝒩𝑚(𝑁,𝑁) = 𝑓𝑁(𝑚)(2
−𝑁𝑁2−𝑁)𝑚

Γ (𝑁𝑚 +
𝑁(𝑁 − 1)

2
+ 1)

Γ (
𝑁(𝑁 − 1)

2
+ 1)

,  

𝑓2(𝑚) = 1

𝑓3(𝑚)= 1  

𝑓4(𝑚)=
1 − 2−4

1 − 2−4−4𝑚
=
15

16
+ 𝑂(e−𝑚),  

𝑓5(𝑚) =

504
625

(1 + 5−
5
2𝑚−4(1 + (−1)𝑚) − 2−𝑚−25−3𝑚−5((25 + 11√5)𝑚+2 + (25 − 11√5)𝑚+2))

 =
504

625
+ 𝑂(e−𝑚)

 

Γ (
𝑅

2
+ 𝛼𝑁,𝑁 + 1) ,  

⟨⟨𝒪3
𝑚(𝑎)𝒪3

𝑚(𝑎)⟩⟩ = 24−𝑚
Γ(3𝑚 + 7)

Γ(7)
(
20

27
+

250

243𝑚
+ 𝒪 (

1

𝑚2)) .  

⟨⟨𝒪3
𝑚(𝑎)𝒪3

𝑚(𝑎)⟩⟩ = 24−𝑚
Γ(3𝑚 + 10)

Γ(10)
(
140

243
+ 𝒪 (

1

𝑚
)) .  

𝒩𝑚(𝑁, 𝐾) = (2𝐾𝐾𝐾−2)−𝑚
Γ(Δ + 𝛼𝑁,𝐾 + 1)

Γ(𝛼𝑁,𝐾 + 1)
𝐴(𝑁,𝐾) (1 + 𝒪 (

1

𝑚
)) .  

⟨𝒪𝐾
𝑚(𝑥1, 𝑌1)𝒪𝐾

𝑚(𝑥2, 𝑌2)𝑇𝐩(𝑥3, 𝑌3)⟩

⟨𝒪𝐾
𝑚(𝑥1, 𝑌1)𝒪𝐾

𝑚(𝑥2, 𝑌2)⟩
= ℭ𝑚𝑚𝐩(𝑁, 𝐾) × (

1

2𝜋2
𝑑23𝑑31
𝑑12

)

Δ𝐩
2
,  
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ℭ𝑚𝑚𝐩(𝑁, 𝐾) =
⟨⟨𝒪𝐾

𝑚(𝑎)𝒪𝐾
𝑚(𝑎)𝑇𝐩(𝑎)⟩⟩

⟨⟨𝒪𝐾
𝑚(𝑎)𝒪𝐾

𝑚(𝑎)⟩⟩
,  

⟨⟨𝒪𝐾
𝑚(𝑎)𝒪𝐾

𝑚(𝑎)𝑇𝐩(𝑎)⟩⟩

⟨⟨𝒪𝐾
𝑚(𝑎)𝒪𝐾

𝑚(𝑎)⟩⟩
=
⟨⟨𝒪𝐾

𝑚(𝑎)𝒪𝐾
𝑚(𝑎)𝑡𝐩(𝑎)⟩⟩

⟨⟨𝒪𝐾
𝑚(𝑎)𝒪𝐾

𝑚(𝑎)⟩⟩
(1 + 𝑂 (

1

𝑚
)) .  

⟨⟨𝒪𝐾
𝑚(𝑎)𝒪𝐾

𝑚(𝑎)𝑡𝐩(𝑎)⟩⟩

⟨⟨𝒪𝐾
𝑚(𝑎)𝒪𝐾

𝑚(𝑎)⟩
= ∫  

2𝜋

0

 
𝑑𝜃

2𝜋
⟨𝑡𝐩⟩𝜃

(1 + 𝑂 (
1

𝑚
))  

 

⟨𝑡𝐩⟩𝜃
=∏ 

𝑘≥1

 (Tr(𝑎cl
𝑝𝑘(𝜃))) ,  and  𝑎cl(𝜃) =

Ω𝐾
(𝑁)
ei𝜃 + Ω‾ K

(N)
e−i𝜃

√2
.  

𝒯ℋ(𝑢, 𝑣; 𝜆) = ∑  

∞

𝐿=1

 𝑑ℋ,𝑁;𝐿

(−𝜆)𝐿

𝑢
∑  

𝐿

ℓ=0

 𝑃(ℓ)(𝑢, 𝑣)𝑃(𝐿−ℓ)(𝑢, 𝑣),  

𝐼2 [
1

𝑢
∑  

𝐿

ℓ=0

 𝑃(ℓ)(𝑢, 𝑣)𝑃(𝐿−ℓ)(𝑢, 𝑣)] = −4
Γ(2𝐿 + 2)

Γ(𝐿 + 1)2
𝜁(2𝐿 + 1)  

𝒢ℋ(𝜆) = −4∑  

∞

𝐿=1

 𝑑ℋ,𝑁;𝐿(−𝜆)
𝐿
Γ(2𝐿 + 2)

Γ(𝐿 + 1)2
𝜁(2𝐿 + 1)  

𝒢𝑚,𝐾(𝜏2) =
∫  𝑑𝑁−1𝑎∏  1≤𝑖<𝑗≤𝑁  𝑎𝑖𝑗

2 𝜕𝜇
2𝑍1− loop 𝑒

−Tr𝑎2𝒪𝐾
𝑚𝒪𝐾

𝑚

∫  𝑑𝑁−1𝑎∏  1≤𝑖<𝑗≤𝑁  𝑎𝑖𝑗
2 𝑒−Tr𝑎

2
𝒪𝐾
𝑚𝒪𝐾

𝑚 |

𝜇=0

 

𝒢𝑚,𝐾(𝜏2) = −2∑  

∞

𝐿=1

 ∑  

2𝐿

𝑗=0

  (−1)𝐿+𝑗 (
1

2𝜋𝜏2
)
𝐿

(
2𝐿

𝑗
) (2𝐿 + 1)𝜁(2𝐿 + 1)

⟨⟨𝒪𝐾
𝑚(𝑎)𝒪𝐾

𝑚(𝑎)𝑡2𝐿−𝑗,𝑗(𝑎)⟩⟩

⟨⟨𝒪𝐾
𝑚(𝑎)𝒪𝐾

𝑚(𝑎)⟩
.  

𝒢𝑚,𝐾(𝜆) ≃ 4∑  

∞

𝐿=1

  (−1)𝐿+1
Γ(2𝐿 + 2)

Γ(𝐿 + 1)2
𝜁(2𝐿 + 1) [ ∑  

1≤𝑖<𝑗≤𝐾

 (4sin2 
𝜋(𝑖 − 𝑗)

𝐾
𝜆)

𝐿

+𝐾(𝑁 − 𝐾)𝜆𝐿] .  

𝒢𝑚,𝐾(𝜆) ≃ −2∑  

∞

𝐿=1

 
Γ(2𝐿 + 2)

Γ(𝐿 + 1)2
𝜁(2𝐿 + 1)∑  

𝑠

  (−𝑀𝑠
2)𝐿.  

𝑑𝒪𝐾𝑚,𝑁;𝐿 =
𝐾

2
∑  

𝐾−1

𝑠=1

 (4sin2 (
𝑠𝜋

𝐾
))

𝐿

+𝐾(𝑁 − 𝐾).  

𝒯𝑚,𝐾(𝑢, 𝑣; 𝜆) = 𝐾∑  

𝐾−1

𝑠=1

 𝐿 (𝑢, 𝑣; 4𝜆sin2 
𝜋𝑠

𝐾
) + 2𝐾(𝑁 − 𝐾)𝐿(𝑢, 𝑣; 𝜆),  

𝐿(𝑢, 𝑣; 𝑎) =
1

2𝑢
[(∑  

∞

𝐿=0

  (−𝑎)𝐿𝑃(𝐿)(𝑢, 𝑣))

2

− 1]  

 −∑  

𝐿≥1

 
Γ(2𝐿 + 2)

Γ(𝐿 + 1)2
𝜁(2𝐿 + 1)(−𝑎)𝐿 = ∫  

∞

0

 𝑑𝑤
𝑤

sinh2 𝑤
(1 − 𝐽0(4𝑤√𝑎))

= 1 + 𝛾𝐸 +
log 𝑎

2
+ 2∑  

𝑛≥1

  (4𝜋𝑛√𝑎𝐾1(4𝜋𝑛√𝑎) − 𝐾0(4𝜋𝑛√𝑎))
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𝒢𝑚,𝐾(𝜆)  ≃ 2𝐾(2𝑁 − 𝐾 − 1)(1 + 𝛾𝐸) + 2𝐾 (log 𝐾 + (𝑁 −
𝐾 + 1

2
) log 𝜆)

 +4∑  

𝑠

 ∑  

𝑛≥1

  (4𝜋𝑛𝑀𝑠𝐾1(4𝜋𝑛𝑀𝑠) − 𝐾0(4𝜋𝑛𝑀𝑠))
 

𝐾𝜈(4𝜋𝑛𝑀𝑠) ∼ e−4𝜋𝑛𝑀𝑠  

𝒢𝑚,𝐾(𝜆)|(5.26) ≃ 4𝑁𝐾∑  

𝐿≥1

  (−1)𝐿+1
Γ(2𝐿 + 2)

Γ(𝐿 + 1)2
𝜁(2𝐿 + 1)𝜆𝐿  

𝑁,𝐾 → ∞,  with  𝜅 =
𝐾

𝑁
,  fixed  

1

𝐾
∑  

𝐾−1

𝑠=1

 (4sin2 (
𝜋𝑠

𝐾
))

𝐿

= ∫  
1

0

  d𝑥(4sin2 (𝜋𝑥))𝐿 + 𝒪 (
1

𝐾
) =

22𝐿Γ (𝐿 +
1
2
)

√𝜋Γ(𝐿 + 1)
+ 𝒪 (

1

𝐾
)  

𝒢𝑚,𝐾(𝜆)|(5.28)≃ −4𝜅𝑁2∑ 

∞

𝐿=1

 
(−𝜆)𝐿𝜁(2𝐿 + 1)Γ (𝐿 +

3
2
) [√𝜋22𝐿+1(1 − 𝜅)Γ(𝐿 + 1) + 24𝐿𝜅Γ (𝐿 +

1
2
)]

𝜋Γ(𝐿 + 1)2
 

 = 4𝜅𝑁2∫  
∞

0

 d𝑤
𝑤

sinh2 (𝑤)
[(1 − 𝜅)(1 − 𝐽0(4𝑤√𝜆)) +

𝜅

2
(1 − 𝐽0(4𝑤√𝜆)

2)] .

 

𝒢𝑚,𝐾(𝜆)|(5.28) ≃(2 − 𝜅)𝜅𝑁2(log (𝜆) + 2𝛾𝐸 + 2) + 16𝜅2𝑁2∑ 

𝑘≥1

 
𝑎𝑘

𝜆𝑘−1/2
 

 +8𝑁2𝜅(1 − 𝜅)∑  

𝑛≥1

  (4𝜋𝑛√𝜆𝐾1(4𝜋𝑛√𝜆) − 𝐾0(4𝜋𝑛√𝜆))
 

𝑎𝑘 =
𝜁(2𝑘 − 1)Γ (𝑘 −

1
2
)
3

√𝜋(16𝜋2)𝑘Γ(𝑘 − 1)
 

𝑎𝑘 ∼ Γ(2𝑘 − 1)𝜋−2𝑘(24−10𝑘 + 23−8𝑘 + 22−6𝑘 + 22−6𝑘31−2𝑘 + 𝒪(1/𝑘))  

𝜎(𝑥) =
1

𝜋

1

√𝑥(1 − 𝑥)
.  

𝒢𝑚,3
𝑆𝑈(3)

(𝜆) = ∫  
1

0

  (𝜕𝜇
2𝑍1− loop )|

𝜇=0,Tr𝑎2=6𝜆,Tra3=6𝜆3/2(2𝑥−1)

𝜎(𝑥)d𝑥.  

𝒢𝑚,𝐾(𝜆) = ∫  
1

0

 (𝜕𝜇
2𝑍1− loop |𝜇=0

)|
locus 

𝜎(𝑥)d𝑥,  

Tr𝑎𝑚 = 2𝐾𝜆
𝑚
2 ((

𝑚 − 1

𝑚/2
) 𝜖𝑚 + (2𝑥 − 1)𝛿𝑚,𝐾) ,𝑚 = 2,… , 𝐾,  

Tr𝑎𝑚 = 𝜆
𝑚
2 ∑  

𝐾−1

𝑠=0

 (e−
2i𝜋𝑠
𝐾 (√𝑥 − 1 − √𝑥)−2/𝐾 + e

2i𝜋𝑠
𝐾 (√𝑥 − 1 − √𝑥)2/𝐾)

𝑚

.  

𝒵 = ∫  𝑑𝑎e−Tr𝑎
2
, 𝑎 = ∑  

𝑁2−1

𝑏=1

 𝑎𝑏𝑇𝑏, 𝑑𝑎 = ∏  

𝑁2−1

𝑏=1

 
𝑑𝑎𝑏

√2𝜋
 

Tr𝑇𝑏𝑇𝑐 =
1

2
𝛿𝑏𝑐 , Tr𝑇𝑏 = 0  

⟨⟨𝑓(𝑎)⟩⟩ = ∫  𝑑𝑎e−Tr𝑎
2
𝑓(𝑎)  

𝑢𝒑 = ⟨⟨Tr𝑎𝑝1Tr𝑎𝑝2 …Tr𝑎𝑝𝑚⟩⟩  



pág. 3063 

Tr𝑇𝑏𝐵1𝑇
𝑏𝐵2=

1

2
Tr𝐵1Tr𝐵2 −

1

2𝑁
Tr𝐵1𝐵2,  

Tr𝑇𝑏𝐵1Tr𝑇
𝑏𝐵2 =

1

2
Tr𝐵1𝐵2 −

1

2𝑁
Tr𝐵1Tr𝐵2.

 

𝑢𝑝 = 0,  for 𝑝 odd,   and  𝑢0 = 𝑁,  

𝑢𝑝1,𝑝2,…,𝑝𝑚  =
1

2
∑  

𝑝1−2

𝑗=0

  (𝑢𝑗,𝑝1−𝑗−2,𝑝2,…,𝑝𝑚) −
𝑝1 − 1

2𝑁
𝑢𝑝1−2,𝑝2,…,𝑝𝑚

 +∑  

𝑚

𝑘=2

 
𝑝𝑘
2
(𝑢𝑝1+𝑝𝑘−2,𝑝2,…,𝑝𝑘,…,𝑝𝑚 −

1

𝑁
𝑢𝑝1−1,𝑝2,…,𝑝𝑘−1,…,𝑝𝑚) ,

 

𝑢2 =
𝑁2 − 1

2
, 𝑢4 =

(𝑁2 − 1)(2𝑁2 − 3)

4𝑁
,

𝑢2,2 =
𝑁4 − 1

4
, 𝑢6 =

5(𝑁2 − 1)(𝑁4 − 3𝑁2 + 3)

8𝑁2 ,

𝑢4,2 =
(𝑁2 − 1)(𝑁2 + 3)(2𝑁2 − 3)

8𝑁
, 𝑢3,3 =

3(𝑁2 − 1)(𝑁2 − 4)

8𝑁
.

 

⟨⟨𝒪5
𝑚𝒪5

𝑚𝑡4⟩⟩

⟨⟨𝒪5
𝑚𝒪5

𝑚⟩⟩
 =

30

2𝑚+253𝑚+5 + (1 + (−1)𝑚)2𝑚+25𝑚/2+1 − (𝑥5
+)𝑚+2 − (𝑥5

−)𝑚+2

[2𝑚53𝑚+4(5𝑚2 + 27𝑚− 2) −
(𝑥5

+)𝑚 + (𝑥5
−)𝑚

2
(325𝑚2 + 2219𝑚 − 1290)

 −√5
(𝑥5

+)𝑚 − (𝑥5
−)𝑚

2
(145𝑚2 + 991𝑚 − 578)

+2𝑚5𝑚/2 ((1 + (−1)𝑚)(8𝑚 − 20) −
1 − (−1)𝑚

√5
(25𝑚2 + 95𝑚 + 90))]

 

𝑥2 − 50𝑥 + 20 = 0,  with  𝑥5
+ = 25 + 11√5, 𝑥5

− = 25 − 11√5.  

⟨⟨𝒪3
𝑚𝒪3

𝑚𝑡42,32⟩⟩

⟨⟨𝒪3
𝑚𝒪3

𝑚⟩⟩
= 45.5625𝑚7 + 𝑂(𝑚6),  

𝒢𝑚,𝐾(𝜆) ≃ 2∑  

∞

𝐿=1

  (−1)𝐿+1
Γ(2𝐿 + 2)

Γ(𝐿 + 1)2
𝜁(2𝐿 + 1) [𝐾∑  

𝐾−1

𝑠=1

 (4𝜆sin2 
𝜋𝑠

𝐾
)
𝐿

+ 2𝐾(𝑁 − 𝐾)(𝜆)𝐿] .  

𝒪3𝑚32𝑚2 = 𝑡3
𝑚3𝑡2

𝑚2 + GS with {𝑡3
𝑛3𝑡2

𝑛2}
Δ=3𝑛3+2𝑛2,𝑛3≤𝑚3

∪ {𝑡3
𝑛3𝑡2

𝑛2}
Δ≤3𝑚3+2𝑚2

 

𝒢3𝑚32𝑚2(𝜏2) = 2∑  

∞

𝐿=1

  (−1)𝐿
Γ(2𝐿 + 2)

Γ(𝐿 + 1)
(
1

4𝜋𝜏2
)
𝐿

𝜁(2𝐿 + 1)((2𝐿 + 1)(𝐿2 + 𝐿 + 6)

+6 3𝐹2 (−𝐿, 𝐿 + 1,−𝑚2; 1,
15

2
+ 3𝑚3; 1)

(−𝐿)(3𝑚3+3) − (𝐿 + 1)(3𝑚3+3)

Γ(3𝑚3 + 4)
)

 

𝒢𝑚,3(𝜆) ≃ 4∑  

∞

𝐿=1

  (−1)𝐿+1
Γ(2𝐿 + 2)

Γ(𝐿 + 1)2
3(3𝜆)𝐿  
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𝒢𝑚,5(𝜏2)|𝐿=1 =
150𝜁(5)

𝜋𝜏2
𝑚

𝒢𝑚,5(𝜏2)|𝐿=2 = −
4500𝜁(5)

𝜋2𝜏2
2(2𝑚+253𝑚+5 + 2𝑚+25𝑚/2+1(1 + (−1)𝑚) − (𝑥5

+)𝑚+2 − (𝑥5
−)𝑚+2)

[2𝑚53𝑚+4 (
5𝑚2

2
+
77𝑚

6
−
1

3
) − ((𝑥5

+)𝑚 + (𝑥5
−)𝑚)

(1555𝑚2 + 8369𝑚 − 1290)

12

 +2𝑚5
𝑚
2 ((1 + (−1)𝑚)

(5𝑚2 + 29𝑚 − 10)

3
− √5(1 − (−1)𝑚) (

5𝑚2

6
+
19𝑚

6
+ 3))

−√5((𝑥5
+)𝑚 − (𝑥5

−)𝑚) (
695𝑚2

12
+
1247𝑚

4
−
289

6
)]

𝒢𝑚,5(𝜏2)|𝐿=3 =
220500𝜁(7)

𝜋3𝜏2
3(2𝑚+253𝑚+5 + 2𝑚+25𝑚/2+1(1 + (−1)𝑚) − (𝑥5

+)𝑚+2 − (𝑥5
−)𝑚+2)

[2𝑚53𝑚+4
(50𝑚3 + 405𝑚2 + 1087𝑚 − 84)

252
− ((𝑥5

+)𝑚 + (𝑥5
−)𝑚)

50𝑚3 + 1825 + 7623 − 5840

56

 +2𝑚5
𝑚
2 ((1 + (−1)𝑚) (

25𝑚3

72
+
125𝑚2

56
+
1279𝑚

252
−
5

42
) − 5√5(1 − (−1)𝑚)

5𝑚3 + 29𝑚2 + 56𝑚 + 36

56
)

−5√5((𝑥5
+)𝑚 − (𝑥5

−)𝑚) (
5𝑚3

63
+
163𝑚2

56
+
6131𝑚

504
−
28

3
)]

 

𝒢𝑚,5(𝜆) = 600𝜆𝜁(3) − 7200𝜆2𝜁(5) + 140000𝜆3𝜁(7) + 𝒪(𝜆4, 1/𝑚)  

𝒢𝑚,3(𝜆)  = 288.0𝜆𝜁(3) − (3600.0𝜆2𝜁(5) + 𝒪(1/𝑚)) + (47040.0𝜆3𝜁(7) + 𝒪(1/𝑚))

 −(619917.3𝜆4𝜁(9) + 𝒪(1/𝑚)) + 𝜆,
 

𝒢𝑚,3(𝜆) = 288𝜆𝜁(3) − 3600𝜆2𝜁(5) + 47040𝜆3𝜁(7) − 619920𝜆4𝜁(9) + 𝒪(𝜆5)  

𝐴𝑑𝑆2 × 𝑆
2 × 𝑆4 × Σ,  

(𝑎; 𝑞)0: = 1, (𝑎; 𝑞)𝑛: =∏  

𝑛−1

𝑘=0

  (1 − 𝑎𝑞𝑘), (𝑞)𝑛: =∏  

𝑛

𝑘=1

  (1 − 𝑞𝑘) 

 (𝑎; 𝑞)∞: =∏ 

∞

𝑘=0

  (1 − 𝑎𝑞𝑘), (𝑞)∞: =∏  

∞

𝑘=1

  (1 − 𝑞𝑘)

 

(𝑎𝑥±; 𝑞)𝑛: = (𝑎𝑥; 𝑞)𝑛(𝑎𝑥
−1; 𝑞)𝑛.  

⟨𝑊ℛ1⋯𝑊ℛ𝑘⟩
𝐺
(𝑡; 𝑞)

 =
1

|Weyl(𝐺)|

(𝑞)∞
2rank(𝐺)

(𝑞
1
2𝑡±2; 𝑞)

∞

rank(𝐺)
∰ ∏  

𝛼∈root(𝐺)

 𝑑𝑠
(𝑠𝛼; 𝑞)∞(𝑞𝑠

𝛼; 𝑞)∞

(𝑞
1
2𝑡2𝑠𝛼; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝛼; 𝑞)

∞

∏ 

𝑘

𝑖=1

 𝜒ℛ𝑖
𝔤
   

ℐ𝐺(𝑡; 𝑞): = Tr(−1)𝐹𝑞𝐽+
𝐻+𝐶
4 𝑡𝐻−𝐶  

⟨𝒲ℛ1⋯𝒲ℛ𝑘⟩
𝐺
(𝑡; 𝑞) =

⟨𝑊ℛ1⋯𝑊ℛ𝑘
⟩
𝐺
(𝑡; 𝑞)

ℐ𝐺(𝑡; 𝑞)
 

⟨𝑊ℛ1⋯𝑊ℛ𝑘⟩1
2
BPS

𝐺
(𝔮)

 =
1

|Weyl(𝐺)|

1

(1 − 𝔮2)rank(𝐺)
∰ ∏  

𝛼∈root(𝐺)

 𝑑𝑠
(1 − 𝑠𝛼)

(1 − 𝔮2𝑠𝛼)
∏  

𝑘

𝑖=1

 𝜒ℛ𝑖
𝔤
.  

 

1

𝑁!
∰∏ 

𝑁

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

∏  𝑖≠𝑗  1 −
𝑠𝑖
𝑠𝑗

∏  𝑖,𝑗  1 − 𝔱
𝑠𝑖
𝑠𝑗

𝑃𝜇(𝑠; 𝔱)𝑃𝜆(𝑠
−1; 𝔱) =

𝛿𝜇𝜆

(𝔱; 𝔱)𝑁−𝑙(𝜇)∏  𝑗≥1   (𝔱; 𝔱)𝑚𝑗(𝜇)
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1

|Weyl(𝐺)|
∰ ∏  

𝛼∈root(𝐺)

 𝑑𝑠(1 − 𝑠𝛼)∏  

𝑘

𝑖=1

 𝜒ℛ𝑖
𝔤
   

⟨𝑇𝐵𝑇𝐵⟩
𝐺(𝑡; 𝑞) = ∑  

𝑣∈Rep(𝐵)

 
1

|Weyl(𝐵)|

(𝑞)∞
2rank(𝐺)

(𝑞
1
2𝑡±2; 𝑞)

∞

rank(𝐺)
∮   ∏  

𝛼∈root(𝐺)

 𝑑𝑠

 ×

(𝑞
|𝛼(𝐵)|
2 𝑠𝛼; 𝑞)

∞
(𝑞

1+
∣𝛼(𝐵)
2

| 
𝑠𝛼; 𝑞)

∞

(𝑞
1+|𝛼(𝐵)|

2 𝑡2𝑠𝛼; 𝑞)
∞
(𝑞

1+|𝛼(𝐵)|
2 𝑡−2𝑠𝛼; 𝑞)

∞

𝑍bubb
(𝐵,𝑣)

(𝑡, 𝑠; 𝑞)

 

(𝑧𝑒 , 𝑧𝑚) ∈ ℤ2 × ℤ2.  

(𝑧𝑒 , 𝑧𝑚) = (0,0), (𝑧𝑒 , 𝑧𝑚) = (1,0)  

(𝑧𝑒 , 𝑧𝑚) = (0,0), (𝑧𝑒 , 𝑧𝑚) = (0,1)  

(𝑧𝑒 , 𝑧𝑚) = (0,0), (𝑧𝑒 , 𝑧𝑚) = (1,1)  

𝜒sp
𝔰𝔬(2𝑁+1)

=∏ 

𝑁

𝑖=1

 (𝑠𝑖

1
2 + 𝑠𝑖

−
1
2)  

𝜒◻
𝔰𝔬(2𝑁+1)

= 1 +∑  

𝑁

𝑖=1

  (𝑠𝑖 + 𝑠𝑖
−1).  

𝜒𝜆
𝔰𝔬(2𝑁+1)

=
det (𝑠𝑗

𝜆𝑖+𝑁−𝑖+1/2 − 𝑠𝑗
−(𝜆𝑖+𝑁−𝑖+1/2))

det (𝑠𝑗
𝑁−𝑖+1/2

− 𝑠𝑗
−(𝑁−𝑖+1/2)

)
.  

⟨𝑊ℛ1⋯𝑊ℛ𝑘⟩
𝑆𝑂(2𝑁+1)

 = ∫  𝑑𝜇𝑆𝑂(2𝑁+1)exp [∑  

∞

𝑛=1

 
1

𝑛
𝑓𝑛(𝑞, 𝑡)

𝑃‾𝑛(𝑠)
2 − 𝑃‾2𝑛(𝑠)

2
]∏  

𝑘

𝑖=1

 𝜒ℛ𝑖
𝔰(2𝑁+1)

(𝑠)
 

𝑑𝜇𝑆𝑂(2𝑁+1) =
1

2𝑁𝑁!
∏  

𝑁

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

(1 − 𝑠𝑖)(1 − 𝑠𝑖
−1)

 × ∏  

1≤𝑖<𝑗≤𝑁

  (1 − 𝑠𝑖𝑠𝑗)(1 − 𝑠𝑖
−1𝑠𝑗

−1)(1 − 𝑠𝑖𝑠𝑗
−1)(1 − 𝑠𝑖

−1𝑠𝑗)

 

𝑓𝑛(𝑞, 𝑡) =
𝑞𝑛/2(𝑡2𝑛 + 𝑡−2𝑛) − 2𝑞𝑛

1 − 𝑞𝑛
 

𝑃𝑚(𝑠) ∶=∑  

𝑁

𝑖=1

  (𝑠𝑖
𝑚 + 𝑠𝑖

−𝑚)

𝑃‾𝑚(𝑠) ∶= 1 + 𝑃𝑚(𝑠) = 1 +∑  

𝑁

𝑖=1

  (𝑠𝑖
𝑚 + 𝑠𝑖

−𝑚)

 

𝑀‾𝑛(𝑠) =
𝑃‾𝑛(𝑠)

2 − 𝑃‾2𝑛(𝑠)

2
= 𝑃𝑛(𝑠) +

𝑃𝑛(𝑠)
2 − 𝑃2𝑛(𝑠)

2
 

exp (∑  

∞

𝑛=1

 
1

𝑛
𝑓𝑛(𝑞, 𝑡)𝑀‾𝑛(𝑠)) =∑  

𝜆

 
1

𝑧𝜆
𝑓𝜆(𝑞, 𝑡)𝑀‾𝜆(𝑠),  

𝜆 = (𝜆1, 𝜆2, … ) = (1𝑚12𝑚2 …), 𝑧𝜆, 𝑓𝜆(𝑞, 𝑡),𝑀‾𝜆(𝑠) 
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𝑧𝜆 =∏ 

∞

𝑖=1

  𝑖𝑚𝑖𝑚𝑖!, 𝑓𝜆(𝑞, 𝑡) =∏  

ℓ(𝜆)

𝑖=1

 𝑓𝜆𝑖(𝑞, 𝑡),𝑀
‾
𝜆(𝑠) =∏ 

ℓ(𝜆)

𝑖=1

 𝑀‾𝜆𝑖(𝑠)
 

⟨𝑊ℛ1⋯𝑊ℛ𝑘⟩
𝑆𝑂(2𝑁+1)

=∑  

𝜆

 
1

𝑧𝜆
𝑓𝜆(𝑞, 𝑡)∫  𝑑𝜇𝑆𝑂(2𝑁+1)𝑀‾𝜆(𝑠)∏  

𝑘

𝑖=1

 𝜒ℛ𝑖
𝔰𝔬(2𝑁+1)

(𝑠).  

∫  𝑑𝜇𝑆𝑂(2𝑁+1)𝑀‾𝜆(𝑠)∏  

𝑘

𝑖=1

 𝜒ℛ𝑖
𝔰𝔬(2𝑁+1)

(𝑠)  

∫  𝑑𝜇𝑆𝑂(2𝑁+1)𝑃‾𝜇(𝑠) = ∑  

𝜈∈𝑅2𝑁+1(|𝜇|)

 𝜒𝜈
𝑆(𝜇) + ∑  

𝜈∈𝑊2𝑁+1(|𝜇|)

 𝜒𝜈
𝑆(𝜇),  

𝑅𝑛(𝑝)  = {𝜆 ⊢ 𝑝 ∣ ℓ(𝜆) ≤ 𝑛 and ∀𝜆𝑖  is even },
𝑊𝑛(𝑝)  = {𝜆 ⊢ 𝑝 ∣ ℓ(𝜆) = 𝑛 and ∀𝜆𝑖  is odd }.

 

𝑠𝜆 = ∑  

𝜇⊢𝜆

 
𝜒𝜆
𝑆(𝜇)

𝑧𝜇
𝑝𝜇  

𝑀‾𝜆(𝑠)∏  

𝑘

𝑖=1

 𝜒ℛ𝑖
𝔰(2𝑁+1)

(𝑠) =∑  

𝜇

 𝑎𝜆,ℛ
𝜇
𝑃‾𝜇(𝑠),  

∫  𝑑𝜇𝑆𝑂(2𝑁+1)𝑀‾𝜆(𝑠)∏  

𝑘

𝑖=1

 𝜒ℛ𝑖
𝔰(2𝑁+1)

(𝑠) =∑  

𝜇

 𝑎𝜆,ℛ
𝜇
∫  𝑑𝜇𝑆𝑂(2𝑁+1)𝑃‾𝜇(𝑠) 

 =∑  

𝜇

 𝑎𝜆,ℛ
𝜇
( ∑  

𝜈∈𝑅2𝑁+1(|𝜇|)

 𝜒𝜈
𝑆(𝜇) + ∑  

𝜈∈𝑊2𝑁+1(|𝜇|)

 𝜒𝜈
𝑆(𝜇))

 

⟨𝑊ℛ1⋯𝑊ℛ𝑘
⟩
𝑆𝑂(2𝑁+1)

 =∑  

𝜆

 
1

𝑧𝜆
𝑓𝜆(𝑞, 𝑡)∑  

𝜇

 𝑎𝜆,ℛ
𝜇
( ∑  

𝜈∈𝑅2𝑁+1(|𝜇|)

 𝜒𝜈
𝑆(𝜇) + ∑  

𝜈∈𝑊2𝑁+1(|𝜇|)

 𝜒𝜈
𝑆(𝜇))

 

(𝜒sp
𝔰𝔬(2𝑁+1)

)
2
=∏ 

𝑁

𝑖=1

  (1 + 𝑠𝑖)(1 + 𝑠𝑖
−1),  

𝑑𝜇𝑆𝑂(2𝑁+1) (𝜒sp
𝔰𝔬(2𝑁+1)

)
2
= 𝑑𝜇𝑈𝑆𝑝(2𝑁)  

𝑑𝜇𝑈𝑆𝑝(2𝑁) =
1

2𝑁𝑁!
∏  

𝑁

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

(1 − 𝑠𝑖
2)(1 − 𝑠𝑖

−2)

 × ∏  

1≤𝑖<𝑗≤𝑁

  (1 − 𝑠𝑖𝑠𝑗)(1 − 𝑠𝑖
−1𝑠𝑗

−1)(1 − 𝑠𝑖𝑠𝑗
−1)(1 − 𝑠𝑖

−1𝑠𝑗)

 

⟨𝑊sp𝑊sp⟩
Spin(2𝑁+1)

= ∫  𝑑𝜇𝑈Sp(2𝑁)exp [∑  

∞

𝑛=1

 
1

𝑛
𝑓𝑛(𝑞, 𝑡)𝑀‾𝑛(𝑠)]

 = ∫  𝑑𝜇𝑈Sp(2𝑁)exp [∑  

∞

𝑛=1

 
1

𝑛
𝑓𝑛(𝑞, 𝑡) (𝑃𝑛(𝑠) +

𝑃𝑛(𝑠)
2 − 𝑃2𝑛(𝑠)

2
)]

 

ℐ𝑆𝑂(3)(𝑡; 𝑞)= ℐ𝑈𝑆𝑝(2)(𝑡; 𝑞)  

 = −

(𝑞
1
2𝑡±2; 𝑞)

∞

(𝑞; 𝑞)∞
2

∑  
𝑝1,𝑝2∈ℤ
𝑝1<𝑝2

 
(𝑞

1
2𝑡−2)

𝑝1+𝑝2−2

(1 − 𝑞𝑝1−
1
2𝑡2) (1 − 𝑞𝑝2−

1
2𝑡2)
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⟨𝑊sp𝑊sp⟩
Spin(3)

(𝑡; 𝑞)

 =
1

2

(𝑞)∞
2

(𝑞
1
2𝑡±2; 𝑞)

∞

∰
𝑑𝑠

2𝜋𝑖𝑠

(𝑠±; 𝑞)∞(𝑞𝑠
±; 𝑞)∞

(𝑞
1
2𝑡2𝑠±; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠±; 𝑞)

∞

(𝑠
1
2 + 𝑠−

1
2)

2

   

⟨𝑇
(
1
2
)
𝑇
(
1
2
)
⟩

𝑈𝑆𝑝(2)/ℤ2

(𝑡; 𝑞)

 =
(𝑞)∞

2

(𝑞
1
2𝑡±2; 𝑞)

∞

∰
𝑑𝑠

2𝜋𝑖𝑠

(𝑞
1
2𝑠±2; 𝑞)

∞
(𝑞

3
2𝑠±2; 𝑞)

∞

(𝑞𝑡2𝑠±2; 𝑞)∞(𝑞𝑡
−2𝑠±2; 𝑞)∞

  

 

⟨𝑊sp𝑊sp⟩
Spin(3)

(𝑡; 𝑞) = 〈𝑇
(
1
2
)
𝑇
(
1
2
)
〉𝑈Sp(2)/ℤ2 (𝑡; 𝑞).  

⟨𝑊sp𝑊sp⟩
Spin(3)

(𝑡; 𝑞) = ⟨𝑇
(
1
2
)
𝑇
(
1
2
)
⟩

𝑈Sp(2)/ℤ2

(𝑡; 𝑞)

 = ⟨𝑊◻𝑊◻⟩
𝑆𝑈(2)(𝑡; 𝑞) =

(𝑞
1
2𝑡±2; 𝑞)

∞

(𝑞𝑡±4; 𝑞)∞
∑  

𝑚∈ℤ∖{0,𝑛}

 
𝑡2𝑚 − 𝑡−2𝑚

𝑡2 − 𝑡−2
𝑞
𝑚−1
2

1 − 𝑞𝑚

 

⟨𝑊sp𝑊sp⟩1
2
BPS

Spin(3)
(𝔮) = ⟨𝑇

(
1
2
)
𝑇
(
1
2
)
⟩
1
2
BPS

𝑈Sp(2)/ℤ2

(𝔮)

 = ⟨𝑊◻𝑊◻⟩1
2
BPS

𝑆𝑈(2)
(𝔮) =

1 + 𝔮2

1 − 𝔮4
=

1

1 − 𝔮2

 

⟨𝑊sp𝑊sp⋯𝑊sp⏟        
2𝑘

⟩Sin(3)(𝑡; 𝑞) = ⟨𝑊◻𝑊◻⋯𝑊◻⏟        
2𝑘

⟩SU(2)(𝑡; 𝑞).
 

⟨𝑊sp𝑊sp𝑊sp𝑊sp⟩1
2
𝐵𝑃𝑆

Sin(3)
(𝔮)  =

2 + 3𝔮2 + 𝔮4

1 − 𝔮4

⟨𝑊sp𝑊sp𝑊sp𝑊sp𝑊sp𝑊sp⟩1
2
𝐵𝑃𝑆

Spin(3)
(𝔮)  =

5 + 9𝔮2 + 5𝔮4 + 𝔮6

1 − 𝔮4

⟨𝑊sp𝑊sp𝑊sp𝑊sp𝑊sp𝑊sp𝑊sp𝑊sp⟩1
2
𝐵𝑃𝑆

Spin(3)
(𝔮)  =

14 + 28𝔮2 + 20𝔮4 + 7𝔮6 + 𝔮8

1 − 𝔮4

⟨𝑊sp𝑊sp𝑊sp𝑊sp𝑊sp𝑊sp𝑊sp𝑊sp𝑊sp𝑊sp⟩1
2
𝐵𝑃𝑆

Spin(3)
(𝔮)  =

42 + 90𝔮2 + 75𝔮4 + 35𝔮6 + 9𝔮8 + 𝔮10

1 − 𝔮4
.

 

⟨𝑊sp⋯𝑊sp⏟      
2𝑘

⟩1
2
BPS

Spin(3)
(𝔮)= ℐ1

2
BPS

𝑆𝑂(3)
(𝔮)∑  

𝑘

𝑖=0

 𝑎𝑘sp
𝔰𝔬(3)

(𝑖)𝔮2𝑖  

 =
1

1 − 𝔮4
∑ 

𝑘

𝑖=0

 𝑎𝑘sp
𝔰𝔬(3)

(𝑖)𝔮2𝑖

 

𝑎𝑘sp
𝔰𝔬(3)

(𝑖)= (2𝑖 + 1)
(2𝑘)!

(𝑘 − 𝑖)! (𝑘 + 𝑖 + 1)!
 

 = 𝐶𝑘+𝑖+1,2𝑖+1

 

𝐶𝑛,𝑚 =
𝑚

𝑛
(
2𝑛 − 𝑚 − 1

𝑛 − 1
)  

𝐶𝑘=
1

𝑘 + 1
(
2𝑘

𝑘
)  

 = ∏  

1≤𝑖≤𝑗≤𝑘−1

 
𝑖 + 𝑗 + 2

𝑖 + 𝑗
.
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1 − √1 − 4𝑥

2𝑥
= ∑  

∞

𝑘=0

 𝑎𝑘𝑠𝑝
𝔰𝔬(3)

(0)𝑥𝑘  

1

𝑥𝑖+1
(
1 − √1 − 4𝑥

2
)

2𝑖+1

= ∑  

∞

𝑘=0

 𝑎𝑘sp
𝔰𝔬(3)

(𝑖)𝑥𝑘 .  

∑  

∞

𝑘=0

 𝑥𝑘⟨𝑊sp⋯𝑊sp⏟      
2𝑘

⟩1
2
BPS

Spin(3)
(𝔮) =

1

1 − 𝔮4
⋅

2(1 − √1 − 4𝑥)

4𝑥 − (1 − √1 − 4𝑥)2𝔮2
 

⟨𝑊◻𝑊◻⟩
𝑆𝑂(3)(𝑡; 𝑞)

 =
1

2

(𝑞)∞
2

(𝑞
1
2𝑡±2; 𝑞)

∞

∰
𝑑𝑠

2𝜋𝑖𝑠

(𝑠±; 𝑞)∞(𝑞𝑠
±; 𝑞)∞

(𝑞
1
2𝑡2𝑠±; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠±; 𝑞)

∞

(1 + 𝑠 + 𝑠−1)2   

 

 

⟨𝑊◻⋯𝑊◻⏟      
𝑘

⟩𝑆𝑂(3)(𝑡; 𝑞) =∑  

𝑘

𝑖=0

 (
𝑘

𝑖
) (−1)𝑖⟨𝑊sp⋯𝑊sp⏟      

2(𝑘−𝑖)

⟩𝑆𝑂(3)(𝑡; 𝑞),  

⟨𝑊◻⟩
𝑆𝑂(3)(𝑡; 𝑞)= ⟨𝑊sp𝑊sp⟩

𝑆𝑂(3)
(𝑡; 𝑞) − ℐ𝑆𝑂(3)(𝑡; 𝑞)  

 = −

(𝑞
1
2𝑡±2; 𝑞)

∞

(𝑞; 𝑞)∞
2 ∑  

𝑝1,𝑝2∈ℤ
𝑝1+1<𝑝2

 
(𝑞

1
2𝑡−2)

𝑝1+𝑝2−2

(1 − 𝑞𝑝1−
1
2𝑡2) (1 − 𝑞𝑝2−

1
2𝑡2)

 

⟨𝑊◻⟩1
2
𝐵𝑃𝑆

𝑆𝑂(3)
(𝔮)= ⟨𝑊sp𝑊sp⟩1

2
𝐵𝑃𝑆

𝑆𝑂(3)
(𝔮) − ℐ1

2
𝐵𝑃𝑆

𝑆𝑂(3)
(𝔮) 

 =
𝔮2

1 − 𝔮4

 

⟨𝑊◻𝑊◻𝑊◻⟩1
2
BPS

𝑆𝑂(3)
(𝔮)= ⟨𝑊sp𝑊sp𝑊sp𝑊sp𝑊sp𝑊sp⟩1

2
BPS

𝑆𝑂(3)
(𝔮) − 3⟨𝑊sp𝑊sp𝑊sp𝑊sp⟩1

2
BPS

𝑆𝑂(3)
(𝔮) 

+3⟨𝑊sp𝑊sp⟩1
2
BPS

𝑆𝑂(3)
(𝔮) − ℐ1

2
BPS

𝑆𝑂(9)
(𝔮)  

 =
1 + 3𝔮2 + 2𝔮4 + 𝔮6

1 − 𝔮4
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⟨𝑊◻𝑊◻𝑊◻𝑊◻⟩1
2
BPS

𝑆𝑂(3)
(𝔮)  =

3 + 6𝔮2 + 6𝔮4 + 3𝔮6 + 𝔮8

1 − 𝔮4

⟨𝑊◻𝑊◻𝑊◻𝑊◻𝑊◻⟩1
2
BPS

𝑆𝑂(3)
(𝔮)  =

6 + 15𝔮2 + 15𝔮4 + 10𝔮6 + 4𝔮8 + 𝔮10

1 − 𝔮4

⟨𝑊◻𝑊◻𝑊◻𝑊◻𝑊◻𝑊◻⟩1
2
BPS

𝑆𝑂(3)
(𝔮)  =

15 + 36𝔮2 + 40𝔮4 + 29𝔮6 + 15𝔮8 + 5𝔮10 + 𝔮12

1 − 𝔮4

 

⟨𝑊◻⋯𝑊◻⏟      
𝑘

⟩1
2
BPS

𝑆𝑂(3)
(𝔮) =

∑  𝑘
𝑖=0  𝑎𝑘◻

𝔰𝔬(3)
(𝑖)𝔮2𝑖

1 − 𝔮4
,  

𝑎𝑘◻
𝔰𝔬(3)

(𝑖) = 𝑐𝑘
(𝑖)
− 𝑐𝑘

(𝑖+1)  

(1 + 𝑥 + 𝑥2)𝑛 = ∑  

𝑘

𝑖=−𝑘

  𝑐𝑘
(𝑖)
𝑥𝑘+𝑖  

𝑅𝑛 =∑  

𝑛

𝑖=0

  (−1)𝑛−𝑖 (
𝑛

𝑖
) 𝐶𝑖 ,  

∑  

∞

𝑛=1

 𝑅𝑛𝑥
𝑛 =

1

2𝑥
(1 −

√1 − 3𝑥

√1 + 𝑥
)  

⟨𝑊(𝑘)𝑊(𝑘)⟩
𝑆𝑂(3)

(𝑡; 𝑞)=

(𝑞
1
2𝑡±2; 𝑞)

∞

(𝑞𝑡±4; 𝑞)∞
[
2𝑘 + 1

2
∑  

𝑚∈ℤ∖{0}

 (
𝑡2𝑚 − 𝑡−2𝑚

𝑡 − 𝑡−2
𝑞
𝑚−1
2

1 − 𝑞𝑚
) 

− ∑  

2𝑘

𝑚=1

  (2𝑘 − 𝑚 + 1)(
𝑡2𝑚 − 𝑡−2𝑚

𝑡 − 𝑡−2
𝑞
𝑚−1
2

1 − 𝑞𝑚
)]

 

⟨𝑊(𝑘)𝑊(𝑘)⟩1
2
BPS

𝑆𝑂(3)
(𝔮)=

1 + 𝔮2 +⋯+ 𝔮4𝑘

1 − 𝔮4
 

 =
1 − 𝔮4𝑘+2

(1 − 𝔮2)(1 − 𝔮4)

 

⟨𝑊(∞)𝑊(∞)⟩1
2
BPS

𝑆𝑂(𝔮)
(𝔮) =

1

(1 − 𝔮2)(1 − 𝔮4)
 

 

⟨𝑊◻◻⟩1
2
BPS

𝑆𝑂(𝔮)
(𝔮)= ⟨𝑊sp𝑊sp𝑊sp𝑊sp⟩1

2
BPS

𝑆𝑂(3)
(𝔮) − 3⟨𝑊sp𝑊sp⟩1

2
BPS

𝑆𝑂(3)
(𝔮) + ℐ1

2
BPS

𝑆𝑂(3)
(𝔮) 

 =
𝔮4

1 − 𝔮4
,

⟨𝑊◻◻𝑊◻◻𝑊◻◻⟩1
2
BPS

𝑆𝑂(3)
(𝔮) = ⟨𝑊sp⋯𝑊sp⏟      

12

⟩1
2
BPS

𝑆𝑂(3)
(𝔮) − 9⟨𝑊sp⋯𝑊sp⏟      

10

⟩1
2
BPS

𝑆𝑂(3)
(𝔮)

 +30⟨𝑊sp⋯𝑊sp⏟      
8

⟩1
2BPS

𝑆𝑂(3)
(𝔮) − 45⟨𝑊sp⋯𝑊sp⏟      

6

⟩1
2BPS

𝑆𝑂(3)
(𝔮)

 +30⟨𝑊sp⋯𝑊sp⏟      
4

⟩1
2
BPS

𝑆𝑂(3)
(𝔮) − 9⟨𝑊sp𝑊sp⟩1

2
BPS

𝑆𝑂(3)
(𝔮) + ℐ1

2
BPS

𝑆𝑂(3)
(𝔮)

 =
1 + 3𝔮2 + 5𝔮4 + 4𝔮6 + 3𝔮8 + 2𝔮10 + 𝔮12

1 − 𝔮4
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⟨𝑊◻◻◻⋯⋯𝑊◻◻◻⏟          
𝑘

⟩𝑆𝑂(3)(𝑡; 𝑞)  

 = ∑  

𝑘1+𝑘2+𝑘3+𝑘4=𝑘

 (
𝑘

𝑘1, 𝑘2, 𝑘3, 𝑘4
) (−1)𝑘2+𝑘45𝑘26𝑘3⟨𝑊sp⋯𝑊sp⏟      

6𝑘2+4𝑘1+2𝑘2

⟩𝑆𝑂(3)(𝑡; 𝑞).
 

⟨𝑊◻◻◻⟩1
2BPS

𝑆𝑂(3)
(𝔮)

= ⟨𝑊sp⋯𝑊sp⏟      
6

⟩1
2
BPS

𝑆𝑂(3)
(𝔮) − 5⟨𝑊sp⋯𝑊sp⏟      

4

⟩1
2
BPS

𝑆𝑂(3)
(𝔮) + 6⟨𝑊sp𝑊sp⟩1

2
BPS

𝑆𝑂(3)
(𝔮) − ℐ1

2
BPS

𝑆𝑂(3)
(𝔮)  

 =
𝔮6

1 − 𝔮4
,

⟨𝑊◻◻◻𝑊◻◻◻𝑊◻◻◻⟩1
2
BPS

𝑆𝑂(3)
(𝔮)

 = ⟨𝑊sp⋯𝑊sp⏟      
18

⟩1
2
BPS

𝑆𝑂(3)
(𝔮) − 15⟨𝑊sp⋯𝑊sp⏟      

16

⟩1
2
BPS

𝑆𝑂(3)
(𝔮) + 93⟨𝑊sp⋯𝑊sp⏟      

14

⟩1
2
BPS

𝑆𝑂(3)
(𝔮)

 −308⟨𝑊sp⋯𝑊sp⏟      
12

⟩1
2
BPS

𝑆𝑂(3)
(𝔮) + 588⟨𝑊sp⋯𝑊sp⏟      

10

⟩1
2
BPS

𝑆𝑂(3)
(𝔮) − 651⟨𝑊sp⋯𝑊sp⏟      

8

⟩1
2
BPS

𝑆𝑂(3)
(𝔮)

 +399⟨⟨  ⏟
sp

⋯𝑊sp
⏟      

6

⟩1
2
BPS

𝑆𝑂(3)
(𝔮) − 123⟨𝑊sp⋯𝑊sp⏟      

4

⟩1
2
BPS

𝑆𝑂(3)
(𝔮) + 18 ⟨𝑊sp

𝑊sp⟩
1
2
BPS

𝑆𝑂(3)

(𝔮) − ℐ1
2
BPS

𝑆𝑂(3)
(𝔮)

 =
1 + 3𝔮2 + 5𝔮4 + 7𝔮6 + 6𝔮8 + 5𝔮10 + 4𝔮12 + 3𝔮14 + 2𝔮16 + 𝔮18

1 − 𝔮4

 

𝜒(𝑘)
𝔰𝔬(3)

= ∑  

𝑘

𝑛=0

  (−1)𝑛 (
2𝑘 − 𝑛

𝑛
) 𝜒sp

𝔰𝔬(3)2𝑘−2𝑛
.  

⟨𝑊(𝑘)⟩1
2
𝐵𝑃𝑆

𝑆𝑂(3)
(𝔮) =

𝔮2𝑘

1 − 𝔮4
.  

⟨𝑊(𝑘)𝑊(𝑙)⟩1
2
BPS

𝑆𝑂(3)
(𝔮) =

𝔮2(𝑙−𝑘)(1 − 𝔮4𝑘+2)

(1 − 𝔮2)(1 − 𝔮4)
.  

⟨𝑊(𝑘)𝑊(𝑘)𝑊(𝑘)⟩1
2
BPS

𝑆𝑂(3)
(𝔮) =

1 + 𝔮2 − 3𝔮2𝑘+2 + 𝔮6𝑘+4

(1 − 𝔮2)2(1 − 𝔮4)
.  

⟨𝑊(∞)𝑊(∞)𝑊(∞)⟩1
2
BPS

𝑆𝑂(3)
(𝔮) =

1

(1 − 𝔮2)3
 

⟨𝑊(𝑘)𝑊(𝑘)𝑊(𝑘)𝑊(𝑘)⟩1
2
BPS

𝑆𝑂(3)
(𝔮) =

2𝑘 + 1 − 3𝔮2 − (2𝑘 + 1)𝔮4 + 4𝔮4𝑘+4 − 𝔮8𝑘+6

(1 − 𝔮2)3(1 − 𝔮4)
 

⟨𝑊sp𝑊sp⟩
Sin(5)

(𝑡; 𝑞)

=
1

8

(𝑞)∞
4

(𝑞
1
2𝑡±; 𝑞)

∞

2 ∰∏ 

2

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

(𝑠𝑖
±; 𝑞)

∞
(𝑞𝑠𝑖

±; 𝑞)
∞

(𝑞
1
2𝑡2𝑠𝑖

±; 𝑞)
∞
(𝑞

1
2𝑡−2𝑠𝑖

±; 𝑞)
∞

   

 ×
(𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑠1

±𝑠2
±; 𝑞)

∞
(𝑞𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞𝑠1

±𝑠2
±; 𝑞)

∞

(𝑞
1
2𝑡2𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞

1
2𝑡2𝑠1

±𝑠2
±; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠1

±𝑠2
±; 𝑞)

∞

∏ 

2

𝑖=1

 (𝑠𝑖

1
2 + 𝑠𝑖

−
1
2)

2
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⟨𝑇
(
1
2
,
1
2
)
𝑇
(
1
2
,
1
2
)
⟩

𝑈𝑆𝑝(4)/ℤ2

(𝑡; 𝑞)

=
1

2

(𝑞)∞
4

(𝑞
1
2𝑡±2; 𝑞)

∞

2 ∰∏ 

2

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

(𝑞
1
2𝑠𝑖

±2; 𝑞)
∞
(𝑞

3
2𝑠𝑖

±2; 𝑞)
∞

(𝑞𝑡2𝑠𝑖
±2; 𝑞)

∞
(𝑞𝑡−2𝑠𝑖

±2; 𝑞)
∞

   

 ×

(𝑠1
±𝑠2

∓; 𝑞)
∞
(𝑞

1
2𝑠1

±𝑠2
±; 𝑞)

∞
(𝑞𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞

3
2𝑠1

±𝑠2
±; 𝑞)

∞

(𝑞
1
2𝑡2𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞𝑡2𝑠1

±𝑠2
±; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞𝑡−2𝑠1

±𝑠2
±; 𝑞)

∞

 

⟨𝑊sp𝑊sp⟩
Spin(5)

(𝑡; 𝑞) = ⟨𝑇
(
1
2
,
1
2
)
𝑇
(
1
2
,
1
2
)
⟩

𝑈Sp(4)/ℤ2

(𝑡; 𝑞)  

⟨𝑊sp𝑊sp⟩1
2
BPS

Spin(5)
(𝔮)= ⟨𝑇

(
1
2
,
1
2
)
𝑇
(
1
2
,
1
2
)
⟩
1
2
BPS

USp(4)/ℤ2

(𝔮) 

=
1 + 𝔮2 + 𝔮4 + 𝔮6

(1 − 𝔮4)(1 − 𝔮8)
 

 =
1

(1 − 𝔮2)(1 − 𝔮4)

 

⟨𝑊sp ⋯𝑊sp ⏟      
4

⟩1
2
BPS

Spin(5)
(𝔮)  =

3 + 6𝔮2 + 8𝔮4 + 9𝔮6 + 6𝔮8 + 3𝔮10 + 𝔮12

(1 − 𝔮4)(1 − 𝔮8)

⟨𝑊sp ⋯𝑊sp ⏟      
6

⟩1
2
BPS

Spin(5)
(𝔮)  =

1

(1 − 𝔮4)(1 − 𝔮8)
(14 + 40𝔮2 + 66𝔮4 + 85𝔮6

+81𝔮8 + 59𝔮10 + 34𝔮12 + 15𝔮14 + 5𝔮16 + 𝔮18)

⟨𝑊sp ⋯𝑊sp ⏟      
8

⟩1
2BPS

Spin(5)
(𝔮)  =

1

(1 − 𝔮4)(1 − 𝔮8)
(84 + 300𝔮2 + 581𝔮4 + 840𝔮6 + 945𝔮8 + 842𝔮10

+616𝔮12 + 378𝔮14 + 195𝔮16 + 83𝔮18 + 28𝔮20 + 7𝔮22 + 𝔮24)

 

⟨𝑊sp⋯𝑊sp⏟      
2𝑘

⟩1
2
BPS

Spin(5)
(𝔮) =

∑  3𝑘
𝑖=0  𝑎𝑘sp

𝔰𝔬(5)
(𝑖)𝔮2𝑖

(1 − 𝔮4)(1 − 𝔮8)
.  

𝑎𝑘sp
𝔰𝔬(5)

(0)= 𝐶𝑘𝐶𝑘+2 − 𝐶𝑘+1
2  

=
24(2𝑘 + 1)! (2𝑘 − 1)!

(𝑘 − 1)! 𝑘! (𝑘 + 2)! (𝑘 + 3)!
 

 = ∏  

1≤𝑖≤𝑗≤𝑘−1

 
𝑖 + 𝑗 + 4

𝑖 + 𝑗

 

 3𝐹2 (1,
1

2
,
3

2
; 3,4; 16𝑥) = ∑  

∞

𝑘=0

 𝑎𝑘sp
𝔰𝔬(5)

(0)𝑥𝑘  

 𝑝𝐹𝑞(𝑎1, ⋯ , 𝑎𝑝; 𝑏1, ⋯ , 𝑏𝑞; 𝑧) = ∑  

∞

𝑘=0

 
(𝑎1)𝑘(𝑎2)𝑘⋯(𝑎𝑝)𝑘
(𝑏1)𝑘(𝑏2)𝑘⋯(𝑏𝑞)𝑘

𝑧𝑘

𝑘!
 

𝑎𝑘sp
𝔰𝔬(5)

(1) =
60(2𝑘)! (2𝑘 + 2)!

(𝑘 − 1)! 𝑘! (𝑘 + 3)! (𝑘 + 4)!
 

⟨𝑊◻⋯𝑊◻⏟      
𝑘

⟩1
2
BPS

𝑆𝑂(𝔰)
(𝔮) =

∑  2𝑘
𝑖=0  𝑎𝑘◻

𝔰𝔬(5)
(𝑖)𝔮2𝑖

(1 − 𝔮4)(1 − 𝔮8)
,  
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⟨𝑊◻⟩1
2
BPS

𝑆𝑂(5)
(𝔮)  =

𝔮4

(1 − 𝔮4)(1 − 𝔮8)

⟨𝑊◻𝑊◻⟩1
2
BPS

𝑆𝑂(5)
(𝔮)  =

1 + 𝔮2 + 𝔮4 + 𝔮6 + 𝔮8

(1 − 𝔮4)(1 − 𝔮8)

 =
1 − 𝔮10

(1 − 𝔮2)(1 − 𝔮4)(1 − 𝔮8)

⟨𝑊◻𝑊◻𝑊◻⟩1
2
BPS

𝑆𝑂(5)
(𝔮)  =

𝔮2 + 3𝔮4 + 3𝔮6 + 3𝔮8 + 2𝔮10 + 𝔮12

(1 − 𝔮4)(1 − 𝔮8)

⟨𝑊◻𝑊◻𝑊◻𝑊◻⟩1
2
BPS

𝑆𝑂(5)
(𝔮)  =

1

(1 − 𝔮4)(1 − 𝔮8)
(3 + 3𝔮2 + 9𝔮4 + 15𝔮6 + 12𝔮8

+12𝔮10 + 6𝔮12 + 𝔮16)

⟨𝑊◻𝑊◻𝑊◻𝑊◻𝑊◻⟩1
2
BPS

𝑆𝑂(5)
(𝔮)  =

1

(1 − 𝔮4)(1 − 𝔮8)
(1 + 10𝔮2 + 24𝔮4 + 36𝔮6 + 44𝔮8

+41𝔮10 + 31𝔮12 + 19𝔮14 + 10𝔮16 + 4𝔮18 + 𝔮20)

 

𝑎𝑘◻
𝔰𝔬(5)

(0)=∑  

⌊
𝑘
2
⌋

𝑖=0

 𝐶𝑖𝐶𝑖+1 (
𝑘

2𝑖
) − ∑  

⌊
𝑘+1
2
⌋

𝑖=0

 𝐶𝑖
2 (

𝑘

2𝑖 − 1
)  

 = −𝑘3𝐹2 (
3

2
,
1

2
−
𝑘

2
; 3,3; 16) +  3𝐹2 (

3

2
,
1

2
−
𝑘

2
; 2,3; 16)(4.96)

 

 

⟨𝑊◻
◻
⟩
1
2
𝐵𝑃𝑆

𝑆𝑂(𝔮)

(𝔮)=
𝔮2 + 𝔮6

(1 − 𝔮4)(1 − 𝔮8)
 

 =
𝔮2

(1 − 𝔮4)2

⟨𝑊◻
◻
𝑊◻

◻
⟩
1
2
𝐵𝑃𝑆

𝑆𝑂(𝔮)

(𝔮) =
1 + 𝔮2 + 3𝔮4 + 2𝔮6 + 3𝔮8 + 𝔮10 + 𝔮12

(1 − 𝔮4)(1 − 𝔮8)

 =
(1 − 𝔮6)(1 − 𝔮8)

(1 − 𝔮2)(1 − 𝔮4)3

⟨𝑊◻
◻
𝑊◻

◻
𝑊◻

◻
⟩
1
2
𝐵𝑃𝑆

𝑆𝑂(5)

(𝔮) =
1

(1 − 𝔮4)(1 − 𝔮8)
(1 + 6𝔮2 + 9𝔮4 + 16𝔮6 + 15𝔮8

+15𝔮10 + 9𝔮12 + 6𝔮14 + 2𝔮16 + 𝔮18)

⟨𝑊◻
◻
𝑊◻

◻
𝑊◻

◻
𝑊◻

◻
⟩
1
2
𝐵𝑃𝑆

𝑆𝑂(5)

(𝔮) =
1

(1 − 𝔮4)(1 − 𝔮8)
(6 + 22𝔮2 + 54𝔮4 + 82𝔮6 + 15𝔮8

+15𝔮10 + 9𝔮12 + 6𝔮14 + 2𝔮16 + 𝔮18)

 

⟨𝑊(2)⋯𝑊(2)⏟        
𝑘

⟩1
2
BPS

𝑆𝑂(5)
(𝔮) =

∑  4𝑘
𝑖=0  𝑎𝑘◻◻

𝔰𝔬(5)
(𝑖)𝔮2𝑖

(1 − 𝔮4)(1 − 𝔮8)
,  
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⟨𝑊◻◻⟩1
2
𝐵𝑃𝑆

𝑆𝑂(5)
(𝔮)=

𝔮4 + 𝔮8

(1 − 𝔮4)(1 − 𝔮8)
 

 =
𝔮4

(1 − 𝔮4)2

⟨𝑊◻◻𝑊◻◻⟩1
2
𝐵𝑃𝑆

𝑆𝑂(5)
(𝔮) =

1 + 𝔮2 + 2𝔮4 + 2𝔮6 + 3𝔮8 + 2𝔮10 + 3𝔮12 + 𝔮14 + 𝔮16

(1 − 𝔮4)(1 − 𝔮8)

⟨𝑊◻◻𝑊◻◻𝑊◻◻⟩1
2𝐵𝑃𝑆

𝑆𝑂(5)
(𝔮) =

1

(1 − 𝔮4)(1 − 𝔮8)

 × (1 + 3𝔮2 + 9𝔮4 + 13𝔮6 + 20𝔮8 + 21𝔮10

+22𝔮12 + 18𝔮14 + 15𝔮16 + 9𝔮18 + 6𝔮20 + 2𝔮22 + 𝔮24)

 

⟨𝑊(𝑘)⟩1
2
BPS

𝑆𝑂(5)
(𝔮)=

𝔮4𝑘−4 + 𝔮4𝑘

(1 − 𝔮4)(1 − 𝔮8)
 

 =
𝔮4𝑘−4

(1 − 𝔮4)2

 

⟨𝑊(𝑘)𝑊(𝑘)⟩1
2
BPS

𝑆𝑂(5)
(𝔮) =

∑  8𝑘
𝑖=0  𝑎2

𝔰(5)
(𝑖)𝔮2𝑖

(1 − 𝔮4)(1 − 𝔮8)
,  

⟨𝑊◻◻◻𝑊◻◻◻⟩1
2
BPS

𝑆𝑂(5)
(𝔮)=

1

(1 − 𝔮4)(1 − 𝔮8)
(1 + 𝔮2 + 2𝔮4 + 3𝔮6 + 4𝔮8 + 4𝔮10  

+6𝔮12 + 5𝔮14 + 5𝔮16 + 4𝔮18 + 3𝔮20 + 𝔮22 + 𝔮24)

⟨𝑊◻◻◻𝑊◻◻◻𝑊◻◻◻⟩1
2
BPS

𝑆𝑂(5)
(𝔮) =

1

(1 − 𝔮4)(1 − 𝔮8)
(1 + 𝔮2 + 2𝔮4 + 3𝔮6 + 5𝔮8 + 5𝔮10

 +8𝔮12 + 8𝔮14 + 10𝔮16 + 9𝔮18 + 10𝔮20 + 7𝔮22 + 7𝔮24

+4𝔮26 + 3𝔮28 + 𝔮30 + 𝔮32)

 

⟨𝑊(∞)𝑊(∞)⟩1
2
BPS

𝑆𝑂(5)
(𝔮)

 = 1 + 𝔮2 + 3𝔮4 + 4𝔮6 + 9𝔮8 + 11𝔮10 + 21𝔮12 + 26𝔮14 + 44𝔮16 + 54𝔮18 + 84𝔮20 +⋯
 

⟨𝑊(∞)𝑊(∞)⟩1
2
BPS

𝑆𝑂(𝔮)
(𝔮) =

1 − 𝔮24

(1 − 𝔮2)(1 − 𝔮4)2(1 − 𝔮6)(1 − 𝔮8)2(1 − 𝔮12)
.  

⟨𝑊sp𝑊sp⟩
Spin(7)

(𝑡; 𝑞)

=
1

48

(𝑞)∞
6

(𝑞
1
2𝑡±; 𝑞)

∞

3 ∰∏ 

3

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

(𝑠𝑖
±; 𝑞)

∞
(𝑞𝑠𝑖

±; 𝑞)
∞

(𝑞
1
2𝑡2𝑠𝑖

±; 𝑞)
∞
(𝑞

1
2𝑡−2𝑠𝑖

±; 𝑞)
∞

   

 ×∏  

𝑖<𝑗

 
(𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑞
1
2𝑡2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

∏ 

3

𝑖=1

 (𝑠
𝑖

1
2 + 𝑠

𝑖

−
1
2)

2

 

⟨𝑇
(
1
2
,
1
2
,
1
2
)
𝑇
(
1
2
,
1
2
,
1
2
)
⟩

𝑈𝑆𝑃(6)/ℤ2

(𝑡; 𝑞)

=
1

6

(𝑞)∞
6

(𝑞
1
2𝑡±2; 𝑞)

∞

3 ∰∏ 

3

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

(𝑞
1
2𝑠𝑖

±2; 𝑞)
∞
(𝑞

3
2𝑠𝑖

±2; 𝑞)
∞

(𝑞𝑡2𝑠𝑖
±2; 𝑞)

∞
(𝑞𝑡−2𝑠𝑖

±2; 𝑞)
∞

   

 ×∏  

𝑖<𝑗

 

(𝑠𝑖
±𝑠𝑗

∓; 𝑞)
∞
(𝑞

1
2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

3
2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑞
1
2𝑡2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞𝑡2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞𝑡−2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
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⟨𝑊sp⋯𝑊sp⏟      
2𝑘

⟩1
2
BPS

Spin(7)
(𝔮) =

∑  6𝑘
𝑖=0  𝑎𝑘sp

𝔰𝔬(7)
(𝑖)𝔮2𝑖

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)
.  

⟨𝑊sp𝑊sp𝑊sp𝑊sp⟩1
2
𝐵𝑃𝑆

Spin(7)
(𝔮)=

1

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)
 (4 + 9𝔮2 + 15𝔮4

+25𝔮6 + 29𝔮8 + 32𝔮10 + 33𝔮12 + 26𝔮14 + 20𝔮16  

+13𝔮18 + 6𝔮20 + 3𝔮22 + 𝔮24)

⟨𝑊sp𝑊sp𝑊sp𝑊sp𝑊sp𝑊sp⟩1
2
𝐵𝑃𝑆

Spin(7)
(𝔮) =

1

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)
(30 + 105𝔮2 + 235𝔮4

 +435𝔮6 + 650𝔮8 + 855𝔮10 + 1010𝔮12 + 1055𝔮14

 +1006𝔮16 + 865𝔮18 + 665𝔮20 + 470𝔮22 + 299𝔮24

+170𝔮26 + 89𝔮28 + 40𝔮30 + 15𝔮32 + 5𝔮34 + 𝔮36)

 

𝑎𝑘𝑠𝑝
𝔰𝔬(7)

(0) = ∏  

1≤𝑖≤𝑗≤𝑘−1

 
𝑖 + 𝑗 + 6

𝑖 + 𝑗  

 4𝐹3 (1,
1

2
,
5

2
,
3

2
; 4,5,6; 64𝑥) = ∑  

∞

𝑘=0

 𝑎𝑘sp
𝔰𝔬(7)

(0)𝑥𝑘  

⟨𝑊◻⋯𝑊◻⏟      
𝑘

⟩1
2
BPS

𝑆𝑂(7)
(𝔮) =

∑  3𝑘
𝑖=0  𝑎𝑘◻

𝔰𝔬(7)
(𝑖)𝔮2𝑖

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)
,  

⟨𝑊◻⟩1
2
BPS

𝑆𝑂(7)
(𝔮)  =

𝔮6

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)
,

⟨𝑊◻𝑊◻⟩1
2
BPS

𝑆𝑂(7)
(𝔮)  =

1 + 𝔮2 + 𝔮4 + 𝔮6 + 𝔮8 + 𝔮10 + 𝔮12

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)

 =
1 − 𝔮14

(1 − 𝔮2)(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)
,

⟨𝑊◻𝑊◻𝑊◻⟩1
2
BPS

𝑆𝑂(7)
(𝔮)  =

𝔮4 + 3𝔮6 + 3𝔮8 + 3𝔮10 + 3𝔮12 + 3𝔮14 + 2𝔮16 + 𝔮18

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)
.

 

 ⟨𝑊◻
◻
⋯𝑊◻

◻⏟      
𝑘

⟩1
2BPS

𝑆𝑂(7)
(𝔮) =

∑  5𝑘
𝑖=0  𝑎𝑘◻◻

𝔰(7)
(𝑖)𝔮2𝑖

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)
,

⟨𝑊◻
◻
⋯𝑊◻

◻
⟩
1
2
BPS

𝑆𝑂(7)

(𝔮)
⏟            

𝑘

=
∑  6𝑘
𝑖=0  𝑎𝑘

𝔰(7)
(𝑖)𝔮2𝑖

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)
.

 

⟨𝑊◻
◻
⟩
1
2
BPS

𝑆𝑂(7)

(𝔮)  =
𝔮2 + 𝔮6 + 𝔮10

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)
,

⟨𝑊◻
◻
𝑊◻

◻
⟩
1
2
BPS

𝑆𝑂(7)

(𝔮)  =
1

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)

 × (1 + 𝔮2 + 3𝔮4 + 2𝔮6 + 5𝔮8 + 3𝔮10

+5𝔮12 + 2𝔮14 + 3𝔮16 + 𝔮18 + 𝔮20).

 



pág. 3075 

⟨𝑊◻
◻
◻

⟩

1
2
BPS

𝑆𝑂(7)

(𝔮)  =
𝔮4 + 𝔮8 + 𝔮12

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)
,

⟨𝑊◻
◻
◻

𝑊◻
◻
◻

⟩

1
2
BPS

𝑆𝑂(7)

(𝔮)  =
1

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)

 × (1 + 𝔮2 + 3𝔮4 + 4𝔮6 + 7𝔮8 + 6𝔮10 + 9𝔮12

+6𝔮14 + 7𝔮16 + 4𝔮18 + 3𝔮20 + 𝔮22 + 𝔮24).

 

⟨𝑊(𝑙)⋯𝑊(𝑙)⏟      
𝑘

⟩1
2
BPS

𝑆𝑂(7)
(𝔮) =

∑  3𝑙𝑘
𝑖=0  𝑎𝑘(𝑙)

𝔰𝔬(7)
(𝑖)𝔮2𝑖

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)
.  

⟨𝑊◻◻⟩1
2
BPS

𝑆𝑂(7)
(𝔮)  =

𝔮4 + 𝔮8 + 𝔮12

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)
,

⟨𝑊◻◻𝑊◻◻⟩1
2
BPS

𝑆𝑂(7)
(𝔮)  =

1

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)

 × (1 + 𝔮2 + 2𝔮4 + 2𝔮6 + 4𝔮8 + 3𝔮10 + 5𝔮12

+3𝔮14 + 5𝔮16 + 2𝔮18 + 3𝔮20 + 𝔮22 + 𝔮24).

 

⟨𝑊sp𝑊sp⟩
Spin(2𝑁+1)

(𝑡; 𝑞)

=
1

2𝑁𝑁!

(𝑞)∞
2𝑁

(𝑞
1
2𝑡±; 𝑞)

∞

𝑁 ∰∏ 

𝑁

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

(𝑠𝑖
±; 𝑞)

∞
(𝑞𝑠𝑖

±; 𝑞)
∞

(𝑞
1
2𝑡2𝑠𝑖

±; 𝑞)
∞
(𝑞

1
2𝑡−2𝑠𝑖

±; 𝑞)
∞

   

 ×∏  

𝑖<𝑗

 
(𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑞
1
2𝑡2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

∏ 

𝑁

𝑖=1

 (𝑠𝑖

1
2 + 𝑠𝑖

−
1
2)

2

 

 

⟨𝑊sp𝑊sp⟩1
2
BPS

Spin(2𝑁+1)
(𝔮)= ⟨𝑇

(
1
2

𝑁

)

∎𝑇
(
1
2

𝑁

)

∎⟩

1
2
BPS

USp(2𝑁)/ℤ2

(𝔮) 

 =∏  

𝑁

𝑛=1

 
1

(1 − 𝔮2𝑛)

 

ℐ1
2
BPS

Spin(2𝑁+1)
(𝔮) =∏  

𝑁

𝑛=1

 
1

1 − 𝔮4𝑛
,  

⟨𝒲sp𝒲sp⟩1
2
BPS

Spin(2𝑁+1)
(𝔮) =∏ 

𝑁

𝑛=1

  (1 + 𝔮2𝑛)  
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⟨𝑊sp⋯𝑊sp⏟      
2𝑘

∫  
Spin(2𝑁+1)

1
2
BPS

  (𝔮) =
∑  
𝑁(𝑁+1)𝑘

2
𝑖=0  𝑎𝑘sp

𝔰0(2𝑁+1)
(𝑖)𝔮2𝑖

∏  𝑁
𝑛=1   (1 − 𝔮4𝑛)

,  

𝑎𝑘 sp
𝔰𝔬(2𝑁+1)

(0)= det(𝐶2𝑁−𝑖−𝑗+𝑘)  

 = ∏  

1≤𝑖≤𝑗≤𝑘−1

 
𝑖 + 𝑗 + 2𝑁

𝑖 + 𝑗
,

 

⟨𝑊◻⋯𝑊◻⏟      
𝑘

⟩1
2
BPS

𝑆𝑂(2𝑁+1)
(𝔮) =

∑  𝑁𝑘
𝑖=0  𝑎𝑘◻

𝔰𝔬(2𝑁+1)
(𝑖)𝔮2𝑖

∏  𝑁
𝑛=1   (1 − 𝔮4𝑛)

,  

⟨𝑊◻⟩1
2
BPS

𝑆𝑂(2𝑁+1)
(𝔮)  =

𝔮2𝑁

∏  𝑁
𝑛=1   (1 − 𝔮4𝑛)

,

⟨𝑊◻𝑊◻⟩1
2
BPS

𝑆𝑂(2𝑁+1)
(𝔮)  =

1 + 𝔮2 + 𝔮4 +⋯+ 𝔮4𝑁

∏  𝑁
𝑛=1   (1 − 𝔮4𝑛)

 =
1 − 𝔮4𝑁+2

(1 − 𝔮2)∏  𝑁
𝑛=1   (1 − 𝔮4𝑛)

.

 

⟨𝒲◻⟩1
2BPS

𝑆𝑂(2𝑁+1)
(𝔮)  = 𝔮2𝑁 ,

⟨𝒲◻𝒲◻⟩1
2
BPS

𝑆𝑂(2𝑁+1)
(𝔮)  =

1 − 𝔮4𝑁+2

1 − 𝔮2
.

 

⟨𝒲◻𝒲◻⟩1
2
BPS,𝑐

𝑆𝑂(2𝑁+1)
(𝔮)= ⟨𝒲◻𝒲◻⟩1

2
BPS

𝑆𝑂(2𝑁+1)
(𝔮) − ⟨𝒲◻⟩1

2
BPS

𝑆𝑂(2𝑁+1)
(𝔮)2 

 =
1 − 𝔮4𝑁

1 − 𝔮2

 

⟨𝑊◻
◻
⋯𝑊◻

◻⏟      
𝑘

⟩1
2
BPS

𝑆𝑂(2𝑁+1)
(𝔮) =

∑  
(2𝑁−1)𝑘
𝑖=0  𝑎

𝑘◻
◻

𝔰𝔬(2𝑁+1)
(𝑖)𝔮2𝑖

∏  𝑁
𝑛=1   (1 − 𝔮4𝑛)

,  

⟨𝑊◻
◻
𝑊◻

◻
⟩
1
2
BPS

𝑆𝑂(2𝑁+1)

=
𝔮2 + 𝔮6 +⋯+ 𝔮4𝑁−2

∏  𝑁
𝑛=1   (1 − 𝔮4𝑛)

 

 =
𝔮2(1 − 𝔮4𝑁)

(1 − 𝔮4)∏  𝑁
𝑛=1   (1 − 𝔮4𝑛)

 

⟨𝑊◻
◻
⟩
1
2
BPS

SO(2𝑁+1)

(𝔮) =
𝔮2(1 − 𝔮4𝑁)

1 − 𝔮4
.  

⟨𝑊(𝑙)⋯𝑊(𝑙)⏟      
𝑘

⟩1
2
BPS

𝑆𝑂(2𝑁+1)
(𝔮) =

∑  𝑁𝑙𝑘
𝑖=0  𝑎𝑘(𝑙)

𝔰𝔬(2𝑁+1)
(𝑖)𝔮2𝑖

∏  𝑁
𝑛=1   (1 − 𝔮4𝑛)

,  

(𝑧𝑒 , 𝑧𝑚) ∈ ℤ2 × ℤ2  

(𝑧𝑒 , 𝑧𝑚) = (0,0), (𝑧𝑒 , 𝑧𝑚) = (1,0)  

(𝑧𝑒 , 𝑧𝑚) = (0,0), (𝑧𝑒 , 𝑧𝑚) = (0,1)  

(𝑧𝑒 , 𝑧𝑚) = (0,0), (𝑧𝑒 , 𝑧𝑚) = (1,1)  

𝜒◻
𝔲𝔰𝔭(2𝑁)

=∑  

𝑁

𝑖=1

  (𝑠𝑖 + 𝑠𝑖
−1).  

𝜒◻
𝔲𝔰𝔭(2𝑁)

=
det (𝑠𝑗

𝜆𝑖+𝑁−𝑖+1 − 𝑠𝑗
−𝜆𝑖−𝑁+𝑖−1)

det(𝑠𝑗
𝑁−𝑖+1 − 𝑠𝑗

−𝑁+𝑖−1)
.  
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⟨𝑊ℛ1⋯𝑊ℛ𝑘⟩
𝑈Sp(2𝑁)

 = ∫  𝑑𝜇𝑈Sp(2𝑁)exp (∑  

∞

𝑛=1

 
1

𝑛
𝑓𝑛(𝑞, 𝑡)𝐿𝑛(𝑠))∏  

𝑘

𝑖=1

 𝜒ℛ𝑖
𝔲𝔭(2𝑁)

(𝑠),
 

𝐿𝑛(𝑠) =
𝑃𝑛(𝑠)

2 + 𝑃2𝑛(𝑠)

2
 

exp (∑  

∞

𝑛=1

 
1

𝑛
𝑓𝑛(𝑞, 𝑡)𝐿𝑛(𝑠)) =∑  

𝜆

 
1

𝑧𝜆
𝑓𝜆(𝑞, 𝑡)𝐿𝜆(𝑠)  

⟨𝑊ℛ1⋯𝑊ℛ𝑘⟩
𝑈Sp(2𝑁)

=∑  

𝜆

 
1

𝑧𝜆
𝑓𝜆(𝑞, 𝑡)∫  𝑑𝜇𝑈Sp(2𝑁)𝐿𝜆(𝑠)∏  

𝑘

𝑖=1

 𝜒ℛ𝑖
𝔲𝔰𝔭(2𝑁)

(𝑠)  

𝐿𝜆(𝑠)∏  

𝑘

𝑖=1

 𝜒ℛ𝑖
𝔲𝔭(2𝑁)

(𝑠) =∑  

𝜇

  𝑏𝜆,ℛ
𝜇
𝑃𝜇(𝑠),  

∫  𝑑𝜇𝑈𝑆𝑝(2𝑁)𝑃𝜇(𝑠) = ∑  

𝜈∈𝑅2𝑁
𝑐 (|𝜇|)

 𝜒𝜈
𝑆(𝜇)  

𝑅𝑛
𝑐(𝑝) = {𝜆 ⊢ 𝑝 ∣ ℓ(𝜆) ≤ 𝑛 and ∀𝜆𝑖

′  is even }.  

∫  𝑑𝜇𝑈𝑆𝑝(2𝑁)𝐿𝜆(𝑠)∏  

𝑘

𝑖=1

 𝜒ℛ𝑖
𝔲𝔰𝔭(2𝑁)

(𝑠)=∑  

𝜇

  𝑏𝜆,ℛ
𝜇
∫  𝑑𝜇𝑈𝑆𝑝(2𝑁)𝑃𝜇(𝑠) 

 =∑  

𝜇

 𝑏𝜆,ℛ
𝜇

∑  

𝜈∈𝑅2𝑁
𝑐 (|𝜇|)

 𝜒𝜈
𝑆(𝜇)

 

⟨𝑊ℛ1⋯𝑊ℛ𝑘⟩
𝑈𝑆𝑝(2𝑁)

=∑  

𝜆

 
1

𝑧𝜆
𝑓𝜆(𝑞, 𝑡)∑  

𝜇

  𝑏𝜆,ℛ
𝜇

∑  

𝜈∈𝑅2𝑁
𝑐 (|𝜇|)

 𝜒𝜈
𝑆(𝜇).  

⟨𝑊◻𝑊◻⟩
𝑈𝑆𝑝(2)(𝑡; 𝑞)

 =
1

2

(𝑞)∞
2

(𝑞
1
2𝑡±2; 𝑞)

∞

∮
𝑑𝑠

2𝜋𝑖𝑠

(𝑠±2; 𝑞)∞(𝑞𝑠
±2; 𝑞)∞

(𝑞
1
2𝑡2𝑠±2; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠±2; 𝑞)

∞

(𝑠 + 𝑠−1)2   

⟨𝑇(1)𝑇(1)⟩
𝑆𝑂(3)

(𝑡; 𝑞)

 =
(𝑞)∞

2

(𝑞
1
2𝑡±2; 𝑞)

∞

∮
𝑑𝑠

2𝜋𝑖𝑠

(𝑞
1
2𝑠±; 𝑞)

∞
(𝑞

3
2𝑠±; 𝑞)

∞

(𝑞𝑡2𝑠±; 𝑞)∞(𝑞𝑡
−2𝑠±; 𝑞)∞

  
 

⟨𝑊◻𝑊◻⟩
𝑈Sp(2)(𝑡; 𝑞)= ⟨𝑊sp𝑊sp⟩

Spin(3)
(𝑡; 𝑞)  

= ⟨𝑇(1)𝑇(1)⟩
𝑆𝑂(3)

(𝑡; 𝑞) = ⟨𝑇
(
1
2
)
𝑇
(
1
2
)
⟩

𝑈Sp(2)/ℤ2

(𝑡; 𝑞).
 

⟨𝑊◻𝑊◻⟩1
2
BPS

𝑈Sp(2)
(𝔮)= ⟨𝑇(1)𝑇(1)⟩1

2
BPS

𝑆𝑂(3)
(𝔮) 

=
1 + 𝔮2

1 − 𝔮4
 

 =
1

1 − 𝔮2
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⟨𝑊◻◻𝑊◻◻⟩
𝑈Sp(2)(𝑡; 𝑞)

 =
1

2

(𝑞)∞
2

(𝑞
1
2𝑡±2; 𝑞)

∞

∮
𝑑𝑠

2𝜋𝑖𝑠

(𝑠±2; 𝑞)∞(𝑞𝑠
±2; 𝑞)∞

(𝑞
1
2𝑡2𝑠±2; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠±2; 𝑞)

∞

(1 + 𝑠2 + 𝑠−2)2   

⟨𝑊(2𝑘)⟩
𝑈𝑆𝑝(2)

(𝑡; 𝑞) = ⟨𝑊(𝑘)⟩
𝑆𝑂(3)

(𝑡; 𝑞).  

⟨𝑊(2𝑘)⟩1
2
BPS

𝑈Sp(2)
(𝔮) =

𝔮2𝑘

(1 − 𝔮4)
.  

⟨𝑊(𝑘)𝑊(𝑘)⟩1
2
BPS

𝑈Sp(2)
(𝔮) =

1 − 𝔮2𝑘+2

(1 − 𝔮2)(1 − 𝔮4)
 

⟨𝑊(∞)𝑊(∞)⟩1
2
BPS

USp(2)
(𝔮) =

1

(1 − 𝔮2)(1 − 𝔮4)
 

⟨𝑊◻𝑊◻⟩
𝑈𝑆𝑝(4)(𝑡; 𝑞)

=
1

8

(𝑞)∞
4

(𝑞
1
2𝑡±2; 𝑞)

∞

2 ∯∏ 

2

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

(𝑠𝑖
±2; 𝑞)

∞
(𝑞𝑠𝑖

±2; 𝑞)
∞

(𝑞
1
2𝑡2𝑠𝑖

±2; 𝑞)
∞
(𝑞

1
2𝑡−2𝑠𝑖

±2; 𝑞)
∞

   

 ×
(𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑠1

±𝑠2
±; 𝑞)

∞
(𝑞𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞𝑠1

±𝑠2
±; 𝑞)

∞

(𝑞
1
2𝑡2𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞

1
2𝑡2𝑠1

±𝑠2
±; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠1

±𝑠2
±; 𝑞)

∞

[∑  

2

𝑖=1

  (𝑠𝑖 + 𝑠𝑖
−1)]

2

 

⟨𝑇(1,0)𝑇(1,0)⟩
𝑆𝑂(5)

(𝑡; 𝑞)

=
1

2

(𝑞)∞
4

(𝑞
1
2𝑡±2; 𝑞)

∞

2 ∯∏ 

2

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

(𝑞
1
2𝑠1

±; 𝑞)
∞
(𝑠2

±; 𝑞)
∞
(𝑞

3
2𝑠1

±; 𝑞)
∞
(𝑞𝑠2

±; 𝑞)
∞

(𝑞
1
2𝑡2𝑠2

±; 𝑞)
∞
(𝑞𝑡−2𝑠1

±; 𝑞)
∞
(𝑞

1
2𝑡−2𝑠2

±; 𝑞)
∞

   

 ×

(𝑞
1
2𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞

1
2𝑠1

±𝑠2
±; 𝑞)

∞
(𝑞

3
2𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞

3
2𝑠1

±𝑠2
±; 𝑞)

∞

(𝑞𝑡2𝑠1
±𝑠2

∓; 𝑞)
∞
(𝑞𝑡2𝑠1

±𝑠2
±; 𝑞)

∞
(𝑞𝑡−2𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞𝑡−2𝑠1

±𝑠2
±; 𝑞)

∞

 

⟨𝑊◻𝑊◻⟩
𝑈𝑆𝑝(4)(𝑡; 𝑞)= ⟨𝑊sp𝑊sp⟩

Spin(5)
(𝑡; 𝑞)  

= ⟨𝑇(1,0)𝑇(1,0)⟩
𝑆𝑂(5)

(𝑡; 𝑞) = ⟨𝑇
(
1
2
,
1
2
)
𝑇
(
1
2
,
1
2
)
⟩

𝑈𝑆𝑝(4)/ℤ2

(𝑡; 𝑞).
 

⟨𝑊◻𝑊◻⟩1
2
BPS

𝑈Sp(4)
(𝔮)= ⟨𝑇(1,0)𝑇(1,0)⟩1

2
BPS

𝑆𝑂(5)
(𝔮) 

 =
1

(1 − 𝔮2)(1 − 𝔮4)

 

⟨𝑊◻
◻
⟩
𝑈𝑆𝑝(4)

(𝑡; 𝑞) = ⟨𝑊◻⟩
𝑆𝑂(5)(𝑡; 𝑞).  

⟨𝑊◻
◻
⋯𝑊◻

◻⏟      
𝑘

⟩𝑈𝑆𝑝(4)(𝑡; 𝑞) = ⟨𝑊◻⋯𝑊◻⏟      
𝑘

⟩𝑆𝑂(5)(𝑡; 𝑞).
 

⟨𝑊◻◻⋯𝑊◻◻⏟        
𝑘

⟩𝑈𝑆𝑝(4)(𝑡; 𝑞) = ⟨𝑊◻
◻
⋯𝑊◻

◻⏟      
𝑘

⟩𝑆𝑂(5)(𝑡; 𝑞).
 

⟨𝑊(2𝑙)⋯𝑊(2𝑙)⏟        
𝑘

⟩𝑈𝑆𝑝(4)(𝑡; 𝑞) = ⟨𝑊(𝑙2)⋯𝑊(𝑙2)⏟        
𝑘

⟩𝑆𝑂(5)(𝑡; 𝑞).
 

⟨𝑊(2𝑙)⋯𝑊(2𝑙)⏟        
𝑘

⟩1
2
BPS

𝑈SP(4)
(𝔮) =

∑  3𝑙𝑘
𝑖=0  𝑎𝑘(2𝑙)

𝔲𝔰𝔭(4)
(𝑖)𝔮2𝑖

(1 − 𝔮4)(1 − 𝔮8)
,  
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⟨𝑊(∞)𝑊(∞)⟩1
2
BPS

𝑈Sp(4)
(𝔮) = ⟨𝑊(∞2)𝑊(∞2)⟩1

2
BPS

𝑆𝑂(5)
(𝔮)

 = 1 + 𝔮2 + 4𝔮4 + 5𝔮6 + 13𝔮8 + 16𝔮10 + 33𝔮12 + 41𝔮14 + 73𝔮16 + 90𝔮18 + 145𝔮20 +⋯
 

⟨𝑊(∞)𝑊(∞)⟩1
2
BPS

𝑈𝑆𝑝(4)
(𝔮)= ⟨𝑊(∞2)𝑊(∞2)⟩1

2
BPS

𝑆𝑂(5)
(𝔮)  

 =
1 − 𝔮16

(1 − 𝔮2)(1 − 𝔮4)3(1 − 𝔮6)(1 − 𝔮8)2

 

⟨𝑊(𝑙2)⋯𝑊(𝑙2)⏟        
𝑘

⟩𝑈𝑆𝑝(4)(𝑡; 𝑞) = ⟨𝑊(𝑙)⋯𝑊(𝑙)⏟      
𝑘

⟩𝑆𝑂(5)(𝑡; 𝑞).
 

⟨𝑊◻𝑊◻⟩
𝑈𝑆𝑝(6)(𝑡; 𝑞)

=
1

48

(𝑞)∞
6

(𝑞
1
2𝑡±2; 𝑞)

∞

3 ∮∏ 

3

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

(𝑠𝑖
±2; 𝑞)

∞
(𝑞𝑠𝑖

±2; 𝑞)
∞

(𝑞
1
2𝑡2𝑠𝑖

±2; 𝑞)
∞
(𝑞

1
2𝑡−2𝑠𝑖

±2; 𝑞)
∞

   

 ×∏  

𝑖<𝑗

 
(𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑞
1
2𝑡2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

[∑  

3

𝑖=1

  (𝑠𝑖 + 𝑠𝑖
−1)]

2

.

 

⟨𝑇(1,0,0)𝑇(1,0,0)⟩
𝑆𝑂(7)

(𝑡; 𝑞)

=
1

8

(𝑞)∞
6

(𝑞
1
2𝑡±2; 𝑞)

∞

3 ∮∏ 

3

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

(𝑞
1
2𝛿𝑖,1𝑠𝑖

±; 𝑞)
∞
(𝑞1+

1
2
𝛿𝑖,1𝑠𝑖

±; 𝑞)
∞

(𝑞
1+𝛿𝑖,1
2 𝑡2𝑠𝑖

±; 𝑞)
∞

(𝑞
1+𝛿𝑖,1
2 𝑡−2𝑠𝑖

±; 𝑞)
∞

   

 ×∏  

𝑖<𝑗

 

(𝑞
1
2
𝛿𝑖+𝑗,1𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2
𝛿𝑖+𝑗,1𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞1+

1
2
𝛿𝑖+𝑗,1𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞1+

1
2
𝛿𝑖+𝑗,1𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑞
1+𝛿𝑖+𝑗,1

2 𝑡2𝑠𝑖
±𝑠𝑗

∓; 𝑞)
∞

(𝑞
1+𝛿𝑖+𝑗,1

2 𝑡2𝑠𝑖
±𝑠𝑗

±; 𝑞)
∞

(𝑞
1+𝛿𝑖+𝑗,1

2 𝑡−2𝑠𝑖
±𝑠𝑗

∓; 𝑞)
∞

(𝑞
1+𝛿𝑖+𝑗,1

2 𝑡−2𝑠𝑖
±𝑠𝑗

±; 𝑞)
∞

 

⟨𝑊◻𝑊◻⟩1
2BPS

𝑈Sp(6)
(𝔮)= ⟨𝑇(1,0,0)𝑇(1,0,0)⟩1

2
BPS

𝑆𝑂(7)
(𝔮)  

 =
1 + 𝔮2 + 𝔮4 + 𝔮6 + 𝔮8 + 𝔮10

(1 − 𝔮4)(1 − 𝔮8(1 − 𝔮12))

 =
1

(1 − 𝔮2)(1 − 𝔮4)(1 − 𝔮8)

 

⟨𝑊◻⋯𝑊◻⏟      
2𝑘

⟩1
2
BPS

𝑈𝑆𝑝(6)
(𝔮) =

∑  5𝑘
𝑖=0  𝑎𝑘◻

𝔲𝔰𝔭(6)
(𝑖)𝔮2𝑖

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)
,  

⟨𝑊◻𝑊◻𝑊◻𝑊◻⟩1
2
BPS

𝑈𝑆𝑝(6)
(𝔮)=

1

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)
(3 + 6𝔮2 + 9𝔮4 + 12𝔮6 + 14𝔮8 

+15𝔮10 + 12𝔮12 + 9𝔮14 + 6𝔮16 + 3𝔮18 + 𝔮20)

 

det(
𝐹0 𝐹1 𝐹2
𝐹1 𝐹2 𝐹3
𝐹2 𝐹3 𝐹4

) = ∑  

∞

𝑘=0

 
𝑎𝑘◻
𝔲𝔰𝔭(6)

(0)

(2𝑘)!
𝑥2𝑘 ,  

𝐹𝑚(𝑥):=∑  

𝑚

𝑗=0

  (
𝑚

𝑗
) (𝐼2𝑗−𝑚(2𝑥) − 𝐼2𝑗−𝑚+2(2𝑥))  

𝐼𝑘(2𝑥):= ∑  

∞

𝑛=0

 
𝑥2𝑛+𝑘

𝑛! (𝑛 + 𝑘)!
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⟨𝑊◻
◻
⟩
1
2
BPS

𝑈SP(6)

(𝔮)  =
𝔮4 + 𝔮8

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)
,

⟨𝑊◻
◻
𝑊◻

◻
⟩
1
2
BPS

𝑈SP(6)

(𝔮)  =
1 + 𝔮2 + 2𝔮4 + 2𝔮6 + 3𝔮8 + 2𝔮10 + 3𝔮12 + 𝔮14 + 𝔮16

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)
.

 

⟨𝑊◻
◻
◻

𝑊◻
◻
◻

⟩

1
2
BPS

𝑈𝑆𝑝(6)

(𝔮) =
1 + 𝔮2 + 𝔮4 + 2𝔮6 + 2𝔮8 + 2𝔮10 + 2𝔮12 + 𝔮14 + 𝔮16 + 𝔮18

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)
 

⟨𝑊◻◻⋯𝑊◻◻⏟        
𝑘

⟩𝑈𝑆𝑝(6)(𝑡; 𝑞) = ⟨𝑊◻
◻
⋯𝑊◻

◻⏟      
𝑘

⟩𝑆𝑂(7)(𝑡; 𝑞).
 

⟨𝑊◻◻⟩1
2
BPS

𝑈Sp(6)
(𝔮)  =

𝔮2 + 𝔮6 + 𝔮10

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)
,

⟨𝑊◻◻𝑊◻◻⟩1
2
BPS

𝑈SP(6)
(𝔮)  =

1

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)

 × (1 + 𝔮2 + 3𝔮4 + 2𝔮6 + 5𝔮8 + 3𝔮10

+5𝔮12 + 2𝔮14 + 3𝔮16 + 𝔮18 + 𝔮20),

 

⟨𝑊(2𝑙)⋯𝑊(2𝑙)⏟        
𝑘

⟩1
2
BPS

𝑈𝑆𝑝(6)
(𝔮) =

∑  5𝑙𝑘
𝑖=0  𝑎𝑘(2𝑙)

𝔲𝔰𝔭(6)
(𝑖)𝔮2𝑖

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)
 

⟨𝑊◻◻◻◻⟩1
2
BPS

𝑈Sp(6)
(𝔮) =

𝔮4 + 𝔮8 + 2𝔮12 + 𝔮16 + 𝔮20

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)
.  

⟨𝑊◻𝑊◻⟩
𝑈𝑆𝑝(2𝑁)(𝑡; 𝑞)

=
1

2𝑁𝑁!

(𝑞)∞
2𝑁

(𝑞
1
2𝑡±2; 𝑞)

∞

𝑁 ∮∏ 

𝑁

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

(𝑠𝑖
±2; 𝑞)

∞
(𝑞𝑠𝑖

±2; 𝑞)
∞

(𝑞
1
2𝑡2𝑠𝑖

±2; 𝑞)
∞
(𝑞

1
2𝑡−2𝑠𝑖

±2; 𝑞)
∞

   

 ×∏  

𝑖<𝑗

 
(𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑞
1
2𝑡2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

[∑  

𝑁

𝑖=1

  (𝑠𝑖 + 𝑠𝑖
−1)]

2

 

⟨𝑇(1,0𝑁−1)𝑇(1,0𝑁−1)⟩
𝑆𝑂(2𝑁+1)

(𝑡; 𝑞)

=
1

2𝑁−1(𝑁 − 1)!

(𝑞)∞
2𝑁

(𝑞
1
2𝑡±2; 𝑞)

∞

𝑁 ∰∏ 

𝑁

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

(𝑞
1
2𝛿𝑖,1𝑠𝑖

±; 𝑞)
∞
(𝑞1+

1
2
𝛿𝑖,1𝑠𝑖

±; 𝑞)
∞

1 + 𝛿𝑖,1
2

𝑡2𝑠𝑖
±; 𝑞)

∞
(𝑞

1+𝛿𝑖,1
2 𝑡−2𝑠𝑖

±; 𝑞)
∞

   

 ×∏  

𝑖<𝑗

 

(𝑞
1
2
𝛿𝑖+𝑗,1𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2
𝛿𝑖+𝑗,1𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞1+

1
2
𝛿𝑖+𝑗,1𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞1+

1
2
𝛿𝑖+𝑗,1𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑞
1+𝛿𝑖+𝑗,1

2 𝑡2𝑠𝑖
±𝑠𝑗

∓; 𝑞)
∞

(𝑞
1+𝛿𝑖+𝑗,1

2 𝑡2𝑠𝑖
±𝑠𝑗

±; 𝑞)
∞

(𝑞
1+𝛿𝑖+𝑗,1

2 𝑡−2𝑠𝑖
±𝑠𝑗

∓; 𝑞)
∞

(𝑞
1+𝛿𝑖+𝑗,1

2 𝑡−2𝑠𝑖
±𝑠𝑗

±; 𝑞)
∞

.

 

⟨𝑊◻𝑊◻⟩1
2
BPS

𝑈𝑆𝑝(2𝑁)
(𝔮)= ⟨𝑇(1,0𝑁−1)𝑇(1,0𝑁−1)⟩1

2
BPS

𝑆𝑂(2𝑁+1)

(𝔮) 

 =
1

(1 − 𝔮2)∏  𝑁−1
𝑛=1   (1 − 𝔮4𝑛)

.

 

ℐ1
2
BPS

𝑈Sp(2𝑁)
(𝔮) =∏  

𝑁

𝑛=1

 
1

1 − 𝔮4𝑛
,  

⟨𝒲◻𝒲◻⟩1
2
BPS

𝑈𝑆𝑝(2𝑁)
(𝔮) =

1 − 𝔮4𝑁

1 − 𝔮2
,  
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⟨𝑊◻⋯𝑊◻⏟      
2𝑘

⟩1
2
BPS

𝑈Sp(2𝑁)
(𝔮) =

∑  
(2𝑁−1)𝑘
𝑖=0  𝑎𝑘◻

𝔲𝔰𝔭(2𝑁)
(𝑖)𝔮2𝑖

∏  𝑁
𝑛=1   (1 − 𝔮4𝑛)

,  

det(𝐹𝑖+𝑗−2(𝑥)) = ∑  

∞

𝑘=0

 
𝑎𝑘◻
𝔲𝔰𝔭(2𝑁)

(0)

(2𝑘)!
𝑥2𝑘  

⟨𝑊◻
◻
⋯𝑊◻

◻⏟      
𝑘

⟩1
2
BPS

𝑈𝑆𝑝(2𝑁)
(𝔮) =

∑  
2(𝑁−1)𝑘
𝑖=0  𝑎

𝑘◻
◻

𝔲𝔰𝔭(2𝑁)
(𝑖)𝔮2𝑖

∏  𝑁
𝑛=1   (1 − 𝔮

4𝑛)
,  

⟨𝑊◻◻⋯𝑊◻◻⏟        
𝑘

⟩𝑈𝑆𝑝(2𝑁)(𝑡; 𝑞) = ⟨𝑊◻
◻
⋯𝑊◻

◻⏟      
𝑘

⟩𝑆𝑂(2𝑁+1)(𝑡; 𝑞).
 

⟨𝑊◻◻⟩1
2
BPS

𝑈𝑆𝑝(2𝑁)
(𝔮)=

𝔮2 + 𝔮6 +⋯+ 𝔮4𝑁−2

∏  𝑁
𝑛=1   (1 − 𝔮4𝑛)

 

 =
𝔮2(1 − 𝔮4𝑁)

(1 − 𝔮4)∏  𝑁
𝑛=1   (1 − 𝔮

4𝑛)

 

⟨𝑊(2𝑙)⋯𝑊(2𝑙)⏟        
𝑘

⟩1
2
BPS

𝑈𝑆𝑝(2𝑁)
(𝔮) =

∑  
(2𝑁−1)𝑙𝑘
𝑖=0  𝑎𝑘(2𝑙)

𝔲𝔰𝔭(2𝑁)
(𝑖)𝔮2𝑖

∏  𝑁
𝑛=1   (1 − 𝔮

4𝑛)
,  

(𝑧𝑒,𝑆, 𝑧𝑒,𝐶 ; 𝑧𝑚,𝑆, 𝑧𝑚,𝐶) ∈ (ℤ2 × ℤ2) × (ℤ2 × ℤ2)  

Spin(2𝑁)

SO(2𝑁) = Spin(2𝑁)/ℤ2
𝑉

Ss(2𝑁) = Spin(2𝑁)/ℤ2
𝑆

Sc(2𝑁) = Spin(2𝑁)/ℤ2
𝐶

SO(2𝑁)/ℤ2 = Spin(2𝑁)/(ℤ2
𝑆 × ℤ2

𝐶)

 

𝑆𝑠(2𝑁)+: (𝑧𝑒,𝑆, 𝑧𝑒,𝐶; 𝑧𝑚,𝑆, 𝑧𝑚,𝐶)= (0,0; 0,0),  

(𝑧𝑒,𝑆, 𝑧𝑒,𝐶; 𝑧𝑚,𝑆, 𝑧𝑚,𝐶)= (1,0; 0,0),  

(𝑧𝑒,𝑆, 𝑧𝑒,𝐶; 𝑧𝑚,𝑆, 𝑧𝑚,𝐶) = (0,0; 0,1),

𝑆𝑠(2𝑁)−: (𝑧𝑒,𝑆, 𝑧𝑒,𝐶; 𝑧𝑚,𝑆, 𝑧𝑚,𝐶) = (0,0; 0,0),

(𝑧𝑒,𝑆, 𝑧𝑒,𝐶; 𝑧𝑚,𝑆, 𝑧𝑚,𝐶) = (1,0; 0,0),

(𝑧𝑒,𝑆, 𝑧𝑒,𝐶; 𝑧𝑚,𝑆, 𝑧𝑚,𝐶) = (0,1; 0,1).

 

𝑆𝑠(2𝑁)+: (𝑧𝑒,𝑆, 𝑧𝑒,𝐶; 𝑧𝑚,𝑆, 𝑧𝑚,𝐶)= (0,0; 0,0),  

(𝑧𝑒,𝑆, 𝑧𝑒,𝐶; 𝑧𝑚,𝑆, 𝑧𝑚,𝐶)= (1,0; 0,0),  

(𝑧𝑒,𝑆, 𝑧𝑒,𝐶; 𝑧𝑚,𝑆, 𝑧𝑚,𝐶) = (0,0; 1,0),

𝑆𝑠(2𝑁)−: (𝑧𝑒,𝑆, 𝑧𝑒,𝐶; 𝑧𝑚,𝑆, 𝑧𝑚,𝐶) = (0,0; 0,0),

(𝑧𝑒,𝑆, 𝑧𝑒,𝐶; 𝑧𝑚,𝑆, 𝑧𝑚,𝐶) = (1,0; 0,0),

(𝑧𝑒,𝑆, 𝑧𝑒,𝐶; 𝑧𝑚,𝑆, 𝑧𝑚,𝐶) = (0,1; 1,0).

 

(𝑧𝑒,𝑆, 𝑧𝑒,𝐶 ; 𝑧𝑚,𝑆, 𝑧𝑚,𝐶) = (0,0; 0,0)

(𝑧𝑒,𝑆, 𝑧𝑒,𝐶 ; 𝑧𝑚,𝑆, 𝑧𝑚,𝐶) = (𝑛𝑆𝑆, 𝑛𝑆𝐶; 1,0)

(𝑧𝑒,𝑆, 𝑧𝑒,𝐶 ; 𝑧𝑚,𝑆, 𝑧𝑚,𝐶) = (𝑛𝐶𝑆, 𝑛𝐶𝐶; 0,1)

 

(𝑧𝑒 , 𝑧𝑚) ∈ ℤ4 × ℤ4.  

Spin(2𝑁)

SO(2𝑁) = Spin(2𝑁)/ℤ2
SO(2𝑁)/ℤ2 = Spin(2𝑁)/ℤ4

 

(𝑧𝑒 , 𝑧𝑚) = (0,0), (𝑧𝑒 , 𝑧𝑚) = (𝑛, 1)  
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𝜒sp
𝔰𝔬(2𝑁)

=
1

2
[∏ 

𝑁

𝑖=1

 (𝑠𝑖

1
2 + 𝑠𝑖

−
1
2) +∏ 

𝑁

𝑖=1

 (𝑠𝑖

1
2 − 𝑠𝑖

−
1
2)] ,  

𝜒sp
𝔰𝔬(2𝑁)

=
1

2
[∏ 

𝑁

𝑖=1

 (𝑠𝑖

1
2 + 𝑠𝑖

−
1
2) −∏ 

𝑁

𝑖=1

 (𝑠𝑖

1
2 − 𝑠𝑖

−
1
2)] .  

𝜒◻
𝔰𝔬(2𝑁)

=∑  

𝑁

𝑖=1

  (𝑠𝑖 + 𝑠𝑖
−1).  

𝜒𝜆
𝔰𝔬(2𝑁)

=
det (𝑠𝑗

𝜆𝑖+𝑁−𝑖 + 𝑠𝑗
−𝜆𝑖−𝑁+𝑖) + det (𝑠𝑗

𝜆𝑖+𝑁−𝑖 − 𝑠𝑗
−𝜆𝑖−𝑁+𝑖)

det(𝑠𝑗
𝑁−𝑖 + 𝑠𝑗

−𝑁+𝑖)
.  

⟨𝑊ℛ1⋯𝑊ℛ𝑘⟩
𝑆𝑂(2𝑁)

 = ∫  𝑑𝜇𝑆𝑂(2𝑁)exp (∑  

∞

𝑛=1

 
1

𝑛
𝑓𝑛(𝑞, 𝑡)𝑀𝑛(𝑠))∏  

𝑘

𝑖=1

 𝜒ℛ𝑖
𝔰𝔬(2𝑁)

(𝑠)
 

𝑑𝜇𝑆𝑂(2𝑁) =
1

2𝑁−1𝑁!
∏  

𝑁

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

∏  

1≤𝑖<𝑗≤𝑁

  (1 − 𝑠𝑖𝑠𝑗)(1 − 𝑠𝑖
−1𝑠𝑗

−1)(1 − 𝑠𝑖𝑠𝑗
−1)(1 − 𝑠𝑖

−1𝑠𝑗),  

𝑀𝑛(𝑠) =
𝑃𝑛(𝑠)

2 + 𝑃2𝑛(𝑠)

2
,  

ℐ𝑆𝑂(4)(𝑡; 𝑞)= ℐ𝑆𝑈(2)(𝑡; 𝑞) × ℐ𝑆𝑈(2)(𝑡; 𝑞)  

 =

(𝑞
1
2𝑡±2; 𝑞)

∞

2

(𝑞; 𝑞)∞
4

(

 
 

∑  
𝑝1,𝑝2∈ℤ
𝑝1<𝑝2

 
(𝑞

1
2𝑡−2)

𝑝1+𝑝2−2

(1 − 𝑞𝑝1−
1
2𝑡2) (1 − 𝑞𝑝2−

1
2𝑡2)

)

 
 

2

 

⟨𝑊sp𝑊sp⟩
Spin(4)

(𝑡; 𝑞) =
1

4

(𝑞)∞
4

(𝑞
1
2𝑡±2; 𝑞)

∞

2 ∮∏ 

2

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

  

×
(𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑠1

±𝑠2
±; 𝑞)

∞
(𝑞𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞𝑠1

±𝑠2
±; 𝑞)

∞

(𝑞
1
2𝑡2𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞

1
2𝑡2𝑠1

±𝑠2
±; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠1

±𝑠2
±; 𝑞)

∞

 

 × (𝑠1

1
2𝑠2

1
2 + 𝑠1

−
1
2𝑠2

−
1
2)

2

 

⟨𝑇
(
1
2
,
1
2
)
𝑇
(
1
2
,
1
2
)
⟩

𝑆𝑂(4)/ℤ2

(𝑡; 𝑞) =
1

2

(𝑞)∞
4

(𝑞
1
2𝑡±2; 𝑞)

∞

2 ∰∏ 

2

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

  

 ×

(𝑞
1
2𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑠1

±𝑠2
±; 𝑞)

∞
(𝑞

3
2𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞𝑠1

±𝑠2
±; 𝑞)

∞

(𝑞𝑡2𝑠1
±𝑠2

∓; 𝑞)
∞
(𝑞

1
2𝑡2𝑠1

±𝑠2
±; 𝑞)

∞
(𝑞𝑡−2𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠1

±𝑠2
±; 𝑞)

∞

 

⟨𝑊sp𝑊sp⟩
Spin(4)

(𝑡; 𝑞)= ⟨𝑇
(
1
2
,
1
2
)
𝑇
(
1
2
,
1
2
)
⟩

𝑆𝑂(4)/ℤ2

(𝑡; 𝑞)  

 = ℐ𝑆𝑈(2)(𝑡; 𝑞)⟨𝑊◻𝑊◻⟩
𝑆𝑈(2)(𝑡; 𝑞),
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⟨𝑊sp𝑊sp⟩1
2
BPS

Spin(4)
(𝔮)= ⟨𝑇

(
1
2
,
1
2
)
𝑇
(
1
2
,
1
2
)
⟩
1
2
BPS

SO(4)/ℤ2

(𝔮) 

=
1 + 𝔮2

(1 − 𝔮4)2
 

 =
1

(1 − 𝔮2)(1 − 𝔮4)

 

⟨𝑊sp⋯𝑊sp⏟      
2𝑘

⟩Spin(4)(𝑡; 𝑞) = ℐ𝑆𝑈(2)(𝑡; 𝑞)⟨𝑊◻⋯𝑊◻⏟      
2𝑘

⟩𝑆𝑈(2)(𝑡; 𝑞).
 

⟨𝑊sp⋯𝑊sp⏟      
2𝑘

⟩1
2
BPS

Spin(4)
(𝔮)= ℐ1

2
BPS

𝑆𝑂(4)
(𝔮)∑  

𝑘

𝑖=0

 𝑎𝑘sp
𝔰𝔬(4)

(𝑖)𝔮2𝑖  

 =
1

(1 − 𝔮4)2
∑ 

𝑘

𝑖=0

 𝑎𝑘sp
𝔰𝔬(4)

(𝑖)𝔮2𝑖

 

 

𝑎𝑘sp
𝔰𝔬(4)

(𝑖) =
(2𝑖 + 1)(2𝑘)!

(𝑘 − 𝑖)! (𝑘 + 𝑖 + 1)!
.  

⟨𝑊sp𝑊sp𝑊sp𝑊sp⟩1
2
BPS

Spin(4)
(𝔮)  =

2 + 3𝔮2 + 𝔮4

(1 − 𝔮4)2
,

⟨𝑊sp𝑊sp𝑊sp𝑊sp𝑊sp𝑊sp⟩1
2
BPS

Spin(4)
(𝔮)  =

5 + 9𝔮2 + 5𝔮4 + 𝔮6

(1 − 𝔮4)2
,

⟨𝑊sp𝑊sp𝑊sp𝑊sp𝑊sp𝑊sp𝑊sp𝑊sp⟩1
2
BPS

Spin(4)
(𝔮)  =

14 + 28𝔮2 + 20𝔮4 + 7𝔮6 + 𝔮8

(1 − 𝔮4)2
.

 

⟨𝑊sp
2𝑘𝑊sp

2𝑚⟩1
2
BPS

Spin(4)
(𝔮)= (ℐ1

2
BPS

SO(4)
(𝔮))

−1

⟨𝑊sp
2𝑘⟩1

2
BPS

Spin(4)
(𝔮)⟨𝑊sp

2𝑚⟩1
2
BPS

Spin(4)
(𝔮) 

 = (1 − 𝔮4)2⟨𝑊sp
2𝑘⟩1

2
BPS

Spin(4)
(𝔮)⟨𝑊sp

2𝑚⟩1
2
BPS

Spin(4)
(𝔮)

 

⟨𝑊sp
2𝑚⟩1

2
BPS

Spin(4)
(𝔮) = ⟨𝑊sp

2𝑚⟩1
2
BPS

Spin(4)
(𝔮) 

⟨𝑊sp
2𝑘𝑊sp

2𝑚⟩1
2
BPS

Spin(4)
(𝔮) =

1

(1 − 𝔮4)2
(∑  

𝑘

𝑖=0

 𝑎𝑘sp
𝔰𝔬(4)

(𝑖)𝔮2𝑖)(∑  

𝑚

𝑗=0

 𝑎𝑚sp
𝔰𝔬(4)

(𝑗)𝔮2𝑗)  

⟨𝑊◻𝑊◻⟩
𝑆𝑂(4)(𝑡; 𝑞) =

1

4

(𝑞)∞
4

(𝑞
1
2𝑡±2; 𝑞)

∞

2 ∯∏ 

2

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

  

×
(𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑠1

±𝑠2
±; 𝑞)

∞
(𝑞𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞𝑠1

±𝑠2
±; 𝑞)

∞

(𝑞
1
2𝑡2𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞

1
2𝑡2𝑠1

±𝑠2
±; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠1

±𝑠2
±; 𝑞)

∞

 

 × (𝑠1 + 𝑠2 + 𝑠1
−1 + 𝑠2

−1)2

 

⟨𝑇(1,0)𝑇(1,0)⟩
𝑆𝑂(4)

(𝑡; 𝑞) =
(𝑞)∞

4

(𝑞
1
2𝑡±2; 𝑞)

∞

2 ∮∏ 

2

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

  

 ×

(𝑞
1
2𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞

1
2𝑠1

±𝑠2
±; 𝑞)

∞
(𝑞

3
2𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞

3
2𝑠1

±𝑠2
±; 𝑞)

∞

(𝑞𝑡2𝑠1
±𝑠2

∓; 𝑞)
∞
(𝑞𝑡2𝑠1

±𝑠2
±; 𝑞)

∞
(𝑞𝑡−2𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞𝑡−2𝑠1

±𝑠2
±; 𝑞)

∞

 

⟨𝑊◻𝑊◻⟩
𝑆𝑂(4)(𝑡; 𝑞) = ⟨𝑊◻𝑊◻⟩

𝑆𝑈(2)(𝑡; 𝑞)2,  
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〈𝑊◻𝑊◻〉1
2
BPS

𝑆𝑂(4)
(𝔮) =

1

(1 − 𝔮2)2
 

⟨𝑊◻⋯𝑊◻⏟      
2𝑘

⟩𝑆𝑂(4)(𝑡; 𝑞) = ⟨𝑊◻⋯𝑊◻⏟      
𝑘

⟩𝑆𝑈(2)(𝑡; 𝑞)2,  

⟨𝑊◻⋯𝑊◻⏟      
2𝑘

⟩1
2
BPS

𝑆𝑂(4)
(𝔮) =

∑  2𝑘
𝑖=0  𝑎𝑘◻

𝔰𝔬(4)
(𝑖)𝔮2𝑖

(1 − 𝔮4)2
,  

⟨𝑊◻𝑊◻𝑊◻𝑊◻⟩1
2
BPS

𝑆𝑂(4)
(𝔮)  =

4 + 12𝔮2 + 13𝔮4 + 6𝔮6 + 𝔮8

(1 − 𝔮4)2
,

⟨𝑊◻𝑊◻𝑊◻𝑊◻𝑊◻𝑊◻⟩1
2
BPS

𝑆𝑂(4)
(𝔮)  =

25 + 90𝔮2 + 131𝔮4 + 100𝔮6 + 43𝔮8 + 10𝔮10 + 𝔮12

(1 − 𝔮4)2
,

⟨𝑊◻𝑊◻𝑊◻𝑊◻𝑊◻𝑊◻𝑊◻𝑊◻⟩1
2
BPS

𝑆𝑂(4)
(𝔮)  =

1

(1 − 𝔮4)2
(196 + 784𝔮2 + 1344𝔮4 + 1316𝔮6

+820𝔮8 + 336𝔮10 + 89𝔮12 + 14𝔮14 + 𝔮16).

 

𝑎𝑘◻
𝔰𝔬(4)

(0) = 𝐶𝑘
2.  

⟨𝑊◻𝑊◻⟩
𝑆𝑂(4)−(𝑡; 𝑞) =

1

2

(𝑞)∞
2 (−𝑞; 𝑞)∞

2

(𝑞
1
2𝑡±2; 𝑞)

∞
(−𝑞

1
2𝑡±2; 𝑞)

∞

∮
𝑑𝑠

2𝜋𝑖𝑠
 

 ×
(𝑠±; 𝑞)∞(−𝑠; 𝑞)∞(𝑞𝑠

±; 𝑞)∞(−𝑞𝑠
±; 𝑞)∞

(𝑞
1
2𝑡2𝑠±; 𝑞)

∞
(−𝑞

1
2𝑡2𝑠±; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠±; 𝑞)

∞
(−𝑞

1
2𝑡−2𝑠±; 𝑞)

∞

(𝑠 + 𝑠−1)2
 

⟨𝑇(1)𝑇(1)⟩
𝑆𝑂(4)−

(𝑡; 𝑞) =
(𝑞)∞

2 (−𝑞; 𝑞)∞
2

(𝑞
1
2𝑡±2; 𝑞)

∞
(−𝑞

1
2𝑡±2; 𝑞)

∞

∮
𝑑𝑠

2𝜋𝑖𝑠
  

 ×

(𝑞
1
2𝑠±; 𝑞)

∞
(−𝑞

1
2𝑠; 𝑞)

∞
(𝑞

3
2𝑠±; 𝑞)

∞
(−𝑞

3
2𝑠±; 𝑞)

∞

(𝑞𝑡2𝑠±; 𝑞)∞(−𝑞𝑡
2𝑠±; 𝑞)∞(𝑞𝑡

−2𝑠±; 𝑞)∞(−𝑞𝑡
−2𝑠±; 𝑞)∞

 

⟨𝑊◻𝑊◻⟩
𝑆𝑂(4)−(𝑡; 𝑞)= ⟨𝑇(1)𝑇(1)⟩

𝑆𝑂(4)−

(𝑡; 𝑞)  

 = ⟨𝑊◻𝑊◻⟩
𝑆𝑈(2)(𝑡2; 𝑞2).

 

⟨𝑊◻𝑊◻⟩1
2
BPS

𝑆𝑂(4)−
(𝔮)= ⟨𝑇(1)𝑇(1)⟩1

2
BPS

𝑆𝑂(4)−

(𝔮) 

 =
1

1 − 𝔮4

 

⟨𝑊◻⋯𝑊◻⏟      
2𝑘

⟩1
2
BPS

𝑆𝑂(4)−
(𝔮) =

∑  𝑘
𝑖=0  𝑎𝑘◻

𝔰𝔬(4)−
(𝑖)𝔮4𝑖

1 − 𝔮8
 

𝑎𝑘◻
𝔰𝔬(4)−

(𝑖) = (2𝑖 + 1)
(2𝑘)!

(𝑘 − 𝑖)! (𝑘 + 𝑖 + 1)!
 

⟨𝑊𝜆1⋯𝑊𝜆𝑘⟩
𝑂(4)+

(𝑡; 𝑞) =
1

2
[⟨𝑊𝜆1⋯𝑊𝜆𝑘⟩

𝑆𝑂(4)
(𝑡; 𝑞) + ⟨𝑊𝜆1⋯𝑊𝜆𝑘⟩

𝑆𝑂(4)−

(𝑡; 𝑞)]  

⟨𝑊◻𝑊◻⟩
𝑂(4)+(𝑡; 𝑞) = ⟨𝑇(1)𝑇(1)⟩

𝑂(4)+

(𝑡; 𝑞),  

⟨𝑊◻⋯𝑊◻⏟      
2𝑘

⟩1
2
BPS

𝑂(4)+
(𝔮) =

∑  2𝑘+1
𝑖=0  𝑎𝑘

𝔬(4)
(𝑖)𝔮2𝑖

(1 − 𝔮4)(1 − 𝔮8)
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⟨𝑊◻𝑊◻⟩1
2
BPS

𝑂(4)+
(𝔮)=

1 + 𝔮2 + 𝔮4 + 𝔮6

(1 − 𝔮4)(1 − 𝔮8)
 

 =
1

(1 − 𝔮2)(1 − 𝔮4)
,

⟨𝑊◻𝑊◻𝑊◻𝑊◻⟩1
2
BPS

𝑂(4)+
(𝔮) =

3 + 6𝔮2 + 9𝔮4 + 9𝔮6 + 6𝔮8 + 3𝔮10

(1 − 𝔮4)(1 − 𝔮8)

⟨𝑊◻𝑊◻𝑊◻𝑊◻𝑊◻𝑊◻⟩1
2
BPS

𝑂(4)+
(𝔮) =

1

(1 − 𝔮4)(1 − 𝔮8)
(15 + 45𝔮2 + 80𝔮4 + 95𝔮6 + 85𝔮8

+55𝔮10 + 20𝔮12 + 5𝔮14)

 

𝑎𝑘◻
𝔬(4)

(0) =
1

2
(𝐶𝑘

2 + 𝐶𝑘),  

◻
◻
= (1,1),

◻
◻̅

̅
= (1,−1).  

⟨𝑊◻
◻
⋯𝑊◻

◻⏟      
𝑘

⟩𝑆𝑂(4)(𝑡; 𝑞)= ⟨𝑊◻
◻
̅ ⋯𝑊◻

◻
̅

⏟      
𝑘

⟩𝑆𝑂(4)(𝑡; 𝑞)  

 = ℐ𝑆𝑈(2)(𝑡; 𝑞)⟨𝑊◻◻⋯𝑊◻◻⏟        
𝑘

⟩𝑆𝑈(2)(𝑡; 𝑞).
 

⟨𝑊◻
◻
⋯𝑊◻

◻⏟      
𝑘

⟩1
2
BPS

𝑆𝑂(4)
(𝔮) =

∑  𝑘
𝑖=0  𝑎

𝑘
◻
◻

𝔰𝔬(4)
(𝑖)𝔮2𝑖

(1 − 𝔮4)2
,  

⟨𝑊◻
◻
⟩
1
2
BPS

𝑆𝑂(4)

(𝔮)  =
𝔮2

(1 − 𝔮4)2

⟨𝑊◻
◻
𝑊◻

◻
⟩
1
2
BPS

𝑆𝑂(4)

(𝔮)  =
1 + 𝔮2 + 𝔮4

(1 − 𝔮4)2

⟨𝑊◻
◻
𝑊◻

◻
𝑊◻

◻
⟩
1
2
BPS

𝑆𝑂(4)

(𝔮)  =
1 + 3𝔮2 + 2𝔮4 + 𝔮6

(1 − 𝔮4)2

⟨𝑊◻
◻
𝑊◻

◻
𝑊◻

◻
𝑊◻

◻
⟩
1
2
BPS

𝑆𝑂(4)

(𝔮)  =
3 + 6𝔮2 + 6𝔮4 + 3𝔮6 + 𝔮8

(1 − 𝔮4)2

⟨𝑊◻
◻
𝑊◻

◻
𝑊◻

◻
𝑊◻

◻
𝑊◻

◻
⟩
1
2
BPS

𝑆𝑂(4)

(𝔮)  =
6 + 15𝔮2 + 15𝔮4 + 10𝔮6 + 4𝔮8 + 𝔮10

(1 − 𝔮4)2

⟨𝑊◻
◻
𝑊◻

◻
𝑊◻

◻
𝑊◻

◻
𝑊◻

◻
𝑊◻

◻
⟩
1
2BPS

𝑆𝑂(4)

(𝔮)  =
15 + 36𝔮2 + 40𝔮4 + 29𝔮6 + 15𝔮8 + 5𝔮10 + 𝔮12

(1 − 𝔮4)2

 

⟨(𝑊◻
◻
)
𝑘

(𝑊◻
◻
̅)

𝑚

⟩
1
2
BPS

𝑆𝑂(4)

(𝔮) = (1 − 𝔮4)2 ⟨(𝑊◻
◻
)
𝑘

⟩
1
2
BPS

𝑆𝑂(4)

(𝔮) ⟨(𝑊◻
◻
̅)

𝑚

⟩
1
2
BPS

𝑆𝑂(4)

(𝔮).  

⟨𝑊(𝑙)⋯𝑊(𝑙)⏟      
𝑘

⟩𝑆𝑂(4)(𝑡; 𝑞) = ⟨𝑊(𝑙)⋯𝑊(𝑙)⏟      
𝑘

⟩𝑆𝑈(2)(𝑡; 𝑞)2,
 

⟨𝑊◻◻⋯𝑊◻◻⏟        
𝑘

⟩1
2
BPS

𝑆𝑂(4)
(𝔮) =

∑  2𝑘
𝑖=0  𝑎𝑘◻◻

𝔰𝔬(4)−
(𝑖)𝔮2𝑖

(1 − 𝔮4)2
,  

⟨𝑊◻◻⟩1
2
BPS

𝑆𝑂(4)
(𝔮) =

𝔮4

(1 − 𝔮4)2
,

⟨𝑊◻◻𝑊◻◻⟩1
2
BPS

𝑆𝑂(4)
(𝔮) =

(1 + 𝔮2 + 𝔮4)2

(1 − 𝔮4)2
,

⟨𝑊◻◻𝑊◻◻𝑊◻◻⟩1
2
BPS

𝑆𝑂(4)
(𝔮) =

(1 + 3𝔮2 + 2𝔮4 + 𝔮6)2

(1 − 𝔮4)2
.
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𝑎𝑘◻◻
𝔰𝔬(4)−

(0) = 𝑅𝑘
2,

𝑎𝑘◻◻
𝔰𝔬(4)−

(1) = 2𝑅𝑘𝑅𝑘+1,
 

⟨(𝑊◻◻)
𝑘⟩
𝑆𝑂(4)

= ⟨(𝑊◻
◻
)
𝑘

(𝑊◻
◻
̅)

𝑘

⟩

𝑆𝑂(4)

.  

⟨𝑊(2𝑘)⟩1
2
BPS

𝑆𝑂(4)
(𝔮) =

𝔮4𝑘

(1 − 𝔮4)2
 

⟨𝑊(𝑘)𝑊(𝑘)⟩1
2
BPS

𝑆𝑂(4)
(𝔮) =

(1 − 𝔮2𝑘+2)2

(1 − 𝔮2)2(1 − 𝔮4)2
 

⟨𝑊(∞)𝑊(∞)⟩1
2
𝐵𝑃𝑆

𝑆𝑂(4)
(𝔮) =

1

(1 − 𝔮2)2(1 − 𝔮4)2
 

⟨𝑊(𝑙)⋯𝑊(𝑙)⏟      
𝑘

⟩𝑆𝑂(4)
−
(𝑡; 𝑞) = ⟨𝑊(𝑙)⋯𝑊(𝑙)⏟      

𝑘

⟩𝑆𝑈(2)(𝑡2; 𝑞2).
 

⟨𝑊(2𝑙)⟩1
2
𝐵𝑃𝑆

𝑆𝑂(4)−

(𝔮)  =
𝔮4𝑙

1 − 𝔮8
,

⟨𝑊(𝑙)𝑊(𝑙)⟩1
2
𝐵𝑃𝑆

𝑆𝑂(4)−

(𝔮)  =
1 − 𝔮4𝑙+4

(1 − 𝔮4)(1 − 𝔮8)
.

 

⟨𝑊(2𝑙)⟩1
2
BPS

𝑂(4)+

(𝔮)  =
𝔮4𝑙

(1 − 𝔮4)(1 − 𝔮8)
,

⟨𝑊(𝑙)𝑊(𝑙)⟩1
2
BPS

𝑂(4)+

(𝔮)  =
1 − 𝔮2 + 𝔮4 − 𝔮2𝑙+2 − 𝔮2𝑙+6 + 𝔮4𝑙+6

(1 − 𝔮2)2(1 − 𝔮4)(1 − 𝔮8)
.

 

⟨𝑊(∞)𝑊(∞)⟩1
2
BPS

𝑂(4)+

(𝔮) =
1 − 𝔮2 + 𝔮4

(1 − 𝔮2)2(1 − 𝔮4)(1 − 𝔮8)
 

⟨𝑊(𝑙,𝑙)⋯𝑊(𝑙,𝑙)⏟        
𝑘

⟩𝑆𝑂(4)(𝑡; 𝑞)= ⟨𝑊(𝑙,−𝑙)⋯𝑊(𝑙,−𝑙)⏟          
𝑘

⟩𝑆𝑂(4)(𝑡; 𝑞)  

 = ℐ𝑆𝑈(2)(𝑡; 𝑞)⟨𝑊(2𝑙)⋯𝑊(2𝑙)⏟        
𝑘

⟩𝑆𝑈(2)(𝑡; 𝑞).
 

⟨𝑊(𝑙,𝑙)⟩1
2
BPS

𝑆𝑂(4)
(𝔮)  = ⟨𝑊(𝑙,−𝑙)⟩1

2
BPS

𝑆𝑂(4)
(𝔮) =

𝔮2𝑙

(1 − 𝔮4)2
,

⟨𝑊(𝑙,𝑙)𝑊(𝑙,𝑙)⟩1
2
BPS

𝑆𝑂(4)
(𝔮)  = ⟨𝑊(𝑙,−𝑙)𝑊(𝑙,−𝑙)⟩1

2
BPS

𝑆𝑂(4)
(𝔮) =

1 − 𝔮4𝑙+2

(1 − 𝔮2)(1 − 𝔮4)2
.

 

𝜒(𝑙,𝑙)
𝔰𝔬(4)

𝜒(𝑙,−𝑙)
𝔰𝔬(4)

= 𝜒(2𝑙)
𝔰𝔬(4)

 

⟨𝑊(𝑙,𝑙)
𝑘 𝑊(𝑙,−𝑙)

𝑘 ⟩
𝑆𝑂(4)

= ⟨𝑊(2𝑙)
𝑘 ⟩

𝑆𝑂(4)
 

ℐ𝑆𝑂(6)(𝑡; 𝑞) = ℐ𝑆𝑈(4)(𝑡; 𝑞)

 = −

(𝑞
1
2𝑡±2; 𝑞)

∞

(𝑞; 𝑞)∞
2 ∑  

𝑝1,𝑝2,𝑝3,𝑝4∈ℤ
𝑝1<𝑝2<𝑝3<𝑝4

 
(𝑞

1
2𝑡−2)

𝑝1+𝑝2+𝑝3+𝑝4−8

(1 − 𝑞𝑝1−1𝑡4)(1 − 𝑞𝑝2−1𝑡4)(1 − 𝑞𝑝3−1𝑡4)(1 − 𝑞𝑝4−1𝑡4)

 

⟨𝑊sp𝑊sp⟩
Spin(6)

(𝑡; 𝑞) =
1

24

(𝑞)∞
6

(𝑞
1
2𝑡±2; 𝑞)

∞

3 ∮∏ 

3

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

  

×∏  

𝑖≠𝑗

 
(𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑞
1
2𝑡2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

 

 × (1 + 𝑠1𝑠2 + 𝑠1𝑠3 + 𝑠2𝑠3)(1 + 𝑠1
−1𝑠2

−1 + 𝑠1
−1𝑠3

−1 + 𝑠2
−1𝑠3

−1)
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⟨𝑇
(
1
2
,
1
2
,
1
2
)
𝑇
(
1
2
,
1
2
,
1
2
)
⟩

𝑆𝑂(6)/ℤ2

(𝑡; 𝑞) =
1

6

(𝑞)∞
6

(𝑞
1
2𝑡±2; 𝑞)

∞

3 ∰∏ 

3

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

 

 ×∏  

𝑖<𝑗

 

(𝑠𝑖
±𝑠𝑗

∓; 𝑞)
∞
(𝑞

1
2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

3
2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑞
1
2𝑡2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞𝑡2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞𝑡−2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

 

⟨𝑊sp𝑊sp⟩
Spin(6)

(𝑡; 𝑞)= ⟨𝑇
(
1
2
,
1
2
,
1
2
)
𝑇
(
1
2
,
1
2
,
1
2
)
⟩

𝑆𝑂(6)/ℤ2

(𝑡; 𝑞) 

 = ⟨𝑊◻𝑊◻⟩
𝑆𝑈(4)(𝑡; 𝑞).

 

⟨𝑊sp𝑊sp⟩1
2
BPS

Spin(6)
(𝔮)= ⟨𝑇

(
1
2
,
1
2
,
1
2
)
𝑇
(
1
2
,
1
2
,
1
2
)
⟩
1
2
BPS

SO(6)/ℤ2

(𝔮) 

 =
1

(1 − 𝔮2)(1 − 𝔮4)(1 − 𝔮6)

 

⟨𝑊sp𝑊sp⋯𝑊sp𝑊sp⏟            
2𝑘

⟩Spin(6)(𝑡; 𝑞) = ⟨𝑊◻𝑊◻‾ ⋯𝑊◻𝑊◻‾⏟          
2𝑘

⟩𝑆𝑈(4)(𝑡; 𝑞).
 

⟨𝑊sp𝑊sp⋯𝑊sp𝑊sp⏟            
2𝑘

⟩1
2
BPS

Spin(6)
(𝔮) =

∑  3𝑘
𝑖=0  𝑎𝑘sp

𝔰𝔬(6)
(𝑖)𝔮2𝑖

(1 − 𝔮4)(1 − 𝔮6)(1 − 𝔮8)
,  

〈𝑊sp𝑊sp𝑊sp𝑊sp〉1
2
BPS

Spin(6)
(𝔮)  =

2 + 4𝔮2 + 6𝔮4 + 7𝔮6 + 5𝔮8 + 3𝔮10 + 𝔮12

(1 − 𝔮4)(1 − 𝔮6)(1 − 𝔮8)

〈𝑊sp𝑊sp𝑊sp𝑊sp𝑊sp𝑊sp|1
2
BPS

Spin(6)
〉 (𝔮)  =

1

(1 − 𝔮4)(1 − 𝔮6)(1 − 𝔮8)
(6 + 18𝔮2 + 35𝔮4 + 50𝔮6

+53𝔮8 + 45𝔮10 + 29𝔮12 + 14𝔮14 + 5𝔮16 + 𝔮18)

 

det(

𝐼0(2𝑥) 𝐼1(2𝑥) 𝐼2(2𝑥) 𝐼3(2𝑥)
𝐼1(2𝑥) 𝐼0(2𝑥) 𝐼1(2𝑥) 𝐼2(2𝑥)
𝐼2(2𝑥) 𝐼1(2𝑥) 𝐼0(2𝑥) 𝐼1(2𝑥)

𝐼3(2𝑥) 𝐼2(2𝑥) 𝐼1(2𝑥) 𝐼0(2𝑥)

) = ∑  

∞

𝑘=0

 
𝑎𝑘sp
𝔰𝔬(6)

(0)

(𝑘!)2
𝑥2𝑘  

⟨𝑊◻𝑊◻⟩
𝑆𝑂(6)(𝑡; 𝑞) =

1

24

(𝑞)∞
6

(𝑞
1
2𝑡±2; 𝑞)

∞

3 ∮∏ 

3

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

  

×∏  

𝑖≠𝑗

 
(𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑞
1
2𝑡2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

 

 × (𝑠1 + 𝑠2 + 𝑠3 + 𝑠1
−1 + 𝑠2

−1 + 𝑠3
−1)2.

 

⟨𝑇(1,0,0)𝑇(1,0,0)⟩
𝑆𝑂(6)

(𝑡; 𝑞) =
1

4

(𝑞)∞
6

(𝑞
1
2𝑡±2; 𝑞)

∞

3 ∯∏ 

3

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

 

×∏  

𝑖<𝑗

 

(𝑞
1
2
𝛿𝑖+𝑗,1𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2
𝛿𝑖+𝑗,1𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑞
1
2
(1+𝛿𝑖+𝑗,1)𝑡2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2
(1+𝛿𝑖+𝑗,1)𝑡2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

 

 ×

(𝑞1+
1
2
𝛿𝑖+𝑗,1𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞1+

1
2
𝛿𝑖+𝑗,1𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑞
1
2
(1+𝛿𝑖+𝑗,1)𝑡−2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2
(1+𝛿𝑖+𝑗,1)𝑡−2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
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⟨𝑊◻𝑊◻⟩
𝑆𝑂(6)(𝑡; 𝑞)= ⟨𝑇(1,0,0)𝑇(1,0,0)⟩

𝑆𝑂(6)
(𝑡; 𝑞) 

 = ⟨𝑊◻
◻
𝑊◻

◻
⟩
𝑆𝑈(4)

(𝑡; 𝑞)
 

⟨𝑊◻𝑊◻⟩1
2
BPS

𝑆𝑂(6)
(𝔮)= ⟨𝑇(1,0,0)𝑇(1,0,0)⟩1

2
BPS

𝑆𝑂(6)
(𝔮)  

=
1 + 𝔮2 + 2𝔮4 + 𝔮6 + 𝔮8

(1 − 𝔮4)(1 − 𝔮6)(1 − 𝔮8)
 

 =
1

(1 − 𝔮2)(1 − 𝔮4)2

 

⟨𝑊◻⋯𝑊◻⏟      
2𝑘

⟩𝑆𝑂(6)(𝑡; 𝑞) = ⟨𝑊◻
◻
⋯𝑊◻

◻⏟      
2𝑘

⟩𝑆𝑈(4)(𝑡; 𝑞).
 

⟨𝑊◻⋯𝑊◻⏟      
2𝑘

⟩1
2
BPS

𝑆𝑂(6)
(𝔮) =

∑  4𝑘
𝑖=0  𝑎𝑘◻

𝔰𝔬(6)
(𝑖)𝔮2𝑖

(1 − 𝔮4)(1 − 𝔮6)(1 − 𝔮8)
,  

〈𝑊◻𝑊◻𝑊◻𝑊◻〉1
2
BPS

𝑆𝑂(6)
(𝔮)

 =
1

(1 − 𝔮4)(1 − 𝔮6)(1 − 𝔮8)
(3 + 7𝔮2 + 15𝔮4 + 18𝔮6 + 20𝔮8

+14𝔮10 + 9𝔮12 + 3𝔮14 + 𝔮16)

〈𝑊◻𝑊◻𝑊◻𝑊◻𝑊◻𝑊◻〉1
2
BPS

𝑆𝑂(6)
(𝔮) =

1

(1 − 𝔮4)(1 − 𝔮6)(1 − 𝔮8)
(16 + 60𝔮2 + 149𝔮4 + 249𝔮6

 +334𝔮8 + 347𝔮10 + 301𝔮12 + 206𝔮14 + 119𝔮16

+53𝔮18 + 20𝔮20 + 5𝔮22 + 𝔮24)

 

⟨𝑊◻𝑊◻⟩
𝑆𝑂(6)−(𝑡; 𝑞) =

1

8

(𝑞)∞
4 (−𝑞; 𝑞)∞

2

(𝑞
1
2𝑡±2; 𝑞)

∞

2

(−𝑞
1
2𝑡±2; 𝑞)

∞

×∮∏ 

2

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

(𝑠𝑖
±; 𝑞)

∞
(−𝑠𝑖

±; 𝑞)
∞
(𝑞𝑠𝑖

±; 𝑞)
∞
(−𝑞𝑠𝑖

±; 𝑞)
∞

(𝑞2𝑠𝑖
±; 𝑞)

∞
(−𝑞

1
2𝑡2𝑠𝑖

±; 𝑞)
∞
(𝑞

1
2𝑡−2𝑠𝑖

±; 𝑞)
∞
(−𝑞

1
2𝑡−2𝑠𝑖

±; 𝑞)
∞

 

×
(𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑠1

±𝑠2
±; 𝑞)

∞
(𝑞𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞𝑠1

±𝑠2
±; 𝑞)

∞

(𝑞
1
2𝑡2𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞

1
2𝑡2𝑠1

±𝑠2
±; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠1

±𝑠2
±; 𝑞)

∞

 

 × (𝑠1 + 𝑠2 + 𝑠1
−1 + 𝑠2

−1)2

 

⟨𝑇(1,0)𝑇(1,0)⟩
𝑆𝑂(6)−

(𝑡; 𝑞) =
1

2

(𝑞)∞
4 (−𝑞; 𝑞)∞

2

(𝑞
1
2𝑡±2; 𝑞)

∞

2

(−𝑞
1
2𝑡±; 𝑞)

∞

∮∏ 

2

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

  

×

(𝑞
1
2𝑠1

±; 𝑞)
∞
(𝑠2

±; 𝑞)
∞
(−𝑞

1
2𝑠1

±; 𝑞)
∞
(−𝑠2

±; 𝑞)
∞

(𝑞𝑡2𝑠1
±; 𝑞)

∞
(𝑞

1
2𝑡2𝑠2

±; 𝑞)
∞
(−𝑞𝑡2𝑠1

±; 𝑞)
∞
(−𝑞

1
2𝑡2𝑠2

±; 𝑞)
∞

 

×

(𝑞
3
2𝑠1

±; 𝑞)
∞
(𝑞𝑠2

±; 𝑞)
∞
(−𝑞

3
2𝑠1

±; 𝑞)
∞
(−𝑞𝑠2

±; 𝑞)
∞

(𝑞𝑡−2𝑠1
±; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠2

±; 𝑞)
∞
(−𝑞𝑡−2𝑠1

±; 𝑞)
∞
(−𝑞

1
2𝑡−2𝑠2

±; 𝑞)
∞

 

 ×

(𝑞
1
2𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞

1
2𝑠1

±𝑠2
±; 𝑞)

∞
(𝑞

3
2𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞

3
2𝑠1

±𝑠2
±; 𝑞)

∞

(𝑞𝑡2𝑠1
±𝑠2

∓; 𝑞)
∞
(𝑞𝑡2𝑠1

±𝑠2
±; 𝑞)

∞
(𝑞𝑡−2𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞𝑡−2𝑠1

±𝑠2
±; 𝑞)

∞
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〈𝑊◻𝑊◻〉 1
2
BPS

𝑆𝑂(6)−
(𝔮)= ⟨𝑇(1,0)𝑇(1,0)⟩1

2
BPS

𝑆𝑂(6)−

(𝔮)  

=
1 + 𝔮2 + 𝔮6 + 𝔮8

(1 + 𝔮6)(1 − 𝔮4)(1 − 𝔮8)
 

 =
1

(1 − 𝔮2)(1 − 𝔮8)

 

⟨𝑊◻⋯𝑊◻⏟      
2𝑘

⟩1
2
BPS

𝑆𝑂(6)−
(𝔮) =

∑  4𝑘
𝑖=0  𝑎𝑘◻

𝔰(6)−
(𝑖)𝔮2𝑖

(1 + 𝔮6)(1 − 𝔮4)(1 − 𝔮8)
,  

⟨𝑊◻𝑊◻𝑊◻𝑊◻⟩1
2
BPS

𝑆𝑂(6)−
(𝔮)  =

3 + 5𝔮2 + 3𝔮4 + 6𝔮6 + 8𝔮8 + 4𝔮10 + 3𝔮12 + 3𝔮14 + 𝔮16

(1 + 𝔮6)(1 − 𝔮4)(1 − 𝔮8)
,

⟨𝑊◻𝑊◻𝑊◻𝑊◻𝑊◻𝑊◻⟩1
2
BPS

𝑆𝑂(6)−
(𝔮)  =

1

(1 + 𝔮6)(1 − 𝔮4)(1 − 𝔮8)
(14 + 30𝔮2 + 31𝔮4 + 49𝔮6

 +66𝔮8 + 55𝔮10 + 49𝔮12 + 46𝔮14 + 29𝔮16 + 15𝔮18

+10𝔮20 + 5𝔮22 + 𝔮24).

 

𝑎𝑘
𝔰𝔬(6)−

(0) = 𝐶𝑘𝐶𝑘+2 − 𝐶𝑘+1
2 ,  

⟨𝑊𝜆1⋯𝑊𝜆𝑘⟩
𝑂(6)+

(𝑡; 𝑞) =
1

2
[⟨𝑊𝜆1⋯𝑊𝜆𝑘⟩

𝑆𝑂(6)+

(𝑡; 𝑞) + ⟨𝑊𝜆1⋯𝑊𝜆𝑘⟩
𝑆𝑂(6)−

(𝑡; 𝑞)] .  

⟨𝑊◻𝑊◻⟩1
2
BPS

𝑂(6)+
(𝔮)=

1 + 𝔮2 + 𝔮4 + 𝔮6 + 𝔮8 + 𝔮10

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)
 

 =
1

(1 − 𝔮2)(1 − 𝔮4)(1 − 𝔮8)
,

⟨𝑊◻𝑊◻𝑊◻𝑊◻⟩1
2
BPS

𝑂(6)+
(𝔮) =

1

(1 − 𝔮2)(1 − 𝔮4)(1 − 𝔮8)
(3 + 6𝔮2 + 9𝔮4 + 12𝔮6

+15𝔮8 + 15𝔮10 + 12𝔮12 + 9𝔮14 + 6𝔮16 + 3𝔮18).

 

 

⟨𝑊◻
◻
◻

⋯𝑊◻
◻
◻

̅

⏟      
2𝑘

⟩𝑆𝑂(6)(𝑡; 𝑞) = ⟨𝑊◻◻⋯𝑊◻◻⏟        
2𝑘

⟩𝑆𝑈(4)(𝑡; 𝑞).
 

⟨𝑊◻
◻
⟩
1
2
𝐵𝑃𝑆

𝑆𝑂(6)

(𝔮)  =
𝔮2

(1 − 𝔮2)(1 − 𝔮4)(1 − 𝔮8)
,

⟨𝑊◻
◻
𝑊◻

◻
⟩
1
2
𝐵𝑃𝑆

𝑆𝑂(6)

(𝔮)  =
1

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)

 × (1 + 2𝔮2 + 4𝔮4 + 6𝔮6 + 7𝔮8 + 7𝔮10

+6𝔮12 + 5𝔮14 + 3𝔮16 + 𝔮18),

⟨𝑊◻
◻
◻

𝑊◻
◻
◻

⟩

1
2
𝐵𝑃𝑆

𝑆𝑂(6)

(𝔮)  =
1

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)

 × (1 + 𝔮2 + 2𝔮4 + 3𝔮6 + 3𝔮8 + 3𝔮10

+3𝔮12 + 2𝔮14 + 𝔮16 + 𝔮18).

 

⟨𝑊◻
◻
⟩
1
2
𝐵𝑃𝑆

𝑆𝑂(6)

(𝔮) =
𝔮2

(1 + 𝔮2)(1 − 𝔮4)(1 − 𝔮8)
,

⟨𝑊◻
◻
𝑊◻

◻
⟩
1
2
𝐵𝑃𝑆

𝑆𝑂(6)

(𝔮)  =
1 + 𝔮2 + 2𝔮4 + 𝔮8

(1 + 𝔮2)(1 − 𝔮4)(1 − 𝔮8)
.
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⟨𝑊◻
◻
⟩
1
2
𝐵𝑃𝑆

𝑂(6)+

(𝔮)  =
𝔮2

(1 − 𝔮4)2(1 − 𝔮8)
,

⟨𝑊◻
◻
𝑊◻

◻
⟩
1
2
BPS

𝑂(6)+

(𝔮)  =
1 + 𝔮2 + 2𝔮4 + 𝔮6 + 2𝔮8

(1 − 𝔮4)2(1 − 𝔮8)
.

 

⟨𝑊(𝑙)⋯𝑊(𝑙)⏟      
2𝑘

⟩𝑆𝑂(6)(𝑡; 𝑞) = ⟨𝑊(𝑙2)⋯𝑊
(𝑙2)⏟        

𝑘

⟩𝑆𝑈(4)(𝑡; 𝑞).
 

⟨𝑊◻◻⟩1
2
BPS

𝑆𝑂(6)
(𝔮)  =

𝔮4 + 𝔮8

(1 + 𝔮4)(1 − 𝔮6)(1 − 𝔮8)
,

⟨𝑊◻◻𝑊◻◻⟩1
2
BPS

𝑆𝑂(6)
(𝔮)  =

1

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)

 × (1 + 𝔮2 + 3𝔮4 + 4𝔮6 + 6𝔮8 + 6𝔮10 + 7𝔮12

+6𝔮14 + 4𝔮16 + 4𝔮18 + 𝔮20 + 𝔮22).

 

⟨𝑊◻◻⟩1
2
BPS

𝑆𝑂(6)−
(𝔮)  =

𝔮4 + 𝔮8

(1 + 𝔮6)(1 − 𝔮4)(1 − 𝔮8)
,

⟨𝑊◻◻𝑊◻◻⟩1
2
BPS

𝑆𝑂(6)−
(𝔮)  =

1 + 2𝔮8 − 2𝔮10 + 𝔮12 − 𝔮14 − 𝔮18

(1 + 𝔮6)(1 − 𝔮2)(1 − 𝔮4)(1 − 𝔮8)
.

 

⟨𝑊◻◻⟩1
2
BPS

𝑂(6)+
(𝔮)  =

𝔮4 + 𝔮8

(1 + 𝔮6)(1 − 𝔮4)(1 − 𝔮8)

⟨𝑊◻◻𝑊◻◻⟩1
2
BPS

𝑂(6)+
(𝔮)  =

1 + 𝔮2 + 2𝔮4 + 2𝔮6 + 4𝔮8 + 3𝔮10 + 4𝔮12 + 2𝔮14 + 2𝔮16 + 𝔮18

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)

 

⟨𝑊sp𝑊sp⟩
Spin(2𝑁)

(𝑡; 𝑞) =
1

2𝑁−1𝑁!

(𝑞)∞
2𝑁

(𝑞
1
2𝑡±2; 𝑞)

∞

𝑁 ∯∏ 

𝑁

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

  

×∏  

𝑖≠𝑗

 
(𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑞
1
2𝑡2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

 

 ×
1

4
[∏  

𝑁

𝑖=1

 (𝑠𝑖

1
2 + 𝑠𝑖

−
1
2) +∏ 

𝑁

𝑖=1

 (𝑠𝑖

1
2 − 𝑠𝑖

−
1
2)]

2

 

⟨𝑊sp𝑊sp⟩
Spin(2𝑁)

(𝑡; 𝑞) =
1

2𝑁−1𝑁!

(𝑞)∞
2𝑁

(𝑞
1
2𝑡±2; 𝑞)

∞

𝑁 ∮∏ 

𝑁

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

 

×∏  

𝑖≠𝑗

 
(𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑞
1
2𝑡2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

 

 ×
1

4
[∏  

𝑁

𝑖=1

 (𝑠𝑖

1
2 + 𝑠𝑖

−
1
2) +∏ 

𝑁

𝑖=1

 (𝑠𝑖

1
2 − 𝑠𝑖

−
1
2)] [∏  

𝑁

𝑖=1

 (𝑠𝑖

1
2 + 𝑠𝑖

−
1
2) −∏ 

𝑁

𝑖=1

 (𝑠𝑖

1
2 − 𝑠𝑖

−
1
2)] .

 

⟨𝑇
(
1
2

𝑁

)

𝑇𝑇1
2

𝑁

)
⟩

𝑆𝑂(2𝑁)/ℤ2

(𝑡; 𝑞) =
1

𝑁!

(𝑞)∞
2𝑁

(𝑞
1
2𝑡±2; 𝑞)

∞

𝑁 ∮∏ 

𝑁

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

 ×∏  

𝑖<𝑗

 

(𝑠𝑖
±𝑠𝑗

∓; 𝑞)
∞
(𝑞

1
2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

3
2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑞
1
2𝑡2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞𝑡2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞𝑡−2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
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〈𝑊sp𝑊sp〉1
2
BPS

Spin(2𝑁)
(𝔮)= ⟨𝑇

(
1
2

𝑁

)

𝑇𝑇
(
1
2

𝑁

)
⟩

1
2
BPS

SO(2𝑁)/ℤ2

(𝔮) 

 =∏  

𝑁

𝑛=1

 
1

1 − 𝔮2𝑛

 

〈𝑊sp𝑊sp|1
2
BPS

Spin(2𝑁)
〉 (𝔮)= ⟨𝑇

(
1
2

𝑁

)

𝑇𝑇
(
1
2

𝑁

)
⟩

1
2
BPS

SO(2𝑁)/ℤ2

(𝔮) 

 =∏  

𝑁

𝑛=1

 
1

1 − 𝔮2𝑛

 

ℐ1
2
BPS

Spin(2𝑁)
(𝔮) =

1

1 − 𝔮2𝑁
∏ 

𝑁−1

𝑛=1

 
1

1 − 𝔮4𝑛
,  

⟨𝒲sp𝒲sp⟩1
2
BPS

Spin(2𝑁)
(𝔮)= ⟨𝒲sp𝒲sp⟩1

2
BPS

Spin(2𝑁)
(𝔮) 

 =∏  

𝑁−1

𝑛=1

  (1 + 𝔮2𝑛)
 

 

⟨𝑊◻𝑊◻⟩
𝑆𝑂(2𝑁)(𝑡; 𝑞) =

1

2𝑁−1𝑁!

(𝑞)∞
2𝑁

(𝑞
1
2𝑡±2; 𝑞)

∞

𝑁 ∮∏ 

𝑁

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

  

 ×∏  

𝑖≠𝑗

 
(𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑞
1
2𝑡2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

[∑  

𝑁

𝑖=1

  (𝑠𝑖 + 𝑠𝑖
−1)]

2  

⟨𝑇(1,0𝑁−1)𝑇(1,0𝑁−1)⟩
𝑆𝑂(2𝑁)

(𝑡; 𝑞) =
1

2𝑁−2(𝑁 − 1)!

(𝑞)∞
2𝑁

(𝑞
1
2𝑡±2; 𝑞)

∞

𝑁

× ∮∏ 

𝑁

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

∏ 

𝑖<𝑗

 

(𝑞
1
2
𝛿𝑖+𝑗,1𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2
𝛿𝑖+𝑗,1𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑞
1
2
(1+𝛿𝑖+𝑗,1)𝑡2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2
(1+𝛿𝑖+𝑗,1)𝑡2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

   

 ×

(𝑞1+
1
2
𝛿𝑖+𝑗,1𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞1+

1
2
𝛿𝑖+𝑗,1𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑞
1
2
(1+𝛿𝑖+𝑗,1)𝑡−2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2
(1+𝛿𝑖+𝑗,1)𝑡−2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

 

⟨𝑊◻𝑊◻⟩1
2
BPS

𝑆𝑂(2𝑁)
(𝔮)=

1 + 𝔮2 +⋯𝔮2𝑁−4 + 2𝔮2𝑁−2 + 𝔮2𝑁 +⋯𝔮4𝑁−4

(1 − 𝔮2𝑁)∏  𝑁−1
𝑛=1   (1 − 𝔮4𝑛)

 

 =
1

(1 − 𝔮2)(1 − 𝔮2(𝑁−1))∏  𝑁−2
𝑛=1   (1 − 𝔮

4𝑛)

 

⟨𝑊◻⋯𝑊◻⏟      
2𝑘

⟩1
2
BPS

𝑆𝑂(2𝑁)
(𝔮) =

∑  
(2𝑁−2)𝑘
𝑖=0  𝑎𝑘◻

𝔰𝔬(2𝑁)
(𝑖)𝔮2𝑖

(1 − 𝔮2𝑁)∏  𝑁−1
𝑛=1   (1 − 𝔮4𝑛)

.  
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⟨𝑊◻𝑊◻⟩
𝑆𝑂(2𝑁)−(𝑡; 𝑞) =

1

2𝑁−1(𝑁 − 1)!

(𝑞)∞
2𝑁−2(−𝑞; 𝑞)∞

2

(𝑞
1
2𝑡±2; 𝑞)

∞

𝑁−1

(−𝑞
1
2𝑡±2; 𝑞)

∞

×∰∏ 

𝑁−1

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

(𝑠𝑖
±; 𝑞)

∞
(−𝑠𝑖

±; 𝑞)
∞
(𝑞𝑠𝑖

±; 𝑞)
∞
(−𝑞𝑠𝑖

±; 𝑞)
∞

(𝑞
1
2𝑡2𝑠𝑖

±; 𝑞)
∞
(−𝑞

1
2𝑡2𝑠𝑖

±; 𝑞)
∞
(𝑞

1
2𝑡−2𝑠𝑖

±; 𝑞)
∞
(−𝑞

1
2𝑡−2𝑠𝑖

±; 𝑞)
∞

   

 ×∏  

𝑖<𝑗

 
(𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑞
1
2𝑡2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

[∑  

𝑁−1

𝑖=1

  (𝑠𝑖 + 𝑠𝑖
−1)]

2

 

⟨𝑇(1,0𝑁−2)𝑇(1,0𝑁−2)⟩
𝑆𝑂(2𝑁)−

(𝑡; 𝑞)

=
1

2𝑁−2(𝑁 − 2)!

(𝑞)∞
2𝑁−2(−𝑞; 𝑞)∞

2

(𝑞
1
2𝑡±2; 𝑞)

∞

𝑁−1

(−𝑞
1
2𝑡±2; 𝑞)

∞

∰∏ 

𝑁−1

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

  

×

(𝑞
1
2
𝛿𝑖,1𝑠𝑖

±; 𝑞)
∞
(−𝑞

1
2
𝛿𝑖,1𝑠𝑖

±; 𝑞)
∞
(𝑞1+

1
2
𝛿𝑖,1𝑠𝑖

±; 𝑞)
∞
(−𝑞1+

1
2
𝛿𝑖,1𝑠𝑖

±; 𝑞)
∞

(𝑞
1
2(1+𝛿𝑖,1)𝑡2𝑠𝑖

±; 𝑞)
∞
(−𝑞

1
2(1+𝛿𝑖,1)𝑡2𝑠𝑖

±; 𝑞)
∞
(𝑞

1
2(1+𝛿𝑖,1)𝑡−2𝑠𝑖

±; 𝑞)
∞
(−𝑞

1
2(1+𝛿𝑖,1)𝑡−2𝑠𝑖

±; 𝑞)
∞

 

×∏  

𝑖<𝑗

 

(𝑞
1
2
𝛿𝑖+𝑗,1𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2
𝛿𝑖+𝑗,1𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑞
1
2
(1+𝛿𝑖+𝑗,1)𝑡2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2
(1+𝛿𝑖+𝑗,1)𝑡2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

 

 ×

(𝑞1+
1
2
𝛿𝑖+𝑗,1𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞1+

1
2
𝛿𝑖+𝑗,1𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑞
1
2
(1+𝛿𝑖+𝑗,1)𝑡−2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2
(1+𝛿𝑖+𝑗,1)𝑡−2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

 

⟨𝑊◻𝑊◻⟩1
2
BPS

𝑆𝑂(2𝑁)−
(𝔮)= ⟨𝑇(1,0𝑁−2)𝑇(1,0𝑁−2)⟩1

2
BPS

𝑆𝑂(2𝑁)−

(𝔮) 

=
1 + 𝔮2 +⋯+ 𝔮2𝑁−4

∏  𝑁−1
𝑛=1   (1 − 𝔮4𝑛)

 

 =
1 − 𝔮2(𝑁−1)

1 − 𝔮2
∏ 

𝑁−1

𝑛=1

 
1

1 − 𝔮4𝑛

 

⟨𝑊◻𝑊◻⟩1
2BPS

𝑂(2𝑁)+
(𝔮)=

1 + 𝔮2 +⋯+ 𝔮4𝑁−2

∏  𝑁
𝑛=1   (1 − 𝔮4𝑛)

 

 =
1

1 − 𝔮2
∏ 

𝑁−1

𝑛=1

 
1

1 − 𝔮4𝑛
.

 

ℐ1
2
BPS

𝑂(2𝑁)+
(𝔮) =∏  

𝑁

𝑛=1

 
1

1 − 𝔮4𝑛
,  

⟨𝒲◻𝒲◻⟩1
2
BPS

𝑂(2𝑁)+
(𝔮) =

1 − 𝔮4𝑁

1 − 𝔮2
 

ℐ𝑆𝑂(2∞+1)(𝑡; 𝑞) = ℐ𝑈𝑆𝑝(2∞)(𝑡; 𝑞) = ℐ𝑆𝑂(2∞)(𝑡; 𝑞) = ℐ𝑂(2∞)
+
(𝑡; 𝑞)

 = ∏  

∞

𝑛,𝑚,𝑙=0

 
(1 − 𝑞𝑛+𝑚+𝑙+

3
2𝑡−4𝑚+4𝑙±2)

2

(1 − 𝑞𝑛+𝑚+𝑙+1𝑡−4𝑚+4𝑙±4)(1 − 𝑞𝑛+𝑚++1𝑡−4𝑚+4𝑙)(1 − 𝑞𝑛+𝑚+𝑙+3𝑡−4𝑚+4𝑙)

 

𝑖𝐴𝑑𝑆5×ℝℙ
5
(𝑡; 𝑞) =

𝑞
1
2(𝑡2 + 𝑡−2) − 𝑞 − 𝑞2

(1 − 𝑞𝑡4)(1 − 𝑞𝑡−4)
−

𝑞
1
2(𝑡2 + 𝑡−2)

(1 + 𝑞
1
2𝑡2) (1 + 𝑞

1
2𝑡−2) (1 − 𝑞)

 



pág. 3093 

𝑖𝑋(𝑡; 𝑞): = Tr(−1)𝐹𝑞
ℎ+𝑗
2 𝑡2(𝑞2−𝑞3)  

𝑖1
2
BPS

𝑋 (𝔮):= Tr(−1)𝐹𝔮2(𝑞2−𝑞3)  

⟨𝒲◻𝒲◻⟩1
2
BPS,𝑐

𝑆𝑂(2∞+1)
(𝔮) = ⟨𝒲◻𝒲◻⟩1

2
BPS

𝑈𝑆𝑝(2∞)
(𝔮)

 = ⟨𝒲◻𝒲◻⟩1
2
BPS,𝑐

𝑆𝑂(2∞)
(𝔮) = ⟨𝒲◻𝒲◻⟩1

2
BPS

𝑂(2∞)+
(𝔮) =

1

1 − 𝔮2
.

 

⟨𝒲◻𝒲◻⟩
𝑆𝑂(2∞+1)(𝑡; 𝑞) = ⟨𝒲◻𝒲◻⟩

𝑈𝑆𝑝(2∞)(𝑡; 𝑞)

 = ⟨𝒲◻𝒲◻⟩
𝑆𝑂(2∞)(𝑡; 𝑞) = ⟨𝒲◻𝒲◻⟩

𝑂(2∞)+(𝑡; 𝑞) =
1 − 𝑞

(1 − 𝑞
1
2𝑡2) (1 − 𝑞

1
2𝑡−2)

 

𝑖curvature (𝑡; 𝑞) = −𝑞 + 𝑞
1
2𝑡2 + 𝑞

1
2𝑡−2  

⟨𝒲◻
◻
⟩
1
2
BPS

𝑆𝑂(2∞+1)

(𝔮) = ⟨𝒲◻◻⟩1
2
BPS

𝑈𝑆𝑝(2∞)
(𝔮) = ⟨𝒲◻

◻
⟩
1
2
BPS

𝑂(2∞)+

(𝔮)

=
𝔮2

(1 − 𝔮4)
 

 = 𝔮2 + 𝔮6 + 𝔮10 + 𝔮14 + 𝔮18 +⋯

 

⟨𝒲◻
◻
𝒲◻

◻
⟩
1
2
BPS

𝑆𝑂(2∞+1)

(𝔮) = ⟨𝒲◻◻𝒲◻◻⟩1
2
BPS

𝑈𝑆𝑝(2∞)
(𝔮) = ⟨𝒲◻

◻
𝒲◻

◻
⟩
1
2
BPS

𝑂(2∞)+

(𝔮)

=
1 + 𝔮2 + 𝔮4

(1 − 𝔮4)2
 

 = 1 + 𝔮2 + 3𝔮4 + 2𝔮6 + 5𝔮8 + 3𝔮10 + 7𝔮12 + 4𝔮14 + 9𝔮16 +⋯

 

⟨𝒲◻
◻
𝒲◻

◻
⟩
1
2
BPS,𝑐

𝑆𝑂(2∞+1)

(𝔮) = ⟨𝒲◻◻𝒲◻◻⟩1
2
BPS,𝑐

𝑈𝑆𝑝(2∞)
(𝔮) = ⟨𝒲◻

◻
𝒲◻

◻
⟩
1
2
BPS,𝑐

𝑂(2∞)+

(𝔮)

 =
1

(1 − 𝔮2)(1 − 𝔮4)

 = 1 + 𝔮2 + 2𝔮4 + 2𝔮6 + 3𝔮8 + 3𝔮10 + 4𝔮12 + 4𝔮14 + 5𝔮16 + 5𝔮18 +⋯ ,

 

⟨𝒲𝜆𝒲𝜆⟩1
2BPS,𝑐

𝐺 (𝔮):= ⟨𝒲𝜆𝒲𝜆⟩1
2BPS

𝐺 (𝔮) − ⟨𝒲𝜆⟩1
2BPS

𝐺 (𝔮)2.  

⟨𝒲◻
◻
⟩
𝑆𝑂(2∞+1)

(𝑡; 𝑞) = ⟨𝒲◻◻⟩
𝑈𝑆𝑝(2∞)(𝑡; 𝑞) = ⟨𝒲◻

◻
⟩
𝑂(2∞)+

(𝑡; 𝑞)

 =
𝑞
1
2(𝑡2 + 𝑡−2) − 𝑞 − 𝑞2

(1 − 𝑞𝑡4)(1 − 𝑞𝑡4)

 

⟨𝒲◻
◻
𝒲◻

◻
⟩
𝑆𝑂(2∞+1)

(𝑡; 𝑞) = ⟨𝒲◻◻𝒲◻◻⟩
𝑈𝑆𝑝(2∞)(𝑡; 𝑞) = ⟨𝒲◻

◻
𝒲◻

◻
⟩
𝑂(2∞)+

(𝑡; 𝑞)

=
1

(1 − 𝑞𝑡4)(1 − 𝑞𝑡−4)
(1 + (𝑡2 + 𝑡−2)𝑞

1
2 + (3 + 𝑡4 + 𝑡−4)𝑞 − 3(𝑡2 + 𝑡−2)𝑞

3
2 

−(𝑡2 + 𝑡−2)𝑞2 − 3(𝑡2 + 𝑡−2)𝑞
5
2 + (3 + 𝑡4 + 𝑡−4)𝑞3 + (𝑡2 + 𝑡−2)𝑞

7
2 + 𝑞4)

 

⟨𝒲◻
◻
𝒲◻

◻
⟩
𝑐

𝑆𝑂(2∞+1)

(𝑡; 𝑞) = ⟨𝒲◻◻𝒲◻◻⟩𝑐
𝑈𝑆𝑝(2∞)

(𝑡; 𝑞) = ⟨𝒲◻
◻
𝒲◻

◻
⟩
𝑐

𝑂(2∞)+

(𝑡; 𝑞)

 =

(1 − 𝑞)(1 + 𝑞 − 𝑞
3
2(𝑡2 + 𝑡−2))

(1 − 𝑞
1
2𝑡2) (1 − 𝑞

1
2𝑡−2) (1 − 𝑞𝑡4)(1 − 𝑞𝑡−4)
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⟨𝒲sp𝒲sp⟩1
2
BPS

Spin(2∞+1)
(𝔮) = ⟨𝒲sp𝒲sp⟩1

2
BPS

Spin(4∞)
(𝔮) = ⟨𝒲sp𝒲sp⟩1

2
BPS

Spin(4∞+2)
(𝔮)

 =∏  

∞

𝑛=1

 
1

1 − 𝔮4𝑛−2

 

〈𝒲sp𝒲sp|1
2
BPS

Spin(∞)
〉 (𝔮) = ∑  

𝑛≥0

 𝑑{sp,sp}
(𝐻)

(𝑛)𝔮2𝑛  

𝑖1
2

 BPS 

supercurvature 
(𝔮) =

𝔮2

1 − 𝔮4
= 𝔮2 + 𝔮6 + 𝔮10 +⋯ .  

𝑆D5 = 𝑇5∫  𝑑6𝜎√det(𝑔 + 2𝜋𝛼′𝐹) − 𝑖𝑇5∫  2𝜋𝛼′𝐹 ∧ 𝐶(4)  

𝑆D5𝐴𝑑𝑆2×ℝ4 = 𝑇5∫  𝑑6𝜎√det𝑔 = 𝑇5vol(𝐴𝑑𝑆2)vol(ℝℙ
4)  

𝑑𝑠𝐴𝑑𝑆2
2 =

1

𝑟2
(−𝑑𝑡2 + 𝑑𝑟2), 𝑑𝑠4

2 = 𝑔𝑖𝑗𝑑𝜎
𝑖𝑑𝜎𝑗 , 𝑖, 𝑗 = 1,2,3,4  

𝑆 = 𝑇5∫  𝑑6𝜎√𝑔(4)
1

2

1

𝑟2
[𝑟2(𝜕𝑡𝜙)

2 − 𝑟2(𝜕𝑟𝜙)
2 + (∇𝑖𝜙∇

𝑖𝜙 − 4𝜙2)]  

𝜙(𝑡, 𝑟, Θ) =∑  

𝑤

 𝜙𝑤(𝑡, 𝑟)𝑌
𝑤(Θ)  

𝑆 = 𝑇5∑ 

𝑤

 
2

3
𝜋2∫  𝑑2𝜎

1

𝑟2
(𝑟2(𝜕𝑡𝜙𝑤)

2 − 𝑟2(𝜕𝑟𝜙𝑤)
2 − 𝑤(𝑤 + 1)𝜙𝑤

2 )  

ℎ =
1

2
+√

1

4
+𝑚2,  

⟨𝒲sp𝒲sp⟩
Spin(2∞+1)

(𝑡; 𝑞) = ⟨𝒲sp𝒲sp⟩
Spin(4∞)

(𝑡; 𝑞) = ⟨𝒲sp𝒲sp⟩
Spin(4∞+2)

(𝑡; 𝑞)

 =∏  

∞

𝑛=0

 ∏  

∞

𝑚=0

 
(1 − 𝑞1+𝑛+𝑚𝑡4𝑛−4𝑚)(1 − 𝑞2+𝑛+𝑚𝑡4𝑛−4𝑚)

(1 − 𝑞
1
2
+𝑛+𝑚𝑡2+4𝑛−4𝑚) (1 − 𝑞

1
2
+𝑛+𝑚𝑡−2+4𝑛+4𝑚)

 

⟨𝒲sp𝒲sp⟩
Spin(2∞+1)

(𝑞) = ⟨𝒲sp𝒲sp⟩
Spin(4∞)

(𝑞) = ⟨𝒲sp𝒲sp⟩
Spin(4∞+2)

(𝑞)

=∏  

∞

𝑛=1

 
(1 − 𝑞𝑛)2𝑛−1

(1 − 𝑞𝑛−
1
2)

2𝑛  

 = 1 + 2𝑞1/2 + 2𝑞2 + 6𝑞3/2 + 7𝑞2 + 10𝑞5/2 + 21𝑞3 + 22𝑞7/2 +⋯

 

𝑖supercurvature (𝑡; 𝑞) =
𝑞
1
2(𝑡2 + 𝑡−2) − 𝑞 − 𝑞2

(1 − 𝑞𝑡4)(1 − 𝑞𝑡−4)
 

⟨𝒲◻◻⟩1
2
BPS

𝑆𝑂(2∞+1)
(𝔮) = ⟨𝒲◻

◻
⟩
1
2
BPS

𝑈𝑆𝑝(2∞)

(𝔮) = ⟨𝒲◻◻⟩1
2
BPS

𝑂(2∞)+
(𝔮)

 =
𝔮4

(1 − 𝔮4)
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⟨𝒲◻◻⟩
𝑆𝑂(2∞+1)(𝑡; 𝑞) = ⟨𝒲◻

◻
⟩
𝑈𝑆𝑝(2∞)

(𝑡; 𝑞) = ⟨𝒲◻◻⟩
𝑂(2∞)+(𝑡; 𝑞)

 =
𝑞(1 + 𝑡4 + 𝑡−4) − 𝑞

3
2(𝑡2 + 𝑡−2) − 𝑞2

(1 − 𝑞𝑡4)(1 − 𝑞𝑡−4)

 

⟨𝒲◻◻𝒲◻◻⟩
𝑆𝑂(2∞+1)(𝑡; 𝑞) = ⟨𝒲◻

◻
𝒲◻

◻
⟩
𝑈𝑆𝑝(2∞)

(𝑡; 𝑞) = ⟨𝒲◻◻𝒲◻◻⟩
𝑂(2∞)+(𝑡; 𝑞)

=
1

(1 − 𝑞𝑡4)(1 − 𝑞𝑡−4)
(1 + (𝑡2 + 𝑡−2)𝑞

1
2 + 𝑞 − (𝑡2 + 𝑡−2)𝑞

3
2 + (𝑡8 + 𝑡4 + 𝑡−4 + 𝑡−8)𝑞2 

−(2𝑡6 + 5𝑡2 + 5𝑡−2 + 2𝑡−6)𝑞
5
2 + 𝑞3 + 3(𝑡2 + 𝑡−2)𝑞

7
2 + 𝑞4)

 

⟨𝒲◻◻𝒲◻◻⟩𝑐
𝑆𝑂(2∞+1)

(𝑡; 𝑞) = ⟨𝒲◻
◻
𝒲◻

◻
⟩
𝑐

𝑈𝑆𝑝(2∞)

(𝑡; 𝑞) = ⟨𝒲◻◻𝒲◻◻⟩𝑐
𝑂(2∞)+

(𝑡; 𝑞)

 =

(1 − 𝑞)(1 + 𝑞 − 𝑞
3
2(𝑡2 + 𝑡−2))

(1 − 𝑞
1
2𝑡2) (1 − 𝑞

1
2𝑡−2) (1 − 𝑞𝑡4)(1 − 𝑞𝑡−4)

 

𝜒𝜆
𝔲𝔰𝔭(2𝑁)

 = det (𝐸𝜆𝑖
′−𝑖+𝑗 − 𝐸𝜆𝑖

′−𝑖−𝑗)
1≤𝑖,𝑗≤𝑙(𝜆′)

𝜒𝜆
𝔰𝔬(2𝑁+1)

 = det(𝐻‾𝜆𝑖−𝑖+𝑗 − 𝐻‾𝜆𝑖−𝑖−𝑗)1≤𝑖,𝑗≤𝑙(𝜆)

 

𝐸𝑘  = 𝑒𝑘(𝑠1, … , 𝑠𝑁, 𝑠1
−1, … , 𝑠𝑁

−1)

𝐻‾𝑘  = ℎ𝑘(𝑠1, … , 𝑠𝑁, 𝑠1
−1, … , 𝑠𝑁

−1, 1)
 

𝑃𝑘  = 𝑝𝑘(𝑠1, … , 𝑠𝑁, 𝑠1
−1, … , 𝑠𝑁

−1)

𝑃‾𝑘  = 𝑝𝑘(𝑠1, … , 𝑠𝑁, 𝑠1
−1, … , 𝑠𝑁

−1, 1)
 

𝑝𝑘(𝑥1, … , 𝑥𝑛) =∑  

𝑛

𝑖=1

 𝑥𝑖
𝑘  
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SUPLEMENTO. ECUACIONES COMPLEMENTARIAS. 

𝑘𝜇 = 𝑘𝜇
𝑏 +

𝑘2

2𝑞 ⋅ 𝑘
𝑞𝜇  

𝑞 ⋅ 𝑘 = 𝑞 ⋅ 𝑘𝑏  

 

 

𝑠𝜇 = 𝑘𝜇 −
𝑘2

𝑞 ⋅ 𝑘
𝑞𝜇  

𝑅𝑧 =
𝑞𝜇𝑊

𝜇

2𝑞 ⋅ 𝑘
≡
𝑞𝜇𝑘𝜈Σ𝜌𝜎𝜖

𝜇𝜈𝜌𝜎

2𝑞 ⋅ 𝑘
 

𝑘1 = 𝑘1
𝑏 +

𝑚1
2

𝛾12
𝑘2
𝑏  𝑘2 = 𝑘2

𝑏 +
𝑚2
2

𝛾12
𝑘1
𝑏  

𝛾12 = 2(𝑘1
𝑏 ⋅ 𝑘2

𝑏) = ((𝑘1 ⋅ 𝑘2) ± √(𝑘1 ⋅ 𝑘2)
2 −𝑚1

2𝑚2
2)  

𝑎1,𝛼𝛼̇ = 𝑘1
𝑏,𝛼𝑘1

𝑏,𝛼̇ 𝑎3,𝛼𝛼̇ = 𝑘1
𝑏,𝛼𝑘2

𝑏,𝛼̇

𝑎2,𝛼𝛼̇ = 𝑘2
𝑏,𝛼𝑘2

𝑏,𝛼̇ 𝑎4,𝛼𝛼̇ = 𝑘2
𝑏,𝛼𝑘1

𝑏,𝛼̇
 

𝑎3,𝜇𝑎𝜇
4 = −𝑎1,𝜇𝑎𝜇

2  

𝑘1
𝑏,𝛼̇ ≡ 1𝛼̇  𝑘1

𝑏,𝛼 ≡ 1𝛼  𝑘2
𝑏,𝛼̇ ≡ 2𝛼̇  𝑘2

𝑏,𝛼 ≡ 2𝛼  

𝑎𝜇
1 ∼ (

1
0
0
1

) 𝑎𝜇
2 ∼ (

1
0
0
−1

) 𝑎𝜇
3 ∼ (

0
1
𝑖
0

) 𝑎𝜇
4 ∼ (

0
1
−𝑖
0

)  

𝑙𝜇  = 𝑐1𝑎𝜇
1 + 𝑐2𝑎𝜇

2 + 𝑐3𝑎𝜇
3 + 𝑐4𝑎𝜇

4

 = 𝑐1𝑎𝜇
1 + 𝑐2𝑎𝜇

2 + 𝑐4𝑎𝜇
4 + (𝑐3 −

𝑙2

2𝑎3 ⋅ 𝑙
) 𝑎𝜇

3 +
𝑙2

2𝑎3 ⋅ 𝑙
𝑎𝜇
3

 ≡ 𝑐1𝑎𝜇
1 + 𝑐2𝑎𝜇

2 + 𝑐4𝑎𝜇
4 + 𝑐̃3𝑎𝜇

3 +
𝑙2

2𝑎3 ⋅ 𝑙
𝑎𝜇
3

 ≡ 𝑙𝜇
𝑏 +

𝑙2

2𝑎3 ⋅ 𝑙
𝑎𝜇
3
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𝑙𝜇
𝑏𝜎𝜇 = (

𝑐1 𝑐4

(𝑐3 −
𝑙2

2𝑎3 ⋅ 𝑙
) 𝑐2

)  

𝑙𝛼𝛼̇
𝑏 = 𝜆𝛼𝜆𝛼̇  

𝑐1 =
⟨2𝜆⟩[2𝜆]

𝛾12
𝑐2 =

⟨1𝜆⟩[1𝜆]

𝛾12

𝑐4 =
⟨2𝜆⟩[1𝜆]

𝛾12
𝑐̃3 =

⟨1𝜆⟩[2𝜆]

𝛾12

 

𝛾12 = ⟨12⟩[12]  

𝜆𝛼  =
⟨𝜆2⟩1𝛼 − ⟨𝜆1⟩2𝛼

⟨12⟩

𝜆𝛼̇  =
[𝜆1]2𝛼̇ − [𝜆2]1𝛼̇

[12]

 

𝑒𝛼𝛼̇
+ =

1

√2

𝑘𝛼
𝑏𝑞𝛼̇

[𝑞𝑘𝑏]
 𝑒𝛼𝛼̇
− =

1

√2

𝑞𝛼𝑘𝛼̇
𝑏

⟨𝑞𝑘𝑏⟩
 𝑒𝛼𝛼̇
0 =

𝑠𝛼𝛼̇
𝑚

 

𝑞1 = 𝑘𝜇
2,𝑏 𝑞2 = 𝑘𝜇

1,𝑏  

𝑒1
± = −𝑒2

∓  

𝑘𝑖 → 𝑘𝑖 + 𝑛𝑧 𝑘𝑖 → 𝑘𝑖 − 𝑛𝑧  

𝑘𝑖 ⋅ 𝑛 = 𝑘𝑗 ⋅ 𝑛 = 𝑛 ⋅ 𝑛 = 0  

Res𝑧=∞
𝐴(𝑧)

𝑧
= 0  

𝑛𝛼𝛼̇ = 𝑘𝛼
1,𝑏𝑘𝛼̇

2,𝑏  or  𝑛𝛼𝛼̇ = 𝑘𝛼
2,𝑏𝑘𝛼̇

1,𝑏  

 

(−𝑒𝑗
− =)𝑒𝑖

+ → 𝑒𝑖
+ + 𝑧

(𝑘𝑖
𝑏)

𝛼

𝑏
(𝑘𝑗

𝑏)
𝛼̇

⟨𝑘𝑖
𝑏𝑘𝑗

𝑏⟩
 

⟨(𝑘𝜇𝐴
𝜇 +𝑚Φ)𝑋⟩ = 0  

⟨((𝑘𝜇 + 𝑧𝑛)𝐴𝜇 +𝑚Φ))𝑋⟩ = 0  

𝑅𝑞
1 = 𝑞𝜇𝑛1

𝜈𝑛2
𝜌
𝑊𝜇𝜈𝜌 ≡ 𝑅𝑧  

𝑊𝜇𝜈𝜌 = 𝑘[𝜇Σ𝜈𝜌]  

𝑘 ⋅ 𝑛3 = 𝑘 ⋅ 𝑛4 → 0  

𝑚 ≡ 𝑍1 + i𝑍2 = (𝑘 ⋅ 𝑛3) + i(𝑘 ⋅ 𝑛4)  

|𝜂𝐼 , 𝜄𝐼⟩ = 𝑒∑  𝐼  𝜂𝐼𝑄−
𝐼 +𝜄𝐼𝑄‾−

𝐼
| ↑⟩  

|𝜂‾𝐼 , 𝜄‾𝐼⟩ = 𝑒∑  𝐼  𝜂‾ 𝐼𝑄+
𝐼 +𝜄‾𝐼𝑄‾+

𝐼
| ↓⟩  
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𝑒𝜉
‾
𝐼𝑄𝐼|𝜂𝐼 , 𝜄𝐼⟩  = 𝑒

𝜄𝐼(𝑚
[𝜉‾𝐼𝑞]

[𝑞𝑘𝑏]
+⟨𝜉‾𝐼𝑘

𝑏⟩)
|𝜂𝐼 + ([𝜉‾𝐼𝑘

𝑏] + 𝑚‾
⟨𝜉‾𝐼𝑞⟩

⟨𝑞𝑘𝑏⟩
) , 𝜄𝐼⟩

𝑒𝑄‾𝐼𝜉𝐼|𝜂𝐼 , 𝜄𝐼⟩  = 𝑒
𝜂𝐼(𝑚

[𝑞𝜉𝐼]

[𝑞𝑘𝑏]
+⟨𝑘𝑏𝜉𝐼⟩)

|𝜂𝐼 , 𝜄𝐼 + ([𝑘𝑏𝜉𝐼] + 𝑚‾
⟨𝑞𝜉𝐼⟩

⟨𝑞𝑘𝑏⟩
)⟩

 

𝑒𝜉
‾
𝐼𝑄

𝐼
|𝜂‾𝐼 , 𝜄‾𝐼⟩  = 𝑒

𝜄‾𝐼([𝜉‾𝐼𝑘
𝑏]+𝑚‾

⟨𝜉‾𝐼𝑞⟩

⟨𝑞𝑘𝑏⟩
)
|𝜂‾𝐼 + (𝑚

[𝜉‾𝐼𝑞]

[𝑞𝑘𝑏]
+ ⟨𝜉‾𝐼𝑘

𝑏⟩) , 𝜄‾𝐼⟩

𝑒𝑄‾𝐼𝜉
𝐼
|𝜂‾𝐼 , 𝜄‾𝐼⟩  = 𝑒

𝜂‾ 𝐼([𝑘
𝑏𝜉𝐼]+𝑚‾

⟨𝑞𝜉𝐼⟩

⟨𝑞𝑘𝑏⟩
)
|𝜂‾𝐼 , 𝜄‾𝐼 + (𝑚

[𝑞𝜉𝐼]

[𝑞𝑘𝑏]
+ ⟨𝑘𝑏𝜉𝐼⟩)⟩

 

∑  

𝑠∈ multiplet 

 𝐴(… , {𝑠, 𝑙𝜇})𝐴({𝑠, −𝑙𝜇}, … ) → ∫  (𝑑𝐹)𝐴(… , {𝜂, 𝜄, 𝑙𝜇})𝐴({𝜂, 𝜄, −𝑙𝜇}, … )  

(𝑑𝐹) = 𝑑𝜂1𝑑𝜄1𝑑𝜂2𝑑𝜄2  

(𝑑𝐹) = 𝑑𝜂‾1𝑑𝜄‾1𝑑𝜂‾2𝑑𝜄‾2  

𝑙𝛼
𝑏 → −𝑙𝛼

𝑏   or  𝑙𝛼̇
𝑏 → −𝑙𝛼̇

𝑏  

𝐴1− loop =∑ 𝑎𝑏 + 𝑎𝑡 + 𝑎𝑏𝑏 + 𝑎𝑡𝑝 +ℝ  

 

𝑙2 = 𝑚0
2 (𝑙 − 𝐾1)

2 = 𝑚1
2 (𝑙 + 𝐾2)

2 = 𝑚2
2  

𝑙𝜇 = 𝛼1𝑎𝜇
1 + 𝛼2𝑎𝜇

2 +
𝛼1𝛼2 −

𝑚0
2

𝛾12
𝑡

𝑎𝜇
3 + 𝑡𝑎𝜇

4  
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𝛼1 =
𝐾2
2𝐾1

2 − (𝑚2
2 +𝑚0

2)𝛾12 − (𝑚0
2 +𝑚1

2 + 𝛾12)𝐾1
2

𝐾1
2𝐾2

2 − 𝛾12
2

𝛼2 =
−𝐾2

2𝐾1
2 + (𝑚1

2 +𝑚0
2)𝛾12 + (𝑚2

2 +𝑚0
2 − 𝛾12)𝐾2

2

𝐾1
2𝐾2

2 − 𝛾12
2

 

⟨

𝑙𝜇 = 𝑙𝜇
𝑏 +

𝑚0
2

2(𝑙 ⋅ 𝑎3)
𝑎𝜇
3

𝑙𝜇 −𝐾1
𝜇

= (𝑙 − 𝑘1)𝜇
𝑏 +

𝑚1
2

2(𝑙 − 𝑘1) ⋅ 𝑎
3
𝑎𝜇
3

𝑙𝜇 +𝐾2
𝜇

= (𝑙 + 𝑘2)𝜇
𝑏 +

𝑚2
2

2(𝑙 + 𝑘2) ⋅ 𝑎
3 𝑎𝜇

3
|

|

 

|

|

|

𝑙𝜇
𝑏 = (𝛼1𝑎𝜇

1 + 𝛼2𝑎𝜇
2 +

𝛼1𝛼2
𝑡

𝑎𝜇
3 + 𝑡𝑎𝜇

4)

(𝑙 − 𝐾1)𝜇
𝑏 = ((𝛼1 − 1)𝑎𝜇

1 + (𝛼2 −
𝐾2
2

𝛾12
) 𝑎𝜇

2 +
(𝛼1 − 1) (𝛼2 −

𝐾2
2

𝛾12
)

𝑡
𝑎𝜇
3 + 𝑡𝑎𝜇

4)

(𝑙 + 𝐾2)𝜇
𝑏 =

(

 
 
(𝛼1 +

𝐾1
2

𝛾12
)𝑎𝜇

1 + (𝛼2 + 1)𝑎𝜇
2 +

(𝛼1 +
𝐾1
2

𝛾12
) (𝛼2 + 1)

𝑡
𝑎𝜇
3 + 𝑡𝑎𝜇

4

)

 
 

⟩  

𝐴1|triple = ∫  𝑑𝑡𝐽𝑡 ( ∑  

𝑠1,𝑠2,𝑠3

 𝐴({𝑠1, −𝑙}, {𝑠2, 𝑙 − 𝐾1}, 𝑋1)𝐴({𝑠2, −𝑙 + 𝐾1}, {𝑠3, 𝑙 + 𝐾2}, 𝑋2)

𝐴({𝑠3, −𝑙 − 𝐾2}, {𝑠1, 𝑙}, 𝑋3))

 

𝑎𝑡 = (lim
𝑡→∞

  ∑  

𝑠1,𝑠2,𝑠3

 𝐴({𝑠1, −𝑙}, {𝑠2, 𝑙 − 𝐾1}, 𝑋1)𝐴({𝑠2, −𝑙 + 𝐾1}, {𝑠3, 𝑙 + 𝐾2}, 𝑋2)

𝐴({𝑠3, −𝑙 − 𝐾2}, {𝑠1, 𝑙}, 𝑋3))𝑡=0

 

 

|0⟩1 ↔ (
1

0
) |0⟩2 ↔ (

0

1
)  
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ℎ = (
1 0
0 −1

)  and 𝑖 = (
1 0
0 1

)  

𝑒+ = (
0 1
0 0

) 𝑒− = (
0 0
1 0

)  

𝑒+|0⟩1 = 𝑒−|0⟩2 = 0  

𝐴 ∼∑  𝑖⟨0|𝑉1…𝑉𝑛|0⟩𝑖  

𝑞1 =
1

2
(ℎ + 𝑖) 𝑞2 =

1

2
(ℎ − 𝑖)  

Tr(𝑇(1)…𝑇(𝑛))  

(𝑒+)2 = (𝑒−)2 = 0  

(𝑒𝑘𝑚
+ )𝑖𝑗 = 𝛿𝑖,𝑘𝛿𝑗,𝑚 𝑘 < 𝑚  

(𝑒𝑘𝑚
− )𝑖𝑗 = 𝛿𝑖,𝑘𝛿𝑗,𝑚 𝑘 > 𝑚  

(𝑞𝑘)𝑖𝑗 = 𝛿𝑖,𝑘𝛿𝑗,𝑘  

𝑃𝑒∮  𝐴
𝜇(𝑋)𝑑𝑋𝜇(+𝐹𝜇𝜈𝜓

𝜇𝜓𝜈)  

⟨𝐴𝜇⟩ = 𝑛𝜇 (∑  

𝑖

 𝑐𝑖𝑞
𝑖)  

𝑉𝑎(𝑧1)𝑇
𝑎 → 𝑒𝑛𝜇(∑  𝑖  𝑐𝑖𝑞

𝑖)𝑋𝜇(𝑧1)(𝑉𝑎(𝑧1)𝑇
𝑎)𝑒−𝑛𝜇(∑  𝑖  𝑐𝑖𝑞

𝑖)𝑋𝜇(𝑧1)  

𝑒𝑛𝜇(∑  𝑖  𝑐𝑖𝑞
𝑖)𝑋𝜇(𝑧1)(𝑉𝑖(𝑧1)𝑇

𝑖)𝑒−𝑛𝜇(∑  𝑖  𝑐𝑖𝑞
𝑖)𝑋𝜇(𝑧1) =

{

(𝑉𝑖(𝑧1)𝑇
𝑖)𝑒(𝑐𝑘−𝑐𝑚)𝑛𝜇𝑋

𝜇(𝑧1)  if 𝑇 = 𝑒𝑘𝑚
+

(𝑉𝑖(𝑧1)𝑇
𝑖)𝑒(𝑐𝑚−𝑐𝑘)𝑛𝜇𝑋

𝜇(𝑧1)  if 𝑇 = 𝑒𝑘𝑚
−

(𝑉𝑖(𝑧1)𝑇
𝑖)  else 

 

𝑘2 = (𝑐𝑘 − 𝑐𝑚)
2  

𝑝𝜇𝜉𝜇 = 0 𝜉𝜇 ∼ 𝜉𝜇 + 𝑔𝑝𝜇  

𝜉𝜇(𝜕𝑋
𝜇 + 𝜓𝜇𝜓𝜈𝑘𝜈)𝑒

i𝑘𝑋  

𝑒𝜇 → 𝑒𝜇 + 𝑓𝑘𝜇  

𝑘𝜇 = 𝑚𝜖0
𝜇
+
𝑚2

𝑞 ⋅ 𝑘
𝑞𝜇  

∼ 𝑧𝛼
′(𝑘1+𝑘𝑛)

2  

: 𝑉1(𝑧1): : 𝑉2(𝑧2): =: 𝑉2(𝑧2): : 𝑉1(𝑧1): 𝑒
2𝛼′𝑘1𝑘2

(𝑧1−𝑧2)
|𝑧1−𝑧2|  

𝛼′ → 0 √𝛼′(𝑐𝑘 − 𝑐𝑚) fixed  

𝑛𝑖
𝜇
(𝜕𝜇 + 𝐴𝜇) = (𝑛𝑖

𝜇
𝜕𝜇 + 𝜙)  

𝜙 → 𝜙̃ + ⟨𝜙⟩  

𝜓 = ∑  

𝑘<𝑚

 𝜓+,𝑘𝑚𝑒𝑘𝑚
+ + ∑  

𝑘>𝑚

 𝜓−,𝑘𝑚𝑒𝑘𝑚
− +∑  

𝑘

 𝜓0,𝑘𝑒𝑘
0
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⟨𝜙⟩ =∑ 𝑐𝑘𝑒𝑘
0  

([⟨𝜙⟩, 𝜓]) = ∑  

𝑘<𝑚

  (𝑐𝑘 − 𝑐𝑚)𝜓
+,𝑘𝑚𝑒𝑘𝑚

+ − ∑  

𝑘>𝑚

  (𝑐𝑘 − 𝑐𝑚)𝜓
−,𝑘𝑚𝑒𝑘𝑚

−
 

𝑛𝜇𝜕𝜇𝜓
+,𝑘𝑚 = −𝑛𝜇𝜕𝜇𝜓

−,𝑘𝑚 = 𝑐𝑘 − 𝑐𝑚  

𝜓 =∑  

𝑖

 𝜓𝑖𝑒̃
𝑖

 

𝑒𝑘
0𝑒̃𝑖 = 𝛿𝑘

𝑖 𝑒̃𝑖  

𝑛𝜇𝜕𝜇𝜓𝑖 = 𝑐𝑖  

𝐹𝜇𝜈 ∼ [𝐷𝜇, 𝐷𝜈]  

ℒrel
𝐷=4 = Tr(𝐷𝜇𝜙𝐷𝜇𝜙‾ + [𝜙, 𝜙‾]

2 + (𝐹4)
2)  

ℒrel 
𝐷=4 = Tr(𝐹6,𝜇𝜈𝐹6,𝜇𝜈)red  

𝐹6 = (
𝐹𝜇𝜈
4 𝐷𝜇𝐴5 𝐷𝜇𝐴6
⋯ 0 [𝐴5, 𝐴6]

⋯ ⋯ 0

)  

⟨𝐴5 + i𝐴6⟩ =∑  

𝑖

  (𝑐5 + i𝑐6)
𝑖𝑞𝑖  

𝐴5 + i𝐴6 → (∑  

𝑖

  (𝑐5 + i𝑐6)
𝑖𝑞𝑖) + 𝐴̃5 + i𝐴̃6  

 

1

𝑔4
2 ≡

1

𝑔6
2∫  𝑑𝑥2  

(𝑎3)𝛼𝛼̇ = 𝑘1
𝑏,𝛼𝑘2

𝑏,𝛼̇ ≡ 1𝛼2𝛼̇ 

𝑎𝑡 =lim
𝑡→∞

 ∫  (𝑑𝐹)1(𝑑𝐹)2(𝑑𝐹)3𝐴({𝜂1, 𝜄1, 𝑙}, {𝜂2, 𝜄2, 𝑙 − 𝑘1}, 𝑋1)  

𝐴({𝜂2, 𝜄2, −(𝑙 − 𝑘1)}, {𝜂‾3, 𝜄‾3, 𝑙 + 𝑘2}, 𝑋2)𝐴({𝜂‾3, 𝜄‾3, −(𝑙 + 𝑘2)}, {𝜂1, 𝜄1 , −𝑙}, 𝑋3)
 

𝑙𝑏,𝛼𝛼̇ = 𝜆1
𝛼𝜆1

𝛼̇  (𝑙 − 𝑘1)
𝑏,𝛼𝛼̇ = 𝜆2

𝛼𝜆2
𝛼̇  (𝑙 + 𝑘2)

𝑏,𝛼𝛼̇ = 𝜆3
𝛼𝜆3

𝛼̇  

−𝑙𝑏,𝛼𝛼̇ = (−𝜆1
𝛼)𝜆1

𝛼̇  − (𝑙 − 𝑘1)
𝑏,𝛼𝛼̇ = (−𝜆2

𝛼)𝜆2
𝛼̇  − (𝑙 + 𝑘2)

𝑏,𝛼𝛼̇ = 𝜆3
𝛼(−𝜆3

𝛼̇)  

⟨1𝜆𝑖⟩[2𝜆𝑖] = 𝑡  

[1𝜆𝑖] ∼
1

𝑡
 ⟨1𝜆𝑖⟩ ∼ 𝑡 [2𝜆𝑖] ∼ 1 ⟨2𝜆𝑖⟩ ∼ 1  

⟨2𝜆𝑖⟩ ∼
1

𝑡
 [2𝜆𝑖] ∼ 𝑡 ⟨1𝜆𝑖⟩ ∼ 1 [1𝜆𝑖] ∼ 1  
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|
𝜒𝛼̇
𝐼 =

𝜆1
𝛼̇𝜄2
𝐼 − 𝜆2

𝛼̇𝜄1
𝐼

[𝜆1𝜆2]

𝜒𝐼,𝛼 = 0

 
𝜒‾𝐼,𝛼̇ =

𝜆1
𝛼̇𝜂2

𝐼 − 𝜆2
𝛼̇𝜂1

𝐼

[𝜆1𝜆2]

𝜒‾𝛼
𝐼 = 0

⟩  

∼ (𝑒
𝑚1𝜄𝐼

[𝜒‾ 𝐼2]
[2𝜆1])

2

(𝑒
𝑚2𝜄𝐼

[𝜒‾ 𝐼2]

2𝜆2])

2

 

𝜂‾3  → 𝜂‾3 +𝑚3

[𝜒‾2]

[2𝜆3]

𝜄‾3  → 𝜄‾3 +𝑚3

[2𝜒]

[2𝜆3]

 

𝜂‾3  → 𝜂‾3 −𝑚3

[𝜒‾2]

[2𝜆3]

𝜄‾3  → 𝜄‾3 −𝑚3

[2𝜒]

[2𝜆3]

 

⟨

𝜉𝛼̇
𝐼 = 0

𝜉𝐼,𝛼 = −
1𝛼

⟨1𝜆3⟩
𝑙3
| 

𝜉‾𝐼,𝛼̇ = 0

𝜉‾𝛼
𝐼 = −

1𝛼

⟨1𝜆3⟩
𝜂‾3
⟩  

𝑎𝑡 = lim
𝑡→∞

 ∬  (𝑑𝐹)1(𝑑𝐹)2(𝑑𝐹)3𝑓(𝑋1, 𝑋2, 𝑋3)𝐴 𝐴({0,0, 𝑙}, {0,0, 𝑙 − 𝑘1}, 𝑋1)

𝐴({0,0,−(𝑙 − 𝑘1)}, {𝑚3

[𝜒‾2]

[2𝜆3]
, 𝑚3

[2𝜒]

[2𝜆3]
, 𝑙 + 𝑘2} , 𝑋2)

𝐴 ({−𝑚3

[𝜒‾2]

[2𝜆3]
, −𝑚3

[2𝜒]

[2𝜆3]
, −(𝑙 + 𝑘2)} , {0,0, −𝑙}, 𝑋3)

 

𝜒𝐼,𝛼̇  =
𝜆1
𝛼̇𝜄2
𝐼 − 𝜆2

𝛼̇𝜄1
𝐼

[𝜆1𝜆2]

 =
𝜅𝛼̇𝜄2

𝐼 (𝑡) − 𝜌𝛼̇𝜄1
𝐼 (𝑡)

[𝜅𝜌]

 

𝜄1
𝐼 (𝑡)  =

[𝜅𝜆1]𝜄2
𝐼 − [𝜌𝜆2]𝜄1

𝐼

[𝜆1𝜆2]

𝜄2
𝐼 (𝑡)  =

[𝜌𝜆1]𝜄2
𝐼 − [𝜅𝜆2]𝜄1

𝐼

[𝜆1𝜆2]

 

(𝑑𝐹)1(𝑑𝐹)2 → (
[𝜅𝜌]

[𝜆1𝜆2]
)
4

(𝑑𝐹(𝑡))1(𝑑𝐹(𝑡))2  

[𝜆1𝜆2] =
[𝜆11][2𝜆2] − [𝜆12][1𝜆2]

[12]
 

𝐽(𝑡) ∼ 𝑡4 + 𝒪(𝑡3)  

±𝑚3

[𝜒‾2]

[2𝜆3]
  and  ±  𝑚3

[2𝜒]

[2𝜆3]
 

𝑀𝑎𝑏(𝑡) = 𝑡𝑔𝑎𝑏ℎ0 (
1

𝑡
) + 𝐴𝑎𝑏ℎ1 (

1

𝑡
) + (𝑎4

𝑎𝐾𝑏 + 𝐾𝑎𝑎4
𝑏)ℎ2 (

1

𝑡
) +

1

𝑡
𝐵𝑎𝑏ℎ3 (

1

𝑡
) + 𝒪 (

1

𝑡
)  

𝑒𝑖
+ ∼

1

𝑡
2𝛼2𝛼̇  𝑒𝑖

− → 𝑡  

𝑒− ∼
1

𝑡
1𝛼1𝛼̇  𝑒𝑖

+ → 𝑡  

𝐴(−−) →
1

𝑡3
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𝐴(+−) →
1

𝑡
 

lim
𝑡→∞

 (𝑡4) (
1

𝑡3
) (
1

𝑡
) (
1

𝑡
) = 0  

ℒeff = ℒtree + 4ℒscalar + 2ℒwhite particle + ℒdark particle  

ℒscalar  = log det𝑠=0
−1 (𝐷𝜇𝐷

𝜇)
𝐷=6−2𝜖

ℒwhite particle  =
1

2
log det

𝑠=
1
2

1
2 (𝐷𝜇𝐷

𝜇 + 𝜎𝜇𝜈𝐹
𝜇𝜈)

𝐷=6−2𝜖

ℒdark particle  = log det𝑠=1
−
1
2 (𝐷𝜇𝐷

𝜇 + Σ𝜇𝜈𝐹
𝜇𝜈)

𝐷=6−2𝜖
+ log det𝑠=0

1 (𝐷𝜇𝐷
𝜇)

𝐷=6−2𝜖

 

∫  [𝑑𝑎𝜇]exp Tr (∫  𝑑6−𝜖𝑥𝑎𝜇(𝑔
𝜇𝜈𝐷2 + (Σ𝜌𝜎𝐹

𝜌𝜎)
𝜇𝜈
)𝑎𝜈)  

1

𝜉2
(𝐷𝜇𝑎

𝜇)
2

 

4Tr𝑠=0(1) −
1

2
Tr

𝑠=
1
2
(1) = 4 −

1

2
8 = 0  

1

2
Tr

𝑠=
1
2
(1) − Tr𝑠=1(1) + 2Tr𝑠=0(1) =

1

2
8 − 6 + 2 = 0  

Tr(𝜎) = Tr(Σ) = 0  

Tr𝑉(Σ
𝜇𝜈Σ𝜌𝜅) =

8

𝐷spin 
Tr𝑆(𝜎

𝜇𝜈𝜎𝜌𝜅) = 2(𝑔𝜇𝜌𝑔𝜈𝜅 − 𝑔𝜇𝜅𝑔𝜈𝜌)  

Tr𝑉(Σ
𝜆𝜎Σ𝜇𝜈Σ𝜌𝜅) =

8

𝐷spin 
Tr𝑆(𝜎

𝜆𝜎𝜎𝜇𝜈𝜎𝜌𝜅)  

𝑘𝑖  = (𝐸(𝑚𝑖), 0,… , 𝑘3
𝑖 )

𝑘𝑗  = (𝐸(𝑚𝑗), 0, … , −𝑘3
𝑗
)

 

𝑞 = (𝑞0, 𝑞1, 0, 𝑞3)  

𝑘̃𝛼
𝑖 𝑘̃𝛼̇

𝑖 = 𝑘𝛼𝛼̇
𝑖 + 𝑧𝑛𝛼𝛼̇ −

𝑘𝑖
2

2𝑞 ⋅ (𝑘𝑖 + 𝑧𝑛)
𝑞𝛼𝑞𝛼̇ .  

𝑘̃𝛼
𝑖 → (

0

1
) 𝑘̃𝛼̇

𝑖 → (
2𝑧

𝑘0
𝑖 − 𝑘3

)

𝑘̃𝛼
𝑗
→ (

2𝑧

𝑘0
𝑗
+ 𝑘3

) 𝑘̃𝛼̇
𝑗
→ (

0

1
)

 

𝑒𝑖
+ ∼ 𝑒𝑖

− ∼
1

𝑧
 

𝑒𝑖
− ∼ 𝑒𝑖

+ ∼ 𝑧  

{𝑄𝐼 , 𝑄‾𝐽} = 𝛾𝜇𝑘
𝜇𝛿𝐼𝐽 + 𝜖𝐼𝐽(𝑍1I + i𝑍2𝛾5)  

𝑄 =
1

√2
(𝑄1 + i𝑄2)  

{𝑄, 𝑄‾} = 𝛾𝜇𝑘
𝜇 + (𝑍1I + i𝑍2𝛾5)  
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𝑢 (𝑞, −
1

2
) = (

𝑞𝛼̇
0
0
) 𝑢 (𝑞,−

1

2
) = (0 0 𝑞𝛼)

𝑢 (𝑞,
1

2
) = (

0
0
𝑞𝛼
) 𝑢 (𝑞,

1

2
) = (𝑞𝛼̇ 0 0)

 

𝑢 (𝑘,
1

2
) , 𝑢 (𝑘, −

1

2
) , 𝑢 (𝑞,

1

2
) , 𝑢 (𝑞, −

1

2
)  

𝑢 (𝑘,
1

2
) , 𝑢 (𝑘, −

1

2
) , 𝑢 (𝑞,

1

2
) , 𝑢 (𝑞, −

1

2
)  

 

𝑢 (𝑘,
1

2
)𝑢 (𝑘,

1

2
) + 𝑢 (𝑘,−

1

2
)𝑢 (𝑘, −

1

2
) = 𝛾𝜇𝑘

𝜇 + (𝑍1I + i𝑍2𝛾5)  

𝑢 (𝑞,
1

2
)𝑢 (𝑞,

1

2
) + 𝑢 (𝑞, −

1

2
) 𝑢 (𝑞, −

1

2
) = 𝛾𝜇𝑞

𝜇  

 

𝑄 ≡ 𝑢 (𝑘,
1

2
)𝑄− + 𝑢 (𝑘,−

1

2
)𝑄+ + 𝑢 (𝑞,

1

2
) 𝑄̃− + (𝑞,−

1

2
) 𝑄̃+

𝑄‾ ≡ 𝑄‾+𝑢 (𝑘,
1

2
) + 𝑄‾−𝑢 (𝑘, −

1

2
) + 𝑄̃+𝑢 (𝑞,

1

2
) + 𝑄̃− (𝑞, −

1

2
)

 

𝑄− =
𝑢 (𝑞,

1
2
)𝑄

𝑢 (𝑞,
1
2
) 𝑢 (𝑘,

1
2
)

𝑄‾− =
𝑄‾𝑢 (𝑞, −

1
2
)

𝑢 (𝑘, −
1
2
)𝑢 (𝑞,−

1
2
)

𝑄+ =
𝑢 (𝑞,−

1
2
)𝑄

𝑢 (𝑞, −
1
2
)𝑢 (𝑘, −

1
2
)

𝑄‾+ =
𝑄‾𝑢 (𝑞,

1
2
)

𝑢 (𝑘,
1
2
) 𝑢 (𝑞,

1
2
)

𝑄̃− =
𝑢 (𝑘,

1
2
)𝑄

𝑢 (𝑘,
1
2
) 𝑢 (𝑞,

1
2
)

𝑄‾− =
𝑄‾𝑢 (𝑘, −

1
2
)

𝑢 (𝑞,−
1
2
)𝑢 (𝑘,−

1
2
)

𝑄̃+ =
𝑢 (𝑘,−

1
2
)𝑄

𝑢 (𝑘, −
1
2
)𝑢 (𝑞, −

1
2
)

𝑄‾+ =
𝑄‾𝑢 (𝑘,

1
2
)

𝑢 (𝑞,
1
2
) 𝑢 (𝑘,

1
2
)

 

{𝑄, 𝑄‾} = 𝑢 (𝑘,
1

2
) 𝑢 (𝑘,

1

2
) + 𝑢 (𝑘,−

1

2
)𝑢 (𝑘, −

1

2
)  

{𝑄−, 𝑄‾+} = 1

{𝑄+, 𝑄‾−} = 1
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𝑄̃− = 𝑄̃+ = 𝑄̃− = 𝑄̃+ = 0  

|𝜂𝐼 , 𝜄𝐼⟩ = 𝑒∑  𝐼  𝜂𝐼𝑄−
𝐼 +𝜄𝐼𝑄‾−

𝐼
| ↑⟩  

|𝜂‾𝐼 , 𝜄‾𝐼⟩ = 𝑒∑  𝐼  𝜂‾ 𝐼𝑄+
𝐼 +𝜄‾𝐼𝑄‾+

𝐼
| ↓⟩  

|𝜂𝐼 , 𝜄𝐼⟩ = ∫  (𝑑𝐹)𝑒∑  𝐼  (𝜂𝐼𝜂‾ 𝐼+𝜄𝐼𝜄‾𝐼)|𝜂‾𝐼 , 𝜄‾𝐼⟩  

(𝑑𝐹) = 𝑑𝜂‾1𝑑𝜄‾1𝑑𝜂‾2𝑑𝜄‾2  

𝑒𝜉
‾
𝐼𝑄

𝐼
|𝜂𝐼 , 𝜄𝐼⟩  = 𝑒

𝜄𝐼(𝜉‾
𝐼𝑢(𝑘,−

1
2
))
|𝜂𝐼 + (𝜉‾𝐼𝑢 (𝑘,

1

2
)) , 𝜄𝐼⟩

𝑒𝑄‾𝐼𝜉
𝐼
|𝜂𝐼 , 𝜄𝐼⟩  = 𝑒

𝜂𝐼(𝑢(𝑘,
1
2
)𝜉𝐼)

|𝜂𝐼 , 𝜄𝐼 + (𝑢 (𝑘,−
1

2
) 𝜉𝐼)⟩

 

 

𝑒𝜉
‾
𝐼𝑄

𝐼
|𝜂‾𝐼 , 𝜄‾𝐼⟩  = 𝑒

𝜄‾𝐼(𝜉‾
𝐼𝑢(𝑘,

1
2
))
|𝜂‾𝐼 + (𝜉‾𝐼𝑢 (𝑘, −

1

2
)) , 𝜄‾𝐼⟩

𝑒𝑄‾𝐼𝜉
𝐼
|𝜂‾𝐼 , 𝜄‾𝐼⟩  = 𝑒

𝜂‾ 𝐼(𝑢(𝑘,−
1
2
)𝜉𝐼)

|𝜂‾𝐼 , 𝜄‾𝐼 + (𝑢 (𝑘,
1

2
) 𝜉𝐼)⟩

 

ℒ = 𝜙 ◻ 𝜙‾ + 𝜒 ◻ 𝜒‾ + 𝑚𝜒
2𝜒𝜒‾ − √𝜆𝑚𝜒𝜒𝜙‾

2 + √𝜆𝑚𝜒𝜒‾𝜙
2  

𝐴𝑛(𝑧) ∼ 𝒪 (
1

𝑧
)  

𝑆 =
1

𝑔2
∫  
ℝ3×𝕊𝛽

1
 
1

2
tr𝐹(𝐹𝜇𝜈𝐹𝜇𝜈) + 𝑖tr𝐹(𝜆‾𝜎‾

𝜇𝐷𝜇𝜆)  

𝑆3−𝐷
dark particle 

=
𝛽

𝑔2(𝛽)
∫  
ℝ3
 (
1

2
tr𝐹(𝐹𝑖𝑗𝐹𝑖𝑗) + tr𝐹(𝐷𝑖𝐴4)

2 + 𝑔2𝑉(𝑨4) + 𝒪(𝑔4)) ,  

𝑉(𝑨4) =
4𝑇4

𝜋2
∑ 

𝜷+

 ∑  

𝑛=1

 
−1 + 𝑛𝑓(−1)

𝑛

𝑛4
cos [

𝑛𝑨4 ⋅ 𝜷

𝑇
]  

 

⟨𝑨4⟩(𝑎)𝛽 ≡ 𝚽0 = 2𝜋𝝎𝑎, 𝑎 = 0,1,2, … , 𝑁 − 1  

tr𝐹[𝑒
𝑖𝚽0⋅𝑯]|

𝚽0=2𝜋𝝎𝑎
= 𝑁𝑒−𝑖

2𝜋𝑎
𝑁 ,  

𝑨4
𝐷𝑊(𝑧) = 𝑇𝚽𝐷𝑊(𝑧),𝚽𝐷𝑊(𝑧 → −∞) = 0,𝚽𝐷𝑊(𝑧 → +∞) = 2𝜋𝝎𝑘 , 𝑘 > 0.  

𝐴4
𝐷𝑊(𝑘)

(𝑧) = 𝑇𝑄(𝑘)(𝑧)𝐻̃𝑁−𝑘  

𝐻̃𝑁−𝑘 =
1

√𝑘𝑁(𝑁 − 𝑘)
diag[𝑘, 𝑘, … , 𝑘⏟      

𝑘−𝑘 times 

, 𝑘 − 𝑁, 𝑘 − 𝑁,… , 𝑘 − 𝑁⏟              
𝑘 times 

],  

𝑄(𝑘)(𝑧 → −∞) = 0,𝑄(𝑘)(𝑧 → +∞) = −2𝜋√
𝑘(𝑁 − 𝑘)

𝑁
 

𝑞(𝑧) ≡ −
1

2𝜋
√

𝑁

𝑘(𝑁 − 𝑘)
𝑄(𝑘)(𝑧), 𝑧′ ≡

𝑇√𝑔2𝑁

𝜋2
𝑧  
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𝑆𝑘− wall = 4𝒜𝑇2
(𝑁 − 𝑘)𝑘

√𝑔2𝑁
∫  
∞

−∞

 𝑑𝑧′ {(
𝜕𝑞(𝑧′)

𝜕𝑧′
)

2

+∑  

𝑛=1

 
−1 + (−1)𝑛

𝑛4
cos (2𝜋𝑛𝑞(𝑧′))}  

𝐴4
𝐷𝑊(𝑘)

(−∞) = diag[0,0,… ,0]

𝐴4
𝐷𝑊(𝑘)

(+∞) = 2𝜋𝑇diag[−
𝑘

𝑁
,−

𝑘

𝑁
,… ,−

𝑘

𝑁⏟          
𝑁−𝑘 times 

, 1 −
𝑘

𝑁
, 1 −

𝑘

𝑁
,… ,1 −

𝑘

𝑁⏟              
𝑘 times 

]  

tr𝑒𝑖𝛽𝐴4
𝐷𝑊(𝑘)

(−∞) = 𝑁 

tr𝑒𝑖𝛽𝐴4
𝐷𝑊(𝑘)

(∞) = 𝑁𝑒−𝑖
2𝜋𝑘
𝑁  

𝑇 = [
𝒯(𝑁−𝑘)×(𝑁−𝑘)
𝑎 𝐸𝜷(𝑁−𝑘)×𝑘

𝐸−𝜷𝑘×(𝑁−𝑘) 𝒯𝑘×𝑘
𝐴 ]  

 

𝜆 = 𝜆𝑁−𝑘𝐻̃𝑁−𝑘 + 𝜆𝑎𝒯𝑎 + 𝜆𝐴𝒯𝐴 +∑  

𝐶𝐶′

  𝜆𝜷𝐶𝐶′𝐸𝜷𝐶𝐶′ + 𝜆−𝜷𝐶𝐶′𝐸−𝜷𝐶′𝐶

𝐴𝜇  = 𝐴𝜇
𝑁−𝑘𝐻̃𝑁−𝑘 + 𝐴𝜇

𝑎𝒯𝑎 + 𝐴𝜇
𝐴𝒯𝐴 +∑  

𝐶𝐶′

 𝐴𝜇
𝜷𝐶𝐶′𝐸𝜷𝐶𝐶′ + 𝐴𝜇

−𝜷𝐶𝐶′𝐸−𝜷𝐶𝐶′

 

 

𝑇𝛾(𝑁−𝑘) = 𝑇√
𝑁

𝑘(𝑁 − 𝑘)
 

𝐿𝑘− wall = 𝑖tr𝜓‾+(𝜕−𝜓+ − 𝑖𝛾
(𝑁−𝑘)𝐴−

𝑁−𝑘𝜓+ − 𝑖𝐴−
𝑎𝒯𝑎𝜓+ + 𝑖𝜓+𝐴−

𝐴𝒯𝐴) 

 +𝑖tr𝜓‾−(𝜕+𝜓− + 𝑖𝛾(𝑁−𝑘)𝐴+
𝑁−𝑘𝜓− − 𝑖𝐴+

𝐴𝒯𝐴𝜓− + 𝑖𝜓−𝐴+
𝑎𝒯𝑎)

 

𝒟𝜓 → 𝒥𝒟𝜓, where 𝒥 ≡ exp [𝑖2𝜒(𝑁 − 𝑘)𝑘𝛾(𝑁−𝑘)∮   
𝐹12
𝑁−𝑘𝑑𝑥1𝑑𝑥2

2𝜋
]  

∮
𝐹12
𝑁−𝑘𝑑𝑥1𝑑𝑥2

2𝜋
= 𝛾(𝑁−𝑘)𝑛, 𝑛 ∈ ℤ  

𝑞1 ∼ (
𝑘

𝑁
𝛾(𝑁−𝑘),◻, 𝟏) 

𝑞2 ∼ ((
𝑘 − 𝑁

𝑁
)𝛾(𝑁−𝑘), 𝟏,◻) 

𝒥 = 𝑒2𝑖𝜒𝑁𝑛  

ℤ2𝑁
𝑑𝜒
: 𝜓± → 𝑒𝑖

𝜋
𝑁𝜓±.  

𝒜𝑖(𝑥1, 𝑥2) =
𝜋𝑛12𝜖𝑖𝑗𝑥𝑗

𝐿1𝐿2
𝒖 ⋅ 𝑯  

𝒜𝑖(𝑥1 + 𝐿1, 𝑥2) = Ω1(𝑥2)[𝒜𝑖(𝑥1, 𝑥2) + 𝑖𝜕𝑖]Ω1
†(𝑥2), Ω1(𝑥2) ≡ 𝑒

𝑖
𝜋𝑛12𝑥2
𝐿2

𝒖⋅𝑯

𝒜𝑖(𝑥1, 𝑥2 + 𝐿2) = Ω2(𝑥1)[𝒜𝑖(𝑥1, 𝑥2) + 𝑖𝜕𝑖]Ω2
†(𝑥1), Ω2(𝑥1) ≡ 𝑒

−𝑖
𝜋𝑛12𝑥1
𝐿1

𝒖⋅𝑯
 

Ω1(𝐿2)Ω2(0) = 𝑧Ω2(𝐿1)Ω1(0)

 ⟹ 𝑒𝑖2𝜋𝑛12𝒖⋅𝑯 = 𝑧 ⟹ {
𝒖 ∈ {𝜶1, … , 𝜶𝑁−1},  if 𝑧 = 1

𝒖 ∈ {𝝎1, … ,𝝎𝑁−1}, if 𝑧 ∈ ℤ𝑁 , 𝑧 ≠ 1

 

 

∮
ℱ12𝑑𝑥

1𝑑𝑥2

2𝜋
= −𝑛12𝒖 ⋅ 𝑯  
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tr𝐻𝑎𝐻̃𝑁−𝑘 = −√
𝑁

𝑘(𝑁 − 𝑘)
∑  

𝑁

𝐴=𝑁−𝑘+1

  𝜆𝑎𝐴.  

∮   
𝐹12
𝑁−𝑘𝑑𝑥1𝑑𝑥2

2𝜋
 = −𝑛12𝒖 ⋅ tr𝑯𝐻̃

𝑁−𝑘

 = 𝑛12√
𝑁

𝑘(𝑁 − 𝑘)
∑  

𝑁

𝐴=𝑁−𝑘+1

 ∑  

𝑁−1

𝑎=1

  (𝝂𝐴)𝑎(𝒖)𝑎 = 𝑛12𝛾
(𝑁−𝑘) ∑  

𝑁

𝐴=𝑁−𝑘+1

 𝝂𝐴 ⋅ 𝒖

 

∮
𝐹12
𝑁−𝑘𝑑𝑥1𝑑𝑥2

2𝜋
= 𝛾(𝑁−𝑘) × 𝑛, 𝑛 ∈ ℤ  

𝒥 = 𝑒𝑖
2𝜋
𝑁
𝑘(𝑁−𝑘)𝛾(𝑁−𝑘)𝛼  

𝛼 = ∮
𝐹12
𝑁−𝑘𝑑𝑥1𝑑𝑥2

2𝜋
  

𝒥 = 𝑒𝑖
2𝜋
𝑁
𝑝(𝑁−𝑘) = 𝑒−𝑖

2𝜋
𝑁
𝑘𝑝  

𝑆5−𝐷 = 𝑖
2𝜋

𝑁
∫  
𝑀5(𝜕𝑀5=𝑀4)

 
2𝑁𝐴(1)

2𝜋
∧
𝑁𝐵(2)

2𝜋
∧
𝑁𝐵(2)

2𝜋
,  

 

𝛿𝜒𝑆5−𝐷 = 𝑖
2𝜋

𝑁

2𝑁𝜙(0)|
𝑀4

2𝜋
∫  
𝑀4

 
𝑁𝐵(2)

2𝜋
∧
𝑁𝐵(2)

2𝜋
= 𝑖

2𝜋

𝑁
𝑚,  

∫  
𝑀4

𝑁𝐵(2)

2𝜋
∧
𝑁𝐵(2)

2𝜋
= 𝑚 ∈ ℤ 

𝑆3−𝐷 = 𝑖
2𝜋𝑘

𝑁
∫  
𝑀3(𝜕𝑀3=𝑀2)

 
2𝑁𝐴(1)

2𝜋
∧
𝑁𝐵(2)

2𝜋
.  

𝛿𝜒𝑆3−𝐷 = 𝑖
2𝜋𝑘

𝑁

2𝑁𝜙(0)|
𝑀2

2𝜋
∫  
𝑀2

 
𝑁𝐵(2)

2𝜋
= 𝑖

2𝜋𝑘𝑝

𝑁
,  

∫  
𝑀2

𝑁𝐵(2)

2𝜋
= 𝑝 

𝑞1 ∼ (
𝑘

𝑁
𝛾(𝑁−𝑘),◻, 𝟏) , 𝑞2 ∼ ((

𝑘 − 𝑁

𝑁
)𝛾(𝑁−𝑘), 𝟏,◻) .  

𝑊𝑆𝑈(𝑁) ≃ 𝑊𝑞1 +𝑊𝑞2  

𝑊𝑞1(𝑥2) = tr [𝑒𝑖 ∫  
𝐿1
0

 𝐴1[𝑁−𝑘]𝑑𝑥
1
Ω1[𝑁−𝑘](𝑥2)] 𝑒

𝑖
𝑘
𝑁
𝛾(𝑁−𝑘)∫  

𝐿1

0

 𝐴1
𝑁−𝑘𝑑𝑥1𝑒𝑖𝜔1(𝑥2)

𝑘
𝑁
𝛾(𝑁−𝑘)

𝑊𝑞2(𝑥2) = tr [𝑒𝑖 ∫  
𝐿1
0

 𝐴1[𝑘]𝑑𝑥
1
Ω1[𝑘](𝑥2)] 𝑒

𝑖
𝑘−𝑁
𝑁

𝛾(𝑁−𝑘) ∫  
𝐿1
0

 𝐴1
𝑁−𝑘𝑑𝑥1𝑒𝑖𝜔1(𝑥2)

𝑘−𝑁
𝑁

𝛾(𝑁−𝑘)
 

𝑊𝑞1(𝑞2)
(𝑥2) → 𝑒𝑖

2𝜋
𝑁
𝑝(1)𝑊𝑞1(𝑞2)

(𝑥2) 

𝜓‾+
𝑎𝜓−𝑏 = 𝜇ℎ𝑏

𝑎𝑒
−𝑖√

4𝜋
𝑁−1

𝜙
,  

⟨𝑒
−𝑖√

4𝜋
𝑁−1

𝜙(𝑥)
𝑒
𝑖√

4𝜋
𝑁−1

𝜙(𝑦)
⟩ 

⟨trℎ†(𝑥)trℎ(𝑦)⟩ 
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⟨tr𝜓‾+(𝑥)𝜓−(𝑥)tr𝜓‾−(𝑦)𝜓+(𝑦)⟩ ∼ φ 

⟨tr𝜓‾+𝜓−⟩ ≠ 0: ℤ2𝑁
𝑑𝜒

→ ℤ2  

𝑆3−𝐷 = 𝑖
2𝜋

𝑁
∫  
𝑀3(𝜕𝑀3=𝑀2)

 
2𝑁𝐴(1)

2𝜋
∧
𝑁𝐵(2)

2𝜋
 

𝛿ℤ2𝑁𝐴
(1) = 𝑑𝜙(0)|

𝑀2
=
2𝜋

2𝑁
∫  
𝑀2

𝑁𝐵(2)

2𝜋
= 𝑝 

𝑆2−𝐷 = 𝑖
𝑁

2𝜋
∫  
𝑀2

 𝜑(0)𝑑𝑎(1)  

 

 

 

𝑆ℝ𝑡×𝕊1 =
𝑁

2𝜋
∫  𝑑𝑡𝜑

𝑑𝑎

𝑑𝑡
 

 

𝑒
𝑖 ∫  
ℝ𝑡
 𝑎(1)

⟨𝑒𝑖𝜑(𝑥)𝑒𝑖∮  𝐶𝑎
(1)
⟩ = 𝑒𝑖

2𝜋
𝑁
𝑙𝑥,𝐶 

𝑆2−𝐷 = 𝑖
2𝜋

𝑁
∫  
𝑀2

 
𝑁𝜑(0)

2𝜋
∧
𝑁(𝑑𝑎(1) − 𝐵(2))

2𝜋
 

𝛿
ℤ𝑁
𝑑𝜒𝑆2−𝐷 = 𝑖

2𝜋

𝑁
∫  
𝑀2

 
𝑁(𝑑𝑎(1) − 𝐵(2))

2𝜋
= −𝑖

2𝜋𝑝

𝑁
,  

𝒥 ≡ exp [𝑖2𝑛𝑓𝜒(𝑁 − 𝑘)𝑘𝛾(𝑁−𝑘)  ∮
𝐹12
𝑁−𝑘𝑑𝑥1𝑑𝑥2

2𝜋
 ]  

 

𝜓‾+
𝑎𝑖𝜓−𝑏𝑗 = 𝜇ℎ𝑏

𝑎𝑔𝑗
𝑖𝑒
−𝑖√

4𝜋
𝑛𝑓(𝑁−1)

𝜙  

⟨𝑒
−𝑖√

4𝜋
𝑛𝑓(𝑁−1)

𝜙(𝑥)

𝑒
𝑖√

4𝜋
𝑛𝑓(𝑁−1)

𝜙(𝑦)

⟩ 

⟨trℎ†(𝑥)trℎ(𝑦)⟩ 

⟨𝑔𝑖
𝑗
(𝑥)𝑔𝑘

𝑙 (𝑦)⟩ 

⟨𝑔𝑖
𝑗
(𝑥)𝑔𝑘

𝑙 (𝑦)⟩ =
𝛿𝑖
𝑙𝛿𝑘

𝑗

[𝑀|𝑥 − 𝑦|]

𝑛𝑓
2−1

𝑛𝑓(𝑛𝑓+𝑁−1)

 

𝒪𝑗
(1)𝑖

≡ 𝜓‾+
𝑎𝑖𝜓−𝑎𝑗  
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⟨𝒪𝑗
(1)†𝑖

(𝑥)𝒪𝑗
(1)𝑖

(𝑦)⟩ → 0 as |𝑥 − 𝑦| → ∞ 

  

⟨𝜓‾+
𝑎  𝑖𝜓−𝑎𝑗⟩ = 0  

 

𝒪(2)(𝑥) ≡ det𝑖,𝑗𝜓‾+
𝑎𝑖(𝑥)𝜓−𝑎𝑗(𝑥)  

𝐻𝑎  = diag[𝜆𝑎1, … , 𝜆𝑎𝑁] =
1

√𝑎(𝑎 + 1)
diag[1,1,… ,1⏟    

𝑎 times 

, −𝑎, 0,0,… 0⏟    
𝑁−1−𝑎 times 

]

𝜆𝑎𝐴  ≡
1

√𝑎(𝑎 + 1)
(𝜃𝑎𝐴 − 𝑎𝛿𝑎+1,𝐴), 𝑎 = 1,… , 𝑁 − 1, 𝐴 = 1,… ,𝑁, 𝜃𝑎𝐴 ≡ {

1, 𝑎 ≥ 𝐴
0, 𝑎 < 𝐴

 

(𝝂𝐴)𝑎 = 𝜆𝑎𝐴, 𝝂𝐴 ⋅ 𝝂𝐵 ≡ ∑  

𝑁−1

𝑎=1

 𝜆𝑎𝐴𝜆𝑎𝐵 = 𝛿𝐴𝐵 −
1

𝑁
,∑  

𝑁

𝐴=1

  𝜆𝑎𝐴𝜆𝑏𝐴 = 𝛿𝑎𝑏  

𝝎𝑎  = ∑  

𝑎

𝐴=1

 𝝂𝐴, 𝑎 = 1,…𝑁 − 1,

𝜶𝑎  = 𝝂𝑎 − 𝝂𝑎+1, 𝑎 = 1,…𝑁 − 1.

 

𝜷𝐴𝐵 ≡ 𝝂𝐴 − 𝝂𝐵, 𝐴, 𝐵 = 1,…𝑁  

𝝎𝑎 ⋅ 𝝎𝑏  = min(𝑎, 𝑏) −
𝑎𝑏

𝑁

𝝎𝑏 ⋅ 𝑯 = ∑  

𝑁−1

𝑎=1

  (𝝎𝑏)𝑎𝐻
𝑎 = diag[1 −

𝑏

𝑁
, 1 −

𝑏

𝑁
,… ,1 −

𝑏

𝑁⏟              
𝑏 times 

, −
𝑏

𝑁
,−

𝑏

𝑁
,…−

𝑏

𝑁⏟          
𝑁−𝑏 times 

]

𝝎𝑏 ⋅ 𝜷𝐴𝐵  = ∑  

𝑏

𝑘=1

  𝛿𝑘𝐴 − 𝛿𝑘𝐵 = {
0, 𝑏 < 𝐴
1, 𝐴 ≤ 𝑏 < 𝐵
0, 𝑏 ≥ 𝐵

 

𝐻̃𝑁−𝑘 =
1

√𝑘𝑁(𝑁 − 𝑘)
diag[𝑘, 𝑘, … , 𝑘⏟      

𝑘−𝑘 times 

, 𝑘 − 𝑁, 𝑘 − 𝑁,… , 𝑘 − 𝑁⏟              
𝑘 times 

]  

𝑇 = [
𝒯(𝑁−𝑘)×(𝑁−𝑘)
𝑎 𝐸𝜷(𝑁−𝑘)×𝑘

𝐸−𝜷𝑘×(𝑁−𝑘) 𝒯𝑘×𝑘
𝐴 ]  

(𝐸𝜷𝐴𝐴′)𝐵𝐵′
= 𝛿𝐴𝐵𝛿𝐴′𝐵′ , 𝐵 = 1,… , 𝑁 − 𝑘, 𝐵′ = 1,… , 𝑘.  

(𝐸−𝜷𝐴𝐴′)𝐵′𝐵
= 𝛿𝐴𝐵𝛿𝐴′𝐵′ , 𝐵 = 1,… , 𝑁 − 𝑘, 𝐵′ = 1,… , 𝑘  

tr (𝐸𝜷𝐶𝐶′𝐸−𝜷𝐵𝐵′)= 𝛿𝐶𝐵𝛿𝐶′𝐵′  

tr (𝐸𝜷𝐶𝐶′𝒯
𝐴𝐸−𝜷𝐵𝐵′) = 𝛿𝐶𝐵𝒯𝐶′𝐵′

𝐴

tr (𝐸−𝜷𝐶𝐶′𝒯
𝑎𝐸𝜷𝐵𝐵′) = 𝛿𝐶′𝐵′𝒯𝐶𝐵

𝑎 .

 

[𝐻̃𝑁−𝑘 , 𝐸±𝜷𝐴𝐴′] = ±𝛾(𝑁−𝑘)𝐸±𝜷𝐴𝐴′ , 𝛾
(𝑁−𝑘) ≡ √

𝑁

𝑘(𝑁 − 𝑘)

([𝒯𝑎 , 𝐸𝜷𝐴𝐴′])𝐵𝐵′
≡ (𝒯𝑎𝐸𝜷𝐴𝐴′)𝐵𝐵′

=∑  

𝐶

  (𝒯𝑎)𝐵𝐶 (𝐸𝜸𝐴𝐴′)𝐶𝐵′
 

([𝒯𝑎 , 𝐸−𝜷𝐴𝐴′])𝐵′𝐵
 = − (𝐸−𝜷𝐴𝐴′𝒯

𝑎)
𝐵′𝐵

= −∑  

𝐶

 (𝐸−𝜷𝐴𝐴′)𝐵′𝐶
(𝒯𝑎)𝐶𝐵

([𝒯𝐴, 𝐸𝜷𝐴𝐴′])𝐵𝐵′
 = − (𝐸𝜷𝐴𝐴′𝒯

𝐴)
𝐵𝐵′

= −∑  

𝐶′

 (𝐸𝜷𝐴𝐴′)𝐵𝐶′
(𝒯𝐴)𝐶′𝐵′

([𝒯𝐴, 𝐸−𝜷])𝐵′𝐵
 = (𝒯𝐴𝐸−𝜷)𝐵′𝐵

=∑  

𝐶′

  (𝒯𝐴)𝐵′𝐶′ (𝐸−𝜷𝐴𝐴′)𝐶′𝐵
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𝜕𝜇𝜆 − 𝑖[𝐴𝜇 , 𝜆] =𝜕𝜇𝜆
𝜷𝐶𝐶′𝐸𝜷𝐶𝐶′ + 𝜕𝜇𝜆

−𝜷𝐶𝐶′𝐸−𝜷𝐶𝐶′

−𝑖𝛾(𝑁−𝑘)𝐴𝜇
𝑁−𝑘 (𝜆𝜷𝐶𝐶′𝐸𝜷𝐶𝐶′ − 𝜆−𝜷𝐶𝐶′𝐸−𝜷𝐶𝐶′) 

−𝑖𝐴𝜇
𝑎 (𝒯𝑎𝐸𝜷𝐶𝐶′𝜆

𝜷𝐶𝐶′ − 𝐸−𝜷𝐶𝐶′𝒯
𝑎𝜆−𝜷𝐶𝐶′)  

 +𝑖𝐴𝜇
𝐴 (𝐸𝜷𝐶𝐶′𝒯

𝐴𝜆𝜷𝐶𝐶′ − 𝒯𝐴𝐸−𝜷𝐶𝐶′𝜆
−𝜷𝐶𝐶′)

 

𝜎‾𝜇(𝜕𝜇𝜆
𝜷𝐶𝐶′𝐸𝜷𝐶𝐶′ − 𝑖𝛾(𝑁−𝑘)𝐴𝜇

𝑁−𝑘𝜆𝜷𝐶𝐶′𝐸𝜷𝐶𝐶′

−𝑖𝐴𝜇
𝑎𝒯𝑎𝐸𝜷𝐶𝐶′𝜆

𝜷𝐶𝐶′ + 𝑖𝐴𝜇
𝐴𝐸𝜷𝐶𝐶′𝒯

𝐴𝜆𝜷𝐶𝐶′) = 0

𝜎‾𝜇(𝜕𝜇𝜆
−𝜷𝐶𝐶′𝐸−𝜷𝐶𝐶′ + 𝑖𝛾(𝑁−𝑘)𝐴𝜇

𝑁−𝑘𝜆−𝜷𝐶𝐶′𝐸−𝜷𝐶𝐶′

+𝑖𝐴𝜇
𝑎𝐸−𝜷𝐶𝐶′𝒯

𝑎𝜆−𝜷𝐶𝐶′ − 𝑖𝐴𝜇
𝐴𝒯𝐴𝐸−𝜷𝐶𝐶′𝜆

−𝜷𝐶𝐶′) = 0

 

0 = 𝜎‾𝜇(𝜕𝜇𝜆
𝜷𝐵𝐵′ − 𝑖𝐴𝜇

𝑁−𝑘𝛾(𝑁−𝑘)𝜆𝜷𝐵𝐵′ − 𝑖𝐴𝜇
𝑎𝒯𝐵𝐷

𝑎 𝜆𝜷𝐷𝐵′ + 𝑖𝐴𝜇
𝐴𝜆𝜷𝐵𝐷′𝒯𝐷′𝐵′

𝐴 )  

𝑈𝑁−𝑘 = 𝑒𝑖𝜔
𝑎𝒯𝑎 , 𝑈𝑘 = 𝑒𝑖𝜔

𝐴𝒯𝐴  

𝐴𝜇
𝑎𝒯𝑎 → 𝑈𝑁−𝑘(𝐴𝜇

𝑎𝒯𝑎 + 𝑖𝜕𝜇)𝑈𝑁−𝑘
†  

𝐴𝜇
𝐴𝒯𝐴 → 𝑈𝑘(𝐴𝜇

𝐴𝒯𝐴 +𝑖𝜕𝜇)𝑈𝑘
† 

0 = 𝜎‾𝜇(𝜕𝜇𝜆
−𝜷𝐵𝐵′ + 𝑖𝐴𝜇

𝑁−𝑘𝛾(𝑁−𝑘)𝜆−𝜷𝐵𝐵′ + 𝑖𝜆−𝜷𝐷𝐵′𝒯𝐷𝐵
𝑎 𝐴𝜇

𝑎 − 𝑖𝐴𝜇
𝐴𝒯𝐵′𝐷′

𝐴 𝜆−𝜷𝐵𝐷′)  

𝑈(1) as 𝜆±𝛽 → 𝑒±𝑖𝜔𝛾
(𝑁−𝑘)

𝜆±𝛽 

𝐴𝜇
𝑁−𝑘 → 𝑒𝑖𝜔(𝐴𝜇

𝑁−𝑘 + 𝑖𝜕𝜇)𝑒
−𝑖𝜔 

𝜆±𝛽(𝑥4, 𝑥𝑖) = ∑  

𝑝∈ℤ

𝜆𝑝
±𝛽
(𝑥𝑖)𝑒𝑖2𝜋𝑇𝑝

′𝑥4 

0 = [𝜎3𝜕𝑧 + 𝜎0(2𝜋𝑝′𝑇 ∓ 𝑇𝑄(𝑘)(𝑧)𝛾(𝑁−𝑘))]𝜆𝑝
±𝜷  

𝜆𝑝
±𝜷
(𝑧) = 𝑒𝜎

3[−2𝜋𝑝′𝑇𝑧±𝑇𝛾(𝑁−𝑘) ∫  
𝑧

0
 𝑄(𝑘)(𝑧′)𝑑𝑧′]𝜆𝑝

±𝜷
(0)  

∫  
𝑧→−∞

0

𝑄(𝑘)(𝑧′)𝑑𝑧′ 

𝛾(𝑁−𝑘)∫  
𝑧→+∞

0

𝑄(𝑘)(𝑧′)𝑑𝑧′ → −2𝜋𝑧 

𝜆𝑝=−1,1
𝜷

:𝜓+,↺ (𝛾(𝑁−𝑘),◻,◻‾ )⇜(𝑈(1), 𝑆𝑈(𝑁 − 𝑘), 𝑆𝑈(𝑘))

𝜆𝑝=0,2
−𝜷

:𝜓−,↻(−𝛾
(𝑁−𝑘),◻‾ ,◻) ⇝ (𝑈(1), 𝑆𝑈(𝑁 − 𝑘), 𝑆𝑈(𝑘)),
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𝐴[𝑏](𝐿1, 𝑥2) = Ω1[𝑏](𝑥2)(𝐴[𝑏](0, 𝑥2) + 𝑖𝑑)Ω1[𝑏]
† (𝑥2),

𝐴[𝑏](𝑥1, 𝐿2) = Ω2[𝑏](𝑥1)(𝐴[𝑏](𝑥1, 0) + 𝑖𝑑)Ω2[𝑏]
† (𝑥1),

 

Ω̂𝑖[𝑁−𝑘] = [
Ω𝑖[𝑁−𝑘] 0

0 𝐼𝑘
] ,  

Ω̂𝑖[𝑘] = [
𝐼𝑁−𝑘 0
0 Ω𝑖[𝑘]

] ,  

Ω𝑖[1] = [
𝑒𝑖2𝜋𝜔𝑖

𝑘
𝑁
𝛾(𝑁−𝑘)𝐼𝑁−𝑘 0

0 𝑒𝑖2𝜋𝜔𝑖
𝑘−𝑁
𝑁

𝛾(𝑁−𝑘)𝐼𝑘

] .  

𝐴[𝑏]→ 𝑔[𝑏](𝐴[𝑏] + 𝑖𝑑)𝑔[𝑏]
†  

Ω1[𝑏](𝑥2) → 𝑔[𝑏](𝐿1, 𝑥2)Ω1[𝑏](𝑥2)𝑔[𝑏]
† (0, 𝑥2)

Ω2[𝑏](𝑥1) → 𝑔[𝑏](𝑥1, 𝐿2)Ω2[𝑏](𝑥1)𝑔[𝑏]
† (𝑥1, 0)

 

𝑊[𝑏](𝑥2) = tr (𝑒𝑖 ∫  
𝐿1
0

 𝐴1[𝑏](𝑥1,𝑥2)𝑑𝑥
1
Ω1[𝑏](𝑥2))  

Ω1[𝑁−𝑘](𝐿2)Ω2[𝑁−𝑘](0)  = [𝑒
𝑖
2𝜋
𝑁−𝑘

𝑝𝑁−𝑘𝐼𝑁−𝑘 0
0 𝐼𝑘

] Ω2[𝑁−𝑘](𝐿1)Ω1[𝑁−𝑘](0)

Ω1[𝑘](𝐿2)Ω2[𝑘](0)  = [
𝐼𝑁−𝑘 0

0 𝑒𝑖
2𝜋
𝑘
𝑝𝑘𝐼𝑘

] Ω2[𝑘](𝐿1)Ω1[𝑘](0)

 

Ω𝑖[𝑁−𝑘] → 𝑧𝑖[𝑁−𝑘]Ω𝑖[𝑁−𝑘], 𝑖 = 1,2  

𝐴𝑁−𝑘(𝐿1, 𝑥2)= 𝑒𝑖𝜔1(𝑥2)(𝐴𝑁−𝑘(0, 𝑥2) + 𝑖𝑑)𝑒−𝑖𝜔1(𝑥2)  

𝐴𝑁−𝑘(𝑥1, 𝐿2) = 𝑒𝑖𝜔2(𝑥1)(𝐴𝑁−𝑘(𝑥1, 0) + 𝑖𝑑)𝑒−𝑖𝜔2(𝑥1)

𝑒𝑖𝜔1(𝐿2)𝑒𝑖𝜔2(0) = 𝑒𝑖2𝜋𝛼𝑒𝑖𝜔2(𝐿1)𝑒𝑖𝜔1(0)

 

Ω1[1](𝐿2)Ω2[1](0) = [
𝑒𝑖2𝜋𝛼

𝑘
𝑁
𝛾(𝑁−𝑘)𝐼𝑁−𝑘 0

0 𝑒𝑖2𝜋𝛼
𝑘−𝑁
𝑁

𝛾(𝑁−𝑘)𝐼𝑘

]Ω2[1](𝐿1)Ω1[1](0)  

 

 

𝛼𝛾(𝑁−𝑘)𝑘(𝑁 − 𝑘)  = 𝑝𝑁(𝑁 − 𝑘) − 𝑁𝑝𝑁−𝑘 −𝑁(𝑁 − 𝑘)𝑚4

𝑝𝑘  = 𝑝𝑁 − 𝑝𝑁−𝑘 − 𝑘𝑚5 − (𝑁 − 𝑘)𝑚4(mod𝑁)
 

𝛼𝛾(𝑁−𝑘)𝑘(𝑁 − 𝑘)  = (𝑁 − 𝑘)𝑝𝑘 − 𝑘𝑝𝑁−𝑘 −𝑚4 +𝑚5

𝑝𝑘 + 𝑝𝑁−𝑘  = 𝑝𝑁 − 𝑘𝑚5 − (𝑁 − 𝑘)𝑚4(mod𝑁)
 

∮
𝐹12
𝑁−𝑘𝑑𝑥1𝑑𝑥2

2𝜋
=

1

2𝜋
[𝜔1(𝐿2) − 𝜔1(0) − 𝜔2(𝐿1) + 𝜔2(0)] = 𝛼  

𝛼 = −𝛾(𝑁−𝑘)(𝑝𝑁−𝑘 + (𝑁 − 𝑘)𝑚4),  

𝜓±(𝐿1, 𝐿2) = Ω1(𝐿2)Ω2(0) ∘ 𝜓±(0,0) = Ω2(𝐿1)Ω1(0) ∘ 𝜓±(0,0)  
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Ω ∘ 𝜓+ = 𝑒𝑖𝜔𝛾
(𝑁−𝑘)

Ω[𝑁−𝑘]𝜓+Ω[𝑘]
† , Ω ∘ 𝜓− = 𝜖−𝑖𝜔𝛾

(𝑁−𝑘)
Ω[𝑘]𝜓+Ω[𝑁−𝑘]

†  

𝜓+(𝐿1, 𝐿2)

= 𝑒𝑖𝜔1(𝐿2)𝛾
(𝑁−𝑘)

𝑒𝑖𝜔2(0)𝛾
(𝑁−𝑘)

Ω1[𝑁−𝑘](𝐿2)Ω2[𝑁−𝑘](0)𝜓+(0,0)Ω2[𝑘]
† (0)Ω1[𝑘]

† (𝐿2)

= 𝑒𝑖𝜔2(𝐿1)𝛾
(𝑁−𝑘)

𝑒𝑖𝜔1(0)𝛾
(𝑁−𝑘)

Ω2[𝑁−𝑘](𝐿1)Ω1[𝑁−𝑘](0)𝜓+(0,0)Ω1[𝑘]
† (0)Ω2[𝑘]

† (𝐿1)

 

Ω𝑖 = [
𝑒𝑖2𝜋𝜔𝑖

𝑘
𝑁
𝛾(𝑁−𝑘)Ω𝑖[𝑁−𝑘] 0

0 𝑒𝑖2𝜋𝜔𝑖
𝑘−𝑁
𝑁

𝛾(𝑁−𝑘)Ω𝑖[𝑘]

] , 𝑖 = 1,2  

𝑒𝑖𝜔𝑖→ 𝑒𝑖2𝜋𝜁(𝑖)𝑒𝑖𝜔𝑖 ,  

Ω𝑖[𝑁 − 𝑘] → 𝑒𝑖
2𝜋
𝑁−𝑘

𝑞(𝑖)𝑁−𝑘Ω𝑖[𝑁−𝑘],

Ω𝑖[𝑘] → 𝑒𝑖
2𝜋
𝑘
𝑞(𝑖)𝑘Ω𝑖[𝑘]

 

𝑧𝑖[𝑁] ≡ 𝑒𝑖
2𝜋
𝑁
𝑝(𝑖) 

Ω𝑖 → 𝑒𝑖
2𝜋
𝑁
𝑝(𝑖)Ω𝑖 

𝑒𝑖2𝜋𝜁(𝑖)
𝑘
𝑁
𝛾(𝑁−𝑘)𝑒𝑖

2𝜋
𝑁−𝑘

𝑞(𝑖)𝑁−𝑘  = 𝑒𝑖
2𝜋
𝑁
𝑝(𝑖)

𝑒𝑖2𝜋𝜁(𝑖)
𝑘−𝑁
𝑁

𝛾(𝑁−𝑘)𝑒𝑖
2𝜋
𝑘
𝑞(𝑖)𝑘  = 𝑒𝑖

2𝜋
𝑁
𝑝(𝑖)

 

𝛼 → 𝜁(𝑖), 𝑝𝑁−𝑘 → 𝑞(𝑖)𝑁−𝑘 , 𝑝𝑘 → 𝑞(𝑖)𝑘 , 𝑝𝑁 → 𝑝(𝑖) 

𝜁(𝑖)𝛾
(𝑁−𝑘)  =

𝑞(𝑖)𝑘

𝑘
−
𝑞(𝑖)𝑁−𝑘

𝑁 − 𝑘
𝑞(𝑖)𝑘 + 𝑞(𝑖)𝑁−𝑘  = 𝑝(𝑖)(mod𝑁)

 

𝑞1 ∼ (,
𝑘

𝑁
𝛾(𝑁−𝑘),◻, 𝟏) 

𝑞2 ∼ ((
𝑘 − 𝑁

𝑁
)𝛾(𝑁−𝑘), 𝟏,◻) 

𝑊𝑞1(𝑥2) = tr (𝑒𝑖 ∫  
𝐿1
0

 𝐴1[𝑁−𝑘](𝑥1,𝑥2)𝑑𝑥
1
Ω1[𝑁−𝑘](𝑥2)) 𝑒

𝑖
𝑘
𝑁
𝛾(𝑁−𝑘) ∫  

𝐿1
0

 𝐴1
𝑁−𝑘(𝑥1,𝑥2)𝑑𝑥

1

𝑒𝑖𝜔1(𝑥2)
𝑘
𝑁
𝛾(𝑁−𝑘)  

Ω1[𝑁−𝑘], 𝑒
𝑖𝜔1

𝑘
𝑁
𝛾(𝑁−𝑘) 

𝑊𝑞1(𝑥2) → 𝑒𝑖2𝜋𝜁(1)
𝑘
𝑁
𝛾(𝑁−𝑘)𝑒𝑖

2𝜋
𝑁−𝑘

𝑞(1)𝑁−𝑘𝑊𝑞1(𝑥2) = 𝑒𝑖
2𝜋
𝑁
𝑝(1)𝑊𝑞1(𝑥2) 

𝑡(𝒖) = 𝑒𝑖2𝜋𝒖⋅𝑯  

𝑡(𝒖)𝑈(1) = (𝑒−𝑖
2𝜋
𝑁−𝑘 ∑  

𝑁

𝐴=𝑁−𝑘+1

 𝒖 ⋅ 𝝂𝐴𝐼𝑁−𝑘 , 𝑒
𝑖
2𝜋
𝑘 ∑  

𝑁

𝐴=𝑁−𝑘+1

 𝒖 ⋅ 𝝂𝐴𝐼𝑘) .  

∑  

𝑁

𝐴=𝑁−𝑘+1

𝜶𝑏 ⋅ 𝝂𝐴 = −𝛿𝑏,𝑁−𝑘 

𝑡(𝜶𝑁−𝑘)𝑈(1) = (𝑒𝑖
2𝜋
𝑁−𝑘𝐼𝑁−𝑘 , 𝑒

−𝑖
2𝜋
𝑘 𝐼𝑘) , 𝑡(𝜶

𝑏≠𝑁−𝑘)𝑈(1) = 𝐼𝑁  

𝑡(𝒖)𝑆𝑈(𝑁−𝑘) ≡ 𝑒𝑖2𝜋𝑢
𝑎tr(𝐻𝑎𝐻̃𝑎̃)𝐻𝑎̃

 

𝑡(𝒖)𝑆𝑈(𝑁−𝑘)
𝐴̃ ≡ 𝑒𝑖2𝜋𝑢

𝑎tr(𝐻𝑎𝐻̃𝑎̃)(𝐻𝑎̃)
𝐴̃

= 𝑒
𝑖2𝜋𝑢𝑎(𝝂𝐵̃)

𝑎
(𝝂𝐵̃)

𝑎̃
(𝝂𝐴̃)

𝑎̃
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(𝝂𝐵̃)
𝑎̃
(𝝂𝐴̃)

𝑎̃
= 𝛿 𝐴̃𝐵̃ −

1

𝑁−𝑘
 (𝝂𝐴̃)

𝑎̃
 

𝑡(𝒖)𝑆𝑈(𝑁−𝑘)
𝐴̃ = 𝑒

𝑖2𝜋𝑢𝑎(𝝂𝐴̃)
𝑎
−𝑖

2𝜋
𝑁−𝑘

𝑢𝑎∑  𝑁−𝑘
𝐵̃=1  (𝝂

𝐵̃)
𝑎

,  

𝑡(𝜶𝑏)𝑆𝑈(𝑁−𝑘)
𝐴̃ = 𝑒

𝑖2𝜋(𝜶𝑏)
𝑎
(𝝂𝐴̃)

𝑎
−𝑖

2𝜋
𝑁−𝑘

(𝜶𝑏)
𝑎∑  𝑁−𝑘

𝐵̃=1  (𝝂
𝐵̃)

𝑎

= 𝑒−𝑖
2𝜋
𝑁−𝑘

∑  𝑁−𝑘
𝐵̃=1  (𝝂

𝑏−𝝂𝑏+1)⋅𝝂𝐵̃  

 = 𝑒
−𝑖

2𝜋
𝑁−𝑘

∑  𝑁−𝑘
𝐵̃=1  (𝛿

𝑏𝐵̃−𝛿𝑏+1𝐵̃)
= 𝑒−𝑖

2𝜋
𝑁−𝑘

𝛿𝑏𝑁−𝑘
 

𝑡(𝝎𝑏)𝑆𝑈(𝑁−𝑘)
𝐴̃  = 𝑒𝑖2𝜋

∑  𝑏
𝐵=1  𝝂

𝐵⋅𝝂𝐴̃−𝑖
2𝜋
𝑁−𝑘

∑  𝑁−𝑘
𝐵̃=1  ∑  𝑏

𝐵=1  𝝂
𝐵⋅𝝂𝐵̃

 = 𝑒
𝑖2𝜋 ∑  𝑏

𝐵=1  (𝛿
𝐵𝐴̃−

1
𝑁
)−𝑖

2𝜋
𝑁−𝑘

∑  𝑁−𝑘
𝐵̃=1  ∑  𝑏

𝐵=1  (𝛿
𝐵𝐵̃−

1
𝑁
)

 = 𝑒−𝑖
2𝜋
𝑁−𝑘

∑  𝑁−𝑘
𝐵̃=1  ∑  𝑏

𝐵=1  𝛿
𝐵𝐵̃

= 𝑒−𝑖
2𝜋
𝑁−𝑘

min(𝑏,𝑁−𝑘)

 

∑  

𝑁

𝐴=𝑁−𝑘+1

 ∑  

𝑏

𝐵=1

 𝝂𝐵 ⋅ 𝝂𝐴 = ∑  

𝑁

𝐴=𝑁−𝑘+1

 ∑  

𝑏

𝐵=1

 (𝛿𝐴𝐵 −
1

𝑁
) = {

−
𝑘𝑏

𝑁
, 𝑏 ≤ 𝑁 − 𝑘

(𝑁 − 𝑘) (
𝑏

𝑁
− 1) , 𝑏 > 𝑁 − 𝑘

 

𝑡(𝝎𝑏)𝑈(1) = {
(𝑒𝑖

2𝜋
𝑁−𝑘

𝑘
𝑁
𝑏𝐼𝑁−𝑘 , 𝑒−𝑖

2𝜋𝑏
𝑁 𝐼𝑘)

(𝑒−𝑖
2𝜋
𝑁
𝑏𝐼𝑁−𝑘 , 𝑒𝑖

2𝜋
𝑘
𝑁−𝑘
𝑁

(𝑏−𝑁)𝐼𝑘) ,

, 𝑏 > 𝑁 − 𝑘.  

𝑡(𝒖)𝑆𝑈(𝑘) ≡ 𝑒𝑖2𝜋𝑢
𝑎tr(𝐻𝑎𝐻′𝑎′)𝐻𝑎′

,  

𝑡(𝒖)𝑆𝑈(𝑘)
𝐴′ = 𝑒

𝑖2𝜋(𝒖⋅𝝂𝑁−𝑘+𝐵
′
)(𝝂𝐵

′
)
𝑎′

(𝝂𝐴
′
)
𝑎′

= 𝑒
𝑖2𝜋 ∑  𝑘

𝐵′=1
 (𝒖⋅𝝂𝑁−𝑘+𝐵

′
)(𝛿𝐴

′𝐵′−
1
𝑘
)
 

 = 𝑒𝑖2𝜋𝒖⋅𝝂
𝑁−𝑘+𝐴′−𝑖

2𝜋
𝑘
∑  𝑘
𝐵′=1

 𝒖⋅𝝂𝑁−𝑘+𝐵
′

 

𝑡(𝜶𝑏)𝑆𝑈(𝑘)
𝐴′ = 𝑒𝑖2𝜋(𝝂

𝑏−𝝂𝑏+1)⋅𝝂𝑁−𝑘+𝐴
′
−𝑖
2𝜋
𝑘 ∑  

𝑘

𝐵′=1

  (𝝂𝑏 − 𝝂𝑏+1) ⋅ 𝝂𝑁−𝑘+𝐵
′
 

 = 𝑒−𝑖
2𝜋
𝑘 ∑  

𝑁

𝐴=𝑁−𝑘+1

  (𝛿𝑏,𝐴 − 𝛿𝑏+1,𝐴) = 𝑒𝑖
2𝜋
𝑘
𝛿𝑏,𝑁−𝑘

 

𝑡(𝝎𝑏)𝑆𝑈(𝑘)
𝐴′  = 𝑒𝑖2𝜋

∑  𝑏
𝑝=1  𝝂

𝑝⋅𝝂𝑁−𝑘+𝐴
′
−𝑖
2𝜋
𝑘
∑  𝑘
𝐵′=1

 ∑  𝑏
𝑝=1  𝝂

𝑝⋅𝝂𝑁−𝑘+𝐵
′

 = 𝑒
𝑖2𝜋 ∑  𝑏

𝑝=1  (𝛿
𝑝,𝑁−𝑘+𝐴′−

1
𝑁
)−𝑖

2𝜋
𝑘
∑  𝑘
𝐵′=1

 ∑  𝑏
𝑝=1  (𝛿

𝑝,𝑁−𝑘+𝐵′−
1
𝑁
)

 = 𝑒−𝑖
2𝜋
𝑘 ∑  

𝑁

𝐴=𝑁−𝑘+1

 ∑  

𝑏

𝑝=1

  𝛿𝑝,𝐴

= {
1, 𝑏 ≤ 𝑁 − 𝑘

𝑒−𝑖
2𝜋
𝑘
(𝑏−𝑁), 𝑏 > 𝑁 − 𝑘

 

  

𝑆𝑈(𝑁) → 𝑈(1) × 𝑆𝑈(𝑁 − 𝑘) × 𝑆𝑈(𝑘)
𝑆𝑈(𝑁 − 𝑘) × 𝑆𝑈(𝑘) × 𝑈(1)

ℤ𝑁−𝑘 × ℤ𝑘
 

tr(𝐻𝑎𝐻̃𝑎̃) = ∑  

𝑁−𝑘

𝐵̃=1

(𝝂𝐵̃)
𝑎
(𝝂𝐵̃)

𝑎̃
 

{𝐷𝛼
𝑎, 𝐷𝛽

𝑏} = 0 , {𝐷𝛼
𝑎, 𝐷‾𝑏𝛼̇} = 𝛿𝑏

𝑎𝑖𝜕𝛼𝛼̇  

∇𝛼= 𝐷𝛼 + 𝜁𝑄𝛼 , ∇‾ 𝛼̇= 𝑄‾𝛼̇ − 𝜁𝐷‾ 𝛼̇  

Δ𝛼 = 𝑄𝛼 −
1

𝜁
𝐷𝛼 , Δ‾ 𝛼̇ = 𝐷‾𝛼 +

1

𝜁
𝑄‾𝛼̇  

{∇𝛼 , Δ‾ 𝛼̇} = {Δ𝛼 , ∇‾ 𝛼̇} = 2𝑖𝜕𝛼𝛼̇  
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𝑓(𝜁) = 𝜁𝑝𝑓∗ (−
1

𝜁
)  

∰
𝑑𝜁

2𝜋𝑖
 →∰𝑑𝜁  

Δ𝛼 =
1

𝜁
∇𝛼 −

2

𝜁
𝐷𝛼 , Δ‾𝛼 =

1

𝜁
∇‾𝛼 + 2𝐷‾𝛼  

∰𝑑𝜁 ∫  𝑑4𝑥 ∫  [𝑑4𝜃]𝑃 =∰𝑑𝜁 ∫  𝑑4𝑥𝐷2𝐷‾ 2  

∫  𝑑4𝑥 ∫  [𝑑4𝜃]𝑃∰
𝑑𝜁

𝜁
Υ‾Υ  

∰𝑑𝜁∫  𝑑4𝑥 ∫  [𝑑4𝜃]𝐶𝑓(𝐹) =∰𝑑𝜁∫  𝑑4𝑥𝐷2𝑄2𝑓(𝐹)  

1

2
∫  𝑑4𝑥∫  [𝑑4𝜃]𝐶∰

𝑑𝜁

𝜁
Tr(𝕎𝕎)  

{𝔻𝛼 , ℚ𝛽} = 𝑖𝐶𝛼𝛽𝕎, {𝔻𝛼 , 𝔻𝛼̇} = 𝑖𝕍𝛼𝛼̇ , {ℚ𝛼 , ℚ𝛼̇} = 𝑖∇𝛼𝛼̇  

 

∇𝛼= 𝔻𝛼 + 𝜁ℚ𝛼 , ∇‾ 𝛼̇= ℚ𝛼̇ − 𝜁𝔻𝛼̇

△𝛼= ℚ𝛼 −
1

𝜁
𝔻𝛼 , △‾ 𝛼̇= 𝔻𝛼 +

1

𝜁
ℚ𝛼̇

 

{∇𝛼(𝜁1), ∇𝛽(𝜁2)} = 𝑖(𝜁2 − 𝜁1)𝐶𝛼𝛽𝕎  

{𝕍𝛼 , [𝜕𝜁, ∇𝛽]} = 𝑖𝐶𝛼𝛽𝕎  

Υ → 𝑒𝑖ΛΥ

Υ‾ → Υ‾𝑒−𝑖Λ‾
 

𝑒𝑉 → 𝑒𝑖Λ
‾
𝑒𝑉𝑒−𝑖Λ  

Υ̃ ≡ Υ → 𝑒𝑖ΛΥ̃

Υ̃ ≡ Υ‾𝑒𝑉 → Υ̃𝑒−𝑖Λ
 

Υ̃ ≡ 𝑒𝑉Υ → 𝑒𝑖Λ
‾
Υ̃

Υ̃ ≡ Υ‾ → Υ̃𝑒−𝑖Λ
‾
.

 

𝑒𝑉 = 𝑒𝑈‾𝑒𝑈  

𝑒𝑈 → 𝑒𝑖𝐾𝑒𝑈𝑒−𝑖Λ

𝑒𝑈‾ → 𝑒𝑖Λ‾ 𝑒𝑈‾𝑒−𝑖𝐾
 

Υ̃ ≡ 𝑒𝑈Υ → 𝑒𝑖𝐾Υ̃,

Υ̃ ≡ Υ̃𝑒𝑈‾ → Υ̃𝑒−𝑖𝐾 .
 

∇𝛼= 𝑒𝑈∇𝛼𝑒
−𝑈 = 𝑒−𝑈‾∇𝛼𝑒

𝑈‾

∇‾ 𝛼̇= 𝑒𝑈∇‾ 𝛼̇𝑒
−𝑈 = 𝑒−𝑈‾∇‾ 𝛼̇𝑒

𝑈‾
 

0 = ∇𝛼𝑒
𝑉 = (∇𝛼𝑒

𝑈‾)𝑒𝑈 + 𝑒𝑈‾ (∇𝛼𝑒
𝑈)  

Γ𝛼(𝜁) = 𝑒𝑈(∇𝛼𝑒
−𝑈) = 𝑒−𝑈‾ (∇𝛼𝑒

𝑈‾).  

𝔻𝛼 = 𝐷𝛼 + Γ𝛼
1,

ℚ𝛼 = 𝑄𝛼 + Γ𝛼
2.

 

𝕎 =
𝑖

2
(𝐷𝛼Γ𝛼

2 − 𝑄𝛼Γ𝛼
1 + {Γ1𝛼 , Γ𝛼

2})  
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{∇𝛼 , [𝑒
−𝑈𝜕𝜁𝑒

𝑈, ∇𝛽]} = 𝑖𝐶𝛼𝛽𝑒
−𝑈𝕎𝑒𝑈

{∇𝛼 , [𝑒
𝑈‾𝜕𝜁𝑒

−𝑈‾ , ∇𝛽]} = 𝑖𝐶𝛼𝛽𝑒
𝑈‾𝕎𝑒−𝑈‾

 

𝒟𝜁= 𝜕𝜁 + 𝐴𝜁 = 𝑒−𝑈𝜕𝜁𝑒
𝑈 

𝒲(𝜁) = 𝑒−𝑈𝕎𝑒𝑈
 

𝒟̃𝜁= 𝜕𝜁 + 𝐴̃𝜁 = 𝑒𝑈‾𝜕𝜁𝑒
−𝑈‾  

𝒲̃(𝜁) = 𝑒𝑈‾𝕎𝑒−𝑈‾
 

𝒲 = −𝑖∇2𝐴𝜁 ,

𝒲̂ = −𝑖∇2𝐴̃𝜁 ,
 

𝒲 = −𝑖∇‾2𝐴𝜁

𝒲̃ = −𝑖∇‾2𝐴̃𝜁
 

𝑒−𝑉(𝜕𝜁𝑒
𝑉) = 𝑒−𝑈(𝜕𝜁𝑒

𝑈) + 𝑒−𝑈𝑒−𝑈‾(𝜕𝜁𝑒
𝑈‾)𝑒𝑈 = 𝐴𝜁 − 𝑒−𝑉𝐴̃𝜁𝑒

𝑉  

𝜕𝜁(𝑒
𝑉 − 1) = 𝐴𝜁 − 𝐴̃𝜁 + (𝑒𝑉 − 1)𝐴𝜁 − 𝐴̃𝜁(𝑒

𝑉 − 1)  

𝐴𝜁
(1)
− 𝐴̃𝜁

(1)
 = 𝜕𝜁𝑋

𝐴𝜁
(𝑛+1)

− 𝐴̃𝜁
(𝑛+1)

 = −𝑋𝐴𝜁
(𝑛)

+ 𝐴̃𝜁
(𝑛)
𝑋𝑛 ≥ 1

 

𝐴𝜁
(1)
 = Π+(𝜕𝜁𝑋)

𝐴𝜁
(2)
 = −Π+(𝑋Π+(𝜕𝜁𝑋) + Π−(𝜕𝜁𝑋)𝑋)

𝐴𝜁
(3)
 = Π+ [𝑋Π+ (𝑋Π+(𝜕𝜁𝑋)) + Π− (𝑋Π+(𝜕𝜁𝑋))𝑋

+𝑋Π+(Π−(𝜕𝜁𝑋)𝑋)) + Π−(Π−(𝜕𝜁𝑋)𝑋)𝑋]

𝐴𝜁
(4)
 = ⋯

 

𝐴̃𝜁
(1)
 = −Π−(𝜕𝜁𝑋)

𝐴̃𝜁
(2)
 = Π−(𝑋Π+(𝜕𝜁𝑋) + Π−(𝜕𝜁𝑋)𝑋)

𝐴̃𝜁
(3)
 = −Π− [𝑋Π+ (𝑋Π+(𝜕𝜁𝑋)) + Π− (𝑋Π+(𝜕𝜁𝑋))𝑋

+𝑋Π+(Π−(𝜕𝜁𝑋)𝑋)) + Π−(Π−(𝜕𝜁𝑋)𝑋)𝑋]

𝐴̃𝜁
(4)
 = ⋯

 

Π+(𝜕𝜁𝑋)(𝜁0) = ∫  𝑑𝜁1
𝑋1

𝜁10
2

Π−(𝜕𝜁𝑋)(𝜁0) = −∫  𝑑𝜁1
𝑋1

𝜁01
2

 

𝐴𝜁
(1)

= ∫  𝑑𝜁1
𝑋1

𝜁10
2

𝐴̃𝜁
(1)

= ∫  𝑑𝜁1
𝑋1

𝜁01
2

 

𝐴𝜁
(𝑛)(𝜁0) = (−1)𝑛+1∫  𝑑𝜁1…∫  𝑑𝜁𝑛

𝑋1…𝑋𝑛
𝜁10𝜁21…𝜁𝑛,𝑛−1𝜁𝑛0

𝐴̃𝜁
(𝑛)(𝜁0) = (−1)𝑛+1∫  𝑑𝜁1…∫  𝑑𝜁𝑛

𝑋1…𝑋𝑛
𝜁01𝜁21…𝜁𝑛,𝑛−1𝜁0𝑛

 

𝐴𝜁
(𝑛+1)(𝜁0) = (−1)𝑛+1∫  𝑑𝜁1

1

𝜁10
[−𝑋1∫  𝑑𝜁2…∫  𝑑𝜁𝑛+1

𝑋2…𝑋𝑛+1
𝜁21𝜁32…𝜁𝑛+1,𝑛𝜁𝑛+1,1

+∫  𝑑𝜁2…∫  𝑑𝜁𝑛+1
𝑋2…𝑋𝑛+1

𝜁12𝜁32…𝜁𝑛+1,𝑛𝜁1,𝑛+1
𝑋1]
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𝐴𝜁
(𝑛+1)(𝜁0) = (−1)𝑛+1∫  𝑑𝜁1…∫  𝑑𝜁𝑛+1

𝑋1…𝑋𝑛+1
𝜁21…𝜁𝑛+1,𝑛

[−
1

𝜁10𝜁𝑛+1,1
+

1

𝜁𝑛+1,1𝜁𝑛+1,0
]  

𝐴𝜁
(𝑛+1)(𝜁0) = (−1)𝑛+2∫  𝑑𝜁1…∫  𝑑𝜁𝑛+1

𝑋1…𝑋𝑛+1
𝜁21…𝜁𝑛+1,𝑛

1

𝜁10𝜁𝑛+1,0
 

𝐴𝜁→ −𝑖𝜕𝜁Λ + [𝑖Λ, 𝐴𝜁]  

𝐴̃𝜁  → −𝑖𝜕𝜁Λ‾ + [𝑖Λ‾, 𝐴̃𝜁]
 

𝑋 → 𝑖Λ‾ − 𝑖Λ + 𝑖Λ‾𝑋 − 𝑋𝑖Λ  

𝛿𝐴𝜁
(1)
= Π+(𝑖𝜕𝜁Λ‾ − 𝑖𝜕𝜁Λ + 𝜕𝜁(𝑖Λ‾𝑋 − 𝑋𝑖Λ)) = −𝑖𝜕𝜁Λ + Π+(𝜕𝜁(𝑖Λ‾𝑋) − 𝜕𝜁(𝑋𝑖Λ)) 

𝛿𝐴̃𝜁
(1)
 = −Π−(𝑖𝜕𝜁Λ‾ − 𝑖𝜕𝜁Λ + 𝜕𝜁(𝑖Λ‾𝑋 − 𝑋𝑖Λ)) = −𝑖𝜕𝜁Λ‾ − Π−(𝜕𝜁(𝑖Λ‾𝑋 − 𝑋𝑖Λ))

𝛿𝐴𝜁
(2)
 = −Π+ [(𝑖Λ‾ − 𝑖Λ)𝐴(1) − 𝐴̃𝜁

(1)
(𝑖Λ‾ − 𝑖Λ) − 𝑋𝑖𝜕𝜁Λ + 𝑖𝜕𝜁Λ‾𝑋] + 𝒪(𝑋2)

𝛿𝐴̃𝜁
(2)
 = Π− [(𝑖Λ‾ − 𝑖Λ)𝐴(1) − 𝐴̃𝜁

(1)
(𝑖Λ‾ − 𝑖Λ) − 𝑋𝑖𝜕𝜁Λ + 𝑖𝜕𝜁Λ‾𝑋] + 𝒪(𝑋2)

 

𝛿𝐴𝜁
(2)
+ 𝛿𝐴𝜁

(1)
= [𝑖Λ, 𝐴𝜁

(1)
] + 𝒪(𝑋2)

𝛿𝐴̃𝜁
(2)
+ 𝛿𝐴̃𝜁

(1)
= [𝑖Λ, 𝐴𝜁

(1)
] + 𝒪(𝑋2)

 

[𝛿𝐴𝜁
(𝑛)

+ 𝛿𝐴𝜁
(𝑛−1)

]
(𝑛−1)

= [𝑖Λ, 𝐴𝜁
(𝑛−1)

]

[𝛿𝐴̃𝜁
(𝑛)

+ 𝛿𝐴̃𝜁
(𝑛−1)

]
(𝑛−1)

= [𝑖Λ‾ , 𝐴̃𝜁
(𝑛−1)

]

 

𝛿𝐴𝜁
(𝑛)

− 𝛿𝐴̃𝜁
(𝑛)

= −𝛿𝑋𝐴𝜁
(𝑛−1)

− 𝑋𝛿𝐴𝜁
(𝑛−1)

+ 𝛿𝐴̃𝜁
(𝑛−1)

𝑋 + 𝐴̃𝜁
(𝑛−1)

𝛿𝑋  

[𝛿𝐴𝜁
(𝑛)

− 𝛿𝐴̃𝜁
(𝑛)
]
(𝑛)

=−(𝑖Λ‾𝑋 − 𝑋𝑖Λ)𝐴𝜁
(𝑛−1)

+ 𝐴̃𝜁
(𝑛−1)

(𝑖Λ‾𝑋 − 𝑋𝑖Λ) + 

[−𝑋𝛿𝐴𝜁
(𝑛−1)

+ 𝛿𝐴̃𝜁
(𝑛−1)

𝑋]
(𝑛)

[𝛿𝐴𝜁
(𝑛+1)

− 𝛿𝐴̃𝜁
(𝑛+1)

]
(𝑛)

= −(𝑖Λ‾ − 𝑖Λ)𝐴𝜁
(𝑛)

+ 𝐴̃𝜁
(𝑛)
(𝑖Λ‾ − 𝑖Λ) +

[−𝑋𝛿𝐴𝜁
(𝑛)

+ 𝛿𝐴̃𝜁
(𝑛)
𝑋]

(𝑛)

 

[𝛿𝐴𝜁
(𝑛+1)

+𝛿𝐴𝜁
(𝑛)

− 𝛿𝐴̃𝜁
(𝑛+1)

− 𝛿𝐴̃𝜁
(𝑛)
]
(𝑛)

 = −(𝑖Λ‾𝑋 − 𝑋𝑖Λ)𝐴𝜁
(𝑛−1)

+ 𝐴̃𝜁
(𝑛−1)

(𝑖Λ‾𝑋 − 𝑋𝑖Λ) −

 (𝑖Λ‾ − 𝑖Λ)𝐴𝜁
(𝑛)

+ 𝐴̃𝜁
(𝑛)
(𝑖Λ‾ − 𝑖Λ) −

𝑋 [𝛿𝐴𝜁
(𝑛)

+ 𝛿𝐴𝜁
(𝑛−1)

]
(𝑛)

+ [𝛿𝐴̃𝜁
(𝑛)

+ 𝛿𝐴̃𝜁
(𝑛−1)

]
(𝑛)
𝑋

 

−(𝑖Λ‾𝑋 −𝑋𝑖Λ)𝐴𝜁
(𝑛−1)

+ 𝐴̃𝜁
(𝑛−1)(𝑖Λ‾𝑋 − 𝑋𝑖Λ) −

 (𝑖Λ‾ − 𝑖Λ)𝐴𝜁
(𝑛)

+ 𝐴̃𝜁
(𝑛)
(𝑖Λ‾ − 𝑖Λ) − 𝑋 [𝑖Λ, 𝐴𝜁

(𝑛−1)
] + [𝑖Λ‾ , 𝐴̃𝜁

(𝑛−1)
] 𝑋

 = {𝑋𝐴𝜁
(𝑛−1)

− 𝐴̃𝜁
(𝑛−1)

𝑋 − 𝐴̃𝜁
(𝑛)
} 𝑖Λ + 𝑖Λ {−𝑋𝐴𝜁

(𝑛−1)
+ 𝐴̃𝜁

(𝑛−1)
𝑋 − 𝐴𝜁

(𝑛)
} +

𝑖Λ𝐴𝜁
(𝑛)

+ 𝐴̃𝜁
(𝑛)
𝑖Λ‾

 

[𝛿𝐴𝜁
(𝑛+1)

+ 𝛿𝐴𝜁
(𝑛)

− 𝛿𝐴̃𝜁
(𝑛+1)

− 𝛿𝐴̃𝜁
(𝑛)
]
(𝑛)

= [𝑖Λ, 𝐴𝜁
(𝑛)
] − [𝑖Λ‾ , 𝐴̃𝜁

(𝑛)
]  

𝛿𝐴𝜁= ∑  

∞

𝑛=1

 𝛿𝐴𝜁
(𝑛)

= ∑  

∞

𝑛=1

  [𝛿𝐴𝜁
(𝑛)
]
(𝑛−1)

+∑  

∞

𝑛=1

  [𝛿𝐴𝜁
(𝑛)
]
(𝑛)

= [𝛿𝐴𝜁
(1)
]
(0)
+∑  

∞

𝑛=1

  [𝛿𝐴𝜁
(𝑛+1)

+ 𝛿𝐴𝜁
(𝑛)
]
(𝑛)
 

 = −𝑖𝜕𝜁Λ + [𝑖Λ, 𝐴𝜁]

 

∇‾2𝒲 = 0  
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𝛿𝑆 = ∑  

∞

𝑛=2

  (−1)𝑛∫  𝑑8𝜃∰𝑑𝜁1…𝑑𝜁𝑛
Tr(𝛿𝑋1𝑋2…𝑋𝑛)

𝜁21…𝜁𝑛,𝑛−1𝜁1𝑛
 

𝛿𝑆 = ∑  

∞

𝑛=2

  (−1)𝑛∫  𝑑8𝜃∰𝑑𝜁1…𝑑𝜁𝑛
Tr(𝛿𝑋1𝑋2…𝑋𝑛)

𝜁21…𝜁𝑛,𝑛−1
(𝛿𝑛1 −

1

𝜁𝑛1
) =

∑  

∞

𝑛=2

  (−1)𝑛∫  𝑑8𝜃∰𝑑𝜁1…𝑑𝜁𝑛−1
Tr(𝛿𝑋1𝑋2…𝑋𝑛−1𝑋1)

𝜁21…𝜁1,𝑛−1
 

 +∑  

∞

𝑛=2

 ∫  𝑑8𝜃∰𝑑𝜁1Tr (𝛿𝑋1𝐴1
(𝑛−1)

)

 

𝛿𝑆 = ∑  

∞

𝑛=2

 ∫  𝑑8𝜃∰𝑑𝜁1∑  

𝑛−1

𝑘=1

  (−1)𝑘+1Tr (𝛿𝑋1𝐴1
(𝑛−𝑘)

𝑋1
𝑘−1) +

 ∑  

∞

𝑛=2

  (−1)𝑛∫  𝑑8𝜃∮   𝑑𝜁1𝑑𝜁2
Tr(𝛿𝑋1𝑋1

𝑛−1)

𝜁21
𝛿12

 

𝛿𝑆= ∑  

∞

𝑘=1

  ∑  

∞

𝑛=𝑘+1

 ∫  𝑑8𝜃 ∰𝑑𝜁1(−1)
𝑘+1Tr (𝛿𝑋1𝐴1

(𝑛−𝑘)
𝑋1
𝑘−1) =

 ∑  

∞

𝑘=0

 ∑  

∞

𝑛=1

 ∫  𝑑8𝜃∰𝑑𝜁1(−1)
𝑘Tr (𝛿𝑋1𝐴1

(𝑛)
𝑋1
𝑘) = ∫  𝑑8𝜃∰𝑑𝜁1Tr(𝛿𝑋1𝐴1(1 + 𝑋1)

−1)

 

𝛿𝑆 = ∫  𝑑8𝜃∰𝑑𝜁1Tr(𝑒
−𝑉1𝛿𝑒𝑉1𝐴1)  

𝑆 =
1

2
∫  [𝑑4𝜃‾]𝐶Tr(𝕎𝕎) =

1

2
∫  [𝑑4𝜃‾]𝐶 ∫  𝑑𝜁0

Tr(𝒲0𝒲0)

𝜁0
=

−
1

2
∫  [𝑑4𝜃‾]𝐶∫  𝑑𝜁0

Tr(∇0
2𝐴0∇0

2𝐴0)

𝜁0
=
1

4
∫  [𝑑4𝜃‾]𝐶 ∫  𝑑𝜁0∇0

2
Tr(∇0

𝛼𝐴0∇0𝛼𝐴0)

𝜁0
= 

1

4
∑  

∞

𝑛=2

 ∑  

𝑛−1

𝑘=1

 ∫  [𝑑4𝜃‾]𝐶∫  𝑑𝜁0∇0
2
Tr (∇0

𝛼𝐴0
(𝑘)
∇0𝛼𝐴0

(𝑛−𝑘)
)

𝜁0

 

1

4
∑  

∞

𝑛=2

  (−1)𝑛∑  

𝑛−1

𝑘=1

 ∫  [𝑑4𝜃‾]𝐶∰𝑑𝜁1…𝑑𝜁𝑛𝐷
2Tr (

𝐷𝛼(𝑋1…𝑋𝑘)

𝜁1𝜁21…𝜁𝑘,𝑘−1𝜁𝑘

𝐷𝛼(𝑋𝑘+1…𝑋𝑛)

𝜁𝑘+1𝜁𝑘+2,𝑘+1…𝜁𝑛,𝑛−1𝜁𝑛
)  

1

𝜁21…𝜁𝑛,𝑛−1𝜁1𝑛

(𝜁1 − 𝜁𝑛)

𝜁1𝜁𝑛
∑  

𝑚+𝑘−2

𝑟=𝑘

 
(𝜁𝑟+1 − 𝜁𝑟)

𝜁𝑟+1𝜁𝑟
=

1

𝜁21…𝜁𝑛,𝑛−1𝜁1𝑛

(𝜁1 − 𝜁𝑛)

𝜁1𝜁𝑛

(𝜁𝑚+𝑘−1 − 𝜁𝑘)

𝜁𝑚+𝑘−1𝜁𝑘
 

𝑆 = −
1

4
∑  

∞

𝑛=2

  (−1)𝑛 ∑  

𝑛

𝑚=2

 ∫  [𝑑4𝜃‾]𝐶∰𝑑𝜁1…𝑑𝜁𝑛𝐷
2
Tr(𝐷𝛼𝑋1…𝐷𝛼𝑋𝑚…𝑋𝑛))

𝜁21…𝜁𝑛,𝑛−1𝜁1𝑛

(𝜁1 − 𝜁𝑚)
2

𝜁1
2𝜁𝑚

2  

 ∑  

∞

𝑛=2

 
(−1)𝑛

𝑛
∫  [𝑑4𝜃‾]𝐶∰𝑑𝜁1…𝑑𝜁𝑛𝐷

2𝑄2
Tr(𝑋1…𝑋𝑛)

𝜁21…𝜁1𝑛
=

 ∑  

∞

𝑛=2

  (−1)𝑛∫  [𝑑4𝜃‾]𝐶∰𝑑𝜁1…𝑑𝜁𝑛
𝐷2

𝜁21…𝜁1𝑛
[Tr(𝑄2𝑋1…𝑋𝑛)

 + ∑  

𝑛

𝑚=2

 
𝑛 − 𝑚 + 1

𝑛
Tr(𝑄𝛼𝑋1…𝑄𝛼𝑋𝑚…𝑋𝑛)]

 

∑  

∞

𝑛=2

  (−1)𝑛∫  [𝑑4𝜃‾]𝐶∮   𝑑𝜁1…𝑑𝜁𝑛
𝐷2

𝜁21…𝜁1𝑛
[
1

𝜁1
2 Tr(𝐷

2𝑋1…𝑋𝑛)

+ ∑  

𝑛

𝑚=2

 
𝑛 − 𝑚 + 1

𝑛

1

𝜁1𝜁𝑚
Tr(𝐷𝛼𝑋1…𝐷𝛼𝑋𝑚…𝑋𝑛)]
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 ∑  

∞

𝑛=2

  (−1)𝑛∫  [𝑑4𝜃‾]𝐶∮   𝑑𝜁1…𝑑𝜁𝑛

 
𝐷2

𝜁21…𝜁1𝑛
∑  

𝑛

𝑚=2

 
2(𝑛 − 𝑚 + 1)𝜁1 − 𝑛𝜁𝑚

2𝑛

1

𝜁1
2𝜁𝑚

Tr(𝐷𝛼𝑋1…𝐷𝛼𝑋𝑚…𝑋𝑛)

 

−
1

4
∑  

∞

𝑛=2

  (−1)𝑛 ∑  

𝑛

𝑚=2

 ∫  [𝑑4𝜃‾]𝐶∰𝑑𝜁1…𝑑𝜁𝑛
𝐷2

𝜁21…𝜁1𝑛

(𝜁1 − 𝜁𝑚)
2

𝜁1
2𝜁𝑚

2 Tr(𝐷𝛼𝑋1…𝐷𝛼𝑋𝑚…𝑋𝑛)  

𝐴𝜁
(1)
− 𝐴̃𝜁

(1)
 = 𝜕𝜁𝑋

𝐴𝜁
(𝑛+1)

− 𝐴̃𝜁
(𝑛+1)

 = −𝑋 (𝐴𝜁
(𝑛)

− 𝐴̃𝜁
(𝑛)
) 𝑛 ≥ 1

 

𝐴𝜁
(𝑛+1)

− 𝐴̃𝜁
(𝑛+1)

= (−1)𝑛𝑋𝑛𝜕𝜁𝑋  

𝐴𝜁 − 𝐴̃𝜁 = (1 + 𝑋)−1𝜕𝜁𝑋 = 𝜕𝜁ln (1 + 𝑋) = 𝜕𝜁𝑉  

𝑆=∑  

𝑛

 
(−1)𝑛

𝑛
∫  𝑑8𝜃∰𝑑𝜁1…𝑑𝜁𝑛

(𝑋1…𝑋𝑛)

𝜁21…𝜁1𝑛
=  

∫  [𝑑4𝜃‾]𝐶∰𝑑𝜁1
1

2
𝐷2𝑄𝛼(𝐴1(𝑒

−𝑉𝑄𝛼𝑒
𝑉)1) =  

 ∫  [𝑑4𝜃‾]𝐶∰𝑑𝜁1𝑑𝜁2
1

2
𝐷2𝑄𝛼

𝑉2𝑄𝛼𝑉1

𝜁21
2 =

 ∫  [𝑑4𝜃‾]𝐶∰𝑑𝜁1𝑑𝜁2
1

2
𝐷2𝑄𝛼

𝑉2𝑄𝛼𝑉1
𝜁21

(𝛿12 −
1

𝜁12
) =

 ∫  [𝑑4𝜃‾]𝐶∰𝑑𝜁1𝑑𝜁2
1

2
𝐷2𝑄2

𝑉1
2

𝜁21
𝛿12 −∫  [𝑑4𝜃‾]𝐶∰𝑑𝜁1𝑑𝜁2

1

2
𝐷2𝑄𝛼

𝑉2𝑄𝛼𝑉1
𝜁21𝜁12

 

−
1

4
∫  [𝑑4𝜃‾]𝐶∰𝑑𝜁1𝑑𝜁2𝐷

2𝑄𝛼
𝑉2𝑄𝛼𝑉1 + 𝑉1𝑄𝛼𝑉2

𝜁21𝜁12
 

−
1

2
∫  [𝑑4𝜃‾]𝐶∰𝑑𝜁1𝑑𝜁2𝐷

2𝑄2
𝑉1𝑉2
𝜁21𝜁12

 

∫  [𝑑4𝜃]𝑃
𝑑𝜁

𝜁
Υ‾𝑒𝑉Υ = ∫  [𝑑4𝜃]𝑃

𝑑𝜁

𝜁
(Υ‾Υ + Υ‾(𝑒𝑉 − 1)Υ)  

 

 < Υ‾(1)Υ(2) >= −
1

𝜁1
2∑  

∞

𝑛=0

 (
𝜁2
𝜁1
)
𝑛 ∇1

4∇2
4

(𝜁1 − 𝜁2)
2 ◻

𝛿4(𝑥1 − 𝑥2)𝛿
8(𝜃1 − 𝜃2)

 < Υ(1)Υ‾(2) >= −
1

𝜁2
2∑  

∞

𝑛=0

 (
𝜁1
𝜁2
)
𝑛 ∇1

4∇2
4

(𝜁1 − 𝜁2)
2 ◻

𝛿4(𝑥1 − 𝑥2)𝛿
8(𝜃1 − 𝜃2)
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𝛿8(𝜃12)∇1
4…∇𝑘

4𝛿8(𝜃21) =◻
𝑘−2 (𝜁1 − 𝜁2)

2…(𝜁𝑘 − 𝜁1)
2𝛿8(𝜃1 − 𝜃2),  

1

◻2

(−1)𝑛

𝑛
∫  𝑑8𝜃

𝑑𝜁1
𝜁1

…
𝑑𝜁𝑛
𝜁𝑛

∑  

∞

𝑘1=0

 (
𝜁1
𝜁2
)
𝑘1

… ∑  

∞

𝑘𝑛=0

 (
𝜁𝑛
𝜁1
)
𝑘𝑛

Tr((𝑒𝑉 − 1)1…(𝑒
𝑉 − 1)𝑛),  

1

𝜁2
∑  

∞

𝑘1=0

  (
𝜁1
𝜁2
)
𝑘1

=
1

𝜁2 − 𝜁1
.  

1

𝜁12
≡

1

𝜁1 − 𝜁2 + 𝜖(𝜁1 + 𝜁2)
=

1

(1 + 𝜖)𝜁1 − (1 − 𝜖)𝜁2
=

1

(1 + 𝜖)𝜁1
∑  

∞

𝑛=0

 (
(1 − 𝜖)𝜁2
(1 + 𝜖)𝜁1

)
𝑛

→
1

𝜁1
∑  

∞

𝑛=0

 (
𝜁2
𝜁1
)
𝑛

1

𝜁21
≡

1

𝜁2 − 𝜁1 + 𝜖(𝜁2 + 𝜁1)
=

1

(1 + 𝜖)𝜁2 − (1 − 𝜖)𝜁1
=

1

(1 + 𝜖)𝜁2
∑  

∞

𝑛=0

 (
(1 − 𝜖)𝜁1
(1 + 𝜖)𝜁2

)
𝑛

→
1

𝜁2
∑  

∞

𝑛=0

  (
𝜁1
𝜁2
)
𝑛

 

1

◻2

(−1)𝑛

𝑛
∫  𝑑8𝜃

𝑑𝜁1…𝑑𝜁𝑛
𝜁21…𝜁1𝑛

Tr((𝑒𝑉 − 1)1…(𝑒
𝑉 − 1)𝑛)  

𝑆 = ∑  

∞

𝑛=2

 
(−1)𝑛

𝑛
∫  𝑑8𝜃

𝑑𝜁1…𝑑𝜁𝑛
𝜁21…𝜁1𝑛

Tr((𝑒𝑉 − 1)1…(𝑒
𝑉 − 1)𝑛)  

∫  [𝑑4𝜃]𝑃
𝑑𝜁

𝜁
Υ𝑒−𝑉Υ‾  

𝑆 = ∑  

∞

𝑛=2

 
(−1)𝑛

𝑛
∫  𝑑8𝜃

𝑑𝜁1…𝑑𝜁𝑛
𝜁12…𝜁𝑛1

Tr((𝑒−𝑉 − 1)1…(𝑒
−𝑉 − 1)𝑛)  

𝛿(𝑒𝑉 − 1) = 𝑖Λ‾ − 𝑖Λ + 𝑖Λ‾(𝑒𝑉 − 1) − (𝑒𝑉 − 1)𝑖Λ  

(−1)𝑛Tr∏  

𝑛

𝑖=1

 ∯𝑑𝜁𝑖
(𝑖Λ‾1 − 𝑖Λ1)(𝑒

𝑉 − 1)2 ⋅ … ⋅ (𝑒
𝑉 − 1)𝑛

𝜁21 ⋅ … ⋅ 𝜁1𝑛
+  

 (−1)𝑛Tr∏  

𝑛

𝑖=1

 ∯𝑑𝜁𝑖
(𝑖Λ‾1(𝑒

𝑉 − 1)1 − (𝑒𝑉 − 1)1𝑖Λ1)(𝑒
𝑉 − 1)2 ⋅ … ⋅ (𝑒

𝑉 − 1)𝑛
𝜁21 ⋅ … ⋅ 𝜁1𝑛
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−
𝑖Λ1(𝑒

𝑉 − 1)2 ⋅ … ⋅ (𝑒
𝑉 − 1)𝑛

𝜁21 ⋅ … ⋅ 𝜁𝑛,𝑛−1
 

𝑖Λ‾1(𝑒
𝑉 − 1)2 ⋅ … ⋅ (𝑒

𝑉 − 1)𝑛
𝜁32 ⋅ … ⋅ 𝜁1𝑛

 

(−1)𝑛−1Tr∏  

𝑛−1

𝑖=1

∮𝑑𝜁𝑖
((𝑒𝑉 − 1)1𝑖Λ1 − 𝑖Λ‾1(𝑒

𝑉 − 1)1)(𝑒
𝑉 − 1)2 ⋅ … ⋅ (𝑒

𝑉 − 1)𝑛−1
𝜁21 ⋅ … ⋅ 𝜁1,𝑛−1

  

Tr∫  𝑑8𝜃∮   𝑑𝜁1𝑑𝜁2
(𝑖Λ‾1 − 𝑖Λ1)(𝑒

𝑉 − 1)2
𝜁21𝜁12

 

Tr∫  𝑑8𝜃∯𝑑𝜁1𝑑𝜁2
𝑖Λ1(𝑒

𝑉 − 1)2
𝜁21𝜁12

= Tr∫  𝑑8𝜃∮𝑑𝜁1𝑑𝜁2
𝑖Λ1(𝑒

𝑉 − 1)2
𝜁21

(𝛿12 −
1

𝜁21
)  

1

𝜁1
∑  

∞

𝑛=0

 (
𝜁2
𝜁1
)
𝑛

→
1

𝜁12
 

1

𝜁12
=

1

𝜁1 − 𝜁2 + 𝜖(𝜁1 + 𝜁2)
 

∑  

∞

𝑛=0

 𝑋𝑛𝜁2
𝑛= ∮𝑑𝜁1

𝑋(𝜁1)

𝜁12
 

∑  

−1

𝑛=−∞

 𝑋𝑛𝜁2
𝑛 = ∮𝑑𝜁1

𝑋(𝜁1)

𝜁21
 

 

𝛿12  =
1

𝜁12
+

1

𝜁21
1

𝜁12𝜁23
 =

1

𝜁13𝜁23
+

1

𝜁12𝜁13

 

𝑇(𝑝,𝑞) = ∑  

𝑞

𝑘=𝑝

 𝑇𝑘𝜁
𝑘  

∯𝑑𝜁1
1

𝜁12
𝑇(0,∞)(𝜁1)  =

1

1 + 𝜖
𝑇(0,∞) (𝜁2

1 − 𝜖

1 + 𝜖
) 

∯𝑑𝜁1
1

𝜁21
𝑇(−∞,−1)(𝜁1)  =

1

1 − 𝜖
𝑇(−∞,−1) (𝜁2

1 + 𝜖

1 − 𝜖
)

 

∮𝑑𝜁1𝑑𝜁2
1

𝜁12𝜁21
(𝜁1 − 𝜁2)

2𝑋(𝜁1)𝑌(𝜁2)  

(𝜁1 − 𝜁2)
2𝑋(𝜁1)= [𝜁1

2 (𝑋(−∞,−3)(𝜁1) + 𝑋(−2,∞)(𝜁1)) − 2𝜁1𝜁2 (𝑋
(−∞,−2)(𝜁1) + 𝑋(−1,∞)(𝜁1)) 

+𝜁2
2 (𝑋(−∞,−1)(𝜁1) + 𝑋

(0,∞)(𝜁1))]
 

𝑇(0,∞) =
1

𝜁21
[𝜁1
2𝑋(−2,∞)(𝜁1) − 2𝜁1𝜁2𝑋

(−1,∞)(𝜁1) + 𝜁2
2𝑋(0,∞)(𝜁1)]  

𝑇(−∞,−2) =
1

𝜁12
[𝜁1
2𝑋(−∞,−3)(𝜁1) − 2𝜁1𝜁2𝑋

(−∞,−2)(𝜁1) + 𝜁2
2𝑋(−∞,−1)(𝜁1)]  

1

𝜁21
→

1

𝜁2 − 𝜁2
1 − 𝜖
1 + 𝜖

+ 𝜖 (𝜁2 + 𝜁2
1 − 𝜖
1 + 𝜖

)
=
1 + 𝜖

4𝜖𝜁2

1

𝜁12
→

1

𝜁2
1 + 𝜖
1 − 𝜖

− 𝜁2 + 𝜖 (𝜁2 + 𝜁2
1 + 𝜖
1 − 𝜖

)
=
1 − 𝜖

4𝜖𝜁2
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1

4𝜖𝜁2
[(𝜁2

1 − 𝜖

1 + 𝜖
)
2

𝑋(−2,∞) (𝜁2
1 − 𝜖

1 + 𝜖
)

−2 (𝜁2
1 − 𝜖

1 + 𝜖
) 𝜁2𝑋

(−1,∞) (𝜁2
1 − 𝜖

1 + 𝜖
)  

 +𝜁2
2𝑋(0,∞) (𝜁2

1 − 𝜖

1 + 𝜖
)] =

 =
𝜁2
4𝜖
[(

2𝜖

1 + 𝜖
)
2

𝑋(0,∞) (𝜁2
1 − 𝜖

1 + 𝜖
) + 𝑋−2

1

𝜁2
2 −

1 + 3𝜖

1 + 𝜖
𝑋−1

1

𝜁2
]

 

1

4𝜖𝜁2
[(𝜁2

1 + 𝜖

1 − 𝜖
)
2

𝑋(−∞,−3) (𝜁2
1 + 𝜖

1 − 𝜖
)

−2 (𝜁2
1 + 𝜖

1 − 𝜖
) 𝜁2𝑋

(−∞,−2) (𝜁2
1 + 𝜖

1 − 𝜖
)  

 +𝜁2
2𝑋(−∞,−1) (𝜁2

1 + 𝜖

1 − 𝜖
)]

 =
𝜁2
4𝜖
[(

2𝜖

1 − 𝜖
)
2

𝑋(−∞,−3) (𝜁2
1 + 𝜖

1 − 𝜖
) −

1 + 2𝜖 − 3𝜖2

(1 + 𝜖)2
𝑋−2

1

𝜁2
2 +

1 − 𝜖

1 + 𝜖
𝑋−1

1

𝜁2
]

 

𝜁2
4𝜖
[(

2𝜖

1 − 𝜖
)
2

𝑋(−∞,−3) (𝜁2
1 − 𝜖

1 + 𝜖
) + (

2𝜖

1 + 𝜖
)
2

𝑋(0,∞) (𝜁2
1 − 𝜖

1 + 𝜖
)

+(1 −
1 + 2𝜖 − 3𝜖2

(1 + 𝜖)2
)𝑋−2

1

𝜁2
2 + (

1 − 𝜖

1 + 𝜖
−
1 + 3𝜖

1 + 𝜖
)𝑋−1

1

𝜁2
] =

𝜁2
4𝜖
[(

2𝜖

1 − 𝜖
)
2

𝑋(−∞,−3) (𝜁2
1 − 𝜖

1 + 𝜖
) + (

2𝜖

1 + 𝜖
)
2

𝑋(0,∞) (𝜁2
1 − 𝜖

1 + 𝜖
)

+ (
2𝜖

1 + 𝜖
)
2

𝑋−2
1

𝜁2
2 −

4𝜖

1 + 𝜖
𝑋−1

1

𝜁2
]

 

∰𝑑𝜁1𝑑𝜁2
1

𝜁12𝜁21
(𝜁1 − 𝜁2)

2𝑋(𝜁1)𝑌(𝜁2) = −∰𝑑𝜁2𝑋−1𝑌(𝜁2) = −𝑋−1𝑌−1  

 

𝑆(Eucl.) = ∫  𝑑𝑥E
0𝑑3𝑥ℒ(Eucl.)  

−𝑔2ℒ = (∫  𝑑2𝜃
1

2
tr(𝑊𝛼𝑊𝛼) +  H.c. ) + 2∫  𝑑2𝜃𝑑2𝜃‾tr(Φ†𝑒[2𝑉,⋅]Φ)  

𝑊𝛼 = −
1

8
𝐷‾ 𝛼̇𝐷‾

𝛼̇(𝑒−2𝑉𝐷𝛼𝑒
2𝑉)  
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𝑔2ℒ = 2tr{
1

4
𝐹𝜇𝜈𝐹𝜇𝜈 + 𝑖𝜆‾𝜎‾E

𝜇
𝐷𝜇𝜆 + 𝑖𝜓‾𝜎‾E

𝜇
𝐷𝜇𝜓 + (𝐷𝜇𝜙)

†
𝐷𝜇𝜙

−𝑖√2[𝜆, 𝜓]𝜙† − 𝑖√2[𝜆‾, 𝜓‾]𝜙 +
1

2
[𝜙†, 𝜙]

2
}

 

𝑀𝑊 = √2|⟨𝑎⟩|.  

ℒeff = −
1

4𝜋
Im∫  𝑑4𝜃ℱ(𝒜) − ∫  𝑑4𝜃𝑑4𝜃‾𝒦(𝒜,𝒜) + 𝑂(𝑛 ≥ 6)  

ℒeff = ℒeff
𝑛=2 + ℒeff

𝑛=4 + 𝑂(𝑛 ≥ 6),  

ℒeff
𝑛=2 = −

1

4𝜋
Im [∫  𝑑2𝜃

1

2
ℱ′′(𝐴)𝑊𝛼𝑊𝛼 +∫  𝑑2𝜃𝑑2𝜃‾ℱ′(𝐴)𝐴‾]  

ℒeff
𝑛=4 = −∫  𝑑2𝜃𝑑2𝜃‾{𝒦𝐴𝐴‾(𝐴, 𝐴‾)[(𝐷

𝛼𝐷𝛼𝐴)(𝐷‾ 𝛼̇𝐷‾
𝛼̇𝐴‾) + 2(𝐷‾ 𝛼̇𝐷

𝛼𝐴)(𝐷𝛼𝐷‾
𝛼̇𝐴‾)

+4(𝐷𝛼𝑊𝛼)(𝐷‾ 𝛼̇𝑊‾
𝛼̇)  

 −4(𝐷(𝛼𝑊𝛽))(𝐷(𝛼𝑊𝛽)) − 2𝐷𝛼𝐷𝛼(𝑊
𝛽𝑊𝛽)

−4(𝐷‾(𝛼̇𝑊‾ 𝛽̇))(𝐷‾
(𝛼̇𝑊‾ 𝛽̇)) − 2𝐷‾ 𝛼̇𝐷‾

𝛼̇(𝑊‾ 𝛽̇𝑊‾
𝛽̇)]

 −2𝒦𝐴𝐴𝐴‾(𝐴, 𝐴‾)𝑊
𝛼𝑊𝛼𝐷

𝛽𝐷𝛽𝐴 − 2𝒦𝐴𝐴‾𝐴‾(𝐴, 𝐴‾)𝑊‾ 𝛼̇𝑊‾
𝛼̇𝐷‾ 𝛽̇𝐷‾

𝛽̇𝐴‾

+𝒦𝐴𝐴𝐴‾𝐴‾(𝐴, 𝐴‾)[−8(𝑊
𝛼𝐷𝛼𝐴)(𝑊‾ 𝛼̇𝐷‾

𝛼̇𝐴‾) + 4𝑊𝛼𝑊𝛼𝑊‾ 𝛼̇𝑊‾
𝛼̇]}.

 

ℒeff = 𝛾(𝑎, 𝑎‾)𝜕𝜇𝑎𝜕𝜇𝑎‾ + ⋯ ,  

𝛾(𝑎, 𝑎‾) = 𝜕𝑎𝜕𝑎‾𝐾|𝜃=𝜃‾=0 =
1

4𝜋
Imℱ′′(𝑎)  

ℒeff =
1

4
𝑔eff
−2(𝑎, 𝑎‾)𝐹𝜇𝜈𝐹𝜇𝜈 +

1

32𝜋2
𝜃eff(𝑎, 𝑎‾)𝐹𝜇𝜈𝐹̃𝜇𝜈 +⋯  

𝑔eff
−2(𝑎, 𝑎‾) =

1

4𝜋
Im𝜏(𝑎), 𝜃eff(𝑎, 𝑎‾) = 2𝜋Re𝜏(𝑎)  

ℒeff
𝑛=2 =𝑔eff

−2(𝑎, 𝑎‾) {|𝜕𝜇𝑎|
2
+
1

4
𝐹𝜇𝜈
2 + (

𝑖

2
𝜓𝜎E

𝜇
𝐷𝜇𝜓‾ +

𝑖

2
𝜆𝜎E

𝜇
𝐷𝜇𝜆‾ +  H.c ) − |𝐹|2 −

1

2
𝐷2

 + [Γ(𝑎, 𝑎‾) (
1

2
𝜓2𝐹∗ +

1

2
𝜆2𝐹 −

𝑖

√2
𝜆𝜓𝐷 −

1

√2
𝜆𝜎E

𝜇𝜈
𝜓𝐹𝜇𝜈) +  H.c. ]

− [𝑅(𝑎, 𝑎‾)
1

4
𝜆2𝜓2 +  H.c ]} +

1

32𝜋2
𝜃eff (𝑎, 𝑎‾)𝐹𝜇𝜈𝐹̃𝜇𝜈

 

𝐷𝜇  = 𝜕𝜇 − Γ(𝑎, 𝑎‾)𝜕𝜇𝑎

Γ(𝑎, 𝑎‾)  = 𝛾(𝑎, 𝑎‾)−1𝜕𝑎𝛾(𝑎, 𝑎‾)

𝑅(𝑎, 𝑎‾)  = 𝜕𝑎Γ(𝑎, 𝑎‾) + Γ(𝑎, 𝑎‾)2

 = 𝛾(𝑎, 𝑎‾)−1𝜕𝑎
2𝛾(𝑎, 𝑎‾)

 

𝜇
𝑑𝑔2

𝑑𝜇
= −

1

2𝜋2
𝑔4[1 + 𝑂(𝑒−8𝜋

2/𝑔2)]  

𝑔−2(𝜇) =
1

4𝜋2
ln (𝜇2/Λ2) + ℵ + 𝑂(Λ4/𝜇4)  

Im𝜏(𝑎) ≈
1

𝜋
ln (

|𝑎|2

Λ2
)  

ℱ(𝑎) ≈
𝑖

2𝜋
𝑎2ln (

𝑎2

Λ2
)  

𝑑𝑠2 = −
𝑖

2
𝜖𝑚𝑛

𝑑𝑎𝑚

𝑑𝑢

𝑑𝑎‾𝑛

𝑑𝑢‾
𝑑𝑢𝑑𝑢‾  
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𝑆 = (
0 1

−1 0
)  

ℒ𝐷,eff
𝑛=2 = −

1

4𝜋
Im [∫  𝑑2𝜃

1

2
ℱ𝐷
′′(𝐴𝐷)𝑊𝐷

𝛼𝑊𝐷𝛼 +∫  𝑑2𝜃𝑑2𝜃‾ℱ𝐷
′ (𝐴𝐷)𝐴‾𝐷]  

𝒦𝐷(−𝐴𝐷 , −𝐴‾𝐷) ≡ 𝒦(𝐴, 𝐴‾)  

𝑀 = √2|𝑍|,  

𝑀m = √2|𝑎𝐷|.  

𝜇
𝑑𝑔𝐷

2

𝑑𝜇
=

1

4𝜋2
𝑔𝐷
4  

𝑔𝐷
−2(𝑀m) =

1

8𝜋2
ln (Λ2/𝑀m

2 ) + ℜ 

Im𝜏𝐷(𝑎𝐷) ≈ −
1

2𝜋
ln (

|𝑎𝐷|
2

Λ2
) .  

ℱ𝐷(𝑎𝐷) ≈ −
𝑖

4𝜋
𝑎𝐷
2 ln (

𝑎𝐷
2

Λ2
)  

𝑇 ≫ 𝑔𝑇 ≫ 𝑔2𝑇 ≫ Λ  

𝑚D
2 = 2𝑔2𝑇2 +𝑂(𝑔4𝑇2)  

𝑚𝜙
2 = 𝑔2𝑇2 + 𝑂(𝑔4𝑇2)  

𝐹/𝑉 = 3𝑇4 [−
𝜋2

12
+
𝑔2

8
−
1 + √2

6𝜋
𝑔3 + 𝑂(𝑔4)] .  

r 𝐷(𝑥⃗ − 𝑦⃗) ≡ ⟨tr(𝜙(𝑥⃗)†)
2
tr(𝜙(𝑦⃗)2)⟩ 

(𝐹/𝑉)charged ≈ −16𝑇4 (
𝑀𝑊

2𝜋𝑇
)
3/2

𝑒−𝑀𝑊/𝑇  

𝑎(𝑥) = 𝑎0 + 𝑎̃(𝑥)  

ℒeff
𝑛=2 = ℒfree 

(0)
+ ℒint

(1)
+ ℒint

(2)
+⋯  

𝑔0
2 = 4𝜋2/(ln |𝑎0/Λ|

2 + 3) 

ℒfree 
(0)

= |𝜕𝜇𝑎̃|
2
+
1

4
𝐹𝜇𝜈
2 + (

𝑖

2
𝜓𝜎E

𝜇
𝜕𝜇𝜓‾ +

𝑖

2
𝜆𝜎E

𝜇
𝜕𝜇𝜆‾ +  H.c. ) − |𝐹|2 −

1

2
𝐷2  

4𝜋2

𝑔0
3 ℒint 

(1)
 = (

𝑎̃

𝑎0
+
𝑎̃∗

𝑎‾0
) ℒfree 

(0)
+
𝑖

4
(
𝑎̃

𝑎0
−
𝑎̃∗

𝑎‾0
) 𝐹𝜇𝜈𝐹̃𝜇𝜈 + (

1

𝑎0
𝒪fermi +  H.c. )

4𝜋2

𝑔0
4 ℒint 

(2)
 = −

1

2
(
𝑎̃2

𝑎0
2 +

𝑎̃∗2

𝑎‾0
2 )ℒfree 

(0)
−
𝑖

8
(
𝑎̃2

𝑎0
2 −

𝑎̃∗2

𝑎‾0
2 )𝐹𝜇𝜈𝐹̃𝜇𝜈 + (−

𝑎̃

𝑎0
2 𝒪fermi +

1

4𝑎0
2 𝜆

2𝜓2 +  H.c. )
 

𝒪white particle ≡ −
𝑖

2
(𝜓𝜎E

𝜇
𝜓‾ + 𝜆𝜎E

𝜇
𝜆‾)𝜕𝜇𝑎̃ +

1

2
𝜓2𝐹∗ +

1

2
𝜆2𝐹 −

𝑖

√2
𝜆𝜓𝐷 −

1

√2
𝜆𝜎E

𝜇𝜈
𝜓𝐹𝜇𝜈  

𝑉eff =−
𝜋2

12
𝑇4 + ⟨ℒint

(1)
⟩
0

1PI

+ ⟨ℒint
(2)

+ (ℒint
(1)
)
2
⟩
0

1PI

+ ⟨ℒint
(3)
+ ℒint

(1)
ℒint
(2)
+ (ℒint

(1)
)
3
⟩
0

1PI

 

 + ⟨ℒint
(4)
+ ℒint

(1)
ℒint
(3)
+ (ℒint

(2)
)
2
+ (ℒint

(1)
)
2
ℒint
(2)
+ (ℒint

(1)
)
4
⟩
0

1PI

+⋯
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⟨∏  

𝑚

𝑖=1

 ℒint 
(𝑝𝑖)⟩

0

1 PI 

 

⟨ℒint 
(2)
⟩
0

1 PI 
 

⟨(ℒint 
(1)
)
2
⟩
0

1 PI 

 

 

 

𝒦(𝐴, 𝐴‾) ≈
𝑐

64
ln (

𝐴2

Λ2
) ln (

𝐴‾2

Λ2
) ,  

 

ℒeff
𝑛=4 ⊃ −∫  𝑑2𝜃𝑑2𝜃‾𝒦𝐴𝐴‾(𝐴, 𝐴‾)[(𝐷

𝛼𝐷𝛼𝐴)(𝐷‾ 𝛼̇𝐷‾
𝛼̇𝐴‾) + 2(𝐷‾ 𝛼̇𝐷

𝛼𝐴)(𝐷𝛼𝐷‾
𝛼̇𝐴‾)].  
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ℒeff
𝑛=4 ⊃ −𝑐 [

𝑔0
2

|𝑎0|
2
(|𝜕𝜇𝜕𝜈𝑎̃|

2
+ |𝜕2𝑎̃|2) +

𝑔0
4

|𝑎0|
4{(|𝜕𝜇𝑎̃|

2
)
2
+ |𝑎̃|2|𝜕𝜇𝜕𝜈𝑎̃|

2
+ |𝑎̃|2|𝜕2𝑎̃|2

+[𝑎̃(𝜕𝜇𝜕𝜈𝑎̃)(𝜕𝜇𝑎̃
∗)(𝜕𝜈𝑎̃

∗) +  H.c. ]}]
 

 

𝑉1 =
2𝑐𝑔0

2

|𝑎0|
2
(𝑝2)2

𝑉2 =
𝑐𝑔0

4

|𝑎0|
4
[2(𝑝1 ⋅ 𝑝2)(𝑝3 ⋅ 𝑝4) + 2(𝑝1 ⋅ 𝑝4)(𝑝2 ⋅ 𝑝3) + 𝑝1

2𝑝2
2 + 𝑝2

2𝑝3
2 + 𝑝3

2𝑝4
2 + 𝑝4

2𝑝1
2

 +(𝑝1 ⋅ 𝑝2)
2 + (𝑝2 ⋅ 𝑝3)

2 + (𝑝3 ⋅ 𝑝4)
2 + (𝑝4 ⋅ 𝑝1)

2

 +2(𝑝1 ⋅ 𝑝2)(𝑝1 ⋅ 𝑝4) + 2(𝑝2 ⋅ 𝑝3)(𝑝3 ⋅ 𝑝4) + 2(𝑝1 ⋅ 𝑝2)(𝑝2 ⋅ 𝑝3) + 2(𝑝1 ⋅ 𝑝4)(𝑝3 ⋅ 𝑝4)]

 

 

(𝑝 ⋅ 𝑞)2

𝑝2𝑞2
(1 +

1

𝑑 − 1
)
𝑝2𝑞⃗2

𝑝2𝑞2
 

𝑉eff(𝑎0)|scalar-scalar = −𝑐
2𝜋4

675

𝑔0
4𝑇4

|𝑎0|
4
𝑇4.  

−𝑖ℳ(𝑠, 𝑡) = 𝑖
𝑐𝑔0

4

|𝑎0|
4
(𝑠 + 𝑡)2 + 𝑂(𝑔0

6)  

𝒜(𝑠) = lim
𝑡→0−

 ℳ(𝑠, 𝑡) = −𝑐𝑔0
4
𝑠2

|𝑎0|
4 + 𝑂(𝑔0

6)  
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1

2
𝒜′′(0) =

1

𝜋
∫  
∞

4𝑚gap
2

 𝑑𝑠
Im[𝒜(𝑠 + 𝑖𝜖)]

𝑠3
 

 

ℒeff
𝑛=4 ⊃ −

𝑐𝑔0
4

16|𝑎0|
4 [(𝐹𝜇𝜈𝐹𝜇𝜈)

2
− (𝐹𝜇𝜈𝐹̃𝜇𝜈)

2
]  

𝐼gg =
𝑑

2

𝑐𝑔0
4

|𝑎0|
4 𝛽𝑉Ω++  

ℒeff
𝑛=4 ⊃ −

𝑐𝑔0
4

|𝑎0|
4
[(𝜓‾𝜎‾E

𝜇
𝜕𝜇𝜓)(𝜕𝜈𝜓‾𝜎‾E

𝜈𝜓) − (𝜓𝜕𝜇𝜓)(𝜓‾𝜕𝜇𝜓‾)]  

𝐼𝜓𝜓 = 𝐼𝜆𝜆 = 2
𝑐𝑔0

4

|𝑎0|
4 𝛽𝑉Ω−−  
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ℒeff
𝑛=4 ⊃ −

2𝑐𝑔0
4

|𝑎0|
4 [(𝜕𝜇𝑎̃

∗)(𝜕𝜈𝑎̃)𝐹𝜇𝜌𝐹𝜈𝜌 − (𝜆‾𝜕𝜇𝜓‾)(𝜓𝜎E
𝜇𝜈
𝜕𝜈𝜆) − (𝜆𝜕𝜇𝜓)(𝜓‾𝜎‾E

𝜇𝜈
𝜕𝜈𝜆‾)]  

𝐼sg = 2(𝑑 − 2)
𝑐𝑔0

4

|𝑎0|
4 𝛽𝑉Ω++, 𝐼𝜓𝜆 = 4

𝑐𝑔0
4

|𝑎0|
4 𝛽𝑉Ω−−  

0= [𝐼ss + 𝐼gg + 𝐼𝜓𝜓 + 𝐼𝜆𝜆 + 𝐼sg + 𝐼𝜓𝜆 + 𝐼s𝜓 + 𝐼s𝜆 + 𝐼g𝜓 + 𝐼g𝜆]|p.b.c. 
 

 = 16
𝑐𝑔0

4

|𝑎0|
4 𝛽𝑉Ω++ + 4𝐼s𝜓|p.b.c. 

 

𝐼s𝜓|p.b.c. 
= −4

𝑐𝑔0
4

|𝑎0|
4 𝛽𝑉Ω++  

𝐼s𝜓 = 𝐼s𝜆 = 𝐼g𝜓 = 𝐼g𝜆 = −4
𝑐𝑔0

4

|𝑎0|
4 𝛽𝑉Ω+−  

Ω+− ≡ ℱ𝑝,+ℱ𝑞,−
(𝑝 ⋅ 𝑞)2

𝑝2𝑞2
=
4

3
𝐽+𝐽− 

(𝐹(𝑎0)/𝑉)neutral = [−
𝜋2

12
−
𝜋4

24

𝑐𝑔0
4𝑇4

|𝑎0|
4 + 𝑂(

𝑔0
6𝑇4

|𝑎0|
4)] 𝑇

4  

−
𝑐𝑔0

4

64|𝑎0|
4∫  𝑑3𝑥(𝐹𝜇𝜈 + 𝐹̃𝜇𝜈)

2
(𝐹𝜌𝜎 − 𝐹̃𝜌𝜎)

2
 

−𝑔𝐷
2ℒQED= (∫  𝑑2𝜃

1

4
𝑊𝐷

𝛼𝑊𝐷𝛼 +  H.c. ) + ∫  𝑑2𝜃𝑑2𝜃‾𝐴𝐷
†𝐴𝐷  

 +∫  𝑑2𝜃𝑑2𝜃‾(𝑄†𝑒2𝑉𝐷𝑄 + 𝑄′†𝑒−2𝑉𝐷𝑄′) + (−𝑖√2∫  𝑑2𝜃𝑄′𝐴𝐷𝑄 +  H.c. )
 

𝑔𝐷
2ℒQED =

1

4
𝐹𝐷
𝜇𝜈
𝐹𝐷
𝜇𝜈
+ 𝑖𝜆‾𝐷𝜎‾E

𝜇
𝜕𝜇𝜆𝐷 + 𝑖𝜓‾𝐷𝜎‾E

𝜇
𝜕𝜇𝜓𝐷 + |𝜕𝜇𝑎𝐷|

2

+|𝐷𝜇
+𝑞|

2
+ |𝐷𝜇

−𝑞′|
2
+ 𝑖𝜓‾𝑞𝜎‾E

𝜇
𝐷𝜇
+𝜓𝑞 + 𝑖𝜓‾𝑞′𝜎‾E

𝜇
𝐷𝜇
−𝜓𝑞′  

 +[𝑖√2(𝑞𝜆‾𝐷𝜓‾𝑞 + 𝑞′∗𝜆𝐷𝜓𝑞′ − 𝑞𝜓𝐷𝜓𝑞′ − 𝑞
′𝜓𝐷𝜓𝑞 − 𝑎𝐷𝜓𝑞𝜓𝑞′) +  H.c. ]

 +2|𝑎𝐷|
2(|𝑞|2 + |𝑞′|2) +

1

2
(|𝑞|2 + |𝑞′|2)2

 

𝑍 = ∫  𝒟𝐴𝐷
𝑖 𝒟𝐴𝐷

0𝒟𝑎𝐷𝒟𝑞𝒟𝑞
′exp [−

1

𝑔𝐷,3
2 ∫ 

𝑉

 𝑑3𝑥ℒQED3]  

ℒQED3 =𝑓 +
1

4
(𝐹𝐷

𝑖𝑗
)
2
+
1

2
(𝜕𝑖𝐴𝐷

0 )2 +
1

2
𝑚E
2(𝐴𝐷

0 )2 + |𝜕𝑖𝑎𝐷|
2 +𝑚s

2|𝑎𝐷|
2

 +|𝐷𝑖
+𝑞|2 + |𝐷𝑖

−𝑞′|2 + (𝑚h
2 + (𝐴𝐷

0 )2 + 2|𝑎𝐷|
2)(|𝑞|2 + |𝑞′|2) +

1

2
(|𝑞|2 + |𝑞′|2)2

 +𝛿𝑈thermal (𝐹𝐷
𝑖𝑗
, 𝐴𝐷

0 , 𝑎𝐷, 𝑞, 𝑞
′)

 

𝑚E
2 = 𝑚h

2 = 2𝑚s
2 = 𝑔𝐷

2𝑇2 + 𝑂(𝑔𝐷
4𝑇2)  

(𝑇/𝑔𝐷,3
2 )𝑈thermal (𝑎𝐷0)|all other fields zero 

 = −
𝜋2

6
𝑇4 +

𝜋2

4
[
𝑀m
2

𝜋2𝑇2
+ ln 2 (

𝑀m
2

𝜋2𝑇2
)

2

+∑  

∞

𝑛=3

 𝑐𝑛 (
𝑀m
2

𝜋2𝑇2
)

𝑛

] 𝑇4 + 𝑂(𝑔𝐷
2𝑇4)

 

𝑀m
2 = 2|𝑎𝐷0|

2  

ℒQED3 =𝑎𝐷(−∇
2 +𝑚s

2)𝑎𝐷
∗ +

1

2
𝐴𝐷
0 (−∇2 +𝑚E

2)𝐴𝐷
0

 +(𝑞∗, 𝑞′) (
−∇2 +𝑚h

2 +𝑀m
2 0

0 −∇2 +𝑚h
2 +𝑀m

2
)(

𝑞

𝑞′∗
) + ⋯
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(𝑇/𝑔𝐷,3
2 )𝑈static = 4𝐼(𝑀m

2 )𝑇[1 + 𝑂(𝑚h
2/𝑀m

2 )],  

𝐹(𝑎𝐷0)/𝑉 =𝑇
4 {−

𝜋2

6
+
𝜋2

4
[
𝑀m
2

𝜋2𝑇2
+ ln 2 (

𝑀m
2

𝜋2𝑇2
)

2

+∑  

∞

𝑛=3

 𝑐𝑛 (
𝑀m
2

𝜋2𝑇2
)

𝑛

] + 𝑂(𝑔𝐷
2)}

 +𝑀m
3 𝑇 [−

1

3𝜋
+ 𝑂(𝑔𝐷

2𝑇2/𝑀m
2 )]

 +𝑂((𝑔𝐷𝑇)
3𝑇)

 

𝜌 =
𝑀m

𝜋𝑇
 

𝐹(𝑎𝐷0)/𝑉 = [−
𝜋2

12
+
𝜋2

4
ℎ(𝜌) + 𝑂(𝑔𝐷

2)] 𝑇4  

𝐹/𝑉 = −
𝜋2

6
𝑇4(1 + 𝑂(𝑇/Λ))  

ℒ𝐷,eff = ℒ𝐷,eff
𝑛=2 + ℒ𝐷,eff

𝑛=4 +𝑂(𝑛 ≥ 6)  

𝐹(𝑎𝐷0)/𝑉 = [−
𝜋2

12
−
𝜋4

24

𝑐𝑔𝐷0
4 𝑇4

|𝑎𝐷0|
4 + 𝑂(

𝑔𝐷0
6 𝑇4

|𝑎𝐷0|
4)] 𝑇

4  

𝑊 = −𝑖
2

𝑔2
tr(√2Φ[𝑄,𝑄′] + 𝑚𝑄𝑄′)  

Λ0 ∼ |𝑞0
1/4
𝑚| 

ℱ(𝑎) ∼
1

2
𝜏0𝑎

2 +
𝑖

4𝜋
𝑎2ln (

𝑎2

Λ0
2) −

𝑖

4𝜋
(𝑎 −𝑚/√2)2ln (

(𝑎 − 𝑚/√2)2

Λ0
2 ) .  

𝑎0 = 𝑚/√2 + Δ𝑎0 

𝑂(𝑔‾0
8𝑇8/|Δ𝑎0|

4) 

1/𝑔‾0
2 = 1/𝑔0

2 +
1

4𝜋2
ln |

𝑚/√2

Δ𝑎0
| 

𝐹

𝑉
= −

𝜋2

6
𝑇4 (1 + 𝑂 (

𝑇

Λ0
,
𝑇

𝑚
)). 

𝑍 = ∫  𝒟𝐴𝜇𝒟𝜆𝒟𝜓𝒟𝜙exp [−
1

𝑔2
∫  
𝛽

0

 𝑑𝑥E
0∫ 

𝑉

 𝑑3𝑥ℒ]  

𝑍 = ∫  𝒟𝐴𝑖𝒟𝐴0𝒟𝜙exp [−
1

𝑔3
2∫ 

𝑉

 𝑑3𝑥ℒESYM]  

ℒESYM =𝑓 + 2tr {
1

4
𝐹𝑖𝑗
2 +

1

2
(𝐷𝑖𝐴0)

2 +
1

2
𝑚E
2𝐴0

2 + |𝐷𝑖𝜙|
2 +𝑚𝜙

2 |𝜙|2 + |[𝐴0, 𝜙]|
2 +

1

2
[𝜙, 𝜙†]

2
}

 +𝛿𝑈thermal (𝐹𝑖𝑗 , 𝐴0, 𝜙)
 

(𝜋𝑇)−1 ≪ |𝑥⃗ − 𝑦⃗| ≪ (𝑔𝑇)−1 

𝑓 = 3𝑔3
2𝑇3 [−

𝜋2

12
+
𝑔2

8
+ 𝑂(𝑔4)]  

𝑚E
2 = 2𝑔2𝑇2 + 𝑂(𝑔4𝑇2)  

𝑚𝜙
2 = 𝑔2𝑇2 +𝑂(𝑔4𝑇2).  
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𝐴0
ren (𝑥⃗) ≡ 𝑍𝐴0

1/2
𝐴0
(0)
(𝑥⃗) 

(𝑇/𝑔3
2)𝑈thermal (𝜙curvature = 𝑎𝜎3/2)|all other fields zero 

 = −
𝜋2

4
𝑇4 +

𝜋2

2
[
𝑀𝑊
2

𝜋2𝑇2
+ (ln 2) (

𝑀𝑊
2

𝜋2𝑇2
)

2

+∑  

∞

𝑛=3

  𝑐𝑛 (
𝑀𝑊
2

𝜋2𝑇2
)

𝑛

] 𝑇4 + 𝑂(𝑔2𝑇4)
 

𝑀𝑊
2 = 2|𝑎|2  

𝑐𝑛 = 8(−1)𝑛(1 − 42−𝑛)
(2𝑛 − 5)!!

(2𝑛)!!
𝜁(2𝑛 − 3)  

𝜌 ≡
𝑀𝑊

𝜋𝑇
 

ℒESYM ⊃
1

2
𝐴𝑖
3Δ𝑖𝑗𝐴𝑗

3 +𝑊𝑖(Δ𝑖𝑗 +𝑀𝑊
2 𝛿𝑖𝑗)𝑊𝑗

∗  

Δ𝑖𝑗 = −𝛿𝑖𝑗∇
2 + (1 − 𝛼−1)𝜕𝑖𝜕𝑗  

𝑊𝑖 ≡ (𝐴𝑖
1 − 𝑖𝐴𝑖

2)/√2 

ℒESYM ⊃
1

2
𝐴0
3(−∇2 +𝑚E

2)𝐴0
3 +𝑊0(−∇

2 +𝑚E
2 +𝑀𝑊

2 )𝑊0
∗  

𝑊0 ≡ (𝐴0
1 − 𝑖𝐴0

2)/√2 

ℒESYM ⊃ 𝜙3(−∇2 +𝑚𝜙
2 )𝜙3∗ + Σ† (

−∇2 +𝑚𝜙
2 + |𝑎|2 −𝑎2

−(𝑎∗)2 −∇2 +𝑚𝜙
2 + |𝑎|2

) Σ  

Σ =
1

√2
(
𝜎1 − 𝑖𝜎2

𝜎1∗ − 𝑖𝜎2∗
) 

𝐼(𝑚2) ≡
1

2
∫  

𝑑3𝑘

(2𝜋)3
ln (𝑘⃗⃗2 +𝑚2) = −

1

12𝜋
(𝑚2)3/2  

(𝑇/𝑔3
2)𝑈static = 2 ⋅ 4𝐼(𝑀𝑊

2 )𝑇[1 + 𝑂(𝑔2𝑇2/𝑀𝑊
2 )]  

𝐹(𝑎)/𝑉 =𝑇4 {−
𝜋2

4
+
𝜋2

2
[
𝑀𝑊
2

𝜋2𝑇2
+ ln 2 (

𝑀𝑊
2

𝜋2𝑇2
)

2

+∑  

∞

𝑛=3

  𝑐𝑛 (
𝑀𝑊
2

𝜋2𝑇2
)

𝑛

] + 𝑂(𝑔2)}

 +𝑀𝑊
3 𝑇 [−

2

3𝜋
+ 𝑂 (

𝑔2𝑇2

𝑀𝑊
2 )]

 +𝑂((𝑔𝑇)3𝑇)

 

𝐹(𝑎)/𝑉 = [−
𝜋2

12
+
𝜋2

2
ℎ(𝜌) + 𝑂(𝑔2)] 𝑇4  

 

ℎ(𝜌) ≡ −
1

3
+ 𝜌2 −

4

3
𝜌3 + (ln 2)𝜌4 +∑  

𝑛≥3

  𝑐𝑛𝜌
2𝑛

 

Ψ = (
𝜆𝛼
𝜓‾ 𝛼̇

) 

𝐷 = −
1

√2
Γ(𝑎, 𝑎‾)𝑖𝜆𝜓 + H.c. 

𝐹 =
1

2
Γ(𝑎, 𝑎‾)𝜓2 +

1

2
Γ(𝑎, 𝑎‾)∗𝜆‾2 
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𝑓± = ±
1

2
𝑇∑  

𝑛∈ℤ

∫  
𝑑3𝑝

(2𝜋)3
ln [(𝜔𝑛

±)
2
+ 𝑝2 +𝑀𝑊

2 ] 

𝑓± = (𝔗) ±
𝑇4

2𝜋2
∫  
∞

0

𝑑𝑥𝑥2ln (1 ∓ 𝑒
−√𝑥2+𝑀𝑊

2 /𝑇2
) 

ℋℓ,± = 𝑇∑  

ℓ0

∫  
𝑑3ℓ

(2𝜋)3
 

𝐴0
(0)
(𝑥⃗) = 𝛽−1∫  

𝛽

0

𝑑𝑥E
0𝐴0(𝑥) 

 

𝑔̂ ≡ 𝑔 (
exp (−𝑖𝜃/2)

2
)

1
𝐽+1

 

 

𝑍 =
Φ5 + 𝑖Φ6

√2
 

𝑔 =
√𝜆

4𝜋
 

𝜆 = 𝑔𝑌𝑀
2 𝑁 
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𝑊 =
1

𝑁
trPexp ∫  

∞

0

 𝑑𝑡4𝜋𝑔(𝑖𝐴 ⋅ 𝑥′(𝑡) + Φ1|𝑥
′(𝑡)|)

 × 𝑍(0)𝐽 × Pexp ∫  
∞

0

 𝑑𝑠4𝜋𝑔[−𝑖𝐴 ⋅ 𝑥′(𝑠) + (Φ1cos 𝜃 + Φ2sin 𝜃)|𝑥
′(𝑠)|]

 

𝑥′(𝑡) ≡
𝜕𝑥(𝑡)

𝜕𝑡
 

𝑥′(𝑠) ≡
𝜕𝑥(𝑠)

𝜕𝑠
 

⟨𝑊⟩ ∼ (
𝑅𝐼𝑅

𝜖𝑈𝑉
)

−Δ

,  

𝑔̂ ≡ 𝑔 (
exp (−𝑖𝜃/2)

2
)

1
𝐽+1

,  

𝜓(𝑡, 𝑦1, … , 𝑦𝐽 , 𝑠) ≡
1

𝑁
⟨tr∏  

𝐽

𝑗=1

 𝑍‾(𝑦𝑗)× Pexp ∫  
𝑡

0

 𝑑𝑡′(4𝜋𝑔)|𝑥′(𝑡′)|Φ1  

× 𝑍(0)𝐽 × Pexp ∫  
𝑠

0

 𝑑𝑠′(4𝜋𝑔)|𝑥′(𝑠′)|Φ1cos 𝜃⟩

 

𝜓(𝑡, 𝑦1, … , 𝑦𝐽, 𝑠) =

 ∑  

∞

𝑙=0

 𝜓𝑙(𝑡, 𝑦1, … , 𝑦𝐽, 𝑠) =∑  

∞

𝑙=0

 tr∫  
𝑡

0

 𝑑𝑡𝑙|𝑥
′(𝑡𝑙)|∫  

𝑡𝑙

0

 𝑑𝑡𝑙−1|𝑥
′(𝑡𝑙−1)|⋯∫  

𝑡2

0

 𝑑𝑡1|𝑥
′(𝑡1)|

 ∫  
𝑠

0

 𝑑𝑠𝑙|𝑥
′(𝑠𝑙)|∫  

𝑠𝑙

0

 𝑑𝑠𝑙−1|𝑥
′(𝑠𝑙−1)|⋯∫  

𝑠2

0

 𝑑𝑠1|𝑥
′(𝑠1)|𝐹𝑙(𝑦𝑗 , 𝑡𝑖 , 𝑠𝑖)

 

𝐹𝑙(𝑦𝑗 , 𝑡𝑖 , 𝑠𝑖) =
1

𝑁
(

1

8𝜋2𝑁
)
𝑙(𝐽+1)+𝐽(𝑙+1)

(64𝜋2𝑁𝑔2)𝑙𝐽(16𝜋2𝑔2cos 𝜃)𝑙𝑁(𝑙+1)(𝐽+1)+1

∫  (∏ 

𝐽

𝑖=1

 ∏  

𝑙

𝑗=1

 𝑑4𝑥𝑖,𝑗)(∏ 

𝐽

𝑟=0

 ∏  

𝑙

𝑘=1

 
1

(𝑥𝑟+1,𝑘 − 𝑥𝑟,𝑘)
2)(∏  

𝐽

𝑚=1

 ∏  

𝑙

𝑛=0

 
1

(𝑥𝑚,𝑛+1 − 𝑥𝑚,𝑛)
2)

 

𝑥𝑘,0 ≡ 𝑦0 ≡ (𝑒𝑡𝑘 , 0,0,0), 𝑥𝑘,𝐽+1 ≡ 𝑦𝐽+1 ≡ (𝑒𝑠𝑘cos 𝜑, 𝑒𝑠𝑘sin 𝜑, 0,0)∀𝑘 = 1… 𝑙 

𝑥𝑙+1,𝑗 ≡ 𝑦𝑗 , 𝑥0,𝑗 ≡ 0∀𝑗 = 1… 𝐽 

◻𝑦𝑗

1

(𝑦𝑗 − 𝑥𝑗,𝑙)
2 = −4𝜋2𝛿(𝑦𝑗 − 𝑥𝑗,𝑙).  

|𝑦0
′ (𝑡)||𝑦𝐽+1

′ (𝑠)| 

𝜕𝑡𝜕𝑠∏ 

𝐽

𝑗=1

 ◻𝑦𝑗 𝜓𝑙 = (−1)𝐽(4𝑔̂2)𝐽+1
|𝑦0
′ ||𝑦𝐽+1

′ |

∏  
𝐽
𝑖=0   (𝑦𝑖 − 𝑦𝑖+1)

2
𝜓𝑙−1  

(𝐵̂−1 − 1)𝜓 = 0 , 𝐵̂−1 ≡
(−1)𝐽

(4𝑔̂2)𝐽+1
∏  
𝐽
𝑖=0   (𝑦𝑖 − 𝑦𝑖+1)

2

|𝑦0
′ ||𝑦𝐽+1

′ |
𝜕𝑡𝜕𝑠∏ 

𝐽

𝑗=1

 ◻𝑦𝑗
 

𝐷̂ = −𝑖 (𝜕𝑡 + 𝜕𝑠 +∑  

𝐽

𝑖=1

  (𝑦𝑖 ⋅ 𝜕𝑦𝑖 + 1))  



pág. 3132 

𝑆̂ = 𝑖∑  

𝐽

𝑖=1

  (𝑦𝑖
3𝜕𝑦𝑖

4 − 𝑦𝑖
4𝜕𝑦𝑖

3)  

 

𝑝𝑖 = −𝑖𝜕𝑦𝑖 , 𝜋𝑡 = −𝑖𝜕𝑡, 𝜋𝑠 = −𝑖𝜕𝑠  

𝐻̂ = 𝜋𝑡𝜋𝑠∏ 

𝐽

𝑖=1

 𝑝𝑖
2 + (4𝑔̂2)𝐽+1

|𝑦0
′ (𝑡)||𝑦𝐽+1

′ (𝑠)|

∏  
𝐽
𝑖=0   (𝑦𝑖 − 𝑦𝑖+1)

2
 

𝑦0(𝑡) = (𝑒𝑡 , 0,0,0), 𝑦𝐽+1(𝑠) = (𝑒𝑠cos 𝜑, 𝑒𝑠sin 𝜑, 0,0)  

𝐿 = 2
−2𝐽
2𝐽+1(2𝐽 + 1)(𝑡̇𝑠̇∏  

𝐽

𝑖=1

  𝑦̇𝑖
2)

1
2𝐽+1

− (4𝑔̂2)𝐽+1
|𝑦0
′ (𝑡)||𝑦𝐽+1

′ (𝑠)|

∏  
𝐽
𝑖=0   (𝑦𝑖 − 𝑦𝑖+1)

2
 

𝑓 ≡
𝑑

𝑑𝜏
𝑓 

𝑆 = ∫  𝐿𝑑𝜏 

𝐿 = 2
−2𝐽
2𝐽+1(2𝐽 + 1)(

1

𝛾
𝑡̇𝑠̇∏  

𝐽

𝑖=1

  𝑦̇𝑖
2)

1
2𝐽+1

− 𝛾(4𝑔̂2)𝐽+1
|𝑦0
′ (𝑡)||𝑦𝐽+1

′ (𝑠)|

∏  
𝐽
𝑖=0   (𝑦𝑖 − 𝑦𝑖+1)

2
 

𝐿 = (2𝐽 + 2)(2𝑖)
1
𝐽+1𝑔̂ [

|𝑦̇0||𝑦̇𝐽+1|∏  
𝐽
𝑖=1   𝑥̇𝑖

2

∏  
𝐽
𝑖=0   |𝑦𝑖 − 𝑦𝑖+1|

2
]

1
2(𝐽+1)

 

𝑦𝑖
𝜇
=
𝑋𝑖
𝜇

𝑋𝑖
+ , 𝑋𝑖

2 = 0,𝑋𝑖
+ = 𝑋𝑖

0 + 𝑋𝑖
−1  

𝐿 = (2𝐽 + 2)(2𝑖)
1
𝐽+1𝑔̂ [

|𝑋̇0||𝑋̇𝐽+1|∏  
𝐽
𝑖=1   𝑋̇𝑖

2

∏  
𝐽
𝑖=0   (−2𝑋𝑖 ⋅ 𝑋𝑖+1)

]

1
2(𝐽+1)

 

𝐿 = 𝜉 (𝛼0
|𝑋̇0||𝑋̇𝐽+1|

2
+∑  

𝐽

𝑖=1

 (𝛼𝑖
𝑋̇𝑖
2

2
+ 𝜂𝑖𝑋𝑖

2) + (𝐽 + 1)∏  

𝐽

𝑘=0

  (−𝛼𝑘𝑋𝑘 ⋅ 𝑋𝑘+1)
−

1
𝐽+1) ,  

𝜉 ≡ (2𝑖)
1
𝐽+1𝑔̂  

𝑋𝑖 → 𝑔𝑖(𝜏)𝑋𝑖 , 𝛼𝑖 → 𝛼𝑖𝑔𝑖
−1/2

(𝜏), 𝜂𝑖 → 𝜂𝑖𝑔𝑖
−1/2

(𝜏), 𝑖 = 0… 𝐽 + 1 
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𝑋𝑖 →
𝑋𝑖

𝑓
, 𝛼𝑖 → 𝑓𝛼𝑖 , 𝜂𝑖 →

𝜂𝑖

𝑓
 

𝑋̇𝑘
2 = ℒ  

ℒ ≡ 2∏  

𝐽

𝑖=0

  (−𝑋𝑖 ⋅ 𝑋𝑖+1)
−

1
𝐽+1  

|𝑋̇0||𝑋̇𝐽+1| = ℒ 

𝑋𝐽+1 →
1

ℎ(𝜏)
𝑋𝐽+1 

|𝑋̇0| = |𝑋̇𝐽+1| 

ℒ = 1,  

𝐿 = 𝜉 (
|𝑋̇0||𝑋̇𝐽+1|

2
+∑  

𝐽

𝑖=1

 
𝑋̇𝑖
2

2
+ (𝐽 + 1)∏  

𝐽

𝑘=0

  (−𝑋𝑘 ⋅ 𝑋𝑘+1)
−

1
𝐽+1) ,  

2|𝑋̇0||𝑋̇𝐽+1| = 𝑋̇0
2 + 𝑋̇𝐽+1

2 − (|𝑋̇0| − |𝑋̇𝐽+1|)
2
 

|𝑋̇0||𝑋̇𝐽+1| →
𝑋̇0
2

2
+
𝑋̇𝐽+1
2

2
 

𝑦 = 2∏  

𝐽

𝑖=0

(−𝑋𝑖 ⋅ 𝑋𝑖+1)
−

1
𝐽+1 ≃ 1 

𝑦 = 𝑒log 𝑦 = 1 + log 𝑦 + 𝒪(log2 𝑦) 

∑  

𝐽

𝑘=0

1

2
log 

−𝑋𝑘 ⋅ 𝑋𝑘+1
2𝑒

 

𝐿 = 𝜉 (
𝑋̇0
2

4
+∑  

𝐽

𝑖=1

 
𝑋̇𝑖
2

2
+
𝑋̇𝐽+1
2

4
−∑  

𝐽

𝑖=0

 
1

2
log 

−𝑋𝑖 ⋅ 𝑋𝑖+1
2𝑒

) ,  

 ∏  

𝐽

𝑖=0

 
−𝑋𝑖 ⋅ 𝑋𝑖+1

2
= 1

𝑋𝑖
2 = 0, 𝑋̇𝑖

2 = 1, 𝑖 = 0,… , 𝐽 + 1

 

𝑋𝑖(𝜏) = 𝑟𝑖(𝜏)(cosh 𝑤𝑖(𝜏), −sinh 𝑤𝑖(𝜏), cos 𝜙𝑖 , sin 𝜙𝑖 , 0,0) 𝑖 = 0, 𝐽 + 1  

𝑋̈𝑗 = 2𝜂𝑗𝑋𝑗 −
1

2
(

𝑋𝑗+1

𝑋𝑗+1 ⋅ 𝑋𝑗
+

𝑋𝑗−1

𝑋𝑗 ⋅ 𝑋𝑗−1
) , 𝑗 = 1,… , 𝐽  

𝑡̈

𝑡̇2
=
𝑋1 ⋅ 𝜕𝑡(𝜏)𝑋0

𝑋1 ⋅ 𝑋0
 ,
𝑠̈

𝑠̇2
=
𝑋𝐽 ⋅ 𝜕𝑠(𝜏)𝑋𝐽+1

𝑋𝐽 ⋅ 𝑋𝐽+1
 

𝐶𝑁
𝑀 =

(

  
 

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 −1 0 0
0 0 0 0 −1 0
0 0 0 0 0 −1)

  
 

𝑀𝑁

, 𝐺𝑀  𝑁 =

(

 
 
 

1 0 0 0 0 0
0 1 0 0 0 0
0 0 cos 𝜑 −sin 𝜑 0 0
0 0 sin 𝜑 cos 𝜑 0 0
0 0 0 0 1 0
0 0 0 0 0 1)

 
 
 

𝑀𝑁

 

𝑋−1 = 𝐶 ⋅ 𝑋1 
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𝑋𝐽+2 = 𝐺 ⋅ 𝐶 ⋅ 𝐺−1 ⋅ 𝑋𝐽 = 𝐺2 ⋅ 𝐶 ⋅ 𝑋𝐽 

𝑞𝑗
𝑀𝑁 ≡ 𝑋̇𝑗

𝑀𝑋𝑗
𝑁 − 𝑋̇𝑗

𝑁𝑋𝑗
𝑁 = 2𝑋̇𝑗

[𝑀
𝑋𝑗
𝑁]

 

𝑄𝑀𝑁 = 𝜉 (
𝑞0
𝑀𝑁

2
+∑  

𝐽

𝑖=0

  𝑞𝑗
𝑀𝑁 +

𝑞𝐽+1
𝑀𝑁

2
)  

𝑆 = 𝑄3,4 , 𝐷 = 𝑄−1,0 = 𝑖Δ.  

 

𝑋𝑎(𝜏) =
1

√𝑤̇𝑎
2(𝜏) + 𝜙̇𝑎

2(𝜏)
(cosh 𝑤𝑎(𝜏), −sinh 𝑤𝑎(𝜏), cos 𝜙𝑎(𝜏), sin 𝜙𝑎(𝜏),0,0).  

𝜙0(𝜏)  = 0,
𝜙𝐽+1(𝜏)  = 𝜑.

 

𝜙𝑘(𝜏) =
𝑘

𝐽 + 1
𝜑  

𝑤𝑘(𝜏) = 𝛽𝜏  

(
sin (

𝜑
2𝐽 + 2

)

𝛽
)

2𝐽+2

= 1,  

𝛽 = 𝑒
2𝜋𝑖

𝑛
2𝐽+2sin (

𝜑

2𝐽 + 2
) , 𝑛 = 1…2𝐽 + 2  

Δ = −
(𝐽 + 1)𝑖

𝛽
𝜉  

Δ = ±
2𝑔̂

sin 
𝜑
2
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𝑃𝑖
𝑀 = 𝜉𝑋̇𝑖

𝑀,  

𝑞𝑖
𝑀𝑁 =

1

𝜉
(𝑋𝑖

𝑁𝑃𝑖
𝑀 − 𝑋𝑖

𝑀𝑃𝑖
𝑁) = 𝑋𝑖

𝑁𝑋̇𝑖
𝑀 − 𝑋𝑖

𝑀𝑋̇𝑖
𝑁 ,  

{𝑞𝑘
𝑀𝑁 , 𝑞𝑘

𝐾𝐿} =
1

𝜉
(−𝜂𝑀𝐾𝑞𝑘

𝑁𝐿 + 𝜂𝑁𝐾𝑞𝑘
𝑀𝐿 + 𝜂𝑀𝐿𝑞𝑘

𝑁𝐾 − 𝜂𝑁𝐿𝑞𝑘
𝑀𝐾), 𝑘 = 1,… , 𝐽.  

Π𝑡 =
𝜉

2𝑡′(𝜏)
 , Π𝑠 =

𝜉

2𝑠′(𝜏)
 

𝑞0
𝑁𝑀 =

2

𝜉
(𝑌0

𝑀𝑌0
′𝑁 − 𝑌0

𝑁𝑌0
′𝑀)Π𝑡, 𝑞𝐽+1

𝑁𝑀 =
2

𝜉
(𝑌𝐽+1

𝑀 𝑌𝐽+1
′𝑁 − 𝑌𝐽+1

𝑁 𝑌𝐽+1
′𝑀 )Π𝑠,  

𝑌0 = {cosh 𝑡, −sinh 𝑡, 1,0,0,0} , 𝑌𝐽+1 = {cosh 𝑠, −sinh 𝑠, cos 𝜑, sin 𝜑, 0,0}.  

{𝑞0
𝑀𝑁 , 𝑞0

𝐾𝐿} =
1

𝜉
(−𝜂̃𝑀𝐾𝑞0

𝑁𝐿 + 𝜂̃𝑁𝐾𝑞0
𝑀𝐿 + 𝜂̃𝑀𝐿𝑞0

𝑁𝐾 − 𝜂̃𝑁𝐿𝑞0
𝑀𝐾), 𝜂̃ = 𝜂(𝟙 + 𝐶),  

{𝑞𝐽+1
𝑀𝑁 , 𝑞𝐽+1

𝐾𝐿 } =
1

𝜉
(−𝜂̃𝜙

𝑀𝐾𝑞𝐽+1
𝑁𝐿 + 𝜂̃𝜙

𝑁𝐾𝑞𝐽+1
𝑀𝐿 + 𝜂̃𝜙

𝑀𝐿𝑞𝐽+1
𝑁𝐾 − 𝜂̃𝜙

𝑁𝐿𝑞𝐽+1
𝑀𝐾 ), 𝜂̃𝜙 = 𝜂(𝟙 + 𝐺.𝐺. 𝐶),  

𝐻𝑞 ≡
1

22𝐽+2
tr(𝑞0

2 ⋅ 𝑞1
2…𝑞𝐽

2 ⋅ 𝑞𝐽+1
2 ⋅ 𝐺 ⋅ 𝐺 ⋅ 𝐶 ⋅ 𝑞𝐽

2…𝑞1
2 ⋅ 𝐶) − 1.  

𝐻𝑞 = exp (
4

𝜉
𝐻) − 1 ≃

4

𝜉
𝐻 + 𝒪(𝐻2)  

𝑗𝑖
𝑀𝑁 = −2

𝑋𝑖−1
[𝑀
𝑋𝑖
𝑁]

𝑋𝑖−1 ⋅ 𝑋𝑖
 

𝑞̇𝑖
𝑀𝑁 = {𝑞𝑖

𝑀𝑁, 𝐻} = −
1

2
(𝑗𝑖+1
𝑀𝑁 − 𝑗𝑖

𝑀𝑁) , 𝑖 = 0,… , 𝐽 + 1  

𝕃𝑖 = 𝑢𝕀4𝑥4 +
𝑖

2
𝑞𝑖
𝑀𝑁Σ𝑀𝑁, 𝕍𝑖 = −

𝑖

4𝑢
𝑗𝑖
𝑀𝑁Σ𝑀𝑁  

𝕃̇𝑖 = 𝕃𝑖 ⋅ 𝕍𝑖+1 − 𝕍𝑖 ⋅ 𝕃𝑖 = 𝕍𝑖+1 ⋅ 𝕃𝑖 − 𝕃𝑖 ⋅ 𝕍𝑖  

𝕋(𝑢) = tr𝕃−𝐽(𝑢) ⋅ 𝕃−1(𝑢) ⋅ 𝕃0(𝑢) ⋅ 𝕃1(𝑢)⋯𝕃𝐽(𝑢) ⋅ 𝕃𝐽+1(𝑢) ⋅ 𝐺
4 ⋅ 𝐺4,  

𝕃−𝑖(𝑢) = 𝐶𝟒 ⋅ 𝕃𝑖
𝑡(−𝑢) ⋅ 𝐶𝟒  
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𝐶𝟒
𝑎𝑏
= 𝐶𝑎𝑏

𝟒 = (

0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0

)

𝑎𝑏

, 𝐺𝟒𝑓
𝑎
=

(

 
 

𝑒𝑖
𝜑
2 0 0 0

0 𝑒−𝑖
𝜑
2 0 0

0 0 𝑒−𝑖
𝜑
2 0

0 0 0 𝑒𝑖
𝜑
2)

 
 

𝑓

𝑎

 

𝜉{(𝕃𝑛)
𝑎 𝑏(𝑢), (𝕃𝑚)

𝑐 𝑑(𝑣)} =
(𝕃𝑛)

𝑎 𝑑(𝑢)(𝕃𝑛)
𝑐 𝑏(𝑣) − (𝕃𝑛)

𝑐 𝑏(𝑢)(𝕃𝑛)
𝑎 𝑑(𝑣)

𝑢 − 𝑣
𝛿𝑛𝑚  

𝜉{𝕃𝑛(𝑢), 𝕃𝑚(𝑣)} = [𝑟(𝑢, 𝑣), 𝕃𝑛(𝑢) ⊗ 𝕃𝑚(𝑣)]𝛿𝑛𝑚  

𝕂(𝑢) ≡ 𝐶 ⋅ 𝕃0(𝑢) ,𝕂(𝑢) ≡ 𝐺−1 ⋅ 𝕃𝐽+1(𝑢) ⋅ 𝐺 ⋅ 𝐶,  

𝜉{𝕂𝑎𝑏(𝑢), 𝕂𝑐𝑑(𝑣)} =
𝕂𝑎𝑑(𝑢)𝕂𝑐𝑏(𝑣) − 𝕂𝑎𝑑(𝑣)𝕂𝑐𝑏(𝑢)

𝑢 − 𝑣
−
𝕂𝑑𝑏(𝑢)𝕂𝑐𝑎(𝑣) − 𝕂𝑏𝑑(𝑣)𝕂𝑎𝑐(𝑢)

𝑢 + 𝑣
 

{𝕋(𝑢), 𝕋(𝑣)} = 0  

𝕃̂𝑖  
𝑎 𝑏(𝑢) = 𝑢𝛿𝑏

𝑎 +
𝑖

2
𝑞̂𝑖
𝑀𝑁Σ𝑀𝑁 

𝑎 𝑏  

𝑃𝑗
𝐾 → 𝑃̂𝑗

𝐾 = −𝑖𝜕𝑋𝑗,𝐾 

𝑞̂𝑗
𝑀𝑁 = −

𝑖

𝜉
(𝑋𝑗

𝑁
𝜕

𝜕𝑋𝑗,𝑀
− 𝑋𝑗

𝑀
𝜕

𝜕𝑋𝑗,𝑁
)  

[𝑞̂𝑘
𝑀𝑁, 𝑞̂𝑘

𝐾𝐿] =
𝑖

𝜉
(−𝜂𝑀𝐾𝑞̂𝑘

𝑁𝐿 + 𝜂𝑁𝐾𝑞̂𝑘
𝑀𝐿 + 𝜂𝑀𝐿𝑞̂𝑘

𝑁𝐾 − 𝜂𝑁𝐿𝑞̂𝑘
𝑀𝐾) , 𝑘 = 1, … , 𝐽  

𝑓(𝑦1, … , 𝑦𝑚) →
1

𝑋−1 + 𝑋0
𝑓 (

𝑋1

𝑋−1 + 𝑋0
, … ,

𝑋4

𝑋−1 + 𝑋0
)  

𝕃̂𝑒
𝑏(𝑢)𝕃̂𝑓

𝑑(𝑣)𝑅𝑎𝑐
𝑒𝑓
(𝑣 − 𝑢) = 𝑅𝑓𝑒

𝑏𝑑(𝑣 − 𝑢)𝕃̂𝑐
𝑒(𝑣)𝕃̂𝑎

𝑓
(𝑢),  

𝑅𝑎𝑑
𝑏𝑐 (𝑢) = 𝕀(aux×aux) +

𝑖

𝜉𝑢
ℙ = 𝛿𝑎

𝑏𝛿𝑑
𝑐 +

𝑖

𝜉𝑢
𝛿𝑑
𝑏𝛿𝑎

𝑐  

𝕃̂𝑖𝑏 
𝑎(𝑢) = −𝕃̂𝑖  

𝑎 𝑏(𝑢),  

𝑅‾𝑎𝑑
𝑏𝑐 (𝑢) = 𝑅𝑎𝑑

𝑏𝑐 (−𝑢)  
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𝑞̂0
𝑁𝑀 ≡ −𝑖

2

𝜉
(𝑌0

𝑀𝑌̇0
𝑁 − 𝑌0

𝑁𝑌̇0
𝑀)𝜕𝑡 , 𝑞̂𝐽+1

𝑁𝑀 ≡ −𝑖
2

𝜉
(𝑌𝐽+1

𝑀 𝑌̇𝐽+1
𝑁 − 𝑌𝐽+1

𝑁 𝑌̇𝐽+1
𝑀 )𝜕𝑠,  

 

𝕃̂0 
𝑎 𝑏(𝑢) = 𝑢𝛿𝑏

𝑎 +
𝑖

2
𝑞̂0
𝑀𝑁Σ𝑀𝑁 

𝑎 𝑏, 𝕃̂𝐽+1 
𝑎 𝑏(𝑢) = 𝑢𝛿𝑏

𝑎 +
𝑖

2
𝑞̂𝐽+1
𝑀𝑁Σ𝑀𝑁 

𝑎 𝑏 .  

𝕂̂𝑑2𝑐2(𝑣)𝑅
‾
𝑎2𝑑1

𝑐2𝑐1 (𝑢 + 𝑣)𝕂̂𝑐1𝑎1(𝑢)𝑅𝑏1𝑏2
𝑑1𝑑2(𝑣 − 𝑢) = 𝑅𝑎2𝑎1

𝑐2𝑐1 (𝑣 − 𝑢)𝕂̂𝑏1𝑑1(𝑢)𝑅
‾
𝑐1𝑏2

𝑑1𝑑2(𝑢 + 𝑣)𝕂̂𝑑2𝑐2(𝑣).  
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𝕂̂(𝑢) = 𝐶 ⋅ 𝕃̂0 (𝑢 −
𝑖

2𝜉
) ,  

𝑅𝑐1𝑐2
𝑏1𝑏2(𝑢 − 𝑣)𝕂̂

𝑑2𝑐2
(𝑣)𝑅‾𝑑2𝑑1

𝑎2𝑐1 (−𝑢 − 𝑣)𝕂̂
𝑎1𝑑1

(𝑢) = 𝕂̂
𝑐1𝑏1

(𝑢)𝑅‾𝑐1𝑐2
𝑑1𝑏2(−𝑢 − 𝑣)𝕂̂

𝑑2𝑐2
(𝑣)𝑅𝑑1𝑑2

𝑎1𝑎2(𝑢 − 𝑣),  

 

𝕂̂(𝑢) = 𝐺−1 ⋅ 𝕃𝐽+1 (𝑢 +
𝑖

2𝜉
) ⋅ 𝐺 ⋅ 𝐶,  

𝑆(𝑢) = 𝑎(𝑢)𝑅(𝑢) , 𝑆‾(𝑢) = 𝑎(−𝑢)𝑅‾(𝑢),  

𝑆(𝑢)𝑆(−𝑢) = 𝐼,  
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𝑆𝑏
𝑎  𝑒
𝑑(𝑢)𝑆𝑐

𝑏  𝑓
𝑒(−𝑢) = 𝑆‾𝑏

𝑎  𝑒
𝑑(−𝑢)𝑆‾𝑐

𝑏  𝑐
𝑒(𝑢) = 𝛿𝑐

𝑎𝛿𝑓
𝑑 .  

𝐴(𝑢) ≡ 𝑎(𝑢)𝑎(−𝑢) =
𝑢2𝜉2

1 − 𝑢2𝜉2
 

 

𝕋̂4(𝑢) = tr[𝕃𝐽(−𝑢)⋯𝕃2(−𝑢)𝕃1(−𝑢)𝕂(𝑢)𝕃1(𝑢)…𝕃𝐽−1(𝑢)𝕃𝐽(𝑢)𝐺𝕂(𝑢)𝐺
𝑡].  

[𝕋̂𝟒(𝑢), 𝕋̂𝟒(𝑣)] = 0.  
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𝕃̂𝑖
𝟔 𝑀𝑁(𝑢) = (𝑢2 −

1

8
tr𝑞̂𝑖

2) 𝜂𝑀𝑁 − 𝑢𝑞̂𝑖
𝑀𝑁 + (

1

2
𝑞̂𝑖
2𝑀𝑁 −

𝑖

𝜉
𝑞̂𝑖
𝑀𝑁 +

1

4𝜉2
𝜂𝑀𝑁) .  

𝕃̂𝑖
𝟔

(𝑢) ≡ 𝕃̂𝑖
𝟔(−𝑢).  

𝕂̂𝑀𝑁
𝟔 (𝑢)  = 𝐶𝑀𝑁

𝟔 𝑢 (𝑢 −
𝑖

𝜉
) + 𝑢

2𝑖

𝜉
(𝑌𝑁𝑌̇𝑀 − 𝑌𝑀𝑌̇𝑁)𝜕𝑡

 +
2

𝜉2
𝑌𝑁𝜕̂𝑡𝑌𝑀𝜕̂𝑡 −

2𝑖

𝜉3𝑢
𝑌𝑀𝜕̂𝑡𝑌𝑁𝜕̂𝑡

 

𝕂̂𝑀𝑁

𝟔

(𝑢)  = 𝐶𝑀𝑁
𝟔 𝑢 (𝑢 +

𝑖

𝜉
) + 𝑢

2𝑖

𝜉
(𝑌𝑁𝑌̇𝑀 − 𝑌𝑀𝑌̇𝑁)𝜕𝑠

 +
2

𝜉2
𝑌𝑀𝜕̂𝑠𝑌𝑁𝜕̂𝑠 +

2𝑖

𝜉3𝑢
𝑌𝑁𝜕̂𝑠𝑌𝑀𝜕̂𝑠

 

𝕂̂𝟔(𝑢) = 𝐶𝟔𝑢 (𝑢 −
𝑖

𝜉
) − 𝑢𝑞̂0 +

1

2
𝑞̂0
2 −

𝑖

2𝜉𝑢
(𝑞̂0

2)𝑇 .  

𝕂̂
𝟔

(𝑢) = (𝐺𝟔)
−1
⋅ (𝑢 (𝑢 +

𝑖

𝜉
) − 𝑢𝑞̂𝐽+1 +

1

2
(𝑞̂𝐽+1

2 )
𝑇
+

𝑖

2𝜉𝑢
𝑞̂𝐽+1
2 ) ⋅ 𝐺𝟔 ⋅ 𝐶𝟔  

𝕋𝟔(0) = 4lim
𝑢→0

 𝑢2𝜉2tr[𝕃𝐽(0)⋯𝕃2(0)𝕃1(0)𝕂(𝑢)𝕃1(𝑢)…𝕃𝐽−1(0)𝕃𝐽(0)𝐺𝕂(𝑢)𝐺
𝑡]  

𝕃̂𝑖
𝟔 𝑀𝑁(0) =

𝑞̂𝑖
2𝑀𝑁

2
−
𝑖

𝜉
𝑞̂𝑖
𝑀𝑁 −

𝜂𝑀𝑁

8
tr𝑞̂𝑖

2 +
𝜂𝑀𝑁

4𝜉2
=
: 𝑞̂𝑖

2:𝑀𝑁

2
=

1

2𝜉2
𝑋𝑖
𝑀𝑋𝑖

𝑁𝜕
𝑋𝑖
𝐾
2  

𝑢𝜉𝕂̂𝟔 𝑀𝑁(𝑢)|
𝑢=0

 = −
𝑖

2
(𝑞̂0

2)𝑁𝑀 = −
2𝑖

𝜉2
𝑌0
𝑀𝜕̂𝑡𝑌0

𝑁𝜕̂𝑡

𝑢𝜉 (𝐺𝟔𝕂̂
𝟔

(𝑢)(𝐺𝟔)
−1
)
𝑀𝑁

|
𝑢=0

 = +
𝑖

2
(𝑞̂𝐽+1

2 )
𝑀𝑁

= +
2𝑖

𝜉2
𝑌𝐽+1
𝑁 𝜕̂𝑠𝑌𝐽+1

𝑀 𝜕̂𝑠

 

𝕋𝟔(0)  = 4
4

22𝐽𝜉4𝐽+4
𝜂𝑁𝑀𝑋𝐽

𝑀𝑋𝐽 ⋅ 𝑋𝐽−1…𝑋1 ⋅ 𝑌0𝜕𝑡∏ 

𝐽

𝑖=1

 ◻𝑖
(6)

 × 𝑌0 ⋅ 𝑋1𝑋1 ⋅ 𝑋2…𝑋𝐽 ⋅ 𝑌𝐽+1𝜕𝑠𝑌𝐽+1
𝑁 𝜕𝑠𝜕𝑡∏ 

𝐽

𝑖=1

 ◻𝑖
(6)

 

◻(6)=◻(4)+ 𝜕𝑋+𝜕𝑋− ,  
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𝑌0 ⋅ 𝑋1𝑋1 ⋅ 𝑋2…𝑋𝐽 ⋅ 𝑌𝐽+1𝜕𝑠𝜕𝑡∏ 

𝐽

𝑖=1

 ◻𝑖
(6)
 =

(−
1

2
)
𝐽+1 𝜕𝑠𝜕𝑡

|𝑦0
′ ||𝑦𝐽+1

′ |
∏  

𝐽

𝑖=0

  (𝑦𝑖 − 𝑦𝑖+1)
2∏ 

𝐽

𝑖=1

 ◻𝑖
(4)
 = (

1

2
)
𝐽+1

(4𝑔̂2)𝐽+1𝐵̂−1

 

𝑋1 ⋅ 𝑋2 = −
1

2
(𝑥1 − 𝑥2)

2 

𝑌0 ⋅ 𝑋1 = −
𝑒−𝑡

2
(𝑥0 − 𝑥1)

2 

𝕋𝟔(0) = 4𝐵̂−2  

𝕃̂𝑘𝑎
4  𝑏(𝑢) = (𝑢2 −

tr𝑞̂𝑘
2

8
+
1

𝜉2
) 𝕃̂𝑘𝑎

4

 𝑏(−𝑢),  

𝕃̂ 𝑘
4  𝑏(𝑢) = 𝕃̂𝑘

4  𝑏 
𝑎(𝑢) 

𝕂̂4𝑎𝑏(𝑢) = −(𝑢2 −
𝑖𝑢

𝜉
+

3

4𝜉2
)𝐾‾̂ 4𝑏𝑎(−𝑢), 𝐾‾̂𝑎𝑏

4 (𝑢) = −(𝑢2 +
𝑖𝑢

𝜉
+

3

4𝜉2
)𝕂𝑏𝑎

4
(−𝑢)  

 

𝕃̂𝑖
𝟏(𝑢) = (𝑢2 −

tr𝑞̂𝑖
2

8
+

5

4𝜉2
)

2

+
tr𝑞̂𝑖

2

8𝜉2
−
1

𝜉4
.  

𝕂𝟏(𝑢) = (𝑢 −
2𝑖

𝜉
) (𝑢 −

𝑖

𝜉
) 𝑢 (𝑢 +

𝑖

𝜉
) , 𝕂

𝟏
(𝑢) = (𝑢 +

2𝑖

𝜉
) (𝑢 +

𝑖

𝜉
) 𝑢 (𝑢 −

𝑖

𝜉
) .  
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𝕋𝟒(𝑣) =
1

𝜉2
(4𝑣2cos 𝜑 + cos 𝜑 + 8𝜉2)

𝕋𝟔(𝑣) = 𝐴(2𝑣)
𝑣2 + 1

𝜉4𝑣2
(𝑣4(2cos (2𝜑) + 4) + 𝑣2(16𝜉2cos 𝜑 − 4Δ2sin2 𝜑) + 16𝜉4)

𝕋4(𝑣) = 𝐴(2𝑣)𝐴(2𝑣 + 𝑖)𝐴(2𝑣 − 𝑖)
(4𝑣2 + 1)(4𝑣2 + 9)

16𝜉6
(4𝑣2cos 𝜑 + cos 𝜑 + 8𝜉2)

𝕋1(𝑣) = 𝐴2(2𝑣)𝐴(2𝑣 + 𝑖)𝐴(2𝑣 − 𝑖)𝐴(2𝑣 + 2𝑖)𝐴(2𝑣 − 2𝑖)
𝑣2(𝑣2 + 1)2(𝑣2 + 4)

𝜉8

 

𝕋𝟏(𝑣) = 1

𝕋𝟒(𝑣) ≡
𝑃𝐽+1
𝟒 (𝑣2)

𝜉2𝐽+2

𝕋𝟔(𝑣) ≡ 𝐴(2𝑣)
𝑣2 + 1

𝑣2
𝑃2𝐽+2
𝟔 (𝑣2)

𝜉4𝐽+4

𝕋4(𝑣) = 𝐴(2𝑣)𝐴(2𝑣 + 𝑖)𝐴(2𝑣 − 𝑖)
(𝑣2 +

9
4
) (𝑣2 +

1
4
)
2𝐽+1

𝑃𝐽+1
4 (𝑣2)

𝜉6𝐽+6

𝕋𝟏(𝑣) = 𝐴2(2𝑣)𝐴(2𝑣 + 𝑖)𝐴(2𝑣 − 𝑖)𝐴(2𝑣 + 2𝑖)𝐴(2𝑣 − 2𝑖)
(𝑣2 + 4)(𝑣2 + 1)2𝐽+2𝑣4𝐽+2

𝜉8𝐽+8

 

𝑃𝐽+1
4 (𝑤)=∑  

𝐽+1

𝑖=0

 𝑎𝑖𝑤
−𝑖+𝐽+1  

𝑃2𝐽+2
𝟔 (𝑤) = ∑  

2𝐽+2

𝑖=0

  𝑏𝑖𝑤
−𝑖+2𝐽+2

𝑃𝐽+1
4 (𝑤) =∑  

𝐽+1

𝑖=0

  𝑐𝑖𝑤
−𝑖+𝐽+1

 

𝑎0 = 𝑐0 = 4cos 𝜑, 𝑏0 = 2cos 2𝜑 + 4  

𝑐1 − 𝑎1  = 8𝑖𝑆Δsin 𝜑

(𝑎1 + 𝑐1)cos 𝜑 − 𝑏1  = 2(2𝑆2 + 2Δ2 + 𝐽)sin2 𝜑 + 2cos2 𝜑
 

𝑏2𝐽+2 = 𝜉4𝐽+4 = 16𝑔̂4𝐽+4  
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𝑄(𝑣 + 2𝑖) + 𝕋𝟒(𝑣 + 𝑖/2)𝑄(𝑣 + 𝑖) + 𝕋𝟔(𝑣)𝑄(𝑣) + 𝕋𝟒(𝑣 − 𝑖/2)𝑄(𝑣 − 𝑖) + 𝕋𝟏(𝑣 − 𝑖)𝑄(𝑣 − 2𝑖) = 0  

𝑄(𝑣) = 𝑞(𝑣)
𝑒𝜋(𝐽+1)𝑣Γ(−𝑖𝑣)𝜉2𝑖(𝐽+1)𝑣Γ(𝑖𝑣 + 1)−2𝐽−1

Γ (−𝑖𝑣 −
1
2
) Γ(𝑖𝑣 + 2)

 

𝑃2𝐽+2
𝟔 (𝑣2)

𝑣2𝐽+3
𝑞(𝑣) =  −(𝑣 + 𝑖)2𝐽+1𝑞(𝑣 + 2𝑖) −

𝑣 +
𝑖
2

𝑣(𝑣 + 𝑖)
𝑃𝐽+1
4 ((𝑣 +

𝑖

2
)
2

)𝑞(𝑣 + 𝑖)

 −(𝑣 − 𝑖)2𝐽+1𝑞(𝑣 − 2𝑖) −
𝑣 −

𝑖
2

𝑣(𝑣 − 𝑖)
𝑃𝐽+1
4 ((𝑣 −

𝑖

2
)
2

) 𝑞(𝑣 − 𝑖)

 

𝑞(𝑣) (
2(8𝑔̂2𝑣2cos (𝜑) + 8𝑔̂4 + 𝑣4(cos (2𝜑) + 2))

𝑣3
−
4Δ2sin2 (𝜑)

𝑣
)

+
2(2𝑣 − 𝑖)𝑞(𝑣 − 𝑖)(2𝑔̂2 + 𝑣(𝑣 − 𝑖)cos (𝜑))

𝑣(𝑣 − 𝑖)
+
2(2𝑣 + 𝑖)𝑞(𝑣 + 𝑖)(2𝑔̂2 + 𝑣(𝑣 + 𝑖)cos (𝜑))

𝑣(𝑣 + 𝑖)
 

 +(𝑣 − 𝑖)𝑞(𝑣 − 2𝑖) + (𝑣 + 𝑖)𝑞(𝑣 + 2𝑖) = 0

 

𝑞1 = 𝑒+𝜙𝑣𝑣+Δ−𝑆−𝐽 (1 +
𝑐1,1
𝑣
+ ⋯)

𝑞2 = 𝑒−𝜙𝑣𝑣+Δ+𝑆−𝐽 (1 +
𝑐2,1
𝑣
+ ⋯)

𝑞3 = 𝑒+𝜙𝑣𝑣−Δ+𝑆−𝐽 (1 +
𝑐3,1
𝑣
+ ⋯)

𝑞4 = 𝑒−𝜙𝑣𝑣−Δ−𝑆−𝐽 (1 +
𝑐4,1
𝑣
+ ⋯)

 

𝑞𝑖(𝑣) ∼
𝑄𝑖(𝑣)

𝑣𝐽+1/2
,  

𝑞𝑖
↑(𝑣) = Ω𝑖

𝑗
(𝑣)𝑞𝑗

↓(𝑣), Ω𝑖
𝑗
(𝑣 + 𝑖) = Ω𝑖

𝑗
(𝑣),  

Ω𝑖
𝑗
(𝑣) =

𝜖𝑗𝑗1𝑗2𝑗3

3!

det𝑛=0,…,3{𝑞𝑖
↑(𝑣 − 𝑖𝑛), 𝑞𝑗1

↓ (𝑣 − 𝑖𝑛), 𝑞𝑗2
↓ (𝑣 − 𝑖𝑛), 𝑞𝑗3

↓ (𝑣 − 𝑖𝑛)}

det𝑛=0,…,3{𝑞1
↓(𝑣 − 𝑖𝑛), 𝑞2

↓(𝑣 − 𝑖𝑛), 𝑞3
↓(𝑣 − 𝑖𝑛), 𝑞4

↓(𝑣 − 𝑖𝑛)}
.  

Ω𝑖
𝑗
(𝑣) =

∑  
2𝐽+2
𝑛=0  𝐶𝑖

(𝑛)𝑗
𝑒2𝜋𝑛𝑢

(1 − 𝑒2𝜋𝑢)2𝐽+2
,  

𝜔𝑖𝑘 = Ω𝑖
𝑗
Γ𝑗𝑘  

Γ𝑗𝑘 = (

0 𝛾1sinh (2𝜋𝑣) 0 𝛾3
𝛾2sinh (2𝜋𝑣) 0 𝛾4 0

0 𝛾5 0 0
𝛾6 0 0 0

)  

Ω𝑖
𝑗
Γ𝑗𝑘 = −Ω𝑘

𝑗
Γ𝑗𝑖 

Ω41 = Ω32 = 0  

Δ = 𝐽 + 𝑔̂2𝐽+2
(−1)𝐽24𝐽+3𝜋2𝐽+1csc (𝜑)𝐵2𝐽+1 (

𝜑
2𝜋
)

Γ(2𝐽 + 2)
+ 𝒪(𝑔̂4𝐽+4)  

Δ = 2 − 124.08839542210𝑔̂6 + 23271.513371517𝑔̂12 +⋯  
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2 + 𝑔̂6
8

45
𝜑(3𝜑4 − 15𝜋𝜑3 + 20𝜋2𝜑2 − 8𝜋4)csc 𝜑 = 2 − 𝑔̂6

512𝜋5

729√3
 

 

{𝕋(𝑢), 𝕋(𝑣)} = {𝕂𝑎𝑏(𝑢),𝕂𝛼𝛽(𝑣)}𝕂
𝑏𝑎
(𝑢)𝕂

𝛽𝛼
(𝑣) + 𝕂𝑎𝑏(𝑢)𝕂𝛼𝛽(𝑣) {𝕂

𝑏𝑎
(𝑢),𝕂

𝛽𝛼
(𝑣)}  

{𝕋(𝑢), 𝕋(𝑣)} =−
𝕂
𝑏𝑎
(𝑢)𝕂

𝛽𝛼
(𝑣)

𝜉(𝑢 + 𝑣)
[𝕂𝛽𝑏(𝑢)𝕂𝛼𝑎(𝑣) − 𝕂𝑏𝛽(𝑣)𝕂𝑎𝛼(𝑢)]  

 +
𝕂
𝑏𝑎
(𝑢)𝕂

𝛽𝛼
(𝑣)

𝜉(𝑢 − 𝑣)
[𝕂𝑎𝛽(𝑢)𝕂𝛼𝑏(𝑣) − 𝕂𝑎𝛽(𝑣)𝕂𝛼𝑏(𝑢)]

 −
𝕂𝑎𝑏(𝑢)𝕂𝛼𝛽(𝑣)

𝜉(𝑢 + 𝑣)
[𝕂

𝛼𝑎
(𝑢)𝕂

𝛽𝑏
(𝑣) − 𝕂

𝑎𝛼
(𝑣)𝕂

𝑏𝛽
(𝑢)]

 +
𝕂𝑎𝑏(𝑢)𝕂𝛼𝛽(𝑣)

𝜉(𝑢 − 𝑣)
[𝕂

𝑏𝛼
(𝑢)𝕂

𝛽𝑎
(𝑣) − 𝕂

𝑏𝛼
(𝑣)𝕂

𝛽𝑎
(𝑢)]

 

(𝕃)𝑎 𝑏(𝑢) ≡ (𝕃1(𝑢) ⋅ 𝕃2(𝑢)…𝕃𝐽(𝑢))
𝑎
 𝑏, (𝕃)𝑎 

𝑏(𝑢) ≡ (𝕃−𝐽(𝑢) ⋅ 𝕃−(𝐽−1)(𝑢)…𝕃−1(𝑢))𝑎
 𝑏 .  
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{𝕋(𝑢), 𝕋(𝑣)} ={𝕂𝑎𝑏(𝑢), 𝕂𝛼𝛽(𝑣)}(𝕃)𝑐 
𝑎(𝑢)(𝕃)𝛾  

𝛼(𝑣)𝕂
𝑑𝑐
(𝑢)𝕂

𝛿𝛾
(𝑣)(𝕃)𝑏 𝑑(𝑢)(𝕃)

𝛽  𝛿(𝑣) +

𝕂𝑎𝑏(𝑢)𝕂𝛼𝛽(𝑣)(𝕃)𝑐 
𝑎(𝑢)(𝕃)𝛾  

𝛼(𝑣) {𝕂
𝑑𝑐
(𝑢), 𝕂

𝛿𝛾
(𝑣)} (𝕃)𝑏 𝑑(𝑢)(𝕃)

𝛽  𝛿(𝑣)

+(𝕃) = (𝕃)𝑐 
𝑎(𝑢)(𝕃)𝛾  

𝛼(𝑣)(𝕃)𝑏 𝑑(𝑢)(𝕃)
𝛽  𝛿(𝑣)  

{−
1

𝜉(𝑢 + 𝑣)
[𝕂𝛽𝑏(𝑢)𝕂𝛼𝑎(𝑣)𝕂

𝑑𝑐
(𝑢)𝕂

𝛿𝛾
(𝑣) − 𝕂𝑏𝛽(𝑣)𝕂𝑎𝛼(𝑢)𝕂

𝑑𝑐
(𝑢)𝕂

𝛿𝛾
(𝑣) 

+𝕂𝑎𝑏(𝑢)𝕂𝛼𝛽(𝑣)𝕂
𝛾𝑐
(𝑢)𝕂

𝛿𝑑
(𝑣) − 𝕂𝑎𝑏(𝑢)𝕂𝛼𝛽(𝑣)𝕂

𝑐𝛾
(𝑣)𝕂

𝑑𝛿
(𝑢)]

+
1

𝜉(𝑢 − 𝑣)
[𝕂𝑎𝛽(𝑢)𝕂𝛼𝑏(𝑣)𝕂

𝑑𝑐
(𝑢)𝕂

𝛿𝛾
(𝑣) − 𝕂𝑎𝛽(𝑣)𝕂𝛼𝑏(𝑢)𝕂

𝑑𝑐
(𝑢)𝕂

𝛿𝛾
(𝑣)

+𝕂𝑎𝑏(𝑢)𝕂𝛼𝛽(𝑣)𝕂
𝑑𝛾
(𝑢)𝕂

𝛿𝑐
(𝑣) − 𝕂𝑎𝑏(𝑢)𝕂𝛼𝛽(𝑣)𝕂

𝑑𝛾
(𝑣)𝕂

𝛿𝑐
(𝑢)]}  

+(𝕃)

 

 

{𝕋(𝑢), 𝕋(𝑣)} =𝕂𝑎𝑏(𝑢)𝕂𝛼𝛽(𝑣)𝕂
𝑑𝑐
(𝑢)𝕂

𝛿𝛾
(𝑣)

{−
1

𝜉(𝑢 + 𝑣)
[(𝕃)𝑐

𝛽
(𝑢)(𝕃)𝛾

𝛼(𝑣)(𝕃)𝑑
𝑏(𝑢)(𝕃)𝑑

𝑎(𝑣)

−(𝕃)𝛿
𝑎(𝑢)(𝕃)𝛾

𝛼(𝑣)(𝕃)𝑑
𝑏(𝑢)(𝕃)𝑐

𝛽
(𝑣)  

+(𝕃)𝑐
𝑎(𝑢)(𝕃)𝑑

𝛼(𝑣)(𝕃)𝑏 𝛾(𝑢)(𝕃)
𝛽  𝛿(𝑣)  

−(𝕃)𝑐
𝑎(𝑢)(𝕃)𝛾

𝑏(𝑣)(𝕃)𝑑
𝛼(𝑢)(𝕃)𝛽  𝛿(𝑣)]

 +
1

𝜉(𝑢 − 𝑣)
[(𝕃)𝑐

𝑎(𝑢)(𝕃)𝛾
𝛼(𝑣)(𝕃)𝑑

𝛽
(𝑢)(𝕃)𝑏 𝛿(𝑣)

 −(𝕃)𝑐
𝛼(𝑢)(𝕃)𝛾

𝑎(𝑣)(𝕃)𝑏 𝑑(𝑢)(𝕃)
𝛽  𝛿(𝑣)

 +(𝕃)𝛾
𝑎(𝑢)(𝕃)𝑐

𝛼(𝑣)(𝕃)𝑏 𝑑(𝑢)(𝕃)
𝛽  𝛿(𝑣)

−(𝕃)𝑐
𝑎(𝑢)(𝕃)𝛾

𝛼(𝑣)(𝕃)𝑏 𝛿(𝑢)(𝕃)
𝛽  𝑑(𝑣)]}

 +(𝕃).

 

{𝕋(𝑢), 𝕋(𝑣)} =(𝕂)  

+𝕂𝑎𝑏(𝑢)𝕂𝛼𝛽(𝑣)𝕂
𝑑𝑐
(𝑢)𝕂

𝛿𝛾
(𝑣)  

[{(𝕃)𝑐
𝑎(𝑢), (𝕃)𝛾

𝛼(𝑣)}(𝕃)𝑏 𝑑(𝑢)(𝕃)
𝛽  𝛿(𝑣)

 +(𝕃)𝛾
𝛼(𝑣){(𝕃)𝑐

𝑎(𝑢), (𝕃)𝛽  𝛿(𝑣)}(𝕃)
𝑏 𝑑(𝑢)

 +(𝕃)𝑐
𝑎(𝑢)(𝕃)𝛾

𝛼(𝑣){(𝕃)𝑏 𝑑(𝑢), (𝕃)
𝛽  𝛿(𝑣)}

+(𝕃)𝑐
𝑎(𝑢){(𝕃)𝑏 𝑑(𝑢), (𝕃)𝛾 

𝛼(𝑣)}(𝕃)𝛽  𝛿(𝑣)].

 

𝜉{(𝕃−𝑛)𝑎
𝑏(𝑢), (𝕃−𝑚)𝑐

𝑑(𝑣)} =
(𝕃−𝑛)𝑎

𝑑(𝑢)(𝕃−𝑛)𝑐
𝑏(𝑣) − (𝕃−𝑛)𝑐

𝑏(𝑢)(𝕃−𝑛)𝑎
𝑑(𝑣)

𝑢 − 𝑣
𝛿𝑛𝑚

𝜉{(𝕃−𝑛)𝑎
𝑏(𝑢), (𝕃𝑚)

𝑐  𝑑(𝑣)} =
(𝕃−𝑛)𝑎 

𝑐(𝑢)(𝕃𝑛)
𝑏 𝑑(𝑣) − (𝕃−𝑛)𝑑  

𝑏(𝑢)(𝕃𝑛)
𝑐 𝑎(𝑣)

𝑢 + 𝑣
𝛿𝑚𝑛

 

{𝕋(𝑢), 𝕋(𝑣)} =(𝕂)  

+𝕂𝑎𝑏(𝑢)𝕂𝛼𝛽(𝑣)𝕂
𝑑𝑐
(𝑢)𝕂

𝛿𝛾
(𝑣)  

{
1

𝜉(𝑢 − 𝑣)
[(𝕃)𝑐

𝛼(𝑢)(𝕃)𝛾
𝑎(𝑣)(𝕃)𝑑

𝑏(𝑢)(𝕃)𝛿
𝛽
(𝑣)

−(𝕃)𝛾
𝑎(𝑢)(𝕃)𝑐

𝛼(𝑣)(𝕃)𝑑
𝑏(𝑢)(𝕃)𝛿

𝛽
(𝑣)  

+(𝕃)𝑐
𝑎(𝑢)(𝕃)𝛾

𝛼(𝑣)(𝕃)𝛿
𝑏(𝑢)(𝕃)𝑑

𝛽
 𝑑(𝑣)  

−(𝕃)𝑐
𝑎(𝑢)(𝕃)𝛾

𝛼(𝑣)(𝕃)𝑑
𝛽
(𝑢)(𝕃)𝛿

𝑏(𝑣)] +

 +
1

𝜉(𝑢 + 𝑣)
[(𝕃)𝑐

𝛽
(𝑢)(𝕃)𝛾

𝛼(𝑣)(𝕃)𝑑
𝑏(𝑢)(𝕃)𝛿

𝑎(𝑣)

 −(𝕃)𝛿
𝑎(𝑢)(𝕃)𝛾

𝛼(𝑣)(𝕃)𝑑
𝑏(𝑢)(𝕃)𝑐

𝛽
(𝑣)

 −(𝕃)𝑐
𝑎(𝑢)(𝕃)𝛾

𝑏(𝑣)(𝕃)𝑑
𝛼(𝑢)(𝕃)𝛿

𝛽
(𝑣)

+(𝕃)𝑐
𝑎(𝑢)(𝕃)𝑑

𝛼(𝑣)(𝕃)𝛾
𝑏(𝑢)(𝕃)𝛿

𝛽
(𝑣)]} .

 

{𝕋(𝑢), 𝕋(𝑣)} = 0.  



pág. 3146 

𝕋̂4(−𝑢) = Tr (𝕃̂𝐽
4

(𝑢) ⋅ 𝕃̂𝐽−1
4

(𝑢)… 𝕃̂1
4

(𝑢) ⋅ 𝕂̂4(−𝑢) ⋅ 𝕃̂1
4(−𝑢) ⋅ 𝕃̂2

4(−𝑢)… 𝕃̂𝐽
4(−𝑢) ⋅ 𝐺4 ⋅ 𝕂̂

4

(−𝑢) ⋅ 𝐺4𝑇) 

𝕋̂𝟒(−𝑢) =Tr (𝐺𝟒 ⋅ 𝕂̂
𝟒𝑇

(−𝑢) ⋅ 𝐺𝟒𝑇 ⋅ 𝕃̂𝐽
𝟒𝑇(−𝑢) ⋅ 𝕃̂𝐽−1

𝟒𝑇 (−𝑢)… 𝕃̂1
𝟒𝑇(−𝑢)

⋅ 𝕂̂𝟒𝑇(−𝑢) ⋅ 𝕃̂1
𝟒𝑇

(𝑢) ⋅ 𝐿‾̂2
𝟒𝑇(𝑢)…𝐿‾̂𝐽

𝟒𝑇(𝑢)) .

 

 

𝕋̂𝟒(−𝑢) =Tr (𝕃̂𝐽
𝟒

(−𝑢) ⋅ 𝕃̂𝐽−1
𝟒

(−𝑢)… 𝕃̂1
𝟒

(−𝑢) ⋅ 𝕂̂𝟒𝑇(−𝑢) ⋅ 𝑆‾(−2𝑢)

∙ 𝕃̂1
𝟒(𝑢) ⋅ 𝕃̂2

𝟒(𝑢)… 𝕃̂𝐽
𝟒(𝑢) ⋅ 𝐺𝟒 ⋅ 𝑆‾(2𝑢) ⋅ 𝕂̂

𝟒𝑇

(−𝑢) ⋅ 𝐺𝟒𝑇)

 

𝛼‾(2𝑢)𝑅‾𝑎𝑏
𝑐𝑑(2𝑢)𝕂̂𝑐𝑑

4 (−𝑢) = 𝕂̂𝑏𝑎
4 (𝑢)

𝛼‾(−2𝑢)𝑅‾𝑑𝑐
𝑎𝑏(−2𝑢) (𝕂̂

4

)
𝑑𝑐

(−𝑢) = (𝕂̂
4

)
𝑏𝑎

(𝑢)
 

𝕂̂𝟒𝑇(−𝑢) ⋅ 𝑆‾(2𝑢) = 𝕂̂𝟒(𝑢),

𝑆‾(−2𝑢) ⋅ 𝕂̂
𝟒𝑇

(−𝑢) = 𝕂̂
𝟒

(𝑢),
 

𝕋̂𝟒(−𝑢) =(𝕃̂𝐽
𝟒

(−𝑢) ⋅ 𝕃̂𝐽−1
𝟒

(−𝑢)… 𝕃̂1
𝟒

(−𝑢))
𝑎
 𝛾𝑆‾𝛿  𝜁  𝜂(2𝑢)𝑆‾

𝜁  𝛾 𝛽(−2𝑢)𝕂̂𝛼𝛿
𝟒 (−𝑢)

(𝕃̂1
𝟒(𝑢) ⋅ 𝕃̂2

𝟒(𝑢)… 𝕃̂𝐽
𝟒(𝑢))

𝛽
 ℎ (𝐺

𝟒 ⋅ 𝕂̂
𝟒

 𝑇(−𝑢) ⋅ 𝐺𝟒)
ℎ𝑎  

𝕋̂4(−𝑢) =(𝕃̂𝐽
4

(−𝑢) ⋅ 𝕃̂𝐽−1
4

(−𝑢)… 𝕃̂1
4

(−𝑢))
𝑎

𝛾

𝑆‾𝛾
𝜁𝜂
 𝛽(−2𝑢)𝕂̂𝜁𝜂

4 (𝑢)

(𝕃̂1
4(𝑢) ⋅ 𝕃̂2

4(𝑢)… 𝕃̂𝐽
4(𝑢))

ℎ

𝛽
(𝐺4 ⋅ 𝕂̂

4𝑇

(−𝑢) ⋅ 𝐺4𝑇)
ℎ𝑎

.

 

𝕋̂𝟒(−𝑢) = (𝕃̂𝐽
𝟒

(−𝑢) ⋅ 𝕃̂𝐽−1
𝟒

(−𝑢)… 𝕃̂2
𝟒

(−𝑢))
𝑎
 𝜔𝑆‾𝜖

𝛾𝛽
(−2𝑢)𝕃̂1

𝟒 𝛾 𝛾(𝑢)𝕃̂1𝛽
𝟒  𝛽(−𝑢)𝕂̂𝜁𝜂

𝟒 (𝑢)

(𝕃̂2
𝟒(𝑢)… 𝕃̂𝐽

𝟒(𝑢))
𝜖
 ℎ (𝐺

𝟒 ⋅ 𝕂̂
𝟒𝑇

(−𝑢) ⋅ 𝐺𝟒𝑇)
ℎ𝑎

.

 

𝕋̂𝟒(−𝑢) =(𝕃̂𝐽
𝟒

(−𝑢) ⋅ 𝕃̂𝐽−1
𝟒

(−𝑢)… 𝕃̂1
𝟒

(−𝑢) ⋅ 𝕂̂𝟒(𝑢) ⋅ 𝕃̂1
𝟒(𝑢) ⋅ 𝕃̂2

𝟒(𝑢)… 𝕃̂𝐽
𝟒(𝑢))

𝜖𝜔

𝑆‾ℎ
𝜖𝜔(−2𝑢) (𝐺𝟒 ⋅ 𝕂̂

𝟒

 𝑇(−𝑢) ⋅ 𝐺𝟒)
ℎ𝑎  

𝕋̂𝟒(−𝑢) =(𝕃̂𝐽
𝟒

(−𝑢) ⋅ 𝕃̂𝐽−1
𝟒

(−𝑢)… 𝕃̂1
𝟒

(−𝑢) ⋅ 𝕂̂𝟒(𝑢) ⋅ 𝕃̂1
𝟒(𝑢) ⋅ 𝕃̂2

𝟒(𝑢)… 𝕃̂𝐽
𝟒(𝑢))

𝜖𝜔

(𝐺𝟒 ⋅ 𝕂̂
𝟒

(𝑢) ⋅ 𝐺𝟒)
𝜔𝜖

= 𝕋̂𝟒(𝑢)

 

𝕋̂𝟔(𝑢) = Tr (𝕃̂𝐽
𝟔(𝑢)… 𝕃̂1

𝟔(𝑢) ⋅ 𝕂̂𝟔(𝑢) ⋅ 𝕃̂1
𝟔(𝑢)… 𝕃̂𝐽

𝟔(𝑢) ⋅ 𝐺𝟔 ⋅ 𝕂̂
𝟔

(𝑢) ⋅ 𝐺6𝑇) .  

𝕋̂𝟔(−𝑢) = Tr (𝕃̂𝐽
𝟔(−𝑢)… 𝕃̂1

𝟔(−𝑢) ⋅ 𝕂̂𝟔(−𝑢) ⋅ 𝕃̂1
𝟔(−𝑢)… 𝕃̂𝐽

𝟔(−𝑢) ⋅ 𝐺𝟔 ⋅ 𝕂̂
𝟔

(−𝑢) ⋅ 𝐺𝟔𝑇)  

𝕋̂𝟔(−𝑢) = Tr (𝕃̂𝐽
𝟔(𝑢)… 𝕃̂1

𝟔(𝑢) ⋅ 𝕂̂6𝑇(−𝑢) ⋅ 𝕃̂1
𝟔(𝑢)… 𝕃̂𝐽

𝟔(𝑢) ⋅ 𝐺𝟔 ⋅ 𝕂̂
𝟔𝑇

(−𝑢) ⋅ 𝐺𝟔𝑇)  

𝕃̂𝟔 𝐸(𝑢)𝕃̂
𝟔

 𝐹  
𝐷(−𝑣)𝑆‾𝟔𝐸  𝐴 𝐶(𝑢 + 𝑣) = 𝑆‾𝟔 𝐹  𝐸(𝑢 + 𝑣)𝕃̂

𝟔

 𝐶  
𝐸(−𝑣)𝕃̂𝟔 𝐴(𝑢)
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𝑆‾𝟔 𝐵
𝐴 𝐷
𝐶 (𝑢) = 𝑐(𝑢)(𝛿𝐵

𝐴𝛿𝐷
𝐶 −

𝑖

𝜉𝑢
𝛿𝐷
𝐴𝛿𝐵

𝐶 +
𝑖

𝜉 (𝑢 −
2𝑖
𝜉
)
𝜂𝐴𝐶𝜂𝐵𝐷)  

𝑐(𝑢) =
𝑢 (𝑢 −

2𝑖
𝜉
)

2
𝜉2
+ 𝑢 (𝑢 +

𝑖
𝜉
)

 

𝕂̂𝟔𝑇(−𝑢) ⋅ 𝑆‾𝟔(2𝑢) = 𝕂̂𝟔(𝑢)

𝑆‾𝟔(−2𝑢) ⋅ 𝕂̂
𝟔

𝑇(−𝑢) = 𝕂̂
𝟔

(𝑢)
 

𝕋̂𝟔(−𝑢) = 𝕋̂𝟔(𝑢).  

𝕋̂4(𝑢) = 𝛽̂(𝑢)Tr (𝕃̂1
4

(𝑢)… 𝕃̂𝐽
4

(𝑢) ⋅ (𝐺4)−𝑇 ⋅ 𝕂̂4(−𝑢) ⋅ (𝐺4)−1 ⋅ 𝕃̂𝐽
4(−𝑢)… 𝕃̂1

4(−𝑢) ⋅ 𝕂̂
4

(−𝑢))  

𝕋4(−𝑢) = 𝕋4(𝑢)  

𝕂𝟏(𝑢)𝕂
𝟏
(𝑢) = (𝑢2 +

4

𝜉2
) (𝑢2 +

1

𝜉2
)
2

𝑢2  

𝑃𝟒 = 𝑃4= 4cos 𝜑𝑣2 − 8ℎ + cos 𝜑  

𝑃𝟔 = (2cos 2𝜑 + 4)𝑣4 − (4Δ2sin2 𝜑 + 16ℎcos 𝜑)𝑣2 + 16ℎ2,
 

𝑂̂±𝑞 ≡ 𝑞(𝑢)(4𝑔̂2 − 2𝑢2cos (𝜙) ± 2Δ𝑢sin (𝜙)) + 𝑢2𝑞(𝑢 − 𝑖) + 𝑢2𝑞(𝑢 + 𝑖).  

−
1

𝑢2
𝑂̂+

1

𝑢
𝑂̂−𝑞 = −

1

𝑢2
𝑂̂−

1

𝑢
𝑂̂+𝑞 = 0  

𝑃4 = 4cos 𝜑𝑣4 + 𝑎1𝑣
2 +

𝑎1
4
+ 8ℎ −

1

4
cos 𝜑

𝑃6 = (2cos 2𝜑 + 4)𝑣8 + 2 [cos 𝜑
𝑎1 + 𝑐1
2

+ cos 2𝜑Δ2 − (Δ2 + 1)

−2𝑆2sin2 𝜑]𝑣6 + 𝑏2𝑣
4 + 𝑏3𝑣

2 + 16ℎ2

𝑃4 = 4cos 𝜑𝑣4 + 𝑐1𝑣
2 +

𝑐1
4
+ 8ℎ −

1

4
cos 𝜑

 

𝑃4 = −4𝑣4 + (2Δ2 − 2Δ + 2)𝑣2 +
1

4
(2Δ2 − 2Δ + 3) − 8𝑔̂4

𝑃6 = +6𝑣8 − (4(Δ − 1)Δ + 6)𝑣6 + 𝑣4((Δ − 1)2Δ2 + 16𝑔̂4) + 𝑏3𝑣
2 + 16𝑔̂8

𝑃4 = −4𝑣4 + (2Δ2 − 2Δ + 2)𝑣2 +
1

4
(2Δ2 − 2Δ + 3) − 8𝑔̂4

 

𝕋̂𝜃
𝜆(𝑢) = Tr (𝕃̂ 𝐽

𝜆(−𝑢 − 𝜃𝐽)… 𝕃̂1
𝜆

(−𝑢 − 𝜃1) ⋅ 𝕂̂
𝜆(𝑢) ⋅ 𝕃̂1

𝜆(𝑢 − 𝜃1)… 𝕃̂𝐽
𝜆(𝑢 − 𝜃𝐽) ⋅ 𝐺

𝜆 ⋅ 𝕂̂
𝜆

(𝑢) ⋅ 𝐺𝜆𝑡) 
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𝕋𝜃
𝟏(𝑣, {𝜁𝑖}) =1

𝕋𝜃
𝟒(𝑣, {𝜁𝑖}) ≡

𝑃𝐽+1
𝟒 (𝑣2, {𝜁𝑖})

𝜉2𝐽+2

𝕋𝜃
𝟔(𝑣, {𝜁𝑖}) ≡𝐴(2𝑣)

𝑣2 + 1

𝑣2
𝑃2𝐽+2
𝟔 (𝑣2, {𝜁𝑖})

𝜉4𝐽+4

𝕋𝜃
4(𝑣, {𝜁𝑖}) =𝐴(2𝑣)𝐴(2𝑣 + 𝑖)𝐴(2𝑣 − 𝑖)

(𝑣2 +
9
4
) (𝑣2 +

1
4
)∏  

𝐽
𝑖=1  (𝜁𝑖

2 + (𝑣2 − 𝜁𝑖
2 +

1
4
)
2

)𝑃𝐽+1
4 (𝑣2, {𝜁𝑖})

𝜉6𝐽+6

𝕋𝜃
𝟏(𝑣, {𝜁𝑖}) =𝐴

2(2𝑣)𝐴(2𝑣 + 𝑖)𝐴(2𝑣 − 𝑖)𝐴(2𝑣 + 2𝑖)𝐴(2𝑣 − 2𝑖)

(𝑣2 + 4)(𝑣2 + 1)2𝑣2∏  𝐽
𝑖=1   ((𝑣

2 − 𝜁𝑖
2)
2
(4𝜁𝑖

2 + (𝑣2 − 𝜁𝑖
2 + 1)

2
))

𝜉8𝐽+8

 

𝑄(𝑣) →
Γ(−𝑖𝑣)exp (𝜋(𝐽 + 1)𝑣)𝑞(𝑣)𝜉2𝑖𝑣(𝐽+1)

Γ (−𝑖𝑣 −
1
2
) Γ(𝑖𝑣 + 2)

∏  

𝐽

𝑖=−𝐽

  (Γ(𝑖(𝑣 + 𝜁𝑖) + 1)
−1),  

𝑃2𝐽+2
𝟔 (𝑣2)

𝑣2∏  
𝐽
𝑖=−𝐽   (𝑣 − 𝜁𝑖)

𝑞(𝑣) = −∏  

𝐽

𝑖=−𝐽

  (𝑣 + 𝑖 − 𝜁𝑖)𝑞(𝑣 + 2𝑖) −
𝑣 +

𝑖
2

𝑣(𝑣 + 𝑖)
𝑃𝐽+1
4 ((𝑣 +

𝑖

2
)
2

) 𝑞(𝑣 + 𝑖)

 −∏  

𝐽

𝑖=−𝐽

  (𝑣 − 𝑖 − 𝜁𝑖)𝑞(𝑣 − 2𝑖) −
𝑣 −

𝑖
2

𝑣(𝑣 − 𝑖)
𝑃𝐽+1
4 ((𝑣 −

𝑖

2
)
2

) 𝑞(𝑣 − 𝑖)

 

CONCLUSIONES 

En mérito a los resultados obtenidos, se concluye lo que sigue: 1) Las superpartículas, llamadas también 

partículas estrella o blancas, son aquellas cuyo centro de masa – energía es extremadamente denso, lo 

que le permite deformar el espacio – tiempo cuántico; 2) La deformación del espacio – tiempo cuántico, 

causada en supergravedad, puede ser por intervención gravitónica o no; de tal suerte que, es endógena, 

cuando la superpartícula, por su propia masa y energía, deforma el espacio – tiempo cuántico en tanto 

que, es exógena, cuando la superpartícula interactúa con el supergravitón o gravitino, lo que ocurre 

cuando el campo supergravitónico, permea el espacio – tiempo cuántico repercutido; 3) la deformación 

del espacio – tiempo cuántico en supergravedad, es drástica e intensa, en la medida en que, cuando la 

superpartícula interactúa, deforma el espacio – tiempo cuántico hasta formar un supercurvatura, en la 

que, el campo cuántico se vuelve perturbativo, y ésta supercurvatura deviene en la formación de un 

agujero negro cuántico, por la colisión o colapso inminente y previo de la partícula estrella o blanca, 

formándose consecuentemente, un agujero cuántico de gusano y finalmente, un agujero blanco cuántico, 

por la implosión de la singularidad. Téngase en cuenta, la definición concebida por este autor, respecto 

de la singularidad de un agujero negro cuántico. Véanse mis trabajos paralelos en este punto; 4) En 

supergravedad, el espacio – tiempo cuántico, se deforma en dimensiones altas, lo que da lugar a la 
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creación de superespacios y por ende, supermembranas, entendidas éstas últimas, como regiones de 

dimensión disociada; 5) En supergravedad cuántica relativista, la supersimetría se vuelve esencial, 

incluso como contrapeso de la antisimetría; 6) En supergravedad, el entorno es eminentemente 

entrópico, por lo que, el principio de incertidumbre queda ratificado; 7) Las partículas supermasivas, 

son aquellas, cuya masa es extremadamente densa, con capacidad por tanto, de deformar el espacio – 

tiempo cuántico en términos racionales; 8) La colisión de una partícula supermasiva, produce agujeros 

negros cuánticos o en su defecto, su colapso en entornos cuánticos entrópicos; 9) En gravedad cuántica, 

es decir, la deformación del espacio – tiempo cuántico, al igual que en supergravedad, se produce por 

intervención gravitónica o sin intervención gravitónica, por lo que, ésta se tiene por exógena, cuando la 

partícula supermasiva interactúa con el gravitón en tanto que, se tiene por endógena, cuando la propia 

partícula supermasiva, a razón de su interacción, colisión o colapso, deforma el espacio – tiempo 

cuántico, en ambos casos, pudiendo provocar agujeros negros cuánticos; 9) La simetría se vuelve 

esencial en gravedad cuántica, como contrapeso de la simetría; y, 10) Las partículas blancas u oscuras, 

para efectos de determinar sus interacciones, matemáticamente es posible, a través de la identificación 

de sus osciladores y propagadores armónicos. 

Algunas aclaraciones finales a tener en consideración y aplicar, a propósito de la Teoría Cuántica de 

Campos Relativistas o Curvos (TCCR) propuesta por este autor: 

1. En todos los casos, este símbolo † será reemplazado por este símbolo†o por este símbolo †, 

equivaliendo lo mismo. 

Símbolo a ser reemplazado. Símbolos de reemplazo. 

† † 

† 

 

2. En todos los casos, este símbolo ‡, será reemplazado por este símbolo‡o por este símbolo ‡. 

Símbolo a ser reemplazado. Símbolos de reemplazo. 

‡ ‡ 

‡ 
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3. En todos los casos, se añadirá y por ende, se calculará la magnitud§que equivale a un campo de Yang 

– Mills y por ende, a la teoría de Yang – Mills en sentido amplio, en relación a la Teoría Cuántica de 

Campos Relativistas propuesta por este autor. 

4. Este símbolo • podrá usarse como exponente u operador, según sea el caso. 

Las aclaraciones antes referidas aplican tanto a este trabajo como a todos los trabajos previos y 

posteriores publicados por este autor, según corresponda. 
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